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Abstract

Hyperbolic discounting has been argued to inevitably lead to time-inconsistent be-
haviour. In this thesis a time-consistent method of hyperbolic discounting is intro-
duced to the Blanchard-Yaari-Buiter model of overlapping generations in continuous
time. Results are compared by using an argument that ensures equivalent present
values of a constant utility stream for both discounting methods. Analysis at an
aggregate level in a closed economy shows that for high life expectancies the econ-
omy is balanced at a lower interest rate under hyperbolic discounting than under
conventional exponential discounting and vice versa. This is due to the fact that
hyperbolically discounting individuals exhibit higher discount rates in the short run

but more savings in the long run.
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1 Introduction

The proper choice of a discounting method has always been crucial to economic
analysis, as it is used to model intertemporal choices - decisions involving tradeoffs
between costs and benefits occurring at various times. These decisions may include
any aspect of life, such as one’s health, wealth or happiness and are ultimately
co-responsible for the economic prosperity of nations (Frederick et al., 2002). Thus,
it is all the more important to apply the appropriate discount rate before making
policy decisions about spendings on research, development, health, education and
so forth (Berns et al., 2007).

So far, conventional economic analysis has been based on exponential discount-
ing, which implies a constant discount rate. Empirical evidence from the field of
economics and psychology, however, suggests that the individual time preference
rate declines hyperbolically over time (Frederick et al., 2002; DellaVigna, 2009),
as humans are present biased and exhibit higher impatience concerning short-run
tradeoffs than tradeoffs in the distant future. For instance, in Thaler’s (1981) early
study, individuals were asked which amount of money in one month/one year/ten
years would make them indifferent to receiving $15 now. His results imply an av-
erage annual discount rate that declines from 345% to 120% to eventually 19% as
the delay gets longer.

In fact, countries such as France and the United Kingdom already apply declin-
ing discount rates in the evaluation of public projects (Treasury, 2003; Lebegue,
2005). A group of leading economists also recently concluded that this method of
modelling time preference is compelling and should be taken into consideration by
the Office of Management and Budget (OMB) in the United States (Arrow et al.,
2014).

However, an important concern regarding hyperbolic discounting, is that it may
lead to suboptimal and inconsistent decision making, which would violate the basic
premise of rational behaviour in most economic models. In behavioural economics
hyperbolic discounting has indeed often been used to explain irrational behaviour es-
pecially concerning self-control, such as procrastination, addiction or under-savings.
This led to the belief that hyperbolic discounting inevitably entails a time inconsis-
tency problem and is therefore incompatible with rational behaviours. Yet a non-
constant subjective rate of time preference does not necessarily imply non-rational
behaviour. It can be shown that intertemporal decision making is time-consistent if
and only if the individual’s discount function is multiplicatively separable in plan-
ning time and calendar time (Burness, 1976; Drouhin, 2009).

Strulik (2017) proposed the use of time-consistent hyperbolic discounting and ap-
plied a corresponding multiplicatively separable discount function to three canonical

environmental problems. His results show that hyperbolic discounting outperforms
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conventional exponential discounting in various respects, despite the initially high
present bias.

The aim of this thesis is now to extend the application of time-consistent hyperbolic
discounting to one of the workhorse models of modern macroeconomics by applying
Strulik’s method to the Blanchard-Yaari-Buiter-model of overlapping generations
(OLG) in continuous time (Blanchard, 1985; Yaari, 1965; Buiter, 1988). In this
economy agents enjoy a life of perpetual youth, as they face a constant probability
of death throughout their lives. As a consequence, individuals maximize their ex-
pected lifetime utility by choosing an optimal consumption path.

Whereas conventional exponential discounting leads to individual consumption that
increases exponentially over time in this economy, hyperbolic discounting results in
a significantly different behaviour. Due to the high impatience concerning the near
future, optimal consumption starts off at a relatively high level early in life. This
initially high level, however, decreases with age until a certain point where agents
start to live off their savings and exhibit a growing consumption rate.

In order to achieve a fair comparison between the original and hyperbolically dis-
counting model, an equivalent present value argument by Myerson et al. (2001) is
applied, which disentangles the effect of different discounting methods from pure
impatience and provides a parameter restriction for the exponential discount rate.
As a consequence, it can be analytically shown that the initial propensity to con-
sume out of wealth and therefore also initial consumption is indeed higher once
hyperbolic discounting is implemented. This result is also being reflected at an
aggregate macroeconomic level, as an analysis of a closed economy further shows.
Since the property of convenient aggregation is no longer given under hyperbolic
discounting, the focus lies solely on the steady state, which is numerically computed
with the aid of a bisection method. A benchmark run with conventional parameters
yields a higher steady state capital stock and thereby a lower steady state interest
rate in the hyperbolic model. However, further analysis ultimately shows that this
result is strongly dependent on the choice of certain parameter values.

The remainder of this thesis is organized as follows: In the next Section a basic
version of the Blanchard-Yaari-Buiter model with an unspecified discount factor is
introduced, which serves as framework. Section 3 and 4 cover general analytical
results for the original and hyperbolically discounting model. The parameters used
for subsequent numerical calculations are introduced in Section 5, together with
the equivalent present value requirement. Section 6 addresses both discounting
methods in a closed economy and their comparison on the basis of the steady state
interest rate. Further, the sensitivity to parameter deviations of these results are

analysed. Section 7 ultimately concludes.



2 The Model

2.1 An Economy of Perpetual Youth

The basis for the Blanchard-Yaari-Buiter overlapping generations model is built on
Yaari’s insights on lifetime uncertainty. His model assumes that agents face finite
lives until they die at a random time 7" < T. This randomness results in a stochastic
decision problem for the consumer, for which the conventional way of maximizing
lifetime utility, as in the well-known Ramsey-Cass-Koopmans- model, is unreason-
able (Ramsey, 1928; Cass, 1965; Koopmans, 1963). Instead, the exzpected lifetime
utility becomes the objective function (see Yaari, 1965).

