TECHNISCHE
UNIVERSITAT
WIEN

Dissertation

Metric regularity and
approximations of generalized equations
with applications to optimal control

ausgefiihrt zum Zwecke der Erlangung des akademischen Grades eines
Doktors der technischen Wissenschaften unter der Leitung von

Univ.Prof. Dr.techn. Vladimir M. Veliov
E105 - Institut fur Stochastik und Wirtschaftsmathematik
eingereicht an der Technischen Universitat Wien
an der Fakultat fir Mathematik und Geoinformation

von

Jakob Preininger, MSc
Matr.Nr.: 0704849

Wien, im Mai 2018







Abstract

The aim of this thesis is to study regularity properties and approximations of generalized equations
and to apply them for optimal control problems. The thesis is cumulative and consists of four
published or submitted for publication papers.

The first one investigates the convergence properties of Newton-type methods for solving
generalized equations. Classical results use the properties of metric regularity or strong metric
regularity of the generalized equation at the solution to show convergence of the Newton method
when the initial point is in a neighborhood of the solution. In contrast theorems of Kantorovich-
type impose regularity conditions on the initial point rather than the solutions and therefore
allow an a priori convergence analysis which is more useful for practical purposes. A known result
of Kantorovich-type for generalized equations requires the single-valued part of the generalized
equations to be differentiable with Lipschitz continuous derivative. A new nonsmooth version of
this result showing linear convergence of the Newton method is proved.

The second paper introduces uniform versions of metric regularity and strong metric regularity
on compact sets and uses them to analyze two path-following schemes for tracking a solution
trajectory of a differential generalized equation, which use ideas of the Euler/Heun method and
the Newton method simultaneously.

The third paper studies the necessary optimality condition for solutions of general optimal
control problems in Bolza form obtained by the Pontryagin maximum principle. This condition
can be rewritten as a generalized equation in suitable Sobolev spaces. Hence results about
Newton-type methods from the first part can be used for solving these problems. Known results
showing regularity mostly assume continuity of the optimal control which is not fulfilled for some
of the most basic Bolza problems, namely those that are linear in control. Usually these problems
have optimal controls of bang-bang type, i.e. they contain a finite number of switching points
where the control is discontinuous. Under weak convexity assumptions metric subregularity as
well as strong bimetric regularity of the generalized equations associated with these problems
are proved and used to show a convergence result about the Newton method applied to such
problems.

The final paper deals with the gradient projection method which, among other things, can
be used to solve the linearized problems which appear when using the Newton method on the
generalized equations obtained in the previous part. A new result about the convergence speed
of the gradient projection method in case of bang-bang controls is proved and some analytical
and numerical examples are given.






Kurzfassung

Ziel dieser Arbeit ist es, Regularititseigenschaften und Approximationen von verallgemeinerten
Gleichungen zu untersuchen und auf optimale Steuerungsprobleme anzuwenden. Die Arbeit ist
kumulativ und besteht aus vier veroffentlichten oder zur Veréffentlichung eingereichten Artikeln.

Der erste untersucht die Konvergenzeigenschaften von Newton- und Newton-dhnlichen Verfah-
ren zur Losung verallgemeinerter Gleichungen. Klassische Ergebnisse verwenden die Eigenschaf-
ten der metrischen Regularitit oder der starken metrischen Regularitét der verallgemeinerten
Gleichung im Loésungspunkt, um die Konvergenz der Newton-Methode zu zeigen, wenn der
Anfangspunkt in einer Umgebung der Losung liegt. Im Gegensatz dazu verwenden Theoreme
vom Kantorovich-Typ Regularitdtsbedingungen im Anfangspunkt und nicht im Lésungspunkt
und erlauben daher eine a priori Konvergenzanalyse, die fiir praktische Zwecke niitzlicher ist. Ein
bekanntes Kantorovich-Theorem fiir verallgemeinerte Gleichungen erfordert, dass der einwertige
Teil der verallgemeinerten Gleichungen differenzierbar mit Lipschitz-stetiger Ableitung ist. Hier
wird eine neue, nicht glatte Version dieses Ergebnisses, mit linearer Konvergenzgeschwindigkeit
bewiesen.

Der zweite Artikel fithrt uniforme Versionen von metrischer Regularitdt und starker metrischer
Regularitat auf kompakten Mengen ein und verwendet diese, um zwei path-following schemes zum
Auffinden einer Losungstrajektorie einer differenziellen verallgemeinerten Gleichung (differential
generalized equation), die gleichzeitig die Ideen des Euler/Heun-Verfahrens und des Newton-
Verfahrens benutzen, zu analysieren.

Der dritte Artikel untersucht die notwendige Optimalitdtsbedingung fiir Lésungen von allgemei-
nen optimalen Steuerungsproblemen in Bolza-Form, die durch das Pontryagin-Maximum-Prinzip
erhalten werden. Diese Bedingung kann als verallgemeinerte Gleichung in geeigneten Sobolev-
Réaumen umgeschrieben werden. Daher kénnen Ergebnisse iiber das Newton-Verfahren aus dem
ersten Teil zur Losung dieser Probleme verwendet werden. Bekannte Ergebnisse, die Regularitat
zeigen, nehmen meist die Stetigkeit der optimalen Steuerung an, die fiir einige der grundlegendsten
Bolza-Probleme nicht erfiillt ist, ndmlich jenen, die in der Steuerung linear sind. Ublicherweise
haben diese Probleme optimale Steuerungen vom Bang-Bang-Typ, d.h. sie enthalten eine endliche
Anzahl von switching points, an denen die Steuerung unstetig ist. Unter schwachen Konvexi-
tdtsannahmen werden die metrische Subregularitit sowie die starke bimetrische Regularitét der
verallgemeinerten Gleichungen dieser Probleme bewiesen und verwendet, um ein Ergebnis zur
Konvergenz der Newton-Methode fiir diese Probleme zu zeigen.

Der letzte Artikel beschéftigt sich mit der Gradientenprojektionsmethode, die unter anderem
dazu verwendet werden kann, die linearisierten Probleme zu lésen, die auftreten, wenn das
Newton-Verfahren auf die im letzten Teil erhaltenen verallgemeinerten Gleichungen angewendet
wird. Ein neues Ergebnis zur Konvergenzgeschwindigkeit der Gradientenprojektionsmethode im
Falle von Bang-Bang-Steuerungen wurde nachgewiesen und einige analytische und numerische
Beispiele angegeben.
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Introduction

Outline

This cumulative thesis consists of four papers: [1] and [4] are published, [3] is conditionally
accepted and [2] is submitted for publication.

 [I] Cibulka R., Dontchev A.L., Preininger J., Roubal T., Veliov V.M.: Kantorovich-type
Theorems for Generalized Equations. Journal Convex Analysis, 25(2), 459-486 (2018)

o [2] Cibulka R., Preininger J., Roubal T.: On uniform regularity and strong regulartiy.
Submitted in Journal of Optimization (2018)

o [3] Preininger J., Scarinci T., Veliov V.M.: Metric regularity properties in bang-bang
type linear quadratic optimal control problems. To appear in Journal of Set-Valued and
Variational Analysis: Theory and Applications (2018)

o [4] Preininger J., Vuong, P.T.: On the Convergence of the Gradient Projection Method of
Optimal Control Problems with Bang-bang Solutions. Computational Optimization and
Applications, 70(1), 221-238 (2018)

The contributions of the author of the thesis to the papers is clarified in the following. In [I]
the author mainly contributed in the formulation and proof of the main theorem (Theorem 2.2),
its Corollary 2.5, the examples in Section 3 and the numerical treatments in Section 5. In [2] the
author was involved in making the formulations and proofs in chapter 2 and 4. In [3] the author
contributed mainly to the chapters 1-4 and some ideas in chapter 5. In [4] the author was again
involved in chapters 1-3, mainly in the ideas and formulations of the main theorems (Theorem
3.2 and Theorem 3.6).

In the following introduction we will give some preliminaries and a summary of the results of
these articles. The subsequent chapters consist of the above-mentioned articles.

Preliminaries

Notation

In the following if not stated otherwise X and Y are Banach spaces, f : X — Y is a Fréchet
differentiable single-valued mapping and F': X =2 Y is a set valued mapping.

The Newton method

One of the most fundamental algorithms to numerically solve nonlinear equations of the form

f(z) =0, (1)

is the Newton method defined as follows. Given an initial point xy € X define a sequence {xy}
via the following iteration

flzr) + Df(xp)(xps1 —2k) =0, k=0,1,.... (2)



When f is "nice enough" (e.g. if f has Lipschitz continuous derivative in a neighborhood of
the solution and the derivative at the solution point is invertible) one can show a quadratic
convergence rate of this method near the solution. Because of its simplicity and this fast
convergence rate the Newton method is one of the most effective methods for solving nonlinear
equations. For an in depth discussion on the classical Newton method see, for instance, [24].

Here we focus on the Newton method for the relatively modern notion of generalized equations
i.e. inclusions of the form

0€ f(z)+ F(x). (3)
Then the Newton method looks like the following

0 € f(zg) + Df(wr)(Tht1 — k) + F(Tt1).- (4)

This general version of the Newton method covers a huge territory of iterative methods in
variational analysis, optimization and control. For instance if F = 0 then the Newton method
reduces to the classical Newton method. If X = R", Y = RPT and F = R” x 0 is the product of
the non-positive orthant in R? with the origin in R? then describes a system of p inequalities
and ¢ equalities. Further if Y = X* is the dual of X and F' = N¢ is the normal cone mapping

0 ife g C

Ne@)=1{" e 6
{le X*: (lLy—z)<0VyeC} ifxeC,

where C' C X™ is a nonempty convex set then represents the variational inequality

Find z € C such that (f(x),y —z) > 0Vy € C. (6)

In particular this includes the Karush-Kuhn-Tucker (KKT) optimality conditions of nonlinear
programming (NLP) problems. Consider the NLP

minimize f(x) subject to g(z) <0, h(z) =0, (7)
where f: R” - R, g : R" — RP and h : R® — RY9. Then the KKT conditions are given as follows
VLg(z,A,p) =0, g(x) <0, h(z) =0, p=0, (ug(x)) =0, (8)

where L : R" x RP x R? — R is the Lagrangian of given by

L(z, A 1) = f(x) + A h(2) + (p, 9(2)). (9)

As the KKT-conditions are a set of equalities and inequalities the Newton-method is applicable.
In this context the Newton method is strongly connected to sequential quadratic programming

(SQP).

Strong metric regularity

Studying the proof of convergence of the classical Newton algorithm and the exact conditions
on f (in particular the invertibility of the derivative D f(Z) at the solution ) it becomes clear
that at its core the Newton algorithm relies on the implicit function theorem, which in turn
uses the contraction mapping principle, i.e. a fixed point theorem. To obtain a result about
convergence of the Newton method for generalized equations one would expect to need analogous



10 Introduction

theorems for generalized equations. This leads to the notion of strong metric regularity first
introduced by Robinson in 1980 (see [29]) which guarantees that these theorems WorkE|

Definition 1. A set-valued mapping F' : X =2 Y is called strongly metrically regular at z € X
for j € Y with constant » if (Z,7) € gphF and its inverse F~! has a Lipschitz continuous
single-valued localization around ¥y for  with Lipschitz constant k.

Of fundamental importance is the stability of the property of strong metric regularity under
single-valued Lipschitz perturbations. This fact is often called the Lyusternik-Graves theorem.
In its easiest form it states the following.

Theorem 2. Consider a set-valued mapping F : X =Y, a point (Z,y) € gph(F') and a Lipschitz
continuous function g : X — Y with Lipschitz constant p. Assume that F is strongly metrically
reqular at T for y with constant k such that ku < 1. Then the mapping g+ F is strongly metrically

reqular at T for y + g(Z) with constant 1_”W.

In fact this is the theorem used to show that the contraction mapping principle and in turn
the Newton theorem works for generalized equations. A full in depth analysis of this fact and of
(strong) metric regularity and its importance for iterative methods in general can be found in
[13]. Here we give the simplest version of Newton’s theorem for generalized equations.

Theorem 3. Let f : X — Y a Fréchet differentiable function with Lipschitz continuous derivative
and F : X =Y a set-valued mapping with closed graph. Assume that T is a solution of and
that f + F is strongly metrically reqular at & for 0. Then there exists a neighborhood O of T such
that for any starting point xg € O the Newton algorithm generates a unique sequence {xy}
that stays in O and converges quadratically to T.

There are a variety of different versions of this theorem spread in the literature (see e.g. [7]
[10], [19], [20]) with slightly different assumptions and corresponding convergence results.

We mention two of those which use the notions similar to strong metric regularity namely
(non-strong) metric regularity and strong metric subregularity.

Definition 4. A set-valued mapping F': X =2 Y is called metrically regular at z € X fory € Y
with constant x if (Z,y) € gphF and there are neighborhoods U and V of Z and y respectively
such that

d(z, F~(y)) < rd(y, F(z)) V(z,y) €U x V. (10)

Theorem 5. Let f : X — Y a Fréchet differentiable function with Lipschitz continuous derivative
and F : X =Y a set-valued mapping with closed graph. Assume that T is a solution of and
that f + F is metrically reqular at & for 0. Then there exists a neighborhood O of T such that for
any starting point xog € O there exists a sequence {xy} fulfilling the Newton algorithm which
stays in O and converges quadratically to .

The main difference to Theorem [3]is that one no longer obtains a unique sequence but in every
iteration multiple choices of the next iterate may be possible and not every choice necessarily
leads to a convergent sequence. Therefore this result is more of theoretic interest and strong
metric regularity is usually desired for practical purposes.

Definition 6. A set-valued mapping F' : X =2 Y is called strongly metrically subregular at
z € X for y € Y with constant « if (z,y) € gphF and there are neighborhoods U and V of
and y respectively such that

|z — Z|| < kd(g, F(z) V) Yz e U (11)

!Note however that there are even weaker notions like hemi- and semistability guaranteeing convergence of the
Newton method for generalized equations (see e.g. [21]).
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Theorem 7. Let f : X — Y a Fréchet differentiable function with Lipschitz continuous derivative
and F: X =Y a set-valued mapping with closed graph. Assume that T is a solution of and
that f + F is strongly metrically subreqular at T for 0. Then there exists a neighborhood O of x
such that if a sequence {xy} is generated by the Newton method and has a tail {xy}g>g, with
xr € O for all k > ko then {xx} is quadratically convergent to x.

This theorem has been shown very recently in [10]. In contrast to Theorem |3, here it is not
guaranteed that a convergent sequence exists at all. Hence if one only has strong subregularity
at the solution one has to prove existence of such a sequence by other means. Then this theorem
gives information about the speed of convergence.

The theorems above are all local results. I.e. they impose conditions on the solution and
therefore only get convergence in a small neighborhood (of undetermined size) around the
solution.

Newton-Kantorovich

Kantorovich [22] was the first to obtain a Newton-type theorem which imposes conditions on
the starting point rather than the solution, which makes the theorem far more useful as the
conditions can be checked before computing a solution. This idea was expanded to generalized
equations (e.g. in [II]) but as Kantorovich’s original theorem all the known results focus on the
smooth case.

Kantorovich [23] himself noted that to achieve linear convergence to the solution it is not
necessary to use the derivative D f(xy) at the current iteration but using Df(zg) in every
iteration is also sufficient. He called this method the modified Newton process, which today is
predominantly known as the chord method. Bartle [8] extended this idea and showed that it is
not necessary to choose a derivative D f(xy) of an iterate xj at all but any "arbitrary selected
point ... sufficiently close to the solution desired" is feasible. In fact it is not important to use a
derivative at all. In a nonsmooth setting (i.e. f is continuous but not necessarily differentiable)
Qi and Sun [27, Theorem 3.3] proved linear convergence in a Kantorovich-type theorem using
suitable linear mappings Ax : X — Y. Note however that the assumption they impose on the
mappings A are quite strong and restrict the functions f for which the theorem can be used
since there are nonsmooth functions f for which the assumptions fail to be satisfied for any linear
map.

Technically speaking all these ideas are special cases of what today are known as quasi Newton
methods where instead of the exact derivative of the current iteration an approximation of that
value is used. More details on Kantorovich’s theorem and quasi-Newton methods can be found
in various textbooks about the Newton method (e.g. [24]).

The Bolza problem

One of the most important classes of problems in optimal control are problems of Bolza type, i.e.
of the form

T
minimize o (z, u) = g(z(T)) + /0 h(t, @(¢), u(t))dt (12)
subject to
z(t) = f(t,z(t),u(t)) for a.e. t €[0,T], x(0)= xo, (13)

and
u(t) € U :=[-1,1]™ for a.e. t € [0,T]. (14)
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Here [0,7] is a fixed time horizon any measurable function u : [0, 7] — R™ is called admissible
control, z : [0, 7] — R™ differentiable a.e. is the state function while the functions f : R x R™ x
R™ - R" g:R*" = Rand h: R xR"” x R"™ — R are given.

To solve these problems one usually uses a set of necessary conditions known as the Pontryagin
maximum principle.

The Pontryagin maximum principle

Similar to the KKT-condition the Pontryagin maximum principle (PMP) gives necessary condi-
tions for a solution (z*,u*) of the problem -. Using the Hamiltonian

H(t,z,p,u) = (p, f(t,z,u)) + h(t,x,u) (15)

the PMP says that for a given solution (z*,u*) of (12)-(14)) there exists an absolutely continuous
function p*, called dual function, such that (z*,p*, u*) solves the adjoint equation

p(t) = —Hy(t,x(t),p(t), u(t)) = — fa(t,a(t),u(t)) "p(t) — ha(t, 2(t), u(t))" for ae. t €[0,T]
p(T) = Vyg(x(T)),
(16)
and for every u € U
(Hy(t,z*(t),p*(t), u"(t)),u — u*(t)) > 0 for a.e. t € [0,T]. (17)

Rewriting these necessary conditions in the form one can now apply Newton’s method
and gets an infinite dimensional analogue to the SQP algorithm. To guarantee convergence
however some regularity conditions on f + F' have to be assumed and in particular an appropriate
metric for the spaces that x, p and w lie in has to be found. E.g. in [12] it is proved that if one
uses appropriate Sobolev spaces and assumes coercivity, a strong form of second-order sufficient
condition, one gets strong metric regularity. Other necessary and/or sufficient condition for
metric regularity in optimal control are very rare. An overview on known results and open
problems can be found in [I5].

Bang-bang type optimal control

In this thesis our focus lies on Bolza problems which are linear in control and usually do not
satisfy the coercivity condition. The solutions of these problems are usually of bang-bang type
i.e. there is a finite number of points where the optimal control switches from one extremal to
another and is constant otherwise. This is due to the fact that the so called switching function

0" (t) = Hu(t, z*(t), p*(t), u*(t))

does not depend on u(t) directly and therefore is usually nonzero at all but a finite number of
points.

The study of regularity properties of optimal control problems with bang-bang solutions has
recently gained some popularity and some progress has been made (e.g. in [5], [6], [17], [28],
[30]).

All of these papers use some version the following two assumptions. First some convex or
convex-like assumption has to be made on the cost functional. Second a growth condition of the
switching function around its zeros has to be assumed. In particular in [3] and [4] we use the
following
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Assumption. There exist real numbers 6, a, 7 > 0 such that for all j € {1,...,m} and s € [0,T]
with o7 (s) = 0 we have

o5 ()| > alt —s® Vte[s—T,5+7]N[0,T]. (18)

This assumption ensures that under certain perturbations (made precise in [3, Proposition
4.3]) the bang-bang property remains stable and so called singular arcs do not occur.

Gradient projection for bang-bang type optimal control

Another way to use iterative methods in optimal control is to not apply the method on the
necessary conditions, but rather directly on the optimal control problem. To do so we view the
optimal control problem as an infinite dimensional optimization problem in the control i.e. a
problem of the form

minimize J(u) (19)

subject to
u€EU, (20)

where J(u) = ¢ (z(u), u) is the cost function as a function of u, x(u) is the unique trajectory given
by the dynamics of the control and U = {u € L'([0,T],R™) : u(t) € [-1,1]™ for a.e. t € [0,T]}.

For problems of this type one can use the gradient projection method which works as follows.
For a given starting point ug € U generate a sequence {uy} by iteratively computing

g1 = Py(ur — \pgDJ (ug)), (21)

where Py : LY([0,T],R™) — U is the operator projecting onto U and \; are predetermined
positive parameters. For strongly convex objective functions J it is known that the iterative
sequence {uy} converges linearly to the unique solution. More details about the classical gradient
descent and gradient projection method can be found e.g. in [25].

In the bang-bang case however the cost functional J is usually not strongly convex. In [4] we
address this problem.

Differential generalized equations

Another way to look at the necessary conditions in optimal control is to seperate the differential
equations from the (set-vauled) algebraic conditions. This motivates the notion of differential
generalized equations (DGE), i.e. a differential equation coupled with a generalized equation.

i(t) = g(x(t),u(?))
0 € fla(t),2(0),z(T),u(t)) + F(u(t))

This notion has been introduced very recently in [9], wherein regularity properties of this notion
are studied. It allows for a general comparison of pointwise versions of metric regularity of the set-
valued algebraic part where the spaces involved are finite dimensional and its infinite-dimensional
counterparts.

Summary of the results

In [I] we review the Kantorovich-type theorems discussed above and extend them for generalized
equations. We obtain a result [1, Theorem 2.2] extending the theorem of Qi and Sun[27, Theorem



14 Introduction

3.3] to generalized equations with nonsmooth single valued part f and linear mappings Aj
replacing the derivatives D f(xy). We then use this general result to prove various other known
Kantorovich-type theorems dealing with smoother cases including one which is very similar to
Kantorovich’s original statement but applied to generalized equationsﬂ Additionally we include
some elementary examples illustrating the difference between the Newton and the chord method
regarding radius of convergence and convergence speed. Finally we apply the Newton and the
chord method for some examples of generalized equations, namely for nonsmooth inequalities and
for a model of economic equilibrium introduced in [I4] given by a specific variational inequality.

Further we want to apply the Newton method for optimal control problems. More precisely we
apply the Newton method onto the necessary optimality conditions where the Newton method
becomes an infinite dimensional analogue to the SQP algorithm in nonlinear programming.

Specifically in [3] we restrict ourselves to optimal control problems that are linear in control
i.e. we look at the following problem:

minimize  g(z(T)) + Ji [w(z(t),t) + (s(x(t), 1), u(t))] dt
a t

(
subject to  @(t) = a(x(t),t) + B(x(t), t)u(t),
. ( o (22)

Then a Newton method as described above reduces solving these problems to solving a series
of optimal control problems which are linear in control and quadratic in the state variable, i.e.
problems of the form

minimize  g(z(T)) + Ji (32())TW()z(t) +2(8)TS(E)u(t))

subject to  z(t) = A(t)z(t) + B(t)u(t) + d(t), t€[0,T], (23)
u(t) e U :=[-1,1]™,
z(0) = xo,

which in the following we call LQ-bang-bang-type problems. It is therefore natural to focus first
on the regularity properties of these problems. Writing the associated generalized equation

0 € F(z), (24)

where z = (x,p,u) and F' : X = ) is the mapping associated with the PMP-system (see [3, page
2-3] for details) in appropriate spaces X and )Y (see [3, page 5-6]) and assuming smoothness, a
convexity-type assumption, and the growth condition ((A1)-(A3) in [3]) one can show that
a unique solution of bang-bang-type exists. Unfortunately at this solution strong regularity is
usually not satisfied. But we could show ([3, Theorem 3.3]) a stronger version of strong metric
subregularity of F' at the solution Z € X', namely that for every b > 0 there exists ¢ > 0 such that
for any y € Y with [|y|| < b there exists z € X’ such that y € F(z) and for any such z we have

A 1
Iz = 2| < cllyll7, (25)

where 6 > 1 is the constant given in . Some slightly different version with stronger assumptions
of this result was shown in [6].

Next we present a theorem ([3, Theorem 5.1]) which implies quadratic convergence of Newton’s
method assuming for the linearized problem at the solution and existence of any Newton
sequence. This theorem is quite similar to Theorem [7, where the main difference lies in the fact
that we only need to assume that the starting point is close enough to the solution rather than a

2Note that there exists a version of this Kantorovich-type theorem in [11] but with slightly different assumptions.
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whole tail of the sequence. In our situation a compactness argument shows that such a Newton
sequence indeed exists. In summary we showed (see [3, Theorem 5.4]) that for the set-valued
mapping F' corresponding to the problem the Newton method converges quadratically if
there is a (then unique) solution 2 such that the linearization LP(2) at 2 fulfills the assumptions
for [3, Theorem 3.3].

Additionally in the paper [3] we extend the notion of strong bi-metric regularity introduced
in [28] for Mayer problems to include LQ-bang-bang-type problems. This notion allows a more
precise treatment of perturbation analysis for bang-bang-type problems by using two seperate
metrics for measuring the perturbation of the point (z,y) and the Lipschitz continuity.

Definition 8. The map ® : X = Y is strongly bi-metrically regular (relative to Y C Y) at
z € X for y € Y with constants ¢ > 0, a > 0 and b > 0 if (z,y) € gph(®) and the following
properties are fulfilled:

1. the mapping By (y;b) > y — ®~1(y) N Bx(Z;a) is single-valued, and

2. for all y,y’" € By(y;b),
dx(®~(y) N Bx (;a), @~ (y) N Bx (¥;0)) < <dy (y,). (26)

Note that this notion generalizes strong metric regularity insofar as if we choose Y =Y and
dy = dy then bi-metric regularity reduces to strong metric regularity. This notion is needed
since in the L* norm for two nonidentical bang-bang controls there is a positive lower bound for
the distance between those two. l.e. a sequence of bang-bang controls which is not eventually
constant is never convergent in L. In contrast this is certainly possible for example in L.
On the other hand the growth condition is only stable in W1 which we also proved ([3]
Proposition 4.3]). As we show in [3| Theorem 4.5] if the condition is fulfilled with § = 1 then
under slightly stronger conditions ((A1’)-(A2’) in [3]) the mapping F' is strongly bi-metrically
regular with constant ¢ = 1 for appropriately chosen spaces.

To solve optimal control problems directly without using the necessary optimality conditions
in practice one often uses the gradient projection method (GPM). In [4] we investigate the GPM
for optimal control problems linear in control. As the cost function J(u) in this case is
usually not strongly convex the classical theory about the GPM fails. However, using assumptions
((A1)-(Ab) in [4]) similar to those in [3] including convexity of J and a growth condition for .J
around the solution w*, which is fulfilled if is satisfied, we show sublinear convergence in [4]
Thoerem 3.2]. More precisely we showed that for any chosen sequence {\;} with

1
0<)\min§)\kgf VkEN, (27)
we have the following sublinear estimate for uy
up —u*|2 <nk~ Yk €N, (28)

where 7 is a constant. Additionally we show that the sequence J(uy) is monotone decreasing.
Further we give a very simple example ([4, Example 3.4]) which shows that the estimation
is sharp and illustrate by two practical examples ([4, Example 4.1-2]) taken from other papers
about bang-bang controls that the results are plausible.

In a very recent development [9] the authors introduced the notion of differential generalized
equations. This notion covers a large territory of problems in control and optimization, such as
control systems with constraints, necessary optimality conditions as well as differential variational
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inequalities. Further [9] studies (strong) metric regularity and especially the interplay between
the pointwise versions of these properties and their infinite-dimensional counterparts. In [2] we
extend these ideas. In particular we formalize the concept of uniform (strong) regularity, which is
used in [9] in a rather informal way. We prove that (strong) metric regularity at each point of a
compact set implies uniform (strong) metric regularity i.e. that it is possible to choose a common
regularity constant x and neighborhood sizes for all these points. Further we extend the error
estimates for the predictor-corrector path-following scheme treated in [9] to a path following
scheme using a Heun-scheme-type predictor step. Additionally for constant set-valued parts we
prove ([2, Theorem 4.3]) that that pointwise regularity at a solution of a DGE is equivalent to
regularity in the infinite dimensional setting. In particular we use this along continuous paths
which allows us to show error estimates for predictor-corrector path-following schemes.

Further research

As with every research, further open questions remain. Firstly, we did not deal with singular arc
solutions in [3]. Some progress in this field has been made recently by Felgenhauer ([16],[18]). In
addition we only considered optimal control problems in finite horizon. Regularity properties in
infinite horizon optimal control are a widely open field where almost no research has been done
so far. Further the study of regularity properties for DGEs is everything but finished.
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1. Introduction

While there is some disagreement among historians who actually invented the
Newton method, see [34] for an excellent reading about early history of the
method, it is well documented in the literature that L. V. Kantorovich [22] was
the first to obtain convergence of the method on assumptions involving the
point where iterations begin. Specifically, Kantorovich considered the Newton
method for solving the equation f(z) = 0 and proved convergence by imposing
conditions on the derivative D f(x) of the function f and the residual || f(zo)]|
at the starting point zy. These conditions can be actually checked, in con-
trast to the conventional approach utilizing the assumption that the derivative
Df(z) at a (unknown) root & of the equation is invertible and then claim that
if the iteration starts close enough to z then it generates a convergent to T
sequence. For this reason Kantorovich’s theorem is usually called a global con-
vergence theorem! whereas conventional convergence theorems are regarded as
local theorems.

