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Abstract

In this thesis, the first fully self-consistent implementation of the dynamical vertex ap-
proximation (DI'A) in its parquet formulation was realized. The method provides a
framework to treat non-local correlations in strongly correlated electron systems, which
lead to some of the most interesting phenomena in solid-state physics. In this thesis, we
give an introduction to the parquet-, Bethe-Salpeter- and Schwinger-Dyson-equations,
which form the backbone of DI'A. We further give a sketch of the parquet-solver used
within this work, the victory-code. We then show how to extract the fully irreducible
vertex, a key component of DI'A, from two-particle Green’s functions obtained in a CT-
QMC solution of the local impurity problem. A special focus lies on the update of the
impurity problem to achieve self-consistency at the level of the local one-particle Green’s
function. This (outer) self-consistency is found to be particularly important with the
introduction of non-local interactions, as is shown for the case of the benzene molecule.
We also present results for the two dimensional Hubbard model on the square lattice,
where the outer self-consistency does not impact the solution in a significant way at the
currently attainable parameters. Nevertheless, the results indicate possible d2_,2-wave

superconducting pairing in the two-dimensional Hubbard model.

Zusammenfassung

Im Rahmen dieser Arbeit wurde die erste vollig selbstkonsistente Implementierung der
Dynamischen Vertex Approximation (DI'A) durchgefiihrt. Diese Methode erlaubt die
Behandlung nicht-lokaler Korrelationen in stark korrelierten Elektronensystemen, die zu
einigen der interessantesten Phianomenen der Festkorperphysik fithren. Wir stellen die zu-
grundeliegenden Gleichungen, die Parquet Gleichungen, vor und skizzieren den Aufbau
des Programms victory-code, das zur Losung der Parquet Gleichungen verwendet wur-
de. Wir zeigen, wie man den vo6llig irreduziblen Vertex, der eine wichtige Komponente der
DTI'A bildet, von den Zweiteilchen Greenschen Funktionen erhélt, die wiederum mittels
CT-QMC von einem Storstellenmodell berechnet werden. Ein besonderer Fokus dieser
Arbeit liegt auf der Neuberechnung des Storstellenmodells, sodass Selbstkonsistenz auf
dem Niveau der lokalen Einteilchen Greenschen Funktion erreicht wird. Diese (&duflere)
Selbstkonsistenz hat sich als besonders wichtig bei nicht-lokalen Wechselwirkungen her-
ausgestellt, wie sie fiir das Benzol-Molekiil eingefiihrt wurden. Wir prasentieren aulerdem
Ergebnisse fiir das zweidimensionale Hubbard Modell auf einem quadratischen Gitter, wo
die duBere Selbstkonsistenz das Ergebnis fiir die derzeit ereichbaren Parameter nicht stark
beeinflusst. Dennoch deuten die Ergebnisse auf mogliche d,2_,2-Wellen Supraleitung im

zweldimensionalen Hubbard Modell hin.
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Chapter 1
Introduction

Strong electronic correlations give rise to some of the most interesting phenomena in
condensed matter physics. Their treatment still poses a great challenge as they fail to be
described by the standard approaches to solid state physics such as the density functional
theory. The topic of this thesis, the dynamical vertex approximation (DI'A), provides a
non-perturbative method within the framework of many-body theory. Electronic correla-
tions are especially important in systems with partially filled d- and f-orbitals, which are
spatially highly confined and thus lead to strong interactions between electrons occupying
the same orbital. While in principle the Hamiltonian of such a system is easily written
down, vast simplifications have to be made in order to have a chance of solving it. The

Hubbard Hamiltonian [1] is given in second quantization as

H==) tyélé,, +U me (1.1)

,L’]7o.

Here ¢! ¢, are the creation and annihilation operators at site i and spin o, and the occu-
A

pation number operator is n;, = ¢,,¢,,. The first term represents the kinetic energy and
allows electrons to “hop” from one site to another, with the so-called hopping amplitude
ti;. The second term introduces the interaction U between two electrons when they are
on the same site. Throughout this thesis, only single-band systems with nearest-neighbor
hopping are considered although more realistic systems are possible for computationally
less demanding methods. Despite its simplicity, the Hubbard model is able to describe
a range of interesting phenomena such as the Mott metal-insulator transition [2] and

possibly superconductivity in two-dimensional planes [3].

The dynamical mean field theory (DMFT) [4] enabled a big step forward in the suc-
cessful description of some of these phenomena, for example the Mott metal-insulator

transition. In DMF'T, the local part of the correlations can be treated non-perturbatively



by mapping the lattice onto a single site and solving the resulting single-site Hamiltonian
self-consistently. In principle, this simpler Hamiltonian can be solved exactly, albeit still
not analytically, for example through Quantum Monte Carlo methods with only statis-
tical error [5]. This, however, comes at the price of the complete neglection of non-local
correlations, which lead to a variety of phenomena such as high-temperature supercon-
ductivity in cuprates [6] or quantum-critical points. DMFT can be extended to include
non-local correlations in two different ways: In cluster-DMFET, the lattice is mapped onto
a finite cluster of sites, again embedded in a self-consistently determined bath. Non-local
correlations are accounted for only within the length scale of the cluster, which is heavily
limited as the computational effort scales exponentially. The dynamical vertex approxi-
mation (DI'A) [7, 8], along with other methods, takes a different approach by extending
the diagrammatics of DMFT. This way, correlations on all length scales are taken into

account. See Ref. [9] for a review of diagrammatic extensions of DMFT.

1.1 Antiferromagnetism and d,2_,2 superconductiv-
ity

One major characteristic of any kind of superconductivity is spontaneous symmetry
breaking: The non-zero expectation value of the anomalous operator, (¢, ¢,) # 0 breaks
the U(1) gauge symmetry of the Hamiltonian, ¢, — €*¢, [10]. While this is all the
symmetry-breaking that occurs in conventional superconductors, in high-7, unconven-
tional superconductors the symmetry group of the order parameter is even more reduced.
Besides translational symmetry, the Hubbard model on a square lattice has the symmetry
group [11]
G=U(1l) x SU(2) x T x Cyy,

namely gauge symmetry U(1), spin-rotational symmetry SU(2), time reversal symmetry
T and the point group symmetry of the square lattice, Cy,, which contains reflections,
inversion and, most importantly for the present discussion, rotations by 7. The character
table of (', is given in Table 1.1. A classification of the order parameters is possible

depending on which symmetries are conserved.
A hint on which symmetries are broken comes from the BCS-gap equation for the gap-
function and order parameter Ay [12]

Ay
Ay = —Zka' 2Ekk' (1.2)
k/




E|C, | CE|Cy|CY
Ay, 11 ]1]1]1
Ay 1] 1] 1 1]
By | 1]-1]1]1]-1
By | 1]-1]1]-1]1
EJfo) 1] 0 |-1]1]0
Ey) | 1]0|-1]-1]0

Table 1.1: The character table of Cy,. E is unity, Cy a rotation of 5 in the plane
and C and C} a rotation of m around the y = 0 and x = y azes. As A and B denote
one-dimensional 1rreducible representations, their effect on the order parameter can be

read directly from the character table.

For conventional superconductors, where an attractive potential Vi < 0 is mediated by
phonons, solutions are possible without any sign changes in Ag. In cuprates, the BCS-
interaction is believed to be due to the exchange of antiferromagnetic spin fluctuations
[13]. The effective interaction Vi between a pair of electrons is proportional to x,,(q =
k — k'), as shown in Ref. [14] from a random phase approximation (RPA) argument.
At low temperatures and near half filling, the system realizes an antiferromagnetic state,
manifested by a pronounced peak at y,,(m, 7). With doping, this peak shifts towards

smaller transfer momentum in one direction.

The sum in the gap equation is thus dominated by k' = (m,7) — k and a solution is
possible when A _x = —Ay, that is it changes its sign upon rotation by 7. Indeed,
the superconducting order parameter in cuprates has been shown experimentally [15] to
have the symmetry of the irreducible representation B;,, which exhibits this change of
sign upon rotation (see Table 1.1). In analogy to the isotropic continuous case, where this
symmetry is realized by states with angular momentum [ = 2, the B, states are more
commonly refered to as d,2_,2 or simply d-wave. The corresponding order parameter can

be expressed as A
Ay = 70 (cos(ky) — cos(ky)). (1.3)



1.2 Notations and definitions

1.2.1 Green’s function

The Green’s function is one of the key elements for the treatment of many-body systems
as it is directly related to a variety of physical quantities such as the spectral function. In

real time, the one-particle Green’s function is defined in the Heisenberg-picture as

Gha(ty, ta) = —i(T ¢, (t1)éb (t2)), (1.4)

where éi creates a particle at compound index 1, which contains the remaining relevant

properties such as spin and position, and 7 is the time-ordering operator. For finite
temperatures, we follow the Matsubara formalism and use imaginary time arguments by
performing a ”Wick rotation” ¢ — —i7. This avoids complex exponents when combining
the Boltzmann factor e’ and the time-evolution operator e *#*. The one-particle Green’s

function in imaginary time is
Gha(m1,72) = —(T¢,(m1)éb(m2)). (1.5)

From this, one can recover the values on the real time axis through an analytic contin-
uation by such methods as the maximum entropy approach [16]. The expectation value
can be explicitly calculated in an eigenbasis of the Hamiltonian with eigenfunctions |n).

