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Kurzfassung

Eine Funktion Z, welche auf einem Funktionenraum S definiert ist und Werte in einer abelschen Halb-
gruppe annimmt, ist eine Bewertung, wenn

Zu Vo) +Z(uAv) =Z(u) + Z(v)

fiir alle u, v € S erfiillt ist, fiir welche auch uVv,uAv € S. Hierbei stellen Vv und uAv das punktweise
Maximum und Minimum von u,v € S dar.

In dieser Arbeit werden Bewertungen auf dem Raum Conv(R™) aller unterhalbstetigen, koerziven,
konvexen Funktionen u : R” — (—o00, +00], sodass u # 400, studiert und klassifiziert. Weiters werden
Bewertungen auf dem dazugehorigen Raum logarithmisch konkaver Funktionen, LC(R™), betrachtet.
Dabei werden aus dem Gebiet der Konvexgeometrie bekannte Operatoren von den konvexen Korpern
auf Conv(R"™) beziehungsweise LC(R") verallgemeinert. Insbesondere liegt der Fokus nicht nur auf
reellwertigen Bewertungen, sondern auch auf Bewertungen, welche einer Funktion ein Maf oder einen
konvexen Korper zuordnen.

Einige Resultate dieser Arbeit stammen aus gemeinsamen Arbeiten mit Andrea Colesanti und
Monika Ludwig.
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Abstract

A function Z defined on a function space & and taking values in an abelian semigroup is called a
valuation if

Z(uV )+ Z(uAv) =Z(u) + Z(v)

for all u,v € § such that u Vv,uAv €S. Here, u Vv and u A v denote the pointwise maximum and
minimum of u,v € S.

In this thesis, valuations on the space Conv(R") of all lower semi-continuous, coercive, convex func-
tions u : R™ — (—o00, +00] such that u # +oo are studied and classified. Furthermore, valuations on
the corresponding space of log-concave functions, LC(R"), are considered. Thereby, well-known opera-
tors from convex geometry are generalized from convex bodies to Conv(R™) and LC(R™), respectively.
In particular, the focus is not only on real-valued valuations, but also on valuations that assign to a
function a measure or a convex body.

Some results of this thesis are joint work with Andrea Colesanti and Monika Ludwig.
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Introduction

“I find your lack of faith
disturbing.”

Darth Vader

A function Z defined on a lattice (£, V, A) and taking values in an abelian semigroup is called a valuation
if

Z(u Vo) +Z(uAv) =Z(u) + Z(v), (%)
for all w,v € £. A function Z defined on a set S C L is called a valuation if (x) holds whenever
u,v,uVo,u Av €S. In the classical theory, valuations on the set of convex bodies (non-empty, com-
pact, convex sets), K", in R™ are studied, where V and A denote union and intersection, respectively.
Valuations played a critical role in Dehn’s solution of Hilbert’s Third Problem in 1901 and have been a
central focus in convex geometric analysis. In many cases, well known functions in geometry could be
characterized as valuations. For example, a first classification of the Euler characteristic and volume
as continuous, SL(n) and translation invariant valuations on K™ was established by Blaschke [10] and
the celebrated Hadwiger classification theorem [25] provides a characterization of intrinsic volumes as
continuous, rotation and translation invariant valuations on ™.

In addition to the ongoing research on real-valued valuations on convex bodies, valuations with
values in K™ have attracted interest. Such a map is called a Minkowski valuation if the addition in ()
is given by Minkowski addition, that is K + L ={z+vy : z € K,y € L} for K,L € K™. The first
results in this direction were established by Ludwig [32, 33].

More recently, valuations were defined on function spaces. For a space S of real-valued functions we
denote by u V v the pointwise maximum of u and v while u A v denotes their pointwise minimum. For
Sobolev spaces [34,36,41] and L? spaces [37,49,56,57] complete classifications of valuations intertwining
the SL(n) were established. For definable functions, an analog to Hadwiger’s theorem was proven [8].

In the following, let Conv(R™) denote the space of all lower semi-continuous, convex functions
u: R" — (=00, +00] such that u # +oo and

lim wu(x) = +o0.
|z| =400

Valuations on Conv(R™) and similar function spaces were already considered in [12,13,18]. For every
K € K™ the convex indicator function

T () 0, ifre K
€Tr) =
K +oo, ifz¢ K

is an element of Conv(R"™). If K, L € K™ are such that K UL, KN L € K", then
Ixur = Ik AN, Iknr =1k V1.

Hence, valuations on Conv(R™) can be understood as generalizations of valuations on K™.
The aim of this thesis is to find and classify valuations on Conv(R™) and the corresponding space
of log-concave functions, LC(R™). Thereby, analogs of classical characterization results for valuations
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on K™ are extended to valuations on Conv(R™) and LC(R™), respectively. In particular, not only
real-valued valuations, but also Minkowski valuations and measure-valued valuations are studied.

In Chapter 1, some classical results from convex geometry are gathered and already established
classification results for valuations on K™ are recited.

The function spaces Conv(R™) and LC(R™) are studied in Chapter 2. In particular, Conv(R™)
is equipped with the topology associated to epi-convergence and some simple properties are proven.
Similarly, LC(R™) is equipped with a corresponding topology. Furthermore, intrinsic volumes and
projections of quasi-concave functions are considered.

In Chapter 3, valuations on Conv(R") and LC(R") are introduced. They can be seen as functional
analogs of the Euler characteristic, volume, surface area measure, projection body, identity, reflection,
difference body and moment vector, respectively. Apart from sufficing the valuation property, it is shown
that these operators are continuous and furthermore their behavior with respect to group actions is
considered.

In Chapter 4, the valuations from Chapter 3 are characterized. The proofs of all the main results are
based on two main ideas. First, every valuation on Conv(R™) is uniquely determined by its behavior on
so-called cone functions, that are introduced in Chapter 2. Based on classical results for valuations on
K", which are stated in Chapter 1, the valuations on Conv(R") and LC(R") can therefore be described
by a number of continuous functions on the reals. Second, the relation between the values of a valuation
on cone functions and its values on indicator functions is investigated.

The results on real-valued valuations on Conv(R™) can be found in [17], whereas the results on
measure-valued valuations and Minkowski valuations on Conv(R™) are to appear in [16]. For the
classification of real-valued valuations and translation covariant Minkowski valuations on LC(R™) see
[47].



Chapter 1

Background on Convex Bodies

“Your weapons, you will not
need them.”

Yoda

In this chapter we will introduce the basic notation and collect some results on convex bodies. In
particular, valuations on convex bodies will be introduced and classification results will be recalled.

1.1 Basic Notation

We work in n-dimensional Euclidean space, R", and denote the canonical basis vectors by eq,...,e,.
For x € R™ we will write |z| for the Euclidean norm of x and 7, for the translation y — y + = on R™.
Furthermore, for two elements z,y € R, let x - y denote the usual inner product of x and y. We will
write S"~! for the unit sphere in R™, that is

sl = {zeR" : |z| =1}.
Furthermore, for x € R™ and r > 0 let
B(z,r)={y €R" : [y — x| <r},

and B" = B(0,1). For the volume in R"™ we write V,,. The k-dimensional Hausdorff measure will
be denoted by H* and we write v;, := H¥(B*) for the volume of the unit ball in R*. Moreover, for a
k-dimensional linear subspace £ C R", we will denote by projg : R” — E the orthogonal projection

onto E and we write
Et={yeR":z.-y=0,Vzc E}

for the orthogonal complement of E in R"™. Furthermore, for a vector z € S" ! we denote by
zt ={r € R" : x-2z =0} the hyperplane orthogonal to z.
For a set A C R™ we denote by

linA = {Z)\zinz N € R,xi € A,'m S N}
i=1
its linear hull and by

aff A = {i)\zl‘l : )\iER,i)\i:inEA,mEN}

i=1 i=1
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its affine hull. The dimension of A, dim A, is now defined as the dimension of aff A. Moreover, we write
int A for the interior and relint A for the relative interior of A, that is the interior of A with respect
to its affine hull. The topological boundary of A will be denoted by 0A. Furthermore,

conv A = {Z/\Zl‘l T\ ZO,Z)\i =1,z EA,mGN}

i=1 i=1
and
m
pos A = {Z)\,xl N >0, € A,m e N}
i=1
denote the conver hull and positive hull of A, respectively. Using this notation, we write
T" = conv{0,e1,...,e,} for the standard simplexr in R™.

We will need certain groups of linear transforms. Denoting by det ¢ the determinant of ¢ € R™*",
we write

GL(n) = {¢peR™": deto¢ # 0}
SL(n) = {peR™": det¢p =1}
SO(n) = {p€R™™: detg=1, 671 = ¢!},

for the general linear group, special linear group and special orthogonal group, respectively. Here, ¢!
denotes the inverse and ¢! denotes the transpose of an n x n-matrix ¢. Furthermore, we will sometimes
write ¢~ instead of (¢f)~!.

Lastly, we denote by C(R) the space of continuous real-valued functions on R and we write C*(R) for
the subset of the k times continuously differentiable functions. The usual space of Lebesgue integrable
functions on R will be denoted by L!'(R™).

1.2 The Space of Convex Bodies

We will now collect some results from convex geometry. Standard references are the books by Schneider
[54] and Gruber [20].

In the following, we will denote by K™ the set of all non-empty, compact, convex subsets of R",
which are also called convex bodies. Furthermore, K7 denotes the subset of convex bodies that contain
the origin and K7, denotes the subset of convex bodies that contain the origin in their interiors.
Accordingly, we will use P, P and 77(’;‘) ) for the corresponding sets of convex polytopes. Here, a
convez polytope is the convex hull of finitely many points in R™. Clearly,

PrC K, Py C Ky, Ploy C Ky
as well as
Pl € Py C P, Ky € Ko C K™
Each convex body K € K" is uniquely described by its support function
hMK,z) =max{y-z: y € K}

for z € R™. It is easy to see that h(K,-) > 0 for every K € K and furthermore h(K,-) > 0 for every
K € ICELO). Moreover, it will be convenient to use h((),-) = 0. For z € S"!, the convex body K € K"

4
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Z2

' L+ M

z1

*0

Figure 1.1: The support function and supporting hyperplane of K € K" and the Minkowski sum of
LM eK".

is contained in the closed half space {z € R": x -z < h(K,2)} which is bounded by the supporting
hyperplane
H(K,z)={zeR": z-z=h(K,z2)}.

Observe, that H(K,z) has non-empty intersection with K for every z € S"~! and that the support
function h(K, z) gives the signed distance of H(K, z) from the origin. Furthermore, for z € H(K,z)NK
we say that z is an outer unit normal of K at x. See also Figure 1.1.

For p > 0, a function h : R™ — R is p-homogeneous if h(tx) = tPh(z) for t > 0 and x € R™ and it
is sublinear if it is 1-homogeneous and h(z + y) < h(z) + h(y) for x,y € R™. It is well known, that a
function h : R® — R is sublinear if and only if it is the support function of a unique convex body, that
is h = h(K,-) for some K € K™. Also, since h(K,-) is homogeneous of degree 1, it is uniquely described
by its values on S*1.

For elements of K™ the operation + will always denote the Minkowski sum, that is

K+L:={z+y : z€K,ye L},

for every K,L € K", which is depicted in Figure 1.1. It is easy to see, that for K,L € K", also
K + L € K". Furthermore, for the corresponding support functions we have

MK + L,z) = h(K,z) + h(L, ), (1.1)

for all K, L € K™ and = € R". For any translation 7, with z € R™ and any linear transform ¢ € GL(n),

we write
nwK=K+z={y+z:yecK} and oK ={¢y : y€ K}.

Moreover, we denote by —K € K™ the reflection of K, which is defined via
h(—-K,z) = h(K,—z),

for every x € R™.
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The natural topology on K" and its subspaces is induced by the Hausdorff metric, which is given
by
5(Ka L) = Sup ’h(Ka Z) - h‘(Lv Z)’,
zeSn—1

for all K, L € K™. Throughout this thesis, continuity on K™ will always be understood with respect to
this metric. The next result gives another description of Hausdorff convergence.

Theorem 1.1 ([54], Theorem 1.8.8). The convergence lim; oo K; = K in K" is equivalent to the
following conditions taken together:

(i) each point in K is the limit of a sequence (x;);en with x; € K; for i € N.
(ii) the limit of any convergent sequence (x;;)jen with x;; € K;, for j € N belongs to K.
Remark 1.2. It is easy to see that the first condition in Theorem 1.1 can be replaced by

(7*) each point in relint K is the limit of a sequence (x;);en with x; € K; fori € N.

1.3 Valuations on Convex Bodies

In this section we introduce valuations on convex bodies. They played a critical role in Dehn’s solution
of Hilbert’s Third Problem and have been a central focus in convex geometric analysis. Several well
known operators in geometry not only have the valuation property, but can also be characterized as
valuations with certain additional properties.

Definition 1.3. A function Z defined on a subset Q@™ C K™ and taking values in an abelian semigroup
(A, +) is called a valuation if

Z(IKUL)+Z(KNL)=7Z(K)+ Z(L),
whenever K, L, K UL, KN L € Q"

We will see that in many cases valuations can be characterized by their behavior with respect to group
actions, especially translations. We say that a map Z : Q™ — (A, +), defined on some subset Q" C K™
is translation invariant if Z(1,K) = Z(K) for every x € R" and K € Q" with 7, K € Q™.

1.3.1 Real-Valued Valuations

Let K € K™ By the well known Steiner formula (see, for example, [54, Section 4.2]) there exist
coefficients V;(K') such that

Vo(K +rB") = Zr”_ivn,iVi(K),
i=0

for every r > 0. For 0 < k < n, the number Vj(K) is called the k-th intrinsic volume of K and coincides
with the (n — k)-th quermassintegral, up to a renormalization. It is easy to see, that for dim K < k,
Vi(K) is just the k-dimensional volume of K. The 0-th intrinsic volume, Vj, is also called the FEuler
characteristic and Vp(K) = 1 for every K € K™. Furthermore, we set Vi () = 0 for every 0 < k < n.

We say that a valuation Z : K™ — R is rigid motion invariant if it is translation invariant and
rotation invariant, that is Z(¢K) = Z(K) for every ¢ € SO(n) and K € K™. We are now able to state
one of the most important results in the theory of valuations.
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S(K,w)
w g Sn—l

Figure 1.2: The surface area measure of K € K".

Theorem 1.4 (Hadwiger’s characterization theorem, [25]). A map Z : K™ — R is a continuous, rigid
motion invariant valuation if and only if there exist constants cy, . ..,c, € R such that

2(K) = 3 eVi(K),
i=0

for every K € K".

Remark 1.5. A newer and shorter proof of Theorem 1.4 is given in [27].

We say that a map Z defined on some subset Q™ C K" is SL(n) invariant if Z(¢pK) = Z(K) for every
¢ € SL(n) and K € Q™ with oK € Q™. A first classification of volume and the Euler characteristic
as continuous, SL(n) and translation invariant valuations on K? was obtained by Blaschke [10]. We
remark, that this also follows from Theorem 1.4. We will need the following more general result, see
for example [39, Corollary 1.2].

Theorem 1.6. For n > 2, a functional Z : P} — R is an upper semicontinuous and SL(n) invariant
valuation if and only if there are constants cy, c, € R such that

Z(P) = coVo(P) + ¢,V (P),
for every P € PJ.

For more information on the classical theory of (real-valued) valuations we refer to [25,28] and for some
recent results see [1-3,22, 38].

1.3.2 Measure-Valued Valuations

Denote by M(S""1) the space of finite positive Borel measures on the sphere. An important operator
assigned to a convex body K € K" is its surface area measure, S(K,-) € M(S*™!). For a Borel set
w C S" ! and K € K", the surface area measure S(K,w) is the H"~! measure of all points = € 9K at
which there exists an outer unit normal vector belonging to w, see also Figure 1.2, and furthermore

/ zdS(K,z) =0,
S§n—1

for every K € K™. By the solution of the classical Minkowski problem, a full-dimensional convex
body K is - up to translations - uniquely described by its surface area measure. More precisely, a
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measure y € M(S"71) is the surface area of an n-dimensional convex body K if and only if 4 is not
concentrated on a great subsphere and fS”_l zdu(z) = 0. In this case, K is unique up to translation.
See also [54, Section 8.2].

We say that a valuation p : Q" — M (S"™!) defined on some subset Q™ C K" is SL(n) contravariant
of degree p € R if

/ b(z) dp(¢ P, 2) = / b6t 2) du(P, 2),
S’nfl S’ﬂfl

for every map ¢ € SL(n), every P € Q" with ¢P € Q™ and every continuous, p-homogeneous function
b:R"\{0} — R. The following result is due to Haberl and Parapatits.

Theorem 1.7 ([23], Theorem 1). For n > 3, a map p : P* — M(S"Y) is a valuation that is
SL(n) contravariant of degree 1 if and only if there exist constants c1,ca,c3,cq € R with ¢1,c2 > 0 and
c1+c3 >0, co+cg >0 such that

w(P,-) =c1S(P,-) + coS(—P,-) + e35*(P,-) + ¢4 S*(—P, ),
for every P € PJ.

Remark 1.8. For details on the measures S*(P,-), see [23]. They will not be of further interest for this
thesis.

A sequence py in M(S"71) is said to converge weakly to a measure u € M(S"71), if

[ b@dne) — [ ) dut),
Sn—l Sn—l

for every continuous function b : S*~! — R. If in Theorem 1.7 one additionally assumes weak continuity
(that is, if a sequence of convex bodies converges then their images converge weakly), then ¢5 = ¢4 = 0,
i.e. the measures S*(P,-) and S*(—P,-) do not appear anymore. Hence, we have the following corollary
of Theorem 1.7.

Corollary 1.9. Forn >3, a map pu: K? — M(S"™1) is a weakly continuous valuation that is SL(n)
contravariant of degree 1 if and only if there exist constants c1,ca > 0 such that

N(K) = ClS(K7 ) =+ 625(_K7 ')a
for every K € K7.

We say that a measure p € M(S" 1) is even, if ju(—w) = pu(w) for every Borel set w C S*~! and denote
the set of all such measures by M, (S*71). Since ﬁ(l, ..., 1)t is always an outer unit normal of the
standard simplex T™ but never of —T", the following holds true.

Corollary 1.10. Forn >3, a map pn : K7 — M (S"™1) is a weakly continuous valuation that is SL(n)
contravariant of degree 1 if and only if there exists a constant ¢ > 0 such that

p(K ) = e(S(K, ) + S(=K,-)),

for every K € K.
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1.3.3 Minkowski Valuations

A valuation Z : Q™ — (K™, 4) defined on some subset Q™ C K" is also called Minkowski valuation. In
the following we will distinguish between the behavior of Minkowski valuations with respect to special
linear transforms.

Contravariant Minkowski Valuations

Definition 1.11. The projection body 11 K of a convex body K € K" is given by

h(II K, z) :== Vyp_1(proj,. K) = %/ ly - 2| dS(K, y),

S§n—1
for every z € S"71.

More generally, for a finite Borel measure p on S*~!, we define its cosine transform €u : R — R by

o) = [ Jzaldn(s) (1.2

for z € R". Since z — € pu(z) is easily seen to be sublinear and non-negative on R”, the cosine transform
% 1 is the support function of a convex body that contains the origin.

We require the following result where the support function of certain projection bodies is calculated
for specific vectors. Let n > 2.

Lemma 1.12. For the polytopes P = conv{0, %(61 +e2),6e2,...,en}t and Q = conv{0,es,...,e,} we

have . .
h(II P, e1) = 1) h(I1Q,e1) = 1)1
h(HRez):ﬁ h(I1Q,e2) =0
h(II P, ey + e3) = ﬁ RI1Q, e1 + e3) = (njl)!.

Proof. We use induction on the dimension and start with n = 2. In this case, P is a triangle in the
plane with vertices 0, %(61 +e3) and ep and @ is just the line segment connecting the origin with eg. It
is easy to see that h(II P, e2) = Vl(proje% P) =1 and h(I1Q, ez) = 0 while h(I1 P,e1) = h(I1Q, e1) = 1.
It is also easy to see that

R(IIP,e1 +e2) = h(I1Q, e1 + €2) = \/5@ =1.

Assume now that the statement holds for (n — 1). All the projections to be considered are simplices
that are the convex hull of e,, and a base in e;- which is just the projection as in the (n — 1)-dimensional
case. Therefore, the corresponding (n—1)-dimensional volumes are just ﬁ multiplied with the (n—2)-
dimensional volumes from the previous case. To illustrate this, we will calculate A(II P,e; 4 e2) and
remark that the other cases are similar. Note that proj, e,1 P = conv{en, proj(c, e,)- pr=11,
where P("~1 is the set in R"~! from the (n — 1)-dimensional case embedded via the identification of
R"! and e- ¢ R™. Using the induction hypothesis and |e; + ea| = /2, we obtain

Vn,l(proj(eﬁ@)L P) = ﬁ anz(PI"Oj(el-HgQ)L P(n_l)) = \/5(;,1)1’

and therefore h(II P,e; + e3) = (n—ll)!' [ |
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The projection body has some useful properties concerning SL(n) transforms and translations. For
every ¢ € SL(n) and x € R™ we have

N(¢pK)=¢ 'IIK  and (K +z) = II(K), (1.3)

for all K € K". Furthermore, the map K ~— Il K is continuous and the origin is an interior point of
I1 K, if K is n-dimensional. See also [54, Section 10.9].

