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Abstract

This thesis is concerned with the continuation theory of incompressible pe-
riodic pipe flow. For describing the dynamics of incompressible fluids we
use the incompressible Navier-Stokes equation. For a better understanding
of it we’ll look at its derivation.

For a long time now the consensus has been that the laminar solution is
linearly stable for all Reynolds numbers. The original idea of this thesis
was to adapt a numerical continuation procedure to see if it is possible to
jump from the laminar solution branch onto a turbulent one, as it happens
in practical experiments.

Therefore we inspect the different numerical methods that are used in this
procedure. Especially we look at a preconditioner for the linearized problem
as the matrix given by the finite element method, using Hood-Taylor ele-
ments, becomes less well conditioned as the Reynolds number increases.
Prompted by this we look at the convection-diffusion equation and the
streamline diffusion discretisation to be able to use it in a multigrid method.

To motivate the use of the continuation procedure we look at bifurcation
theory, with Fredholm operators and Crandall-Rabinowitz’ theorem. We
also take a short look at the Allen-Cahn equation to test if the algorithm is
correctly defined.

Keywords: Navier-Stokes equation, finite element method, Hood-Taylor
elements, convection-diffusion equation, streamline-diffusion method, pre-
conditioning, bifurcation theory, Allen-Cahn equation



Kurzfassung

Diese Arbeit befasst sich mit der Pfadverfolgungstheorie inkompressibler
periodischer Rohrstrémung. Zur Beschreibung der Dynamik von inkom-
pressiblen Fluiden nutzen wir die inkompressible Navier-Stokes Gleichung.
Um diese besser zu verstehen betrachten wir auch ihre Herleitung.

Lange Zeit besteht schon der Konsens, dass die laminare Losung fiir alle
Reynolds-Zahlen linear stabil ist. Die urspriingliche Idee dieser Arbeit war
einen numerischen Pfadverfolgungsalgorithmus zu adaptieren, um zu sehen
ob es moglich ist von der laminaren Losung auf eine turbulente zu springen,
so wie es auch in praktischen Experimenten passiert.

Deshalb betrachten wir die verschiedenen numerischen Methoden die in
diesem Algorihmus verwendet werden. Insbesondere betrachten wir einen
Vorkonditionierer fiir das linearisierte Problem, da die Matrix aus der Finiten
Elemente Methode, mit Hood-Taylor Elementen, mit steigender Reynolds-
Zahl immer schlechter konditioniert wird. Das fiihrt uns zur Konvektions-
Diffusionsgleichung und zur Streamline-Diffusion Diskretisierung um sie in
einer Multigrid Methode zu verwenden.

Um die Pfadverfolgungsmethode zu motivieren betrachten wir auch die Bi-
furkationstheorie, mit Fredholm Operatoren und dem Satz von Crandall-
Rabinowitz. Wir betrachten auch kurz die Allen-Cahn Gleichung um zu
testen ob der Algorihmus richtig definiert ist.

Schlagworte: Navier-Stokes Gleichung, Finite Elementen Methode, Hood-

Taylor Elemente, Konvektions-Diffusionsgleichung, Streamline-Diffusion
Methode, Vorkonditionierung, Bifurkationstheorie, Allen-Cahn Gleichung
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Chapter 1

Introduction

How and why does laminar flow become turbulent? This question is as old
as fluid dynamics itself. It is very important since turbulent flow needs
more energy than laminar flow. Therefore pipe flow is one of the classical
problems of stability theory. We now know that the laminar flow in pipes
is linearly stable. This means that transition can only be started by finite
amplitude disturbances. Transitional flow thus is delicate but leads abruptly
to a very disordered motion. It is mostly areas of turbulence seperated by
regions of laminar flow.

Due to the cylindrical geometry of pipe flow this transition process starts
at higher relative flow rates than in planar flow. This is the reason why it
is the least studied type theoretically although it is the easiest to realise in
the lab.

In the next two sections I'll give a short overview over the history of this
subject summarised from [9].

I want to construct a bifurcation diagram for the problem of periodic
pipe flow using the finite element method. This thesis is structured into
two parts: at first we’ll look at the theory of the problem, in the second
part we’ll look at the computational experiments. In chapter 2 we’ll look
at the numerical methods used, especially finite lement method for mixed
problems. Afterwards we’ll look at the Navier-Stokes equation itself and
its numerical properties in chapter 3. In the last chapter of the theoretical
part we’ll look at bifurcation theory and the algorithm used to construct
the bifurcation diagram. Finally in chapter 5 I will show the results of my
computations.

1.1 Experimental history
The first serious experimental studies of pipe flow were carried out by

Gotthilf Hagen in 1839 and Jean Poiseuille in 1840. Poiseuille concentrated
on small capillaries of 0.015 to 0.6 mm and therefore only got laminar flow
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while Hagen used pipes of larger diameter of about 2.5 to 6 mm. Thus he
also got the unsteady three-dimensional flow.

Due to their work pipe flow is nowadays known as Hagen-Poiseuille flow
(HPF).

In 1883 Reynolds realised that a non-dimensional number was enough
to characterise flow. This lead to the Reynolds-number Re.

He also discovered that the transitional Reynolds-number Re! varied
according to the level of disturbance. He found that the earliest onset of
turbulence was at about Re! =~ 2000, but was also able to push the transition
to about Re! ~ 12000 in more tightly controlled experiments. Since then
the lower number was confirmed many times while the higher number was
able to be pushed even further (Re 2 100000).

The implication of this is that there exists a threshold of disturbances
which decreases as Re increases.

Reynolds also found that the flow becomes turbulent in patches seperated
by laminar areas.

This was later studied by Wygnanski (1970s) and he found two different
states, called puffs and slugs:

e Puffs are turbulent regions with sharp upstream and blurred down-
stream boundaries. These are found for 2000 < Re < 2700 and have
a length of about 20-30 pipe diameters. The speeds of the up- and
downstream borders are roughly equal and a bit less than the mean
flow velocity. Thus fluid passes through puffs and they can be seen as
an incomplete relaminarisation process.

e Slugs are also turbulent regions with sharp upstream but also sharp
downstream boundaries. Flow inside a slug looks equal to turbulent
pipe flow. Slugs are found for Re > 3200 where the upstream front
moves slower than the mean flow while the downstream front moves
faster. This means that fluid in a slug is trapped and never relami-
narises.

In 1995 Darbyshire and Mullin mapped the finite amplitude threshold curve.
Afterwards Draad et al. (1998) found that this curve is sensitive to the
frequency of perturbations. It also depends on their azimuthal structure.
Hof et al. found that this can be lowered to a Re~! scaling for 2000 < Re <
20000 if the perturbation is applied long enough.

1.2 Theoretical history

The first theoretical work put small perturbations on HPF. Rayleigh found
in 1892 that inviscid infinitesimal disturbances don’t grow, thus we know
that HPF is inviscidly linearly stable. Sexl incorporated in 1927 the effects
of viscosity and found that HPF is also stable to axisymmetric disturbances.
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After these findings many studies concentrated an asymmetric distur-
bances. Now the consensus is that it is linearly stable, although no proof
for this is found yet (as far as I have found).

On the other side Joseph and Carmi found in 1969 that HPF is a global
attractor for Re < 81.49. This leaves a large gap between 81.49 and 2000
which isn’t really explained. The gap could be closed by rotating the pipe
as the transitional Reynolds-number Re! falls to 82.88 in the limit as the
rotatioin rate goes to infinity but that completely changes the problem.

In the early nineties people started to focus on the ability of certain
disturbances to temporarily grow algebraicly in shear flows. Physically this
happens if a small initial disturbance with some wall-normal velocities is
introduced. The wall-normal velocities only decay weakly, this leads to a
slow advection of the mean shear which can produce large local anomalies
in the streamwise velocity called streaks. Mathematically this is due to the
non-normality of the linear operator.

This non-normality means that the eigenfunctions of this operator are
not orthogonal (in the energy norm) which means that some initial condi-
tions are poorly spanned. This means that some coefficients in the eigenfunc-
tion expansion need to be very large due to some eigenfunctions canceling.
When the eigenfunctions then decay with different rates it looses this ini-
tial cancellation and the large coefficients become significant. This leads to
a temporary period of algebraic growth. (In [9] a simple example for this
process is given).

In pipe flow these inital conditions are two-dimensional streamwise in-
dependent vortices (rolls) with an azimuthal wavenumber of one. These can
lead to ’streaks’ or azimuthal (spanwise) variations in the mean flow.

In this linearized setting the inital disturbance of streamwise rolls can be
amplified by O(Re?) in energy (while changing into streaks) before decaying
in O(Re) time.

Then people looked at how energy could be fed back from streaks into
rolls. Zikanov (1996) studied three-dimensional linear instability of pipe
flow when adding two-dimensional streamwise rolls. He found that if rolls
induce large enough streaks inflection points appear which are unstable to
three-dimensional disturbances.

During this time the question shifted from how turbulence is initiated
to how it is maintained.

Waleffe (1995) found a spatially and temporally organised cycle of events
during turbulence. It has three phases:

e formation of streaks by streamwise vortices,
e breakdown of streaks,

e regeneration of streamwise vortices.
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The last phase was least understood since it is fundamentally nonlinear but
it looked like the streaks directly regenerated the rolls. He explored this by
confirming the feasibility of each phase in isolation. With this he showed
that the streak instability could feed energy back into the rolls. Thus he
found a potentially self-sustaining process (SSP).

He converted this into a smooth numerical continuation procedure. With
this he got nonlinear steady state solutions and travelling wave solutions for
plane Couette and Poiseuille flow to arbitrary accuracy.

These consist of the three flow structures discussed such that they main-
tain each other against viscous decay.

People thought that one of these solutions might be an organising centre
for the found quasi-cycle.

In 2001 Kawahara and Kida confirmed that there exists a periodic orbit
which uses a version of Waleffe’s SSP.

The appearance of a streak instability is now considered enough to signify
transition.

Ma et al (1999) confirmed numerically this sequence:

rolls — streaks — streak instability — turbulence.

The biggest problem for numerical simulation is to ensure that the pipe is
long enough while still having a usable resolution that transitional structures
can evolve. This is a problem only in transitional flow, in fully developed
turbulent flow this is no problem (see [9]).



Chapter 2

Numerical Methods

In this chapter we’ll look at the different numerical methods that are used
in the continuation algorithm. We’ll start with the Galerkin method and
the finite element method (FEM) in particular. FEM is a method for ap-
proximating the solution of the weak form of a partial differential equation
(PDE) in a finite dimensional subspace.

The main sources for the background are [1], [3] and [12].

2.1 Galerkin method

A linear PDE in its weak form is given by a bilinearform a(u,v) and a
linearform f(v) on a space V:

findueV: a(u,v) = f(v) YveV.

The idea of the Galerkin method is to solve this problem in a finite dimen-
sional subspace V}, C V:

find up, € Vj, : a(uh,vh) = f(Uh) Yoy € Vp,.

2.2 Coercive problems

To gain existence and uniqueness of a solution we need the following defini-
tion.

Definition 1. A bilinearform a(u,v) on a Hilbertspace V is called
1. continuous if there exists C' > 0 such that

a(u,v) < Cllullv||v]v Yu,v e V.

2. coercive if there exists o > 0 such that

a(u,u) > aflul|? Vu e V.
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With these properties we can prove existence and uniqueness with Lax-
Milgram:

Theorem 1. Given a Hilbertspace V', a coercive and continuous bilinear-
form a(-,-) and a continuous linearform f(-). Then there exists a unique
solution u € V' of

a(u,v) = f(v) Yv eV,

There holds

lullv < @™ fllv-

Proof. The proof of this theorem can be found in [12]. O

For the approximating problem the solvability is inherited from the orig-
inal problem. The approximation error is quasi-optimal:

Theorem 2 (Cea). The approzimating error of the Galerkin method is
quasi-optimal

c .
|lu—up|ly < — inf ||u—oplv.
Qv h

Proof. A very important property is the Galerkin orthogonality: v € V also
solves the discrete problem

a(u,vp) = f(vp) Yoy, € V.
Therefore
a(u — up,vp) = a(u,vp) — alup,vn) = f(vp) — f(vn) =0 Yo, € V.

Now with an arbitrary v, € V3,

1
lu—unll? < ~alu— upu —up)

1
—a(u — up,u —vp) + — alu — up, vy — up)
Q NS

Q

eV

<

C
—lu — upllv v —vullv.
«

By dividing ||u — vi ||y we get an estimate which also holds for the infimum
since vy was arbitrary. O
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2.3 Inf-sup stable problems

It is not always possible to show coercivity, therefore we need a weaker
property to show solvability.

Definition 2. Let V and W be Hilbertspaces. A continuous bilinearform
b(-,-) : V. x W — R, fulfills the inf-sup condition if there exists 5 > 0 such
that

b
inf sup _blw,v)
wch vew. [lullv ol

We also need another condition in the other direction

b
461 > 0: inf supﬂzﬁl.
ve wev. [|ullv [lvllw
v u#0
Here it suffices to use the weaker condition
b(u,v
sup (u,0) >0 Vv e W. (2.1)

ueV, m
u#0

Theorem 3. Let b(-,-) be a continuous bilinearform which fulfills the inf-sup
condition (Def. 2) and condition (2.1). Then

b(u,v) = f(v) Yv e W.

has a unique solution. This problem is then called inf-sup-stable. The solu-
tion depends continuously on the righthandside

-1
[ellv < Byl fllw

Proof. The proof of this theorem can be found in [12]. O

For the approximating problem of inf-sup-stable problems the solvability
isn’t inherited, so we need an extra inf-sup condition for the discrete problem

) b(up,vp)

inf sup ——

“n€Vis wewy,, [lun|lv]|vnllw
70 g, #£0

u

= Ph- (2.2)

On a finite dimensional space we don’t need the second condition since
injectivity is equivalent to surjectivity.
Again we can show quasi-optimality
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Theorem 4. Let b(-,-) be a continuous bilinearform which fulfills the dis-
crete inf-sup condition (2.2). Then there holds

C
— < (14 —=—) inf — .
lu —upllv < (1+ 5}1)”}12%”” vpllv

Proof. Again Galerkin orthogonality b(u,wp,) = b(up, wy,) holds for all wy, €
Wih. Again choose an arbitrary vy € V!

lu —upllv < |lu—wvnlly + [Jvp — unllv

1 bvh—uh,wh
< |lu—wnllv + - sup Don — i )

Bh wp €Wp, ”whHW
wp, #0

1 blvy, — u,w
_ Hu_/UhHV + sup ( h 3 h)
Bh whewy,,  llwnllw
wp, #0

1 th—quhW
< fu—vally + ~ sup Slon—ullvlunl

Bh wpew,. [[wn [lw
wp, #0

=U+;Muvﬂv

2.4 Mixed problems

The linearised Navier-Stokes equation looks a bit different than the general
problem we looked at before. It uses two Hilbert spaces H' and L? and two
bilinearforms. Therefore we need the theory of mixed problems. A mixed
problem uses two Hilbert spaces V and @), bilinearforms

a(u,v) : VxV =R,
b(u,q): V xQ—R

and continuous linearforms
f0):V SR,
9(q) : @ = R.
The problem then is to find v € V, p € @) such that
a(u,v) +b(v,p) = f(v) YveV,
b(u, q) =9(g) VgeQ.

