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1 Introduction

In this section we introduce an initial value problem and show that it always has a
unique solution and that this solution is an entire function of z. Further we establish
some basic properties including a rough growth estimate.

We consider an initial value problem of the form

{y'u) — e A@y(), € o], (1)
y(a) = yo,

where z € C, yo € C? and A € L'([a, b], C*>*?).
We call y : [a,b] — C? a solution of (1.1), if y is defined on [a,b], takes values in C?, is
componentwise absolutely continuous, its derivative fulfills (1.1) for almost all x € [a,b] and

y(a) = yo.
We will mainly focus on canonical systems, which are initial value problems of the form
(1.1), with A(z) = JH(z), where H € L!([a,b],R?*?) is real and positive semidefinite, and

0 -1
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Remark 1.1. Note that in some books (1.1) is given without the ”—" on the right hand side.
This results in minor changes to some theorems.

This section will follow lecture notes of Professor Michael Kaltenbéack from the Technische
Universitat Wien.

1.1 Existence and Uniqueness of Solutions

Theorem 1.2 (Existence and Uniqueness). Let z € C, A € L*([a,b],C?*2) and yo € C?, then
there exists a unique function y : [a,b] — C2, such that y is a solution of (1.1).

Proof. Let BM ([a,b],C?) be the space of all bounded and Borel measurable functions on [a, ]
with values in C? equipped with || f||lec := SUPgcap) If(2)[[2. This is a closed subspace of the
Banach space B ([a, b], (C2) of all bounded functions on [a, b] with values in C2, because uniform
convergence preserves measurability. Hence BM ([a, b], (Cz) is a Banach space as well. We define

A(z) ::/ |A(t)||dt, =z € [a,b],
where || - || denotes the operator norm on C?. Let G(z) := exp ( — |2|A(z)), then

Iflle := sup [[f(z)ll2G(z)

z€[a,b]

gives a norm equivalent to || - || on BM ([a,b],C?). Now let T : B ([a,b], C?) — BM ([a, b], C?)
be defined by



As an integral of an L!-function T(f) is absolutely continuous, and 7 indeed maps into
BM([a, b],CQ). Further for f,g € BM([a, b], (CQ) we obtain

<
2

G@)IT(f)(x) = T(9)(@)]2 = G(x)

[ w0 - o)
G(a) [ 1AW ex (1=1A(0) exp (- [HAO)IFO) - 9(8)adt <
Glf ~slle [ NA®] exp (AA®)dt = G ~ gl [ G (exw (1) )at <
1 = gllg exp (— [21A()) (exp (12]A () 1),

Taking the supremum over x € [a, b], we get
IT(H) = Tg)lle < (1= exp (= [2]A®)) - If = gllc-

By the Banach Fixed Point Theorem there exists a unique y € BM ([a, b], C2), satisfying y = T'y.
In particular y is absolutely continuous and obviously y(a) = yp holds as well. Taking the almost
everywhere defined derivative, we obtain that y satisfies (1.1).

If, on the other hand, an absolutely continuous w satisfies u(a) = yo and the differential
equation (1.1) almost everywhere, we get u € BY ([a, b],(CQ) and by the fundamental theorem
of calculus, we obtain Tu = u. Hence y = u. O

In the next theorem we show that the solution depends holomorphically on z.
Theorem 1.3. For each yg € C?, there exists a unique function y : [a,b] x C — C? such that
(i) for each z € C the function y(-, z) is the solution of (1.1),
(i) y is continuous on [a,b] x C,
(1i1) for each x € [a,b] the function y(x,-) is holomorphic.

Remark 1.4. Note that Theorem 1.3 is a slight modification of Theorem 1.2 and its proof, to
obtain holomorphy in the second argument.

To prove this theorem, we need the following lemma.

Lemma 1.5. Let us now regard G(z, z) := exp (—k|z|A(z)), for some fized k > 1, as a function
on [a,b] x C — (0,00). For a function f : [a,b] x C — C? we define

[flle == sup sup [[f(z,2)[l2- G(z, 2).
2€C z€la,b]

Let X denote the vector space of all f : [a,b] x C — C2, such that
(1) [flla < oo,

(i1) for each z € C the function x — (x, z) is continuous.

(i1i) for each x € [a,b] the function z — f(x,z) is holomorphic.

Then X equipped with || - || is a Banach space.



Proof. First it is a well known fact that the space B([a,b] x C,C?) of all bounded functions
on [a,b] x C with values in C? equipped with || - || is a Banach space. Hence the space
Be ([a, b] x C, C?) of all functions f on [a, b] x C with values in C? such that || f||¢ < co, equipped
with || - ||¢ is a Banach space as well, because it is isometrically isomorphic to B([a, b] x C, (CQ)
via f— f-G.

Obviously X is a linear subspace of Bg([a, b] x C, CQ). Further it is closed: Assume f,, € X
and f, — f in Bg([a,b] X (C,C2). Then for every x € [a,b] and for every compact K C C,
the uniform convergence of fu|qpxx t0 flapx K, as well as the uniform convergence of z —
fn(x,2) to 2= f(x,2), for z € K follows. Hence f|j3xx and therefore f, are continuous and
z+ f(x,z), z € C is holomorphic for every x. Hence f € X. O

Proof of Theorem 1.3. Let X and G(z, z) be defined as in Lemma 1.5, and let 7' : X — X be
defined by

T(f)(x,2) == yo - / AWt =)t

First we want to show that T'(f) actually lies in X. Let (x1, 21), (22, 22) € [a,b] x C and assume
without loss of generality that xy < zs. Then

|70 (21, 21) = T(f) (@2, 22)[l2 < (| T(f) (@1, 21) = T O (w2, 21) ]2 + | T(f) (22, 21) = T(f) (22, 22) |2 <

x2 €2
/ 27 A(t)(t, z1)dt|| + ‘ / A(t)(22) f(t, 22) — 21 f(t, 21))dt|| <
1 2 a 2
) b
/ [A@)[lz1f (2, 21)l2dt +/ IA@ ]| 21f (2, 21) — 22f (t, 22) | ,dt. (1.2)
T a
If we fix (21, 21), then we get, for |21 — 29| <1 and p := |z1| + 1,
Hzlf(t,zl)—ZQf(t,zQ)H2 §2(|Zl|+1) sup  ||f(z, 2)]2 §2(]21|+1) I/l .
weladl|=|<p G(b.p)
Hence, by the Dominated Convergence Theorem, the second integral in (1.2) converges to zero
for (ze,z2) — (x1,21). Because ||z1f(t, 2z1)|2 < p%, the same holds for the first integral.

Hence T'(f) is continuous on [a, b] x C.
Let us regard H : z — T(f)(z,2) = yo — [ 2A(t)f(2,t)dt as a parameter integral, with

a

holomorphic integrand z — zA(t)f(z,t) for every ¢t and integrable integrand ¢ — zA(t)f(z,1)
for every z. We have the estimate

|zA@) f(t,2)|, <A@ max  [C[[f(7,¢)]l2, K € C compact, z € K, t € [a,b],
(1,¢)Elab]x K

where the right hand side is integrable, and conclude that H is holomorphic. Further we obtain

IT(f)(,2) ]2 < lyoll2 + / " |21 A exp (kI2IA®) exp ( — BlAA®D) [1£. 2)|pdt <

loolla + 4 (exp (klelA@) ~ 1) -

Multiplying with G(z, z) and taking the supremum over (z, z) € [a, b] X C, we obtain ||T(f)||¢ <
llvolla + %HfHG < 0o. Hence we get T'(f) € X.
Finally T is a strict contraction: For f,g € X we have

1T (f)(,2) = T(g)(x, 2) || ,G(x, 2) < exp (— K|z[A(2)) /x =A@ £(t,2) = g(t, 2)| ,dt <
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exp(—kl[z|A(x)) /m 2| A@) || exp(k[z| A f = glladt =

1

7 XP(=klz|A(2))(exp(k|z|A(z)) = DIIf — gl
and hence |T(f) — T(g9)lc < #|If — gllc- By the Banach Fixed Point theorem, there exists
a unique f € X, which satisfies Tf = f. In particular x — f(x,z) is absolutely continuous.
Differentiating almost everywhere, shows that x — f(x,z) satisfies the differential equation
(1.1) and obviously f(a,z) = yo holds as well. O
1.2 Properties of the Fundamental Solution

In the proof of Theorem 1.3 we saw that the solution y(x, z) lies in the space X. Thus, for each
k > 1, it satisfies an estimate of the form (z € [a, b])

ly(z, 2)|l2 < Crexp(k|z|A(z)), t €C,

with some constant C; > 0. The Gronwall Lemma says that such an estimate holds for k£ = 1
as well.

Lemma 1.6 (Gronwall). Let y(x, z) be a solution of (1.1). Then

(@ 2z < llyollz exp <|z| A HA(t)Ildt> . (@2 € b xC. (13)

Proof. Obviously it holds that

y(z,2) =yo — Z/x A(s)y(s, z)ds, (1.4)
which implies
Iote. 2l < ool + (121 | 1A@loce 2)1at)

For a < s < x < b we further evaluate

d A (s )]
ds 1“(“y°"2+‘z‘/ IA®Illy e, z””“) ool + 121 /= TA@ [yt 2l

The right hand side is bounded from above by |z||A(s)]|, hence integrating from a to z with

respect to s yields

i (Looll -+ 121 [ DAt ) ) =10 (k) < [ 114G s
Applying the exponential function on this inequality completes the proof. O

Definition 1.7. Let A € L'([a,b],C?*?). Let y; and y2 be the solutions of (1.1) with initial
value <(1)> and (?), respectively. Then the matrix function M : [a,b] x C — C2*2 defined as

M(z,2) = (y1(w,2) | y2(2, 2)),

is called fundamental solution of (1.1). It is the solution of the matrix-valued initial value
problem

{d(iY@ 2) = —zA@)Y (2,2), x € la,b], (1.5)

Y( ) ):I>

Its value at the right endpoint is called the monodromy matriz of (1.1).



Remark 1.8. Note that calling M a fundamental solution is not very precise, since the dimen-
sions for the initial value do not match.

Proposition 1.9. The fundamental solution M (x,z) of (1.5) has the following properties.

(i) Leta <y <x <b, and let My, be the fundamental solution for A |, .. Then
M(Cv Z) :Myﬂf(cﬂ Z)M(yvz)v ce [y7x]’ zeC.
(i) M is continuous on [a,b] x C — C2*2 absolutely continuous in the first argument and
holomorphic in the second argument.

(i) If A is real a.e., then the entries M;j(x, z) of M(x,z) satisfy
M;j(z,z) = M;j(x,2), € la,b], z€C. (1.6)

(iv) Let Q € GL(2,C) and a <y < x <b. Then

1QM (z, 2)|| < [[QM (y, 2) || exp (Iz /Jg IIQA(t)Q_IIIdt> ~ (1.7)

Further, the fundamental solution is estimated as
|M (@, 2)] < exp (|zr / \|A<t>||dt) . (w.2) € [0 x C. (1.8)
(v) The fundamental solution satisfies det M (a,z) =1 and the differential equation

% (det M (z,2)) = ztr A(z) det M (x, z). (1.9)

Hence,

det M(z, z) = exp <z / ' trA(t)dt) . (1.10)

a

Proof. Let a <y < <b. We have My ,(y, 2) = I by definition and hence
M(y,z) = My.(y, 2)M(y, 2).

Further M(c, z) and M, »(c,z) both satisfy the differential equation (1.5) for ¢ € [z,y]. Since
M (y, z) is a constant factor on the right, also M, ,(c, z) M (y, z) satisfies the differential equation
(1.5). By uniqueness of solutions, we obtain (7).

By Theorem 1.3 y1,92 : [a,b] x C — C2 are continuous, absolutely continuous in the first
argument and holomorphic in the second. Hence M : [a,b] x C — C2*? satisfies the same
properties and therefore it satisfies (i) as well.

Since

d —  d
%(M(JZ,Z)) = %M('%Z) = —zA(:c)M(JI, 2)

almost everywhere on [a, b], the matrix M(¢,Z) is the solution of

%Y({L‘,Z) = —ZMY(:L’,Z), WS [av b]7
Y(a,z)=1.



In particular, if A(z) € R**2 for = € [a, b], uniqueness of solutions implies
M(z,z) = M(z,z2), (z,2) € [a,b] x C.

