
❉✐♣❧♦♠❛r❜❡✐t

❈♦♥❢✐❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ▲❡❛r♥✐♥❣ ❚❤❡♦r②

❆✉s❣❡❢ü❤rt ❛♠ ■♥st✐t✉t ❢ür

❉✐s❦r❡t❡ ▼❛t❤❡♠❛t✐❦ ✉♥❞ ●❡♦♠❡tr✐❡

❞❡r ❚❡❝❤♥✐s❝❤❡♥ ❯♥✐✈❡rs✐tät ❲✐❡♥

✉♥t❡r ❞❡r ❆♥❧❡✐t✉♥❣ ✈♦♥

❯♥✐✈✳❆ss✳ ❉✐♣❧✳✲■♥❣✳ ▼❛❣✳ ❉r✳t❡❝❤♥✳ ❊❦❛t❡r✐♥❛ ❋♦❦✐♥❛

❞✉r❝❤

❱❛♥❥❛ ❉♦s❦♦↔

❲✐❡♥✱ ❛♠ ✷✸✳✽✳✷✵✶✼
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❍❡r❡✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❛❦❡ t❤❡ t✐♠❡ t♦ s♣r❡❛❞ ❛ ❢❡✇ ✇♦r❞s ♦❢ ❣r❛t✐t✉❞❡✳ ●❡♥❡r❛❧❧②✱ t❤❡s❡
✇♦r❞s ❛r❡ ❛❞❞r❡ss❡❞ t♦ ❛❧❧ t❤❡ ♣❡♦♣❧❡ ✇❤♦ ❡♥❝♦✉r❛❣❡❞ ❛♥❞ s✉♣♣♦rt❡❞ ♠❡ ❞✉r✐♥❣ ♠② st✉❞✲
✐❡s✳ ❍♦✇❡✈❡r✱ ■ ❞♦ ✇✐s❤ t♦ ❡①♣r❡ss ❛ ❢❡✇ ♣❛rt✐❝✉❧❛r❧② ❛❞❞r❡ss❡❞ ✇♦r❞s✱ t♦♦✳

❚❤❡ ✜rst ♦❢ t❤❡s❡ ❛r❡ ❝❡rt❛✐♥❧② ❞✐r❡❝t❡❞ t♦✇❛r❞s Pr♦❢❡ss♦r ❊❦❛t❡r✐♥❛ ❋♦❦✐♥❛✳ ◆♦t ♦♥❧② ❞✐❞
s❤❡ ✐♥tr♦❞✉❝❡ ♠❡ t♦✇❛r❞s t❤❡ ✜❡❧❞ ♦❢ ❛❧❣♦r✐t❤♠✐❝ ❧❡❛r♥✐♥❣ t❤❡♦r②✱ ❜✉t s❤❡ ❛❧s♦ ♣r♦✈✐❞❡❞
♠❡ ✇✐t❤ ♠✉❝❤ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥✱ ♥♦t ♦♥❧② ❝♦♥❝❡r♥✐♥❣ t❤✐s t❤❡s✐s✳ ❙❤❡ ❛❧s♦ ♣r♦✈❡❞ t♦ ❜❡
❛ ✈❡r② ♣❛t✐❡♥t✱ ❤✉♠♦r♦✉s ❛♥❞ ❢r✐❡♥❞❧② s✉♣❡r✈✐s♦r✳
❆❧s♦✱ s❤❡ ❡♥❛❜❧❡❞ ♠❡ t♦ ❤❛✈❡ ❛ ✜rst ❣❧✐♠♣s❡ ✐♥t♦ t❤❡ ❞❛✐❧② ✇♦r❦ ♦❢ ❛ r❡s❡❛r❝❤❡r✱ ❜② ❣r❛♥t✲
✐♥❣ ♠❡ t❤❡ ❝❤❛♥❝❡ ❞♦ s♦♠❡ r❡s❡❛r❝❤ ♦♥ ♠② ♦✇♥✳
■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢❡ss♦r ❋r❛♥❦ ❙t❡♣❤❛♥ ❛s ✇❡❧❧✱ ❢♦r s✉❣❣❡st✐♥❣ t❤❡ t♦♣✐❝ ♦❢ t❤✐s
t❤❡s✐s ❛♥❞ ❢♦r ♣r♦✈✐❞✐♥❣ s♦♠❡ ✉s❡❢✉❧ ❢❛❝ts ❛♥❞ ❤❡❧♣❢✉❧ r❡♠❛r❦s✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ♠♦t❤❡r ❢♦r ❣r❛♥t✐♥❣ ♠❡ t❤❡ ♦♣♣♦rt✉♥✐t② ♦❢ st✉❞②✐♥❣✳ ❆❧s♦✱
♦♥❡ ❜✐❣ ❦✐ss ♦❢ ❣r❛t✐t✉❞❡ ✐s ❞✐r❡❝t❡❞ t♦✇❛r❞s ♠② ❣✐r❧❢r✐❡♥❞✳ ■ ❛♠ r❡❛❧❧② t❤❛♥❦❢✉❧ ❢♦r ❜♦t❤
♦❢ t❤❡✐r ♥❡✈❡r ❡♥❞✐♥❣ ❧♦✈❡ ❛♥❞ s✉♣♣♦rt✳
❆ ❧❛st✱ ❜✉t ❝❡rt❛✐♥❧② ♥♦t ❧❡❛st✱ ❛❝t ♦❢ ❣r❛t✐t✉❞❡ ✐s ❞✐r❡❝t❡❞ t♦✇❛r❞s ♠② ❢r✐❡♥❞s ❛♥❞ ♠②
❢❛♠✐❧②✳ ❇② s✉♣♣♦rt✐♥❣ ♠❡✱ t❤❡② tr✉❧② ✐♥✢✉❡♥❝❡❞ t❤❛t ❡①♣❡r✐❡♥❝❡ ♦❢ st✉❞②✐♥❣ ♦❢ ♠✐♥❡✳