Blanchard simplified assumptions by supposing the maximal attainable age to be
infinite, i.e. T — oo, and the probability density function of the individual’s time

of death ¢(T') to be exponential, i.e. with parameter p > 0:

,ue_“T for T >0
o(T) = (1)
0 for T < 0.

This yields, first of all, that the probability of a consumer being still alive at time 7
equals e77 and second, one of Blanchard’s central assumptions, that the instanta-
neous probability of death ("hazard rate”) at any time is p and therefore constant
throughout life and independent of the consumer’s age. The expected remaining
lifetime is also constant and equals 1/p. Thus, an agent who has already lived for
a hundred years is no more likely to die in the next year than an agent, who was
born yesterday. Hence he enjoys a life of perpetual youth (Heijdra, 2009).

A proper way of interpreting this rather unrealistic circumstance is to not think
of agents in this economy, but of families or households. Then the hazard rate u
describes the probability that the family ends, which can either happen by death
of family members that have no children or by them having no bequest motive
(Blanchard, 1985).

Another simplifying assumption made by Blanchard is one of constant population
growth. At each instant in time 7 a large cohort of agents that hold no financial as-
sets is assumed to be born according to a birth rate. This birth rate is additionally
assumed to be equal to the instantaneous probability of death . Provided that the
size of these cohorts is sufficiently large and every individual faces the same proba-
bility of death, by the law of large numbers, probabilities and frequencies coincide
and the number of deaths matches exactly the number of births. This implies that
the population remains constant and can therefore be normalized to 1. (Heijdra,
2009)
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2.2 The Setup

Let the consumption and real financial assets of an individual born at time v as
of time 7 be denoted by c¢(v,7) and a(v,T), respectively. Real wage income w(7)
is assumed to be equally distributed over individual households, i.e. independent
of the time of birth. The real interest rate r is assumed, unlike Blanchard, to be
independent of time, which simplifies further analysis.

The objective of an agent born at time v in this economy is to plan lifetime con-
sumption such that it maximizes expected lifetime utility, discounted to the present
at planning time ¢ > v. The discount factor is thereby given by the yet unspec-
ified function D(v,t,7) and instantaneous utility assumed to be the logarithm of

consumption. This leads to the following expression of expected lifetime utility:

E, [ /t Cin(e(v, 7)) D(w, £, 7)dr | @)

Given that the time of death is the only uncertainty and follows an exponential
distribution with parameter p according to (1), maximizing this expected value is
equivalent to solving the following problem (Blanchard, 1985; Heijdra, 2009; Blan-
chard and Fischer, 1989):

I?ag/ In(c(v, 7))e* =) D(v, t, 7)dr. (3)
c(v,m) Jt

Furthermore, the agent simultaneously faces the budget constraint
a(v,7) = (r+ p)a(v,7) +w(r) — c(v, 1), (4)

where we use the notation a(v,7) = da(v,7)/07 for the derivative with respect to
time. At every instant in time agents are not only assumed to receive an interest r
on their financial assets but also a rate of return u from their insurance company.
However, as soon as they die, their entire estate accrues to this insurance.

To prevent agents running a Ponzi game against the life insurance, that is, going
infinitely into debt by accumulating wealth forever at a rate higher than the effec-

tive interest rate r + u, the following solvency condition has to be fulfilled:

lim a(v,7)e BT =0, (5)

T—00
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where we define the used discount rate as

Rt 7) = /t "t ds, (6)

To sum up, the Blanchard-Yaari overlapping generations model with a yet unspec-
ified discount function reads as follows:

max / In(c(v, 7)e" " D(v,t, 7)dr (7)
c(v,m) Jt

s.t. a(v,7) = (r+ p)a(v,7) +w(r) —c(v,7) and (8)
le a(v,7)e BT =0, with R(t,7) :—/ T+ uds. 9)
T—00 t

Using this as framework, we now first focus on the basic results of the original model
featuring conventional exponential discounting before implementing hyperbolic dis-

counting and investigating its outcome.



3 Exponential Discounting

Exponential discounting, originally proposed by Samuelson (1937) in his discounted
utility model, is due to its simplicity presumably the most commonly applied dis-
counting method in economics. It implies that the rate at which individuals dis-
count future utility is constant throughout time. Let this rate be denoted by p.
The corresponding discount function is given, as the name already suggests, by an

exponential function dependent on calendar time 7 and decision time ¢

D(v,t,7) = ePt=7), (10)

where the discount rate is formally defined as

p(v,t,7) = —(0D/0T)/D = p. (11)

This method of modelling time preference entails several advantages in the over-
lapping generations model. It allows, despite the distinction of agents by their age
and therefore dealing with heterogeneous individual households, for a convenient

analysis at an aggregate macroeconomic level.

3.1 Individual Households

By using this discounting method, an individual household, or agent, faces accord-

ing to (7)-(9) the following decision problem at time ¢:

n(aa%/ In(c(v, 7))e# P dr (12)
c(v,m) Jt

st. a(v,7) = (r+ p)a(v,7) + w(r) — c(v,7) and (13)
lim a(v,7)e B =0, with R(t,7) = / T+ ds. (14)
T—00 t

To derive a dynamic system characterizing the agents optimal behaviour and later
in order to find an explicit solution for individual consumption, we first establish a
new budget constraint by rewriting (13), multiplying both sides with e Rt and

integrating with respect to 7.
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a(v,7) — (r + pa(v,7) = w(r) - c(v, 7)
éL(U,T)e_R(t’T) —(r+ H)G(U,T)G_R(t’T) = (w(r) — ¢(v, 7)) e~ R(t7)

0

9 (eiR(t’T)a(v,T)) = (w(7) — c(v, 7)) e )

o0

e Da(w,7)] = /t " w(r) — ev, 7)) e RO dr

T=

Now, by using the solvency condition (9) and defining

h(t) = / ww(f)e*R@ﬂdT, (15)

t

as the present value of lifetime wage income discounted by the annuity factor R(t,7),

we obtain the intertemporal budget constraint
o0
/ c(v, 7)e BT dr = a(v,t) + h(t). (16)
t

It states, that the present value of the household’s lifetime consumption plan equals
the sum of current financial and human wealth.