The following version of Kantorovich’s theorem is close to that in [27]; for a
proof see [27] or [23].

Theorem 1.1 (Kantorovich). Let X and Y be Banach spaces. Consider a
function f: X =Y, a point xg € X and a real a > 0, and suppose that f is
continuously Fréchet differentiable in an open neighborhood of the ball B, (x¢)
and its Fréchet derivative D f is Lipschitz continuous in B, (xo) with a constant
L > 0. Assume that there exist positive reals k and n such that

IDf(xo) I < and [|Df(x0)”" f(wo)| < n-

If == kLna < % and a > ag := 1_VH1L_2C“, then there exists a unique sequence
{zy} satisfying the iteration
flzp) + Df(xp) (g —ax) =0, k=0,1,..., (1)

with a starting point xo; this sequence converges to a unique zero T of f in
By, (o) and the convergence rate is r-quadratic; specifically

3

|z =2 < —(20)", k=0,1,....
«

In his proof of convergence Kantorovich used a novel technique of majorization
of the sequence of iterate increments by the increments of a sequence of scalars.
Notice that the derivative D f is injective not only at xy but also at the solution
7; indeed, for any y € X with ||y|| = 1 we have

v1—2«x

K

IDf(@)yll = (1D (o)yll = [[(Df(Z) = Df(wo))yll = % — Lag = > 0.

!Some authors prefer to call such a result a semilocal convergence theorem.
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In a related development, Kantorovich showed in [23, Chapter 18] that, under
the same assumptions as in Theorem 1.1, to achieve linear convergence to a
solution there is no need to calculate during iterations the derivative D f(zy)
at the current point xp— it is enough to use at each iteration the value of the
derivative D f(x¢) at the starting point, i.e., the iteration (1) becomes

flzg) + Df(xo)(xpyr — ) =0, k=0,1,.... (2)

He called this method the modified Newton process. This method is also known
as the chord method, see [24, Chapter 5].

The work of Kantorovich has been extended in a number of ways by, in par-
ticular, utilizing various extensions of the majorization technique, such as the
method of nondiscrete induction, see e.g. [29]. We will not go into discussing
these works here but rather focus on a version of Kantorovich’s theorem due to
R. G. Bartle [6], which has been largely forgotten if not ignored in the litera-
ture. A version of Bartle’s theorem, without referring to [6], was given recently
in [9, Theorem 5].

Specifically, Bartle [6] considered the equation f(z) = 0, for a function f acting
between Banach spaces X and Y, which is solved by the iteration

flzg) + Df(zi) (g1 — k) =0, k=0,1,..., (3)

where z;, are, to quote [6], “arbitrarily selected points ... sufficiently close to
the solution desired.” For 2z, = x; one obtains the usual Newton method, and
for zpx = xo the modified Newton/chord method, but z; may be chosen in
other ways. For example as xg for the first s iterations and then the derivative
could be calculated again every s iterations, obtaining in this way a hybrid
version of the method. If computing the derivatives, in particular in the case
they are obtained numerically, involves time consuming procedures, it is quite
plausible to expect that for large scale problems the chord method or a hybrid
version of it would possibly be faster than the usual method. We present here
the following somewhat modified statement of Bartle’s theorem which fits our
purposes:

Theorem 1.2 (Bartle [6]). Assume that the function f: X — Y is contin-
uously Fréchet differentiable in an open set O. Let vy € O and let there exist
positive reals a and k such that for any three points x1, o, x3 € By(xy) C O
we have

IDf(z) " <k and  [[f(21) = f(22) = Df (w3)(21 — )| < %Hxl — o],
(4)

(o)l < 5= (5)

Then for every sequence {z} with z, € By(xo) there exists a unique sequence
{zx} satisfying the iteration (3) with initial point xy; this sequence converges

and also
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to a root T of f which is unique in B,(x¢) and the convergence rate is r-linear;
specifically
lzr — z|| <27%a, k=0,1,....

In a path-breaking paper Qi and Sun [30] extended the Newton method to
a nonsmooth equation by employing Clarke’s generalized Jacobian Of of a
function f : R™ — R" instead of the derivative D f and proved convergence for
a class of nonsmooth functions. Specifically, consider the following iteration:
given x;, choose any matrix Ay from 0f () and then find the next iterate by
solving the linear equation

flxg) + Ap(apsr —2x) =0, k=0,1,.... (6)

The following convergence theorem was proved in [30, Theorem 3.2]:

Theorem 1.3. Suppose that f: R" — R" is Lipschilz continuous around a
root T at which all matrices in Of(x) are nonsingular. Also assume that for
every € > 0 there exists 0 > 0 such that for every x € Bs(Z) and for every

A € 0f(x) one has

1f(2) = f(z) = A(z = 2)|| < efle — =] (7)

Then there exists a neighborhood U of & such that for every starting point xo € U
there exists a sequence satisfying the iteration (6) and every such sequence is
superlinearly convergent to .

A function f which is Lipschitz continuous around a point z and satisfies (7)
is said to be semismooth® at Z. Accordingly, the method (6) is a semismooth
Newton method for solving equations. For more advanced versions of Theo-
rem 1.3, see e.g. [15, Theorem 7.5.3], [21, Theorem 2.42] and [14, Theorem
6F.1].

In the same paper Qi and Sun proved what they called a “global” theorem [30,
Theorem 3.3], which is more in the spirit of Kantorovich’s theorem; we will
state and prove an improved version of this theorem in the next section.

In this paper we derive Kantorovich-type theorems for a generalized equation:
find a point x € X such that

f(x)+ F(z) >0, (8)

where throughout f: X — Y is a continuous function and F: X = Y is a
set-valued mapping with closed graph. Many problems can be formulated as
(8), for example, equations, variational inequalities, constraint systems, as well
as optimality conditions in mathematical programming and optimal control.

2Sometimes one adds to (7) the condition that f is directionally differentiable in every di-
rection.
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Newton-type methods for solving nonsmooth equations and variational inequal-
ities have been studied since the 70s. In the last two decades a number of
new developments have appeared some of which have been collected in several
books [15, 18, 19, 25, 33]. A broad presentation of convergence results for
both smooth and nonsmooth problem with particular emphasis on applying
Newton-type method to optimization can be found in the recent book [21]. A
Kantorovich-type theorem for generalized equations under metric regularity is
proven in [13, Theorem 2] using the majorization technique, see also the re-
cent papers [2] and [32]. Related results for particular nonsmooth generalized
equations are given in [16] and [28]. In [8] applications of the modified New-
ton method for solving optimization problems appearing in nonlinear model
predictive control are reported.

We adopt the notations used in the book [14]. The set of all natural numbers
is denoted by IV and INg = IN U {0}; the n-dimensional Euclidean space is
R™. Throughout X and Y are Banach spaces both norms of which are denoted
by || - [ The closed ball centered at = with radius r is denoted as B,(x);
the unit ball is IB. The distance from a point x to a set A is dist(z, A) =
infea ||z — y||. A generally set-valued mapping F': X =3 Y is associated with
its graph gph F' = { (x,y) € X XY | y € F(.CE)} and its domain dom F' = {x €
X|F(z) # 0}. The inverse of Fis y — F~'(y) = {x € X|y € F(z)}. By
L(X,Y) we denote a space of linear bounded operators acting from X into YV
equipped with the standard operator norm.

Recall that a set-valued mapping @: X =2 Y is said to be metrically regular at
xq for yo if yo € @(xg) and there exist neighborhoods U of 2y and V' of y, and
a positive constant x such that the set gph® N (U x V) is closed and

dist (z,97 " (y)) < wdist (y,d(x)) forall (z,y) €U x V. 9)

The infimum over all kK > 0 in (9) is the regularity modulus of @ at zy for yq
denoted by reg(®; xg|yo). If in addition the mapping o: V 3y +— & (y)NU
is not multivalued on V', then @ is said to be strongly metrically regular and
then ¢ is a Lipschitz continuous function on V. More about metric regularity
and the related theory can be found in [14].

2. Main theorem

In preparation to our main result presented in Theorem 2.2 we give a strength-
ened version of [30, Theorem 3.3] for the iteration (6) applied to an equation
in Banach spaces.

Theorem 2.1. Let f: X — Y be a continuous function and let the numbers
a>0,xk>0,0>0 be such that

k6 <1 and | f(zo)] < (1— né)%. (10)
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Consider the iteration (6) with a starting point xy and a sequence {Ay} of linear
and bounded mappings such that for every k € INg we have

1A < 5 and "
|f(z) — f(2") — Ap(x — 2)|| < bl|lx — || for every x, 2" € By(xy).

Then there exists a unique sequence satisfying the iteration (6) with initial point
xg. This sequence remains in int B,(xo) and converges to a root T € int B, ()
of f which is unique in IB,(xo); moreover, the convergence rate is r-linear:

|z — Z| < (k6)"a.
Proof. Let a:= kd. We will show, by induction, that there is a sequence {z}}
with elements in int B, () satisfying (6) with the starting point zo such that
laj1 — 25l < @lnllflao)]l < acd(1—a), j=0,1,....  (12)

Let k := 0. Since Aq is invertible, there is a unique z; € X such that we get
Ao(z1 — x9) = — f(x0). Therefore,

lzr — 2ol = 145" Ao(z1 — @o)ll = [[A5" f (o)l < &1f (z0)]| < a(1 — ).

Hence z; € int B, (). Suppose that, for some k € IV, we have already found
points xg, 1, ...,z € By(zo) satisfying (12) for each j = 0,1,...,k— 1. Since

Ay, is invertible, there is a unique ;1 € X such that Ag(zgr1 —xx) = —f(zx).
Then (12) with j := k — 1 implies
ek —zell = (A Ar(zey — 2) || = A F ()] < sl f ()|

= sllf () = fwr-1) = Ap-a(ze — ze-1)|
< Kollwp — 2] < K[l f(20)]| < acd®(1 — a).

From (12), we have

k k [e9)
ks = 2ol <D llwjen — 23]l <D okl f(wo)| <a) o/(1—a)=a, (13)
=0 =0 =0

that is, zj,1 € int B, (o). The induction step is complete.

For any natural £ and p we have

k+p k+p ‘
|Zhprr — 2kl D lzjer — 2]l <Y ok f (o)
j=k Jj=k
i k
< < . 14
il f @)l < aa (14)

Hence {z;} is a Cauchy sequence; let it converge to T € X. Passing to the
limit with p — oo in (14) we obtain

k
k|| f(20)|| < ac® for each k € INy.

_ (0%
Iz - il < -
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In particular, z € int B,(x(). Using (6) and (11), we get
0 < [lf@)] = lim [|f(z)l| = lim |[f(2r) = fzp-1) = Ao (2 = 23-10) |
—00 k—o0

S lim (5H$k - xk—lH =0.
k—o00

Hence, f(z) = 0. Suppose that there is § € IB,(x¢) with g # z and f(y) = 0.
Then

Iy =zl < #llA( —2) = sl f(7) - [(Z) = Aoy = 7)]
< rollg —zf| < [ly -z,
which is a contradiction. Hence Z is a unique root of f in IB,(zy). O

Our main result which follows is an extension of Theorem 2.1 for generalized
equations (8). We adopt the following model of an iterative procedure for
solving (8). Given k € IN, based on the current and prior iterates z,, (n < k)
one generates a “feasible” element A, € L£(X,Y) and then the next iterate
Zry1 is chosen according to the following Newton-type iteration:

f(ar) + Ap(Tps1 — ox) + F(2p41) 2 0. (15)

In order to formalize the choice of A, we consider a sequence of mappings
Ap X¥ — L(X,Y), where X¥ = X x ... x X is the product of k copies of X.
Thus, Ay does not need to be chosen in advance and may depend on the already
obtained iterates. In particular, one may take Ay = Ag(zo), that is, use the
same operator for all iterations, as in the standard chord method. Another
possibility is to use Ay = Df(zg) in the case of a differentiable f or A; €
Of(z1), the Clarke generalized Jacobian if applicable. Intermediate choices are
also possible, for example to use the same operator A in m successive steps
and then to update it at the current point: Ag(zo,...,Tr) = Ame/m)(Tme/m])
where [s] is the integer part of s.

Theorem 2.2. Let the scalars a > 0, b > 0, kK > 0, § > 0 and the points
zg € X, yo € f(xo) + F(x0) be such that

(A1) k6 <1 and |lyo|| < (1 — Kd) min{%,b}.

Moreover, assume there exists a function w: [0,a] — [0,d] such that for every
k € INy and every xy,...,x € B,(xy) the linear and bounded operator Ay :=
Ag(xo, ..., xk) appearing in the iteration (15) has the following properties:

(A2) the mapping
x> Ga,(x) = f(zo) + Ar(x — 20) + F(2) (16)

is metrically reqular at xo foryo with constant k and neighborhoods IB,(xq)
and By(yo);
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(A3) [f ()= f(x) = Ap(w—ap) || < w((fe—ail]) [z =2l for everyx € Ba(wo).

Then for every o € (K0, 1) there exists a sequence {xy} generated by the iteration
(15) with starting point xo which remains in int IB,(x¢) and converges to a
solution T € int B,(xo) of (8); moreover, the convergence rate is r-linear;
specifically

|2k —Z|| < a®a and dist(0, f(zy)+ F(xy)) < oF|yol| for every k € INg. (17)

Iflimg_,ow(§) = 0, then the sequence {xy} is convergent r-superlinearly, that is,
there ezist sequences of positive numbers {ex} and {ng} such that ||xy — | < e
and 11 < ey for all sufficiently large k € IN and ni — 0.

If there exists a constant L > 0 such that w(§) < min{d, L} for each € € [0, al,
then the convergence of {xy} is r-quadratic: specifically, there exists a sequence
of positive numbers {ey} such that for any C' > % we have ey < Ceq for all
sufficiently large k € IN.

If the mapping G 4, defined in (16) is not only metrically reqular but also strongly
metrically reqular with the same constant and neighborhoods, then there is no
other sequence {xy} satisfying the iteration (15) starting from xo which stays
in B, (o).

Proof. Choose an « € (k6,1) and then &’ such that

>k >k and |yl < (1—a)min{%,b}. (18)

SO e

Such a choice of k' is possible for a > k¢ sufficiently close to k§. We shall prove
the claim for an arbitrary value of « for which (18) holds with an appropriately
chosen x' > k. This is not a restriction, since then (17) will hold for any larger
value of a.

We will show that there exists a sequence {x;} with the following properties,
for each k € IN:

() oy —woll < 2w lgoll < (1 — ab)a;

11—«

(b))  Mzw = zeall < " o maaw Jwoll < @1 = @)a,
where vo == 1,79 = w(||z;i —xi_q|])/d fori=1,... k-1,

(¢) 0€ fop_1)+Ap_1(zrp—2_1)+F(x), where A1 := Ap_1(x0, ..., Tk_1).

We use induction, starting with & = 1. Since 0 € By(yo) and yo € Ga,(x0),
using (A2) for G4, we have that

dist (xo,Ggi(O)) < g dist (O,GAO(xO)) < &|lyol-
If yo = 0, then we take x1 = (. If not, we have that

dist (2o, G (0)) < &'[|yol|
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and then there exists a point 2y € G (0) such that

lz1 = 2ol < #'llyoll < (1 = aa.

Clearly, (a)—(c) are satisfied for k£ := 1 and =, is well-defined.

Assume that for some k € IN the point x; has already been defined in such a
way that conditions (a)—(c) hold. We shall define x4, so that (a)—(c) remain
satisfied for k replaced with k + 1.

First, observe that (a) implies zy € B,(xo). Denote ry :

fwo) = f(x) —

Ag(zo — xx). In view of (a), the fact that w(||zg — zx]|) < 0 and (A3) with

T = xg, we have

Ik = ol < Mol + 11f (o) — fax) = Ak(zo — 2]

k

l—«
< lyoll + 0llzo — @il < llyoll + = K0 yol|
1—ak 1 — aft!
< = < b.
< ol + 2=l = L e

If r, € Ga,(xy) then we take x4 = . If not, by (A2),
dist (xk, GZi(Tk)) < g dist (rk, GAk(ack)) < K dist (Tk, GAk(xk)).

Then there exists a point zj41 € G4 (rg) such that

Tk — x| < &' dist (rg, Ga, (zr)) .

Due to (c), we get Ga,(zr) = f(zo) + Ax(zr — xo) + F(wr) > f(wo) +
Ap(rr — w0) — fzr1) — Ap—a(Tr — T1).
Using (A3) with = z and then (b) and (18) we have

|zrr — x| <

IN A

K|y — [f (o) = f(2r-1) + Ax( — 20) — Ap—1 (21, — 25-1)]]
KN f(ox) = f(or-1) — Ap-a (2 — 2p20) |

Kw(l|zg — zpaDlloe — zpall = &0vllzr — zpa] (19)
oy ok |lyo| < (1 = a)a. (20)

Hence, condition (b) is satisfied for k + 1 and vy is well-defined. By the
choice of xp,1 we have

e € Ga(Try1) = f(w0) + Ap(Try1 — 20) + F(Thi1),

hence, after rearranging, condition (c) holds for k£ + 1. To finish the induction
step, use (a) to obtain

H$k+1—'$0H

k
(6%
#Mﬂ
0

< llwwsr = 2ll + llox = woll < o*[lyoll + 5—
1— ak—i—l

= - / .
I —a K[ yoll
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Now we shall prove that the sequence {x} identified in the preceding lines is
convergent. By (b) (with ~; replaced with 1), applied for k£ := m, n € N with

m < n, we have
1 _ an—m
[#n — || < @mﬁHIHyOHa

hence {x}} is a Cauchy sequence. Let = limy_,o 2. Then by (a),

/‘i,

17 = ol < 1%l < a,

11—«

that is, € int B,(xy). Using (b), for any k € IV, and the second inequality
in (18), we have

k—14+m
o — 2 = lim [z —2pnl < lm S o — i
m—oo m—00 Y
k—14+m k—14m

. i / k : i—k ./
< lim Ek a7y lyoll < @y Tim Ek o "k [yoll
1= 1=

<afy . oka = g (21)

< ofy

By the definition of ¢ we get

Ek+1 = AVYp41Ek-

Since y,+1 < 1 we obtain linear convergence in (17). If lim¢,ow(&) = 0, then
Y& — 0 and we have r-superlinear convergence.

Finally, if there exists a constant L such that w(§) < min{d, L&} for each
¢ €10, al, then for each k € IV condition (b) implies that £ := ||zg1 — 2| < @;
hence

e S min{l, Llzggy — 2] /0 < flop — 2l L/0 < (a4 ex) /0.

Fix any C' > aL /6. Since the sequence {g} is strictly decreasing and converges
to zero, we obtain

ol

J

This implies r-quadratic convergence.

Epr1 < (eg + epr1)er < Csﬁ for all sufficiently large k& € IN.

To show that = solves (8), let vy := f(zr) — f(ap_1) — Ap—1(zx — xp—1) for
k € IN. From (c) we have y; € f(x) + F(x). Using (A3) with = x4 and
then using (b) we obtain that
lyell = 11f(zr) = f(@p-1) — Ap—1 (e — 21|
< |k =zl < 6 lyoll < o flyoll- (22)
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Thus (zx,yx) — (Z,0) as k — oo. Since f is continuous and F' has closed
graph, we obtain 0 € f(z) + F(z). The second inequality in (17) follows from
(22).

In the case of strong metric regularity of G 4 the way z;,; is constructed from
x), implies automatically that xyyq is unique in B, (zo). O

Remark 2.3. Suppose that there exist § € (0,1] and L > 0 such that w(¢) <
min{L&P, 6} for each € € [0,a]. Then {z;} converges to z with r-rate 1 + /3:
there exists a sequence of positive numbers {g;} converging to zero and C' > 0
such that e, < C&t,lfﬁ for all k € IN. Indeed, for each k € IN, (b) implies
that & := ||xg+1 — zx|| < @, hence

L

L L
Vet1 < g||$k+1 —a]|? < E(Ek-i-l +e)’ = 3(1 + aypr)’e

T

< Z(1+a)’ef.

|

Hence, taking C':= aL(1 + «)?/§ we get
Epi1 = QVpr16k < Ca,lfﬁ for all k£ € IN.

Remark 2.4. Theorem 2.1 follows from the strong regularity part of Theo-
rem 2.2. Indeed, for the case of the equation condition (A1) is the same as
(10). The first inequality in (11) means that the mapping G4, with F' = 0
is strongly metrically regular uniformly in %, and the second inequality is the
same as (A3).

The following corollary is a somewhat simplified version of Theorem 2.2 which
may be more transparent for particular cases.

Corollary 2.5. Leta, b, k, § be positive reals and a point (zo,yo) € gph(f+F)
be such that condition (Al) in Theorem 2.2 holds. Let {Ay} be a sequence of
bounded linear operators from X to'Y such that for every k € INy the mapping
Ga, defined in (16) is metrically reqular at xo for yy with constant k and
neighborhoods IB,(x¢) and By(yo), and

1f(z) = f(z") = Ax(z = &) < bllz — 2’| for any z,2" € Ba(wo).

Then for every a € (ko,1) there exists a sequence {xy} satisfying (15) with
starting point xo which is convergent to a solution T € int B,(x¢) of (8) with
r-linear rate as in (17).

3. Some special cases

Consider first the generalized equation (8) where the function f is continuously
differentiable around the starting point xy. Then we can take Ay = D f(z}) in
the iteration (15) obtaining

f(xx) + Df(zx) (g1 — xx) + F(zps1) 2 0. (23)
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In the following theorem we obtain g-superlinear and g-quadratic convergence
of the iteration (23) by concatenating the main Theorem 2.2 with conventional
convergence results from [14], Theorems 6C.1 and 6D.2.

Theorem 3.1. Consider the generalized equation (8), a point (xg, yo) € gph(f+
F) and positive reals k, §, a and b such that condition (A1) in Theorem 2.2 is
satisfied. Suppose that the function f is continuously differentiable in an open
set containing IB,(xq), for every z € B,(xq) the mapping

= G.(x) = f(xo) + Df(2)(x — x0) + F(2)

is metrically reqular at xq for yoy with constant k and neighborhoods IB,(xy) and
By(yo), and also

1f(z) = f(&") = Df(@)(z — 2| < bllw — 2’| for all z,2" € Ba(xo).

Then there exists a sequence {xy} which satisfies the iteration (23) with starting
point xog and converges q-superlinearly to a solution T of (8) in int B,(xo). If
the derivative mapping D f is Lipschitz continuous in IB, (), then the sequence
{zk} converges g-quadratically to .

Proof. Clearly, for any sequence {z;} in B,(x¢) and for each k € Ny the
mapping Ay := D f(xy) satisfies (A2) and (A3) of Theorem 2.2 with w(§) := 4,
¢ > 0. From condition (A1) there exists o € (kd, 1) such that

[%ol] < (1 —a)b. (24)

Hence we can apply Theorem 2.2, which yields the existence of a sequence {xy}
satisfying (23) and converging to a solution Z € int B, (z) of (8); furthermore

B «Q
|7 — 2| < m“%“-

Hence, for vy := f(Z) — f(z0) — Df(Z)(T — x0) we have

190 + voll = llyo + f(7) = f(20) = DF(Z)(Z — o) || < [|yoll + 6[|7 — o

ol
<b
1—« ’

< lyoll + ——Ilol| =
= %o 1 _ o Yol =

where we use (24). Clearly, the mapping
r— G(z) = f(Z)+ Df(z)(x — )+ F(z) = v + Gz(2)

is metrically regular at o for yo+wvo with constant £ and neighborhoods B, ()
and By(yo + vo). Let r,s > 0 be so small that

B, (z) C By(xzy) and Bs(0) C By(yo + vo).
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Then since 0 € G'(Z), the mapping G’ is metrically regular at z for 0 with
constant s and neighborhoods IB,.(Z) and B,(0). Hence we can apply Theorems
6C.1, resp. 6D.2, in [14], according to which there exists a neighborhood O of
T such that for any starting point in O there exists a sequence {z},} which is g-
superlinearly, resp. g-quadratically, convergent to z. But for some k sufficiently
large the iterate xj, of the initial sequence will be in O and hence it can be taken
as a starting point of a sequence {z}} which converges g-superlinearly, resp.
g-quadratically, to . O

In the theorem coming next we utilize an auxiliary result which follows from
Proof I, with some obvious adjustments, of the extended Lyusternik-Graves
theorem given in [14, Theorem 5E.1].

Lemma 3.2. Consider a mapping F: X =Y, a point (xo,y0) € gph F' and a
function g: X — Y. Suppose that there are ' > 0, V' >0, K >0, and up > 0
such that F' is metrically reqular at xqy for yo with constant k' and neighborhoods
Bu/(xo) and By (yo), the function g is Lipschitz continuous on 1B (xg) with
constant p, and 'p < 1. Then for any positive constants a and b such that

1
1—FKp

1
b+u<1—n’,u [(l+m'u)a+m/b]+a) <,

(14 K'p)a+ Kb +a<d,
(25)

the mapping g + F is metrically reqular at xo for yo + g(xo) with any constant
k> k' /(1 — K'u) and neighborhoods IB,(xo) and By(yo + g(x0)).

Theorem 3.3. Let the numbers a >0, b >0, kK > 0 and 0 > 0 and the points
o € X, yo € f(xg) + F(x0) be such that (A1) is fulfilled. Let the numbers a',
b, k' be such that:

0<K < r"& d > 2a(1+K8) + kb, U > (26 +b)(1+k0).  (26)
K

Let f be Fréchet differentiable in an open set containing IB,(xq), let T C

L(X,Y), and let Ay: X*¥ — T be any sequence with sup 4o1 || A — Ao(z0)]| < 6.

Assume that

(A2%) the mapping x — G(z) := f(zo) + Ao(zo)(z — xo) + F(x) is metrically
reqular with constant k' and neighborhoods By (o) and By (yo);

(A3) ||A— Df(z)|]]| <6 whenever A €T and x € IB,(xo).
Then the first claim in Theorem 2.2 holds.
Proof. We shall prove that conditions (A2) and (A3) in Theorem 2.2 are

satisfied. To check (A2), pick any A € T and let G4 be the mapping from
Theorem 2.2 (with Ay := A). Define g(z) := (A — Ap)(x — x0), x € X, so that
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G4 = G+g. Then g is Lipschitz continuous with constant 6 and we can apply
Lemma 3.2 with p := §, which implies (A2).

It remains to check (A3). Let w(§) := ¢ for each £ > 0. Pick arbitrary
points g, x1, ..., o} in By(zg) and set Ay = Ag(xo,...,zx). Finally, fix
any € B,(x¢). By the mean value theorem there is z € B,(z() such that
f(z) — f(xx) = Df(2)(z — xx) = 0. Hence

1f(2) = fzr) = A(z —2p) | = IDF(2)(x — 2x) = Ap(z — zp)|| < Ol — ap].
This proves (A3) and therefore the theorem. i

Next, we state and prove a theorem regarding convergence of the Newton’s
method applied to a generalized equation, which is close to the original state-
ment of Kantorovich. The result is somewhat parallel to [13, Theorem 2] but
on different assumptions.

Theorem 3.4. Let the positive scalars L, k, a, b and the points o € X,
Yo € f(xo) + F(xo) be such that the function f is differentiable in an open
neighborhood of the ball IB,(x¢) and its derivative Df is Lipschitz continuous
on B,(xo) with Lipschitz constant L and also the mapping

r— G(z) = f(zo) + Df(xo)(x — x0) + F(x) (27)

is metrically regular at xo for yo with constant k and neighborhoods IB,(xy) and
By(yo). Furthermore, let k' > k and assume that for n := r'||yo|| we have

1 1
h:= m’Ln<§, t:= ,L(l—\/1—2h)§a and  |yo|| + Lt* < b. (28)
K
Then there is a sequence {xy} generated by the iteration (23) with initial point
xo which stays in B,(x¢) and converges to a solution T of the generalized

equation (8); moreover, the rate of the convergence is

2\/1 — 2hO?"
K'L(1 — @2k) ’

|z — Z|| < for k=1,2,..., (29)

where

@__1—\/1—2h
1412

If the mapping G is not only metrically reqular but also strongly metrically reg-
ular with the same constant and neighborhoods, then there is no other sequence
{zr} generated by the method (23) starting from xo which stays in B,(x).

Proof. In the sequel we will utilize the following inequality for u,v € B, (x):
1
1f(u) = f(v) = Df(v)(u—v)] = | /0 [Df(v+s(u—wv)) = Df(v)|(u—v)ds]|

! L
< Ll||u— UH2/ sds = = |lu —v|*.
0 2
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We apply a modification of the majorization technique from [17]. Consider a
sequence of reals ¢ satisfying to =0, t;41 = s(tx), £k =0,1,..., where

k'L

s(t) =t = (') 'p(), p(t) = =

It is known from [17] that the sequence {t;} is strictly increasing, convergent
to ¢, and also

2 —t+.