❚❤❛♥❦ ②♦✉✳
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❆❜str❛❝t

▲❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ❝❧❛ss ♦❢ s❡ts✳ ◆♦✇✱ ✐❢ ✇❡ ❤❛✈❡ ❛ ♠❛❝❤✐♥❡ t❤❛t✱ ❢❡❞ ✐♥❢♦r♠❛t✐♦♥
♦♥ ♦♥❡ ♦❢ t❤❡s❡ s❡ts✱ t❡❧❧s ✉s ✇❤✐❝❤ s❡t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❜❡❧♦♥❣❡❞ t♦✱ t❤❡♥ t❤❡ ♠❛❝❤✐♥❡
✉♥❞❡r✇❡♥t s♦♠❡ s♦rt ♦❢ ❧❡❛r♥✐♥❣✳ ❚❤✐s ❛❝t ♦❢ ❧❡❛r♥✐♥❣ ❝❛♥ ❤❛♣♣❡♥ ✐♥ ✈❛r✐♦✉s ❢♦r♠s✳ ❚❤❡
❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ♠♦t✐✈❛t❡✱ ✐♥tr♦❞✉❝❡ ❛♥❞ ✐♥✈❡st✐❣❛t❡ s♦♠❡ ♣♦ss✐❜❧❡ ✇❛②s ♦❢ ❧❡❛r♥✐♥❣✳
❋✐rst❧②✱ ✇❡ ✇✐❧❧ ♠♦t✐✈❛t❡ t❤❡ ❜❛s✐❝ ✐❞❡❛s ♦❢ ❝♦♠♣✉t❛❜✐❧✐t② t❤❡♦r② ❛♥❞ ❛❧❣♦r✐t❤♠✐❝ ❧❡❛r♥✐♥❣
t❤❡♦r②✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❧❛tt❡r t❤❡♦r②✱ ✇❡ ✇✐❧❧ ❣❡t t♦ ❦♥♦✇ s♦♠❡ ✇✐❞❡❧② ✉s❡❞ ❧❡❛r♥✐♥❣
t②♣❡s✱ t❤❡ ♠♦st ♣r♦♠✐♥❡♥t ❜❡✐♥❣ t❤❡ ❡①♣❧❛♥❛t♦r② ❛♥❞ ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t ❧❡❛r♥✐♥❣✳
❚❤❡ ♠❛✐♥ ❛✐♠✱ ❤♦✇❡✈❡r✱ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ❛ ♥❡✇ t②♣❡ ♦❢ ❧❡❛r♥✐♥❣✱ t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡
❧❡❛r♥✐♥❣✳ ❚❤❡ ✐❞❡❛ ❤❡r❡ ✐s t♦ ♠❡r❣❡ t✇♦ ❦♥♦✇♥ ❝♦♥❝❡♣ts✱ ♥❛♠❡❧② t❤❛t ♦❢ t❤❡ ❝♦♥✜❞❡♥t ❛♥❞
✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ ❧❡❛r♥✐♥❣ t❤❡ s❡ts ♦❢ t❤❡ ❝❧❛ss ❝♦rr❡❝t❧②✱ t❤❡ ✜rst ❧❡❛r♥❡r
✐s r❡q✉✐r❡❞ t♦ ♠❛❦❡ s♦♠❡✱ ♥♦t ♥❡❝❡ss❛r✐❧② tr✉❡✱ ❣✉❡ss ♦♥ ❛♥② ♦t❤❡r s❡t✱ t♦♦✳ ■♥st❡❛❞ ♦❢
❤❛✈✐♥❣ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ s❡t ❛t ❤❛♥❞ ❛t ❡✈❡r② t✐♠❡✱ t❤❡ s❡❝♦♥❞ ❧❡❛r♥❡r ♠❛② ♦♥❧②
✉s❡ ✐ts ❧❛st ❤②♣♦t❤❡s✐s ❛s ♠❡♠♦r② ♦♥ t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥✳ ❙♦✱ ✇❡
r❡str✐❝t ✐ts ♠❡♠♦r②✳
❖❜s❡r✈✐♥❣ ✐t✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ s♦♠❡ ♥❡❣❛t✐✈❡ ❛s ✇❡❧❧ ❛s ♣♦s✐t✐✈❡ ❡①❛♠♣❧❡s✳ ❲❡ ✇✐❧❧ ❛❧s♦
♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ♣♦ss❡ss❡s✳ ❚❤✐s ✇✐❧❧ ♣❡❛❦ ❛t t❤❡
❝❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠✱ ✇❤❡r❡ ✇❡ ♣r♦✈✐❞❡ ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❝❡rt❛✐♥ t②♣❡s ♦❢ ❝❧❛ss❡s✳
❆s ❧❛st ❛❝t✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥ ❡✈❡♥ ♠♦r❡ ❛❞✈❛♥❝❡❞ ✐❞❡❛✱ ♥❛♠❡❧② t❤❛t ♦❢ t❤❡ ✈❡r② ❛♥❞
str♦♥❣❧② ❝♦♥✜❞❡♥t ❧❡❛r♥❡r✳ ❍❡r❡✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦♥ s❡ts ♥♦t ❜❡❧♦♥❣✐♥❣ t♦
t❤❡ ❝❧❛ss✳ ❲❡ ✇✐❧❧ tr② t♦ ❞❡t❡❝t t❤❡♠✱ ✐♥ ♦♥❡ ❢♦r♠ ♦r ❛♥♦t❤❡r✳
▲❛st❧②✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ♣♦ss✐❜❧❡ ❤②♣♦t❤❡s❡s✳ ❲❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥✐♥❣ ✇❤❡♥ ❝❤♦♦s✐♥❣ s♣❡❝✐❛❧ ❦✐♥❞s ♦❢ ❤②♣♦t❤❡s✐s s♣❛❝❡s✳
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✶✳✶ ▼♦t✐✈❛t✐♦♥

▼♦st ❧✐✈✐♥❣ ❝r❡❛t✉r❡s ❤❛✈❡ ❡①♣❡r✐❡♥❝❡❞ s♦♠❡ ❢♦r♠ ♦❢ ❧❡❛r♥✐♥❣ ❛t ♦♥❡ ♣♦✐♥t ♦r ❛♥♦t❤❡r✳
❲✐t❤ t❤❡ ❝♦♠♣✉t❡r r❡✈♦❧✉t✐♦♥ ❛t t❤❡ ❧❛st ♠✐❞❝❡♥t✉r②✱ ❛♥❞ t❤❡ ✐♠♣r♦✈❡♠❡♥ts ❡✈❡r s✐♥❝❡✱
✐t ♦♥❧② s❡❡♠s ♥❛t✉r❛❧ t♦ t❡st ✇❤❡t❤❡r ♦♥❡ ❝❛♥ t❡❛❝❤ ❛ ❝♦♠♣✉t❡r t♦ ❧❡❛r♥ ❛♥❞✱ ✐❢ s♦✱ ❛s❦
t♦ ✇❤❛t ❡①t❡♥❞ t❤✐s ✐s ♣♦ss✐❜❧❡✳
●✐✈❡♥ ❛ ❝❧❛ss ❛♥❞ ❛ s❡t ✐♥ ✐t✱ ❧❡❛r♥✐♥❣ ✐s ❝♦♥s✐❞❡r❡❞ t❤❡ ♣r♦❝❡ss ♦❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ s❡t ✇❤✐❧❡
❣❡tt✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥✱ ✐✳❡✳ ❡❧❡♠❡♥ts✱ ♦❢ t❤❛t s❡t✳ ❙✐♥❝❡ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥✶

♦❢ t❤✐s ✐❞❡❛✱ ❧❡❛r♥✐♥❣ ❤❛s ❜❡❡♥ ✈❡r② ✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞✳ ❲✐t❤ t✐♠❡✱ ♠♦r❡ ❛♥❞ ♠♦r❡ ✐❞❡❛s
❡♠❡r❣❡❞✳ ▼♦st ♦❢ t❤❡♠ r❡❧② ♦♥ s♦♠❡ ♥❛t✉r❛❧ ♣r♦❝❡ss ♦❢ ❧❡❛r♥✐♥❣✱ ✐✳❡✳ t❤❡ ♣r♦❝❡ss ♦❢
❧❡❛r♥✐♥❣ ❛ ❧❛♥❣✉❛❣❡✳
❋♦r ❡①❛♠♣❧❡✱ ❛❞❞✐♥❣ ♠❡♠♦r② ❜♦✉♥❞s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♣r❡tt② ♥❛t✉r❛❧ ❜♦✉♥❞✱
♦r ❧❡❛r♥✐♥❣✱ ❡✈❡♥ ✐❢ ❝♦♥❢r♦♥t❡❞ ✇✐t❤ s♦♠❡ ✉♥r❡❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥✱ ❧❡❛❞ t♦ t❤❡ ✐♠♣❧❡♠❡♥t❛✲
t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ❛♥❞ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r✱ r❡s♣❡❝t✐✈❡❧②✳
■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❡✛♦rts ❞♦♥❡ s♦ ❢❛r✱ ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❝♦♠❜✐♥❛✲
t✐♦♥ ♦❢ t❤❡ t✇♦ ♠❡♥t✐♦♥❡❞ ❧❡❛r♥✐♥❣ ♣❛r❛❞✐❣♠s✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳

✶✳✷ Pr❡✈✐❡✇

■♥ ♦r❞❡r t♦ ❞♦ s♦✱ ✐♥ t❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✜① s♦♠❡ ♥♦t❛t✐♦♥s ❛s ✇❡❧❧ ❛s s✇✐♣❡
t❤r♦✉❣❤ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ❝♦♠♣✉t❛❜✐❧✐t② t❤❡♦r② ❛♥❞ r❡❝❛♣✐t✉❧❛t❡ t❤❡✱ ❢♦r ♦✉r ♣✉r♣♦s❡✱
r❡❧❡✈❛♥t r❡s✉❧ts✳

