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Galois theory for semiclones

MIKE BEHRISCH

ABsTrRACT. We present a Galois theory connecting finitary operations with pairs of
finitary relations, one of which is contained in the other. The Galois closed sets on
both sides are characterised as locally closed subuniverses of the full iterative function
algebra (semiclones) and relation pair clones, respectively. Moreover, we describe the
modified closure operators if only functions and relation pairs of a certain bounded
arity, respectively, are considered.

1. Introduction

Clones of operations, i.e., composition closed sets of operations containing
all projections (cf. [31, 35, 25, 16]), play an important role in universal algebra,
as they encode structural properties independently of the similarity type of the
algebra. It is well known (see [10, 15], translations available in [8, 9]) that on
finite carrier sets, clones are in a one-to-one correspondence with structures
called relational clones. This is established via the Galois correspondence
Pol-Inv, which is induced by the relation of “functions preserving relations”.
In general, i.e., including in particular the case of infinite sets, so-called local
closure operators come into play (see [15, 30, 29, 24, 3]), and also the notion
of relational clone, as known from finite domains, needs to be generalised
(cf. ibid.). In this way, the Galois connection singles out certain locally closed
clones from the lattice of all clones on a given set. These clones can also be
seen as those which are topologically closed with respect to the topology that
one gets by endowing each set A4", for n € N, with the product topology
arising from A initially carrying the discrete topology (see e.g., [6, 5]).

By equipping the set of all finitary functions on a fixed set A with a fi-
nite number of operations (including permutation of variables, identification
of variables, introduction of fictitious variables, a certain binary composition
operation and a projection as a constant; we present more details later on),
one obtains the full function algebra of finitary functions on A. It is known (cf.
e.g., [31, 25]) that the clones on A are exactly the carrier sets of subalgebras
of this structure. This relationship is a special case of the one between the
full iterative function algebra, also known as iterative Post algebra (introduced
by Malcev in [27]), and its subuniverses (called Post algebras in [10]), which
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have often only been referred to as closed classes of functions in the Russian
literature (e.g., [21, 22]). These are similar in spirit to clones, but they do not
need to contain the projections (selectors in the terminology of [27]), as the
iterative Post algebra omits the projection constant in its signature compared
to the full function algebra.

In analogy to the Pol-Inv Galois connection, there is a Galois correspond-
ence Polp-Invp developed in [17] (see also [18, 19, 20]) based on the notion
of functions preserving pairs (g, ¢') of relations ¢’ C p. For finite carrier sets,
the Galois closed sets have been characterised to be precisely the subuniverses
of the full iterative Post algebra and the subuniverses of a suitably defined
relation pair algebra, respectively. To the best knowledge of the author, a
generalisation of this result to arbitrary base sets has not yet appeared in the
literature. In particular, the general (and thus infinite) case is also missing in
Table 1 of [14, p. 296] summarising related Galois connections and character-
isations of their closure operators.

In this article, it is our aim to fill in this gap. We first coin the notion of
a semiclone, which relates to transformation semigroups in the same way as
clones relate to transformation monoids. It is not hard to figure out that semi-
clones and subuniverses of the full iterative Post algebra coincide. However,
the way a semiclone is defined is much more similar to the usual definition
of a clone and easier to grasp than that of a subalgebra of the full iterative
function algebra; hence, the proposition of the new terminology of semiclones.
Besides, note that our semiclones are different from those appearing in [33].

In a similar fashion as one needed to generalise the notion of relational clone
to accommodate the closed sets of Inv 4 Poly for infinite carrier sets A, it will
be necessary to modify the relation pair algebra proposed by Harnau in [17].
We shall refer to the corresponding (new) subuniverses as relation pair clones.

Using the same local closure operator as introduced in [15, 29, 30] for sets
of functions (the topological closure), and appropriately modifying the local
closure on the side of relation pairs, we shall prove the following two main
results: the Galois closed sets of operations with respect to Polp 4 Invp, are
exactly the locally closed semiclones. Dually, the closed sets of Invp 4 Polp 4
are precisely the locally closed relation pair clones.

Because it fits nicely in this context, we shall more specifically characterise
what it means that a semiclone can be described in the form Polp, @ for
some set ) of less than s-ary relation pairs, and that a relation pair clone is
given by Invp 4 F' using a set F' of less than s-ary operations. As in [30], this
involves certain s-local closure operators, and so quite a few of our results have
analogies in [30], where similar questions have been studied with respect to
Pol-Inv.

We mention that a related, in some sense more general, Galois connection
has been studied in [28] (finite case) and [13, 12]. There, for fixed sets A
and B, functions f: A™ — B have been related to pairs of relations R C A™,
S C B™ for some m € Ny, called relational constraints. In this situation, the
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Galois closed sets on the functional side are also closed with respect to variable
substitutions (as are our semiclones), but already for syntactic reasons, cannot
be closed with respect to compositions. So even if one considers the special
case that B = A, the results from [13] and [12] describe similar but differently
closed sets of functions due to other objects on the dual side (there is no
containment condition for the relations as in our setting since for general A
and B, there cannot be one).

We acknowledge that, perhaps, it could be possible to derive our results
by restricting the relational side of the Galois correspondence studied in |13,
12], but we think that the description of the closed objects on the dual side
used there is (and has to be) more complicated (using so-called conjunctive
minors). Besides, our strategy of proof exhibits more similarities with the
classical arguments known from clones and relational clones. Also, the local
closures developed for relational constraints in [13, 12] seem to require non-
trivial modifications (see Remark 2.14) to be used with our relation pairs due
to the inclusion requirement in their definition.

A still different weakening of the notion of clone and an associated Galois
theory for arbitrary domains has been considered in [26]: there closed sets of
functions have been characterised in terms of closed sets of so-called clusters.
Since the classes of functions occurring in [26] contain all projections, these
results explore a separate direction and cannot be exploited, either, to obtain
the missing general (infinite) case for semiclones.

Finally, this article is largely based on a more elaborate version [4] contain-
ing explicit proofs of statements that were considered straightforward here.

2. Preliminaries

2.1. Notation, functions and relations. In this article, the symbol N will
denote the set of all natural numbers (including zero), and N will be used for
N\ {0}. Moreover, we shall make use of the standard set theoretic represent-
ation of natural numbers by John von Neumann, i.e., n ={i € N| i <n} for
n € N. The power set of a set S will be denoted by B (.5).

When discussing semiclones, relation pair clones, and their Galois theory,
we shall make no further assumptions on the carrier set, which we usually
represent by A. Any finite (including 0) or infinite cardinality is allowed for A.

For sets A and B, we write AP for the set of all mappings from B to A.
The order of composition employed in this article is from right to left, i.e.,
gofeCAfor f € BA and g € CB. That is, g o f maps elements a € A to
g(f(a)). For any index set I, sets A and (B;),.;, and maps (f;: A = B;), .,
their tupling is the unique map h: A — [[,.; B; satisfying m; 0 h = f; for each
1 € I, where m;: Hjel B; — B is the i-th projection map belonging to the
Cartesian product [] jer B As any ambiguity can usually be resolved from
the context, we denote the tupling i by (f;),c;, identically to the tuple (f;),c;-.
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The notion of tupling is, of course, meaningful (by definition) in any cat-
egory having suitable products, and hence the following simple lemma about
composition of tuplings can be proved in such a general context. We recall
here just its instance for the category of sets (cf. [3, Lemma 2.5]).

Lemma 2.1. Let I and J be arbitrary indezx sets, k,m,n € N natural numbers,
A,B,D,X and B; (forie€I), C; (forj € J) sets. Furthermore, suppose that
we are given mappings r: A — B, r;: A — B; (fori € I), g;: B — C; (for
j€J), and f: [[;c,C; — D.

(a) We have (gj)je.l or=(g;0 r)jEJ'
(b) If B =[l;e; Bi, then (g;) ;50 (ri)er = (gjo (Ti)iel)jey and thus

(f ° (gj)jej) o (ri)jer=1ro (gj © (Ti)z‘el)jeJ :

() IfBi=Cj=D=X foriclandjeJ, A=X* I=m, and J =n,
then we have

(fo (QOa ce 7gn—1)) o (TOa cee 7Tm—1)
= fO (go0(7‘0""77‘7”*1))"'797171 O(r07-~-a7‘m71));

the superassociativity law for finitary operations on X.