This modified budget constraint can now be used to solve the optimization problem
with the Lagrange method. The Lagrange function with A(¢) as time dependent

multiplier is given by
L= / In(c(v, 7))e" P dr 4 X\(t) [a(v,t) + h(t) — / c(v, 7)eRED g7
¢ t

The first order conditions are the intertemporal budget constraint (16) and the fol-

lowing Euler equation:

/ > (16(u+p)(t7)d7- ) / = R0 g
t C

v, T) ¢
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— =B FPE=T) = ()BT, (17)

- C.(U77—) (u+p)(t—T) = (u+p)(t—7) — _ RA(L7)
oo, ¢ D )¢ T

) o N L e L))

( c(v, 1) (,u—i—p)) C(U,T)e N (T+M)c(v,7)e '

This consequently results in the well-known Keynes-Ramsey rule, an optimality

condition for the growth rate of individual consumption (Ramsey, 1928):

=r—p. (18)

Thus, the rate of change of optimal consumption over time is determined by the
difference of the interest and discount rate. If the former rate exceeds the latter,
the interest, that a household would get on its assets later in life is relatively high
compared to the pure impatience it exhibits. This means that the individual op-
timally forgoes consumption in early years in order to save up for consumption
and thereby utility later, which leads to a upward sloping consumption path. If
the reverse inequality holds, the opportunity costs for utility at an early age are
higher than the interest on savings in the future, hence, the individual optimally

chooses a downward sloping consumption profile by rather consuming in the present.

In order to solve for the consumption level ¢(v,t) at planning time ¢, we first set

7 =t in the Euler equation (17) and attain for the Lagrange multiplier

= A(b), (19)

which we insert back into the first order condition (17). Integrating with respect to

7 and using the intertemporal budget constraint (16) yields

b e - 1 RAGY)
c(v,7) c(v,t)
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/ (v, t)e A=) gr :/ c(v,T)e_RA(t’T)dT
t t
c(v,t) / WP E=T) g = a(v,t) + h(t)

t

e(0.1) = (11 + 5) (a(v, ) + h(t)). (20)

Hence, the level of optimal individual consumption is a proportion of total indi-
vidual wealth. The marginal propensity to consume is constant and equal to the

effective rate of time preference p + p.

Combining obtained equations eventually yields that the optimal behaviour of an

individual household is determined by the dynamic system:

é(v, 1) N

c(v,7) P (21)
a(v,7) = (r+ p)a(v,7) + w(r) — c(v, 1) (22)
c(v,t) = (p+ p)(a(v,t) + h(1)). (23)

The Solution

Now, by simply solving the Keynes-Ramsey rule (18) as separable differential equa-

tion, individual consumption can be derived explicitly:

In(e(v, £)) - In(e(v,v)) = (r — p)(t - v)
In(e(v, 1)) = (r = p)(t — v) + In(c(v, v)

c(v,t) = c(v,v)e" P (24)

10
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The initial condition c(v,v) is obtained by setting ¢ = v in the relationship of
consumption with total wealth, given by equation (23) and using the fact, that
newborns are assumed to hold no assets, i.e. a(v,v) = 0. Due to simplicity, we will
additionally assume that wage income is not only independent of the generation
index v but also of calendar time, thus constant, i.e. w(v,7) = w. All together

yields that initial consumption is a proportion of discounted wage income.

c(v,v) = (p+ p)(afv,v) + h(v)) = (n + p)h(v)

=(p+p) / we™ M Ddr = —(u+ p)

= (u+0) (25)

By plugging this result in (24), we eventually derive a solution for optimal individ-

ual consumption with exponential discounting:

w —p)(t—v
c(v,t) = (pn+ ﬁ)me(’" pIE=v). (26)

3.2 Aggregation

The assumption of large cohorts being born at every instant in time not only implies
that the size of the total population in the economy can be normalized to unity,
but also allows for easy determination of the size of any particular cohort over time.
For instance, the amount of surviving members of a cohort at time ¢, which was
born at time v < ¢, is of the size pe #(=?) whereas a fraction of p (1 — e_“(t_”)) of
this cohort will have died in the same time interval [v,t] (Heijdra, 2009). Knowing
the size of each cohort, it is now possible to analyse the dynamics at an aggregate
level.

Thus, aggregate consumption at time ¢, denoted by C(t), consists of consumption

levels of all living agents that were born before time t.

C(t) = u/t (v, t)e M gy, (27)

—00

11



3 Exponential Discounting

Using the optimal consumption rule (23) and the fact that it features a propensity
to consume out of total wealth that is independent from the generation index v, we

derive a similar statement for aggregate variables.

() = / (1 + P)(a(v, 1) + h(t))e H )y

o0

= (1 +p) <M /_too a(v, t)e V) 4y /_too h(t)e_“(t_”)>

= (n+p) (At) + H(?)), (28)

where aggregate financial and human wealth are defined analogously to aggregate

consumption.

The next step is to derive the dynamic behaviour of C(t) and aggregate non-
human wealth A(t), for which we will use the result above. To get the differen-
tial form of aggregate human wealth we impose the terminal boundary condition

—RA(

lim; 00 w(T)e t7) = 0 and apply the Leibniz rule:

H(t) = gt /t w(r)e B ) gr —

T—00

:/ gtw(T)eRA(t’T)dT—i- lim w(T)e*RA(t’T) — w(t)e*RA(t’t)
¢

= (r+ p)H(t) — w(t). (29)

Using the Leibniz rule together with the individual budget constraint (13) and the

condition a(t,t) = 0, yields an identity for aggregate asset accumulation.

t
A(t) = ;f,u/ a(v,t)e MV dy

—0o0

Lo
= M/ (a(v, t)ef“(tfv)) dv+ pa(t,t) — lim pa(v,t)e #Ev)

ot i

t
= ,u/ a(v, t)e M) dy — pA(t)

— 00

12



3 Exponential Discounting

= (r+p)AQ) +w(t) — Ct) — pA()

= rA(t) + w(t) — C(1). (30)

Whereas individual financial wealth accumulates at the rate r + u, its aggregate
equivalent only increases at the rate r. That is because the amount pA(t) is a
transfer through insurance companies from those who pass away to those that re-

main alive, which does not accrue to aggregate wealth.