For each a <y < x < b a fundamental solution satisfies the integral equation
M(x,z)=M(y,z) — z/m A(t)M (t, z)dt. (1.11)
y
Now let @ € GL(2,C). Then we can rewrite this equation as follows
QM) = QM) ~= [ (@AW )@, it
From now on we follow the lines of the proof of Lemma 1.6: The upper equality implies

1QM (2, 2)l2 < | QM(y, 2)]l2 + (|zr [ leame e, z>|dt) |

For a < s < x < b we further evaluate

i (102l + 141 [ 1QA0Q @M (1, 2) i) =
11QA)Q 1QM(s. )

QM (y, 2)ll2 + 121 [, IQAMQ QM (t, 2)||2dt

The right hand side is bounded from above by |z|[|QA(s)Q ||, hence integrating from a to x
with respect to s yields

In (HQM(y,z)Ilz +lal [ leame e z>||2dt) Cn (|QM(y, )l) <
< [TlellQata ! as.

Applying the exponential function on this inequality yields assertion (v).
For the last property we start by evaluating the left hand side, (omitting the arguments of
our fundamental solution to simplify notation)

det M’ :(M11M22 — M12M21), = M{IMQQ — M{2M21 + M£2M11 — MélMlg =
=z (All(x)Mllez + Ajo(x) Moy Moy — A1 (z) Mig Moy — Ava(x) Maa Mo+
+ Aoy (x) Mia My + Ao () Mg My — Aoy (z) My1 Mo — A22(9U)M21M12> =

=2A11(2)M11 Moy — 2A11(x) Mo Moy + 2 Ass(2) Mo M1 — 2 Ao (x) Moy Mo =
=ztr A(t) det M

and we obtain the desired equality. Plugging the right hand side of (1.10) in (1.9) completes
the proof. O

The next result is easy to prove, but a very important fact.

Theorem 1.10. Let J € C?*2, with J* = —J and assume that JA is hermitian a.e., then

M(z,w)" JM(x,z) — J = (w0 — z) /m M(t,w)* JA(t)M(t,z)dt z,w € C. (1.12)

7



Proof. We evaluate

e

X X

Mz, w)* TM(z, )] = [ddM(x,w)] "M (x.2) + Mz,w)'] [jM(m)] _

_ {—J d M(m,w)]* M(z, =) + M(z,w)"J [dd

T xM(.CE, z)] .
Because JA is hermitian the right hand side further equals

wM (z,w)* JA(x) M (x, z) — z2M (z,w)* JA(z)M (x, z) = (W — 2)M (z,w)* JA(z)M (z, 2),
and the equality follows by integrating with respect to z. O

Corollary 1.11. Let J € C?>*?, with J* = —J and assume that —J A is hermitian and positive
semidefinite a.e., then

M(z,2)*JM (x,z) — J
1

>0, x€]la,b], Im(z)>0. (1.13)

Proof. We can put w = z in (1.12), because if —JA is hermitian, JA is hermitian as well, and
we obtain

M(z,2)*JM (z,z) — J = —2iIm(z) /93 M(t,z)* JA(t)M(t, z)dt.

After we divide by ¢, the right hand side is greater or equal to 0, by positive semidefiniteness of
—JA. O

Corollary 1.12. Let J € C**2, with J* = —J and assume that —J A is hermitian and positive
semidefinite a.e.. Then the entry Mii(x, z) has no nonreal zeroes.

Proof. Evaluating M (z, z)*JM (z,z) — J, yields (omitting the arguments (z, z) from the matrix
entries)

( M1 Moy — Moy My MioMsoy — M1 Moo + 1>
M1 Moy — Moy My — 1 MiaMag — Moo Mo ’

Since, by Corollary 1.11, this is positive semidefinite for Im(z) > 0, after dividing by i, we
conclude that

My Moy — Moy My, S
; >
Note that, due to which, for My (z, z) # 0, is equivalent to

%11 _ (Mn)
21 > 0.
Hence Im (%—;) > 0. Now, if Im (%—;(x, zo)> =0, for a 29 € CT, by the maximum principle

we obtain that Im (@(az,z)) = 0, for z € C* and hence Im(Mj;(z,2)) = 0 for 2 € C holds

Mo
as well. Therefore Re(Mi1(z, 2)) has to be constant as well, and hence has to be equal to the
initial value, 1. ]
Corollary 1.13. Let J := (1) 01>, and assume that JA is real and hermitian a.e.. Then

det M(z,z) =1 for x € [a,b],z € C.



Proof. We have that

Aq1(x) Aja(x)

is real and hermitian, or in other words, Ajj(x) = —Ag2(x). Therefore tr A(x) = 0 and hence
(1.10) yields the assertion. O

JA(z) = (‘Aﬂ(f“) —A22(96))

The results above motivate the following definition.
Definition 1.14. A (2 x 2)-matrix-valued function W(z) belongs to the class My if its entries
w;j(z) are real entire functions, W(0) = I, det W(z) = 1 and if

Hy(w,z) = W (w ) i ?) =

is a positive semidefinite kernel.
The following lemma shows that My is closed with respect to products.
Lemma 1.15. Let W1, Wy € M. Then,
Hy,w, = Hyw, + Wy (w)Hy, (w, 2)Wa(z)
Proof. We compute
W3 (w)Wi(w) JW1(2)Wa(z) — W (w)JWa(z) + Wi (w)JWa(z) — J

HW1W2 = @ — el
W — * —
_ WQ*('U}) 1(w)£W1(Z) JW2(2)+ W2 (w);]W2(Z) J _
w—z w—z
= W5 (w)Hw, (w, 2)Wa(2) + Hw, (w, 2),
and have shown the assertion. O



2 Exponential Type

We recall the notion of exponential type, and present a first result connected with the
initial value problem (1.5). Namely we present Theorem 2.4, which provides a much
better estimate for the exponential type of the solutions of (1.5) than the Gronwall
Lemma (see Lemma 1.6). In fact we show that for canonical systems this upper
estimate coincides with the type (Corollary 2.9).

Definition 2.1. Let X be a Banach space, and f : C — X. We say f is of finite exponential
type, if there exist a € [0, 00) and Cy, > 0 such that || f(2)|| < Cyexp (az|) for all z € C.
We call 7(f) :=inf{a > 0:3C, > 0: || f(2)|| < Caexp (a|z|)} the ezponential type of f.

Remark 2.2. Assuming that f and g are elements of a Banach algebra, we immediately obtain
the following two properties:

(1) 7(fg) <7(f) +7(9),
(i) 7(f +g) < max{r(f),7(g)}.
Lemma 2.3. Let X = C*?, and A = (A;); je1.2y : C— X. Then

A) = A
7(A) i,]%ﬁ’fz}“( i)}

Proof. Since all norms are equivalent on C2*? we can use the maximum entry norm to compute
7(A). O
Theorem 2.4. Let A € L'([a,b],C?*?), and let M(x, z) be the fundamental solution of (1.5).
Set

¢(x) :=  inf HQA(Q:)Q_lH, O(x) := /$ o(t)dt, x € [a,b)].

QeGL(2,0)
Then 7(M(z,2)) < ®(z) for x € [a, b].

Proof. First we note that the assertion is trivial if we consider = a. Next we want to verify
that = — T(M(l’, z)) is absolutely continuous. To this end let a < y < x < b. By Proposition
1.9 (i), we have

M(x,2) = My (x,2)M(y, 2),

which is equivalent to M (y, 2) = M, .(x,2)"*M(z, z). Hence, by Remark 2.2 and Lemma 2.3,
we obtain

T(M(:L’jz))
T(M(y,z))

Combining these two inequalities yields

|7(M(z,2)) = 7(M(y, z))} < max {7(Myq(z, z)),T(My@(x,z)*l)} . (2.1)

7(Mya(2,2)) +7(M(y, 2)),
T (Myo(2,2)7") +7(M(z, 2)).

IN A

The first term in the maximum can be estimated from above by fyx I|A(t)||dt, due to the Gronwall
Lemma. To estimate the second term, let cof M, ,(x, z) denote the cofactor matrix of My ,(z, 2).
By Remark 2.2 and Lemma 2.3, 7( cof My 4 (x, 2)) = 7(My(, 2)). Cramers rule says

1
My (2, 2) )(cof My,x(x,z))T,

~ det My (x, 2

10



and applying Proposition 1.9 (v), we obtain

7(My,(x ) + 7 ((cof My 4 (, z))T) <

etMya, x,z)

/ 0)dt| 4+ 7(My o, 2)) g/x (It A + | A(0)]]) dt

Hence we can estimate the left hand side of (2.1) by f; (| tr A(t)] + [|A(t)]|)dt, and conclude

that = — 7(M (z, z)) is absolutely continuous.
Let Q € GL(2,C) and let again a <y < z < b. By (1.7) the fundamental solution satisfies

1QM (z, 2)[| < [[QM (y, 2) | exp <|Z|/r HQA(t)QlHdt> :
Y

Since multiplying M(z,z) by @ € GL(2,C) does not change the exponential type, i.e.,
T(QM(z,2)) = 7(M(z,2)), we get

F(M(z,2)) —7(M(y,2)) < / lQAM)Q | dr.

This is equivalent to

T(M(x,2) —7(M(y.2) _ Jy |QABQ dt
T —y - T —y '
For almost every = both sides have a limit when y — z, and we obtain
T(M(z,2)) < [|QA=)Q7|, =€ [a,b] ae.
Taking the infimum over ) € GL(2,C), and integrating yields our assertion. O

Lemma 2.5. Let A € C**? with tr A =0 and let || - || denote the spectral norm. Then

inf  [|QAQ™!|| = V/|det A|.

QeGL(2,C)

Proof. Taking an appropriate basis of C?*? and composing it to a matrix C' € GL(2,C), we

obtain that either
-1_f(a O -1 _f(a O
CAC™ " = (1 a) ,or CAC™" = (O b> .

By assumption and because tr (CAC*I) = tr (CCilA) = tr(A), we have a = 0 in the first case
and b = —a in the second.
In the first case we get /|det A| = 0. For r > 0 and B = diag (%,r) C, we have BAB™! =

00 .
(r 0) and hence infgear2,0) HQAQ_1H = 0.
In the second case we have /|det A| = |a| = HC’AC’_IH and hence

. -1
el o ll4Q™ [ < a.

For arbitrary @ € GL(2,C), the norm HQAQAH is greater or equal to the maximum of the

absolute values of the eigenvalues of QAQ ™", and hence infgyegr2,c) HQAQ_lH > lal.
O

11



Corollary 2.6. Iftr A(z) =0 a.e., then

F(M(z,2)) < / " Jdet AQD)dt. (2.2)

Proof. This result follows immediately from Lemma 2.5 and Theorem 2.4. O

While the estimate (2.2) of the type from above holds under an assumption on the trace of
A, the reverse inequality will follow from a definiteness assumption.

0

Theorem 2.7. Let J = (1

Then

_01> and assume that —JA is a.e. positive semidefinite and real.

T(M(z,2)) > /x \/det A(t)dt. (2.3)

To prove this result we need the following general lemma.

Lemma 2.8. Let M(z,z) be the fundamental solution corresponding to A € L'([a,b],C?*2),
and let U : [a,b] — R be some absolutely continuous function with ¥(a) = 0. Then

My(z, z) = exp (izV(z)) M (z, z)
is the fundamental solution of the system
Ly (z,2) = —z(A(x) — V' (2)il)Y (2, 2), z € [a,b],
Y(a,z)=1.
Proof. First we note that My(a, z) = M(a,z) = I. Further we obtain

iM\p($, z) = iz¥'(z) exp (i¥(x)z) M (z, z) + exp (zz@(w))%M(z, z) =

dx
= izV' () My(z, z) — exp (iz¥(z)) zA(z) M (2, 2)
= —z(A(x) — W' (2)I) My, ),
and by uniqueness of solutions the proof is complete. ]

hi(x)  hs(x)
ha(x)  ha(z)
{1,2,3}, are real and hy, hg > 0. Let ¥(z) := [*/det A(t)dt, then

R hi(zx) hs(x) —iy/det A(x)
—J(A(z) — V' (z)il) = (hg(m) +Z}\/m 3 ote) ) :

Proof of Theorem 2.7. Let —JA > 0 and write —JA(x) = ( >, where h;(z), i €

We have
det ( — J(Az) — qﬂ(g;)u)) = hy(x)ha(z) — h3(z) — det A(z) = 0,

and hence —J (A(z) — ¥'(z)iI) > 0. For y > 0, this implies by Corollary 1.11

det <M\I/(CL',’Ly) JM\I/((L‘,’Ly) — J) > 0.

1

(2.4)

Now assume that 7(M(z, z)) < [¥\/det A(t)dt = ¥(z). Choose € > 0such that (M (z, z))+
e < ¥(x) and C¢ > 0 such that

|Mij(z, 2)| < Ceexp ((T(M(z,2)) + €)|2]), z € C.

12



Then
lim My (. iy) = lim exp (—y¥(z))M(z,iy) = 0.

and hence L VT ‘ J
y—00 i
Since detiJ = —1, that contradicts (2.4). O

Putting together Theorem 2.7 and Corollary 2.6 for a canonical system, equality holds in
(2.2).