In our modelling, natural numbers are simply sets; we consequently inter-
pret tuples as maps, too: if B =n € N is a natural number, then A% = A" is
the set of all n-tuples x = ((4)),_,,. We shall often write z; for the entry x(i)
(for i € n), and whenever convenient, we shall also refer to the entries of
tuples by different indexing, e.g., ¢ = (x1,...,x,). Note that the sole element
of A = A? is the empty mapping (tuple), whose graph is the empty relation.
It will consistently be denoted by (). As tuples are functions, we may compose
them with other functions, e.g., if x € A™ and a: m — n, (for m,n € N),
then x o a is the tuple in A™ whose entries are x,;) (for i € m). Similarly, if
g: A— B, then goz = (9(23)),cp,

Any mapping f € A4" (for n € N) is called an n-ary operation on A, and
the number n is referred to as its arity, denoted by ar(f). The set of all

is an element of B™.

finitary operations on Ais Oa = |,y AA". Note that we explicitly include
nullary operations here, which is slightly uncommon in standard clone theory.
For a set of operations F' C O 4, we denote its n-ary part by ) .= pnAA",
We extend this notation to operators yielding subsets of operations: for an
operator on a set S, OP: § — P (04), we define OP™: 5 — P (OE:)) by

the restriction OP™ (s) := (OP(s))(n) for s € S. Based on this, we put
moreover QP (1:+mk) (g) 1= L+Jf:1 OP™) () for s € S and a finite list of arities
ni,...,ng, k>0. We also abbreviate OP(®™ as OP=™ or OP(<"*Y and
for s € S, we let OPC9(s) := OP(s) \ OP“ (s); moreover, OP(<M) .= OP.
The projection operations belonging to the finite Cartesian powers of the
carrier set play a special role. For n € N and 7 € n, we denote by el™ ¢ Off)

i
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the n-ary projection on the i-th coordinate. Evidently, there do not exist
any nullary projections. Therefore, the set of all projections on A, denoted
by J4, equals UneN+ {ez(-") ‘ 0<i< n} For the identity operation eél), we
occasionally also use the notation id4.

Knowing about re-indexing tuples, we can recollect the notion of polymer.
If m,n € N are arities, a: n — m is any indexing map, and f € Off), then
0q (f) is the operation in Oi‘m) given by 6, (f) (z) :== f(xoa) for z € A™.
Any operation derived from f € OE:)
is said to be a polymer of f. Clearly, any polymer of f can be obtained by

by some map a: n — m, (for m € N),

composition with a suitable tupling of projections: o, (f) = f o (eg?z))) _
Besides operations, we shall also need relations: for m € N, any ;%%set
o C A™ of m-tuples is an m-ary relation on A. Thus, P (A™) is the
set of all m-ary relations, and again allowing arity equal to null, the set of
all finitary relations is defined by Ra = [Jyen P (Ae). If @ C Ra, we use
QU™ := Q NP (A™) to denote its m-ary part. Moreover, if OP: S — P (R4)
is an operator on a set S, we put orP™: § — L (Rilm)>, mapping s € S

to OP(™)(s) := (OP(S))(m). Similarly as for operations, for s € S, we define
OP=+V () := ULy OPM) (s), OPZ™(5) := Upepy pmm OP™ (s), and we let
oP>9 .= OP(ZD, as well as OP(<0) .= OP.

A relation pair of arity m € N ([17, p. 15] or [19, p. 11]) is any pair (g, ),
where g, ¢’ € R(Am) and o' C p. We collect all m-ary relation pairs in the set
Rp&‘m); the disjoint union (the importance of this technical aspect is discussed
after Definition 2.8) Rp4 := ¥,y Rpff) denotes the set of all finitary relation
pairs. As before, we abbreviate m-ary parts as Q") = Rpfqm) N Q for any
@ € Rp4 and define operator restrictions oP™: § — pY (Rpilm)) by mapping

s € S to OP™(s) := (OP(s))"™ for any OP: S — P (Rp,). Further, we put
OP=H () := W{", OP¥(s) for s € S and OP(<®) := OP.

There is a natural order relation on Rpgm) for each m € N, which is given
by set inclusion in both components. That is, we write (o,0’) < (p,0’) for

(0,0"),(0,0") € Rpi‘m) if and only if 0 C ¢ and o/ C ¢’. Moreover, we shall

need the quasiorder on Rpi‘m)7 (for m € N), that is specified by just ordering
the first components: (o,0’) < (o, ¢') holds by definition if and only if o C .

We say that a relation pair (o,0’) € Rp4 is a relazation of some other pair
(0,0") € Rpy (cf. [13, p. 153]) if o' C ¢’ and 0 C p. A collection @ C Rp, is
closed with respect to relazations if with each pair (g, ¢') € @, it also contains
any of its relaxations, i.e., if

Q7 ={(0,0") €ERpy | I(0,0) €Q: ' Co' Co C o}

is a subset of (equal to) (. Since set inclusion is transitive, the collection
~Q* is the least subset of Rp, (with respect to C) that contains @ and is
closed with respect to relaxations. We call > Q* the closure of Q with respect
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to relaxzation. In [19, Definition 1, p. 16], this closure has been handled by so-
called multioperations d, and dj,.

2.2. The Galois correspondence Polp-Invp. Here we recall the Galois
connection Polp-Invp as defined in [17, p. 15] and [19, p. 11]. We slightly
extend the scope by allowing nullary operations and relations.

Definition 2.2. For an n-ary operation f € OE:) (n € N) and an m-ary
relation pair (g, o) € Rpi\m) (for m € N) on a set A, we say that f preserves

(0,0") and write f > (p, o) if the following equivalent conditions hold.

(i) For every tuple r € ¢", the composition of f with the tupling (r) of the
tuples in r belongs to the smaller relation: fo (r) € o'.

(ii) For every (m x n)-matrix X € A™*" whose columns X_ ; (for j € n)
are tuples in p, the tuple (f(X; _)) obtained by row-wise application
of f to X yields a tuple of ¢’.

1EM

€ (A™)", where
the definition of

Note, in this respect, that for any tuple r = (Tj)0<j<n

for 0 < j < n, each tuple is given as 7; = (7ij))<;cp>

tupling precisely yields that f o (r) = (f ((Tij)0<j<n))0<, , 1.e., the result
- <i<m

of applying f row-wise to the matrix (Tij)(i,j)men € Amxn,

Note, furthermore, that for o € R4 and f € O4, the condition f > (g, o)
coincides with the usual preservation condition for functions and relations
(cf. [3, Definition 2.3] for the framework involving nullary operations).

Based on the preservation condition we introduce a Galois correspondence
in the usual way: for a set F' C O 4, we denote by

Invp, F:={(0,0') €Rpy | VfEF: fr>(0,0)}

the set of its invariant relation pairs, and, dually, for Q@ C R 4, the set

Polp,Q:={f €04 | V(0,0) €Q: fr>(0,0)}

contains all polymorphisms of relation pairs in Q. The pair (Polp 4, Invp,)
forms the Galois correspondence Polp - Invp.

If we restrict the latter just to relation pairs (g, ¢’) where o = ¢/, then we
get the standard Galois connection Pol-Inv: for F' C O 4, we have

{(0,0) | 0€ERANVFEF: (0,0} ={(0,0) | 0€Inva F},
where Invy FF = {p€ Ry | Vf € F: f>o}; and for Q C {(0,0) | 0 € Ra},
letting Q' := {0 € Ra | (0,0) € Q}, it is the case that

Polp, Q={f €04 | V(0,0) €Q: [>(0,0)} =PolaQ’,

wherein Poly Q' :={f €04 | Vo€ Q': f> o}
The name polymorphism attributed to the functions in Pols Q for sets of
relations Q C R4 comes from the fact that an operation f € O4 belongs to
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Pol @ if and only if it is a homomorphism from the power Af”(f ) into the re-

lational structure A = <A; (0) geQ>' This characterisation can be generalised.

Lemma 2.3. For Q C Rp, and any arity n € N, an operation f € OE:)

satisfies f € Polp4 @ if and only if f: <A; (g)(g7gl)eQ> — <A; (Q,)(g,g/)EQ>
18 a homomorphism of relational structures.

It is an evident consequence of the definition of preservation that sets of
the form Invpy F, for F C O4, are closed with respect to relaxation (cf. [19,
Lemma 8, p. 16]).

Lemma 2.4. For F C O4, we have Invp, F' = ~Invpy F*©.
Corollary 2.5. For every @ C Rp,, we have Polp, @ = Polp, " Q*.

Proof. By Lemma 2.4, Q € 7@ C ~Invp, Polp, Q< = Invp, Polp, @ for
@ € Rpy, so Polp, @ 2 Polp, Q< 2 Polp, Invp 4 Polp, @ = Polp, Q. U

If a set Q C Rpy4 or, more generally, Invp 4 Polp 4 Q) contains a relation pair
that is not preserved by any operation, then Polp 4 @) is forced to be empty.
The next lemma characterises when this happens (cf. [17, p. 15] and [19, p. 12]).

Lemma 2.6. For Q C Rp,, we have Polp 4, Q = () if and only if Invp 4 Polp 4 Q
contains a relation pair of the form (o,0) with o # (), which happens precisely
if (A°,0) € Invp, Polp, Q.

Remark 2.7. The previous lemma demonstrates the necessity to include nul-
lary relations in the framework, caused by our wish not to impose any restric-
tion on the carrier set A. Namely, for A = ), we have A™ = () for all m € N,
and thus R{" = 9 (4™) = {0}. Hence, Rp, = {(A%0)} wl,,cx, {(0,0)},
which allows us to distinguish between Polp 4 Rp 4 = Polp4 {(AO, (/)) } =0 and
Polp 4 {(0,0)} = Polp, 0 = O 4. Both sets are evidently semiclones (subalgeb-
ras of the iterative Post algebra) on any carrier set A, so in view of our overall
objective, it is more than desirable to be able to model them with our Galois
correspondence. Restricting to relations of positive arity, this would clearly be
impossible for A = (.