We say that a Minkowski valuation Z : Q" — K" defined on some subset Q" C K" is SL(n)
contravariant if Z(¢pK) = ¢~ Z(K) for every ¢ € SL(n) and K € Q" with ¢ K € Q™. The following
result is due to Haberl.

Theorem 1.13 ([21], Theorem 4). Forn >3, a map Z : K} — K" is a continuous, SL(n) contravariant
Minkowski valuation if and only if there exists a constant ¢ > 0 such that

ZK =cIlK,
for every K € K.

Remark 1.14. The first characterization of the projection body, due to Ludwig, can be found in [32].

Covariant Minkowski Valuations
Definition 1.15. The difference body D K of a convex body K € K" is given by
h(D K, z) := Vi(projiin.y K) = h(K, 2) + h(-K, 2)
for every z € S"~!. Equivalently, one writes
DK =K + (—K).
Furthermore, the moment body M K of K is defined by
h(MK, z) := / |z - z|dx
K

for every z € S*~1. Moreover, we define the moment vector m(K) of K as

h(m(K), z) ::/Ka:-zdm

for every z € S®~!. Note, that the moment vector is an element of R”.

Observe, that for ¢ € GL(n), we have
MK, y) = [ fo-yldo
oK
— |deto] [ |6z ylds
K

— |detd] [ |o- o'yl do
K
= | det g|n(M K, ¢"y) = h(| det ¢|o M K y)
and similarly m(¢K) = |det ¢|¢ m(K) for all K € K™ and y € R™. See also [54, Sections 5.4 & 10.1].
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We require the following result where the support functions of certain moment bodies and moment
vectors are calculated for specific vectors. Let n > 2.

Lemma 1.16. Forr >0 and T, = conv{0,re1,ea,...,en},
h(T,,e1) = h(=T,,e1) =0
7,.2 7‘2
h(m(Tr),el) = (n+1)! h(MTr,el) = m

Proof. 1t is easy to see that h(T,,e;) = r and h(—T,,e1) = 0. Let ¢, € GL(n) be such that e; — re;
and e; — ¢; for ¢ = 2,...,n. Then T, = ¢, T™ and therefore
2

h(m(Ty), e1) = h(m(¢:T"), e1) = | det ¢, | A(m(T™), (¢,)"e1) = r* h(m(T™), e1) = -

Finally, since e; - > 0 for every x € T}, we have h(M T}, e1) = h(m(T}), e1). [ ]

We say that a Minkowski valuation Z : Q™ — K" defined on some subset Q" C K™ is SL(n) covariant
if Z(¢pK) = ¢ Z(K) for every ¢ € SL(n) and K € Q" with ¢K € Q". The following result is due to
Haberl.

Theorem 1.17 ([21], Theorem 6). Forn >3, a map Z : K} — K™ is a continuous, SL(n) covariant
Minkowski valuation if and only if there exist constants c1,co,c3 > 0 and ¢4 € R such that

ZK =c1K+c(-K)+esMK + cym(K),
for every K € K7.
Next, we state a characterization of the difference body by Ludwig.

Theorem 1.18 ([33], Corollary 1.2). Forn > 2, a map Z : P" — K" is a translation invariant and
SL(n) covariant Minkowski valuation if and only if there exists a constant ¢ > 0 such that

ZP=cDP,
for every P € P™.

We say that a Minkowski valuation Z : K" — K™ is translation covariant if there exists a function
Z° : K" — R associated with Z such that

2K +2) = Z(K) + 2°(K)a,

for every K € K" and z € R™. Since several important geometric operators have this property,
translation covariant valuations have attracted considerable interest. For example, the identity on K"
and the reflection K — —K are translation covariant. Furthermore, for z € S*~! we have

(K + ), 2) = /

z'ydy—/z‘(y—i-w)dy—/z-ydy—i—Vn(K)z-ac. (1.4)
K+x K K

Hence, m(K+xz) = m(K)+V,(K)x for every K € K™ and 2 € R™. Based on Schneider’s characterization
of the Steiner point [53], Hadwiger & Schneider [26] proved that the quermassvectors form a basis of
the space of continuous, rotation and translation covariant vector-valued valuations. In [42], McMullen
characterized weakly continuous and translation covariant vector-valued valuations on convex polytopes,
extending a previous result by Hadwiger [24]. In his result the intrinsic moment vectors of the faces of
a polytope appear. For further results on translation covariant valuations see [43,44].

11
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We derive the following simple consequence of Theorem 1.17.

Corollary 1.19. Forn > 3, a map Z : K" — K™ is a continuous, SL(n) and translation covariant
Minkowski valuation if and only if there exist constants c1,co > 0 and c3 € R such that

7K =K+ CQ(—K) + c3 m(K), (1.5)
for every K € K™,

Proof. We have already seen in Theorem 1.17 and (1.4) that (1.5) defines a continuous, SL(n) and
translation covariant valuation. Conversely, let Z be a continuous, SL(n) and translation covariant
valuation on K™. Obviously, the restriction of Z to K is a continuous, SL(n) covariant valuation.
Hence, by Theorem 1.17 there exist constants cj,ca,c4 > 0 and c3 € R such that

ZK =ciK +c(—K)+esm(K)+ s MK, (1.6)

for every K € K7. Define the polytope P as P := [—e1,2e1] + [0,e2] + ---[0, e, and observe that
P,P+e1,P —e; € K. By the translation covariance of Z we obtain

Z(P) +Z°(P)e; = Z(P + e1) = ¢1 P + cie1 + ca(—P) — caeq + c3m(P) + Vi (P)ey + ca M(P + e1),
Z(P) — ZO(P)61 =7Z(P—e1) =c1P —cie1 + ca(—P) + caeq + csm(P) — Vi, (Pey + ca M(P — e1).

Adding these equations shows that

2Z(P)=7Z(P+e1)+Z(P —e1) =2c1 P+ 2co(—P) 4+ 2csm(P) + c4(M(P + e1) + M(P — e7)).
On the other hand by (1.6)

2Z(P) =21 P + 2c2(—P) + 2c3m(P) + 2c4a M P.
Evaluating and comparing the support function of 2Z(P) at e;

2c43 = cs($+3),

and therefore ¢4 = 0. Furthermore, this shows that Z°(K) = ¢; — ca + 3V, (K) for every K € K7
Now, fix an arbitrary K € K™. Then, there exist K, € K] and = € R" such that K = K, + x. By the
properties of Z this gives

2K = 7(K, + )
= 7(K,) + Z°(K,)z
=c K, + 02(_Ko) +c3 m(Ko) + (Cl —c2+ Vn(Ko))m
= ClK + CQ(*K) +c3 m(K)
|

Remark 1.20. For the valuation Z in Corollary 1.19 we see that Z° is a linear combination of the Euler
characteristic and volume. Indeed, it is easy to show, that for a continuous, SL(n) and translation
covariant valuation Z on K", its associated function Z° has to be a continuous, SL(n) and translation
invariant real-valued valuation. See also Lemma 4.27.

12



Chapter 2

Convex, Log-Concave and Quasi-Concave
Functions

“Help me, Obi-Wan Kenobi.
You’re my only hope.”

Princess Leia

In order to extend valuations from convex bodies to convex functions and related function spaces, we
need to define a suitable space of convex functions first. Furthermore, we will equip said function space
with the topology associated to epi-convergence and discuss some important properties. Moreover,
we will see that geometric constructions, such as intrinsic volumes and projections, have already been
established for the related class of quasi-concave functions. The results of this chapter can be found
in [17].

2.1 A Suitable Space of Convex Functions

To every convex function u : R" — (—o0,+0o0] there can be assigned several convex sets. For any
t € (—o0, +00] we can consider the sublevel sets

{u<tl={zeR":u(z) <t}, {u<t}:={reR":ux) <t}
which are convex sets. Then, the (effective) domain of u is defined as the set
domu := {u < 400}.
Furthermore, the epigraph of u
epiu:= {(z,y) e R" x R:u(z) <y}

is a convex subset of R” x R. See also [54, Section 1.5].

In the following, let Conv(R"™) denote the set of all convex functions u : R” — (—o0, +00] that are
lower semi-continuous, proper and coercive. Here we say that u is proper if domw is not empty or
equivalently u # 4o00. Furthermore, u is called coercive if

lim wu(z) = +o0. (2.1)

|z| =400

The function space Conv(R"™) was already discussed by Cavallina & Colesanti in [12] with the slight
difference that they also included the function that is +oo everywhere. We will see that the inclusion
of this function conflicts with epi-convergence and it is therefore not an element of the space Conv(R"),

13
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that is discussed in this thesis. See also Remark 2.17. Furthermore, we remark that Colesanti & Fragala
as well as Cordero-Erausquin & Klartag used similar spaces in [13] and [18], respectively.

Lower semi-continuity of a convex function u : R™ — (—o0, +00] is equivalent to its epigraph epiu
being closed and to the closure of all sub-level sets {u < t} for ¢ € R. Therefore, such a function is also
called closed. Furthermore, the growth condition (2.1) is equivalent to the boundedness of all sublevel
sets {u < t}. Hence, for u € Conv(R") we have

{u<t}ekn, (2.2)

for all t > min,ern u(x). Note, that every function u € Conv(R"™) attains its minimum.

It is easy to see, that for two convex functions u,v € Conv(R™) the pointwise minimum u A v
corresponds to the union of their epigraphs and therefore to the union of their sublevel sets. Similarly,
the pointwise maximum u Vv corresponds to the intersection of the epigraphs and sublevel sets. Hence,
forallt € R

{unv<t}={u<tiu{v<t} and {uvo <t} ={u<t}n{v <t} (2.3)

where for u A v € Conv(R"™) all occurring sublevel sets are either empty or convex bodies.
We collect some basic results.

Lemma 2.1 ([12], Lemma 3.2). If u € Conv(R"), then
relint{u <t} C {u < t},
for every t > mingegn u(x).

The following result is also known as the cone property.

Lemma 2.2 ([13], Lemma 2.5). For u € Conv(R"™) there exist constants a,b € R with a > 0 such that
u(z) > alx| +b VoeR™
Next, we define LC(R™) as the set of all log-concave functions f that can be written as
fee,

for some u € Conv(R™). Thus, LC(R") is the set of all upper semi-continuous, log-concave functions
f:R™ — [0,400) that have non-empty support supp f := {x € R™ : f(z) # 0} and that vanish at
infinity,
lim f(z)=0.
|z|—+o0
Observe, that for f = e~ € LC(R™) the support of f is equal to the domain of u, supp f = domu, and
that the function that is 0 for every € R™ is not an element of LC(R"™).

2.2 Piecewise Affine, Cone and Indicator Functions
In this section we will restrict our attention to special elements of Conv(R™). A function ¢ € Conv(R")

is called piecewise affine, if there exist finitely many n-dimensional convex polyhedra C, ..., C,, with
pairwise disjoint interiors, such that [J;"; C; = R"™ and the restriction of ¢ to each C; is affine. Here, a

14
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Rn

Figure 2.1: The function ¢p for P € 77(”0).

convex polyhedron is the intersection of finitely many half-spaces. The set of piecewise affine elements
in Conv(R™) will be denoted by Convy, (R"). Furthermore, we call u € Conv(R") a finite element
of Conv(R") if u(x) < 400 for every z € R"”. Note, that convex piecewise affine functions are finite
elements of Conv(R"™).

Next, for K € K we define the convex function {x via

epili = pos(K x {1}).

This means that the epigraph of ¢x is a cone in R” x R with apex at the origin and {{x <t} =t K for
every t > 0. A function of type (i +t with K € K and t € R is also called cone function. It is easy to
see that every K € KU the function ¢k is an element of Conv(R"™). Furthermore, dom {5 = R™ if and
only if K contains the origin in its interior. Lastly, for P € P!, we can see that £p € Convy.. (R"),

see also Figure 2.1. For P € 73(’;) we can also describe ¢p as follows: Let P have facets Fi,..., F,, and
denote by z; the outer unit normal vectors of P at F;. Furthermore, let C; denote the positive hull of
F;. Now C1, ..., Cy, have pairwise disjoint interiors with (J;”, C; = R™ and we have
Zi+ X
¢ =
e

for every x € Cj.
Another important class of functions in Conv(R™), that can be seen as generalizations of convex
bodies, are indicator functions. The (convex) indicator function of K € K" is given by

T () 0 fxe K
xTr) =
K Yoo ifzd K,

for every x € R". Clearly, I € Conv(R") for every K € K". Furthermore, it is easy to see that Ix
corresponds to the characteristic function of K € K™, x i € LC(R"™), via the relation

1 ifzeK
= 1x(@) =
(o) =e {0 if v ¢ K,

for every x € R™.
We will see in Chapter 4 that the relation between cone and indicator functions plays a key role in
the classification of valuations on Conv(R"™) and LC(R™), respectively.
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2.3 Duality

In this section we discuss the convex conjugate and how it interacts with operations on the epigraph
of a convex function. For further details we refer to [54, Section 1.6.2].
The conjugate function u* of a convex function u : R™ — (—o0o, +0o0] is defined as

u*(y) == sup (y-z —u(x)),
rER™

for every y € R™. If u is a closed convex function, then also u* is a closed convex function and

u** = u. Furthermore, we will consider the infimal convolution u; ug of two closed convex functions

ug, ug : R™ — (—o00, +00], which is given by

(u1 DUQ)(:E) = iInf (u1 (1'1) + UQ(.'L'Q)),

T=x1+x2

for every x € R". We remark, that infimal convolution corresponds to Minkowski addition of epigraphs,
that is
epi(u; Dug) = epiu; + epius. (2.4)

Hence, another name for infimal convolution is also epi-addition. Furthermore, if uq Dug > —o0
pointwise, then
(u1 Jug)* = uj + us. (2.5)

Another operation is the so-called epi-multiplication. For A > 0 and a closed convex function
u: R™ — (—o0, +00] consider the convex function uy which is defined by

up(z) = )\u(f),

for every x € R™. Observe, that for the convex conjugate of u) one has

uy(y) = :;1]15 (y-z—u(§)) = 5611]15 (y- Az — Au(z)) = M (y), (2.6)

for every y € R® and X\ > 0.

Remark 2.3. For two closed convex functions uq, ue the infimal convolution w1 (Jus need not be closed,
even when it is convex.

2.4 Epi-Convergence

We will now introduce the topology on Conv(R"™) and collect some results.

Definition 2.4. A sequence uy : R" — (—o00, +00] is said to be epi-convergent to u : R" — (—o0, +o0]
if for all x € R™ the following conditions hold:

(i) For every sequence xj that converges to x

u(z) < liminf ug(xg). (2.7)
k—ro0

(ii) There exists a sequence z that converges to x such that

u(z) = klg{)lo ug (k). (2.8)
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In this case we write u = epi-limy_, , ., uy and ug " Correspondingly, we say that a sequence f
in LC(R") is hypo-convergent to f € LC(R"™) if there exist ug,u € Conv(R") such that f; = e " for

' . . . R
every kK € N, f = e and uy P . In this case we write f = hypo-lim;_,  fr and fi Lpe f.

Remark 2.5. If uj, -2 u, then by equation (2.7) the function u is an asymptotic common lower bound
for the sequence ug. Consequently, (2.8) states that this bound is optimal.

Remark 2.6. The name epi-convergence is due to the fact, that this convergence is equivalent to the
convergence of the corresponding epigraphs in the Painlevé-Kuratowski sense. Another name for epi-
convergence is also I'-convergence. See also [19, Theorem 4.16] and [51, Proposition 7.2] and especially
the commentary section of the same chapter.

Immediately from Definition 2.4 we obtain the following result.

Lemma 2.7 ([19], Proposition 6.1). If uy : R® — (—o0,+00] is a sequence that epi-converges to
u: R"™ — (=00, +00], then also every subsequence uy, of uy epi-converges to u.

The next result shows some of the strong implications that follow from epi-convergence of convex
functions.

Theorem 2.8 ([51], Theorem 7.17). If uy is a sequence of convex functions that epi-converges to a
function u, then u is conver. Moreover, if domu has non-empty interior, then up converges uniformly
to u on every compact set that does not contain a boundary point of domu.

From Theorem 2.8 we derive the following result that connects epi-convergence with pointwise conver-
gence, see also [19, Example 5.13].

Lemma 2.9. Let up : R — R be a sequence of finite convex functions and let u : R™ — R be a finite
convex function. If uy is epi-convergent to u, then ug also converges pointwise to u.

Remark 2.10. The last statement is no longer true if the functions may attain the value +oo. In that
case

epi-limy,_, | o up(x) < limgq oo ug(x),
for all z € R™ such that these limits exist. See also [19, Example 5.13].

Remark 2.11. In fact, also the reverse of Lemma 2.9 is true. Hence, for finite convex functions epi-
convergence and pointwise convergence coincide.

Each sublevel set of a function from Conv(R") is either empty or in K. We say that {uy <t} — 0 as
k — o0 if there exists kg € N such that {uy <t} =0 for k > ko. The following simple result describes
one of the consequences of epi-convergence on Conv(R"™). See also [46, Lemma 3.1].

Lemma 2.12. Let ug,u € Conv(R"™). If ug R2iN u, then {up <t} — {u <t} as k — +o0 for every
t € R with t # mingcrn u(z).

Proof. First, let ¢ > upyin := mingepn u(z). For x € relint{u < t}, it follows from Lemma 2.1 that

s:=wu(x) < t. Since uy P there exists a sequence x, that converges to z such that uy (zx) converges
to u(z). Therefore, there exist ¢ > 0 and ko € N such that for all k£ > ko

ug(zp) < s+e <t
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Thus, zy € {ur < t}, which shows that x is a limit of a sequence of points from {u; < t}. Obviously,
this implies (i*) of Remark 1.2 and therefore (i) of Theorem 1.1.
Now, let (z;;)jen be a convergent sequence in {u;; < t} with limit 2 € R". By Lemma 2.7 the
subsequence u;; epi-converges to u. Therefore
u(z) < liminfu,; (2;,) <t
]*)OO
which gives (ii) of Theorem 1.1.
Second, let ¢t < umin. Since {u < t} = (), we have to show that there exists ky € N such that for
every k > kg and z € R",
ug(z) > t.

Assume that there does not exist such an index ko. Then there are infinitely many points z;; such that
ui;(w;;) < t. Note, that
I,Uij € {ui]' < t} C {uij < Umin + 1}

By Lemma 2.7, we know that u,, P 4 and therefore we can apply the previous argument to obtain
that {u;; < umin + 1} = {u < umin + 1}, which shows that z;; is bounded. Hence, there exists a

convergent subsequence Ti;, with limit z € R™. Applying Lemma 2.7 again, we obtain that Ui, P

and therefore
u(z) < liminfu,;, (z;, ) <t,

k—oo Ik -
which is a contradiction. Hence {u; < ¢t} must be empty eventually. |
For the next result we use a characterization of epi-convergence, due to Beer, Rockafellar and Wets.

It uses Painlevé-Kuratowski convergence (PK-lim), which we are not going to define here. The only
important fact for our purposes is that Hausdorff convergence implies Painlevé-Kuratowski convergence.

Theorem 2.13 ([9], Theorem 3.1). Let X be a separable metrizable space and let w,ui,ug,... be
extended real valued lower semi-continuous functions on X.

1. Ifu = epi-limy_, , . ug, then for each t € R there exists a sequence ty of reals convergent to t such
that {u < t} = PK-lim{ug < tx}.

2. If for each t € R there exists a sequence tp of reals convergent to t such that
{u <t} = PK-lim{uy, < t3}, then u = epi-lim;_,,  uy.

Lemma 2.14. Let K;, K € K. The sequence K; converges to K in the Hausdorff metric, if and only
if Uk, epi-converges to {x. Furthermore, for Ly, L € K", Hausdorff convergence of L; to L is equivalent
to epi-convergence of Iy, to Iy.

Proof. Let K;, K € KU be such that K; — K. For t < 0 we have {{g, < t} = {{x <t} =0, for all
7 € N and for ¢ > 0 we have

{lg <t} =tK and  {lg, <t} =tK;,

for every i € N. Since K; converges to K in the Hausdorff metric, also tK; converges to tK in the same
metric and furthermore in the Painlevé-Kuratowski sense. Therefore all sublevel sets are convergent

and /g, ﬂ) lx by Theorem 2.13.
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Conversely, if K;, K € K are such that (g, Py K, then Lemma 2.12 shows that
Ki:{éKi gl}—>{€K§1}:K
The proof for the second statement is analog. |

A fundamental relationship between convex functions and their conjugates in terms of epi-convergence
was established by Wijsman, see, for example, [51, Theorem 11.34]. In fact, it is one of the reasons why
epi-convergence was introduced.

Theorem 2.15 (Epi-continuity of the convex conjugate). If u,u : R"™ — (—o0, +00] are closed, proper
and convex, then

wp 5 if and only if  ul =5 u*.
Next, we extend Lemma 2.2 to an epi-convergent sequence of functions in Conv(R™) and obtain a
uniform cone property.