Corollary 2.9. Iftr A(x) =0 a.e. and —JA is positive semidefinite and real a.e., then

T(M(z,2)) = /$ \det A(t).

Proof. This follows immediately from Corollary 2.6 and Theorem 2.7. O

13



3 Growth Functions and A-type

The question arises to which extent Theorem 2.4, or the method leading to its proof,
can be used to also capture different growth behaviour, for example with respect to
an order smaller than 1.

This chapter is of a preparatory nature. We introduce the notion of growth functions
and give some auxiliary results.

Throughout this chapter the order of an entire function will often be of importance or
interest. Therefore we start with its definition.

Definition 3.1. Let f be an entire function. Then, we define the order of f as

ord f := limsup M

Z—+00 log(|z\) < [0700]

3.1 Proximate Orders and Growth Functions

This section follows the section of the same name of [5], but a similar chapter can be found in
[6] as well

Definition 3.2. We call a function A : RT™ — RT a growth function, if it satisfies the following
properties

log(A(r))
log(r)

(i) The limit v := lim, exists and is a finite nonnegative number,

(ii) X is differentiable for all sufficiently large values of r and lim,_, % =,

(iti) log(r) = o(A(r)).

Let either « > 0 and ; e R for i € {1,...n},ora =0, 51 =1, ; € R and for j <i < n.
Then an examples for growth functions are given by functions of the form

Ar) = 7 (log(r)™ - ... (log, (r))",

where log;(r) is defined as the i times iterated logarithm,
The following definition gives us information about the relative growth of f compared to A.

Definition 3.3. Let f be an entire function and A a growth function. The A-type of f is given
A

by
L log™ (1f(2))
of = limsup —————=

m su () € [0, o0]. (3.1)

Further we introduce the following notion, which is closely related to growth functions. We
will elaborate their connection in Lemma 3.6.

Definition 3.4. A proximate order p(r) for the order p > 0, is a function p : Rt — R™ such
that

(i) lim, 0 p(r) = p,

(1) lim, 00 p'(r)rlogr = 0.

14



For the entire function f(z) we set

oy = limsup 7log (]f(r)])

r—00 rp('r)

and call oy the type of f with respect to p. If o5 € (0,00), p(r) is called a proximate order of
the function f(z).

Remark 3.5. We note that for any positive continuous increasing function f of finite order,
there exists a proximate order with respect to which f is of finite and nonzero type. For a proof
see [5], Appendix II.

Clearly the proximate order and its corresponding type of a given function are not uniquely
determined. For example, if we add log(c)/log(r) to the proximate order, then we obtain a new
proximate order for the function, and now the type has been divided by c.

Lemma 3.6. The following assertions hold:

(i) Let p(r) be a prozimate order with respect to the order p > 0. Then A\(r) := rP") is a
growth function.

(ii) Let p(r) be a proximate order with respect to the order p =0 and log(r) = o (7“"’(’")). Then
A(r) :==rP") is a growth function.

(i1i) Conversely, if A(r) is a growth function, then p(r) = loi(;(%)) is a prozimate order with
respect to the order v, where v := lim, 4 sM1) s indicated in Definition 3.2.

log(r)

Proof. First we prove (7). To this end let p(r) be a proximate order, with respect to the order
p and A(r) := 7?("). Then property (i) of Definition 3.2 follows, because we get log (A(r)) =
p(r)log(r) and apply Definition 3.4 (). To validate (i7), we evaluate

N(r) = re <log(7‘p’(r)) - p(r)) :

-
Multiplying this by ﬁ and applying Definition 3.4 (i) and (i) yields the desired assertion.
Further, Definition 3.2 (4i7) is obvious, because p(x) > 0 by definition, and we obtain assertion
(4)-

If we consider the situation in assertion (ii), we observe that Definition 3.2 (i) and (i7) follow
analogously. The last point of this definition is fullfilled by the assumption in (7).

To prove (iii) let A be a growth function. For p(r) := % Definition 3.4 (i) is satisfied,
by Definition 3.2 (i), and we observe that p = . To verify Definition 3.4 (i7), we evaluate

)\’(T;(lo)g(r) _ log(A(m)
/ T r
r) = ,
T )

and hence we obtain lim,_, p'(r)r logr = 0, by applying Definition 3.2 (i) and (7). O

Proposition 3.7. If p(r) is a prozimate order with p > 0, then rP(") s strictly increasing for
r sufficiently large.
If p(r) is a proximate order with p =0, then rP(") is increasing for v sufficiently large, if

. rp(r)log(r) _
Tlgrolo o) = 0. (3.2)

15



Proof. We have 4 (rP™) = p(r)rP) = 4+ 7P gl (1) log 7.
First let p > 0, then, by Definition 3.4 (i) and (ii), we get p(r) > p/2 and |p’(r)rlogr| < p/4
for all r sufficiently large. For such r, we conclude

O (p(r) 41 () logr) > 1707 p/4,

and because rP(")~1 > 0 we obtain our assertion.
Let p =0, then T'O(T(w > —% for r sufficienly large, by (3.2). Hence

p(r)
d _ rp'(r)logr
L)) = pplr)—1 14 pArjoer
e (7’ ) r p(r) < + o) >0,
for r large enough, which completes the proof. O

Remark 3.8. Since in the study of asymptotic properties of entire functions we are only
interested in their properties for r sufficiently large, we can always change p(r) on a bounded
set, without affecting the asymptotic properties we study. Thus for p > 0, we can always assume
that r?(") is strictly increasing for r > 0.

3.2 Slowly varying functions

Definition 3.9. Let ¥ : [X,00) — RT be a measurable function. We say that ¥ is slowly
varying, if

N4
lim (kz)

1, k>0 :
Jim oS =L k>0 (3.3)

1
Remark 3.10. Note that lim, o \I:I,((];x)) = 1if and only if lim, o % = 1. Hence, in order to

have ¥ slowly varying, it is enough to check (3.3) on any set M C (0.00) with M UM?! = (0, 00).

The following theorem provides a useful result, in the context of slowly varying functions.
For the sake of completeness, we present a proof taken from [3], section 1.2..

Theorem 3.11. [Uniform Convergence] Let I be a compact interval in (0,00) and ¥ be slowly
varying, then
im
z—o0 V(1)

— 1, uniformly for k € I. (3.4)

Proof. Write h(z) = log(¥(e”)). Then our assumption is equivalent to

lim (h(z +u) — h(z)) =0, (3.5)

T—00

for all u € R and we have to prove uniform convergence for u € I, where I is any compact
interval in R. It suffices to prove uniform convergence on [0, A], for by translation this gives us
uniform convergence on every compact interval.

Now choose € € (0, A). For z > 0 let

I, =[x,z + 24],
E, :={t €I, :|h(t) — h(z)| > €/2},
E} :={te0,24] : |h(x +t) — h(x)| > €/2} = E, — =.
Then E,, E! are measureable, as VU is, and |E,| = |E|, where |- | denotes the Lebesgue

measure. By (3.5) the indicator function of E} tends pointwise to 0 as x — oco. So by dominated
convergence its integral |E%| tends to 0. Thus |E,| < ¢/2 for = large enough, say, for x > x..

16



Now, for ¢ € [0, A], I;4+. N I; = [v + ¢,z + 2A] has length 24 — ¢ > A, while for z > =,
‘Ex—l—c U EJ;| < ‘EQH_C‘ + ‘Ex’ <e< A

So for ¢ € [0, A] and x > x,
(I:erc N Ix)\(Eerc U Ex)

has positive measure, and therefore is non-empty. Let ¢ be a point of this set, then

h(t) = h(z)] < €/2,
|h(t) — h(z + )| < €/2.

So, by the triangular inequality, for all ¢ € [0, A] and z > z,
|h(z +c) — h(x)| <e,
proving the desired uniformity on [0, A], and hence the theorem. O
The following theorem is very important in the study of proximate orders.

Theorem 3.12. If p(r) is a prozimate order, then U(r) = rP") =P is a slowly varying function.

Proof. By definition of ¥, we obtain

log (qj(kr)> = log ((rk)p(k”)*P —log <TP(T)*p> —

W(r)
= (p(kr) — p) (log(k) +log(r)) — (p(r) — p)log(r) = (3.6)

I/ (x)xlog(z)| <€, x> (3.7)

log()
log(r) +log(R) =° """ (3
lp(z) —pl <€ x> (3.9)

Now assume k € (0,1). Then, by the Mean Value Theorem, |p(r) — p(rk)| = |p'(§)|(r — k)]
for some ¢ € (rk,r). Hence, for r > 72, we have

log(r)|p(rk) — p(r)| < 10/ (§)€log(&)|(r — rk) log(r) _

¢ log(€) B
< 1P (©)Elog(O)[r(1 — k) log(r) _
- krlog(kr) -
< 61 — k2,

by (3.7) and (3.8). Further by (3.9)
|(p(rk) — p)log(k)| < €| log(k)]

(545)| < e (225 + Nog(k) ).

By Remark 3.10, we conclude that ‘log (\Ij((kg))‘ < e for all r > rg and k € (0, 00). O

and hence, by (3.6),
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Corollary 3.13. Let € > 0. Then, for r sufficiently large
(1 — e)kPrP™) < (kr)P*r) < (14 )kPrP™), 1 > ro(e).

Proof. By Theorem 3.12, we obtain

(kr)p(kr)rp
— < — <
(1—¢) < ey = (1+e),
for r sufficiently large, and the assertion follows immediately. O

Further we will need the following result, and prove it following the lines of [3], section 1.3.
Theorem 3.14. Let I be a compact interval. Then the following two assterions hold.

(i) If the function ¥ is slowly varying, it may be written in the form

U(z) = c(x) exp </ du)du) Cz>a, (3.10)

u

for some a > 0, where c(x) and €(x) are measurable functions with c¢(x) — ¢ € (0,00) and
e(x) = 0 for x — oo, respectively.

(i) If the function U can be written in the form given above, it satisfies (3.4).

Remark 3.15. Note that this will not yield an alternative proof of the Uniform Convergence
Theorem 3.11, since we apply it to show assertion ().

Remark 3.16. Before we start the proof we make some observations.

(i) Since ¢, ¥, e may be altered on finite intervals, the value of @ is unimportant, and one
may also take ¢ bounded. We may rewrite (3.10) as

W(z) = exp (cl(z) + / ’ e(u)du> , (3.11)

u

where ¢;1(z), €(z) are bounded and measurable, lim, o c1(z) = d € R, limg,_,o €(z) = 0.
(i) We will write h(z) := log (¥(e”)). Thus we can prove Theorem 3.14 by showing that h
satisfies lim,_ o0 (h(x +y) — h(z)) = 0, y € R if and only if A may be written as

h(z) = d(z) + /b " gw)dy, (3.12)

with x > b = log(a), d(x) = ci1(e”), g(x) = e(e¥), where lim, oo d(z) = d € R,
lim, 0 g(x) — 0. This follows by applying the definition of A and by substitution in
the integral.

Lemma 3.17. If ¥ is positive, measurable, defined on some interval [A,o0) and

im W (kz) —
Z—00 \I/(x) ’

for every k > 0, then ¥ is bounded on all finite intervals far enough to the right. If h(zx) :=
log (¥(e™)), h is also bounded on finite intervals far enough to the right.

18



Proof. By the Uniform Convergence Theorem 3.11 and Remark 3.16 (ii), we get for xg suffi-
ciently large,
|h(z+u)—h(z)| <1, x>z

for u € [0, 1]. Hence, if we consider z = xy and write y := xg + u by the triangular inequality,
|h(y)| < 1+|h(xo)| for y € [z, x0+1]. By induction we get |h(y)| < h(zg)+n fory € [xg, xo+n],
for n = 1,2,..., and we get the conclusion for h. Further this implies the conclusion for
¥(z) = exp(h(log(z))). O

Proof of Theorem 3.14. Assume that (3.10) holds and let k£ € I. Then we get

W =S (L)

Choose € > 0. Then, for all sufficiently large x, the right hand side lies between

(1 + €) exp (e[ log(k)]) ,

from which (3.4) follows.
By Lemma 3.17, h is integrable on finite intervals far enough to the right, by being bounded
and measurable on them. For X large enough, we may therefore write

h(z) = / " (h(z) — h(t))dt + /

X

x X+1

(h(t+1) — h(t))dt +/ h(t)dt, x> X.
X

The last term on the right is a constant, say c. If g(z) := h(z + 1) — h(x), then g(x) — 0 as

x — oo by Remark 3.16 (i7). The first term on the right is fol(h(x) — h(x + u))du, which tends

to 0 as © — oo, by the Uniform Convergence Theorem 3.11 and again Remark 3.16 (i7). By

putting d(x) := c+ fol(h(:v) — h(z + u))du we obtain (3.12) O

3.3 Indicator functions with relation to slowly varying functions

In this section we investigate more closely the growth of functions of order 0. The main result
is the theorem below. There we denote, for an entire function f,

my(r) == inf |f()] and My(r) := sup |(2)].

|2|=r |2|=r

Theorem 3.18. Let f be an entire function and ¥ be a positive slowly varying function. Further
assume

. log(Mj(r))
o = limsup —————= < 0. 3.13
T’—)oop \II(T) ( )
Then also ( ( ))
log (my(r
limsup —————* = q.
'r—>oop \I/("")

Remark 3.19. This theorem applies to all functions of zero order. For if f has order zero, and
p(r) is a proximate order for f, then W(r) := r?(") is slowly varying and (3.13) holds with some
a > 0. It does not remain true for functions of larger order. For example consider f(z) := e*.
Then My(r) = e”, while my(r) =e™".