Now, we use the obtained differential identities of aggregate wealth, given by (29)
and (30), and the condition (28) to get the following characterization of aggregate

consumption:

C(t) = (u+ p) (A() + H(D))
= (i + p) (PA(t) + w(t) = C(t) + (r + p)H(t) — w(®))
= r(+ P)A() + H(8) — (u+ pYC(L) + s + p)H (1)
= (r — i~ D)C(t) + uC(t) — plys + p)A(t)
= (r = P)C() — plp + PA(L). (31)

Ultimately, collecting equations and dropping the time index yields a dynamic sys-
tem of aggregate consumption and wealth:

C=(r—p)C—plu+pA (32)

A=rA+w-C (33)

If now p = 0, such that agents face infinite lives, the system simplifies to the
dynamics of a Ramsey growth model with constant population (Ramsey, 1928;
Cass, 1965; Koopmans, 1963).

13



4 Hyperbolic Discounting

For hyperbolic discounting we adapt the discount factor proposed by Strulik (2017).
Therefore we consider the following multiplicatively separable function of the age

at planning time ¢ — v and calendar time 7 — v:

« — U B
D(v,t,7) = <W> B> (34)

The parameters o and 8 are being used for calibration, since higher values imply a
higher discount rate at any time. The condition for § follows from the assumption
of a finite present value of an infinite stream of utility, that is needed in order to

make inferences (Strulik, 2017). If such a constant utility exists, then

© 1+ a(t—v) I+t —w)) —Bloo
| ey = R 0k atr — o)

needs to be finite, which in turn requires § > 1. The corresponding discount rate

is obtained as

p(v,7) = — (0D /or) /D = —27

“ita(r—u)’ %)

and declines hyperbolically by approaches zero in calendar time . Furthermore, it is
not dependent on the age at decision time, that is ¢ —v. This feature is crucial, as it
originates from multiplicative separability, which ensures time-consistent decisions
(Burness, 1976; Drouhin, 2009).

4.1 Individual Households

Once hyperbolic discounting is introduced, the maximization problem of the agent
and its solution remain similar. An individual decides on consumption such that it

solves

ma /t T n(e(w, 7)ert=) <m> " ir (36)

subject to the individuals budget constraint (8) and no-Ponzi game condition (9).

14



4 Hyperbolic Discounting

The steps that are being used in order to derive a dynamic system, characterizing
this individual decision problem, are identical to the exponential case. First, the
intertemporal budget constraint (16) is established, which is then used for solving
the problem by the Lagrange method. The first order conditions are given by (16)

and

oo i B 00
| e (”““ ”>> =20 [ e ar
t t

c(v, 7 1+a(r —v)
U e (Ltalt—v) ’ — A e~ RET)
c(v,7) (1 +a(r — v)) A) : (37)

Differentiation with respect to 7 yields the Keynes-Ramsey rule featuring the hy-

perbolic time preference rate

Whereas the rate of change of optimal consumption remains the same throughout
time in the exponential case, hyperbolic discounting leads to a rate that changes
over the years. As the hyperbolic discount rate p(v,t) decreases and converges to
0 with time the individual consumption rate ¢/c increases and approaches the real
interest rate r. In fact, if it holds that r < «f this implies a change of sign of the
consumption slope during an individuals life. A hyperbolically discounting agent
generally exhibits high impatience rates concerning the near future. Coupled with
a relative low interest rate this leads to a downward sloping consumption profile
early in his life, as savings get neglected in favour of instantaneous consumption.
However, this impatience decreases and approaches 0 in the course of time, such
that the interest rate eventually exceeds the time preference rate, which is accom-
panied by more valuable savings and an upward sloping consumption path.

Figure 6.2 in Section 6 illustrates both exponentially and hyperbolically discounting

individual consumption profiles for different values of r.

In order to derive an identity for the consumption level similar to (23) we first
set 7 = t in the first order condition (37) to obtain the same result for the Lagrange
multiplier, i.e. 1/¢(v,t) = A(t). This result plugged back in the first order condi-
tion (37), integration on both sides with respect to 7 and the application of the

intertemporal budget constraint (16) yields

15



4 Hyperbolic Discounting

c(v, T 1+ a(r —v) c(v,t)
oo alt — v B oo "
/t c(v, t)et=7) ( ia((f'—v))) dr :/t (v, 7)e B gy
0o alt — B
c(v,t)/t eHt=T) (iia(i — )> dr = a(v,t) + h(t)
c(v,t) = y(v,t) (a(v,t) + h(t)) . (39)

In contrast to the exponential case, here the marginal propensity to consume out
of total wealth, given by ~y(v,t), where

()L = /t ~ entt=n) <m> s (40)

is dependent on both the generation v and time ¢, which consequently complicates
aggregation.

To summarize by collecting equations, the optimal behaviour of an individual house-
hold is characterized by the system:

) r—p(v,7) (41)
a(v,7) = (r+ pa(v,7) + w(r) — e(v, 7) (42)
c(v,t) = y(v,t)(a(v, t) + h(t)). (43)

The Solution

Again, we obtain a solution for the optimal consumption path by solving the given
Keynes-Ramsey rule as separable differential equation.