Lemma 2.16. Let up,u € Conv(R"™). If ug RN u, then there exist constants a,b € R with a > 0 such
that
ug(z) > alz| +b and  u(z) >alz|+b

for every k € N and x € R".
Proof. By Lemma 2.2, there exist constants @ > 0 and 8 € R such that
uw(z) > alz| + = L(x).
Switching to conjugates gives u* < £*. Observe, that
0 (y) = sup (y-z — (afz| +B)) = <Sup (y-z— all’\)) - B,
z€R™ z€RN

for every y € R™. Since

sup (y N — oz|:17|) =
rER™

{0 if ly| <«

+oo if |y| > «,

we have (* = I,pn — 3. Setting a := a/2 > 0, we see that aB™ is a compact subset of int dom u*.
Therefore, Theorems 2.8 & 2.15 imply that that uj converges uniformly to u* on aB". Since u* < —f
on aB", there exists a constant b such that uy(y) < —b for every y € aB™ and k € N and therefore

uz < IQB” — b,

for every k € N. Consequently
ug(x) > alz| + b,

for every k € N and x € R". |

Remark 2.17. Note, that Lemmas 2.12 and 2.16 are no longer true if u = +o00. For example, consider
ug(7) = Ig(24,,kr) for some R > 0 and 29 € R"\{0}. Then epi-lim;,_, . ., ux = u but every set {uj <t}
is a ball of radius kR for ¢ > 0 . In this case, the sublevel sets are not even bounded. Furthermore, it
is clear that there does not exist a uniform pointed cone that contains all the sets epiug.
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2.5 Moreau-Yosida Envelopes

The aim of this section is to establish Lemma 2.21, which states that Convp . (R") is a dense sub-
set of Conv(R™). We remark, that this can also be deduced from more general results (see for
example [7, Corollary 3.42]), however we will give a self-contained proof using Moreau-Yosida envelopes.
See also [51, Chapter 1, Section G].

Definition 2.18. Let u € Conv(R") and A > 0. Set g(z) = |z|? and recall that gy(z) = Ag(%) for
x € R™. The Moreau-Yosida envelope or Moreau-Yosida approrimation eyu of u is defined as

e u = ullqy,

or equivalently

exu(r) = inf (u() + oxle —yl) = inf_ (u(@) + gxl22l),

for every x € R"™.

Lemma 2.19. For u € Conv(R"™) and A > 0, the Moreau-Yosida envelope exu is a finite element of
Conv(R"™). Moreover, exu(x) < u(zx) for every x € R™.
Proof. Throughout the proof fix an arbitrary A > 0. Since
. 1 2 11012
1 < 1

it (ulm) + el < u(e) + K0P,
we have eyu(z) < u(x) for every x € R™. Since u is proper, there exists zo € R™ such that u(z¢) < +o0.
This shows that

— 1 2 1 2
exu(z) = zl}rrg:ﬁ (u(z1) + 55 |22]°) < u(zo) + 55| — wo|* < +00,

for every x € R", which shows that eyu is finite. Using (2.4) we obtain that
epieyu = epiu + epiqy.

It is therefore easy to see, that eju is a convex function such that lim,_, 4 exu(z) = +o0. |
Lemma 2.20. For every u € Conv(R"™), epi-limy_,g+ exu = u.

Proof. By Theorem 2.15, exu 5 u if and only if (exu)* P4 w*. By the definition of ey, (2.5) and
(2.6) we have

(exu)* = (uOq\)* = u* 4+ A"
Therefore, we need to show that u* + Ag* —» u*. Observe, that for g(z) = |z|? we have ¢ =
q*. Since epi-convergence is equivalent to pointwise convergent if the functions are finite, it follows
that epi-limy_,o+ Ag* = 0. It is now easy to see that epi-lim,_,y+ (u* + A\¢*) = u* and therefore

epi-limy o+ (exu)™ = u™. [ |

Lemma 2.21. The piecewise affine functions Convy a (R™) are dense in Conv(R"™), equipped with the
topology associated to epi-convergence.

Proof. By Lemma 2.9, epi-convergence coincides with pointwise convergence on finite functions in
Conv(R™). Therefore, it is easy to see that Convy, , (R™) is epi-dense in the finite elements of Conv(R"™).
Now for arbitrary u € Conv(R") if follows from Lemma 2.19 that eju is a finite element of Conv(R"™).
Since Lemma 2.20 shows that epi-limy_, g+ exu = u, the finite elements of Conv(R") are a dense subset
of Conv(R"™). Finally, since denseness is transitive, the piecewise affine functions are an epi-dense subset
of Conv(R"). [ |
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2.6 Intrinsic Volumes and Projections

In this section we describe how log-concave and more generally quasi-concave functions can be seen
as direct extensions of K". Furthermore, extensions of intrinsic volumes and orthogonal projections to
these function spaces are discussed.

For K € K", consider the characteristic function yx € LC(R"™), which we will view as a natural
representative of K in LC(R™). An intuitive way to generalize the volume on R"™ to LC(R") is the
integral with respect to the Lebesgue measure,

10):= | fa)da,

for f € LC(R™). Clearly I(xg) = Vin(K) for every K € K". Furthermore, by Lemma 2.2 it is easy to
see, that I(f) < oo for every f € LC(R™). Sometimes I(f) is also called the total mass of f, see for
example [13]. This notion for the volume of a (log-concave) function is commonly accepted and there
are several examples of functional counterparts of geometric inequalities, in which the volume V,,(K)
of a convex body K is replaced by the integral [ f of a function f. For example, the Prékopa-Leindler
inequality is the functional analog of the Brunn-Minkowski inequality [31,50].

Since the layer-cake principle yields

—+00

I(f) = Va{f = t}) dt,

0

one can analogously extend the intrinsic volumes V; to LC(R"™) via

+o0o
Vi(f) = /0 Vi{f > 1)) dt, (2.9)

for every f € LC(R"™) and 0 < i < n. Again, this gives Vi(xx) = Vi(K) for every K € K". These
functional versions of the intrinsic volumes where recently introduced for a more general class of quasi-
concave functions [11,45]. A function f : R” — [0,+o00) is said to be quasi-concave if the level sets
{f > t} are convex for very ¢t > 0, which clearly holds for elements in LC(R™). Furthermore, if
¢ : R — [0,4+00) is non-increasing and continuous, then ¢ o u is quasi-concave for every u € Conv(R")
and the level sets {( ou > t} are convex bodies for every 0 < ¢t < maxgern ((u(x)). Similar to (2.9) we
can therefore consider

Vi(Cou) = /Om Vi({Cou > t}) dt, (2.10)

for every u € Conv(R™) and 0 < ¢ < n. Note, that this expression might not be finite for every choice
of ¢ and u. However, observe that for i = 0 we obtain

Vo(€ o u) = maxgern ((u(x)) = ((mingegn u(z)) (2.11)

for every u € Conv(R").

Likewise, the projection of a convex set onto a subspace can be extended to quasi-concave func-
tions, see for example [11, 29, 55]. For this, let E be a linear subspace of R". The projection
projp f : E — [0,+00) of a quasi-concave function f : R™ — [0, +00) onto E is now defined as

projp f(z) := supyept f(z +y), (2.12)
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Figure 2.2: Projection of a log-concave function f € LC(R™) onto the hyperplane z=.

for every x € E. If we furthermore assume that f is upper semi-continuous and lim,|_, . f(z) = 0 we
can rewrite this as

projp f(x) = maxyeps f(x +y).

For such a function f and t > 0, we have max,cp. f(x +y) > t if and only if there exists y € E* such
that f(z 4+ y) > t. Hence,

{projg f >t} = projp{f > t}, (2.13)
for every t > 0, where projg on the right side denotes the usual orthogonal projection onto F in R".

Consequently projg X = Xproj, k and moreover

hypoprojg f = projg.g hypo f,

where hypo f = {(z,y) e R" xR : 0 <y < f(z)} denotes the hypograph of f. See also [11, Lemma 5.2]
and Figure 2.2.

Again, let ¢ : R — [0,+00) be a non-increasing, continuous function. For f = ( o u with
u € Conv(R™) we can rewrite (2.12) as

projp(¢ ou)(z) = ((minyepr u(z +y)),
for every x € E. Hence, it makes sense to also define the projection of a convex function u € Conv(R™)
as
projp u(z) := minge g u(z +y),
for every x € E. Similarly, we obtain
{projpu < t} = projp{u < t},
for every u € Conv(R") and t € R and furthermore
eplprojp u = Projgyg €piu.

We remark that since the orthogonal projection of a convex body is again a convex body, it is easy to
see that for dim E' = k, the function proj u is an element of Conv(E).
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Chapter 3

Valuations on Convex and Log-Concave
Functions

“These aren’t the droids you’re
looking for.”

Obi-Wan Kenobi

In this chapter, we study valuations on convex and log-concave functions. In addition to introducing
some real-valued, measure-valued and Minkowski valuations, we will prove important properties such
as continuity and consider the behavior with respect to group actions. Furthermore, we will see that
studying valuations on Conv(R") is equivalent to studying valuations on LC(R™).

3.1 Basic Observations
Let K,L € K™ be such that K UL € K™. It is easy to see that
h(KUL,-)=h(K,)Vh(L,-) and hMKNL,)=h(K,)ANh(L,-),

where V and A denote the pointwise maximum and minimum, respectively. Moreover, we have for the
convex indicator functions

Ik =1 VI and Ixur =1 A1z, (31)
and similarly for the characteristic functions

XKnL = XK NXL and XKuL = XK VXL - (3:2)
Hence, the following definition can be seen as a generalization of Definition 1.3.

Definition 3.1. A map Z defined on a space of real-valued functions S and taking values in an abelian
semigroup (A, +) is called a valuation if

Z(u V) +Z(uAv) =Z(u) + Z(v),
whenever u,v,u Vv, uAv E€S.

For Sobolev spaces [34,36,41] and L? spaces [37,49,56,57] complete classifications of valuations intertwin-
ing the SL(n) were established. For definable functions, an analog to Hadwiger’s theorem was proven [8]
and for quasi-concave functions, valuations were introduced and classified in [14,15]. A first classifica-
tion of valuations on Conv(R"™) was obtained by Cavallina & Colesanti [12]. See also [4,30, 35, 59].
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CHAPTER 3. VALUATIONS ON CONVEX FUNCTIONS 3.1. BASIC OBSERVATIONS

If Z is a valuation on Conv(R"™), then (3.1) shows that
K v Z(Ig) (3.3)

defines a valuation on K™ and using (3.2), an analog statement can be made for valuations on LC(R"™).
Note, that for u,v € Conv(R") we always have uV v € Conv(R™) but not necessarily uAv € Conv(R"™).
In the same way f A g € LC(R"™) for every f,g € LC(R") but we need not have fV g € LC(R").
Furthermore, if K, L € K are such that K UL € K7, then (2.3) shows that

brnar = bk VU, and Crun = b N,

Consequently,
K — Z(lk) (3.4)

defines a valuation on K. In Chapter 4 we will see that studying these connections between valuations
on Conv(R™) and valuations on K™ and K7, respectively, will be crucial in order to classify the former.
Moreover, we make the following observations on actions of affine transformations. For every K € K"
and x € R™ we have

Lk =Igor ! and Xr K = XK OT5 " (3.5)
and for every ¢ € GL(n)
Iyx =Igo¢™'  and XoK = XK 09 (3.6)
It K € K, then
£¢K =/{go (;5_1. (37)

Hence, we have the following analogs of the properties that were studied in Section 1.3. Let S denote
a space of real-valued functions defined on R™. A map Z defined on § is called translation invariant if
Z(uo T, 1) = Z(u) for every z € R* and v € S with uo 7, ! € S. Furthermore, Z is said to be SL(n)
invariant if Z(u o ¢~1) = Z(u) for every ¢ € SL(n) and u € S with uo ¢~ € S.

We say that a measure-valued map p : S — M(S" 1) is SL(n) contravariant of degree p € R if

[ porduwes iz = [ b6 2 dutu. ),
Sn—l S’n—l

for every ¢ € SL(n), every u € S with uo ¢~! € S and every continuous, p-homogeneous function
b:R™{0} — R.
Moreover, an operator Z : S — K" is said to be SL(n) covariant if Z(uo ¢~') = ¢ Z(u) for every
¢ € SL(n) and u € S with uo ¢~! € S and it is called SL(n) contravariant if Z(uo ¢~1) = ¢t Z(u).
Furthermore, Z is translation covariant if there exists a function Z° : S — R associated with Z such
that
Z(uor; V) = Z(u) + Z°(u)z,

for every z € R and u € S with uo7, 1 € S.

Lastly, for amap Y : LC(R™) — R we say that Y is homogeneous of degree ¢ € Rif Y(sf) = s1Y(f)
for every s > 0 and f € LC(R"™). Similarly, one defines homogeneity for an operator defined on LC(R")
and taking values in M(S"~1) or ™.
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Remark 3.2. Let Z : Conv(R™) — (A,+) be a valuation where (A, +) is an abelian semigroup. Let
u,v € Conv(R™) be such that v Vv € Conv(R") and let f,g € LC(R") be such that f = e and
g =e Y. Since

fVvg=e W\ and fAg=e W)

the map Z is a valuation if and only if Y : LC(R™) — (A, +) is a valuation, where
Y(f) = Z(—1log f),
hypo .,

for every f € LC(R™). Furthermore, for ug,u € Conv(R"™) we have uy P wif and only if e~ 220 ¢

Hence, if (A, +) is a topological semigroup, then Z is continuous if and only if Y is continuous. Moreover,
for ¥ € R™ we have for, 1 = e 4T " and therefore Z is translation invariant if and only if Y is translation
invariant. Similarly, translation covariance, SL(n) invariance and SL(n) covariance are equivalent for
valuations on LC(R™) and their counterparts on Conv(R™). Therefore, studying valuations on LC(R")
is equivalent to studying valuations on Conv(R™) and it will be convenient for us to switch between
these points of view. Lastly, we want to point out that u — qu is continuous for all u € Conv(R"™) and

g > 0, and therefore f — f?is a continuous map from LC(R") to LC(R").
For k > 0, we say that a non-negative function ¢ € C'(R) has finite k-th moment if

/ th¢(t) dt < o.
0
Furthermore, we define
D¥(R) := {¢ € C(R) : ¢ >0, ¢ is decreasing and has finite k-th moment }.

We conclude this section with two lemmas that will be needed in order to define measure-valued
valuations and Minkowski valuations on Conv(R"™) and LC(R™) respectively.

Lemma 3.3. Fork > 0 and ¢ € D*(R) there exists ¢ € DF(R) such that & is smooth, strictly decreasing
and £(t) > ((t) for every t € R.

Proof. Fix € > 0 and let p. € C*°(R) denote a standard mollifying kernel such that fRn pedxr =1 and
pe(x) > 0 for all x € R™ while the support of p. is contained in [—&,e]. Write 7. for the translation
t+— t+ e on R and define £(¢t) for t € R by

+e
E(t) = (pex (Coto))(t) +e ' = ((t—e—s)pe(s)ds +e™".
—&
It is easy to see, that £ is non-negative and smooth. Since ¢ +— fj; C(t — e — s)pe(s)ds is decreasing, £
is strictly decreasing. Since

+e +e
((t=e=s)pes)ds = [ ((t)pe(s)ds = ((t),

—E& —E

we get £(t) > ((t) for every t € R. Finally, £ has finite k-th moment, since ¢t — e~! has finite k-th
moment and

+o0 +e +e +oo
/ tk C(t—e—s)pg(s)dsdt:/ pg(s)/ th¢(t —e — s)dtds
0 0

—€ —€

+e +o00
< / pe(s) ds/ th¢(t — 2¢) dt < +oo.
0

—€
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Lemma 3.4. For k >0 let £ € DF(R). If £ is smooth and strictly decreasing, then

£(b)
/ E1t) — b dt < +o0,
0

for every b € R.

Proof. Using the substitution ¢ = £(s) and integration by parts, we obtain

/ e -y — / T = bR (s) ds
0 b

N e
<0
“+00
< —liminf(s - b)FTe(s) +(k + 1)/ (s — b)ke(s) ds < 4o0.
S o0 b
€[0,400] <400

3.2 Real-Valued Valuations

The aim of this section is to find analogs of the Euler characteristic and volume on Conv(R"™) and
LC(RR™), respectively. Furthermore, we study their properties, such as their behavior with respect to
the SL(n) and translations.

Section 3.2.1 is original to this thesis. The results of Sections 3.2.2 and 3.2.3 for valuations on
Conv(R™) can be found in [17] whereas the corresponding results on LC(R™) are proved in [47].

3.2.1 A Simple Approach

Before we consider general dimensions, we start with some basic observations in the 1-dimensional
case. Let Z : Conv(R) — R be a continuous and translation invariant valuation. By Lemma 2.14, (3.3)
and (3.5), the map K ~ Z(Ix +t) defines a continuous and translation invariant valuation on K for
every t € R and therefore has to be a linear combination of the Euler characteristic V4 and volume
Vi (see, for example, [28, p. 39]). Similarly, by (3.4), the map K +— Z({x + t) defines a continuous
valuation on K} for every ¢+ € R. However, there exist infinitely many valuations of this type, e.g. if
K = [~a,b] € K} with a,b > 0, then [~a,b] — a(a) + 5(b) defines a continuous valuation for every
continuous «, 8 : R>o — R. Having said this, we will see in Section 4.2 that in the higher-dimensional
setting with the additional assumption of SL(n) invariance only linear combinations of the Euler char-
acteristic and volume will remain. Hence, in the following we consider the two cases that K — Z({x +t)
is either a multiple of the Euler characteristic or volume and in both cases we want to find an explicit
representation of Z.

We begin with the case of the FEuler characteristic, that is we assume that there exists a constant
¢t such that Z({x +t) = ¢;Vo(K) = ¢; for every K € KL. Obviously, by the continuity of Z the map
t — ¢ is continuous. Hence, there exists a continuous function ¥ : R — R such that

Z(lx +t) = (1), (3.8)

for every K € K} and ¢t € R.
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U+,X($)

T

u(zs3) 1

i) I ) T3 T

Figure 3.1: Illustration of of uy x.

Fix an arbitrary u € Conv(R). Without loss of generality let u(0) = mingern u(z) and let
ut :=u+Ij o). Observe, that uy is increasing on its domain. Similarly, u_ = u + [_ ] I8
decreasing on its domain and by the valuation property of Z we have

Z(uy) +Z(u-) = Z(u) + Z(u + Ijgy)

and therefore
Z(u) = Zus) + Zu-) — (u(0)). (3.9)

We will now calculate Z(u4.), provided that domuy # (). First, assume that dom u4 is bounded, that
is domwuy = [0,b] with b € R and furthermore that u(b) < +oo. Let

X ={0=xo<z1 <<z =b}

denote a partition of [0,b] and let u4 x denote the piecewise affine approximation of u, that arises
from X,

wp x () w(zi) + - (u(@ipn) —u(@y), @ <o < @i
7X =
" +o00, x ¢ domuy.

See also Figure 3.1. It is easy to see, that uy x P i as the norm | X| = maxj<ij<p(x; — xi—1) of X
approaches zero and by the valuation property

n—1 n—1
Z(uy x) = Z(urx + Tgpan) = O Zur x + Iay)-
i=0 i=1

Note, that for 0 <i < n — 1 we have

B ) =2 (4 sy ] 0 +000) <2 (e ol +utenen)

+ Z(u + I{le}),

see also Figure 3.2. By (3.8) and the translation invariance of Z this reduces to
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Figure 3.2: Inclusion-exclusion principle for uy x + Ijg, ;-

Z(up x + g, 2000)) = Y(w(@i) = P(u(zipr)) + P(w(zipn)) = (u(z)),

for every 0 < ¢ < n — 1. Therefore,

n—1 n—1
Zluy x) =Y ) = > blulx) = v(ulx)) = $(u(0)),
=0 =1

and furthermore by continuity

Z(ut) = P(u(0)).

In the case lim,_,;- u(z) = +o00, consider the sequence uy x 1= uy +Ijgy_1/4), k¥ € N. Since uy P ug
and by the continuity of Z, we obtain again Z(uy) = t(u(0)). Similarly, if domwu, is unbounded,
consider the sequence uy + Ijg ) to obtain Z(uy) = 1 (u(0)).

In the same way, one shows that Z(u_) = 1(u(0)). Therefore, it follows from (3.9) that

Z(u) = P(u(0)) + ¢ (u(0)) = P(u(0)) = ¢ (u(0)) = ¢ (mingegn u(z)).

We will see in Lemma 3.5 that for general dimensions any continuous function composed with the
minimum of a convex function is a continuous, SL(n) and translation invariant valuation that can be
understood as a functional analog of the Euler characteristic.