■♥ t❤❡ t❤✐r❞ ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ❛❧❣♦r✐t❤♠✐❝ ❧❡❛r♥✐♥❣ t❤❡♦r②✳
❚♦ ❣❡t t♦ ❦♥♦✇ t❤❡ ♠❛t❡r✐❛✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t✇♦ ♣r♦♠✐♥❡♥t ❝♦♥❝❡♣ts ♦❢ ❧❡❛r♥✐♥❣ t②♣❡s✱
♥❛♠❡❧② t❤❡ ❡①♣❧❛♥❛t♦r② ❛♥❞ ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t ♦♥❡✳ ❆❧s♦✱ t♦ ❣❡t ❛ ❜❡tt❡r ❢❡❡❧✐♥❣ ❢♦r
t❤❡ ♠❛t❡r✐❛✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r s♦♠❡ ❛❧t❡r❛t✐♦♥ ♦❢ t❤❡s❡✳ ❈♦♠♣❛r✐♥❣ t❤♦s❡ ✇✐❧❧ ♣r♦✈✐❞❡
✉s ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣✳ ❆❧t♦❣❡t❤❡r✱ t❤✐s ❝❤❛♣t❡r ✇✐❧❧ s❡r✈❡ ❛s ❛♥ ✐♥tr♦❞✉❝t✐♦♥ ✐♥t♦
❛❧❣♦r✐t❤♠✐❝ ❧❡❛r♥✐♥❣ t❤❡♦r②✳

■♥ t❤❡ ❢♦✉rt❤ ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ♦❜❥❡❝t ♦❢ ❞❡s✐r❡✱ t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡
❧❡❛r♥❡r✳ ❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ t❤❡ ✐❞❡❛✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ ✇❤❛t ❦✐♥❞ ♦❢ ❝❧❛ss❡s ❝❛♥ ♦r ❝❛♥♥♦t
❜❡ ❧❡❛r♥t ✉s✐♥❣ ❛ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳ ❲❤✐❧❡ ❞♦✐♥❣ s♦✱ ✇❡ ✇✐❧❧ ❛❧s♦ ♣r♦✈✐❞❡ s♦♠❡
♣r♦♣❡rt✐❡s✳ ❚❤✐s ✇✐❧❧ ❝✉❧♠✐♥❛t❡ ✐♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠ ♦❢ s♣❡❝✐❛❧ t②♣❡s ♦❢ ❝❧❛ss❡s✳

✶❖♥❡ ♦❢ t❤❡ ✜rst✱ s❡❡ ❬✶❪✱ ❬✻❪ ♦r ❬✶✻❪✱ ❢♦r♠❛❧✐③❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✼❪✳
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❈❤❛♣t❡r ✶✳ ❖✈❡r✈✐❡✇

❆s ❛♥ ❡①❝✉rs✐♦♥ ✐♥t♦ s♦♠❡ ❢✉rt❤❡r t♦♣✐❝s✱ ✐♥ t❤❡ ✜❢t❤ ❝❤❛♣t❡r ✇❡ ✇✐❧❧ r❡✜♥❡ t❤❡ ✐❞❡❛
♦❢ t❤❡ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r✳ ❲❡ ✇✐❧❧ tr② t♦ ❞❡t❡❝t s❡ts ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❝❧❛ss✳ ■♥ ♦r❞❡r
t♦ ❞♦ s♦✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t✇♦✱ r❛t❤❡r ♣♦✇❡r❢✉❧✱ ✇❛②s✱ ❛♥❞ t❤❡♥ ❝♦♠❜✐♥❡ t❤❡s❡ ✇✐t❤ t❤❡
✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ ✉s t♦ s♦♠❡ ♥♦t❛❜❧❡ r❡s✉❧ts✳
▲❛st❧②✱ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❤②♣♦t❤❡s❡s t❤❡♠s❡❧✈❡s✳ ❲❡ ✇✐❧❧ r❡str✐❝t t❤❡
♣♦ss✐❜❧❡ ❤②♣♦t❤❡s❡s✱ t❤✉s r❡❝❡✐✈❡ ❛ ❤②♣♦t❤❡s✐s s♣❛❝❡✳ ▲❡❛r♥✐♥❣ ❝❧❛ss❡s ✇✐t❤ r❡s♣❡❝t t♦
s♦♠❡ ❤②♣♦t❤❡s✐s s♣❛❝❡✱ ♦❜✈✐♦✉s❧②✱ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦s❡♥ ❤②♣♦t❤❡s✐s s♣❛❝❡✳ ❈♦♥s✐❞❡r✐♥❣
t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ♦♥❝❡ ❛❣❛✐♥✱ ✇❡ ✇✐❧❧ s❡❡ t❤r❡❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❧❡❛r♥✐♥❣
❤❡r❡✳
❆t t❤❡ ✈❡r② ❡♥❞✱ ✇❡ ✇✐❧❧ ❛❧s♦ ♣r♦♣♦s❡ s♦♠❡ r♦✉❣❤ ✐❞❡❛s ♦♥ ✇❤❛t t❤❡ ❢✉t✉r❡ r❡s❡❛r❝❤
❝♦♥❝❡r♥✐♥❣ t❤✐s t♦♣✐❝ ♠❛② ❝♦♥s✐st ♦❢✳
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✷ ■♥tr♦❞✉❝t✐♦♥

❇❛s❡❞ ♦♥ t❤❡ ❝♦✉rs❡ ♥♦t❡s ❬✺❪✱ ❜✉t ❛❧s♦ ❧♦❝❛t❛❜❧❡ ✐♥ ❬✹❪✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ❛r❡ ❣♦✐♥❣ t♦
✜① s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ r❡❝❛♣✐t✉❧❛t❡ s♦♠❡ ✐♠♣♦rt❛♥t r❡s✉❧ts✳ ▼♦st ♦❢ t❤❡♠ ✇✐❧❧ r❡♠❛✐♥
✇✐t❤♦✉t ♣r♦♦❢ ❤❡r❡✱ ❛s ✇❡ ❛ss✉♠❡ t❤❡♠ t♦ ❜❡ ✇❡❧❧ ❦♥♦✇♥✳ ❋♦r s♦♠❡ ♠♦r❡ ❞❡t❛✐❧s✱ r❡❛❞❡rs
❛r❡ ❢♦r✇❛r❞❡❞ t♦ t❤❡ ♠❡♥t✐♦♥❡❞ s♦✉r❝❡s✳

✷✳✶ ◆♦t❛t✐♦♥s

❚❤❡ st❛rt ♠❛r❦s ❛♥ ❡♥❤❛♥❝❡❞ ♥♦t❛t✐♦♥ ♦❢ q✉❛♥t✐✜❡rs✳

◆♦t❛t✐♦♥ ✷✳✶✳✶✿ ▲❡t A(x) ❜❡ ❛ st❛t❡♠❡♥t✳
❚❤❡♥✱ ❜② ✇r✐t✐♥❣ ∀∞

y x : A(x) ✇❡ ♠❡❛♥ ∃y ∀x ≥ y : A(x)✳ ■❢ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❡♠♣❤❛s✐③❡
y✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ∀∞x : A(x)✳
❆❧s♦✱ ✐❢ ✇❡ ✇r✐t❡ ∃∞x : A(x)✱ ✇❡ ♠❡❛♥ t❤❛t ∀y ∃x ≥ y : A(x)✳

❆s ✇❡ ✇✐❧❧ ❜❡ ❤❛♥❞❧✐♥❣ ❢✉♥❝t✐♦♥s✱ ❧❡t ✉s ✜① s♦♠❡ ♥♦t❛t✐♦♥s ❢♦r t❤❡♠✱ t♦♦✳

◆♦t❛t✐♦♥ ✷✳✶✳✷✿ ❈♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ f : I ⊆ ωnf → ω✳ ❍❡r❡✱ nf ✐s t❤❡ ❛r✐t② ♦❢ f ✱ ❛♥❞ ✐❢
✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✇✐❧❧ ✉s❡ n✳
●✐✈❡♥ ❛ t✉♣❧❡ x = (x1, . . . , xn)✱ ✇❡ ✇r✐t❡ f(x) ↓= y ✐❢ f ✐s ❞❡✜♥❡❞ ♦♥ x ❛♥❞ ❡q✉❛❧ t♦ y✳
❲❡ ✇r✐t❡ f(x) ↑ ✐❢ ✐t ✐s ♥♦t ❞❡✜♥❡❞ ♦♥ x✳

