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❛✉❝❤ ✐♥❞✐r❡❦t ❜❡✐ ❞❡r ❉✉r❝❤❢ü❤r✉♥❣ ❞✐❡s❡r ❉✐♣❧♦♠❛r❜❡✐t ❜❡❣❧❡✐t❡t ❤❛❜❡♥✳ ❉❛♥❦ ❣❡❤t
❛♥ Pr♦❢✳ ❋r❛♥③ ❑❡♣❧✐♥❣❡r✱ ❞❡r ♠✐r s♦✇♦❤❧ ❞❡♥ ❋r❡✐r❛✉♠ ❜❡✐ ❞❡r ❉✉r❝❤❢ü❤r✉♥❣ ❜♦t
❛❧s ❛✉❝❤ ♠✐t ❊①♣❡rt✐s❡ ③✉r ❱♦❧❧❡♥❞✉♥❣ ❞❡r ✇✐ss❡♥s❝❤❛❢t❧✐❝❤❡♥ ❆r❜❡✐t ③✉r ❙❡✐t❡ st❛♥❞✳
❱✐❡❧❡♥ ❉❛♥❦ ❛✉❝❤ ❛♥ ❉r✳ ❆♥❞r❡❛s ❑❛✐♥③✱ ❞❡r ❛❦r✐❜✐s❝❤ ♠❡✐♥❡ ❆r❜❡✐t ❦♦rr✐❣✐❡rt❡ ✉♥❞
♠✐r ❊✐♥❜❧✐❝❦❡ ✐♥ ❞✐❡ ❲❡❧t äst❤❡t✐s❝❤ ✇♦❤❧❞❡✜♥✐❡rt❡r ❙ät③❡ ❜♦t✳
■♠ ❇❡s♦♥❞❡r❡♥ ♠ö❝❤t❡ ✐❝❤ ♠✐❝❤ ❜❡✐ ❉r✳ ▼✐❝❤❛❡❧ ❙t✐❢t❡r✱ ❉r✳ ❲✐❧❢r✐❡❞ ❍♦rts❝❤✐t③
✉♥❞ ❉r✳ ❍❛r❛❧❞ ❙t❡✐♥❡r✱ ❞❡♠ ✏❲✐❡♥❡r ◆❡✉stä❞t❡r✲❚❡❛♠✑ ❜❡❞❛♥❦❡♥✱ ❞✐❡ ♠✐t ♠✐r
❞✉t③❡♥❞❡ ❉✐s❦✉rs❡ ü❜❡r ♠ö❣❧✐❝❤❡ ❱❡rs✉❝❤s❞✉r❝❤❢ü❤r✉♥❣❡♥ ✉♥❞ ❞❡r❡♥ ■♥t❡r♣r❡t❛t✐♦♥
❣❡❢ü❤rt ✉♥❞ s✐❝❤ ✇❡✐t❡rs ❛❧s ✇ür❞✐❣❡ ❚✐s❝❤❢✉ÿ❜❛❧❧s♣✐❡❧❡r ❡r✇✐❡s❡♥ ❤❛❜❡♥✳
❇❡✐ ❉r✳ ❆rt✉r ❏❛❝❤✐♠♦✇✐❝③ ♠ö❝❤t❡ ✐❝❤ ♠✐❝❤ ❢ür ❞✐❡ ❱❡rs✉❝❤❡ ✐♥ ❞❡r ❆✉❢❞❛♠♣❢❛♥❧❛❣❡
③✉r ❇❡s❝❤✐❝❤t✉♥❣ ❞❡r ❙❡♥s♦r❡♥ ❜❡❞❛♥❦❡♥✳
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✐❤r ❣r♦ÿ❡s ❱❡rstä♥❞♥✐s ✇ä❤r❡♥❞ ❞✐❡s❡r ❛r❜❡✐ts✐♥t❡♥s✐✈❡♥ ❩❡✐t ✉♥❞ ✐❤r❡ ♠♦t✐✈✐❡r❡♥❞❡♥
P❤r❛s❡♥ ✇✐❡ ✏❆❧❧❡s ❣❡❤t ③✉ ❊♥❞❡✑ ❜❡❞❛♥❦❡♥✳
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■♥ ❞✐❡s❡r ❆r❜❡✐t ✇❡r❞❡♥ ✸❉ ❣❡❞r✉❝❦t❡ ▼❛❣♥❡t❢❡❧❞ ❙❡♥s♦r❡♥✱ ❞✐❡ ❛✉❢ ❞❡♠ ❊✛❡❦t
❞❡r ▲♦r❡♥t③ ❑r❛❢t ❜❡r✉❤❡♥✱ ✉♥t❡rs✉❝❤t✳ ❉❡r ✸❉✲❉r✉❝❦ ❡r♠ö❣❧✐❝❤t ❡✐♥❡ s❝❤♥❡❧❧❡
✉♥❞ ❦♦st❡♥❣ü♥st✐❣❡ ❍❡rst❡❧❧✉♥❣ ✈♦♥ ❞r❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❲❡r❦stü❝❦❡♥ ✉♥❞ ❦❛♥♥ ③✉
❜❡s❝❤❧❡✉♥✐❣t❡♥ ❚❡st♣❤❛s❡♥ ✈♦♥ ❉❡s✐❣♥s ✐♥ ❞❡r ▼❊▼❙ ❊♥t✇✐❝❦❧✉♥❣ ❢ü❤r❡♥✳ ❱♦rt❡✐❧❡
✈♦♥ ✏❘❛♣✐❞ Pr♦t♦t②♣✐♥❣✑ ❛❧s ❇❡✉rt❡✐❧✉♥❣s♠❡t❤♦❞❡ ✇❡r❞❡♥ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❞✐s❦✉✲
t✐❡rt✱ ✉♠ ❞✐❡ ❋✉♥❦t✐♦♥❛❧✐tät ❢ür ❡♥t✇♦r❢❡♥❡ ▼✐❦r♦str✉❦t✉r❡♥ ✈♦r ❞❡r ❆♥✇❡♥❞✉♥❣
❦♦sts♣✐❡❧✐❣❡r tr❛❞✐t✐♦♥❡❧❧❡r ▼❊▼❙✲❚❡❝❤♥♦❧♦❣✐❡ ③✉ ❞❡♠♦♥str✐❡r❡♥✳
❉❛s ▼❡ss♣r✐♥③✐♣ ❜❛s✐❡rt ❛✉❢ ❞❡r ▼♦❞✉❧❛t✐♦♥ ✈♦♥ ▲✐❝❤t✢✉ss✱ ✇❡❧❝❤❡s ❞✉r❝❤ ❡✐♥❡ r❡✲
❧❛t✐✈❡ ❱❡rs❝❤✐❡❜✉♥❣ ✈♦♥ ③✇❡✐ s♣❡③✐❡❧❧ str✉❦t✉r✐❡rt❡♥ ▼❛s❦❡♥ ❡r♠ö❣❧✐❝❤t ✇✐r❞✳ ❊✐♥❡
▼❛s❦❡✱ ✇❡❧❝❤❡ ❚❡✐❧ ❡✐♥❡r ❜❡✇❡❣❧✐❝❤❡♥ ▼❛ss❡ ✐st ✉♥❞ ❞✉r❝❤ ▲♦r❡♥t③ ❑rä❢t❡ ❛✉s❣❡❧❡♥❦t
✇❡r❞❡♥ ❦❛♥♥✱ ✇✐r❞ ❡✐♥❡r st❛t✐♦♥är❡♥ ▼❛s❦❡ ❣❡❣❡♥ü❜❡r❧✐❡❣❡♥❞ ❛✉s❣❡r✐❝❤t❡t✳ ❯♥t❡r✲
s✉❝❤t ✇❡r❞❡♥ ③✇❡✐ ✈❡rs❝❤✐❡❞❡♥❡ ❉❡s✐❣♥s✱ ✇❡❧❝❤❡ s✐❝❤ ❞✉r❝❤ ❞✐❡ ❆rt ❞❡r ▼❛❣♥❡t✲
❢❡❧❞♠❡ss✉♥❣ ❣❡♦♠❡tr✐s❝❤ ✉♥t❡rs❝❤❡✐❞❡♥✳ ❇❡✐❞❡ ❉❡s✐❣♥s ❜❡s✐t③❡♥ ❡✐♥❡ ❤♦r✐③♦♥t❛❧ ❛✉s✲
❧❡♥❦❜❛r❡ ▼❛ss❡✱ ✉♠ ❞❡♥ ▲✐❝❤t✢✉ss ③✉ ♠♦❞✉❧✐❡r❡♥✳ ❉❡r ❡rst❡ Pr♦t♦t②♣ ❜❡s✐t③t ❡✐♥❡♥
s❡♥s✐t✐✈❡♥ ❇❡r❡✐❝❤ ❛✉❢ ❞❡r ▼❛ss❡✱ ❞❡r ❡✐♥❡ ❛✉s❣❡♣rä❣t❡ ❊✐❣❡♥❢r❡q✉❡♥③ ❢ür ❤♦r✐③♦♥t❛❧❡
❙❝❤✇✐♥❣✉♥❣❡♥ ❛✉❢✇❡✐st✳ ❉❡r ③✇❡✐t❡ Pr♦t♦t②♣ ❜❡s✐t③t ❡✐♥❡♥ ❡❧❛st✐s❝❤❡♥ ▼❡❝❤❛♥✐s♠✉s
✭❡♥❣❧✳ ✬❝♦♠♣❧✐❡♥t ♠❡❝❤❛♥✐s♠✬✮✱ ❜❡✐ ❞❡♠ ❞✐❡ ❇❡✇❡❣✉♥❣ ✈♦♥ ♠❛❣♥❡t❢❡❧❞s❡♥s✐t✐✈❡♥ ✈❡r✲
t✐❦❛❧ s❝❤✇✐♥❣❡♥❞❡♥ ❇❛❧❦❡♥ ❞✉r❝❤ ❣❡❦rü♠♠t❡ ❋❡❞❡r♥ ✐♥ ❡✐♥❡ ❤♦r✐③♦♥t❛❧❡ ❇❡✇❡❣✉♥❣
❞❡r ▼❛ss❡ ✉♠❣❡❧❡✐t❡t ✇✐r❞✳
❩✉sät③❧✐❝❤ ✇❡r❞❡♥ ❛✉❢tr❡t❡♥❞❡ Pr♦❜❧❡♠❡ ✇ä❤r❡♥❞ ❞❡r ❲❡r❦stü❝❦❛♥❢❡rt✐❣✉♥❣✱ ✇✐❡
✉♥t❡r ❛♥❞❡r❡♠ ❞❡r ❊✐♥✢✉ss ✈♦♥ ❲❛❝❤srü❝❦stä♥❞❡♥ ❛✉❢ ❞❛s ❱❡r❤❛❧t❡♥ ❞❡r Pr♦t♦✲
t②♣❡♥ ✉♥❞ ❞✐❡ ❙❝❤✇✐❡r✐❣❦❡✐t ❡✐♥❡ ♠❡t❛❧❧✐s❝❤❡ ❇❡s❝❤✐❝❤t✉♥❣ ❛✉❢③✉tr❛❣❡♥✱ ❜❡❤❛♥❞❡❧t✳
❯♠ ❞✐❡ ❙❡♥s✐t✐✈✐tät ❞❡r ❙❡♥s♦r❡♥ ③✉ ❜❡st✐♠♠❡♥ ✉♥❞ ❣❡♥❡r❡❧❧ r❡♣r♦❞✉③✐❡r❜❛r❡ ▼❡ss✉♥✲
❣❡♥ ❞✉r❝❤❢ü❤r❡♥ ③✉ ❦ö♥♥❡♥✱ ✇✉r❞❡ ❡✐♥❡ ❱♦rr✐❝❤t✉♥❣ ❡♥t✇✐❝❦❡❧t✱ ❞✐❡ ❡✐♥ s❝❤♥❡❧❧❡s ✉♥❞
❧❡✐❝❤t❡s ❆✉st❛✉s❝❤❡♥ ✈♦♥ ▼❛❣♥❡t❡♥ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❋❡❧❞stär❦❡♥ ❡r♠ö❣❧✐❝❤t✳
▼❡ss❡r❣❡❜♥✐ss❡ ❞❡r ❙❡♥s✐t✐✈✐tät❡♥ ❡r❣❛❜❡♥ ✶✹✻♠❱✴❚ ❢ür Pr♦t♦t②♣ ✶ ✉♥❞ ✷✺✸♠❱✴❚
❢ür Pr♦t♦t②♣ ✷✳
❲❡✐t❡rs ✇✉r❞❡♥ ❞✐❡ ❊✛❡❦t❡ ✈♦♥ ❇❡✉❣✉♥❣❡rs❝❤❡✐♥✉♥❣❡♥ s♦✇✐❡ ❞❡r ❊✐♥✢✉ss ✈♦♥ ❢❡❤❧❡r✲
❤❛❢t ❛✉s❣❡r✐❝❤t❡t❡♥ ▼❛s❦❡♥ ✉♥t❡rs✉❝❤t✳ ❇❡✉❣✉♥❣ ❦♦♥♥t❡ ❞✉r❝❤ ▼❛s❦❡♥ ♠✐t ❣röÿ❡r❡♥
❆♣❡rt✉r❡♥ ♠✐♥✐♠✐❡rt ✉♥❞ ❞✐❡ ❘❡♣r♦❞✉③✐❡r❜❛r❦❡✐t ❞❡r ▼❡ss✉♥❣❡♥ ❞✉r❝❤ ✐❞❡❛❧ ❛✉s✲
❣❡r✐❝❤t❡t❡♥ ▼❛s❦❡♥ ✈❡r❜❡ss❡rt ✇❡r❞❡♥✳
❉✐❡ ❦♦♠♣❧❡①❡ ●❡♦♠❡tr✐❡ ❞❡s ③✇❡✐t❡♥ Pr♦t♦t②♣❡♥ ✇✐r❞ ♠✐t ❋❊▼ ❙✐♠✉❧❛t✐♦♥❡♥ ✉♥t❡r✲
s✉❝❤t✱ ✉♠ ❞❛s ❙❝❤✇✐♥❣✈❡r❤❛❧t❡♥ ❞❡r ▼❛ss❡ ✐♥ ❡✐♥❡♠ ❤♦♠♦❣❡♥❡♥ ✉♥❞ ✐♥❤♦♠♦❣❡♥❡♥
♠❛❣♥❡t✐s❝❤❡♥ ❋❡❧❞ ③✉ ✈❡rst❡❤❡♥✳ ❉❛③✉❣❡❤ör✐❣❡ ❘❡s✉❧t❛t❡ ❞❡r ♦♣t✐s❝❤❡♥ ▼❡ss✉♥❣
❦♦rr❡❧✐❡r❡♥ s❡❤r ❣✉t ♠✐t ❞❡♥ ❊r❣❡❜♥✐ss❡♥ ❞❡r ❙✐♠✉❧❛t✐♦♥✳
❉✐❡ stä♥❞✐❣❡ ❲❡✐t❡r❡♥t✇✐❝❦❧✉♥❣ ❞❡s ✸❉✲❉r✉❝❦s ❡r♠ö❣❧✐❝❤t ❡✐♥❡ ❧❛✉❢❡♥❞❡ ❱❡r❜❡ss❡r✲
✉♥❣ ❞❡s ✏❘❛♣✐❞ Pr♦t♦t②♣✐♥❣✑ ❆♥s❛t③❡s ✐♠ ❙✐♥♥❡ ✈♦♥ ❦❧❡✐♥❡r❡♥ ❞r✉❝❦❜❛r❡♥ ❙❡♥s♦r❡♥✱
✈❡r❜❡ss❡rt❡r ❉r✉❝❦❣❡♥❛✉✐❣❦❡✐t✱ ❊✐♥s❛t③ ♥❡✉❡r ▼❛t❡r✐❛❧✐❡♥ ✉♥❞ ♠ö❣❧✐❝❤❡r✇❡✐s❡ ✇❡✐t❡r
s✐♥❦❡♥❞❡♥ Pr♦❞✉❦t✐♦♥s❦♦st❡♥✳
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❆❜str❛❝t

▲♦r❡♥t③ ❢♦r❝❡ ❜❛s❡❞ ✸❉ ♣r✐♥t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦rs ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s t❤❡s✐s✳
❚❤❡ s❡♥s✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ♠♦❞✉❧❛t❡❞ ❧✐❣❤t ✢✉① ❢r♦♠ t✇♦
st❡♥❝✐❧ ♠❛s❦s ❜② r❡❧❛t✐✈❡ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t✳ ❍❡♥❝❡✱ ♦♥❡ ♠❛s❦ ✐s ♣❛rt ♦❢ t❤❡ ♠♦✈❡❛❜❧❡
♠❛ss ✇❤✐❝❤ ✐s ❛❝t✉❛t❡❞ ❜② ▲♦r❡♥t③ ❢♦r❝❡s✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ❣r❛t✐♥❣ ✐s ❛❧✐❣♥❡❞
♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ❛♥❞ ✜①❡❞ ♦♥t♦ ❛ st❛t✐♦♥❛r② ❢r❛♠❡✳ ❚✇♦ ✉♥✐q✉❡ ❞❡s✐❣♥s ❛r❡
♣r♦♣♦s❡❞✱ ❜♦t❤ ❛r❡ ❡①❤✐❜✐t✐♥❣ t❤❡ ✐♥✲♣❧❛♥❡ ❞❡✢❡❝t❛❜❧❡ ♠❛ss ❢♦r ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥ ❜✉t
t❤❡② ❞✐✛❡r ✐♥ t❤❡ s❡♥s✐♥❣ ❛♣♣r♦❛❝❤✳ ❚❤❡ ✜rst ♣r♦t♦t②♣❡ ❡①❤✐❜✐ts t❤❡ ❡✛❡❝t✐✈❡ s❡♥s✐♥❣
❛r❡❛ ♦♥ t❤❡ ♠❛ss ❛♥❞ ✐s ❞❡s✐❣♥❡❞ ✇✐t❤ ❛ ❞✐st✐♥❝t ❡✐❣❡♥❢r❡q✉❡♥❝② ②✐❡❧❞✐♥❣ ✐♥✲♣❧❛♥❡
❞❡✢❡❝t✐♦♥s✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♣r♦t♦t②♣❡ ❢❡❛t✉r❡s ❛ ❝♦♠♣❧✐❡♥t ♠❡❝❤❛♥✐s♠✳ ❚❤✐s
♠❡❝❤❛♥✐s♠ ❝♦♥s✐sts ♦❢ ❝✉r✈❡❞ s♣r✐♥❣s t❤❛t tr❛♥s❢♦r♠ ♦✉t✲♦❢✲♣❧❛♥❡ ♦s❝✐❧❧❛t✐♦♥s ❢r♦♠
s❡♥s✐♥❣ ❝❛♥t✐❧❡✈❡rs ✐♥t♦ ❛♥ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♠❛ss✳
❆❞✈❛♥t❛❣❡s ♦❢ ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ✐♥ t❡r♠s ♦❢ ❢❛st ❞❡s✐❣♥ ❛♥❞ ❛❝❝❡❧❡r❛t❡❞ t❡st✐♥❣
♣❤❛s❡s ❛s ✇❡❧❧ ❛s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝r❡❛t✐♥❣ ♣r✐♥t❡❞ ✬r❡❛❧✬ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ▼❊▼❙
str✉❝t✉r❡s ❛r❡ ❞✐s❝✉ss❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ✇♦r❦ ❢♦❝✉s❡s ♦♥ r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ✇❤✐❝❤
✐s ❛♥ ❡✛❡❝t✐✈❡ ❛ss❡ss♠❡♥t t♦♦❧ t♦ ❞❡♠♦♥str❛t❡ ✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡s ❢♦r ❞❡s✐❣♥s ❜❡❢♦r❡
✐♥✐t✐❛t✐♥❣ ❝♦st❧② tr❛❞✐t✐♦♥❛❧ ▼❊▼❙ t❡❝❤♥♦❧♦❣②✳
❚❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣r♦t♦t②♣❡s ❛r❡ t❡st❡❞ ❢♦r t❤❡✐r ❢✉♥❝t✐♦♥❛❧❧✐t②✱ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢
♦❝✉rr✐♥❣ ♣r♦❜❧❡♠s ❞✉r✐♥❣ ♠❛♥✉❢❛❝t✉r✐♥❣ s✉❝❤ ❛s t❤❡ ✐♠♣❛❝t ♦❢ ✇❛① r❡s✐❞✉❡s ❛♥❞ t❤❡
❞✐✣❝✉❧t② ♦❢ ❛♣♣❧②✐♥❣ ❝♦♥❞✉❝t✐✈❡ ❝♦❛t✐♥❣s ♦♥t♦ t❤❡ s✉r❢❛❝❡ ✇❡r❡ ❝♦♥❞✉❝t❡❞✳ ❋✉rt❤❡r✱
❛ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✐s ❞❡s✐❣♥❡❞ t♦ ❡❛s② ❡①❝❤❛♥❣❡ ♠❛❣♥❡ts ✇✐t❤ ❞✐✛❡r❡♥t str❡♥❣t❤
t♦ ❝❤❛r❛❝t❡r✐s❡ t❤❡ s❡♥s♦rs✬ s❡♥s✐t✐✈✐t②✳ ▼❡❛s✉r❡❞ s❡♥s✐t✐✈✐t✐❡s ❢♦r ♣r♦t♦t②♣❡ ✶ ❛♥❞
♣r♦t♦t②♣❡ ✷ ❛r❡ ✶✹✻♠❱✴❚ ❛♥❞ ✷✺✸♠❱✴❚✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❡✛❡❝t ♦❢ ❧✐❣❤t ❞✐✛r❛❝t✐♦♥ ❛♥❞ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥♠❡♥t ❜❡t✇❡❡♥ ❜♦t❤ ♠❛s❦s ❛r❡
st✉❞✐❡❞ ✐♥ ❢♦r♠ ♦❢ s✐♠✉❧❛t✐♦♥s ❛♥❞ ♠❡❛s✉r❡♠❡♥ts✳ ❉✐✛r❛❝t✐♦♥ ✇❛s r❡❞✉❝❡❞ ❜② ✐♥✲
tr♦❞✉❝✐♥❣ ♠❛s❦s ✇✐t❤ ❜✐❣❣❡r ❛♣❡rt✉r❡ ✇✐❞t❤✳ ❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡① ❣❡♦♠❡tr② ♦❢ t❤❡
♣r♦t♦t②♣❡ ❢❡❛t✉r✐♥❣ t❤❡ ❝♦♠♣❧✐❡♥t ♠❡❝❤❛♥✐s♠✱ ❛❞❞✐t✐♦♥❛❧ ❋❊▼ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥
r❡❛❧✐s❡❞✱ st✉❞②✐♥❣ t❤❡ str✉❝t✉r❡s ❞❡✢❡❝t✐♦♥ ✐♥ ❛ ❤♦♠♦❣❡♥♦✉s ❛♥❞ ✐♥❤♦♠♦❣❡♥♦✉s ❡①✲
t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❤❡♥❝❡ ❛✣r♠✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♦♣t✐❝❛❧❧② ♠❡❛s✉r❡❞ ❧✐❣❤t
✢✉①✳
❖♥❣♦✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ♦♥ t❤❡ ✸❉ ♣r✐♥t✐♥❣ ♠❛r❦❡t ❡♥❛❜❧❡s ♣♦t❡♥t✐❛❧ ❢♦r ❢✉rt❤❡r ❡♥✲
❤❛♥❝❡♠❡♥ts ❢♦r r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ s✉❝❤ ❛s s♠❛❧❧❡r ♣r✐♥t❛❜❧❡ s❡♥s♦r ❞❡s✐❣♥s✱ ♥❡✇ ♠❛✲
t❡r✐❛❧s ✇✐t❤ ✉♥✐q✉❡ ♣r♦♣❡rt✐❡s✱ ❤✐❣❤❡r ♣r✐♥t✐♥❣ ❛❝❝✉r❛❝② ❛♥❞ ♣r♦❜❛❜❧② ❡✈❡♥ ❝❤❡❛♣❡r
♠❛♥✉❢❛❝t✉r✐♥❣ ❝♦sts✳
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✶

✶ ■♥tr♦❞✉❝t✐♦♥

▼❛❣♥❡t✐❝ s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s ❝♦♠❜✐♥❡ t❤❡ ✜❡❧❞s ♦❢ ♣❤②s✐❝s ❛♥❞ ♠❛t❡r✐❛❧ s❝✐❡♥❝❡ ❛♥❞
❛r❡ ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ ❛♥❛❧②s✐♥❣ ❛♥❞ ❝♦♥tr♦❧❧✐♥❣ ✐♠♣♦rt❛♥t ❢✉♥❝t✐♦♥s ♦❢ t♦❞❛②✬s s♦❝✐✲
❡t②✳ ❋♦r ❡①❛♠♣❧❡✱ r❡❧✐❛❜✐❧✐t② ♦❢ ♥♦♥❝♦♥t❛❝t s✇✐t❝❤✐♥❣ ✇✐t❤ ♠❛❣♥❡t✐❝ s❡♥s♦rs s❡ts ❤✐❣❤
s❛❢❡t② st❛♥❞❛r❞s ❢♦r ❛✐r♣❧❛♥❡s✳ ▼❛❣♥❡t♦♠❡t❡rs ❡♥❛❜❧❡ ❛❝❝✉r❛t❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡
♣♦s✐t✐♦♥ ❛t ❡♥❣✐♥❡ ❝r❛♥❦s❤❛❢ts ❛♥❞ ✇❤❡❡❧ ❜r❛❦❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥❝r❡❛s❡❞ ♣r♦❞✉❝t✐✈✲
✐t② ✐♥ ❢❛❝t♦r✐❡s ✐s ❛❝❤✐❡✈❡❞ ❞✉❡ t♦ st❛❜✐❧✐t② ❛♥❞ ❧♦✇ ❝♦st ♦❢ ♠❛❣♥❡t✐❝ s❡♥s♦rs ❬✶❪✳

❆ s❤♦rt s✉r✈❡② ♦❢ ❝✉rr❡♥t❧② ❡①✐st✐♥❣ ♠❛❣♥❡t♦♠❡t❡rs s❤❛❧❧ ✐♥tr♦❞✉❝❡ t❤❡✐r tr❡♠❡♥❞♦✉s
❞✐✈❡rs✐t② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ♠♦st s❡♥s✐t✐✈❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦rs ❛r❡ ❜❛s❡❞ ♦♥
✢✉① q✉❛♥t✐s❛t✐♦♥ ✐♥ s✉♣❡r❝♦♥❞✉❝t✐♥❣ ❧♦♦♣s ❛♥❞ t❤❡ ❏♦s❡♣❤s♦♥ ❡✛❡❝t✱ ❛❝❤✐❡✈✐♥❣ ❤✐❣❤
r❡s♦❧✉t✐♦♥s ✐♥ t❤❡ ♦r❞❡r ♦❢ ❢❚ ❛♥❞ ❧♦✇❡r✳ ❚❤♦s❡ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ ◗✉❛♥t✉♠ ■♥t❡r❢❡r✲
❡♥❝❡ ❉❡✈✐❝❡s ✭❙◗❯■❉✮ ❛r❡ ♠❛✐♥❧② ✉s❡❞ ✐♥ ❜✐♦❧♦❣②✱ ♠❡❞✐❝✐♥❡ ✭♥❡✉r♦♠❛❣♥❡t✐s♠✮ ❛♥❞
❣❡♦❧♦❣② ❛♣♣❧✐❝❛t✐♦♥s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝♦♠♠❡r❝✐❛❧ ✉s❡ ♦❢ ❙◗❯■❉✲❜❛s❡❞ ❛♣♣❧✐❝❛✲
t✐♦♥s ✐s r❡str✐❝t❡❞ ❞✉❡ t♦ ❤✐❣❤ ❝♦sts✱ r❡q✉✐r❡♠❡♥t ♦❢ ❛ s♦♣❤✐st✐❝❛t❡❞ ✐♥❢r❛str✉❝t✉r❡
✭❝♦♦❧✐♥❣ ✇✐t❤ ❤❡❧✐✉♠✱ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ s❤✐❡❧❞✐♥❣✮ ❛♥❞ ❤✐❣❤ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❬✷❪✳
❆♥♦t❤❡r t②♣❡ ♦❢ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦rs ✉s✐♥❣ t❤❡ ❍❛❧❧ ❡✛❡❝t✱ ✐s ❜❛s❡❞ ♦♥ ❧♦✇ ❝♦st
st❛♥❞❛r❞ ❈▼❖❙ t❡❝❤♥♦❧♦❣② ❛♥❞ ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❞❡t❡❝t ♠❛❣♥❡t✐❝ ✜❡❧❞s ❧❛r❣❡r t❤❛♥
✶✵ ♥❚ ❬✸❪✳ ❍❛❧❧ ❡✛❡❝t s❡♥s♦rs ❛r❡ ✉s❡❞ ❢♦r ♠❡❛s✉r✐♥❣ ❧✐♥❡❛r ❛♥❞ ❛♥❣✉❧❛r ♣♦s✐t✐♦♥✱ ✈❡✲
❧♦❝✐t②✱ r♦t❛t✐♦♥❛❧ s♣❡❡❞ ❛♥❞ ❛r❡ s✉✐t❛❜❧❡ ❢♦r ❜♦t❤ ❝♦♥st❛♥t ♦r ✈❛r②✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳
❍♦✇❡✈❡r✱ t❤❡② r❡q✉✐r❡ ❝♦♠♣❡♥s❛t✐♦♥ ❝✐r❝✉✐ts t♦ ❝♦✉♥t❡r❜❛❧❛♥❝❡ t❤❡r♠❛❧❧② ✐♥❞✉❝❡❞
❞r✐❢ts✳
❙❡❛r❝❤ ❝♦✐❧ ♠❛❣♥❡t♦♠❡t❡rs ♠❡❛s✉r❡ ✈❛r②✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❜❛s❡❞ ♦♥ ❋❛r❛❞❛②✬s ❧❛✇
♦❢ ✐♥❞✉❝t✐♦♥✳ ❚❤❡ t②♣✐❝❛❧ s✐③❡ ♦❢ t❤❡s❡ s❡♥s♦rs ✈❛r✐❡s ❢r♦♠ ❛ ❢❡✇ ❝❡♥t✐♠❡tr❡s ✉♣ t♦ ❛
♠❡tr❡✱ ✇✐t❤ ❤✐❣❤❡r s❡♥s✐t✐✈✐t✐❡s ❢♦r ❧❛r❣❡r s❡♥s♦r s②st❡♠s✳ ❆♣♣❧✐❝❛t✐♦♥s ❛r❡ ♣r♦✈✐❞❡❞
❢♦r ♥♦♥✲❞❡str✉❝t✐✈❡ t❡st✐♥❣✱ tr❛✣❝ ❝♦♥tr♦❧s✱ s♣❛❝❡ r❡s❡❛r❝❤ ♦♥ ♣❧❛s♠❛ ♣❤②s✐❝s ❬✹❪✳
❆ ❝♦♥✈❡♥t✐♦♥❛❧ s❡♥s♦r ❢♦r ♠❡❛s✉r✐♥❣ st❛t✐❝ ♦r ❧♦✇✲❢r❡q✉❡♥❝② ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ ❛♣✲
♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ♠❛❣♥❡t♦t❡❧❧✉r✐❝s✱ ❝♦♠♣❛ss ♥❛✈✐❣❛t✐♦♥ s②st❡♠s✱ ❛✐r❜♦r♥❡ ♠❛❣♥❡t✐❝
✜❡❧❞ ♠❛♣♣✐♥❣ ♦r ❞❡t❡❝t✐♥❣ s✉❜♠❛r✐♥❡s✱ ✐s t❤❡ ✢✉①❣❛t❡ ♠❛❣♥❡t♦♠❡t❡r✳ ❋❧✉①❣❛t❡s ❛r❡
s❡♥s✐t✐✈❡ t♦ ❜♦t❤ t❤❡ ✜❡❧❞ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ✜❡❧❞ ♠❛❣♥✐t✉❞❡✱ ❡①❤✐❜✐t✐♥❣ r❡s♦❧✉t✐♦♥
❧✐♠✐ts ❜❡❧♦✇ 1 pT/

√
Hz✳ ❈♦♠♣❧❡① ❢❛❜r✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❝♦r❡ ✭❡✳❣✳ ✉❧tr❛s♦❢t

❛♠♦r♣❤♦✉s ❝♦❜❛❧t ❛❧❧♦② ✇✐r❡✱ ❬✺❪✮ ❛♥❞ ❝♦✐❧s ❛r❡ ♠❛❥♦r ❞✐s❛❞✈❛♥t❛❣❡s✳
▼❛❣♥❡t♦♠❡t❡rs ❜❛s❡❞ ♦♥ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡✐r ❡❧❡❝tr✐❝❛❧ r❡s✐st❛♥❝❡ ❛r❡ ❝❧❛ss✐✜❡❞ ❛s ♠❛❣✲
♥❡t♦r❡s✐st✐✈❡ s❡♥s♦rs✳ ❚❤❡ ❝❧❛ss✐❝❛❧ t②♣❡ ♦❢ t❤♦s❡ s❡♥s♦rs ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❛♥✐s♦tr♦♣✐❝
♠❛❣♥❡t♦r❡s✐st✐✈❡ ✭❆▼❘✮ ❡✛❡❝t t❤❛t ♦❝❝✉rs ✐♥ ❢❡rr♦♠❛❣♥❡t✐❝ tr❛♥s✐t✐♦♥ ♠❡t❛❧s✳ ❚❤❡✐r
❡❧❡❝tr✐❝❛❧ r❡s✐st❛♥❝❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠❛❣♥❡t✐s❛t✐♦♥
❛♥❞ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t✳ ❆♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧t❡rs t❤❡ ♠❛❣♥❡t✐s❛t✐♦♥✱ t❤✉s✱
❝❛✉s✐♥❣ ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ r❡s✐st❛♥❝❡✳ ❆ ♠❛❥♦r ❞r❛✇❜❛❝❦ ✐s t❤❡ s❡♥s♦r✬s
s❛t✉r❛t✐♦♥ ❛❧r❡❛❞② ❛t s♠❛❧❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✭s❡✈❡r❛❧ ♠❚✮✱ ❤❡♥❝❡ ❞❡♣❡♥❞✐♥❣ ♦♥ ❝♦♠✲
♣❧❡① r❡s❡tt✐♥❣ ♣r♦❝❡❞✉r❡s✳ ▼❛❣♥❡t♦r❡s✐st✐✈❡ s❡♥s♦rs ❛r❡ ✉s❡❞ ❢♦r ♠❛❣♥❡t✐❝ ❤❡❛❞s
✐♥ ❤❛r❞ ❞✐s❦s✱ ✈❡❤✐❝❧❡ ❞❡t❡❝t✐♦♥ ❛♥❞ ❝❛r s♣❡❡❞ ♠♦♥✐t♦r✐♥❣✱ ♣♥❡✉♠❛t✐❝ ❝②❧✐♥❞❡r ♣♦✲
s✐t✐♦♥ s❡♥s✐♥❣✱ ❝r❛♥❦s❤❛❢t ♣♦s✐t✐♦♥ s❡♥s♦rs✱ ❝✉rr❡♥t ❞❡t❡❝t✐♦♥✱ ❛♥❞ ♥♦✐s❡❧❡ss ❧♦❝❦✐♥❣



✷ ✶ ■♥tr♦❞✉❝t✐♦♥

♠❡❝❤❛♥✐s♠s ❬✷❪✳ ❇❡s✐❞❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❆▼❘ t❤❡r❡ ❡①✐st ❛❧s♦ ♦t❤❡r ❢♦r♠s ♦❢ ♠❛❣✲
♥❡t♦r❡s✐st❛♥❝❡✳ ❚❤❡ ❣✐❛♥t ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ✭●▼❘✮ ✐s ❜❛s❡❞ ♦♥ ♠✉❧t✐❧❛②❡r str✉❝t✉r❡
♦❢ t❤✐♥ ✜❧♠s✱ ②✐❡❧❞✐♥❣ ❛ ❤✐❣❤❡r r❡s✐st❛♥❝❡ ❝❤❛♥❣❡❀ t❤❡ t✉♥♥❡❧✐♥❣ ♠❛❣♥❡t♦r❡s✐st❛♥❝❡
✭❚▼❘✮ ✐s ❜❛s❡❞ ♦♥ q✉❛♥t✉♠ t✉♥♥❡❧✐♥❣ ♦❢ ❡❧❡❝tr♦♥s ❜❡t✇❡❡♥ t❤✐♥ ✐♥s✉❧❛t♦rs❀ t❤❡
❝♦❧♦ss❛❧ ♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ✭❈▼❘✮ ✐s ❜❛s❡❞ ♦♥ ❛ ❝❤❛♥❣❡ ♦❢ ♥♦♥♠❛❣♥❡t✐❝ ✐♥s✉❧❛t♦rs
t♦ ❢❡rr♦✲♠❛❣♥❡t✐❝ ❝♦♥❞✉❝t♦rs ❛t r❡❧❛t✐✈❡❧② ❧❛r❣❡ ✜❡❧❞s ✭∼ 1T✮❀ t❤❡ ❡①tr❛♦r❞✐♥❛r②
♠❛❣♥❡t♦r❡s✐st❛♥❝❡ ✭❊▼❘✮ ❜❛s❡❞ ♦♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✉❝t✐♥❣ ♣❛rt✐❝❧❡s ✐♥ t❤❡ s❡♠✐❝♦♥✲
❞✉❝t✐♥❣ ♠❛t❡r✐❛❧ ✐♥❝r❡❛s✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥s ✐♥ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② ❬✻❪✳
▼❛❣♥❡t♦♠❡t❡rs ❜❛s❡❞ ♦♥ ♠✐❝r♦❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ✭▼❊▼❙✮ ♠♦st❧② ❜❛s❡❞ ♦♥
t❤❡ ▲♦r❡♥t③ ❢♦r❝❡ ✇❤✐❝❤ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛♥ ❡❧❡❝tr✐❝❛❧ ❝✉r✲
r❡♥t ❛♥❞ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ▲♦r❡♥t③ ❢♦r❝❡ ❝❛✉s❡s ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡
▼❊▼❙ ✇❤✐❝❤ ✐s ✐♥❝r❡❛s❡❞ ❛t r❡s♦♥❛♥❝❡ ✭▼❊▼❙ ❡①❝✐t❡❞ ✇✐t❤ ❆❈ ✇✐t❤✐♥ ❛ st❛t✐❝
❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✮✳ ■t ✐s ♠❡❛s✉r❡❞ ✉s✐♥❣ ❝❛♣❛❝✐t✐✈❡✱ ♣✐❡③♦r❡s✐st✐✈❡ ❛♥❞ ♦♣t✐❝❛❧
s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s✳ ▼❊▼❙ ❞❡✈✐❝❡s ❛r❡ ❝♦♠♣♦s❡❞ ❜② ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❡❧❡❝tr✐❝❛❧ ❝♦♠✲
♣♦♥❡♥ts ✇✐t❤ ❛❞✈❛♥t❛❣❡s s✉❝❤ ❛s s♠❛❧❧ s✐③❡✱ ❧♦✇ ♣♦✇❡r ❝♦♥s✉♠♣t✐♦♥✱ ❤✐❣❤ s❡♥s✐t✐✈✐t②
❛♥❞ r❡❞✉❝❡❞ ❢❛❜r✐❝❛t✐♦♥ ❝♦st ❬✼❪✳ ❚❛❜❧❡ ✶ s✉♠♠❛r✐s❡s s♦♠❡ r❡❝❡♥t ▼❊▼❙ ♠❛❣♥❡t✐❝
✜❡❧❞ s❡♥s♦rs ❛♥❞ t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝s✳