One can see this as one big equation with one big bilinearform in the space
V xQ:

B((u,p), (v,q)) = a(u,v)+b(v,p) +b(u,q) = f(v)+g(q) (v,q9) €V xQ.
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If this bilinearform fulfills the conditions of theorem 3 there exists a unique
solution. To get this, we can just look at the mixed problem with Brezzi’s
theorem.

Theorem 5 (Brezzi). Let a(-,-) and b(-,-) be continuous bilinearforms

a(u,v) < ag|lullv|v]v Yu,v eV,
b(u,q) < B2l|ullviiglle VueV, Vqge Q.

Assume a(-,-) is coercive on the kernel,
alu,u) > o ||lul|¥ VueVp={veV: bvq =0, Vge Q},
and there holds the LBB (Ladyshenskaja-Babuska-Brezzi) condition

b(u, q)
sup
wev, [Jully
u#0

> Billallq Vg € Q.

Then, the mized problem is uniquely solvable. The solution fulfills

[ullv + llplle < c(lfllv- + llgller)
with the constant ¢ depending on oy, oo, B1, Ba.

Proof. The proof of this theorem can be found in [12]. O

Again to show the solvability of the discrete problem we have to show
the discrete LBB condition

b(un, qn

sup D) o g0 Vo€ Qn
o Trunlly

up,

2.5 Finite element method

In the sections before we discussed the Galerkin approximation. The finite
element method is a special case of the Galerkin approximation. The idea is
to choose a special finite dimensional subspace V}, of V to work with simple
basis functions. FEM uses a space of piecewise polynomial functions, since
it leads to sparse matrices. This is done by triangulating the domain 2 on
which the PDE is defined. In case of 2D-problems this is done by partitioning
into triangles, in the case of 3D-problems this is done by partitioning into
tetrahedrons. (It can also be done by using convex quadrilaterals (2D) or
bricks (3D).) The triangulation of 2 will be denoted by T.

There are certain properties that are important descriptors of the quality
of the triangulation. The first one describes the coarseness of the mesh, by
defining on each triangle (or tetrahedron) T

hr = diam(7T)
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and taking the maximum of this h := maxpc hr. The shape of the triangles
is also very important and can be described by

pr := sup{diam(B) : B is a ball contained in T'}.

Together these quantities give the regularity of T' by

_hr
PT'

o .

Definition 3 (regular triangulation). A family of triangulations Ty, of Q is
called regular as h — 0 if there exists a constant o > 0, independent of h
and T, such that

or <o VYT €T,

Tn is called uniformly reqular for h — 0 if there exists another constant
7 > 0 such that
T-hShTSU-pT VTGE.

Altough the problem is 3D we will look at 2D here because it is easier to
describe but it is the same principle. The subspace for V' can be described
with

Vh:{UEVZVTET:U’TG’Pk(T)}.
Where P (£2) is the space of all polynomials of order< k on 2. This is done

by using basis functions on the seperate triangles or patches. This leads to
Ciarlet’s definition of finite elements.

Definition 4 (Finite element). A finite element is a triple (T, Vi, Ur) where
1. T is a bounded set,
2. Vr is a function space on T of finite dimension N,

3 Up = {w},...,z/}évT} is a set of linearly independent functionals on
Vr.

Often the finite element is simply denoted by its bounded set 1. The
basis {¢r, ..., gbj]YT} for Vi dual to ¥, ie.

D ($h) = bij.,

is called the nodal basis.

The most famous version are the hat functions which are defined on
the vertex patch, which is the set of triangles which contain the vertex
(wy = Uper T), by constructing a function which is 1 on the vertex, 0 on
the other vertices and linear on the triangles (fig. 2.1). The dual basis ¢
then are the point evaluation functionals on the vertices 1;(up) = up(v;).
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Figure 2.1: A hatfunction visualized.

0,1)

(0,0) (1,0)

Figure 2.2: The most common reference triangle T.

A function uj € Vj, then can be described by

N
up = widi ;= 1i(up).
i=1

The u; then are called degrees of freedom.

When implementing these elements one usually defines a finite element
on a reference triangle (fig. 2.2) and then uses equivalence to define it on
more general triangles.

Definition 5. Two finite elements (T, Vp, Y1) and (T, Vi, Vz) are called
equivalent if there exists an invertible function F' such that

o T = F(T),
o VT:{ﬁoFfl:ﬁEVT},

e Up = {7 :Vp 5 R:vs o (vo F)}.
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They are called interpolation equivalent if
Ir(v)o F = 1IpvoF) VvelVrp,

where I, I; are the so-called local nodal interpolation operators

Nt
Irv:=) ¥}(v)¢f.
a=1
For triangles the function Fp then can be the affine mapping of the
reference triangle onto the general triangle

Fr(x) = Brx + br,

where By is a suitable matrix in R2*2 and by a suitable vector in R?. There
are certain properties of this mapping that can be important for showing
the necessary conditions on the finite element space (e.g. the discrete LBB-
condition). When © = v o Fp there holds (see [6])

h
1Bl < =,
Pr
h.s
Bl < -L,
1B | < or (2.3)
1 . ~
[0lmp 1 < CLl| B ™det(Br)[ [0, , 7 V6 € W™P(T),
_1
0], p 70 < C2l|Br||™|det(Br)| #[vlmpr Yo € W™P(T).

2.5.1 Finite element system assembling

The finite element problem is
Find uy, € Vj such that a(up,vy) = f(vp) Yoy € V.

We describe uy, as its basis expansion

N
up = § Ui G,
i=1

also we can reduce the number of testfunctions v, to the basis functions

N
a()_widi ¢;) = f(¢)) Vi=1...N.
i=1
With
Aij = al¢i, ¢5) and f; := f(¢;)
we get a linear equation system
Au="f.

If we then solve this equation we get the coefficients u; of the solution uy
and therefore the solution of the finite element problem.
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i =p) = p()9 o
j—i-l:p(j—i-l):p(f—i-l)» o/ +1

[ ] [ ]

Figure 2.3: The mapping p visualized

2.5.2 Boundary conditions

We still need to look at how to implement boundary conditions. We will
look at Dirichlet boundary conditions and periodic boundary conditions
(Neumann boundary conditions are already in the weak formulation and
therefore taken care of).

In the case of Dirichlet boundary conditions we split the degrees of
freedom {1,..., N} into those that correspond to points on the Dirichlet
boundary vp C {1,..., N} and those that don’t vy = {1,..., N}\p. For
the hatfunctions these represent the vertices on the boundary, for different
elements this can be the edges or similar shapes (e.g. faces in 3D).

In the case of periodic boundary conditions we already have to keep
track of the elements when constructing the mesh because for every degree
of freedom on one side there has to be one on the other side so that they can
be mapped onto each other. This means every surface element on one side
looks like the corresponding one on the other side. We introduce a mapping
p which maps all degrees of freedom of one side onto the corresponding
degrees of freedom on the other side while keeping mapped onto degrees
of freedom the same and keeping degrees of freedom which are not in the
periodic boundary the same (see figure 2.5.2.

When we then assemble the linear equation system we get a reduced
system with the reduced matrix A, and the reduced vector fe,

Aperuper = fper-

Where for every entry in Ay, of a degree of freedom which gets mapped
onto we also have to add the contribution of the mapped degree of freedom

Uper,p(l)=p(i).p(k)=p(j) = %ij T ALk
similarly for fpe,
fper,p(l):p(i) = fi+ fi

This is often already done during the assembly by simply adding the element-
contributions at the right spot.

After we have solved the linear equation system we get the full solution
out of our reduced solution by simply setting

Ui = Uperp(i)-
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2.6 Eigenvalue calculation

We'll need to calculate eigenvalues to gain statements about stability. I
used the function eigs from scipy [7] which in turn uses ARPACK [11].
The functions of ARPACK are based on the implicitely restarted Arnoldi
algorithm (IRA).

I’ll now describe the Arnoldi algorithm and how it is used for the calcula-
tion of eigenvalues. For an in depth view on large scale eigenvalue problems
see [1].

2.6.1 Arnoldi algorithm and approximate eigenvalue calcu-
lation

The Arnoldi algorithm is an algorithm to calculate an orthonormal basis of
the Krylov-subspace

K7 (x) := K7 (x, A) := span{x, Ax, ..., AV 1x}

by using the Gram-Schmidt orthogonalization process. Let {qi,...,q;} be
an orthonormal basis of K*(x) for i < j define

j
yj = Ax =) qiqi Ax,
=1

q]-i—l
Ily;11 gll

The orthonormal basis {qu, ..., q;+1} of K/T1(x) reached this way is called
Arnoldi basis and the q; are called Arnoldi vectors. Since

ch+1 (X) = Span{‘]h <-4y, qu},

it’s more economical to orthogonalize Aq; against qu,. .., q; instead of Alq.
The component r; of Aq; orthogonal to {qi,...,q;} then is

r; = qu Z CIz AQJ

If r; = 0 the procedure stops and we have found an invariant subspace under
A, ie.

q € K(x) = Aq € K’ (x).
If ||x;|| > 0 we set

N
AR

It follows that

q]+11'3 [rjl| = qj+1AOI]7
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where the second equation holds true because q;41 is orthogonal to all pre-
vious Arnoldi vectors.. Define

hfi,j = quqﬁ
then
j+1
qu = Z%’hi,j- (24)
=1

Algorithm 2.1 Arnoldi algorithm
Let A € F™*™,
ar = x/||x||2
for j=1,...,k do
r:= Aq;
fori=1,...,j5 do
hi,j = q*I'
r:=r— qz-hm-
end for

hivrj = [l
if hj+l,j =0 then
return (qi,...,q;, H € F/*J)
end if
Q1 =1/l
end for

return (qi,..., Qg H € FFTIXE)

The resulting matrix Hy, then is an upper Hesenberg matrix. If we define
Qk = (ql, ce >qk) with (24) we get

AQr = QrHy + dit1hk+1,1€] (2.5)

which is called Arnoldi relation.

The Arnoldi algorithm is very expensive and gets more expensive in
each step (in both memory cost and computational cost). Therefore often
a restarted version is used, which in general means that an algorithm is
repeated with an initial vector gained from a previous use of the algorithm.

If hyns1,m = 0 the algorithm stops and from (2.5) we get

AQm = QmHm

We see that eigenvalues of H,, are eigenvalues of A. Vectors Q,,y where y is
any eigenvector of H,, are called Ritz vectors. The corresponding eigenvalues
of H,, are then called Ritz values. In this case Ritz vectors are eigenvectors
of A.
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Most of the time m with Ap,41,,m = 0 will be too big to compute Arnoldi
up to this m. It often suffices to use a Krylov subspace with small dimension
for approximating eigenvalues and eigenvectors. If we only want a small
number of eigenvalues then a small dimension of the search space suffices.

With (2.5) we get estimates for the eigenvalue/eigenvector residual. Let

ugk) = kal(-k) be a Ritz vector with Ritz value ng), then
Au® — gu® — A0, _ g0 0,s®
= (AQx — QuHp)s") = hy 1 paprrefs”.
Therefore we have

1A =6 1P |y = hyr iles™).

i
Since H,, is a small upper Hessenberg matrix the calculation of its eigen-
vectors and eigenvalues is easily done by QR decomposition.

2.6.2 Implicitely restarted Arnoldi

We start by computing m > n steps of Arnoldi where n is the number of
eigenvalues we want to compute.

Algorithm 2.2 m-step Arnoldi iteration
qi = x/||x|; z:= Aqi; a1 :=qjz
ry =z —a1q1; Q1= (qu); Hy = (1)
for j=1,....m—1do

Bj = x|l

qj+1:=1;/5;

Qj+1 = (Qj,qj+1)

Hj = Hi ) e pirid
Bie€;

z 1= Aq;

h:=Qj,,2 rji1:=2z—Qju1ih
Hjiy1:= (Hj,h)
end for

Remark. Classical Gram-Schmidt

h:=Qjz, 1j41:=2—-Qjuh

may not lead to sufficient orthogonality. So, often the orthogonalization is
iterated

h = Qj,,2, rj+1:=2— Qjih

.— * -—_ -—
C: = Qj+1rj+17 rjy1 :=rj41 — Qj+1c h:=h+c.
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This may be repeated but is seldomly necessary. O
This gives us the Arnoldi relation

AQm - QmHm + rme:l

with
'm = 5mqm+17 HQm—I—IHQ =1

If B, = 0 then we have seen that the Ritz values and vectors are eigenvalues
and eigenvectors of A.
Realistically we hope that 5, is small. Then

AQm - rme:n = (A - rmq:n)Qm = QmHm-

Therefore ran(@,,) is invariant under A + E with E being a small per-
turbation with ||E| = ||ry|| = |Bm|.- This gives us that well-conditioned
eigenvalues of H,, are good approximations of eigenvalues of A.

Now we ask ourselves how to get a starting vector q; such that 3,
becomes small, while we get closer to our desired eigenvalues?

We do this by applying & < m implicit QR steps with shifts pq,..., ug
to Hy,. This is done in alg. 2.3.

Algorithm 2.3 £ implicit QR-steps on H,,
HY=H,
fori=1,...,k do
HY = VZ*H;;V@ with Hnt — u; I = V;R; as the QR-decomposition
end for

How do we choose these shifts? The strategy employed by ARPACK
calculates the eigenvalues of H,, and those which fit least our desired eigen-
values are chosen as shifts. We’ll see why this makes sense after we have
looked at what we get from our QR-steps.

We define

vVt .= Vi Vi

which is a product of k£ unitary Hessenberg matrices, therefore it is a unitary
matrix with k£ nonzero off-diagonals below the main diagonal. Define

QL =Quv", H:=({V"H,VT.

Then
AQuV™T = Qu VT (VI *H, VT +rpef VT

or

AQ) = QFHY +rpel V. (2.6)
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VT has k nonzero off-diagonals, so
eVt =(0,...,0,%,...,%), k+p=m.
——— ——
p—1 k+1

We then discard the last k& columns of (2.6), using the matlab notation for
slices,
AQu [ 1+ pl = QL HL L1 p] + rmel, VI 1 p]
=Q 1 :plH 1 :p,1:p] + h;ﬁrl’p qp + 1+e; + vj,;’prme;
——

Ba
= QA1 plH AL i p, 1 pl + (gt bty + e ) e
e

This is again an Arnoldi relation, since Q;!, is as a product of an ONB with a
unitary matrix itself an ONB. It is an ONB of the Krylov space K,(q;, 4).

Now we can look at why ARPACK’s strategy is sensible. The Arnoldi
relation gives

(A - Ml)Qm = Qm(Hm - MII) + rme;kn = Qm‘/iRl + rme:;1~

Then we look at the first comlumn of this equation

(A—pil)qr = QuVieir 1 +0 = qﬁl)m.

This means by multiplying Q,, with V; we have made q(ll) a multiple of

(A= p1)ai-

If p; is an eigenvalue of A then (A — p1)qq removes the component of
q:1 in the direction of the corresponding eigenvector. In general if u; is
close to an eigenvalue then (A — uq)q; has only a small component in the
direction of the corresponding eigenvector to nearby eigenvalues. Then we
apply the next QR steps by multiplying V5, ..., Vi and each time we remove
the corresponding eigenvector from qll).

Therefore the Krylov space ICp(qf, A) doesn’t contain the approximate
eigenspace of ;. Since we already have the Arnoldi relation of ICp(qf, A)
we only need k steps of Arnoldi to gain KC,,(q], A)

This leads to the TRA algorithm 2.4.