❆❧s♦✱ t❤❡ ❡q✉❛❧✐t② ♦❢ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❜❡ ♦❢ s♦♠❡ ✐♠♣♦rt❛♥❝❡✳

◆♦t❛t✐♦♥ ✷✳✶✳✸✿ ▲❡t f, g ❜❡ t✇♦ ❢✉♥❝t✐♦♥s✱ t❤❡♥ ✇❡ ✇r✐t❡ f(x1, . . . , xnf
) = g(y1, . . . , yng

)
✐✛ ❡✐t❤❡r ❜♦t❤ ✈❛❧✉❡s ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② ❞❡✜♥❡❞ ❛♥❞ ❡q✉❛❧✱ ♦r ❜♦t❤ ❛r❡ ♥♦t ❞❡✜♥❡❞✳

▲❛t❡r ♦♥✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❙♦✱ ❧❡t ✉s ❡♥❧❛r❣❡ t❤❡♠ ✇✐t❤
❛ ❜✐❣❣❡st ❡❧❡♠❡♥t✳

◆♦t❛t✐♦♥ ✷✳✶✳✹✿ ❲❡ ❞❡♥♦t❡ N∗ := N ∪ {∗}✳ ❚❤❡ ♦r❞❡r✐♥❣ (N∗,≤N∗
) ✐s ❞❡✜♥❡❞ ❛s

∀a, b ∈ N : a ≤N∗
b⇔ a ≤N b,

∀a ∈ N∗ : a ≤N∗
∗.

❆s ✇❡ ❛r❡ s♣❡❛❦✐♥❣ ♦❢ ❛ r❛t❤❡r ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ ❤❡r❡✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ≤ = ≤N∗
✳

❇❛s✐❝❛❧❧②✱ t❤❡ ∗ ✇✐❧❧ st❛♥❞ ❢♦r ✧✜♥✐t❡❧② ♠❛♥②✧✳ ❲✐t❤ t❤✐s ❛t ♦✉r ❤❛♥❞s✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡
t❤❡ t❡r♠ ✧❛❧♠♦st ❡q✉❛❧✧✳

◆♦t❛t✐♦♥ ✷✳✶✳✺✿ ▲❡t a ∈ N✳ ❚✇♦ ❢✉♥❝t✐♦♥s f ❛♥❞ g ❛r❡ s❛✐❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t ♦♥ ❛❧❧ ❜✉t
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❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥

a ♠❛♥② ❛r❣✉♠❡♥ts✱ ✇r✐tt❡♥ f =a g✱ ✐❢

∃y1, . . . ya ∀x, x /∈ {y1, . . . ya} : f(x) = g(x).

❚✇♦ ❢✉♥❝t✐♦♥s f ❛♥❞ g ❛r❡ s❛✐❞ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t ♦♥ ❛❧❧ ❜✉t ✜♥✐t❡❧② ♠❛♥② ❛r❣✉♠❡♥ts✱
✇r✐tt❡♥ f =∗ g✱ ✐❢

∃n ∈ N : f(x) =n g(x).

❘❡♠❛r❦ ✷✳✶✳✻✿ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ f(x) ❛♥❞ ❛♥② a ∈ N∗✱ ✇❡ ❤❛✈❡ f =a f ✳

❆❧s♦✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ r❡♠✐♥❞ t❤❡ r❡❛❞❡r ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✐♥❣ ♦♥ s❡q✉❡♥❝❡s✳

◆♦t❛t✐♦♥ ✷✳✶✳✼✿ ▲❡t σ, τ ❜❡ s❡q✉❡♥❝❡s✱ ✇❤❡r❡ |σ| ≤ |τ |✳ ❲❡ ✇r✐t❡ σ � τ ✐❢

∀n ≤ |σ| : σ(n) = τ(n).

❲❡ ❝❛❧❧ τ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ σ✱ ❛♥❞ σ ❛♥ ✐♥✐t✐❛❧ s❡❣♠❡♥t ♦❢ τ ✳

✷✳✷ ❈♦♠♣✉t❛❜❧❡ ❋✉♥❝t✐♦♥s

❲❡ ✇✐❧❧ ❢♦r♠❛❧✐③❡ t❤❡ ✐❞❡❛ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❜❡✐♥❣ ❝♦♠♣✉t❛❜❧❡✱ ♦r ❡✛❡❝t✐✈❡✳ ❖♥❡ ♣♦ss✐❜❧❡
❛♣♣r♦❛❝❤ ✐s t❤❡ ❛❧❣❡❜r❛✐❝ ♦♥❡✳ ❆❧♦♥❣s✐❞❡ t❤❡ ❜❛s✐❝ ❢✉♥❝t✐♦♥s✱ ✐✳❡✳ 0, o(x) = 0, s(x) = x+1
❛♥❞ Inm(x1, . . . , xn) = xm, 1 ≤ m ≤ n, n ∈ N✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s ❛t ♦✉r
❞✐s♣♦s❛❧✳

• f ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ g1, . . . , gm, h ✐❢

f(x) = h(g1(x), . . . , gm(x)).

• f ✐s t❤❡ r❡s✉❧t ♦❢ ♣r✐♠✐t✐✈❡ r❡❝✉rs✐♦♥ ♦❢ g ❛♥❞ h ✐❢

f(x, y) =

{

g(x), ✐❢ y = 0,

h(x, y − 1, f(x, y − 1)), ❡❧s❡✳

• f ✐s t❤❡ r❡s✉❧t ♦❢ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ g✱ ✇r✐tt❡♥ f(x) = µy[g(x, y) = 0]✱ ✐❢

f(x) =

{

y, g(x, 0), . . . , g(x, y − 1) ↓6= 0 ❛♥❞ g(x, y) ↓= 0,

♥♦t ❞❡✜♥❡❞, ❡❧s❡✳

❘❡♠❛r❦ ✷✳✷✳✶✿ ❙✐♥❝❡ ✇❡ ❛r❡ ❢♦r♠❛❧✐③✐♥❣ ❝♦♠♣✉t❡r ♣r♦❣r❛♠s ❤❡r❡✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❝♦♠✲
♣❛r❡ t❤❡ ♦♣❡r❛t✐♦♥s t♦ t❤❡✐r ❝♦♠♣✉t❡r ❝♦✉♥t❡r♣❛rt✳ ❈♦♠♣♦s✐t✐♦♥ ❡q✉❛❧s t❤❡ ❝♦♠♣♦s✐t✐♦♥
♦❢ ♣r♦❣r❛♠s✱ ♣r✐♠✐t✐✈❡ r❡❝✉rs✐♦♥ s❡r✈❡s ❛s ❧♦♦♣✳ ▲❛st❧②✱ ♠✐♥✐♠✐③❛t✐♦♥ ❢♦r♠❛❧✐③❡s t❤❡ ✐❞❡❛
♦❢ ❛♥ ❡✛❡❝t✐✈❡ s❡❛r❝❤✳

❲✐t❤ t❤❡s❡ ✐❞❡❛s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡ ♣❛rt✐❛❧ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳
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✷✳✸✳ Sm
n ❛♥❞ ❘❡❝✉rs✐♦♥ ❚❤❡♦r❡♠

❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✿ ❆ ❢✉♥❝t✐♦♥ f ✐s ❛ ♣❛rt✐❛❧ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥ ✐❢ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡
f1, . . . , fm✱ s✉❝❤ t❤❛t fm = f ❛♥❞ ❡❛❝❤ fi ✐s ❡✐t❤❡r ♦♥❡ ♦❢ t❤❡ ❜❛s✐❝ ❢✉♥❝t✐♦♥s✱ ♦r ✐t ✐s
♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❝♦♠♣♦s✐t✐♦♥✱ ♣r✐♠✐t✐✈❡ r❡❝✉rs✐♦♥ ♦r ♠✐♥✐♠✐③❛t✐♦♥ t♦ s♦♠❡ ♦❢ t❤❡
♣r❡✈✐♦✉s ❢✉♥❝t✐♦♥s✱ ✐✳❡✳ ❢✉♥❝t✐♦♥s ✇✐t❤ ✐♥❞❡① k < i✳

❘❡♠❛r❦ ✷✳✷✳✸✿ ❆♥ ❡✈❡r②✇❤❡r❡ ❞❡✜♥❡❞✱ ♣❛rt✐❛❧ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❥✉st
r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥✳ ■❢ ✇❡ ✇❛♥t t♦ ❡♠♣❤❛s✐③❡ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❡r♠ t♦t❛❧
r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥✳

❲❡ ♣r♦✈✐❞❡ s♦♠❡ ❡①❛♠♣❧❡s✱ ❛s ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡♠ ❧❛t❡r ♦♥✳

❊①❛♠♣❧❡ ✷✳✷✳✹✿ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ r❡❝✉rs✐✈❡✳

✶✳ f1(x) = sgn(x) =

{

1, x = 0,

0, x 6= 0.