K’L(tk — tk_1)2
2(1 — k' Lty)

tk+1—tk: k:O,l, (30)

Furthermore,

_ 2/1 — 2hO%"
T—t, SH’L( mrYat for k=0,1,.... (31)

We will show, by induction, that there is a sequence {x} in B,(x) fulfilling
(23) with the starting point xy which satisfies

||3L’k+1 —ZL’kH S tk+1 —tk, k‘:O,l, (32)

This implies that {x;} is a Cauchy sequence, hence convergent to some Zz,
which, by passing to the limit in (23), is a solution of the problem at hand.
Combining (31), (30) and (32) we obtain (29).

Let k£ = 0. If yo = 0 then we take 271 = zo. If not, since 0 € By(yo) and
Yo € G(x0), from the metric regularity of the mapping G in (27) we obtain

dist(zo, G~(0)) < sllyoll < #'llyoll,
hence there exists z; € G~1(0) such that
21 = 2ol < K'llyoll = n=t1 —to.

Suppose that for some & € IN we have already found points xg, x1, ..., x; in
B,(xq) generated by (23) such that

r;—x; || <t;—t;y foreach j=1,... k.
i T il

Without loss of generality, let x; # x¢; otherwise there is nothing to prove. We
have

k k
k= 2oll < [l — 2l th — i) =ti—ty=t <t <a.
J=1 J=1

Furthermore, for every « € Bz, (v;) C Bz(zp), we obtain

1 (z0) + D f(x0)(z — x0) — f(zx) — Df (i) (@ — xp) || <
< (@) = fwo) = Df(wo)(w — o)l + 1f () = flax) = Df (i) (x — )|

L
< Sz = 2oll” + llo = 2l*) < LE < b — Iyl
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In particular, we have f(xo)+Df(xo)(x—x0)— f(x))—D f(xk)(x—21) € By(yo)-
Moreover,

o W L|wp — xpa||* WLty — th1)? P
T 1 —WL|m,— ol T 20— WLty PF

Since xy € B, () is generated by (23) from x_q, we get

f(xo) + D f(x0)(vx — 20) — f(wp—1) — Df(zp1)(7h — 74-1) € G(w).  (33)

Now consider the set-valued mapping
X 3w @) := G (f(wo) + D f(20)(x —20) — f () = D f(xx) (2 — ) C X.

If z;, = z_;1 then take xy,; = x,. Suppose that xp # x,_;. From (33) we
obtain

dist(xg, P (z1)) = dist(zr, G (f(w0) + Df (z0)(zr — 70) — f(ak))
< kdist(f(zo) + Df(zo)(x — x0) — f(ak), G(zk))
< &l f(zr) = flzr-1) — Df(wp-1)(z1 — 25-1) ]
< %HLka —xp1]]? <
=r(1 — K'L||xy — o).

§/£L||xk T q]?
1 — K'L||xg — x|

(1 = K'Lllze = ol|)

Let u,v € B, (vx) and let z € @y (u) N Bi_y, (7). Then

f(xo) + Df(xo)(u —wo) — flwg) — Df(wp)(u —2p) € G(2).

Hence,

dist(z, ®x(v)) = dist(z, G (f (w0) +D f (z0) (v —l’o) f(xr) = Df (xx) (v —21))
< wdist(f(zo) + Df(wo)(v = xo) = flax) = Df (x1) (v — 1), G(2))
< &[lf (o) + Df(xo)(v = wo) = f(x) = Df () (v — 2x) =
— (f(xo) + Df (o) (u — wo) — f(ax) — Df(wx)(u — i)
< Kl|Df(x0) = Df (zi)[[lu — vll < (w'Lllzx — ol lu — v]|.

Since B, (x) C Bi_+, (vx), by applying the contraction mapping theorem [14,

Theorem 5E.2] we obtain that there exists a fixed point zx4; € B, (zx) of P.
Hence

T € G7H(f(x0) + Df (2o)(whir — m0) — flar) — Df(wr)(Thir — 71))
that is, zx41 is a Newton iterate from xj according to (23). Furthermore,

|zhe1 — zpl| <7 < thpr — i
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Then

k+1 k+1
lznn = woll <D llwy — 25l <D (G —tin) =ty —to=tin <t < a.
=1 j=1

The induction step is complete and so is the proof. O

At the end of this section we add some comments on the results presented
in this paper and give some examples. First, we would like to reiterate that,
in contrast to the conventional approach to proving convergence of Newton'’s
method where certain conditions at a solution are imposed, the Kantorovich
theorem utilizes conditions for a given neighborhood of the starting point asso-
ciated with some constants, the relations among which gives the existence of
a solution and convergence towards it. In the framework of the main Theo-
rem 2.2, among the constants taken into account are the radius a of the given
neighborhood of the starting point x, the norm of the residual [[yo|| at the
starting point, the constant of metric regularity x, and the constant ¢ measur-
ing the “quality” of the approximation of the “derivative” of the function f by
the operators A;. These constants are interconnected through relations that
cannot be removed even in the particular cases of finite dimensional smooth
problems; or nonsmooth problems where elements of the Clarke’s generalized
Jacobian play the role of approximations. In the smooth case the constant o
may be measured by the diameter of the set {||Df(x)|| : x € B,(z0)} or by La
if Df is Lipschitz continuous with a Lipschitz constant L. In the nonsmooth
case however, it is not sufficient to assume that the diameter of the generalized
Jacobian around =z is less than §. One may argue that for any small ¢ there
exists a positive € such that the generalized Jacobian has the “strict derivative
property” displayed in [14, 6F.3] but in order this to work we need & to match
a. Note that if the residual ||yo|| = 0 then we can always choose the constant a
sufficiently small, but this may not be the case for the Kantorovich theorem. It
would be quite interesting to know exactly “how far” the conventional and the
Kantorovich theorems are from each other in particular for problems involving
nonsmooth functions.

Next, we will present some elementary examples that illustrate the difference
between the Newton method and the chord method with A, = Ay for all k, as
well as the conditions for convergence appearing in the results presented.

Example 3.5. We start with the smooth one-dimensional example? to find a
nonnegative root of f(x) := (x — 1)? — 4; it is elementary to check that 7 = 3
is the only solution. For every zy > 1 the usual Newton iteration is given by

T € ek
k+1 — 4k f/<l'k) - 2<xk_1)

3Note that this problem can be written as a generalized equation.
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This iteration is convergent quadratically which agrees with the theory. The
chord method,
s = 1y — f(zy) _ 2xoxk — T3+ 3,
(o) 2(xo — 1)
converges linearly if there is a constant ¢ < 1 and a natural number N such
that

|41 — 3| _ |2z¢ — x) — 3|

|y, — 3| 2|zo — 1]
for every kK > N, but it may not be convergent for xy not close enough to 3.
For example take zog = 1+ \/lg Then the method oscillates between the points

<c

1+ \/lg and 1+ \%. The method converges g-superlinearly whenever

. ’xk-i-l —3’ . ‘2$0—$k—3‘
lim ———— = lim —————— =0);
but this holds only for zy = 3. Hence, even in the case when there is conver-
gence, it is not g-superlinear.

Let us check the assumptions of Theorem 2.2 with w = 9. Given xg and a > 0
we can calculate how large x and § have to be such that conditions (A2) and
(A3) are fulfilled. Let us focus on the case o > 1. For (A2) to hold we have to
assume a < xg— 1. Then on IB,(xy) we have that f’is positive and increasing.
Hence (A2) and (A3) are satisfied for k = 1/f'(xo0 —a) = 1/(2(xg —a — 1) and
6 = f'(xo+a)— f'(xg—a) = 4a. For fixed ¢ let us find a such that (A1) holds
as well, i.e.,

lyoll < (1= #8) = = 2a(wo — 3a — 1). (34)

The right hand side is maximal for a = % L Expressing both sides of this

inequality in terms of xy, we obtain that if zy € (1 +24/6/7,1 4 24/6/5) then
we have convergence.

The following example from [26], see also [25], example BE.1, shows lack of
convergence of the nonsmooth Newton method if the function is not semismooth
at the solution. But it is also an example which illustrates Corollary 2.5.

Example 3.6. Consider intervals I(n) = [n7!,(n — 1)7'] C R and define
c(n) = 3(n' 4+ (n—1)7') for n > 2. Let g, be the linear function through
the points ((n — 1)L, (n — 1)71) and (—¢(n),0), and h,, be the linear function

through the points (n~!,n~!) and (c¢(2n),0). Then

_2n N 2n —1 and h()_4(2n—1) _ dn-—1
T in-1" (n—1)(4n —1) S P R n(4n —3)

In ()

Now define f(x) = min{g,(x), h,(z)} for z € I(n), f(0) = 0 and for z < 0:
f(z) = —f(—x). Then the equation f(z) = 0 has the single solution z = 0 and
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we have that 9f(0) = [1,2]. If we try to apply Corollary 2.5 for a neighborhood
that contains £ = 0 we have to choose o > % and x > 2; but then k6 > 1. In
this case for any starting point xy # 0 the Newton iteration does not converge,
as shown in [26].

A similar example follows to which Corollary 2.5 can be applied.

Example 3.7. Define

2 if € Upeg[271,2%%)
g(x) = : 2 o2n+tl
3 lf T E Un€Z[2 ,2 " )

Let f(z) := [ g(t)dt for > 0 and f(x) = —f(—x) for z < 0. The function f
is well defined on R with a unique root at z = 0. For any starting point zy the
assumptions for Corollary 2.5 are then fulfilled with k = % and 0 = 1 and each
a > 0. Both the Newton and the chord method converge linearly.

4. Nonsmooth inequalities

Suppose that K is a nonempty subset of Y and let F'(x) := K for each z € X.
Then the generalized equation (8) reads as

fl@)+K >0 (35)

When f: R" — R™ and K := R then the above inclusion corresponds to a
system of m nonlinear (possibly nonsmooth) inequalities: find z € R™ such
that

filz) <0, folx) <0, ..., fulz) <O0.

Kantorovich-type theorems for exact Newton’s method for solving (35) with K
being a closed convex cone and f being smooth can be found in [4, Chapter
2.6] and [31]. An inexact Newton’s method is treated in a similar way in [16].
The paper [28] deals with a generalized equation of the form

g(x)+h(z)+ K30, (36)

where g : X — Y is a smooth function having a Lipschitz derivative on a
neighborhood O C X of a (starting) point zg € X and the function h: X — Y
is Lipschitz continuous on O. The algorithm proposed therein reads as: given
xr € X find zy, satisfying

9(wk) + hax) + g’ () (@e — 2) + K 3 0. (37)

Key assumptions are, similar to [31, 4, 16], that T" := ¢'(x0)(-) + K maps X
onto Y and

T7Y = :=sup inf |z|| <b
T = syt
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for a sufficiently small number b > 0. Then Open Mapping Theorem [5, The-
orem 2.2.1] (see also [14, Exercise 5C.4]) implies that 7" is metrically regular
at zero for zero with any constant x > b and neighborhoods X and Y. More-
over, the Lipschitz constants of ¢’ and h are assumed to be small compared
to b. Clearly, (37) corresponds to our iteration scheme with f := g + h and
Ay = ¢'(z1), and, since Ay does not take into account the non-smooth part, it
is expected to be slower in general (or not even applicable) as we will show on
two toy examples below.

Consider a sequence {Ax} in £(X,Y) and a starting point g € X. Given
k€ INg, xp € X, and A, let

Q= {u € X | g(ar) + h(zr) + Ap(u — z;,) + K 3 0}

The next iterate xjq generated by (15), which is sure to exist under the metric
regularity assumption in Theorem 2.2, is any point lying in {2, such that

[2kr1 — 2kl < K" dist(—g(ax) = h(zx), K),

where k¥’ > k satisfies (18) and the right-hand side of the above inequality
corresponds to a residual at the step k. To sum up, for the already computed
Tk, the next iterate xy,; can be found as a solution of the problem:

minimize @(x) subject to 1z € Q,

where ¢ : X — [0, 00) is a suitably chosen function. In [28], v = || - —xk||2 is
used. In the following examples we solve the linearized problem in MATLAB
using either function fmincon for ¢ = || - —zxl|3 or quadprog for ¢i(z) =
sxTx — a{z. We will compare the following three versions of (15) for solving
(36) with different choices of Ay, at the step k € INy and current iterate zy:
(Cl) Ay :=¢'(zr);

(C2) A € 0(g+ h)(xk) = ¢'(xk) + Oh(z);

(C3) Ay := Ap, where Ay is a fixed element of d(g + h)(xg) = ¢'(x0) + Oh(xy).

Example 4.1. Consider the system from [28]:

2?4 y% — |v —0.5] —1 <0,
P+ (y—1)*—|z—05-1<0, (38)
(z—1)P2+(y—-172-1=0.

Observe that the exact solutions are given by y = 1++/2x — 22if 0 < x < (11—
6v/3)/26 and y = 1 — /22 — 2% when (11 — 6/3)/26 < 2 < 1/2, in particular,
the points (2%, y¥) :== (0.5,1 —v/3/2) and (25, y3) = (1 —v/2/2,1 —/2/2) solve
the problem. Then setting g(z,y) = (22 +y* — L, 2 + (y — 1)* = 1,(z — 1)? +
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Step fmincon quadprog
Eon | 2 | @) | @) | 2 | @3
0 5.0E-2 | 5.0E-2 | 5.0E-2 || 5.0E-2 | 5.0E-2 | 5.0E-2
1 24E-2 | 20E-3|20E-3 || 25E-2 | 20E-3|20E-3
2 12E-2|23E-6 |23E-6 || 13E-3|23E-6|23E-6
4 3.1E-3 | 1.0E-8 | 1.0E-8 || 3.1E-3 | 6.5E-9 | 6.5E-9

Table 4.1: ||(27,y7) — (Tk, Yr)|| in Example 4.1 for (zo,yo) = (0.55,0.1).

Step fmincon quadprog
k (C1) (C2) (C3) (C1) (C2) (C3)
0 29E-1 | 29E-1 | 29E-1 | 29E-1 | 29E-1 | 29E-1
1 42FE-2 | 42E-2 | 42E-2 | 42E-2 | 42E-2 | 42E-2
2 1.2E-3 | 1.2E-3 | 1.2E-3 | 1.2E-3 | 1.2E-3 | 1.2E-3
4 1.1E-10 | 5.2E-10 | 5.2E-10 || 7T9E-13 | 79E-13 | 5.2E-13
7 1.1E-10 | 5.2E-10 | 5.2E-10 | 1.6 E-16 | 1.1E-16 | 1.1 E-16

Table 4.2: ||(23,v3) — (Tk, Yr)|| in Example 4.1 for (zo,y0) = (0,0).

(y—1)2=1), h(z,y) := (—|z—0.5], |z —0.5],0), and K := R? x {0} we arrive
at (36). Denote

22 — sgn(x — 0.5) 2y
H(z,y):= | 2z —sgn(z—05) 2y-—-1) |,
2(x — 1) 2(y — 1)
with sgn(u) := 1, if w > 0, and sgn(u) := —1 otherwise. In (C2) we set

Ay := H(wg, yx) for each k € INy and in (C3) we put Ay := H(zo,yo)-

From Table 4.1, in which 5.0 E-2 stands for 5.0 x 1072, we see that the con-
vergence of (15) with the choice (C1) and the starting point (0.55,0.1) is much
slower than (15) with the choice (C3). Both quadprog and fmincon are of almost
the same efficiency.

From Table 4.2 we see that for the starting point (0, 0) all the choices (C1)—(C3)
provide similar accuracy but we get substantially better results when quadprog
is used to solve the linearized problem.

Example 4.2. Consider the system

2 4+y*—1<0 and —|x|—|y|+\/§§0 (39)

having four distinct solutions. Set g(x,y) := (z?+y*—1,0), h(x,y) := (0, —|z|—

‘y’ _|_\/§)’ K = Ri, and H(a:,y) = ( —sgi(fﬂ) —Sgg(y) ) .
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Step k fmincon quadprog
(C2) | (C3) | (€2) | (C3)

0 70E-1 | 70E-1| 70E-1]|7.0E-1
1 25E-9 | 25E-9 0 0
2 75E-8 | 75E-8 0 0
4 1.2E-8 | 1.2E-8 0 0
7 85E-8 | 8.5E-8 0 0
10 85E-9 | 3.7E-9 0 0

Table 4.3: ||(=v/2/2, —v2/2) — (21, )|l in Example 4.2
for (o, y0) = (0,0).

Step fmincon quadprog
k (C1) (C2) (C3) (C1) (C2) (C3)
0 99E2 | 99E2 | 99E2 | 99E2 | 99E2 | 9.9E2
1 49E2 | 49E2 | 49E2 - 49E2 | 49E2
4 6.1E1 | 6.1E1 | 6.1E1 - 6.1E1 | 6.1E1
10 || 5.0E-1 | 6.0E-1 | 6.0E-1 - 5.8E-1| 83E-1
21 || 70E-1|30E-4|15E-1 - 28E-4| 14E0
40 | 7.0E-1 | 53E-9 | 15E-1 - 1.0E-8 | 1.4E0

Table 4.4: ||(=v/2/2,v/2/2) — (21, Y& )||oo in Example 4.2
for (zo,yo0) = (99, —999).

As before, in (C2) we set Ay := H(x, yx) for each k € INy and in (C3) we put
Ay := H(xo,0).

For the starting point (0,0) the method (15) with (C1) fails. The convergence
for the remaining two choices (C2) and (C3) can be found in Table 4.3. Note
that using quadprog we find a solution (up to a machine epsilon) after one step
and the iteration using fmincon gives the precision 10~ at most.

For the starting point (99, —999) the method (15) with (C1) and (C3) do not
converge — see Table 4.4. The only convergent scheme is (15) with (C2) (note
that we start far away from the solution).

5. Numerical experiments for a model of economic equilibrium

In this section we present numerical results for a model of economic equilibrium
presented in [12] and solved by using the Newton, the chord and the hybrid
method with various parameter choices. A detailed description of the model is
given in [12] so we shall not repeat it here.
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The equilibrium problem considered is described by the variational inequality
0 € g(p,m,z, \,m° 2% + Nc(p, m, z, \), (40)
where
> i (@) — ;)
Ai — Vi ui(my, x;)

0 ,.0y _
9(p,m, @, A, a7) = AiD = Vg ui(mg, ;)

and N¢ is the normal cone to the set
C=R} xR xU; x---xU. xR

Here r is the number of agents trading n goods, who start with initial vectors
of goods z? and initial amount of money m. Further, z represents the vector
of goods, p is the vector of prices, m is the vector of the amounts of money, U;

are closed subsets of R’}. The functions u; are utility functions and are given
by

n
wi(mi, ;) = a; (M) + Xor (ma)7i(mi —mi)* + > BiIn(xy;)
j=1
where 7; € R, a, 8;; and m] are positive constants and

(m) 1 m; >m]

1\m;) = y

Azt 0 otherwise

that is, when ~; is different from zero then V,, u;, and hence g, are not differ-
entiable.

The numerical implementation of Newton’s method for this variational inequal-
ity has been done in Matlab. Each step of the method reduces to solving a
linear complementarity problem (LCP). To solve these problems we used the
Path-LCP solver available at [11]. For the linearization for the term involving
x we use the zero vector which is always an element of Clarke’s generalized
Jacobian of that function.

The computations are done for the following data (similar to [3]). We set the
parameters as n = r = 10 (so in total we have 130 variables), o = §;; = 1
and U; = [0.94, 1.08]" and use random initial endowments m? € [1,1.3] and
29 € [0.94,1.09].

First we consider at the smooth problem, that is, with v, = 0 for all i =

1,2,...,10. We use the Newton method with starting points p; = m; =

(]
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Step

k=2

k=3

k=5

k =100

9.7E-1

9.7E-1

9.7E-1

9.7E-1

20E-1

20E-1

20E-1

20E-1

3.5E-2

3.5E-2

3.5E-2

3.5E-2

1.9E-4

3.3E-3

3.3E-3

3.3E-3

22E-6

20E-6

1.2E-3

1.2E-3

0

0

21E-4

21E-4

DO | W (N |

0

21E-5

Table 5.1: Absolute errors with starting values

S __ S __ S __ -
pj—mi—xij—)\i—l.

Step | k= k= k=3 | k=5 | k=100
0 1.1E0 | 1.L1EO0 | 1.1E0 | 1.1E0 | 1.1EO
1 1.0E0 | 1.0EO | 1.0OEO | 1.0EO0 | 1.0EO
2 1.3E-1 | 76E-1 | 76E-1 | 76E-1]| 76E-1
3 1.8E-3|35E-2|42E-1|42E-1| 42E-1
4 0 91E-4|1.7E-2 | 2.7TE-1 | 2.7E-1
5 - 0 14E-3 | 1.6E-1 | 1.6E-1
6 - - 19E-4 | 22E-3 | 1.0E-1

Table 5.2: Absolute errors with starting values
pi=mi=uaj; = AP =0.97.

Step || & = k= k=3 | k=5 | k=100
0 | 1280 | 12E0 | 1.2E0 | 1.2E0 | 1.2E0
1 | 1780 | 1.7E0 | 1.7E0 | 1.7E0 | 1.7E0
9 [43E-1] 18E0 | 1.8E0 | 1.8E0 | 1.8E0
3 [16E-2]25E-1| 1.8E0 | 1.8E0 | 1.8E0
4 [ 11E-5]23E-2]44E-1| 1.8E0 | 1.8E0
5 0 |21E-5|21E-1| 1.8E0 | 1.8E0
6 ] 0 |15E-1|47E-1] 1.9E0

Table 5.3: Absolute errors with starting values
p; =m; =uxj; = A\ = 0.96.
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Step || k=1 k=2 k=3 k=5 | k=100
0 21E0 | 21E0 | 21E0 | 21E0 | 2.1EQ
1 45E-1 | 45E-1 | 45E-1|45E-1| 45E-1
2 6.2E-2 | 82E-2 | 82E-2 | 82E-2 | 82E-2
3 15E-4|69E-4 | 2.7E-2 | 2.7TE-2 | 2.7TE-2
4 0 91E-6 | 5.3E-5 | 13E-2| 1.3E-2
) - 0 59E-7 | 3.TE-3 | 3.TE-3
6 - - 0 3.3E-6 | 1.1E-3

Table 5.4: Absolute errors with parameters m} = 0.8 and ; = 0.5.

Step || k=1 k=2 | k=3 | k=5 | k=100
0 41E0 | 41E0 | 41E0 | 41E0 | 41E0
1 1.0E0 | 1.50E0 | 1.50E0 | 1.5E0 | 1.5EQ
2 1.2E0 | 28E-1 | 28E-1|28E-1| 2.8E-1
3 1.3E-2 | 3.0E-2 | 27E-1 | 27E-1 | 2.7TE-1
4 1.1E-5 | 5.3E-3 | 23E-3 | 14E-1 | 14E-1
) 0 0 42E-5169E-2 | 6.9E-2
6 - - 1.5E-6 | 3.8E-4 | 8.0E-2

Table 5.5: Absolute errors with parameters m} = 0.8 and v; = 1.

xj; = A = 1, where we update the Jacobian iteration every k steps. For k =
1,2,3,5,100 we get a solution with error e = 1077 after 4,5, 5, 6,9 iterations,
respectively. Then, while the number of iterations needed increases the number
of times to calculate a derivative decreases from 4 to 1. Table 5.1 shows the
errors to the solution.

If we change the starting points to pi = m; = xj;, = Aj = 0.97 the number
of iterations needed increases to 4,5,7,9,32. Again, the number of times we
update the Jacobian decreases from 4 to 1. The errors are shown in Table 5.2.
One can see that, as expected, the choice of the starting point becomes more
important if the Jacobian is not updated after every iteration. This is even more
evident if we change the starting values to p; = mj = zj; = A} = 0.96, where
the pure chord method without updating of the Jacobian does not converge,
see Table 5.3.

Consider now the nonsmooth problem for various values of v; and m;}. The
starting point for the iteration is always pj = m; = zj; = A} = 1. The results
for m}! = 0.8 and ~; = 0.5 are given in Table 5.4.

If we increase 7; to 1 the convergence speed in general decreases; the results
are in Table 5.5.
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Step | k=1 k=2 k=3 | k=5 | k=100
0 1.2E0 | 1.2E0 | 1.2E0 | 1.2E0 | 1.2E0
1 84E-1|84E-1|84E-1|84E-1|84E-1
2 75E-1 | 80E-1|80E-1|80E-1]|80E-1
3 1.2E0 | 7T6E-1 | 78E-1 | 7T8E-1 | 7T8E-1
4
8

8.6E-1|85E-1|81E-1|7.7E-1|7.7E-1
85E-1]|91E-1| 1.2E0 | 1.2E0 | 76E-1
13 || 5.8E-1 [ 86E-1| 1.2E0 | 1.2E0 | 8.2E-1
23 0 86E-1| 1.2E0 | 1.2E0 | 1.2E-1

Table 5.6: Absolute errors with parameters m} = 0.8 and v; = —0.7.

For negative values of v; the model becomes quite unstable. For example if we
set 7; = —0.7 then for £ = 1 the method converges after 23 iterations while for
k = 2 we get a different solution after only 13 iterations and for k = 3 we get
yet another different solution after 8 iterations. The absolute differences to the
solution of the first Newton method are given in Table 5.6.
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ON UNIFORM REGULARITY AND STRONG REGULARITY
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Abstract. We investigate uniform versions of (metric) regularity and strong (metric)
regularity on compact subsets of Banach spaces, in particular, along continuous paths.
These two properties turn out to play a key role in analyzing path-following schemes for
tracking a solution trajectory of a parametric generalized equation or, more generally,
of a differential generalized equation (DGE). The latter model covers a large territory in
control and optimization, such as differential variational inequalities, control systems
with constraints, as well as necessary optimality conditions in optimal control. We
propose two inexact path-following methods for DGEs having the order of the grid
error O(h) and O(h?), respectively. We provide numerical experiments, comparing the
schemes derived, for simple problems arising in physics. Further, we study (metric)
regularity of mappings associated with a particular case of the DGE arising in control
theory by focusing on the interplay between the pointwise versions of these properties
and their infinite-dimensional counterparts.
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1 Introduction

We are going to investigate uniform (metric) regularity and strong (metric) regularity on
compact subsets of Banach spaces of mappings which are defined as a sum of a single-valued
(possibly non-smooth) mapping and a set-valued mapping with a (locally) closed graph.
In the second section, we recall basic definitions from regularity theory and derive a re-
sult guaranteeing that a perturbed problem has a solution which is similar to the classical
Lyusternik-Graves and Robinson theorem. Conditions ensuring uniform [strong] regularity
along continuous paths are obtained as a corollary. Roughly speaking, by the word “uni-
form” we mean that the constants as well as the size of neighborhoods, appearing in the
corresponding definitions, remain the same for a certain set of mappings and/or points.

In the third section, we study two (inexact) path-following methods for a differential
generalized equation (DGE), a model introduced in [5], which is a problem to find a pair of
functions x : [0,¢] — R™ and w : [0,] — R™ such that

a(t) = g(a(t), ut)),
(1) 0 € fla(t),u(t)) + F(u(t)), for all ¢ € [0, ¢,
2(0) = =,
with a fixed ¢ > 0, single-valued functions f : R” x R™ — R? and ¢ : R® x R™ — R", a set-
valued mapping F : R™ = R, and a given initial state z, € R". This model covers a large
territory in control and optimization, such as differential variational inequalities, control
systems with constraints, as well as necessary optimality conditions in optimal control (see
[5] and references therein). The first scheme, requiring stronger smoothness properties of the
solution trajectory of (1), is based on the modified Euler (Euler-Cauchy) method for solving
differential equations and is shown to have the grid error of order O(h?). On the other hand,
the latter scheme, based on the Euler method, has the grid error of order O(h) but requires
Lipschitz continuity of the solution trajectory only. We provide numerical experiments,
comparing the schemes derived and a standard MATLAB function ODE/5, for two simple
problems arising in mechanics and electronics, respectively.
In the fourth section, we study regularity of mappings associated with the problem of
feasibility in control, which is the problem to find a pair of functions z : [0,¢] — R" and
u: [0,e] — R™ such that

(2) @(t) = g(x(t),u(t)) and f(x(t),u(t)) € Uy forae. t€0,e], x(0)=0,

where ¢ > 0, functions f : R®" x R™ — R? and g : R® x R™ — R" and a closed convex subset
U,q of R? are given. We focus on the interplay between the pointwise conditions and their
uniform and infinite-dimensional counterparts. We extend several results from [5].