Next, we want to find an analog for the volume (or length) in the 1-dimensional case. Therefore,
let Z : Conv(R) — R be again a continuous and translation invariant valuation but this time there
exists a continuous function ? : R — R such that

Z(lx +1) = (t)Vi(K), (3.10)

for every K € K} and t € R. Consider the function uj, = £0,1/n) + Ljo,1) for b > 0. Note, that by (3.10)
and translation invariance, Z vanishes on functions with 0-dimensional domain. Thus, by translation
invariance and the valuation property,

P(t) =t +h)
h

Z(un +t) = Z(Lpam +1) — Z(Lpamor  +t+h) =
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for every t € R. Since up +1 P Lio,1) +t as h ™\, 0, it follows that also up +t+k P ljp,1] +t whenever
h (0, £ — 0 and therefore by the continuity of Z

. Y+ k)=t +h+k)
2oy +1) = h—>(%l+n}c—>0 h

= /(1)

In particular, ¢ is continuously differentiable. Moreover, consider the function u, = £|g 1)+ Ijo 5 for any
b > 0. Again, since Z is translation invariant and vanishes on functions with 0-dimensional domain, we
have

Zluy + 1) = Ll +1) — 2oy 07+ 14 b) = (t) — w(t +b),

for every t € R. Since wy, it 0,1] as b — +o0, it follows that ¢(t) — 0 as t — +o00. Therefore

—+00

Y(t)dt = lim y(t) —(0) = —(0).

0 t——+o0

Fix an arbitrary u € Conv(R) and let u4 and u_ be defined as before. Assume first that domuy = [0, b]
with b € R and u(b) < +00. Denote the piecewise affine approximation of u, that arises from the
partition X by uy x. Since Z vanishes on functions with 0-dimensional domain and by translation

invariance we have
n—1

Z(u+,X) = Z Z(U—F,X + I[ﬂﬁi@i-s-ﬂ)’
=0

with

Z(u+,X + I[lﬂi’xiﬂ]) =7 (5[0 e —w } o 7'9;,1 + u(a:z)) -7 <£[0 @i - ] o ijulu + u(wi+1)) .

Tu(ziyr)—ulzg) Yu(w;y 1) —ulz;)
y (3.10) and the translation invariance of Z this reduces to
Z(ut,x + 1z ip0) = m&b(u(%)) — Y(u(wiy1))-

Hence,

n—1
Z Y(u(zitr)) — P(u(;)) (L1 — 23) —> — Y (u(x))de = Z(uy),

’LL+ X
xl-‘rl) (xl) dom u4

as | X| approaches zero. Using continuity arguments, one can show that this representation also holds
for unbounded domains and unbounded functions u. Moreover, a similar representation can be obtained
for u_. Thus,

2w =~ [ (uw)ae.

In Section 2.6 we saw that the integral of a quasi-concave function can be interpreted as a generalization
of the n-dimensional volume. In Section 3.2.3 we will introduce the integral of a non-negative function
composed with a convex function as a functional analog of the n-dimensional volume on Conv(R™).
Furthermore, these examples show that under certain circumstances a valuation Z on Conv(R) is
uniquely determined by its values on the functions /; +t with K € K} and t € R. We will prove a
more general version of this observation in Lemma 4.1.
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3.2.2 The Euler Characteristic

We show that the previously discussed functional analog of the Euler characteristic for quasi-concave
functions, (2.11), can be generalized to a more general class of functions.

Lemma 3.5. For ¢ € C(R), the map
u — ¢(mingern u(z)) (3.11)

is a continuous, SL(n) and translation invariant valuation on Conv(R™).

Proof. Let u € Conv(R"™). Since

1

mingern w(r) = Mingern u(72) = mingern u(P™ ),

for every ¢ € SL(n) and translation 7 : R — R"™, (3.11) defines an SL(n) and translation invariant
map. It is easy to see that

e~ Minoern u(?) — / Vo({u < t})e ! dt.
R

If u,v € Conv(R"™) are such that u A v € Conv(R"), then the valuation property of Vj implies that
e mingcgn (uVv)(z) +e mingepn (uAv)(z) _ / (Vo({u Vo< t}) + Vb({u Av < t}))e_t dt
R
_ / (Vol{u <t} n{v <)) + Vo({u < t} U {o < t}))et dt
R

= [ (o= )+ Vil < ip)etar
R
— ming cgn u(x) +e ming cgn U(:I,‘)
Therefore, since
mingegn (u A v)(z) = min{mingegn w(z), mingegn v(x)},

we obtain that
mingern (v V v)(x) = max{mingern u(z), mingegn v(z)}.

Hence, a function ¢ € C(R) composed with the minimum of a function u € Conv(R") defines a valuation
on Conv(R"™). The continuity of (3.11) follows from Lemma 2.12. [ |

Remark 3.6. For an alternative proof of the valuation property see [12, Lemma 3.7].

Lemma 3.7. For every q € R, the map

f = Volf)! = (maxpern f(z))"
is a continuous, SL(n) and translation invariant valuation on LC(R™) that is homogeneous of degree q.

Proof. Since

(maxgepn s f(2))? = s?( maxgern f(z))7,

for every f € LC(R™) and s > 0, the map f — Vj(f)? is homogeneous of degree q. By Remark 3.2 and
Lemma 3.5 it is a continuous, SL(n) and translation invariant valuation. |
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3.2.3 Volume
Let ¢ € C(R) be non-negative. For u € Conv(R"), define

Ze(u) = /d C(u(z)) da.

We want to investigate conditions on ¢ such that Zs defines a continuous valuation on Conv(R™).
It is easy to see, that in order for Z¢(u) to be finite for every u € Conv(R"), it is necessary for ¢ to
have finite (n — 1)-st moment. Indeed, if u(z) = |z|, then

+oo

Zew) = [ ¢(a))dz = nvn/ 1) dt. (3.12)
R" 0

We will see in Lemma 3.9 that this condition is also sufficient. First, we require the following result.

Lemma 3.8. Let uy be a sequence in Conv(R™) with epi-limit u € Conv(R"™). If ( € C(R) is non-
negative with finite (n — 1)-st moment, then, for every ¢ > 0, there exist to € R and ko € N such

that
/ Clu(z))dr <€ and / Clug(z))dr <€
domun{u>t} dom upN{ug >t}
for every t > tg and k > ky.

Proof. Without loss of generality, let mingern u(z) = u(0). By the definition of epi-convergence, there
exists a sequence zj in R™ such that xp — 0 and ug(xx) — w(0). Therefore, there exists kg € N such
that |2 < 1 and ug(zr) < w(0) +1 for every k > ko. By Lemma 2.16, there exist constants a > 0 and
b € R, such that

u(z), ug(z) > alz| + b,

for every x € R™ and k € N. Setting ug(z) = ug(x — x), we have
ur(z) > alr — x| + b > alz| — alzk| + b > alz| + (b —a),
for every k > ko. Hence, with b = b — a, we have
u(zx), ug(z) > alz| + b, (3.13)

for every x € R™ and k > kg.
For x € R™ we use polar coordinates, that is 2 = rw with r € [0, +00) and w € S*~!. For u(rw) > 1,
we obtain from (3.13) that

b n—1
< <u(rw) - ) < cu(rw)™ ! and similarly " < e (rw) (3.14)
a a

for every r € [0,+00), w € S* ! and k > ko, where c only depends on a,b and the dimension n. Now
choose tg > max{1,2(u(0) + 1) — b}. Then for all t > ¢

t— (u(0)+1)

t — u(0)
b t—0

1
> — and
t— 2

1
> —. 1
> (3.15)
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For w € S" 1 let v,(r) := u(rw). The function v, is non-decreasing and convex on [0,+00). In
particular, the left and right derivatives, v;, ;, v/, . of v, exist and for the subgradient dv,,(r) = [v,, ;, v, ,].
Furthermore, it follows from r < 7 that 7 < 7 for n € dv,(r) and 7 € Jv, (7). 7
For t > tg, set
D, (t) :={r €[0,+00) : t <u(rw) < +oo}.

For every w € S"~1, the set D,,(t) is either empty or there exists
ro(t) = inf D, (t) < L= (3.16)
and v, (r,(t)) = t. Therefore, if D, () is non-empty, we have
t—u(0) < E&ry(t)
for £ € vy, (ry(t)). Hence, it follows from (3.16) and (3.15) that

t —u(0) > a(t — u(0)) >

a
> £ > —
V=282 =y =2

(3.17)

for all r € D, (t), ¥ € Ov,(r) and & € Ov, (1, (t)). Similarly, setting vy, (r) = ug(rw) and
Ekw(t) ={ref0,400) : t < up(rw) < +oo},

it is easy to see that vy, is convex on [0,400) and monotone increasing on 5k,w (t) for all k£ > kg. By
the choice of ¢y and (3.15) we have

9> =,

for every t > to, r € Dy w(t), k > ko and 9 € 00y, (7). Recall, that as a convex function v, is locally
Lipschitz and differentiable almost everywhere on the interior of its domain. Using polar coordinates,
(3.14) and the substitution v, (r) = s, we obtain from (3.17) that

/domuﬁ{u>t} C(u(z)) dz = /S“—l/w(t) r" (v, (r)) dr dw
= C/Sn_l /w(t) V()" ¢ (v (7)) dr dw (3.18)
+00

2nuv, _
< noe C/ s" 1C(s)ds
t

a

for every t > to. In the same way,

/ Clun(@))da = | cl(e) e < 2700 [ iy as
dom ugN{ug >t}

dom % N{a, >t} a t

for every t >ty and k > ko with the same constant ¢ as in (3.18). The statement now follows, since ¢
is non-negative and has finite (n — 1)-st moment. [ |
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Lemma 3.9. Let ¢ € C(R) be non-negative. Then Z¢(u) < 400 for every u € Conv(R™) if and only if
¢ has finite (n — 1)-st moment.

Proof. As already pointed out in (3.12), it is necessary for ¢ to have finite (n — 1)-st moment in order
for Z to be finite.

Now let u € Conv(R"™) be arbitrary, let ¢ have finite (n—1)-st moment and let umin = mingern u(x).
By Lemma 3.8, there exists ¢t € R such that

/ C(u(x))dz < 1.
dom un{u>t}

It follows that

Ze(u) = /d C(u()) do = /{ RCCILES / Cu(@)de < max ¢(s)Va({u < 1)) +1

dom un{u>t} $€[Umin, 1]
and hence Z¢(u) < oo. [

Lemma 3.10. For ( € C(R) non-negative and with finite (n — 1)-st moment, the functional Z; is
continuous on Conv(R"™).

Proof. Let u € Conv(R"™) and let ug be a sequence in Conv(R™) such that wuy P, Set
Umin = Mingern u(z). By Lemma 3.8, it is enough to show that

/{ S [ qu)as

for every fixed ¢ > umin. Lemma 2.12 implies that {u; < t} — {u < t} in the Hausdorff metric.
Furthermore, by Lemma 2.16, there exists b € R such that u(x),ux(x) > b for x € R" and k € N. Set
¢ = maXeppq ((s) > 0. We distinguish the following cases.

e dim(domu) < n:
In this case V,,({u < t}) = 0 and since volume is continuous on convex sets, V,,({ur < t}) — 0.
Hence,

0< / Clup(@)) da < e Viy({ug < £}) = 0.
{ux<t}

e dim(domu) = n:
In this case, {u < t} is a set in K™ with non-empty interior. Therefore, for ¢ > 0 there exist
ko € N and C' € K" such that for every k > kg the following hold:

C C int({u <t})N{ux < t},
Vo({u <t} NC°) < ic

Vn({uk < t} N CC) <

Elog

where C° is the complement of C. Note, that u(z),ur(x) € [b,t] for x € C and k > ko. Since
C C int dom u, Theorem 2.8 implies that uj converges to v uniformly on C. Since ( is continuous,

~—
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the restriction of ¢ to [b, t] is uniformly continuous. Hence, ¢ o uy converges uniformly to ¢ o u on
C'. Therefore, there exists k1 > kg such that

/ C(u(w)) — Clone(a)) o+ /{ e SO [ o) da

for k > ki. The statement now follows, since € > 0 was arbitrary. [

Lemma 3.11. For ¢ € C(R) non-negative and with finite (n — 1)-st moment, the functional Z¢ is a
continuous, SL(n) and translation invariant valuation on Conv(R™).

Proof. By Lemma 3.10, the map Z¢ is continuous. Furthermore, it is easy to see that Z; is SL(n) and
translation invariant. It remains to show the valuation property. Therefore, let u,v € Conv(R™) be
such that u A v € Conv(R"™). We have

Ze(uANv) = / C(v(x))dz +/ C(v(x))dx +/ (u(x)) dez,
dom vN{v<u} domvN{u=v} domuﬂ{u<v}

Z¢(u V) :/ C(u(@)dm—i—/ daz—}—/ C(v(z))dx.
dom un{v<u} dom uﬂ{u:v} domvN{u<v}

Hence,
Ze(u Av) + Ze(u V) =Ze(u) + Z¢(v)

which proves the valuation property. |

In the following we consider the special case ((t) = e~ with ¢ > 0, to obtain a valuation on log-concave
functions.

Lemma 3.12. For every q > 0, the map
[ Va(f9)=[ [fiz)dx
Rn

is a continuous, SL(n) and translation invariant valuation on LC(R™) that is homogeneous of degree q.

Proof. By Remark 3.2 and Lemma 3.11, the map f — V,,(f?) is a well-defined, continuous, SL(n) and
translation invariant valuation on LC(R™). Since

[ i@ de=st [ fi(a)ds
n R
for every f € LC(R™) and s > 0, it is homogeneous of degree q. [ |
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We need the following calculation of the volume of a specific function.

Lemma 3.13. Forr >0, ¢ >0 and T, = conv{0,r e, ea,...,en},

Vn(e_qéTT ) = #

Proof. By definition we have

1 1
Ve ) = [ Ve < pae= [ Vidten < =t ar

Using the substitution s = —lngt we have dt = —qe™%° ds and therefore

400
Vi (ettr) = g / Vi ({0r, < s}) =% ds.
0

By definition, {¢1, < s} = sT, for every s > 0. Hence,

Vi{lr, < s}) = 8"V (T)) = "

2=

This gives

“+o00 “+o00 “+o00
Va(e™#1) = £, / se qds = oo / (g5)"eqds = o 1 / pretdp = gr.
0 0 0

3.3 Measure-Valued Valuations

On the Sobolev space WH1(R™) (that is, the space of functions f € L'(R") with weak gradient
Vf € LY(R™)), Gaoyong Zhang [60] defined the projection body I1(f), given by

h(IL(f),y) = Rnly-Vf(ﬂf)!dfc,

for y € R™. The operator that associates to f the convex body II(f) is easily seen to be SL(n)
contravariant. The projection body of f turned out to be critical in Zhang’s affine Sobolev inequality
[60], which is a sharp affine isoperimetric inequality essentially stronger than the L' Sobolev inequality.
The convex body II (f) is the classical projection body of another convex body (f), which is the unit
ball of the so-called optimal Sobolev norm of f and was introduced by Lutwak, Yang and Zhang [40].
The operator f — (f) is called the LYZ operator and it is SL(n) covariant. Furthermore, in [36], a
characterization of the operators f +— II(f) and f — (f) as SL(n) contravariant and SL(n) covariant
valuations was established.

In this section, we extend the LYZ measure, that is, the surface area measure of the image of the
LYZ operator, to functions ¢ o u, where ¢ € D" 2(R) and u € Conv(R"™). Following [40], for W11(R")
not vanishing a.e., we define the Borel measure S((f), ) on S*~! (using the Riesz-Markov-Kakutani
representation theorem) by the condition that

[ pedsin. = [ o-vie)ds (3.19)
Snfl n
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for every b : R™ — R that is continuous and positively 1-homogeneous. Since the LYZ measure S((f), )
is not concentrated on a great subsphere of S"~! (see [40]), the solution to the Minkowski problem
implies that there is a unique convex body (f) whose surface area measure is S((f),:). See also
Section 1.3.2 and [54, Section 8.2].

By the co-area formula, we may rewrite (3.19) if, in addition, f = ¢ o u with ¢ € D" 2(R) and
u € Conv(R"), as

+o00
[ p@asena= [ [ weasirz o
Sn—1 0 Sn—1
This formula provides the motivation of our extension. The results of this section will appear in [16].

Lemma 3.14. If ( € D" %(R), then

+o00
H L (O{Cou > t})dt < 400
0

for every u € Conv(R").

Proof. Fix u € Conv(R"). By Lemma 3.3 there exists ¢ € D" 2(R) such that ¢ is smooth, strictly
decreasing and & > ¢ pointwise. Thus, {(ou > t} C {{ou > t} for every t € R. Since those are
compact convex sets for every t > 0, we obtain H" 1 (0{C ou > t}) < H" 1(0{€ ou > t}) for every
t € R. Hence, it is enough to show that

+oo
/ H N O{€ou > t})dt < +oo.
0

By Lemma 2.2, there exist constants a,b € R with a > 0 such that u(z) > v(x) = alz| + b for all
x € R™. Therefore £ o u < £ o v, which implies that {{ ou >t} C {{ ov >t} for every ¢t > 0. Hence,

“+o00

ee 0)
[ wotgeuz < [T wtotgon = har =z [T (e - b,
0 0 0

which is finite by Lemma 3.4. ]
Lemma and Definition 3.15. Foru € Conv(R") and ( € D" %(R), a finite Borel measure S({C o u),-)
on S is defined by the condition that

+oo
/Sn—1 b(2)dS((Cou),z) = /0 /Sn—l b(2)dS({Cou>t},z)dt (3.20)

for every continuous function b : S*~1 — R. Moreover, if uy,u € Conv(R™) are such that uy BN u,
then the measures S((C o ug),-) converge weakly to S({ ou),-).

Proof. For fixed u € Conv(R"™) and ¢ € D" %(R), we have

+00 +o0
/ / b(2) dS({(ouZt},z)dt‘ < max \b(z)|/ HL(O{Cou > 1)) di
0 Sn—1 0

zeSn—1

for every continuous function b: S*~! — R. Hence Lemma 3.14 shows that
+oo
bis / / b(z)dS({Cou > t},2)dt
0 Sn—1
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defines a non-negative, bounded, linear functional on the space of continuous functions on S*~1. It
follows from the Riesz-Markov-Kakutani representation theorem (see, for example, [52]), that there
exists a unique Borel measure S({¢ o u),-) on S*~! such that (3.20) holds. Moreover, the measure is
finite. )

Next, let up,u € Conv(R™) with up —» u and fix a continuous function b : S"! — R. By
Lemma 2.14, the convex sets {up < t} converge in the Hausdorff metric to {u < t} for every
t # mingern u(z), which implies the convergence of {( o up > t} — {(owu > t} for every
t # maxgzern ((u(z)). Since the map K — S(K, -) is weakly continuous on the space of convex bodies,
we obtain

[ pedstcon =tk [ weds(gou .0,
Sn— Sn—
for a.e. t > 0. By Lemma 2.16, there exist a,d € R with a > 0 such that ug(z) > v(z) = a|x| + d and
therefore ¢ o ug(z) < (owv(z) for x € R® and k € N. By convexity,

H L O{Coup > t}) < H'HO{Cov >1t)})

for every k € N and ¢ > 0 and therefore

’ /sm blz) dSHC o 2 8, Z)’ < max [b(=)] H'H(OfC o wp = t})
< max [b(z)] H*H(O{Cov > t}).

zeSn—

By Lemma 3.14, the function ¢ — [g,_.[b(2)|dS({{ o v > t},2) is integrable. Hence, we can apply the
dominated convergence theorem to conclude the proof. |

We say that an operator p : Conv(R") — M(S" 1) is decreasing, if the real-valued function
u > p(u,S"1) is decreasing on Conv(R™), that is, if u > v, then

p(u, P < p(v, STH. (3.21)

Similarly, we define increasing and we say that u is monotone if it is decreasing or increasing.

Remark 3.16. Another attempt to define a decreasing valuation y : Conv(R"™) — M (S"!) would be
p(u,w) < p(v,w), (3.22)

whenever u,v € Conv(R") such that u > v and for all Borel sets w C S*"!. Clearly, every pu that
satisfies (3.22) also satisfies (3.21). However, such a property would fail for any non-trivial measure-
valued valuation p that attempts to generalize the surface area measure of a convex body, e.g. that
there exists ¢ € R such that u(lk, ) = cS(K,-) for every K € K". Since I zpn <I_;1» and

0= S(\/ﬁan {61}) < S([_L 1]n7 {61}) = 2n717
c can not be positive. On the other hand, Ij_; yjn < Ijg1» but
2"t = S([-1,1]" {e1}) = S([0,1]" {ex}) = 1.

Hence, p must vanish on indicator functions. Similarly, if there exists ¢ € R such that pu({g, -) = ¢S(K,-)
for every K € K, then ¢ = 0. We will see in Lemma 4.1 that under the additional assumptions
of translation invariance and continuity, this implies that u(u,w) = 0 for every u € Conv(R") and
wc S
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For u € Conv(R"), we write u~ € Conv(R") for the function that is defined via u™(z) = u(—=z) for
every x € R". Similarly, for f € LC(R"™) we write f~(z) = f(—=z) for every x € R™. Observe, that

fw<th=—fu<tl ad {f zs}=—{/ 25}
for every u € Conv(R"), f € LC(R"), t € R and s > 0.
Lemma 3.17. For (1,(s € D"2(R), the map
urr S((Gow),) +S(Gou),-)

defines a weakly continuous, decreasing, translation invariant valuation on Conv(R"™) that is SL(n)
contravariant of degree 1.