❙❡♥s♦r ❙✐③❡ ✭➭♠ Ö ➭♠✮ f0 ✐♥ ❦❍③ Q S
❍❡rr❡r❛✲▼❛② ❡t ❛❧✳ ❬✽❪ ✹✵✵ Ö ✶✺✵ ✶✸✻✳✺✷ ✽✹✷ ✹✵✸ ♠❱✴❚
▲❛♥❣❢❡❧❞❡r ❡t ❛❧✳ ❬✾❪ ✽✾ Ö ✽✻✽ ✷✽✳✸ ✸✷✼✳✾ ✶✺✵ ➭❱✴➭❚
▲❛❣❤✐ ❡t ❛❧✳ ❬✶✵❪ ✷✽✷ Ö ✶✵✾✺ ✶✾✳✾✺ ✷✺✵✵ ✵✳✽✺ ❱✴♠❚
▼✐♥♦tt✐ ❡t ❛❧✳ ❬✶✶❪ ✶✼✵✵ Ö ✼✺✵ ✷✵ ✹✻✵ ✵✳✼✺ ③❋✴✭♥❚♠❆✮
P❛r❦ ❡t ❛❧✳ ❬✶✷❪ ✸✵✵✵ Ö ✸✵✵✵ ✵✳✸✻ ✶✶✻ ✻✷ ♠❱✴➭❚

❚❛❜❧❡ ✶✿ ❚❤✐s t❛❜❧❡ s✉♠♠❛r✐s❡s ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ r❡❝❡♥t ▼❊▼❙♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦rs
❜❛s❡❞ ♦♥ ▲♦r❡♥t③ ❢♦r❝❡✱ ✇❤❡r❡ f0 ✐s t❤❡ s❡♥s♦r✬s ♥❛t✉r❛❧ ❢r❡q✉❡♥❝②✱ Q ✐s t❤❡ q✉❛❧✐t②
❢❛❝t♦r ❛♥❞ S ✐s t❤❡ s❡♥s✐t✐✈✐t②✳ ❚❤❡ ❞❛t❛ ✐s ❡①tr❛❝t❡❞ ❢r♦♠ ❬✼❪✳

❆ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ r❡✈✐❡✇ ❛❜♦✉t ♠✐❝r♦♠❛❝❤✐♥❡❞ r❡s♦♥❛t♦rs ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❬✶✸❪✱ ✇❤❡r❡❛s ❛ ♠♦r❡ ♣r♦❢♦✉♥❞ r❡✈✐❡✇ ❛❜♦✉t r❡s♦♥❛♥t ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦rs ✐s
♣r♦✈✐❞❡❞ ❜② ❬✷❪ ❛♥❞ ❬✼❪✳

✶✳✶ ❖❜❥❡❝t✐✈❡ ❛♥❞ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ❚❤❡s✐s

❚❤❡ t❤❡s✐s ✐s ✐♥✈❡st✐❣❛t✐♥❣ ✸❉ ♣r✐♥t❡❞ ▼❊▼❙ ♠❛❣♥❡t♦♠❡t❡rs ✇✐t❤ ♦♣t✐❝❛❧ r❡❛❞♦✉t✱
❞❡♠♦♥str❛t✐♥❣ t❤❡✐r ❢✉♥❝t✐♦♥❛❧✐t② ❛♥❞ ❞✐s❝✉ss✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❧♦✇✲❝♦st st❛t❡✲♦❢✲
t❤❡✲❛rt ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣② ✐♥ t❡r♠s ♦❢ r❛♣✐❞ ♣r♦t♦t②♣✐♥❣✳
❚❤❡ t❤❡s✐s ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s t❤❡ s❡♥s✐♥❣ ♣r✐♥❝✐♣❧❡ ❛♥❞
❞❡s✐❣♥s ✐♥ ♠♦r❡ ❞❡t❛✐❧ ❛♥❞ ✐♥tr♦❞✉❝❡s ❢✉♥❞❛♠❡♥t❛❧s s✉❝❤ ❛s t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✱
▲♦r❡♥t③ ❢♦r❝❡ ❛❝t✉❛t✐♦♥✱ s❡♥s✐t✐✈✐t② ❛♥❞ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ♥♦✐s❡✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts
t❤❡ ✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ ❛ tr❛♥s✐♠♣❡❞❛♥❝❡ ❛♠♣❧✐✜❡r ❛♥❞ t❤❡ ❝❤♦s❡♥ ♦♣t♦❡❧❡❝tr♦♥✐❝



✶✳✶ ❖❜❥❡❝t✐✈❡ ❛♥❞ ❙tr✉❝t✉r❡ ♦❢ t❤❡ ❚❤❡s✐s ✸

❝♦♠♣♦♥❡♥ts ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts✳ ■♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ✸❉ ♣r✐♥t✐♥❣ t❡❝❤✲
♥♦❧♦❣②✱ ♣r♦t♦t②♣❡ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❛r❡ ❞✐s❝✉ss❡❞✳ ❚❤✐s ♣❛rt
♣r♦✈✐❞❡s ❢✉rt❤❡r ✐♥s✐❣❤t ♦❢ ♦❝❝✉rr✐♥❣ ♣r♦❜❧❡♠s✱ ❢❛❜r✐❝❛t✐♦♥ ❧✐♠✐t❛t✐♦♥s ❛♥❞ ❤♦✇ t♦
❛❞❛♣t ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ♠❡❛s✉r❡❞ ♦✉t♣✉t s✐❣♥❛❧s✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ s✉♠♠❛r✐s❡s t❤✐s
✇♦r❦ ❛♥❞ ♣r♦♣♦s❡s ❢✉rt❤❡r ♠❡t❤♦❞s t♦ ♦❜t❛✐♥ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✸❉ ♣r✐♥t✐♥❣
t❡❝❤♥♦❧♦❣✐❡s ❛♥❞ ♠❛t❡r✐❛❧s ❜❡❤❛✈✐♦✉r✳
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❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ♦❢ t❤❡ s❡♥s♦r ❝♦♥s✐sts ♦❢ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✭✸❉✮ ♣r✐♥t❡❞ ♠❡❝❤❛♥✐❝❛❧
tr❛♥s❞✉❝❡r✱ ❛♥ ▲❊❉ ❛♥❞ ❛ ♣❤♦t♦❞✐♦❞❡ P❉✳ ❚❤❡ P❉ r❡❝❡✐✈❡s ♠♦❞✉❧❛t❡❞ ❧✐❣❤t ✢✉①
❢r♦♠ t✇♦ st❡♥❝✐❧ ♠❛s❦s ❜② r❡❧❛t✐✈❡ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❤❛❞✐♥❣ ❜②
❜♦t❤ ❣r❛t✐♥❣s✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ♠❛s❦ ✐s ♣❛rt ♦❢ ❛ ♠♦✈❡❛❜❧❡ ♠❛ss✱ ✇❤✐❝❤ ✐s ❛❝t✉❛t❡❞
❜② ▲♦r❡♥t③ ❢♦r❝❡s✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ❣r❛t✐♥❣ ✐s ❛❧✐❣♥❡❞ ♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ❛♥❞
✜①❡❞ t♦ t❤❡ str✉❝t✉r❡✬s st❛t✐♦♥❛r② ❢r❛♠❡ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✳ ❚❤♦s❡ ♠❛s❦s ❢❡❛t✉r❡
✈❛♣♦r ❞❡♣♦s✐t❡❞ ❈r ❛rr❛②s ♦❢ ❛♣❡rt✉r❡s ❛✈❛✐❧❛❜❧❡ ✇✐t❤ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡ ✇✐❞t❤✳ ❚❤❡
P❉ ♣❧❛❝❡❞ ❛t ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❛♣❡rt✉r❡s ♠❡❛s✉r❡s t❤❡ tr❛♥s♠✐tt❡❞ ❧✐❣❤t ✐♥t❡♥s✐t②
❬✶✹❪✳ ❚❤❡ s✐❣♥❛❧ ✐s ❛♠♣❧✐✜❡❞ ✇✐t❤ ❛ tr❛♥s✐♠♣❡❞❛♥❝❡ ❛♠♣❧✐✜❡r ❛♥❞ ❛❝q✉✐r❡❞ ✇✐t❤ ❛
❧♦❝❦✲✐♥ ❛♠♣❧✐✜❡r✳ ❚❤❡ ✇❤♦❧❡ str✉❝t✉r❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ st❛t✐♦♥❛r② ♦✉t❡r ❢r❛♠❡ ❛♥❞
t❤❡ s♣r✐♥❣ s✉s♣❡♥❞❡❞ ♠❛ss ✐s ✸❉ ♣r✐♥t❡❞ ✐♥ ❛❝r②❧✐❝ r❡s✐♥ ✇✐t❤ ▼✉❧t✐❥❡t ▼♦❞❡❧✐♥❣
t❡❝❤♥♦❧♦❣②✳ ❚❤❡ ❣❧❛ss ❝❤✐♣s ❛r❡ ❣❧✉❡❞ ♦♥t♦ t❤❡ ✸❉ ♣r✐♥t❡❞ tr❛♥s❞✉❝❡r ✇✐t❤ ❛♥ ✐♥st❛♥t
❛❞❤❡s✐✈❡✳ ▼❛❥♦r ❝❤❛❧❧❡♥❣❡s ✐♥ t❤❡ ❛❧✐❣♥♠❡♥t ♣r♦❝❡ss ♦❢ t❤❡ ❣❧❛ss ♠❛s❦s ❛r❡ ❞✐s❝✉ss❡❞
✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✹✳
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❋✐❣✉r❡ ✶✿ ❙❝❤❡♠❛t✐❝ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ s❡♥s♦r ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡✳
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❚✇♦ ✉♥✐q✉❡ ❞❡s✐❣♥s ❢♦r ▲♦r❡♥t③ ❢♦r❝❡ ❜❛s❡❞ ♠❛❣♥❡t♦♠❡t❡rs ❛r❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s
t❤❡s✐s ✭s❡❡ ❋✐❣✳ ✷✮✳ ❇♦t❤ ❞❡s✐❣♥s ❛r❡ ✸❉ ♣r✐♥t❡❞ t♦ ❛❧❧♦✇ ❢♦r r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ❛♥❞
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❢❛❜r✐❝❛t✐♥❣ ❝♦♠♣❧❡① tr✉❧② ✸❉ str✉❝t✉r❡s ❛s ✐♥ ❝♦♥tr❛st t♦ ▼❊▼❙
❢❛❜r✐❝❛t❡❞ ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ t❡❝❤♥♦❧♦❣✐❡s✳
❚❤❡ ✐❞❡❛ ❢♦r t❤❡ ❞❡s✐❣♥ ❛♥❞ s❡♥s✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r
✐s ❜❛s❡❞ ♦♥ ❬✶✺❪✳ ❆ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝✉rr❡♥t ❝❛rr②✐♥❣ ♠♦✈❡❛❜❧❡
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❋✐❣✉r❡ ✷✿ ❈❆❉ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✭❛✮ ❛♥❞ t❤❡ ✐♥✲
♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✭❜✮✳ ❚❤❡ t❡r♠s ✬♦✉t✲♦❢✲♣❧❛♥❡✬ ❛♥❞ ✬✐♥✲♣❧❛♥❡✬ ❞❡♥♦t❡s t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♣♦✐♥t✐♥❣ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♥❞ ❧❛t❡r❛❧ t♦ t❤❡
str✉❝t✉r❡s ♠❛ss✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦✉t❡r ❢r❛♠❡ ✐s ♦♠✐tt❡❞ ❢♦r
t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t②✳

♠❛ss ✐♥tr♦❞✉❝❡s ❛ ❢♦r❝❡ ✇❤✐❝❤ ✐♥❞✉❝❡s ❛♥ ✐♥✲♣❧❛♥❡ ❞❡✢❡❝t✐♦♥✳

❚❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷❜ ❜❡♥❡✜ts ❢r♦♠ t❤❡ ✸❉ ♣r✐♥t✲
✐♥❣ t❡❝❤♥♦❧♦❣②✳ ❈✉r✈❡❞ ❜❡❛♠s tr❛♥s❢♦r♠ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t
❝❛rr②✐♥❣ ❝❛♥t✐❧❡✈❡rs ✐♥t♦ ❛♥ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♠❛ss✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❛
❝✉r✈❡❞ s♣r✐♥❣ ❢❡❛t✉r✐♥❣ ❛ ❝♦♠♣❧✐❡♥t ♠❡❝❤❛♥✐s♠✱ ✇❤✐❝❤ r❡❞✐r❡❝ts ❛♥② ♣❡r♣❡♥❞✐❝✉❧❛r



✷✳✷ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ✼

❢♦r❝❡ ✐♥t♦ ❛ ❧❛t❡r❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳ ■❢ t❤❡ ❛r❡❛ ❜❡♥❡❛t❤ t❤❡ ❜❡❛♠ ✐s s♦❧✐❞✱ ❝♦♠♣r❡ss✐♦♥
❛♥❞ t❡♥s✐❧❡ str❡ss ✇✐t❤✐♥ t❤❡ ❜♦❞② ♠❛② ♦♥❧② ♦❝❝✉r✳ ■❢ t❤❡ ❛r❡❛ ❜❡♥❡❛t❤ t❤❡ ❜❡❛♠ ✐s
s♦❧✐❞✱ ❝♦♠♣r❡ss✐♦♥ ❛♥❞ ♦♥❧② t❡♥s✐❧❡ str❡ss ♦❝❝✉rs ✇✐t❤✐♥ t❤❡ ❜♦❞②✳

❚❤❡ ❢❛❝t t❤❛t ❜♦t❤ str✉❝t✉r❡s ❞❡✢❡❝t ❧❛t❡r❛❧❧② ♣r♦✈❡s t♦ ❜❡ ❛❞✈❛♥t❛❣❡♦✉s ❢♦r t❤❡
✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s❡♥s♦r ✇✐t❤ t❤❡ ♦♣t♦❡❧❡❝tr♦♥✐❝ ❝♦♠♣♦♥❡♥ts✳ ❆ s✐♥❣❧❡ ▲❊❉ ❛♥❞
♣❤♦t♦❞❡t❡❝t♦r ♣❧❛❝❡❞ ✐♥ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♠❛ss ♠✐❣❤t ❜❡ s✉✣❝✐❡♥t ❢♦r ♠❡❛s✉r✐♥❣ t❤❡
♠♦❞✉❧❛t❡❞ ❧✐❣❤t ✢✉①✳ ❚❤✐s ✐♥t❡❣r❛t✐♦♥ st❡♣ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ ♠✐♥❛t✉r✐s❛t✐♦♥ ♦❢
t❤❡ ✸❉ ♣r✐♥t❡❞ str✉❝t✉r❡s ❛♥❞✱ ❤❡♥❝❡✱ ♦♥ t❤❡ r❡s♦❧✉t✐♦♥ ❛♥❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♣r✐♥t✐♥❣
t❡❝❤♥♦❧♦❣② ♣❡r s❡✳
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▼❊▼❙ ✭♠✐❝r♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✮ ❛♥❞ ◆❊▼❙ ✭♥❛♥♦✲❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ s②s✲
t❡♠s✮ r❡s♦♥❛t♦rs ✜♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ ❛♥❞ ❜✐♦❧♦❣✐❝❛❧
s✉❜st❛♥❝❡s✱ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ r❤❡♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ✢✉✐❞s ❛♥❞ ❡♥❡r❣② ❤❛r✈❡st✲
✐♥❣ ❬✶✻❪✳ ❋✉rt❤❡r✱ t❤❡ ❞❡♠❛♥❞ ♦❢ ♠❛❣♥❡t♦♠❡t❡rs ❢♦r ♥❛✈✐❣❛t✐♦♥ ❤❛s s✐❣♥✐✜❝❛♥t❧②
✐♥❝r❡❛s❡❞✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ✐♥ t♦❞❛②✬s ♣♦rt❛❜❧❡ ❞❡✈✐❝❡s✳ ❊✈❡♥ t❤♦✉❣❤✱ t❤❡s❡ s❡♥s♦rs
❞✐✛❡r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ❣❡♦♠❡tr✐❝ ❧❛②♦✉t✱ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ♦r ❢❛❜r✐❝❛t✐♦♥ t❡❝❤✲
♥✐q✉❡s✱ r❡s♦♥❛t♦rs ♣❡r❢♦r♠ t❤❡✐r ♦♣❡r❛t✐♥❣ ♣r✐♥❝✐♣❧❡ ✐♥ ✬r❡s♦♥❛♥❝❡✬✳ ■♥ ❞❡t❛✐❧✱ ✐♥✲
t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐♥✢✉❡♥❝❡ t❤❡ s❡♥s♦r✬s r❡s♦♥❛♥t ❜❡❤❛✈✐♦r ✐♥ ❢♦r♠ ♦❢
❛ ❢r❡q✉❡♥❝② s❤✐❢t ♦r t❤❡ ❝❤❛♥❣❡ ♦❢ ❤❡✐❣❤t ❛♥❞ s❤❛r♣♥❡ss ♦❢ t❤❡ r❡s♦♥❛♥t ♣❡❛❦✳ ❚♦
♦❜t❛✐♥ t❤❡ ♠❛①✐♠✉♠ ♦✉t♣✉t s✐❣♥❛❧✱ r❡s♦♥❛♥t ▼❊▼❙ s❡♥s♦rs ❛r❡ ❡①t❡r♥❛❧❧② ❛❝t✉❛t❡❞
t♦ ❡♥❢♦r❝❡ ♦s❝✐❧❧❛t✐♦♥ ♥❡❛r t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ω0✳ ❍❡♥❝❡✱ ✐♥t❡r❢❡r❡♥❝❡s ❜❡s✐❞❡s t❤❡
r❡s♦♥❛♥❝❡ ω 6= ω0 ❛r❡ s✉♣♣r❡ss❡❞ ❛♥❞ t❤❡ s✐❣♥❛❧ ♦❢ ✐♥t❡r❡st ✇✐t❤ ω ≈ ω0 ✐s ❛♠♣❧✐✜❡❞✳
❚❤✐s ❝♦♥tr✐❜✉t❡s t♦ ❛♥ ✐♥❝r❡❛s❡❞ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ✭SNR✮✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥
♦❢ s✉❝❤ ❛ str✉❝t✉r❡ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❡✐t❤❡r ❡❧❡❝tr♦♥✐❝❛❧❧②✱ ❡✳❣✳ ✇✐t❤ ❛ ♣✐❡③♦r❡s✐st✐✈❡
r❡❛❞♦✉t ♦r ♦♣t✐❝❛❧❧② ❜②✱ ❡✳❣✳ ❧❛s❡r ❞❡✢❡❝t✐♦♥ ♦r t❤❡ ❝❤❛♥❣❡ ♦❢ ❧✐❣❤t ✢✉① ❞❡t❡❝t❡❞ ❜② ❛
♣❤♦t♦❞❡t❡❝t♦r✳ ❋♦r s♠❛❧❧ ❞❡✢❡❝t✐♦♥s ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r r❡❧❛t✐♥❣ t♦ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥
❡❧❛st✐❝ ♠❛t❡r✐❛❧ ❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐s ❛ss✉♠❡❞ ❢♦r t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
✸❉ ♣r✐♥t❡❞ str✉❝t✉r❡s✳ ❍❡r❡✱ ❍♦♦❦❡✬s ❧❛✇ ✐s ✈❛❧✐❞ ❛♥❞ t❤❡ s②st❡♠✬s ♦s❝✐❧❧❛t✐♦♥ ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ✇✐t❤ t❤❡ t❤❡♦r② ♦❢ ❛ s✐♠♣❧❡ ❞❛♠♣❡❞ ❞r✐✈❡♥ s♣r✐♥❣✲♠❛ss s②st❡♠ ❬✶✼❪✳

✷✳✷✳✶ ❙✐♠♣❧❡ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r

❆ s✐♠♣❧❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❝♦♥s✐sts ♦❢ ❛ ♠❛ss m ❛tt❛❝❤❡❞ t♦ ❛ s♣r✐♥❣ ✇✐t❤ st✐✛♥❡ss
k✳ ■❢ t❤❡ ♠❛ss ✐s ❞✐s♣❧❛❝❡❞ ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥✱ ❛ r❡st♦r✐♥❣ ❡❧❛st✐❝ ❢♦r❝❡
t❡♥❞s t♦ r❡❣❛✐♥ t❤❡ s②st❡♠s ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳ ❲✐t❤ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ♦❢ ♠♦t✐♦♥✱
t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤✐s s②st❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s



✽ ✷ ❙❡♥s♦r Pr✐♥❝✐♣❧❡

F = ma = mẍ = −kx,

or ẍ+ ω2
0x = 0,

✭✷✳✶✮

✇❤❡r❡ ω0 =
√

k/m ✐s t❤❡ ♦s❝✐❧❧❛t♦r✬s ❛♥❣✉❧❛r ❡✐❣❡♥❢r❡q✉❡♥❝②✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s
s✐♠♣❧❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ s✐♥❡
❛♥❞ ❝♦s✐♥❡ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✐s ❛❧t❡r♥❛t✐✈❡❧② ❡①♣r❡ss❡❞ ❛s

x(t) = C sin(ωt+ φ) ✭✷✳✷✮

✇❤❡r❡ C ✐s t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ φ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♦♥✳ ❆t ✐♥✐t✐❛❧ t✐♠❡ t = 0✱
t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ❛r❡ ❣✐✈❡♥ ❜②

C =

√

v20
ω2

+ x2
0 and φ = arctan

(

x0ω0

v0

)

, ✭✷✳✸✮

✇✐t❤ t❤❡ ✈❡❧♦❝✐t② v0✳
❚❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ ❛ s✐♠♣❧❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r st❛②s ❝♦♥st❛♥t ❛t ❛❧❧ t✐♠❡ ❛♥❞ ✐s
❝❤❛r❛❝t❡r✐s❡❞ ❜② ❛ ❝♦♥t✐♥✉❛❧ ❜❛❝❦ ❛♥❞ ❢♦rt❤ ✢♦✇ ♦❢ ❦✐♥❡t✐❝ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✳

Etot =
1

2
mẋ2 +

1

2
kx2 =

1

2
mC2ω2

0 = const. ✭✷✳✹✮

✷✳✷✳✷ ❉❛♠♣❡❞ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r

❙♦ ❢❛r✱ ❢r✐❝t✐♦♥ ❤❛s ❜❡❡♥ ♥❡❣❧❡❝t❡❞ (Etot = const.) ✇❤✐❝❤ ✐s ♥♦✇ ✐♥tr♦❞✉❝❡❞ ❛t t❤❡
❞❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳ ❋r✐❝t✐♦♥ ❛s ❢♦r❝❡ ✇❤✐❝❤ ♦♣♣♦s❡s ♠♦t✐♦♥ ✐s ❛ss✉♠❡❞ t♦

❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ ✈❡❧♦❝✐t② Ff = −c
·
x ✇❤❡r❡ c ✐s t❤❡ ✈✐s❝♦✉s ❞❛♠♣✐♥❣ ❝♦❡✣❝✐❡♥t

✇❤✐❝❤ ✐s ♣❛rt ♦❢ t❤❡ ❞❛♠♣✐♥❣ ❝♦♥st❛♥t γ = c/ (2m)✳ ■t ❞❛♠♣s t❤❡ ✈✐❜r❛t✐♦♥ ❛♥❞
❞✐ss✐♣❛t❡s t❤❡ ❡♥❡r❣② Etot ✐♥ t❤❡ ❢♦r♠ ♦❢ ❤❡❛t✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥
r❡❛❞s

F = mẍ (t) = −cẋ (t)− kx (t) ,

or, ẍ (t) +
c

m
ẋ (t) + ω2

0x (t) = 0.
✭✷✳✺✮

❚♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ ❛♥ ❡①♣♦♥❡♥t✐❛❧ s♦❧✉t✐♦♥ x(t) = C eλt ✐s
❛ss✉♠❡❞ ✇❤❡r❡ t❤❡ r♦♦ts ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧s ❛r❡



✷✳✷ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ✾

λ1,2 = −γ ±
√

γ2 − ω2
0 . ✭✷✳✻✮

❚❤✉s✱ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐s ❣✐✈❡♥ ❛s

x(t) = e−ζω0t
(

C1e
ω0

√
ζ2−1 t + C2e

−ω0

√
ζ2−1 t

)

✭✷✳✼✮

✇✐t❤ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❞❛♠♣✐♥❣ ❢❛❝t♦r ζ = γ/ω0✳ ❚❤❡ ❢❛❝t♦r e−ζω0t ❝❛✉s❡s ❛♥ ❡①♣♦✲
♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ✐♥ t❤❡ ❞❛♠♣❡❞ ♦s❝✐❧❧❛t✐♥❣ s②st❡♠✳ ❚❤❡r❡ ❛r❡ t❤r❡❡
❝❛s❡s ❤♦✇ t❤❡ ❞❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❜❡❤❛✈❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①✲
♣r❡ss✐♦♥

√

ζ2 − 1✳ ■❢ ζ = 0 ♥♦ ❞❛♠♣✐♥❣ ♦❝❝✉rs ❛♥❞ ❊q✳ ✭✷✳✺✮ r❡❞✉❝❡s t♦ t❤❡ ❊q✳ ✭✷✳✷✮
♦❢ t❤❡ s✐♠♣❧❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r✳

❈❛s❡ ■ ❯♥❞❡r❞❛♠♣✐♥❣✳ ❋♦r s♠❛❧❧ ❞❛♠♣✐♥❣ ❢❛❝t♦rs ζ < 1✱ ❊q✳ ✭✷✳✼✮ ❜❡❝♦♠❡s

x(t) = C e−ζω0t cos (ωt+ φ) . ✭✷✳✽✮

❍❡r❡ t❤❡ s②st❡♠ ♦s❝✐❧❧❛t❡s ✇✐t❤ ❛ s❧✐❣❤t❧② ❧♦✇❡r ❢r❡q✉❡♥❝② ω = ω0

√

1− ζ2

t❤❛♥ t❤❡ ✉♥❞❛♠♣❡❞ ❝❛s❡ ✭s❡❡ ❋✐❣✳ ✭✸❜✮✱ ζ = 0, 0.3✮✳ ❚❤✐s ❢r❡q✉❡♥❝② s❤✐❢t ✐s
❛❧♠♦st ♥❡❣❧✐❣✐❜❧❡✱ ❡✳❣✳ ✐❢ ζ ✐s s❡t ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ω ❞✐✛❡rs ♥♦t❛❜❧❡ ❢r♦♠
ω0 t❤❡ ♦s❝✐❧❧❛t♦rs ❛♠♣❧✐t✉❞❡ ✇✐❧❧ ✈❛♥✐s❤ ❛❢t❡r ❛ ❢❡✇ ❝②❝❧❡s✳ ❋♦r ω = 0.4ω0✱ t❤❡
❛♠♣❧✐t✉❞❡ ♦❢ ❊q✳ ✭✷✳✽✮ ✇✐❧❧ ❞❡❝r❡❛s❡ ❛❢t❡r ♦♥❡ ❝②❝❧❡ (ωt = 2π) t♦

C e−(ζ/0.4)ωt = C e−(
√
1−0.42 /0.4)ωt = C 55.93× 10−6 ✳

❈❛s❡ ■■ ❖✈❡r❞❛♠♣✐♥❣✳ ■❢ ζ > 1✱ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ ❤②✲
♣❡r❜♦❧✐❝ ❢✉♥❝t✐♦♥s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x(0) = x0 ❛♥❞ ẋ(0) = 0✳

x(t) =
x0

ω
e−ζω0t [ω cosh (ωt) + ζω0 sinh (ωt)] ✭✷✳✾✮

❚❤❡ ❛♠♣❧✐t✉❞❡ ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧ ✇✐t❤♦✉t ♦s❝✐❧❧❛t✐♦♥ ❛t ❛ ❢❛st❡r r❛t❡ t❤❛♥ t❤❡
❝r✐t✐❝❛❧❧② ❞❛♠♣❡❞ ♦s❝✐❧❧❛t♦r ✭❝♦♠♣❛r❡ ζ = 1, 3 ✐♥ ❋✐❣✳ ✭✸❜✮✮✳

❈❛s❡ ■■■ ❈r✐t✐❝❛❧ ❉❛♠♣✐♥❣✳ ❚❤❡ ❛♥s❛t③ ❢✉♥❝t✐♦♥ ❤❛s t♦ ❜❡ ❡①♣❛♥❞❡❞ t♦ x(t) =
C t eλt t♦ ♦❜t❛✐♥ t✇♦ ✐♥❞❡♣❡♥❞❡♥t s♦❧✉t✐♦♥s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝r✐t✐❝❛❧ ❞❛♠♣✐♥❣
(ζ = 1)✳ ◆♦ ♦s❝✐❧❧❛t✐♦♥ ♦❝❝✉rs ❛♥❞ t❤❡ ♦s❝✐❧❧❛t♦r r❡t✉r♥s t♦ t❤❡ st❡❛❞② st❛t❡ ♣♦✲
s✐t✐♦♥ ✐♥ ♦♥❡ ♣❡r✐♦❞ ✭❋✐❣✳ ✭✸❜✮✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ s♦❧✉t✐♦♥
❜❡❝♦♠❡s

x(t) = x0 (1 + ω0t) e
−ω0t. ✭✷✳✶✵✮
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m

k

x

c

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✿ ✭❛✮ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❞❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛♥❞ ♦s❝✐❧❧❛t♦r ❞✐s♣❧❛❝❡✲
♠❡♥ts ❢♦r ❞✐✛❡r❡♥t ❞❛♠♣✐♥❣ ❢❛❝t♦rs ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s x(t = 0) = x0

❛♥❞ ẋ (t = 0) = 0 ✭❜✮✳

✷✳✷✳✸ ❉r✐✈❡♥ ❉❛♠♣❡❞ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r

❚♦ ❝♦♠♣❡♥s❛t❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥✱ t❤❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❝❛♥ ❜❡ ❡①t❡r♥❛❧❧② ❡①❝✐t❡❞
✇✐t❤ ❛ ❞r✐✈✐♥❣ ❢♦r❝❡ Fde

iωt✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ r❡❛❞s

ẍ (t) + 2ω0ζẋ (t) + ω2
0x (t) =

Fd

m
eiωt . ✭✷✳✶✶✮

❚❤✐s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❢♦r t❤❡ ❝♦♠♣❧❡① ❛♠♣❧✐t✉❞❡ C ✇✐t❤ t❤❡ ❛♥s❛t③ s♦❧✉t✐♦♥ x (t) =
C eiωt ❛s

C =
Fd

m (ω2
0 − ω2 + i2ζωω0)

. ✭✷✳✶✷✮

❚❛❦✐♥❣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❊q✳ ✭✷✳✶✷✮ t♦ ❡①tr❛❝t ❛♥ ❛❝t✉❛❧ ♣❤②s✐❝❛❧ q✉❛♥t✐t②✱ r❡s✉❧ts
✐♥ t❤❡ ❛♠♣❧✐t✉❞❡

A :=
√
C · C∗ =

Fd

m
√

(ω2
0 − ω2)

2
+ (2ζωω0)

2
, ✭✷✳✶✸✮



✷✳✷ ❍❛r♠♦♥✐❝ ❖s❝✐❧❧❛t♦r ✶✶

✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ♣❤❛s❡ ❛♥❣❧❡

tanφ =
Im (C)

Re (C)
=

−2ζωω0

ω2
0 − ω2

. ✭✷✳✶✹✮

■t ♠✉st ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡ ❞♦❡s ♥♦t ♦❝❝✉r ❡①❛❝t❧② ❛t t❤❡
♦s❝✐❧❧❛t♦r✬s ❛♥❣✉❧❛r ❡✐❣❡♥❢r❡q✉❡♥❝②✱ ❜✉t ✐s s❧✐❣❤t❧② s❤✐❢t❡❞ ❜② t❤❡ ❞❛♠♣✐♥❣ ❢❛❝t♦r✳
❚❤✐s r❡s♦♥❛♥❝❡ ✐s ❣✐✈❡♥ ❛s

ωR = ω0

√

1− 2ζ2. ✭✷✳✶✺✮

❚❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ❛♥❞ t❤❡ ❞❡♥♦t❡❞ ❢r❡q✉❡♥❝② s❤✐❢t ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳

❋✐❣✉r❡ ✹✿ ❆♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ❛♥❣❧❡ ♦❢ t❤❡ ❞r✐✈❡♥ ❞❛♠♣❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❢♦r
❞✐✛❡r❡♥t ❞❛♠♣✐♥❣ ❢❛❝t♦rs✳ ❚❤❡ ❝✉r✈❡ ❢♦r Amax ✐❧❧✉str❛t❡s t❤❡ ♠❛①✐♠✉♠ ❛♠♣❧✐t✉❞❡
❢♦r ❞✐✛❡r❡♥t ❞❛♠♣✐♥❣ ❢❛❝t♦rs✳
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✷✳✸ ◗✉❛❧✐t② ❋❛❝t♦r

■♥ ❧✐t❡r❛t✉r❡✱ t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ❞❛♠♣✐♥❣ ❢❛❝t♦r ζ✳
■t ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡r ✇❤✐❝❤ ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ♦s❝✐❧❧❛t✐♦♥s ✐t t❛❦❡s ✉♥t✐❧
t❤❡ ❛♠♣❧✐t✉❞❡ ❞❡❝r❡❛s❡s t♦ ❛ ❝❡rt❛✐♥ ✈❛❧✉❡ ✐♥ tr❛♥s✐❡♥t s♦❧✉t✐♦♥s ❛♥❞ ✐♥❞✐❝❛t❡s ❡♥❡r❣②
❞✐ss✐♣❛t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ st♦r❡❞ ❡♥❡r❣② ♦❢ t❤❡ ♦s❝✐❧❧❛t♦r✬s st❡❛❞② st❛t❡ ✈✐❜r❛t✐♦♥✿

Q = 2π
Umax

WK

≈ 1

2ζ
✭✷✳✶✻✮

✇❤❡r❡ Umax = 1
2
kx2 ✐s t❤❡ ♠❛①✐♠✉♠ ❡❧❛st✐❝ ❡♥❡r❣② st♦r❡❞ ✐♥ t❤❡ s♣r✐♥❣ ❛♥❞ WK =

∫ 2π/ω
0 Fde

iωtẋ dt ✐s t❤❡ ❡♥❡r❣② ❧♦ss ♣❡r ❝②❝❧❡ ❛t r❡s♦♥❛♥❝❡ ω0✳
❚❤❡ −3 dB ❜❛♥❞✇✐❞t❤ ♠❡t❤♦❞ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ t♦ ♦❜t❛✐♥ Q ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡
r❡s♦♥❛♥t ♣❡❛❦✳ ❋r♦♠ ❛ ♠❡❛s✉r❡❞ r❡s♣♦♥s❡ ❛♠♣❧✐t✉❞❡✱ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ω0 ❛♥❞
t❤❡ ❢r❡q✉❡♥❝② ❜❛♥❞✇✐❞t❤ ∆ω ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ r❡s♣♦♥s❡ ✈❛❧✉❡ ♦❢ Amax/