Basic notation. The distance from a point x to a subset A of a metric space (X, p) is
d(z,A) = infycq 0(x,y). The closure and the interior of A is denoted by cl A and int A,
respectively. Given sets C', D C X, the excess of C' beyond D is defined by e(C, D) :=
sup,ec d(x, D). We use the convention that inf () := +o00 and as we work with non-negative
quantities we set sup () := 0. The closed ball centered at a point # € X with a radius r > 0



is denoted by B,(z). A set A C X is locally closed at its point z if there is r > 0 such
that the set AN B,(x) is closed. Any singleton set will be identified with its only element,
that is, we write a instead of {a}. Given a (generally set-valued) mapping F' : X =3 Y
between sets X and Y, the graph, the domain, and the range of F' are the sets gph ' :=
{(z,y) e X ngy € F(z)},domF := {z € X|F(z) # 0}, and rge F := {y € Y | Tz €
X with y € F(x)}, respectively. The inverse of F' always exits and is defined as a mapping
Y oy Fl(y) = {ze€X|ye F(x)}. We write f : X — Y to emphasize that the
mapping f is single-valued. The space of all linear bounded (single-valued) mappings acting
from a Banach space X into another Banach space Y equipped with the standard operator
norm is denoted by £(X,Y’). The space R" is equipped with the Euclidean norm, while the
Cartesian product of two or more spaces is considered with the box (product) topology. By
a.e. we mean almost every in terms of the Lebesgue measure.

2 Uniform regularity

In our analysis, we employ two key concepts from set-valued analysis called regularity and
strong regularity of a set-valued mapping. Let us emphasize that unlike definitions in [13],
we prefer not to include the assumption that the mapping under consideration has a locally
closed graph in any definition of regularity. Given metric spaces (X, o), (Y, 0) and a non-
empty subset U x V of X x Y, a mapping F': X = Y is said to be regular on U for V if
there is a constant £ > 0 such that

d(z, F'(y)) < rd(y,F(x)nV) for every (z,y) €U x V.

If U =X and V =Y then F is said to be globally regular. Given (z,y) € X x Y, the
mapping F' is said to be regular at = for y if (z,y) € gph F' and there are positive constants
a, b, and k such that

d(z, F~'(y)) < kd(y, F(z)) foreach (x,y) € B,(T) x By(Y).

The infimum of x > 0 such that the above inequality holds for some a > 0 and b > 0
is the regularity modulus of F' at x for y and is denoted by reg(F;z|y). Clearly, if F'
is regular at = for y with a constant x and neighborhoods B,(Z) and B,(y), then F' is
regular on IB,(Z) for BB,(y) with the same constant. On the other hand, when the sets U
and V' are neighborhoods of points z and g, respectively, and y € F(Z), then regularity of
F on U for V implies regularity of F' at Z for y. The constants are the same again but
neighborhoods may differ [13, Proposition 5H.1]. By the Banach open mapping principle,
a mapping A € L(X,Y) is globally regular if and only if it is surjective. A mapping
F: X =Y is said to be strongly reqular on U for V if there is a constant x > 0 such
that the mapping o : V > y — F~!(y) N U is both single-valued and Lipschitz continuous
on V = dom o with the constant . The mapping F' is said to be strongly regular at = for y
if y € F(z) and there are neighborhoods U of § and V' of Z such that F' is strongly regular
on U for V.
First, we present a statement concerning perturbed [strong] reqularity on a set.



Theorem 2.1. Let (X, | -||) and (Y,||-||) be Banach spaces, let G : X =Y be a set-valued
mapping, and (Z,y) € X x Y. Assume that there are positive constants a, b, and k such that
the set gph G N (B,(T) x By(Y)) is closed in X x Y and G is [strongly] regular on B,(Z)
for By(y) with the constant k. Let pu > 0 be such that kp < 1 and let k' > k/(1 —Kkp). Then
for every positive o and [ such that

(3) 26'04+a<a and p2k'B+a)+28<b
and for every mapping g : X — 'Y satisfying
4) Ng@l =B and |g(z)—g@@)| <plla—2a']  forevery x,2" € Bowgial(T),

the mapping g + G has the following property: for every y, v € Bpg(y) and every x €
(g+ G)™ (y) N Bu(T) there exists a [unique] point ' € BawsialT) such that

() y egl@)+G) and o =2l < 'lly =y

Proof. We shall imitate the proof of [13, Theorem 5G.3]. First, suppose that G is regular
on B,(z) for By(y) with the constant x. Choose any « and f, and then any ¢ as in the
statement. Then

(6) y—g(z) € By(y) foreach (z,y) € Bowpia(T) x Bpg(y).
Indeed, fix any such a pair (z,y). Then (4) and (3) imply that

ly —g(x) =gyl < lg@)+lg(@) —g(@) +lly —yll < B+ pllz — 2| + 8
< 284 p(26'B+ ) <b.

Fix any two distinct y, ¥’ € Bg(y) and any = € (g + G) " '(y) N B (Z). Let r:= «'|ly — /|-
As r < 2k, the first inequality in (3) implies that

B,(x) C Bawg+a(T) C By(T).
Consider the mapping
X 2our— O(u) =Dy (u) =G '(y —g(uv) C X.

It suffices to show that there is a fixed point 2’ of @ in B,.(x), because then 2’ € (¢9+G) ' (v/)
and the desired distance estimate holds. To obtain such a point 2’ we are going to apply [13,
Theorem 5E.2]. The set Q := gph® N (B, (x) x B,(x)) is closed. Indeed, pick any sequence
(@, 2n) in Q converging to a point (z,2) € X x X. Clearly, (z,2) € B,(z) x B,(x). The
definition of @ and (6) imply that

(20,9 — g(z)) € gph G N (B, (z) x By(y)) C gph G N (By(Z) x By(y)) for each n € N.

Passing to the limit we get that (Z,y' — ¢(Z)) € gph G, that is, (Z, Z) € gph ®.
According to (6) we have y — g(x) € G(z) N By(y) and 3y — g(x) € By(y), thus regularity
of G on B, (z) for B,(y) yields that

d(a,®(z)) = d(z,G7'(y —g(r))) < rd(y — g(2),G(z) N By(7)) < klly — ||
< Ky =y II(1 = rp) =r(l —xp).
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Let u, v € B,(x) be arbitrary. Pick an arbitrary w € @(u) N B,(x) (if there is any). As
y' —g(u) € G(w) N By(y) and y' — g(v) € By(y), we get

d(w,d(v)) = d(w,G7(y' —g(v))) < rwd(y — g(v),G(w) N By(5)) < kllg(u) — g(v)].
This means that
e(P(u) N By (z),d(v)) < kllgu) — gw)|| < kpllu—v|| whenever wu,ve B,(z).

The assumptions of [13, Theorem 5E.2] are verified. The existence of @' € Bowsia(T)
satisfying (5) is established.

Now, let G be strongly regular on IB,(Z) for IBy(y) with the constant x. To prove the
uniqueness, it is enough to show that the mapping Bs(y) > y — o(y) :== (¢ + G)"(y) N
Bs,yp10(T) is nowhere multivalued. Assume on the contrary that for some y € Bg(y)
there are two distinct points 1, xo € o(y). Clearly, 1 € G (y — g(z1)) N B, (Z) and
1y € G (y—g(12))NIB,(Z). By (6), the points y — g(x1) and y — g(xs) are in By(7). Hence
0 < ||lzg — 22| < kllg(x1) — g(z2)|| < kpllzr — 22| < [Jz1 — 22|, a contradiction. O

If, in addition to the assumptions of Theorem 2.1, we have (z,y) € gph G, then we arrive
at [9, Theorem 2.3] which is a slight improvement [13, Theorem 5G.3], where it is supposed
that G is regular at z for y with the constant x and neighborhoods B,(z) and By(y).

Remark 2.2. Under the strong regularity, the reasoning used at the end of the proof of
Theorem 2.1 implies that the function o, defined therein, is Lipschitz continuous relative to
domo C Bg(y) with the constant «'. If, in addition,

(7) (Ba(z) x Bs(y)) Ngph(g + G) # 0,

then domo = Bg(y) and consequently g + G is strongly regular on Ba,s44(Z) for Ba(y).
Note that (7) holds, for example, when (z,y) € gph G.

We also get the following uniformity result.

Corollary 2.3. Under assumptions of Theorem 2.1, let v € [0,«), § € [0,5), and (x,y) €
B, (z) x Bs(y) be arbitrary. Then the mapping g + G is reqular on B,_~(z) for Bg_s(y)
with the constant k'.

Proof. Let constants v and § along with a pair (x,y) be as in the premise. Set U := B,_.(x)
and V := Bg_s(y). We have to show that

d(u,(g+ G) ' (v)) <K d(v,(g+G)(w)NV) forevery (u,v) €U x V.

Fix any such a pair (u,v). Pick an arbitrary v' € (¢g+G)(u)NV (if there is any). Noting that
UxV C B,(z) x ]Bﬁ (), Theorem 2.1 yields «’ € (g + G)~*(v) with ||u — /|| < &'||v —']].
Hence d(u, (g4 G)71(v)) < lu— /|| < KlJv = 2'||. Asv' € (9+ G)(u) NV was arbitrary, the
proof is ﬁmshed O

We show now that the regularity at each point of a compact set implies uniform regularity,
that is, we can choose the same constant and neighborhoods for all points in this set.
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Theorem 2.4. Let (P, o) be a metric space, let (X, | -||) and (Y,|| -||) be Banach spaces,
and let  be a compact subset of P x X. Consider a set-valued mapping F : X =Y and a
mapping o : P x X — Y such that

(1) for each z = (p,x) € Q the mapping X 3> v — G,(v) = o(p,v) + F(v) C Y has
a locally closed graph at (x,0) and is [strongly] regular at x for 0;

(ii) for each z = (p,x) € Q and each y > 0 there is § > 0 such that for each v, v' € Bs(x)
and each p' € Bs(p) we have

o (@', v) = o(p,v)] = lo(p',v) = a(p, V)]l < pllv —o'[);

(iii) for each x € X the function o(-,x) is continuous.

Then there are positive constants a, b, and k such that for each z = (p,z) € Q the mapping
G, is [strongly] regular at x for O with the constant k and neighborhoods B, (x) and By(0).

Proof. Fix any z = (p,z) € Q. Using (i), we find positive constants az, bs, and k; such
that the set gphG; N (B,.(Z) x By.(0)) is closed in X x Y and G; is regular on B, (Z)
for B,,(0) with the constant x;. Let ps := 1/(2k;) and k. := 3k;. Then kzu: < 1 and
KL > 2k: = kz/(1 — kspsz). In view of (ii), there is a; € (0, min{as/2,3k:b;/4}) such that
for each v, v' € Bs,.(Z) and each p € B,.(p) we have

(8) llo(p,v) = o(p, v)] = [o(p,v") — o (D, V)| < peflo —2/]].
Let s := az/(2k%). Then

z z 4 z
(9) 2:‘1/252 + oz = 2062 < asz and /,62(25/252 -+ Oég) + 262 = a— + a = a < bg.
Rz 3/435 3/422

Now, (iii) implies that there is r; € (0, az/2) such that
(10) lo(p,z) = o(p,2)|| < Bz forall pe B,.(p)
Pick any z = (p,x) € (intlB’Tz (p) x int B, (5:)) N €. Define a mapping ¢, : X — Y by
Gps(v) ==0(p,v) —o(p,v), velX.
Then G, = G5 + g,5- By (8), for any v, v' € IBs,.(Z) we have
19p.5(v) = gpp(W) < pisllv =21

Using (10) we get ||g,5(Z)|| < Bz. Applying Theorem 2.1 we conclude that the following
claim holds: for everyy, y' € Bp.(0) and everyv € G, ' (y' )N By, () there exists v' € G (y)
such that [[v — || < kL |ly — ¢/']|.

As z € Q, we have 0 € G,(z). We show next that

(11) d(v,G, (y)) < K d(y, Gp(v))  forall (v,y) € Bug.s(x) x B.y3(0).



To see this fix any such a pair (v,y). Pick an arbitrary ¢’ € G,(v) (if there is any). The
choice of 5; and r; implies that

B"i%ﬂz(I) = BQE/Q(I) - BO@(E)‘

First, assume that ||y/|| < 8z The claim yields v' € G, '(y) with [[v — || < &L |ly — ¢/
Consequently,

d(v,G,'(y)) < lv=vl <silly—yIl

On the other hand, assuming that ||y/|| > Bz, we have ||y — y|| > B; — :/3 = 25:/3. Then
using the claim, with (y',v) = (0,), we find v" € G, '(y) such that ||z — o'|| < &% [yl
Consequently,

d(v,G," (v)) lv =2l + d(z, G, () < v =zl + |z = || < [lv =z + &% |yl

K20z/3 + KLBz/3 = 2k0:/3 < wLlly — /||

We have shown that d(v, G, ' (y)) < &% |ly — /|| for any ' € G,(v), which proves (11).

Summarizing, for each z = (p,x) € (intBTg (p) xint B, (f)) N the mapping G, is regular
at o for 0 with the constant 7 and neighborhoods B, 5. /3(x) and IBg, 3(0), that is, the size
of neighborhoods and the constant of regularity are independent of z in a vicinity of Z. From
the open covering Uz_(; z)co ([IntB,.(p) x intB,.(Z)] N Q) of Q choose a finite subcovering
O, = [int]B,azi (pi) X int B, ()] NQ, 1 =1,2,...,k Let a = min{x, 3:/3 |i=1,... k},
k=max{x, [i=1,...,k}, and b=min{f3;/3 |i=1,...,k}. Forany z = (p,x) € € there
is an index ¢ € {1,...,k} such that z € O,. Hence the mapping G, is regular at x for 0 with
the constant x and neighborhoods B, (z) and B,(0).

Under the assumption of strong regularity one uses Remark 2.2 (or the strong regularity
part of Theorem 5G.3 in [13]). O

<
<

Remark 2.5. Note that (ii) in Theorem 2.4 is satisfied, in particular, when o has a point-
based approximation on € in the sense of Robinson [17]. Theorem 2.4 yields [9, Lemma
0]. Moreover, given a non-empty subset {2 of a metric space, define the measure of non-
compactness of {2 by

X(Q) :==inf{r > 0| Q C Qr + B,(0) for some finite subset Qx of Q}.

Then Theorem 2.4 holds provided that y(2) is strictly smaller than the infimum of the
reciprocal values of the regularity moduli of the mappings appearing in (i). This statement
is a key element in the proof of the non-smooth versions of Robinson and Lyusternik-Graves
theorems, cf. [7, Step 1] and [8, Lemma 12].

Next statement guarantees uniform [strong| regularity along continuous paths.

Theorem 2.6. Let (T, 0) be a compact metric space, let (X, || - ||) and (Y,|| - ||) be Banach
spaces. Consider a set-valued mapping F : X =Y with closed graph, a mappingo : T x X —
Y, and two continuous mappings ¢ : T — X and ¥ : T —Y such that



(1) for eacht € T the mapping X > v+— G(v) :==o(t,v)+ F(v) CY is [strongly] reqular
at @(t) for (t);

(ii) for each t € T and each pn > 0 there is 0 > 0 such that for each v, v' € Bs(p(t)) and
each t' € Bs(t) we have

llo(t',v) = ot v)] = [o(t',v) — o (t, V)]l < pllo—o']|;

(111) for each x € X the function o(-,x) is continuous.

Then there are positive constants a, b, and k such that for each t € T the mapping G;
is [strongly] reqular at o(t) for 1(t) with the constant k and neighborhoods IB,(¢(t)) and

By(1)(t))-

Proof. Apply Theorem 2.4 with P := T x Y, a (compact) set  := [, (¢, ¥(t), o(t)), and
o(p,x):=o(t,r) —y,p=(t,y) € P, v € X, O

3 Path-following for differential generalized equations

Consider the DGE (1), with £ > 0, single-valued functions g : R* x R™ — R™ and f :
R™ x R™ — RY, a set-valued mapping F : R™ = R? and an initial state z, € R™. If it is
not clearly indicated otherwise we impose the following:

Standing assumptions (SA). Consider the DGE (1) and suppose that f and g are
differentiable functions with a locally Lipschitz continuous derivative, and that F" has a closed
graph. Further, let a pair of functions (Z(-), u(+)) be a solution of (1) such that both of them
are differentiable on [0, ¢] and have a Lipschitz continuous derivative on this interval.

For an integer N > 1, consider the uniform grid ¢; := ih, i € {0,1,..., N}, with a step
size h :=¢/N. Given A > 0 and points (e;)Y " in Bap2(0), consider the following iteration

Tiy1 = x; + hg(x, w),
(12) €; € f(fi+1, Uz) =+ Vuf(@ﬂ; uz’)(ui+1 - Uz) + F(Ui+1)7
h -
Tiy1 = X+ 5(9(%, i) + 9(Tig1, Uiv1)),

with (xg,ug) sufficiently close to ((0),u(0)). The reason for allowing xy # x; is that for
a given time interval [ := [—¢, €], say, one cannot expect that @(-) is differentiable on the
whole of I in general (for example when a geometric constraint represented by the generalized
equation is a variational inequality). However, u(-) can be piece-wise smooth on I and the
starting point zy can be viewed as a final iterate obtained by a numerical algorithm on the
previous subinterval [—¢, 0]. One can consider more general Runge-Kutta approximations as
in [11] but we prefer to keep the presentation as clear as possible. We use a modification of
the classical trapezoidal rule [10] in our analysis.



Lemma 3.1. Let ¢ : [a,b] — R be a function with a Lipschitz continuous derivative on [a, b].
Then there is a constant m > 0 such that for each ti, to € |a,b], with t; < ty, we have

T 0+ ple)) - [ ot0t] < it - 10

t1

Proof. Let £ > 0 be a Lipschitz constant of ¢ on [a,b]. Fix arbitrary ti, to € [a,b] with
ty <ty and let h :=t, —t;. Find 7y and 75 in [ty, 5] such that p(71) = min e, 4, ¢(7) and
¢(79) = max,¢p, 4,) 9(7). Consider a function 9 : [t1,t;] — R defined by

. e
W(t) == p(t) — Mt, t €[ty ta].
For each t € [ty, 2], we have ¢(71) < ¢(t) < p(72), and consequently
lh 14 1 . ) . 1 . . 14 lh
Yy < —5\71 — 7| < 5(@(71) —¢(r) <9Y(t) < 5(90(72) —¢(m)) < §|Tz — 7| < 5

Thus max, ey, 1) |(7)| < ¢h/2. Basic calculus and the mean value theorem imply that

g(go(tl)+80(t2))_/t2 cp(t)dt‘ = 'g(w(t1)+w(t2))—/jw(t)dt‘

t1

[ e —vwnars [ wie) - vena

t1 t1+%

. t1+% to
< max |[¢(7)] / (t—t)dt + / (to —t)dt
TE[t1,t2] t t1+%

N N
= — ) < —hS
e o)l ( g T 8) < gh

As ¢ is independent of both ¢, and t,, setting m := ¢/8 we finish the proof. O

Theorem 3.2. In addition to (SA), suppose that for each t € [0, €] the mapping
(13)  R™ 30— G(v) := f(z(t), u(t)) + Vuf(2(t), u(t))(v —a(t)) + F(v) C R?

is [strongly] regular at u(t) for 0. Then for any A > 0 there are Ny € N and positive
constants o and d such that for each N > Ny, each (xo,up) € Bap2(Z(0)) X Bap2(u(0)), and
each (e;)y" in Bap2(0), where h := /N, there are [uniquely determined] points (z;,u;) €
R*xR™, i€ {1,..., N}, generated by the iteration (12), with the initial point (xq, ug), such
that (z;,u;) € Ba(Z(t;)) X Ba(u(t;)) for eachi € {1,..., N} satisfying

. — r . 7 2 ¢ — T . 7, 2
(14) 021%)]%“@ z(t;)]] < dh and 01;2;}}(\{”% u(ty)|| < dh®.
Proof. Let a (continuous) function o be defined by o (t,v) := f(Z(t), a(t))+ V. f(Z(t), a(t))(v—
u(t)), (t,v) € [0,e] x R™. For each t € [0,¢] and each p > 0, the continuity of the function
s —> V. f(Z(s),u(s)) at t yields a constant § > 0 such that

IV f(@(t),a(t)) — Vuf(z(t),u(t))| <p whenever ¢ € (t—0,t+9)N][0,e],
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consequently, for any such ¢ and arbitrary v, v € R™ we have

lo(t', ) = ot )] = [o(t',v) =@Vl = [[Vuf(@(F), a(t") = Vuf (@), u(t))] (0" = v)

< pllv =)

Theorem 2.6 with 7" := [0,¢], ¢ := u(+), ©» = 0 yields positive constants a, b, and  such that
for each t € [0, ] the mapping G, is [strongly] regular at @(t) for 0 with the constant x and
neighborhoods B, (u(t)) and B,(0). Find ¢; > 0 such that both z(-) and @(-) are Lipschitz
continuous on [0, ] with the constant ¢;. Let r > 0 be such that z([0,&]) + alBgrn C rBgn
and u([0, £]) + aBgm C rBgm. Pick f5 > 0 such that f, g, and V, f are Lipschitz continuous
on the (compact) set 7Bgn X rBgm. Let

(15) kK =2k, p:=1/3k), and (:=max{l,{, 0}

By the basic calculus, for every u, u’ € rIBgm and every = € rBgn, we have

(16) 1f (2, u') = f,u) = Vi f (2, u)(u' —u)]| < §||u/ —ull*.
Let
(17) a:=min{l,a/2,1/(6¢k),a/(16K(),3kb/(20x¢ + 1)} and [ := 2la.

We show the following claim: For any (t,u,x,y) € [0,e] x By(u(t)) x B, (z(t)) x Bg(0),
there is a [unique] point w € B, (u(t)) such that y € f(x,u) + V. f(z,u)(w —u)+ F(w) and

lw —a)ll < &e(lle — 2Ol + lu —a@®)|* + llylD)-
To prove this, fix any such (¢, u, x,y) and consider a function ¢ : R™ — R defined by

p(v) = [, u) + Vauf (@, u)(v —u) = f(2(t), at) = Vuf(2@),ut)) (v —alt), veR™

We are going to use Theorem 2.1 (with G := G, and ¢ := ¢). Note that G; has closed graph.
Clearly (15) implies ko < 1 and &' > 3k/2 = /(1 — uk). We also get

2k'B+a=@Brl)a+a<a/2+a/2=a,
and, consequently, we obtain that

1
p(26'8+a) +28 = w—i—élaﬁzoz% <b.
3K 3K
As u € B, (u(t)) C By(u(t)) C rBrm and x € B,(Z(t)) C B.(Z(t)) C rBgn, by (16) we
get

[l = [f(@E),at)) — f(2,u) = Vo f(z,w)(ut) — u)l
< [[f@@),u(t)) = flz,a)| + | f (@ ) — f(2,u) = Vo f(z,w)(ut) — v
(18) < 2(0) — ol + Sl — ul < fo+ o < 20 = .
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Since 20a < 1/(3k) = p, for arbitrary v, v € R™, we have

o) — ()| = I(Vuf(z,u) = Vuf(@(1),u(t))(v — )]
< Lz —z@)| + lJlu—al@)]) v = || < 2tallo =[] < pllo =o'

Moreover, observing that ¢ + G; = f(x,u) + V. f(x,u)(- —u) + F, we get

p(ult)) = flz,u)+ Vuf(z,u

Hence a(t) € (¢ + G:) ' (p(a(t))) and ¢(u(t)) € Bs(0). Remembering that y € Bg(0).
Theorem 2.1 implies that there is w € (¢ + G;)*(y) such that [|w —a(t)|| < &'[Jly — p(a(t))].
Then y € f(z,u) + Vuf(z,u)(w — u) + F(w) and (18) implies that

lw —a(®)] < &' (lyll + tllz = 2@l + lu — )],

which proves the claim because ¢ > 1.
Use Lemma 3.1 to find m > 0 such that for each 7, 7 € [0, ], with 77 < 75, we have

(19)

2 gtatm) ) + atotra). ) - [ o(alo)a(0) ae] < i - 1

2 n
Pick an arbitrary A > 0. Let
q = max{4*, A, k'0,e*,m}, N:=4¢*, and d:= q(e)\ea)‘ + 4q).
Choose Ny € N such that 2d < Ny and ¢¢ < Nymin{a, 3}. Fix any N > N; and let
h:=¢/N. Then

VIV 2 -
< — < .
(20) h<— N No 57 < and h < qgh< qN0 < min{a, 5}

Let (z0,up) € Bap2(2(0)) x Bap2(u(0)) and (e;)N5" in Bay2(0) be arbitrary. For each
i €{0,1,...,N}, let t; := ih and ¢; ;= \ie*". Since ¢ > A, we have

lwo — Z(0)| < gh® = (coh + @)h* and  |lug — @(0)|| < gh® < q(coh + 4q)h”.

As gh? < qh/2 < a/2 we have (xg,ug) € Ba(Z(ty)) x Ba(u(ty)). We proceed by induction.
Suppose that for some 7 € {0,1,..., N — 1} a point (x;,u;) € Ba(Z(t;)) x B, (u(t;)) verifies
<

(21) |z: — Z2(t)|| < (csh +q)h® and  ||lu; — ()| < q(cih + 4q)h>.

We will show that there are [uniquely determined] points Z;i1, z;41 € Ba(Z(t;11)) and
uit1 € By(u(tiv1)) satisfying (12) such that (21) holds for ¢ := 4 + 1.
Let Z;11 be defined by the first equality in (12). Clearly, for any s € [t;,t;11], we have

lg(i, ui) — g(z(s), a(s)| < L([lws = 2()] + [lus — als)[})
< (s = z(E) |+ (s — i) + llug — a(ta) || + (s — 1))
(22) = (o — ()l + us — alta)l) +26%(s — t,).

11



As ¢;h < exe® and ldh < q/4, using (22) and (20) we get

|Tip1 — 2(tigr)|| =

25 + hol(i, ug) — T(t) — /t | " g(a(s), as)) ds

<l =atll+ [ lgtas ) = g(als) ) ds
< s = (6) |+ Ch(lles = 2] + s — w(e)]) + 12

(L+€h)||lz; — (L) || + Chllu; — u(t;)|| + €2h°
(14 Lh)(cih + q)h® + Ldh® + (*h?

(cih + €(csh + @)h 4 q + Cdh + (%) B?

(ci

IN

cih + bdh + q + Cdh + q/4) B* < (c;h + q/4+ g+ q/4 + q/4)
h+2q) h* < (d/q)h? = h(dh)/q < h/2 < /2.

<
(23) <

In particular Z;11 € B, (Z(t;41)). Remembering that c;h < eXe®, (21) and (20) yield that

(24) s — At < lus = @)+ lalt) — altia)ll < gere™ + dg)h® + th
= (dh)h+Ch < \/qh < .

Clearly, e; € B(0). The claim with ¢ := t;41, y := €;, © 1= T;41, and u := w; together with
(23), (24), and (20) yields a [unique] point u;y1 € Ba(u(t;11)) such that

;i € [(Tig1,w) + Vo f (Tigr, ws) (Wipr — u3) + F (i)
satisfying

luipr —ati)ll < (1T — 2(t) |+ lu = alti) | + [lel)
(25) < q(cih+2q+q+ A)h* < q(c;h + 4q)h*.

As ¢; < ¢;41, we obtain the latter estimate in (21) with ¢ := ¢ + 1. Let z;4; be defined by
the last equality in (12). Now (19), (21), (23), (25), and (20) imply that

h

i+ 5 (90 wi) + 9(Tir, i) — T(ts) — /t o g(z(s),u(s))ds

|ziv1 — Z(tig1) || = 5

h - _ _ _ _
< |l — 2(t:) || +mh® + 5 lg(zi, wi) + 9(Tiv1, wir1) — g(Z(ti), u(ts)) — g(Z(Eiv), ultir))|
lh _ i ~ _ _
< (cih+ q)h® +mh® + 7(H$i —&(t)|| + lJus — at) | + | Tivn — 2t )| + lJwir — alti)l])

Ch
—((cih + @)h* + q(c;ih + 4q)h* + (c;h + 2q)h* + q(c;ih + 4q)h?)

< (c; +m)h® + qh* + 5

h3
< (it @b’ + - (aleih + ) + ¢*(esh + 4g) + g(cih + 20) + ¢*(eih + 4g)) + b’
=¢(1+ (¢ +h/2)h° + (g + 3¢ /4 + 2¢°)h* + qh* < ¢;(1 + 4¢°h) I + 4¢°h° + qh?
— Cl(l +>\h)h3 +)\h3 +qh2 < )\Z-e)\(i-i-l)hh?) +)\€)\(i+1)hh3 +qh2

= A(i + D)3 L gh? = (¢;1h + q) 2.

12



The first estimate in (21) with 4 := i + 1 is proved. Since (c;y1h+q)h? < dh?® < qh/2 < /2,
we have ;1 € Bo(Z(t;+1)). The induction step is complete and so is the proof by noting
that for each 7 € {0,1,..., N} we have c;h < ele. O

If @(-) is only Lipschitz continuous on [0, ], one can consider the following iteration:

{ Tiv1 = x; + hg(z, u),

(26) € € flwipr,w) + Vo f (@i, ws) (w1 — w;) + F(wigr),

Using a similar technique as in the proof of Theorem 3.2 we obtain:

Theorem 3.3. Consider the DGE (1) and suppose that f and g are differentiable functions
with a locally Lipschitz continuous derivative, and that F' has a closed graph. Let a pair of
functions (z(-),u(-)) be a solution of (1) such that both z(-) and u(-) are Lipschitz continuous
on [0,€]. Suppose that for each t € [0,¢| the mapping G, in (13) is [strongly/ reqular at u(t)
for 0. Then for any A > 0 there are Ny € N and positive constants a and d such that for each
N > Ny, each (z9,u0) € Ban(7(0)) x Ban(u(0)), and each (e;)Y 3" in Bap(0), where h :=
e/N, there are [uniquely determined] points (x;,u;) € R x R™, i € {1,..., N}, generated by
the iteration (26), with the initial point (xq,ug), such that (x;,u;) € By (T(t;)) X Bea(u(t;))
for eachi € {1,..., N} satisfying

(27) nax. lx; — z(t)|| < dh  and Jax, |lu; — u(t;)|| < dh.