Proof. 1t is easy to see, that it suffices to proof the desired properties for the map
UHS«COU%')’ (323)

with ¢ € D" 2(R). As K — S(K,-) is translation invariant, it follows from the definition that also
S((Cowu),-) is translation invariant. Lemma and Definition 3.15 gives weak continuity. If u,v €
Conv(R"™) are such that u > v, then

{u < s} C{v<s}, {Cou>t} C{Cov >t}
and consequently by convexity
S({¢ou>1},8"1) <S({¢ov >t},8"Y),
for all s € R and ¢t > 0. For ¢ € SL(n),
{Couog™ 2t} =¢{Couxt},

and hence by the properties of surface area measure, we obtain

| perasiconos™ /W/SM )AS(B{Cou > 1}, 2)dt

/+Oo/gn1 2)dS({Cou > t},z)dt

—/ b6t 2) dS((C o u), 2)
Snl

for every continuous, 1-homogeneous function b : R"\{0} — R. Finally, let u,v € Conv(R") be such
that uAv € Conv(R™). Since ¢ € D" 2(R) is decreasing, we obtain by (2.3) and the valuation property
of surface area measure that

L. 1b<z>d(s<<<o<uvv>>,z>+s<<<o<uAv>>,z>)

+oo

:/0 /S S{CounCov>t},2)+S({Couv o > t},2) dt
+oo

:/0 /Snl S({Cou>t)n{Cov>1t}2)+S{Cou>t}U{Cov>1t},2))dt
+oo

:/0 [ MAASHCou = 1).2)+ S({Cov > 1) 2)) e

/n b(z)d(S({Cou),2) + dS({C o v), 2)).

S 1
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Hence (3.23) defines a valuation. [ |

Remark 3.18. Since for every u € Conv(R") and ¢ € D" 2(R) the measure S({Cou),-) is the
surface area measure of a (not necessarily unique) convex body, a simple calculation shows that

S({Cou™), ) = S(=(Cou),).

Lemma 3.19. For every ¢ > 0 and ¢1,c3 > 0, the map

frraS((f1), ) + S, ),

is a weakly continuous, translation invariant valuation on LC(R™) that is SL(n) contravariant of degree
1 and homogeneous of degree q.

Proof. By Remark 3.2 and Lemma 3.17, the map f — ¢1S((f?), ) + c2S(((f7)?),-) is a weakly con-
tinuous, translation invariant valuation that is SL(n) contravariant of degree 1. It remains to show
homogeneity. Therefore, let s > 0 and b : S*~! — R be continuous. Using the substitution r = t/s¢ we

have
+0o0
L pasienn.a = [ [ weasisr s .0

=[] easts = gya

—sq/m/gnl )dS({f? > r},z)dr

=5t [ s, ),
S§n—1
for every f € LC(R™). Similarly, one shows that f — S({(f7)?),-) is homogeneous of degree q. [ |

We need the following result where the LYZ measure of a specific function is calculated.

Lemma 3.20. For ¢ >0,t € R and K € K7,
S((em bty ) = Olleatg (K ).

Proof. Observe, that by Lemma 3.19 it is enough to show that S({e~9¢K),.) = (Zn_,ll)! S(K,-). By Lemma
and Definition 3.15 we have

S((e=1txY,. /S{e 0l > 5} ) ds) /S{E < loEsy g,

Using the substitution » = —log s/q we have ds = —ge™9" dr and therefore

400
S(e ) =a [ S({tx < ke dn
0
By definition, {¢{x < r} =rK for every r > 0. Hence,

S({tx <r},-) =r""1S(K,).
This gives

+o0 +oo
S((e” 1) ) = S(K, )= / (qr)" e " qdr = S(K, )=y / s" e ds = (Z;_ll)!S(K, ).
0 0

q" q"
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In [58], Tuo Wang extended the definition of the LYZ operator and the LYZ measure from W11 (R")
to the space of functions of bounded variation, BV(R"). For a function f € L*(R"), the total variation
of f is given by

V(R = sup{ [ div g b e CFRR, Wlummn < 1},

where C2°(R™,R"™) denotes the set of smooth functions from R" to R™ with compact support, div is
the divergence of ¢ € CZ°(R",R") and || - || oo (rn) is the essential supremum norm. We say that f is
of bounded variation, f € BV(R"), if V(f,R") < oco. For such a f, there exists a vector valued Radon
measure Df = (D1 f,...,D,f) on R" with

/ f28 dx:—/ 6dD,f,
R™ ‘ R7

for every continuously differentiable function ¢ : R™ — R with compact support. Furthermore, we write
|Df| for the total variation of Df and oy for the corresponding Radon-Nikodym derivative. We can
now state Wang’s definition.

Definition 3.21. For f € BV(R") which is not 0 a.e. with respect to the n-dimensional Lebesgue
measure, the LYZ body is defined to be the unique convex body (f) with centroid at the origin, such
that

| wastn.o = [ w-epaps,
for every b: R™ — R that is continuous and 1-homogeneous.

Remark 3.22. In [58], it is furthermore assumed that b is an even function. Hence, S({f),-) is considered
to be an even measure which determines an origin-symmetric convex body (f). The so obtained body
is a symmetrization of the body given in Definition 3.21.

By the co-area formula [6, Theorem 3.40]

+o0
V(R = [ Per((s > 1), B de = [DF|(R")

—0oQ
where Per(A, R") denotes the perimeter of A C R"™. Since Per(K,R") = H" }(K) for every K € K"
and Per(),R") = 0, Lemma 3.14 shows that V(¢ o u,R") < +oo for for every ( € D" 2(R) and
u € Conv(R"). Together with Lemma 3.9 this gives ¢ o u € BV(R") for every ¢ € D" }(R). Thus,
Definition 3.21 gives a different definition of S({¢ o u),-) with ¢ € D" (R) and u € Conv(R") with
dim dom u = n and it can be shown that in this case both definitions coincide. However, we also assign

a non-trivial measure to functions whose support is (n — 1)-dimensional and furthermore to functions
¢ ou with ¢ € D" 2(R), which are not necessarily in BV (R").

Remark 3.23. Wang’s definition allows to extend the LYZ operator to BV(R™) with values in the space
of n-dimensional convex bodies. However, Wang’s extended operators f — S({f),-) and f +— (f) are
only semi-valuations (see [59] for the definition) but no longer valuations on BV(R") and Wang [59]
characterizes f — (f) as a Blaschke semi-valuation.
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3.4 Minkowski Valuations

In this section we study functional analogs the projection body, the difference body and the moment
vector on Conv(R"). Furthermore we find functional representations of the identity and the reflection
on K.

In the following, an operator Z : Conv(R") — K™ is called decreasing if Z(u) C Z(v) for all
u,v € Conv(R™) such that v > v and it is said to be increasing if Z(v) C Z(u) for all u,v € Conv(R")
such that u > v. Moreover, Z is monotone if it is decreasing or increasing.

The results for the projection body and the level set body of a convex function u € Conv(R") can be
found in [16]. Most of the results for log-concave functions, especially the moment vector of a function
f € LC(R™), are to appear in [47].

3.4.1 Projection Body

By Definition 1.11 and the definition of the cosine transform in (1.2), the support function of the classical
projection body is the cosine transform of the surface area measure. Since the measure S((C o u),),
defined in Lemma and Definition 3.15, is finite for all ( € D" %(R) and u € Conv(R"), its cosine
transform is finite as well. Hence, setting

h(IT{Cou),2) = 5 €S(Cou),)(2)

for z € S*"~1, defines a convex body II({ ou) for ¢ € D" 2(R) and u € Conv(R"). Here we use that
the cosine transform of a measure gives a non-negative and sublinear function, which also shows that
IT (¢ o u) contains the origin. By the definition of the cosine transform and the definition of the LYZ
measure S({ ou),-), we have

P Gow ) =4 [ ly-21dS(C o))
+o00
—5 [ [ eslasicouz i ar (3.24)
:/+mh(ﬂ{(ou2t},z)dt
0

for ¢ € D" 2(R), u € Conv(R") and z € S*~!. Hence the projection body of ¢ o u is a Minkowski
average of the classical projection bodies of the level sets of { o u.

Using the definition of the classical projection body (Definition 1.11), the definitions (2.10) and
(2.12) of intrinsic volumes and projections of quasi-concave functions respectively and (2.13), we also
obtain for z € S,

+oo
BT (C o), 2) :/0 WI{Cou > £}, 2)dt

+oo
— /0 Va-1(proj,+{Cou > t})dt (3.25)

“+00

=, Va1({proj,+ (Cow) > t}) dt

= Va1(proj,+ (¢ o u)).
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Thus, the definition of the projection body of the function ( o u is analog to the definition of the
projection body of a convex body. In [5], this connection was established for functions that are log-
concave and in WhH1(R™).

Lemma 3.24. For ( € D"2(R), the map
u > IT{(C o u) (3.26)

defines a continuous, decreasing, SL(n) contravariant and translation invariant Minkowski valuation
on Conv(R").

Proof. Let ¢ € D" 2(R) and u € Conv(R"). By (1.3) and (3.24), we get for every ¢ € SL(n) and
z e S
ML(Couod ) z) = [ hI{Couo ™ 2 i) ar
0
= /Ooh(l_[qﬁ{g“ou >t} z)dt
0
— /Oo h(¢ ' TI{C ou > t},2)dt
0

:/Oooh(n{couzﬂ,qb‘lz)dt = h(II(Cou)o'z).

Similarly, we get for every x € R™ and z € S" 71,
h(IT(Couo T, 1), 2) = h(II (¢ o u), 2).
Thus for every ¢ € SL(n) and every z € R",
M{(ouog ) =¢~'M(Cou) and T({(ouor,')=T((ou)

and the map defined in (3.26) is translation invariant and SL(n) contravariant. By Lemma 3.17, the
map u — S({({ o u),-) is a weakly continuous valuation. Hence, the definition of II (¢ o u) via the cosine
transform and (1.1) imply that (3.26) is a continuous Minkowski valuation. Finally, let ¢ € D" 2(R)
and u,v € Conv(R"™) be such that u > v. Then {(ou > t} C {(owv > t} for every ¢ > 0 and
consequently, h(IT{¢ o u > t},z) < h(II{{ o v > t}, 2) for every z € S* ! and ¢t > 0. Hence, for every
ze St

“+o0 —+o00
h(H(Cou),z):/ h(H{CouZt},z)dtS/ h(II{C ov > t},z)dt = h(II{ o v), 2),
0 0
or equivalently II (¢ o u) C II (¢ owv). Thus, the map defined in (3.26) is decreasing. [

In the following we consider the homogeneous case for log-concave functions.
Lemma 3.25. For every q > 0, the map
fe=I0(f9) (3.27)

is a continuous, SL(n) contravariant and translation invariant Minkowski valuation on LC(R™) that is
homogeneous of degree q.

Proof. Remark 3.2 and Lemma 3.24 imply that (3.27) defines a continuous, SL(n) contravariant and
translation invariant Minkowski valuation on LC(R™). By Lemma 3.19 and (3.24) we have homogeneity
of degree gq. |
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3.4.2 Identity, Reflection and Difference Body

Similar to the definition of the projection body of a convex function in (3.24) we want to define the
difference body of a convex function. In order to do so, we will assign to each convex function a body
that can be interpreted as a weighted Minkowski average of the level sets.

Lemma 3.26. For ¢ € D°(R),

/+oo h({Cou > t},z)dt‘ < 400
0

for every u € Conv(R™) and z € S"~1.

Proof. Fix u € Conv(R"). By Lemma 3.3 there exists ¢ € DY(R) such that ¢ is smooth, strictly
decreasing and £ > ¢ pointwise. Hence, {Cou >t} C {£ou >t} for every t > 0 and therefore it suffices
to show that

‘/0+°°h({§ou2t},z)dt‘ < +oo

for every z € S"!. By Lemma 2.2, there exist constants a,b € R with a > 0 such that
u(z) > v(x) = alz| + b for all x € R™. Hence,

'/O+OO h({€ou = t},2) dt’ < /O+OO h({€ov >t} 2)dt = ;/Og(b)(g—l(t) —b)dt,

which is finite by Lemma 3.4. |

Lemma and Definition 3.27. For ¢ € D°(R) and u € Conv(R"), the level set body [¢ o u] is defined

by
“+00

h([¢ou],2) = / h({Cou >t},z)dt,

0

for every z € S*~L. Furthermore, the map u + [ o u] from Conv(R") to K" is a continuous, decreasing,
SL(n) and translation covariant Minkowski valuation.

Proof. Let u,v € Conv(R") be such that u > v. Then
{Couzt} C{Couv=>1t}
for every t > 0 and consequently,
h({Cou=>t},2) <h({Cov > 1}, 2)

for every z € S"~1. Since the integral in the definition of [¢ o u] converges by Lemma 3.26, this shows
that u +— [ o u] is well-defined and decreasing on Conv(R").

Now, let u € Conv(R") and uj € Conv(R™) be such that epi-lim;_, . ux = u. By Lemma 2.14,
the sets {ur < t} converge in the Hausdorff metric to {u < t} for every t # mingern u(z), which is
equivalent to the convergence {Couy >t} — {Cou > t} for every t # maxyern ((u(z)). By Lemma 2.16,
there exist constants a,b € R with a > 0 such that for every £k € N and z € R"

ug(z) > v(z) = alx| +b
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and therefore ((ug(z)) < ((v(z)) for every x € R™ and k € N and hence also

[h({Cour = t},2)] < h({Cov > 1}, 2)

for every t > 0,k € N and z € S"~! where we have used the symmetry of v. By Lemma 3.26, we can
apply the dominated convergence theorem, which shows that u +— [¢ o u] is continuous.
Finally, since
u— {Cou >t}
defines an SL(n) and translation covariant Minkowski valuation for every ¢ > 0, it is easy to see that

also u — [ o u] has these properties. |

Let f = Cou with ¢ € D°(R) and u € Conv(R"). By the definition of the level set body it is easy
to see that [f~] = —[f]. Furthermore, by the definition of the difference body, the projection of a
quasi-concave function (2.12) and (2.13) we have

h(D[f],z) = h([f], 2) + h(=[f], 2)
+oo
h({f > t},Z) + h(_{f > t},Z) dt

+oo
Vi(projiing {f = t}) dt

=" (projlin{z} f)7

|
/0 D = 1), ) dr
|

for every z € S*~1. This corresponds to the geometric interpretation of the projection body from (3.25).

Lemma 3.28. For ¢ € D°(R), the map u — D [( o u] from Conv(R") to K™ is a continuous, decreasing,
SL(n) covariant and translation invariant Minkowski valuation.

Proof. For every z € R", 2 € S"! and u € Conv(R"), we have

+00 +o0
MD[Couor:l,z) = /h(D{gouoglzt},z)dt: /h(D{gouZt},z)dt:h(D[Cou],z),
0 0

since the difference body operator is translation invariant. The further properties follow immediately
from the properties of the level set body proved in Lemma and Definition 3.27. |

Lemma 3.29. For every q > 0, the map
S ] (3.28)

is a continuous, SL(n) and translation covariant Minkowski valuation on LC(R™) that is homogeneous
of degree q. Moreover, the map

f=DI[r]

is a continuous, SL(n) covariant and translation invariant Minkowski valuation on LC(R™) that is
homogeneous of degree q.
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Proof. By Remark 3.2 and Lemma and Definition 3.27, the map f +— [f?] is a well-defined, continuous,
SL(n) and translation covariant Minkowski valuation on LC(R"). Furthermore, for s > 0, z € S*~!
and f € LC(R™), we have

+oo
W(((s )7, 2) = /0 W({(s £ > 1}, 2) dt
-/ s Ly
0

+00
=t [T R = ) dr = B 2),

where we used the substitution » = ¢/s%. Hence, (3.28) is homogeneous of degree q. The properties for
the second map follow immediately from the properties of the difference body. |

3.4.3 Moment Vectors

The following lemma will allow us to give a definition for the moment vector of functions ¢ o u, where
¢ € D"(R) and u € Conv(R"™).

Lemma 3.30. For ( € D"(R),
“+oo
/ |h(m({Cou >t},2)|dt < +o0
0

for every u € Conv(R"™) and z € S*~1L.

Proof. Fix u € Conv(R™) and observe, that for K € K" and z € S* ™}

< Vo(K) max |h(K,y)|.
yeSn—l

|h(m(K),z)| = ‘/Ka:-zdx

By Lemma 3.3 there exists £ € D™(R) such that £ is smooth, strictly decreasing and £ > { pointwise.
Moreover, Lemma 2.2 shows that there exist constants a,b € R with a > 0 such that

u(z) > v(x) = alz| + b,
for every x € R™. Hence, (ou < £ ou < £ ov pointwise and therefore

{COUZt}C{EOUZt}:{g;;MEM}

a

for every 0 <t < &(b). This gives

h(m({Con > 11).2)] < Va({gov > 1)) max, |h({§ov > thy)| = e (70 1),

for every 0 < t < £(b) and z € S"~ 1. Thus,

400 Un, £(b) . il
| mmgcouzmyopar< 2 [ et —ora
for every z € S*~!, which is finite by Lemma 3.4. |
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By Lemma 3.30, the integral
+oo
| bnticou = . (3.29)
0

converges for every ¢ € D"(R), u € Conv(R") and y € R™. Since each of the support functions

y = h(m({Cou>1t}),y)

is sublinear, it is easy to see that (3.29) defines a sublinear function in y and thus is the support function
of a convex body m(Cou) € K". Using the definition of the moment vector and the layer-cake principle,
we obtain

+00 +oo
wmcow )= [ ayara= [ sen@ 6 pasi= [ ) e

Hence,
m(Cou)= [ C(u(e)zda
]RTL
is an element of R™ and will be called the moment vector of { o u.

Lemma 3.31. For ¢ € D"(R), the map u — m(¢ o u) from Conv(R"™) to R™ is a continuous, SL(n)
and translation covariant valuation.

Proof. Fix ¢ € D"(R). For ¢ € SL(n) we have
m(Couog™!) = . C(u(¢p™z)) wde = - ((u(z)) prdz = dm(Cou),
for every u € Conv(R"), which shows SL(n) covariance. Furthermore, for z € R” we obtain
m(Couor, ') = . Cluly —x))ydy = - Cu(y))ydy + = . C(u(y)) dy = m(Cou) + Va(Cou)z,

which proves translation covariance. In order to show the valuation property, let u,v € Conv(R™) such
that u A v € Conv(R"™). We have

m(C(uvv) = /{ _ C@)ear s / C(w(z)) z da

{u<v}

m(C(uAv)) = /{> }C(v(x))xdx—i—/ C(u(x)) z dx.

{u<v}

Hence,

m(¢(u vV v)) +m(C(uAv)) = m(¢(u)) +m(¢(v)).

It remains to show continuity. Let ug,u € Conv(R™) such that wuy P, By Lemma 2.16, there exist
a > 0 and b € R such that ug(z) > alz| + b for every k € N and = € R™. Similar as in the proof of
Lemma 3.30, this gives

({0 e > ). )] < V(G 0w = 1) max, ({C 0w > thy)],
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which shows that these functions are dominated by an integrable function. Furthermore, Lemma 2.12
and the continuity of the moment vector on X" imply that h(m({{ ouy > t}), ) = h(m({{ou > t}),-)
pointwise for every t # maxgcrn ((u(z)). Hence, by the dominated convergence theorem, we have

+00 +oo
h(m(¢ o ug),-) = /0 h(m({¢ oug > t},-)dt — /0 h(m({Cou > t},-)dt = h(m(¢ o u),),

pointwise, which implies Hausdorff convergence of m(¢ o ug) to m(¢ o u). [

Lemma 3.32. For every q > 0, the map
[ m(f9)

is a continuous, SL(n) and translation covariant Minkowski valuation on LC(R™) that is homogeneous
of degree q.

Proof. By Remark 3.2 and Lemma 3.31, the map f — m(f?) is a continuous, SL(n) and translation
covariant Minkowski valuation. Furthermore, it is homogeneous of degree ¢ since

w((s5)) = [ (f@)ade=st [ ila)eds = (),

for every s > 0 and f € LC(R"™). [ |
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Chapter 4

Classification of Valuations on Convex
and Log-Concave Functions

“Never tell me the odds.”

Han Solo

We characterize the valuations that were introduced and described in Chapter 3. The principle that
is used for all our results is roughly the same. In Lemma 4.1 we will see that valuations on Conv(R")
are uniquely described by their behavior on cone functions. By (3.4) and the classification results
for valuations on K, which were stated in Section 1.3, the valuations on Conv(R") and LC(R") are
then described by a number of continuous functions on the reals. Furthermore, there exist continuous
functions that describe the behavior on indicator functions. It will turn out, that in many cases the
latter are derivatives of the former, see for example Lemma 4.2. Based on this, a classification can be
established.

The results from Section 4.1 and the classification of real-valued valuations on Conv(R™) will be
published in [17]. The classification results for Minkowski valuations and measure-valued valuations on

Conv(R™) can be found in [16]. Lastly, the proofs of Theorems 4.10 and 4.34 are to appear in [47].