✷✳ f2(x, y) = |x− y|✱

✸✳ f3(x, y) = exp(x, y) = z✱ ✇❤❡r❡ z ✐s t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡ x✲t❤ ♣r✐♠❡ ♥✉♠❜❡r ✐♥ t❤❡
♣r✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ y✳ ❲❡ st❛rt t❤❡ ❡✛❡❝t✐✈❡ ❡♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ♣r✐♠❡ ♥✉♠❜❡rs
✇✐t❤ p0 = 2✳

❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♦t❤❡rs✱ ❧✐❦❡ t❤❡ ❛♣♣r♦❛❝❤ ✈✐❛ ❚✉r✐♥❣ ♠❛❝❤✐♥❡s✱ s❡❡ ❬✹❪ ♦r
❬✺❪✳ ❆❧t♦❣❡t❤❡r✱ ✇❡ ✇✐❧❧ ❜❡❧✐❡✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡s✐s✳

❚❤❡s✐s ✷✳✷✳✺ ✭❈❤✉r❝❤✲❚✉r✐♥❣ ❚❤❡s✐s✮✿ ❚❤❡ ❝❧❛ss ♦❢ ❛❧❧ ✐♥t✉✐t✐✈❡❧② ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ♣❛rt✐❛❧ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳

■♥ t❤❡ s❤✐♥❡ ♦❢ t❤❡ ❈❤✉r❝❤✲❚✉r✐♥❣ ❚❤❡s✐s✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❡r♠ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥
❢r♦♠ ♥♦✇ ♦♥✳

◆♦t❛t✐♦♥ ✷✳✷✳✻✿ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② ❘❊❈ t❤❡ s❡t ♦❢ ❛❧❧ t♦t❛❧✱ ✐✳❡✳ ❡✈❡r②✇❤❡r❡ ❞❡✜♥❡❞✱
❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ P❘❊❈ ❛❧❧ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✳

❘❡♠❛r❦ ✷✳✷✳✼✿ ▲❛t❡r✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r s❡ts✳ ❆ s❡t A ⊆ ω ✐s ❝❛❧❧❡❞ ❝♦♠♣✉t❛❜❧❡ ✐✛ ✐ts
❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ χA ✐s ❝♦♠♣✉t❛❜❧❡✳ ❆ s❡t A ✐s ❝❛❧❧❡❞ ❝♦♠♣✉t❛❜❧② ❡♥✉♠❡r❛❜❧❡✱ ♦r
❝✳❡✳✱ ✐✛ ✐t ✐s t❤❡ r❛♥❣❡ ♦r t❤❡ ❞♦♠❛✐♥ ♦❢ s♦♠❡ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥✳

✷✳✸ Smn ❛♥❞ ❘❡❝✉rs✐♦♥ ❚❤❡♦r❡♠

❍❡r❡ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ❝❧❛ss✐❝❛❧ t❤❡♦r❡♠s ♦❢ ❝♦♠♣✉t❛❜✐❧✐t② t❤❡♦r② t❤❛t ✇✐❧❧ ❜❡ ✉s❡❢✉❧
❢♦r ♦✉r ❢✉rt❤❡r ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❋✐rst✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳

◆♦t❛t✐♦♥ ✷✳✸✳✶✿ ❲✐t❤ ϕ0, ϕ1, . . . ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❛♥ ❛❝❝❡♣t❛❜❧❡ ♥✉♠❜❡r✐♥❣ ♦❢ ❛❧❧ ♣❛rt✐❛❧
❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❲✐t❤ We = dom(ϕe) ✇❡ ✇✐❧❧ ♥✉♠❜❡r t❤❡ ❝✳❡✳ s❡ts✳ ❲❡ ✇✐❧❧ r❡❢❡r
t♦ s✉❝❤ ❛♥ ✐♥❞❡① e ❛s ❑❧❡❡♥❡ ✐♥❞❡① ✳

◆♦t❛t✐♦♥ ✷✳✸✳✷✿ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ tr✉♥❝❛t❡❞ ❝♦♠♣✉t❛t✐♦♥ ϕe,s(x) = y✱ ❛❧s♦
✇r✐tt❡♥ (ϕe(x))s = y✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ✐♥♣✉t x t❤❡ ♣r♦❣r❛♠ e ♦✉t♣✉ts y ✐♥ ♥♦ ♠♦r❡
t❤❛♥ s ❝♦♠♣✉t❛t✐♦♥❛❧ st❡♣s✳ ❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ✇r✐t❡ We,s = dom(ϕe,s)✳

✺
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❈❤❛♣t❡r ✷✳ ■♥tr♦❞✉❝t✐♦♥

❊①❛♠♣❧❡ ✷✳✸✳✸✿ ❖♥❡ ❡①❛♠♣❧❡ ✉s✐♥❣ t❤✐s ♥✉♠❜❡r✐♥❣ ✐s t❤❡ ❤❛❧t✐♥❣ s❡t K = {x : ϕx(x) ↓}✳
❘❡❝❛❧❧ t❤❛t ✐t ✐s ❝✳❡✳✱ ❜✉t ♥♦t ❝♦♠♣✉t❛❜❧❡✳

◆♦✇✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ s♦♠❡ ✉s❡❢✉❧ ❢❛❝ts ❝♦♥❝❡r♥✐♥❣ t❤❛t ♥✉♠❜❡r✐♥❣✳

❚❤❡♦r❡♠ ✷✳✸✳✹ ✭◆♦r♠❛❧ ❋♦r♠ ❚❤❡♦r❡♠✮✿ ❋♦r ❡✈❡r② k✲❛r② ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ f ❡①✐sts

e ∈ ω s✉❝❤ t❤❛t f(x) = ϕe(x)✳

■♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤♦s❡ ✐♥❞✐❝❡s✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ t❤❡♦r❡♠s✳ ❚❤❡ ✜rst
♦♥❡ ❛❧❧♦✇s ✉s t♦ ✧r❡✐♥t❡r♣r❡t✧ ♣r♦❣r❛♠s ❛♥❞ ✐♥♣✉ts✳

❚❤❡♦r❡♠ ✷✳✸✳✺ ✭Sm
n ❚❤❡♦r❡♠✮✿ ❋♦r ❡✈❡r② m,n ≥ 1 t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥

s s✉❝❤ t❤❛t ❢♦r ❛❧❧ x, y1, . . . , ym✱ ❛♥❞ ❛❧❧ ✐♥♣✉ts z1, . . . , zn

ϕx(y1, . . . , ym, z1, . . . , zn) = ϕs(x,y1,...,ym)(z1, . . . , zn).