Without loss of generality, for 7 > 75 this spectral representation reads
G1a(m1, 7)) X Z em=m=AEn () 616_(7—1_72)[{6; |n) .
n

To avoid divergences for realistic systems with an arbitrarily large number of states |n)
and arbitrarily large energies F,, one has to ensure that the exponential suppresses the

matrix element by restricting
T — Ty < [B. (1.6)

The cyclic property of the trace leads to another simplification: some rewriting and

exchanging the two operators gives [17]
Trfem=AH e eB—mH=BHA (7)) = Tr[e PHED () e =P H i oB—m)H] (1.7)

which is just the same as Gh2(71 — 5, T2) except for a sign coming from the permutation

in the time ordering operator.

G12(7'1,7'2) = —G12(7'1 - 577'2)- (1~8)



Because of time translational symmetry, only the difference between the two time argu-
ments matters: Ga(71,72) = G12(71 — 72). Combining equations (1.6) and (1.8), one can
constrain the time domain to

0<7<p. (1.9)

In accordance with all of the above, the Fourier expansion of the Green’s function is

G12 ﬁ Z (& WnTGlz ZVn> (110)

B
oy = / dre Gy (7), (1.11)
0

where, due to the antiperiodicity of the Green’s function, only the fermionic Matsubara
frequencies v,, = %(271 + 1) are allowed. Similarly, the bosonic Matsubara frequencies,

which play a role in two-particle Green’s functions, are denoted as w,, = 2”7”

1.2.1.1 Noninteracting Green’s function

The noninteracting Green’s function for the Hubbard model can be obtained by trans-

forming the creation and annihilation operators to k-space

1 .
¢ = Nze—lk%k, (1.12)
k
Ni 1 ikr; AT
4= > el (1.13)
k

where j is a site index and N the number of sites. The non-interacting Hubbard Hamil-

tonian is instantly diagonalized:
H= Z (1.14)

where we introduced the chemical potential p. Inserting the Hamiltonian into the defini-

tion of the Green’s function, we find [18]
e_T(ek_M)
Finally, the Fourier transform from 7 to v gives
i) = — (1.16)
W — €x + [
In the two dimensional Hubbard model on the square lattice with nearest neighbor hop-

ping ¢, the dispersion relation is
ex = —2t(cos(k;) + cos(ky)). (1.17)

7



Figure 1.1: The Dyson equation. Double arrows denote the interacting Green’s function.

1.2.1.2 Dyson equation

The Dyson equation systematically generates all one-particle diagrams from the non-
interacting propagator and the self-energy, which consists of all one-particle irreducible
diagrams. That means, these diagrams cannot be separated into two diagrams by cutting
a line. Diagramatically, the Dyson equation is shown in Fig. 1.1. It can easily be solved
algebraically and reads

Gy(iv) ™' = GL(iv) ™t — Sk (iv). (1.18)

Inserting the non-interacting Green’s function from above gives
1
i — e+ p— Sy (iv)

G (iv) = (1.19)

1.2.2 Two-particle Green’s function

Throughout this thesis, for two-particle quantities we follow the notations and sign con-

ventions introduced in Ref. [19]

The two-particle Green’s function plays an integral role in the present work. Its definition
is

Ghasa (71,72, T3, 7a) = (To[6](11) (7)) (73) 84 (7)) (1.20)
Antiperiodicity and time domain are just as in the one-particle case and can be easily

shown in the same manner.

In the noninteracting case, the operators in the expectation value simply contract accord-
ing to Wick’s theorem, giving the product of two one-particle propagators. When the
interaction is turned on, an additional term arises where the two lines are connected by
interactions. This term is encapsulated by the “full vertex” F' as shown in Fig. 1.2. Note
that the lines in these diagrams represent the interacting one-particle Green’s function

and thus already include self-energy insertions.

We further define the bare susceptibility
X0,1234(7177'2,7'3,7'4) = —G14(7'1 - 74)G32(7'3 - 7'2) (1-21)

8



G1234 — - - F1234

Figure 1.2: Diagrammatic representation of the two-particle Green’s function. The
generalized susceptibility is obtained from this by subtracting the first term on the right
hand side.

and the generalized susceptibility,

X1234(7'1,T277'3,7'4) = G1234(71;7'277'3,7'4) - G12(7'1,7'2)G34(7'3,T4)- (1-22)

In the limit 75 — 71, 74 — 73, the latter gives the physical susceptibility which describes

the linear response to a perturbation.

1.2.2.1 Frequency convention

The fourier transform of the two-particle Green’s function or susceptibility is defined

as

B
ﬁgiw’m == / d’7'1d72d73d7'46_1(’/17—1_V272+V3T3_V4T4)G1234(7’1, T2, T3, 7'4). (123)
0

Due to time translational invariance, v; — vy + vy — vy = 0. The frequency dependence
can thus be expressed by two fermionic frequencies v, v/ and one bosonic frequency w.
The frequency conventions used in this work are depicted in Fig. 1.3. The same is true
for the wave number k due to translational symmetry or conservation of momentum, and

combined indices (k, k', q) = (v, k, v/, k', w, q) will be used when needed.

The transformation from particle-particle (pp) to particle-hole (ph) notation is given

as
Wph = Wpp — Vpp — Vzl)}ﬂ
Vph = Vpp,
Vph = Vpp- (1.24)

1.2.2.2 Spin dependence and SU(2) symmetry

In order for the expectation value in Eq. (1.20) to be non-zero, there has to be an equal

number of creation and annihilation operators for each spin direction. Spin rotational



2, (w+v) J(w+rv) 2/ (w—1) 3, (w—v)

ph pp

Lv 4,0 4,/ 1,v

Figure 1.3: Particle-hole (left) and particle-particle (right) frequency- and momentum

notation.

symmetry further reduces the number of independent combinations of spins to three, for

which the following short notation is used:

o1 0y 03 o
o= 1 t 1 1
R S A
T=1 4 4 1

Symmetry when rotating spins by 7 dictates, for example, the following relation for the

two-particle Green’s function:
Gaty = Gayr . (1.25)
Furthermore, rotation by 7, that is replacing 61 — %(61 + 61) and éI — \%(ﬂ - 61),
leads to
Gsp = Gy — G- (1.26)
This relation holds not only for the two-particle Green’s functions and susceptibilities,

but also for the vertex functions.

1.3 DMFT

1.3.1 Anderson Impurity Model

To understand the dynamical mean field theory (DMFT), we first have to introduce the
Anderson impurity model [20]. It contains one impurity site where electrons interact,

embedded in a non-interacting bath . Its Hamiltonian is

Hamg = —p(fn + 1) + Uiy + Y ol oy + > Vidldbty , + 0l ,d,). (1.27)
k,o k,o
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The first two terms describe the chemical potential and the interaction when the impurity
is occupied by two electrons. The third term gives the energy levels of the bath and the
last one, often called hybridization term, introduces hopping between the impurity and
the bath. In this notation, ¢! creates an electron in the bath while d' creates an impurity
electron. The same holds for the annihilation operators and 7, = dj,dg is the occupation
on the impurity. Again, this Hamiltonian can be adapted to account for multi-orbital

impurities yet in the present work only one-band calculations were done.

While a variety of methods to calculate expectation values such as the Green’s function
on the impurity are available, in this work a continuous-time quantum Monte Carlo
(CT-QMC) solver [5] in the hybridization expansion [21], namely w2dynamics [22, 23,
24, 25], was used. The input to this method is the hybridization function A(iv), which
encapsulates the properties of the bath

Al =Yk (1.28)

W —ex
- Kk

1.3.2 DMFT cycle

The DMFT introduces the mapping of the lattice onto an impurity model in a self-
consistently determined bath. The assumption made here is that the lattice self-energy
is purely local and only composed of local lines. Self-consistency is achieved when these

local lines are the same on the lattice and on the impurity,
Groc(iv) =Y Gk, iv) = Gipp(iv), (1.29)
Kk

where the second equation is the Dyson equation for the impurity. The self-energy en-
ters the above expression through the Dyson-equation for the lattice Green’s function,
Eq. (1.19). Finally, we need to relate the hybridization function to the non-interacting

Green’s function on the impurity, G(iv), through

A(iv) =iv — G(iv) ™ + = i — Groe(iv) ™ — S (iv) + . (1.30)

The DMFT-cycle (see also Fig. 2.1) goes as follows:

1. Begin with some guess for the self-energy, for example the Hartree-term X(iv) = ¥.

2. Calculate the local lattice Green’s function by summing Eq. (1.19) over the Brillouin

zone.

3. Calculate the hybridization function A from ¥ and G, through Eq. (1.30).

11



4. Compute the impurity Green’s function from A using CT-QMC.

5. Extract the self-energy through the Dyson equation on the impurity, ¥ = G=! —
G,

imp*
6. Enter step 2. with the new self-energy and iterate until convergence.
DMFT not only serves to understand DI'A conceptually, but also as the starting-point
for the parquet DI'A. Once the above cycle is converged, from the resulting hybridization

function we calculate the two-particle Green’s function and the fully irreducible vertex

that enters the first iteration of the parquet DI'A, as will be explained later.