√
2 ✮ ❝❛♥

❜❡ ❡①tr❛❝t❡❞ t♦ ❡st✐♠❛t❡ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❛s

Q =
ω0

∆ω
. ✭✷✳✶✼✮

❚❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛♣♣r♦♣r✐❛t❡ ❢♦r r❡s♦♥❛t♦rs ✇✐t❤ s♠❛❧❧ ❞❛♠♣✐♥❣✳ ❆♥ ❡①❛♠♣❧❡
✐♥ ❬✶✻❪ s❤♦✇s t❤❛t t❤❡ Q ✈❛❧✉❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❛ r❡s♣♦♥s❡ ❛♠♣❧✐t✉❞❡ ✇✐t❤ t❤❡ −3 dB
❜❛♥❞✇✐❞t❤ ♠❡t❤♦❞ ❞✐✛❡rs ✷✪ ♦♥❧② ✇❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ❛♥
♦s❝✐❧❧❛t♦r ✇✐t❤ ❛♥ ❛❝t✉❛❧ q✉❛❧✐t② ❢❛❝t♦r ♦❢ ✺✳ ❊q✉❛t✐♦♥ ✭✷✳✶✼✮ ❛❧s♦ st❛t❡s t❤❡ ♥❡❝❡ss✐t②
❢♦r ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ ❜❛♥❞✇✐❞t❤ ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r✳

❱❛r✐♦✉s ❉❛♠♣✐♥❣ ▼❡❝❤❛♥✐s♠s
❚❤❡ ❡♥❡r❣② ❧♦ss ♦❢ ❛ r❡s♦♥❛t♦r ❡♠❜♦❞✐❡s ♠❛♥② ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ ❝♦♥tr✐❜✉t❡
✐♥❞✐✈✐❞✉❛❧❧② t♦ t❤❡ t♦t❛❧ q✉❛❧✐t② ❢❛❝t♦r✳ ❚❤❡② ❝❛♥ ❜❡ s✉♠♠❡❞ ✉♣ t♦ ❛ t♦t❛❧ ✈❛❧✉❡ ❛s

1

Qtotal

=
∑

i

1

Qi

. ✭✷✳✶✽✮

▼❡♥t✐♦♥❛❜❧❡ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠s ❛r❡ ❛✐r ❞❛♠♣✐♥❣✱ s✉r❢❛❝❡ ❞❛♠♣✐♥❣✱ ❞❛♠♣✐♥❣ t❤r♦✉❣❤
❛♥❝❤♦rs✱ ❡❧❡❝tr✐❝❛❧ ❞❛♠♣✐♥❣✱ t❤❡r♠♦❡❧❛st✐❝ ❞❛♠♣✐♥❣ ✭❚❊❉✮ ❛♥❞ ❞❛♠♣✐♥❣ t❤r♦✉❣❤
♣❤♦♥♦♥ s❝❛tt❡r✐♥❣ ✐✳❡✳ t❤❡ ❆❦❤✐❡③❡r ❡✛❡❝t✳
❉✉❡ t♦ t❤❡ ♦♣❡r❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ str✉❝t✉r❡s ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✱
✈✐s❝♦✉s ❞❛♠♣✐♥❣ ♠✐❣❤t ❜❡ t❤❡ ♠♦st ♣r♦♥♦✉♥❝❡❞ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠s ❝❛✉s❡❞ ❜②
t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♠❛ss ✐♥ ♣r❡❝❡♥s❡ ♦❢ ❛✐r✳ ❋✉rt❤❡r✱ ✐♥tr✐♥s✐❝ ♠❛t❡r✐❛❧
❞❛♠♣✐♥❣ s❤❛❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✇❡❧❧✳ P♦❧②♠❡rs s❤♦✇ ❛ ✈✐s❝♦❡❧❛st✐❝ ❜❡❤❛✈✐♦✉r✱ ✐✳❡✳
❡♥❡r❣② ✐s ❧♦st ❞✉r✐♥❣ ♦s❝✐❧❧❛t✐♦♥ ❝❛✉s❡❞ ❢r♦♠ t❤❡ ♣❛rt❧② ✈✐s❝♦✉s ♠❛t❡r✐❛❧ ❜❡❤❛✈✐♦r✳
❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥✐t✐❛❧ ❢♦r♠ ♦❢ ❛ ♣r❡✈✐♦✉s❧② ❞❡❢♦r♠❡❞ ✈✐s❝♦❡❧❛st✐❝ str✉❝t✉r❡ ❝❛♥♥♦t ❜❡
❢✉❧❧② r❡st♦r❡❞ ❬✶✽❪✳



✷✳✹ ▲♦r❡♥t③ ❋♦r❝❡ ❆❝t✉❛t✐♦♥ ✶✸

✷✳✹ ▲♦r❡♥t③ ❋♦r❝❡ ❆❝t✉❛t✐♦♥

FL

I

B

❋✐❣✉r❡ ✺✿ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ ▲♦r❡♥t③ ❢♦r❝❡
FL ❛❝t✐♥❣ ♦♥ ❛ ❝✉rr❡♥t I ❝❛rr②✐♥❣ ❝❧❛♠♣❡❞✲
❝❧❛♠♣❡❞ ❝❛♥t✐❧❡✈❡r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛
♠❛❣♥❡t✐❝ ✜❡❧❞ B✳

▲♦r❡♥t③ ❢♦r❝❡ s❡♥s♦rs ❛r❡ ❜❛s❡❞ ♦♥ ❛
❡❧❛st✐❝ ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡ ✇❤✐❝❤ ✐♥✲
t❡r❛❝ts ✇✐t❤ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳
❍❡♥❝❡✱ ❛ ♠♦✈❡❛❜❧❡ ♠❛ss ✭❡✳❣✳ ❞♦✉❜❧❡✲
❝❧❛♠♣❡❞ ❝❛♥t✐❧❡✈❡r✮ ❝♦♥t❛✐♥s ❛ ❝✉rr❡♥t
(I) ❝♦♥❞✉❝t✐♥❣ ❧❛②❡r t❤❛t s❡♥s❡ ❛ ❢♦r❝❡
✇❤❡♥ ♣❧❛❝❡❞ ✐♥ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝
✜❡❧❞ B✳ ❚❤✐s ❣❡♥❡r❛t❡❞ ▲♦r❡♥t③ ❢♦r❝❡
FL ❛❝ts ❛s ❧♦❛❞ ♦♥ t❤❡ ♠❛ss✬s s✉r❢❛❝❡
❛♥❞ ❞❡✢❡❝ts t❤❡ str✉❝t✉r❡✳ ❚❤❡ r❡s✉❧t✲
✐♥❣ ❢♦r❝❡ ♦♥ ❛ ❝✉rr❡♥t ❝❛rr②✐♥❣ ❝♦♥❞✉❝t♦r
✇✐t❤ t❤❡ ❧❡♥❣t❤ l ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❣✐✈❡♥ ❛s

FL = l (I×B) . ✭✷✳✶✾✮

❆ s❝❤❡♠❛t✐❝ ♦❢ ▲♦r❡♥t③ ❢♦r❝❡ ❛❝t✉❛t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✺ ❬✶✾❪✳

✷✳✺ ❙❡♥s✐t✐✈✐t② ❙

❚❤❡ s❡♥s♦r s❡♥s✐t✐✈✐t② ✐s ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ❢♦r ❝♦♠♣❛r✐s♦♥ ♣✉r♣♦s❡✱ ❞❡s♣✐t❡
♦❢ t❤❡ s❡♥s♦r✬s ❞✐✛❡r❡♥❝❡s ✐♥ ❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ ❡①❝✐t❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦r r❡❛❞ ♦✉t
♠❡❝❤❛♥✐s♠s✳ ❚❤❡ s❡♥s✐t✐✈✐t② ❢♦r ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ r❛t✐♦ ♦❢
t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♦✉t♣✉t ✈♦❧t❛❣❡ ✇❤✐❝❤ ❛r✐s❡s ❜② ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞

S =
∂Vout

∂B
. ✭✷✳✷✵✮

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡♥s♦r✬s ♦♣❡r❛t✐♥❣ ♣r✐♥❝✐♣❧❡✱ t❤❡ s❡♥s✐t✐✈✐t② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥t♦
❛ ♣r♦❞✉❝t ♦❢ s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t s❡♥s✐t✐✈✐t✐❡s✳ ❋♦r t❤❡ ♣r♦♣♦s❡❞ ▲♦r❡♥t③ ❢♦r❝❡ ♠❛❣✲
♥❡t♦♠❡t❡rs ✇✐t❤ ♦♣t✐❝❛❧ r❡❛❞♦✉t✱ t❤❡ s❡♥s✐t✐✈✐t② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✈♦❧t❛❣❡✲
t♦✲❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② Sx ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ✜❡❧❞ ❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② SB ❛s
S = SxSB✳

❈♦♠❜✐♥✐♥❣ ❊q✳ ✭✷✳✶✸✮ ❛♥❞ ❊q✳ ✭✷✳✶✾✮ ②✐❡❧❞s t❤❡ ♠❡❝❤❛♥✐❝❛❧ ✜❡❧❞ ❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✲
✐✈✐t②

SB =
∂A

∂B
=

Il

m2ζω2
0

=
IlQ

mω2
0

✭✷✳✷✶✮



✶✹ ✷ ❙❡♥s♦r Pr✐♥❝✐♣❧❡

❛s ❛ r❡s✉❧t ♦❢ t❤❡ ❛♣♣❧✐❡❞ ❤❛r♠♦♥✐❝ ❢♦r❝❡ ♦♥ t❤❡ ❞❡✢❡❝t❛❜❧❡ ♠❛ss ❛t r❡s♦♥❛♥❝❡✳ ■t ✐s
❡✈✐❞❡♥t t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ✐s ♠♦st ❛✛❡❝t❡❞ ❜② t❤❡ ❞❛♠♣✐♥❣ ❢❛❝t♦r ζ ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱
❜② t❤❡ q✉❛❧✐t② ❢❛❝t♦r Q✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❡♥s✐t✐✈✐t② ✐s ♠❛①✐♠✐s❡❞ ❜② ✐♥❝r❡❛s✐♥❣
t❤❡ s❡♥s♦r✬s ❧❡♥❣t❤ l ❛♥❞ t❤❡ ❡①✐t❛t✐♦♥ ❝✉rr❡♥t I ❛❧♦♥❣ t❤❡ str✉❝t✉r❡✬s ❝♦♥❞✉❝t✐✈❡
❧❡❛❞✳ ❚❤❡s❡ ✐♠♣r♦✈❡♠❡♥ts ❛r❡ ❧✐♠✐t❡❞ ❜② s♣❛t✐❛❧ r❡str✐❝t✐♦♥s ❛♥❞ ✐♥❝r❡❛s❡❞ ♣♦✇❡r
❞✐ss✐♣❛t✐♦♥ ✐♥ ❢♦r♠ ♦❢ ❏♦✉❧❡✬s ❤❡❛t ✇❤✐❝❤ ♠❛② ❝❤❛♥❣❡ ❞✐♠❡♥s✐♦♥s✱ ♣r❡str❡ss❡s ♦r ❡✈❡♥
❞❛♠❛❣❡ t❤❡ str✉❝t✉r❡s✳

❚❤❡ ✈♦❧t❛❣❡✲t♦✲❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② Sx ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ ♣❛rts ✇❤✐❝❤ ❛r❡ ❞❡✲
r✐✈❡❞ ❛s ❢♦❧❧♦✇s✿ Sx ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ t✇♦ st❡♥❝✐❧ ♠❛s❦s
❛♥❞ t❤❡r❡❢♦r❡✱ ♦♥ t❤❡ ❡✛❡❝t✐✈❡ ♦♣❡♥ ❛r❡❛ Aeff ♦❢ t❤❡ ❛♣❡rt✉r❡s✱ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡
❧✐❣❤t ✢✉① ✐s tr❛♥s♠✐tt❡❞ ❛♥❞ s✉❜s❡q✉❡♥t❧② ❞❡t❡❝t❡❞ ❜② ❛ ♣❤♦t♦❞✐♦❞❡✳ ❚❤❡ ❣❡♥❡r❛t❡❞
♣❤♦t♦❝✉rr❡♥t ❢r♦♠ ❛ ♣❤♦t♦❞❡t❡❝t♦r ✐s ❡①♣r❡ss❡❞ ❛s

iph = RSPin ✭✷✳✷✷✮

✇❤❡r❡ RS ✐s t❤❡ ❞❡t❡❝t♦r✬s r❡s♣♦♥s✐✈✐t② ❛♥❞ Pin t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ♣♦✇❡r✶✳

Effective light flux 

through aperture

Upper mask

Lover mask

lh

w

d

x

❋✐❣✉r❡ ✻✿ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❛r❡❛
✇❤❡r❡ ❧✐❣❤t ❝❛♥ ♣❛ss t❤r♦✉❣❤✳ ❚❤❡ ✉♣♣❡r
♠❛s❦✬s ❞✐r❡❝t✐♦♥ ♦❢ ♦s❝✐❧❧❛t✐♦♥ ✐s ✐♥❞✐❝❛t❡❞
✇✐t❤ x✳

❚❤❡ t♦t❛❧ ❧✐❣❤t ✢✉① ❛♥❞ t❤❡r❡❢♦r❡ t❤❡
❧✐❣❤t ♣♦✇❡r ❞❡♣❡♥❞s ♦♥ t❤❡ ❡✛❡❝t✐✈❡
♦♣❡♥ ❛r❡❛ ♦❢ t❤❡ ❛♣❡rt✉r❡s Aeff ✭❋✐❣✳ ✻✮

Pin = TtransEeAeff ✭✷✳✷✸✮

✇✐t❤ Aeff = Nlhd

✇❤❡r❡ Ttrans ✐s t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣✲
❝✐❡♥t✱ Ee t❤❡ ✐rr❛❞✐❛♥❝❡✱ N t❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ ❤♦❧❡s ❛♥❞ lhd t❤❡ ❛r❡❛ ♦❢ t❤❡
♦♣❡♥✐♥❣✳ ❚❤✐s s✐♠♣❧✐✜❡❞ ❛♣♣r♦❛❝❤ ❛s✲
s✉♠❡s ❝♦❧❧♠✐♥❛t❡❞ ❧✐❣❤t✳ ❆ tr❛♥s✐♠♣❡❞✐✲
❛♥❝❡ ❛♠♣❧✐✜❡r ✜♥❛❧❧② ❝♦♥✈❡rts t❤❡ ♣❤♦t♦✲
❝✉rr❡♥t ✐♥t♦ t❤❡ ♦✉♣✉t ✈♦❧t❛❣❡ Uout ✇✐t❤

Uout = −Rfiph ✭✷✳✷✹✮

✶■♥ ♣❤♦t♦♠❡tr② ✐t ✐s st❛t❡❞ ❛s ❧✉♠✐♥♦✉s ♣♦✇❡r ❬✢✉①❪ ΦL ✐♥ ✉♥✐t ❧✉♠❡♥✳ P❤♦t♦♠❡tr② ✐s t❤❡ s❝✐❡♥❝❡
♦❢ ♠❡❛s✉r✐♥❣ ✈✐s✐❜❧❡ ❧✐❣❤t ❜❛s❡❞ ♦♥ ❛ st❛t✐st✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❤✉♠❛♥ ✈✐s✉❛❧ r❡s♣♦♥s❡ t♦ ❧✐❣❤t✱ ✐✳❡✳
✈✐s✐❜❧❡ ❧✐❣❤t t❤❛t ✐s ✇❡✐❣❤t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❤✉♠❛♥ ❡②❡ ❬✷✵❪✳ ❙♦♠❡ ❧✐t❡r❛t✉r❡s
✉s❡ t❤✐s ♥♦t❛t✐♦♥ r❛t❤❡r t❤❛♥ t❤❡ r❛❞✐❡♥t ✢✉① ΦR ✭♦r Pin ❢♦r ♣❤♦t♦❞❡t❡❝t♦rs ❛s st❛t❡❞ ✐♥ ❊q✳ ✭✷✳✷✷✮✮
✐♥ ✉♥✐t ❲✳



✷✳✻ ❚❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ◆♦✐s❡ ✶✺

✇❤❡r❡ Rf ✐s t❤❡ ❛♠♣❧✐✜❡r✬s ❢❡❡❞❜❛❝❦ r❡s✐st♦r✳ ❚❤❡ ✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♦♣t♦❡❧❡❝✲
tr♦♥✐❝s ❛♥❞ t❤❡ ❛♠♣❧✐✜❡r ✐s ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✸✳
❈♦♠♣✐❧✐♥❣ ❊qs✳ ✭✷✳✷✷✮ ✲ ✭✷✳✷✹✮✱ t❤❡ s❡♥s✐t✐✈✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡✲
♠❡♥t ❜❡❝♦♠❡s ❬✷✶❪

|Sx| =
∣

∣

∣

∣

∂Uout

∂x

∣

∣

∣

∣

≈ RfRSTtransEeNlh . ✭✷✳✷✺✮

❍❡r❡✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♠♣❧✐✜❡r✬s
❢❡❡❞❜❛❝❦ r❡s✐st♦r Rf ✱ s❡❧❡❝t✐♥❣ ❛ ♣❤♦t♦❞❡t❡❝t♦r ✇✐t❤ ❤✐❣❤ r❡s♣♦♥s✐✈✐t② RS✱ r❛✐s✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ❛♣❡rt✉r❡s N ❛♥❞ ✐♥❝r❡❛s✐♥❣ t❤❡✐r ❧❡♥❣t❤s lh✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛♥ ✐♥❝r❡❛s❡❞
❢❡❡❞❜❛❝❦ r❡s✐st❛♥❝❡ ❛❧s♦ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❛♠♣❧✐✜❡r✬s ❡q✉✐✈❛❧❡♥t ✐♥♣✉t ✈♦❧t❛❣❡ ♥♦✐s❡
❛♥❞ ♦✛s❡t ✈♦❧t❛❣❡✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ Rf ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ♣❤♦t♦❞❡t❡❝t♦r✬s s❤✉♥t r❡s✲
✐st❛♥❝❡ ✭s❡❡ ❙❡❝t✐♦♥ ✸✮✳ ❚❤❡ r❡s♣♦♥s✐✈✐t② ♠❛✐♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡t❡❝t♦r✬s q✉❛♥t✉♠
❡✣❝✐❡♥❝② η✱ ✇❤✐❝❤ ✐s ❡♥❤❛♥❝❡❞ ❜② s❡❧❡❝t✐♥❣ s❡♠✐❝♦♥❞✉❝t♦r ♠❛t❡r✐❛❧s ❧✐❦❡ ■♥●❛❆s ❢♦r
t❤❡ P❉ ❛♥❞ ❛ ♠❛t❝❤✐♥❣ ▲❊❉✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❛♣❡rt✉r❡s ❛♥❞ t❤❡✐r ❧❡♥❣t❤ ✐s r❡str✐❝t❡❞
❜② s♣❛t✐❛❧ ❧✐♠✐ts✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♠❛ss✬s ❛r❡❛ Am✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡
❛♣❡rt✉r❡ ✇✐❞t❤✱ ❡✳❣✳ ❛ s♠❛❧❧ ✇✐❞t❤ ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ❛♣❡rt✉r❡s ❜✉t ♠❛② ❛❧s♦
❧❡❛❞ t♦ ♣r♦♥♦✉♥❝❡❞ ❞✐✛r❛❝t✐♦♥ ❡✛❡❝ts ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✹✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t♦♦
s♠❛❧❧ ❝❤♦s❡♥ ❛♣❡rt✉r❡ ✇✐❞t❤ ♠❛② ❛❧s♦ ❜❡ s❡❡♥ ❛t t❤❡ ♦✉t♣✉t ✈♦❧t❛❣❡ ✐♥ ❢♦r♠ ♦❢ ❝❧✐♣✲
♣✐♥❣ ❡✛❡❝ts✱ ✐✳❡✳ t❤❡ ♠❛ss✬s ♠❛①✐♠✉♠ ❞✐s♣❧❛❝❡♠❡♥t ♠❛② ❡①❝❡❡❞ t❤❡ ❛♣❡rt✉r❡ ✇✐❞t❤✱
②✐❡❧❞✐♥❣ ♦✉t♣✉t s✐❣♥❛❧s ✇✐t❤ ❤✐❣❤❡r ❢r❡q✉❡♥❝✐❡s✳

✷✳✻ ❚❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ◆♦✐s❡

▼✐❝r♦♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡s ❡①♣❡r✐❡♥❝❡ ❛ ❢♦r❝❡ Fn ✐♥ ✉♥✐t N/
√
Hz ❝❛✉s❡❞ ❜② ❝♦❧❧✐s✐♦♥

❢r♦♠ ❛♠❜✐❡♥t ❣❛s ♣❛rt✐❝❧❡s ❬✷✷❪✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Fn =
√

4kBT c ✭✷✳✷✻✮

✇❤❡r❡ kB ✐s t❤❡ ❇♦❧t③♠❛♥♥ ❝♦♥st❛♥t✱ T t❤❡ ❛❜s♦❧✉t❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ c t❤❡ ❞❛♠♣✲
✐♥❣ ❝♦❡✣❝✐❡♥t✳ ▼✉❧t✐♣❧②✐♥❣ ❊q✳ ✭✷✳✷✻✮ ✇✐t❤ t❤❡ r♦♦t ♦❢ ❜❛♥❞✇✐❞t❤ BW ②✐❡❧❞s t❤❡
♥♦✐s❡ ❡q✉✐✈❛❧❡♥t ❢♦r❝❡✳ ❚❤❡ ✐♥tr♦❞✉❝❡❞ ❜❛♥❞✇✐❞t❤ ✉s✉❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t s❡t✉♣ ❛♥❞ ❜❛❧❛♥❝❡s t❤❡ ♠❡❛s✉r❡♠❡♥t t✐♠❡ ❛❣❛✐♥st t❤❡ ❧❡✈❡❧ ♦❢ ❛ ❞❡s✐r❡❞ s✐❣♥❛❧
t♦ t❤❡ ❧❡✈❡❧ ♦❢ ❜❛❝❦❣r♦✉♥❞ ♥♦✐s❡✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡ ✐♥ ❞r✐✈❡♥ ❞❛♠♣❡❞ ❜❡❛♠s
❝♦♥❝❡r♥✐♥❣ ❛ ✜♥✐t❡ ζ ❛♥❞ T ✱ ✐s st❛t❡❞ ❜② t❤❡ ✢✉❝t✉❛t✐♦♥ ✲ ❞✐ss✐♣❛t✐♦♥ t❤❡♦r❡♠✳ ❚❤✐s
t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ♥♦✐s❡ ✐s ❦♥♦✇♥ ❛s ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ ❝♦♥tr✐❜✉t❡s t♦ ❛ s❡♥s♦r✬s
♥♦✐s❡ ❡q✉✐✈❛❧❡♥t ❞❡✢❡❝t✐♦♥
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An =

√
4kBTm2ζω0BW

m
√

(ω2
0 − ω2)

2
+ (2ζωω0)

2
✭✷✳✷✼✮

❜② ✐♥s❡rt✐♥❣ ❊qs✳ ✭✷✳✷✻✮ ✐♥t♦ ✭✷✳✶✸✮ ❡①♣r❡ss❡❞ ❢♦r t❤❡ ❞❛♠♣✐♥❣ ❢❛❝t♦r ζ✳ ◆❡❣❧❡❝t✐♥❣
t❤✐s ♥♦✐s❡✱ t❤❡ ♠❛ss ❞❡✢❡❝t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ B ✐s ❞❡s❝r✐❜❡❞
❛♥❛❧♦❣♦✉s❧② ❜②

A =
ilB

m
√

(ω2
0 − ω2)

2
+ (2ζωω0)

2
. ✭✷✳✷✽✮

❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ✭SNR✮ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
❡q✉❛t✐♦♥s t♦

SNRmech =
A

An

=
ilB√

4kBTm2ζω0BW
. ✭✷✳✷✾✮

■❢ t❤❡ s❡♥s♦r ✐s ❞r✐✈❡♥ ❛t r❡s♦♥❛♥❝❡ ω0 ❜② ❛♣♣❧②✐♥❣ ❛ s✐♥✉s♦✐❞❛❧ ❝✉rr❡♥t i = i0 sin (ω0t)✱
t❤❡ ✭t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧✮ SNR ❜❡❝♦♠❡s

SNRmech,∆ω =
ilB√

4kBTm2ζω0∆ω
=

ilB

4ζ
√
kBTk

✭✷✳✸✵✮

✇❤❡r❡ ∆ω = BW = 2ω0ζ ✐s t❤❡ r❡s♦♥❛t♦r✬s ❜❛♥❞✇✐❞t❤ ❛♥❞ k t❤❡ s♣r✐♥❣ ❝♦♥st❛♥t✳
❚❤❡ r❡s♦♥❛t♦r✬s ❜❛♥❞✇✐❞t❤ ✇❛s ❡st✐♠❛t❡❞ ✇✐t❤ t❤❡ −3 dB ❜❛♥❞✇✐❞t❤ ♠❡t❤♦❞ ❛s ✐♥
❊q✳ ✭✷✳✶✼✮✳ ❋✐❣✉r❡ ✼ ❞❡♣✐❝ts t❤❡ s✐❣♥❛❧ ❛♥❞ ♥♦✐s❡ ❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
❊q✳ ✭✷✳✸✵✮ ❛♥❞ ❛❧s♦ ✐♥❞✐❝❛t❡s t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ SNR ♦♥ t❤❡ ❞✐✛❡r❡♥t ❜❛♥❞✇✐❞t❤✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠✐♥✐♠✉♠ ♠❡❛s✉r❛❜❧❡ ✜❡❧❞ ♦❢ ❊q✳ ✭✷✳✷✾✮ ✐s ❞❡✜♥❡❞ ❜② s❡tt✐♥❣ SNR =
1✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ s✐❣♥❛❧ ❛♥❞ ♥♦✐s❡ ❛♠♣❧✐t✉❞❡ ❛r❡ ❡q✉❛❧ ❛♥❞ r❡❛❞s

Bmin =

√
4kBTm2ζω0BW

il
. ✭✷✳✸✶✮

■♥ t❤✐s ❝❛s❡✱ r❡❞✉❝✐♥❣ t❤❡ ❞❛♠♣✐♥❣ ❢❛❝t♦r✱ ❡✳❣✳ ❜② ♦♣❡r❛t✐♥❣ t❤❡ r❡s♦♥❛t♦r ✐♥ ✈❛❝❝✉♠✱
❞❡❝r❡❛s❡s t❤❡ ♠✐♥✐♠✉♠ ❞❡t❡❝t❛❜❧❡ ✜❡❧❞✳
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❋✐❣✉r❡ ✼✿ ❖✉t♣✉t s✐❣♥❛❧ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ t❤❡r♠❛❧ ♥♦✐s❡ ♣❧♦t ♦❢ ❛ ❞❛♠♣❡❞ r❡s♦♥❛t♦r
✇✐t❤ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② f0 = 400Hz ❛♥❞ ❞❛♠♣✐♥❣ ❢❛❝t♦r ζ = 0.05✳ ❚❤❡ s❡♥s♦r✬s ♥♦✐s❡
❡q✉✐✈❛❧❡♥t ❞❡✢❡❝t✐♦♥ ✐s ♣❧♦tt❡t ❜② ❛ss✉♠✐♥❣ ❛ ❜❛♥❞✇✐❞t❤ ♦❢ ∆ω = 2ω0ζ✱ r❡s✉❧t❛♥t ❛♥
❙◆❘ ♦❢ ✷✺✻✳ ❚❤❡ s✐❣♥❛❧ ✲ t♦ ✲ ♥♦✐s❡ r❛t✐♦ ✐s ❡♥❤❛♥❝❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t
❜❛♥❞✇✐❞t❤✱ t❤♦✉❣❤ ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t t✐♠❡✳
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✶✾

✸ ❖♣t♦❡❧❡❝tr♦♥✐❝s ❛♥❞ ❆♠♣❧✐✜❡r

❚❤❡ ♠♦❞✉❧❛t❡❞ ❧✐❣❤t ✢✉① ✐s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛♥ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t ❜② ❛ ♣❤♦t♦❞✐♦❞❡
❛♥❞ tr❛♥s❢❡rr❡❞ ✐♥t♦ ❛ ✈♦❧t❛❣❡ ❜② ❛ tr❛♥s✐♠♣❡❞✐❛♥❝❡ ♦♣❡r❛t✐♦♥❛❧ ❛♠♣❧✐✜❡r ✭❚■❆✮✳
❚❤❡ r❡❛❞♦✉t ❝✐r❝✉✐t ❛❧s♦ ♣r♦✈✐❞❡s t❤❡ ♣♦ss✐❜✐❧t② t♦ ❛❞❥✉st t❤❡ ❡♠✐tt✐♥❣ ❧✐❣❤t ♣♦✇❡r
❛♥❞ ♣❡r❢♦r♠ ♦✛s❡t ❝♦♠♣❡♥s❛t✐♦♥ t♦ s✉♣♣r❡ss t❤❡ st❡❛❞② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❧✐❣❤t ✢✉①✱
✇❤✐❝❤ ♦❝❝✉rs ❞✉❡ t♦ t❤❡ ✐♥✐t✐❛❧ ♦✛s❡t ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❛s❦s✳ ❲✐t❤♦✉t ❝♦♠♣❡♥s❛t✐♦♥✱
t❤❡ ❧✐❣❤t ✢✉① ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ ❛ ❉❈ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣❤♦t♦❝✉rr❡♥t ✇❤✐❝❤ ❝♦♥t❛✐♥s
♥♦ ✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ♠❛② ❞r✐✈❡ t❤❡ ❝✐r❝✉✐t ✐♥t♦ s❛t✉r❛t✐♦♥✳

U0

PD

RP

R1

R2

OPA 404

Rf

Uout
iph

ificomp

RP,LED

LED
MEMS

❋✐❣✉r❡ ✽✿ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ r❡❛❞♦✉t ❝✐r❝✉✐t✳ ❚❤❡ tr❛♥s✐♠♣❡❞❛♥❝❡ r❡s✐s✐t♦r Rf ❝♦♥✈❡rts
t❤❡ ♣❤♦t♦❝✉rr❡♥t ✐♥t♦ ❛ ✈♦❧t❛❣❡ Uout✳ ❚❤❡ r❡s✐st♦rs R1 ❛♥❞ R2 s❡t t❤❡ ❜✐❛s ✈♦❧t❛❣❡
❢♦r t❤❡ ♣❤♦t♦❞✐♦❞❡✱ ✇❤❡r❡❛s t❤❡ ♣♦t❡♥t✐♦♠❡t❡r Rp ❛❞❥✉sts t❤❡ ♦✛s❡t ❝✉rr❡♥t ❝❛✉s❡❞
❜② s❝❛tt❡r❡❞ ❧✐❣❤t ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ♦✛s❡t ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❛s❦s✳

✸✳✶ P❤♦t♦❞❡t❡❝t♦r

❆ ❤✐❣❤❧② s❡♥s✐t✐✈❡ P■◆ ♣❤♦t♦❞✐♦❞❡ ✭❚❊▼❉✺✶✶✵❳✵✶✱ ❱✐s❤❛② ❙❡♠✐❝♦♥❞✉❝t♦rs✮ ❤❛s
❜❡❡♥ ❝❤♦s❡♥ ❜❡❝❛✉s❡ ♦❢ ✐ts ❧❛r❣❡ ❛r❡❛ ♦❢ ✼✳✺mm2 ❛♥❞ ✐♥t❡❣r❛t❡❞ ❞❛②❧✐❣❤t ❜❧♦❝❦✐♥❣
✜❧t❡r✳ ❚❤❡ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❛r❡❛ ♦❢ t❤❡ ♠♦✈✐♥❣ ♠❛ss ❛♥❞✱ t❤❡r❡❢♦r❡✱ t❤❡ ❡✛❡❝t✐✈❡ ❧✐❣❤t
✢✉①✱ ❢❛✈♦✉r❡❞ ❛ ❧❛r❣❡ ❛r❡❛ ♣❤♦t♦❞✐♦❞❡✳ ❋✉rt❤❡r✱ ❛ ❧❛r❣❡ ❛r❡❛ ❡♥❛❜❧❡s ♠♦r❡ s♣❛❝❡ ❢♦r
t❤❡ q✉❛♥t✐t② ♦❢ ❛♣❡rt✉r❡s✱ ❤❡♥❝❡✱ ✐♥❝r❡❛s❡s t❤❡ ✈♦❧t❛❣❡✲t♦✲❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐t✐✈✐t② Sx

❛s ❞❡r✐✈❡❞ ✐♥ ❊q✳ ✭✷✳✷✺✮✳ ❚❤❡ ❞❛②❧✐❣❤t ❜❧♦❝❦✐♥❣ ✜❧t❡r s✉♣♣r❡ss❡s t❤❡ ❞✐♦❞❡✬s s❡♥s✐t✐✈✐t②
❢♦r ✈✐s✐❜❧❡ ❧✐❣❤t ❛♥❞ ♠❛t❝❤❡s t❤❡ ❞✐♦❞❡ ❢♦r ✼✾✵ t♦ ✶✵✺✵ ♥♠ ❡♠✐tt❡rs✳ ❍❡♥❝❡✱ ❛♥ ✐♥❢r❛r❡❞
▲❊❉ ✇✐t❤ λpeak = 880 nm ✭❙❋❍ ✹✻✽✵✱ ❖❙❘❆▼✮ ✐s ✉s❡❞✳
❚❤❡ q✉❛♥t✉♠ ❡✣❝✐❡♥❝② ❛♥❞ s♣❡❝tr❛❧ r❡s♣♦♥s✐t✐✈✐t② ❛r❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❡s ♦❢ ❛
♣❤♦t♦❞❡t❡❝t♦r ❛♥❞ ♦❢t❡♥ st❛t❡❞ ✐♥ ✐ts ❞❛t❛ s❤❡❡t✳ ❚❤❡ r❡s♣♦♥s✐t✐✈✐t② ✐s st❛t❡❞ ❛s

RS =
ηe

hν
✭✸✳✶✮



✷✵ ✸ ❖♣t♦❡❧❡❝tr♦♥✐❝s ❛♥❞ ❆♠♣❧✐✜❡r

✇❤❡r❡ η ✐s t❤❡ q✉❛♥t✉♠ ❡✣❝✐❡♥❝②✱ e t❤❡ ❡❧❡❝tr♦♥ ❝❤❛r❣❡ ❛♥❞ hν t❤❡ ♣❤♦t♦♥ ❡♥❡r❣②✳
❆ ❝❧❛ss✐❝ s✐❧✐❝♦♥ ♣❤♦t♦❞✐♦❞❡ ❝❛♥ ❜❡ ♣✐❝t✉r❡❞ ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❝✐r❝✉✐t ❝♦♥s✐st✐♥❣ ♦❢
❛ ❥✉♥❝t✐♦♥ ❝❛♣❛❝✐t❛♥❝❡✱ ❛ s❤✉♥t r❡s✐st❛♥❝❡ ❛♥❞ ❛ ❝✉rr❡♥t s♦✉r❝❡✱ ❛❧❧ ❝♦♥♥❡❝t❡❞ ✐♥
♣❛r❛❧❧❡❧✳ ❚❤✐s ❜✉❧❦ r❡s✐st✐✈✐t② ✐s ✉s✉❛❧❧② ✈❡r② ❤✐❣❤ ✭∼ 100MΩ✮ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❞✐♦❞❡✬s ❞❛r❦ ❝✉rr❡♥t ✇❤✐❝❤ ✐s ❛ ♠❛❥♦r ❝♦♥tr✐❜✉t♦r t♦ t❤❡ ❝✐r❝✉✐t✬s ♥♦✐s❡ ❬✷✸❪✳ ❚❤❡
♣❤♦t♦❞✐♦❞❡ ❝❛♥ ❜❡ ♦♣❡r❛t❡❞ ❡✐t❤❡r ✐♥ ♣❤♦t♦✈♦❧t❛✐❝ ♦r ♣❤♦t❝♦♥❞✉❝t✐✈❡ ♠♦❞❡✳ ❚❤❡
❧❛tt❡r ❤❛s ❜❡❡♥ ❝❤♦s❡♥ ❞✉❡ t♦ ❡①✐st✐♥❣ ❡q✉✐♣♠❡♥t✱ ❡①♣❡r✐❡♥❝❡ ❛♥❞ t❤❡ ❝✐r❝✉✐t✬s ✇❡❧❧
❦♥♦✇♥ ❜❡❤❛✈✐♦✉r ❬✷✹❪✳

✸✳✷ ❘❡❛❞♦✉t ❈✐r❝✉✐t

❆ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❝✐r❝✉✐t ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✽✳ ❚❤❡ ♣❤♦t♦❝✉rr❡♥t iph✱ ❝♦♥s✐st✐♥❣ ♦❢ ❛
❉❈ ❝♦♠♣♦♥❡♥t ✇✐t❤ ♥♦ ✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛♥ ❆❈ ❝♦♠♣♦♥❡♥t ✐s tr❛♥s❢♦r♠❡❞
✐♥t♦ ❛ ✈♦❧t❛❣❡ ❛♥❞ ✐s ❛♠♣❧✐✜❡❞ ✈✐❛ t❤❡ ❚■❆ ✇✐t❤ ❢❡❡❞❜❛❝❦ r❡s✐st♦r Rf t♦ Uout =
−Rfif + U−✱ ✇❤❡r❡ U− ✐s t❤❡ ❜✐❛s ✈♦❧t❛❣❡✳ ❚❤✐s ❜✐❛s ✐s ♥❡❝❡ss❛r② t♦ ♦♣❡r❛t❡ t❤❡
♣❤♦t♦❞✐♦❞❡ ✐♥ ♣❤♦t♦❝♦♥❞✉❝t✐✈❡ ♠♦❞❡✱ s❡t ❛t t❤❡ ❖P❆✬s ✐♥✈❡rt✐♥❣ ✐♥♣✉t ♣✐♥ ❜② t❤❡
r❡s✐st♦r R1, R2 t♦ U− = U+ = U0R2/ (R1 +R2)✳
❆❧✐❣♥♠❡♥t ❞✐✣❝✉❧t✐❡s ♦❢ t❤❡ ♠❛s❦s ✭❞✐s❝✉ss❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✹✮ ✐♥tr♦❞✉❝❡s ❛♥ ♦✛s❡t
❧✐❣❤t ✢✉①✱ ❤❡♥❝❡ ❝♦♥tr✐❜✉t✐♥❣ ❛s ♠❛❥♦r ❝♦♠♣♦♥❡♥t t♦ ❛♥ ♦✛s❡t ❝✉rr❡♥t✳ ❚❤❡ ♦✛s❡t
❝✉rr❡♥t ✐s ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ ♣♦t❡♥t✐♦♠❡t❡r ✇✐t❤ icomp. = (U0 − U+)/RP✱ ②✐❡❧❞✐♥❣
❛♥ ♦✉t♣✉t ✈♦❧t❛❣❡ ♦❢ Uout = −Rf(icomp. − iph) + U−✳ ❖t❤❡r ❝♦♠♣♦♥❡♥ts s✉❝❤ ❛s
t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝②✱ s❝❛tt❡r❡❞ ❧✐❣❤t ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥ ❢r♦♠ ♠❛♥✉❢❛❝t✉r✐♥❣ ❛♥
❛♠♣❧✐✜❡r✱ ✐✳❡✳ ♠✐s♠❛t❝❤❡s ❛♥❞ t♦❧❡r❛♥❝❡s ♦❢ tr❛♥s✐st♦r ♣❛✐rs✱ r❡s✐st♦rs✱ ❡t❝✳ ❛❧s♦
❛✛❡❝t t❤❡ ❚■❆ ❛♥❞ ❝♦♥tr✐❜✉t❡ t♦ ✐♥♣✉t ♦✛s❡t ✈♦❧t❛❣❡s✳ ❚❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ❢♦r Uout