Remark. There is the danger of recovering the same Ritz values in each
iteration. Thus other strategies have been proposed but experiments show
that the original strategy mostly works best. O
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Algorithm 2.4 Implicitely restarted Arnoldi (IRA)
Let the Arnoldi relation AQ,, = QmHy, + rime), be given.
repeat

Determine k shifts uq, ..., ug
vii=e},
fori=1,...,kdo
H,, — u;I = V;R; by QR-decomposition
Hy, =V H,V;
Qm = QnV;
vl = v*V;

end for

Tp i= i1 B + T Vi

Qp = Qm[:a 1 :p]

H,:=Hpy[l:p,1:p]

Start with

AQp = QpH), + rpe;
k additional steps of Arnoldi until

AQm = QmHm + rme:n

until convergence

Convergence criterion
Let Hy,s = 0s with ||s|]| = 1. Let X = Q.,s, then
1A% — 6% = | AQmS — QuHpms|| = ||r|[lef,| = Bimlens|.
We have
(A+E)x=0%, E=-rtndy, [Bll=]rul=5n
Theorem 6. If A € o(A) is simple and 6 is an eigenvalue of A+ E closest

to A\, then

| E]
A —0] < vTx + O(|E|?),

where y,x are left and right eigenvectors of E corresponding to A.

A similar statement holds for eigenvectors, but then the distance to the
next eigenvalue is also used.

In ARPACK a pair (6,%) counts as converged if for a fixed tolerance tol
there holds S,,|el s| < max(eps||Hy|,tol|d]). As |0 < ||H.n| < ||A| there
holds || E|| < tol||A|| at convergence. Therefore well-condtioned eigenvalues
are well approximated.
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2.6.3 Shift invert method

To find eigenvalues close to a value o one can use the shift-invert method,
which works by searching the largest eigenvalues of (A — o I)~!. This works
because if A is an eigenvalue of A with corresponding eigenvector x then

1
A—o

(A—ol) 'x = x
and therefore 1/(\ — o) is an eigenvalue of (A — oI)~! with eigenvector x.
The application of (A — oI)~! can be done by using an iterative solver for
linear equation systems since the IRA doesn’t need the matrix A itself but
rather only the matrix-vector-multiplication Ax =y.

2.7 Multigrid preconditioning

We'll use multigrid for the preconditioner that I'll describe in section 3.10.
Let’s look at this method now. For a closer look at iterative solvers and
preconditioning see [3].

If one looks at the error of the damped Jacobi iteration solver one ob-
serves that high frequencies of the error are reduced very quickly while low
frequencies are hardly reduced. Thus we might want to construct a method
that uses two principles:

e damped Jacobi for reducing high frequencies,

e another method for reducing low frequencies.

This leads to the two grid method.

2.7.1 Two Grid (TG)

Here we’ll describe our vectors with u]', where n is the dimension of the
problem and m is the number of smoother iterations.

After a few steps of damped Jacobi our error is already smooth. This
means it may be large but not strongly varying. The idea then is to construct
a good approximation of the error e} on a coarser mesh.

This leads to the two grid method which uses these two steps:

1. Smoothing step: apply m-steps of damped Jacobi onto Ayuy = by
leading to u’y.

2. Coarse grid correction (CGC): Use the relation
r=b— Au=Au" — Au= A(u* —u) = A(—e),

where u* is the correct solution and solve a related problem of size
n < N, whose solution approximates the error ef; = uy; — u}. Then
utilize this approximation to correct u’y.
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How is the coarse grid correction done in an algebric way?

We approximate the original matrix Ay by a coarse version A,, N > n.
Thus we need a restriction operator I, y and a prolongation operator Py j,
between solution spaces of dimension N and n. Then CGC is realized by

uft — ulf = ul + Py oA, R, v(by — Ayul).
—_———

=rll=An(—e)

We see that Py, A, 'R, v shall approximate Az_\fl-

Algorithm 2.5 CGC
Compute residual r’y; := by — Ayufy
Restrict r))' := R, NTy
Solve A0, =1}
Prolongate and add u]:C,G =u} + Pn oy

In algorithm 2.5 the coarse grid correction Py 0, is an approximation
of the error —e = uj, — uf;. The matrix Py A4, lRm ~ has reduced rank.
Therefore the error amplification matrix

G%GC =1Iy— PN,nAgan,NAN

cannot be a contraction since G%chn = v, for v,, € ker(R, n). The
elements of ker(R, n) are typically unsmooth objects thus this method is
only useful in conjunction with a smoother. One can also use the smoother
again afterwards for post-smoothing. The smoother may also not be damped
Jacobi (eg. GauB-Seidel).

Galerkin CGC

In the case of Galerkin methods it is appropriate to use a weak form of CGC,
involving Galerkin orthogonality. Let u € RY be the exact solution of

Ayuy =by Ay € ]RNXN

and approximate in a smaller subspace of RV. The equation is equivalent
to

Find uy € Vi, such that (ANuN,WN) == (bN,WN) Ywy € V.

Now let V,, C Viy be a subspace of dimension n < N. The corresponding
Galerkin approximation then is

Find u, € V,, such that (Ayuy,, wy,) = (b,,w,) Vw, € V,. (2.7)
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We reformulate this by defining Py, := (pL,...,p?) € RV*" with a basis
{pL,....,p"} of V,,. If we then write v,, = Py ¥, with y,, € R” then (2.7)
is equivalent to

Find y,, € R", such that (ANPnnYn, Pnnzn) = (bn, Pnnzn) Vzn, € R?,
which is equivalent to
Find solution y, € R" of PﬁnANPN,nyn = P]:\F,mbN.
Then we observe that
e Py, is our prolongation matrix,

e Ry N = P]i',:n is our restriction matrix.

Remark. The Galerkin residual orthogonality holds. We can see this by
rearranging (2.7):

Find v,, € V,, such that r,, = by — Axyv,, L V,,.

For SPD matrices then the best approximation property follows in the energy
norm || - |lay:
[vn —ujllay = min [[wy, —u[lay-
wn €V,

n

We therefore get the Galerkin CGC by using

Galerki T
Ana erkin _ PN,nANPN,n

with appropriately chosen Py, for our coarse grid approximation for An.
Due to the remark we have for Ay SPD:

G .
[uh™ = uillay = 1Pnndn — () ]lay = min [[w, — (—ef)[ay,
wn €V,

n

therefore
(Prnbn — (—€3)) Lay Vi

TG in FEM

Here for notation we use instead of the dimension N, n the mesh sizes h (fine)
and H (coarse). Our nodal basis functions then are v, ;, i = 1,...,N =
dim(ffh). For all G, € U, denote the vector of coefficients in nodal basis
as up. Let uj' be after m smoothing steps and )" € ﬁh and the error
ey’ = ;' —u; at level h. TG seeks

A
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with 8 € Uy C U,. We aim for 8y to be the best approximation to
—e7;. This means that we seek 0 such that the error in the energy norm
is minimized. By Galerkin orthogonality we get:
a((ﬁzl+3H)—ﬁz,VA\7H) =0 Vwgy EﬁH.
This leads to:
Find 3H S UH, such that a(SH,virH) = a(—éZ",WH) VWH S 0]{ (2.8)
which is equivalent to

Find 3[{ S UH, such that a(3H,WH) = b(WH) — a(ﬁZ‘,vi/H) VWH S [A]H

where the righthandside is the residual of G5, in a weak sense.

Note that (07 + éhm) J_a(.’.) Ug.

Associate now 8, W, with their coefficient vectors and the embedding
Un C Uy, with the prolongation matrix Py, . Then (2.8) becomes

Find (Sh, such that (Ahph,HdH, Ph,HWH) = (er’ Ph,HWH) VWH c Rdim(UH)
with r}* = by, — AthL.

Remark. P,y is the Galerkin prolongation matrix. For an SPD problem
it makes sense to choose Ry j, = PhT 5 because

Ap = AR = Ry ApPo = Py AnPon

is also SPD.

In general A%‘”e’”km = Ay does not hold necessarily. General multigrid
methods work with Ay given by the discretization from the coarse level.
Also different choices for Py, i and Ry, are possible. O

TG as a preconditioner

If we use TG as a preconditioner we simply use TG applied to Ae = r
starting from €y = 0 for r being the residual r = b — Au of any given iterate
u to approximate the error

e=¢co+T(r—Agy) =Tr =~ —e.
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2.7.2 Multigrid (MG)

The coarse grid problem has the same type as the original problem, therefore
we get the idea to proceed recursively:

Instead of solving on the coarse grid we use TG again, ie. we apply the
smoother and CGC to get a problem on an even coarser grid. We repeat
this until the problem is sufficiently small to solve directly.

Suppose we have a sequence of meshes Ty, £ =0,1,... with correspond-
ing approximation spaces Up. For simplicity we assume that the spaces
Us C ﬁg+1 are nested for £ =0,1,... with Ny, = dim(Ug).

The spaces Ug are spanned by bases. The natural embedding Ug C UgH
then corresponds to the prolongation Py, € RNe+1xNe Rypi1 = PZFM.
Let Ay be the matrix coming from a(-,-) at level £.

It may be possible to choose Py 1 such that

T
Ap1 =Py 1 AP

remains valid. This facilitates the convergence analysis but the MG algo-
rithm doesn’t depend on this. It may not be valid or even desirable. Even
a choice Ry_1 4 # PZTK_1 may be reasonable.

The algorithm that we get from this strategy is algorithm 2.7.2 with
Mpre pre-smoothing steps and myes; post-smoothing steps. It is called V-
cycle (fig. 2.4).

Algorithm 2.6 Basic MG (V-cycle)
MG(ug, b, ¢)
if level £ is sufficiently small then
compute Au = b directly
else
do m = my,. steps of smoothing with initial guess ug to gain u’y
ry, =b— Ay
d =MG(0, Ry_1vm, 0 — 1)
u= uTN” + P&g_l(s
do m = Mmyest steps of smoothing with initial guess u to gain u
end if

return u

W-cycle, u-cycle

One may attempt to improve the approximation by p repeated recursive
calls. This leads to the p-cycle (algorithm 2.7.2).
The case pu =1 is the V-cycle, u = 2 is called the W-cycle (fig. 2.7.2).
For the convergence analysis one gets an iteration matrix that is in re-
cursive form. This leads to a recursive formula for convergence depending
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finest grid

coarsest grid

Figure 2.4: V-cycle

Algorithm 2.7 p-cycle
MG(ug, b, ¢, 1)
if level ¢ is sufficiently small then
compute Au = b directly
else

do m = my,. steps of smoothing with initial guess ug to gain u’y;

r, =b— Al

6@ =0

forv=1,...,udo

W) =MG(6W Y Ry grm, £ — 1, 1)

end for

=ul + Py 16"

do m = myest steps of smoothing with initial guess u to gain u
end if
return u

finest grid

coarsest grid

Figure 2.5: W-cycle
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finest grid

coarsest grid

Figure 2.6: FMG

on the TG convergence rate. This makes the convergence analysis not easy
(see [3] for more details).

Remark. Nested iteration and Full Multigrid (FMG)
If one needs a useful starting vector for the iteration one can use the following
strategy:

Start at coarsest level and prolongate upwards to the next finer level
where it is used as the starting vector for the next new MG cycle. Repeat
this until you arrive at the finest level (fig. 2.7.2). For an in depth description
see [3].

O



Chapter 3

The Navier-Stokes Equation

The main sources for this chapter are [4], [5] and [6].

Mathematically flow is a continuous transformation of three-dimensional
space onto itself. It describes the position of a fluid particle P with starting
position X = (X,Y,Z) (at t = 0) at times ¢ > 0, then it is at position
x = (2,9, z). The transformation is described by

x = ¢(X,1).

Under the assumption that different particles remain distuinguishable (and
assumptions about the differentiability of ¢) this function is locally invert-
ible,

X = ®(x,t).

Most of the time one is interested in certain properties of the flow at fixed
points in space, such as density or velocity of the flow

p=p(x,t), u=nu(x,t).

This view with fixed points (x,t) is called Euler’s view and (x,t) are
called (space-fixed) Euler variables. In contrast the variables (X, t) are called
(mass-fixed) Lagrange variables. Everything describable by (x,t) is also de-
scribable by (X, t). For an arbitrary field b the two different time derivatives
are written as

ob  db(x,t) Db 9b(X,t)

ot ot Dt ot
% is called material derivative and it is the temporal alteration of b
while following a particle. % is the alteration of b at the fixed position x.
The particle velocity is defined by
_ Dx
U=
The particle acceleration then is given by
~_ Du
a=_

27
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This can be calculated

Du ou Dx oOu

In general there holds
Db 0b

for an arbitrary field b.
Fluid dynamics is governed by three laws of conservation:

e conservation of mass,
e conservation of momentum,
e conservation of energy.

The Navier-Stokes equation is derived from conservation of momentum
but we’ll also give the others here for completeness. One theorem needed to
derive the equations is Reynolds transport theorem.

3.1 Transport theorem
We’ll show the transport theorem but first we also need to see how an in-

finitesimal volume dV changes in the flow. This is given by the determinant
of the Jacobian of ¢

o o o
det(X,1) = 2B¥2) |G G 6
ooXxyY,z) (|5 R

o0X 9y 0Z

We'll need the material derivative of detJ. With Laplace expansion of de-
terminants one can show:

D(det.J)

Tl detJV - u = detJdiv(u).

If the flow is incompressible there can’t be any change in volume, thus

D(%e; J) 0. This means

div(u) = 0.

Theorem 7. Let b(x,t) be an arbitrary field. Then there holds

D/ /ab ?{
— bdV = —dV + b(u-n)doO.
Dt Jy v ot v ( )
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Proof. Let V(t) be a (mass-fixed) flowing control volume and b(x,t) an
arbitrary field. Then there holds

/ bdV = b(X,t)|detJ (X, t)|dVy , Vo = V(0).
\% Vo

The material derivative then is given by

D D
| bav = |de tJ| et 71 gy,
Dt Ve Dt

Db
:/ (Dt+bdw( )) |det J|d Vo
/+bd1v )dV = /+d1vbu )dVv.

The last equation holds due to div(bu) = bdiv(u) + (u- V)b. With Gauf’
theorem we then get the result. O

3.2 Conservation of mass (continuity equation)

When p(x,t) > 0 denotes the density the integral continuity equation is

Dp D Dm

For arbitrary V we get the differential continuity equation

D 0
Ff + pdiv(u) = 8—': + div(pu) = 0.
A nice result one can get with this and Reynolds transport theorem for

an arbitrary field b is

D Db
bdV = [ p=— dV. 3.1
G /vat (3.1)

3.3 Conservation of momentum (Equation of mo-
tion)

One can alter momentum by putting stress on orthogonal to the surface
of the control volume, by an outer force g per mass (like gravity, or elec-
tromagnetic force) or a force K on the flow by a body inside the volume
(holding force). This gives us the integral equation of motion

pudV ?{ Und0+/,0ng+K.
Dt ov v
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We get the differential form by using K = 0, Gauf3’ theorem and the
result of the transport theorem (3.1) for arbitrary V'

Du_ ani+
"Dt ~ — Oz; re

Very often the stress tensor ¢ is split into the inner friction stress tensor
o' and the part pI € R3*3, which comes from the pressure p:

o:=0 —pl.