A proof of this (and some stronger) facts, without appealing to slowly varying functions,
can be found in [4], chapter 3.

The proof of Theorem 3.25 will closely follow the lines of [2] section 6, but first we present
a corollary of it.
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Corollary 3.20. Assume that (3.13) holds. Then the indicator of f w.r.t U, i.e. the function

o re'
hyw(0) = ligsolip W, 0 € [0,2m), (3.14)

s constant equal to «.

Proof of Corollary 3.20. Clearly for every 6 € [0, 27]

my(r) < | f(rexp(i0))| < My (7).
Thus our corollary follows from Theorem 3.18. O

We need a few preliminary observations, before we start with the proof of Theorem 3.25.
First, let us observe that validity of (3.13) for some slowly varying function implies that f is of
zero order.

Lemma 3.21. Let U be a slowly varying function. Then for every § > 0 we have ¥(r) = o(r?),
7 — 00.

Proof. Applying Theorem 3.14, we obtain

U(r) < c(r)exp (/am mAXuelaro) €(1) ds + /T: 6(S)als>

S S

For ry large enough we get ¢(u) < € for u > ry and hence the second integral is bounded by
€' log(r). Since, we can choose €(x) to be bounded, the first one is a constant K, and hence we
obtain

/

U(r) < c(r)exp (K + € log(r)) = c(r)efre.

If we take € < & we obtain
(r) = o(r’), as r — oo,

for § > 0, since lim, o, ¢(r) = ¢, by Theorem 3.14. O

Remark 3.22. Combining Lemma 3.21 with (3.13) shows that f has zero order, because since
(1) = o(r?) holds, we obtain limsup,._, ., loaMs (") —  for all § > 0.

rd
Next we want to present two well known results, which we will need during this section.
Their proofs can be found for example in [6].

Theorem 3.23 (Jensen). Let f(z) be holomorphic in a disc of radius R with center at the
origin and f(0) # 0. Then

RTL 2
/0 it)dt:;w /0 log (£ (R exp(i0))])d6 — log(|£(0)]),

where n(t) is the number of zeroes of f in the disk |z| < t.

Theorem 3.24 (Hadamard). An entire function f(z) of order p can be represented in the form
= z
§(2) = = explp()) [[ @ < q> ,
0 v

where z, are the zeroes of f, p(z) is a polynomial whose degree does not exceed p, m is the
multiplicity of the zero at the origin, ¢ < p and

2 q
G<Z,q> — (1_Z>exp<u+u+...+u>7 G(z,()) 12
Zy Zy 2 q 2 2
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The basic connection between M¢(r), mys(r), and ¥(r) is given by the following theorem,
which provides a very important step in the proof of Theorem 3.25.

Theorem 3.25. Let U be a slowly varying function, f entire, and assume that (3.13) holds.

Then
e (MiON T i
/r log <mf(t)) tdt = o(¥(r)), (3.15)

for r — oo.
Remark 3.26. We start the proof with a few preliminary observations.

(i) We can assume w.l.o.g. that f(0) = 1. This is because passing from f(z) to f(z)/(czP),

where p is a nonnegative integer and ¢ a non-zero constant, does not affect the relations
(3.13), (3.15).

(ii) By Lemma 3.21 f is of order zero, and hence Hadamard’s Theorem 3.24 gives

o-fif-2)

where z, are the zeroes of f. Hence, for |z| =r,

o0 o
II- <] 1+'
v=1 ’ZV| v=1 |

Therefore, we get

1o< :) 21 <r+‘z”’>. 0< 7 < oo (3.16)

To prove Theorem 3.25 we need an estimate of the sum in (3.16), which we will obtain by
means of the following lemmata.

Lemma 3.27. Assume that f satisfies (3.13), f(0) = 1, and denote by n(r) the number of
zeroes of f in the disc {z € C: |z| <r}, then

n(r) =o(¥(r)), r— oo.

Proof. Let K > 1. From Jensen’s Theorem 3.23, (3.13), and the fact that ¥ is slowly varying,
we obtain ro(K) > 0 such that

Kr
t
/ n(t)dt <log (Ms(Kr)) < (a+ 1)¥(Kr) <2(a+1)¥(r), r>r(K).

0

Hence
Kr Kr n(t)

n(r) log(K) = n(r)/ Lt < / "Dt < 230+ 1)¥0), 1> rofK).

Since K can be chosen arbitrarily large, this yields our assertion. O

Lemma 3.28. For s > 0 we have




Proof. We first put s/t = x so that our integral becomes

> 1 1 ! 1 1 ! 1 1
/ log <' +x>dx:/ log( +x> d:c+/ log <+y> —dy,
0 l—2z|) 0 l—2z)x 0 1—-y
where we have put z = 1/y, when x > 1. Further

1 1 o k+1 o

1+z\ 1 (—x)
1 —dx = — —d 2
/0 0g<1—x>:px /0 ( kz_o k+ 1 +Zk+1) e Z/ =1

where we used the power series representation of the logarithm. Evaluating the integral in the
last sum yields

o0 1 2m—2 o0 1 2 T

2 dr = 2 _r
Z/O om—1 Z(Qm—l) 1
m=1 m=1

and this proves our lemma

Lemma 3.29. We have

Proof. First we note

1 1+ 3 —os (14 2r - 2r 4r
i) T U T a-n) T a-

¢
Further, by Lemma 3.27 and Lemma 3.21 we get n(t) = o(¥(t)) = o(°) for arbitrary § > 0
Choosing § < 1, we conclude

_ 1+
tli)r&n(t) log (1 — ) =0.

-
t
Applying this, we can write the sum from the left hand side of (3.17) as

o0 147 L+ 3\~ > n(t)
1 ! = 1 2
/27~ 0g<1_z>dn(t) {n(t) 0g<1_;>]2r+ 7“/2 t2—r2dt

r
t

T

—n(2r)log(3) + o (r /200 \I;(zt)dt> , .

T

for r sufficiently large, noting that >—
p € N. Then, for r large enough

U(t) <

> < 4/3 for t € [2r,00). Now consider t € [2Pr, 2PF1r] for

(1+€)T(r2r) < 2Y/2(2r2P~1) < 20 (2r2P2)

< 2220 (2r),
because V¥ is slowly varying. Hence, for r sufficiently large, we obtain

rop+1 ropti 2 2
(1) W (2r)2v/ (2r)2v/
/T . dt < / dt =

rop t2 - 7"2p+1
We get

) W)
/2 < T2y 9we 20

Thus, (3.18) and Lemma 3.27 yield the assertion

~U(2r)
2

27 P/2,

U(r)).
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Proof of Theorem 3.25. Let r < t < 2r. Then, by Lemma 3.29,

> log (1 _ Izu> S log (1 + |z,,> o U(r)),
‘zu|>4r |ZV‘ |Zu|>47" |Zl/‘
and hence o
|Z4 o <zZ| - t) — o(¥(r))
Thus 5 2T
/ | §|: Gj} j) %dt = o(¥(r)) / %dt = o((r)). (3.19)
" Zu|>4r v :

Further, by Lemma 3.28

(=

et Hj’) 7= Z/ 1°g<\i;>1 7;2(47") o(¥(r)). (3:20)

J|<ar

Putting together (3.16), (3.19) and (3.20) yields our assertion. O
Proof of Theorem 3.18. Let € > 0 and choose a large r, such that

log (My(r)) > (o — €)¥(r).
Let k € [1,2]. Then, because ¥ is slowly varying, we get W(kr) < (1 + €1)¥(r) and hence
a—e

(a—e)¥(r) > e

U(t) > (a — 26)W(t),

with r <t < 2r, for r sufficiently large. Further, since log (M f(r)) increases with r we obtain
that if r is sufficiently large

log (My(t)) > (o — 2e)¥(¢t), r<t<2r (3.21)

Again, because VU is slowly varying, we get ¥(kr) > (1 — e2)W¥(r), and hence

—e¥(r) > — U(t) > —2eV(t), r<t<2r

1—62

Applying this, and by the mean value theorem for integrals, it follows from Theorem 3.25 that
we can choose t, such that r <t < 2r and

log (my(t)) > log (My(t)) — €¥(r) > log (My(t)) — 2e¥(t),

if r is sufficiently large.
On combining this with (3.21) we obtain

log (mg(t)) > (o — 4€)W(2).

Since € is arbitrarily small we obtain

log (mf (t))
li —— > q.
R T
Since m¢(r) < My(r) we have from (3.13)
log (my(t))
li 2SN <,
A T
which proves the corollary. a
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3.4 A Formula for Type

The next theorem will yield a formula for the type of an entire function with respect to a
proximate order p(r). Since by Proposition 3.12, rP(") is an increasing function for r > 0, if
p > 0 the equation t = 7P(") admits a unique solution for ¢ > 0. We will denote this solution by
r = ¢(t). Therefore ¢(t) is just the inverse function of ("), Of course ¢(t) depends on p(r),
but we will not denote this dependence. The proof we present is based on the proofs of this
theorem given in [5], [6].

Theorem 3.30. Let f(z) = Y 2 cn2", z € C, be the Taylor series expansion of the entire
function f(z) of finite order p > 0 and of proximate order p(r). Then the type oy with respect
to the proximate order p(r) is given by

log(og) = timsup (1 1og () +log (9(m) ) 1 = B ps0 a2

P p
where ¢(t) is the inverse function of rP(").

Proof. We divide the proof in several steps.
1
Step 1: We show that limg_ oo %]f:)) = ke, k € (0,00). Set t = ("), Since, by definition,
log(t(r)) = p(r)log(r), we get

d(log(t))
d(log(r))

which, by Definition 3.4, tends to p when r tends to infinity. Furthermore

d(log(t(r)) _ & log(t(r)) _ & log(t(r))
dlog(r) — Hlog(r) 4 log (6(t(r))

So combining these two equalities yields, for r sufficiently large,

— 0/ (r)rlog(r) + p(r),

d d d
<[1) - e> pn log (t(r)) < 7 log (¢(t(r))) < (; + e> 7 log ((r)).

If we integrate from s to ks, we obtain

(; - e> log(k) < log (ﬁ(i?) < C} - e) log(k),

and hence taking exponentials yields

oks) _ b (3.23)

% 5(5)

Step 2: By the Cauchy Integral Formula we have the following estimate for the coefficients
of the power series

_ SPpi ()]

‘Cn‘ =~

Since f(z) is of finite order p, there exists rg such that for r > rg, k > p and 6 > a;k

T.n

sup |f(z)] < 7"
|z|<r
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and hence .
len] < e rT" r > (3.24)

Considering the function on the right hand side as a function of r, with » € R™, we want to
determine its smallest value. Therefore, we evaluate

d
dr

sk sk 1 _ sk o sk o 1.
|:€0'T’ r n] — 0T O‘k"l“k l,r, n_ el lzear . l(O'k"l"k—n),

where the right hand side equals zero for

n \ 1/k
=G
To verify that this is indeed the smallest value we regard

d> 7 -
a7 -
= ehk&krkflrfnfl(&krk —n)—(n+ 1)6&74167“*"*2(&l{:r’C —n)+ O pn g 2k

Plugging in the value we obtained for r, we notice that (5k:rk —n) = 0 and that only the last
term,which is obviously positive, remains and we are done. Therefore, we obtain

~ n/k
|en] < (m) : (3.25)

n

for (%)Uk >rpand k> pand ¢ > a}k.