12



Chapter 2

Parquet DT'A

The dynamical vertex approximation (DI'A) [7, 8] can be seen as a diagrammatic ex-
tension of DMFT. The assumption of the locality of the irreducible building block from
which all relevant diagrams are generated is taken from the one-particle level in DMFT
to the two-particle level in DI'A. Instead of the Dyson-equation, the much more compli-
cated parquet- and Bethe-Salpeter equations have to be applied to generate the reducible
diagrams. The benefit of this increase in complexity and computational cost is the inclu-
sion of non-local correlations on all length scales. Similar as for DMFT, the irreducible
building block, called the fully irreducible vertex A, is obtained by mapping the lattice

onto a self-consistently determined impurity and thus non-perturbatively.

2.1 Outline of the method

Before going into more detail for each step of the parquet DI'A, this section aims to
outline the whole method and compare it to DMFT where possible. To this end, Fig. 2.1

gives a direct comparison of the flow diagrams of both methods.

To start with the self-consistent parquet DI'A cycle, we need some initial guess for the
fully irreducible vertex A. Usually it is taken from a converged DMFT solution since
this provides a good estimate at a relatively low computational cost. Diagrammatically,

Aparrr is composed of the local Green’s function from DMFT, GPMFT which will be

local
DT A

loeay through iteration (described later as outer self-consistency).

gradually replaced by G
Once the hybridization that solves DMFT is known, we calculate the two-particle Green’s
function and extract Apyrr. As mentioned, throughout this work all calculations on the

impurity were done using the CT-QMC solver w2dynamics [24].

13



DMFT-flow DT A-flow

AIM AIM
Go(v) Go(v)
(_;10(‘('”) Gl?ﬁ/(f)

Xloc
~ &

2

S .

Zl()c(‘”) D \1 ‘
«~—Go(r, k) % %

- b

G (v, k) (v k
G,k

Figure 2.1: Flow diagrams comparing DMFT and DUA. Taken from Ref. [19].

From A, the nonlocal full vertex F**'¢ is generated through the Bethe-Salpeter and par-
quet equations. This process is depicted in Fig. 2.2. From the full vertex F*¥'¢, one
can calculate the non-local self-energy (k) through the Schwinger-Dyson equation of
motion, which in turn generates the non-local Green’s function through the Dyson equa-
tion. As the non-local Green’s function was already required to solve the parquet equa-
tions, this whole procedure has to be iterated until self-consistency is achieved (described
later as inner self-consistency). This step roughly resembles the much simpler use of
the Dyson-equation in DMFT, which also generates all relevant diagrams for the local
Green’s function from its local building block, the self-energy. Throughout this work, the
victory-code [26] was employed to handle this step.

Once the parquet equations are solved self-consistently, the first iteration of the parquet
DI'A is completed. From here on, this will be referred to as one-shot DI'A and the
required self-consistency as inner self-consistency. However, at that point the fully irre-
ducible vertex is still calculated on an impurity model with the local Green’s function
from DMFT. To achieve the full outer self-consistency, one has to find a new impurity

model with the local Green’s function from DI'A. The whole cycle is then repeated until

DI'A

convergence, that is GATM = GPI4.

14
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Figure 2.2: The nonlocal vertices are generated by connecting the local fully irreducible

vertex by non-local one-particle propagators. Taken from Ref. [19].

20.00 .
T=t -e
T=0.5t -=-
T=0.25t -+
15.00 | T=0.125t v
<
¥ 10.00 |
E
= S —— P ——
- ===~ W nmmnaan
5.00 } . .
(b)
0.00 . L
(0,0) (M3,m3)  (2n/3,-2m/3) (m,-m)
q=K-K’

Figure 2.3: The almost non-existent k-dependence of the fully irreducible vertex in the

2D-Hubbard model with U = 4t and (n) = 0.85 calculated within the dynamical cluster

approach on 24 sites by Maier et al. Taken from Ref. [27].

The key approximation in the parquet DI'A is that the fully irreducible vertex A is com-

posed only of local lines, and thus purely local itself. This can be shown diagrammatically

to be accurate in infinite dimensions, as non-local contributions decay at least as ﬁ where

Z is the coordination number. It was found numerically in dynamical cluster approxima-

tion (DCA) calculations that already for the 2D-Hubbard model A is essentially purely

local, as shown in Fig. 2.3.

The rest of this chapter aims to elaborate on each step of the fully self-consistent parquet

DT'A cycle.
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Figure 2.4: The parquet equation and the classification of reducible diagrams into the
the three channels ph, ph and pp. Taken from Ref. [7].

2.2 Underlying equations

2.2.1 Parquet equation

While one-particle reducibility is easily defined - those diagrams that can be split into
two by cutting a single one-particle propagator are one-particle reducible - some more
thought has to be put into the reducibility of two-particle diagrams. First of all, let us
note that connected two-particle diagrams cannot be one-particle reducible because they
would violate conservation of particles, since there would necessarily be vertices with one

more ingoing than outcoming line or vice versa.

Reducibility on the two-particle level is defined as follows: a diagram is two-particle
reducible if it can be split into two diagrams by cutting two one-particle propagators.
After cutting a diagram in two, there are three different ways in which the original legs
can stay at the same diagram, leading to the definition of the three channels shown
in Fig. 2.4, called particle-particle (pp), particle-hole longitudinal (ph) and particle-hole

transversal (ph).

At the heart of the parquet formalism lies the observation that any diagram is either fully
irreducible or reducible in exactly one channel. This is easily seen by trying to construct
a diagram that is reducible in two channels: whichever way the missing lines in Fig. 2.5

are connected, reducibility in one channel will be broken.

Before elaborating more on the parquet formalism, some more clarification on the nota-

tions used in this work is in order.

e A is the fully irreducible vertex. It contains all diagrams that are irreducible in all

three channels.

16



Figure 2.5: Whichever way the the missing lines are connected (dashed or dotted), the
diagram will only be reducible in one channel. Note that connecting one dashed and one
dotted line results in a vertex with two incoming and one outgoing line, which is not

possible for fermions.

e ®., contains all diagrams that are reducible in channel ch.
e [', contains all diagrams that are irreducible in channel ch.

This classification leads to the parquet equation,
F=A+ P+ P+ Ppp. (2.1)
From the above definitions further follow
F=Tp+ @,

Lpp =N+ D5+ Dy

Tpp = A+ o+ Dy (2.2)

For the ph- and pp-channel, the corresponding frequency and momentum conventions
introduced in Fig. 1.3 are used. Let us now introduce these formulas with all their spin,
frequency and momentum dependencies. The indices k and k' are used for combined
fermionic frequency and momentum, ¢ for the bosonic ones. Diagrammatically, the par-
quet equation is shown in Fig. 2.4. By applying the crossing symmetry, the ph channel
can be transformed into ph and thus does not have to be treated explicitly. This is
demonstrated for the lowest order reducible diagram in both channels in Fig. 2.6. By
exchanging particles 2 and 4 in the ph-diagram, the two diagrams become equivalent and

therefore, after adjusting the momentum argument accordingly,

kk'q k(k+q) (k' k)
phoo! - _q)phﬁ ’ (23)
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1, 01 4, 04
Figure 2.6: FEquivalence between particle-hole and particle-hole transverse channel with

exchanging two lines, shown for the lowest order diagrams in each channel.

where the exchange of the particle changes the order of spins from 1| to 1], but naturally
T =tt.

Similarly, one has to exchange a line and shift frequencies to unify the notation for
particle-hole and particle-particle channels. The equations for the irreducible vertices

then read explicitly

kk'q kk'q k(k+q) (k' —k) kk’(k+k’+q)

th oo’ Aph oo’ (I)ph oo’ - q)pp,aa (24)
kk'q kk'q kK (g—k—Fk') k(g—k'") (K —k)

Fpp,(w App,oo’ - (I)ph,w + P oo : (2.5)

Note that the fully irreducible vertex A is channel-independent and the subscript ph or pp
only denotes the notation, while for the irreducible I and reducible ® it denotes channel

and notation.

2.2.2 Bethe-Salpeter equation

The Bethe-Salpeter equation relates the irreducible vertex with the full one. Schemati-

cally it reads
F=T.+ Fch(GG>ChF7 (26)

where (GG).;, denotes a connection by two single-particle propagators according to the re-
spective channel, as demonstrated in Fig. 2.7 for the particle-hole channel. Algebraically,

these equations are

kk'q kk q kkiq k1k'q
Fonrt = Lpnrr + Z Poio, GlR1)G (R + @) Epygyt (2.7)
k101
kk'q _ 1kk'q kkiq k1k'q
Fopgy = Uy + 3 Z Dot GG (By + @) g - (2.8)
k101

One can decouple these two equations by adding or subtracting them and applying spin

rotational symmetry, leading to the definition of the following quantities:

Xa= Xy + Xy, (2.9)
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X = Xy — Xy = X5, (2.10)
where X represents F', I, &, A or y.