✐s ❞❡r✐✈❡❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❡q✉❛t✐♦♥s ②✐❡❧❞✐♥❣

Uout = Rfiph + U0

(

−Rf

RP

+
R2

R2 +R1

(

Rf

RP

))

. ✭✸✳✷✮

P✉tt✐♥❣ t❤❡ s❡❝♦♥❞ t❡r♠ ❡q✉❛❧ t♦ RfiDC ✱ t❤❡ r❡q✉✐r❡❞ ✈❛❧✉❡ ♦❢ RP ✐s ❝♦♠♣✉t❡❞ t♦
❝♦♠♣❡♥s❛t❡ t❤❡ ♣❤♦t♦❝✉rr❡♥t✬s ❉❈ ❝♦♠♣♦♥❡♥t✳ ❚❤❡ ❢❡❡❞❜❛❝❦ r❡s✐st❛♥❝❡ ✇❛s ❝❤♦s❡♥
t♦ ❜❡ 10MΩ✳
❚❤❡ r❡❛❞♦✉t ❝✐r❝✉✐t ❤❛s ♣♦t❡♥t✐❛❧ ❢♦r ❢✉rt❤❡r ✐♠♣r♦✈❡♠❡♥t✳ ❇② ♦♣❡r❛t✐♥❣ t❤❡ ♣❤♦t♦✲
❞✐♦❞❡ ✐♥ ♣❤♦t♦✈♦❧t❛✐❝ ♠♦❞❡ ❛♥❞✱ ❤❡♥❝❡✱ r❡❞✉❝✐♥❣ t❤❡ ❞❛r❦ ❝✉rr❡♥t✱ t❤❡ ♥♦✐s❡ ❝♦♥tr✐✲
❜✉t✐♦♥ ❝❛♥ ❜❡ ❧♦✇❡r❡❞✳ ❚❤✐s ♠♦❞❡ ✐s ❛♣♣r♦♣✐❛t❡ ✐❢ ♣r❡❝✐s✐♦♥ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥
s♣❡❡❞✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r ❧♦✇ ❢r❡q✉❡♥❝② r❡s♦♥❛♥t ▼❊▼❙ ❬✷✺❪✳ ❍♦✇❡✈❡r✱ ♠❡❛s✉r❡✲
♠❡♥ts s❤♦✉❧❞ ❜❡ ❝♦♥❞✉❝t❡❞ t♦ ❡st✐♠❛t❡ ❤♦✇ t❤❡ t❤❡ ❞❛r❦ ❝✉rr❡♥t ❛✛❡❝ts t❤❡ s❡♥s♦r✬s
♦✉t♣✉t s✐❣♥❛❧✳



✷✶

✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

✹✳✶ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤♥♦❧♦❣②

❚②♣✐❝❛❧ ▼❊▼❙ ♣r♦❝❡ss❡s ❛r❡ ❞✐✈✐❞❡❞ ✐♥ ❜✉❧❦ ❛♥❞ s✉r❢❛❝❡ ♠✐❝r♦♠❛❝❤✐♥✐♥❣✳ ❚❤❡
❢♦r♠❡r ❝❛t❡❣♦r② ✐s ❜❛s❡❞ ♦♥ ✇❡t ♦r ❞r② ❡t❝❤✐♥❣ ✭❡✳❣✳ ❞❡❡♣ r❡❛❝t✐✈❡ ✐♦♥ ❡t❝❤✐♥❣✱
❉❘■❊✮ ♦❢ s✐❧✐❝♦♥ s✉❜str❛t❡s✱ ✇❤❡r❡ t❤❡ ❧❛tt❡r ❢♦r♠s str✉❝t✉r❡s ❜② ❞❡♣♦s✐t✐♦♥ ❛♥❞
❡t❝❤✐♥❣ ♦❢ s❛❝r✐✜❝✐❛❧ ❛♥❞ str✉❝t✉r❛❧ t❤✐♥ ✜❧♠s✳ ❆♥♦t❤❡r ♠❡t❤♦❞ ❢♦r ❤✐❣❤ ❛s♣❡❝t r❛t✐♦
str✉❝t✉r❡s ✐s t❤❡ ▲■●❆ t❡❝❤♥♦❧♦❣② ✭●❡r♠❛♥ ❛❝r♦♥②♠ ❢♦r ▲✐t❤♦❣r❛♣❤✐❡ ●❛❧✈❛♥♦❢♦r✲
♠✉♥❣ ❆❜❢♦r♠✉♥❣✮ ✇❤❡r❡ t❤❡ ♣❤♦t♦r❡s✐st ✐s ♣❛tt❡r♥❡❞ ✇✐t❤ ❳✲r❛② ❡①♣♦s✉r❡ ❢♦❧❧♦✇❡❞
❜② ❡❧❡❝tr♦♣❧❛t✐♥❣ ♦❢ ❛ ♠❡t❛❧ ✐♥t♦ t❤❡ ❝❛✈✐t✐❡s ❧❡❢t ❜② t❤❡ r❡♠♦✈❡❞ r❡s✐st ❬✷✻❪✳
❚❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ t❡❝❤♥♦❧♦❣✐❡s r❡q✉✐r❡ ❧✐t❤♦❣r❛♣❤② ♣r♦❝❡ss❡s✱ ✇❤✐❝❤ ❛❝t✉❛❧❧② tr❛♥s✲
❢❡r t❤❡ ❞❡s✐r❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦❢ s❤❛♣❡ ♦♥t♦ ❛ ♣❤♦t♦r❡s✐st ❝♦❛t❡❞ ♦♥t♦ ❛ ✭❙✐✮ s✉❜str❛t❡✳
❊✈❡♥ t♦✉❣❤ tr❡♥❝❤❡s ✐♥ s✉❜str❛t❡s ❣r❡❛t❡r t❤❛♥ ✺✵✵➭♠ ❛r❡ ❢❡❛s✐❜❧❡ ✇✐t❤ t❤❡ ❉❘■❊
♠❡t❤♦❞✱ ♣❤♦t♦ ❧✐t❤♦❣r❛♣❤② ✐s ❧✐♠✐t❡❞ ❜② ✐ts ✷❉ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥❀ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s
❛ ♣❧❛♥❛r ♣r♦❝❡ss✳ ❇② ✐♥tr♦❞✉❝✐♥❣ ❣r❛②✲s❝❛❧❡ ❧✐t❤♦❣r❛♣❤② ✇✐t❤ ❞❡❡♣ r❡❛❝t✐✈❡ ✐♦♥ ❡t❝❤✲
✐♥❣✱ ❣r❛❞✉❛❧ s❤❛♣✐♥❣ ♦❢ ❤❡✐❣❤t ♦❢ s✐❧✐❝♦♥ s✉r❢❛❝❡s ❜❡❝♦♠❡s ♣♦ss✐❜❧❡✳ ❚❤❡ ♣❤♦t♦r❡s✐st
♠❛② ❜❡ ❡①♣♦s❡❞ t❤r♦✉❣❤ ❛ ❞♦t ♠♦❞✉❧❛t❡❞ ❝❤r♦♠❡ ♠❛s❦ ♦r ❜② ❛ ❞✐r❡❝t ✇r✐t✐♥❣ ♣r♦❝❡ss
✇✐t❤ ❛ ❧❛s❡r ♦r ❡❧❡❝tr♦♥ ❜❡❛♠✱ ❢♦❧❧♦✇❡❞ ❜② ❞❡✈❡❧♦♣♠❡♥t ❬✷✼❪✳ ❍❡♥❝❡✱ t❤❡ s✐❧✐❝♦♥ ♣r♦✲
✜❧❡ ✐s ❞❡✜♥❡❞ ❜② ✈❛r✐❛❜❧❡ ❤❡✐❣❤t ♦❢ t❤❡ ♣❤♦t♦r❡s✐st✱ s✐♥❝❡ s✐❧✐❝♦♥ ♠❛s❦❡❞ ❜② ❛ t❤✐❝❦❡r
❧❛②❡r ✐s ❡t❝❤❡❞ ❧❛t❡r ❝♦♠♣❛r❡❞ t♦ s✐❧✐❝♦♥ ♠❛s❦❡❞ ❜② t❤✐♥♥❡r r❡s✐st ✭❋✐❣✳ ✾✮ ❬✷✽❪✳
❆❞❞✐t✐♦♥❛❧❧②✱ ♣r♦❝❡ss❡❞ ✇❛❢❡rs ♠✐❣❤t ❜❡ ❜♦♥❞❡❞ t♦❣❡t❤❡r t♦ ❝r❡❛t❡ ❝♦♠♣❧❡① ✸❉ str✉❝✲
t✉r❡s✳ ❉r❛✇❜❛❝❦s ♦❢ ❝♦♥✈❡♥t✐♦♥❛❧ ▼❊▼❙ ♣r♦❝❡ss✐♥❣ ❛r❡ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ❧❛r❣❡✲
s❝❛❧❡✱ s♣❡❝✐❛❧✐s❡❞ ❡q✉✐♣♠❡♥t✱ ❡①♣❡♥s❡s ❢♦r ❝❧❡❛♥ r♦♦♠ ❡♥✈r✐♦♥♠❡♥ts ❛♥❞ ❧♦♥❣ ❧❡❛❞
t✐♠❡s ❞✉r✐♥❣ s❡q✉❡♥t✐❛❧ ♣r♦❝❡ss✐♥❣ ♦❢ r❡♣❡❛t❡❞ ✉s❡ ♦❢ ❧✐t❤♦❣r❛♣❤②✱ ❡t❝❤✐♥❣ ❛♥❞ ❞❡✲
♣♦s✐t✐♦♥ ❬✷✾❪✳
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❆s ♦❢ t♦❞❛②✱ ♠✉❧t✐♣❧❡ ❛❞❞✐t✐✈❡ ♠❛♥✉❢❛❝t✉r✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❢♦r ♠✐❝r♦♠❛❝❤✐♥✐♥❣ ▼❊▼❙
❞❡✈✐❝❡s ❛r❡ ❡♠❡r❣✐♥❣✱ ❡s♣❡❝✐❛❧❧② ❢♦r s♠❛❧❧✲s✐③❡❞ ♠❛♥✉❢❛❝t✉r✐♥❣ ✈♦❧✉♠❡s ❛♥❞ ♣r♦t♦t②♣✲
✐♥❣ ♣✉r♣♦s❡s✳ ❚❤❡s❡ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ ❜❛s❡❞ ♦♥ ✐♥❦❥❡t ❞❡♣♦s✐t✐♦♥✱ ❧❛s❡r✱ ✐♦♥✱ ❡❧❡❝tr♦♥
❜❡❛♠ ♦r s❝❛♥♥✐♥❣ ♣r♦❜❡s t♦ ❛❞❞ ♦r r❡♠♦✈❡ ♠❛t❡r✐❛❧✳ ❘❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ❛♣♣r♦❛❝❤❡s
❛r❡ ❛❞✈❛♥t❛❣❡♦✉s ❜② ❝♦♠♣r❡ss✐♥❣ ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t ❝②❝❧❡s✱ ✐♥✈❡st✐❣❛t✐♥❣ ❞✐✛❡r❡♥t
❣❡♦♠❡tr✐❡s ❛♥❞ ♣❛r❛♠❡t❡rs t❤❛t ♠❛t❝❤ t❤❡ ✜♥❛❧ ❞❡s✐❣♥s✳ ▲✐♠✐t❛t✐♦♥s ❞❡♣❡♥❞ ♦♥ t❤❡
♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✉s❡❞ ♠❛t❡r✐❛❧s ❛♥❞ t❤❡ ❛❝❤✐❡✈❡❛❜❧❡ r❡s♦❧✉t✐♦♥ ♦❢ ✸❉
♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣②✳ ❚❤❡r❡❢♦r❡✱ ♥❡✇ ♣r♦❝❡ss❡s t♦ ❞❡♣♦s✐t❡ ♠❛t❡r✐❛❧s ❛r❡ ❝♦♥t✐♥✉♦✉s❧②
❜❡✐♥❣ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐t ✐s ✈✐s✐❜❧❡ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡✱ ❝✉rr❡♥t❧② ❧✐♠✐t❡❞ t♦
✺✵ ✲ ✶✵✵✵➭♠✱ ✐s ❢✉rt❤❡r r❡❞✉❝❡❞ ❬✷✾❪✳ ❚❤✐s s✉❜s❡❝t✐♦♥ s❤♦rt❧② s✉♠♠❛r✐s❡s ❝✉rr❡♥t ✸❉
♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❢♦r ♠✐❝r♦ ❛♥❞ ♥❛♥♦ str✉❝t✉r❡s✳

❙t❡r❡♦❧✐t❤♦❣r❛♣❤② ✭❙▲❆✮ ✐s t❤❡ ♠♦st ♣♦♣✉❧❛r ♠❡t❤♦❞ ♥♦✇❛❞❛②s✳ ■t ✇♦r❦s ❜②
✐rr❛❞✐❛t✐♥❣ ❛ ❧✐q✉✐❞ ♣❤♦t♦✲s❡♥s✐t✐✈❡ r❡s✐♥ ❜② ❛ r❛st❡r✐♥❣ ❧❛s❡r ❜❡❛♠ t♦ ✐♥❞✉❝❡
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❋✐❣✉r❡ ✾✿ ❚❡st s✐❧✐❝♦♥ ✇❡❞❣❡ str✉❝t✉r❡ ❛❝❝♦♠♣❧✐s❤❡❞ ✉s✐♥❣ ❣r❛②✲s❝❛❧❡ ❧✐t❤♦❣r❛♣❤② ♦♥
t❤❡ ❧❡❢t✳ ❆ ♠✐❝r♦✲❝♦♠♣r❡ss♦r ✇✐t❤ ✈❛r✐❛❜❧❡ ❤❡✐❣❤t ♦❢ ❡t❝❤❡❞ s✐❧✐❝♦♥ ❜❧❛❞❡s ✉s✐♥❣ ❣r❛②✲
s❝❛❧❡ ❧✐t❤♦❣r❛♣❤② ❛♥❞ ❉❘■❊ ✐s ❞❡♣✐❝t❡❞ ♦♥ t❤❡ r✐❣❤t✳ ❚❤❡ ❜♦tt♦♠ ✇❛❧❧ s❧♦♣❡s ❢r♦♠
❛♥ ❡t❝❤ ❞❡♣t❤ ♦❢ ✹✵✵➭♠ ❛t t❤❡ ✐♥♥❡r r❛❞✐✉s t♦ ✷✵✵➭♠ ❛t t❤❡ ♦✉t❡r r❛❞✐✉s✱ ②✐❡❧❞✐♥❣ ❛
❤❡✐❣❤t ♦❢ t❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ ❛♥❞ tr❛✐❧✐♥❣ ❡❞❣❡ t♦ ❜❡ ✸✺✵➭♠ ❛♥❞ ✶✹✵➭♠✱ r❡s♣❡❝t✐✈❡❧②✳
❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡s✐❣♥✱ ❛♥♦t❤❡r ✇❛❢❡r ✇♦✉❧❞ ❜❡ ❜♦♥❞❡❞ t♦ t❤❡ t♦♣ ♦❢ t❤❡ ❜❧❛❞❡s ❢♦r
❡♥❝❛♣s✉❧❛t✐♦♥✱ ❛❧❧♦✇✐♥❣ ❛ ♠❛ss ✢♦✇ ✐♥❧❡t t♦ ❡①✐t r❛t✐♦ ♦❢ ✷✿✶ ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐♠❡♥s✐♦♥
❛♥❞✱ t❤✉s✱ ❡✛❡❝t✐✈❡❧② ✐♥❝r❡❛s❡s ❝♦♠♣r❡ss✐♦♥ ❬✷✽❪✳

♣❤♦t♦♣♦❧②♠❡r✐s❛t✐♦♥✳ ❆ ♣❧❛t❢♦r♠ ✜❧❧❡❞ ✇✐t❤ t❤❡ ♣❤♦t♦♣♦❧②♠❡r ♦❢ t❤❡ ❞❡s✐r❡❞
❧❛②❡r t❤✐❝❦♥❡ss ✐s s❝❛♥♥❡❞ ❜② ❛ ❧❛s❡r t♦ tr❛♥s❢❡r t❤❡ ♠♦❞❡❧✬s ❞❡s✐r❡❞ s❤❛♣❡✳ ❚❤❡
♣❧❛t❢♦r♠ ✐s t❤❡♥ ❧♦✇❡r❡❞ t♦ t❤❡ ♥❡①t ❧❛②❡r ✜❧❧❡❞ ✇✐t❤ t❤❡ ♣♦❧②♠❡r ❛♥❞ ❛❣❛✐♥
♣r♦❝❡ss❡❞ ✇✐t❤ t❤❡ ❧❛s❡r ❜❡❛♠✳ ❚❤❡ ❡♥t✐r❡ ♠♦❞❡❧ ✐s ❜✉✐❧t ❜② r❡♣❡❛t✐♥❣ t❤❡s❡
st❡♣s✳ ❆❢t❡r r❡♠♦✈✐♥❣ t❤❡ ❡①❝❡ss ♣♦❧②♠❡r✱ ❛ ✜♥❛❧ ❝✉r✐♥❣ st❡♣ ✐s ♣❡r❢♦r♠❡❞ t♦
♣r❡✈❡♥t ✉♥❞❡s✐r❡❛❜❧❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s t❤❛t ♠❛② ❧❡❛❞ t♦ ✇❛r♣✐♥❣✱ ❝r❛❝❦✐♥❣ ❛♥❞
❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛❜✐❧✐t②✳ ▼✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡s ♦❢ ✷✺✵ ✲ ✽✵✵➭♠ ❛r❡ r❡♣♦rt❡❞✳
❇❡tt❡r r❡s♦❧✉t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ ♠✐❝r♦st❡r❡♦❧✐t❤♦❣r❛♣❤② ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛
s✐♠✐❧❛r ♣r✐♥❝✐♣❧❡✳ ❍❡r❡✱ t❤❡ ❣❡♦♠❡tr② ✐s ♣r✐♥t❡❞ ❜② ❛ st❛t✐♦♥❛r② ❢♦❝✉s❡❞ ❧❛s❡r
❜❡❛♠ ✇✐t❤ ❛ ♣r❡❝✐s❡❧② ❤♦r✐③♦♥t❛❧❧② ♠♦✈✐♥❣ ♣❧❛t❢♦r♠ ✜❧❧❡❞ ✇✐t❤ ❛ ♣❤♦t♦❛❝t✐✈❡
r❡s✐♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♦✈❡r❝♦♠❡s t❤❡ ❞✐✣❝✉❧t② ♦❢ ❜❡❛♠ st❡❡r✐♥❣ ❛♥❞ ❢♦❝✉s✐♥❣✱
❜✉t ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❧♦♥❣❡r ❢❛❜r✐❝❛t✐♦♥ t✐♠❡s✳
❋❧❡①✐❜❧❡ ♣♦❧②❡t❤②❧❡♥❡✲❧✐❦❡✱ r✐❣✐❞ ❆❇❙✲❧✐❦❡ ❛♥❞ ♣♦❧②♣r♦♣②❧❡♥❡✲❧✐❦❡ ♠❛t❡r✐❛❧s ❛r❡
✐♥ ✉s❡✳ ❚❤❡ s✉✣① ✬✲❧✐❦❡✬ ❛♥♥♦t❛t❡s ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ ♥♦♠❡♥❝❧❛t✉r❡
❢r♦♠ t❤❡ ♦r✐❣✐♥✐❛❧ s✉❜st❛♥❝❡s✱ ❤❡♥❝❡ t❤❡② ❛r❡ ♠♦❞✐✜❡❞✱ ❜✉t st✐❧❧ ❢❡❛t✉r❡ s✐♠✐❧❛r
♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ❬✷✾❪✳

▼✉❧t✐❥❡t ▼♦❞❡❧❧✐♥❣ ✭▼❏▼✮ ♦r ♣♦❧②❥❡t ✐s ❛ ✈❛r✐❛♥t ♦❢ t❤❡ ❙▲❆ ✇❤✐❝❤ ❞✐s♣❡♥s❡s ❛♥❞
❝✉r❡s ❛ ♣❤♦t♦♣❧♦②♠❡r t❤r♦✉❣❤ t❤❡ ♣r✐♥t ❤❡❛❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤✐s ♠❡t❤♦❞ ♦❢✲
❢❡rs ❛ ❤✐❣❤ ❧❛②❡r r❡s♦❧✉t✐♦♥ ♦❢ ❛r♦✉♥❞ ✶✻➭♠✱ ✇❤✐❝❤ ❝♦♠❡s ❝❧♦s❡ t♦ t❤❡ r❡s♦❧✉t✐♦♥
r❡q✉✐r❡♠❡♥ts ♦❢ ❛ t②♣✐❝❛❧ ▼❊▼❙ ❞❡✈✐❝❡✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ♠❛t❡r✐❛❧s ❛r❡ ❛❝✲
r②❧❛t❡ ❜❛s❡❞ ✇✐t❤ r✐❣✐❞✱ ❡❧❛st✐❝✱ tr❛♥s❧✉❝❡♥t ♦r ♦♣❛q✉❡ ♣r♦♣❡rt✐❡s✳ ❚❤❡ ♣♦❧②❥❡t
♣r♦❝❡ss ✐s ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ ❛rts ❞✉❡ t♦ t❤❡ ♦✛❡r❡❞ ✏♦♥ ❞❡♠❛♥❞✑ ✢❡①✐❜✐❧✐t② ❬✷✾❪✳



✹✳✶ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤♥♦❧♦❣② ✷✸

❚❤❡ st❡r❡♦❧✐t❤♦❣r❛♣❤② ♣r♦❝❡ss❡s ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❛r❡ ❜❛s❡❞ ♦♥ s✐♥❣❧❡ ♣❤♦t♦♥ ♣♦❧②✲
♠❡r✐st❛✐♦♥✱ ❡✳❣✳ ♦♥❡ ♣❤♦t♦♥ ❛❜s♦r♣t✐♦♥✱ ✇❤❡r❡ ❧✐❣❤t ♠❛② ❜❡ ❛❜s♦r❜❡❞ ❡✐t❤❡r ❞✐r❡❝t❧②
❜② t❤❡ r❡s✐♥ ♦r ❜② ❛ ♣❤♦t♦s❡♥s✐t✐s❡r ✇❤✐❝❤ ❛❝ts ❛s ❛ ❝❛t❛❧②st ❛❜s♦r❜✐♥❣ ❧✐❣❤t✱ ❤❡♥❝❡
tr❛♥s❢❡rr✐♥❣ ❡♥❡r❣② t♦ t❤❡ ♠♦♥♦♠❡r✳ ❚❤❡ ❛❝❤✐❡✈❛❜❧❡ r❡s♦❧✉t✐♦♥ ✐♥ ❧✐t❤♦❣r❛♣❤② ❛s
✇❡❧❧ ❛s ✐♥ ♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤ λ ♦❢ t❤❡ ❧✐❣❤t✱ ❡①✲
♣r❡ss❡❞ ❜② ❆❜❜❡✬s ❞✐✛r❛❝t✐♦♥ ❧✐♠✐t d = λ/ (2NA)✱ ✇❤❡r❡ NA ✐s t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣❡r✲
t✉r❡✳ ❍❡♥❝❡✱ t❤❡ s♣❡❝tr✉♠ ♦❢ ✉❧tr❛✈✐♦❧❡t ❧✐❣❤t t♦ ❤✐❣❤ ❡♥❡r❣② ✉❧tr❛✈✐♦❧❡t r❛❞✐❛t✐♦♥✱
s♣❛♥♥✐♥❣ ✇❛✈❡❧❡♥❣❤ts ❢r♦♠ ✹✵✵ ♥♠ ❞♦✇♥ t♦ ✶✵ ♥♠✱ ❛r❡ ✉s❡❞✳ ❚❤❡ ❛❜s♦r♣t✐♦♥ r❛t❡
✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧✐❣❤t ✐♥t❡♥s✐t② ❝♦♠♣❛r❡❞ t♦ t❤❡ sq✉❛r❡❞ ❞❡♣❡♥❞❡♥❝② ❢♦r t✇♦
♣❤♦t♦♥ ❛❜s♦r♣t✐♦♥ ✐♥ ✸❉ ❞✐r❡❝t ❧❛s❡r ✇r✐t✐♥❣✳ ❚❤❡ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ✐♥t❡♥s✐t②
❛tt❡♥✉❛t✐♦♥ ✐s ❣✐✈❡♥ ✇✐t❤ dI/dz = −αI − βI2 ✇❤❡r❡ α ✐s t❤❡ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t✱
β ✐s t❤❡ t✇♦✲♣❤♦t♦♥ ❛❜s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ dz ❛ t❤✐❝❦♥❡ss ❡❧❡♠❡♥t ✇❤❡r❡ ♣♦✇❡r
✐s ❛❜s♦r❜❡❞ ❬✸✵✱ ✸✶❪✳

✸❉ ❞✐r❡❝t ❧❛s❡r ✇r✐t✐♥❣ ✐s ❛ ♥♦♥❧✐♥❡❛r ♦♣t✐❝❛❧ ♣r♦❝❡ss✱ t②♣✐❝❛❧❧② ❜❛s❡❞ ♦♥ ❛ ♥❡❛r
✐♥❢r❛r❡❞ ❢❡♠t♦s❡❝♦♥❞ ♣✉❧s❡❞ ❧❛s❡r t❤❛t ✐s ❢♦❝✉s❡❞ t♦ ❛ s♣♦t ✇✐t❤✐♥ t❤❡ ✈♦❧✉♠❡
♦❢ ❛ ♣❤♦t♦r❡s✐st✳ ❚❤❡ t❤r❡s❤♦❧❞ ❢♦r ✐♥✐t✐❛t✐♥❣ t❤❡ ♣♦❧②♠❡r✐s❛t✐♦♥ ✐s ❡①❝❡❡❞❡❞
♦♥❧② ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❢♦❝✉s✱ ✇❤❡r❡ t❤❡ ✐♥t❡♥s✐t② ♦❢ t❤❡ ❧✐❣❤t ✐s t❤❡ ❤✐❣❤❡st✳
❈♦♠♣❧❡① ✸❉ ♠✐❝r♦✲ ❛♥❞ ♥❛♥♦str✉❝t✉r❡s s✉❝❤ ❛s ♣❤♦t♦♥✐❝ ❝r②st❛❧s ✭❋✐❣✳ ✶✵❜✮✱
♣❤♦t♦♥✐❝ ♠❡t❛♠❛t❡r✐❛❧s✱ ♣❡♥t❛♠♦❞❡ ♠❡❝❤❛♥✐❝❛❧ ♠❡t❛♠❛t❡r✐❛❧s ❛♥❞ ❝♦♠♣♦♥✲
❡♥ts s✉❝❤ ❛s ✇❛✈❡❣✉✐❞❡s✱ ❝♦✉♣❧❡r✱ r❡s♦♥❛t♦rs✱ ♠✐❝r♦ ❧❡♥s❡s ❛♥❞ ✸❉ ❞❛t❛ st♦r❛❣❡
❞❡✈✐❝❡s ❝❛♥ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞ ✇✐t❤ t❤✐s t❡❝❤♥✐q✉❡ ❬✸✷✱ ✸✸❪✳

❙❡❧❡❝t✐✈❡ ❧❛s❡r s✐♥t❡r✐♥❣ ✭❙▲❙✮ ✐s ❜❛s❡❞ ♦♥ ❢✉s✐♥❣ s♠❛❧❧ ♣❛rt✐❝❧❡s ♦❢ ❛ ♣♦✇❞❡r ✐♥t♦
❛ ✜♥✐s❤❡❞ ♣❛rt✳ P♦✇❞❡r ✐s ❞✐s♣❡♥s❡❞ ♦♥t♦ ❛ ♣❧❛t❢♦r♠ ❛♥❞ s✉❜s❡q✉❡♥t❧② ♠❡❧t❡❞
❛♥❞ s✐♥t❡r❡❞ ✇✐t❤ ❛ ❤✐❣❤✲♣♦✇❡r ❧❛s❡r✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ t❤✐♥ ❧❛②❡r ♦❢ ♣♦✇❞❡r ✐s
❛❞❞❡❞ ❛♥❞ s♦❧✐❞✐✜❡❞ ✐♥t♦ t❤❡ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ❛❣❛✐♥✳ ❚❤✐s ❧❛②❡r✲
❜②✲❧❛②❡r ♣r♦❝❡ss ✐s r❡♣❡❛t❡❞ ✉♥t✐❧ t❤❡ ❡♥t✐r❡ ✸❉ str✉❝t✉r❡ ✐s ❜✉✐❧t✳ ❆ t②♣✐❝❛❧
♣♦✇❞❡r ❧❛②❡r t❤✐❝❦♥❡ss ♦❢ ✺✲✷✵➭♠ ❛♥❞ ♠✐❝r♦ ♣❛rts ✇✐t❤ ❛ t♦t❛❧ ❢❡❛t✉r❡ s✐③❡s
r❛♥❣✐♥❣ ❢r♦♠ s❡✈❡r❛❧ ♠✐❧✐♠❡t❡rs ❞♦✇♥ t♦ ❛❜♦✉t ✷✵ ➭♠ ❛r❡ ❢❡❛s✐❜❧❡ ❬✸✷❪✳ ❚❤✐s
♠❛♥✉❢❛❝t✉r✐♥❣ t❡❝❤♥✐q✉❡ ✐s ❛❜❧❡ t♦ ♣r♦❝❡ss ♣❧❛st✐❝ ♣♦✇❞❡r ♠❛t❡r✐❛❧s ❧✐❦❡ ♥②❧♦♥
❛♥❞ ♠❡t❛❧ ♣♦✇❞❡r s✉❝❤ ❛s ♠♦❧②❜❞❡♥✉♠✱ t✐t❛♥✐✉♠ ❛♥❞ st❛✐♥❧❡ss st❡❡❧ ❬✷✾❪✳ ❆
♠❡t❛❧ s✐♥t❡r❡❞ ♠✐❝r♦ ❣❡❛r ✇❤❡❡❧ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✵❝✳

❋✉s❡❞ ❞❡♣♦s✐t✐♦♥ ♠♦❞❡❧❧✐♥❣ ✭❋❉▼✮ ✐s ❝❛♣❛❜❧❡ ♦❢ ♣r✐♥t✐♥❣ ♠✐❝r♦str✉❝t✉r❡s ❜② ✐♥❦
❡①tr✉s✐♦♥ t❤r♦✉❣❤ ❛ ❤❡❛t❡❞ ♠✐❝r♦ ✲ ♥♦③③❧❡✳ ▼❛✐♥❧② t❤❡r♠♦♣❧❛st✐❝s ✐♥ t❤❡ ❢♦r♠
♦❢ t❤✐♥ ✜❧❛♠❡♥ts ❛r❡ ♣r♦❝❡ss❡❞✱ ❤♦✇❡✈❡r✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r✐♥t❡r ❤❡❛❞✱ ♣❛st❡✲
❧✐❦❡ ♠❛t❡r✐❛❧s s✉❝❤ ❛s ❝❤♦❝♦❧❛t❡✱ ♣♦r❝❡❧❛✐♥ ❝❧❛② ♦r ✇♦♦❞ ♣✉❧♣ ❛r❡ ❛❧s♦ ♣♦ss✐❜❧❡✳
Pr❡✈✐♦✉s ✇♦r❦ ❬✸✹❪ ❤❛s s❤♦✇♥ t❤❛t ❢✉♥❝t✐♦♥❛❧ ✐♥❦s ❝♦♥t❛✐♥✐♥❣ Li4Ti5O12 ✭▲❚❖✮
❛♥❞ LiFePO4 ✭▲❋P✮ ❛❧❧♦✇s ♦❢ ♣r✐♥t✐♥❣ ▲✐ ✐♦♥ ♠✐❝r♦❜❛tt❡r✐❡s ✭❋✐❣✳ ✶✵❞✮✳

❋♦❝✉s❡❞ ✐♦♥ ❜❡❛♠ ✇r✐t✐♥❣ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ s✐❧✐❝♦♥ ❞❡♣♦s✐t✐♦♥ ❛♥❞ s❡❧❡❝t✐✈❡
❡t❝❤✐♥❣ ✐s ❛♥♦t❤❡r ❛♣♣r♦❛❝❤ ♦❢ ❝r❡❛t✐♥❣ ❛ ❧❛②❡r ❜② ❧❛②❡r ✸❉ ♠♦❞❡❧✳ ●❛❧❧✐✉♠
✭●❛✮ ✐♦♥s ❛r❡ ✐♠♣❧❛♥t❡❞ ✐♥ ❛ ❙✐ ❧❛②❡r✱ ❢♦❧❧♦✇❡❞ ❜② ❝❤❡♠✐❝❛❧ ✈❛♣♦r ❞❡♣♦s✐t✐♦♥



✷✹ ✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

♦❢ ❛ ❙✐ ❧❛②❡r✳ ❘❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡ss ❞❡✜♥❡s t❤❡ r❡s✉❧t✐♥❣ ❙✐ str✉❝t✉r❡✳ ❆ ✜♥❛❧
✇❡t ❡t❝❤ ✇✐t❤ ♣♦t❛ss✐✉♠ ❤②❞r♦①✐❞❡ ✭❑❖❍✮ r❡❧❡❛s❡s t❤❡ str✉❝t✉r❡✳ ❚❤❡r❡❜②✱ t❤❡
✐♠♣❧❛♥t❡❞ ●❛ ✐♦♥s ♣r♦✈✐❞❡ ❡t❝❤ s❡❧❡❝t✐✈✐t② ❬✸✺❪✳ ❙✐❧✐❝♦♥ ❜❡❛♠s ✇✐t❤ ❞✐♠❡♥s✐♦♥s
✐♥ t❤❡ ♦r❞❡r ♦❢ ✶➭♠ ♦r ❡✈❡♥ s♠❛❧❧❡r ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✳ ✶✵❡✳

✭❛✮
✭❜✮

✭❝✮

✭❞✮

✭❡✮ ✭❢✮

❋✐❣✉r❡ ✶✵✿ ❊①♣❧♦r❛t♦r② ♦❜❥❡❝ts ♠❛♥✉❢❛❝t✉r❡❞ ✇✐t❤ ❞✐✛❡r❡♥t ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦✲
❣✐❡s✳ ✭❛✮ s❤♦✇s ❛ ✢♦✇ s❡♥s♦r ♣r✐♥t❡❞ ✇✐t❤ ♠✐❝r♦st❡r❡♦❧✐t❤♦❣r❛♣❤②✱ ✇❤❡r❡ t❤❡ r❡s✐♥
✐♥❝♦r♣♦r❛t❡s ♠❛❣♥❡t✐t❡ ♥❛♥♦ ♣❛rt✐❝❧❡s✳ ❆♣♣❧②✐♥❣ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r✱
t❤❡ ✐♠♣❡❧❧❡r✬s r♦t❛t✐♦♥ ❛♥❞ ❤❡♥❝❡ t❤❡ ✢♦✇ r❛t❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❬✸✻❪✳ ❜✮ ❞❡♣✐❝ts
❛ ✸❉ ♣❤♦t♦♥✐❝ ❝r②st❛❧ ❢❛❜r✐❝❛t❡❞ ✉s✐♥❣ ✸❉ ❞✐r❡❝t ❧❛s❡r ✇r✐t✐♥❣ ❜❛s❡❞ ♦♥ t✇♦✲♣❤♦t♦♥
♣♦❧②♠❡r✐s❛t✐♦♥✱ ✇❤❡r❡❛s ❛ ♠❡t❛❧ s✐♥t❡r❡❞ ♠✐❝r♦ ❣❡❛r ✇❤❡❡❧ ✐s ✐❧❧✉str❛t❡❞ ❜② ❙✉❜✲
❋✐❣✉r❡ ❝✮ ❬✸✷❪✳ ✭❞✮ LiFePO4 ✐♥❦ ❞❡♣♦s✐t✐♦♥ t❤r♦✉❣❤ ❛ ✸✵➭♠ ♥♦③③❧❡ ❬✸✹❪✳ ✭❡✮ s❤♦✇s
❛♥ ❙❊▼ ✐♠❛❣❡ ♦❢ ❙✐ ❝❛♥t✐❧❡✈❡rs ❢❛❜r✐❝❛t❡❞ ✇✐t❤ ✐♦♥ ❜❡❛♠ ✇r✐t✐♥❣✱ ✇❤❡r❡ t❤❡ ♥❛rr♦✇
❜❡❛♠ ✇❛s ❡t❝❤❡❞ ❢r❡❡✱ ✇❤✐❧❡ t❤❡ ✇✐❞❡ ❜❡❛♠ ✐s st✐❧❧ s✉♣♣♦rt❡❞ ❬✸✺❪✳ ✭❢✮ ❛♥ ✉♣s❝❛❧❡❞
▼❊▼❙ ❝❛♣❛❝✐t✐✈❡ s✇✐t❝❤ ♠♦❞❡❧ ❢♦r ❡❞✉❝❛t✐♦♥❛❧ ♣✉r♣♦s❡s ❬✸✼❪✳