Then the equation of motion reads
Du o',
S v/ __J )
Poy P+ Zj: 5w, T VB
3.4 Conservation of energy

The kinetic and inner energy are altered by surface- and volume forces, the
power L which comes from K and the heat flow q:

D .
— p(HJre) dvzj[ uandO—F/pu'ngﬂLL—j{ q-ndO.
Dt Jyv 2 oV v av

With Gauf}’ theorem

D /u-u 0 :
"Dr (? + 6) = Zz]: T%(Uigﬁ) + pu- g —div(q).

We can get the first law of thermodynamics out of this

De pDp , Ou; )
= 077 = S| ,
P <Dt p Dt ) Z 7ii Oz; v(a)

Z?]
With Gibbs’ equation de = T'ds — pdV we get different forms:

De pDp Ds Dh  Dp
p(pe—22l) =T =
Dt  pDt

DT Dp

The full derivation of these equations can be found in [4].
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3.5 Derivation of the Navier-Stokes equation

We derive the Navier-Stokes equation from the equation of motion. There-
fore we need to describe the stress tensor o. For a perfect fluid (no inner
friction) we get

o=-pl, o =0. (3.2)

In the following we’ll need this definition
1
D = §(Vu + vu®).

A fluid is called a Stokes’ fluid if it fulfills Stokes’ postulates:

1. o is a continuous function of D and is independent of other kinematic
variables.

2. o is independent of the position x in space.
3. There is no special direction in space (isotropy).

4. If D =0 then 0 = —pl.

If we additionally demand linear dependency o = f(D) we get the ma-
terial equation for Newtonian fluids

o=0! = (—p+@div(u))I + 2uD.
Here i(p,T') is the volume viscosity and p(p,T) is the dynamic viscosity
(shear viscosity). For incompressible flow div(u) = 0 there holds u = p(7T).
With these we get the compressible Navier-Stokes equation

u q.
P55 = —Vp+ V(adiviu) + ;(QMD@) +pg.

For a perfect fluid (with (3.2)) we get the Euler equation

Du
N vi
th D+ pg

and for an incompressible Newtonian fluid we get the incompressible Navier-

Stokes equation

Du 1 W
— =—-V —A
Di p p+p u+g,

since

E)Dij . aQUi 82Uj . 8 . .
22 9z, Zj: 9,01, + ZJ: Dwdw; Au; + 3xidw(u) = Au;.

J

We call v = u/p the kinematic viscosity. So the incompressible Navier-
Stokes equation reads as

é(;ltl—i-(u-V)u:—;Vp—i—z/Au—i—g.
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3.6 Dimensionless form

To get a form that is independent of the scale of the problem we use charac-
teristic numbers and reference quantities which are relevant to the problem.
We divide our quantities with their corresponding reference quantities (e.g.
for the pipe the reference length L would be the pipe diameter)

_ P D _ 8
y P=—"P= =, €= —
Pr br gr Hor Hor

(the tilde and the index r are denoting the original quantities and the refer-
ence quantities respectively) and if we then use these in the incompressible
Navier-Stokes equation we get the following form:

Srpaui + Zpuj 8%‘ =...
J

T =

ot Ox;

u op + i 0
dx; Re \ O0z;

. 0 1
-=—E (Ediv(u)) + > %(QMDU) + gzl
j J

The characteristic numbers which now describe our problem are the
Strouhal-number

L
Sri= — (reduced frequency),
Ur
the Euler-number _
Dr
Eu = =
prU?

which is important whenever pressure and acceleration forces are a main
factor of the problem, the Froude-number
U
Fr := ,
gL

which is similar to the Mach-number, and finally the Reynolds-number

GLs G,

R
which gives the relation between inertia forces and friction forces in the
flow. We will look at the stationary (Sr = 0) incompressible Navier-Stokes
equation, where p = 1, Eu = 1 and Fr = 1. Now we get the form of the
Navier-Stokes equation we will look at:

e

Re =

)

1

—Vp+ Re

Au— (u-V)u= —ey,
div(u) = 0.
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I'p
Fper,l Fper,2
T
= u
n; ng
k&

Figure 3.1: Sketch of the pipe

o)

S

~

3.7 Description of our Problem

We will be looking at pipe flow on the domain 2 with periodic in- and
outflow (I'per,1, I'per,2) and no-slip condition (Dirichlet boundary I'p) on the
pipe wall. With figure 3.1, where I'p describes the pipe wall we have the
following problem:

Find (u,p), such that

1
—R—Au+(u'V)u+Vp:f ,on €,
e
div(u) =0 ,on )
u=20 ,on I'p,
u‘Fper,l = u‘rpe'r,2'

This problem is not fully specified since the equation depends on the gradient
of the pressure but not the pressure itself. Therefore the pressure is only
unique up to additive constants. Thus we need another condition, we fix

this by demanding
/ p=0.
Q

But this still isn’t enough, due to the periodic boundary conditions. This
can be seen by looking at the linear subspace

0
V= KEN IS —<_32 +42)

Every element v € U solves the equation for f = 0 and radius of the pipe
r = 1. To fix this usually a jump condition on the pressure is used

p|Fpe'r,1 - p|Fper,2 = C,

with a prescribed constant c¢. So, we have the problem in the following form
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Find (u,p), such that
1

ReAu—(u-V)u—Vp:f ,on €,
div(u) =0 ,on )
u=20 ,on I'p,

u’Fpe'r,l = u|Fpe7‘,2 ?

p‘rpe'r,l - p’Fper,2 = c?
/ p=0.
Q

3.8 Analysis of the Navier-Stokes equation

3.8.1 Solving the nonlinear equation

We need to solve the nonlinear Navier-Stokes equation

1
—ﬁAu+(u-V)u+Vp:0,

div(u) = 0.
which has the form F(u) = 0. Thus we need an iterative method like
newton’s method to solve this.

Uyt = Uy, — DuF(un)_lun

where Dy F is the Fréchet derivative of F'.
Recall the definition of the Fréchet derivative.

Definition 6. F : X XY — Z is Fréchet differentiable in X at (ug,vo) if
there exists a bounded linear operator D, F € L(X,Z) such that

lim HF(uo + h, U()) — F(UO,U()) — (DuF)hHZ

=0.
h—0 I17] x
This operator is called the Fréchet derivative.

Now we need to calculate the Fréchet derivative of our operator F'. The
only nonlinear term is (u - V)u, so it suffices to look at this term.

((up+h)-V)(ug+ h) — (ug- V)ug — (D, F)h =
(uo . V)uo + (h . V)uo + (110 . V)h + (h . V)h — (uo . V)UQ — (DuF)h

So, if we set D, F := (.- V)ug + (ug - V). and show

o D)l
h—=0 ||l g
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we have our linearization. With Poincaré’s equation we have

I(h-)hllge _ [lAll2 VAl IVRIG. _ IVARIZ
1Pl = (Rl [Pl — (VA2

This now gives us our linearized problem:

1
—ﬁAu—l—(w'V)u—i-(u-V)w—i-Vp:f,
div(u) =0,

with w an arbitrary vector. In the case of Newton’s method w would be the
solution u, from the previous step. In our further analysis we will therefore
look at this problem with arbitrary w with div(w) = 0. There are often two
different main linearizations used, Newton’s iteration and the Picard itera-
tion. The Picard iteration omits the term (u-V)w, the operator arising from
this linearization is called Oseen’s operator. It converges linearly globally.
Newton’s method converges quadratically but only if w is in a small neigh-
bourhood of u. For higher Reynolds numbers this neighbourhood becomes
smaller.

Weak Form

Now we derive the weak form of our linearized problem with our boundary
condtitions

—éAu—i—(w'V)u—i—(u-V)w—i—Vp:f,
div(u) =0,
ulr, =0,

ulr,e = Ul

p|Fper,1 - p‘rper,2 =cC

We start by multiplying the first equation with smooth periodic testfunctions
v

—1/Au-v—l—/(W-V)u-v—}—/(u-V)w-v—l—/VpV:/f-V.
Re Jq Q 0 Q Q

Now we use integration by parts on the diffusion term and the pressure term.
First we’ll look at the diffusion term. If we denote the boundary as I' we

get
/Au-V:—/Vu-Vv+/(Vu)n-v.
Q Q r
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Take a closer look at the boundary term

/F(Vu)n.v:/FD(Vu)n.v_|_/F
/FWJ(VH)IH V= — /FW’Q(Vu)HQ v

The second equation holds because v = 0 on I'p and the third equation
holds because u, v are periodic and ny = —ny. Therefore

/F(Vu)n-V:O.

Now we’ll look at the pressure term. Before we use integration by parts we
use the linearity of the term by splitting the pressure into a periodic part
and a part which satisfies the jump condition

(Vu)n; - v +/ (Vu)ny - v,

per,1 Fpe'r,2

D = Dper + Piq)-

We'll choose a function for py. A simple choice is a linear function along
the domain (in our case the pipe). For our specific problem we can choose

C
Pl = ZZ

if ¢ is the length of the pipe and the point of origin is in the middle of the

pipe so that
/Q g =0

is satisfied. We then can split the pressure term

/Vp~V—/Vpper~v+/Vp[c]-V—/Vppe,q-v—i—/
Q Q Q Q Q

We put the jump term on the righthandside of the equation. Now we use
integration by parts on the periodic term.

/ vpper V= / pperdiv(v) - /pperv -1,
Q Q T

/ PperV -1 =0 since v|r, =0,
I'p

/ Pper - M1 = / Pper - N2
r r

per,1 per,2

sl © O
<
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since pper, Vv are periodic and no = —n;. Similar to before the second
equation holds because v = 0 on I'p and the third equation holds because
Dper, V are periodic and ny = —n;. Therefore

/pper-V:O.
r

We then get the weak formulation of our first equation

/Vu Vv+/g(w Viu- v—&—/ﬂ(u V)w - v—/pPElev( ) =

/f V—/Vp[c]

We get our second equation by simply multiplying with a smooth testfunc-

tion ¢
/ div(u)g = 0.
Q

So we now have our weak form for smooth functions but we can use bigger
spaces. For our velocity functions we can use H' but we have to modify it
so that it fulfills the Dirichlet and the periodic boundary conditions

(H(%,per)g = {V € (Hl)g : V’FD = 07 V|Fper,1 = V|Fper,2}'

Since there is no weak derivative of the pressure pp., in the equation it seems
that we could use L?2 but since we need to impose a periodic boundary con-
dition on ppe, and on L?-functions there cannot be prescribed any boundary
conditions we need to use a periodic H' space instead

1 1
LO m Hper = {q € H : /q = 07 q|Fp€T',1 = q|Fpe7',2}'
After solving we then get the correct solution by adding
D = Pper T+ Pi-

3.8.2 Analysis of the linearized problem

Our linearized problem

1
—ﬁAu+(u~V)W+(W-V)u+Vp:f ,on ),
div(u) =0 ,on
u=up ,onI'p,
u|Fper,1 = u‘FperJ’

p’Fper,l _p|Fper,2 = C,
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with div(w) = 0 transforms into the weak form
/Vqu +/ -Vu-v+(u-V)w-v — /div(v)p =

—/fV—/Vp[C]-V Vv eV,
Q

/div(u)q =0 Yq € Q,

with V' = (Hj,,)* and Q = L§ N Hy,,. We have the form

per:

a(u,v) 4+ b(v,p) = £(v),
b(u7 Q) =0,

with

1
a(u,v) = —%Au +(u-V)w+ (w-V)u,

b(v,p) = / div(v)p.

For our problem to be uniquely solvable we have to show continuity of
a and b, kernel-coercivity of a

a(u,u) > [[ul%, Vue Vp:={veV:bv,p) =0VpeQ}
={v eV :div(v) =0}
and the LBB condition for b

sup 209

aev, [[ullv
u£0

> fillalle Vg € Q.

Let’s start with the continuity and coercivity of a. a can be split into three
terms:

a(u,u) = a1(u,v) + c¢(w;u,v) +d(w;u,v),

a(uv) = [ Vuvy,
c(w;u,v) = /(W -V)u-v
d(w;u,v) = /(u-V)W v

For Picard iteration the bilinearform d is omitted.

Theorem 8. The bilinearform a is continuous.
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Proof. [6] p284 O
Theorem 9. Let w € V with div(w) = 0. Then it follows:
1. For the Picard iteration the bilinearform a is coercive
a(u,u) > al|ul|?, YueV.
2. For the Newton iteration the bilinearform a is coercive in a neighbour-

hood of w
a(u,u) > al|ul/3, Vu € U (w).

Proof. The coercivity of a; is easily seen as it is the coercivity of the Laplace
operator. The bilinearform ¢(w;u,v) is often said to be skew-self-adjoint
c¢(w;u,v) = —c¢(w; v,u). By using Green’s formula (,where H(div, ) is the
space of all L?(€2) functions, with a bounded weak divergence,)

(Ua v¢) + (diV(U), ¢) = <U n, ¢)>F Vo € H(dlvv Q)v \V/(;S € Hl(Q)’ (33)
we will show this being the case if there are no Neumann conditions.

N N
ou; 1 O(u?)
c(w;u,u) = g /ij o, udr = 3 E /ij oz, dz =

i,j=1 i,j=1
_1 2
= 2¥/w V(uy)dx (3.4)

| X
=—= / div(w)u?dz — [ w-n(u?)ds
215 Ve

r
=0.

In the last step we used div(w) = 0 and that w satisfies the Dirichlet
boundary condition and the periodic boundary condition.

Finally for the Newton iteration we use continuity of d: Let w =u+r
with ||r|| g1 < e, then

d(w;u,u) = d(u;u,u) 4 d(r;u, u)

Since d(u;u,u) = c¢(u;u,u) = 0 (> 0 for outflow boundary) and with
continuity of d
jd(r;u, )| < eClullf,

it follows that
d(w;u,u) > —C||ulj?,.

Using this we can set € small enough that
a(u,u) - Cellul[F > aof[uF

Therefore a is coercive in a small neighbourhood of w. O
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Remark. The last part in the proof shows why the Newton iteration only

converges if the initial guess is in a small neighbourhood of the solution. [J

Remark. If we have Neumann conditions we get in (3.4) instead of 0 the

term 1
h(u) = / u’w - n.
2 Jry

This is nonnegative on an outflow boundary (w-n > 0). O

Now we’ll look at continuity and the LBB-condition of b.
Theorem 10. The bilinearform b is continuous in V and Q.

Proof.

/QdiV(V)q < |div(v)lizzllgllze < [Vviizzllglize < vl llalle-

O

For the LBB-condition we start by showing the LBB-condition for the
spaces v € (H})3 and p € L3. We need two results first

Lemma 1. Let f be in the dual space H=1(Q)N of H-Y(Q)N. If it satisfies
(f,v)=0 VYveVy={veHHY : div(v)=0}
then there exists p € L?, such that
f=Vp
When Q is connected, p is unique up to additive constants.

Proof. V € L(L?, H-1(Q)N) is the dual operator of -div € L(H}(2), L?(Q))
due to Green’s formula (3.3). Since ran(V) is a closed subspace of H~(Q),
there holds

ran(V) = ran(V) = *(ran(V)") = % (ker(div)) = 4.
Where 9V} is:
Vo={ye HYQ)N : (y,v) =0 Vv €V}

Therefore the lemma is proven. ]
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We split HZ ()N orthogonally by
Hy()N =Voo V*
Corollary 1. Let €} be connected. Then
1. the operator NV is an isomorphism of L3(Q) onto Vg,

2. the operator div is an isomorphism of V- onto L3(Q).