In the particle-particle channel, the situation is similar and the equations read

k! R K1k k(q—Fk1)q
Foprt = Uppt T 53 23 Z Dopty G(k1)G(g — k) Fppp ™ (2.11)
/ / 1 /
kk'q kk'q k1k'q a—k1)q
Ept =Tyl = 55 2 Doty G(R)G(a = k) ERCRS, o (212)
k101
/ ’ 1 ’
kk'q _ pkk'q  — kik'q (g—Fk1)q
Fppﬂ o Fppﬂ 23 szlwli(—m)TG(kl)G( kl)Fpmei(—m) (2.13)

ko1
For the notation of the spin dependencies and their symmetry relations, see Sec. 1.2.2.2.
The factor % serves to compensate double counting, as the two particle lines connecting
F and IT" are indistinguishable [28]. The sign can be obtained from a comparison with
the lowest order perturbative contributions. Due to the conservation of spin, Eq. (2.11)
is already decoupled. Addition of the remaining two equations leads to (for X again

representing F'; I', &, A or x)
X; = XN + XTT, = XTT . (2.15)

With y& o = —BG(k)G(k+q), and X’g;gp = —BG(k)G(q—k), the decoupled Bethe-Salpeter

equations then read [19]

/ / 1
kk'q k:k‘ § kk k kiK'
Fd, F —E F 1qX01;hF ! q, (216)
!/ / 1 /
kk'q __ 1kk kkiq . k1 ki1k
FR =Ty q+2—62 E LM o Es™ Y (2.17)
kk'q kK’ kk k kiK'
Ff*e — it 2522 phkay ko phika (2.18)

2.2.3 Schwinger-Dyson equation

The Schwinger-Dyson equation relates the two-particle vertex F' to the self-energy and
thus to the one-particle Green’s function. To derive it, one can start from the derivative

of the one-particle Green’s function with respect to time [29]

0GiA(1) _
or

. A A At (‘%M(T) At
(Tc 47 )c] 1) = 0T 464+ CiaCl ) — (TTcm) . (2.19)
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(k1 +q)os

k! — kk' kk'q kk'q
Fohrt = Lontr + Loty pho1t
k?l 01
(k1 + q)or
kk'q _ kk'q kk'q kk'q
Fonrl = Lot * Lohtor Fohory
k101

Figure 2.7: Bethe salpeter equation for the particle hole channel. ki and o, are summed

over.

where the first term on the right hand side comes from the derivative of the time-ordering
operator. According to the Fermi-algebra, this term gives —3(7)d;;. For the second term,

the Heisenberg equation is [30]

9i(7) H. ¢ 2.20
D~ [H, 2 (7). (2.20)
The Hamiltonian that we consider can be written as
H= Z HlomA;crAmU_‘_ZUClTCZ Tchcu, (2.21)
lm,o

with the non-interacting part H°. To resolve the commutators emerging from Eq. (2.20),
they first have to be converted to anticommutators and subsequently handled with the

Fermi-algebra. This is done via the relations
[AB,C] = A[B,C|+ [A,C]B = A{B,C} —{A,C}B, (2.22)

[ABXY,C] = [AB,C]XY + AB[XY,C] =

= (A{B,C} —-{A,C}B) XY + AB (X{Y,C} —{X,C}Y) . (2.23)

The result is
Z O il (1) FUE (1)e (1)E4(7) (2.24)
P = 5+ 2 Ho )~ VAT [0, 8,08, 029
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where the last term can be written as a two-particle Green’s function

(T [éjT(O)ézT(T)éh(ﬂéu(ﬂ]> = Ga1y,jiii(—7,0,0) . (2.26)

The Fourier Transform of Eq. (2.25) is, employing the particle-hole notation from Fig. 1.3

for the two-particle term,
(iv — H'(K)) Gy(v. k) =1+ Y Gap(v, v ,w kX, q). (2.27)
v w,k’,q

To connect this equation to the self-energy, we also take the time-derivative of the Dyson-
equation. This is again easier in Fourier space by replacing % — 1v. We further take into
account that the non-interacting Green’s function is a mathematical Green’s function of

the equation of motion [31]:
(iv — H°(k)) GY(v.k) = 1. (2.28)
Thus the above operator acting on the interacting Green’s function gives
(iv — H()) Gy () = (iv — (1)) (G301, k) + G0, k)4 (v, )G (v )

=1+ (1, k)G (k) . (2.29)

Comparing equations (2.27) and (2.29), we can identify

S(k)G(k) = =UY_ Gapy(k, K, q). (2:30)
k'q
where the combined indices k, k’, ¢ now contain momentum and frequency. We further
insert the relation between (G5 and the vertex F' to finally get the expression for the
Schwinger-Dyson equation,

U(n)

S(k) = =

+ U Gk +q)GE )G + q)FF . (2.31)
k' ,q

It is shown diagrammatically in Fig. 2.8.

2.3 Extraction of the fully irreducible vertex of the
impurity problem
The great advantage of mapping the lattice model onto an impurity model lies in the

fact that the local problem can in principle be solved exactly. The CT-QMC solver

w2dynamics [22, 24] can be configured to calculate the one-particle Green’s function as
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Figure 2.8: Diagrammatic representation of the Schwinger-Dyson equation. Taken from

Ref. [19].

well as the generalized susceptibility in both ph- and pp-notation, from which the fully
irreducible vertex can then be extracted in two steps: First we invert the local Bethe-
Salpeter equation to get the irreducible vertices I'. Then the fully irreducible vertex A
can be calculated algebraically through the parquet equations. Let us discuss these steps

in some more detail now:

For each bosonic frequency w, the Bethe-Salpeter equation (2.16) can be interpreted as
a matrix multiplication, thus enabling its solution for I" through matrix inversion in the
remaining indices vy, /. For the ph-channel, one gets

1

T = D Fin I = 5 XoanFan) 17" (2:32)
Similarly, for the pp-channel
vy ,w v’ \w 1 —11v w
e = SR o) (2.3)
v ,w v w 1 —1yv,w
L = DR = ggom) . (2:34)

The reducible vertex ® is calculated in each channel by & = F'—1I" and finally the parquet

equations can be solved for A:

’ ’ 1 v(v+w)(v' —v 3 /— 1 ! ! 3 v (vv/+w

AZVW _ ngw + 5(I)d( +w)( ) + §(I)Zl(u+w)(u v) §CI>ZV (v+v'+w) _ Q(I)t (v+v'+w) ’ (235)
, , 1 ) (V) —v 1 ;- 1 ’ ’ 1 vv! (v4+v +w

Az:w _ FZ;,W + _(I)d( +w)( ) 5@;51/%«1)(1/ v) + 5(1)?/ (v+v'+w) Q(I)t (v+v'+w) , (236)
/ ’ 1 v (w—v—1' 3 v (w—v—1' 1 v(w—v) (V' —v 3 v(iw—v") (V' —v
’ / I v (v 1 Nw—v—1' 1o ' —v 1 (' —

Atw/w _ F;/Vw o éq)d ( ) . 5(1)71/: (w—v—1") + §(I)d( )( ) 4 5(1)250-) V(' -v) . (238)

Since the fully irreducible vertex is in principle not channel-specific, only two of these four

quantities are independent, in accordance with the two independent spin combinations.
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i i SV

Figure 2.9: Lowest order diagrams contributing to the asymptotics of the particle-hole
reducible verter. Since v; and vy are summed over, they depend only on one external

bosonic frequency (left) or one bosonic and one fermionic frequency (right).

One could only calculate two and recover the remaining two through combination and
change of frequency notation. However, this change of notation would further limit the

available frequency range and thus all four quantities are explicitly calculated.

2.3.1 Vertex asymptotics

Unlike the two-particle Green’s function, the vertices F', I' and ® do not decay for all
high frequencies v, v/ and w. This is due to diagrams like the ones shown in Fig. 2.9:
whenever two external lines meet at an interaction U, energy conservation immediately
eliminates one frequency dependence, resulting in diagrams that do not decay with all
three frequencies. This leads to the characteristic shape of the vertex asymptotics as
shown for ¢ in Fig. 2.10. For a fixed w, diagrams as the one on the left of Fig. 2.9
contribute to a constant background while the ones on the right create the cross structure.
This additional knowledge allows for a cheaper calculation of the full vertex F' on larger
box sizes through equal-time Green’s functions [32]. The vertex asymptotics were applied
as follows: The Kernel-functions [33], which encapsulate the asymptotics in each channel,
were calculated through equal-times Green’s functions along with the susceptibility x
using w2dynamics. The Kernel-functions were applied to the full vertex F' before inverting
the Bethe-Salpeter equation, hoping to mitigate the effect of a finite frequency range and
to reduce noise. In one attempt, they were applied again directly to the irreducible

vertices I'. Fig. 2.11 compares the results.

As all of the diagrams in the Kernel-functions are reducible, they do not contribute to the
fully irreducible vertex A. Therefore, unlike for the irreducible vertices I', no significant
improvement in cost or quality of the calculation of A was found when including the
Kernel-functions. A more thorough discussion of this method can be found in [32, 33,
34].
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QOMET (1 n,, = 10)

Figure 2.10: Reducible vertex ®4 from DMFT at St = 8,U = 4t and bosonic frequency
n, = 10.