▲♦✇✲❝♦st ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❢♦r r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ❛r❡ ❝✉rr❡♥t❧② ❧✐♠✐t❡❞ ❜②
t❤❡ r❡s♦❧✉t✐♦♥ r❡q✉✐r❡❞ ❢♦r ▼❊▼❙ ❢❛❜r✐❝❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
♣♦❧②♠❡r ♠❛t❡r✐❛❧s ❝❛♥♥♦t ❝♦♠♣❡t❡ ✇✐t❤ ❝♦♠♠♦♥❧② ✉s❡❞ ♣r♦❝❡ss✐♥❣ ♠❛t❡r✐❛❧s s✉❝❤
❛s ❙✐✱ ❆❧ ♦r ❚✐✳ ❚❤❡ t❡♥s✐❧❡ ♠♦❞✉❧✉s ♦❢ ❙✐ ✐s ❛♣♣r♦①✐♠❛t❡❧② t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡
❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ ♣♦❧②❝❛r❜♦♥❛t❡s ♦r ♣♦❧②❛❝r②❧❛t❡s✳
◆❡✈❡rt❤❡❧❡ss✱ ✸❉ ♣r✐♥t✐♥❣ ✐s ❛ ✉s❡❢✉❧ ❛♥❞ ❡✛❡❝t✐✈❡ ❛ss❡ss♠❡♥t t♦♦❧ t♦ ❞❡♠♦♥str❛t❡
✇♦r❦✐♥❣ ♣r✐♥❝✐♣❧❡s ❢♦r ❞❡s✐❣♥s ❜❡❢♦r❡ ✐♥✐t✐❛t✐♥❣ ❝♦st❧② ❝♦♥✈❡♥t✐♦♥❛❧ ▼❊▼❙ t❡❝❤♥♦✲
❧♦❣②✳ ❋✉rt❤❡r✱ ♣♦t❡♥t✐❛❧ ❛s ❛♥ ❡❞✉❝❛t✐♦♥❛❧ t♦♦❧ ❢♦r ▼❊▼❙ ❞❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥



✹✳✶ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤♥♦❧♦❣② ✷✺

✐s ❣✐✈❡♥✱ ✇❤❡r❡ st✉❞❡♥ts ❡①♣❡r✐❡♥❝❡ t❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ ✐t❡r❛t✐✈❡ ♠♦❞❡❧❧✐♥❣ ❛♥❞ ❞❡s✐❣♥
♣r♦❝❡ss❡s ♦♥ ✉♣s❝❛❧❡❞ ♠♦❞❡❧s ♦❢ ▼❊▼❙ ❞❡✈✐❝❡s ✭❋✐❣✳ ✶✵❢✮❬✸✼❪✳ ❚❛❜❧❡ ✷ s✉♠♠❛r✐s❡s
t❤❡ r❡s♦❧✉t✐♦♥ ✭❧❛②❡r t❤✐❝❦♥❡ss✮✱ t❤❡ ♠✐♥✐♠✉♠ ❢❡❛t✉r❡ s✐③❡ ❛♥❞ ❛♣♣❧✐❝❛❜❧❡ ♠❛t❡r✐❛❧s ♦❢
t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣✐❡s✳ ❖t❤❡r ♣r✐♥t✐♥❣ ♠❡t❤♦❞s ❛r❡ ❞✐s❝✉ss❡❞
✐♥ ❬✷✾❪ ❛♥❞ ❬✸✷❪✳

✹✳✶✳✷ Pr♦t♦t②♣❡ ❋❛❜r✐❝❛t✐♦♥

❚❤❡ ♣r♦t♦t②♣❡s ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤✐♥ t❤✐s st✉❞✐❡s ❛r❡ ♠❛♥✉❢❛❝t✉r❡❞ ✇✐t❤ st❛t❡✲♦❢✲t❤❡✲
❛rt ✸❉ ♣r✐♥t✐♥❣ ▼✉❧t✐❥❡t ▼♦❞❡❧✐♥❣ ✭▼❏▼✮ t❡❝❤♥♦❧♦❣②✳ ❆❝r②❧❛t❡ ❛s ♣r✐♥t ♠❛t❡r✐❛❧
❤❛s ❜❡❡♥ ❝❤♦s❡♥ ❞✉❡ t♦ t❤❡ ❜❡st ♣♦ss✐❜❧❡ ♣r✐♥t✐♥❣ r❡s♦❧✉t✐♦♥ ♦♥ t❤❡ ♠❛r❦❡t ❢♦r ❧♦✇✲
❝♦st ♠❛♥✉❢❛❝t✉r✐♥❣✱ ✐ts ✐♥s✉❧❛t✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ❡❛s② ❛❝❝❡ss✐❜✐❧✐t②✳ ❆❝r②❧❛t❡ ✐s ❛
♣❤♦t♦ r❡❛❝t✐✈❡ r❡s✐♥ ✇❤✐❝❤ ❝✉r❡s ✉♣♦♥ ❡①♣♦s✉r❡ t♦ ❧✐❣❤t✳ ❆ ♠✐♥✐♠✉♠ ❧❛②❡r t❤✐❝❦♥❡ss
♦❢ ✶✻➭♠ ✐s ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❧❛②❡r✲❜②✲❧❛②❡r ♣r✐♥t✐♥❣ ♦❢ t❤❡ ♣r♦t♦t②♣❡s✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ str✉❝t✉r❛❧ ❞❡s✐❣♥ ✐s r❡str✐❝t❡❞ ❜② t❤❡ ♠❛♥✉❢❛❝t✉r❡r t♦ ❣✉❛r❛♥t❡❡ ❤❛♥❞❧✐♥❣ ❛♥❞
❝❧❡❛♥✐♥❣ ♦❢ t❤❡ ♣r♦t♦t②♣❡s✳ ❆ ♠✐♥✐♠✉♠ t❤✐❝❦♥❡ss ♦❢ ✵✳✸♠♠ ❢♦r ✇❛❧❧s ❛♥❞ ✵✳✻♠♠ ❢♦r
❢r❡❡ st❛♥❞✐♥❣ ❛r❡❛s ❛r❡ r❡❝♦♠♠❡♥❞❡❞✳ ❖t❤❡r✇✐s❡✱ t♦♦ ❧♦♥❣ ❛♥❞ t♦♦ t❤✐♥ ❢r❡❡✲st❛♥❞✐♥❣
str✉❝t✉r❡s ♠✐❣❤t ❝♦❧❧❛♣s❡ ✇❤❡♥ t❤❡ ✇❛①✲❧✐❦❡ s✉♣♣♦rt ♠❛t❡r✐❛❧ ✐s ♠❡❧t❡❞✳ ❆❢t❡r t❤❡
♣r✐♥t✐♥❣ ♣r♦❝❡ss✱ t❤❡ s❛♠♣❧❡s ❛r❡ ❝❧❡❛♥❡❞ ✐♥ ❛♥ ✉❧tr❛s♦♥✐❝ ❜❛t❤ ❛♥❞ r✐♥s❡❞ ✇✐t❤
✇❛t❡r✳ ❚❤✐s st❡♣ ✐s ♥❡❝❡ss❛r② t♦ ❝♦♠♣❧❡t❡❧② r❡♠♦✈❡ r❡♠❛✐♥✐♥❣ ✇❛① r❡s✐❞✉❡s ✇❤✐❝❤
s✉♣♣♦rt t❤❡ str✉❝t✉r❡✬s ❝❛✈✐t✐❡s ❞✉r✐♥❣ t❤❡ ♣r✐♥t✐♥❣ ♣r♦❝❡ss ❬✸✽✱ ✸✾❪✳ ❚❤❡ ♦✉t❝♦♠❡ ✐s
❛ tr❛♥s❧✉❝❡♥t ♦❥❜❡❝t ✭s❡❡ ❋✐❣✳ ✶✶❛✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ s♣❛❝❡s ❜❡t✇❡❡♥ ❢r❡❡✲st❛♥❞✐♥❣
str✉❝t✉r❡s ♠✉st ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ♣r♦❤✐❜✐t ❝❧✉♠♣✐♥❣ ❛♥❞ ❣✉❛r❛♥t❡❡ t❤❡ s❛❢❡ r❡♠♦✈❛❧
♦❢ t❤❡ s✉♣♣♦rt ✇❛①✳ ❋✐❣✉r❡ ✶✶ ❞❡♣✐❝ts ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ✸❉ ♣r✐♥t✐♥❣ ♣r♦❝❡ss s✉❝❤ ❛s
✇❛① r❡s✐❞✉❡s✱ s♠❛❧❧ ❡s❝❛♣❡ ❤♦❧❡s r❡s✉❧t✐♥❣ ✐♥ ❛❝r②❧✐❝ r❡♠❛✐♥s ❛♥❞ s✉r❢❛❝❡ r♦✉❣❤♥❡ss✳
❚❤❡ ❛✈❡r❛❣❡❞ r♦✉❣❤♥❡ss Ra ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❉❡❦t❛❦ ✶✺✵ Pr♦✜❧♦♠❡t❡r ✐s ❡①♣r❡ss❡❞

✇✐t❤ Ra = (1/n)
n
∑

i

|yi|✳ ❍❡♥❝❡✱ t❤❡ s✉r❢❛❝❡ r♦✉❣❤♥❡ss ❢♦r t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝

✜❡❧❞ s❡♥s♦r ✇❛s ♠❡❛s✉r❡❞ ❛❧♦♥❣s✐❞❡ ❛♥ ❡❞❣❡ ♦❢ ✷♠♠ ❧❡♥❣t❤ ✐s ✶✷➭♠ ❛s s❤♦✇♥ ✐♥
❋✐❣✳ ✶✶❜✳

✹✳✶✳✸ ❙✉r❢❛❝❡ ❈♦❛t✐♥❣

❚♦ ❡①❝✐t❡ t❤❡ ♣r♦t♦t②♣❡✬s ♠❛ss ✇✐t❤ ▲♦r❡♥t③ ❢♦r❝❡✱ t❤❡ s✉r❢❛❝❡ ♠✉st ❜❡ tr❡❛t❡❞ t♦
❜❡❝♦♠❡ ❝♦♥❞✉❝t✐✈❡✳
❙❡✈❡r❛❧ ❝♦❛t✐♥❣ t❡❝❤♥✐q✉❡s ❛♥❞ ♠❛t❡r✐❛❧s ✇❡r❡ t❡st❡❞ t♦ ❛❝❤✐❡✈❡ t❤❡ ❜❡st ♣♦ss✐❜❧❡
s✉r❢❛❝❡ ❝♦♥❞✉❝t✐✈✐t②✳ ▼❛❥♦r ♣r♦❜❧❡♠s ❛r✐s❡ ✐♥ r❡❞✉❝✐♥❣ t❤❡ r❡s✐st✐✈✐t② ❛❧♦♥❣ t❤❡
s♣r✐♥❣s ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ s♣r✐♥❣✬s ❧❡♥❣t❤ ❛♥❞ t❤❡ r❡❧❛t✐✈❡❧② t❤✐♥ ❝♦❛t✐♥❣✳ ❚❤❡
✐rr❡❣✉❧❛r s✉r❢❛❝❡ ✐♠♣❡❞❡s t❤✐s ♣r♦❝❡ss✳ ●♦❧❞ ✭❆✉✮✱ ♥✐❝❦❡❧ ✭◆✐✮ ❛♥❞ s✐❧✈❡r ✭❆❣✮ ❤❛✈❡
❜❡❡♥ ❡✈❛♣♦r❛t❡❞✱ s♣r❛②❡❞ ❛♥❞ ❜r✉s❤❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ♦♥ t❤❡ ♣r♦t♦t②♣❡✬s s✉r❢❛❝❡✳ ❆✉
❛♥❞ ❆✉ ♦♥ t♦♣ ♦❢ ❝♦♣♣❡r ✭❈✉✮ ✇❡r❡ ❡✈❛♣♦r❛t❡❞ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥ ❜❡❛♠ ♠❡t❤♦❞ ✐♥
✈❛❝✉✉♠✳ ❚❤✉s ❛ ❝♦♥tr♦❧❧❡❞ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❝♦❛t✐♥❣ ✇❛s ❛❝❤✐❡✈❡❞✳ ❆ ❞✐s❛❞✈❛♥t❛❣❡ ♦❢
t❤❡ s♣r❛② ❝♦❛t✐♥❣ ❛♣♣r♦❛❝❤ ✐s t❤❡ ❞✐✣❝✉❧t② t♦ ✜♥❞ t❤❡ ✐❞❡❛❧ ❛♠♦✉♥t ♦❢ ◆✐ t♦ ❛❝❤✐❡✈❡ ❛
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P
r✐♥

t✐♥
❣

❙
▲
❆

▼
❏
▼

❙
▲
❙

❉
✐r❡

❝t
❧❛
s❡
r

❋
❉
▼

■♦
♥
❜
❡
❛
♠

♠
❡
t❤
♦
❞
s

✇
r✐t✐♥

❣
✇
r✐t✐♥

❣
❘
❡
s♦
❧✉
t✐♦

♥
✺✵✲✶✺✵

✶✻✲✺✵
✺✲✶✵✵

✵✳✶
✸✵✲✷✺✵

✲
✭✐♥

➭
♠
✮

▼
✐♥
✳
❢❡
❛
t✉
r❡

✷✺✵✲✽✵✵
✺✵✵

✷✵✲✶✵✵✵
✶✲✷✵✵

✻✵✲✼✵✵
✵✳✵✸✸

s✐③❡
✭✐♥

➭
♠
✮

▼
❛
t❡
r✐❛

❧s
❆
❇
❙
✱
P
❊
✱

❛❝r②
❧✐❝

r❡s✐♥
✱

♥
②
❧♦♥

✱
▼
♦✱

♥
②
❧♦♥

✱
P
❈
✱
P
P
❙
❋

s✐❧✐❝♦♥
✱
❲
✱

P
P
✱
P
❈
✱

❆
❇
❙
✱
P
P
✱

❇
r♦♥

③❡
❈
r
❛❧❧♦②✱

s✐❧♦①
❛♥

❡✱
❝❤
♦
❝♦❧❛t❡✱

❆
✉
✱
❆
❧✱
P
t

❛❝r②
❧✐❝

r❡s✐♥
❆
❧✲◆

✐✲❛❧❧♦②✱
❚
✐✱

❤
②
❞
r♦❣❡❧s✱

❝❡r❛♠
✐❝s✱

st❛✐♥
❧❡ss

st❡❡❧
♠
❡t❛❧s

❚
❛❜

❧❡
✷✿

❚
❤
❡
r❡s♦❧✉

t✐♦♥
✱
❢❡❛t✉

r❡
s✐③❡

❛♥
❞
t❤
❡
♠
❛t❡r✐❛❧s

❛r❡
❝♦♠

♣
✐❧❡❞

❢r♦♠
❬✷✾✱

✸✷✱
✸✽✱

✸✾❪✳



✹✳✶ ▼❛♥✉❢❛❝t✉r✐♥❣ ❚❡❝❤♥♦❧♦❣② ✷✼

Supporting wax

and acrylate 

residues

Granular surface

texture

✭❛✮

✭❜✮

❋✐❣✉r❡ ✶✶✿ ✭❛✮ ❧✐♠✐t❛t✐♦♥s ♦❢ ✸❉ ♣r✐♥t✐♥❣ ❛♥❞ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ♦❢ t❤❡ s✉r❢❛❝❡
r♦✉❣❤♥❡ss ❛❧♦♥❣s✐❞❡ t❤❡ ♦✉t❡r ❢r❛♠❡ ♦❢ ❛♥ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t♦♠❡t❡r ✭❜✮✳

❧♦✇ s✉r❢❛❝❡ r❡s✐st❛♥❝❡ ❛♥❞ ♣r♦✈✐❞❡ ❡✈❡♥❧② ❞✐str✐❜✉t❡❞ ◆✐ ♣❛rt✐❝❧❡s✳ ❉❡s✐❣♥❡❞ ❝❛✈✐t✐❡s
♦♥ t❤❡ ❢r❛♠❡ ✐♥t❡rr✉♣t t❤❡ ❝♦♥❞✉❝t✐✈❡ ❝♦❛t✐♥❣ ❛♥❞ ❢♦r❝❡ t❤❡ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ♦✈❡r
t❤❡ s♣r✐♥❣ s✉s♣❡♥❞❡❞ ♠❛ss✳ ❋✐❣✉r❡ ✶✷ ❛♥❞ ❚❛❜❧❡ ✸ s✉♠♠❛r✐s❡ t❤❡ ❞✐✛❡r❡♥t s✉r❢❛❝❡s
❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ r❡s✐st❛♥❝❡ ❢♦r t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r✳
❍✐❣❤ s✉r❢❛❝❡ ❝♦♥❞✉❝t✐✈✐t② ✐s ❞❡s✐r❛❜❧❡ t♦ ♠✐♥✐♠✐s❡ ❤❡❛t✐♥❣ ♦❢ t❤❡ s♣r✐♥❣s ❞✉❡ t♦ t❤❡
s✉♣♣❧✐❡❞ ❝✉rr❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s♣r✐♥❣s ♦✉❣❤t t♦ ❤❛✈❡ ❛♥ ✐❞❡♥t✐❝❛❧ r❡s✐st❛♥❝❡ t♦
❛✈♦✐❞ ❛s②♠♠❡tr✐❝ ❞❡❢♦r♠❛t✐♦♥ ❝❛✉s❡❞ ❜② ❏♦✉❧❡✬s ❤❡❛t✐♥❣ ✐♥ t❤❡ ❜❡❛♠s✳
❚❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r r❡q✉✐r❡s s♠❛❧❧ ❛♥❞ t❤✐♥ ❛r❡❛s ♦❢ ❤✐❣❤❧② ❝♦♥❞✉❝t✐✈❡
❧❡❛❞s✱ ✇❤✐❝❤ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤ t❤❡ s✐❧✈❡r ❝♦♥❞✉❝t✐✈❡ ♣❛✐♥t✳ ❚❤❡ ❝✉rr❡♥t ❝❛rr②✐♥❣ ♣❛t❤s
❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ s❡r✐❡s✱ ✇❤❡r❡ t❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ r❡s✐st❛♥❝❡ ✐s ✷✵Ω✳

❋✉t✉r❡ ♣♦ss✐❜❧❡ ❝♦❛t✐♥❣ t❡❝❤♥✐q✉❡s ♠❛② ❜❡ ❜❛s❡❞ ♦♥ ✐♠♠❡rs✐♦♥✳ ❚❤❡ ♣r♦t♦t②♣❡s ❛r❡
❞✐♣♣❡❞ ✐♥ ❧✐q✉✐❞ ❝♦♥❞✉❝t✐✈❡ ♣❛✐♥ts ✇✐t❤ ❧♦✇ ✈✐s❝♦s✐t② ❛♥❞ ❞r✐❡❞ ❛❢t❡r✇❛r❞s✳ ❉✐✛❡r❡♥t
❝♦❛t✐♥❣ t❤✐❝❦♥❡ss❡s ❛r❡ ❢❡❛s✐❜❧❡ ❜② r❡♣❡❛t✐♥❣ t❤✐s ♣r♦❝❡ss✳
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3D model

Au - evaporated 

Ag - brushed

Cavities to interrupt

conductive coating

Ni - sprayed

10 mm

❋✐❣✉r❡ ✶✷✿ ❉✐✛❡r❡♥t s✉r❢❛❝❡ ❝♦❛t✐♥❣ ❛r❡ s❤♦✇♥ ❢♦r ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
s❡♥s♦r✳ ❙♦♠❡ ❛r❡❛s ♦❢ t❤❡ ❆✉ ❡✈❛♣♦r❛t❡❞ s❛♠♣❧❡s ❡①❤✐❜✐t ❛ ❞❛r❦❡r ❝♦❧♦r✱ ✇❤✐❝❤ ✐s
❞✉❡ t♦ t❤❡ ♣❛rt✐❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛❝r②❧✐❝ ♣❧❛st✐❝✳

❈♦❛t✐♥❣s ❆✉✲❈✉ ❆✉ ◆✐ ❆❣ ◆✐✰
✭✺✵✵ ♥♠✮ ✭✶✵✵ ♥♠✮ ❆❣ ♣❛✐♥t❡❞ s♣r✐♥❣s

♠♦✈❡❛❜❧❡ ♠❛ss ✶✵Ω ✲ ✺✵Ω ✷Ω ✺✵Ω
s♣r✐♥❣s ✲ ✲ ✷✵✵ ✲ ✹✵✵Ω ✶ ✲ ✷Ω ✶✵✲✺✵Ω
Rtotal ✲ ✲ ✺✵✵ ✲ ✽✵✵Ω ✺ ✲ ✶✵Ω ✽✵ ✲ ✶✺✵Ω

❚❛❜❧❡ ✸✿ ❘❡s✐st❛♥❝❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦❛t✐♥❣s ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❋▲❯❑❊ ✶✼✾ ❞✐❣✐t❛❧
♠✉❧t✐♠❡t❡r✳ ❚❤❡ r❡s✐st❛♥❝❡ ♦❢ t❤❡ ♠♦✈❡❛❜❧❡ ♠❛ss ✇❛s ♠❡❛s✉r❡❞ ❞✐❛❣♦♥❛❧❧②✱ ❢r♦♠ t❤❡
❧♦✇❡r ❧❡❢t t♦ t❤❡ ✉♣♣❡r r✐❣❤t ❝♦r♥❡r ❢♦r ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r✳ ❚❤❡
r❡s✐st❛♥❝❡s ♦❢ t❤❡ ❢♦✉r s♣r✐♥❣s ✇❡r❡ ♠❡❛s✉r❡❞ s❡♣❛r❛t❡❧②✳ ❚❤❡② ✈❛r② str♦♥❣❧② ❢♦r t❤❡
◆✐ ❝♦❛t❡❞ s✉r❢❛❝❡✱ ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❞✐✣❝✉❧t② t♦ ❡✈❡♥❧② ❞✐str✐❜✉t❡ ◆✐ ♣❛rt✐❝❧❡s✳
Rtotal ✐s t❤❡ t♦t❛❧ r❡s✐st❛♥❝❡ ♠❡❛s✉r❡❞ ✈❡rt✐❝❛❧❧② ❢r♦♠ ♦♥❡ ❡❞❣❡ ♦❢ t❤❡ ♦✉t❡r ❢r❛♠❡ t♦
❛♥♦t❤❡r✱ ✐✳❡✳ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t ✢♦✇✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♠♦✈❡❛❜❧❡ ♠❛ss✱ t✇♦ s♣r✐♥❣s
❛♥❞ t❤❡ ❝♦♥♥❡❝t✐✈❡ ♣♦rt✳
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✹✳✶✳✹ ●❧❛ss ❲❛❢❡r ❋❛❜r✐❝❛t✐♦♥✱ ▼❛s❦ ❆❧✐❣♥♠❡♥t ❛♥❞ ❉✐✛r❛❝t✐♦♥ P❤❡✲
♥♦♠❡♥❛

■♥ ♦r❞❡r t♦ ❡♥❛❜❧❡ ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥✱ ❡✐t❤❡r✱ st❛t✐❝ ❛♥❞ ♠♦✈❡❛❜❧❡ ❛♣❡rt✉r❡s ♠✉st ❜❡
♣r♦✈✐❞❡❞ ❞✉r✐♥❣ t❤❡ ✸❉ ♣r✐♥t ♣r♦❝❡ss ❛s ♣❛rt ♦❢ t❤❡ str✉❝t✉r❡ ♦r✱ t❤❡② ❛r❡ ♠❛♥✉❢❛❝✲
t✉r❡❞ s❡♣❡r❛t❡❧② ✐♥ ❢♦r♠ ♦❢ ❣❧❛ss ✇❛❢❡rs ♦r ❢♦✐❧s ❛♥❞✱ t❤✉s✱ ❜♦♥❞❡❞ ♦♥t♦ str✉❝t✉r❡✳
Pr❡✈✐♦✉s ✇♦r❦ ❬✶✹❪ ❤❛s s❤♦✇♥ ❢❛❜r✐❝❛t✐♦♥ st❡♣s ❢♦r ❝❤r♦♠✐✉♠ ❝♦❛t❡❞ ❣❧❛ss ❝❤✐♣s✱
❢❛❜r✐❝❛t❡❞ ❢r♦♠ ❛ ✸✺✵➭♠ P②r❡①r ❣❧❛ss ✇❛❢❡r ✇❤✐❝❤ ❝❛♥ ❜❡ s✉♠♠❛r✐s❡❞ ❛s✿

✶✳ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❛♣❡rt✉r❡s ❛r❡ ♣❛tt❡r♥❡❞ ❜② ♣❤♦t♦❧✐t❤♦❣r❛♣❤② ♦♥ t❤❡ ❣❧❛ss
s✉r❢❛❝❡✳

✷✳ ❈r ✐s ❞❡♣♦s✐t❡❞ t❤r♦✉❣❤ t❤❡r♠❛❧ ❡✈❛♣♦r❛t✐♦♥ ♦♥t♦ t❤❡ s✉r❢❛❝❡✳

✸✳ ❘❡♠♦✈❛❧ ♦❢ t❤❡ ♣❤♦t♦r❡s✐st ✭❡t❝❤✐♥❣ t❤❡ s❛❝r✐✜❝✐❛❧ ❧❛②❡r✮✳

❚✇♦ t②♣❡s ♦❢ ❣❧❛ss ♠❛s❦s ✇✐t❤ ❛♣❡rt✉r❡s s✐③❡s ♦❢ ✶✵✵×✶✵➭♠➨ ❛♥❞ ✶✵✵×✷✵➭♠➨ ✇❡r❡
❢❛❜r✐❝❛t❡❞✳ ❆❢t❡r ❞✐❝✐♥❣✱ t❤❡ ❣❧❛ss ❝❤✐♣✬s s✐③❡ ❛r❡ ✹×✹♠♠➨ ❛♥❞ ✼×✺♠♠➨ ❢♦r t❤❡
❞❡✢❡❝t✐✈❡ ♠❛ss ❛♥❞ ✜①❡❞ ♣❛rt✱ r❡s♣❡❝t✐✈❡❧②✳
❘♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥♠❡♥t ♠❛② ♦❝❝✉r ❞✉r✐♥❣ t❤❡ ❣❧✉✐♥❣ ♣r♦❝❡ss ♦❢ t❤❡ t✇♦ ❣❧❛ss ♠❛s❦s
✇❤✐❝❤ ✐s ❞✉❡ t♦ ❝r❡❡♣✐♥❣ ♣r♦❝❡ss❡s ❞✉r✐♥❣ t❤❡ ❛❞❤❡s✐✈❡✬s ❤❛r❞❡♥✐♥❣✳ ❙tr✉❝t✉r❛❧ ❞❡✲
✢❡❝t✐♦♥ ❛♥❞ r♦✉❣❤ s✉r❢❛❝❡s ❛r❡ r❡s✉❧ts ♦❢ t❤❡ ✸❉ ♣r✐♥t✐♥❣ ❧✐♠✐ts ❛♥❞ ❞♦ ♥♦t ❣✉❛r❛♥t❡❡
✉♥✐❢♦r♠ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❜♦t❤ ♠❛s❦s✳ ❚❤❡r❡❢♦r❡✱ ❛ r❡❧❛t✐✈❧② ❧❛r❣❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❣❧❛ss ♠❛s❦s ♠✉st ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❛✈♦✐❞ ❢r✐❝t✐♦♥❛❧ ❝♦♥t❛❝t✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❧❛t✲
✐✈❧② ❧❛r❣❡ ❞✐st❛♥❝❡ ♦❢ ✸✵✵➭♠ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❈r ♠❛s❦s ✐♠♣❡❞❡s ❢♦❝❛❧✐s✐♥❣ ✇✐t❤ ❛♥
♦♣t✐❝❛❧ ♠✐❝r♦s❝♦♣❡✱ ❤❡♥❝❡ ✐♥❝r❡❛s❡s t❤❡ ❞✐✣❝✉❧t✐② ♦❢ ❛❧✐❣♥♠❡♥t✳ ❚❛❦✐♥❣ t❤❡ ♠❛s❦s
✇✐t❤ t❤❡ ❜✐❣❣❡st ❛♣❡rt✉r❡ ♦❢ ✶✵✵×✶✵➭♠➨✱ ❛ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ ❃ ✺➦ ❧❡❛❞s
t♦ ❛ s✐❣♥✐✜❝❛♥t❧② ✇♦rs❡♥❡❞ ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥✳ ❚❤❡ ❛♥❣❧❡ ♦❢ ❛❧❧♦✇❡❞ ♠✐s❛❧✐❣♥♠❡♥t
❞❡❝r❡❛s❡s ❢♦r s♠❛❧❧❡r ❛♣❡rt✉r❡s✳
❋✐❣✉r❡ ✶✸ ❞❡♣✐❝ts t❤✐s r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥♠❡♥t ❛♥❞ s❤♦✇s ❋❊▼ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r
t❤❡ ❡✛❡❝t✐✈❡ ❧✐❣❤t ✢✉① t❤r♦✉❣❤ ❜♦t❤ ❛♣❡rt✉r❡s ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♠❛s❦ r♦t❛t✐♦♥ ❛♥❞
❞✐s♣❧❛❝❡♠❡♥t✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐♥ ❋✐❣✳ ✶✸❜ s❤♦✇ t❤❛t t❤❡ ❧✐♥❡❛r ❞♦♠❛✐♥✱ ✇❤❡r❡
❛ ❧✐♥❡❛r ❝❤❛♥❣❡ ♦❢ ❧✐❣❤t ✢✉① ✐s ❡①♣❡❝t❡❞✱ ❞❡❝r❡❛s❡s ❢♦r r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥❡❞ ♠❛s❦s
❛♥❞ t✉r♥s ✐♥t♦ ❛ s✐♥✉s♦✐❞❛❧✲❧✐❦❡ ❛♥❞ s✐♥✉s♦✐❞❛❧ ❝❤❛♥❣❡ ♦❢ ❧✐❣❤t ✢✉① ❢♦r r♦t❛t✐♦♥❁✺➦
❛♥❞ r♦t❛t✐♦♥❃✺➦✱ r❡s♣❡❝t✐✈❡❧②✳

❉✉❡ t♦ t❤❡ ❧❛r❣❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❜♦t❤ ❣❧❛ss ♠❛s❦s✱ ❧✐❣❤t ❞✐✛✉s✐✈✐t② ✐s ✐♥❝r❡❛s❡❞
❛♥❞ r❡❞✉❝❡s t❤❡ ❛❜✐❧✐t② ♦❢ ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥✳
❚♦ r❡❞✉❝❡ t❤❡ ❞✐✛r❛❝t✐♦♥ ♣❤❡♥♦♠❡♥❛✱ t❤❡ ❛♣❡rt✉r❡ ✇✐❞t❤ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞✳ ❉✐✛r❛❝t✐♦♥
✐s ❞❡s❝r✐❜❡❞ ❜② ❍✉②❣❡♥✬s ♣r✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ✐s t❤❡ ❜❡♥❞✐♥❣ ♦❢ ✇❛✈❡s ❛s t❤❡② ♣❛ss t❤r♦✉❣❤
❛♥ ❛♣❡rt✉r❡✳ ❚❤❡ ❜❡♥❞✐♥❣ ✈❛st❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣❡rt✉r❡ ✇✐❞t❤ d ❛♥❞ ✐s ❡①♣r❡ss❡❞
❜② sin θ = λ/d ❢♦r t❤❡ ✜rst ♦r❞❡r ❞✐✛r❛❝t✐♦♥✳ ❋❊▼ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t
❛♣❡rt✉r❡ ✇✐❞t❤s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✹✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧ts✱ ♠❛s❦s ✇✐t❤ s❧✐t
✇✐❞t❤s ♦❢ ❃ ✺✵➭♠ ❛r❡ r❡❝♦♠♠❡♥❞❡❞✳



✸✵ ✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

Top Cr

mask

Bottom Cr

mask 10 µm

5°
Effective light flux 

through aperture

100 µm

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✶✸✿ ❙❝❤❡♠❛t✐❝ ♦❢ ♠✐s❛❧✐❣♥❡❞ ❛♣❡rt✉r❡s ✭❛✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❧✐❣❤t ✢✉① t❤r♦✉❣❤
❜♦t❤ ❝❤r♦♠✐✉♠ ♠❛s❦ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥♠❡♥t ✐s ❞❡♣✐❝t❡❞ ✐♥ ✭❜✮✳
❚❤❡ ♣❧♦ts ❛r❡ t❤❡ r❡s✉❧ts ❢r♦♠ ❋❊▼ s✐♠✉❧❛t✐♦♥✳ ❆ s✐♥❣❧❡ s❧✐t ♦❢ ✶✵×✶✵✵➭♠➨ ✇❛s
❞✐s♣❧❛❝❡❞ ♦✈❡r ❛ ✜①❡❞ ❛♣❡rt✉r❡✱ t❤✉s ❝❛❧❝✉❧❛t✐♥❣ t❤❡ r❡s✐❞✉❛❧ ❢r❡❡ ❛r❡❛ t♦ ②✐❡❧❞ t❤❡
❡✛❡❝t✐✈❡ ❛r❡❛✳ ❆t ✶✵➭♠ ❞✐s♣❧❛❝❡♠❡♥t✱ t❤❡ s❧✐t ❢✉❧❧② ❝♦✈❡rs t❤❡ ❢r❡❡ ❛r❡❛ ✇❤❡♥ ♥♦
r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥❡♠❡♥t ♦❝❝✉rs✳ ❚❤❡ ✐♥s❡t ❝❧❡❛r❧② ❞❡♣✐❝ts ❛ ❞❡❝r❡❛s❡ ✐♥ ❝❤❛♥❣❡❛❜✐❧✐t②
♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❛r❡❛✱ ❤❡♥❝❡ ❧✐❣❤t ✢✉① t❤r♦✉❣❤ t❤❡ ❛♣❡rt✉r❡s✱ ✇❤❡♥ t❤❡ ✉♣♣❡r ♠❛s❦ ✐s
r♦t❛t❡❞ ❛♥❞ ♥♦t ♦♣❡r❛t❡❞ ✐♥ t❤❡ ❧✐♥❡❛r ❞♦♠❛✐♥✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ✐❞❡❛❧ ❝❛s❡✱ t❤❡ ❛r❡❛
❝❤❛♥❣❡s ♦♥❧② t♦ ✻✵✪✱ ✸✵✪✱ ✷✵✪ ❛♥❞ ✶✺✪ ❢♦r ✷➦✱ ✹➦✱ ✻➦ ❛♥❞ ✽➦ r♦t❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✱
❢♦r ❛ ❞✐s♣❧❛❝❡♠❡♥t r❛♥❣❡ ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ✐♥s❡t✳

✹✳✷ ❋❊▼ ❆♥❛❧②s✐s

❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮ s✐♠✉❧❛t✐♦♥s ❛r❡ ✈❡r② ✇❡❧❧ s✉✐t❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ▼❊▼❙
❧❛②♦✉ts✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❝♦♠♣❧❡① s♣r✐♥❣s ❛♥❞ str✉❝t✉r❛❧ ❞❡s✐❣♥s✳ ❚❤❡ s❝✐❡♥t✐✜❝ s♦❢t✇❛r❡
❈❖▼❙❖▲ ▼✉❧t✐♣❤②s✐❝sr ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ str✉❝t✉r❡✬s ❡✐❣❡♥❢r❡q✉❡♥❝②
❛♥❞ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t②✳ ❚♦ ♦❜t❛✐♥ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s
✐♥ r❡❛s♦♥❛❜❧❡ t✐♠❡✱ t❤❡ ♠❡s❤ s✐③❡ ♠✉st ❜❡ ❝❤♦s❡♥ ❛❞❡q✉❛t❡❧②✱ ❡✳❣✳ ♠❡s❤ r❡✜♥❡♠❡♥t
✐s ♥❡❝❡ss❛r② ❢♦r s♠❛❧❧ ❞♦♠❛✐♥s ❧✐❦❡ s♣r✐♥❣s ❛♥❞ ❝❛♥ ❜❡ s❡t ❝♦❛rs❡ ❛t ❧❛r❣❡ ❛♥❞ st✐✛❡r
❛r❡❛s✳ ❋✐❣✉r❡ ✶✺ ❞❡♣✐❝ts t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✇✐t❤ ♠❡s❤ r❡✜♥❡♠❡♥t
❛t ✢❡①✉r❛❧ ❛r❡❛s✳

❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r str✉❝t✉r❛❧ ♠❡❝❤❛♥✐❝s ✐s ❜❛s❡❞ ♦♥ ❛ ❞✐s❝r❡t❡✲❝♦♦r❞✐♥❛t❡