4.1 General Considerations

The next result shows that in order to classify continuous and translation invariant or covariant valua-
tions on Conv(R"), it is enough to know the behavior of these valuations on cone functions. The main
argument of the following lemma is due to [36, Lemma 8|, where it was used for functions on Sobolev
spaces. For another recent application see [41, Lemma 8].

Lemma 4.1. Let (A,+) be a topological abelian semigroup with cancellation law and
let 71,7y : Conv(R"™) — (A, +) be continuous. If Z1(0 o 77Y) = Zo(l o 771 for every

te{lp+t: Pe Pl t € R} and every translation 7 on R", then Zi = Zs on Conv(R"™).

Proof. By Lemma 2.21 and the continuity of Z; and Z», it suffices to show that Z; and Zo coincide
on Convy, (R™). So let u € Convy , (R™) and set U = epiu. Note, that U is a convex polyhedron in
R+ and that none of the facet hyperplanes of U is parallel to the z,,1-axis. Here, we say that a
hyperplane H in R™"*! is a facet hyperplane of U if its intersection with the boundary of U has positive
n-dimensional Hausdorff measure. Furthermore, we call U singular if U has n facet hyperplanes whose
intersection contains a line parallel to {z,,+1 = 0}. Since Z; and Z, are continuous, we can assume that
U is not singular.

Since U is not singular and u € Convp , (R"™), there exists a unique vertex, p of U with smallest
ZTpy1 coordinate. We use induction on the number m of facet hyperplanes of U that are not passing
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R

RTL

Zo

Figure 4.1: Illustration of u, u and /.

through p. If m = 0, then there exist P € 73?0) and ¢t € R such that u is a translate of {p 4+t and
therefore Z;(u) = Za(u).

Now let U have m > 0 facet hyperplanes that are not passing through p and assume that Z; and Zo
coincide for all functions with at most (m—1) such facet hyperplanes. Let pg = (xg,u(z0)) € R*T! where
xzo € R" is a vertex of U with maximal x,i-coordinate and let Hy,..., H; be the facet hyperplanes
of U through pg such that the corresponding facets of U have infinite n-dimensional volume. Note,
that Hy,...,H; do not contain p and therefore there is at least one such hyperplane. Define U as the
polyhedron bounded by the intersection of all facet hyperplanes of U with the exception of Hy, ..., H;.
Since U is not singular, there exists a function u € Convp 5 (R™) with dom z = R™ such that U = epia.
Note, that U has at most (m—1) facet hyperplanes not containing p. Hence, by the induction hypothesis

74(@) = Za(0).

Let Hy,...,H; be the facet hyperplanes of U that contain py such that the corresponding facets of
U have infinite n-dimensional volume. Choose suitable hyperplanes H;,1,..., H} not parallel to the
7,4 1-axis and containing pg so that the hyperplanes Hy, ..., Hj bound a polyhedral cone with apex pg
that is contained in U, has Hy, ..., H; among its facet hyperplanes and contains {x¢} % [u(zg), +0o0).
Define ¢ as the piecewise affine function determined by this polyhedral cone. Notice, that £ is a translate
of {p + u(xg), where P € 7?("0) is the projection onto the first n coordinates of the intersection of the
polyhedral cone with {x, 1 = u(zg) + 1}, see also Figure 4.1. Hence, Z; and Zy coincide on ¢. Set
¢ = u\V{. The epigraph of / is again a polyhedral cone with apex pg. Hence £ is a translate of £ +u(xo)
with P € 79("0) since it is bounded by hyperplanes containing py that are not parallel to the x,1-axis.

Therefore, Z; and Zs also coincide on ¢. We now have
uNl=1a, uVLl=1/.
From the valuation property of Z;, i = 1,2, we obtain

Zi(u) + Z1(0) = Z1(u) + Z1(0) = Zo(u) + Za(€) = Za(u) + Zo(1),

which completes the proof. [ |
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The next result establishes a connection between the behavior of a valuation on cone functions and its
behavior on indicator functions.

Lemma 4.2. For k > 1, let Z : Conv(RF) — R be a continuous, translation invariant valuation and

let 1 € C(R). If

Z(tp + 1) = H(H)Vi(P) (4.1)
for every P € P¥ and t € R, then
—1)k a*
Z(Ip1x +1) = ( k:!) @Wt)

for every t € R. In particular, ¥ is k-times differentiable.

Proof. To explain the idea of the proof, we first consider the case k = 1. For h > 0, let up = {1 /1),
that is, u”(z) = 400 for 2 < 0 and u”(z) = ha for > 0. Define v" : R — [0, +-00] by v = v + Ljo,1-
Since Z is a translation invariant valuation and by (4.1), we obtain

Z" 4 1) = Z(u" + ) — Z(u" + h+t) = %(1/;(75) —a(t+ h))

for t € R. As h — 0, the epi-limit of v + ¢ is lip,1) +¢. Since Z is continuous, we thus obtain

21 +1) = lim 1+ (4(0) ~ 0t + 1))

for t € R. Hence, 9 is differentiable from the right at every ¢t € R. Since v+t — h BN I+t as
h — 0, we also obtain

1
2l +1) = Tim (Z( +t = h) = Z(" + ) = Tim o (0(t = h) = 6(t)).
(o +8) = lim (2041 h) — 2 ) = Tim 1 (4t B) — (2
Hence, 1 is also differentiable from the left at every t € R and Z(Ijo 1) +t) = —4'(t). This concludes
the proof for k = 1.
Next, let {e1,...,ex} denote the standard basis of R¥ and set ey = 0. For h = (hq,...,h) with
0< hy <---<hiand 0 <i <k, define the function ui‘ through its sublevel sets as

{ul <0} =0, {ul <s}=10,e0) +--+10,e] +conv{0,5€is1/hit1,--.,5ex/hr},

for every s > 0. Let uz = I[O’Hk. Note, that u? does not depend on h; for 0 < j <i. We use induction
on i to show that u? € Conv(R*) and that
(-1)°

7 (ul __ \7) ()

for every t € R and 0 < i < k, where () (t) = gl;w(t).
For i = 0, set P, = conv{0,e1/h1,...,ex/hx} € P¥ and note that ull = £p, € Conv(R¥). Hence, by

the assumption on Z, we have

2 1) = 2t + 1) = OB = ()
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R i

Figure 4.2: The functions v}, uf and ufy o 7.* 4+ hy in R?.

Now assume that the statement holds true for ¢ > 0. Define the function vf, by

{'Uzh+1 <s}= {ui‘ <spn{xip <1},

for every s € R, see also Figure 4.2. Since epi U?H = epi ui’ N{zit1 < 1}, it is easy to see that
th_H € Conv(R¥). As h;; 1 — 0, we have epi-convergence of th_H to u?H. Theorem 2.8 implies that
u?ﬂ is a convex function and hence u?ﬂ € Conv(R¥). Now, let 741 be the translation = — = + e;;1.
Note that
h h -1 h
{oir < sPU{(ui ooy, + hiv1) < s} ={u < s},

(]
{vfg < sy {(uf o7 L, + hipa) < s} C {mipn =13,

for every s € R. Since Z is a continuous, translation invariant valuation and Z(¢p +t) = 0 for P € P*
with dim(P) < k, Lemma 4.1 and its proof imply that Z vanishes on all functions u € Conv(RF) with
domu C H, where H is a hyperplane in R*. Hence,

Z(wl oV (ulo Te:il + hit1)) = 0.
Thus, by the valuation property
Z(uf +t) = Z((vfyy + 1) A (uf 075t 4 hir + 1) = Z(vy + 1) + Z(uf o 7L, + higa + 1),
Using the induction assumption and the translation invariance of Z, we obtain

20t 1) = DT @O hi) = 0O
i Klhiyo--hy hit1 '

As hiy1 — 0, the continuity of Z shows that

_1)itL PO (t+ hipr) — 9O (2)
T P e A Z '
(u,LJrl + ) k! hz‘+2 ... hk hi+1r£0+ hi+1
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Hence () is differentiable from the right. Similarly, we have ol = higa < ul,; as hiy1 — 0 and
thus

—)™ WO(t) = Ot = higa)

Z(ul t)y= 1 Z(v} t—hy :(7 li ax

)

which shows that ¢ is differentiable from the left and therefore,
_1)i+1 )
2 1) = DT g
(W +0) = g0,
for every t € R. |

The next lemma gives us a sufficient condition such that a function has finite moment.

Lemma 4.3. Let ( € C(R) have constant sign on [tg,o0) for some tg € R. If there exist k € N, ¢ € R
and v € C*(R) with lim;_, 4 o ¥(t) = 0 such that

k
(1) = i~z (1)

fort > tg, then

+o0
/ th1e(t) dt‘ < +00.
0

Proof. Since we can always consider )(t) = 4cj, 1h(t) instead of 1(t), we assume that ¢, = 1 and ¢ > 0.
To prove the statement, we use induction on k and start with the case k = 1. For t1 > o,

t C(tydt = t () dt = (t) — (ko).

Hence, it follows from the assumption for ¢ that

/+OO Ct)ydt = lim (t1) — ¥(to) = —(tyg) < +00.

to t1—+o0

This proves the statement for k = 1.
Let k > 2 and assume that the statement holds true for k — 1. Since ¢ > 0, the function ®*—1 is
increasing. Therefore, the limit

- ] (k=1) —
c tl>1+moo¢ (t) € (—o0, +0]

exists. Moreover, 1)(*~1) has constant sign on [to, +00) for some ty > to. By the induction hypothesis,

—+00
/ =2k =1) () dt‘ < +o0,
0

which is only possible if ¢ = 0. In particular, 1+~ (#) < 0 for all ¢t > £,.
Using integration by parts, we obtain

/ "L ) e = LR (1) — LD () — (- 1) / Yyt an (42)

to to
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Since t*=1p)(t) > 0 for t > max{0, ¢}, we have
+00
d= / t*=1p®) () dt € (—o0, +00).
to

Hence, (4.2) implies that ¥~ =1 (#;) converges to

_l’_

d + th=Lp*=D (40) 4 (k — 1)/ tF=2 =1 (1) dt.

to

Since t¥ =1 (¢1) < 0 for ¢; > max{fy,0}, we conclude that d is not +oo. [ |

4.2 Classification of Real-Valued Valuations

The aim of this section is to give a classification of continuous, SL(n) and translation invariant valuation
on Conv(R™) and LC(R™) and thereby characterizing the operators studied in Section 3.2.

Lemma 4.4. If Z : Conv(R") — R is a continuous and SL(n) invariant valuation, then there exist
continuous functions Vg, ¥n, Co, Cn : R — R such that

Z(lp +t) = Yo(t) + Yn()Va(P),
Z(Ip +t) = Co(t) + Ca(t)Va(P)
for every P € P} and t € R.

Proof. For t € R, define Z; : P}' — R as
Zi(P)=7Z(p +1).

By Lemma 2.14, (3.4) and (3.7), it is easy to see that Z; defines a continuous, SL(n) invariant valuation
on P! for every t € R. Therefore, by Theorem 1.6, for every ¢ € R there exist constants cp¢,cpr € R
such that

Z(ZP + t) = Zt(P) = Co,t + Cn’tVn(P),

for every P € P2. This defines two functions vo(t) = cos and ¢y (t) = ¢, Taking P € P} with
dim P < n, we have V,,(P) = 0. By the continuity of Z,

t— Z(lp +t) = 1o(t)

is continuous, which implies that 1)y is a continuous function. Similarly, taking @) € P} with V,,(Q) > 0,

we see that 20 ) — olt)
+1) — o
ts () = ¢ :
Vu(Q)
can be expressed as the difference of two continuous functions and is therefore continuous itself. Using
P+ Z(Ip +t) we get the corresponding results for the functions (y and (,. |

For a continuous and SL(n) invariant valuation Z : Conv(R") — R, we call the functions ¢ and 1,
from Lemma 4.4 the cone growth functions of Z. The functions (o and (, are its indicator growth
functions. By Lemma 4.1, we immediately get the following result.
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Lemma 4.5. Every continuous, SL(n) and translation invariant valuation Z : Conv(R™) — R is
uniquely determined by its cone growth functions.

Next, we study the relation between the cone and indicator growth functions.

Lemma 4.6. If Z : Conv(R") — R is a continuous, SL(n) and translation invariant valuation, then
the growth functions vy and (y coincide and
(-1

n! @Tﬂn(t),

Cn(t) =
for every t € R.
Proof. Since £y5, = Ig), Lemma 4.4 implies that
Yo(t) = Z(goy + 1) = Z(Iyoy + 1) = Co(t),

for every t € R.
Now define Z : Conv(R") — R as

Z(u) = Z(u) — o (mingern u(z)).
By Lemma 3.5, the functional Z is a continuous, SL(n) and translation invariant valuation that satisfies
Z(EP + t) = ¢n(t)Vn(P)

and

Z(Ip +t) = Gu(t)Vo(P),
for every P € P’ and t € R. Hence, by Lemma 4.2,

) = GOV ([011") = Zlg 0 +1) = ),

for every t € R. |

Lemma 4.7. If Z : Conv(R™) — R is a continuous, SL(n) and translation invariant valuation, then
its cone growth function 1, satisfies

tli>n010 ¥n(t) = 0.
Proof. Let
P = conv{0, 81_562,62,63,...,671} and Q = conv{0,e9,€3,...,€,}.

For s > 0, define us € Conv(R") by its epigraph as epius = epifp N{x; < §}. Note, that for ¢ > 0 this
gives {us, <t} =tPN{x; < 5}. Define lps = €POTS_(611+62)/2+8 and similarly g s = {g OTS_(;JF€2)/2 +s.
We will now show that

us ANlps=I{p us Veps =1Lgs,

or equivalently
epiugs Uepilp, = epilp epius Nepilps = epily s,

54



CHAPTER 4. CLASSIFICATION OF VALUATIONS 4.2. CLASSIFICATION OF REAL-VALUED VALUATIONS

which is the same as
{us <t} U{lps <t} ={lp <t} {us <t} n{lps <t} ={lgs <t} (4.3)

for every t € R. Indeed, it is easy to see, that (4.3) holds for all t < s. Therefore, fix an arbitrary ¢t > s.
We have
{lps <t} ={lp+s<t}+saT2 =(t—s)P+s2t2

This can be rewritten as
{£P7S < t} =tPnN {1'1 > %}

Hence
{us <ty U{lps <t} = (tPN{x1 <5} U (PN {z1 > 5}) =tP = {lp < t},

and

{us <ty N{lps <t} =tPNn{z1 =35} = ((t — s)P N {z1 = 0}) + s 2=

=(t—35)Q+s95%2 = {lg+s<th+s952 ={lgs <t}
From the valuation property of Z we now get
Zus) + ZLps) = Z(0p) + Zllas).
By Lemma 4.4 and since V,,(Q) = 0, we have
Z(us) + Pn($)Va(P) 4+ vo(s) = Pn(0)Va(P) + 1h0(0) + tho(s).
As s — 00, we obtain ug ﬂ {p and therefore
Un(0)Va(P) + ¢0(0) = Yn(s)Va(P) = Z(us) == Z(Lp) = ¥ (0)Va(P) + 0(0).
Since V,,(P) > 0, this shows that 1, (s) — 0. [ |

Lemma 4.6 shows that for a continuous, SL(n) and translation invariant valuation Z the indicator
growth functions (y, and (, coincide with its cone growth function )y and up to a constant factor
with the n-th derivative of its cone growth function ,, respectively. Since Lemma 4.7 shows that
limy_, o0 ¥ (t) = 0, the cone growth functions vy and 1, are completely determined by the indicator
growth functions of Z. Hence Lemma 4.5 immediately implies the following result.

Lemma 4.8. Every continuous, SL(n) and translation invariant valuation Z : Conv(R™) — R is
uniquely determined by its indicator growth functions.

Theorem 4.9. A functional Z : Conv(R™) — [0,00) is a continuous, SL(n) and translation invariant
valuation if and only if there exist a continuous function (s : R — [0,00) and a continuous function
Cn : R — [0,00) with finite (n — 1)-st moment such that

Z(u) = ¢o( mingern u(z)) + /d o (u(z)) da (4.4)

for every u € Conv(R").
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Proof. 1f p : R — [0, 00) is continuous and ¢, : R — [0, 00) is continuous with finite (n — 1)-st moment,
then Lemmas 3.5 and 3.11 show that (4.4) defines a non-negative, continuous, SL(n) and translation
invariant valuation on Conv(R").
Conversely, let Z : Conv(R™) — [0,00) be a continuous, SL(n) and translation invariant valuation
on Conv(R"™) with indicator growth functions (p and (,. For a polytope P € P! with dim P < n,
Lemma 4.4 implies that
0 <Z(Ip +1) = Co(t)

for every ¢ € R. Hence, (p is a non-negative and continuous function. Similarly, for ) € P]' with
Vo (Q) > 0, we have
0 < Z(Isq +1) = Co(t) + s"Cu(t)Va(Q),

for every t € Rand s > 0. Therefore, also (, is a non-negative and continuous function. By Lemmas 4.3,
4.6 and 4.7, the growth function (,, has finite (n — 1)-st moment. Finally, for u = Ip + ¢t with P € P2
and t € R, we obtain that

Z(’LL) = CO(t) + Cnvn(P) = CO(minwER" u(l')) + / Cn(u(x)) dz.

dom u

By the first part of the proof,

u 5 Co( mingern u(z)) + / Cn(u(z)) dx
domu
defines a non-negative, continuous, SL(n) and translation invariant valuation on Conv(R™). Thus
Lemma 4.8 completes the proof of the theorem. |

Theorem 4.10. An operator Y : LC(R™) — R is a continuous, homogeneous, SL(n) and translation
invariant valuation if and only if there exist constants cg, ¢, € R and g € R, with ¢ > 0 if ¢, # 0, such
that

Y(f) = CO(maXmER" f(x))q +cp an fq(x) dﬂj‘, (45)
for every f € LC(R™).

Proof. Lemmas 3.7 and 3.12 show that (4.5) defines a continuous, homogeneous, SL(n) and translation
invariant valuation on LC(R™) for every cg, ¢, € R and ¢ € R, with ¢ > 0 if ¢,, # 0.

Conversely, let Y : LC(R™) — R be a continuous, homogeneous, SL(n) and translation invariant
valuation and let Z be the corresponding valuation on Conv(R"™), that is Z(u) = Y(e™) for every
u € Conv(R™). Then Z is continuous, SL(n) and translation invariant, see also Remark 3.2. Further-

| Z(u+t) = Y(e @) = (1Y () = e Z(u),

for every u € Conv(R") and ¢t € R, where ¢ € R denotes the degree of homogeneity of Y. Let
Y0, ¥n, Co, (n denote the growth functions of Z. By Lemma 4.6 the functions ¢y and (y coincide. We
have,

Co(t) = Z(Iioy + 1) = e " Z(Iypy),
for every ¢t € R. Hence, there exists a constant ¢y € R such that (o(t) = cpe @ for every t € R.
Furthermore, let K € K} such that V,,(K) > 0. Then,

e Z(EK) = Z(EK =+ t) = CO(t) + ¢n(t)vn(K) = CO€7qt + ¢n(t)vn(K)a
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for every t € R. Hence, there exists a constant ¢, € R such that 1, (t) = ¢, e % for every t € R.
Lemma 4.7 shows that lim;—, o ¥y (t) = 0 and therefore ¢ > 0 or ¢, = 0. Moreover, by Lemma 4.6,
(=)™ d» I

) = Lt e

Cn (t) =

n!
for every t € R. For t € R, let s = e~!. We have
Y(s xg) = Z(Ix +t) = coe” " + cp e "V, (K)
=cos? + ¢, sV, (K)

400 q 400
=%< %GsszrndQ fen [ Vil{(s xa)? = P} dr
0 0
=coVo(s xx)? + enVa((s xK)?),

for every K € K™. By Lemma 4.8 the valuation Z is uniquely determined by its values on indicator
functions. Since

[ = coVo(f)T + enVal(f9),

defines a continuous, homogeneous, SL(n) and translation invariant valuation, the proof is complete. W

4.3 Classification of Minkowski Valuations

The Minkowski valuations that were introduced in Section 3.4 are classified. Again, we distinguish
between SL(n) contravariance and SL(n) covariance.
4.3.1 Contravariant Minkowski Valuations

In this section, we classify the functional analogs of the projection body from Lemmas 3.24 and 3.25.
In the following, let n > 3.

Lemma 4.11. If Z : Conv(R") — K" is a continuous and SL(n) contravariant Minkowski valuation,
then there exist continuous functions 1, : R — [0,00) such that

Z(0x +1) = p() K,
Z(lx +1) = (B TIK,

for every K € K andt € R.
Proof. For t € R, define Z; : K} — K" as
K =7k +1).

As in the proof of Lemma 4.4 it follows from Lemma 2.14, (3.4) and (3.7), that Z; defines a continuous,
SL(n) contravariant Minkowski valuation on K for every t € R. By Theorem 1.13, there exists a
non-negative constant ¢; such that

Z(€K+t) :ZtK:CtHK

for all K € K. This defines a function ¥ (t) = ¢, which is continuous due to the continuity of Z.
Similarly, using Z¢(K) = Z(Ix +t), we obtain the function (. [ |
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For a continuous, SL(n) contravariant Minkowski valuation Z : Conv(R"™) — K™, we call the function ¢
from Lemma 4.11 the cone growth function of Z. The function ( is called its indicator growth function.
By Lemma 4.1, we immediately get the following result.