2.3. Local closure operators for functions and relation pairs. For the
Galois connection Pol-Inv in the case of infinite carrier sets, there exist ex-
amples F' C O4 where the inclusion (F)OA C PolgInvy F is proper. Hence,
in order to characterise the Galois closure, an additional local closure operator
is needed. A similar situation arises with Polp-Invp: for operations, we can
indeed reuse the same local closure operators as known from Pol-Inv. For the
side of relation pairs, we have to introduce a new variant of local closure.

In fact, in order to characterise Galois closures of sets of less than s-ary
operations/relations (for s € N ), we define more specific variants of s-local
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closure operators. Note the following change of indexing compared to the lit-
erature: for s > 2, our operator s-Loc4 coincides with the operator (s-1)-Loc 4
from [30, 1.9, p. 15] (see also [29, 1.5, p. 255 et seq.]); No-Loc, is known as
Locy.

Definition 2.8. For a cardinal 0 < s < Xy, FF C Oy, and @ C Rpy, we set

s-Loca F := |4 {geoE:) ] VB C A", |B| <s3feF™: g|p :f|B},
neN

s-LOC4 Q = L—Ij { (0,0") € Rpfﬁlm)

meN

VB Co,|B| < s3(0,0) € QM™:
BCoNg Co

and call these s-local closure operators. For compatibility with traditional use,
we call Rg-Locy and Rg-LOC 4 local closure operators.

It is easy to check that s-Locas and s-LOC4 are indeed closure operators
on O4 and Rp,, respectively. Moreover, Nop-Locy F' = ﬂS€N+ s-Locy F and
Ro-LOC4 Q = ﬂs€N+ s-LOC4 @ hold for FF C O4 and Q € Rpy,. Likewise,
it is not hard to see that for every n € N and cardinals 0 < s < Ny, we have
s-Locy'F = s-Loca (F™) for F C 04, and s-LOCY’Q = s-LOC, (Q™)
for any set @ C Rp,. To make a technical remark: if we had not insisted
on using the disjoint union for the definition of Rp 4, then for any n € N,
we would have 1-LOC 4 (Q(")) = Rp, whenever (0,0) € Q (as in this case,
0,0) € Q(")(m) were true for all m € N), and this would obviously violate the
equality mentioned above: Rp, = 1-LOC4 (Q(”)) Z 1—LOCE:)Q - Rpff).

Moreover, it follows directly from the definition that ¢-Locy F' C s-Locg F
and t-LOC4 @ C s-LOC4 @ hold for all sets ' C O4 and @ C Rp, whenever
0 < s<t<Ng. Thus, for F C 04, Q@ C Rpy and s € Ny, we have

1-Locy FF O --- D s-Locy F' D (s+1)-Locy, F D --- D Ng-Locy I D F,
1-LOCAQ 2 --- D s-LOCAQ 2 (s+1)-LOC,Q D --- D Ry-LOC, Q 2 Q.
It follows from these relations that
s-Loca t-Locg F' = (min {s,t})-Loc , F'
holds for all F' C O4 and

5-LOC4 t-LOC4 @ = (min {s,t})-LOC, Q

for all @ C Rp, and any 0 < s,t < Xy (cp. [30, Proposition 1.10, p. 16]).
Note that our definition of s-local closure of relation pairs for s > 2 entails
the corresponding one for relations given in [30, 1.9, p. 16] in the following

way: for Q' C Ry \Rff), put Q = LﬂmENJr {(g, 0) ’ o€ Q’(m)}. Then given
1 < s < N, one can verify s-LOC4 Q = LﬂmeN+ {(0’, o) ‘ o€ s—L@C&m)Q'}

(see Lemma 6.13 for further details), in which s-LOC,4 Q' denotes the set
{0 €R4 | VBCo,|B|<s3peQ': BCpC c}. Hence, one may reconstruct



Galois theory for semiclones 393

sLOC4 Q" as {oc € R4 | (0,0) € s-LOC4 Q}. For 1 < s < N, the operator
5-LOC 4 was called (s-1)-LOC , in [30], and LOC 4 was used for Ro-LOC 4.
The following is an obvious consequence of Definition 2.8.

Lemma 2.9. For @ C Rp4, we have “Q* C Ryp-LOC,4 Q.

Corollary 2.10. Let Q C Rpy4 be s-locally closed for some 0 < s < Rg; then
it is closed with respect to relaxation.

For relations of fixed arity and finite base sets, there is even a much stronger
connection between relaxation and s-local closure.

Lemma 2.11. For all finite carrier sets A of cardinality k := |A| < Xy and any
m € N, we have Q™ = Rg-LOC,4 Q = (k™ + 1)-LOC , Q for all Q C Rp;m).

Proof. Let £ := k™ + 1. The inclusions " Q* C Xy-LOC 4 Q C ¢-LOC4 @ hold
in general (cf. Lemma 2.9). Conversely, for a set @ C Rp(Am) of m-ary pairs,
let us consider any (0,0") € £-LOC4 Q = £-LOC, (Q(™) = £-LOCYVQ. As
o€ Rgm), we have |o| < |A™| < ¢. Hence, taking B := o as a subset of o
having less than ¢ elements, by definition of -LOCy,, there is (g, o') € QU™
such that 0 = B C g and ¢’ C ¢’. Therefore, (o,0’) € 2Q*. |

Corollary 2.12. For finite A, we have Q< = Ro-LOC4 Q for all Q@ C Rp4;
thus, Q@ C Rpy s locally closed if and only if it is closed with respect to
relazation.

The following closure property will become important regarding the charac-
terisation of the closure operator Invp 4 Polpffs) in Section 5. For 0 < s < Ng,
a collection T C P (5) of subsets of a set S is called s-directed if and only if
for all 0 <t < s, all (X;),., € T', and every r = (r),¢, € [];c, X, there is
a set Z € T such that imr = {r; | i €t} C Z. For s < N, this condition
is equivalent to 7" being non-empty and that for all (X;),.,.,_; € 751 and
r € [[ocicsq Xi, there is Z € T fulfilling imr C Z. Certainly, 7 C F (5)
is Ng-directed if and only if it is s-directed for all 0 < s < Ny. We say
that a set Q C Rpilm) of m-ary relation pairs is s-directed if and only if
{0] (0,0) € Q} TP (A™) is s-directed in the sense above. Sets of the form
s-LOC4 Q, where Q C Rpy, are closed with respect to unions of s-directed
systems of relation pairs of the same arity.

Lemma 2.13. Iffor0 < s <RXg,m €N, andQ C Rpy, asetT C S—LOCEqm)Q
is s-directed, then we have |JT = (U(#,M)GT U et M') € S—LOCEL‘m)Q.

We call a set T C Rpilm) directed if T # @ and for all (01, 0}), (02,05) € T,
there exists some (g, ') € T such that gy U g2 C p. This is equivalent to
saying that for any finite subset F C T, there is a pair (g, ¢') € T such that
U( o )eF M C p, wherefore directedness clearly implies Ro-directedness.
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As a consequence of this implication, we get that locally closed sets of
relation pairs are closed under directed unions of sets of pairs of identical
arity.

Under additional assumptions on the set of relation pairs ), we shall extend
Lemma 2.13 to characterisations of s-local closedness for 0 < s < N;. We
conclude this subsection with remarks on the relationship of our local closure
operators to others defined in the more general setting in [12].

Remark 2.14. The s-local closure operators for 0 < s < N defined here
cannot directly be derived as special cases of the corresponding closure oper-
ators from [12]. As the case of local closures is similar, we shall only argue
for s-local closures. Specialising the framework in the mentioned article for a
pair of carrier sets (A, B) where B = A, we may apply the s-local closure LOy
described there (for 1 < s < Ng) to any set @ C Rp,4 \ Rpi;)), then yielding the
collection LOg (Q) = Q U Q' where

Q= {J {(rs) em@m)
e VC CR,|C| < sVA™ DT 2 S8: (C,T) € Q).

As this set contains pairs (R,S) that are not relation pairs, i.e., failing the
condition R O S, the canonical modification would be to simply intersect the
result with Rp 4, leading to LO; (Q) NRp, = Q U Q" with

Q"= U {9 erf”
meNL

VO C R,|C| < sVA™ DT D S: (C,T) eQ}.

This set Q U Q" equals Q on any set A (in fact, Q" = (), whenever A # ). So
LO; (or its canonical modification) is not helpful at all in our setting.
Suppose, in the union over m € Ny, we change the condition describing
when a relation pair (R, S) is added to the s-local closure of @ as follows:
among all relational constraints (C,T) relaxing (R, S) and verifying |C] < s,
only those are required to be in @) that are indeed relation pairs. Then we get

Qu U {(R,S)eRpX”) VO CR,|C|<sYCDTDS: (C,T)GQ}.

meNL

This set still differs from (s 4+ 1)-LOC , @ as defined above. For instance, for

any s > 1 and Q = 0, we have (s +1)-LOC, Q = 0, while the previously

displayed collection contains all relation pairs (R, S) € Rp,4 where |S| > s.
We do not see an obvious way how to turn LO; into (s + 1)-LOC ,.
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3. Semiclones and the full iterative Post algebra

The following definition is very similar to that of a clone of operations. The
only difference is that a clone F' C O4 is additionally required to contain the
set J4 of projections as a subset.