16
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teé(v,T) B ¢ af
/U c(v,T)dT_/v " l—i—a(T—v)dT

[In(c(v, T))}t_ =r(t—v)— [BIn(l + a(r —v))]

T=v

t

T=v

In(c(v,t)) — In(c(v,v)) =r(t —v) — Bln(l + a(t — v))

In(e(v, £)) = r(t = v) +In <(1+c$(t—)))ﬁ>

c(v,t) = c(v,v)e" (1 4+ a(t —v)) ™ (44)

The initial condition is attained by using the identity of the consumption level (43)
and setting ¢ = v. For now, labour income is assumed to be constant, just as in
the solution for exponential discounting, which results in the same expression for
human wealth as in the original model, i.e. h(v) = h = w/(r + p). The initial

propensity 4 remains the same for all newborns (substitute y = 7 — v):
o0
7= (0,0) 7 = () = / (1 + ay) Py, (45)
0
Moreover, it can be written as generalized exponential integral defined as
o
Ey(z) = / e TSt (s €R, z>0), (46)
1

which is closely related to the incomplete gamma function (e.g. Chiccoli et al., 1990):

©

L 1 o] Cu 3 ea u
7 04/1 ¢ “ v o P <a> (47)

By using one of its properties, in particular, e*Es(z) < £+i_1 for z > 0,5 > 1 this
results in an estimation that allows for a direct comparison to the exponentially

discounting case. It holds that

1
B+E—-1 p+aB-1)

7 < (48)

SEES

Provided that both discounting methods yield the same present value, which is

17



4 Hyperbolic Discounting

given by the condition p = (5 — 1) (see Section 5.1), we observe that the initial
propensity to consume for an hyperbolically discounting household will always be
equal or bigger than for an exponentially discounting one, i.e. 4 > x4+ p. This orig-
inates from the relatively high impatience that a hyperbolically discounting agent
exhibits early in his life.

Consequently, also initial consumption is greater, as it is given by

¢ = c(v,v) :c(t,t):ﬁh:”yrfu. (49)

Ultimately, the optimal individual consumption path under hyperbolic discounting

is given by the function

4.2 Aggregation

Results obtained about aggregate wealth in the exponentially discounting model are
identically applicable to the hyperbolic case, as they are not effected by a change
of discounting methods. Thus, particularly aggregate non-human wealth A(t) and
aggregate human wealth H(¢) accumulate according to equations (33) and (29) re-
spectively. However, when trying to derive the dynamics of aggregate consumption
analogously, difficulties arise. Due to the time dependent propensity to consume, it
is virtually impossible to find a closed equation in terms of aggregate wealth similar
to equation (32). In fact, by using the explicit solution for individual consumption,
one observes that aggregate consumption equals a generalized exponential integral
defined by (46).

t 00 - B
C(t) = Iu,/ Ee(r—ﬂ)(t—v)<1 + Ck(t _ U))_de _ ME/ e%y_[@édy

oo 1

(=) [ _u=r (u=r) -
= 'uce#oa/1 e a Yy Py = gée ‘e Eg <(,u T)> . (51)

(6 [0

Nonetheless, applying the Leibniz rule yields an expression for aggregate consump-

tion growth, which allows for a straight forward interpretation.
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4 Hyperbolic Discounting

V——00

t
C(t) = pe(t, t) — lim e(v, t)et0) 4 M/ &(v,£)eP 0 — pe(v, )l dy

—00

t
= pé — pC(t) + / (v, 1)tV dy (52)

—00

At every instant in time, aggregate consumption increases by the consumption of
individuals being born pé and gets reduced by puC(t), the proportion of aggregate
consumption of those who pass away. What is left, is the third term that depicts
the aggregated change in consumption of agents staying alive.
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5 Calibration

In this Section benchmark specifications are established for subsequent numerical
computations, where the aim is to compare the introduced hyperbolic discounting
model to its original equivalent by means of the steady state in a closed economy.
For this purpose we as well already calibrate parameters that are introduced in the
next Section. Specifically, we assume in equation (55) the aggregate capital stock
to depreciate at a rate of 6 = 10% and the capital’s share of output to be ¢ = 30%,
which is in line with standard literature (Collins and Bosworth (1996) believe in
a plausible range for € of 0.3 to 0.4, where developing economies evidently show
higher capital elasticities compared to industrial ones).

Regarding the instantaneous probability of death, we assume a benchmark value of
w = 0.0167, which is equivalent to a constant life expectancy of 60 years. With this
value, the probability of being alive for at least 100 years is around 19%.

To calibrate parameters used for hyperbolic discounting, we use estimations ob-
tained by Weitzman’s (2001) gamma discounting approach. He has shown that
individual uncertainty or disagreement about a constant exponential discount rate
yields in the aggregate a hyperbolically declining time preference rate. Eventually,
by asking over two thousand at least Ph.D.-level economists what discount rate they
think should be proposed to mitigate the possible effects of global climate change,

he attains the discount rate

with values of m = 0.04 for the mean and ¢ = 0.03 for the standard deviation.
These estimates imply a = 0?/m = 0.0225 and 8 = m?/0? = 1.7778 in our setting,
which supports the requirement of 5 > 1.

Parameter | Description Value
] Instantaneous probability of death (hazard rate) | 0.0167
€ Output elasticity of capital 0.3
) Depreciation rate of aggregate capital 0.1
« Parameter used for hyperbolic discounting 0.0225
I} Parameter used for hyperbolic discounting 1.7778
p Exponential discount rate 0.0175

Table 5.1: Summary of parameter values used for numerical calculations
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5 Calibration

5.1 Equivalent Present Value

Further, in order to separate the effect of different discounting methods from pure
impatience and therefore to achieve a fair comparison we apply an argument intro-
duced by Myerson et al. (2001) (see also Strulik, 2015, 2017; Caliendo and Findley,
2014). We determine the value of the exponential discount rate p such that an
infinite stream of for example utility provides the same present value for either

discounting method. This leads us to the Fquivalent Present Value requirement:
>~ © Mtalt—v)\?
/ ePt=")dr :/ Stolt—v) ot —v) dr. (53)
t ., \I+a(r—v)

Integrating both sides explicitly and setting the time of birth v = ¢ as the present,

yields the requirement

p=a(f—1). (54)

Thus the condition of a finite present value of an infinite stream of utility, for which
we obtained that 5 > 1 is equivalent to the condition that the associated equivalent
constant discount rate is positive (Strulik, 2017).

By using Weitzman’s calibration from above, we from now on set p = 0.0175.