Lemma 4.12. Fvery continuous, SL(n) contravariant and translation invariant Minkowski valuation
Z : Conv(R™) — K™ is uniquely determined by its cone growth function.

Next, we establish an important connection between cone and indicator growth functions.

Lemma 4.13. Let Z : Conv(R"™) — K™ be a continuous, SL(n) contravariant and translation invariant
Minkowski valuation. The growth functions satisfy

(_1)7171 dnfl

C(t):mw

»(t)

for every t € R.

Proof. We fix the (n — 1)-dimensional linear subspace F = e;- of R™. Since E is of dimension (n — 1),
we can identify the set of functions u € Conv(R") such that domu C E with Conv(R"™!) = Conv(E).
We define Y : Conv(E) — R by

Y(u) = h(Z(u),ep).

Since Z is a Minkowski valuation, Y is a real-valued valuation. Moreover, Y is continuous and translation
invariant, since Z has these properties. By the definition of the growth functions we now get

Y(EP + t) = h(Z(ZP + t)v en) = Lb(t)h(ﬂ P, en) = Tﬁ(t)anl(P)

and
Y(Ip + 1) = h(Z(1p + 1), en) = COR(T P, ) = C(1)Vi—1(P)

for every P € PP Y (E) = {P € P" : PC E} and t € R. Hence, by Lemma 4.2,

(_1)7171 dnfl

C(t) = C(t) anl([o, 1]n—1) = Y(I[O’l]n—l + t) = WW

P(t)

for every t € R, where [0,1]""! =[0,1]" N E. [ |
Next, we establish important properties of the cone growth function.

Lemma 4.14. If Z : Conv(R") — K" is a continuous, SL(n) contravariant and translation invariant
Minkowski valuation, then its cone growth function v is decreasing and satisfies

lim ¥(t) = 0. (4.6)

t—o00

Proof. In order to prove that v is decreasing, we have to show that ¥ (t) > 1(s) for all t < s. Without
loss of generality, we assume that ¢ = 0, since for arbitrary ¢ we can consider z(u) = Z(u+t) with cone
growth function 1; and 1;(0) = 1(t). Hence, for the remainder of the proof we fix an arbitrary s > 0
and we have to show that v (s) < 1(0).

Let

P:conv{O,%,eg,eg,...,en} and Q = conv{0,e9,€3,...,€,}.
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For s > 0, choose us € Conv(R") such that epiu, = epifp N{x1 < §}. Define fp, = {p OTS_(611+62)/2 +s

and similarly ¢ s = {g o 7-7(1 5 + 5. As we have already seen in the proof of Lemma 4.7, we have

s(eitez)/
Usg /\ERSZEP and us\/€p7s:€Q,s.
Thus, the valuation property of Z gives
Z(us) + Z(Ep,s) = Z(us A eRS) + Z(us V Ep,s) = Z(gp) + Z<€Q7S).

Using the translation invariance of Z and the definition of the cone growth function, this gives for the
support functions

h(Z(us),-) = (1(0) = (s))R(ILP, ) + (s)h(I1Q, -). (4.7)
Since Z(us) is a convex body, its support function is sublinear. This yields
h(Z(us),e1 + e2) < h(Z(us), e1) + h(Z(us), e2)
and
(¥(0) = ¥ (s))R(IT P, e1 + e2) + P(s)h(I1Q, e1 + e2)
< (¥(0) — ¥(s)) (R(ILP,e1) + h(IL P, e2)) 4+ ¥(s) (h(I1Q, e1) + h(I1Q, €2)).

Using Lemma 1.12, we obtain

($(0) = (5)) gy + (s gty < ((0) — () (gt + aiy) + () (g + 0).

which holds if and only if ¥(s) < 1(0).

In order to show (4.6), let s in the construction above go to +o00. It is easy to see, that in this case
us is epi-convergent to £p. Since v is decreasing and non-negative, limg_, o, 1(s) = 1o exists. Taking
limits in (4.7) therefore yields

¢(0)h(ﬂ P, ) = h(Z(gP)a ) = (1/](0) - woo)h(ﬂ P, ) + oo h(H Q, )
Evaluating at es now gives 1o, = 0. |

By Lemma 4.1, we obtain the following result as an immediate corollary from the last result. We call
a Minkowski valuation on Conv(R™) trivial if Z(u) = {0} for u € Conv(R"™).

Lemma 4.15. Every continuous, increasing, SL(n) contravariant and translation invariant Minkowski
valuation on Conv(R™) is trivial.

Lemma 4.13 shows that the indicator growth function ¢ of a continuous, SL(n) contravariant and trans-
lation invariant Minkowski valuation Z determines its cone growth function ¥ up to a polynomial of
degree less than n—1. By Lemma 4.14, lim;_,, 1(t) = 0 and hence the polynomial is also determined by
(. Thus v is completely determined by the indicator growth function of Z and Lemma 4.12 immediately
implies the following result.

Lemma 4.16. Fvery continuous, SL(n) contravariant and translation invariant Minkowski valuation
Z : Conv(R™) — K™ is uniquely determined by its indicator growth function.
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Theorem 4.17. A function Z : Conv(R") — K" is a continuous, monotone, SL(n) contravariant and
translation invariant Minkowski valuation if and only if there exists ¢ € D" 2(R) such that

Z(u) =T1{C o u) (4.8)
for every u € Conv(R"™).

Proof. If ¢ € D" 2(R), then Lemma 3.24 shows that (4.8) defines a continuous, decreasing, SL(n)
contravariant and translation invariant Minkowski valuation on Conv(R").

Conversely, let a continuous, monotone, SL(n) contravariant and translation invariant Minkowski
valuation Z be given and let ¢ be its indicator growth function. Lemma 4.15 implies that we may
assume that 7 is decreasing. It follows from the definition of ¢ in Lemma 4.11 that ¢ is non-negative
and continuous. To see that ( is decreasing, note that by the definition of ¢ in in Lemma 4.11,

h(Z(Ljpapn + 1), e1) = () A(H[0, 1], e1) = ((t)

for every t € R and that Z is decreasing. By Lemma 4.13 combined with Lemma 4.3, the function ¢
has finite (n — 2)-nd moment. Thus ¢ € D" %(R).
For u=1p + ¢ with P € P! and t € R, we obtain by (3.24) that

+oo
R(IT{C ou),z) = /0 h(II{{ ou > s},z)ds = ((t) h(IL P, z)

for every z € S*~!. Hence I1{C o (Ip +t)) = ((t)II P for P € P and t € R. By Lemma 3.24,
u > IT{(C o u)

defines a continuous, decreasing, SL(n) contravariant and translation invariant Minkowski valuation
on Conv(R™) and ( is its indicator growth function. Thus Lemma 4.16 completes the proof of the
theorem. |

Theorem 4.18. A function Y : LC(R™) — K™ is a continuous, homogeneous, SL(n) contravariant and
translation invariant Minkowski valuation if and only if there exist ¢ > 0 and g > 0 such that

Y(f) = cIL(f%) (4.9)
for every f € LC(R™).

Proof. For ¢ > 0 and g > 0 it follow from Lemma 3.25 that (4.9) defines a continuous, homogeneous,
SL(n) contravariant and translation invariant Minkowski valuation on LC(R"™).

Conversely, let a continuous, SL(n) contravariant and translation invariant Minkowski valuation Y
be given that is homogeneous of degree ¢ € R. Assume without loss of generality that Y is non-trivial.
If Z denotes the corresponding valuation on Conv(R"), that is Z(u) = Y(e™™) for every u € Conv(R"),
then Z is continuous, SL(n) contravariant and translation invariant, see also Remark 3.2. Furthermore,

Z(u+ 1) = Y (™) = ()1 V(™) = e Z(u),
for every u € Conv(R"™) and ¢t € R. In particular, this gives for the cone growth function 1 of Z

L) = Ll + 1) = B TTK,
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for every K € K? and t € R. Thus, by Lemmas 4.12 and 4.14 we have ¢ > 0, since we assumed
that Y was non-trivial. Furthermore, Lemma 4.13 implies that there exists a constant ¢ > 0 such that
¢(t) = ce™ 9, where ( is the indicator growth function of Z. For t € R let s = e~!. We have

MY (s xk),2) = MZ(Ix +1),2) = ce Th(I K, 2)
=cs'h(I1 K, 2)
“+o00
N C/o h(I{(s xg)? = 1}, 2)dr
=h(clI{(sxK)?),2),

for every K € K™ and z € S”!. By Lemma 4.16 the valuation Z is uniquely determined by its values
on indicator functions. Since

[ eIl (f9)
defines a continuous, homogeneous, SL(n) contravariant and translation invariant Minkowski valuation,
the proof is complete. |
4.3.2 Covariant Minkowski Valuations

In this section we establish classification results for the operators discussed in Sections 3.4.2 and 3.4.3.
Let n > 3.

Lemma 4.19. If Z : Conv(R"™) — K" is a continuous, SL(n) covariant Minkowski valuation, then
there exist continuous functions 11,102,193 : R — [0,00) and ¥4 : R — R such that

Z(lx +1) = P1(t) K + 2 (t) (= K) + 13(t) MK + 94 (t) m(K)

for every K € K and t € R. If Z is also translation invariant, then there exists a continuous function
¢: R —[0,00) such that
ZIg+t)=C(t) DK

for every K € K™ and t € R.

Proof. For t € R, define Z; : K — K" as
7t K =7k +1).

Similar to the proof of Lemma 4.11 it follows from Lemma 2.14, (3.4) and (3.7), that Z; defines a
continuous, SL(n) covariant Minkowski valuation on K for every ¢ € R. Therefore, by Theorem 1.17,
for every ¢t € R there exist constants c1¢,c24,c3; > 0 and ¢4 € R such that

Z(EK + t) = Zt K = Cl,tK + CQ7t(_K) + 63,75 MK -f- C4’t m(K)

for every K € K. This defines functions ;(t) = ¢;; for 1 <i < 4. By the continuity of Z,

7“2

(n+1)!

tes h(Z(lr, +t),e1) = rap(t) + (¥3(t) + ¥a(t))
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is continuous for every r > 0, where 7). is defined as in Lemma 1.16. Setting » = 1 and r = 2 shows
that

1
(n+1)!

t b (t) + (¥3(t) + al(t))

and

tH2¢ﬂﬂ+4—£4%¢ﬂﬂ+¢dﬂ)

(n+1)!
are continuous functions. Hence 3 4+ ¥4 and 11 are continuous functions. The continuity of the map
t — h(Z({g, +1), —e1) shows that 13 — b4 and 1)y are continuous. Hence, also 13 and 14 are continuous
functions.
Similarly, if Z is also translation invariant, we consider Y;(K) = Z(Ix + t), which defines a contin-
uous, translation invariant and SL(n) covariant Minkowski valuation on K™ for every t € R, see also
(3.3), (3.5) and (3.6). Therefore, by Theorem 1.18, there exists a non-negative constant d; such that

Z(k +1) = Yi(K)=d, DK

for every t € Rand K € K. This defines a function ((t) = d;, which is continuous due to the continuity
of Z. |

Lemma 4.20. IfZ: Conv(R") — K™ is a continuous, SL(n) covariant Minkowski valuation, then, for
eec SV,
h(Z(v),e) =0

for every v € Conv(R"™) such that domwv lies in an affine subspace orthogonal to e. Moreover, if ¥ is
the orthogonal reflection at e*, then

h(Z(u),e) = h(Z(uo ™), —e)
for every u € Conv(R™).

Proof. By Lemma 4.19, we have h(Z({f ), e) = 0 for every K € K7 such that K C et. Hence, Lemma 4.1
implies that h(Z(v),e) = 0 for every u € Conv(R") such that dom v C e*. By the translation invariance
of Z, this also holds for v € Conv(R") whose domv lies in an affine subspace orthogonal to e.
Similarly, for every K € K, we have h(K,e) = h(JK,—e) and h(—K,e) = h(—9K, —e) while
h(m(K),e) = h(m(WK),—e) and h(MK,e) = h(M(JK),—e). Hence Lemma 4.19 implies that
hZ(lk),e) = h(Z({x o9~1), —e). The claim follows again from Lemma 4.1. |

In the proof of the next lemma, we use the following classical result due to H.A. Schwarz (cf. [48, p. 37]).
Suppose a real valued function 1 is defined and continuous on the closed interval I. If

() =200+ 9 =)
h—0 h?

=0

for every t in the interior of I, then v is an affine function.

Lemma 4.21. Let Z : Conv(R") — K" be a continuous, SL(n) covariant and translation invariant
Minkowski valuation and let 1, 12,1%3 and 14 be the functions from Lemma 4.19. Then 11 and s are
continuously differentiable, 1) = 1 and both 15 and 14 are constant.
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Proof. For a closed interval I in the span of ej, let the function u; € Conv(R"™) be defined by
{ur <0} =0, {ur <s}=1I+conv{0,ses,...,s€,}

for every s > 0. By the properties of Z it is easy to see that the map I — h(Z(us +t),e1) is a real
valued, continuous, translation invariant valuation on ' for every ¢ € R. Hence, it is easy to see that
there exist functions {y, (1 : R — R such that

WZ(ur +t),e1) = Co(t) + G (H)Va(T) (4.10)

for every I € K' and t € R (see, for example, [28, p. 39]). Note, that by the continuity of Z, the
functions (y and (; are continuous.
For r,h > 0, let T, ), = conv{0, ;- €1, €2, ..., e, }. Define the function ul by

{uy < s} ={lr,, <spn{e <r}
for every s € R. Tt is easy to see that u” € Conv(R") and that
{uh < s}u {¢r,,, 07;811 +h <st={lr,, <s}

{uf < s}ﬂ{fTr/h onell +h<s}C{z1=r}

for every s € R. By translation invariance, the valuation property and Lemma 4.20, this gives

h(Z(U:} + t)a 61) = h(Z(ZTr/h + t)v 61) - h(Z(ETr/h +1+ h)v 61)

for every t € R. Note, that by Theorem 2.13 we have u RN uo,;] as h — 0. Hence, using the continuity
of Z, Lemma 4.19 and Lemma 1.16, we obtain

h(Z(u[O,r] + t)7 61) = hlif{)l* h(Z(uiZ + t)7 61)

- iy (OB e 0= a0 )
B0+ h (n+1)! h?

for every t € R and r > 0. Comparison with (4.10) now gives

) — tm PO ZVEER) W g (0) — (s 4 g4 h)

h—0+ h h—0+ h?

. (4.11)

Similarly, since also u! — h RN up,;] as h — 0, we obtain

lim P1(t —h) —Pa(t) 0— lim (V3 +9a)(t — h) — (Y3 + Y1) (t)

h—0+ h ’ h—0+ h?

Gi(t) =

Hence, v is continuously differentiable with —¢] = ¢;. In addition, by H.A. Schwarz’s result, the
function 3 + 14 is affine and hence by (4.11) it must be constant.

Now, let ¥ denote the reflection at {z; = 0} = e;. Lemma 4.20 and the translation invariance of Z
give

W(Z(uo ) + 1), €1) = B(Z (g, 0 971 +1), —e1)
= WZ(up_y ) + 1), —e1) = h(Z(up,) + 1), —e1)

for every t € R. Repeating the arguments from above, but evaluating at —eq, shows that —}, = (; and
13 — )4 is constant. Hence, both 3 and v, are constant. |
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Lemma 4.22. If the operator Z : Conv(R"™) — K" is a continuous, SL(n) covariant and translation
invariant Minkowski valuation, then there exists a non-negative 1 € C*(R) such that

Z(lx +1) = p(t) DK
for everyt € R and K € K. Moreover, lim;_, () = 0.

Proof. Let 11,...,194 be as in Lemma 4.19. By Lemma 4.21, there exist constants cs,cs such that
P3(t) = c3 and 4(t) = ¢4. Moreover, ¥; and 19 are non-negative and only differ by a constant. Hence,
it suffices to show that limy_, 1 o 11 (t) = limy— 4 o0 P2(t) = 0 and ¢3 = ¢4 = 0. To show this, let r,b > 0
and let v2 € Conv(R") be defined by epiv® = epify, N {z; < b}, where T} is defined as in Lemma 1.16.
Note, that epi-lim;_, . v2 = ¢1,. Set & := {7, o T,;ell + % and observe that

AL =0, dom(v? v £2) C {z1 = b}.
Thus, by the valuation property and Lemma 4.20, we obtain
W(Z(vy), e1) = h(Z(Lr, ), e1) — h(Z(£)), ex)-

Using the translation invariance and continuity of Z now gives

Pn(0) - O = B e0) = lim B, ) = Jim 7 (6(0) —a ()

for every r > 0. Hence, limy_, 4o 91 (t) = 0 and ¢3 + ¢4 = 0. Similarly, evaluating the support functions
at —ep gives limy oo 92(t) = 0 and ¢3 — ¢4 = 0. Consequently, ¢35 = ¢4 = 0. [}

By Lemma 4.1, we obtain the following result as an immediate corollary of the last result.

Lemma 4.23. Every continuous, increasing, SL(n) covariant, translation invariant Minkowski valua-
tion on Conv(R™) is trivial.

For a given continuous, SL(n) covariant and translation invariant Minkowski valuation
Z : Conv(R™) — K", we call the function ¢ from Lemma 4.22 the cone growth function of Z.

Lemma 4.24. If the operator Z : Conv(R™) — K" is a continuous, SL(n) covariant and translation
invariant Minkowski valuation with cone growth function v, then v is decreasing and

Z(Ig +t) = —¢'(t)DK
for everyt € R and K € K.

Proof. Let ¢ be as in Lemma 4.19. Since ¢ > 0, it suffices to show that ( = —¢’. Therefore, for
h > 0 let up € Conv(R") be defined by epiuj, = epifjg,, /5 N {71 < 1}. By Theorem 2.13, we have
epi-limy,_,g up = Ijg ). Define £, = £ ¢, /) © 7-6_11 + h and observe that

up ALy, = £[07el/h} and up V4l = I{e1} + h.

Hence, by the properties of Z and the definitions of ¥ and ({ this gives

C(t) = h(Z(pey + 1) e1) = lim h(Z(up +1),e1) = lim P(t) =t +h)

h—0+ h

for every t € R. The claim follows, since v is differentiable. |
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The function ( = —’ appearing in the above Lemma is called the indicator growth function of Z.
Lemma 4.21 shows that the indicator growth function ¢ of a continuous, SL(n) covariant and trans-
lation invariant Minkowski valuation Z determines its cone growth function v up to a constant. Since
limy_,o0 9(t) = 0, the constant is also determined by ¢. Thus 1 is completely determined by the
indicator growth function of Z and Lemma 4.1 implies the following result.

Lemma 4.25. Every continuous, SL(n) covariant, translation invariant Minkowski valuation on Conv(R"™)
s uniquely determined by its indicator growth function.

Theorem 4.26. A function Z : Conv(R™) — K" is a continuous, monotone, SL(n) covariant and
translation invariant Minkowski valuation if and only if there exists ¢ € D°(R) such that

Z(u) =D [ o u] (4.12)
for every u € Conv(R").

Proof. 1If ¢ € D°(R), then Lemma 3.28 shows that (4.12) defines a continuous, decreasing, SL(n)
covariant and translation invariant Minkowski valuation on Conv(R").

Conversely, let a continuous, monotone, SL(n) covariant and translation invariant Minkowski valua-
tion Z be given and let ¢ be its indicator growth function. Lemma 4.23 implies that we may assume that
Z is decreasing. By Lemma 4.25, the valuation Z is uniquely determined by (. For P = [0,¢e1] € P,
we have

hZ(Ip +1),e1) = ((t) h(D P, e1) = ((t)

for every t € R. Since Z is decreasing, also ( is decreasing. Since ¢ = —¢, it follows from Lemma 4.21
that

t—o00

/0 () dt = (0) — lim w(t) = (0).

Thus ¢ € D°(R).
For w = Ip + t with arbitrary P € P}’ and t € R, we have

+o0o
WD [Coul,2) = /0 W(D{Cou > s}, 2)ds = C(t) h(D P, 2)

for every z € S*" 1. Hence D[ o (Ip +t)] = ((t)D P for P € P" and t € R. By Lemma 3.28,
ur D[ oul

defines a continuous, decreasing, SL(n) covariant and translation invariant Minkowski valuation on
Conv(R"™) with indicator growth function ¢. Thus Lemma 4.25 completes the proof of the theorem. W

In the remainder of this section we will study valuations on LC(R™). However, instead of translation
invariance we will consider translation covariance and monotonicity will be replaced by homogeneity.