Definition 3.1. A (concrete) semiclone (of operations) on a set A is a sub-
set FF C Oy4 of all finitary operations such that for all m,n € N, we have

fo(gos---y9gn_1) € F for each f € F™ and (go,...,gn_1) € ((FUJA)(m)) .

The closure property stated in Definition 3.1 is formulated in terms of partial
composition operations on O 4, as the functions making up the tupling all have
to be of identical arity. However, it is possible to extend these operations in a
conservative way to totally defined operations on O 4 such that semiclones are
exactly the subuniverses of a certain universal algebra on the carrier set O 4:

for each n,m € N, each subset I C n, and any tuple (g;),c; € (Jilm)y of
m-ary projections, we define an (|n \ I| 4+ 1)-ary operation on O 4, which maps
(f, (gi)ien\l> to f o (9i);c, Provided that f € Off) and g; € OEle) for all
i €n\ I, and to f otherwise. If we collect all the finitary operations obtained
in this way in a set ® C Og,, then it becomes clear that F' C O4 is a semiclone
if and only if it is a subuniverse of the algebra (O 4; ®).

Hence, the set S4 := Sub ((O4; ®)) of all semiclones on A bears the struc-
ture of a complete algebraic lattice with respect to set-inclusion, and is, in
particular, a closure system. The corresponding closure operator will be de-
noted by [ |o,-

Evident, trivial examples of semiclones are the empty set of operations and
any clone F' C O 4. Moreover, we have the following class of examples.

Lemma 3.2. For a set G C 0541) of unary transformations, abbreviate its
generated transformation semigroup by S := <G><O(1)'o>' Then we have
A

(Glo, = {foe

z‘En/\neN+Af€S}.

Corollary 3.3. The unary parts of semiclones {F(l) ‘ Fe SA} are precisely
all (carrier sets of) transformation semigroups on A.

As mentioned in the introduction, semiclones are not a new invention. They
are just the subuniverses (“closed classes of functions”) of the full iterative Post
algebra. In order to see this, we need a few definitions.

For n € Ny, define a$: n — n by of (i) := i+ 1 (mod n) and o := ido.
Moreover, let af,: n — n be the transposition (0,1) for n € N with n > 2,
and put o, := id,, for n € {0,1}. We continue by defining a5: n —n — 1 via
a (i) := max (0,7 — 1) for n € N with n > 2, letting a4 := id,, for n € {0,1}

and declaring the map Y : n — n+ 1 by ay (i) := i+ 1 for any n € N.



396 M. Behrisch Algebra Univers.

On this basis, we define for w € {¢,7,A,V} a unary map w: O4 — Oyh

by w(f) = 5a:r(f> (f) for f € O4. Moreover, for f,g € Oa, n := ar(f) and

m = ar(g), we construct f xg € OXC), where k := max (0,n+m — 1), as

follows: if n > 2, we put f*xg = fo <go (egk)) ,(efjij) ); for
iem jeENn—1

n = 1, we define the product fxg:= fogo (egk) whenever m > 0, and

fxg:=fogif m=0; for n =0, we define f*g::l?mincasethat k=0, and

f*xg:=fo (egk)) o otherwise (where (el(-k))
7

map from A* to A?).

In this way, we obtain an algebra Oa := (O4;(,7,A,V,*) of arity type
(1,1,1,1,2) that we call full iterative Post algebra. It is easy to see that
04 \OEL?) is a subuniverse, and the corresponding subalgebra is the one that
has been introduced under precisely the same name in [27]. The difference
in terminology is just of a technical nature and shows up because we wish to
accommodate all nullary constants in our framework.

The algebra Oa obviously is less prodigal of its fundamental operations
than (O 4; ®) above. The following lemma proves that both do the same job.

by definition is the unique
i€0

Lemma 3.4. The semiclones on A are exactly the subuniverses of the full
iterative Post algebra: S4 = Sub (O4).

The following facts regarding the relationship of semiclones and clones are
well known (see [17, p. 5 et seq.] or [18, p. 8 et seq.], Lemmata 3 and 4,
and Satz 1). In this context, we recollect that (F),, denotes the least clone
containing some set F' C Oy4, i.e., the clone generated by F. The symbol L4
stands for the set of all clones on A.

Lemma 3.5. For any set F C O4 and any 0 < i < n, n € N, the following
assertions are true:

ST

) [Fu{e}] =1Flo,Ula=(F)o,
(C) FNJye {@,JA} fO?”F €S4.

(d) La={G €S, | GNIs+0).

As a consequence of the previous lemma, we can describe those semiclones
whose unary parts yield proper transformation semigroups.

Corollary 3.6. On any set A, we have
{F(l) ‘ Fe SA\[«A} = {S - OS) \ {ida} | (S,0)isa semigroup} .

The Galois correspondence Polp - Invp gives us plenty of examples of semi-
clones (cf. [19, Lemma 2, p. 12] for the situation without nullary operations).

Lemma 3.7. Any polymorphism set Polp 4 Q with Q@ C Rp,4 is a semiclone.
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Corollary 3.8. For any set I' C Oy, we have [F]y, C Polp, Invp, F' and
Invpy F' = Invpy [Flg, -

The next lemma (cf. [19, Lemma 3, p. 13]) clarifies which sets of relation
pairs yield proper clones.

Lemma 3.9. For Q C Rpy,, a semiclone Polp, Q is a clone if and only if
0 = ¢ holds for all (9,0') € Q.

Note that (along with an appropriate generalisation of preservation) the
three previous statements remain true if one considers relation pairs of arbit-
rary, possibly infinite arity, i.e., pairs (R, S), where S C R C A for sets K.

The following result is in analogy to [30, Proposition 1.11(a),(b), p. 17].

Lemma 3.10. For 0 < s < Xg and any set Q C Rpffs) of less than s-ary
relation pairs, we have s-Loca Polp 4 @ = Polp 4 Q.

4. Relation pair clones

In this section, we first recall the so-called general superposition of relations
([30, Definition 3.4(R4), p. 27], see also [29, Definition 2.2(ii), p. 258] and [3]),
which comes into play when generalising the notion of relational clone from
finite carrier sets to arbitrary ones. It is not surprising that it will be important
for the generalisation of relation pair algebras as introduced in [17, p. 21] (see
also [19, p. 16]) to carrier sets of arbitrary cardinality, as well.

Definition 4.1. Let A be any carrier set, moreover let index sets I and p (one
could in principle restrict to ordinal numbers, but this only makes working
with the definition more technical), natural numbers m,m; € N (for i € I),
mappings (a;: m; — p),c; and f: m — p, and relations g; € Ri‘mi) (fori e I)
be given. The general superposition of these relations with respect to the given
data is defined to be the m-ary relation

B
/\ (0i)ic; ={y € A" | Jac A1 y=aoBAViel:aoq; € 0;}
(a’i)iel

={aof | acec AP AViEl:a0q; € 0;}.

We mention in passing that, in general, a relational clone can be defined as
any set Q C Ry that is closed with respect to general superposition. That is,
whenever data as in Definition 4.1 is given and all relations p;, for i € I, belong
to @, then also /\?ai)vg (0i);c; has to be an element of @ (if nullary relations
are disregarded, thenlone restricts the integers m and (m;),;.; to positive ones
only). Depending on the set A, one can work out cardinality bounds on the

sets I and p involved in this closure property, but this is not our concern here.
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Definition 4.2. Let A be any carrier set, I, p, m, m;, a;: m; — p fori € I,

(ma)

and B: m — p as in Definition 4.1. For relation pairs (g;,0;) € Rpy ", for

i € I, we define their general superposition to be

B B B
/\ (Qin;)ieI = /\ (0i) iel» /\ Qz iel
(@i)ier (ai)ier (ai);er

It is easy to see that this definition is well-defined, i.e., that we really have
/\(Bai . (0is 0});cr € Rp;m) in the situation described in Definition 4.2. This
allows us to define relation pair clones as such sets of relation pairs that are
closed under general superposition.

Definition 4.3. We say that for some carrier A, a set Q C Rpy is a relation
pair clone if and only if the following condition is satisfied: whenever I, p,
m, m;, a;: m; — i for i € I, and f: m — p are as in Definition 4.1, and
(0i,0}) € QU™ are given for i € I, then also /\(Bai)iy (0i,0});er € QU

One can routinely check that for a given carrier set A, the collection of all
relation pair clones on A is a closure system. We denote the corresponding
closure operator by Q — [Q]HPA for @ C Rp, and refer to [Q]RPA as the
relation pair clone generated by Q.

Note that for finite carrier sets A # (), and provided that (0, ) € QU™ for
all m € N, our concept of locally closed relation pair clone, by taking Q\Rpff),
subsumes that of subuniverses of the full relation pair algebra defined in [17,
p. 21] (see also [19, p. 16]).