0 100 200 300 400 500
age at planning time t-v

Figure 5.1: Equivalent Discount Rates for exponential discounting (red) and hyper-
bolic discounting (blue) using Weitzman’s estimations.

As shown in Figure 5.1, p(v,t) starts off at a higher value than p, until it hyper-
bolically approaches zero in the long run. The time of intersection between the two

equivalent discount rates is given by t —v = 3/p — 1/a ~ 57 years.
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6 The Closed Economy

In a closed economy, the interest rate r and labour income w are no longer exoge-
nously given, but determined instead by the aggregate capital stock K (from now
on we will drop the time index wherever it is not misleading). The technology that
determines the output of this economy features two factors of production, capital
K and labour force L. The latter is assumed to equal the size of the population,
which is because of the large-cohort assumption, equal to one. Let this technology

function be given by
F(K,1)= K* - /K, (55)

a Cobb-Douglas production function with constant returns to scale, which implies
that the capital’s and labour’s share of output is given by € € (0,1) and 1—¢ € (0,1)
respectively. The capital is assumed to depreciate at a rate equal to 9.

The interest rate r is determined as the net marginal product of capital and non-

interest wage income w as the marginal product of labour. Thus,
T:T(K):FK(K,l):SKE_l—(S (56)

w=w(K)=F (K1) = (1-¢)K*. (57)

Equating aggregate non-human wealth A from the previous sections with the capital
stock K and using the new identities for 7 and w in its accumulation equation (30),
we get for both exponential and hyperbolic discounting the dynamics of capital in

a closed economy:
K =K®— 6K - C. (58)

Combined with the dynamics of aggregate consumption we will now analyse the

steady state of this economy, particularly the interest rate at which it is balanced.

6.1 The Steady State
6.1.1 Exponential Discounting

By using equation (58) and the dynamics of aggregate consumption in (32), that

we derived earlier, the original OLG model in a closed economy is given by

C=(r—pC—pulp+pK (59)
K =K°— K —C. (60)
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6 The Closed Economy

This two dimensional dynamical system allows for an analysis on the basis of the
associated phase diagram given by Figure 6.1.

The isocline C' = 0, given by the expression C = pu(u + p)K/(r(K) — p), is upward
sloping, convex and asymptotically reaching the point, where r(K) = p, denoted by
KX, that is attained when agents face infinite horizons (1 = 0). The K = 0 isocline
traces the net production function C' = F(K,1) = K*—§K. The golden rule capital
stock K& depicts the level that maximizes steady state consumption, i.e. 7(K) = 0,
and lies to the right of KX, since the returns to capital are diminishing.

The two equilibria, the origin and (C*, K*) are attained by intersection of the two
isoclines. The latter, non-trivial equilibrium has a saddle point structure, as indi-
cated by the arrows. It can be shown that any trajectory other than the upward
sloping saddle point path leads to inconsistencies, such as negative levels for con-
sumption or capital. Thus, given an initial stock of capital, consumption is uniquely
determined (Blanchard, 1985).

C*

K*KEKG K

Figure 6.1: Phase Diagram

The steady state interest r* lies between p and p + p, that is p < r* < p+ . The
first inequality follows from the C' = 0 isocline. This result becomes clear when
returning to the Keynes-Ramsey rule of individual consumption in (18). In order
to generate positive aggregate capital, individual consumption must be increasing
by agents initially saving, which corresponds to an interest rate greater than or
equal to the pure rate of time preference.

The second statement can be shown by contradiction. Suppose r* > u + p holds,

such that (r* — p)C* > pC*. Using the consumption isocline, this is equivalent
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6 The Closed Economy

to pu(pu + p)K* > pC* and by using the K = 0 locus this results in (u + p)K* >
K*—0K*. But r*K* = e K**—§K* < K**—0K, which contradicts the assumption.

An explicit analytical solution for the steady state interest rate r* and thereby
C*, K* can be obtained in different ways. One, for instance, is to use individual
consumption explicitly to express aggregate consumption as a function of r which
is then used in the K = 0 isocline. Another way is to express the capital stock in

terms of 7 and solve the intersection condition:

C— K 5= MR o

r—p

KE—I_(S: /’L(/’L+ﬁ)
r—p

f+(1—6)5zﬂ(u+ﬁ)
€ € rT—p

r? —rp+(1—e)dr — (1 —e)0p = ep(u+ p)
12 —r(p—(1—¢)8) = (1 —)0p+ ep(p + p)

By using basic algebraic operations we attain a quadratic expression for r, of which

the solution is given by:

3 _ 2
S el \/<p‘<12‘5)5> + (1= 2)0p+en(utp).  (61)

The second term under the root is positive, hence we obtain a both positive and
negative solution for the steady state interest rate. However, we rule out the neg-
ative result and focus solely on a positive interest rate, as a negative value would
imply capital depreciating at a rate larger than its marginal product.

Now, using the benchmark parameter values given by Table 5.1, we obtain as nu-

merical value for the steady state interest rate
r* = 1.94%,

which is consistent with the observation that r* € [p, p + u).
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6 The Closed Economy

6.1.2 Hyperbolic Discounting

As mentioned earlier in Section 4.2, there is no closed form in terms of capital for
the dynamics of aggregate consumption under hyperbolic discounting. However,
focussing merely on the steady state allows for simplification. In an equilibrium,
all aggregate variables are constant, including human wealth H and thus labour
income. Hence, we can use the explicit expression for individual consumption in
equation (50) to investigate characteristics of 7*. Just as in the exponential model,

we assume the interest to be non-negative.

As it turns out, the steady state interest under hyperbolic discounting does not
exceed the instantaneous probability of death, i.e. 7* < u. To see this, we return

to equation (51) and express aggregate consumption as exponential integral:

(%

C= gae“‘%)Eg <(“_T)> . (62)

A steady state interest exceeding the hazard rate, results in a negative second ar-
gument and thus a complex value for aggregate consumption (e.g. Navas-Palencia,
2018), which clearly is inconsistent.