Conversely, assume that (3.25) holds for all n > n(k,5) and let us estimate sup, <, |f(2)].
If we choose r such that m, = 2¥e5kr* > n(k, ), we have by (3.25)

len2"| <270

for n > m, = 2Feckr®, and therefore
my
FEI S fealr™ 27,
n=0

Introducing the notation
p(r) := max |c,|r"™
n
we have

sup f(2) < (1 + 2Feakr®)u(r) 4+ 2™ (3.26)

|2|<r
Step 3: In this step we show that ” > holds in (3.22), if oy < co. By (3.24) we obtain
log (Jen]) < P — nlog(r),

for ¢ > oy and r large enough. If r, is the solution of the equation n = &prP( | then for n

sufficiently large we have
log (|en|) < o nlog ((;5 <n~>> )
P po

25



Dividing by n and adding log(¢(n)) to this yields

¢(n)
(%)
and hence, taking the exponential again, limsup,,_,., (¢(n)|c,|/") < (Gpe)t? by (3.23). This
is true for all & > 0. Passing to the limit we have

limsup (6(n)ea]'/") < (Fpe)'77,

n—00

1
log <¢(n)|cn]1/") < ; + log

and since ¢ > oy was arbitrary

tim sup (G(n)fea| ") < (o7p0)'77, (3.27)

Step 4: This step completes the proof by showing that ”<” holds in (3.22) if the right hand

1
side is finite. Let 6 be defined by the formula limsup,,_,. (¢(n)|ca|'/") = (6pe)r. We shall
show that & < o leads to a contradiction. Suppose ¢ < o7 and choose ¢’ such that & < o/ < oy.

n

|cn|<<<0;ﬁe>)”p>n< e\
n

by (3.23). Thus, there exists ng such that for n > ny,

n

len|r™ <

and hence

wu(r) < max
n>ngo (L)
o’
This maximum is obtained at opr?("), according to [5], [6]. Therefore, let n be the biggest integer
smaller than opr?("). Then, by (3.23), we get (- ) > ¢(Z prpm)(l — ¢€1). Hence, choosing €y
such that 1 + ey =

ﬁv we get, by definition of ¢

el/p " n < (1 .
u(r) < W ((T+e)r)" < (e/P(1+ €)™,
which is strictly increasing in n, and therefore

(€/P(1+ )" < ((1+ ex)e/?)7 o,

for r sufficiently large. Hence from (3.26), we see that for all p; > p, ¢’ >0

sup [£(2)] < (1+ 2% eapprr?)e” ™" (14 &) 7" 4 1.
|z|<r

Further, since we can choose our €; accordingly, we can get (1 4 e3) < e3/P for an arbitrary
€3 > 0. Therefore, and by definition of oy, this leads to oy < o’(1 + €3), where €3 is arbitrarily
small, and hence a contradiction. Thus the inequality sign in (3.27) cannot occur and the
theorem is proved. ]
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3.5 A-type of Matrices of the Class M,

Definition 3.31. The Nevanlinna Class Nj is defined as the set of all functions ¢, that are
analytic in C\R, satisfy ¢ = ¢* := ¢(%Z) and have nonnegative imaginary part in C*.

In the following we want to investigate the connection between the Nevanlinna Class and
matrices of the class My, as given in Definition 1.14. The most imporant result will be Corollary
3.36. We start with the following theorem, which is taken from [1]:

Theorem 3.32. Let A,B be entire functions such that % € Ny and let X be a growth function.
Then 0';\1 = Jg.

Proof. We start by showing that % € Np implies —% € Np. Clearly % = (%)# implies
-4 =_ (%)#. Further, if we write £ (z) = v(z)+w(2)i, inverting yields — 4 (z) = —%

and hence the nonnegativity of the imaginary part translates as well. Further, if Im %(z) =0
for some z € C*, by the maximum principle this would hold for all 2 € C™. Hence the real
part would be constant as well and the theorem follows immediately. Therefore we only need
to consider % without zeroes.

If both 0'2\ and ag are both equal to co we are done. Therefore, let 0;}1 < 00. We show
that this implies ai‘l > Jg, which will complete the proof. Since we have % € N, it has by the

Herglotz Theorem (see Appendix), an integral representation of the form

B(z) 1 t *
A(z)‘a”b+/R<tz t2+1>d”(t)’ Pet

where a > 0, b € R and p is a positive Borel measure on R such that [ (¢* + 1)~ 'du(t) < oc.
In the present case in fact p is a discrete measure with point masses at the zeroes of A. Hence

B(z) tz+1
= - <
75| =l o+ Lma—a]
1 ) 1
< —_— 1 —— +.
< az+b+z/Rt2+1du(t) +l2+ )/R(ﬁﬂ)(t_z)du(t) . zecC
Therefore,
1
g (1B(:)) < 10g (JA()]) + Crlog (1l + 2) + Calog” o+ Co
for all z € C\R. In particular
log (|B(z)]) <log (JA(2)]) + Cilog (2] +2), |Im(z)] > 1. (3.28)
Now let Im(z) < 1. Then by subharmonicity of log |B|,
1 2w
< — ' <
log (|1B]) < 5 /0 log ( |B(z + exp(i¢))| )dd) <
1 [ .
<o /0 log ( |A(z + exp(ig))]| )dqﬁ—i—
Ot (2 +2) + o [ 1o . a9
4708 1% or Jy °® Im (2 + exp(i¢))|
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Clearly

1 /2 1
— log™ do < C
21 Jo 8 ’Im (Z + exp(igb)) ’ ¢<Cs

for all z with |Im(z)| < 1. Consequently

1 2m
log (]B(z)\) < o / log ( ‘A(z + exp(i¢)) ‘ )dqb + Cylog (]z\ + 2) +C5, Im(z) <1. (3.29)
T Jo

Since ¢ < oo and log(r) = o(A(r)), from (3.29) and (3.28) it follows that o3y < oo and
Ug < crfi.
O

From now on let M denote the fundamental solution of a system (1.5), hence satisfying the
properties shown in Proposition 1.9.

Lemma 3.33. Let M(x,z) € My. Then %i;g;zg and %j?gg e No.

Proof. We evaluate

w—z

ing <M*(x,w)JM(x,z) - J> _

—_ 9

<—M11(:L‘, Z)Mu(l’, U)) + Mlg(aj, Z)Mn(a}, w) — Mo (l’, Z)MQQ(H?, w) + Mgg(x, Z)Mgl(.f, w)>
W— 2 w—z '

_]Mll(z,z) M1 (z,w)
Mqo(z,2) = Myg(z,w)

If we consider the first entry, it is equal to e E)l . Putting z = w

Mi2(z,2) wW—z
yields
M (z,2)
1 Im Mi;(:r,z)
Mio(x, z)Mia(z,z) Imz
. *Mlg (CC, Z)’i . _T
Now we consider the vector a = 0 and since M € M we have @' Hy/(z, z)a > 0.

Therefore Im %i;gi; > 0 for z € C*. The other two properties are immediate conclusions from

the properties of M.

If we consider the second entry of the diagonal matrix, we analogously obtain that

Mo (z,2)
Im Mz (z.2) > 0. ]

1 0

Lemma 3.34. Let V := (0 1

). Then M € Moy, if and only if VM~V € M,.
Proof. Note that V =V ~! =V*and VJV = —J = J~!. Now the following computation shows
that the equation
VMV (w)J(VM~V)(2) - J
Hyg ) = VIV @IVMV)E) =g
w—z
« —J — M*(w)VJVM(2)
w—z
« M* M(z) —
w—z

Hy(w, 2)M ™~ (2)V

= (M (w)V) M= (2)V

MY 2)V

*

= (M Hw)V)

holds and the assertion follows immediately. O
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Lemma 3.35. If M € My and 7(z) € Ny, then

Mlz(z)’i'(z) — MH(Z)
MQQ(Z)T(Z) — Mgl(z)

S No.

Proof. Define
Mlz(z)T(Z) — Mn(z)

M+ 7)(e) = Moo (2)7(2) — Moy (z)
Assume that
(Man(0)r (1) — My 1)) LD iM *DE) (o 2)r(2) - Mon(2)) =
@\ (VMWV) ()] (VMV) (2) = J [—r(2)\ . (@) - (2) (3.30)
<1()>( )" ( w( <1()>+w_z'

Since, due to the previous lemma, in our case the right hand side is greater or equal to 0, the
same holds for the left hand side, and we conclude that the lemma holds.
What remains, is to verify (3.30), which will follow by a few elementary computations. First

we note that -
(_Tl(w)> J <‘Tl(z)> = (@) - 7(2).

Applying this and multiplying by (w — z) in (3.30) and furthermore evaluating the left hand
side of it, yields

(3.31)

Further, applying Proposition 1.9 (iii) and VM~V (2) = <
right hand side of (3.31) to

(‘Tl(w )T(VM WY (w)J (VM™V) (2 )(‘Tl(z)> _

)
— Moo (W) (W) + Moy (W) T M12 —Mi(2)\ [(—7(2)\ _
(Mlg(w)T w) + My w)> < M22 M21(Z) ) < 1 > o
= 7(2)7(W) ( = Mag(w) Mia(2) + Mia(w) Maa(2)) + ( ) (Mo (W) Miz(2) — My (W) Maa(2)) +
+7 (W) (Maz (W) M11(2) — Mi2(w)Ma21(2)) — Moy (W) Mi1(2) + My (W) M2y (2),

which equals the left hand side of (3.31), and we are done. O

SN M (z))’ we rewrite the
11

~— —r

)
)

Corollary 3.36. If M € My, all the entries of M have the same \-type.

Proof. By putting 7 = 0 in the previous lemma and applying Theorem 3.32, we get

A A
OMi1 = OMay-

By Lemma 3.33 and again applying Theorem 3.32 we obtain the equalities

A A A A
OMi2 = OMir>s OMay = Moy

and we obtain the corollary by combining the equalities above. O
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Definition 3.37. Due to this corollary we can now define the A-type of M € Mg via
o = 0hy,, 6J € {1,2}.
Corollary 3.38. If M € My, all the entries of M have the same order.

Proof. If all entries of M have infinite order, we are trivially done. Therefore, assume that the
order of M;j, i,j € {1,2} is finite. Then we can write

ord M;; = inf{a >0: a}"\zj < oo} .

By the previous Corollary 3.36 we get that the r*-types of the other entries are finite as well.
Hence their order is smaller or equal to a. W.l.o.g., assume that My, k,l € {1,2}, has order
B < a, then repeating the argument above M;; has to have order smaller or equal to 3, which is
a contradiction to the assumption that it has order a.. Therefore we conclude that every entry
has order «, and we are done. ]

Lemma 3.39. Let ¢ € [a,b], M be the fundamental solution of a system (1.5) and let My ., M.y,
be the fundamental solutions of (1.5), restricted to the respective intervals. Then, if My ¢, My €
My, the following hold:

(1)

O'])\\/[ < U])\‘hc + 0]>\‘4€ 5
(i) If either

log™ (|Mae(2))

i — lim —& \IMaclz)l)
Ty Y(ED) 200 D » or
lim supM — lim M
200 A(l=]) oo Az])

then

A A A
O'M 2 UMa,c +0-Mc,b'

Proof. First we note that by Lemma 1.15 M € M, hence O'])\‘/[ is actually defined. Further we
obtain that M(z, z) = M. (z, 2) M,c(c, z) holds, with the same argument we used in Proposition
1.9 (7).

Now we write

_ (Mu(z) Ma(z) _ (Mu(z) Mia(z)
)= () ) et = (i) i)

and obtain

M(b,z) = <J\:411(Z)M11(z) + ]\Z[u(z)le(z) ]\:411(Z)M12(z) + ]\:412(2)M22(Z)>
’ Moy (Z)MH(Z) + MQQ(Z)MQl(Z) Moy (z)Mlg(Z) + MQQ(Z)MQQ(Z’) )

Now we rewrite the first entry of this matrix to

Mll(Z)MU(Z) + MlZ(Z)le(z) _ MH(Z)M21(Z) (Mn(z) n M12(2)> ‘

Mai(2)  Mi(2)
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By Lemma 3.33 and by Lemma 3.35, we obtain M (2)

Vo1 (2)? % € Np, and hence the last term is
an element of AV as well. Let us write h(z) := 2z) 4 Mia(2)

T Mgl(z) +

()" Then, evaluation of the A-type
11
of the functions in the upper equation, therefore yields

A I logJr (‘MH(Z)MH(Z) + Mlz(Z)Mgl(Z)‘)
i X(E)
o (ot (W) ot (Ma ()l (1h(:))
1mp< M) T A AGeD )

We note that h(z) € Ny implies ﬁ < h(z) < Im(2) and hence that o} = 0 which is not just
its limes superior, but its limit. Therefore the last term does not affect the result on the right
hand side.