There are two issues here: the necessity to add local closure and the re-
quirement that pairs of empty relations have to belong to relation pair al-
gebras in Harnau’s sense. We noted above in Corollary 2.12 that for finite
carrier sets, closure under relaxation coincides with our local closure of rela-
tion pairs. Moreover, we shall prove in Theorem 5.9 that the closed sets with
respect to Invp, Polp, are precisely the locally closed relation pair clones,
which implies for finite carrier sets that they are exactly those relation pair
clones that are closed with respect to relaxations. In [17] and [19], this ad-
ditional closure property (with the goal of characterising the Galois closures)
has been incorporated into the definition of the full relation pair algebra via
multioperations d, and dj; however, it has been noted that these operators
are of a different nature than the other fundamental operations of relation
pair algebras. Comparing to the situation known from clones and relational
clones on arbitrary domains (see [30, 29, 34|) and looking from the perspect-
ive of infinite carrier sets, which requires local closures anyway, it is justified
to modify Harnau’s definition by separating closure properties related to con-
crete constructions involving relations from local interpolation properties. We
mention that for finite A, the constructive part can be expressed via interpret-
ations of primitive positive formule in both components. In fact, it was noted
by Agnes Szendrei that given a set Q C Rp 4, one may consider the relational
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structures A = <A; ((Q)(g’g,)eQ> and A’ = <A; (9/)(9,9’)GQ> and primitive posi-
tively definable relations on the product A x A’: if ¢ is a primitive positive
formula in the language of @ (including equality) with at most m free variables,
then it defines the following m-ary relation on the product:

b= {((mi,yl iem € (A" ‘ (A X A (€4,93))iem) <p}
= {((xi’yl 1€m (A2)m xl zem) >_ @A ( 7(yi)iem) ': 50}
— {((:L‘hyz iem € (47) (%) sem s Wi)iem) € 0 X 0'},

where 0= {x € A™ | (A,x) Ep}ando’ :={x€ A" | (A ,x) E¢}. Ifo
and o’ are both non-empty, then one may obtain the relation pair (o,0")
defined by ¢ as projections of 6. If one of them is the empty set, then 6 = 0
and therefore both projections will be empty. Thus, only taking projections
of & (i.e., of pp-definable relations in the product A x A’) will never produce
relation pairs (o, 0’) where 0/ = (§ C o, which is certainly needed, e.g., to model

" ‘

intersection in both components. However, collecting all pairs (o, 0’) arising
from primitive positive formulae  correctly describes the closure [Q]RpA in the
case of finite carrier sets.

The second issue pointed out above is related to nullary operations. In
the literature, these are often neglected, which makes it necessary for relation
pair algebras ([19]) and for relational clones (relation algebras, [30]) to contain
the empty pair (,) and the empty relation, respectively, in order to be in
accordance with the corresponding Galois theory.

If nullary operations are given their proper place, this absurdity vanishes
(see [3] for clones and relational clones); then empty relations (pairs) get a true
function, indicating by their presence the absence of nullary operations on the
dual side (see Lemma 4.8 below). This is also the reason why we cannot and
do not add the empty pairs of all arities as nullary constants to the closure
condition of relation pair clones.

Relational clones (as given in [3, Definition 2.2, p. 8]) relate to relation pair
clones in the following way:

Lemma 4.4. For any carrier set A, a subset Q C R4 is a relational clone if
and only if P =3, oy { (0,0) ’ o€ Q(m)} is a relation pair clone.

Lemma 4.5. Whenever Q C Rp 4 is a relation pair clone on some set A, then
Q = {,Q ) (0,0) € QM for some m € N} ,
Q” — { Q/

Q" = {Q ‘ (0,0) € Q™) for some m € N}

(0,0) € Q™) for some m e N} and

are relational clones on A.
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Similarly as for semiclones, the Galois correspondence Polp - Invp provides
many examples of relation pair clones (see [17, Lemma 9, p. 21] or [19,
Lemma 9, p. 16| for the case of finite carrier sets; cf. [13, Lemma 3.1, p. 154]
for the general framework of relational constraints and conjunctive minors).

Lemma 4.6. For each F' C O4 the set Invp 4 F is a relation pair clone.

Corollary 4.7. For any set Q@ C Rp,, we have [Qg
Polp 4 @ = Polp4 [Q]Rp a

Next, we address how nullary operations affect relation pair algebras.

o, S Invp 4 Polp, @Q and

Lemma 4.8. For F' C O4, we have (0,0) € Invp 4 F if and only if we have
FC04\09.

The following result is in analogy to [30, Proposition 1.11(a’),(b’), p. 17].

Lemma 4.9. For 0 < s < Ny and any set F C Ofs) of less than s-ary
operations, we have s-LOC 4 Invp 4 F' = Invp4 F.

5. Characterisation of closures related to Polp-Invp

In this section, we characterise, for any cardinal 0 < s < Ng, the operators
Polp 4 Invpffs) and Invp, Polpffs) as s-local closures of the generated semi-
clone and relation pair clone, respectively. Subsequently, we present a few

consequences of these theorems.

5.1. The operational side. For our task, it is helpful to gather some know-
ledge about the least (with respect to < and thus a least among several equiva-
lent ones with respect to <) pair (g,0’) € Rpfqm) being invariant for some set
F C O4 and satisfying B C p for a given finite set B C R;m), for m € N.
Addressing this issue, the following lemma generalises Proposition 2.4 of [30,
p. 21].

Lemma 5.1. Let F C Oy4 be a set of operations and b € (A™)" for some
m,n € N; set B:={b(j) | 0<j<n} C A™. Then the pairT'r (B) := (p,0),

where o = {fo (b) ‘ fe <F>(Onj} and o' = {fo (b) ‘ fe [F](Onj}, is the
least pair (with respect to <) in InvaL‘m)F satisfying B C o.

Note that the lemma also shows that the relations o, € Rilm) do not

depend on the order of the entries of the tuple b. Furthermore, instead of the
finite cardinal m, any cardinal or, in fact, any indexing set K can be used,
provided the notion of preservation is straightforwardly extended to relation
pairs of arbitrary arity, i.e., pairs (R, S) such that S C R C AX.

Proof. First of all, as JEI) - (F)gl)‘, we have B C p. Next, we prove that
(0,0) €EInvpy Filet £ €N, ge FO andr = (Tj)0<j<e € 0. By construction



Galois theory for semiclones 401

of g, for each 0 < j < ¢, there exists some f; € (F)gi = [F](O"j U JE:) (see
Lemma 3.5(b)) such that r; = f; o (b). Using Lemma 2.1(c), we have

go(r)=go(foo(b),...,fee10(b)) = (g0 (fo..., fe-1)) o (b) € 0,
since g o (fo,-.., fe—1) € [F]E)nj by the closure property of semiclones.

Finally, we prove that any pair (c,0’) € Invpgm)F satisfying B C o fulfils
(0,0") < (0,0"). By Corollary 3.8, we know (0,0") € Invp, F' = Invp, [F]g ,,
so since B C o, we have fo(b) € ¢/ forany f € [F](n) Therefore, o’ C ¢’ C 0.

Oa-
As, by Lemma 3.5(b), (F)3") = [F]5) uJ$, it follows that o = ¢’ U B. We
have B C 0 and ¢’ C 0, so ¢ C 0. Hence, (9, 0') < (o0,0"). |

Corollary 5.2. Let FF C Oy, n € N, and X C A" be any subset of finite
cardinality | X| =: k < Ngo; moreover, consider an arbitrary bijection 8: k — X

as fized. Defining B 1= {e§")|X of ‘ 0<i< n} C A*, as well as k-ary re-

lations ox n = {f|X o ‘ fe (F)glj} and Q{Xm = {f|X of ‘ fe [F]gi},
we have (oxn,0x.,) =r (B) € Tnvp'yF.

Theorem 5.3. For 0 < s < Xg and any set of operations F' C O 4, we have

the equality Polp 4 Invpffs)F = s-Locy [Flg

K
Proof. We have [F], C Polpy Invpffs)[F]oA = Polp 4 Invpffs)F by Corol-
lary 3.8, whence s-Loca [F]g, € s-Loca Polp 4 Invpffs)F = Polp 4 Invpffs)F,
using Lemma 3.10.

For the converse inclusion, take g € Polpff)InVEfS)F for any n € N; we want

to prove that g € s—Locff) [F'o,- To do so, we consider any finite X C A"
where k := | X| < s and an arbitrary bijection 5: k — X. Now Corollary 5.2

yields that (QXJL, g’Xn) IS IanEf)F - Invp(:S)F, wherefore g > (Qx,m len)

Moreover, we have B = {egn)|x of ’ 0<i< n} C ox,n, Whence we obtain

(n)) lxoB =go (eﬁ”’lx o 5)
0<i<n 0<i<n

glxoB =go (ei
definition of Q/Xm, there has to exist some f € [F](O”) such that g|x o8 = f|xop,

A

€ o', Thus, by

implying g|x = f|x by bijectivity of 8. This proves g € s—Locff) [(Flo, - O
Lemma 5.4. Any relation pair clone Q@ C Rpy on a non-empty carrier set A
satisfies Q™) C [Q(S)]Rp for all m,s € N with m < s.
A
For A=0 and s € N, we have Q') C [Q(O)]Rp for a relation pair clone Q.
A

Corollary 5.5. For s € N and any set of operations ' C O4 on A # 0, we
have the equality Polp 4 Invpf)F = (s + 1)-Loc, [Flo, -

If A= 0, we have s-Loc4 [Fo, = Polpy Invpff)F = 1-Loca [F]g, for any
FCO4 and 0 < s <Ng.

The second corollary proves that a set F© C O4 is closed with respect to
[lo, and s-Loca if (and clearly only if) it is closed with respect to the operator
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s-Locy []p,- This fact can be seen as a generalisation of Lemma 2.5(ii),(iii)
in [30, p. 22|, where similar results have been proven for clones.