✹✳✷ ❋❊▼ ❆♥❛❧②s✐s ✸✶

250 µm

Moveable

aperture
Fixed 

aperture

5
0
 µ

m
2
0
 µ

m
1
0
 µ

m
7
0
 µ

m

Diffraction

phenomena

❋✐❣✉r❡ ✶✹✿ ❋❊▼ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡ ❧✐❣❤t ❞✐✛r❛❝t✐♦♥ ♣❤❡♥♦♠❡♥❛ ❢♦r ❞✐✛❡r❡♥t
s❧✐t ✇✐❞t❤s✳ ❆♥ ✐♥❝✐❞❡♥t ♣❧❛♥❡ ✇❛✈❡ ✇✐t❤ ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ ✽✵✵ ♥♠ ♣❛ss❡s t❤r♦✉❣❤
st❛t✐❝ ❛♣❡rt✉r❡s✳ ▲✐❣❤t ❞✐✛r❛❝t✐♦♥ ✐s s✐♠✉❧❛t❡❞ ❢♦r ✷✺✵➭♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤
❛♣❡rt✉r❡s ❛♥❞ ♠♦❞❡❧❧❡❞ ✇✐t❤ ♣❡r❢❡❝t❧② ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s✳ ❚❤❡ ✐♥❝r❡❛s❡❞ ❧✐❣❤t
❞✐✛✉s✐✈✐t② ❢♦r ❧❛r❣❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ✜①❡❞ ❛♥❞ ♠♦✈❡❛❜❧❡ ❛♣❡rt✉r❡ r❡s✉❧ts ✐♥
❞❡❝r❡❛s❡❞ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❧✐❣❤t ♠♦❞✉❧❛t✐♦♥✱ ❡s♣❡❝✐❛❧❧② ❢♦r s♠❛❧❧ ❛♣❡rt✉r❡ ✇✐❞t❤s✳

❛♣♣r♦❛❝❤ ✇✐t❤ ❧✉♠♣❡❞ ♠❛ss✳ ❍❡♥❝❡✱ ✐♥❡rt✐❛ ❛♥❞ st✐✛♥❡ss ❛r❡ ✉♥❝♦✉♣❧❡❞✱ ✇❤❡r❡
♠❛ss✐✈❡ ❛r❡❛s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ r✐❣✐❞ ❛♥❞ ❤✐❣❤❧② ✢❡①✐❜❧❡ ♣❛rts ❛r❡ ❛ss✉♠❡❞ ♠❛ss❧❡ss
❬✶✻❪✳

❉✐✛❡r❡♥t ❋❊▼ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ✇✐t❤✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡② ❝❛♥ ❜❡
s✉♠♠❛r✐s❡❞ ❛s ❢♦❧❧♦✇s✿ ❚❤❡ ❢♦r♠❡r ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✹ ❞✐s❝✉ss❡❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢
❧✐❣❤t ♣r♦♣❛❣❛t✐♦♥ t❤r♦✉❣❤ ❈r ❣❧❛ss ♠❛s❦s t♦ ❞❡♠♦♥str❛t❡ ❞✐✛r❛❝t✐♦♥ ♣❛tt❡r♥s ❛♥❞
t❤❡ ♣r♦❜❧❡♠ ♦❢ ❧✐❣❤t ❞✐✛✉s✐✈✐t② ✇❤❡♥ t❤❡ ❛♣❡rt✉r❡s ❛r❡ ❛❧✐❣♥❡❞ ❛t ❛ ❧❛r❣❡ ❞✐st❛♥❝❡✳
❋✉rt❤❡r✱ ❛ ❣❡♦♠❡tr② s✇❡❡♣ s✐♠✉❧❛t✐♦♥ ✐❧❧✉str❛t❡s t❤❡ ❡✛❡❝t ♦❢ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥❡❞
❛♣❡rt✉r❡s✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r♦t♦t②♣❡s✬ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝✐❡s ❛r❡ s❤♦✇♥ ✐♥ ❙✉❜s❡❝t✐♦♥
✹✳✹ ❛♥❞ ✹✳✺✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝② ❛♥❛❧②s✐s✱ s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ✐♥✲♣❧❛♥❡
♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r✬s ❜❡❤❛✈✐♦r ✐♥ ❛ ♣❡r❢❡❝t ❡♥✈✐r♦♥♠❡♥t ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ t♦
✐♥✈❡st✐❣❛t❡ t❤❡ ♠❛ss✬s ❞❡✢❡❝t✐♦♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✭s❡❡ ❙✉❜s❡❝t✐♦♥ ✹✳✺✳✷✮✳ ❚❤❡ ✜rst
s✐♠✉❧❛t✐♦♥ ❛ss✉♠❡s ❛♥ ✐❞❡❛❧ ♦r✐❡♥t❛t❡❞ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞
s✐♠✉❧❛t✐♦♥ s❤♦✇s ❛♥ ❡①t❡r♥❛❧ ✐♥❤♦♠♦❣❡♥♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥✳ ❉❛♠♣✐♥❣
✇❛s s❡t ❛r❜✐tr❛r✐❧② ❜② ❈❖▼❙❖▲✳
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5 mm

❋✐❣✉r❡ ✶✺✿ ▼❡s❤ ♦❢ ❛ ✸❉ ❣❡♦♠❡tr② ✇✐t❤ t❡tr❛❤❡❞r❛❧ ❡❧❡♠❡♥ts✳ ❚❤❡ ♠❛①✐♠✉♠ ❡❧❡♠❡♥t
s✐③❡ ♦❢ t❤❡ ❝♦❛rs❡r ❛♥❞ ✜♥❡r ❛r❡❛s ❛r❡ ❧✐♠✐t❡❞ t♦ ✶✳✺♠♠ ❛♥❞ ✶✺✵➭♠✱ r❡s♣❡❝t✐✈❡❧②✳

✹✳✸ ▼❡❛s✉r❡♠❡♥t ❙❡tt✐♥❣s

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡tt✐♥❣ ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t♦♠❡t❡rs ✐s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✶✻❛✳ ❚❤❡ s❡♥s♦r ♠♦✉♥t✐♥❣ ❛♥❞ tr❛♥s✐♠♣❡❞✐❛♥❝❡ ❛♠♣❧✐✜❡r ❝✐r❝✉✐t ❛r❡ ❛tt❛❝❤❡❞
♦♥t♦ ❛ ❜r❡❛❞❜♦❛r❞ ♠❛❞❡ ♦❢ ❛❧✉♠✐♥✐✉♠ ✇✐t❤ ✈✐❜r❛t✐♦♥ ❛❜s♦r❜✐♥❣ ❙♦r❜♦t❤❛♥❡ ❢❡❡t
❬✹✵❪ ❛♥❞ s❤✐❡❧❞❡❞ ✇✐t❤ ❛ ❣r♦✉♥❞❡❞ ♠❡t❛❧ ❤♦✉s✐♥❣ t♦ ❛✈♦✐❞ s❝❛tt❡r❡❞ ❧✐❣❤t ❛♥❞ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ❝♦✉♣❧✐♥❣ ❢r♦♠ t❤❡ s✉rr♦✉♥❞✐♥❣✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ❝♦♥tr♦❧❧❡❞ ✈✐❛ ❛
❘❛s♣❜❡rr② P✐ ❛♥❞ ❢✉❧❧② ❛✉t♦♠❛t❡❞ t♦ ❣✉❛r❛♥t❡❡ r❡♣r♦❞✉❝✐❜✐❧✐t②✳ ▼❡❛s✉r❡♠❡♥t ♣r♦✲
❣r❛♠s ❛♥❞ ❡✈❛❧✉❛t✐♦♥ s❝r✐♣ts ✇❡r❡ ❝♦❞❡❞ ✐♥ P②t❤♦♥ t♦ ❝♦♥tr♦❧ ✐♥str✉♠❡♥ts s✉❝❤ ❛s
t❤❡ ❝✉rr❡♥t s♦✉r❝❡ ✭❑❡✐t❤❧❡② ✻✷✷✶ ❆❈ ❛♥❞ ❉❈ ❝✉rr❡♥t s♦✉r❝❡✮ ❛♥❞ ❧♦❝❦✲✐♥ ❛♠♣❧✐✲
✜❡r ✭❙❘✽✸✵✮✳ ❆ ♦s❝✐❧❧♦s❝♦♣❡ ✐s ✉s❡❞ ❢♦r ♠♦♥✐t♦r✐♥❣ t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ❞✉r✐♥❣ ♦✛s❡t
❝♦♠♣❡♥s❛t✐♦♥✳
❆ ♠♦r❡ ❞❡t❛✐❧❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝✉st♦♠ ♠❛❞❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✐s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✶✻❜✳ ■t ✐s ❞❡s✐❣♥❡❞ ❢♦r ❜♦t❤ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❛♥❞ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
s❡♥s♦rs✳ ❚❤❡ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ✐s ❛♣♣❧✐❡❞ ✈✐❛ s♣r✐♥❣ ♣r♦❜❡ ♣✐♥s✱ ✇❤✐❝❤ ❛❧s♦ ❝❧❛♠♣
t❤❡ s❛♠♣❧❡ ✐♥t♦ t❤❡ ❝❛✈✐t②✳ ❚❤❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✐s ❛❧s♦ ❞❡s✐❣♥❡❞ ✇✐t❤ s♣❛❝❡s ❢♦r ♣❡r✲
♠❛♥❡♥t ♠❛❣♥❡ts t♦ ❡♥s✉r❡ ❛ r❡♣r♦❞✉❝✐❜❧❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ❡❛s② ❡①❝❤❛♥❣❡ ♦❢ ♠❛❣✲
♥❡ts✳ ❙❧♦ts ❢♦r ❞✐s❝ ♠❛❣♥❡ts ❛r❡ ♦♥ t❤❡ t♦♣ ❛♥❞ ❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡
✭❋✐❣✳ ✷✵❛✮✱ ✇❤❡r❡❛s ❝❛✈✐t✐❡s ❢♦r ♣♦❧❡ s❤❛♥❦s✱ ❝♦♥♥❡❝t❡❞ ✇✐t❤ r❡❝t❛♥❣✉❧❛r ♠❛❣♥❡ts ❛r❡
❧♦❝❛t❡❞ s✐❞❡✇❛②s t♦ t❤❡ s❡♥s♦r ✐♥❧❡t ✭❋✐❣✳ ✸✵❛✮✳ ❚❤❡ ❞✐s❦ ♠❛❣♥❡ts s❤❛❧❧ ♣r♦❞✉❝❡ ❛
✈❡rt✐❝❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ❝❤❛r❛❝t❡r✐s❡ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r✱ ✇❤❡r❡❛s
❛ ✬♣s❡✉❞♦✬ ❤♦r✐③♦♥t❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❤❛❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞ ❜❡t✇❡❡♥ t❤❡s❡ ♣♦❧❡s✳
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EM shielding

Sensor mounting

I to V 

amplifier
Lock-in for

circuit output 

Power supply

Excitation 

current source

Oscilloscope

✭❛✮

Bottom part

LED
Top part

Connecting pins

10mm

PIN diode

Location for
pole shank

Sensor inlet

CAD:

✭❜✮

❋✐❣✉r❡ ✶✻✿ ❚❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣✱ ✐♥❝❧✉❞✐♥❣ ❛♥ ♦s❝✐❧❧♦s❝♦♣❡✱ ❛ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t
s♦✉r❝❡✱ ♣♦✇❡r s✉♣♣❧②✱ t❤❡ ▲♦❝❦✲✐♥ ❛♠♣❧✐✜❡r ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ ❞❡✢❡❝t✐♦♥ ❡q✉✐✈❛❧❡♥t
♦✉t♣✉t s✐❣♥❛❧ ❛s ✇❡❧❧ ❛s t❤❡ s❡♥s♦r✬s ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✭❛✮✳ ✭❜✮ s❤♦✇s
t❤❡ ❝✉st♦♠ ♠❛❞❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ❞✐s❛ss❡♠❜❧❡❞✳
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✹✳✹ ❖✉t✲❖❢✲P❧❛♥❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❙❡♥s♦r

❚✇♦ t②♣❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ str✉❝t✉r❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✶✼✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ♣r♦t♦✲
t②♣❡ ♦♦♣❴✷ ✇✐t❤ ✺✺✲✸❉ ♣r✐♥t❡❞ ❛♣❡rt✉r❡s✱ ❛ ♣r♦t♦t②♣❡ ❞❡s✐❣♥❡❞ ✇✐t❤ ✸✷✲✸❉ ♣r✐♥t❡❞
❛♣❡rt✉r❡s ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r s✐③❡ ♦❢ ✹✵✵×✷✵✵✵➭♠ ✇❛s ❢❛❜r✐❝❛t❡❞✳ ❆❧t❡r♥❛t✐✈❡❧② t♦ t❤❡
❣❧❛ss ♠❛s❦s✱ ✢❡①✐❜❧❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✜❧♠s ✭❢♦✐❧s✮ ✇✐t❤ ❞✐✛❡r❡♥t ❣r❛t✐♥❣s ❤❛✈❡ ❜❡❡♥
❞❡s✐❣♥❡❞ ❛♥❞ ♦r❞❡r❡❞ ❢r♦♠ ✬♠✐❝r♦ ❧✐t❤♦❣r❛♣❤② s❡r✈✐❝❡s✬ ❬✹✶❪✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡
❢♦✐❧s ❛r❡ ❧♦✇ ❝♦st✱ ❢❛st ♠❛♥✉❢❛❝t✉r✐♥❣ ❛♥❞ ♥♦ ♥❡❡❞ ❢♦r ❡①♣❧✐❝✐t❧② ❞✐❝✐♥❣✳ ❋✉rt❤❡r✱ t❤❡
❛❝❝❡ss✐❜✐❧✐t② t♦ ❝r❡❛t❡ ♥❡✇ ❣❧❛ss ♠❛s❦s ✇✐t❤ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡ ✇✐❞t❤ ✐s ❧✐♠✐t❡❞ ✐♥ t❤❡
❧❛❜♦r❛t♦r✐❡s ♦❢ ❩■❙❙✷✱ ❤❡♥❝❡✱ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✜❧♠s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥✳

❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ❉❡✢❡❝t❛❜❧❡ ❙tr✉❝t✉r❡✬s ▼❛ss
■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ str✉❝t✉r❡✬s st✐✛♥❡ss✱ ❜♦t❤ ♠❛ss ❛♥❞ t❤❡ s❡♥s♦r✬s r❡s♦♥❛♥t
❢r❡q✉❡♥❝② ♠✉st ❜❡ ❦♥♦✇♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ♥♦ ❞❛t❛ ❛❜♦✉t t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣♦❧②✲
♠❡r✐s❡❞ ❛❝r②❧✐❝ ♣❧❛st✐❝ ✐s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ♠❛♥✉❢❛❝t✉r❡r✱ ❜✉t st❛t❡❞ t♦ ❜❡ ❛r♦✉♥❞
1200 kg/m3 ✐♥ ♦t❤❡r r❡❢❡r❡♥❝❡s s✉❝❤ ❛s ❬✹✷❪✳ ❍❡♥❝❡✱ t❤❡ str✉❝t✉r❡✬s ❞❡♥s✐t② ✐s ❡st✐♠✲
❛t❡❞ ❜② t❛❦✐♥❣ t❤❡ ✈♦❧✉♠❡ ❢r♦♠ t❤❡ ❈❆❉ ❞r❛✇✐♥❣s ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ t♦t❛❧ ♠❛ss
♦❢ t❤❡ ✇❤♦❧❡ ❞❡✈✐❝❡✳ ❚❛❜❧❡ ✹ ❞❡♣✐❝ts r❡s✉❧ts ❢r♦♠ ❞✐✛❡r❡♥t ♠❡❛s✉r❡♠❡♥t ❛♣♣r♦❛❝❤❡s✳
❚❤❡ ✈❛❧✉❡ ♦❢ ✶✺✽♠❣ ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ s❡♥s♦r✬s st✐✛♥❡ss ✐♥ s✉❜s❡❝t✐♦♥ ✹✳✹✳✷✳

mtotal ̺calc mcalc

▼❡t❤♦❞ ✐♥ ❣ ✐♥ kg/m3 ✐♥ ♠❣
❈♦❛rs❡ s❝❛❧❡ ✶✷ ✶✶✽✸ ✶✺✸
▲❛❜ s❝❛❧❡ ✭✶ s❛♠♣❧❡✮ ✵✳✸✹ ✶✷✵✵ ✶✺✺
▲❛❜ s❝❛❧❡ ✭✾ s❛♠♣❧❡s✮ ✸✳✵✼ ✶✷✷✵ ✶✺✽

❚❛❜❧❡ ✹✿ ❚❤❡ ❝♦❛rs❡ s❝❛❧❡ ✐s ❛ s✐♠♣❧❡ ❧❡tt❡r ❜❛❧❛♥❝❡✱ ✇✐t❤ ✇❤✐❝❤ t❤❡ ♠❛ss ♦❢ ❞✐✛❡r❡♥t
s❛♠♣❧❡s ♦❢ ♣♦❧②♠❡r✐s❡❞ ❛❝r②❧✐❝ ♣❧❛st✐❝ ✇✐t❤ ❦♥♦✇♥ ✈♦❧✉♠❡ ❤❛s ❜❡❡♥ ♠❡❛s✉r❡❞✳ ❚❤❡
♠♦r❡ ♣r❡❝✐s❡ ♠❡❛s✉r❡♠❡♥t ✇❛s ❝♦♥❞✉❝t❡❞ ✇✐t❤ ❛ ❧❛❜ s❝❛❧❡ ♦❢ t②♣❡ ✬❙❛rt♦r✐✉s✬✳ ❋♦r
❞❡♥s✐t② ❡st✐♠❛t✐♦♥✱ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✇❛s ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ ❈❆❉ ❞r❛✇✐♥❣s ✇✐t❤ ❛♥ ♦✈❡r❛❧❧ ✈♦❧✉♠❡ ♦❢ 279.8 10−9 m3 ❛♥❞ ❛ ❞❡✢❡❝t❛❜❧❡
♣❛rt ♦❢ 129.5 10−9 m3✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ ❞❡♥s✐t✐❡s ❛❣r❡❡ ✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ st❛t❡❞ ❞❡♥s✐t②
♦❢ 1200 kg/m3 ❢♦r ♣♦❧②♠❡r✐s❡❞ ❛❝r②❧✐❝ ♣❧❛st✐❝✳

✹✳✹✳✶ ❈♦♠s♦❧ ❙✐♠✉❧❛t✐♦♥

❚❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ✐♥t❡r❡st ✐♥ x✲❞✐r❡❝t✐♦♥ ♦❢ ♣r♦t♦t②♣❡ ♦♦♣❴✶ ❛♥❞ ♦♦♣❴✷ ✇❛s
s✐♠✉❧❛t❡❞ ✉s✐♥❣ ❈❖▼❙❖▲ ▼✉❧t✐♣❤②s✐❝s✳ ❚❤❡ s❤❛♣❡s ♦❢ t❤❡ ❡✐❣❡♥♠♦❞❡s ❛r❡ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✶✽✳ ❆❝r②❧✐❝ ♣❧❛st✐❝ ✇❛s s❡❧❡❝t❡❞ ❢r♦♠ t❤❡ ❈♦♠s♦❧ ❜✉✐❧t✲✐♥ ♠❛t❡r✐❛❧ ❧✐❜r❛r② ❢♦r
t❤❡ s✐♠✉❧❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ ♠❛t❡r✐❛❧ ❞❡♥s✐t② ♦❢ ✶✷✵✵kg/m3 ❛♥❞ ❛ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ♦❢
✶✹✷✵▼P❛✳

✷❩❡♥tr✉♠ ❢ür ■♥t❡❣r✐❡rt❡ ❙❡♥s♦rs②st❡♠❡ ✭❲✐❡♥❡r ◆❡✉st❛❞t✮✳
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Upper glass mask
(fixed frame)

Lower glass mask
(deflective mass)

Bottom viewTop view
5 mm

Nickel coating

✭❛✮ Pr♦t♦t②♣❡ ✬♦♦♣❴✶✬

Apertures fixed

on frame

Apertures on 

deflective mass

Bottom viewTop view
5 mm

Conductive

silver

✭❜✮ Pr♦t♦t②♣❡ ✬♦♦♣❴✷✬

❋✐❣✉r❡ ✶✼✿ ✸❉ ♣r✐♥t❡❞ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ❛ss❡♠❜❧❡❞ ✇✐t❤ ❣❧❛ss ♠❛s❦s
✭❛✮✳ ❘❡s✐❞✉❡s ❢r♦♠ t❤❡ ◆✐❝❦❡❧ s♣r❛② ❝♦❛t✐♥❣ ❝❛♥ ❜❡ s❡❡♥ ❛t t❤❡ str✉❝t✉r❡✬s s✐❞❡ ✇❛❧❧s✳
❚❤❡s❡✱ ❤♦✇❡✈❡r✱ ❞♦ ♥♦t ❝♦♠♣r♦♠✐s❡ t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦t♦t②♣❡✳ ✭❜✮ ♠♦❞❡❧
❞❡s✐❣♥❡❞ ✇✐t❤ ✺✺✲✸❉ ♣r✐♥t❡❞ ❛♣❡rt✉r❡s ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r s✐③❡ ♦❢ ✸✵✵×✶✼✵✵➭♠ ❛♥❞
♣❛✐♥t❡❞ ✇✐t❤ ❝♦♥❞✉❝t✐✈❡ s✐❧✈❡r✳
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z
yx

f0=274.6 Hz f1=331.9 Hz f2=419.2 Hz

✭❛✮ Pr♦t♦t②♣❡ ♦♦♣❴✶

f0=328.5 Hz f1=398.8 Hz f2=503.7 Hz

✭❜✮ Pr♦t♦t②♣❡ ♦♦♣❴✷

❋✐❣✉r❡ ✶✽✿ ✭❛✮ ❋❊▼ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ✜rst t❤r❡❡ ❡✐❣❡♥♠♦❞❡s ♦❢ ♣r♦t♦t②♣❡
♦♦♣❴✶✳ ❚❤❡ ✜rst ❡✐❣❡♥❢r❡q✉❡♥❝② ♦❝❝✉rs ❛s ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ❛t ✷✼✹✳✻❍③✱ t❤❡ s❡❝♦♥❞
❛s ♦✉t✲♦❢✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ❛t ✸✸✶✳✾❍③✱ t❤❡ t❤✐r❞ ❛s r♦t❛t✐♦♥ ❛t ✹✶✾✳✷❍③ ✭❢r♦♠ ❧❡❢t
t♦ r✐❣❤t✮✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✐♥❝❧✉❞❡s t❤❡ ♠❛ss ♦❢ t❤❡ ❜♦♥❞❡❞ ❣❧❛ss ❝❤✐♣ ❛♥❞ t❤❡ ❝♦♥✲
❞✉❝t✐✈❡ ❝♦❛t✐♥❣✳ ✭❜✮ ▼♦❞❡❧ ♦♦♣❴✷ ❝♦♥s✐sts ♦❢ ✸✷✲✸❉ ♣r✐♥t❡❞ ❛♣❡rt✉r❡s ✇✐t❤ ❛ s✐③❡
♦❢ ✹✵✵ ① ✷✵✵✵➭♠✳ ❚❤❡ ♠♦❞❡ ♦❢ ✐♥t❡r❡st✱ ✐✳❡✳ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥ ①✲❞✐r❡❝t✐♦♥ ♦❝❝✉rs
❛t ✸✷✽✳✺❍③✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ♠♦❞❡ ♦❝❝✉r ❛t ✸✾✽✳✽❍③ ❛♥❞ ✺✵✸✳✼❍③✱
r❡s♣❡❝t✐✈❡❧②✳

✹✳✹✳✷ ❙❡♥s✐t✐✈✐t② ▼❡❛s✉r❡♠❡♥t

❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♠❛❣♥❡t♦♠❡t❡r ✐s ♠❡❛s✉r❡❞ ❜② ❛♣♣❧②✐♥❣ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ✜❡❧❞s
t♦ ❞❡♠♦♥str❛t❡ ❛ ❧✐♥❡❛r ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦✉t♣✉t s✐❣♥❛❧✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❜❡t✇❡❡♥ ♥❡♦❞②♠✐✉♠ ❞✐s❝ ♠❛❣♥❡ts ✐s ❝❤❛r❛❝t❡r✐s❡❞ ✇✐t❤ ❛
tr❛♥s✈❡rs❛❧ ❍❛❧❧ ❡✛❡❝t s❡♥s♦r ✭❆❙✲◆❚▼✲✷✱ ✬Pr♦❥❡❦t ❊❧❡❦tr♦♥✐❦ ●♠❜❍ ❇❡r❧✐♥✬✮✳ ❚❤❡
s❡♥s♦r ❤❛s ❛ s❡♥s✐t✐✈❡ ❛r❡❛ ♦❢ 0.12mm2 ❛♥❞ ♠❡❛s✉r❡s t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t②✱ ✉♣ t♦ ✷❚✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ✐s ❞❡♣✐❝t✐❡❞ ✐♥ ❋✐❣ ✶✾✳

▼❛❣♥❡t✲t②♣❡ B ✐♥ ♠❚
❙✲✶✷✲✵✶✲◆ ✷✹
❙✲✶✷✲✵✷✲◆ ✺✶
❙✲✶✷✲✵✸✲◆ ✼✸
❙✲✶✷✲✵✺✲◆ ✶✶✾
❙✲✶✷✲✵✻✲◆ ✶✺✵

❚❛❜❧❡ ✺✿ ❚❤❡ t❛❜❧❡ ❧✐sts t❤❡ ❞✐✛❡r❡♥t
♠❛❣♥❡ts ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❛✈❡r❛❣❡❞
♠❡❛s✉r❡❞ ✢✉① ❞❡♥s✐t✐❡s✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡ts ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❛♣♣❡♥❞✐①❆✳



✹✳✹ ❖✉t✲❖❢✲P❧❛♥❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❙❡♥s♦r ✸✼

Linear Motors
(X, Y)

Teslameter FM302

Hall sensor
AS-NTM-2

Neodymium
magnets

Positioning
ControllerRaspberry Pi

x
y

❋✐❣✉r❡ ✶✾✿ ▼❡❛s✉r❡♠❡♥t s❡t✉♣ ❢♦r ❛✉t♦♠❛t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥✳ ❆
r❛s♣❜❡rr② ♣✐ ❝♦♠♣✉t❡r ❝♦♥tr♦❧s t❤❡ ❚❡s❧❛♠❡t❡r ❍❛❧❧ s❡♥s♦r ❛♥❞ ✬▼✐❝♦s ❙▼❈ ❈♦r✈✉s
❊❈❖✬ ♣♦s✐t✐♦♥✐♥❣ ✉♥✐t ❢♦r t❤❡ ❧✐♥❡❛r st❛❣❡s✳ ❚❤❡ s❡♥s♦r ❡❧❡♠❡♥t ✐s ❧♦❝❛t❡❞ ❛t t❤❡ t✐♣
♦❢ t❤❡ ❜r❛ss ❜❛r ❛♥❞ ❛❞❥✉st❡❞ t♦ t❤❡ ❤❡✐❣❤t ✇❤❡r❡ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
s❡♥s♦r ❡①♣❡r✐❡♥❝❡ t❤❡ ✜❡❧❞✳ ❚❤❡ ❧✐♥❡❛r st❛❣❡s ✭P▲❙✲✽✺✮ ❤❛✈❡ ❛ r❡s♦❧✉t✐♦♥ ♦❢ ✵✳✺➭♠✳

❋✐❣✉r❡ ✷✵ s❤♦✇s t❤❡ ♣❛rt❧② ♦♣❡♥❡❞ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✇✐t❤ ❛ s❡♥s♦r ❛s ✇❡❧❧ ❛s t❤❡ ❞✐s✲
tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ✐♥ ❛♥❞ ❛r♦✉♥❞ t❤❡ s❡♥s♦r✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡
s❡♥s♦r✬s ♠❛ss ✐s ❢✉❧❧② ❝♦❛t❡❞ ✇✐t❤ ❛♥ ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t♦r✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t ❛♥
❛♣♣❧✐❡❞ ❝✉rr❡♥t ✇✐❧❧ t❛❦❡ ❛ ♣❛t❤ ✇✐t❤ t❤❡ ❧❡❛st r❡s✐st❛♥❝❡✱ ❤❡♥❝❡ t❤❡ s❤♦rt❡st ♣❛t❤✳
❚❤✐s ❛r❡❛ ✐s ✜❣✉r❛t✐✈❡❧② ♠❛r❦❡❞ ❣r❛② ✐♥ ❋✐❣✳ ✷✵❜ ❛♥❞ ❤✐❣❤❧✐❣❤ts t❤❡ ③♦♥❡ ✐♥ ✇❤✐❝❤ t❤❡
♠❛❣♥❡t♦♠❡t❡r ❡①♣❡r✐❡♥❝❡s t❤❡ ▲♦r❡♥t③ ❢♦r❝❡✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❛❧♦♥❣ t❤❡
❡❞❣❡s ✇❛s ❛✈❡r❛❣❡❞ ❢♦r ✜✈❡ ❞✐✛❡r❡♥t ♠❛❣♥❡ts ♦❢ ❞✐✛❡r❡♥t str❡♥❣❤ts ❛♥❞ s✉♠♠❛r✐s❡❞
✐♥ ❚❛❜❧❡ ✺✳

❋✐❣✉r❡ ✷✶ ❞❡♣✐❝ts ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❢♦r ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✇✐t❤
✸❉ ♣r✐♥t❡❞ ✹✵✵×✷✵✵✵➭♠➨ ❛♣❡rt✉r❡s ✭♠♦❞❡❧ ✬✐♣❴✷✬✮✳ ❙❧✐❣❤t ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ s❡♥s♦r✬s
r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ q✉❛❧✐t② ❢❛❝t♦r ❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ◆♦♥✲❧✐♥❡❛r✐t✐❡s
❛♥❞ t❡♥s✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ s♣r✐♥❣ ♣r♦❜❡ ♣✐♥s ♠✐❣❤t ❜❡ t❤❡ ❝❛✉s❡s ♦❢ s✉❝❤ ❢r❡✲
q✉❡♥❝② s❤✐❢ts✳ ❚❤❡ q✉❛❧✐t② ❢❛❝t♦r ✇❛s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♣❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞ ❜② ❛
✜t t♦ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ ✉s✐♥❣ t❤❡ −3 dB ❜❛♥❞✇✐❞t❤ ♠❡t❤♦❞✳
❋✐❣✉r❡ ✷✷ ❞❡♣✐❝ts t❤❡ str✉❝t✉r❡✬s ❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
str❡♥❣❤t✳ ❚❤❡ s❡♥s✐t✐✈✐t② ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ s❡t ✐♥ t✇♦ ❞✐✛❡r❡♥t



✸✽ ✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

Neodymium

magnets

X

Y B

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✷✵✿ ✭❛✮ ❞❡♣✐❝ts ❛ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r
✐♥❜❡t✇❡❡♥ t✇♦ ♥❡♦❞②♠✐♠✉♠ ❞✐s❝ ♠❛❣♥❡ts ❛♥❞ ♣❛rt❧② ♦♣❡♥❡❞ t♦♣✳ ❚❤❡ r❡❞ ❛r❡❛
✐♥❞✐❝❛t❡s t❤❡ ❛r❡❛ ♦❢ t❤❡ ♠❡❛s✉r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ✭❜✮ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t②✱ ♣r♦❞✉❝❡❞ ❜② ♥❡♦❞②♠✐✉♠ ❞✐s❝ ♠❛❣♥❡ts ✇✐t❤ ✼✼✵ ❣ str❡♥❣❤t ❛♥❞
❝❤❛r❛❝t❡r✐s❡❞ ✇✐t❤ ❍❛❧❧ ♣r♦❜❡✳ Aeff ❤✐❣❤❧✐❣❤ts t❤❡ ♠❛❣♥❡t♦♠❡t❡r✬s ❡✛❡❝t✐✈❡ ✬s❡♥s✐♥❣✬
❛r❡❛✳

✇❛②s✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ❝♦♥s✐❞❡rs t❤❡ ♠❡❛s✉r❡❞ ✈♦❧t❛❣❡ ❛t t❤❡ str✉❝t✉r❡✬s ♥❛t✉r❛❧
❢r❡q✉❡♥❝②✱ ②✐❡❧❞✐♥❣ ❛ s❡♥s✐t✐✈✐t② ♦❢ Sf0 = 146.25mV/T✳ ❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ②✐❡❧❞s
❛ ♠✐♥✐♠✉♠ s❡♥s✐t✐✈✐t② ♦❢ Smin = 6.83mV/T✱ ❜② ❡①tr❛❝t✐♥❣ t❤❡ ♦✉t♣✉t ✈♦❧t❛❣❡ ❛t
t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② r❛♥❣❡ ✭ω ≪ ω0✮✳ ❆✈❡r❛❣✐♥❣ t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❛♥❞ ♠✉❧t✐♣❧②✐♥❣ ✐t
✇✐t❤ Smin ②✐❡❧❞s ❛ s❡♥s✐t✐✈✐t② ♦❢ S = 176.92mV/T✳ ❚❤✐s s♦❧✉t✐♦♥ ❞✐✛❡rs ❢r♦♠ Sf0 ❞✉❡
t♦ ♣♦ss✐❜❧❡ ♥♦♥✲❧✐♥❡❛rt✐② ❡✛❡❝ts✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡❞ q✉❛❧✐t② ❢❛❝t♦r✱ t❤❡
❛♣♣r♦❛❝❤ ♦❢ ✜tt❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s✱ ✐♥✢✉❡♥❝❡ ♦❢ ♥♦✐s❡ ❛♥❞ ❛ ❝❤♦s❡♥ ❧♦✇ ❢r❡q✉❡♥❝②
r❛♥❣❡ ✇❤✐❝❤ ✐s t♦♦ ❝❧♦s❡ t♦ t❤❡ s❡♥s♦r✬s r❡s♦♥❛♥t ❢r❡q✉❡♥❝② (ωmin/ω0 = 0.42)✳

❚❤❡ s❡♥s✐t✐✈✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ✇❤✐❝❤ ✐t ✐s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ tr❛♥s❢❡r
❢✉♥❝t✐♦♥✳ ❚❤❡ s❡♥s✐t✐✈✐t② ❛♥❞ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ♦❢ ❛♥ ✐❞❡❛❧ ✐❞❡❛❧ ❞r✐✈❡♥ ❞❛♠♣❡❞
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✸✳ ■♥ t❤✐s ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤✱ ❛ q✉❛❧✐t②
❢❛❝t♦r ♦❢ ✺✵ ✐s ❛ss✉♠❡❞ ❛♥❞ ❛ s❡t ♦❢ ❡①❝✐t❛t✐♦♥ ❢♦r❝❡s ✐s ❛♣♣❧✐❡❞✳ ❆s ✐♥ t❤❡ ♠❡❛s✲
✉r❡♠❡♥t✱ t❤❡ ♠✐♥✐♠✉♠ s❡♥s✐t✐✈✐t② Sf2 ✇❛s ❡①tr❛❝t❡❞ ❛t t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② r❛♥❣❡✱
♠✉❧t✐♣❧✐❡❞ ✇✐t❤ Q✱ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ s❡♥s✐t✐✈✐t② Sf0 ❛t t❤❡ ♦s❝✐❧❧❛t♦r✬s r❡s♦♥❛♥t
❢r❡q✉❡♥❝②✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❤❛r♠♦♥✐③❡❞ Sf2 ✜ts ❡①❛❝t❧② ✇✐t❤ Sf0 ✇❤❡♥ ✐t ✐s
❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② r❛♥❣❡✳ ❙❡♥s✐t✐✈✐t✐❡s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ω0

✭❡✳❣✳ Sf1 ✐♥ ❋✐❣✳ ✷✸✮ ❛r❡ ❛✛❡❝t❡❞ ❜② t❤❡ r❡s♦♥❛♥t ♣❡❛❦✳

❚❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢ Smin ❛♥❞ Sf0 ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ❛✣r♠❡❞ ✇✐t❤ ❛ ❝♦❡✣❝✐❡♥t ♦❢
❞❡t❡r♠✐♥❛t✐♦♥ R2 ♦❢ ✾✽✳✷✪ ❛♥❞ ✾✼✳✸✪✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s r❡✈❡❛❧s ❛ ❤✐❣❤ ❞❡♣❡♥❞❡♥❝②



✹✳✹ ❖✉t✲❖❢✲P❧❛♥❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❙❡♥s♦r ✸✾

❋✐❣✉r❡ ✷✶✿ ▼❡❛s✉r❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ♦❢ ❛♥ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r
✭♠♦❞❡❧ ✬✐♣❴✷✬✮✳ ❚❤❡ ❛♣♣❧✐❡❞ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ✇❛s s❡t t♦ ✷✵♠❆ ✭♣❡❛❦ ✲ ♣❡❛❦✮ ✈✐❛
❛ ❑❡✐t❤❧❡② ✻✷✷✶ ❝✉rr❡♥t s♦✉r❝❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞❡s t♦ ❛♥ ❘▼❙ ♦❢ ✼✳✵✼♠❆ ♦✈❡r ❛
s✐♥❣❧❡ s♣r✐♥❣✳ ❚❤❡ ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤s ✇❡r❡ ♣r♦✈✐❞❡❞ ❜② ❝❤❛♥❣✐♥❣ t❤❡
♠❛❣♥❡ts✳ ❆❧❧ ❞❛t❛ ❤❛✈❡ ❜❡❡♥ ✜tt❡❞ t♦ ❡①tr❛❝t t❤❡ r❡s♣❡❝t✐✈❡ ✈❛❧✉❡ ♦❢ Q ✈✐❛ t❤❡ −3 dB
❜❛♥❞✇✐❞t❤ ♠❡t❤♦❞ ❛♥❞ f0✱ ✇❤❡r❡❛s ♦♥❧② ♦♥❡ ✜t ❝✉r✈❡ ✐s ♣✐❝t✉r❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐✲
❝✐t②✳ ❚❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ♠❛❣♥❡t♦♠❡t❡r✬s ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ✐♥❞✐❝❛t❡s ♥♦♥ ✲ ❧✐♥❡❛r✐t✐❡s
❛♥❞ t❡♥s✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ s♣r✐♥❣ ♣r♦❜❡ ♣✐♥s✳