◆❡①t ❝♦♠❡s t❤❡ ❋✐①❡❞ P♦✐♥t ❚❤❡♦r❡♠ ❛❧✐❛s ❘❡❝✉rs✐♦♥ ❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✸✳✻ ✭❘❡❝✉rs✐♦♥ ❚❤❡♦r❡♠✮✿ ▲❡t f ❜❡ ❛ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ t❤❡r❡

❡①✐sts n ∈ ω s✉❝❤ t❤❛t ϕn(x) = ϕf(n)(x)✳

❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r✐❡s✱ t❤❡ ❧❛tt❡r ♦❢ t❤❡♠ ✇✐❧❧ ❛❧s♦ ❜❡ ♣r♦✈❡♥✳

❈♦r♦❧❧❛r② ✷✳✸✳✼✿ ❋♦r ❡✈❡r② ❝♦♠♣✉t❛❜❧❡ f : ωk+1 → ω ❡①✐sts s♦♠❡ e s✉❝❤ t❤❛t

f(e, x) = ϕe(x).

❈♦r♦❧❧❛r② ✷✳✸✳✽✿ ❋♦r ❡✈❡r② e ∈ N ❡①✐sts ❛ ❝♦♠♣✉t❛❜❧❡ g : N → N s✉❝❤ t❤❛t

ϕg(e)(y) = ϕe(g(e), y).

❈♦r♦❧❧❛r② ✷✳✸✳✾✿ ▲❡t f ❛♥❞ g ❜❡ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❑❧❡❡♥❡ ✐♥❞✐❝❡s ef
❛♥❞ eg✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ h = g ◦f ✐s ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❛♥❞ ✇❡ ❝❛♥ ❡✛❡❝t✐✈❡❧② ❝♦♠♣✉t❡

✐ts ✐♥❞❡① ✉s✐♥❣ ef ❛♥❞ eg✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♠♣✉t❛❜❧❡ s s✉❝❤ t❤❛t ϕs(eg ,ef ) = h✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ✉♥❛r② ❝❛s❡✱ ♦♥❧②✳ ❖❜✈✐♦✉s❧②✱ h ✐s ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡✳
❉❡✜♥❡ F (x, y, z) := ϕx(ϕy(z))✳ ❆s ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✱ F ✐s
♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ✐ts❡❧❢✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts s♦♠❡ eF s✉❝❤ t❤❛t F (x, y, z) = ϕeF (x, y, z)✳
❇② Sm

n ❚❤❡♦r❡♠ ✷✳✸✳✺ t❤❡r❡ ❛❧s♦ ❡①✐sts s♦♠❡ ❝♦♠♣✉t❛❜❧❡ s̃ s✉❝❤ t❤❛t ϕs̃(eF ,x,y)(z) =
ϕeF (x, y, z)✳ ▲❡t s(x, y) = s̃(eF , x, y)✳ ❚❤❡♥✱ s ✐s ❝♦♠♣✉t❛❜❧❡✱ t♦♦✱ ❛♥❞

ϕs(x,y)(z) = ϕs̃(eF ,x,y)(z) = ϕeF (x, y, z) = F (x, y, z).

▲❡tt✐♥❣ x = eg ❛♥❞ y = ef ✱ ✇❡ ❣❡t

ϕs(eg ,ef )(z) = F (eg, ef , z) = ϕeg(ϕef (z)) = g(f(z)) = h(z).

❙♦✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✐♥❞❡① ♦❢ h ❜② s(eg, ef )✳

❙♦✱ ✇❤❡♥ ❣✐✈❡♥ t✇♦ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ✐♥❞❡① ♦❢ t❤❡✐r
❝♦♠♣♦s✐t✐♦♥✳
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✷✳✹✳ ♠✲❘❡❞✉❝✐❜✐❧✐t② ❛♥❞ ❆r✐t❤♠❡t✐❝❛❧ ❍✐❡r❛r❝❤②

✷✳✹ ♠✲❘❡❞✉❝✐❜✐❧✐t② ❛♥❞ ❆r✐t❤♠❡t✐❝❛❧ ❍✐❡r❛r❝❤②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ ✇❛② ♦❢ ❝♦♠♣❛r✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ s❡ts✱ ♥❛♠❡❧②
♠✲r❡❞✉❝✐❜✐❧✐t②✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✶✿ ❆ s❡t A ✐s ♠✲r❡❞✉❝✐❜❧❡ t♦ B✱ ✇r✐tt❡♥ A ≤m B✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♠✲
♣✉t❛❜❧❡ f s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ ω

x ∈ A⇔ f(x) ∈ B.

◆♦t✐❝❡✱ t❤❛t ≤m ✐s r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡✳
◆❡①t✱ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ❥✉♠♣✱ ✇❡ ✇✐❧❧ ❡♥❤❛♥❝❡ t❤❡ ✐❞❡❛ ♦❢ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✳ ❲❡
✇✐❧❧ ♣r♦✈✐❞❡ t❤❡♠ ✇✐t❤ s♦♠❡ ♦r❛❝❧❡✱ ♦r ❜❧❛❝❦ ❜♦①✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡♠ s♦♠❡ ✐♥❢♦r♠❛t✐♦♥✳
❋♦r ♠♦r❡ ❞❡t❛✐❧✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✷✿ ❆ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥ f ✐s ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ r❡❧❛t✐✈❡ ❛♥ ♦r❛❝❧❡ B✱ ♦r ♣❛r✲
t✐❛❧ B✲❝♦♠♣✉t❛❜❧❡✱ ✐❢ f ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✱ ✇❤❡r❡ t❤❡ ❜❛s✐❝ ❢✉♥❝t✐♦♥s
❛r❡ ❡①t❡♥❞❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ B✳

❙✐♠✐❧❛r ❛s ✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❝❛♥ ❣❡t s♦♠❡ ❡♥✉♠❡r❛t✐♦♥ ♦❢ ❛❧❧ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡
❢✉♥❝t✐♦♥s ♦r s❡ts r❡❧❛t✐✈❡ t♦ s♦♠❡ ♦r❛❝❧❡ A✱ ✐✳❡✳ ϕA

e ❛♥❞ WA
e ✱ r❡s♣❡❝t✐✈❡❧②✳

▲❡t 〈., .〉 : N2 1−1
→
♦♥t♦

N ❜❡ s♦♠❡ ❝♦♠♣✉t❛❜❧❡ ♣❛✐r✐♥❣ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣✉t❛❜❧❡ ✐♥✈❡rs❡ ❢✉♥❝✲

t✐♦♥s✳ ▲❡t A′ := {〈x, y〉 : x ∈ WA
y }✱ ❛♥❞ A

(n+1) = (A(n))′ ❢♦r n ∈ N✱ ❜❡ t❤❡ n✲t❤ ❥✉♠♣ ♦❢
A ⊆ ω✳ ❲❡ ❝❛♥ ❝♦♠♣❛r❡ ❥✉♠♣s ✉s✐♥❣ ♠✲r❡❞✉❝✐❜✐❧✐t②✳

▲❡♠♠❛ ✷✳✹✳✸✿ ▲❡t n ∈ N ❛♥❞ A ⊆ ω✳ ❚❤❡♥ A(n) ≤m A(n+1) ❛♥❞ A(n+1) 6≤m A(n)✳

❖♥❡ s♠♦♦t❤ ✇❛② t♦ ❝♦♠♣❛r❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝❡rt❛✐♥ s❡ts t♦ ❥✉♠♣s ♦❢ t❤❡ ❤❛❧t✐♥❣ s❡t ✐s
✈✐❛ t❤❡ ❛r✐t❤♠❡t✐❝❛❧ ❤✐❡r❛r❝❤②✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳✹ ✭❆r✐t❤♠❡t✐❝❛❧ ❍✐❡r❛r❝❤②✮✿ ❘❡❝✉rs✐✈❡❧② ❞❡✜♥❡ ❢♦r n ≥ 0✱

✶✳ Σ0
0 = Π0

0 ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❝♦♠♣✉t❛❜❧❡ s❡ts ♦r r❡❧❛t✐♦♥s✳

✷✳ Σ0
n+1 ✐s t❤❡ s❡t ♦❢ ❛❧❧ r❡❧❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ∃yR(x, y)✱ ✇❤❡r❡ R ∈ Π0

n✳

✸✳ Π0
n+1 ✐s t❤❡ s❡t ♦❢ ❛❧❧ r❡❧❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ∀yR(x, y)✱ ✇❤❡r❡ R ∈ Σ0

n✳

❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✹✳✺✿ ❋♦r ❛♥② A ⊆ ω

A ∈ Σ0
n+1 ⇔ A ≤m K(n).