Ag(v, V', w=0)-U Akernels(y y/ w =0) - U

Figure 2.11: The fully irreducible vertex from DMFT in the density channel for
pt = 10, U = 3.946t. On the right, the Kernel-functions were used to improve
the asymptotics of the local susceptibility. While a more aggressive application of the
Kernel-functions is possible, the crucial low-frequency behavior of A could not be im-
proved in a significant way. In this case, the generalized susceptibility was calculated
on a 40 x 40 x 41 frequency-boz (fermionic X fermionic X bosonic) and, for the cal-

Akernels —the Kernel-functions were applied to enhance the box-size of the

culation of
generalized susceptibilty to 100 x 100 x 101 to mitigate finite-size effects. Further-
more, they were applied to the generalized susceptibility within the original box where
(2)4 |vivavsyy| > 10 (1 +6,,,, + dvivy — 51,1,,25,,1,,4)4 to cover noise, as discussed in de-

tail in Ref. [34].
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2.3.2 A, analytically

The fully irreducible vertex can be well approximated analytically in two limits: First,
for weak interactions U, the fully irreducible vertex is well approximated by a pertur-
bative expansion. The lowest order diagram, besides the bare interaction, is already
of order U* and its contribution to A4y is shown in Fig. 2.12. On the other extreme,
for U > t, the atomic limit can be employed: The Hamiltonian is easily diagonalized
and one obtains the two-particle Green’s function, and subsequently the vertex F', in

a strenuous task from the Lehmann representation. In ph-notation, the result is [35]

: U? 0y — Ouo U? U?
Ve — = vy w 2 I / 2 —_ 2.
I 641/2(1/-}-(,0)2 <1/ + 4)((V +w)” + 4>, (2.39)
FW/M_U_U_3V2+V’2+(l/+w)2+(u’+w)2_53U5 1
L 8 v(iv+w)(V + w)/ 16 v(v+w)(V +w)v/

U? 1 251/(—1/’—(41) + 5w0 5 U? , ) 2

U2 1 264w [, U2\ [, o U
— — — 2.4
+ﬁ41+6_ww+w)z(v+4)(<v+w> *4)’ (2:40)

w

2 U2°
vE+

G(iv) = — (2.41)

From there, one can extract the fully irreducible vertex in the usual way [34]. Fig. 2.13

shows a result for both extremes.

v+w)t (V' +w) 1 v+w)t (V' +w) v+w)t (V' +w)t v+w)t (V' +w)t
v3t v T v vs
us | s 1 s - s |
vl vy ) vl vyl 2N vy T 2 Ny T
Ve | Ve | Ve |- 6 L
v T v T v vy
ot V1 74 V1 2 e 2 V1
vy=—-v—v-—wt+urtmtrs wu=v+i+w—1v+1ra—u3 vi=v4+r+wtr ——us vy=v+rv4w—v—intis
Vs =—V—W+vy+ 13 Vs =V+W+ry—13 Vs =—UV— W+ U+ U3 Vs =V+Ww—ry+ 13

Vg = —V + 1+ 1 Vg =V — It 1n e i L B ) Vg =—V+ 1 +1n

Figure 2.12: Lowest order dynamical contribution to the fully irreducible vertex A4y
Taken from Ref. [19].

2.4 Numerical solution of the parquet equations

For the solution of the parquet equations in this work, the victory-code was used

[26, 36]. This section aims at giving a short overview of the program.
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Figure 2.13: (left): Fourth order contribution to Ny for U = 1t,t = 2 at w = 0.
(right): Ay in the atomic limit for U = 4,8 = 2 at w = 0. Already at this relatively low
U/T ratio, A is sharply peaked in the atomic limit.

After reading in A in the four channels d, m, s, t as introduced in section 2.2.2, the vertices
are simply initialized as F' = A and ', = A. The self-energy is usually initialized as the
Hartree-Fock contribution. A more educated guess, such as the local DMFT self-energy,

was not found to reduce the required number of iterations.

The Bethe-Salpeter equations (2.6) are used to calculate the reducible vertex @, in each
channel. From ®., and A, the full vertex F' and the irreducible vertices I'.;, are calculated
through the parquet equations (2.2). As seen in equations (2.4) and (2.5), the vertices
® ., have to be known in a larger frequency range than the obtained I'.;. To prevent the
frequency range from shrinking with each iteration, ®., is approximated by the Kernel
functions that encapsulate the asymptotics of the vertices and already appeared in section
2.3.1. The Kernel functions are themselves approximated by scanning the edges of the

available frequency range, see Ref. [33] for further details.

From the full vertex F', the self-energy is updated through the Schwinger-Dyson equation
of motion, Eq. (2.31), and the process is repeated with the new self-energy, I’ and T,

until convergence.

For each bosonic frequency and momentum ¢, the Bethe-Salpeter equations consist of
a simple matrix multiplication. For parallelization in the victory-code, the vertices
for each bosonic ¢ are stored on a separate thread. As the solution of the parquet
equations and the Schwinger-Dyson equation still mix bosonic frequencies, they require

heavy communication between the threads and thus the communication becomes the
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computational bottleneck.

To improve convergence at high interaction and low temperature, a damping parameter

for the irreducible vertices is introduced in each iteration of the parquet-solver [37]:
I'= aFnew + (1 - O{)Fold. (242)

Since the self-energy is calculated from the vertices through the Schwinger-Dyson equation

(2.31), it is also damped according to

S = anew + (1 — ) S (2.43)

2.4.1 Symmetries

The required memory can be minimized by exploiting the symmetries of the system.
The complex conjugation symmetry dictates that F»'« = (F~*~*»=¢)*  With this
knowledge, it suffices to store all the vertices only for positive values of w and infer the
negative ones from the above relation. Implementing this very simple symmetry thus

already reduces the required memory by half.

Furthermore, the symmetry of the lattice can be exploited in the victory-code. Let S
be any operation of the symmetry group of the lattice examined, such as the Cy, group for
the two-dimensional square lattice. The vertices are only stored for a restricted number
of bosonic momenta q;pz within what is called the irreducible Brillouin zone, such that
each remaining point q outside the irreducible Brillouin zone is generated by applying
a symmetry operation, ¢ = S(qrpz). To access the vertex F' at q, the inverse of the

symmetry operation in question is applied to all arguments of F"

Flkia — plkSasz) — ps™ 00,57 (K)aisz (2.44)

For the two-dimensional square lattice, storing the bosonic momenta only within the irre-
ducible Brillouin zone further reduces the required storage by a factor of eight. The imple-
mentation of the lattice symmetry is not included in version 1.0 of the victory-code [26].
During this work, version 1.1 was used which exploits the symmetry for the square lat-

tice.

The parquet equations fulfill the crossing symmetry by design [38]. However, one may
be tempted to store the full vertex I’ only in either ph or pp notation and recover the
other by a simple transformation of the arguments. Since the vertices are only known
on a finite frequency range, some of the values would be unknown, thus breaking the
crossing symmetry [26]. For this reason, in the victory-code all four vertices F,, s+ are

stored.
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2.4.2 Coarse graining

The maximum k-resolution achievable in the solution of the parquet equations is severely
restricted by the available memory. At several points, such as during the calculation
of the self-energy through the Schwinger-Dyson equation, one has to sum products of
vertices and one-particle Green’s functions over the Brillouin zone. While the self-energy,
which in turn is needed to calculate the Green’s function, is only known on the k-resolved
points, the dispersion relation of the non-interacting Green’s function is usually known
analytically and thus at any arbitrary resolution. One can use this fact through coarse
graining: at any point k, we calculate the Green’s function as an average around that
point, where the averaged terms are calculated from the self-energy at k and the exact

non-interacting Green’s function.

G(k) = Nl Z Gk + k), (2.45)

kece

where k are points in an area cc centered around k. N,. is the number of points k in
that area, which is only restricted by computational effort. This method greatly increases
the convergence of the parquet equations. In this spirit, one can also interpret DMFT
as the most extreme form of coarse graining where the self-energy is only known as an
average over the Brillouin zone, yet the local Green’s function is calculated with the full
dispersion relation [39]. In this case, the parquet equations reproduce the DMFT from
the local fully irreducible vertex A. Coarse graining is also included in version 1.1 of the

victory code, but not in the currently publicly available version 1.0.