Corollary 5.6. For 0 < s < Wy a set FF C O4 of operations is an s-locally
closed semiclone if and only if s-Loca [F]g , = F.

Corollary 5.7 (cf. Lemma 2.6 in [30, p. 22]). For every F C O4, we have
(<m) (<m)

Invpffm)F =Invp, V[Flg, = Invpy " s-Loca [F]g, for 0 <m <s <R,.
5.2. The side of relation pairs. We start by preparing the proof of our
theorem with a lemma.

Lemma 5.8. Let Q C Rpy be any set of relation pairs, m € N an arity, and
B C A™ q finite subset of cardinality n = |B|. Consider any enumeration
b = (bo,...,bs—1) € B® of B={bg,...,bs_1} (for s >n) and define

= {7om) | reponQ), wp={rom) | repafe},

where Q1 :={0€Ra | (0,0) € Q}.

(a) The pair (g, p'z) can be obtained from Q by general superpositions, i.e.,
(1B:1p) € [Qlgy, -

(b) For F := Polp, Q, one may obtain I'r (B) as a relazation of (ug, ),
that is, I'p (B) € ~[Qlg,, -

Proof. (a): In order to prove that (up,u) € [Q]g, . we shall exhibit a gen-
eral composition producing this relation pair from the ones in Q). Using the
notation from Definition 4.2, we choose p := A° and define §: m — A°
by B (i) := (b (i),...,bs—1(¢)) for 0 < i < m. Moreover, for n € N and
(0,0) € QM we put Lo, = {(n,0,0,r) | r€°}; further, we define
I = ¥,y U(g,g’)EQ(") L (0,0)- Finally, for (n,p,¢,r) € I, let the func-
tion @ p o p: n — A® be given by a0 r (§) == (ro(j),...,rs—1(j)) for
0 <j <n, wherer = (rg,...,7r5-1) € 0°.

We claim now that (up, ) = /\?

@

4 )( ) (Q’ Ql)(n7y7g/7r)el, WhiCh
2,05 ) (n,0,0',r)eI
can be checked by the following calculation. For each (n, o, ¢’,r) € I, denote

. . n
by 04, ..o/ r SOme relation in R( ). we have
10,0, A

B
/\ (0%979'71’)(71,9,9’,1')6[
(O‘n,eﬂg"r)(n,g,gur)ez
_ feAY AV (n,0,0,r)el:
=q(f (B(Z)))0§i<m
(f (an,g,g’,r(o)) PRI f (an,g,g’,r(nfl))) € On,o,0,r
feAY AVn e NV (g, o) e Q™
=< fo(by,...,bs_1) Vr = (ro,...,rs—1) € 0°:
fo(ro,...,rs—1) € Ongo'r
= {Foo . sbe) ] f €AY AR €NV (0,0) € QUi [ (0,0m000w) } -
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Specialising this to 0, 5,0 r 1= 0', We get

B

A () nogrwrer = {10 (bos o bs1) | f € PoI'Q) = i,
(an,g,g’,r)(n,g,y,r)ez
Specialising once more to 0, 5 o/ r := 0, We obtain

B

A () npoorres = {f o (b, -, bs_1) ‘ fe Po1f;>Q1} — .
(@ne.00) (n0.0 )

(b): By Lemma 3.7, we have [F|,, = F, and therefore Lemma 3.5(b)

yields (F)g, = [Flp, UJa = FUJa. Hence, according to Lemma 5.1, we
obtain that I'r (B) = (o, '), wherein ¢ = {fo( ) ‘ feF® UJE:)} and

o ={fo(b) | fEF®} = {fo( ) ‘ fe Polp(s)Q} = 5. Moreover, as
obviously F = Polp, @ C Pols Q1, we have pls = o C 9o C pp. Since
(kB 1p) € [Ql,, by (a), we finally see I'r (B) = (0, 0') € 7 [Qlg,, ~- O

Theorem 5.9. For 0 < s < Xy and any set Q C Rpy of relation pairs, we
have Invp 4 Polpffs)Q = s-LOCy4 [Q]R

Proof. We have [Q]RpA C Invpy Polp(<s)[Q]Rp = Invp, Polp(<s Q by Co-
Irp

rollary 4.7, so s-LOC4 [Q C 5-LOC 4 Invp 4 Polp(<s)Q = Invpy Polp(<s)Q
by Lemma 4.9.

For the converse inclusion, let us consider m € N and an arbitrary m-ary
pair (o,0') € Invpf4 )Polp <S)Q To prove that (o,0’) € s-LOCy [Q]RPA’
we take any subset B C o such that |B| < s. From Lemma 5.8(a), we get
(1B, 1) € [Qlgy,,, and obviously we have B C pp. Moreover, since (o,0”)

belongs to Inv 4 PolpA Q, we have f > (0,0") for all f € Polp S)Q So, as
|B| < sand B C g, we get pujz € o’. This proves (0,0") € s-LOC4 [Ql,,- D

Lemma 5.10. Any semiclone F C O 4 satisfies F(") C [F(S)]OA for all arities
n,s € N where 0 < n < s.

For n = 0 < s, the previous lemma (and its proof) fail. This is why in the
following corollary to Theorem 5.9, the arity 0 cannot be omitted in general.

Corollary 5.11. For s € N and any set Q C Ra of relation pairs, we have
the equality Invp 4 Polp(0 )Q = (s +1)-LOC, [Qg,

Corollary 5.12. For s,m € N and any set Q C Rp 4 such that (0,0) € Q™)
we have Invp 4 Polp(As)Q = (s+1)-LOC, [Q]

Rpa-

Moreover, we can infer that a set @ C Rp, is closed with respect to | ]RpA
and s-LOC4 if (and clearly only if) it is closed with respect to the operator
s-LOC4 [ |g,,- This fact can be seen to generalise Proposition 3.8(ii), (iii)
in [30, p. 30], where similar statements have been proven for relational clones.
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Corollary 5.13. For 0 < s < Ng, a set Q C Rpy of relation pairs is an
s-locally closed relation pair clone if and only if s-LOCA [Q]g, = Q.

Corollary 5.14 (cf. Proposition 3.9 in [30, p. 30]). For any @ C Rp,4, we have
Polpffn)Q = Polpff") Qlg,, = Polpffn) s-LOCA [Qg,,, for 0 <n <s<Ro.

5.3. Characterisation of local closures for relation pairs. Finally, we
shall consider another characterisation of the s-local closure operators, in-
volving s-directed unions. The statement can be improved for sets of relation
pairs fulfilling an additional closure property, which is in particular satisfied
by relation pair clones. Hence, our characterisation is especially useful in con-
nection with the operator Xo-LOC4 [ |y, -

Our result is a generalisation of Proposition 1.13 in [30, p. 18] to relation
pairs (see also [29, Proposition 1.6, p. 256]). Without further assumptions on
the set @ of relation pairs, it works provided one accepts the axiom of choice.

Proposition 5.15. For any set Q C Rpy of relation pairs and all cardinals
1 < s <Ny, the following holds:

Jo" € R(Am): o’ Co' A
37 C Rpilm) s-directed:
s-LOC4 Q = L—Ij (0,0") € Rpi‘m) (0,0") = U’T/\
e ¥(0,0) € TIs € RYY:
0Can(d,0) Q™

If Q@ C Rpy is closed under arbitrary intersections of pairs of identical arity
and s = Vo, the Ng-directed collection T can be replaced by just a directed one.

Proof. To prove the inclusion “2”, let us consider any m € N and a pair
(0,0") € Rpi‘m) satisfying the lengthy condition in the proposition. Its first
part says that there is an s-directed system 7 C Rpi‘m) whose union equals
(c,0") for some m-ary relation ¢” C ¢’. The remaining part states that for
every pair (o, ¢') € T, there is an m-ary relation g D g such that (g, o') € Q™).
This implies that (0,0") € > {(9,0)} = € 7Q< C ~s-LOC4 Q. Since the
set s-LOC4 @ is s-locally closed by Corollary 2.10, it is also closed under
relaxation. Hence, we have T C 7 s-LOC4 Q* = s-LOC4 Q. Now as T is an
s-directed system, Lemma 2.13 yields that (o,0”) € s-LOC4 Q. Thus, from

o’ Co' Co=o, we get
(0,0") € 7 {(0,0")} = C 7 s-LOC4 Q" = s-LOC4 Q.

For the converse inclusion, take any (o, c’) € s—LOC;m)Q, m € N. Then for
any B C o such that |B| < s, theset X := { (0,0') € Q™ | BCoAg Co'}
is non-empty; using the axiom of choice, one can fix some pair (05, ¢%3) € Zp.
It satisfies ¢z C o’ C o; thus, ¢ C 05 No =: gp. By construction, we
have B C gp C gp; thus, putting 7 := { (0B, 0%5) | B C oA |B| < s}, the
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collection 7 satisfies the second part of the condition we need to verify. We
shall check that 7 is s-directed farther below; first we deal with the union
(u, ) == UT (meaning union in both components). Since for every subset
B Co, |B| <s, we have ¢l C ¢’ and pp C o, it follows that also ¢/ C ¢’ and
1t € o. Due to s > 1, we have that ¢ = UBga,|B|<sB - UBgo,\B|<s 0B = [,
wherefore 1 = 0. This shows that (o,0’) has the right form to fit into the
set on the right-hand side, provided we establish that the non-empty set T is
s-directed.