The above statement is a slight extension of [5, Theorem 5.1]. Next, we discuss two basic
examples from engineering, which can be formulated either as a DGE or an ODE with a
Lipschitz continuous right-hand side. We compare schemes (12) and (26) with the method
ODE/5 which is used with the absolute error tolerance 107'% to get a reference solution
trajectory. All simulations are performed in MATLAB.

Example 3.4. Consider a particle of mass m > 0 connected by a rigid, weightless rod of
length ¢ > 0 to a base by means of a pin joint that can rotate in a plane due to gravity. In
addition, the pendulum can have a contact with two walls made of a very flexible material
which are at a distance » > 0 from a pin joint. The contact force acting on the mass at time
t is denoted by u(t); and ¢;(t) and ¢5(t) denote the angular displacement and the angular
velocity at time ¢, respectively (see Figure 6.1). The equations of motion of the system are

¢1(t) = a(t),

palt) = —Ssingi(t) — LH(p (1),  forall te 0]

1(0) = 7, ¢2(0) = 72,
with given initial conditions 7, 72 € R, a gravitational acceleration g = 9.81 ms~2, and
u(t) = H(p1(t)) describing the dependence of the contact force on the angular displacement.
We assume that

argsinh (¢ — arcsin (r/¢)) for ¢ > arcsin (¢/r),
H(p) = < argsinh (¢ + arcsin (r/{)) for ¢ < —arcsin (¢/r),

0 otherwise.
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Figure 6.1: Mechanical model from Example 3.4.

The corresponding DGE has form

20 = o) - 2

Ga(t) = —Isingp(t —ﬁut, - )
0 € —9501(25) + sinh u(t) + arcsin (r/€) 9| - |(u(t)), for all ¢ €[0,¢],
%01(0) = T 902(0) = 2,

where 0 denotes a subdifferential in the sense of convex analysis. The solution for £ = m :=
I,r:=sinl, € := 2,7 = 7/3, and 75 = 0 is in Figure 6.2. The grid errors with respect to
the solution obtained by ODE/5 are in Figure 6.3. For both the schemes (12) and (26), we
use the discretion step h = 107° and ¢; =0, i € {0,1,..., N — 1}.

Example 3.5. Consider a circuit in Figure 6.4 involving the four-diodes bridge full-wave
rectifier, a resistor with a resistance R > 0, a capacitor with the capacitance Cy > 0 and an
inductor with the inductance L > 0. Denote ve a voltage across the capacitor, i¢ a current
through the capacitor, iy a current through the inductor, ipg1,ipr2,ipr1,ipre currents
through the diodes, and vpgri, vpre, Upri, Upre voltages across the diodes, respectively.
Using the Kirchhoff’s laws, this problem can be described as a particular DGE (see [4]) called
a differential linear complementarity problem (system) in the form

©(t) = Ax(t)+ Bu(t),

(28) 0 < Cux(t)+ Du(t) Lu(t) >0, tel0,e],
$(0) = Iy,
where
0 _ L oo L1
v ()= O ) o G .
L ~ 0 00 0 0
L
1 1
—UDR1 8 8 ? % -1 0
_ —Upr2 _ _ - = —1
=t 1T 0 PP R OR )
LDR2 1 0 10 0
0O 1 O 0
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Figure 6.2: The solution from Example 3.4.

the symbol L denotes a complementarity relation, and inequalities in R* are understood
coordinate-wise. From (28) we have vpgi(t) = — max{vc(t),0}, vpra(t) = — max{—vc(t), 0},
ipr1(t) = 1/Rmax{vc(t),0}, and ipga(t) = 1/Rmax{—vc(t),0} for each ¢t € [0,¢]. Hence
the problem is equivalent to the system of ordinary differential equations, in the form

i(t) = Ax(t) + Bu(t), tel0,e], and z(0)=x,.

For the simulation we use library LOP! and assume that Cy := 1075, L := 0.01, R := 1000,
e :=0.005, and z, := [10,0]. For both the schemes (12) and (26), we use the discretion step
h=10"%ande; = 0,7 € {0,1,..., N —1}. Graphs of solution components are in Figure 6.5
while grid errors are in Figure 6.6. We note that the maximal grid error means the biggest
error of elements of u or z at the points of the grid.

To conclude this section, let us point out that a similar technique, can be used also
in the case of a parametric generalized equation, which is a problem for a fixed function
p:[0,e] — R™, find a function z : [0,¢] — R" such that

(29) p(t) € f(2(t)) + F(2(t)) forall tel0,¢],

where a constant £ > 0, a function f : R™ — R" and a set-valued mapping F': R" = R" are
given. This problem can be used, for example, for modeling static problems from electronics,
that is, when no capacitors and inductors appear in the circuit [1, 2, 3, 14].

Tt is available on: https://www.mathworks.com/matlabcentral/fileexchange/20952-1cp—mcp-solver—
newton-based-?requestedDomain=www.mathworks.com
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Figure 6.3: Errors of the solution from Example 3.4.
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Figure 6.4: The circuit from Example 3.5.

For an integer N > 1, define the uniform grid ¢; :=ih, i € {0,1,..., N}, with a step size
h:=¢/N. Given A > 0 and points (&;)~, in Bayz(p(tir1)), we study a predictor-corrector
scheme in the form

{

where zj is sufficiently close to the exact solution of (29) at time ¢ := 0. Uniform regularity

e € f(z) + VI (z)(it1 — 2i) + F(vit),
ptiy1) €  fvig1) + VF(ir1)(Zig1 — vig1) + F(2i41),
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Figure 6.5: Graphs of the solution from Example 3.5.

along a continuous path was used in [6] to obtain the following extension of the main result
from [12].

Theorem 3.6. Let Z : [0,e] — R” be a Lipschitz continuous solution of the problem (29),
where p : [0,e] — R™ is Lipschitz continuous, f : R"™ — R"™ has a locally Lipschitz continuous
deriwative on whole of R™, and F : R® = R"™ has a closed graph. Suppose that for each
t € [0,¢] the mapping

R" 5 v Gi(v) == f(Z(t)) + Vf(2(t))(v — 2(t)) + F(v) CR"

is [strongly] regular at Z(t) for p(t). Then there is a > 0 such that for any A > 0 there
are constants Ny € N and ¢ > 0 such that for each N > Ny and each zy € Bap1(Z(to)),
where h := ¢/N, there are [uniquely determined] points (z;)Y., generated by the iteration
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Figure 6.6: Errors of the solution from Example 3.5.

(30), with the initial point 2y and arbitrarily chosen points (e;) '

that z; € B,(z(t;)) for each i € {0,..., N} and

in Bap2(p(tiv1)), such

(31) max [|z; — Z(t;)|| < ch®.

0<i<N
The point e; appearing in (30) can be interpreted as a sufficiently precise prediction at
time t; of the (possibly unknown) value of p(t;;1). Then we wait until the precise value of
p(tiv1) is known and compute a correction z;41. On the other hand, taking e; := p(t;) +
hp'(t;), i € {0,1,...,N — 1}, we have ||e; — p(t;11)|| < Ah? provided that p/(-) exists and
is Lipschitz on [0, e] with the constant 2A. Hence the algorithm proposed in [13, Section
6G] is a particular case of (30). Finally, instead of p(t;;1) in the latter inclusion of (30)
one can take any €; € Bapa(p(tiv1)), that is, the corrector step can be done via an inexact
method (which is always the case in practice). Finally, let us note that sufficient conditions
(of different type) guaranteeing the existence of a Lipschitz continuous solution z(-) of (29)
can be found either in [6, Theorem 6] or [5, Theorem 11].

4 Uniform regularity and regularity in function spaces

In case that the solution trajectory is not continuous (or even defined) on the whole time
interval we can derive the following statement.
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Theorem 4.1. Let € > 0 and S be a non-empty subset of [0,¢]. Consider a pair of bounded
functions x : S — R"™ and u : S — R™ such that

0€ f(z(t),u(t)) + F(u(t)) foreach teS,

with a continuous f : R™ x R™ — R? having a continuous derivative V, f and F : R™ = R¢
having a closed graph. Let A := Uics(Z(t),u(t)) and for each (x,u) € cl A define a mapping

(32) R™ 3 v+ Gpou(v) == f(z,u) + Viof (z,u) (v — u) + F(v) C R%
Then the following statements are equivalent:
(i) for each (x,u) € clA the mapping G, ., is [strongly] reqular at u for 0O;

(ii) there are positive constants a, b, and k such that for each (x,u) € clA the mapping
G 18 [strongly] regular at w for O with the constant k and neighborhoods B, (u) and
Bb(o);

(7i1) there are positive constants a, b, and k such that for each t € S the mapping Gy in (13)
is [strongly] reqular at u(t) for 0 with the constant k and neighborhoods B,(u(t)) and
1B, (0).

Proof. Assume that (i) holds. Define a (compact) set Q := cl (Uses (2(t), a(t), u(t))) and
a (continuous) function o(z,u,v) = f(z,u) + V. f(z,u)(v —u), (z,u,v) € R" x R™ x R™.
Note that (z,u,v) € Q if and only if v = v and (z,u) € clA. Theorem 2.4 yields positive
constants a, b, and x such that for each (z,u,u) € Q the mapping G, ,, is [strongly] regular at
u for 0 with the constant x and neighborhoods IB,(u) and IB(0). Since (Z(t),u(t), u(t)) €
and Gy = Gz1),aq for each t € S, (44i) is proved.

Assume that (i7) holds. Let v’ := 2x and p := 1/(3k). Then K < 1 and &' > k/(1—kp).
Pick r > 0 such that Z(S) 4+ aBgn» C rBg~ and 4(S) + aBgm C rBgm. As f and V,, f are
continuous, they are uniformly continuous on a compact set €2 := rBgrn X r[Bgm. Find 5 > 0
such that both 2k'6 + f < a and u(2k'6 + B) + 26 < b; and also that for each (z,u) € Q
and each (2',u') € (Bawpis(x) X Bawsrp(u)) NQ we have

IVuf (' u) = Vi f(zu)ll <p o and  [[f(2,0) = fz,u) = Vo f (@ o) (W —u)| < 5.

Fix any (z,u) € clA C Q. Then 0 € G, ,(u) since f is continuous and gph F' is closed. Find
t € S such that (z,u) € Bg(z(t)) x Bg(u(t)). Then G, ., = Gi + g, with

9(v) = f(w,u) + Vuf(z,u)(v —u) = f(2(), a(t)) — Vuf(2(), a(t))(v - u(?)), ©veR™

Then lg(@®)]| = 1£(x,u) — FEE),8(D) — Vuf (z,u)(u — &(B)| < B. Moreover, for any
v, ' € R™ we have g(v) — g()| = |[Vuf(z,u) — Vuf @@, a@)](0 — )| < pllo
v'[|. Applying Theorem 2.1, with o := /3, and using a similar reasoning as in the proof of
Theorem 2.4 we conclude that the mapping G, ,, is [strongly] regular at « for 0 uniformly in
(x,u) € cl A. Hence (i7) holds. Clearly, (i7) implies (i). O
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The above statement is a generalization of [5, Theorem 7|, where strong regularity is
considered only, because it requests point-wise [strong] regularity on the closure of the range
of the solution instead of on the closure of its graph. The function Z(-) can be either an input
signal in a parametric generalized equation (29) or a state trajectory of the DGE (1). In
the latter case, z(-) is continuous on S = [0, ¢], so if u(-) has closed range, then the uniform
[strong] regularity of G, in (13) on S is equivalent to its point-wise [strong] regularity on S.
We also get the following uniform version of the Lyusternik-Graves and Robinson theorem
which implies [5, Theorem 9] under substantially weaker assumptions.

Theorem 4.2. Let ¢, S, Z(-), u(-), f, and F be as in Theorem 4.1. Then the mapping
Gy = f(x(t),) + F is [strongly] reqular at u(t) for O uniformly int € S if and only if so is
the mapping Gy in (13).

Proof. Suppose that there are positive constants a, b and x such that for each t € S the
mapping G, in (13) is [strongly] regular at u(¢) for 0 with the constant x and neighborhoods
B, (u(t)) and By(0). Let 5, ', u, r, 2 be as in the proof of (iii) = (ii) in Theorem 4.1. Fix
any t € 5. Let g,(v) := f(z(t),v) = f(z(t), u(t)) — Vuf(2(t), u(t))(v — u(t)), v € R™. Then
gi(u(t)) = 0 and for any v, v € Bay,gy5(u(t)) we have

lg:(v) = @) = 1f (@), v) = f(@(t),v") = Vuf(2(t), u(t)) (v — )]
= | / (Vuf (@(),0" + s(v = v")) = Vo f(z(t),a(t))) (v — v') ds]
< pllv =Tl

As in Theorem 4.1 we conclude that the mapping Gy = ¢; + G; is [strongly]| regular at u(t)
for 0 uniformly in ¢t € S. The converse implication follows in the same way. O

Before continuing we set up notions used later.

Notation (N). Let a constant € > 0, twice differentiable functions f : R"xR™ — R% and
g :R"xR™ — R" and a closed convex subset U,q of R? be given. Consider the problem (2).
The controls u(-) are assumed to be in U := L>°([0, ], R™), the space of essentially bounded
and measurable functions on [0, ] with values in R™ considered with the norm |[u(-)||o :=
ess sup|lu(-)||, u(-) € U. The state trajectories z(-) belong to X := W ([0, ], R"), the space
of Lipschitz continuous functions on [0, e] with values in R™ satisfying x(0) = 0 equipped
with the norm [|z(*)[|x = |2()|loo + [|Z(*)|| oo, (-) € X. Let V := X xU, R := L>([0, ], R™),
P = Lo([0,¢], RY),

Uag = {u(-) €U | u(t) € Uy for ac. t €[0,e]},

and W := R x P. Given a solution (Z(-),u(-)) € V of (2) we set A(t) = V,g(Z(t),u(t)),
B(t) = Vug(z(t),u(t), C(t) = V. f(2(t),u(t), D(t) = Vuf(Z(t), u(t)), and f( )= f(e(t), ult

for a.e. t € [0,¢]. Let ® be the fundamental matrix solution of the linear equation z = A(t)z,

that is, %(I)(t T) = A(t)®(t,7), ®(7,7) = I.

Consider a set-valued mapping H : V = W defined by

V3 (z(),u() — H(z(),u(-) == ( (t) — g(x( ),_u(t)) > .y
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along with its shifted partial linearization H at (Z(-),u(-)) defined for each (z(-),v(:)) € V
by

_( A(t) = A(t) 2(t) — B(t) v(t)
Ha0,00) = (005 00 + Dyl 14 ) <

a mapping K : U = P defined as
Klv())(t) == f(t) + C(t)/0 O(t, 7)B(T)v(r)dr + D(t) v(t) — Una, v(-) €U,

and mappings G, G, : R™ — R%, ¢t € S, defined, respectively, for each v € R™ by

Gi(v) :== f(Z(t),v) — Uyq and Gi(v) := f(t) + D(t) (v —u(t)) — Unq.
Now we are ready to formulate and prove the main result of this section generalizing [5,
Theorem 3].
Theorem 4.3. Under the notation (N), the following assertions are equivalent:
(1) H is reqular at (z(-),u(-)) for 0;
(i) H is regular at (0,0) for O;
(1i1) IC is regular at O for O;
)

there is a subset S of [0,¢] having full Lebesque measure such that the mapping Gy is
reqular at u(t) for O uniformly int € S;

(v

(v) there is a subset S of [0,¢e] having full Lebesque measure such that the mapping G, is
reqular at u(t) for O uniformly int € S;

(vi) there is 6 > 0 such that for every w(-) € P with ||w(:)||e <  there is v(-) € U with
lv()||oo < 1 such that

f(t)+C(t) /Ot O(t, 7)B(T)v(T)dr + D(t) v(t) + w(t) € Usq for a.e. t€[0,e];

(vii) there are & > 0 and r > 0 such that for every w(-) € P with ||w(-)||ec < § there is
a pair (z(+),v(+)) € rBx x 1By such that

f&)+C@)z(t) + D) v(t) + w(t) € Uy for a.e. t€[0,¢].

Proof. Define a bounded linear mapping Q : R — X by Q[r(-)](t) = fot O(t, 7)r(r)dr for
te(0e]. Let v = max{ AC) oo | B oo, [CC) or 1D oer 17 oo 1o}

Applying the Lyusternik-Graves theorem [13, Theorem 5E.6] and substituting z(-) =
z(-) — z(+) and v(-) := u(-) — u(:), we obtain that (i) < (i7). By Theorem 4.2 we have
(iv) < (v) because Z(-) is continuous and u(-) is essentially bounded.

To prove that (ii) < (iii), note that given r(-) € R, one has that 2(t) — A(t)z(t) = r(t)
for a.e. t € [0,¢] and z(0) = 0 if and only if z(t) = Q[r(-)](¢), t € [0,e]. This implies
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that having (r(-),p(-)) € H(z(-),v(-)) is the same as having w(t) € Klv(-)|(t) for w(t) =
p(t)—C(t)Q[r(-)](t), that is, we can replace the differential expression in H with the integral
one and then drop the variable z. Moreover, |w(+)||« is bounded by a quantity proportional
to [|(r(-), p(-))lw-

As K has a closed convex graph, (iii) < (vi) by Robinson-Ursescu theorem [13, Theorem
5B.4]. If (vi) holds then setting z(t) := Q[B(-)v(-)]|(t), t € [0,¢], we get (vii) with r =
mas{1, ]| Q]]}.

Suppose that (vii) holds. We shall establish (v). Pick f > 0 such that wg(-) =
(B,8,...,8) € R has ||ws(-)||oo < d. Let {wy,wy, ...} be a countable dense subset of Bs(0).
For any i € N, the function w;(-) = —w; has ||w;(+)||c < [JWs(+)||co < 0, thus there is a subset
S; of [0,¢] having a full Lebesgue measure along with a pair (z;(+),v;(+)) € rIBx X 1By such
that

f) +C@) z(t) + D) vi(t) —w; € Uyg forall t €S,

Without any loss of generality assume that ||z;(¢)|| < r and ||v;(t)|] < r whenever t € S;.
Then S := N<,S; has a full Lebesgue measure. Without any loss of generality assume
that ||C'(?)|| < v and u(t) is defined whenever ¢ € S. Fix any ¢ € S. Define a mapping
Fi(z,v) = f(t) + C(t) 2 + D(t)v — Uug, (z,v) € R® x R™. For every i € N we have
w; € Fi(rBBrn X rBgm). Hence the image of rBgn X rBgm under F; (having a closed
convex graph) is dense in B3(0), and consequently applying Robinson-Ursescu theorem [15,
Theorem 6.22] we get that F; is regular at (0,0) for 0 with modulus r/S. In particular, the
regularity modulus does not depend on the choice of t € S. Let A be the set in Theorem 4.1.
Fix any (z,u) € clA. Let

Fou(z,0) = f(x,u) + Vof(z,u)z + Vo f(z,u)v — Usg, (z,v) € R" x R™.

Then 0 € F,,(0,0) since f is continuous and U, is closed. Since V, f and V, f are continu-
ous, the uniformity of the regularity moduli of mappings F; and the Lyusternik-Graves the-
orem imply that F, , is regular at (0, 0) for 0. Thus the mapping F, ,(z,v) := Fpu(z,v —u),
(z,v) € R"xR™, is regular at (0, u) for 0. Since w € F, ,(z,v) if and only if w—V, f(z,u)z €
G:u(v), where G, , is the mapping in (32) with F' = —U,q4, we conclude that G, ,, is regular
at u for 0. Theorem 4.1 implies that (v) holds.

Suppose that (v) holds. We shall establish (ii) and the theorem will be proved. Assume
without any loss of generality that

sup{[[A@[, 1B [COI, NP, la@l] [#@)f|y < v for each ¢ € S.

Theorem 4.1 implies that there are positive constants a, b and x such that for any (z,u) €
cl A, with A := Uyes(2(t), u(t)), the mapping

Gou(V) = f(z,u) + Vyuf(z,u)(v —u) — Upg, veR™,

is regular at u for 0 with the constant x and neighborhoods B, (u) and IB,(0). Pick ¢ > &
and then § € (0,min{a/¢,b}/2). Let Q := IBz(0) x cl A and consider a mapping

Q3 (y,x,u) — Y(y,x,u) = g;i(y) N By (u) C R™.
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Given w := (y,z,u) € Q, the regularity of G, ,, at u for 0 implies that there is v € Q;i(y) such
that [[u — v|| < {||ly|| (with the strict inequality when y # 0), which means that v € X(w).
The set Uyq is both closed and convex hence so is G (), and consequently also X(w). We
showed that dom X' = 2 and X' has closed convex values.

Since X (w) C By (u) for any w € Q and X(0,z,u) = {u} for each (Z,u) € clA, the
mapping X' is continuous at any point of the set €y := {0} x cl A. We will show that X' is
inner semi-continuous on Q\ €. To see this fix an arbitrary w = (y,z,u) € Q\ Qo and then
any v € X(y,z,u). Let Oy be any open set containing v.

First, assume that ||[v—u| < ¢||g||. As v € By (2) C Byje(u) and g € B(0) C By»(0)
the mapping G; 5 is regular at v for y with the constant x (cf. Corollary 2.3). Thus the
mapping @ := G; 4(-) — ¢ is regular at v for 0 with the same constant. Define the function g
for each w = (y,z,u) € Q and each v € R™ by

9w, v) = f(x,u) + Vuf(z,u)(v —u) =y = f(7,9) = Vo f(z,0)(v — 1) + 7.

Let S(w) := {v € R™| 0 € Gou(v) —y = D(v) + g(w,v)}, w = (y,x,u) € Q. The continuity
of V,f and the implicit form of the Lyusternik-Graves theorem [13, Theorem 5E.5] imply
that there are positive constants \; and d; such that

S(w') N B, (V) C S(w) + Ag|lw — w'||Bgm  whenever w,w’ € Bs,(w) N .
As S(w) = 71(0) > v, taking w' := w we get a function s : By, (w) N — R™ such that
Y € Gou(s(w)) and |[[s(w)— 0| < A\gllw—w| for each w = (y,z,u) € By, (w) N

As ||[v —a|| < £||y|| and the function s is continuous at w with s(w) = v, there is a neighbor-
hood Oy of w = (g, z,u) with Of C By, (w) such that

s(w) € Oy and |[s(w) —u|| < £|jy|| for each w = (y,z,u) € Oz N Q.

Consequently, s(w) € G, 1, (y) N By (u) N Op = X(w) N Oy for each w = (y,z,u) € Og N Q.
So X(w) N Oy # 0 for each w € O N

On the other hand, if ||v — a|| = ¢||g|| then find © € X(w) with |0 — @|| < ¢||y|| (which
exists as we have seen right after the definition of X). Since the set X (w) is convex and
contains both ¥ and v, there exists 0 € X(w) N Oy such that |0 —ul| < ¢||g]|. By the previous
case, there is a neighborhood Oy of w such that X'(w) N Oy # O for every w € Og NS

In both the cases we showed that X' is inner semi-continuous at (w,v). Hence X is
inner semi-continuous on whole of §2. Michael selection theorem [13, Theorem 5J.5] yields
a continuous mapping ¢ such that

o(y,w.u) € GoLy) and [lo(y,a,u) —ul < €yl| for each (y,2,u) € By(0) x clA.

Let ¢ € (0,8/(v + 1)) and Q. := {(z,t,p) € R" 4 |t € S||z|| < ¢ ||p|| < ¢}. Clearly,
for each (z,t,p) € Q. we have p — C(t)z € B(0). Define the function

Q.3 (2,t,p) — ulz,t,p) :=0o(p — C(t)z, z(t), u(t)).
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Then for any ¢ € S (hence for a.e. ¢t € [0,¢]), the function (z,p) — u(z,t,p) is continu-
ous. For every {(z,p) | (2,t,p) € Q. for some t € S}, the function S > t — wu(z,t,p) is
measurable as a composition of a continuous function and a measurable function; and

[u(z,t,p) — u(t)]| = [Ju(z,t,p) —u(0,2,0)[| < L(][p]| + v[[z]]) whenever (z,t,p) € Q..
Choose A > 0 such that
(33) Ae(1 + tv)e’IHe < ¢

Fix arbitrary functions p(-) € P and r(-) € R with ||p(-)|lcc < A and [|r(-)||« < A. Consider
the initial value problem

(34)  Z(t) = A(t)z(t) + B(t)(u(z(t),t,p(t)) — u(t)) + r(t) forae. te0,e], =z(0)=0.

The right-hand side of this differential equation is a Caratheodory function, and also the
initial condition z(0) = 0 € int IB.(0). Hence there is a maximal interval [0, 7] C [0, ¢] such
that there exists a solution z(:) € X of (34) on [0, 7] with values in B.(0), and if 7 < € then
|2(7)|| = ¢. Suppose that 7 < e. Then for each ¢ € [0, 7] we have

lz(t)]] < /0 (VHZ(S)H + vl(A + v|z(s)|]) + A) ds < Ae(l+v) +v(1+ €V)/0 |z(s)] ds.

Applying the Gronwall lemma and using (33), we get ||2(t)|| < Ae(1 + fv)e?0+¥)= < ¢ for
each t € [0,7]. In particular, ||z(7)]| < ¢, a contradiction. Hence 7 = ¢ and there exists
a solution z(-) of (34) on the entire interval [0, €] such that z(¢) € int IB.(0) for each ¢ € [0, ¢].
Let v(t) := u(z(t),t,p(t)) —u(t), t € [0,¢]. Then (2(-),v(:)) € V, 2(0) = 0, and

(1) = A(t)z(t) + B()o(t) + (1),
p(t) € f(t) + C(t)z(t) + D(t)v(t) = Usa,

Hence (r(-),p(:)) € H(z(:),v(:))). As H has a closed convex graph, Robinson-Ursescu theo-
rem implies (ii). O

for a.e. t€|0,¢].

It seems that one can formulate a similar statement when a constant mapping F' = —U,y
is replaced by a general F' : R™ — R? with a closed convex graph, which would be a regularity
version of [5, Theorem 13]. This is out of the scope of the current work and is a subject for
future research.
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Metric regularity properties in bang-bang type linear-quadratic
optimal control problems*

J. Preiningerf, T. Scarinci?, and V.M. Veliov®

Abstract

The paper investigates the Lipschitz/Holder stability with respect to perturbations of opti-
mal control problems with linear dynamic and cost functional which is quadratic in the state
and linear in the control variable. The optimal control is assumed to be of bang-bang type
and the problem to enjoy certain convexity properties. Conditions for bi-metric regularity and
(Holder) metric sub-regularity are established, involving only the order of the zeros of the as-
sociated switching function and smoothness of the data. These results provide a basis for the
investigation of various approximation methods. They are utilized in this paper for the conver-
gence analysis of a Newton-type method applied to optimal control problems which are affine
with respect to the control.

Key words: variational analysis, optimal control, linear control systems, bang-bang controls,
metric regularity, stability analysis, Newton’s method.
AMS subject classifications: 49J30, 49K40, 49M15, 49N05, 47J07.

1 Introduction

Stability analysis of solutions is a crucial topic in optimization theory due, in particular, to its appli-
cations for obtaining error estimates of numerical approximations. Although related investigations
in optimal control theory accompany its development from its early stages, the systematic analysis
of (Lipschitz) stability in the area started with the works of Dontchev, Hager and Malanowski (see
[10, 12]). In these papers, the authors prove Lipschitz dependence of the solutions with respect
to perturbations, under a strict coercivity condition which also implies Lipschitz continuity of the
optimal control.

In contrast, in the present paper we investigate a class of problems in which the control appears
linearly, therefore the strict coercivity fails. Moreover, when the control set is the m-dimensional
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hypercube [—1,1]™, each component of the optimal control generally switches from +1 to F1,
possibly concatenating with arcs with values in the interior of [—1,1]. That is, the optimal control
is typically discontinuous.

Problems which are affine with respect to the control variable arise in many applications, such
as engineering, biology and medicine (see e.g. [22, 21, 23, 25]). Nevertheless, only few papers
address the stability analysis in case of non-coercive problems and such with discontinuous optimal
controls; in fact, many relevant questions still remain unanswered. Recent progress was made in
[16, 24, 18, 17] for control-affine problems and in [27] for problems with linear dynamics, and we
build on these papers. We mention also the paper [29] and the references therein for problems
with group sparsity. Applications to error estimates for time-discretization schemes are discussed
in [32, 2, 19, 3, 29, 26] for linear systems or problems of the type (P) below. We mention also the
paper [5], where stability analysis is discussed for control-affine systems with bang-singular optimal
controls.