2.5 Inverse impurity model

In this step, an impurity model has to be found such that its Green’s function equals the

local Green’s function from DI'A:

1
G i) = GPTAGL) - : _ 2.46
arv (iv) local (1) Xk: iv— e — SPTA(iv) + 1 (2.46)

Once it is found, a new fully irreducible vertex can be calculated for the impurity model
with the updated Gjoeq;. A hint on how this can be achieved is found in the DMFT-cycle
(see Sec. 1.3.2): In any iteration n, the local Green’s function is calculated from %, (iv)

through
1

local ( - — ) 2.4
G i) ; i — €, — X,(iv) + u (247)
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From there, the non-interacting Green’s function
G, (iv)™! = Gl (i)t + 5, (iv) (2.48)

serves as the input to calculate the Green’s function on the impurity model: G =
G'™?[G,] and the Dyson equation on the impurity is solved for the self-energy of the next
iteration

Ypi1(iv) = Guliv) ™t — G (iv) ™t (2.49)

Inserting Eq. (2.49) into Eq. (2.48) after the shift n — n + 1 gives
G (i)™ = Guliv) ™ + G (i)™ — GEmP (i) (2.50)

Equivalently, this can be expressed through the hybridization function A(iv) = iv + p —
G(iv)™! as
Anir(iv) = Ay (iv) + GIP(iv) ™ — Gl (i) 7! (2.51)

This scheme can be adapted to find the required impurity model for the fully self con-

DT A
local *

sistent parquet DI'A by replacing G"** with G Omitting the inversion of both
Green’s functions has been found to give the same results after a sufficient number of
iterations while being numerically more stable, so that the hybridization-update used in
this implementation is

A, (iv) = Ay (iv) + GmP(iv) — GREA(iv) . (2.52)

local

The high-frequency behavior of both Green’s functions in Eq. (2.52) is determined by
the iiy—term and is thus the same. It is therefore not updated for A and should be
assumed correctly in Ag. For the Hubbard model with local interaction only and hopping
amplitude ¢, the asymptotic form of the hybdridization function is the same as that of

ADMFTa

A(iv) = %‘2 +0 ((Z,;Q) : (2.53)

where z is the coordination number. Later we will introduce non-local interactions into
the parquet DI'A for the benzene molecule by adding the resulting non-local Hartree-
Fock term to the self-energy, without treating the non-local interactions explicitly in
the auxiliary impurity. This changes the high-frequency behavior of the hybridization
function significantly. To see how, we again write down the Dyson equation on the
impurity:

Gliv) ™ =iv — A(iv) + p = GL(iv) + Simp(iv) . (2.54)

loc

To find the high frequency behavior of this equation, we expand Gy, in terms of %
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N C Xee—p 1 (€x + Xk — p)? Stoe — 1\ 1
Croeliv) = iv (1 v N Z (1v)? * iv * O(iy)3 (2:56)

k

Expanding the inverse (G, = again gives the required term for the Dyson-equation. With

At half filling, the Hartree term of ¥, is exactly compensated by the chemical potential
1= X partree, S0 that Y. —pu =0 (i) Hence the last term in the parentheses is of order
(’)(ﬁ) and can be neglected. Furthermore, we make use of Gjoc = Gipp and Xjpe—Ximp =
O(ﬁ) Inserting this into Eq. (2.54) gives the desired asymptotic expression for the

hybridization function,

Aiv) = ziy (% Z(ek + Xy (iv) — M)2> +0 ((zi)2) : (2.57)

2.5.1 Uniqueness of the solution

The Matsubara frequencies are proportional to % =T. For high temperatures, both the
Green’s function and the hybridization are thus dominated by the Ziy behavior except for
very few Matsubara frequencies around zero. One can then parametrize the hybridiza-
tion function easily with only a few variables, for example through a decomposition in
Legendre-polynomials in 7 [40]. At half-filling, we know that due to particle-hole symme-
try they should be symmetric around g, thus eliminating all odd Legendre coefficients.
The known value at 7 = 0 puts a further constraint on the coefficients. To see how the
number of relevant Legendre-coefficients changes with temperature, Fig. 2.14 compares

their magnitude for DMFT-solutions at various temperatures.

At Bt = 2, only the first three coefficients contribute significantly, one of them being
determined through A(7 = 0). To investigate the uniqueness of the solution of the inverse
impurity problem, that is finding a hybridization function such that the impurity model
gives a specific Green’s function, one can then scan the two-dimensional parameter space.
Fig. 2.15 gives a map of the solutions of impurity models with different hybridization
functions. The hybridization functions and the resulting identical Green’s functions of
the points marked as 1 and 2 are shown in Fig. 2.16. There are thus two solutions to

finding an impurity model with that Green’s function.
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Figure 2.14: Legendre coefficients of DMFT-hybridization functions for various tem-

peratures at U = 4t. The uneven coefficients are zero due to particle hole symmetry

at half filling. At pt = 2, already the sizth coefficient is negligibly small, enabling the

parametrization in the rest of this section.
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Figure 2.15: Map of hybridization functions and their resulting GAM at Bt = 2, U = 4t
and half filling. The colorbar gives the imaginary part of the Green’s function at the first
(left), second (middle) and third (right) Matsubara frequency. The hybridization functions
are composed of only the first three even Legendre polynomials and normalized to give
the correct asymptotics for the 2D-square Hubbard model. The x— and y—azes denote
the second and fourth Legendre coefficient of the hybridization function, divided by the
zeroth coefficient. Only strictly positive and convex hybridization functions were taken
into account, hence the borders of the triangle shape. For larger Matsubara frequencies,
the Green’s function is already dominated by the % behavior at this temperature. The
point marked as 1 and 2 give the same Green’s function, as demonstrated in Fig. 2.16,

and Ay is close to Apypr.

Although the one-particle Green’s function is identical for the two baths, the self-energy
and the fully irreducible vertex generated from A, are vastly different, as seen in Fig.
2.17. The fully irreducible vertex from A, almost diverges and does not allow to fur-

ther converge the parquet equations. Hence one has to be careful to pick a good initial
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Figure 2.16: Left: The hybridization functions for the two points marked in Fig. 2.15.
Right: The resulting Green’s function. Although the hybridizations differ greatly, the
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Figure 2.17: The fully irreducible vertex at n,, = 0,w = 0 (left) and the self-energy
(right) for the two hybridization functions from Fig. 2.16.

hybridization in order to get a physical fully irreducible vertex. Both Apjpr and a

YPGA were found to work well. At lower

hybridization calculated from the local part of
temperatures and a finer resolution in Matsubara frequencies, both the possible hybridiza-
tion function as well as the requirements on the resulting Green’s function become more
nuanced at an equal rate. The assumption that also at lower temperatures there would
only be one solution that gives a physical A was corroborated by converging from different

starting hybridization functions.
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2.6 Similar methods

A computationally less demanding version of DI'A, namely the ladder DI'A, can be
applied when there is one dominating channel [41]. For example, in a system with mag-
netic ordering, the particle-hole channel will dominate and one can restrict the particle-
particle-reducible vertex to its local part, eliminating the repeated solution of the par-
quet equations and thus the most expensive step from the computation. Furthermore,
the Green’s function is approximated by the (non-local) Gpyrr(v, k), so the ladder
DI'A consists in a one-shot generation of the so-called ladders in one channel through
the Bethe-Salpeter equation and subsequent calculation of the self-energy through the

Schwinger-Dyson equation.

Another simplification of the parquet DI'A is the parquet approximation, where A is ap-

proximated by the bare interaction U. It can thus also be executed using the victory-code.

Some results of both of these methods will be compared to the parquet DI'A in Sec. 3.2.2.
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Chapter 3

Results

3.1 Benzene

In this section, DI'A results for the benzene molecule are compared to exact diagonaliza-
ton. Due to the simplicity of the benzene molecule, a semi-empirical model is available
that fits very well to experimental data, called the Pariser-Parr-Pople model [42]. Just
like the one-dimensional Hubbard model it contains hopping and the local interaction,
but it further includes non-local interaction between electrons on different sites. Its

Hamiltonian is

6 6
A4 4 SN 1 R A R
Hppp ==Y > Hel1,8, +he)+ U fuhy + 3 > Vij(fug + i) (g +,) (3.1)
o =1 =1 1#£]

The parameters are adjusted to account for screening and fit the experimental results.

They are given in Table 3.1.

The same parameters were applied to DI'A so the exact diagonalization results could be
taken as a benchmark for the method, even though the model, being one-dimensional and
including non-local interactions, is almost a worst case scenario for DI'A. The non-local

interactions were not included in the DMFT calculation that serves as a starting point

t U Vi Va Vs
eV 2.539 | 10.06 | 7.19 | 5.11 | 4.58
units of ¢ 1 3.963 | 2.833 | 2.014 | 1.804

Table 3.1: Parameters of the Pariser-Parr-Pople model. Vi s the nearest neighbor
interaction, Vs the next-nearest neighbor interaction and V3 the next-next-nearest neighbor

nteraction.
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for DI'A, but only through the non-local Hartree-Fock term in the solution of the parquet
equations [43]:

U(q)
SHPwik) = ) - = > —gU(q)
w;q Gi(v —w;k —q) q

The introduction of these static but k-dependent parts of the self-energy also changes the
required asymptotics of the hybridization function, as discussed in Sec. 2.5. The parquet
equations for the PPP model were subsequently solved with an extended version of the

victory-code that includes non-local interaction [44].
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Figure 3.1: Left: Local Green’s function from DMFT and DI'A with local interaction
only and the PPP-model parameters. Middle: Lowest order dynamic contribution to
A (v, V' ,w = 0) in ph-notation (corresponding to Fig. 2.12), calculated from the DMFT
Green’s function. Right: Same contribution calculated from the local DI'A Green’s func-
tion for the PPP-model. Note the different scale between the two plots.