Now we obtain assertion (i), because of the well known identity

liir;sgip(a(z) +b(2)) < liiri)solip a(z) + liiris:)lip(b(z)). (3.32)

Further, we obtain assertion (i), because, by assumption, one of the remaining limes superior
has to be a limit, which gives us equality in (3.32). Therefore we get

log™ (| M
o3y = limsup (MH(Z)D>

. log+(|M21(Z)!)) AL
+hmsup< =0 + 0.
m su N(ED i (B e
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4 Canonical Systems

In this section we extend Theorems 1 and 2 of [7]. From now on we will consider our differential
equation (1.5) for a specific A. Therefore, let H be a positive summable function on [a, b] with
values in 2 X 2 matrices of reals, such that H(t) is symmetric and positive semidefinite almost

everywhere and let J = (1) _01 . We put A = JH(t) and define a canonical system (H,[a,b])
as the matrix differential equation of the form
ay
J— =2zHY, z€C, z€]la,b] (4.1)
dx
Note that by writing || - || we refer to the matrix spectral norm. The matrix H is referred to as

Hamiltonian and we assume, without loss of generality, that tr(H) = 1 almost everywhere.

Definition 4.1. A Hamiltonian H is of finite rank, if there exist numbers z;, a = 29 < 71 <
... < xp =">, and a finite sequence of numbers, (qﬁj)?;&, ¢ € [0,2m), such that

H(z) = < Sin2(¢j) sin(¢;) cos(¢;)

sin(¢;) cos(¢;) cos?(¢;) > , T € (zj,2541), j=0,...,n—1.

The sequences (l‘j)?:_ol, ((bj)?:_& are called parameters and n is called rank of the Hamiltonian.
The intervals (z,xj41) are called constancy intervals.

Definition 4.2. Let &; := (cos ¢,sin¢)T, for some ¢ € [0,7). The open interval I, C [a,b] is
called H-indivisible, if the relation

égj H =0, almost everywhere on I
holds. In particular det H = 0 almost everywhere on Is. An H-indivisible interval is called
maximal if it is not a proper subset of an H-indivisible interval.
4.1 Main Growth Theorem of Canonical Systems

Before we formulate the first important theorem regarding the growth of canonical systems, we
present a preparatory result, which we will use to prove the theorem.

Lemma 4.3. Let M(z, z) be a fundamental solution of (1.5), letx;,a=x0 <1 <...<xp =0
and Q; € GL(2,C) for 0 < j <n. Then

n T n—1
J
[M(b,2)|| < exp | |2] Z/ 17" A1)Q;lldt | 10 I TT 1Q5+1@5 I Qoll-
j=172i—1 §=0
Proof. Applying (1.7), we obtain

1QM (2, 2)|| < |QM (zj-1,2)| exp (!»2\/ ] HQA(t)QlHdt> ;

j7
for arbitrary @ € GL(2,C) and 0 < j < n. Hence, we get

1Qj+1M (241, 2)|| < 1Qj1Q5 QM (2541, 2)I| <

<Q11Q; M QM (w5, 2) | exp <\Z\/ " HQ]‘A(t)Qj_lHdt> :

J
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We recall that M(zp,2) = M(b,z) and M(xg,2) = M(a,z) = I and we apply the upper
inequality inductively for ||Q, M (x,, z)|| and get

n_l Tjt1
1QuM (b, 2)]| < [1Qoll T 11Qs+1Q; [l exp <|Z|/ HQJ'A(t)Qj_lHdt> :
j=0 g

J

Multiplying this inequality with ||Q;,,!|| yields the desired result.
For ¢ € [0,27), we define P(¢) as the following matrix of rank one

. sin?(¢) sin(¢) cos(¢)
P(9) = <sin(qﬁ) cos(9) cos?(¢) ) :

Theorem 4.4. Let (H,[a,b]) be a canonical system and let 0 < d < 1. Suppose that there exists

C >0, such that for each R large enough, there exists a Hamiltonian H(R) of a finite rank n(R),
defined on (a,b) and a sequence of numbers (depending on R) (aj(R))?gg)_l, 0<aj(R) <1,

for which the following conditions are satisfied:

n—1 Tii1
0 3 0w [ v —aoae < 250,

n—1
(i1) Zajz(R)(xjH —xj) < 02)\(RR);

n—1

(1i1) logag(R) + log a;(lR)_l(R) + Z log (min (CLj(R)(Ij__&l(R), aj+1(R)aj—1(R))> < C3A(R),
=0

Then the monodromy matrix has finite A-type.

Proof. Let (H, [a, b]) be a canonical system. For an arbitrary finite set of numbers z;, 0 < j < n,

such that @ = 29 < 21 < ... < @, = b and arbitrary invertible matrices @, 0 < j < n, we

obtain, by Lemma 4.3

80,91 < o1 I TT 05y 1Hexp<z| / lQ;7H (1)@ 1Hdt>

7=0

Taking the logarithm we obtain

log [M (b, 2)|| < MZ/ |Q; TH(£)Q 1}|dt+zlogHQg+1Q HI + log | Qo +log Q7
(4.2)

A summand in the first sum can be estimated, applying the triangle inequality, the following
way:

[ l@umne; ae< [ (@) - Po@; | + 107 P(6@; ) de <
(i =@ P(enQ; 1+ [ llasataat) - PloQ; o < (43)

J

(a1 = ) [QIP@)Q; |+ Q@ ]| [ 10 - Polat.
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The next step is to choose appropriate matrices ();. We want to choose them such that
equality in Lemma 2.5 is nearly fulfilled. Since det P(¢;) =0, we take

Q; = diag (a7 (R),;(R)) U

where a;(R) € (0,1] and Uj is a unitary transform reducing JP(¢;) into its Jordan form,
(00

More precisely we get U; = e~/ = (—C(s)lanséﬁ] ::; ijj ) and hence

Q; = (aj_l(R) Cos ¢; aci-_'l(R) sin¢j> and Qj_l _ <aj(R) Cos ¢; —aj_l(R) sin¢j>‘
J

—a;(R)sin ¢; (R) cos ¢; a;(R)sin ¢; a;l(R) COS @
We can compute the spectral norms ||Q;|| = HQ;lH = a;l(R) and ||Q;JP;Q;|| = a?(R), and
hence continue to estimate the right hand side of (4.3) from above by
1 Tj+1 9
o [ IHO = P@)ld + (R s~ ). (14)
@

J

For j <n — 1, computing the spectral norm, we get

|Qi1@; Y| = min (aj(R)a; 1y (R). ajia(R)a; (R)) . (45)
Hence
log | Q44+1Q; | < [tog (min {a;(R)azly (R), ajsa(R)a; (R)})|
Plugging this and (4.4) into (4.2), taking into account that ||Qoll = ag ' (R), ||Q;!|| = a,,21(R)
and applying (i) - (iii), we obtain

A(R)
R
which concludes the proof. ]

log [M(L, 2)|| < (C1 + Cy)

|z| + C3A(R) = (C1 + C2 + C3)A(R),

4.2 An Application of Theorem 4.4

If we consider the case that a;(R) is independent of j, we get a corollary as a consequence of
the previous theorem.

Corollary 4.5. Assume A\(R) = R?, with 3 < d < 1 and that aj(R) is independent of j. For
any € > 0 let a finite rank Hamiltonian H€ defined on (a,b) exist such that

|H — H|1(ap) S € (4.6)
Then the order of the system (H,[a,b]) is not greater than d.

Proof. We note that if a;(R) is independent of j condition (i4) of Theorem 4.4 reduces to
a?(R) = O(R%1) and the left hand sides in condition (i) is monotonely decreasing in a;j(R).
The left hand side of condition (iii) of Theorem 4.4 reduces to log(a;j(R)) + log(a;(R)™!) =

log(aj(R)aj(R)™!) = 0 and hence is trivially fulfilled. Hence, the system (H, [a,b]) obeys the
(d—
2

conditions of Theorem 4.4 with Hr = H® ¢(R) = R4~V q;(R) = R“F, because (4.6)
implies (7), and (é¢) is immediate. O
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4.3 Improvements on Theorem 4.4

Now we will try to find a way to get a better estimate than in the theorem above.
Definition 4.6. Let A : [a,b] — C?*2 and let (z)j—o be a partition of [a, b] such that a = g <
r1 <+ <xp=>. Then let Q := <(xj)§-l:0, (Qj)?:0>, where Q; € GL(2,C), for j =0,...,. We
will call est(Q) := [| Qg |||Qnl ITj-o HQJ-_IQj_lu the estimator, for our problem.

The estimate from Lemma 4.3 provides us with a rough upper bound for the growth of our

fundamental solutions. Our next goal will be to choose (Q;)}_; such that est(Q) becomes as
small as possible. To this end we note the following simple properties of est(Q).

Lemma 4.7. Let Q = <(a;j)?:0, (Qj)?:0>. Then the following statments hold true:

(i) Let Q" = <( );L 0,(Q~) > be such that :c = x; and Q = o;Qj, for aj # 0. Then
est(Q) = est(Q').

(i1) Let Q' = <(:U;)§‘:0, (Q;‘)?=0> be such that z; = x; and Q; = Q;U;, where U; are unitary
matrices for j € {1,...,n}. Then est(Q) = est(Q').

(iti) Let Q' = {(z))M,,(Q))M,) be such that {z; : j =0,...,N} C {a} :i=1,...,M} and
Q,=Qj, if ¥} € (xj_1,zj] andi={1,...,M}. Then est(Q) = est(Q’).

Proof. (1) trivially holds.
(77) obviously holds as well, because HU{lﬂ = ||Uj|| =1, for j = 1,...,n, by unitarity of U;.
Since @} = @)_,, whenever z_; # z; for j = 1,...,n, we observe that in that case
1Q Q.|| = 1 and hence we obtain (iii). O

-1
Corollary 4.8. Let Q) be defined with Q; = exp(¢;J) <a6 3) and Q" such that Q' =
j
x 0 a? ,
exp ((¢; + %)J) 1 0) then est(Q) = est(Q’).

Proof. We observe

T 2 _
@ =ew ((0,+50) (1 ) =ewien (31 p) =i ().

J

and conclude our proof by Lemma 4.7 (7). O

Remark 4.9. Recall that we have proven Theorem 4.4 using matrices of the form
-1
a 0
exp(¢;J) < g

0 ) With the corollary above we see that the estimator stays the same if
s
J

we use matrices of the form Q(¢,a;) := Q’ = exp(¢;J) <0 %J
Fusther Q5] = Q] (@)1 = |07 and [ Q5P @) = QiP@@) ]

hold, because multiplication by unitary matrices does not change the spectral norm. Hence we
obtain the same estimate for the order for these matrices.

This is of special interest, because in some applications Q;(¢, a) has actually led to better
results than the matrices presented in that proof. Because of this we will now turn our attention
to minimizing the estimator of a partition with matrices Q;(¢,a). To this end we want to find
a more precise estimate to replace conditions (7i7) and (iv) from Theorem 4.4. The following
lemma shall serve this purpose.
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Lemma 4.10. Let 0 < v,w < 1 and Q(¢,v) := exp(¢pJ) <(1) O) and write C := Q(¢,v) 1Q(, w).

Then
1C] < VIA(v, )],

where

A(v, w) ;= max {; (tr(C*C') + /tr(C*C)2 — 4det(C’)2> (tr (C*C) — \/tr(C*C 4det(C)2>} .

[\D\H

Proof. We evaluate

o ((cos ¢ —sing 0 v\\ " [cos Y —siny 0 w)
~ \\sing cos¢p /] \1 0 singy  cosv ) \1 0)
—s1n<;5 cosqﬁ ) . (— sin wcosgﬁ) _

Lecosg v lsing cosy wsiny

Leosgsinty + v tsingcosy wvtcospcosp + wv ! sin ¢psine

cosd) 10) wsin(y — @)
Lsin(yp — ¢) wvtcos(y — @)/

Now we want to compute the spectral norm of C. To this end we consider

( smd)smi/}—i—cosqﬁcosw —wsin ¢ cos Y + wcos ¢psin > _

-2
C*C = COSZ(¢ — qb) (é wg?}_z) + Sinz(%/) - QZ)) <v0 U?Q) + Dv

where

D :=sin(yh — ¢) cos(sh — o) ( o, N ”_2>

w — wvu

denotes the appropriate offdiagonal matrix such that the equation is fulfilled. Hence, to compute
the eigenvalues of this matrix, we have to solve the following quadratic equation

A — tr(C*C)A 4 det(C)% = 0.

Therefore, the eigenvalues of C*C' are

(v, w) = % (tr(C’*C) + V(GO — 4det(O)2)

1
Ao (v, w) = 5 (tr (C*C) — /tr(C*C 4det(C’)2> ,
and we are done. O

Corollary 4.11. Let (H,[a,b]) be a canonical system and let 0 < d < 1. Suppose that there
exists a C > 0, such that for each R large enough, there exists a Hamiltonian H(R) of a
finite rank, n(R), defined on (a,b) and a sequence of numbers (depending on R) (aj(R));(:I;)_l,
0 < a;(R) <1, for which the following conditions are satisfied:

e e AR)
(i) S —— IH(t) — Hg(t)||dt < C ,
> am ], ! R

(1) Y @Ry~ 2y) < G,

36



n—1
(iii) logag ' (R) +log a, p 4 (R) + > “log (A(aj(R),a;11(R))) < C5A(R).
j=0

Then the entries of the monodromy matriz have finite A-type.