Proof. 1.V € L(L3(2),°V). Lemma 1 shows that this is a bijection.
Since °1} and L(Q) are Banach spaces, it follows that V is an isomor-
phism.

2. Since div is the dual operator of —V, div is an isomorphism from (°V;)’
onto (L2)". Now we prove that (°Vp) can be identified with (V1)

Take any g € (V1)', we extend g to H} by setting
(&v)=(gv") VYveH;

where v is the orthogonal projection of v onto V+. Then g € °1}
and the linear mapping g +— g maps isometrically (V1) onto V4.
O

With these results we can show the LBB-condition for (H{(92))"Y and
LE(Q).

Lemma 2. The bilinearform b satisfies the LBB-condition for the spaces
(Hg ()Y and L§(9):

b(v,q) (div(v),q)
sup = V)49
vei@)N VIl ey IvIm

> Bllallze Vg€ L3(9Q).

Proof. Let g € L3(£2). Due to corollary 1 above there exists a unique func-
tion v € V*, such that

div(v) =q, |[vlm < Cllallr:-

Thus lall2
div(v), q q 1
(Celha) _ L > Zgle
[l o 1Vl
With g = 1/C the statement follows. O

(see [6].) Now the LBB-condition for the spaces V' and @ we use follows
from this lemma 2.

Corollary 2. The bilinearform b satisfies the LBB-condition for V and Q:

b(v,q)
sup
veV ||V||H1

> Bllallzz Ve Q.
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Proof. Since (H})3 C V and Q C L2 there holds

b b
(v.0) o UV0)
vev [Vl ve(H)3 [Vl g2

> Bllgllz: Vg € LE.

It follows
b(v,q)
sup

vev HVHHl

> Bllall: Ve Q.

3.8.3 Numerics of the linearized problem

The first finite element space we’d think about for the Navier-Stokes equa-
tion would be piecewise linear continuous basis functions in the velocity
space and piecewise constant discontinuous basis functions in the pressure
space.

This doesn’t work, the inf-sup condition cannot be shown. An easy way
to see this is to think about the number of degrees of freedom. There are
simply more triangles/tetrahedrons than vertices.

The simplest finite element space that works in 2D is the following: With
barycentric coordinates A1, Ao, A3, which are linear functions that are 1 on
the corresponding vertex and 0 on the other vertices, and the outer normal
vectors nj, ng, n3 on the edges of a triangle define

P1 = N1A2A3, P2 1= N2A3)\1, P3 1= N3\ g,
P1(k) := P{ + span{p1, P2, P3},
Wy = {w € C%(Q)? : w|,. € Pi(r), V& € Tp},
X, i= Wy, N HY(Q)?,
Qn={q€ L*Q): qlx € Py, Vk € Tp},
My, == Qn N L3(9).

(3.5)

I will not show its inf-sup condition here, for a proof see [6]. Most of the
time (if we have subsonic velocities or our setup with the periodic pressure
space) we won't see discontinuous pressures. Due to this we would like to
have a discretisation that has continuous pressures. This leads us to one of
the more famous elements for the Navier-Stokes equation, the Hood-Taylor
element:

Xy, = {vel®Q)?:v|, e P Y e Tp, v|r =0},
Qn:={qecC’Q):qlxc P, keT},
My, = Qn N L3 ().

I will here show the proof for the twodimensional case for p = 1. Sadly its not
that easy to generalize the proof to tetrahedrons, although according to [5]
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it is possible to use a similar approach and it can be done but they didn’t
give a reference to this proof and I wasn’t able to find a proof anywhere else.
They give, however, a proof for bricks, which I will not do here because I
used tetrahedrons for the calculations.

First we need to look at an important theorem which lets us prove the
global inf-sup condition if we are able to prove a local inf-sup condition.

Theorem 11. Let W, € HY(Q)Y, Qp C L*(Q) with R C Qy, be two finite
dimensional spaces and

Xp, =Wy, N HY QN = {v € W), : vi|r,, = 0},
My = Qn N L3(Q) = {an € Qi - /Qqhdsc — 0},

Q shall be able to be partitioned into a finite number of disjoint Lipschitz-
continuous open subsets €. with boundary I';.:

R
a-o.

r=1

For 1 <r < R define

Xp(Q) ={veX,:v=0inQ\Q},
Qn(2) :={dlo, 1 q € Qn},
M (Qr) = Qu(€r) N L§(Sr),
My, = {q € L3(Q) : q|q, is constant, 1 <r < R}.

If the pair (X, My) satisfies: There exists a constant \* > 0, independent
of h and r, such that

er div(vy)qndz
sup

v EXR (D) |Vh1,QT

> Mllanlloo,  Van € Mp(Q,),1<r <R

and there exists a subspace X, of Xy, such that (Xp,, My) satisfies the inf-sup
condition with a constant B independent of h, then (X}, My) also satisfies
the inf-sup condition with a constant 5* independent of h.

Proof. The proof can be found in [6]. O

So we need to show a local inf-sup condition for Hood-Taylor because
the spaces (Xj, Mjy,) defined in (3.5) already fulfill the corresponding re-
quirements in the theorem.

At first we need to choose a partition that works for our proof. We do
this by grouping all elements which share a common vertex (vertex patches).
We need to make the following assumption about our triangulation 7p:
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Figure 3.2: One macroelement (£2,) with its reference element (J = 8).

Assumption 1. T}, has a set of interior nodes {a, }, = 1% such that {Q, } 2,
with .
ar€T

It is not difficult to construct a triangulation which fulfills this assump-
tion. Ome simply starts with a coarse mesh and adds interior nodes until
the assumption is satisfied.

is a partition of Q.

Theorem 12. Let T, be a reqular triangulation of Q that satisfies the as-
sumption. Then there exists a constant A* > 0, independent of h and r such

that .
er div(v)q

> Nllglloqa, Vg€ Mu(Q).
VEXh |V|1797‘

Proof. Let J be the number of elements in €2,. We number them with
0 <4 < J such that T; is adjacent to T;—1 and Ty = T;.
The edge shared by T; and T;11 we name e; and the midpoint of the edge
a;. The vertex common to all elements 7; in 2, is called a, (see figure 3.2).
We associate with this the reference set:

J
2=
i=1

by the continuous piecewise affine function F;. efined by:

e D

F.(T}) =T;, F.(X) = Bk +b; VYxel.
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Since the triangulation is regular the number of elements in €2, J is bounded
from above by a fixed number I independent of . This means that there ere
at most I different reference sets {2,. Thus all geometrical constans related
to Q2 can be bounded independently of A and 7.

Let g be an arbitrary function in Qp(£2,) and v, a function in Xp(£2,)
which fulfills v (a,) = 0. Since v}, vanishes on 92, and g, € H'(,) there

holds y
/ div(vy)gpde = — Z/ vy, - Vgpdz.
r i=1 v K

Each component v of v, is a quadratic polynomial on T; that vanishes at
the vertices of T;. Therefore the quadrature formula

/ vde = meas(Ti)%[v(ozi) + v(ai—1)]
T;

is valid. Due to Vg, being constant on T; (Vgp|r, = gi) there holds

J
/Q div(v)gpdx = —% Z meas(T;)[v(a;) + v(a;—1)] - g-
v i=1

Since dqp /0T is continuous on the edges it seems sensible to choose

vi(ag) = —(gi - ti)ti = —(gir1 - ti)ts,

where t; is the tangent vector to e; with length ||e;|| pointing outside of €2,.
This leads to

J
/ diV(V)qthL‘ = éZmeab(Tl)[(gl . ti)2 + (gz . ti,1)2].
T =1

g - t is preserved by affine transformations. Thus we can write
1 J

[ dive)ande = 5 > meas(Ty)(@:- 87 + (- B0
r i=1

Since each set {’Ei,l,fi} is a basis on the reference space the function
g— (& -t:)%+ (& - Ei_1)2]1/2 is equivalent to the Euclidean norm. With

P, = meas(Ty) i
this implies that there exists a constant C1 > 0 such that

J
/ div(v)gpdz > €, Zmeas(Ti)\cj]%T.. (3.6)
Q e

=1
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The definition of vy, gives us

IVall5. 7, < Comeas(T3)[[[vi(cuia|® + v (c)|I”)
< Cameas(T3)[hr|ql, 7]

Due to (2.3) and since ¥ belongs to P, on 7' there holds
_ 1.
vilir, < CillB; HlIdet(Bi)|2 [l 4,
_ 1.
< G| B [[[det(By)|2[0nl
< Cs)| B llIvallor

S C4meaS(Ti) [O_Ti ‘qA’LTZ]

With (3.6), (3.7) and the regularity of 75, we get

is

1
J 3
_ ~ 1 ~12
/ div(vy)gpdx > Cﬁ;|vh|1,ﬂr [Z meas(ﬂ-)|q|LTAi] .

=1

Now it remains to show that on a regular triangulation there holds

> Cllglloe, Vg€ H' () NLE(Q).

[Z meas(T3)[q1? ;.

F, maps H'(Q,) into H'(Q) but it does not preserve the zero mean
value. We handle this by replacing ¢ € H*(Q,) N LZ(2,.) by g where

>

. 1 / an
=§— ———— [ ¢dz.
meas($2) Ja

Then ¢g and g differ by a constant and we have

This then gives
lgll5.q, = Zmeas )allg
< C7 sup (h7, )|q\ since g € HY(Q) N L(Q)

1<i<J

2
Supj<i<y hTZ Zmeas )\dl
S (A2 ) 1,7
infy<j<s( PT i—1

k3

<y
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Thus we have

1
J 2 -
. Cy
[Z meaS(Ti)I(J\m] = —llallo.e.
i=1 T
with
SUP1§¢§J(hTi)
oy 1= ——=="
inf1<i<s(pr;)
Due to the regularity of 75, we have
o < C’a.

3.9 Convection-diffusion equation

We’ll need the convection-diffusion equation as a subproblem in our precon-
ditioner described in the following section. Therefore we’ll now look at it
more closely. The convection-diffusion equation is

—cAu+w-Vu=f (3.8)
with a constant € > 0 and boundary conditions

u=up onl'p,

0
a%:gN ODPNa

u|Fper,1 = uh—‘per,2'

w is called wind. In the rest of the section we drop the periodic boundary
condition, since it doesn’t change the arguments presented here.
Most of the time diffusion is less significant than convection, which means

£ << |wl.

This is going to be the case for our problem on most of the volume €.

In the following we’ll assume that /(|w|L) is small, where L is a char-
acteristic length scale of the problem. Then the solution u of (3.8) is close
to the solution @ of

w-Vu=f.

We analyse this equation by using characteristics or streamlines, this means
curves c(s) which fulfill g—g = w which leads to the ODE

< (afe(s))) = £(e(s)) (39

If f =0 the solution 4 is constant along streamlines.
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Let now ¢(sp) be on an inflow boundary and set 4(c(sp)) as an initial
condition for (3.9). If the streamline c intersects the border 09 at another
point c(s;) the solution of (3.9) @(c(s1)) might not be the same as the
boundary condition of the original problem wu(c(s1)).

Therefore it often happens that the solution w has a steep gradient in
some portion ). In the most part of Q u and u are very similar but along
streamlines ending in an outflow boundary where u and @ differ a steep
gradient is needed to satisfy the boundary condition. In such a case the
problem is called to be singularly perturbed and the solution has an expo-
nential boundary layer.

Also diffusion may lead to a steep gradient transverse to streamlines
where u is smoother than @. A possibility for this are discontinuous bound-
ary conditions on the inflow. The discontinuity then propagates into €2 along
streamlines. w is continuous but rapidly varying across an internal layer.

Such layers (internal and at boundary) lead to problems when trying to
construct approximations for cases when the convection is dominant.

It is useful to have a measurement on the relative contributions of con-
vection and diffusion. This leads to the Peclet number, which we get by
putting equation (3.8) in its dimensionless form.

Let L be a characteristic length, w = Ww, with a positive W (which
would be the reference velocity of the wind) and |w,| normalized and for
each point x € Q let £ = X/L be its scaled version. With wu, (&) = u(L€) we
get

2
—Auy + <VZL> Wi+ Vg = L?f

The Peclet number then is

If P < 1 the equation is therefore diffusion dominated and relatively benign,
on the other hand if P >> 1 then the problem becomes much more difficult.
Due to the steep gradients we get a problem for the standard Galerkin
method because the mesh needs to be fine enough to resolve these gradients.
This leads to large problems or in the case of our preconditioner is not
sensible since the coarser grids of the multigrid method may be too coarse
to resolve this.

For a more in-depth analysis of this problem see [5].

Therefore we need a strategy to get useful solutions even on coarse grids.
This leads to the streamline diffusion (SD) method.

Streamline diffusion (SD) method

Here I'll only describe the SD method, for the theory of errors see [5]. The
derivation of the SD discretisation uses a Petrov-Galerkin formulation.
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Idea of Petrov-Galerkin: Use different spaces for solution and testfunc-
tions, i.e. for an arbitrary operator £ and Lu = f the weak problem is (with
suitable product)

Find u € U such that (Lu,v) = (f,v) YveV.

In the case of the SD discretisation L is the convection-diffusion operator,
the trialspace U is the space of trialfunction that fulfill the Dirichlet condi-
tion X f) and the testspace V' is spanned by the functions vy, +dw- Vv, where
vy, € X (fulfills 0-boundary condition) and § > 0 is a constant parameter.
This gets us to the lefthandside of our equation

(Lu,v) —5/ Vuh-Vvh—a/ vhauh—i—/(w-Vuh)vh
(‘3n Q
+ (5/ Vuh : VUh) - (55/ (Auh)(w . VUh).
Q

If gy = 0 this simplifies since the boundary integral vanishes.

One problem here is that Awy, is not defined since w;, doesn’t need to
have a second derivative. But if we restrict to individual elements and these
restrictions have a second derivative, which is true most of the time since
most of the time the functions are polynomials on elements, we can construct
a legitimate method with an element-wise sum

—(552/ (Aup)(w - Vop).

This leads to the equation
Find uy, € th) such that agp(up,vn) = lsp(vy) Yoy, € Xg)‘,

where

asp(u,v) :—a/Vu Vv—i—/(w Vuv+5/ w - Vu)(w - Vo)
Q

—(562/ u)(w - V),

lsp(v /fv+5/fw Vo.

This methodology leads to a different norm, the SD norm
1
[vllsp = (el Vo[* + 8w - Vo|?)z.
For linear elements the coercivity bound then is

asp(un,vn) > |lonlép
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which is stronger than the Galerkin bound because it does not degrade in
the limit € — 0.

We still need to choose the parameter § or a locally defined parameter
67. With the element Peclet number Py := |w]|hy,/(2¢) it is useful to choose

hy _ 1 . k
5p = { 2wl (1-7) wirPh>1
0 Jif PR <1

where hy is a measure of element length in direction of wind and |wy| is the
¢?-norm of wind at the element centroid.

The choice of this parameter is better motivated with a more special
derivation of the SD discretisation which can be found in [5], but it is note-
worthy that in the limit P} — oo we see 6} — hy,/(2w) which is optimal in
the convective limit.

Otherwise when the mesh resolves all layers of the problem the SD dis-
cretisation becomes the standard Galerkin discretisation.