❜❡t✇❡❡♥ t❤❡ ❝❤❛♥❣❡ ♦❢ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ s❡♥s♦r✬s
♦✉t♣✉t s✐❣♥❛❧✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❛❣♥❡t♦♠❡t❡r✬s st✐✛♥❡ss ✐s ❡st✐♠❛t❡❞ t♦ ❜❡ k̄ = 36N/m✱ ❜② t❛❦✐♥❣
t❤❡ ❝❛❧❝✉❧❛t❡❞ ♠❛ss ♦❢ ✶✺✽♠❣ ❛♥❞ t❤❡ ❛✈❡r❛❣❡❞ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② ♦❢ ✇❤✐❝❤ t❤❡ ❞❛t❛
✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✶✳



✹✵ ✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

❋✐❣✉r❡ ✷✷✿ ▼❡❛s✉r❡❞ ♦✉t♣✉t ✈♦❧t❛❣❡
✈❡rs✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ❡st✐♠❛t❡ t❤❡
s❡♥s♦r✬s s❡♥s✐t✐✈✐t②✳ ❚❤❡ ❞❛t❛ ♦❢
Af0, fit ❛♥❞ Amin, fit ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠
t❤❡ ✜tt❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s✱ ✇❤❡r❡❛s
Af0, data ❛♥❞ Amin, data ❛r❡ t❤❡ ♠❡❛s✉r❡❞
✈❛❧✉❡s ❛t t❤❡ str✉❝t✉r❡✬s r❡s♦♥❛♥❝❡ ❢r❡✲
q✉❡♥❝② ❛♥❞ ❛t ✷✵✵❍③✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❞❛t❛ s❡ts ❛t ✷✵✵❍③ ❤❛✈❡ ❜❡❡♥ ❤❛r✲
♠♦♥✐③❡❞✱ ❤❡♥❝❡ ♠✉❧t✐♣❧✐❡❞ ✇✐t❤ Qavrg✱
t♦ ❛❧❧♦✇ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❞❛t❛ ❛t
r❡s♦♥❛♥❝❡✳

❋✐❣✉r❡ ✷✸✿ ❚r❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛♥❞ s❡♥s✐t✐✈✐t② ♣❧♦ts ♦❢ ❛ ❞r✐✈❡♥ ❞❛♠♣❡❞ ❤❛r♠♦♥✐❝
♦s❝✐❧❧❛t♦r ✭❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤✮✳ ❚❤❡ ❤❛r♠♦♥✐s❡❞ s❡♥s✐t✐✈✐t② Sf2 ❛♥❞ Sf0 ♣❡r❢❡❝t❧② ✜ts
❛s ❞❡♣✐❝t❡❞ ♦♥ t❤❡ r✐❣❤t✱ ✇❤❡r❡❛s t❤❡ ❤❛r♠♦♥✐s❡❞ s❡♥s✐t✐✈✐t② Sf3 ❞❡✈✐❛t❡s ❞✉❡ t♦ t❤❡
✐♥✢✉❡♥❝❡ ❢r♦♠ t❤❡ r❡s♦♥❛♥t ♣❡❛❦✳



✹✳✹ ❖✉t✲❖❢✲P❧❛♥❡ ▼❛❣♥❡t✐❝ ❋✐❡❧❞ ❙❡♥s♦r ✹✶

✹✳✹✳✸ ❊✛❡❝t ♦❢ ❉✐✛❡r❡♥t ❆♣❡rt✉r❡ ❲✐❞t❤

❚♦ ♦✈❡r❝♦♠❡ t❤❡ ♣❤❡♥♦♠❡♥♦♠ ♦❢ ❧✐❣❤t ❞✐✛r❛❝t✐♦♥ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✹✱
♠❛s❦s ✇✐t❤ ❧❛r❣❡ ❛♣❡rt✉r❡ ✇✐❞t❤ ♠❛② ❜❡ ✉s❡❞✳ ❉✐✛❡r❡♥t ♠❛s❦s ♦♥ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶✬
❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✳ ✷✹✱ ✇❤❡r❡ ❛ tr❡♥❞ ♦❢ ✐♥❝r❡❛s❡❞ ♦✉t♣✉t s✐❣♥❛❧✱ ✐✳❡✳ s❡♥s✐t✐✈✐t②✱ ❢♦r
❡♥❧❛r❣❡❞ ❛♣❡rt✉r❡ ✇✐❞t❤ ✐s ♦❜s❡r✈❡❞✳ ❆❧t❤♦✉❣❤ t❤❡ s❛♠❡ ❦✐♥❞ ♦❢ str✉❝t✉r❡ ❤❛s ❜❡❡♥
✉s❡❞✱ t❤❡ ❢r❡q✉❡♥❝✐❡s ✈❛r② ✇✐t❤✐♥ ✼✵❍③✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ♣r✐♥t✐♥❣ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞
♣♦ss✐❜❧② ✇❛① r❡s✐❞✉❡s ❝♦♥tr✐❜✉t✐♥❣ t♦ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❞❛♠♣✐♥❣✳ ❚❤✐s ✐s ❛✣r♠❡❞ ❜②
t❛❦✐♥❣ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ r❡❞ ❞❛s❤❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✶✵✵➭♠ ♠❛s❦✳ ❚❤❡r❡✱
t❤❡ q✉❛❧✐t② ❢❛❝t♦r ❞❡✈✐❛t❡s ✷✽✪ ❢r♦♠ t❤❡ ❛✈❡r❛❣❡❞ Q ✈❛❧✉❡✳ ❍♦✇ ✇❛① r❡s✐❞✉❡s ❛✛❡❝ts
t❤❡ ❢r❡q✉♥❡❝② ❛♥❞ q✉❛❧✐t② ❢❛❝t♦r✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❆♣♣❡♥❞✐①❇✳

❋✐❣✉r❡ ✷✹✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶✬ ✇✐t❤ ♠❛s❦s ♦❢ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡ ✇✐❞t❤✳
❚❤❡ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ✇❛s s❡t t♦ ✷✵♠❆ ✭♣❡❛❦ ✲ ♣❡❛❦✮ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✼✸♠❚
✭♠❛❣♥❡t ❙✲✶✷✲✵✸✲◆✮ ✇❛s ❛♣♣❧✐❡❞✳ ❚❤❡ s❡❝♦♥❞ ♣❧♦t ✭♠♦❞❡❧ ✬♦♦♣❴✶❴✶✵✵➭♠✬✮ ❝❧❡❛r❧②
❞❡✈✐❛t❡s ❢r♦♠ t❤❡ ♦t❤❡r ♠❡❛s✉r❡♠❡♥ts✳



✹✷ ✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

✹✳✹✳✹ ❊✛❡❝t ♦❢ ▼❛s❦ ❆❧✐❣♥♠❡♥t

▼❛s❦s ✇✐t❤ ❞✐✛❡r❡♥t ❛♣❡rt✉r❡ ✇✐❞t❤ ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ ❛♥❞ ♠❛♥✉❛❧❧② ❣❧✉❡❞ ♦♥t♦
t❤❡ ❞❡✢❡❝t❛❜❧❡ ♠❛ss ❛♥❞ ✜①❡❞ ❢r❛♠❡ ♦❢ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶✬✳ ❍♦✇❡✈❡r✱ ❞✐✣❝✉❧t✐❡s ❛r✐s❡
❞✉r✐♥❣ t❤❡ ❛❧✐❣♥♠❡♥t ♣r♦❝❡ss✳ ■❞❡❛❧❧②✱ t❤❡ ❛♣❡rt✉r❡s ♦❢ t❤❡ ✜rst ♠❛s❦ ❛r❡ s❤✐❢t❡❞ ❜②
✺✵✪ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦t❤❡r✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ❤❛❧❢ ♦❢ t❤❡ ❧✐❣❤t ✢✉① ♣❛ss❡s ✇❤❡♥
t❤❡ str✉❝t✉r❡ ✐s ✐❞❧❡✳

▼❛♥✉❛❧ ❛❧✐❣♥♠❡♥t ❛✛❡❝ts t❤❡ ♦✉♣✉t s✐❣♥❛❧ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✺ ❛♥❞ ❋✐❣✳ ✷✻✳ ❚❤❡ ♣❧♦ts
✐♥ ❋✐❣✳ ✷✺ ❞❡♣✐❝t ❛❧✇❛②s t❤❡ s❛♠❡ s❛♠♣❧❡✱ ❜② ✇❤✐❝❤ t❤❡ ♠❛s❦ ♦♥ t❤❡ ✜①❡❞ ❢r❛♠❡
✇❛s ❛tt❛❝❤❡❞ ✇✐t❤ ❛❞❤❡s✐✈❡ t❛♣❡ t♦ ♣r♦✈✐❞❡ s✐♠♣❧❡ ❡①❝❤❛♥❣❡❛❜✐❧✐t②✳ ❚❤❡ s❛♠❡ ♠❛s❦
❤❛❞ ❜❡❡♥ ❞❡t❛❝❤❡❞ ❛♥❞ s✉❜s❡q✉❡♥t❧② r❡❛tt❛❝❤❡❞ ♦♥t♦ t❤❡ ❢r❛♠❡ t♦ ♦❜t❛✐♥ ✈❛r②✐♥❣
❛❞❥✉st♠❡♥t✳ ❚✇♦ ❝❛s❡s ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝♦♥t❡①t✳ ■♥ t❤✐s ❝❛s❡ ✭❝❛s❡ ✶ ✐♥ ❋✐❣✳ ✷✺✮✱

❋✐❣✉r❡ ✷✺✿ ▼❡❛s✉r❡♠❡♥t r❡s✉❧ts ❢♦r t✇♦ ❞✐✛❡r❡♥t ❝❛s❡s✱ ✉s✐♥❣ t❤❡ s❛♠❡ ✸❉ ♣r✐♥t❡❞
str✉❝t✉r❡ ♦❢ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶✬ ✇✐t❤ ❛tt❛❝❤❡❞ ❢♦✐❧ ♠❛s❦ ♦❢ ✼✵➭♠ s❧✐t ✇✐❞t❤✳ ❚❤❡ ♠❛s❦
♦♥ t❤❡ ✜①❡❞ ❢r❛♠❡ ✐♥ ❝❛s❡ ✶ ❤❛❞ ❜❡❡♥ ❛tt❛❝❤❡❞ r❛♥❞♦♠❧②✱ ✇❤❡r❡❛s ✐♥ ❝❛s❡ ✷✱ ❛ ♠♦r❡
❛❝❝✉r❛t❡ ♠❛s❦ ❛❧✐❣♥♠❡♥t ✇❛s ❛s♣✐r❡❞✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ ❞❡♥♦t❡s t❤❡ ❛✈❡r❛❣❡❞ tr❛♥s❢❡r
❢✉♥❝t✐♦♥ ♦❢ ✜✈❡ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❞❡✈✐❛t✐♦♥ ✐♥❞✐❝❛t❡s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢
♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ✇❤❡♥ t❤❡ ✉♣♣❡r ♠❛s❦ ✐s ♠♦r❡ ♣r❡❝✐s❧❡② ❛❧✐❣♥❡❞✳ ❚❤❡ ❡①❝✐t❛t✐♦♥
❝✉rr❡♥t ✇❛s s❡t t♦ ✷✵♠❆ ✭♣❡❛❦ ✲ ♣❡❛❦✮ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✼✸♠❚ ✭♠❛❣♥❡t ❙✲✶✷✲
✵✸✲◆✮ ✇❛s ❛♣♣❧✐❡❞✳
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t❤❡ ♠❛s❦ ✇❛s ❛tt❛❝❤❡❞ r❛♥❞♦♠❧② ❛♥❞ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥❡♠❡♥t ✇❛s ❛❝❝❡♣t❡❞✳ ❚❤❡
s❡❝♦♥❞ ❝❛s❡ ❢♦❝✉s❡❞ ♦♥ ♠♦r❡ ❛❝❝✉r❛t❡ ❛❧✐❣♥♠❡♥t✱ ✇❤❡r❡ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥❡♠❡♥t ✇❛s
♣r♦❤✐❜✐t❡❞ ❛♥❞ ❛♥ ❛❧♠♦st ✐❞❡♥t✐❝❛❧ ♠❛s❦ ♦✛s❡t ✇❛s ❛s♣✐r❡❞✳ ■♥ t❤✐s ✇❛②✱ ♦❝❝✉r✐♥❣
✐♥t❡r❢❡r❡♥❝❡ ♣❛tt❡r♥s ❢r♦♠ t❤♦s❡ t✇♦ ♠❛s❦s ❤❛❞ ❜❡❡♥ ♦❜s❡r✈❡❞ ❛♥❞ t❤❡ t♦♣ ♠❛s❦
❛❞❥✉st❡❞ ✉♥t✐❧ t❤❡s❡ ✐♥t❡r❢❡r❡♥❝❡ ✈❛♥✐s❤❡❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❧❡❞ t♦ ❤✐❣❤ r❡♣❡❛t❛❜✐❧✐t②
♦❢ t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❛♥❞♦♠ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ✜rst ❝❛s❡✳
❆❞❞✐t✐♦♥❛❧❧②✱ ✜✈❡ s❛♠♣❧❡s ♦❢ ♠♦❞❡❧ ✬♦♦♣❴✶✬ ❤❛✈❡ ❜❡❡♥✱ r❛t❤❡r r❛♥❞♦♠❧②✱ ❛tt❛❝❤❡❞
✇✐t❤ t❤❡ s❛♠❡ ♠❛s❦ t②♣❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✻✱ s❤♦✇✐♥❣ ❞✐✛❡r❡♥t
❢r❡q✉❡♥❝✐❡s ❛♥❞ ♦✉t♣✉t s✐❣♥❛❧s✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✹✳✸✱ t❤✐s ♠✐❣❤t ❜❡ t❤❡
❡✛❡❝t ♦❢ ✸❉ ♣r✐♥t✐♥❣ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ♣♦ss✐❜❧❡ ✇❛① r❡s✐❞✉❡s✳

❋✐❣✉r❡ ✷✻✿ ❋✐✈❡ s❛♠♣❧❡s ♦❢ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶✬✱ ❛tt❛❝❤❡❞ ✇✐t❤ ❢♦✐❧ ♠❛s❦s ♦❢ ✼✵➭♠
s❧✐t ✇✐❞t❤✱ ❛r❡ ❝♦♠♣❛r❡❞✱ ②✐❡❧❞✐♥❣ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ❛♥❞ ♦✉t♣✉t s✐❣♥❛❧s✳ ❚❤❡
♠❡❛s✉r❡♠❡♥t s❡tt✐♥❣s ✇❡r❡ t❤❡ s❛♠❡ ❛s ❢♦r ❋✐❣✳ ✷✺✳
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P♦❧②♠❡rs ❛r❡ str♦♥❣❧② t❡♠♣❡r❛t✉r❡✲s❡♥s✐t✐✈❡ ✇❤✐❝❤ ❝❤❛❧❧❡♥❣❡s t❤❡ ❞❡s✐❣♥ ♦❢ r❡❧✐❛❜❧❡
✸❉ ♣r✐♥t❡❞ ▼❊▼❙✳ ❚❡♠♣❡r❛t✉r❡ ❛✛❡❝ts r❡❛rr❛♥❣❡♠❡♥t ♣r♦❝❡ss❡s ♦❢ ♠♦❧❡❝✉❧❡s ✐♥
♣♦❧②♠❡r ♠❛t❡r✐❛❧s✱ ❡✳❣✳ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❛❝❝❡❧❡r❛t❡s r❡❧❛①❛t✐♦♥ ♣r♦✲
❝❡ss❡s ❛♥❞ ❛❧s♦ ✐♥❞✉❝❡s ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ str✉❝t✉r❡✬s ❞✐♠❡♥s✐♦♥s ❞✉❡ t♦ t❤❡r♠❛❧ ❡①♣❛♥✲
s✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧✳ ❚❤✉s✱ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ✐s ❡①♣❡❝t❡❞ t♦ ❞❡❝r❡❛s❡ ②✐❡❧❞✐♥❣ ❛
s❤✐❢t ♦❢ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❬✹✸❪✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡r♠❛❧ ❡①♣❛♥✲
s✐♦♥ ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❞r❛♠❛t✐❝❛❧❧②✳ ❙♦♠❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ αth ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✸✳

αth ✭❧✐♥❡❛r✮ ✐♥ 10−6/➦❈
▼❛t❡r✐❛❧ ❛r♦✉♥❞ ✷✵➦❈
❙✐❧✐❝♦♥ ✷✳✻
❈♦♣♣❡r ✶✻✳✼
P♦❧②♠❡rs ✺✵✲✷✵✵

❚❛❜❧❡ ✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ ❢♦r t❤r❡❡ ♠❛t❡r✐❛❧s✱ ✈❛❧✐❞
❢♦r ❛ t❡♠♣❡r❛t✉r❡ ❛r♦✉♥❞ ✷✵ ➦❈✳

❋✐❣✉r❡ ✷✼ ❞❡♣✐❝ts ❛ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ❢♦r t❡♠♣❡r❛t✉r❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ ♦✉t✲
♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✐♥ ❛ ❝❧✐♠❛t✐❝ t❡st ❝❤❛♠❜❡r✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s
❝♦♥❞✉❝t❡❞ ❛t ❛ t❡♠♣❡r❛t✉r❡ r❛♥❣❡ ♦❢ ✺✲✺✵ ➦❈✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❢r❡q✉❡♥❝② s❤✐❢t ❞✉❡ t♦
s♦❢t❡♥✐♥❣ ♦❢ t❤❡ ♣♦❧②♠❡r ❛♥❞ t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ✭❋✐❣✳ ✷✽✮✳ ❚❤❡ r❡❧✲
❛t✐✈❡ ❝❤❛♥❣❡ ♦❢ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✐s ✜tt❡❞ ✇✐t❤ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❛♥❞ ❝♦✉❧❞ ❜❡
❤❡✉r✐st✐❝❛❧❧② ♣❛rt✐t✐♦♥❡❞ ✐♥ ❛ r❛♥❣❡ T ≦ 25 ➦❈ ❛♥❞ T > 25 ➦❈✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s t❤❡s✐s
t❤❡ ❡♠♣❤❛s✐s ✇❛s ❧❛✐❞ ♦♥ ❛ r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❡①♣❧♦r❡ ♣r♦♦❢s ♦❢ ❝♦♥❝❡♣t
❢♦r ♥❡✇ s❡♥s♦r ❞❡s✐❣♥s✱ t❤✉s ❞❡❡♣❡r ✐♥✈❡st✐❣❛t✐♦♥s ♠✉st ❜❡ ❝♦♥❞✉❝t❡❞ t♦ ②✐❡❧❞ ❛ ♠♦r❡
❝r❡❞✐❜❧❡ r❡s✉❧t ❛❜♦✉t t❤❡ s❡♥s♦r✬s t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞♥❝❡✳

✸✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❤tt♣✿✴✴❝❧❡❛♥r♦♦♠✳❜②✉✳❡❞✉✴❈❚❊❴♠❛t❡r✐❛❧s
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Excitation 

current source

Power supply

Lock-in for

circuit output 

I to V 

amplifier

❋✐❣✉r❡ ✷✼✿ ▼❡❛s✉r❡✲
♠❡♥t s❡t✉♣ ❝♦♥s✐st✐♥❣
♦❢ t❤❡ ❝❧✐♠❛ t❡♠♣❡r✲
❛t✉r❡ s②st❡♠ ✭❈❚❙✮
✇❤✐❝❤ ❡♥❛❜❧❡s t❡♠♣❡r✲
❛t✉r❡ ❛♥❞ ❤✉♠✐❞✐t②
❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❢r♦♠
−20 ➦❈ t♦ +180 ➦❈
❛♥❞ 10 − 98% r❡❧❛t✐✈❡
❤✉♠✐❞✐t②✳

❋✐❣✉r❡ ✷✽✿ ▼❡❛s✉r❡♠❡♥t r❡s✉❧ts ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶✬
❛tt❛❝❤❡❞ ✇✐t❤ ❛ ❢♦✐❧ ♠❛s❦ ♦❢ ✼✵➭♠ s❧✐t ✇✐❞t❤✳ ❙t❛rt✐♥❣ ❢r♦♠ ✺ ➦❈ t❤❡ t❡♠♣❡r❛t✉r❡ ✇❛s
✐♥❝r❡❛s❡❞ ✐♥ st❡♣s ♦❢ ✺ ➦❈ ✉♣ t♦ ✺✵ ➦❈ ❛t ❛ s❡t r❡❧❛t✐✈❡ ❤✉♠✐❞✐t② ♦❢ ✺✵✪✳ ❆ ❢r❡q✉❡♥❝②
s❤✐❢t ❢r♦♠ ✹✺✽❍③ t♦ ✸✺✺❍③ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ◗ s❤✐❢t ♦❢ ✷✼ t♦ ✶✼✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❛s
♠❡❛s✉r❡❞✳ ❚❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ❛t t❤✐s ♠❡❛s✉r❡♠❡♥t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ ②✐❡❧❞✐♥❣
❛♥ ❛❞❞✐t✐♦♥❛❧ r❡s♦♥❛♥t ♣❡❛❦ ❛r♦✉♥❞ ✾✵✵❍③ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ str✉❝t✉r❡✬s ❤✐❣❤❡r
❡✐❣❡♥♠♦❞❡✳ ❚❤❡ ✐♥s❡t s❤♦✇s t❤❡ r❡❧❛t✐✈❡ ❝❤❛♥❣❡ ♦❢ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❝❛❧❝✉❧❛t❡❞
❢♦r ❛ r❡❢❡r❡♥❝❡ t❡♠♣❡r❛t✉r❡ T0 = 25 ➦❈✳ ❚❤❡ ❢r❡q✉❡♥❝② s❤✐❢t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞
✇✐t❤ ❛ ❧✐♥❡❛r ✜t ❜❡t✇❡❡♥ ✺✲✷✺ ➦❈ ❛♥❞ ✸✵✲✺✵ ➦❈ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝②
s❤✐❢t ♦❢ k1 = −0.35%/➦❈ ❛♥❞ k2 = −0.74%/➦❈✱ r❡s♣❡❝t✐✈❡❧②✳
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❚✇♦ t②♣❡s ♦❢ ♣r♦♣♦s❡❞ str✉❝t✉r❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✾✳

Silver conductive

paint
Upper glass mask

onto fixed frame

Lower glass mask

on deflective mass

5 mm

1 mm

✭❛✮ Pr♦t♦t②♣❡ ✬✐♣❴✶✬

Apertures on 

deflective mass

DetailTop view

Conductive

silver

Apertures fixed

on frame

Mask offset

5 mm 1 mm

✭❜✮ Pr♦t♦t②♣❡ ✬✐♣❴✷✬

❋✐❣✉r❡ ✷✾✿ ✭❛✮ ✸❉ ♣r✐♥t❡❞ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ❛ss❡♠❜❧❡❞ ✇✐t❤ ❣❧❛ss ♠❛s❦s
❛♥❞ ❝♦❛t❡❞ ✇✐t❤ s✐❧✈❡r ❝♦♥❞✉❝t✐♥❣ ♣❛✐♥t✳ ✭❜✮ ♠♦❞❡❧ ❞❡s✐❣♥❡❞ ✇✐t❤ ✷✹ ❛♣❡rt✉r❡s ✇✐t❤
❛ s✐③❡ ♦❢ ✹✵✵×✶✼✵✵➭♠➨ ❛♥❞ ♣❛rt❧② ❝♦❛t❡❞ ✇✐t❤ ❝♦♥❞✉❝t✐✈❡ s✐❧✈❡r✳ ❚❤❡ r❡❞ ❢r❛♠❡
♠❛r❦s t❤❡ ♠❛s❦ ♦✛s❡t✱ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ ❧✐❣❤t ✢✉① ♣❛ss❡s✳
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✹✳✺✳✶ ▼❡❛s✉r❡♠❡♥t ❘❡s✉❧ts ✲ ❙❡♥s✐t✐✈✐t②

❆ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❡st❛❜❧✐s❤❡❞ ❜❡t✇❡❡♥ t✇♦ ♣♦❧❡ s❤❛♥❦s ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ ✈✐❛
♥❡♦❞②♠✐✉♠ ♠❛❣♥❡ts✳ ❚❤✐s ♣r♦✈✐❞❡s ❡❛s② ❛❝❝❡ss ❢♦r ❝❤❛♥❣✐♥❣ t❤❡ ♠❛❣♥❡ts✳ ❚❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❜❡t✇❡❡♥ t❤❡ ♣♦❧❡ s❤❛♥❦s ✐s ♠❡❛s✉r❡❞ ✇✐t❤
❛ ❍❛❧❧ s❡♥s♦r✱ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✹✳✷✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞
❞❡s❝r✐♣t✐♦♥ ❛❜♦✉t t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐①❈✳ ❋✐❣✉r❡ ✸✵❛
❞❡♣✐❝ts t❤❡ ❛ss❡♠❜❧❡❞ s❡t✉♣ ❢♦r ❝❤❛r❛❝t❡r✐s✐♥❣ ❛ r❡s♦♥❛t♦r ❢❡❛t✉r✐♥❣ t❤❡ s✉❜❥❛❝❡♥t
♠❛❣♥❡ts ❛♥❞ ♣♦❧❡ s❤❛♥❦s✱ ✇❤❡r❡❛s ❋✐❣✳ ✸✵❜ ❤✐❣❤❧✐❣❤ts t❤❡ ✬♣s❡✉❞♦✬✲❤♦r✐③♦♥t❛❧ ♠❛❣✲
♥❡t✐❝ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣♦❧❡s✳

Neodymium
magnets

Pole shank

Resonator's
cantilever

B

Length

Height

B-field distribution: 

✭❛✮ ✭❜✮

❋✐❣✉r❡ ✸✵✿ ✭❛✮ ❞❡♣✐❝ts ❛ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r
❛♠♦♥❣ t✇♦ ♣♦❧❡ s❤❛♥❦s✱ ✇❤❡r❡ t❤❡ t♦♣ ♣❛rt ✇✐t❤ t❤❡ ❝♦♥♥❡❝t✐♥❣ ♣✐♥s ✐s ♥♦t s❤♦✇♥✳
❚❤❡ r❡❞ ❛r❡❛ ✐♥❞✐❝❛t❡s t❤❡ ✉♣♣❡r ♣❛rt ♦❢ t❤❡ ♠❡❛s✉r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ✭❜✮ s❤♦✇s
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❜❡t✇❡❡♥ t✇♦ ♣♦❧❡ s❤❛♥❦s✱ ♣r♦❞✉❝❡❞ ❜②
♥❡♦❞②♠✐✉♠ ❜❧♦❝❦ ♠❛❣♥❡ts ✇✐t❤ ❛ str❡♥❣t❤ ♦❢ ✶✺✵✵❣ ✳ ❚❤❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ B✲
✜❡❧❞ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✇✐t❤ ❛ tr❛♥s✈❡rs❛❧ ❍❛❧❧ ♣r♦❜❡ ✭❚❡s❧❛♠❡t❡r ❋▼ ✸✵✷✮✱ ✇❤✐❝❤
♠❡❛s✉r❡s t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t②✳ ❚❤❡ ❝❛♥t✐❧❡✈❡rs
♦❢ t❤❡ ✸❉ ♣r✐♥t❡❞ r❡s♦♥❛t♦r ❡①♣❡r✐❡♥❝❡ t❤❡ ✜❡❧❞ ❛t ❝❡rt❛✐♥ ❧♦❝❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♠❛r❦❡❞
✇✐t❤ ❞✐❛♠♦♥❞s ✶✲✹✳

❚❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❡①♣❡r✐❛♥❝❡❞ ❜② t❤❡ ✐♥❞✐✈❞✉❛❧ ❝❛♥t✐❧❡✈❡rs ✇❛s ❡①tr❛❝t❡❞
❢r♦♠ t❤❡ ❝♦♥t♦✉r ♣❧♦ts ❛♥❞ s✉♠♠❛r✐s❡❞ ❢♦r ❛ s❡t ♦❢ ♠❛❣♥❡ts ✐♥ ❚❛❜❧❡ ✼✳
❋✐❣✉r❡ ✸✶ ❞❡♣✐❝ts t❤❡ ♠❡❛s✉r❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛♥❞ ❛ ✜t ♦❢ ♦♥❡ ♦❢ t❤❡ ❝✉r✈❡s✳
❚❤❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣♦❧❡ s❤❛♥❦s ✐♥❞✐❝❛t❡s ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❛❣✲
♥❡t✐❝ ✜❡❧❞✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❡t✉♣ ❛♥❞ ❛✛❡❝ts t❤❡ ♠❡❛s✉r❡♠❡♥t ✐♥
❛ ✇❛② t❤❛t t✇♦ ♣❡❛❦s ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞✳ ■♥ ❛♥ ✐❞❡❛❧✐s❡❞ ❡♥✈✐r♦♥♠❡♥t✱ ❛ss✉♠✐♥❣
t❤❛t t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❤♦r✐③♦♥t❛❧❧② ❛❧✐❣♥❡❞ t♦ t❤❡ ❝❛♥t✐❧❡✈❡rs✱ ♦♥❧② ♦♥❡
❞✐st✐♥❝t r❡s♦♥❛♥t ♣❡❛❦ ♠✐❣❤t ❜❡ ♠❡❛s✉r❡❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❡ ❞✐st✐♥❝t ♠♦❞❡✳ ❆
s❡❝♦♥❞ ♣❡❛❦ ♠✐❣❤t ♦❝❝✉r ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❤❡t❡r♦❣❡♥❡♦✉s ♦r r♦t❛t❡❞ ♠❛❣♥❡t✐❝
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❈❛♥t✐❧❡✈❡r
▼❛❣♥❡t t②♣❡ ♦✶ ♦✷ ♦✸ ♦✹
❲✲✵✺✲◆ ✷✺✳✵ ✷✺✳✾ ✷✹✳✺ ✷✻✳✷

B
✐♥

♠
❚❙✲✵✻✲✵✶✲◆ ✸✼✳✷ ✸✼✳✺ ✸✽✳✼ ✸✽✳✵

◗✲✶✵✲✵✺✲✵✸✲◆ ✺✹✳✶ ✺✺✳✷ ✺✼✳✵ ✺✺✳✼
◗✲✶✵✲✵✺✲✶✳✺✲● ✻✵✳✵ ✻✷✳✽ ✻✷✳✽ ✻✶✳✺
◗✲✶✾✲✶✸✲✵✻✲▲◆ ✾✵✳✹ ✽✾✳✺ ✽✼✳✵ ✾✶✳✶

❚❛❜❧❡ ✼✿ ❉✐✛❡r❡♥t ♠❛❣♥❡t t②♣❡s ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞
str❡♥❣t❤✱ ❡①tr❛❝t❡❞ ❛t t❤❡ str✉❝t✉r❡✬s ❝❛♥t✐❧❡✈❡r ❧♦❝❛t✐♦♥s✳

✜❡❧❞✳ ❚❤✐s ✐s ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✺✳✷✳ ❚❤❡ ♦❜s❡r✈❡❞ ❢r❡q✉❡♥❝②
s❤✐❢ts ♠❛② ❛r✐s❡ ❢r♦♠ ❛ss❡♠❜❧✐♥❣ ❛♥❞ ❞✐s❛ss❡♠❜❧✐♥❣ t❤❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡✱ ✇❤✐❝❤ ✐s
♥❡❝❡ss❛r② t♦ ❡①❝❤❛♥❣❡ t❤❡ ♠❛❣♥❡ts ❛♥❞✱ ❤❡♥❝❡✱ ✐♥tr♦❞✉❝❡s t❡♥s✐♦♥ ❢r♦♠ t❤❡ ❝❧❛♠♣✲
✐♥❣ ♠❡❝❤❛♥✐s♠✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡♣r♦❞✉❝✐❜✐❧✐t② ♦❢ ♣❧❛❝✐♥❣ t❤❡ ♣♦❧❡ s❤❛♥❦s ❛t t❤❡
s❛♠❡ ❧♦❝❛t✐♦♥ ✐s ❧✐♠✐t❡❞ ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t s✐③❡s ♦❢ t❤❡ ♠❛❣♥❡ts ❛♥❞ t❤❡✐r ❣❡♦♠❡tr②✳
❍❡♥❝❡✱ ✐♠♣r♦✈✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ✐s ❡①♣❡❝t❡❞ t♦ ②✐❡❧❞ ❜❡tt❡r r❡s✉❧ts✳

❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❛s ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✹✳✷ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡
s❡♥s♦r✬s s❡♥s✐t✐✈✐t② ✭❋✐❣✳ ✸✷✮✳ ❚❤❡ ✜tt❡❞ ❞❛t❛ str♦♥❣❧② ❝♦rr❡❧❛t❡s ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞
♦♥❡ ❛t r❡s♦♥❛♥❝❡✱ ✇❤❡r❡❛s t❤❡ ❞❛t❛ ❛t t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❞♦♠❛✐♥ s✐❣♥✐✜❝❛♥t❧② ❞❡✈✐✲
❛t❡s ❢r♦♠ t❤❡ ✜t ❛♥❞ ❛❧s♦ ❞♦❡s ♥♦t ❧✐♥❡❛r❧② ❞❡♣❡♥❞ ♦♥ ❛ ❝❤❛♥❣✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❚❤❡ ❜❡❤❛✈✐♦✉r ❛t t❤❡ ❧♦✇✲❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ✐s ♥♦t ❢✉❧❧② ✉♥❞❡rst♦♦❞ ❛♥❞ ✐s st✐❧❧ ✉♥✲
❞❡r ✐♥✈❡st✐❣❛t✐♦♥✳ ❍❡♥❝❡✱ t❤❡ ♠✐♥✐♠✉♠ s❡♥s✐t✐✈✐t② Smin ❝❛♥♥♦t ❜❡ ❡st✐♠❛t❡❞ ❛t t❤❡
♠♦♠❡♥t✳
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❋✐❣✉r❡ ✸✶✿ ▼❡❛s✉r❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ♦❢ ❛♥ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✭♠♦❞❡❧
✬✐♣❴✷✬✮✳ ❚❤❡ ❛♣♣❧✐❡❞ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ✇❛s s❡t t♦ ✷✵♠❆ ✭♣❡❛❦✲♣❡❛❦✮ ❛♥❞ ❛ s❡t ♦❢
♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤s ✇❛s ❛♣♣❧✐❡❞✳ ❚❤❡ ❞✐❛♠♦♥❞s ✐♥❞✐❝❛t❡ t❤❡ str✉❝t✉r❡✬s ♥❛t✉r❛❧
❢r❡q✉❡♥❝②✳ ❈♦♠♣❛r✐♥❣ t❤❡ ♠❡❛s✉r❡❞ ❞❡✢❡❝t✐♦♥✲❡q✉✐✈❛❧❡♥t ♦✉t♣✉t s✐❣♥❛❧ ✇✐t❤ ❈❖▼✲
❙❖▲ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢r♦♠ ❋✐❣✳ ✸✺✱ ❝❧❡❛r❧② ✐❧❧✉str❛t❡s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s
♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❞❡✜♥❡❞ ❜② t✇♦ ❞✐st✐♥❝t r❡s♦♥❛♥t ♣❡❛❦s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ s✐❣♥✐✜❝❛♥t❧②
❞✐✛❡rs ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞✉❡ t♦ ♠❛t❡r✐❛❧ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ♥♦♥✲❧✐♥❡❛r✐t✐❡s✳ ❚❤❡
r❡s♦♥❛♥t ♣❡❛❦s ♦❢ ✐♥t❡r❡st ❤❛✈❡ ❜❡❡♥ ✜tt❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ Q ✈❛❧✉❡ ✈✐❛ t❤❡ −3 dB
❜❛♥❞✇✐❞t❤ ♠❡t❤♦❞✳

❋✐❣✉r❡ ✸✷✿ ❚❤❡ ✜❣✉r❡ ♦♥ t❤❡ r✐❣❤t
❞❡♣✐❝ts t❤❡ ♠❡❛s✉r❡❞ ♦✉t♣✉t ✈❡rs✉s
♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ❧✐♥❡❛r ✜t ❛t t❤❡
str✉❝t✉r❡✬s r❡s♦♥❛♥t ❢r❡q✉❡♥❝②✳



✺✵ ✹ Pr♦t♦t②♣❡s ❋❛❜r✐❝❛t✐♦♥ ❛♥❞ ❈❤❛r❛❝t❡r✐s❛t✐♦♥

✹✳✺✳✷ ❈♦♠s♦❧ ❙✐♠✉❧❛t✐♦♥

z
yx

f0=474.5 Hz f1=526.2 Hz

f2=706.8 Hz f3=767.9 Hz

❋✐❣✉r❡ ✸✸✿ ❋❊▼ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ✜rst ❢♦✉r ❡✐❣❡♥♠♦❞❡s ♦❢ ♠♦❞❡❧ ♣r♦t♦✲
t②♣❡ ✬✐♣❴✷✬✳ ❚❤❡ ✜rst ❡✐❣❡♥❢r❡q✉❡♥❝② ♦❝❝✉rs ❛s ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ✐♥ x✲❞✐r❡❝t✐♦♥
❛t ✹✼✹✳✺❍③✱ t❤❡ s❡❝♦♥❞ ❛s ♦✉t✲♦❢✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ❛t ✺✷✻✳✷❍③✱ t❤❡ t❤✐r❞ ❛s ✭t❤❡ ❞❡✲
s✐r❡❞✮ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ✐♥ y✲❞✐r❡❝t✐♦♥ ❛t ✼✵✻✳✽❍③✱ t❤❡ ❢♦✉rt❤ ❛s r♦t❛t✐♦♥❛❧ ♠♦❞❡
❛t ✼✻✼✳✾❍③✳