For this goal, we consider ¢ < s subsets By,...,B;—1 C o subject to the
condition |B;| < s for each 0 < i < t and tuples r; € pp, C 0. Let us define
C:={r;| 0<i<t}Co. As|C| <t < s, the pair (oc, o) belongs to T by
definition. Thus, C' C po demonstrates s-directedness, concluding the proof.

If @ is closed with respect to intersections and s = Ry, to prove the inclu-
sion “C”, one constructs the pair (gp, ¢5) in Xp as (X p. Then 7 becomes
directed. (]

Remark 5.16. The inclusion “C” in Proposition 5.15 fails to hold for s = 1.
Consider, for example, any pair of relations ¢’ C 9 C A™ for some fixed m € N.
Define @ := 7 {(0,0)} = = {(0,0’) € Rpilm) ’ 0 Co' CoC g}; then @ is
certainly closed with respect to relaxation, and, moreover, it is not hard to see
that it is also closed under arbitrary non-empty unions, i.e., 1-directed unions.
Therefore, the set U appearing on the right-hand side in Proposition 5.15 is
contained in Q. Now, the set

1-LOCL Q = {(o, o) € Rp™ ‘ T () € Q™ o D ,/}
clearly contains (A™, o), but (A™, o) ¢ U due to A™ € o, i.e., (A™,0) ¢ Q.

6. Special cases

6.1. Proper semiclones. Based on the results of the previous section, we
may also characterise all s-locally closed semiclones that fail to be clones.

Proposition 6.1. For any cardinal 0 < s < Xy and any carrier set A, the
collection { F € Sy\ L4 | F = s-Loca F} can be relationally described in the

form {Polo, @ | @ S RpS™ A3 (0,0) € Qi o C o}

Using the theory of the previous sections, we can also prove a decidability
result regarding the question if a clone with projections removed yields a semi-
clone, or if the non-trivial functions generate the projections. For this we need
a more detailed analysis of the process generating I'p (B) (cf. Lemma 5.1).

Lemma 6.2. Let K be any set, B C AKX, and F C O4. Define Ry := B and

SJ = HJ {fo<g()7"’7gn71) feF(n)/\(QOM"?gnfl) GR]n}a
neN

Rj+1 = Rj U Sj,
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orjeN;set R:i=J)..nRj and S := ..y S;. Employing the straightforward
jEN 11 jeEN 2j

generalisation of the preservation concept to infinite arities, the pair (R, S) is

the least (with respect to <) member of the set

Qs = {(0,0) ’ BU CoC AX (0,0 is preserved by all f€F}.

If R, = Ry41, i.e., Sy, C Ry, holds for some n € N, then the equalities
Sm = S, and R,, = R, hold for all m > n. Therefore, for finite A and
finite K, the condition R,, = R, 11 is satisfied for some n < ‘AK‘.

Proof. First, we note that, by definition, R; C R;41, which implies S; C Sj41,
holds for all j € N. Hence, the unions defining R and S are directed.

It is not difficult to see that (R, S) belongs to @p. Namely, we have that
B=RyC Rand S; C Rjy1 C R for every j € N, whence S C R. To prove
that (R,S) is preserved by every n-ary f € F, one considers an n-tuple of
tuples (go,...,9n—1) € R™ Due to directedness of the union producing R
and finiteness of n, there exists one j € N such that (go,...,9n-1) € R;",
wherefore f o (go,...,gn-1) € S; € S. Consequently, (R, S) is preserved by
every member of F' and thus belongs to Qp.

Second, take any pair (g,0) € @p. By definition, we have Ry = B C .
Moreover, supposing that R; C p, by the preservation condition, we get that
S; C ¢ C o and hence Rj11 = R; US; C p, as well as S; C ¢'. Thus, by
induction, we have shown R = UjeN R; Cpand S = UjeN S; C o. This
proves that (R, S) < (o, 0'), whence (R, S) is the <-least member of @ p.

By induction, it is easy to see that R, = R,y1 entails S,, = S, and

R,, = R, for all m > n. Moreover, if Ry, Ry, ..., R, are pairwise distinct (i.e.,
form a strictly increasing chain Ry C Ry € -+ C R,,), then n < |R,| < ’AK’.
Thus, for finite A and K, R,, = R, 41 must hold for some n < ‘AK‘ O

The following lemma goes back to an idea of Peter Mayr.
Lemma 6.3. For ' C O4, we have [F'\ Jalo, = [(F>OA \Ja] 04

Proof. Using Lemma 3.5(b), we have
F\JaC(F)o, \Ja=(F\Ja)o, \Ja=([F\Jalo, UJa)\Ja
=[F\Jalo, \Ja C[F\Jalo,,
whence [F'\ Ja]o, = [(F}OA \JA]OA by another application of [ |5 . O

We can now prove the problem of whether a finitely generated clone on a
finite set generates projections from its non-trivial members to be decidable.

Proposition 6.4. For both A and F C Oy finite, it is decidable whether
(F)o, \Ja€Sa.

Proof. Since (F' >OA is a clone, and thus, in particular, a semiclone, containing
(F)o, \Ja, we have (F)q \Ja C [(F)o, \JA]OA C (F)o,- Therefore, by

Lemma 3.5(c), the conditions (F)o \Ja ¢ Sa, (F)o,\Ja & [<F>OA\JA]OA’
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[(F)o,\Talg, NIa # 0,34 € [(F)o,\Tal, . andida € [(F)o,\Ta]) are

all equivalent. By Lemma 6.3, [(F)q , \ Ja] 81 =[F\ JA](Oli, and using Corol-
lary 5.2 for n = 1, X = A, and some bijection 8 between A and its cardinality,
we have a description of the invariant pair (QAJ, 91471) = I'pyy, ({idaoB}).
Via Lemma 6.2, this invariant relation pair generated by id4 o8 can be ex-
pressed as (U]EN Rj,Ujen Sj> and finiteness of A guarantees that R,, = R, 41

happens for some n < }AA|. This implies {foﬁ ‘ fe [F\JA](Olz} = 04
can be written as the finite union U := (Jy<;< 44 Sj, which due to finiteness
of F', can be straightforwardly calculated using the definitions of Lemma 6.2.
Hence, one may check ifid 4 is in [F'\ JA]S,); by checking if f =idq o8 € U. O

6.2. Closed transformation semigroups. By considering just unary parts,
we can characterise s-locally closed (proper) transformation semigroups.

Proposition 6.5. For(0 < s <Ny and a set H C 0541) of transformations, the
following facts are equivalent.

(a) H is an s-locally closed transformation semigroup (and ida ¢ H).

(b) H= Polp(Al)Invafs)H (and there is (o, 0') € IanE4<S)H with o' # o).
(¢c) H= PolpS)Q for some Q C Rpffs) (where o # o' for some (0,0') € Q).
For A# 0 and s < Rq, the arity restrictions “< s” can be replaced by “s — 17

By intersecting (in a similar way as outlined in this subsection) with other
classes of functions, for example, the set of all permutations instead of all
unary operations, one can obtain further characterisations of s-locally closed
classes of functions in terms of relation pairs. Continuing the example of
permutations, one may get a characterisation of all s-locally closed (proper)
transformation semigroups that consist of permutations only. As on finite
carrier sets, every permutation has a finite order; such a result is necessarily
more appealing on infinite domains.

6.3. Classical Pol-Inv Galois correspondence. Here we demonstrate that
it is not difficult to derive the characterisations of the closure operators of the
Galois connection given by polymorphisms and invariant relations from our
theorems above. In this respect, we first consider the framework including
nullary operations and relations, as discussed in [3]; from there, it will be a
small step to obtain the variants known from [30, 29].

First, we recollect information concerning the relationship of the operators
Pols and Inv4 with respect to Polp, and Invp, (cf. before Lemma 2.3).

Lemma 6.6. For Q C R4, F C O4 and any n € N, we have

Pol}’Q = Polp}” |H {(9, 0) ‘ o€ Q(m)},
meN

IHVE:)F = {g ’ (0,0) € Invpff)F}.
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Lemma 6.7. Suppose a set F C O, of operations satisfies F N Jy4 # 0; then
Invp F =,,cn { (0,0) ’ o€ Inv(Am)F}.

This enables us now to derive the characterisation of the closure operators

Pol 4 Invffs) and Pol 4 Invfj). The case s = N yields [3, Theorem 3.17, p. 29].