In the present paper we focus our attention on the following class of optimal control problems:

minimize  J(x,u)

subject to  @(t) = A(t)x(t) + B(t)u(t) + d(t), te[0,T], (P)
u(t) e U :=[-1,1]™,
z(0) = wo,

where
T
J(z,u) := g(x(T)) —|—/O (;x(t)TW(t)x(t) + x(t)TS(t)u(t)> dt.

Here, u(t) € U and z(t) € R™ denote the control and the state of the system at time t € [0,7],
the function g : R™ — R is given, as well as A(t), W(t) € R™*", B(t), S(t) € R"*™ and d(t) € R,
t € [0,T]. The set of admissible controls in Problem (P), further denoted by U, consists of all
measurable functions u satisfying u(t) € U for almost every ¢ € [0, T7,

U={ue L>(0,T],R™) : u(t) € U a.e. on [0,T]}.

Linear terms in w or z are not included in the integrand, which is not a restriction of generality,
since such terms can be shifted in a standard way into the differential equation.

The stability properties of the solution(s) of (P) will be analyzed through the Pontryagin mini-
mum principle, which states that for any optimal pair (Z,u), there exists an absolutely continuous
function p : [0, 7] — R™ such that the triple (&, p, @) solves the following system a.e. on [0, T:

0= @(t) — A()x(t) — B(t)u(t) — d(t),
0= p(t) + A(t) Tp(t) + W(t)a(t) + S(t)u(t),
0€ B(t) p(t) +S(t) " (t) + Nu(u(t)),
0=p(T) = Vg(z(T)).

(PMP)

Here Ny (u) is the normal cone to U at u defined in the usual way:

Ny (u) = 0 ifugU
T ger  (v—w) <0Vo e U} ifuel.
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It will be assumed (see the next sections for precise formulations) that the data are smooth
enough, Problem (P) satisfies some convexity-like assumptions, the (reference) optimal control is
piece-wise constant with each component taking only the values —1 and 1. Moreover, it will be
assumed that each component of the associated “switching function”, ¢t — B(t) "p(t) + S(t) "z (t),
satisfies at its zeros a certain growth condition, characterized by a number £ > 1 (k can be regarded
as the multiplicity of the zeros if the switching function is smooth).

We recast the system (PMP) as the generalized equation

0 € F(z,p,u), (1.1)
where F' is the set-valued mapping

& — Ax — Bu—d
p+ATp+ Wz + Su
BTp+ STz + Ny(u)

p(T) — Vg(a(T))

acting in a suitable Banach space X > (z,p,u) with values in a linear normed space ). The set

F(z,p,u) =

Ny(u) in (1.2) is a functional replacement for the point-wise cones Ny (u(t)) in (PMP) and will be
strictly defined in the next section together with the spaces X and ).

As usual, we investigate the stability of the solution of problem (P) by introducing a pertur-
bation y € Y in the system of necessary optimality conditions, that is, considering the perturbed
inclusion y € F(x,p,u). Under the assumptions briefly mentioned above, the unperturbed system
0 € F(x,p,u), that is the system of necessary optimality conditions (PMP), has a unique solution

(Z,p,0).
Two main concepts of stability are investigated in the paper.

The first concept is a stronger version of the Hdélder strong metric sub-regularity (see the recent
paper [9]). Roughly speaking, we prove that for all sufficiently small perturbations y, the inclusion
y € F(x,p,u), associated with problem (P), has a solution and all the solutions are at distance

/£ from the unique solution (&, p,4) of the inclusion

(in the space X') at most proportional to ||y||
0 € F(z,p,u). We mention that a similar result was proved in [3, Theorem 9], but with different
functional spaces and on slightly stronger assumptions. Moreover, the claim in our result is some-
what stronger, which is rather essential for the analysis of the strong bi-metric regularity and the

convergence of Newton’s method which will be discussed below.

The second concept extends the standard strong metric reqularity introduced in the seminal paper
[28] by Robinson (see also [13, Chapter 3.7]). The new feature is that a second metric space
Y C Y is involved (presumably with a non-equivalent and larger metric than that in ) and only
disturbances from this space are considered. Roughly, strong bi-metric regularity relative to 37 cy
of F at 2 := (&,p, ) means that the inverse mapping Y >y — Fl(y) ={2 € X :y € F(2)} is
locally (around Z2) single-valued when restricted to a sufficiently small ball in jiv, centered at y = 0.
Moreover, this single-valued mapping is Lipschitz continuous with respect to the metric of ). In the
terminology of [13], this means that F' has a single-valued localization in X x Y and it is Lipschitz

continuous, but the Lipschitz property holds with respect to the metric of .
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The general notion of strong bi-metric regularity was introduced in somewhat more restrictive
form in [27], where applications to Mayer’s type problems for linear control systems were in the
focus. Similarly as the strong metric regularity, it has the important property to be invariant with
respect to small (in an appropriate sense) functional perturbations of F. This property is often
referred to as Lyusternik-Graves type theorem, see e.g. [13, Chapter 5.5]. In the present paper we
prove a general Lyusternik-Graves type theorem for strong bi-metrically regular inclusions, which
is a substantial improvement of the one in [27], since most of the assumptions are now formulated
in terms of the (smaller) metric of ) rather than in the metric of Y, as in [27].

We prove strong bi-metric regularity of the mapping F associated with Problem (P), which
extends the result in [27] concerning Mayer’s problems. This extension is nontrivial, since, tech-
nically speaking, the integral cost introduces the state variable in the switching function, making
this function nonsmooth. This forces us, among other things, to consider the present slightly more
general notion of bi-metric regularity compared with the one in [27]. As an application we give a
Lipschitz stability result with respect to small non-linear perturbations in the differential equation.

In the last section of the paper, we investigate the convergence of a Newton-type method (as in-
terpreted in the context of generalized equations, see e.g. [13, Chapter 6.3]) applied to a class of
control-affine problems for which (P) can be regarded as a linearization. Notice that the known
convergence results (cf. [10]) are inapplicable for non-coercive problems, where the strong metric
regularity in the usual space settings fails. We will give sufficient conditions under which the con-
sidered Newton’s method converges, and does so quadratically. The proof is based on a strengthen
version of the metric sub-regularity proved in the present paper for Problem (P). We mention
that the stability analysis and the convergence properties of Newton methods still remain not fully
understood when singular arcs occur. Some advances have been done recently in [17] for the first
issue, and in [5, 15] for the latter. However, these issues remain as interesting topics for future
research.

The paper is organized as follows. In Section 2, we recall some basic facts and introduce the main
assumptions on Problem (P) together with some notations. Section 3 is devoted to the proof of
the Holder sub-regularity of Problem (P) (actually, of the associated mapping F'). In Section 4, we
introduce the definition of strong bi-metric regularity, and prove an extension of the Lyusternik-
Graves theorem suitable to this new notion. After that, we prove the strong bi-metric regularity of
the mapping F' resulting from problem (P) and give a result about the invariance of this property
under a class of non-linear perturbations. In Section 5, we investigate the convergence of a Newton-
type method applied to some control-affine problems with bang-bang solutions.

2 Preliminaries

Throughout the paper we use the following common notations. The standard n-dimensional Eu-
clidean space is denoted by R", with the scalar product and norm denoted by (-, -) and |- |, respec-
tively. The superscript | denotes transposition. Further, L'([0, T],R") and L>°([0, T], R") are the
spaces of all measurable and absolutely integrable, respectively essentially bounded, functions with
the corresponding norms ||-||; and ||-||o0, which sometimes will be abbreviated as L! and L>°, respec-
tively. Moreover, W1¥([0, T], R") is the space of all absolutely continuous functions from [0, 7] to R™



whose first derivatives belonging to L*, k € {1,00}. The corresponding norms are denoted by ||-||1.1
and || - ||1.00, respectively. We also denote Wa;' ([0, T],R") := {z € W1([0,T]),R") : z(0) = z0}.
We introduce the following assumptions, some of which will be strengthened in the next sections.

Assumption (A1). The matrix-functions B and S are continuous, A, W and d are measurable and
bounded. The matrix W (t) is symmetric for every ¢ € [0,7]. The function g is differentiable with
globally Lipschitz continuous gradient Vg.

We stress that the assumption about global Lipschitz continuity of Vg is made for technical
convenience only and is not a real restriction. Since the reachable set in Problem (P) is compact,
any modification of g outside a neighborhood of the reachable set does not affect the problem.

For every u € U the differential equation in problem (P) with the given initial condition has a
unique (absolutely continuous) solution x on [0,7T]. Every such pair (z,u) is called “admissible”,
and the set of all admissible pairs is denoted by F.

Thanks to Assumption (Al), a standard compactness argument implies the existence of an
optimal solution of Problem (P). In what follows we consider a fixed optimal solution (&, @).

Assumption (A2). For every admissible pair (x,u) € F it holds that
(Vg(z(T)) — Vg(&(T)), Ax(T)) + /OT(<W(t)Aa:, Ax) +2(S(t)Au, Az))dt > 0,
where Az(T) := z(T) — 2(T), Az := z(t) — &(t) and Au := u(t) — a(t).
Let p be a co-state function for (&, ), i.e. (&,p,a) solves (PMP). We recall that
6:=B'p+STi

is the so-called switching function corresponding to the triple (&,p,a). For every j € {1,...,m}
denote by ¢; its j-th component. Notice that ¢ is continuous due to Assumption (Al).

In the next assumption we postulate that the optimal control 4 is strictly bang-bang, with a
finite number of switching times on [0, T], and that the switching function exhibits a certain growth
in a neighborhood of any zero.

Assumption (A3). There exist real numbers £ > 1 and a,7 > 0 such that for all j € {1,...,m}
and s € [0,7] with 6;(s) = 0 we have

()] > alt—s|" Vte[s—T1,s+7]N[0,T].

A similar assumption is introduced in [16] in the case k = 1 and in [27, 30] for k > 1. The set U of
admissible controls will be considered as a metric space with the metric induced by the L!-norm.
For this reason we define

X = W20, T],R") x Wh([0,T],R™) x L'([0,T],R™),
with the usual norm: for (x,p,u) € X,
1@, p, w)ll = l[zlli1 + [Pl + [ull.
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Next, we denote by ) the space
Y= LY([0,T]),R") x L'([0,T],R") x L>=([0, T],R™) x R™, (2.1)
with the usual norm: for (¢, 7, p,v) € Y,

& m, ps )= M€l + NIl + Mol + ¥

We denote by dy the distance induced by || - ||.
As in the introduction, we recast the first order optimality conditions (Pontryagin system)
(PMP) for Problem (P) as the generalized equation

0 € F(z,p,u), (2.2)

where F' : X =% ) is defined in (1.2). The normal cone Ny (u) appearing there is defined in the
standard way: for u € L!([0,T],R™),

Ny (u) :=={v e L=([0,T],R™) : v(t) € Ny(u(t)) for a.e. t € [0,T]}.

Notice that this definition is consistent with the general definition of a normal cone if ¢ is considered
as a subset of the space L' (although U is also contained in L°°; but then Ny (u) should be a cone
in the dual space to L).

In the following sections, given a perturbation y = (£, 7, p,v) € ), we will study the inclusion

y € F(z,p,u), (2.3)
which, written in detail, looks as follows: for a.e. t € [0,T7,

0= 50 - A2() - B - dl) - €0,

0= p(t) + A() Tp(t) + W (B)z(t) + S(t)u(t) — 7(¢), 2.4
0 € B()To(1) + SOa(0) A0+ No(u(h), |
0 = p(T) — Vg(a(T)) - v.

3 Strong metric sub-regularity

In this section we prove an important regularity property of the mapping F' defined in (1.2), related
to, but stronger than, strong Hélder metric sub-regularity, see [9].

We begin with some important properties of switching functions that fulfill Assumption (A3) .
First we fix some notations. Given any continuous function ¢ : [0,7] — R™ (o; will denote its j-th

component) satisfying Assumption (A3) with constants k, o and 7, and a real number 6 > 0, we
define

I;(0,6) := U G-d6s+o)n0T7], I(0,8):= |J IL0od),
s€[0,T): 05 (s)=0 1<j<m
and
Imin(0,0) := min min _|o;(t)| > 0. (3.1)

1<j<m t€[0,T1\I;(0,0)



Note that this minimum always exists and is indeed positive since o is continuous and [0, T\ I;(o, 7)
is compact for any j € {1,...,m}.

Now we state an auxiliary result which presents an inverse integral inequality for functions
satisfying Assumption (A3) of the type of those developed in Theorem 2.1 and Corollary 2.1 and
2.2 in [31]. It extends [30, Lemma 1.3], which in its turn originates from [16, Lemma 3.3].

Lemma 3.1. Let o : [0,7] — R™ be any continuous function satisfying Assumption (AS3). Then
there exists a constant ¢y > 0 such that

||v||’go/0 Z|O'] Jv;(t)| dt > collv ||"H'1 for any v € L*>([0, T],R™). (3.2)

Remark 3.2. Carefully following the proof below we can establish that the constant cg in the lemma
only depends on the numbers &, o, 7 and lpin(0, 7). Thus Lemma 3.1 can be reformulated in the
following more precise form: for any given positive real numbers k > 1, a, 7 > 0 and mg > 0 there
exists a constant ¢g > 0 such that the claim (3.2) holds for any continuous function o : [0,7] — R™
satisfying Assumption (A3) with constants k, «, 7, and with lyin (o, 7) > mo.

Proof. If v = 0, then the inequality in Lemma 3.1 is fulfilled. If v # 0 then due to the homogeneity
of order k + 1 of the two sides of (3.2) with respect to v, it is enough to prove the lemma in the
case of ||v]|oc = 1, which will be assumed in the remaining part of the proof.

Now we choose ¢ € (0,7) such that ad® < lyin(o, 7). Then for all § € (0,6] and j € {1,...,m}
we have

loj(t)| > ad™ Vte[0,T]\ I(o,9). (3.3)

Indeed, if t € Ij(o,7) \ I(0,0) then inequality (3.3) follows from (A3) and if ¢ ¢ I;(o,7) then
0 (#)] > lmin(0, T) > ad® > ad”.
Using (3.3) we obtain that

v)—/ Zm (ol [ 3" log 0y (6)

0T\ (0:8) 53

m
> " o= a5 (ol =Y [ Jos0]de | = ad (ol - 29,
z [0,T\1(c,6) ; I(o,0)
where A is the sum of the number of zeros of o; for all j € {1,...,m}. (Notice that Assumption

(A3) implies A < 2L +m.) If [jo]1 > 43, we choose & := § to get

1

p(v) >

and since [[v||; < T||v|]lcc = T we have that p(v) > O“SZH 5L Tf |ju]l1 < 4M3, we choose & :=
% <6 to get

(67
o(0) 2 sorlloll,



Hence, by defining ¢y := min {g‘Tiﬁ, ﬁ} we obtain that

p(v) > coflvlIFF,
which proves (a).

Since we can choose ¢ to only depend on k, a, T and mg and there is an upper bound to \
which only depends on m, T and 7, the constant ¢y also only depends on m, T', k, o, 7 and mg.
This proves Remark 3.2. Q.E.D.

The following theorem establishes a stability property of the mapping F' associated with system
(PMP) which is a somewhat stronger form of the well known property of metric sub-reqularity, [13,
Section 3I]. It extends [3, Theorem 8] in that Assumption (A3) is weaker than the corresponding
assumption there (since we allow 0 and T to be feasible zeros of some components of the switching
function), the norm in the space ) is somewhat weaker, and the function g is not necessarily
quadratic. Most importantly, the size of the disturbance y for which the claim of the theorem holds
is not a priori restricted (as in the definition of metric sub-regularity, [13, Section 3H] and in [3,
Theorem 8§]).

Theorem 3.3. Let (z,p,u) be a solution of (PMP) such that Assumptions (A1)-(A3) are fulfilled.
Then for any b > 0 there exists ¢ > 0 such that for any y € Y with ||y|| < b, there exists a triple
(x,p,u) € X solving y € F(x,p,u), and any such triple satisfies

N ~ ~ 1
[ = &ll1 + llp = Bllny + [lu = ally < cllyl[= (3.4)

Remark 3.4. Due to further needs, in the proof of the above theorem we will care about how the
constant ¢ depends on the data of the problem and the associated switching function 6. More
precisely, the following statement will be proved.

Let the natural numbers n, m and the real number T > 0 be fixred. Given constants k > 1,
a>0,7>0,mg>0,b>0 and K, there exists a number ¢ > 0 with the following property'.

Let the (n x n)-matriz functions A(t) and W (t) the (n x m)-matriz functions B(t) and S(t) be
defined on [0,T], and g : R™ — R be such that Assumption (A1) is fulfilled, and in addition,

| Allocs | Bllocs W lloos ISllocs ldllees < K, Vg is Lipschitz with constant K. (3.5)

Let (Z,p, 1) be a solution of (PMP) (i.e. of (1.1)) such that Assumption (A2) holds, the correspond-
ing switching function & fulfills Assumption (A3) with constants k, o and 7, and lyin(6,7) > myg.
Then for every y € Y with ||y| < b the inclusion y € F(x,p,u) (with F defined in (1.2)) has a
solution and for every solution (x,p,u) the estimation (3.4) holds.

Proof. First of all, we note that the inclusion y € F(x,p,u), for any y = (¢, 7, p,v) € Y, represents
the system of necessary optimality conditions of the following problem:

T

min {g(a;(T)) T a(T) + /0 (%x(t)TW(t)m(t) () TSE)ult) — p' (t)ult) —WT(t)x(t)>dt} (3.6)

LIf k = 1, then the constant ¢ can be chosen independent of b.



subject to

z(t) = A(t)z(t) + B(t)u(t) + d(t) + £(t), t€][0,T], =(0)= =z,
u(t) e U :=[—-1,1]™.
Due to the linearity in u and the convexity and compactness of the constraining set U this problem
has a solution, hence also the inclusion y € F(x,p,u).
Now, let b > 0 be arbitrarily chosen and let (x,p,u) be a solution of y € F(z,p,u), where
y = (&,mp,v) € Y and |ly| < b. The following notations will be used. As before, 5(t) :=
B(t)"p(t)+S(t)T#(t), while o(t) := B(t) "p(t)+S(t) "z (t) — p(t). Furthermore, we denote Az (t) :=
xz(t)—z(t), Ap(t) = p(t) —p(t), Au(t) := u(t) —a(t) and Ao (t) := o(t) —(t) and skip the argument
t whenever this does not lead to ambiguity.
Integrating by parts, we have

T T
| (b a0y de = (ap(), 20(1) - [ (8p,Ad)at.
0 0

Substituting here the expressions for Az and Ap resulting from the inclusions y € F(x,p,u) and
0 € F(&,p,u) in view of (1.2) we obtain that

T
/ (—=ATAp — WAz — SAu + 7, Az) dt
0
T
— (Vg((T)) — Vg(&(T)) + v, Ax(T)) — / (Ap, ADz + BAu + &) dt.
0
Rearranging the terms in this equality and using Assumption (A2) we get
T T
| (p.BAw + (S0, Aa))de+ [ (i Ax) + (€ Ap)) dt - (v Aa(T))
0 0
T
= (Vg(z(T)) — Vg(z(T)), Az(T)) +/ ((WAz, Az) + 2(SAu, Ax)) dt > 0.
0
Using this inequality and the definitions of the functions ¢ and & we obtain

T T
/ (Ao, Au) dt = / (BTAp+ STAz — p, Au) dt >
0 0

T
> / (—{m, Ax) — (€, Ap) — (p, Aw)) dt + (v, Ax(T)). (3.7)

The third component of the inclusion y € F(z,p,u) reads as —o(t) € Ny(u(t)), which implies
(—o(t), u(t) —u(t)) <0. Then

T T T
_ /0 (Ao, Au) dt = /0 (o, Au) + (6, Au) dt > /O (&, Au) dt.

From here, using that —6;(t) € N|_1 1)(1;(t)), hence 6;(t) Au;(t) > 0 for each j, Lemma 3.1 implies
that

m

T T
_/0 <Aa,Au>dt2/0 > 165 Auj| dt > col| AullfT,
J

—
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where the constant ¢g only depends on k, o, 7 and mg (see Remark 3.4). Then using (3.7) and the
Holder inequality we obtain

7l [ Azlloo + 1€l APl + V[ [AZ(T)] + llpllos [Aull = col AuflfF. (3.8)
Using Assumption (A1) and the solution formula of the Cauchy problem for Az and Ap we get
[Az]loo < cr(ll€ll + [[Aull),  1APlloe < ca(ll€ll + [I7lls + | Aully + [v]) (3.9)

for some constants ¢; and ¢y that only depend on K (see (3.5) in Remark 3.4). (We mention that
for the estimation of ||Ap|loc we use the estimation for |Axz(T")| and the Lipschitz continuity of the
gradient Vg appearing in the end-point conditions for p and p in (1.1).) Therefore, by (3.8)—(3.9)
we obtain that

(lylI? + Iyl Aully) > sl Aullf* (3.10)

for some constant csz, only depending on cg, ¢; and co. Now, we distinguish two cases. First, if
[yl < |Aully then 1
2[lylllAully > esl| AullF,

which implies
2 1/k
aul < (Z101) (311)
c3
Otherwise, if ||Aul|; < |ly|| < b then
[ Aully < [yl [yl < Dy (3.12)

Inequalities (3.11) and (3.12) imply that for any b > 0 there exists ¢4 > 0, depending on ¢3 and b
such that
1Au]y < eally] /"

Then the claim of the theorem follows with a suitable constant ¢ (depending only on ¢;, co and c¢y4)
from the above estimation together with (3.9).

Notice that c4, hence also ¢, depend on b only due to the term b(x=1/% in estimation (3.12),
which equals 1 in the case k = 1. This justifies Footnote 1. Q.E.D

Remark 3.5. Clearly, the property established in Theorem 3.3 implies that (Z,p, @) is the unique
solution of (PMP), thus (Z,) is the unique solution of problem (P). Therefore, (PMP), together
with Assumptions (A1)—(A3), is a sufficient optimality condition.

4 Bi-metric regularity

The notion of strong bi-metric regularity was introduced in [27] in order to grasp in a relevant
way the dependence on perturbations of the solutions of Mayer’s type optimal control problems for
linear systems. Its extension to the Bolza problem considered in this paper is more complicated
due to the missing smoothness of the switching function associated with the optimal control. In
this section we present such an extension, starting from the abstract definition of strong bi-metric
regularity and a new, substantially strengthened version of the Lyusternik-Graves type theorem
proved in [27].
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4.1 The abstract setting

First, we give the definition of strong bi-metric regularity, which is a more convenient extension of
the one introduced in [27].

Let (X,dy), (Y,dy) and (Y,dy) be metric spaces, with ¥ C Y and dy < dy on Y. Denote
by Bx(%;a) and By (y;b) the closed balls in the metric spaces (X,dx) and (Y, dy) with radius
a >0 and b > 0 centered at  and , respectively. We will suppose that the metric dy and dy are
shift-invariant, which means, in terms of the metric dy, that

dy(y+zy +2)=dy(y,y), Yy, ,zeY.

Definition 4.1. The map ¢ : X =Y is strongly bi-metrically regular relative to YCYatzeX
for y € Y with constants ¢ > 0, a > 0 and b > 0 if (Z,y) € graph(®) and the following properties
are fulfilled:

1. the mapping By (y;b) > y — ®~1(y) N Bx(F;a) is single-valued, and

2. for all y,y’ € By(y;b),
dx(®~(y) N Bx(Z;a), @~ (y) N Bx (T;a)) < sdy (y,¢)- (4.1)

It is important to notice that in this definition the “disturbances” y, 3y’ are taken from the
smaller space Y (and are sufficiently small in the metric of this space), but the Lipschitz property
(4.1) holds with the (smaller) metric dy. This is the crucial difference with the standard definition
of strong metric regularity (see e.g. [13, Section 3G] and [20]), where the spaces Y and Y coincide.

The next result resembles the main features of the Lyusternik-Graves-type theorem proved in
[27, Theorem 2.1], but under substantially weakened requirements, as explained in the comments
after the proof.

Theorem 4.2. Let X be a complete metric space, Y be a linear space, Y bea subspace of Y, and
let both metrices, dy in'Y and JY m )7, be shift-invariant and dy < JY on Y. Let the set-valued
map ® : X =Y be strongly bi-metrically reqular at T for § with constants s, a, b. Let u > 0 and ¢’
be such that su < 1 and ¢’ > ¢/(1 —su). Then for every positive constants o', b', and 7 satisfying

ad<a, V4+y<b b <(1—cu)d, (4.2)
and for every function ¢ : X — Y such that
dy(p(1), ¢(2)) <7 Vo € Bx(i;d), (43)

and
dy (p(z), o(2") < pdx (x,2") Vx,2’ € Bx(7;4d), (4.4)

the mapping By (7 + ¢(2);6') 2 y = (o + @)~ (y) N Bx(%;d) is single-valued and Lipschitz con-
tinuous with constant ¢’ with respect to the metric dy .
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Proof. Let us fix u, ¢/, @/, ¥’ and « as in the theorem. Take an arbitrary function ¢ : X — Y such
that (4.3) and (4.4) are fulfilled.

By assumption, the mapping By (7;0) 2 y = s(y) = &~ 1(y)NBx(;a) is a Lipschitz continuous
function (with respect to the metric dy in Y) with Lipschitz constant ¢. For any z € Bx (Z;a’) and
y € By (7 + ¢(7); V') we have

dy (y — (), 7) < dy (3,5 + ¢(%)) + dy (p(Z), p()) <V + v < b. (4.5)

Thus s(y — ¢(x)) is defined for all such pairs (z,y).

For an arbitrarily fixed y € By (y+¢();b') we consider the mapping Bx (Z;a') > x — Zy(x) :=
s(y —p(x)). We shall prove that the mapping Z, has a unique fixed point by using the contraction
mapping theorem in the form of [13, Theorem 1A.2]. For this we denote A = ¢u < 1 and estimate

dx (7, 2y(7)) = dx(s(9),s(y = ¢(7))) < <dy (5 + ¢(2),y)
b < (1 —cp)a’ =(1-N)d.

N

Moreover, for z, 2’ € By, (Z;a’) we have

dx(Zy(x), Zy(z")) = dx(s(y —@(x)),s(y — (")) < cdy (y — (x),y — p(z'))
= cdy(p(z), p(2") < spdx (z,2") = Adx (z,2").

Then, according to [13, Theorem 1A.2], there exists a unique z = z(y) € Bx(Z;a’) such that x =
s(y— (). The latter implies that y—p(x) € ®(z), hence z € (p+®)~(y)NBx(Z;a’). Moreover,
x(y) is the unique element of (o + ®)~(y) N Bx(Z;a’). Indeed, if x € (¢ + ®)~1(y) N Bx(z;d’),
then y € p(r) +®(x), hence y — ¢(x) € ®(r), and since as in (4.5) we have y — p(z) € By (y;b) and
x € Bx(z;d') C Bx(Z;a), it also holds that # = s(y — ¢(z)). Thus # = z(y). Thus the mapping
By (54 (z);0) 3y = (¢ + @)~ (y) N Bx(z,d’) is single-valued.

Now, take two arbitrary elements y, y' € By (7 + ©(Z);0') and let © = s(y — ¢(z)) and 2’ =
s(y’ — (")) be the unique solutions of y € p(z) + ®(z) in Bx(Z;a’) corresponding to y and v/,
respectively. Then

dx(z,2') = dx(s(y —¢(x)),s(y" — @(2'))) < sdy(y — (2),y — @(z"))
< cdy(y,y) +sdy (p(2), p(2') < cdy (y.y) + spdx (2, 2").
Hence, ¢
dx(,2") < 7— udY(y’ y') <<'dy(y,y"),
which completes the proof. Q.E.D.

The main improvement in the above theorem, compared with [27, Theorem 2.1], is that the
Lipschitz property (4.4) is required in [27, Theorem 2.1] to be fulfilled in the stronger metric dy-,
which makes the theorem unusable in several applications, including that presented in Subsection
4.3.

12



4.2 Strong bi-metric regularity of the linear-quadratic problem

Now consider again Problem (P). First we will present a result about stability under perturbations
of Assumption (A3) in the case k = 1, where the following strengthened form of Assumption (A1)
will be used.

Assumption (A1°). The functions A,WW and d are continuous, B and S have continuous first
derivatives. The matrices W (t) and ST (t)B(t) are symmetric for every ¢ € [0,T]. The function g
is differentiable with (globally) Lipschitz continuous gradient.

Furthermore we introduce the subspace
Y= L>=([0,T),R™) x L*([0, T],R™) x Wh>=([0,T],R™) x R"
of ) endowed with the usual norm of y = (¢, 7, p,v) € V:

1€ 0, )|~ = [I€lloo + lIlloo + [lpll1,00 + [V (4.6)
We denote by dy the distance induced by | - ||~

Proposition 4.3. (Stability of Assumption (A3).) Let Assumption (A1’) be fulfilled. Let (&,p, )
be a solution of (PMP), and let Assumption (A2) and Assumption (A3) with k = 1 be fulfilled.
Then Assumption (A8) is stable under perturbations in the followmg sense: there exist constants
b>0,a>0,7>0 and g > 0 such that if (&,m,p,v)=yE€ Y with lyl|~ < b, then for any triple
(z,p,u) € X solving y € F(x,p,u) the function o := B p+ STz — p satisfies Assumption (A3)
with k =1 and constants & and T replacing o and T, respectively, and lyin(o,7) > Mo (see (3.1)).