Proof. The proof of this corollary follows the same lines as the proof of Theorem 4.4, except
that we replace the estimate (4.5) by the estimate we get from Lemma 4.10. O

4.4 Diagonal Hamiltonians

An important class of canonical systems is constituted by systems with diagonal matrices H(x),
which we call diagonal Hamiltonians. We will now apply Theorem 4.4 to diagonal Hamiltonians
to find their order.

In the context of the order problem we are only interested in Hamiltonians with determinant

equal to 0. Hence, a diagonal Hamiltonian may take only two values, H; := <(1) 8) and Hy :=
8 (1) . Our next result says that in this case the upper bound implied by Theorem 4.4 coincides

with the actual order. The formulation is as follows. Define X; := {z € (a,b) : H(z) = H,},
Xy :={z € (a,b) : H(x) = Hy}, and let | - | denote the Lebesgue measure.

Theorem 4.12. Suppose that for almost every x € [a,b] either H(x) = Hy or H(xz) = Hs.
Then the order of the system (H, |a,b]) coincides with the infimum of d € (0, 1], for which there
exists C' > 0 such that for n large enough there exists a covering of the interval (a,b) by at most
n intervals wj, such that

n
Sl 0 Xillw; 0 Xo| < Ot (4.7)
j=1

We shall split the proof into several parts. The first part will be the proof of the following
proposition, which we will use to show that the order of the system is not greater than the
infimum.

Proposition 4.13. Under the assumptions of Theorem 4.12 the order of the system (H, [a,b])
is less or equal to the infimum of d € (0, 1], for which there exists a positive C' such that for each
R large enough there exists a covering of the interval (a,b) by n(R) < CR? intervals w;(R),

such that
n(R)

SVl (B) 0 X[ [wj (R) 1 Xo| < CRE (48)
j=1

Proof. Let d be any number larger than the infimum mentioned in the statement. hen we find
€ >0, C >0, and intervals w;(R), such that n(R) < CR4¢ and (4.8) holds with the exponent

d — € — 1 on the right side. Since R4 < 1o§(dR) for R large, we may assume that we have

C >0, wj(R), with n(R) < %, such that (4.8) holds with exponent d — 1.
The stated inequality will be established if we show that the order is not greater than d.

Without loss of generality, one can assume that the intervals w;(R) are mutually disjoint. Define

H(e) = [T @ €wi(R), () 0 Xa] > B,
Hs, otherwise.
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With this choice of Hpg,
/( [1H(t) — H(t)[|dt < 2min{lw;(R) N X1], [w;(R) N Xa|};
wj

hence the left hand side of condition (i) of Theorem 4.4 takes the form
n(R)

; Wmin{\wj(R) N X1, lwj(R) N Xa|}. (4.9)
To further estimate this, we show that

min{|w;(R) N X1, [wj(R) N X[} < |w;(R) N Xijw;(R) N Xa|/|w;(R)]
holds. Therefore we observe that min{|w; N X1], |w;(R) NX2|}, is obviously bounded from below
by |w;(R)NX1||w;(R)NX2|/|w;(R)|. To find a C' > 0 such that min{|w;(R)NX1|, |w;j(R)NX2|} <
Clw;j(R) N X1]lw;j(R) N Xa|/|w;(R)| holds we can assume without loss of generality that the
minimum is taken by |w;(R) N X1|. Then it follows that |w;(R) N Xa|/|w;(R)] > 1/2 and
therefore we can choose C' = 2 and the inequality holds. Hence (4.9) is equivalent to

n(R)
> e N Kl () 0 ol (4.10)
j=0 "7

The left hand side of condition (ii) obviously has the form

)
a;(R)*|w; (R)]. (4.11)

=

n(

.
Il
=)

Condition (477) in the situation under consideration, is estimated as follows

n(R
logag ' (R) + loga B Z log (mln a; (R)aj__:l(R), aj+1(R)aj_1(R))> <
4.12
n(R)—l n(R) ( )
<logay ' (R) + log a;(lR)fl(R) + Z log (aj_l(R)> <2 Z log(1 4 aj(R)™?),

J=0 J=0

because a;(R) < 1 for j € {0,...n} and by monotonicity of the logarithm. Now we define
numbers a;(R) to further estimate the three previous terms.

First we consider |w;(R)| < %. We write N := {j : |wj(R)| < %} and set aj(R) = 1 for
j € N. The parts of sums in (4.10), (4.11), (4.12) over j € N are estimated from above by
4n(R)R™Y, 2n(R)R~! and n(R), respectively, hence all of them satisfy the bounds required for
Theorem 4.4. For |w;(R)| > % we optimize the choice of aj(R) over the summands in (4.10),
(4.11) and (4.12), by taking

a:(R)?2 = max 1 \/‘WJ ) N Xil|w; (R) N Xo|
() {Rrwjmn () }

Note that with this choice we can estimate (4.10) and (4.12) from above by taking either value
for a;(R), because we regard its inverse. With this choice the sums over j ¢ N in (4.10), (4.11)
and (4.12) are estimated from above by

22 VIwi(R) N X1l (R) N X,
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n(R)
2R'n(R) +2 Y \/|wj(R) N Xalwj(R) N Xa|,
j=0

n(R)
> log(1+ Rlwj(R)]) < en(R)log R, ¢ € [0,00).
7=0

Due to condition (4.8) and our choice of n(R) it follows that the order is not greater than d by
Theorem 4.4. d

The next step will be the following proposition. To prove it we show a few general properties
of diagonal Hamiltonians, some of which we will then apply. To simplify notation, we set

d d
p1(e,d) = / hi(t)dt, pa(c,d) = / ho(t)dt.
Proposition 4.14. If H is a diagonal Hamiltonian, it holds

z  Lx,(t)
_ log (fa PGEOR) dt)
ord M (zx,-) > limsup
T—00 log(T)

, € [a,b], (4.13)

where 1y, denotes the indicator function on Xo and r(7,x) is a strictly increasing function we
will specify later on.

To this end we start with a a few preliminary observations. We write H(t) = (hlo(t) L (E t)> ,
2

ie. hi(z) = 1x,, ha(x) = 1x,. By definition of X; and Xs, we always get that either hy(t) =1
and ho(t) = 0 or vice versa. Therefore our canonical system, writing out the components, has
the form

%Mm(g;, z) = —zhy(z) My (x),

diMQQ(x’ 2) = —zhy(z) Mi2(x),

;« (4.14)
%Mu(l“, z) = zha(z) Ma (z),

%Mm(% 2) = zha(2) Maa(2).

Written in integral form the whole system has the form
IM(z,2) — J = z/ H()M(t, 2)dt.
Again writing out the components, we obtain
Mo (z,2) = —2 /aw hi(t) My (t)dt,
Moo (z,2) =1— z/x hy(t)Mia(t)dt,

i (4.15)
Mi(z,2) = 1+ 2 / o (£) Moy (1),

a

Mia(z, 2) = 2 / " Do (t) Mo (1) .
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If we combine the first and third and the second and fourth equations respectively we get
four second order differential equations for M;;(x, 2), i,j € {1,2}:

My (z,2) =1—22 /x ha(t) /t hi(s)Mii(s, z)dsdt, (4.16)

a

Moy (z,2) = —2 /93 hy(t)dt — 2> /w hi(t) /t ho(s)Mai (s, z)dsdt,

a

Ma(z,z) = z/z hy(t)dt — 2> /x ha(t) /t hi(s)Mia(s, z)dsdt, (4.17)

Moy(z,2) =1 — 22 /93 hi(t) /t ho(s)Maa(s, z)dsdt.

a

Then, since 1, 4(s) = 15 4(t), if s, € [a, 7], and by changing the order of integration, we get

/ " () / oy () My (5, 2)dsdt = / " ha(t) / " Ly (5)ha(3)Mas (s, 2)dsdt =
= /z hg(t) /m ﬂ[s’z](t)hl(S)Mll(S,Z)dsdt =
_ / " a5, ) (5) Min (s, 2)ds.

Applying this (and similar computations for the other three equations) to (4.16), we obtain

Myi(z,2) =1—22 /m p2(s,x)hy(s) M1 (s, z)ds, (4.18)

Moy (z,2) = —2zp1(a,z) — 2 /w p1(s, x)ha(s) Mo (s, z)ds,
a
My (z, 2) = zpa(a, z) — 2° /1‘ p2(s,x)hi(s)Mia(s, z)ds,
a
Moy(z,2) =1 — 22 /w p1(8, 2)ha(s)Maa(s, z)ds.
a
Soon we will focus on Mj; to estimate its order, and hence, by Corollary 3.38, the order of

M, but first we make the following general observation:

Lemma 4.15. The functions My (z, z) and Mas(x, z) are even, while May(x, z) and Mo (z, z)
are odd.

Proof. Set V := (1) _01 and consider M (z,z) = VM(z,2)V. Using that JV = —V.J and

that VH(z) = H(x)V, if H(z) is diagonal, we obtain

J%M(w, z) = JV%M(;U, )WV ==V (JddxM(x, z)) V = —zH(z)M(z, 2).

Further M (a, z) = I and we conclude that M (z,z) = M(z, —z) i.e.

< MH(LU, Z) Mlg(l‘,z)) _ <M11(CC, *Z) Mlg(x, Z))
—Mgl(x,z) MQQ(J},Z) le(m‘, —Z) MQQ(Z’, —Z) ’
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Lemma 4.16. For 7 > 0, set {-(z) := Mi1(z,i7). Then & is real, positive nondecreasing and

é(a) = 1.

Proof. Using Lemma 4.15 and Proposition 1.9 (iii) we obtain

&r(x) = My (z,iT) = Mg (x, —it) = My (x,i7) = & (),

hence &;(x) is real.
Fix x € [a,b]. Since Mii(x,-), by Corollary 1.12, has no nonreal zeroes and M;(z,0) = 1,
continuity of 7 — &;(x) yields that & (x) > 0 for all 7 > 0. Now fix 7 > 0. Then (4.18) becomes

&(r)=1+72 / ’ ha(t) / hi(s)&-(s)dsdt.

Since the integrand is a nonnegative function, ¢, (x) is nondecreasing. O
Lemma 4.17. Let 7 > 0, x € [a,b], and let r : [a,b] — [a,b] such that r(t) <t. Then

T2pi(r(t), t)ha(t)

T 200 (r0), O palr(D).0) (4.19)

log (- (2)) > / '

Proof. We shall estimate %(log(&(w))) in two ways.
First, using (4.16), and that &, is nondecreasing, we get

T

£-(2) = 72hy(z) / ()€ (s)ds > 72ha(2) / b (3)Ex(5)ds > 72ha(2)Ex (r(z))pr (r(), 2).

a r(x)

Dividing by &;(z) yields

72ha(2)p1 (r(g;),x)fg(%)) < ZEB (4.20)

Second, using (4.18) and that p is nonincreasing in its first argument, we obtain

ha(z) (& (2) — & (r())) = ha(z)r? /(m : p2(s, x)hi(s)&-(s)ds <

72p1(r(x),)

Multiplying this by ~—£5

, we get

: G L o ) (e, )
Pt (1- D) < 2y rt) o 0 )

Summing up (4.20) and (4.21) gives us

7201(r(z), 2)ha(x) < & (r(z))
1+ 72p1(r(z), z)p2(r(z), ) = &(x)

Since &;(a) = 1, integrating over [a, x] yields the assertion. O

To simplify (4.19), we make a particular chioce of r(z) depending on 7.
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Lemma 4.18. Let ¢, > 0 and assume that H(x) starts with two indivisible intervals

H(:U):<8 ?),we[a—%a,a—a], H(x):<(1) 8>,xe[a—a,a].

Then there exists a unique function 1. : [\/c,00) X [a,b] — [a,b], such that

(i) re(m,x) <z, x € [a,b],

(ii) T2p1(re(T, ), 2)p2(re(T,2),2) = ca?, T € [\/¢,00), = € [a,b].