Theorem 6.8. We have s-Loca (F)q, , = Pols Invffs)F forany F C O4 and
0 < s < Ng; if s < Ny, then the equality s-Loc (F)OA = Poly Invfjfl)F holds.
Proof. Using Lemma 3.5(b), we can write (F), = [F'U{ida}]y,; hence,
Theorem 5.3 entails that s-Loca (F)g , = s-Loca [FFU {ida}], , coincides with
Polp 4 Invpffs) (FU{ida}), which by Lemma 6.7, equals

Polp, 1 {(0.0) | oe v’ (FUida})}

0<m<s

Polp 4 L—lj {(g, 0) | o€ Inv;m)F} (since Invy (FU{ida}) =Invy F)

0<m<s
= ﬂ Polp 4 { (0,0) | 0€ Inv%m)F}
0<m<s
= ﬂ Pol 4 Invi‘m)F = Poly Invffs)F. (cf. Lemma 6.6)
0<m<s

For A # (), we may replace Theorem 5.3 by Corollary 5.5 and therefore the op-

erator Polp 4 Invp(A<S) by Polp 4 Invpfffl). The rest of the argument is analog-
ous to the above. For A = ), Poly Invif_l)F and Pol 4 Invffs) = s-Loca (F)g

are both clones on (), but there exists only one such structure, namely Oy. 0O

In contrast to semiclones, nullary relations are never needed to discern loc-
ally closed clones. In fact, invariants of small arity may always be neglected.

Corollary 6.9. For a set of operations FF C O4 and any arity m € N, we

have the equality Pol 4 Invffm)F = Poly Invy F = Ng-Loc, (F)

K
Lemma 6.10. For operations F' C Oy4 \Off) of positive arity and every car-
dinal 0 < s < Ry, the equality s-Locff) (F)o, = <F>E)Oz‘ =0 holds.

Corollary 6.11. Let ' C O4 \Of) be without nullary operations and s € N ;
then the equalities Polffo) Inva F = Polffo)[nvffo)p = Rp-Locy (F)g,, and
Pol; VInv; "VF = s-Loca (F)o, are fulfilled.

For F C 04 \OEL?), the equalities Ro-Locy (F)g, = POIE4>O)IHV(A>O)F as well
as s-Loca (F)q , = POIE4>O)IHVE4S_1)F for s > 1 express two of the main results
regarding Pol - Inv that one finds in [29, Theorem 3.2, p. 260], [30, Theorem 4.1,
p. 31], where neither nullary operations nor nullary relations were considered.

In order to attack the relational side of the Pol-Inv Galois correspondence,
we need to express generated relational clones, i.e., the closure [ g of a set
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of relations under general superpositions, in terms of generated relation pair
clones. This is prepared in the following lemma.

Lemma 6.12. For any set Q C R4, we have
O {(Q,Q) ) 0€ Q(m)}]
meN

Lemma 6.13. For any set Q C R4 and 1 < s < Ny, we have

_ o _ Loc™ol
s-LOC 4 E—J {(g,g) ‘ 0€EQ } mH‘EJN{(U,O) ‘ o € s-LOC,, Q}

meN

) {(@,@) ‘ o€ [Q]gﬁ)}:

me

Rpy

Theorem 6.14 (see [3, Theorem 3.20, p. 31] for s = Ng). For any cardinal
0 < s <RV and any set Q C Ra, we have s-LOC4 [Qlg, = Inva Polffs)Q; if
s < Ng, then Invy PolEfS)Q can be replaced by Inv 4 Pol(f’s_l)Q.

Proof. Using the previous results, we calculate for Q@ C R4 and 1 < s < Ng:

Inv Pol(:s)Q %5 vy Polp(A<S) H-J { (0, 0) ‘ o€ Q(m)}
meN

(0,0) € Invp, Polpffs) + {(g7 0) ‘ o€ Q(m)}}
meN

= 0| (0,0) € s-LOCy4

meN

I {(&Q) ‘ QEQW}]

A

(0,0) € s-LOC4 L—Ij {(QaQ) ‘ o€ [Q]g?}}

meN

(0,0) € H‘J {(Q; o) ’ (S S_L@C;m)[Q]RA}}

meN

= S-L@CA [Q]RA'

Invoking Corollary 5.11 instead of Theorem 5.9 in the previous calculation, we

may replace the operator Inv 4 Pol(A<s) by Inv 4 Polff’s_l), and Invp 4 PolpE4<s)

by Invp 4 Polpff’sfl)7 respectively, in the manipulations above.
Due to inapplicability of Lemma 6.13 for s = 1, this case needs a manual

proof. Clearly, we have 1-LOC4 [Q]g, = {o€R4 | Jo€[Qlg,: 02 o} and
InVAPolff)Q = InvA{c,(lo) ’ Yoe@Q: (a,...,a) € g} ={o€R4 | 0 Du},
in which u = {(a,...,a) | a€ AANYo€Q: (a,...,a) € p} and & denotes
the nullary operation with image {a}. It is easy to see that p € [Q] ,, namely,
foroc € Ra, let B: ar(o) — 1 and a,: ar(9) — 1 for ¢ € Q be the unique con-
. B . . .
stant mappings, then y = /\(%) o (0),eq € [Qlg,- This proves the inclusion

Inv 4 Polff)Q C 1-LOCA [Q]g,- The converse is simple: if ¢ € R includes
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some ¢ € [Qlg,, and A e Polf)Q = Polf) (@R ,» then (a,...,a) € 0 C 0.
As this holds for all constants in Polff)Q, we obtain o € Inv 4 Pol(:)Q. O

Lemma 6.15. We have Poly {0} = O4 \Of) and thereby Polfj) {0} = Off)
whenever s € N ; therefore, Polf:) (QuU{n}) = POIS)Q for any Q@ C Ra.

Corollary 6.16. Let Q C R4 and s € N. Then s-LOC 4 [Q]RA =1Invy Polff)Q
if (and, provided that s > 0, also only if) O € Invg Poly Q (which is true in
particular if ) € Q).

Corollary 6.17. We have LOCA[Q U {0}]g, = Inva Polffo)Q for Q@ C Ry.
Moreover, for s € Ny, the equality s-LOCA [Q U {0}]g, = Inva POIE;)Q holds.

Restricting the statement of Corollary 6.17 to sets Q@ C R4 \RS‘)) and in-
tersecting the equalities on both sides with R4 \Rff) yields the character-
isations LOC 4 ([Q U {Q)}]SAO)) = Invffo)Pol(;O)Q and, for positive paramet-

ers s, s-LOCy ([QU {@}]gﬁ) = Invffo)Polf:)Q. The closure [Q U {@}]g‘o)
describes the appropriate notion of generated relational clone (as employed
e.g., in [30]) if one does neither consider nullary operations nor relations in
connection with Pol-Inv. With the two stated equalities, we have therefore
established the two main results (see Theorem 4.2, p. 32, and Theorem 3.3,
p. 260, respectively) of [30, 29] regarding the relational side of Pol-Inv.

7. Possible applications

In the literature, the Pol-Inv Galois connection has been very successfully
employed to discover the structure of the lattice of all clones (e.g., [32, 23, 38,
37]), but it is also fundamentally involved in investigating other problems in
algebra and theoretical computer science ([11, 2, 1, 7, 36]). It is to be expected
that the theory developed within this article will find similar applications with
respect to semiclones in the future, especially regarding infinite carrier sets.

In this connection, we briefly outline one possible idea, picking up again
the topic of topologically closed (proper) transformation semigroups from the
previous section. According to Proposition 6.5, for any set 2 C Rp 4 of relation
pairs, the set of all locally closed transformation semigroups S C 0541) lying
properly below PolpS)Q can be described as all those sets S = PolpS)E (for
Y C Rpy) satisfying Polpill)E C PolpS)Q. If S is a maximal member of this
collection with respect to inclusion, then @ C Invp 4 PolpS)Q C Invpy S. One

may take any pair (g, ¢') € Invp, S\ Invp, PolpS)Q and obtain that
S = Polpy Tnvp, S C Polpy (QU{(e,0)}) & Polpy’Q,

which by maximality of S entails that S = Polpi‘l) (QU{(0,0)}). In case

that PolpS)Q is a monoid, i.e., @ contains only relation pairs with identical
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components and Polp 4 @ is a real clone, then one may also be interested in
the maximal locally closed proper transformation semigroups below it. This
additional requirement enforces that the pair (g, ¢') one had to add above even
has to be a proper relation pair, i.e., o’ C o.

In a similar way, all maximal s-locally closed (possibly proper) semiclones
(or s-locally closed transformation semigroups) below one specific structure of
the respective sort can be described by preserving one additional relation pair.
It is plausible that for certain sets (), a complete characterisation in analogy
to [32] can be attempted. Furthermore, on infinite carrier sets, the machinery
developed in this paper can also be useful to reveal counterexamples, e.g.,
structures having no maximal proper (s-locally closed) substructures below
them. It is, for example, not hard to prove for Q = (), that proper semigroups
of the form Polp(Al) {(0,0")} with ¢’ C o C A can never be maximal among all
locally closed proper transformation semigroups on A whenever |A| > 2.

The author is, moreover, confident that a generalisation of the presented
theory to categories with finite powers is possible along the lines of [24], where
a similar project has been realised for clones and the Pol-Inv Galois connec-
tion (at the same time, dualising the involved notions, which is not in our
focus). Most of our results do not impose any restrictions on the carrier set,
i.e., the particular object of the category of sets the Galois theory is based
on. Therefore, the main theorems of this article could be a guideline and used
to hint at what form of results to expect in the general setting. Once such a
generalisation has been established, the corresponding results can be instanti-
ated in any category of interest, as long as it has finite powers, for instance, in
that of topological spaces. In this way, it may be possible to perform similar
investigations as sketched above also for transformation semigroups consisting
of continuous functions.
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