Just like for the 2D-Hubbard model, the parquet DI'A calculation begins with a solution
from DMFT which does not take the non-local interaction into account at all. Only
after one iteration of DI'A, the hybridization of the impurity is updated to match the
new local Green’s function which now also contains an approximation of the non-local
interaction. The outer-self consistency in DI'A is therefore especially important in this
case since the initial guess for A from DMFT is particularly inaccurate. Specifically,
the introduction of V;; notably reduces the magnitude of the local Green’s function at

low frequencies, as seen in the leftmost plot of Fig. 3.1. Physically, this means that the
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Figure 3.2: The fully irreducible vertex A for ft = 10, U = 3.963t. Top left: DMFT
only. Bottom left: fully self-consistent parquet DI'A with local interaction only. Bottom
right: fully self-consistent parquet DI'A with Vi = 0.5t, Vo = 0.2t, V3 = 0.1t. Top right:
fully self-consistent parquet DUA with the parameters from table 3.1.

system is more metallic. The low-frequency behavior of the Green’s function is crucial for
the generation of the dynamic part of the fully irreducible vertex A as the higher order
diagrams are basically sums of products of Green’s functions which have their maximum
at a low frequency. Fig. 3.1 compares the lowest-order contribution to A, the envelope

diagram from Fig. 2.3.2, calculated once from the DMFT-Green’s function and once from
GDFA

ooy With non-local interactions of the PPP-model.

The same happens for higher order diagrams, so all dynamic contributions to A almost
vanish and only the bare interaction U survives. Fig. 3.2 shows the results for A as
calculated from the auxiliary impurity for DMFT and DI'A with three different strengths
of Vi;. Already for V;; = 0, DMFT overestimates the dynamic contributions to A. The
introduction of nonlocal interaction reduces them further, and for the Pariser-Parr-Pople

model A = U.
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With the dynamic parts of A suppressed, the fully self-consistent parquet DI'A closely
resembles the parquet approximation, where A is approximated by the bare interaction.
Fig. 3.3 compares results for the self-energy from exact diagonalization to one-shot DI'A,
self-consistent DI'A and the parquet approximation. As expected, the parquet approxi-
mation and the fully self-consistent parquet DI'A are very similar. Both show much more
accurate results than the one-shot DI'A when compared to the exact diagonalization data,

confirming the importance of the outer self-consistency in this case.
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Figure 3.3: Self energy calculated from one-shot DUA, parquet approximation, self-
consistent DI'A and exact diagonalization with the parameters from Table 3.1 and
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without Hartree-Fock contribution again for k =0 (left) and k = % (right). The DMFT
self-energy is not shown here because it is much larger in magnitude, as its maximum is

|S(Zparer)| ™ ~ 0.55.
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3.2 2D-Hubbard model

During the parquet DI'A cycle, various quantities are computed that help to interpret
the properties of the system in question. First of all, there are the one-particle properties
such as the non-local self-energy X774 (k, v) and thus, in combination with the dispersion
relation and the chemical potential, the interacting Green’s function and the shape of the
Fermi-surface. These are complemented by the two-particle vertices, which give insight

into phenomena such as magnetic ordering and possibly superconductivity.

3.2.1 Magnetic and superconducting order

When looking for possible instabilities and ordering symmetries, looking directly at the
vertices is sometimes impractical. Instead, in the following we introduce eigenvalues,
eigenvectors and effective interactions, which give a much more compact representation

of the results.

3.2.1.1 Eigenproblem

The victory-code produces the eigenvalues and eigenfunctions of the Bethe-Salpeter
equations. In the pp-channel, they are most interesting at q = 0, w = 0 and capture possi-

ble pairing between wave vectors k and —k. The corresponding eigenequation reads
1
Aa®o (k) = 5 D Tk, K)G(H)G(—K)Pa(K) (3.2)
k/

where the momentum indices are given in particle-particle notation (see Sec. 1.2.2.1).
When the largest eigenvalue A in the particle-particle channel gets close to one, the
susceptibility diverges signaling the superconducting instability. At that point, the Bethe-
Salpeter equations becomes equivalent to the gap equation and the eigenfunction becomes
equivalent to the order parameter Ay [45]. Furthermore, the g-resolved eigenvalues p, o in
the magnetic channel (in particle-hole notation) give an overview of the possible magnetic

ordering in the system.
1 / / / /
fg.0Vqa(k) = 3 D Tnlk KNG + q)G(K) Wy a(K) (3-3)
kl

Again, an eigenvalue of one leads to a divergence in the susceptibility at that momentum

transfer and for antiferromagnetic ordering the largest eigenvalue is at q = (m, 7).
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3.2.1.2 Pairing interaction

Looking at the Bethe-Salpeter equation in the particle-particle channel, we can interpret
the irreducible vertex in that channel as an effective pairing interaction [46]. Since the pair
is expected to have wave numbers k and —k, we evaluate I'y, at g = (0,0). Furthermore,
the required spin-combination 1| of the pairing interaction is obtained from the singlet-

and triplet-channel through

1
Lp37= Dopty = Dppt = §(Ft —Ty) =T (3.4)

It will be simply referred to as I',, in the following. The pairing interaction between site

0 and site j is obtained through a Fourier transform:

SN A

Fj — Zrkk,q 0 Zk+k/) (35)

pp
kk’

OT/ \OT

In order for superconductive pairing to be energetically favorable, the pairing interaction

should be attractive in analogy to the attractive electron-electron potential mediated by
phonons in conventional superconductivity. Indeed, an attractive interaction between
neighboring sites was found in the parquet DI'A and the parquet approximation and will
be shown for several parameter sets in Sec. 3.2.1.4. This attractive interaction was also
found by Bulut [45] in QMC calculations.

3.2.1.3 Momentum dependent susceptibility

The transfer-momentum dependent form of the magnetic susceptibility contains informa-
tion about the magnetic ordering of the system. As stated above, at low temperatures and
near half filling it has a sharp peak at q = (7, 7). With doping, the maximum moves away
from (7, 7). To compare the results of DI'A with those of another method, where a larger

DMFT(q,w = 0) from

lattice is achievable, we follow Ref. [47]. Herein, we calculate x
the irreducible vertex T)M*7 and the k-summed bare susceptibility x§'5 " (q,w = 0)
through the Bethe Salpeter equation. This method violates the Mermin-Wagner theorem
[48], in that the magnetic susceptibility diverges at (7, 7) at low but non-zero tempera-

DrA(q,w = 0), calculations at a

tures and the above calculation fails. To compare it to x
temperature of St = 4, above the DMFT Néel temperature, were done. Fig. 3.4 shows

the evolution of the maximum of x,,(q) with doping.
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The peak in the magnetic susceptibility is closely connected to the symmetry of the su-
perconducting order parameter through the effective interaction, as discussed in Sec. 1.1.
This can also be seen from the parquet equations, specifically Eq. (2.5), after some rear-
ranging:

/ / / / 1 / i 1 L/ /_
F’;’; q_ A;;/; a4 bef (q—k—FK) + 5@%(]—19 YK —k) 5(I)fl(q k") (K' k) (3.6)

The pp-subscript without spin indices is defined as in Eq. (3.5). Close to magnetic
ordering, the ®,,-terms will dominate the right hand side of this equation, as well as
the full vertex in the connected part of the magnetic susceptibility. Setting the bosonic
momentum and frequency to zero, we thus see that the effective interaction TF¥'7=0 ig

proportional to the magnetic susceptibility with transfer momentum q = k — k.

3.2.1.4 Symmetry of the eigenfunctions

Fig. 3.5 shows the pairing interaction and the corresponding eigenfunctions from the
self-consistent parquet DI'A on a 6 x 6 cluster at three different fillings. In all cases, for
the small cluster size considered there is a strong interaction with the most distant site
within that cell. At half filling, it is strongly repulsive while there is an attraction between
nearest neighbors with opposing spins. This attraction leads to the d,2_,2 pairing, which
already manifests itself in the symmetry of the eigenfunction at eigenvalues A < 1 far
from the superconducting instability. Away from half filling, the interaction with the
most distant site becomes attractive at n ~ 0.7, causing the eigenfunction of the largest

eigenvalue to reflect the pairing with that site in real space. In k-space, this leads to

41



an unusual s-wave symmetry, further referred to as 5. Fig. 3.8 shows the evolution of

the largest eigenvalue with d,2_,2 and s or s symmetry over various fillings. The d,2_,2-

-y
pairing has a maximum at half filling, unlike the physical situation in cuprates where the
superconducting dome is centered around n ~ 1 — %. The same result was found in Ref.
[49] for DCA-calculations at interaction U < 6¢. At larger U, they found the pairing to
be suppressed at half filling, along with the emergence of a pseudogap [50, 51]. Also,
the introduction of next-nearest neighbor hopping ¢’ was found to break the symmetry
between electron- and hole-doping. For the parquet DI'A, however, no pseudogap was

found yet because the interaction strength and temperature are limited by the divergence

of the parquet equations.

The origin of the attraction to the furthest site at n = 0.7 and thus the strange §
symmetry is currently not completely understood and cluster-size dependent. Fig. 3.6
shows the effect to be significantly weaker on a larger cluster size of 8 x 8 when compared
to the 6 x 6 cluster with n = 0.7 shown in Fig. 3.5. Also with the larger system size, the
eigenvalue of the strange symmetry s is significantly smaller and close to the eigenvalues
with other symmetries. However, this may be due to a shift in the maximum of the
s-eigenvalue away from n = 0.7, as indicated by results from the parquet approximation
[52]. To reach a conclusive explanation of the strange behavior of the pairing interaction
and the eigenfunctions, calculations on even larger clusters may be necessary. The s-
symmetry fades with even heavier doping and gives way to the usual s-symmetry, as
shown in Fig. 3.7 for the parquet approximation at n = 0.65. Note however, that above

some doping level there will no longer be any superconducting symmetry breaking.