3.10 Preconditioning

To solve the linear equation system arising from our FEM-discretisation
efficiently we want to use a preconditioner. The the discretisation of the
Navier-Stokes problem has the form

F BT\ (u\ _[(f

B 0 p) \g)’
where the blocks F' and B represent the discrete versions of the bilinearforms
a(u,u) and b(u, q) respectively

Since our matrix is not symmetric it is not that useful to use a block
diagonal matrix as our preconditioner instead we use a block triangular

matrix -
M= (Mro B
0 —Mg

Where My shall be an approximation of F' and Mg shall be a suitably chosen
Schur complement. We apply this preconditioner by solving

Mp BT w) (v
0 —-Ms)\s) \q)’
with given v and ¢, which is relatively inexpensive when solving

Mgs = —q, Mpw=v— Bls.

To construct a sensible choice for Mg we assume Mpr = F and look at
the generalized eigenvalue problem

(5 V)G 6 56
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There are two possibilities: A =1 or A # 1.
In the case of A\ # 1 we get

Fu+Bfp=0oru=—-F1'BTp
from the first block equation. Then it follows with the second equation that
BF'BTp = AMgp. (3.10)

This means the eigenvalues of M consist of unity (case A = 1) and the
eigenvalues of (3.10). If we define

F BT
K__(B 0)

and use block LU-decomposition we get

F BT\ (1 0\/(F BT
B 0) \BF'!' 1)\o —-BFIBT)"

If we’d set the Schur complement
Mg =S:=BF'BT

the eigenvalues of the preconditioned matrix L = KU~ would be 1. This
would be ideal but is not feasible. Therefore we want to approximate S with
a different Mg.

We assumed Mg = F' but the preconditioner requires M, . This means
we also need a strategy for Mp.

3.10.1 Approximating F

Here I will outline some of the issues arising from using multigrid for F' in
a concise manner. For an in depth view on this topic see [5].

We observe that for the Picard iteration the matrix F' arising from the
Oseen operator is a block-diagonal matrix with a discrete convection diffu-
sion operator in each nonzero block. For the Newton iteration this is not
the case but for the preconditioner we’ll use an approximation of F' instead.
We use F’ which shall be the matrix arising from an Oseen operator.

Therefore it is natural to employ multigrid strategies used for convection
diffusion equations.

Multigrid for convection diffusion

There are two major points which are important for a successful use of
multigrid.
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1. Choice of discretisation: Due to the fact that standard Galerkin dis-
cretisation on coarse grids is ineffective it is not sensible to use it for
multigrid, instead use streamline diffusion (SD) discretisation. Even
if the original grid is fine enough the coarse grids of multigrid can be
too coarse. In experiments this leads to divergent behavior (see [5]).

2. Smoothing operators: Due to the direction of flow simply using a

Gauf3-Seidel smoother is not sufficient as performance varies widely
for different ordering of variables. If the order of variables follows the
direction of flow already one step of a Gauf3-Seidel smoother gives very
good results. But if the order of variables is in the opposite direction
the performance is really bad. Each step only smoothes the error on
the first cells of the flow.
So if the direction of flow is known one can choose the ordering accord-
ingly. For more complex flows the ordering could be chosen adaptively
but this would be computationally expensive. Instead we can use or-
dering along each axis in both directions in each step of Gau3-Seidel.
For 2-dimensional problems this leads to the 4 directional Gau3-Seidel
and for 3-dimensional problems this leads to the 6 directional Gauf3-
Seidel. This strategy is less effective than following the direction of
flow but much better than ordering in the opposite direction.

3.10.2 Approximating the Schur complement S

With the pressure mass matrix @, setting Mg = Re(@ is a very good choice
as long as the Reynolds number is small (order of Re < 40). To get to our
approximation we start with the Oseen operator

1

L —
Re

A—I—Wh-v.

Suppose we have an analogous operator on the pressure space

1
L,=(—-=—A :

p
We now say p € H' although p € L? and look at the commutator of the

convection-diffusion operator with the divergence operator

& =div —LA—I-W}L'V — —LA—FW]—L'V div.
Re Re »

We would like to have £ small in some sense. £ would be 0 if wj;, was
constant and 2 an unbounded domain.
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Pressure convection-diffusion preconditioner

Let Q be the velocity mass matrix
Q=1(gj), @j= /Q‘I’z"i’j,

where the ®; are the velocity basis functions of the finite element method.
The matrix representation for the discrete divergence operator is Q!B and
for the discrete gradient operator is Q 'B”. A similar derivation gets us
the matrix representation of the convection-diffusion operator. With these
we now get a discrete version of our commutator

En=(Q'B)(Q'F)— (Q7'F,)(Q'B), (3.11)
Fy = (fprij)s fpii = 7 Jo VO Vi + [o(wh - V5) ;. (3.12)

We isolate the Schur complement in (3.11) by multiplying QFp_lQ from the
left and F~!BT from the right

BF'B" ~ QF,'BQ'B".

There are some details needed for implementation. The matrix BQ BT
is problematic because it is dense. Therefore we want to use another ma-
trix which is sparse. For enclosed flow we have spectral equivalence to the
Laplace operator on the pressure space

Ap = (apij)s apyij = /vaj - V.

For nonenclosed flow this is not useful. Instead we can use T = diag(Q)
and replace BQ !B with BT~'B”. Now we have our approximated Schur
complement

Mg = QF, A,

whereby flp means A, or BT 'BT depending on the problem. Our precon-
ditioner requires

—1 T— —
Mgt =ATE,Q

which can be implemented easily.
This derivation can be altered for stabilized methods and in case of
discontinuous pressure also altered with jumps (see [5]).



Chapter 4

Bifurcation theory

The main sources for this background are [8], [10] and [14].

4.1 Bifurcation theory

We want to look at the stability of our equation. Therefore we look at the
steady states.

4.1.1 Bifurcation theory for ODEs

First we introduce bifurcation theory for ODEs
u' = f(u,p).

We need the definition of topological equivalence.

Definition 7. A dynamical system (A) is topological equivalent to another
one (B) if there is a homeomorphism mapping trajectories of (A) to (B)
preserving the direction of time.

Now we can define what a bifurcation is.

Definition 8. The appearence of a topologically nonequivalent phase portrait
under parameter variation is called bifurcation.

This definition can be used to look at normal forms of bifurcations, e.g.
W =ulp-u) u:R—=R peR

is the normal form of transcritical bifurcations (see fig. 4.1).
We want to look at stability, therefore we need to define stable and
unstable manifolds.

54
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S
S
S

Figure 4.1: Phase portraits of the normal forms for the transcritical bifur-
cation (u' = u(p — u)), the fold bifurcation (u’ = p — u?) and the pitchfork
bifurcation (v = u(p —u?)). The blue lines are stable steady states and the
red dashed lines are unstable steady states.

Definition 9. Let ¢(ug,t) be the flow of an ODE with steady state u*. We
then define stable and unstable manifolds as

W) == {v e R : (v, t) = u*, t — oo},
Whu*) == {v € R : p(v,t) = u*, t — —oc}.

We can get informations about stability from the eigenvalues of our lin-
earized problem. We need to define hyperbolic steady states.

Definition 10. A steady state u* is called hyperbolic steady state if the
derivative (Do f)(u*) € R has only eigenvalues \; with Re(\;) # 0.

Theorem 13 (Stable-Unstable Manifold Theorem). Suppose an ODE has
a hyperbolic steady state u* and (Dyf)(u*) has k real-part negative and
d — k real-part positive eigenvalues with corresponding eigenspaces FE*(u™)
and E"(u*) for the linearized system. Then there exists a neighbourhood U
of u* with local stable and unstable manifolds WS (u*) and W} (u*)

Wie(w") ={v el : (v,t) = u*, t = 00, ¢(v,t) €U Vt >0},
We.(u)={vel: ¢(v,t) = u*, t - —o0, ¢(v,t) €U Vt <0}

These manifolds are tangent to E*(u*) and E*(u*) at u* and are as smooth
as f.
Proof. The proof can be found in [10]. O

It follows that if p — k = 0 the steady state is stable.

4.1.2 Lyapunov-Schmidt theorem

We want to generalize this theory to PDEs. We do this by focusing on local
bifurcations. We look at problems of the form:

F(u,v) =0, F:XxY =2, (u,v)eX XY (4.1)
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where X, Y, Z are Banach spaces.
We use a generalization of the implicit function theorem to gain infor-
mation.

Theorem 14 (Implicit Function Theorem). Suppose (ug,vo) satisfies (4.1).
The Fréchet derivative Dy, F(ug, vo) is bijective, F € C(X XY, Z) and D, F €
C(X xY,L(X,Z)). Then there exists a neighbourhood U xV of (ug,vo) and
a continuous map f:V — U such that f(vy) = ug and

F(f(v),v) =0 YveV.
Moreover all solutions in U x V are of this form.

This theorem gives us local uniqueness of a branch of solutions and fails
if two branches cross. Therefore interesting points for bifurcations are where
the implicit function theorem fails.

We want to reduce our infinite dimensional problem to a finite dimen-
sional problem. If we assume that ¥ C R (or R?) it remains to reduce the
u-component. This is done using the Lyapunov-Schmidt method.

We need to know what a Fredholm operator is.

Definition 11. Let F : Ud C X — Z and F shall be Fréchet differentiable.
Letug e U C X. F is a nonlinear Fredholm operator if

o dim(ker((DyF)(ug))) < oo,
e codim(R((DyF)(up))) < oo,
where codim(S) := dim(Z — S). We define the Fredholm index as
Fredholm index := dim(ker((D,F)(ug))) — codim(R((DyF)(up))).

Fredholm operators have ’relatively small nullspace’ and miss a ’rela-
tively small part’ of the range.

Theorem 15. Assume
F(ug,v9) =0,F, D,F € C, F(-,v): X = Z

is a Fredholm operator. Then there exists a neighbourhood U xV of (ug, vo)
such that F(u,v) = 0 is equivalent U x V to the finite dimensional problem

d(a,0) =0, (@,0)ely xVI CN XV
and ® is continuous with ®(iy,v1) = 0 for (i, v1) € Uy x V1.
Proof. The proof can be found in [10]. O

The function ® is called bifurcation function.
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4.1.3 Crandall-Rabinowitz

Now we search for local bifurcations of certain PDEs. We use the following
form:

F(u,p)=0, F: X xR — Z, F(0,p)=0.

The last condition gives that we always have a trivial solution branch. We
assume:

e dim(ker((D,F)(0,p)))) =1 = codim(R((D,F)(0,p)))
e [ ¢ C3 in an open neighbourhood of the trivial branch.
Without loss of generality we can assume that the critical point is at p = 0.

Theorem 16 (Crandall-Rabinowitz Theorem). The assumptions from this
subsection shall hold and

ker((DyF)(0,0)) = span(ep), (DﬁpF)(O, 0)eo &€ R((DF)(0,0))

for eg € X and |leo|| = 1. Then there is a nontrivial branch of solutions
described by a C'-curve through (u,p) = (0,0)

{(u(s),p(s)) : s € (=50, 50), (u(0),p(0)) = (0,0)}

which satisfies F(u(s),p(s)) = 0 locally and all solutions in a neighbourhood
of (0,0) are either on the trivial branch or on the nontrivial curve.

The situation in this theorem is also called bifurcation from a simple
eigenvalue as dim(N) = 1. And it gives us the existence of a nontrivial
solution branch.

Corollary 3. The tangent vector to the nontrivial solution curve at (u,p) =
(0,0) is given by (e, p(0)).

This is directly used in some numerical methods for branch switching
(see [8] Method IV)

4.1.4 Stability
Now we still need to look at the stability of the evolution problem
Ow = F(u,p), u:[0,00) > X, u=u(t) € X, peR.

Definition 12. A solution branch (u*(p),p) for F(u,p) = 0 is called (lin-
early) stable at p* if
o((DyF)(u*,p*)) is properly contained in the left half of the complex plane.
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4.2 Arclength continuation

For the calculation of solution branches we use the algorithm described
n [14] called (pseudo)arclength continuation. The aim is to calculate a
solution branch of

G(u,A\) =0
for G : X xR — X a C'-function and X being a Banach space. The branch
z(s) shall be parametrized by s and we look at the extended system

H(u,\) = < Glu,A)

p(u,A,s)) =0 €X xR,

where p is used to make s an approximation of the arclength.

We assume now that X is a Hilbert space with inner product (-,-). The
standard choice then is: If we have (ug, \g) = (u(so), A(so)) with s¢ given
and we know the tangent 79 := (i, Ag) := %(u(s), A(s)) we use

plu, A, 8) = € (i, u(s) — up) + (1 = €)Ao(A(s) = o) — (s — o),

where 0 < £ < 1 is a weight and 7y shall be normalized in

Irlei=firme ((3)- (1)) = etwa+a-om

With a fixed s and |[79]l¢ = 1 then p(u,A,s) = 0 defines a hyperplane
perpendicular (in (-,-)¢) to 7o at distance ds := s — sg from (ug, Ag)-

We now use a predictor (ul, A1) = (ug, Ag) + dsp for a solution on that
hyperplane. Using Newton’s method we correct this estimate

()= (1) 4= (G )

Since dsp = —1 on a smooth solution arc it follows that

(1) -(5,)-()

Therefore after convergence of (4.2) we can get our new tangent 71 at the
newly found point (u, A1) with the Jacobian A! from

Algy = (?) , (4.3)

with normalization ||71]¢ < 1. This process conserves the orientation of 7,
i.e. <T0,7'1> = 1.

One can choose to use a chord method where A = A(u!,A\!) remains
fixed during the iteration.

{+1 J4
() = () - At a0

This avoids the costly assembly of G, at the price of an increased count of
iterations during the Newton correction.
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4.2.1 Role of weight ¢

There are two major roles of &.

If G(u, ) = 0 comes from a discretization of a PDE G(u,A) = 0 over
a domain with n, spatial points then u is an element of RP with large p.
Here let’s use p = Nn,, with N being the dimension of the image of wu.
In this case we want to choose ¢ such that £||ul|2, is an approximation of

(1/meas()) [ul22 g,

If w = 1 corresponds to u;, j = 1,...,n, then by assuming u;, i =
1,..., N we get an estimate
Ll = N Lk = eNn, > £
u = = u = n = —.
meas(Q) ' (EFOY R P Tp

Therefore we get a basic formula for €.

But if we choose different £ we get different continuations. Small & favors
changes in v and large £ favors changes in A\. £ can therefore also be seen
as a parameter to tune continuation and may be changed during runs. This

Algorithm 4.1 Basic continuation algorithm
Given &, (ug, Ao, 70), ds.
Predictor: (u!, A\!) := (ug, \o) + ds7o
Newton-corrector: Iterate (4.2) until convergence. Decrease ds if it fails to
converge, back to predictor step. Increase ds for next step if it converges
quickly.
New tangent: Calculate 71 from (4.3), set (ug, Ao, 70) = (u1, A1, 71) and
return to the predictor step.

algorithm doesn’t work at bifurcation points where A is singular, which
generally doesn’t happen since the algorithm shoots past these points most
of the time.

Definition 13. A simple bifurcation point is a point (u, \) where det(A)
changes sign. The assumption is that this happens due to a simple eigenvalue
of A crossing zero.

This excludes folds, where a simple eigenvalue reaches zero, but det(A)
doesn’t change sign (can be seen in diagramm anyway). It also excludes
points with an even number of eigenvalues crossing iR. Remark. [14] says

that £ = 1/2 is the numerically most robust.