The next result extends the basic observation that the associated function Z° : K* — R™ of a
translation covariant Minkowski valuation Z : ™ — K is a translation invariant real-valued valuation.
See for example [44, Lemma 10.5] for a corresponding result on vector-valued valuations. Similarly,
SL(n) covariance of Z implies SL(n) invariance of Z°. Hence, it is no coincidence that the associated
function of the Minkowski valuation described in Corollary 1.19 is a linear combination of the Euler
characteristic and volume.
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Lemma 4.27. If Y : LC(R") — K" is a continuous, homogeneous, SL(n) and translation covariant
Minkowski valuation, then its associated function Y° : LC(R™) — R is a continuous, homogeneous,
SL(n) and translation invariant valuation. Furthermore, Y and Y? have the same degree of homogene-
1ty.

Proof. Let x € R"\{0} and f, g € LC(R"™) be such that fV g € LC(R"). Since

(forgYVigorz)=(fVvglor,t and  (fory')A(gor, )= (fAg)or
it follows from the translation covariance and the valuation property of Y that
Y(fory )+ Y(gor, ) =Y((fVg o) +Y((fAg)or)
=Y(fVg)+Y(fAg) +Y(fV gz +Y(fAg)r.
On the other hand,
Y(fory )+ Y(gor, ) =Y(f) + Y(f)z + Y(g) + Y(g)x
=Y(fVg)+Y(fAg)+Y(f)z+ Y (g)z.
Hence, Y is a valuation. Now, for arbitrary y € R", we have

Y(f) +Y(f)z+ YO f)y = Y(forriy)

(
(fOTy_IOTx_l)
(fOTy_l)+YO(fOTy_1)IE

() +Y°(Ny+Y(for, )z,

and therefore YO(f) = Y9(f o Ty_l). For ¢ € SL(n) observe that

(oo Ny =¢y—2=0¢""(y—oz) = (6" o7, )(v)
for every y € R™ and therefore
OY () + Y (Noz =Y (for)

=Y(for,top™)
=Y(fog tor,)
=Y(fod )+ Yfod  )ou
=Y (/) + Y (foo ow

Hence, Y is SL(n) invariant. Moreover, for s > 0 we have

STY(f) +sTY(fla=s?Y(for ) =Y(s(fors 1) = Y((sf) or, ) = sTY(f) + Y (sf).

Lastly, if fx, f € LC(R") are such that hypo-lim,_,.. fx = f, then also hypo-lim,_, . fro7, ' = for; L.
Hence, by the continuity of Y,

Y(fi) +Y(fr)r =Y (fror, ) — Y(for, ') = Y(f) + YO f)z.
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Lemma 4.28. Let Y : LC(R") — K" be a continuous, SL(n) and translation covariant Minkowski
valuation that is homogeneous of degree q. There exist constants c1,co,dy,ds,dgy > 0, and c3,d3 € R
such that

Y(se ) = s1(d K + do(—K) + dym(K) + d3 M(K)),
for every K € K7 and s > 0 and

Y(s xg) = 81 (a1 K + co(—K) + e3sm(K)),
for every K € K™ and s > 0. Furthermore, ¢ > 0 if c3 # 0 and

YO(f) = (e1 — e2)Va(£)T + esVa(f9),
for every f € LC(R™).

Proof. Similar to the proof of Lemma 4.19 it follows from Lemma 2.14, (3.4), (3.7) and Remark 3.2,
that the map
K — Y(e ')

defines a continuous, SL(n) covariant Minkowski valuation on K!'. By Theorem 1.17 there exist con-
stants dq,d2,d4 > 0 and d3 € R such that
Y(se ) = s1Y(e ™) = s9(d1 K + do(—K) + d3m(K) + dg M(K))

for every K € K] and s > 0, where ¢ € R denotes the degree of homogeneity of Y. Similarly,
K — Y(xg) defines a continuous, SL(n) and translation covariant Minkowski valuation on K. Hence,
by Corollary 1.19 there exist constants c¢1,cs > 0 and ¢3 € R such that

Y(sxg) =35l (a1 K+ ca(—K) + esm(K)),

for every K € K™ and s > 0.
For K € K", z € R"\{0} and s > 0 let f := s xx € LC(R") and observe that

Y(forsh)

Y(SXK+x)

= sl K + 62( K)+c3 m(K) +(c1 — o+ CgVn(K))Cl?)
Y(f) + si(c1 — c2 + 3V (K))z.

Y(f) +Y(f)z

On the other hand, by Theorem 4.10 and Lemma 4.27, there exist ¢y, ¢, € R and ¢ € R, with ¢ > 0 if
¢, # 0, such that - -
Y?(g) = @Vo(9)? + EnValg?),

for every g € LC(R™). Noting, that Vo(f)? = s? and V,,(f?) = s?V,,(K), a comparison shows that
(c1 — €2)sTVo(K) + e3TV (K) = YO(s x) = CosTVo(K) + Cns Vi (K),

for every s > 0 and K € K". Choosing K = {0} and s = 1 gives ¢; — co = ¢p. With the same K and
arbitrary s > 0 we have ¢ = ¢ and with any full-dimensional K € K" we obtain ¢, = c3. |

67



CHAPTER 4. CLASSIFICATION OF VALUATIONS 4.3. CLASSIFICATION OF MINKOWSKI VALUATIONS

Lemma 4.29. Let Y : LC(R") — K" be a continuous, SL(n) and translation covariant Minkowski
valuation that is homogeneous of degree q. If c1,ca,d1,ds denote the constants from Lemma 4.28, then
c1 =qdy and co = qds.

Proof. For h > 0 let uj, € Conv(R") be defined via epiuy, = epif|g,, /5 N {z1 < 1}. As in the proof of
Lemma 4.24, we have uj, — lip,e;) @ h — 0 and furthermore
up Nl = E[O,m/h} and up VL, = I{el} + h,

where £, = £l /n © Te," + h. Let Z be the valuation on Conv(R") that corresponds to Y, that is
Z(u) = Y(e ") for every u € Conv(R™). By Remark 3.2, the valuation Z is continuous, SL(n) and
translation covariant and furthermore Z(u +t) = e~ Z(u) for every v € Conv(R") and t € R. We now
have

Z(Kh) = eiqh Z(E[O,el/h]) + (61 — 62)€7qh61

and furthermore
1= h(Z(I[O,eﬂ)a 61) = hli)Igl"r h(Z(Uh), 61)
= lim (h’(Z(e[O,el/h])v 61) + h’(Z(I{el} + h)v 61) - h(Z(gh% 61))

h—0t+
_ d —qh —qhd —qh
—hgrg+(ﬁ+(cl—02)e M — e 8L — (¢ — c)e” 1)
= lim dy =< = qd;.
h—07t bh 7
Similarly, evaluating the support functions at —e; shows that co = ¢ ds. |

Lemma 4.30. Every continuous, homogeneous, SL(n) and translation covariant Minkowski valuation
Y : LC(R™) — K" is either trivial or has a positive degree of homogeneity.

Proof. Let di,ds,c1,co,c3 and g denote the constants from Lemma 4.28 and suppose that ¢ < 0.
Lemma 4.28 shows that ¢ = 0. Furthermore, since ci1,co,d; and dy are non-negative, Lemma 4.29
yields that also ¢; = ¢y = 0. Hence, Y? = 0 and Y is translation invariant. Moreover, Y (s xx) = {0}
for every s > 0 and K € K". Thus, Remark 3.2 and Lemma 4.25 show that Y is trivial. |

Lemma 4.31. For a,b € R and q > 0 the following holds:
e —qh a4y iy =
lim (al ¢ —be )—{2 i 7

h—0+ h? h 400 else.

Proof. Since,

1—e —ah 1—e %) —bhe
L™ e :a( e~ 1) e ,

h? h h?

and
lim (a(1- e~y — bhe_qh) =0,

h—0+
we can apply L’Hospital’s rule to obtain

. a(l— e_qh) — bhe h . qae_qh —be 4 the_qh . —qh
w20, h2 =m0, 2h = S (qa—b)+ 3P
The claim now follows since % — 400 as h — 0t. [ ]
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Lemma 4.32. Let Y : LC(R") — K" be a continuous, SL(n) and translation covariant Minkowski
valuation that is homogeneous of degree q. If c3,ds,dy denote the constants from Lemma 4.28, then

c3 = %dg and dy = 0.
Proof. By Lemma 4.30, we can assume without loss of generality that ¢ > 0. Define v € Conv(R") via
{v<0}=0, {v<s}=1]0,e1]+ conv{0,ses,...,se,},
for every s > 0. Now, for h > 0 let T7/;, be defined as in Lemmas 1.16 and define the function uy, via
{up < st ={lr,, <spn{z <1},

for every s € R. Similar to the proof of Lemma 4.21 we have u;, € Conv(R") and furthermore

{un < stu{lr, or,t+h<s} = {er,,, < s}

{un < sy {lr,, o' +h<s} = {loon{oes,en} ©Ter +h < s},
for every s € R. Thus, denoting Z(u) = Y(e™") for u € Conv(R"™), this gives

Z(un) + Z(er, ,, 0 7ot + h) = Z(lry ) + Zlloonv{0,e0,. 0} © Tert 1) (4.13)

By Lemmas 3.13 and 4.28 we have

Z(lr, ) 07t +h) = e Llr,,) +em ™ ((er — e2) + g en
Z(Econv{o,eg,...,en} © Te_ll + h) = e_Qh Z(Econv{o,eg,...,en}) + e_qh(cl - 02)81-

Furthermore, using Lemma 1.16 we obtain for the support functions

WZ(lr, ) e1) = 9+ bl
WZ(lr ), 0 1ot +h),er) = e (G + by + (e — ) + 55,
h(Z(econv{O,eg,,..,en})a 61) = e_qh(cl — 02).

Observe, that for h — 0% we have uy, P, Hence, by the continuity of Z and (4.13), we have
h(Z = lim A(Z
(2(0), 1) = Tim. h(Z(w), 1)

; d —qh d3+d —qh —qh
= Jm (5= ™)+ iy (L= o) — ™)

o 3 d3+d4 1—eiqh _ Cigeiqh
=qdi+ hlif{)ﬂ ((n+1)! h2 " h )-

Since this expression must be finite, it follows from Lemma 4.31 that

C3 ds +dy
q 1 (n+ 1)l
Similarly, repeating the calculations above but evaluating the support functions at —e; gives
c3  dz—dy
P ¢ (n+ 1)
n+1
Hence, d4y = 0 and c3 = Mdg. |
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By Lemma 4.1, every continuous, homogeneous, SL(n) and translation covariant Minkowski valuation
Y on LC(R") is uniquely determined by the constants ¢y, ca, ¢3,d1, da, ds,ds and ¢ from Lemma 4.28.

By Lemmas 4.29 and 4.32 we have d; = %1, dy = %Q,dg = (”:lll)!c;z, and d4 = 0. Hence, Y is completely
determined by the constants ¢, co, c3 and g. Thus, we have the following result.

Lemma 4.33. Every continuous, homogeneous, SL(n) and translation covariant Minkowski valuation
Y : LC(R™) — K" is uniquely determined by the values Y (s xy) with s >0 and K € K™.

Theorem 4.34. A function Y : LC(R™) — K™ is a continuous, homogeneous, SL(n) and translation
covariant Minkowski valuation if and only if there exist constants ci,ca > 0, c3 € R and ¢ > 0 such
that

Y (f) = crl[fY + ca(=[f7]) + c3m(f9) (4.14)
for every f € LC(R™).

Proof. Lemmas 3.29 and 3.32 show that (4.14) defines a continuous, homogeneous, SL(n) and transla-
tion covariant Minkowski valuation on LC(R™) for every c¢1,co > 0, ¢3 € R and ¢ > 0.

Conversely, let Y : LC(R") — R be a continuous, homogeneous, SL(n) and translation covariant
Minkowski valuation. For arbitrary K € K™ and s > 0, let f = s x). By Lemma 4.28, there exist
constants ¢y, cy > 0 and c3,q € R such that

Y(f) =5 (a1 K 4 co(—K) + c3m(K))

and by Lemma 4.30 we may assume that ¢ > 0. Since

+oo
ML) = [ RS > )00 dt = (K 2)
Mon(f1).2) = [ sl 2)do = st h(m(K), 2

for every z € S"71, we have Y(f) = c1[f9] + ca(—[f9]) + ez m(f?). Thus, Lemma 4.33 completes the
proof of the theorem. [ |
The next result is a corollary of both Theorem 4.26 and Theorem 4.34.

Corollary 4.35. A function Y : LC(R™) — K" is a continuous, homogeneous, SL(n) covariant and
translation invariant Minkowski valuation if and only if there exist ¢ > 0 and q > 0 such that

Y(f) =cDI[f1]
for every f € LC(R™).
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4.4 Classification of Measure-Valued Valuations

The aim of this section is to give a classification of the surface area measure that generates the operator
from Theorem 4.17. Let n > 3.

Lemma 4.36. If ji : Conv(R") — M(S" 1) is a weakly continuous valuation that is SL(n) contravari-
ant of degree 1, then there exist continuous functions 1,9, (1,2 : R — [0,00) such that

M(EK +1, ) = 1/11(75)5(-’(7 ) + wQS(_Kv ')7
N(IK +1, ) =G (t)S(K7 ) + CQS(_Kv ')7
for every K € K7 and t € R.
Proof. For t € R, define py; : K7 — M(S"1) as

pe(K, ) = p(li +1,-).

As in the proof of Lemma 4.11, we see that p, is a weakly continuous valuation that is SL(n) contra-
variant of degree 1 for every ¢t € R. By Corollary 1.9, for ¢t € R, there exist ¢y, c2; > 0 such that

plg +t,) = (K, ) = c1.5(K, ) + c2,:5(—K, -)

for all K € K. This defines non-negative functions 1 (f) = c¢1; and 92(t) = ca4. To see that those
functions are continuous let b: S*~! — [0, 00) be a continuous function such that

b({ (1. 1)'}) >0

and such that b vanishes on all other outer unit normals of 7" and —7™. Since ﬁ(l, ..., 1)t is an outer
unit normal of 7™ but not of —T™, we have
t— b(z) dp(lrn +t, 2)
Sn—1
= 1(t) / 1 b(z)dS(T", z) + a(t) / ) b(z)dS(=T",z) =1(t)d+ 0,
Sn— sn—

with some constant d # 0. Hence, 11 is continuous. Similarly, one shows that 19 is a continuous
function. The result for indicator functions and (i, (o follows along similar lines. |

For a weakly continuous valuation p : Conv(R"™) — M(S"™!) that is SL(n) contravariant of degree
1, we call the functions v¢; and o from Lemma 4.36, the cone growth functions of p and we call the
functions ¢ and (o its indicator growth functions. By Lemma 4.1 we have the following result.

Lemma 4.37. Every weakly continuous valuation u : Conv(R"™) — M(S"~!) that is SL(n) contravari-
ant of degree 1 and translation invariant is uniquely determined by its cone growth functions.

Lemma 4.38. Let u : Conv(R") — M(S" 1) be a weakly continuous valuation that is SL(n) con-
travariant of degree 1 and translation invariant. If v = 1 + 9 and { = ( + (3, then

(_l)nfl dnfl
(n—1)! din—1

¢(t) = P(t).

Moreover, ¢ is decreasing and limy_, 4o 1 (t) = 0.
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Proof. Recall that the cosine transform €' p(u, -) is the support function of a convex body that contains
the origin for every u € Conv(R"™). By the properties of p, this induces a continuous, SL(n) contravariant
and translation invariant Minkowski valuation Z : Conv(R") — K" via

h<Z(u)7 z) - %(g/’l’<u7 )(Z)
for z € S*~!. By Lemma 4.36, we have
WZ(lk +1),2) = 3 € (V1(1)S(K, ) + a(t)S(—K, ) (2) = ¢ (t)h(IIK, 2)

for every K € K*, t € R and z € S"!. Hence, by Lemma 4.11, the function 1 is the cone growth
function of Z. Similarly, it can be seen, that ( is the indicator growth function of Z. The result now
follows from Lemma 4.13 and Lemma 4.14. |

Lemma 4.39. Every weakly continuous, increasing valuation p : Conv(R™) — M(S"™1) that is SL(n)
contravariant of degree 1 and translation invariant is trivial.

Proof. Since p is increasing, Lemma 4.36 implies that for s < ¢

M(EK +t, Sn_l)v
1(t)S(K, 8" 1) + ¢a(t)S(—K,S" ),

p(lx +s,8"h

<
U1(s)S(K,8"71) + ¢2(s)S(—K, 8" <

for every K € K. Hence, 1) = 1)1 + 12 is an increasing function. By Lemma 4.38, ¢ = 0 and therefore
11 = 0 = 19, since those are non-negative functions. Lemma 4.37 implies that p is trivial. |

Lemma 4.40. Every weakly continuous valuation p : Conv(R™) — M(S*™1) that is SL(n) covariant
of degree 1 and translation invariant is uniquely determined by its indicator growth functions.

Proof. Since p is an even measure the cone growth functions ; and w9 coincide and similarly the

indicator growth functions ¢; and (2 coincide. By Lemma 4.38, we have limy_, . 9(t) = 0 and
¢(t) = %%w(ﬂ, where ¢ = 1 + 92 and ( = (4 + (2. This shows that ¢ uniquely deter-

mines % and therefore the indicator growth functions uniquely determine the cone growth functions.
Since Lemma 4.37 implies that u is determined by its cone growth functions, this implies the statement
of the lemma. |

Theorem 4.41. An operator p : Conv(R") — M. (S"™1) is a weakly continuous, monotone valuation
that is SL(n) contravariant of degree 1 and translation invariant if and only if there exists ( € D" ?(R)
such that

plu, ) = S((Cou), ) +5({Cou™),) (4.15)
for every u € Conv(R"™).

Proof. By Lemma 3.17, the map defined in (4.15) is a weakly continuous, decreasing valuation that is
SL(n) contravariant of degree 1 and translation invariant. Furthermore, it is easy to see u(u,-) is an
even measure for every u € Conv(R").

Conversely, let p : Conv(R™) — M.(S""!) be a weakly continuous, monotone valuation that is
SL(n) contravariant of degree 1 and translation invariant. Let (1,{2 : R — [0,00) be its indicator
growth functions. If p is increasing, then Lemma 4.39 shows that p is trivial. Hence we may assume
that p is decreasing. Since p is even, the cone growth functions coincide and similarly the indicator
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growth functions coincide. Therefore, let ( = (4 = (2. Thus, Lemma 4.38 combined with Lemma 4.3
implies that ¢ € D"2(R).

Now, for u = Ix +t with K € K] and t € R we obtain by Lemma 4.36 and by the definition of
S((¢owu),-) in Lemma and Definition 3.15 that

w(u,-) = CA)(S(K,-) + S(=K,-)) = S((Cou),-) + S(Cou),).
By Lemma 3.17,
u = S(<Cou>7> +S(<<Ou7>7')

defines a weakly continuous, decreasing valuation on Conv(R™) that is SL(n) contravariant of degree 1,
translation invariant and even and both indicator growth functions are given by (. Thus, Lemma 4.40
completes the proof of the theorem. [ |

For a classification of the homogeneous case on LC(R™), the measure does not need to be even.

Theorem 4.42. An operator v : LC(R") — M(S"™1) is a weakly continuous, homogeneous valuation
that is SL(n) contravariant of degree 1 and translation invariant if and only if there exist c1,co > 0 and
q > 0 such that

v(f;) = aS((f1), ) +e2SU(F7)D, ) (4.16)
for every f € LC(R™).
Proof. If ¢1,¢9 > 0 and ¢ > 0, then Lemma 3.19 shows that (4.16) is a weakly continuous, homogeneous
valuation that is SL(n) contravariant of degree 1 and translation invariant.
Conversely, let a weakly continuous, homogeneous valuation v be given that is SL(n) contravariant
of degree 1 and translation invariant and let p be the corresponding valuation on Conv(R"™), that is

w(u) = v(e™™) for every u € Conv(R™). Then p is weakly continuous, SL(n) contravariant of degree 1
and translation invariant, see also Remark 3.2. Furthermore,

a4 ) = (e ) = () Tu(e™) = e p(u),

for every u € Conv(R™) and t € R, where ¢ € R denotes the degree of homogeneity of v. Let 1; and

¥y denote the cone growth functions of p. Since e = —=(1,...,1)! is an outer unit normal of 7™ but
NG

not of —T™, we have by Lemma 4.36
D1(B)S(T"e) = p(lrn +t,€) = e T pu(lrn, e) = e M1 (0)S(I™, e),
for every t € R. Since S(T™,e) # 0, this implies that
P1(t) = 1(0)e™ = dy ™

for some constant d; > 0. Similarly, there exists a constant do > 0 such that s(t) = do e, By
Lemma 3.20
_ 10—
S((emate )y, ) = e ttS(K, ),

for every t € R and K € K. Hence, it is easy to see that for v = /g +t with £ € R and K € K} and
f=e

V(f) = M(uv ) = dle_th(K’ ) + d26_qt5(_K7 )
= a1S((e7™),7) + e2S((e7 ™)), ) = et S((f9), ) + S (((f )9, ),
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with ¢; = %, i =1,2. By Lemma 3.19,

fr= S, )+ aSE(F)N,0)

defines a weakly continuous, homogeneous valuation on LC(R™) that is SL(n) contravariant of degree
1 and translation invariant. Thus, Lemma 4.37 completes the proof of the theorem. |
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