Besides the symmetries mentioned above, also eigenfunctions resembling the stripe-order
[53] (p-wave) were found, although never at the dominating eigenvalue. Fig. 3.9 shows

one example.
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Figure 3.5: Left: Pairing interaction in real space, as described in Sec. 3.2.1.2. Middle:
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Figure 3.10: Imaginary part of the self-energy near the fermi-surface from self-
consistent parquet DI'A(p-DI'A), one-shot parquet DI'A (p1-DI'A) and parquet approxi-
mation (PA [52]) at U = 4t and half filling.
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Figure 3.11: Imaginary part of the self-energy near the fermi-surface from self-
consistent parquet DI'A and ladder DUA [54] in the ph-channel at U = 4t and half

filling.
3.2.2 Comparison of methods

Qualitatively, the results of the self-consistent parquet DI'A and the one-shot parquet
DI'A have been found to be similar to the results of the parquet approximation for the
2D Hubbard model at the Coulomb interaction and temperature considered. This is
shown in Fig. 3.10. The difference between the methods becomes visible in the structure
of the generated non-local vertices. Fig. 3.12 compares the non-local magnetic irreducible

vertices from parquet approximation and DI'A and gives the corresponding local vertices
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T2A(w, v ,w=0) at k =k’ = (0,0) and q = (, ) TV A(w, v w=0) at k =k’ = (0,0) and q = (7, 7)

Figure 3.12: Irreducible vertex generated in the parquet Approximation [52] (top left)
and the self-consistent parquet DI'A (top right). Bottom left: The fully irreducible vertex
from DMFT that served as input for the parquet DI'A. Bottom right: The corresponding
magnetic irreducible vertex from the impurity. All at ft = 10,U = 4t and half filling.

I',, and A from DMFT.

The difference between the parquet DI'A and the ladder DI'A is much more pronounced,
as shown in Fig. 3.11 for the self-energy. The pseudogap, which was not found in the
parquet DI'A yet at all, develops at much higher temperatures in the ladder DI'A and
can be identified by the sharp downturn (divergence) of ¥(X) in Fig 3.11. Note that in
the ladder DI'A the non-local vertices and the susceptibility are not generated at all in
one of the channels, in this case the pp-channel. This has to be taken into account when

comparing the methods in that respect.
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3.2.2.1 Effect of the outer self-consistency

Fig. 3.13 shows the effect of the outer self-consistency on the self-energy for a variety of
parameters. All calculations were done on a 6 x 6 cluster and the self-energy is given on
two points near the Fermi surface, (0,7) and (2, %), as well as the point (0,0). Note
that, due to the small cluster size, these are the only two independent k-points near the
Fermi surface that are not related to another one through symmetry. It is clear that
the corrections from the outer self-consistency are most pronounced near half-filling and
almost non-existent in the doped case at U = 4t. Also, they seem to be enhanced with
larger interaction as may be inferred from comparing the lower two plots. There are no
results for larger filling at that interaction, however, because the Bethe-Salpeter equations
diverge for this limited system size. In the accessible parameter range, no qualitative
difference, such as the establishment of a pseudogap, was found between the results from
the one-shot and self-consistent scheme. For larger interaction and lower temperatures,
the corrections to the local Green’s function stemming from non-local correlations may
be expected to be larger due to the proximity to the superconducting instability. The
outer self-consistency may then be expected to have a larger effect than in the current
cases. Fig. 3.14 shows the change in the fully irreducible vertex from DMFT to self-
consistent parquet DI'A in the case where the effect of the outer-self consistency was

most pronounced, gt = 20,U = 4t,n = 1.
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Figure 3.13: Imaginary part of the self-energy as obtained from self-consistent and
one-shot parquet DI'A as well as DMFT, for 5t =20, U = 4t, n =1 (top left), n = 0.85
(top right) and n = 0.7 (bottom left) and the same for pt = 15, U = 5t, n = 0.7 (bottom
right).
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Figure 3.14: Change in Ag and A, from DMFT (left) to the self-consistent parquet
DU'A (right) at ft =20,U = 4t,n = 1.
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3.2.3 Computational cost

The by far most expensive part in the fully self-consistent parquet DI'A is the solution
of the parquet equations. The limiting factor is memory consumption as the size of the
vertices scales as the third power of frequency range and, in two dimensions, the sixth
power of the cluster size Nyi. The calculations were done on the Vienna Scientific Cluster
VSC-3 on machines with two Intel Xeon E5-2650v2, 2.6 GHz processors with 8 cores
each and 64 GB of RAM. Due to the limited memory, the calculation for the parquet
equations had to be spread out over several nodes without being able to use all 16 cores
on each one of them for larger N, and Ny. For the CT-QMC calculations, where memory
is not an issue, all 16 cores were used. The following table compares the computational
resources spent for some of the calculations done during this work, each given for one
iteration of DI'A, that is from the update of A to the solution of the parquet equations
using that same A. Depending on the desired accuracy in the statistics of the Monte-
Carlo calculations and the convergence criterion for the parquet equations, these values

may vary significantly.

Parquet equations CT-QMC (CPU-h)
B U (n)| N, | Ngx N, | CPU-h | RAM | cores used | inv. AIM | Aarm
10 | 4 1 |32 6 x6 1,000 | 520 GB 8/16 500 1,000
20 | 4 1 |48 6 x 6 25,000 | 1.8 TB 2/16 1,000 5,000
204 | 0.7 | 48 6 x 6 20,000 | 1.8 TB 2/16 1,000 5,000
o |4 1 | 32 8 X8 15,000 | 3.0 TB 2/16 500 1,000
20 | 4 1 | 32 8 X8 30,000 | 3.0 TB 2/16 1,000 5,000

3.2.4 Convergence

The self-consistent solution of the parquet equations (inner self-consistency) fails to con-
verge for ft 2 20 and U 2 5. Depending on the parameters and the filling, convergence
may take upwards of 150 iterations of the parquet equations. For large interaction, the
Bethe-Salpeter equation may even diverge in the magnetic channel. Notably, the parquet
DT'A fails to converge already at higher temperatures than the parquet approximation.
For example, at gt = 20,U = 5t,n = 1, the parquet approximation with A = U con-
verges, while parquet DI'A with A = Apyspr does not. Convergence is improved with a
larger cluster, so there is hope to go to lower temperatures in the future. Once a solu-
tion of the one-shot parquet DI'A was found, the outer self-consistency converged at all
parameter sets. This took approximately 10 iterations at half filling and even less away

from half filling where the effect of the outer self-consistency was even smaller.
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Chapter 4

Conclusion and outlook

The implementation of the parquet DI'A has only recently become feasible with the
development of a new and powerful parquet-solver, the victory-code [26]. In this work,
we presented the formalism and the steps to a self-consistent parquet DI'A solution. After
introducing the underlying formulas, we gave special focus to the calculation of the fully
irreducible vertex on the impurity, a key component of the parquet DI'A. We discussed
the possibility of using Kernel-functions [33] for an improved calculation of the high-
frequency asymptotics of the fully irreducible vertex A. While this method has proven
valuable in the calculation of the irreducible vertices I' that enter, for example, the ladder
DI'A, we found no benefit in applying it to our problem of calculating A. This was not a
real setback to the implementation of the parquet DI'A however, as the inevitable noise in
the impurity calculations can relatively cheaply be kept sufficiently low to not impact the
solution of the parquet equations. We further showed a method to update the auxiliary
impurity model in order to achieve the outer self-consistency and made an attempt to

show the uniqueness of the solution of that step.

The outer self-consistency was found to be particularly important in the case of the
benzene molecule, where non-local interactions were introduced according to the Pariser-
Parr-Pople model [42]. In the two-dimensional Hubbard model, the feedback of non-
local correlations into the local one-particle Green’s function provided by the outer self-
consistency did not have a big impact for the currently accessible parameter sets. This
may change once parameters closer to the superconducting instability are feasible. Tem-
perature and interaction strength are currently limited by the convergence of the parquet
equations, which can be expected to behave better with larger cluster sizes. Moreover, for
lower temperatures more Matsubara frequencies will have to be taken into account, fur-
ther increasing the already heavy memory consumption. Due to the unfavorable scaling

of the size of the vertices with the number of frequencies and, even more so, the clus-
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ter size, new ways to decrease the computational demand will be highly welcome. One
method proposed for this purpose is the use of so-called form-factors for a more efficient
parametrization of the fermionic momenta [55]. Even at the accessible parameters, which
are relatively far from a possible superconducting instability, a range of interesting quan-
tities can be extracted from the non-local vertices. These results have already indicated
possible d,2_,2 ordering in the two-dimensional Hubbard model, as well as an unexpected

s-wave pairing.

Still, the path to realistic multi-orbital calculations within the parquet DI'A is long
and certainly will give rise to many interesting challenges along the way. The method,
however, has already proven to give good results from a natural and elegant approxima-

tion.
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