Proof. Let o and 7 be the constants appearing in Assumption (A3), and let j € {1,...,m} be
arbitrary. Further, we consider only disturbances y € ) satisfying ||y||~ < 1.
First, observe that for all ¢ € [0, 7] it holds that

03(t) = 65(0)| < '(B(tf(p(t) = p() + S0 (x(t) - f(t)))j\ + i )]

Using this inequality and Theorem 3.3 (applied with b = 1), we obtain that there is a constant ¢y
such that

|oj(t) = 65()] < el
forall j=1,...,m,t€[0,T], and y € Y with ||y|~ < 1. Hence,
o (O = lo5(®)] —ellyll, ¢ €[0,T], jefl,....m}. (4.7)
Consider (skipping the argument t) the derivative
5, = [BTﬁ +B'p+STe+5"Tz }
- [BTp +BT(—ATp—Wi—Si)+S$Ti+ ST (Aé + Bi+ d)} .

- [BT;& +BT(-ATp—Wi)+ S§Ti + ST (Az + d)} , (4.8)
J
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where in the last inequality we use the symmetricity of BTS. This implies, in particular, that 3j is
continuous. Then there exists 71 € (0,7] such that |5;(61) — 7;(02)| < /4 whenever 6y, 62 € [0, T]
and |0 — 02| < 7. Hence, using (4.8) and Assumption (A3) we obtain that for any j € {1,...,m},
for any zero § of 6; and arbitrary t € (§ — 71,5+ 71) N[0, 7]

alt =31 <165~ 055)| = | [ ds00a0] <| [ 6,5 a8] +| [ 5 ap]

hence [0j(3)| > 3a/4 for any zero § of 64, j =1,...,m.
The equality (4.8) holds also for o; (where (&,p) is replaced with (x,p)), with the additional
term |BT7+ ST¢ — p| in the right-hand side. Then using Assumption (A1’), and the estimation

J
in Theorem 3.3, we obtain that

165 = Fjlloe < ca(llyll + l€lloc + I7lloc + IAlloc) < esllyll~, (4.9)
where ¢z and c3 are independent of j and y € Y, lyll~ < 1.
Define 7 := 71 /2 and choose the number b > 0 in such a way that

ab< min{lmin(U’T/2> om-} and 4desb <o, b<1, (4.10)

2 "4 -
and let ||y||~ < b. Since from (4.7) and the first inequality in (4.10) we have that for ¢ € [0, 7] \
1;(6,7/2)

lmin (&2, ?/2) > 0,

|05 (D)] = 165(8)] = erllyll = lmin(6,7/2) = e1b >
we obtain that any zero s of o is contained in I;(6,7/2). Thus s € (§ —7/2,5+7/2) N[0, T] for
some zero 5 of ;.
Now take an arbitrary ¢t € (s —7,s +7) N [0,7]. Then ¢, s € (§ — 71,5+ 71) N [0,7] and using
(4.9) and the second inequality in (4.10) we obtain that

/Staj(e) d&‘ _

A «
|55t = s = 1t = 5| = eallyli~ [t — s

0]

/ [556)+ (55(0) = 8,60 + (6,(0) — 6,6))] de]

v

v

G PR P T PR . PR
—|t—s| ==t —s]— =t —s] > —|t —s|.
4 4 4 — 4

Thus (A3) holds for o with £ = 1 and constants @ = «/4 and 7.
Further for t € I(6,7) \ I(0,T) we have

. . aT

o) 2 aft = 8| —ally] = aft = s| —als = 8] —edllyll = -~
for some zeros § and s of & and o respectively. So if we set mg = min{‘%,lmin(&,?)} then
lmin(o'a ?) > mg. QED

Proposition 4.3 allows to extend the result for strong bi-metric regularity of F', obtained in
[27] for Mayer’s problems for linear systems, to the present Bolza problem. For that we need the
following stronger version of Assumption (A2).
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Assumption (A2’). For every couple of admissible pairs (z,u), (z',u') € F it holds that
(Vg(a(T)) — Vg(2'(T)),2(T) — «'(T))+
T
/O (W(t) (2(t) = 2' (1)), 2(t) — 2’ (1) + 2(S(t) (u(t) — /() ,2(t) — 2'(t))) dt > 0.

Remark 4.4. Standard convex analysis shows that Assumption (A2’) is equivalent to the fact
that the functional .J is convex on the set F, or equivalently, the mapping L'([0,T],R™) > u
J(xz(u),u) is convex on the set of admissible controls U, where z(u) denotes the solution of the
Cauchy problem & = Ax + Bu, x(0) = 0.

To prove strong bi-metric regularity of (PMP) we first have to introduce the following additional
spaces. First we consider the set U = L*°([0,T],U) as a metric space with the metric

d¥ (uy,up) = meas {t € [0,T] : ui(t) # uz(t)},

where “meas” stands for the Lebesgue measure in [0, 7]. This metric is shift-invariant and we shall
shorten d* (uy,us) = d¥ (u; — ug,0) =: d¥(u; — ug). Moreover, U is a complete metric space with
respect to d” (see [14, Lemma 7.2]). Then the triple (z,p,u) is considered as an element of the
space

X = Whi((0,T],R") x Whi([0, T],R™) x U, (4.11)

endowed with the (shift-invariant) metric
dx(@,p,u) = [l + [Iplh,y + d¥ (u). (4.12)
Clearly Xisa complete metric space.

Theorem 4.5 (Bi-metric regularity). Let Assumptions (A1°) and (A2’) be fulfilled. Let (&,p, 0) be a
solution of (PMP) such that Assumption (A8) is fulfilled with k = 1. Then the mapping F' : X =2 Y
introduced in (1.2) is strongly bi-metrically regular relative to Y C Y at 2 := (&,p, ) € X for0 € Y.

Proof. We shall prove that F~! is single-valued in By(O;E) and

dx(F7Y(y), F7H(y)) < cdy(y',y), (4.13)

for all y, oy’ € B3~,(0;5), where b and ¢ are as in Proposition 4.3. Thus the conditions in Definition 4.1
will be fulfilled even with a = +occ.

Let us start by giving a reformulation of the perturbed version of (P), which will turn out to
be useful in the sequel. Let us take an arbitrary y = (£, 7, p,v) € Y. Then the perturbed system
y € F(x,p,u) is the set of necessary conditions for the problem (3.6) introduced in the proof of
Theorem 3.3. Notice that (3.6) is exactly of the same form as (P) with the state and co-state
variables augmented by one dimension, and the data A, B, d, W, S and g replaced with

(4 ) (2 (45w (8 25 (3)
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and §(z(T), 24 1(T)) = g(2(T)) — v 2(T) — 2,11(T), respectively. Thus, (z,p,u) is a solution of
y € F(x,p,u) if and only if the triple

GOFOTDN = (e ) (7)) 0) (114)

is a solution of the system

0= ?(t) - %(t)i(t) - B (t)u(t) — J(Q
0= p(t) + At)"p(t) + W ()T (t) + S(t)u(t)

_ ~ ~ 4.15
0 € BT + S(0)TFHO) + Ny (@(0) 9
0 = H(T) — V§(E(T)).
The above system can be recast as a generalized inclusion
0 € F,(%,p,0) (4.16)

where ﬁy is defined as in (1.2) replacing A by g, and similarly for the other data. ﬁy maps the
space
X = Wl ([0, T),R™) x WH ([0, T],R™) x L'([0, T], R™)

to
Y= LY([0,T],R"™) x L*([0, 7], R™*1) x L>=([0, T],R™) x R"+1,

where T := (x4 ,0)". In few words, the dimension of the state and co-state variable is augmented
to n + 1 and the additional initial condition z,41(0) = 0 is added.

Note that by construction for any y € Y Assumption (A1) and Assumption (A2’) are fulfilled
for (4.16). Choose b, &, T and my as in Proposition 4.3. Then there exists a constant K such that
for any y with ||y||~ < b we have

1 Allsos 1 Bllsoll; Idlloss W lloss IS]lee < K, V3 is Lipschitz with constant K.

Then by Proposition 4.3 for any y = (¢, 7, p,v) € Bj((); b) and any solution (z, p, u) of the perturbed
problem y € F(z,p,u) Assumption (A3) is satisfied by o := BTp + Sz — p with constants &, 7
and lyin(o,7) > mo. An easy calculation shows that the switching function of the solution (z, p, )
(given by (4.14)) of (4.16) is given by B'p+8T%=B"p+ STz —p=o0. Then Theorem 3.3 in the
detailed form in Remark 3.4 is applicable to (4.16) with the constant ¢ independent of the particular

y € B)~}(O; b). In particular, this implies that (z,p,u) is the unique solution for (4.16). Therefore,
% = u is bang-bang and F~! is single valued on B)~](O;~). For any v/ = (¢, 7', p/,V) € Bf(O;g) and
its solution (2, p’,u’) of y € F(2/,p',u’) we define

S

(5/7177 /) = (($/, /0.(7TT$/ + pTu/))v (pla —1),U,), 1'7/ = ((5/ - 570)7 (77/ -, 0)7/)/ - P (V, - v 0))

An easy calculation shows the inclusion 3’ € ﬁy(f’ ,p/,u’). Then Theorem 3.3 (in the form in
Remark 3.4) implies
17" = @1 + 17" = Pllva + 1@ =l < cll]ly, (4.17)
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where || - ||y, denotes the norm of V. Hence by (4.17) we have

|2

gy =clly = y'll-

lz =2l +lp—Plha+llu -l <
<

Since u,u’ are bang-bang, similar to [27, p. 4130] we have ||u — u'||; > 2d% (u — «) which proves
(4.13). Q.E.D.

We mention that the strong bi-metric regularity for Mayer’s problems is proved in [27] for a
general polyhedral set U and also in the case k > 1. Extension of Theorem 4.5 to a general compact
polyhedral U set is a matter of modification of Assumption (A3) and technicalities that we avoid
in this paper, while the case k > 1 is still open and challenging for the Bolza problem.

4.3 Stability of bi-metric regularity under perturbations

In this subsection, we will apply Theorem 4.2 to prove that the strong bi-metric regularity property
is stable under some class of nonlinear perturbations.
Along with problem (P) we consider the following perturbed problem:

u)

minimize

<> () +alw(t),t) + BOu(t) + Blz(t). u(t), te0.T], g

[—1.1]™

J(z,
subject to  @(t)

ul(t) €

(0

\/

where
J(,u) ==g(x(T)) + g(x(T))+

T
/0 <2x(t)TW(t)x(t) +w(x(t),t) + x(t) T S(t)ult) + <’§(rv(t),t),U(t)>> dt.

Here a : R™ x [0,T] — R", B : R" x 0, 7] - R™™ g:R" - R, w: R"x [0,T] —» R,
5:R™ x [0,T] — R™ are continuously differentiable functions. All these functions will be assumed
“small” in a sense clarified in the theorem below.

The system of necessary optimality conditions for problem (4.18) is given by

0 = @t)— Alt)a(t) — ale(t),t) — B)u(t) - Bla(t), u(?),

0 = () + (AW +aale(t), ) + (Ba(t), Du(t)) p) + WEH(t) + @n(@(t), ) + SOu(t),
3, (@(t), ) Tu(t)

0 € (BW)+Bla().t) p(t) + St) a(t) + 3(x(t). 1) + Ny (ut)),

0 = p(T) - Vg(a(D)) - Vi((D)),

(4.19)
where the subscript « (as in a,) means differentiation with respect to x.
The system (4.19) can be recast as
0 € f(z,p,u) + F(z,p,u), (4.20)
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where F' (corresponding to the non-perturbed system) is given by (1.2) and f is defined by

N —a(z,t) — B(z,t)u
(Qu(w,t) + (B(x,lf)u)w)Tp Vg2, )T+ 5u(e,t) T
B(z,t)"p+3(x,t)
—Vg(x(T))

fx,p,u)(t) =

As before we consider F' as a set-valued mapping X = Y, where the spaces X and Y are defined
in (4.11) and (2.1), respectively. We fix a solution 2 := (&, p, @) of the inclusion 0 € F(z,p, u).

Assumption (B). The mapping F : X = Y is strongly bi-metrically regular relative to Y C ) at
ze X for0e).

We recall that sufficient conditions for strong bi-metric regularity of F' are given in Theorem 4.5.

Our purpose will be to prove that the strong bi-metric regularity of F' is not destroyed by the
disturbance f, provided that the disturbances in (4.18) are sufficiently “small”. Notice that the
space X contains elements (z, p, u) for which some of the norms ||z||s, [|pllc, |12]|s0s [|B]|sc, may be
arbitrarily large or even infinite (the latter applies to the derivatives), that is, elements which are
irrelevant to the linear-quadratic problem to which F' is associated. Moreover, the image f (2? ) is
not necessarily contained in )N/, which is important from a technical point of view. Therefore, for a
given compact set D C R™ we introduce the complete metric space (with the metric dx)

Xp = {(x,p,u) € X : 2(t), p(t), &(t),p(t) € D for any t € [0,T]}.

Also, denote by Fp := F|A7D :Xp =Y and fp = f|);D : Xp — Y the restrictions of F and f
to Xp.

Lemma 4.6. Let Assumption (A1) be fulfilled, let 2 = (Z,p,u) be a solution of the non-perturbed
system (PMP), and let Assumption (B) be fulfilled. Then there exists a compact set Dy C R™
such that for every compact set D C R™ containing Dy the restriction fp maps Xp into Y and the
mapping Fp : Xp =Y is strongly bi-metrically reqular relative to YcYatieX for0 e .

Proof. First note that because of continuity of a, E, S, Ay, EI, w, and s, we have that for
every compact set Dy the first three components of fp, are in L. Moreover the third component
is differentiable in ¢ and since (E(m,t)Tp)x is continuous as a function in z, p and ¢, and 5, is
continuous this derivative lies in L*>. Hence fp, maps into V.

Further let ¢ > 0, @ > 0 and b > 0 be the constants corresponding the strong bi-metric regularity
of F. Let y = (&, m,p,v) € Bj;(O;b) and (x,p,u) € X be a solution the generalized equation
y € F(z,p,u) (i.e. of (2.4)). Moreover we denote Az(t) := z(t) — z(t), Ap(t) := p(t) — p(t) and
Au(t) := u(t) — a(t). Then by the solution formula of the Cauchy problems for Az and Ap we get

1AZ[[1,00 < c1([l€lloc + [1Aulloo)s  [|AP[1,00 < calll€]loo + [ITlloo + [[Aulloo + [¥]), (4.21)

which shows that there is a compact set Dy such that (z,p,u) € ‘)?Do‘ Therefore F’l(Bj(O; b)) C
QFDO - fD for every D containing Dy Whic~h implies that Fp : /'?D = ) is strongly bi-metrically
regular relative to Y C Y at 2 € X for 0 € ). Q.E.D.
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Below we prove a stability result in the same spirit as [27, Theorem 4.1], which concerns Mayer’s
problems. We mention that there is a gap in the proof of [27, Theorem 4.1], but it can be easily
corrected by using Theorem 4.2 instead of [27, Theorem 2.1]. This is done in the next theorem
which, in addition, extends [27, Theorem 4.1] to Bolza problems.

Theorem 4.7. Let assumption (A1°) be fulfilled, let 2 = (&,p,0) be a solution of the non-perturbed
system (PMP), and let Assumption (B) be fulfilled. Let D C R"™ be a compact set such that
(XD) C Y and the mapping Fp is strongly bi-metrically reqular relative to YcYatie Xp
for 0 € Y (see Lemma 4.6). Then there exist positive real numbers o, 6 and ¢ with the following
property.
For any positive number € < g let a, E, g,w, s be any functions satisfying the assumptions given
above in this section and such that

e the functions a, B, 3, 4y, By, Wy, 55, Bt, 3 are all bounded by e on D x [0,T1];
e the functions a, §, s, ag, Ex, Wy, Sz are Lipschitz continuous in x with Lipschitz constant ;
o the function Vg is bounded by € and Lipschitz continuous on D with Lipschitz constant ¢.

Then
(i) the perturbed system (4.19) has a unique solution z* = (z*,p*,u”) in the §-neighborhood of
z i Xp and N
dy(z" = 2) < ce.

(ii) the mapping f + F : Xp=Yis strongly bi-metrically regular at z* for O relative to ycy.

Proof. We want to apply Theorem 4.2 for the mappings ® = F and ¢ = f at the point (Z,7),
where ¢ := f(&,p,4). Let ¢, a, b be the numbers in the definition of strong bi-metric regularity of
F at z for 0, and let p, ¢, a/, b, v be arbitrary numbers such that the conditions (4.2) are fulfilled.

Since a, E, S, Ay, Ex, Wy, Sz, Et, 5, Vg are all bounded by ¢ and #, p, p are bounded by
|D| := sup,ep |x| and |a| < y/m we have that

A5(3:0) = | =l t) = Blatyilloo + 1@, 0) + (B2, 1)) 5+ Tl ) + 5l 0) Tl +
HIBG@OT5+ 3 Ole + 1| (B0 T5) &+ Buld,t) 5+ Bl 1) hlloo + [VG((T))]

P
(14 +v/m)e + (24 |D| + vm)e + (|D| + 1)e + (|D|* + 2|D|)e +
016,

IA A

for some constant Cy only depending on [D|. Similarly for z € B3 (2 a’) we have

dy(0, f(2)) < Cie,

which gives B B B
dy(9, f(2)) < dy(9,0) +dy(0, f(2)) < 2Ce. (4.22)
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Next since E, gz, Ex, sz are bounded by ¢ and a, E, S, Ay, Ex, Wy, Sz, Vg are Lipschitz
continuous with Lipschitz constant €, p is bounded by |D| and |u| < y/m we have that for any
2,2 € By (%;d')

dy(f(2),f(z) = |l —a(z,t) — Bz, t)u+a(a’,t) + B/, t)u'||,
+ [ @a e, t) + (B, yu),) ' p+ (2, 1) + 5p(a,t) Tu
— (@ (2, t) + (B(a!, )),) ' 9 — W2, )T — 5o, 6) T |y
+ |[B(a,t)Tp+3(x,t) — B(a', 1) p' — 3@, t)lloo + |VG(2(T)) — V(= (T))]
< e[(lle = 2'[ly + v/m|D| |z — ||y + [Ju — [|1)]])
+ (Dllz =[x + [lp = p'llh + vVm|D| ||z — 2'[[x + [ D] [[u — v'[]1
+vmllp =l + llz — 21 + vVmllz — 2[]1 + [Ju —'||1)
+ (o = 2[|oc + D |z = 2'llcc + [Ip — Plloc) + |2(T) — 2/ (T)]]
< Cyellz — z’||/,,?D

(4.23)
for some constant Cs only depending on |D|.
Hence, if we choose g, § and ¢ such that

2C1e9 < 7y, Coeg < p, Creg < b/, 0= a/, c= C/C1, ceg < a',

then we can apply Theorem 4.2 to see that f + F' is strongly bi-metrically regular at Z for y with
constants ¢’, @’ and b'. Therefore, there is a unique 2* € B fD(é; a’) such that

0€ f(z%) + F(z").

and we have N
dx (2" —2) <<'dy(0,9) < 'Cre = ce,

which proves (i). Moreover since (2*,0) € int(By,_ (%; a’) x B3(9; 1)), the map f+F is also strongly
bi-metrically regular at z* for 0. This proves (ii). Q.E.D.

We mention that the issue of stability with respect to linearization of the strong bi-metric
regularity property (in the spirit of Robinson’s theorem [28]) is more complicated and will be a
subject of a separate investigation, together with further applications of this property.

5 A Newton-type method for bang-bang optimal control problems

In this section we investigate the convergence of a Newton-type method for solving affine optimal
control problems under conditions which guarantee that the (strengthened) sub-regularity property
in Theorem 3.3 holds for the linearized problem along the optimal solution. For this, we first present
an abstract result which is similar to, but stronger than [9, Theorem 6.1], since it is based on the
stronger version of sub-regularity in Theorem 3.3.

Theorem 5.1. Let (X,| | x) and (Y, - |ly) be Banach spaces. Let the mapping ¢ : X — Y be
Fréchet differentiable (Dy denotes the derivative) and let & : X =Y be a set-valued mapping. Let
Z be a solution of the inclusion

p(z) + ®(x) 2 0.
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Assume that there are positive constants R, L and c such that
[De(x) — Do(d)|| < Lilz — 2|x Vo € Bx (&, R) (5.1)

and
|z —2|lx <cllylly (5.2)

for every x € X and y € ¢(z) + Do(z)(x — &) + ®(x).

Then for x € Bx(Z,r), where r = min{R, 5%:}, and for every solution z € X of the Newton
inclusion
o(x) + Dp(x)(z —x) + D(2) 50, (5.3)
it holds that z € Bx(Z,r) and
. 1 .
Iz —2flx < ;le—xl\g(- (5.4)

Before proving the theorem we mention that condition (5.2) is a strengthened form of the metric
sub-regularity of the partial linearization z — ¢(&) + D¢(Z)(x — &) + ®(z) of the mapping ¢ + P.
The inclusion z € Bx(&,r) implies that any finite or infinite sequence generated by the Newton
inclusion (5.3) and starting from Bx (&, r) (if such exists) stays in Bx(Z, ). Inequality (5.4) claims
quadratic convergence of any such sequence which starts in the interior of Bx (Z, 7).

Proof. For any x € Bx(&,r), let 2 € X be an arbitrary solution of (5.3) (if any). Then,
p(2) + Dp(2)(z = 2) + ©(2) 3 ¢(2) — ¢(x) + Dp(2)(z — &) — Dep(z)(2 — 2).

This means that z solves (5.3) with perturbation y given by the right-hand side of the inclusion
above. Therefore, (5.2) yields that

Iz — 2llx < cllo(@) — (z) + Do(2)(z — &) — Dop(x)(z — z)|ly-
Now using (5.1) we get

Iz =2lx < clle(@) — o) + De(@)(x — 2)lly + [|(De() — De(x))(z — 2)|v)

cL . .
- llz = 2% + cLllz — &)l x ||z — =l|x

IN

IN

cL . R R N
- llz = #% + cLllz — 2]l x (12 — 2l x + |z — 21 x) -

Hence,
3cL

2
Since 1 — cL|lz — #||x > (1 —cLr) > 2 we obtain (5.4), which implies that z € Bx(#&,r). Q.E.D.

(1-cLlz —|x)lz - &|x < =~z - &[%.

Remark 5.2. A similar convergence result of the Newton’s method can be found in [7] for variational
inequalities and nonlinear programming. In that paper, the author introduces the conditions of
hemi-stability hemi-regularity in order to ensure the convergence of the Newton’s method. The
assumptions in Theorem 5.1 are weaker, but existence of a Newton sequence is not claimed, similarly
as to [9, Theorem 6.1]. Existence will follow in the analysis of optimal control problems that follow.
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Now, we shall use Theorem 5.1 to investigate the convergence of the Newton method for the
following affine optimal control problem:

minimize  C(z,u)

subject to  #(t) = a(x(t),t) + B(x(t),t)u(t), te[0,T], (5.5)
u(t) e U :=[-1,1]™ ’
(0) = =0,

where -
Clz,u) = g(x(T))—l—/o [w(z(t),t) + (s(z(t),t), u(t))] dt

Here the functions a : R" xR - R" B:R" xR > R"™ w:R" xR =R, s: R" x R — R™ and
g : R™ — R are given. Further, we use the following assumptions.

Assumption (A1”). The functions a, B,w, s are twice differentiable in z, and all these functions
and derivatives of first and second order are continuous in ¢ and locally Lipschitz in z, uniformly in
t. g is twice continuously differentiable with Lipschitz derivate. The problem (5.5) has a solution,

(&, 1).

Remark 5.3. The optimality can be understood as local, since it is only important that the Pon-
tryagin maximum principle is fulfilled for (&, %). Due to the linearity of the problem with respect to
the control and the compactness and convexity of the control constraints, existence of an optimal
solution is granted if the differential equation in (5.5) has a solution on [0, 7] for every u € U.

By the Pontryagin minimum principle, there exists an absolutely continuous function p such
that the triple (&, p, @) solves for a.e. t € [0,7T] the system

0—96( ) —alx(t),t) — B(z(t), t)u(t), .
) ( .%‘(t), + (B(Jf(t) t)u(t)) ) p(t) + wm(x(t)7 t)T + Sz(x<t)7 t)Tu@)a (56)
s(z(t), 1) + Ny (u(?)),

OGB( ®), ) p(t) +
p(T) = Vg(z(T)),

where the subscript  (as in a;) means differentiation with respect to x.
We rewrite system (5.6) as the following generalized equation

0€ f(z,p,u) + G(z,p, u), (5.7)
where f: X — ) is given by
z —a(z,t) — B(z,t)u

flo p+ (az(z,t) + (B(z, t)u)m)Tp +wg (2, 1) + sg(x,t) Tu
f(@,p,u)(t) = Blat) T p+ s(z.1) (5.8)
p(T) — Vg(z(T))

G : X 3 ) is given by

G(z,p,u) = (5.9)

Ny (u)
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and X and ) are the spaces defined in Section 2, namely X = W;g,l x Whtx LV, Yy = L' x L' x
L>® x R™,

Following [13, Chapter 6.3], we define the Newton-type method for solving problem (5.7) as follows,
where 2¥ := (2%, p¥, u¥) denotes the obtained iterate at step k = 0,1, .. ..

Newton’s method:

1. Choose 20 € X.

k+1

2. Given z*, obtain z as a solution of the generalized equation

f(*)+ D) - 28+ qF) s 0. (5.10)
Here, Df(z) is the Jacobian of f at z.

We mention that if z* satisfies (5.10) then u* is an admissible control, because Ny (u) = () whenever
ugU.

For any z € X the inclusion f(z) + Df(z)(z — z) + G(z) > 0 represents the Pontryagin system
of necessary optimality conditions for a linear-quadratic problem which can be recast as (P) by
introducing an additional state variable, similarly in the proof of Theorem 4.5. We denote this
problem by LP(z) (we skip its explicit formulation, which can be found for instance in [11, Section
5]). For the next theorem it is important to ensure that the claim in Theorem 3.3 holds for the
particular problem LP(Z) corresponding to z = Z, which obviously has the solution Z — the solution
of the non-linearized problem (5.5). Therefore, we make the following assumptions, related to
Assumption (A2) and (A3) in Section 2.

Assumption (A2”). The objective functional in problem LP(Z) is convex on the set of all admissible
pairs F.

Assumption (A3”). The switching function &(t¢) in problem LP(%), which is
G(t) = B(&(t),t) ' p(t) + s(2(t), 1),

satisfies Assumption (A3) with k = 1.
The next theorem claims that on the assumptions made, Newton’s method generates a sequence
quadratically converging to the optimal solution of (5.5).

Theorem 5.4. Let Assumption (A17) be fulfilled and let 2 := (&, p, 1) be a solution of problem (5.6).
Let, in addition, Assumptions (A2”) at (A3”) be fulfilled for 2. Then there exists a neighborhood
O C X of 2 such that for any starting point z2° € O there is a sequence {28}, = {(z*, p*, uF)}22,
(not necessarily unique) generated by the Newton method (5.10) and any such sequence is quadrat-
ically convergent to 2, i.e. there is a constant ¢ > 0 such that

2
2" = 2|11 + [Ip" = Bl + W —al < e (Hﬂﬂk — 211+ [Ip* = Bllu1 + JuF — ﬂlh) :
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Proof. Since problem LP(z*) has a solution and the generalized equation (5.10) represents the
Pontryagin necessary optimality conditions for this problem, the iterate z* exists for every k.

We will apply Theorem 5.1 with spaces X and Y (for X and Y) and mappings f and G (for ¢
and ).

An easy but cumbersome calculation (which we skip) shows that Assumption (A1”) implies that
the mapping f : X — Y is Fréchet differentiable with locally Lipschitz derivative. Thus condition
(5.1) in Theorem 5.1 is satisfied with ¢ = f and some constants R and L. Moreover, thanks to
Assumptions (A17)—(A3”), Problem LP(Z) fulfills Assumptions (A1)-(A3) in Theorem 3.3. This
implies (see Remark 3.4 and Footnote 1) that condition (5.2) in Theorem 5.1 is also fulfilled with
some constant c. Then the convergence claimed in the present theorem follows from Theorem 5.1
with the neighborhood O defined as the open ball in X centered at Z and with radius r, where 7 is
defined in Theorem 5.1. Q.E.D.