Further this function has the following properties:
(111) r.(\/c,a) = a —2a,
(iv) The functions T+ r.(1,2) and x — r.(T, ) are strictly increasing and
(v) ©—re(r,z) > @

Proof. First we want to show that there exists a unique function r.(7, ) that fulfills conditions
(), (i7). Therefore, fix some z € [a,b]. Writing out (i7) yields

2 (/ hl(s)ds> </ h2(S)dS> = ca’.
re(T,x) re(T,1)

By definition of hy, hs, this is equivalent to

T T CCt2
(/ ]le(s)ds> (/ ]1X2(s)ds> =—,
re(T,T) re(T,x) T

and further, if | - | denotes the Lebesgue measure, we obtain that r.(7, z) has to satisfy
2

|(re(T, @), ) O X1 || (re(7, 2), ) N Xa| = % (4.22)

Now we need to show that there exists a value for r.(7, ) such that this is fulfilled. Therefore,

we consider 7 > /c and hence -5 < 1. Further, by assumption, we have ’(a —2a,x) N Xi‘ > a,
T

for x € [a,b], i € {1,2}. To sum up we have

[(a — 20, 2) N X1||(a — 20,2) N X3| > o* > C:ZQ, x € [a,b].

On the other hand obviously lim;_,, !(t,x) NX;| =0< Ci‘—Q, x € [a,b], i € {1,2} and since

|(-,) N X1||(-,x) N X2| maps continuously and strictly decreasing from [a — 2a, z] to R we get

the existence of a unique r.(7,z) € [a — 2, x] such that (4.22) and assertion (i) are fulfilled.
To prove that (i77) is satisfied, we plug r.(1/c, a) into (4.22):

|(re(v/e,a),a) 0 Xa|(re(Ve, a), a) N Xa| = . (4.23)
Due to the assumption we know the form of X; and X3 on [a — 2«, a], and hence can evaluate

@ a—2a <7re(yec,a) <a—a,
a—rc(ﬁ,a) a—« Src(\ﬁa a) < a,
CL‘FOZ*TC(\/Eaa) CL*QQSTC(\/E,CL)SCL*Q,
0 G_QSTC(\/Eaa)Sa‘

|(re(V/, a),a) N X3 | = {

|(re(V/e, a), a) N X, = {
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Therefore,(4.23) is satisfied, if and only if 7.(y/c,a) = a — 2a.
Now we want to show the strict monotonicity of = — r.(7,z). To this end let 7 € [\/c,00)
be fixed, z; < x2 and assume r.(7,z2) < r.(7,21). Then we get the contradiction

— = ‘(Tc(ﬂl‘l)wﬁ ﬂX1H(TC(T,m1),x1) ng‘ <

COL2

< }(TC(T, x2),x2) N XlH(TC(T, x2),x2) N XQ‘ =
For the strict monotonicity of 7+ 7.(7,z) let = € [a, b] be fixed. Now, because the right hand
side in (4.22) strictly decreases with a bigger 7, to decrease the left hand side as well we have
to strictly increase r.(7, x).
To see that (v) holds, by (4.22) we obtain

N

‘(T‘C(T x H re(T, T), 1:)| > ‘(TC(’T,a?),LE) ﬂXlH(TC(T, x),T) OXQ‘ = %,
and hence @ <z —r(r,x). O

Corollary 4.19. Assume that H is given as indicated in the previous lemma, let ¢ > 0 and
x € [a,b]. Then
2

log (&-(z)) > caC;:— 1 /ax T}Z( (t)) )dt, T € [Ve,0), x € [a,b]. (4.24)

2(
Proof. By (4.19) and due to Lemma 4.18 (i7), we have
(

z 72 £1 TC(T ) ) () —
lOg(éT(x)) Z/a 1+72p1(7”c(7', ), )pQ(Tc(T7t)vt)dt_

[ ln ) e 0000,
a pQ( (7—7 t)? t) + 7—2p1 (Tc(Tv t)? t)pQ(rc(Tv t)? t)Q

ca’ /“” ha(t)
= dt.
ca? +1 a P2 (TC(Tv t): t)

O]

Proof of Proposition 4.14. First let z € R and define N as the set of all zeroes of Mj;(z,-),
which are always real by Corollary 1.12. Then, since Mj; is even, we can write

wa=I0-2) =T (-2) (=)

Using this we can bound

M)l < I <1+> I1 (1+|ZZZ|> M (i) 2]).

Z;EN, -7 Z;EN, J
z;>0 z;>0

Therefore, and because by Corollary 3.36 the orders of all components are the same, we get
ord M (z,-) = ord &.(x). We fix some o > 0 and we have

log (&-(x))
dM(z,-) =1 — 2 >
ord M(z, ) Tﬁ}.}p log(t) — 1?Lsgp log(T)

t

coz2+1 fa p2( rc Tt d
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We obtain the assertion, since for fixed o and € > 0 we can always find c large enough such that
ca’

—— >1—F¢,
ca? +1 ‘
and regard r.(7,t) for such a c. O

Proof of Theorem 4.12. To prove Theorem 4.12 let us assume that for any d

b
ha(z) d
————dr = 4.2
/a e = O, R (4.25)
holds. Then, after taking the logarithm and dividing by log(R), Proposition 4.14 yields

ha(z)
J2 ta )

log (
ord M (z,-) > og(R)

=d. (4.26)

We can attach two intervals, as indicated by Lemma 4.18, and the order of the fundamental
solution of the canonical system (H, [a — 2a, b]) remains the same. Now we regard this system
and we want to show that for every d, such that (4.25) is satisfied, the interval (a — 2a, b) can
be covered by n(R) < O(R¥log(R)) intervals, w;(R), such that

n(R)
> Ve (R) 0 X[ [wj (R) 1 Xo| < O(RTY) (4.27)
§=0

holds.

For each R large enough define a monotone decreasing sequence (x; (R))?gf), as follows:
z1(R) == b, zj41(R) = re(R,z;), if j > 1 and z;(R) > a. If z;_1(R) > a, z;(R) < a, then
zj+1(R) := a — 2« and the sequence terminates. First we show that the sequence is finite. To
this end let o := 1. Then, by the Lemma 4.18 (i) and (v), we get

c=R%p1(re(R,x),2)p2(re(R, ), 2) < Rz — re(R, 2) %

This implies that x;(R) — zj41(R) > v/c/R™!, so the sequence has at most O(R) members.
Define w;(R) := [z;11(R), z;(R)]. By construction [a —2a, b] C |J; w;(R). To simplify notation
we will write z; instead of x;(R) from now on.

We claim that w;(R) is the required covering. First we have to show that n(R), the number
of intervals in the covering, is O(R%log(R)). To this end, recall that for = € [x;42,z;], it holds
that po(re(R,x),x) = pa(xjt1,25) < p2(xj42,2;5). Defining s; := pa(xj11,2;) we can estimate
the left hand side of (4.25) from below by

n(R)—3 n(R n(R)—3

wj ha .
/ 2(z Z / -y U )
;01 P2(r(T,2), ) i1 P2 x]+27$]) = it s

Let Gy :={j : 2 <2}, Go:={j: S”'Sjl > 2} and let n(G1), n(Gz) be the respective numbers
of elements When j € Gp the summand in (4.28) is bounded below, because in this case
81:;:“ > 1. Hence n(G1) < O(R?) by (4.25). To estimate n(Gs), notice that s; > m,
because ¢ = R?|w;(R)NX1|s; < R*(b—(a—2a))s;. It follows that if k is the length of a discrete
interval of the set Go and m is the right end of it, then

=1

ok—1.

m 2 (0= 20)) B2

k—1
Ttk — Tmik—1 2 Smik—1 = 28mik—2 = "+ 2> 2
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On the other hand x,,, — ;41 < b — (a — 2a) trivially, hence k < C' + 2logy R. Hence we have
estimated the length of one interval of G;. The number of those intervals can not exceed O(R?),
because there has to be an interval of G; between two intervals of n(Gz). In conclusion we get
n(Gs) < O(R%log R) and therefore, n(R) = n(G1) + n(Gz2) < O(R%log R) as required. Now we
can always estimate O(R%log(R)) < O(R**€), for € > 0. Hence, the same holds true for the
infimum of such ¢, and we see that we can limit the number of intervals by O(R?).

Further, we note that by the definition of r.(R,z), the summand in (4.27) is in O(R™1),
and hence (4.27) holds. Therefore, by Proposition 4.13 the fundamental solution M (z,z) of
the canonical system (H,[a — 2, b]) satisfies ord M (z,-) < d. Hence, we also get that the
fundamental solution M (z, z) of the canonical system (H, [a,b]) satisfies ord M (x,-) < d. This
completes the proof of Theorem 4.12, by putting n := R? in (4.7). O
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5 Appendix A - The Herglotz Integral Representation

only if h has a representation of the form

B 1 ¢ .
h(w)—aw+b+/R<t_w t2+1>du(t), weCT,

where a > 0, b € R and where v is a positive Borel measure on R such that

Theorem 5.1 (Herglotz). Let h be analytic in C*. Then we have Im h(w) >0, w € C* if and

/(t2 + 1) tdu(t) < .
R

Proof. We divide the proof in three steps:

Step 1: Let f be analytic on some domain containing the closed unit disc and z € D and
let Re f(0) > 0. Then, by the Cauchy Integral Theorem and the Cauchy Integral Formula, we
obtain

_ 1 OIS
fz2) =5~ |g_1<C—Z C_i>dC.
Further the following equality holds:

(5.1)

. (5.2)
(-3
To verify this we consider the left hand side and, using that fact that |(| = 1, obtain

1 C+z 1 (¢+2z (+7Z 1 (¢+2z 1+
cRe<<—z>:2<<<—z+<z):2<<<—z+1—<z>:
e S o e S S A e 4 o S ¢ Sl o ) B
a 2¢(¢ = 2)(1 - ¢z) (-1 -¢)
1P
(=21 =)
The right hand side satisfies

1 1 L, 2 _1-¢G+E-z= 1—|z|?
(=2 (—1 (-2 1-¢G (1-G)(-2 (1-G)(C-2)

and hence we obtain (5.2). Inserting (5.2) in (5.1) and with the substitution ¢ = e¥, we get

1 C+z 11 [ el + » i
10= g [ Re(65) 10gac =g, [ me (G2 e

Now let

k(z) : /0 T Re f(e")do,

which is holomorphic on the unit disc. We have Re k(z) = Re f(2), and hence k(z) = f(2) + i
for some ¢ € R. Since, by the mean value property of holomorphic functions k(0) = Re f(0) we
obtain ¢ = —Im f(0), which implies

21 30
f(z) =i¢Im f(0) + /0 Zw i_z Re f(eig)de. (5.3)
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Step 2: Let f be analytic in the open unit disc and satisfy Re f(z) > 0, z € D. Define
¢:[0,21) - T as

P(0) = e®. (5.4)
For r € [0,1) consider the positive measure 7, on [0, 27), which shall be defined such that

dn, = % Re f(reie)dﬁ

and further the image measure p, := 1, o ¢~!. Applying (5.3) with the function z — f(rz), we
obtain

Re f(rew)de = f(rz) —iIm f(0).

C"’Z 1 27F6i9+2
d:U’T(C):i i0
T¢—2 2 Jo e¥ —z

For z = 0, this yields

1 27 ) .

Il = [ diwe =5 [ Re f(e)do = £(0) = iTm £(0) = Re f(0).
0

Having a uniform bound for ||u,|| we can apply the Banach-Alaoglu Theorem, which gives a

positive measure p such that for every net ju,, with r; — 1, there exists a subnet j,, which

satisfies liml,urin(z) “, p(z). Passing to the limit in (5.3), yields
ry, —

in

. + z
() = iTm £(0) + gzdu(g), 2eD. (5.5)
7C—
Step 3: Now we have to perform a fractional linear transform from the unit disc to the upper
halfplane. Consider the fractional linear transformation 3 : C* — I, defined by

_w—i +
B(ou)—uH_i7 weC .

Let g be analyic in C\R, Reg(0) > 0 and f(z) := (9o ') (z). Now we want to evaluate
g(w) = (9o B71) (B(w)). Obviously B71(1) = oo, and we separate the right hand side of (5.5)
into two parts

¢+ =z

. C+z _ C+z (+=z _
$) =it + [ @ =itmso+ [ G0+ [

:z’Imf(o)Jru({l})ij+/Rg8jjd(u05‘l) (t).

Now we can evaluate

g(w) = (90 57) (B(w)) = i Tm £(0) + p({1}) 28 + [ ggg + g(w) d (o) (1) =

w—1i
1 - w+1

= it 0) + (1)) + (”*) 40 67) (1) = 6.1)
)

— it ) + (1) + [ ZE
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Now we consider
v(w) = (1+82) (o 57Y) (w).
Then, since UT d,u‘ < 00, it holds that fR d (u o ,6‘1) < 0o and because of this we obtain

/ (1+ ) dv(t) < .

Finally, there holds

1 t 1+ tw _
<t—w_1+t2) (1+t2): t—wd('uoﬁ 1)7

which yields the assertion, if we apply it to (5.6) and consider h(w) := ig(w).
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