However, interest rates smaller than or equal the hazard rate lead to a finite, time
independent integral and hence to constant aggregate consumption that is in line
with a steady state. In fact, since the exponential integral satisfies L < etE, (z) <

sta
for x > 0,5 > 1 (e.g. Chiccoli et al., 1990), aggregate consumption can be

1
s+x—1
estimated the following way:

He oo He

e — _ 63
uw+af—r w+p—r (63)

Whereas r* and also (K*,C*) can be easily calculated analytically in the expo-
nentially discounting model, in the hyperbolically discounting economy this is not
the case. However, we derive a solution numerically by calculating the intersection
point between the two isoclines. With the assumption of a steady state, all vari-
ables remain constant, which allows us to use aggregate consumption explicitly in
the K = 0 isocline (see equation (58)). We obtain an equation in r, of which the
root determines the steady state value. By using a standard bisection method (e.g.

fzero in Matlab) we eventually attain for the given setting

r* =1.54%.
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6 The Closed Economy

6.1.3 Comparison

Whereas in the exponential model r* lies between p and p + p , the only restric-
tion for the non-negative steady state interest rate in the hyperbolically discounting
economy is from above by the hazard rate p.

Figure 6.2 illustrates the impact of the interest rate on individual consumption in
both models. As it can be seen in the Keynes-Ramsey rule, individual consumption
in the original model increases or decreases exponentially dependent on whether
the interest rate exceeds or falls short of the constant time preference rate. Hyper-
bolically discounting households, on the other hand, generally exhibit a different
behaviour, as their consumption rate approaches the interest rate from below over
the course of time. As long as the interest lies below a certain point (r < a/3) young
individuals will always prefer utility in the near future over utility in the distant

future such that their consumption slope exhibits a change of sign.

0 50 100 150 200 ) 50 100 150 200

(a) r=0.01<p (b) » =0.0175
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Figure 6.2: Individual Consumption c(v,t) for exponential discounting (red) and
hyperbolic discounting (blue)

Regarding the benchmark computations for the steady state, the original model
exhibits with 7% = 1.94% a clearly higher interest rate than the hyperbolic model
(ry = 1.54%). Thus, the exponentially discounting economy is balanced at a lower

capital stock. Also, the level of aggregate consumption is lower. This result, how-
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6 The Closed Economy

ever, is strongly dependent on the choice of certain parameters as further analysis
shows.

6.1.4 Sensitivity Analysis

We now investigate the sensitivity of the results to deviations from the benchmark
parameter specifications introduced in Section 5. For this purpose we alter pa-
rameter values ceteris paribus and analyse how this effects the steady state of the
economy in both the hyperbolic and exponential model. Thereby we are particu-
larly interested in the steady state interest rates 77 and r;. Table 6.1 depicts the

key figures for each scenario of parameter alteration.

Scenario rs T
- 0.0194 | 0.0154
pwt 0.0204 | 0.0189
wo 0.0186 | 0.0111
et 0.0203 | 0.0157
€ 0.0187 | 0.0150
ot 0.0201 | 0.0156
0~ 0.0190 | 0.0152
ot 0.0254 | 0.0164
a” 0.0134 | 0.0133
[Cas 0.0246 | 0.0166
B8~ 0.0129 | 0.0134

Table 6.1: Sensitivity Analysis

First, we increase the hazard rate by a third to a value of u* = 0.0222, which is
equivalent to 45 years of expected remaining life at any given time. This leads in
both economies to a relatively clear rise in the key figures. A decrease of u by the
same factor to a value of u= = 0.0111 means an increase in life expectancy to 90
years and has the opposite effect on the steady state interest rates.

In the next scenario we increase the output elasticity of capital by a third to a
value of 0.4 (¢7), which causes both steady state interest rates to increase slightly.
A decrease by the same factor (¢~ = 0.2) has the reverse minimal effect.

A similar variation of the depreciation rate of capital results in the same behaviour.
An increase to §7 = 13.33% leads to a rise of both key figures, whereas a decrease
to 0~ = 6.66% to a decline. Again, the effect is rather minimal.

Next, we investigate how deviations of discounting parameters affect the steady
state outcome. Therefore we first set a to a higher value of 0.03. In order to main-

tain a fair comparison between discounting methods, we recalibrate the exponential
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6 The Closed Economy

discount rate by the same factor according to the equivalent present value condition
(54). This causes a higher value of p = 0.0233. Also the hyperbolic discount rate
is affected and increases significantly, especially concerning the near future, as it
can be seen in Figure 6.3a. This means that in this scenario both economies ex-
hibit higher impatience towards future utility, of which consequences can be clearly
seen at an individual level. A higher o and thereby higher g generate a lower dis-
count factor in both economies and consequently a higher propensity to consume
out of wealth. The optimal consumption rate given by the Keynes-Ramsey rule
in equation (18) and (38) respectively, however, declines to a lower level due to
higher discount rates. Meaning that, young individuals would optimally cut back
on savings in favour of instantaneous consumption which in turn entails a smaller
consumption growth later in life due to the lack of accumulated wealth. As a re-
sult, the capital stock aggregates to a lower level, which involves considerably higher
steady state interest rates as given in Table 6.1. In the exponential model this can
also be properly seen at an aggregate level by investigating the explicit solution for
r} in equation (61) or the phase diagram in Figure 6.1. An increase in p shifts, due
to the increased consumption, the C' = 0 isocline to the left, causing a lower steady
state capital stock K™ and thus a higher equilibrium interest rate r}.

A decrease to o~ = 0.015, which means that we set p = 0.0117, results in the oppo-
site effect. Lower impatience causes young individuals to reduce their consumption
in the short run in order to save up for future utility which in turn leads to more
aggregate capital and therefore lower steady state interest rates. The impact in this
case is as well significant. In fact, reducing « slightly further would eventually lead
to a higher steady state interest rate in the hyperbolic model than in the exponen-

tial model.