In pde2path, the matlab toolbox described in [14], by default uses LU-
decomposition to detect a sign change of det(A). O
Due to the size of our problem this approach is not feasible. The evaluation

of det(A) is too costly. Instead we calculate a small number of eigenvalues
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close to iR. The problem of this approach is that it can detect a change
without an eigenvalue crossing ¢{R. This can happen if an eigenvalue with a
positive (or negative) real part drops out of the list of eigenvalues while an
eigenvalue with negative (or postive respectively) real part comes into the
list. One way to restrict the possibility of this happening is by starting on
a branch with known stability. E.g. on the stable branch we know that all
eigenvalues are on the same side of the imaginary axis, therefore the next
detected bifurcation can’t be due to this effect.

After we detect a bifurcation between s; and spiq the bifurcation is
located by a bisection method.

4.2.2 Switching branches

When we detect a bifurcation we want to be able to switch the branch we
are following. We do this by using 'Method I’ of [8].

z(s) shall be the solution branch. z(sg) is a singular point if
rank(G,(2(s0))) = N — 1. Since G, € RV*N+1 there exist two linearly inde-
pendent null vectors ®1, @5 € RN¥*1. One can set (IJiTCIJj = 0;, therefore we
have an orthonormal system of ker(G,(z(sp))). Also GT(z(sg)) € RNFIXN
has rank N — 1 therefore

ker(G7 (2(s0))) = span().

Since

G(z(s)) =0

it follows that
G.(2(s))2(s) = 0,

thus at s = sg, 2(s9) can be described by
2(sg) = a®y + Py «a, B ER.
Through differentiation we get
G.(2(5))2(s) + G.2(2(s))2(s)2(s) = 0.

We multiply by 7 and evaluate at s = sg, then the first term vanishes and
we get

YI'G..(2(s0))2(50)2(50) = 0.

Then we substitute the presentation of Z(s) and get
ana® 4 21203 + ag* = 0
where a;; = T G,2(2(s0))®;®;. This quadratic equation has depending on

2
A = Q19 — A110G22
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up to two different solutions. Since z(s) is a smooth solution branch A < 0
is not possible. If A > 0 there exist 2 nontrivial tangents therefore z(s) is
a bifurcation point. 'Method I’ of [8] uses this equation. Use the tangent
vector

2(s0) = ad®y + fPs

o-((). w-(3)

We know already one branch of solutions, therefore we already know one
tangent. This determines one solution of the equation. Let the known
tangent be (g, Ag) then

Bo=Xo, 0= agp+ Bodo.

and

We can then get the second solution easily by setting

a1
a1——< ﬂlo +2a12>, B1 = an

because

!
0 = annai + 2a1201 51 + axnfb;

2 92
a* a ajla
1199 0 2 1100 9
=an < 5 T4ana— + 4a12) — 2a12 ( + 2a12) a1 + agaf;
60 50 50
3 92
asi o g
= 112 O+ 2a12a1; — + agai;
/80 BO

& a0l + 2a120080 + axeBE = 0.

Therefore we only need to know a1 and aje, but this needs evaluation of
Gy and G,,). We can estimate these with the finite differences

ai = %ZﬁT(Gu(UO + 09, o) — Gu(uo, Ao))o
112 = 59T ((Gulwo + 88, 20) = Guluo, X))o + ..
oo+ Ga(ug + 8, Ng) — Ga(uog, \o))
This means we need ¥T, é, ¢o. We get ¢ and o by calculating
Gup=0, GIy=0

and normalize by setting ||¢|| = 1, (¢, ¢) = 1. We then get ¢y through the
presentation of g

o = By (g — YT ung).
We then get algorithm 4.2.
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Algorithm 4.2 switch branch algorithm

(up, \o) is a simple bifurcation point 7y tangent along the branch.
Calculate ¢7 ¢ with Gu(u07 A0)¢ = 07 Gu(u()a /\O)Tw = 07 H¢” = 17 <w7 ¢> -
1

Let Bo = Ao, oo = ¢Ti0, g0 = By " (1o — o).

Choose some small § > 0, calculate the finite dimensions

11 = 567 (Guluo + 59, Jo) — Culuo, Y0))6,

12 = 597 (Guluo + 66, 30) — Guluo, Jo))o + -
oo+ Ga(uo + 69, Ao) — Ga(uo, Mo))-

Assume 8 # 0 (see [8] if this is not true), set

o — — <a11ao n 2a12> o= <041¢+ a11¢0> .

Bo an

Choose a weight £ and stepsize ds, set 79 = 71/||71]|¢ and go back to the
continuation algorithm. If there is no convergence in the continuation
algorithm or it falls back onto the known branch one may change £ or ds.




Chapter 5

Experiments

5.1 Allen-Cahn equation

For checking the algorithm worked correctly I used a version of the Allen-
Cahn equation

—0.25Au —Au—uP+u® =0 onQ,
u=0 on 0N

on the axisymmetric rectangle (—1,1) x (—0.9,0.9) and compared the results
to the results described in [14].

As it should be expected, we see in figure 5.1 © = 0 is the trivial solu-
tion. We see the that the bifurcation points are located at the same position,
therefore our method of finding bifurcations seems to have worked without
problems. Although I have found one extra branch since the searched inter-
vall was a bit larger. Also the found branches look the same. If you use an
equivalent norm the plot looks qualitatively the same but it will probably

number of
negative eigenvalues:
1.5 O
V=
qio =2
25 O=3
m=4
o 1 o
E
j— 15
05 [lull 1,2
10
0.5
0 ~
1 2 3 4 o
l 1.0 15 20 25 3.0 35 4.0 4.5 5.0

Figure 5.1: The plot from [14] (left) for comparison, next to my plot in the
L?-norm.
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number of

negative eigenvalues:
20 ®—-0

vV=1

L R34
I
B

Figure 5.2: The bifurcation diagram in the H'-norm.
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Figure 5.3: Zoomed in versions of the diagrams for different numbers of
calculated eigenvalues (left: 15 eigenvalues, right: 20 eigenvalues)

be scaled in some form. In figure 5.2 you can see the plot when using the
H'-norm.

On the nontrivial branches close to the bifurcation points we see a dif-
ference in the number of eigenvalues with negative real part of two. This
seems to be due numerical errors. One thing that seems to support this is
that when I computed the diagrams with a different number of calculated
eigenvalues these areas changed as can be seen in figure 5.3. Therefore it
can’t be an effect inherent to the equation but must be brought on by other
means.

When looking at the solutions in figure 5.4 we see that they behave the
same way as in [14], although the solution one the first branch is the negative
one, which is no problem as for a solution u of the Allen-Cahn equation —u
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Figure 5.4: Solutions on the three nontrivial branches at A = 1.93, A = 3.33
and A = 3.73 and the last point of the third branch. Next to the solutions

from [14] at A =1.93, A = 3.33

is also a solution. For the first two nontrivial branches the qualitative look
of the solutions is not changing along the branch, while at the third branch
the peaks shift into the corners in a clockwise direction.

5.2 Boundary layer

Due to the difference in scales between the diffusion and the convection term
if the flow velocity is large enough the diffusion term can be neglected:

1
— Au= o u-Vu= .
ReOu ORe ") ¢ u-Vu=0(u)
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This makes sense in large areas of the flow but one big area where this will
fail is at the Dirichlet boundary (no-slip condition). Flow speeds are small
there, therefore also the convection term is small. This means there exists a
boundary layer, with thickness of about O(Re_%), which behaves differently
than most of the rest of the geometry.

One can use this to solve two different equations on two different areas
with interface conditions (see section A.1).

If you don’t want to neglect diffusion you have to remember that this
boundary layer exists. For numerical simulation this means that your mesh
should be finer at the boundary such that the boundary layer is taken care
of.

To demonstrate this effect I have done some of the following tests on
meshes with boundary refinement and without it.

5.3 Testing the preconditioner

To test the preconditioner I used the Navier-Stokes equation on the cube
Q = (-1,1) x (=1,1) x (—1,1) with the righthandside f = (0,0, z)? with
no-slip condition on 02 with and without boundary refinement.

Also I tested on the periodic pipe with the axis (0,0, —5) — (0,0,5) and
radius r = 1 with no-slip condition on the pipe wall and periodic boundary
conditions on the in- and outflow boundaries.

We want to answer some questions that might be of interest about the
preconditioner and the linear equation solver in general.

e Is it worth the effort to implement the preconditioner or does the solver
work good enough without it?

e How does the boundary layer influence the solver/Newton algorithm?

e Is there a remarkable difference when using this solver/preconditioner
for NSolve or NCorr (see A.2.3)7

e How does this solver/preconditioner fare when used for computing the
eigenvalues of the matrix

4= (e 0 %)

5.3.1 Value of the preconditioner

Is it really worth the effort to implement the preconditioner?

Short answer: yes.

It is really easy to realise the enormous value of the preconditioner after
only a few tests. I have tested on two relatively coarse meshes to solve
with and without the preconditioner, on the cube and on the pipe. (Cube:
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maxh = 0.3, boundary maxh = 0.15, boundary layer thickness = 0.02;
Pipe: maxh = 0.3, boundary maxh = 0.2, boundary layer thickness = 0.05.)
When testing on the cube I used a zero-vector as the starting solution, while
on the pipe I used the analytic laminar solution. On the cube this setup
led to two Newton steps before the tolerance of 1072 was reached. On the
pipe this lead to instant convergence of the Newton algorithm, therefore in
the table I have put the data of the Newton when we let the continuation
algorithm run for one extra step. I tested at Re = 20.

Newton tol | preconditioned? | Newton | iterations achieved
= 1072 iteration residual value

cube False 0 300 0.34
cube False 1 300 0.39
cube True 0 17 0.00095
cube True 1 20 0.00048
pipe False 0 300 0.096
pipe True 0 5 0.00095

When only setting a tolerance of 1073 the gmres isn’t able to converge
within the maximum number of iterations (300 iterations) when not using
the preconditioner. In contrast, with the preconditioner and the same setup
the solver achieves the tolerance within a few iterations.

5.3.2 Boundary layer influence

When I started the tests it became apparent pretty quickly that the con-
tinuation algorithm started to fail at certain Reynolds-numbers due to the
Newton-algorithm not achieving the desired tolerance because of the gmres-
solver hitting the maximum number of iterations. After some further testing
I was able to discern three major influences in this effect.

The first one was almost obvious, the coarseness of the mesh was a
factor, finer meshes lead to higher critical Reynolds numbers but the second
influence is more important and it is the resolution of the boundary layer.

boundary layer

boundary | maximum h | critical Re

thickness maximum h
0.05 0.15 0.3 20.01
0.05 0.1 0.2 21.47
0.02 0.1 0.2 39.95

The third influence was not that obvious but after reviewing the data
was also not that hard to see. It was the restart count on the gmres-solver.
The number of iterations needed for the solver to achieve its set tolerance
steadily increased while getting closer to the critical Reynolds number as
seen in figure 5.5. We see two large jump in this plot as the number of
iterations arrives at the restart points.
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Figure 5.5: The number of gmres-iterations required to get the defined tol-
erance. Two jumps can be seen when hitting the restart counts of 100 and
200 iterations. At 300 the maximum number of iterations is reached.

Thus the main possibilities to achieve higher break-off points are to re-
solve the boundary layer finer, use a finer mesh, or in the same type of
approach use a higher order discretization or to set a higher restart count
or lower tolerances.

We already see that the boundary layer has an enormous influence.

I also wanted to compare the effects of refining for the boundary layer
against meshes without boundary refinement. Therefore I tested on the
cube with four different meshes: Two with boundary refinement, one with
the same resolution on the main part of the cube without the refinement
and one with finer resolution overall but also without boundary refinement.
The coarser refined mesh has about the same number of degrees of freedom
as the finer unrefined mesh.

maxh | boundary thickness | boundary maxh | Newton iterations

0.3 0.02 0.1 6
0.2 0.02 0.1 5
0.2 - - 88
0.1 - - diverged

It is quite interesting to see what happened. While between the first
three tests there was the expected effect, in the fourth test the Newton
iteration failed and diverged after the gmres failed to achieve the wanted
tolerance. This is probably due to the increased complexity of the linear
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equation system while not getting the advantage of better resolving the
problematic areas.

To show this I have put here an overview of the number of gmres iter-
ations needed during the Newton iteration. Due to the third mesh having
a lot of steps where only one step of gmres was performed the average was
skewed quite a bit. Therefore I have also put here the overview of the first
five steps of the Newton algorithm since the refined mesh only took five
steps and I thought it would be the most interesting comparison.

gmres iterations
all Newton steps first 5 steps
mesh mean | min | max || mean | min | max
h=0.3 refined || 35.67 | 34 38 35.4 34 38
h=0.2 refined 35 33 37 35 33 37
h=0.2 13.43 1 211 46.2 44 49
h=0.1 192.58 6 300 || 257.6 | 191 | 300

5.3.3 NSolve versus NCorr

One big question is if the preconditioner still works as well when used in the
setting of the (pseudo-)arclength continuation.

There we use the matrix

A= (a0 %)

for our Newton correction. Due to preconditioner described in section 3.10
being made for the block Gy, we need to adjust it. When Mg, is the pre-
conditioner for GG, then I simply made the preconditioner for A by defining

(Mg, O
e (Mo )

But this begs the question if this still works as well. Therefore I made
a test to compare them on the cube with a mesh with boundary refinement
(h = 0.3, bh = 0.15, boundary thickness= 0.02).
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NSolve/NCorr | Newton step | gmres iterations | residual value
at Newton step
NSolve 0 30 0.11
1 33 0.0075
2 32 0.0017
3 31 0.00051
4 32 6.5-107°
5 33 2.3-107°
6 33 8.0-107¢
NCorr 0 30 0.11
1 33 0.0075
2 32 0.0017
3 31 0.00051
4 32 6.6-107°
5 33 2.4-107°
6 33 8.1-107°

It shows that this adjustment didn’t make any distinguishable difference.

5.3.4 computing eigenvalues

As described in section 4.2 we need to compute eigenvalues close to zero
to check if one crosses over. Thus we need to use the shift-invert mode of
eigs from scipy [7]. Thankfully eigs is implemented in a way so that one
can specify how this inverse works. (More specifically how the matrix-vector
multiplication with the inverse works.)

Therefore we want to use our gmres-precondtioner combo for this. We’ll
now look at how this fares for calculating the eigenvalues.

I have tested on a mesh on the cube (h = 0.3, boundary: h = 0.15,
thickness= 0.02) and did two full continuation steps.

gmres steps in NCorr gmres steps in eigs
max times called | mean | min | max | median
33 322 3711 | 34 38 37
34 268 38.68 | 36 39 39

We see that the solver was called about 300 times in eigs and it always
was slightly worse than when used for NCorr but not really impacting a
lot. This reflects what we would have expected, although I have found in
early testing stages (when I hadn’t set the restart count for gmres myself
(default= 20)), that the performance was way worse. Thus it seems to be a
good idea to set the restart count as high as possible.
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Figure 5.6: Path of the laminar solution, the change of resolution comes
from a change of dsmax.

5.4 Pipe continuation

Sadly, due to computational problems, I was not able to do a continuation on
a long pipe (length = 100 pipe diameters). As mentioned in the introduction
one of the bigger problems is getting a fine enough mesh.

Since transitional flow needs a long enough pipe and I never was able to
reach a high enough Reynolds number, I didn’t get transitional flow.