✼
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✸ ▲❡❛r♥✐♥❣

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ s♦♠❡ t②♣❡s ♦❢ ❧❡❛r♥✐♥❣✳ ■♥ ♦r❞❡r t♦ ❣❡t ❢❛♠✐❧✐❛r ✇✐t❤
t❤❡ ♠❛t❡r✐❛✱ ✇❡ ✇✐❧❧ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ ❡①♣❧❛♥❛t♦r② ❛♥❞ ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t ❧❡❛r♥✐♥❣✳
❚❤✐s ❝❤❛♣t❡r ✇✐❧❧ ♠❛✐♥❧② ❢♦❧❧♦✇ ❬✶✻❪✱ ✇❤❡r❡ t❤❡ r❡❛❞❡r ❛❧s♦ ❝❛♥ ✜♥❞ ♠♦r❡ r❡s✉❧ts✳

✸✳✶ ❇❛s✐❝ ❈♦♥❝❡♣t

❇❛s✐❝❛❧❧②✱ ❧❡❛r♥✐♥❣ ❛ ❢✉♥❝t✐♦♥ f ✱ ♦r ❛ s❡t✱ ✐♥ ♦✉r t❡r♠s ♦❢ s♣❡❛❦✐♥❣ ✇✐❧❧ ❝♦♥s✐st ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ st❡♣s✳

• ❘❡❝❡✐✈❡ ❛ ❞❛t✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥✱ ✐✳❡✳ f(n)✳

• ❈❛rr② ♦✉t ❛ ❝♦♠♣✉t❛t✐♦♥ ✇✐t❤ t❤❡ ♥❡✇ ❞❛t✉♠ ❛♥❞ t❤❡ ❞❛t❛ ❛♥❞ ❤②♣♦t❤❡s❡s s♦ ❢❛r✳

• ❙✉❣❣❡st ❛ ❤②♣♦t❤❡s✐s ✇❤✐❝❤ ❢✉♥❝t✐♦♥ ❝♦✉❧❞ ❜❡ t❤❡ s♦✉❣❤t ♦♥❡✳

❙♦✱ ✇❡ ✇✐❧❧ r❡❝❡✐✈❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ❞❛t❛✱ ❛♥❞ t❤❡♥ ❤♦♣❡❢✉❧❧② ❣❡♥❡r❛t❡ ❛ ❤②♣♦t❤❡s✐s t❤❛t
✜ts t❤❡ ❢✉♥❝t✐♦♥ ✐♥ s♦♠❡ ✇❛②✳

✸✳✷ ❊❳ ▲❡❛r♥✐♥❣

❖♥❡ t②♣❡ ♦❢ ❧❡❛r♥✐♥❣ ♠♦st ♦❢ ✉s ❛❧r❡❛❞② ❞❡❛❧t ✇✐t❤ ✐s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧s✳

❊①❛♠♣❧❡ ✸✳✷✳✶✿ ■♠❛❣✐♥❡✱ ♦✈❡r t❤❡ t✐♠❡ ②♦✉ ❣❡t ♣♦✐♥ts✱ ✇❤✐❝❤ ②♦✉ tr② t♦ ✐♥t❡r♣♦❧❛t❡ ✇✐t❤
❛ ♣♦❧②♥♦♠✐❛❧✳ ❙♦✱ ✇✐t❤ ❡❛❝❤ ♣♦✐♥t (x0, y0), . . . , (xn, yn) ②♦✉ ❡st✐♠❛t❡ ✇❤✐❝❤ ♣♦❧②♥♦♠✐❛❧ pn
❝♦✉❧❞ ❜❡ t❤❡ r✐❣❤t ♦♥❡✱ ✐✳❡✳ ❢♦r ✇❤✐❝❤ ∀i ≤ n : pn(xi) = yi✳

■❢ ✇❡ ✜① ❛ ♠❛①✐♠❛❧ ❞❡❣r❡❡ ❢♦r t❤♦s❡ ♣♦❧②♥♦♠✐❛❧s✱ t❤❡♥ t❤✐s s❡❛r❝❤ ✇✐❧❧ ❛❝t✉❛❧❧② ❝♦♠❡
t♦ ❛♥ ❡♥❞✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❛t ✐s ♥♦t t❤❡ ❝❛s❡✱ ✇❡ ❝❛♥ ❧❡❛r♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❧✐♠✐t✳
❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❧❛tt❡r ✐s t❤❛t ✇❡ ❞♦ ♥♦t r❡❛❧❧② ❦♥♦✇ ✇❤❡♥ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ♦✉r r✐❣❤t
♣♦❧②♥♦♠✐❛❧✱ ❜✉t ❢r♦♠ s♦♠❡ ♣♦✐♥t ♦♥✇❛r❞s✱ ✇❡ ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ ♦✉r ♠✐♥❞ ♦♥ ✇❤✐❝❤ ✐s t❤❡
r✐❣❤t ♦♥❡ ❛♥②♠♦r❡✳ ❲✐t❤ t❤✐s ✐❞❡❛ ✐♥ ♠✐♥❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐♦♥✳ ❏✉st ❜❡❢♦r❡
t❤❛t✱ ✇❡ ✇✐❧❧ ♠❛❦❡ ❛♥ ✐♠♣♦rt❛♥t r❡♠❛r❦✳

❘❡♠❛r❦ ✸✳✷✳✷✿ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❛❧s♦ t❤r♦✉❣❤♦✉t t❤✐s ✇❤♦❧❡ ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r
t♦t❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s ❛s ✐♥♣✉t✳ ■❢✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ✇❡ ❛❧❧♦✇ ♦t❤❡r ❢✉♥❝t✐♦♥s✱ t♦♦✱ ✇❡
✇✐❧❧ str❡ss t❤❛t ❡①♣❧✐❝✐t❧②✳
❖♥❡ ❝♦✉❧❞ ❝♦♥s✐❞❡r ❛♥ ❛♥❛❧♦❣♦✉s ❛tt❡♠♣t ✇✐t❤ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ❛s ✐t ✐s
❞❡s❝r✐❜❡❞ ✐♥ ❬✷❪✳
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

❉❡✜♥✐t✐♦♥ ✸✳✷✳✸ ✭❊❳✮✿ ❆ ❝❧❛ss S ♦❢ t♦t❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s ✐s ❡①♣❧❛♥❛t♦r✐❧② ❧❡❛r♥✲

❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ M s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② f ∈ S✱ M(f(0)f(1) . . . f(n))
❝♦♥✈❡r❣❡s t♦ ❛ ✜①❡❞ e✱ ✇❤✐❝❤ t❤❡♥ ✐s t❤❡ ❝♦❞❡ ❢♦r ❛ ♣r♦❣r❛♠ ♦❢ f ✱ ✐✳❡✳

∃t♦t❛❧ ❝♦♠♣✳ M ∀f ∈ S ∃e ∀∞n : M(f(0) . . . f(n)) = e ∧ ϕe = f.