0 50 100 150 200 0 50 100 150 200

(a) Variation of « (b) Variation of
Figure 6.3: Time preference rates of exponential (red) and hyperbolic (blue) dis-
counting for different values of o and 3. The solid lines depict the initial benchmark

specifications, dotted lines positive parameter changes (o™ = 0.03; ST = 2) and
dashed lines negative deviations (o~ = 0.015; §~ = 1.5).
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6 The Closed Economy

The argumentation behind alterations of the second discounting parameter [ re-
mains the same as in case of «, as higher values also result in higher time preference
rates and vice versa. The impact, however, is more significant. Already a slight
increase to T = 2 (p = a = 0.0225) yields slightly higher results than in the sce-
nario of a™. A small decrease to 8~ = 1.5 and therefore p = 0.113 even causes the
original model to be actually balanced at a lower interest rate than its hyperbolic
counterpart, which obviously differs from the benchmark outcome.

In general, a change in 8 affects the discount rates differently than a change in «,
which can be seen in Figure 6.3. Due to the form of the equivalent present value
requirement, a change in 8 causes a more significant adjustment of p than the same
percentage change in « would cause. Also the hyperbolic discount rate is affected
in a different way. Whereas a variation of « yields a higher discount rate especially
concerning the near future, deviations of 3 affect the discount rate in a more con-
sistent way.

To conclude, the results are clearly robust to changes in the hazard rate, the out-
put elasticity and the depreciation rate of capital, but react rather sensitive to
similar deviations in parameters concerning the time preference rate. Particularly
decreasing them sufficiently enough easily leads to a different result compared to

the benchmark computations.

6.1.5 A Change in Life Expectancy

As life expectancy generally appears to have a crucial impact on the economy we
now take a closer look on an exogenous change in the hazard rate. A ceteris paribus
decrease in life expectancy and hence an increase in u has generally the same effect
on the steady state in both models, as a sensitivity analysis has shown. It leads to
a higher equilibrium interest rate and a lower level of aggregate capital stock and
consumption. Since the higher u, the lower expected life is, the smaller average
individual savings and thus aggregate capital.

For the case of exponential discounting, this can either be seen in equation (61),
where r} explicitly is an increasing function of y or by investigating the phase di-
agram given by Figure 6.1. An increase in p shifts the C = 0 isocline to the left,
causing a smaller steady state capital stock and therefore a higher interest rate.
As for the hyperbolic model, there is no closed form for either the equilibrium
interest rate nor the aggregate consumption isocline to simplify the analysis. Nev-
ertheless, one can numerically observe the same effect, which can be seen in Table
6.2 and in Figure 6.4.

What should be noted is that for relatively high hazard rates, i.e. higher than

2.26%, which is equivalent to less than around 38 expected remaining years of
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6 The Closed Economy

Life .Expectancy u . cr K . cr K
in Years
30 0.0333 | 0.0230 1.1080 3.5754 | 0.0250 1.1060 3.4924
38 0.0263 | 0.0213 1.1096 3.6463 | 0.0213 1.1096 3.6478
50 0.0200 | 0.0200 1.1107 3.7024 | 0.0175 1.1128 3.8135
60 0.0167 | 0.0194 1.1112 3.7285 | 0.0154 1.1145 3.9173
70 0.0143 | 0.0190 1.1116 3.7456 | 0.0136 1.1157 4.0019
90 0.0111 | 0.0186 1.1120 3.7660 | 0.0111 1.1174 4.1358

Table 6.2: Steady state values for different values of p

life, the hyperbolic r; exceeds the interest rate originating from the original OLG
model, whereas for life expectancies higher than 38 years, the reverse inequality
holds. This originates from the difference in individual consumption behaviour. If
life expectancy is low, hyperbolically discounting households, accumulate less wealth
than in the original setting, due to the high impatience early in their lives. This
leads in the aggregate to a lower steady state capital stock and thus higher interest.
Conversely, hyperbolically discounting individuals exhibit higher consumption rates
later in life which is accompanied by more savings. If life expectancy is high, this
would lead to higher steady state aggregate capital or a lower steady state interest
rate. Figure 6.4 shows the steady state interest as function of the hazard rate and

K* as function of life expectancy for both discounting methods.
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Life Expectancy in years

Figure 6.4: Steady state interest rate r* and capital stock K* Exponential discount-
ing is represented by red and hyperbolic discounting by blue.
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Although both discounting models exhibit the same reaction to a change in life
expectancy, they differ fundamentally as soon as p approaches 0.

The exponential model, as already mentioned, resembles the well known Ramsey
growth model for p = 0. In this case the standard modified golden rule result r* = p
obtains, which means that individuals choose an entirely flat consumption profile
in the steady state (Blanchard, 1985) .

The hyperbolically discounting model, however, is only defined for strictly positive
1. As the horizon converges to infinity, the steady state interest rate converges to
0, since it holds that r* < p. This results in a negative individual consumption
rate, which ultimately causes ¢(v,t) to decrease infinitely, which clearly leads to an

inconsistency.
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7 Conclusion

In this thesis, a time-consistent method of hyperbolic discounting proposed by Stru-
lik (2017) was introduced and adapted to the Blanchard-Yaari-Buiter model of over-
lapping generations in continuous time. Before investigating the steady state and
the impact of the instantaneous probability of death in a closed economy, results
were compared to the original model in a general setting. In order to establish a
fair comparison, an equivalent present value argument introduced by Myerson et al.
(2001) was applied, which ensures that both discounting methods provide the same
present value of an infinite stream of utility.

The implementation leads at first to a clear hyperbolic behaviour in individual
households, which is reflected in the optimal consumption path. The property of
convenient aggregation, which characterizes the original overlapping generations
model, however, gets lost due to the age dependent time preference rate. Therefore
a simple bisection method was applied in order to numerically determine the steady
state in the setting of a closed economy. A benchmark run using conventional pa-
rameter values and Weitzman’s (2001) estimations for the hyperbolic discounting
factor eventually yields a lower steady state aggregate capital stock and consump-
tion level in the original model. A sensitivity analysis ultimately shows that this
result is strongly dependent on certain parameter specifications, especially concern-

ing the time preference rate.
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