At least I was able to use the algorithm on the short pipe with length
10 radii.

In figure 5.6 we see what we could expect already. The laminar solution
gets linearly bigger as the Reynolds number increases.

5.4.1 Ideas for testing in pipe flow

Since I never got to test on the correct setting I was not able to experiment
on how to change the continuation algorithm to jump from the laminar
solution onto any turbulent flow. However I’d like to list here some ideas
that I had. All of them evolve around changing the predictor step

ul U
()= (30) +asm



72 CHAPTER 5. EXPERIMENTS

The core idea is, since the transition is brought on by finite amplitude dis-
turbances, to add a vector b onto 7y to jump away from the laminar solution

(Ki) = <K8> + ds(ro + b).

The question is on how to choose this vector b. The problem is that we want
to choose b in a way such that it facilitates a jump onto another branch but
doesn’t hinder the Newton correction too much if no jump occurs.

I had three ideas on how to choose b:

e Simply a random vector with a fixed norm. This might lead to the
highest probability of jumps but also of a diverging Newton correction.

e A vector that only brings a disturbance on the periodic boundary for
the influence of inflow disturbances.

e Or a vector that gives a disturbance on or near the pipe wall (Dirichlet
boundary conditions) to look for an influence from the pipe itself.
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Appendix

A.1 Boundary layer approximation

sources: [2], [4]

Due to the existence of a boundary layer for the Navier-Stokes equation
one can try to approximate the solution with two different equations on two
different domains. Here I will give the idea for two-dimensional flow on a
flat plate (2 = R x R*). Let u = (v,w)? € R? and ¢ = 1/Re < 1 be a fixed
value. Then the Navier-Stokes equation looks as follows:

Ut + vz + wuy + Py = €AV,
wi + vwy + wwy + py = eAw,
Uy +wy =0, (A.1)
Vly=0 = wl|y=0 = 0,
v(0,z,y) = vi(z,y), w0,z,y) = wi(z,y).

Outer expansion

We start in the outer area, which means outside the boundary layer where
we can think of the fluid as frictionless as ¢ is small. This should result in
the Euler-equation. We start by making an ansatz:

2
V=09 +EV] +EV2+ ...,
2
wW=wy+ews +ews+...,

p=po+epr+eipa+....

73
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When we insert this into our equation (A.1) we get in the lowest order the
Fuler equations:

Opvo + 10,V + woOyvo + Ozpo = 0,
Orwo + vo0ywo + wodywo + Oypo = 0,
Ozvo + Oywo = 0,

v(0,z,y) = vr(z,y), w(0,z,y) = wi(z,y).

(A.2)

Inner expansion

Inside the boundary layer we expect that there are large differences in the
y-direction, while there are little differences in the x-direction. Thus we
apply a scaling only on the y-direction T :=t, X =z, Y = y/e® with an
unknown « > 0, which we will determine later,

V(T,X,Y) = (T, X,eY),

W(T,X,Y)=w(T, X, ),
P(T,X,Y)=p(T, X,e*Y).

Inserting this into our equation (A.1) gives us

OrV +VOoxV + e *WoyV 4+ Ox P = 0%V + &' 7202V,
OrW +VOxW + e Wy W + dx P = e0% W + ' 72202 W,
OxV +e oy W =0,
Vl]y—o = W]y—o =0.

(A.3)

We then use a general expansion for V, W, P

V=V+M+Va+.
W =Wy + Wi + Wy + ...,
P="Py+°P +¥py+ .. ..

with unknown 5 > 0, still to determine.
When we then insert this in the third equation in (A.3) we get

[Ox Vo +P0x Vi + ...+ e 0y Wy +PoyW +...] =0.
The leading e-exponent is at dy Wy which suggests
Oy Wo = 0, Wo(T, X,0) = OVT, X = |Wp = 0],

The next smallest e-exponent suggests o = 3, thus this gives us

‘8}(‘/0 + oy Wy = 0‘.
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We then insert the expansion into the first equation in (A.3) and get

OrVo +PorVi4+ .. )4+ Vo +e°Vi+...]- [OxVo + P0xVi+ .. ]
+e 04+ Wi+...]-OyVo+e“OwVi+...]+[0xPy+cOx P +...]
= [0 Vo + 03 V1 + .. | + 0V + %03V + ..

If we choose a > 1/2 then 1 —2a < 0 and we only have one leading term
0% Vo = 0. But if we choose a = 1/2 such that 1 —2a = 0 we get the highest
number of leading terms.

OrVo + VoOx Vo + Widy Vo + 0x P = 03 Vo |.

With @ = 8 = 1/2 we have the thickness of the boundary layer as d(¢) =
O(e?)
It remains to insert the expansion into the second equation in (A.3)
[OrWo +e20rWh + ...+ [Vo+e2Vi+...]- [0+ 20x Wy +...]
1 1 1 1 1
+e2[0+e2Wi+ .. ] [0+e2Wi+...]+e 2[0v Py +e20v P +...]
—el0+ 203 Wy +... ]+ [0+e202W +...].

In the leading order we now get

R0

Thus the pressure is constant in the y-direction in the boundary layer.

matching

Our two expansions need to be compatible with each other we start with
a condition in the limit for ¢ — 0. Then 6(¢) — 0 and V), Wy, Py give
the boundary connection between the boundary conditions and vg(d(¢)),

wo(d(¢)), po(d(e)).
lim Vo(T, X,Y) = lim vo(t
YE)I})O 0( y Ay ) = yl_I}%)/UO( ,.T,y),
. .
Ylggo Wo(T,X,Y) = il_r%wo(t,a:,y), (A.4)

. o
YIE)nOO PO(T7 X, Y) - Z]J‘l_rg)pO(t?xa y)

But it is then still discontinuous for € > 0. Due to the second condition and
Wy = 0 we have wy(t,z,0) = 0 which corresponds to the typical boundary
condition of the Euler equations (u-v = 0).
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Solving for outer expansion

The outer expansion doesn’t need information from the inner expansion
therefore we start by solving the Euler equation (A.2) with wq(t,z,0) = 0
in the outer area. Due to the third condition in (A.4) and dy Py = 0 we get
Py(T, X,Y) =po(t,z,0) VI =t, X =x,Y.

This means that the pressure in the boundary layer is fully described by
the pressure from the outer expansion at the boundary (y = 0).

Solving for inner expansion

With p|y—o and vg|y—o given from the outer flow we can solve for the inner
expansion. The equations are called Prandtl’s boundary layer equations.

Vo + Vodx Vo + W10y Vo + 9x (poly—0) = 95 Vo,
Voly=0 = Wily=o0 =0,
lim Vo(T,X,Y) = vy(t,x,0),
Y —oo

Ox Vo + Oy W1 =0,
Vo(0,X,Y) =wvs(x,0) if us has no boundary layer.

full approximation

If we’d define our approximation like this:
Volt,, %) .y € (0,6(6))

o {vo<t,w,§> € (3(e), 0)

it would be discontinuous and therefore not a suitable approximation.
We instead define it through

o(t,z,y) == Vo | t,x, il + vo(t, z,y) — lim vg(t, x,y).
€2 y—0

Where the limit is used such that ¢ fulfills the boundary condtition. Anal-
ogously we define w and p

w(t,x,y) = wo(t,z,y) (since Wy and wq(t, z,y) = 0),
ﬁ(t,x,y) = po(t,l‘,y)

(since the pressure is constant in Y in the boundary layer).

Result: In a boundary layer of thickness O(1/€) the horizontal velocity
vg is corrected such that at y = 0 the no-slip condition u = 0 is fulfilled.
The vertical velocity already fulfills wq(¢,2,0) = 0 and thus doesn’t need to
be corrected.

For a slightly more physical view on that subject look at [4].
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A.2 Used code

I used Netgen/NGSolve [13] and its Python interface for implementing the
continuation algorithm. NGSolve is a FEM-Solver using C++. The whole
implementation of my code is done in Python and follows the description
in [14].

A.2.1 ContCollection

ContCollection is the base class for everything in this code. It collects ev-
erything that is needed for running the algorithm. Therefore all functions
used are called with an object of this class.

The constructors signature is

p = ContCollection (spa, grf  amat,amatinv,
applyBLF ,rhs ,invlam=False ).

I will go through these arguments now.

spa, grf

spa takes the finite element space from NGSolve on which the FEM is
defined. grf is the Gridfunction (also from NGSolve) defined on the FESpace
spa for the solution.

amat and amatinv

ContCollection takes the matrix A and its inverse (or a solver) as linear
operators amat and amatinv which follows the rules of the scipy-linear
operators with an added necessary update function. Due to this imple-
mentation one can use any desired form of the matrix and its solver. It
only needs to give the result of the matrix-vector multiplication. amat and
amatinv needs to be able to give the multiplication with G, or G, ! re-
spectively because these are needed in swibra (see A.2.5) and NSolve. Also
amat needs to be able to give G, as it is needed in swibra. Again due to the
requirements of swibra both operators need to be able to give a transposed
version.

There are default implementations. These use the multiplication and
inverse given from the bilinearform in NGSolve.

applyBLF

applyBLF is a Bilinearform from NGSolve used for the calculation of
the residuum of the nonlinear problem. The last component given by the
number-FESpace is not relevant for this, thus it can be used to define a norm
for the solution (e.g. L?, H'-morm). If this option is used the parameter
L2n has to be set as true.
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rhs

This is the shortened vector for the righthandside of the equation given as
a numpy array.

Parameters

There are some parameters saved in ContCollection. Some of them are
boolean ones that change how the computation works (righthandside is the
default value).

e invlam = False: Describes if the parameter A of the equation is given
in its reciprocal value. Since it is already needed in the constructor it
can be given as a parameter in the constructor.

e chord = True: Defines if a chord method is used.

e calctangent = True: Gives if the tangent 7 is calculated by using
A1 = (0,1)T or by using the secant defined by the last two points
calculated.

e L2n = False: If this is true the norm of u is calculated using apply-
BLF. Otherwise the vectornorm specified by normord is taken.

e calceigs = True: Since calculating the eigenvalues is the most ex-
pensive operation this value can be used to to turn it off if you only
want to follow the branch without detecting bifurcation points.

e saveu = False: Defines if each calculated point is saved. Often it is
not sensible for problems with a high number of degrees of freedom.

Other parameters are, e.g. in which area the continuation is done, the
order of the used norm, the names of the autosaves (done with pickle) or a
filename to save certain benchmarks to.

A.2.2 cont

cont is the implemented function of the main continuation algorithm de-
scribed in section 4.2. Its only argument is an object of ContCollection.

A.2.3 NSolve and NCorr

NSolve is a Newton iteration using the matrix G, with a fixed A. NCorr
is the Newton correction used in cont using the matrix A.

Both again use ContCollection as their argument. NCorr also has a
boolean argument that is used to describe if NCorr is called by cont or by
the bisection method.
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A.2.4 Dbiseccont

This is the bisection method that is called after a bifurcation is detected. Its
arguments are the base class and the number of negative eigenvalues at the
old point. After it has gotten close enogh to the bifurcation point it creates
an object of the class bifurpoint which saves u, A\, 1, A at the point.

A.2.5 swibra

swibra is the implementation of the function described in subsection 4.2.2.
Its arguments are ContCollection and a bifurpoint and it calculates the
branch switching at that point.

A.2.6 Example script
Here I give an example script using the Allen-Cahn equation.

from ngsolve import x

import sys

sys.path.append('..")

import netgen.geom2d as g2d

from numpy import zeros, inf

from LinOps import amatLinOp, amatinvLinOp
from contcoll import ContCollection
from cont import cont

from swibra import swibra

import matplotlib.pyplot as plt
import pickle

#Creating the geometry on which the equation is solved
#using netgen

geo = g2d.SplineGeometry ()

pl = geo.AppendPoint(—1,-0.9)

p2 = geo.AppendPoint(l,—O 9)
p3 = geo.AppendPoint (1,0.9)
p4d = geo.AppendPoint (—1,0.9)

geo.Append ([”line”, pl, ], be=1)
geo.Append ([”line”, p2, p3]|, bc=2)
geo.Append ([”line”, p3, |, bc 3)
geo.Append ([”line” , p4, |, bc=4)

#Generating the mesh using mnetgen
mesh = Mesh (geo.GenerateMesh (maxh=0.05))
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#Defining the FESpace with ngsolve
V = Hl(mesh, order=1, dirichlet=[1,2,3,4])
N = FESpace(mesh = mesh,type = ”"number” )

fes = FESpace ([V,N])

u,lam = fes.TrialFunction ()
v,mu = fes.TestFunction ()

#Defining the GridFunction with ngsolve
gfu = GridFunction(fes)

gfu.components [0]. Set (0xx)
gfu.components [1]. Set (0x%x)

gfu0 = gfu.components[0]
gful = gfu.components|[1]

#Define a vector of indices to shorten
#the wvectors to get only the free dofs
BA = fes.FreeDofs ()
FDinds = zeros(gfu.vec.size ,dtype=int)
n=0
for iterat in range(gfu.vec.size):
if BA[iterat |:

FDinds [n|=iterat

n+=1
FDinds=FDinds [0:n]

#Defining the righthandside with
#a linearform from mngsolve
sourceLF = LinearForm (fes)
sourceLF += SymbolicLFI (0% v+0+mu)

sourceLF . Assemble ()

#Defining the bilinearform for the linearized problem
Gu = 0.25xgrad (u)*grad (v)—gfulsuxv—...

o= 3x(gfulxgful ) *usv+5+(gfulxgful*gful*gfuld )*u*v
Glam = —gfuOxlam=v

GuBLF = BilinearForm (fes)
GuBLF += SymbolicBFI (Gu+Glam)

GuBLF. Assemble ()



A.2. USED CODE

#Defining the appBLF

#for calculating the residuum and the L2—norm
appu = 0.25xgrad (u)*grad(v)—lamsuxv—...

coo— (wkusu )« v (Wkuk KUKk ) *V

appBLF = BilinearForm (fes , nonassemble = True)
appBLF += SymbolicBFI (appu)
appBLF += SymbolicBFI (uxuxmu)

#Defining the linear operators

#for solving the linear equation system
amat = amatLinOp (GuBLF, FDinds)

amatinv = amatinvLinOp (GuBLF, FDinds)

#Constructing the ContCollection
p = ContCollection (fes ,gfu,amat,amatinv ,appBLF,
sourceLF . vec .FV().NumPy()[FDinds])

#Setting different parameters for the continuation
.eigtol = le—12

.Ntol = 1le—12

.numeigs = 20

.normord = inf

.L2n = True

T T oo T

Jdam = 1.0

.lamold = 1.0
.dsmax = 0.3
Jammax = 5
.normumax =
.maxit = 200

20

T T oot o

.autosavenameO = 'allencahnasO'
p.autosavenamel = 'allencahnasl'

io)

#Setting the first tangent wvector

p.lamprime = 1

p.uprime = gfu.components[0].vec.FV().NumPy()
p.uprime = p.uprime [FDinds[: —1]]

.lamprime = p.lamprime/p.tauXiNorm ()
p.uprime /= p.tauXiNorm ()

o]
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#starting continuation
cont (p)

#switching branchesat the first bifucation point
swibra(p,p. bifurlist [0])

#continuing continuation after branchswitching
cont (p)

#repeat for other bifucation points
swibra(p,p. bifurlist [1])

cont (p)
swibra(p,p. bifurlist [2])

cont (p)
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