Conclusion

This paper contributes to the regularity theory for Bolza-type optimal control problems with linear
dynamics, quadratic in the state and linear in the control objective integrand, and a non-linear
terminal term. Conditions for Lipschitz/Holder sub-regularity and bi-metric regularity are obtained
and the results are utilized for obtaining a convergence result for the Newton method applied to
non-linear problems that are affine with respect to the control. One of this conditions, which is
particularly restrictive, requires that the optimal control is of pure bang-bang type. Extensions
of the regularity results and the Newton method to control-affine optimal control problems with
singular arcs is an important open area.
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On the Convergence of the Gradient Projection Method for
Convex Optimal Control Problems with Bang-Bang Solutions.*
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Abstract

We revisit the gradient projection method in the framework of nonlinear optimal control
problems with bang-bang solutions. We obtain the strong convergence of the iterative sequence
of controls and the corresponding trajectories. Moreover, we establish a convergence rate, de-
pending on a constant appearing in the corresponding switching function and prove that this
convergence rate estimate is sharp. Some numerical illustrations are reported confirming the

theoretical results.

Keywords: Gradient projection method, Strong convergence, Convergence rate, Optimal con-

trol, Bang-bang control.
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1 Introduction

Numerical solution methods for various optimal control problems have been investigated during
the last decades [9, 8, 10, 11, 6]. However, in most of the literature, the optimal controls are
assumed to be at least Lipschitz continuous. This assumption is rather strong, as whenever the
control appears linearly in the problem, the lack of coercivity typically leads to discontinuities of
the optimal controls. Recently, optimal control problems with bang-bang solutions attract more
attention. Stability and error analysis of bang-bang controls can be found in [14, 32, 26]. Euler
discretizations for linear-quadratic optimal control problems with bang-bang solutions were studied
in [1, 2, 29, 5]. Higher order schemes for linear and linear-quadratic optimal control problems with
bang-bang solutions were developed in [24, 27].

On the other hand, among many traditional solution methods in optimization, projection-type

methods are widely applied because of their simplicity and efficiency [13, 15, 31].

*This research is supported by the Austrian Science Foundation (FWF) under grant No P26640-N25.

Hnstitute of Statistics and Mathematical Methods in Economics, Vienna University of Technology, Austria,
jakob.preininger@tuwien.ac.at.

Hnstitute of Statistics and Mathematical Methods in Economics, Vienna University of Technology, Austria,

vuong.phan@tuwien.ac.at.



Recently, the gradient projection method has been reconsidered for solving general optimal con-
trol problems [22, 28]. Under some suitable conditions, it was proved that the control sequence con-
verges weakly to an optimal control and the corresponding trajectory sequence converges strongly
to an optimal trajectory. However, no convergence rate result has been established.

In this paper, we study the gradient projection method for optimal control problems with

bang-bang solutions. In particular we consider the following problem

T
minimize ¢ (z,u) := g(z(T)) +/ h(t,z(t),u(t))dt (1.1)
0
subject to
&(t) = f(t,z(t),u(t)) forae. te€[0,T], x(0)=wxo, (1.2)
and
u(t) € U :=[—-1,1]™ for a.e. t € [0,T]. (1.3)

Here [0, 7] is a fixed time horizon, admissible controls are all measurable functions « : [0,7] — U,
while z(t) € R™ denotes the state of the system at time ¢ € [0, 7] and the functions f : RxR"xR™ —
R™ ¢g:R" > Rand h: R x R” x R™ — R are given.

Further we assume (see the next section for precise formulations) that the data are smooth
enough, that the problem (1.1)-(1.3) is convex and that for the (unique) optimal control u* the
objective function fulfills a certain growth condition. In particular we show that this condition is
satisfied in the bang-bang case if each component of the associated switching function satisfies a
growth condition as given in [29, 25].

Under these assumptions, we prove that the control sequence actually converges strongly to the
solution. Moreover, the convergence rates for both controls and states are provided, depending on
the constant appearing in the growth condition for the switching function. An example is analysed
showing that the estimation for these convergence rates is sharp.

The paper is organized as follows: In Section 2, we specify the assumptions we use and recall
some facts which will be useful in the sequel. Section 3 discusses the convergence properties of
the gradient projection method. Some numerical examples of linear-quadratic type are reported in
Section 4 illustrating the results in the previous section. Some final remarks are given in the last

section.

2 Preliminaries

In this section, we will clarify the assumptions used and recall some important facts which are
necessary to establish our result.

By U := L?([0,T],U) we denote the set of all admissible controls and if not stated otherwise
| - || denotes the L?-norm. The first two assumptions guarantee that the problem (1.1)-(1.3) is

meaningful.



Assumption (A1l). For any given control u € U there is a unique solution z = z(u) of (1.2) on
[0,T].

Assumption (A2). The problem (1.1)-(1.3) has a solution (z*,u*).

Now recall the Hamiltonian of (1.1)-(1.3) as
H(t,z,u,p) = (p, f(t,z,u)) + h(t,z,u).

Then by the Pontryagin maximum principle there is an absolutely continuous function p* such that

(x*,u*, p*) solves the adjoint equation

p(t) = —Hu(t,z(t),u(t),p(t)) = = fult,2(t), u(t) "p(t) — ha(t,z(t),u(t))" for a.e. t € [0,T]
p(T) = Vg(z(T)),
(2.1)

and for every u € U
(Hy(t,z"(t),u"(t),p"(t)),u —u*(t)) > 0 for a.e. t € [0,T].

We define J : U — R via J(u) := ¢(x(u),u), where x(u) is the solution (1.2). Then we have the
following useful formula for the gradient of J (see, e.g. [31, 22]).

VI (u)(t) = Hy(t,2(t), u(t), p(t)) = fult;z(8),u(t)) T p(t) + hu(t, 2(8), u(t)) T, (2.2)

where x and p are the unique solution of (1.2) and (2.1) depending on u € U.

Assumption (A3). The objective function J is continuously differentiable on ¢/ with Lipschitz

derivative.

We denote by L the Lipschitz modulus of the gradient V.J of J and write J* := J(u*) for its

optimal value. The following result is well known (see e.g. [23, Lemma 1.30]).

Lemma 2.1. Suppose that (A3) is fulfilled. Then for every u,v € U the following estimation holds
L 2
J(0) = J(w) = {(VJ(),v —u) < 5o —ul”

Assumptions (A1)-(A3) are common in optimal control. For example the following two assump-

tions (B1)-(B2) imply (A1)-(A3) (cf. [22])

Assumption (B1). The functions f and h are of the form f(¢t,z,u) = fo(x) + fi(zx)u and
h(t,z,u) = ho(x) + (h1(z), u) respectively, where fy: R™ — R" f; : R" — R™*™ hy: R" — R and

h1 : R™ — R™ are twice continuously differentiable.

Assumption (B2). There exists ¢ > 0 such that for every x € R" and u € U:

(@, f(t,z,u)) < c(1+[a]?).

Additionally we assume the following.



Assumption (A4). The objective function J is convex.

Note that if the set F of admissible pairs is convex this assumption is equivalent to the statement
that the function 1) is convex on F. In particular this is the case if f is affine (i.e. f is of the form
ft,z,u) = A(t)x + B(t)u + d(t)) as in [29, 25].

Further we will assume a growth condition for J that is similar to (4.7) in [3].

Assumption (A5). For a solution u* of (1.1)-(1.3) there are constants § > 0 and § > 0 such that
for every u € U we have

J(u) — J(u*) > Bllu —u*|[*+2,

Note that in particular (A5) implies that the solution u* is unique.

Remark 2.2. For coercive optimal control problems (in the sense of [12]) Assumptions (A1)-(A4)
are fulfilled as well as (A5) for § = 0. In these problems the objective function J however is even
strongly convex and therefore one can apply known results (e.g. [21, Theorem 2.1.15]) directly to

show linear convergence of the gradient projection method in this case.

In the following we will show that Assumption (A5) is fulfilled for bang-bang controls with no
singular arcs. We recall that in the case of bang-bang controls the function o* := H,, (-, x*, u*, p*) is
called switching function corresponding to the triple (z*,u*,p*). For every j € {1,...,m} denote
by o7 its j-th component. The following assumption says that the switching function o™ satisfies a

growth condition around the switching points, which implies that u* is strictly bang-bang.

Assumption (B3). There exist real numbers 6, «, 7 > 0 such that for all j € {1,...,m} and
s € [0, T] with 07(s) = 0 we have

o (t)] > alt —s® Vtel[s—1,s+7]N][0,T].

Assumption (B3) plays the main role in the study of regularity, stability and error analysis of
discretization techniques for optimal control problems with bang-bang solutions. Many variations
of this assumption are used in the literature about bang-bang controls. To our knowledge the
first assumption of this type was introduced by Felgenhauer [14] for continuously differentiable
switching functions with § = 1 to study the stability of bang-bang controls. Alt et. al. [1, 2, 4]
used a slightly stronger version of (B3) with # = 1, that additionally excludes the endpoints 0
and T as zeros of the switching function, to investigate the error bound for Euler approximation
of linear-quadratic optimal control problems with bang-bang solutions. Quincampoix and Veliov
[26] used a rank condition which implies (B3) (including cases where 6 # 1) to obtain the metric
regularity and stability of Mayer problems for linear systems. Seydenschwanz [29], Preininger et.
al. [25], Pietrus, Scarinci and Veliov [24, 27] used this assumption in the study of metric (sub)-
regularity, stability and error estimate for discretized schemes of linear-quadratic optimal control
problems with bang-bang solutions.

To prove that (B3) implies (A5) we need the following lemma, which is a simplified version of
[29, Lemma 1.3] (see also, [1, Lemma 4.1]).



Lemma 2.3. Let Assumptions (A1)-(A2) be fulfilled and let u* be a solution of (1.1)-(1.3) such
that (B3) is fulfilled for some 6 > 0. Then there exists constants > 0 such that for any feasible
u €U it holds

T
/O o* ()" (u(t) —u*(8)) dt = Bllu —u* [,
where || - ||1 is the L'-norm.

Proposition 2.4. Let Assumptions (A1)-(A2) and (A4) be fulfilled and let u* be a solution of
(1.1)-(1.3) such that (B3) is fulfilled. Then (A5) holds.

Proof. From Assumption (A4) and (2.2) we obtain

T
J(u) = J(u*) > (VJ(u"),u —u*) = / o ()T (u(t) — u*(t)) dt. (2.3)
0
Since || - || < C|| - |1 on U for some constant C' > 0, from Lemma 2.3 there exists 3 > 0 such that
g T 0+1 g 20+2
/O o ()" (u(t) —u () dt = Bllu — w7 > gl — w7 (2.4)
Combining (2.3) and (2.4) we obtain (A5). Q.E.D.

To define the gradient projection method in the next chapter we will need the following notion
of a projection. For each u € U, there exists a unique point in U (see [17, p. 8]), denoted by P(u),
such that
lu = Py (w)]| < [lu—vf| Vvel.

It is well known [17, Theorem 2.3] that the projection operator can be characterized by
(u— Py(u),v— Py(u)) <0 Yvel. (2.5)

Further to establish the convergence rate of the gradient projection method, we will need the

following lemmas.

Lemma 2.5. [18, Lemma 7.1] Let o > 0 and let {0,132, and {s1}32, be two sequences of positive

numbers satisfying the conditions
Skt1(Okspyq +1) <5, Ve e N.
Then there is a number v > 0 such that
k—1 N ~a
s < (sao‘ + ’yZmin{é,;,(Sf? ) Vk € N.
i=0

In particular, we have limy_ o s = 0 whenever ZZ‘LO O = o0.



Lemma 2.6. [7, Lemma 3.2] Let {ay},{sk} be sequences in Ry satisfying

(o)
g Qs < 00,
=0

the sequence {ay} is non-summable and the sequence {sy} is decreasing. Then

( 1 )
k=0 =k |
Dimo Qi

where the o-notation means that s = o(1/t) if and only if limg_,o Skt = 0.

3 Convergence Analysis

We consider the following Gradient Projection Method (GPM):
Algorithm GPM.

Step 0: Choose a sequence {\;} of positive real numbers and an initial control uy € U. Set
k=0.

Step 1: Compute the gradient V.J(ug)(t) := fu(t, 2x(t), un(t)) "pr(t) + hu(t, o (t), uk(t)) T by

solving the following differential equations

T (t) [t o (t), up(t)), zx(0) = xo; (3.1)
pe(t) = —fo(t,an(t),up () "pE(t) — ha(t,2p (), ue ()", pe(T) = Vg(zr(T)).

Step 2: Compute
up+1 = Py(up — A\ VI (ug)). (3.2)

Step 3: If up41 = ug then Stop. Otherwise replace k by k£ + 1 and go to Step 1.

It is known (see e.g. [21, Theorem 2.1.14]) that for J continuously differentiable with Lipschitz
derivative the gradient (projection) method has the convergence rate O(4) in terms of the objective
value. Le. that

Tlug) — J* = 0(%). (3.3)

For the strongly convex objective function, it is known that the iterative sequence {uy } converges
linearly to the unique solution. However, it is not possible to show convergence for the iterative
sequence {uy} for the general convex case. Here, thanks to Assumptions (Al)-(A5), we are able
to prove that the iterative sequence {uy} generated by the GPM converges strongly to an optimal
control. Moreover, the convergence rate is established, depending on the constants 6 appearing in
Assumption (A5).

The following estimate will be used repeatedly in our convergence analysis.



Proposition 3.1. Let Assumption (A1)-(A4) be satisfied, let u* be a solution of (1.1)-(1.3) such
that Assumption (A5) is fulfilled with some 8 > 0 and B > 0. Then for all k € N, the following

estimate holds

k1 —w*l* < Jug —a*|® = (1= ML) flunsr — wgl|? = 208 |upy — u[27F2. (34)

Proof. Since ugi1 = Py(up — AV J (ug)), it follows from (2.5) that
(up — M VI (ug) — upp1,u —ugy1) <0 Vu elU. (3.5)
Substituting © = u* € U into the latter inequality yields
(uk, = M VJ (ug) — g1, u” — upqr) <0,

or equivalently

(U — Upg1, 0" — 1) < M(VJ (ug), 0™ — upg)-

This implies that

lugsr — | = flug — o) + 2 (up, — 0w — u) + fJugsr — ugl|?

g — w||* 4+ 2 (wpp1 — 0 wpp1 — wg) — [Juggr — ugl|®

< g — )P 4 20V (), 0" — ugg) — [Juggr — ug)?
= Jjug — |
L 1 L
—2X [(VJ (ur), uyr — w*) + S Junpr — uel)® + ( 5= = 5 ) luer — el
2 20 2

= Jlug = w*|* = (1= ML) [fupsr — we]]?

. L
—2)\g [<VJ(UI~:)7UI~: = u”) + (VI (un), unr — u) + 5 flupn — Uk”ﬂ - (36)
Since J has Lipschitz derivative, we have from Lemma 2.1 that
L 2
J(v)fJ(u)f<VJ(u),v7u>§§Hv7uH Vu,v e U.
Substituting u = u; and v = ugy1 into the last inequality yields
L 2
= (VI (ur), wprr = ur) = S llwpr = well” < J(wr) = J (upe)- (3.7)
Moreover, since J is convex, we obtain
—(VJ(ug),up —u*) < J(u*) — J(ug) (3.8)
Combining (3.6), (3.7) and (3.8) gives

g1 — w¥[|* < flug — w|? = (1= ML) flugsr — upl]® — 20 (J (upr1) — J(u¥)) . (3.9)



Using Assumption (A5) we obtain

g1 — u*[|* < Jlue — w1 = (1 = ML) luprr — wel|* — 208 [ups1 — w272,

which is (3.4). Q.E.D.

We are now in the position to establish the strong convergence and the convergence rate of {uy }

to a solution.

Theorem 3.2. Let Assumptions (A1)-(A4) be satisfied, let u* be a solution of (1.1)-(1.3) such
that Assumption (A5) is fulfilled with some 6 > 0. Let the sequence {\y} be chosen such that
1
0<>\min§>\kgf Vk € N.
Then we have

(i) |Jugk —u*|* < nk~a, for all k, where n > 0 is a constant;

(ii) The sequence {J(uy)} is monotonically decreasing. Moreover y ;2 o (J(u) — J(u*)) < +o0.

Proof. We first prove that {uy} converges strongly to u*. From (3.4) and 0 < Apin < A\p < %,

the sequence {|lu — u*||} is decreasing and bounded from below by 0, and therefore it converges.

Moreover, since
2Aminf|wps1 — w277 < g — (| = llugsr — o (3.10)

we conclude that {||up — u*||} converges to 0, which means {u} converges strongly to u*.
Now we can apply Lemma 2.5 for s; = |jup — u*||?, @ = 6 and §;, = 2Ani3 to obtain the
convergence rate (7) for {|lux — u*|}.

Substituting u = uy, in (3.5) implies
MV T () g = uger) 2 [luggr — |, (3.11)

Combining (3.7) and (3.11) we get

) = ) < (5 = 5 ) oo = wef? <o (312)
Hence the sequence {J(ug)} is monotonically decreasing. Now from (3.9) and 0 < Apin < A < %
we have
2min (J (ug) — J(u*)) < ||up—1 — uw*||* = |lup — u*||* Vk € N.
Summing this inequality from 0 to ¢ — 1 we obtain
i—1 1
() = 7)) < 55— (o = = s ' [P).
k=0
Finally, taking the limit as i — oo, we obtain (7). Q.E.D.



Remark 3.3. From (ii) in Theorem 3.2, we can conclude that J(ux) — J(u*) = o(3), which signifi-
cantly improves the error estimate J(uz) — J(u*) = O(3) in (3.3).
The following example illustrates that the estimation (i) in Theorem 3.2 cannot be improved

when A is bounded from below by a constant Apin-

Ezxample 3.4. Consider the following optimal control problem

minimize fOT o(t)u(t)dt

. (3.13)
subject to  w(t) € U := [-1,1]™,

where o is any continuous function fulfilling Assumption (B3). Then VJ(u)(t) = o(¢) is independent
of u and the optimal control is given by u*(t) = —sgn(o(t)). Starting the GPM with uy = 0 and
A = ) for some A € R" we get

1, it —ko(t) > 1,
up(t) = § —kXo(t), if —1<—klo(t) <1,
1, it —k\o(t) < —1.

In the special case o(t) = t?, we therefore have uy(t) = max{—1, —kAt’}. This implies that for

k> ﬁ, we have

2 1

_1
B ES RS U

(k)70 )
s () —u* (1) 2 = /0 (1— kAO)2dt = (k\) 3 (1

For the objective value we get

1 1

J(ug) — J(u*) = <9+1—29+1

) (kA) 13, (3.14)

which is stronger than (ii). It remains unknown whether in the general case the estimation (ii) can

be improved to an estimation similar to (3.14).
Using the stronger Assumptions (B1)-(B2) the convergence rate of the corresponding trajectories

can be obtained as a corollary of Theorem 3.2 and [22, Lemma 2].

Corollary 3.5. Let Assumptions (B1)-(B2) and (A4) be satisfied and let (z*,u*) be a solution
of (1.1)-(1.3) such that assumption (A5) is fulfilled with some 6 > 0. Further suppose that A\ €
[Amin, 1/L] C (0,1/L]. Then the sequence {zx(t)} of trajectories converges strongly to the solution

x*. Moreover, there exists a positive constant C' such that for all k it holds,
ek — &l < Ok,
where [|z(-)|lc = maxejo 7y [#(t)].

When the Lipschitz modulus L is difficult to estimate, one can consider the non-summable

diminishing stepsizes as follow.



Theorem 3.6. Let assumption (A1)-(A4) be satisfied, let u* be a solution of (1.1)-(1.3) such that
assumption (A5) is fulfilled with some 0 > 0. Let the sequence {\,} be chosen such that

o0
lim A\, =0 Ap = 00.
k—o00 k ’ Z k o
k=0
Then the sequence {uy} converges strongly to u*. Moreover there exists N > 0 such that for all

k> N, it holds

S

(i) lug = w’||* < Cpy
(ii) J(ur) = J(w) = o (&),

where [y, = Zf:_]{, Ai and C' is a constant.

Proof. Let 8 > 0 be as in Proposition 3.1. Since limj_,o, A = 0, there exists N > 0 such that for
all kK > N we have 1 — AL > 0 and 2\ < 1. From (3.4) we have that {||uy — u*||} is decreasing,

therefore it converges. Moreover
2 Bllupsr — P+ < Jlug — u[|? = Jugsr —u*® VE = N.

Using Lemma 2.5 with s = ||upyn — u*||?, @ = 6 and & := 2\ n/3 we get that there exists

~ > 0 such that
N
lug, — || < (IuN — Ty ) /\i>

which shows (i).
From (3.9), we have
22k (J (upt1) = J(u) < JJug = w1 = lJupsr — u*|* Yk > N.

leading to
o0
> M (J(ugg) = J(u)) < oo
k=N
Applying Lemma 2.6 with ag, = An4x and s = J(unyyr) — J(u*) we obtain (ii). Q.E.D.

Using the same example as above we can again show that the estimation (i) cannot be improved.

Ezample 3.7. Consider the problem (3.13) with o(t) := t again. As before we use GPM with
up = 0 but now with non-constant \;. Denoting py := Zf:_ol A\ we get ug(t) = max{—1, —ut’}.

Hence for k big enough such that p; > % we have

9 et 0\2 -3 2 1 -3
[Jug(t) — u*(#)]] /0 (1 — ppt”)"dt = pu;, ° ( i1t og 1) Cuy,
and ) ) )
Tlur) = J(w7) = <0+1 29+1>“k '
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Similar to Corollary 3.5 we obtain

Corollary 3.8. Let Assumptions (B1)-(B2) and (A4) be satisfied and let (x*,u*) be a solution of
(1.1)-(1.3) such that assumption (A5) is fulfilled with some 6 > 0. Further let the sequence {\} be

chosen such that -
lim A\, =0 A = 00.
Jam =0 ) A= oo

Then the sequence {xk(t)} of trajectories converges strongly to the solution z*. Moreover, there

exists a positive constant C' such that for all k it holds,

_ L1
e = 2lle < Cpy ™

4 Numerical Illustrations

In this section, we present some numerical experiments for a class of optimal control problems with

bang-bang solutions namely linear-quadratic problem, described as follow.

minimize  ¥(x,u)

subject to  d(t) = A(t)z(t) + B(t)u(t) +d(t), te[0,T), 1)
u(t) e U = [—1,1]™, '
x(0) = xp,

where
U(z,u) = %x(T)Qa:(T) +q' x(T) —|—/0 <;x(t)TW(t)m(t) + :L'(t)TS(t)u(t)) dt.

Here we use the classical Euler discretization where the error estimate can be found in [1, 2, 5].
We choose a natural number N and define the mesh size h := T'/N. Since the optimal control
is assumed to be bang-bang, we identify the discretized control u? := (up, ui,...,un—1) with its

piece-wise constant extension:
uN(t) =u; for t € [ti,tﬂ_l), 1=0,1,...,N — 1.

Moreover, we identify the discretized state 2V := (xg, 21, ..., 2zy) and costate p?¥ := (po, p1,...,pN)

with its piece-wise linear interpolations

t—1t; .
aN(t) =z + o (@i — i), fort € [t tin), i=0,1,... . N —1

and
t;

— ¢ )
pN(t):meT(pi,l—pi), fort € (ti_q1,t;],i=N,N—1,...,1.

The Euler discretization of (1.1) is given by
minimize ¢y (zV,ul)
subject to  aly, =z + h[A(t)z) + B(t)ul +d(t;)],
2 (0) = o,
uN e U,

11



where v is the cost function defined by

N-1
1 1
YN uN) = 5:ULQ;CN +q'xy+h Z [Qx;‘rW(tz)xz + al S (t)u; | -
i=0
Observe that (Py) is a quadratic optimization problem over a polyhedral convex set, where the
gradient projection method converges linearly, see e.g., [30]. This means that for each N, there
exists py € (0,1) such that

lupyy = o™ < pnllup — o™, VR €N
In the following examples, we will consider various values of N which suggest that

li =1.
NgnoopN

This will confirm the sublinear rate obtained in Theorem 3.2. The codes are implemented in Matlab.
We perform all computations on a windows desktop with an Intel(R) Core(TM) i7-2600 CPU at
3.4GHz and 8.00 GB of memory. Since VJ is linear in u, one can roughly estimate its Lipschitz
constant by L = [|VJ(ug)l||/||uol|. We choose starting control ug(t) = 1Vt € [0,7] and stepsize
A = 1/L. The stopping condition is [Ju —ul¥ ||| < ¢, where e = 10710.

The following example is taken from [27].

Example 4.1.
minimize  —by(1) + fol 3 (z(t))* dt
subject to x(t) =y(t), x(0)=a (4.2)
§) = u(t), y(0) =1

u(t) € [-1,1].
Here, with appropriate values of a and b, there is a unique optimal solution u* with a switch

from —1 to 1 at time 7, which is a solution of the equation
—57% 4+ 2473 — (12a + 36)7% + (24a + 20)7 + 24b — 12a — 3 = 0.

As in [27], we choose a = 1,b = 0.1, then 7 = 0.492487520 is a simple zero of the switching function.

Therefore, # = 1 and the exact optimal control is

-1 if te]0,7]

= 1 ifte(r1].

The convergence results for Example 4.1 with some different values of N are reported in Table
4.1. We can see that when NN increases, py also increases and approaches 1. This means that we
can only guarantee the sublinear convergence for the continuous problem. Figure 4.1 displays the
optimal control and the optimal states when the discretized size N = 50.

The following second example is taken from [1, Example 6.1]

12



Table 4.1: Convergence rates for Example 4.1

N ‘ 10 20 50 100 200 500

pN‘O.7701 0.9181 0.9839 0.9902 0.9964 0.9976

—o—x1(t)
——x2(t)

0.5r

s -0.2
-0.4
-0.6
-0.8
IR NNRNNNE ¥ Aataans ¥ aaadENrYS 08 1
Figure 4.1: Optimal control (left) and optimal states (right) for N = 50.
Example 4.2.
minimize 1 (($1(5))2 + (x2(5))2>
subject to 21 (t) = xa(t),
Zo(t) = u(t), Vtelo,5). (4.3)
$1(0) = 6, fEQ(O) = 1,
u(t) € [-1,1]
The exact optimal control is given by
1 if t € (7,5
u*(t) = (.9
-1 if t € (0,7],

where 7 = 3.5174292.
The convergence results for Example 4.2 with some different values of IV are reported in Table

4.2. Again, we see that when N increases, py also increases and approaches 1. Figure 4.2 displays

Table 4.2: Convergence rates for Example 4.2

N‘ 10 20 50 100 200 500
pN‘O.9625 0.9724 0.9905 0.9937 0.9943 0.9944

the optimal control and the optimal states for N = 50.
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(1), u* (t)
X

Figure 4.2: Optimal control (left) and optimal states (right) for Example 4.2 when N = 50.

In the next example, we consider a problem in which assumption (A5) is satisfied for 6 # 1 (see
also [27, 29]).
Ezample 4.3. Here we present experiments with a family of problems satisfying assumption (A5)
with various values of 6, given in [29]. Below, the time-interval is [0, 1], the dimension of the state

is n = 0 + 1 and the dynamics system depends on parameters s;:

minimize  x1(1)
subject to  %;(t) = sjzp1(t) +u(t), j=1,...,6

g1 (t) = u(t), (4.4)
z(0) =0,
u(t) € [-1,1].

For any natural number 6, the values of the parameters s; are chosen as
sj=—20—j+1) j=1,..0.
Then assumption (A5) is satisfied with the constant € [29] and exact optimal control is given by
1 if tel0,1/2]
-1 if te(1/2,1]

wi(t) =

if 0 is odd, and u*(t) = —1 if 0 is even. The convergence results for Example 4.3 when 6 = 2,3 with
some different values of N are reported in Table 4.3. Figure 4.3 displays the approximate optimal
controls after 1000 iterations for N = 500. It seems like the optimal control has 6 switching points.

This is to be expected since o* has a zero of order 6 at 1/2.

5 Concluding remarks

Note that the main results in Theorem 3.2 and Theorem 3.6 use Assumption (A5) which is more

general than just the bang-bang case. For example Assumption (A5) is also satisfied in the strongly
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Table 4.3: Convergence rates for Example 4.3

N 10 20 50 100 200 500

pny | 0.9418 0.9686 0.9865 0.9962 0.9953 0.9947

py | 09245 0.9781 0.9936 0.9922 0.9968 0.9986

1 - T 1 T T
3
0.8 e o - 0.8+ i
¢ o ®
0.6 0.6 *
e o °
°
041 ° ° 0.4r b
°
°
02 e ° 0.2 .
* * b
or 0 *
° ° °
-0.2 -0.2 L4
° ° °
-0.4 e o -0.4 o
.
-0.6 ° ° -0.6 °
-0.8 ° ° -0.8 ¢
°
— ] D G -1 L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4
t

o

=
o
=3
=

Figure 4.3: Approximate optimal controls after 1000 iterations when 6 = 2(left) and 6 = 3 (right)
for Example 4.3 with N = 500.

convex case, where even better convergence results are known. Further it would be interesting to
see under what assumptions our results still apply in the case of singular arcs. This is challenging
due to the fact that currently there is no condition similar to the bang-bang Assumption (B3) that
ensures Assumption (A5) and therefore remains as a topic for future research.
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