❚❤❡ ✐♥✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ❡①❤✐❜✐ts t✇♦ ❞✐st✐♥❝t✐✈❡ ❡✐❣❡♥♠♦❞❡s ❜♦t❤ ♦❢ ✇❤✐❝❤
r❡s✉❧t ✐♥ ❛♥ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♠❛ss ✭❋✐❣✳ ✸✸✮✱ ✇❤❡r❡ t❤❡ ❞❡s✐r❡❞ ❢r❡q✉❡♥❝②
❢♦r t❤❡ ♠♦✈❡♠❡♥t ✐♥ y✲❞✐r❡❝t✐♦♥ ✇❛s s✐♠✉❧❛t❡❞ t♦ ❜❡ ✼✵✻✳✽❍③✳ ❆s ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✹✱
t❤❡ ❛❞❞✐t✐♦♥❛❧ ♠❛ss ♦❢ t❤❡ s✐❧✈❡r ❝♦♥❞✉❝t✐✈❡ ❧❡❛❞ ✇❛s ❝♦♥s✐❞❡r❡❞ ❞✉r✐♥❣ s✐♠✉❧❛t✐♦♥✳

❉✉❡ t♦ t❤❡ str✉❝t✉r❡✬s ❝♦♠♣❧❡① ❞❡s✐❣♥ ❛♥❞ s♣❡❝✐✜❝ ♠❡t❤♦❞ ♦❢ ❡①❝✐t❛t✐♦♥✱ ❛❞❞✐t✐♦♥❛❧
s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❝♦♥❞✉❝t❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ t❤❡ t✇♦ ♦❝❝✉rr✐♥❣ r❡s✲
♦♥❛♥t ♣❡❛❦s ♦❜s❡r✈❡❞ ❞✉r✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts✳ ❍❡♥❝❡✱ t❤❡ ♠♦❞❡❧✬s ❜❡❤❛✈✐♦✉r ❤❛s
❜❡❡♥ s✐♠✉❧❛t❡❞ ✐♥ t✇♦ ✇❛②s✳ ❋✐rst✱ ✐♥ ❛♥ ✐❞❡❛❧✐s❡❞ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ ❛ ♣❡r❢❡❝t❧② ❤♦r✐✲
③♦♥t❛❧❧② ❛♣♣❧✐❡❞ ❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞✱ s❡❝♦♥❞✱ ❢♦r ❛ t✐❧t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❚❤❡ r❡s✉❧ts ❢♦r ♠♦❞❧② ❛♣♣❧✐❡❞ ❡❧ ✬✐♣❴✷✬ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✹✱ ✇❤❡r❡ ❛♥ ❛❞❞✐t✐♦♥❛❧
r❡s♦♥❛♥t ♠♦❞❡ ❛♣♣❡❛rs ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ t✐❧t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❚❤❡s❡ r❡s✉❧ts ❞♦ ♥♦t ❝♦♠♣❧❡t❡❧② ❛❣r❡❡ ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❢r♦♠ ❙✉❜s❡❝✲
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❋✐❣✉r❡ ✸✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ str✉❝t✉r❡✬s ❞✐s♣❧❛❝❡♠❡♥t ❢♦r ❞✐✛❡r❡♥t ❡①t❡r♥❛❧
♠❛❣♥❡t✐❝ ✜❡❧❞s r♦t❛t❡❞ ✐♥ t❤❡ ②③✲♣❧❛♥❡✳ ❲❤❡♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ❤♦r✐③♦♥t❛❧ ✭✵ ➦✮✱
❛ ❞✐st✐♥❝t r❡s♦♥❛♥t ♣❡❛❦ ❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✐♥t❡r❡st ✭♠♦❞❡ f2✮ ♦❝❝✉rs✳ ❆♥♦t❤❡r
❞✐st✐♥❝t ♣❡❛❦ ❛♣♣❡❛rs ❛t ✺✷✻✳✷❍③ ✭f1✮ ✇❤❡♥ t❤❡ ✜❡❧❞ ✐s ✾✵ ➦ r♦t❛t❡❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♦s❝✐❧❧❛t✐♦♥✳ ❆ ✢✉❡♥t tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤♦s❡ ♣❡❛❦s ✐s ♦❜s❡r✈❡❞ ❢♦r
✐♥t❡r♠❡❞✐❛t❡ ✜❡❧❞ ❛♥❣❧❡s✳

t✐♦♥ ✹✳✺✳✶✳ ❚❤✉s✱ t❤❡ s✐♠✉❧❛t✐♦♥ ✇❛s ✐♠♣r♦✈❡❞ ❜② s✐♠✉❧❛t✐♥❣ ❛♥ ❡①t❡r♥❛❧ ✐♥❤♦♠♦✲
❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛♣♣r♦①✐♠❛t❡❧② ✇✐t❤ t❤❡ s❛♠❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ❛s ♠❡❛s✉r❡❞
❜❡t✇❡❡♥ t❤❡ ♣♦❧❡ s❤❛♥❦s ✭s❡❡ ❋✐❣✳ ✸✵❜✮✳ ❋✐❣✉r❡ ✸✺ ❞❡♣✐❝ts t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢
t❤❡ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t②✳ ❚❤✐s ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐s ✉s❡❞ t♦ s✐♠✉❧❛t❡ t❤❡ ❞❡✢❡❝t✐♦♥
♦❢ t❤❡ str✉❝t✉r❡✬s ♠❛ss✱ ✇❤✐❝❤ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✼✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❞✐✛❡rs ❢r♦♠
t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✐♥ ❛ ✇❛②✱ t❤❛t t❤❡ ♣❡❛❦ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♦s❝✐❧❧❛t✐♦♥ ✭f1✮ ❛❧♠♦st
✈❛♥✐s❤❡s✳ ■♥st❡❛❞✱ ❛ ♥❡✇ ❞✐st✐♥❝t ♣❡❛❦ ♦❝❝✉rs ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r♦t❛t✐♦♥❛❧
♠♦❞❡ ❛t f3✳ ❍❡♥❝❡✱ t❤❡ s❤❛♣❡ ♦❢ t❤❡ s✐♠✉❧❛t❡❞ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞s ✈❡r②
✇❡❧❧ ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❢r♦♠ ❋✐❣✳ ✸✶✳

❋✐❣✉r❡ ✸✼ ❞❡♣✐❝ts ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s❡♥s♦r✬s tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥✱
♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ♠♦❞✉❧❛t❡❞ ❧✐❣❤t ✢✉① ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ♠❡❛s✉r❡♠❡♥t ✇✐t❤ ❛
❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤✐❝ ♠✐❝r♦s❝♦♣❡ ✭❉❍▼✮✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ s❡♥s♦r ❝❤❛r❛❝t❡r✐s❡❞ ✐♥ t❤❡
❢♦r♠❡r ❙✉❜s❡❝t✐♦♥ ✹✳✺✳✶ ❤❛❞ ❜❡❡♥ ❞❛♠❛❣❡❞✱ t❤❡r❡❢♦r❡ t❤❡ ♣r♦t♦t②♣❡ ✬✐♣❴✶✬ ❛tt❛❝❤❡❞
✇✐t❤ ❢♦✐❧ ♠❛s❦s ♦❢ ✼✵➭♠ ❣r❛t✐♥❣s ✇❛s ♠❡❛s✉r❡❞✳ ▼❛❣♥❡ts ♦❢ t②♣❡ ✬◗✲✶✵✲✵✺✲✶✳✺✲
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●✬✱ ②✐❡❧❞✐♥❣ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✻✵♠❚ ❛t t❤❡ s❡♥s♦r✬s ❝❛♥t✐❧❡✈❡rs ✇❡r❡ ✉s❡❞ ❛♥❞ ❛♥
❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ♦❢ ✷✵♠❆ ✭♣❡❛❦✲♣❡❛❦✮ ✇❛s ❛♣♣❧✐❡❞✳ ❚❤❡ s❡t✉♣ ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
♠❡❛s✉r❡♠❡♥t ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✻✳ ❆❧❧ t❤r❡❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❡①❤✐❜✐t ❛ s✐♠✐❧❛r
s❤❛♣❡✱ ❜✉t ❞✐✛❡r ✐♥ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♠♦❞❡s✳ ❚❡♥s✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② t❤❡
s♣r✐♥❣ ♣r♦❜❡ ♣✐♥s ♦❢ t❤❡ ❝❧❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠ ♠✐❣❤t ❝❛✉s❡ t❤❡s❡ ❢r❡q✉❡♥❝② ❞✐✛❡r❡♥❝❡s✳
❚❤❡ ♠❛①✐♠✉♠ ✐♥✲♣❧❛♥❡ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❡♥s♦r✬s ♠❛ss ✇❛s ♠❡❛s✲
✉r❡❞ t♦ ❜❡ ✶✹✽ ♥♠ ❛t ✻✾✸❍③ ❛♥❞ ✷✾ ♥♠ ❛t ✽✷✺❍③✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s
✈❡r② ✇❡❧❧ ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧t ✇❤✐❝❤ ✐♥❞✐❝❛t❡s ❛♥ ✐♥✲♣❧❛♥❡ ♦s❝✐❧❧❛t✐♦♥ ❛t t❤❡
❤✐❣❤❡r ♣❡❛❦ ✭f2) ❛♥❞ ❛ ♠✐① ♦❢ ✐♥✲♣❧❛♥❡ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ♦s❝✐❧❧❛t✐♦♥✱ ✐✳❡✳ r♦t❛t✐♦♥❛❧
♠♦❞❡ ❛t t❤❡ ❧♦✇❡r ♣❡❛❦ ✭f3✮✳

B in T

❋✐❣✉r❡ ✸✺✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢
t❤❡ ❤❡t❡r♦❣❡♥♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t s❡t✉♣✳ ❉❡♣✐❝t❡❞ ✐s ❛ s✐♥❣❧❡
♣❧❛♥❡ ♦❢ t❤❡ ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ❡①✲
tr❛❝t❡❞ ❛t t❤❡ str✉❝t✉r❡✬s ❝❡♥✲
t❡r✳ ❚❤❡ r❡❞ ❛rr♦✇s ❛r❡ ♣r♦♣♦r✲
t✐♦♥❛❧ ✐♥ s✐③❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
str❡♥❣❤t ❛♥❞ ♣♦✐♥t ✐♥ t❤❡ ❞✐r❡❝✲
t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s✳

❋✐❣✉r❡ ✸✻✿ ▼❡❛s✉r❡♠❡♥t s❡t✉♣ t♦
q✉❛♥t✐❢② t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✲
❞✉❝❡r✬s ♠❛ss✳ ❚❤❡ ❞✐❣✐t❛❧ ❤♦❧♦❣r❛♣❤✐❝
♠✐❝r♦s❝♦♣❡ ❉❍▼r✲❘✷✶✵✵ ✭▲②♥❝è❡ ❚❡❝✮
✐s ❝❛♣❛❜❧❡ ♦❢ ♦♣t✐❝❛❧❧② ♠❡❛s✉r✐♥❣ ❜♦t❤
✐♥✲♣❧❛♥❡ ❞❡✢❡❝t✐♦♥ ✇✐t❤ ♣❛tt❡r♥ tr❛❝❦✲
✐♥❣ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ♦s❝✐❧❧❛t✐♦♥ ❢r♦♠
♣❤❛s❡ ✐♠❛❣❡s ✇❤✐❝❤ r❡✈❡❛❧ ❞✐r❡❝t❧②
t❤❡ s✉r❢❛❝❡ t♦♣♦❣r❛♣❤② ✇✐t❤ ❛ s✉❜✲
♥❛♥♦♠❡tr❡ ✈❡rt✐❝❛❧ r❡s♦❧✉t✐♦♥✳

DHM

Pole shanks

Current supply

Transducer
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❋✐❣✉r❡ ✸✼✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✭❜❧❛❝❦ ❞❛s❤❡❞ ❧✐♥❡✮✱ ♠❡❛s✉r❡♠❡♥t
✇✐t❤ ♦♣t♦❡❧❡❝tr♦♥✐❝s ✭r❡❞ ❞❛s❤❡❞✲❞♦tt❡❞ ❧✐♥❡✮ ❛♥❞ ❞✐r❡❝t ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ♦❢ t❤❡
❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ tr❛♥s❞✉❝❡r✬s ♠❛ss ✭❜❧✉❡ ❧✐♥❡✮✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡ ❞❡♣✐❝ts r❡s✉❧ts ❢r♦♠ ♣✉r❡
✐♥✲♣❧❛♥❡ ❞❡✢❡❝t✐♦♥✱ ✇❤❡r❡❛s t❤❡ ❞✐❛♠♦♥❞s ♠❛r❦ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞❡✢❡❝t✐♦♥ ❛t s♣❡❝✐✜❝
❢r❡q✉❡♥❝✐❡s✱ ❜♦t❤ ♠❡❛s✉r❡❞ ✈✐❛ t❤❡ ❉❍▼✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ♦✉t✲
♦❢✲♣❧❛♥❡ ❞❡✢❡❝t✐♦♥s ❛❣r❡❡ ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❣r❡❡♥ ❞✐❛♠♦♥❞ ✐♥❞✐❝❛t❡s t❤❡
❧❛r❣❡st ♦s❝✐❧❧❛t✐♦♥ ✇❤❡r❡ t❤❡ str✉❝t✉r❡ ❡①❤✐❜✐ts t✐❧t✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r❡❞ ❞♦tt❡❞
❧✐♥❡ ❞✐✛❡rs ❢r♦♠ t❤❡ ❜❧✉❡ ♦♥❡ ❞✉❡ t♦ ♣♦ss✐❜❧❡ t❡♥s✐♦♥ ❢r♦♠ t❤❡ ❝❧❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠✳
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✺✺

✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ t❤❡s✐s ❤✐❣❤❧✐❣❤ts ❛❞✈❛♥t❛❣❡s ♦❢ ✸❉ ♣r✐♥t t❡❝❤♥♦❧♦❣✐❡s ✐♥ t❡r♠s ♦❢ ❢❛st ❞❡s✐❣♥✱ ❛❝✲
❝❡❧❡r❛t❡❞ t❡st✐♥❣ ♣❤❛s❡s ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❝r❡❛t✐♥❣ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s ✐♥ ❝♦♥tr❛st
t♦ ❝♦st❧② r❡✲❞❡s✐❣♥ ❛♥❞ ❢❛❜r✐❝❛t✐♦♥ ❝②❝❧❡s ✐♥ tr❛❞✐t✐♦♥❛❧ ▼❊▼❙ ❢❛❜r✐❝❛t✐♦♥✳ ■♥ ❛❞❞✐✲
t✐♦♥✱ r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ✐s ✉s❡❢✉❧ ❛s ❡✛❡❝t✐✈❡ ❛ss❡ss♠❡♥t t♦♦❧ t♦ ❞❡♠♦♥str❛t❡ ✇♦r❦✐♥❣
♣r✐♥❝✐♣❧❡s ❢♦r ❞❡s✐❣♥s ❜❡❢♦r❡ ✐♥✐t✐❛t✐♥❣ ❝♦st❧② ▼❊▼❙ t❡❝❤♥♦❧♦❣②✳ ■♥ t❤✐s ♣r♦s♣❡❝t✱
t✇♦ ✉♥✐q✉❡ ❞❡s✐❣♥s ❢♦r ▲♦r❡♥t③ ❢♦r❝❡ ❜❛s❡❞ ♠❛❣♥❡t♦♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ✸❉ ♣r✐♥t❡❞
✇✐t❤ st❛t❡✲♦❢✲t❤❡✲❛rt ▼✉❧t✐❥❡t ▼♦❞❡❧❧✐♥❣ ✭▼❏▼✮ t❡❝❤♥♦❧♦❣② ❛♥❞ ❝❤❛r❛❝t❡r✐s❡❞✳ ❚❤❡
❞❡s✐❣♥s ❤❛✈❡ ❜❡❡♥ s❡q✉❡♥t✐❛❧❧② ✐♠♣r♦✈❡❞ t♦ r❡❞✉❝❡ t❤❡ ❛♠♦✉♥t ♦❢ ✇❛① r❡s✐❞✉❡s ❢r♦♠
t❤❡ ♣r✐♥t✐♥❣ ♣r♦❝❡ss✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❞✐✛❡r❡♥t s✉r❢❛❝❡ ❝♦❛t✐♥❣s ❤❛✈❡ ❜❡❡♥ t❡st❡❞ t♦
❛❝❤✐❡✈❡ t❤❡ ❜❡st ♣♦ss✐❜❧❡ s✉r❢❛❝❡ ❝♦♥❞✉❝t✐✈✐t②✳
❚❤❡ str✉❝t✉r❡✬s s❡♥s✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s ❜❛s❡❞ ♦♥ ❧✐❣❤t ✢✉① ♠♦❞✉❧❛t✐♦♥ ❢r♦♠ t✇♦ st❡♥✲
❝✐❧ ♠❛s❦s ❜② r❡❧❛t✐✈❡ ✐♥✲♣❧❛♥❡ ♠♦✈❡♠❡♥t ✇❤✐❝❤ ✐s ❞❡t❡❝t❡❞ ❜② ❛ ♣❤♦t♦❞✐♦❞❡✳ ❚❤❡
♠❛ss✬s ❞❡✢❡❝t✐♦♥ ✐s ✐♥❞✉❝❡❞ ❜② ▲♦r❡♥t③ ❢♦r❝❡s ❝r❡❛t❡❞ ❛t ❝✉rr❡♥t ❝❛rr②✐♥❣ ❝❛♥t✐❧❡✈❡rs
✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❆ ❝✉st♦♠ ♠❛❞❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ❤❛s ❜❡❡♥ ❞❡s✐❣♥❡❞✱
♣r♦✈✐❞✐♥❣ ❛❝❝❡ss t♦ ❛♥❞ ❢❛st ✐♥t❡r❝❤❛♥❣❡❛❜✐❧✐t② ♦❢ t❤❡ ♠❛❣♥❡ts t♦ ❝❤❛r❛❝t❡r✐s❡ t❤❡
str✉❝t✉r❡✬s ❜❡❤❛✈✐♦✉r ✐♥ ❛ st❛t✐❝ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ❛♥❞
♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❛♥❞ s✉♠♠❛r✐s❡❞ ✐♥ ❚❛❜❧❡ ✽✳

▼❛❣♥❡t♦♠❡t❡r t②♣❡
P❛r❛♠❡t❡rs ♦✉t✲♦❢✲♣❧❛♥❡ ✐♥✲♣❧❛♥❡
❙❡♥s✐t✐✈✐t② Sf0 ✶✹✻✳✸♠❱✴❚ ✷✺✷✳✻♠❱✴❚
❙❡♥s✐t✐✈✐t② Smin ✻✳✽✸♠❱✴❚ ✲
❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ✷✵♠❆ ✷✵♠❆
R2 ❛t f0 ✵✳✾✽✷ ✵✳✾✶✼

❚❛❜❧❡ ✽✿ P❛r❛♠❡t❡r ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✐♥✲♣❧❛♥❡ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞
s❡♥s♦rs✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡✛❡❝t ♦❢ ♠❛s❦ ❛❧✐❣♥♠❡♥t ❛♥❞ ✇❛① r❡s✐❞✉❡s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞✳
❆ ❣♦♦❞ r❡♣r♦❞✉❝✐❜✐❧✐t② ♦❢ t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✱ ✐❢ r♦t❛t✐♦♥❛❧ ♠✐s❛❧✐❣♥✲
♠❡♥t ✐s ♣r♦❤✐❜✐t❡❞ ❛♥❞ ✐❢ t❤❡ s❛♠♣❧❡s ❛r❡ s✉✣❝✐❡♥t❧② ❝❧❡❛♥s❡❞ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡
q✉❛❧✐t② ❢❛❝t♦r✳

❍♦✇❡✈❡r✱ ❛ ♠❛❥♦r ❞✐s❛❞✈❛♥t❛❣❡ ♦❢ ✸❉ ♣r✐♥t❡❞ ▼❊▼❙ r❡s♦♥❛t♦rs ❛r❡ t❤❡ ❧✐♠✐t❛t✐♦♥s
❞✉❡ t♦ ❝✉rr❡♥t❧② ❛❝❤✐❡✈❛❜❧❡ ♣r✐♥t✐♥❣ r❡s♦❧✉t✐♦♥s ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
♣♦❧②♠❡r ♠❛t❡r✐❛❧s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣② ❤❛s ❜❡❡♥ ♣r♦✈❡♥ t♦ ❜❡ s✉❢✲
✜❝✐❡♥t ❢♦r r❛♣✐❞ ♣r♦t♦t②♣✐♥❣ ❛♥❞ ❡①♣❧♦r✐♥❣ ♣r♦♦❢s ♦❢ ❝♦♥❝❡♣t ❢♦r ♥❡✇ s❡♥s♦r ❞❡s✐❣♥s✳
P♦t❡♥t✐❛❧ ❢♦r ❢✉rt❤❡r ❡♥❤❛♥❝❡♠❡♥t ✐s ❣✐✈❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦♥❣♦✐♥❣ ❞❡✈❡❧♦♣♠❡♥t ♦♥
t❤❡ ✸❉ ♣r✐♥t✐♥❣ ♠❛r❦❡t ❛❝❤✐❡✈✐♥❣ ❡✈❡♥ ❜❡tt❡r r❡s♦❧✉t✐♦♥ ❛♥❞ ❤✐❣❤❡r ♣r✐♥t✐♥❣ ❛❝❝✉r❛❝②✱
❛s ✇❡❧❧ ❛s ❞❡✈❡❧♦♣✐♥❣ ♥❡✇ ♣r✐♥t❛❜❧❡ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s✳
❋♦r ❢✉t✉r❡ ✐♥✈❡st✐❣❛t✐♦♥✱ t❤❡ ♠♦✉♥t✐♥❣ ❞❡✈✐❝❡ ✐s ✐♥t❡♥❞❡❞ t♦ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ ♦r❞❡r t♦
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❛❝❤✐❡✈❡ ❛ tr✉❧② ❤♦♠♦❣❡♥❡♦✉s ❇✲✜❡❧❞✱ ✇❤✐❝❤ s❤♦✉❧❞ ✈❡r✐❢② t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢r♦♠
❙✉❜s❡❝t✐♦♥ ✹✳✺✳✷✳ ❋✐♥❛❧❧②✱ ❢✉rt❤❡r ❡①♣❡r✐♠❡♥ts ❤❛✈❡ t♦ ❜❡ ❝♦♥❞✉❝t❡❞ ✇✐t❤ ❜♦t❤ ♦❢ t❤❡
♣r♦♣♦s❡❞ ❞❡s✐❣♥s ❛ss❡♠❜❧❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥❡❝❡ss❛r② ♦♣t♦❡❧❡❝tr♦♥✐❝ ❝♦♠♣♦♥❡♥ts✳
❚❤✐s ✇❛②✱ ✐♥✲ ❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ str❡♥❣t❤ ❝❛♥ ❜❡
♠❡❛s✉r❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ✉s✐♥❣ ❛ s✐♥❣❧❡ ▲❊❉ ❛♥❞ ❛ ❧❛r❣❡ q✉❛❞r❛♥t ♣❤♦t♦❞✐♦❞❡✳
❋✉t✉r❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♣♦❧②♠❡r ♠❛t❡r✐❛❧s ✐♥ ▼❊▼❙ ✇✐t❤ ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥♦❧♦❣② r❡✲
q✉✐r❡s ♣r♦❢♦✉♥❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♣♦❧②♠❡r✬s ♣r♦♣❡rt✐❡s✳ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡
♠❛t❡r✐❛❧✬s ♣❡r❢♦r♠❛♥❝❡ ❛t ❧♦✇ ♣r❡ss✉r❡s s❤❛❧❧ ❜❡ ❝♦♥❞✉❝t❡❞ t♦ ♣r♦♦❢ ✐❢ t❤❡ ♣♦❧②♠❡r
str✉❝t✉r❡s ♦✉t❣❛s✳ ❚❤✐s ♠❛② st✐✛❡♥ t❤❡ ♠❛t❡r✐❛❧✱ ②✐❡❧❞✐♥❣ ❛ s❤✐❢t ♦❢ t❤❡ str✉❝t✉r❡s
♥❛t✉r❛❧ ❢r❡q✉❡♥❝②✳ ❊①♣❧♦r✐♥❣ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝② ♦❢ ✸❉ ♣r✐♥t❡❞ ▼❊▼❙ ✐s ♥❡✲
❝❡ss❛r② t♦ ✉♥❞❡rst❛♥❞ t❤❡ s②st❡♠✬s st❛❜✐❧✐t② ✭t❤✐♥ ❝✉rr❡♥t ❝❛rr②✐♥❣ ❝❛♥t✐❧❡✈❡rs ♠❛②
str♦♥❣❧② ❞❡❢♦r♠ ❛t ❤✐❣❤ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥ts✮✳ ❋✉rt❤❡r♠♦r❡✱ ♠❡❛s✉r❡♠❡♥ts ✐❞❡♥t✐❢②✐♥❣
t❤❡ ❡✛❡❝t ♦❢ ❝❧❛♠♣✐♥❣ ❧♦ss✱ ❚❊❉ ❛♥❞ ♠❛t❡r✐❛❧ ❞❛♠♣✐♥❣ ♠❛② ❝♦♥tr✐❜✉t❡ t♦ ❛ ♣r♦❢♦✉♥❞
✉♥❞❡rst❛♥❞✐♥❣ ❛❜♦✉t ✐♥tr✐♥s✐❝ ❧✐♠✐ts ♦❢ ♣♦❧②♠❡r ▼❊▼❙✳
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❆♣♣❡♥❞✐① ❆ ◆❡♦❞②♠✐✉♠ ▼❛❣♥❡ts

❚❤❡ ♥❡♦❞②♠✐✉♠ ♠❛❣♥❡ts ✉s❡❞ ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t♦♠❡t❡rs ✇✐t❤✐♥
t❤✐s t❤❡s✐s ❛r❡ ♣✉r❝❤❛s❡❞ ❢r♦♠ ✇✇✇✳s✉♣❡r♠❛❣♥❡t❡✳❞❡ ❛♥❞ ❛r❡ s✉♠♠❛r✐s❡❞ ✐♥ ♠♦r❡
❞❡t❛✐❧ ✐♥ ❚❛❜❧❡ ✾✳ ❚❤❡ ❡♥tr✐❡s ✐♥ t❤❡ ❝♦❧✉♠♥ ✬◆♦t❡✬ ❝♦♠♣r✐s❡s t❤❡ ❛❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛✲
t✐♦♥✿ ❚❤❡ ❧❡tt❡r ✬◆✬ ✐♥❞✐❝❛t❡s t❤❡ ♠❛①✐♠✉♠ ✇♦r❦✐♥❣ t❡♠♣❡r❛t✉r❡✱ ✇❤✐❝❤ ✐s ❛t ✽✵ ➦❈✱
✇❤❡r❡❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥✉♠❜❡r ✐♥❢♦r♠s ❛❜♦✉t t❤❡ ♠❛①✐♠✉♠ ❡♥❡r❣② ♣r♦❞✉❝t ♦❢ t❤❡
♠❛❣♥❡t✳ ❚❤❡ ❡♥❡r❣② ♣r♦❞✉❝t Emax = B ·H s♣❡❝✐✜❡s t❤❡ ❛♠♦✉♥t ♦❢ ♠❛❣♥❡t✐❝ ❡♥❡r❣②
st♦r❡❞ ✐♥ ❛ ♠❛❣♥❡t ✐♥ ✉♥✐ts ♦❢ kJ/m3✳ ❚❤❡ ♥✉♠❜❡rs ✹✷✱ ✹✺ ❛♥❞ ✺✵ st❛t❡ ❛♥ ❡♥❡r❣②
♣r♦❞✉❝t ♦❢ ✸✶✽✲✸✸✹✱ ✸✹✷✲✸✺✽ ❛♥❞ ✸✼✹✲✹✵✻kJ/m3✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❤✐♥❞♠♦st ♥✉♠❜❡r ✐♥ t❤❡ ❝♦❧✉♠♥ ✬◆♦t❡✬ ✐s t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❛❞❤❡s✐✈❡ ❢♦r❝❡ ✐♥
✉♥✐t ❣r❛♠✱ ✇❤✐❝❤ ✇❛s ♦❜t❛✐♥❡❞ ✉♥❞❡r ✐❞❡❛❧ t❡st ❝♦♥❞✐t✐♦♥s ❛♥❞ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥
t❤❡ ♠❛❣♥❡t✬s ❣❡♦♠❡tr②✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ♣r♦❝❡❞✉r❡ ✐s ❝♦♥❞✉❝t❡❞ ❛s ❢♦❧❧♦✇s✿ ❖♥❡
♣♦❧❡ ♦❢ t❤❡ ♠❛❣♥❡t ✐s ❣❧✉❡❞ ♦♥t♦ ❛ ♥♦♥✲♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧ ✇✐t❤ ❤♦♦❦✱ ✇❤❡r❡❛s t❤❡
♦t❤❡r ♣♦❧❡ ✐s ❛tt❛❝❤❡❞ ♦♥t♦ ❛ ✜①❡❞ st❡❡❧ ♣❧❛t❡✳ ❆ ♣✉❧❧✐♥❣ ❢♦r❝❡ ✐s ❛♣♣❧✐❡❞ ✉♥t✐❧ t❤❡
♠❛❣♥❡t s❡♣❛r❛t❡s ❢r♦♠ t❤❡ ♣❧❛t❡✱ t❤✉s ②✐❡❧❞✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❛❞❤❡s✐✈❡ ❢♦r❝❡✳ ❋♦r
♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ✈✐s✐t t❤❡ ✈❡♥❞♦rs ❤♦♠❡♣❛❣❡ ✇✇✇✳s✉♣❡r♠❛❣♥❡t❡✳❞❡✳

❖✉t ✲ ♦❢ ✲ ♣❧❛♥❡ ♠❛❣♥❡t♦♠❡t❡r ■♥ ✲ ♣❧❛♥❡ ♠❛❣♥❡t♦♠❡t❡r
▼❛❣♥❡t✲t②♣❡ ◆♦t❡ ▼❛❣♥❡t✲t②♣❡ ◆♦t❡
❙✲✵✻✲✵✶✲◆ ◆✹✺✱ ✸✺✵ ❣ ❙✲✶✷✲✵✶✲◆ ◆✹✷✱ ✼✼✵ ❣
◗✲✶✵✲✵✺✲✶✳✺✲● ◆✺✵✱ ✾✽✵ ❣ ❙✲✶✷✲✵✷✲◆ ◆✹✺✱ ✶✻✵✵ ❣
❲✲✵✺✲◆ ◆✹✷✱ ✶✶✵✵ ❣ ❙✲✶✷✲✵✸✲◆ ◆✹✺✱ ✷✺✵✵ ❣
◗✲✶✵✲✵✺✲✵✸✲◆ ◆✹✺✱ ✶✺✵✵ ❣ ❙✲✶✷✲✵✺✲◆ ◆✹✺✱ ✸✸✵✵ ❣
◗✲✶✾✲✶✸✲✵✻✲▲◆ ◆✹✷✱ ✹✶✵✵ ❣ ❙✲✶✷✲✵✻✲◆ ◆✹✺✱ ✸✾✵✵ ❣

❚❛❜❧❡ ✾✿ ❙✉♠♠❛r② ♦❢ t❤❡ s❡t ♦❢ ♥❡♦❞②♠✐✉♠ ♠❛❣♥❡ts✱ ✉s❡❞ ✇✐t❤✐♥ t❤✐s t❤❡s✐s✳

http://www.supermagnete.de
http://www.supermagnete.de
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❆♣♣❡♥❞✐① ❇ ❲❛① ❘❡s✐❞✉❡s

❆ ❞r❛✇❜❛❝❦ ♦❢ t❤❡ ✸❉ ♣r✐♥t✐♥❣ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❧✐q✉✐❞ r❡s✐♥ ✐s t❤❡ ♥❡❝❡ss✐t② ❢♦r s✉♣✲
♣♦rt✐♥❣ ✇❛① ✇❤✐❝❤ ♠❛② r❡♠❛✐♥ ✐♥ ♣♦♦r❧② ❞❡s✐❣♥❡❞ ❝❛✈✐t✐❡s✳ ❚❤♦s❡ ✇❛①② r❡s✐❞✉❡s ❛❢✲
❢❡❝t t❤❡ ♠♦✈❡❛❜❧❡ ♠❛ss ✐♥ t❡r♠s ♦❢ ❢r❡q✉❡♥❝② s❤✐❢t ❛♥❞ ❧♦✇❡r Q ✈❛❧✉❡ ❞✉❡ t♦ ✐♥❝r❡❛s❡❞
❢r✐❝t✐♦♥✳ ❋✐❣✉r❡ ✸✽ ❞❡♣✐❝ts ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ♦❢ ♣r♦t♦t②♣❡ ✬♦♦♣❴✶❴✷✵➭♠❴❢♦✐❧✬ ❛♥❞
✬♦♦♣❴✶❴✸✵➭♠❴❢♦✐❧✬ ✇✐t❤ ✇❛① r❡s✐❞✉❡s ❛♥❞ ❛❢t❡r ❝❧❡❛♥✐♥❣ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ❢r❛♠❡ ❛♥❞
♠♦✈❡❛❜❧❡ ♠❛ss ✇✐t❤ ❛ t✇❡❡③❡r✳ ❚❤❡ ✇❛① r❡s✐❞✉❡s ❝♦♥tr✐❜✉t❡ ♥♦t ♦♥❧② t♦ ❛❞❞✐t✐♦♥❛❧
❞❛♠♣✐♥❣✱ ❜✉t ❛❧s♦ ✐♥tr♦❞✉❝❡ t❡♥s✐♦♥✱ ✇❤✐❝❤ ♠❛② ❜❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✇❛①✬s ❤✐❣❤
✈✐s❝♦s✐t②✳

Mass

FrameWax residues

Cleansed gap

Tension

✭❛✮

✭❜✮

❋✐❣✉r❡ ✸✽✿ ✭❛✮ ▼✐❝r♦❣r❛♣❤ ♦❢ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❡♥s♦r ✇✐t❤ ✇❛① r❡s✐❞✉❡s
✇❤✐❝❤ ✐♥tr♦❞✉❝❡ t❡♥s✐♦♥ ❛♥❞ ❛ r❡❧❛①❡❞ ♠❛ss ❛❢t❡r ❝❧❡❛♥✐♥❣✳ ✭❜✮ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❢♦r s❛♠♣❧❡s ✇✐t❤ ❛tt❛❝❤❡❞ ❢♦✐❧ ♠❛s❦s ♦❢ ✷✵➭♠ ❛♥❞ ✸✵➭♠ ❛r❡
❞❡♣✐❝t❡❞✳ ❚❤❡ ❡①❝✐t❛t✐♦♥ ❝✉rr❡♥t ✇❛s s❡t t♦ ✷✵♠❆ ✭♣❡❛❦ ✲ ♣❡❛❦✮ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞
♦❢ ✼✸♠❚ ✭♠❛❣♥❡t ❙✲✶✷✲✵✸✲◆✮ ✇❛s ❛♣♣❧✐❡❞✳ ❆♥ ✐♥❝r❡❛s❡❞ q✉❛❧✐t② ❢❛❝t♦r ❛♥❞ ❢r❡q✉❡♥❝②
s❤✐❢t t♦ t❤❡ ❧❡❢t ✐s ♦❜s❡r✈❡❞ ✇❤✐❝❤ ✐s ♠❛r❦❡❞ ✇✐t❤ ❛♥ ❛rr♦✇✳



✺✾

❆♣♣❡♥❞✐① ❈ ▼❡❛s✉r❡♠❡♥t ❙❡t✉♣ ✲ ❋✐❡❧❞ ❉✐str✐❜✉✲

t✐♦♥ ❜❡t✇❡❡♥ P♦❧❡ ❙❤❛♥❦s

❋✐❣✉r❡ ✸✾ ❞❡♣✐❝ts t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ ❢♦r ❛✉t♦♠❛t❡❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❤❛r❛❝t❡r✐s❛✲
t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ♣♦❧❡s✳ ❆ ❍❛❧❧ ♣r♦❜❡ ✐s ✜①❡❞ t♦ ❧✐♥❡❛r st❛❣❡s ✇✐t❤ t✇♦ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠ t♦ ❝❤❛r❛❝t❡r✐s❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ②③✲♣❧❛♥❡✳ ❚❤❡ ❧✐♥❡❛r st❛❣❡s ✭P▲❙✲✽✺✮
❛r❡ ❝❛♣❛❜❧❡ t♦ tr❛✈❡❧ ✐♥ ✵✳✺➭♠ st❡♣s✳

Hall sensor

z
y

Field
distribution

Pole shank

Neodymium
magnets

Teslameter FM 302

Linear Motors
(Y, Z)

❋✐❣✉r❡ ✸✾✿ ▼❡❛s✉r❡♠❡♥t s❡t✉♣ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❛♠♦♥❣ t✇♦
♣♦❧❡ s❤❛♥❦s✳ ❆ tr❛♥s✈❡rs❛❧ ❍❛❧❧ ♣r♦❜❡ ♦❢ t②♣❡ ✬❆❙✲◆❚▼✲✷✬ ✇❛s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡
B ✜❡❧❞ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ②③✲♣❧❛♥❡ ✭r❡❞ ❢r❛♠❡✮✳
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