◆♦t❛t✐♦♥ ✸✳✷✳✹✿ ❋♦r ❛♥② ❧❡❛r♥✐♥❣ ❝r✐t❡r✐♦♥✱ ❧❡t ▲❈ ❜❡ t❤❡ r❡s♣❡❝t✐✈❡ ❛❜❜r❡✈✐❛t✐♦♥✳ ■❢ S
✐s ❧❡❛r♥❛❜❧❡ ✉s✐♥❣ t❤❛t ❧❡❛r♥✐♥❣ ❝r✐t❡r✐♦♥✱ ✐✳❡✳ ✐❢ S ✐s ▲❈✲❧❡❛r♥❛❜❧❡✱ ✇❡ ✇✐❧❧ ✇r✐t❡ S ∈ ▲❈
♦r S ✐s ▲❈✳

❘❡♠❛r❦ ✸✳✷✳✺✿ ■♥ ❊❳ t❤❡ ❧❡❛r♥❡r ♣r♦✈✐❞❡s ❛ ❝♦❞❡ ✐♥ t❤❡ ❧✐♠✐t ❢♦r ❛ ♣r♦❣r❛♠ ✇❤✐❝❤
❡①♣❧❛✐♥s t❤❡ ❢✉♥❝t✐♦♥✳

❊①❛♠♣❧❡ ✸✳✷✳✻✿ ❚♦ ❝♦♥❝❧✉❞❡ ❊①❛♠♣❧❡ ✸✳✷✳✶✱ ❧❡t S = {p : p ✐s ❛ ♣♦❧②♥♦♠✐❛❧}✳ ❆ ♣r♦❝❡ss
♦❢ ❧❡❛r♥✐♥❣ ❝♦✉❧❞ ❧♦♦❦ ❧✐❦❡ t❤✐s

❉❛t❛ ❍②♣♦t❤❡s❡s
(0, 0) p(x) = 0
(1, 1) p(x) = x
(2, 4) p(x) = x2

(3, 9) p(x) = x2

(4, 4) p(x) = x2 − x(x−1)(x−2)(x−3)
2

✳✳✳
✳✳✳

❲❡ s❡❡ t❤❛t ✇❡ ❝❤❛♥❣❡ t❤❡ ❤②♣♦t❤❡s✐s ✇❤❡♥ ♥❡❡❞❡❞✳ ❖♥❝❡ ✇❡ ❤❛✈❡ t❤❡ r✐❣❤t ♣♦❧②♥♦♠✐❛❧✱
❛♥❞ t❤❡ r✐❣❤t ❞❡❣r❡❡✱ t❤❡ s❡q✉❡♥❝❡ ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ ❛ ❝❡rt❛✐♥ p(x)✳

■♥ ♦r❞❡r t♦ ❣✐✈❡ s♦♠❡ ♦t❤❡r ❡①❛♠♣❧❡s ❧❡t ✉s ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✸✳✷✳✼✿ ❚❤❡ ❝❧❛ss S0 := {f : f = ϕf(0)} ✐s ♥♦t ❡♠♣t②✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ g(x, y, z) := ϕϕx(x)(z)✳
❯s✐♥❣ t❤❡ ◆♦r♠❛❧ ❋♦r♠ ❚❤❡♦r❡♠ ✷✳✸✳✹ (∗) ❛♥❞ t❤❡ Sm

n ❚❤❡♦r❡♠ ✷✳✸✳✺ (∗∗) ✇❡ ❣❡t

g(x, y, z)
(∗)
= ϕe(x, y, z)

(∗∗)
= ϕs(e,x,y)(z)

(∗)
= ϕϕm(x,y)(z) = ✭✸✳✶✮

(∗∗)
= ϕϕs̃(m,x)(y)(z)

(∗)
= ϕϕϕk(x)(y)(z). ✭✸✳✷✮

❙♦✱ ✇❡ ❤❛✈❡ g(x, y, z) = ϕϕϕk(x)(y)(z)✳ ❊✈❛❧✉❛t✐♥❣ g ♦♥ x = k✱ y = 0 ✇❡ ❣❡t

g(k, 0, z) = ϕϕk(k)(z) ❜② ❞❡✜♥✐t✐♦♥,

g(k, 0, z) = ϕϕϕk(k)(0)(z) ✇✐t❤ t❤❡ ❡q✉❛t✐♦♥ ❢r♦♠ ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮.

▲❡tt✐♥❣ f(y) := ϕϕk(k)(y)✱ ✇❡ ❣❡t

f(z) = ϕf(0)(z).

❚❤✉s✱ S0 ✐s ♥♦t ❡♠♣t②✳

✶✵
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✸✳✷✳ ❊❳ ▲❡❛r♥✐♥❣

❘❡♠❛r❦ ✸✳✷✳✽✿ ❈❤♦♦s✐♥❣ y = n ✇❡ ❣❡t t❤❛t {f | f = ϕf(n)} ✐s ♥♦t ❡♠♣t② ❡✐t❤❡r✳

❊①❛♠♣❧❡ ✸✳✷✳✾✿ ❚❤❡ ❝❧❛ss❡s S0 := {f | f = ϕf(0)} ❛♥❞ S1 := {f | ∀∞x : f(x) = 0} ❛r❡
❊❳✳
❇♦t❤ S0✱ ❞✉❡ t♦ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ ❛♥❞ S1✱ s✐♥❝❡ o(x) ✐s ❛ ❝❧❛ss ♠❡♠❜❡r✱ ❛r❡ ♥♦♥✲❡♠♣t②
❝❧❛ss❡s✳
❚❤❡ ♠❛❝❤✐♥❡ ✇❤✐❝❤ ✇♦✉❧❞ ❧❡❛r♥ t❤❡ ✜rst ❝❧❛ss ✇♦✉❧❞ ❜❡ t❤❡ ❝♦♥st❛♥t M(f(0) . . . f(n)) =
f(0) ♠❛❝❤✐♥❡✳ ❙♦✱ M ♦✉t♣✉ts t❤❡ ✜rst ❞❛t✉♠✱ ✇❤✐❝❤ t❤❡♥ ✐s t❤❡ ♣r♦❣r❛♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥✳
❋♦r f ∈ S1✱ ❧❡t F := {(x, f(x)) : f(x) > 0} ❛♥❞ Fn := {(x, f(x)) | x ≤ n, f(x) > 0}✳
❆❧s♦✱ ❧❡t N ❜❡ s✉❝❤ t❤❛t f(0) . . . f(N)0∞✳ ❚❤❡♥ F = Fk ❢♦r k ≥ N ✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡
t❤❛t

f(x) =

{

y, (x, y) ∈ F,

0, ❡❧s❡✳

❲❡ ❝❛♥ ❝❤♦♦s❡ ✐ts ❑❧❡❡♥❡ ✐♥❞❡① t♦ ❜❡ ❞❡♣❡♥❞❡♥t ♦♥ F ♦♥❧②✳ ❙♦✱ ❢♦r s♦♠❡ ❝♦♠♣✉t❛❜❧❡
s✱ ✇❡ ❣❡t f(x) = ϕs(F )(x)✳ ❚❤❡♥✱ t❤❡ ♠❛❝❤✐♥❡ M(f(0) . . . f(n)) = s(Fn) ❛❝t✉❛❧❧② ♦✉t♣✉ts
t❤❡ r✐❣❤t ❝♦❞❡ s(F )✳ ◆♦t✐❝❡✱ t❤❛t t❤❡ ✜①❡❞ F ✐s q✉✐t❡ ✐♠♣♦rt❛♥t✱ ❛s t❤❡ ✐♥❞❡① ❞♦❡s ♥♦t
❞❡♣❡♥❞ ♦♥ n ❛♥②♠♦r❡✳ ❙♦ ✐t ❝❛♥♥♦t ♣r♦❞✉❝❡ ❛♥② s❡♠❛♥t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t ❜✉t s②♥t❛❝t✐❝❛❧❧②
❞✐✛❡r❡♥t ❝♦❞❡✳

❍♦✇❡✈❡r✱ t❤❡ ✉♥✐♦♥ ♦❢ t❤♦s❡ t✇♦ ✐s ♥♦t ❊❳✱ s❡❡ ❛❧s♦ ❬✷❪ ♦r ❬✸❪✳

❚❤❡♦r❡♠ ✸✳✷✳✶✵ ✭❇❧✉♠ ❛♥❞ ❇❧✉♠✬s ◆♦♥✲❯♥✐♦♥ ❚❤❡♦r❡♠✮✿ ❚❤❡r❡ ❡①✐sts C1, C2 ∈ ❊❳
s✉❝❤ t❤❛t C1 ∪ C2 /∈ ❊❳✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t S0 ❛♥❞ S1 ❢r♦♠ ❊①❛♠♣❧❡ ✸✳✷✳✾ ❛r❡ t❤❡ s♦✉❣❤t ❝❧❛ss❡s✳ ❆ss✉♠❡
M ❧❡❛r♥s S1✳ ❲❡ ✇✐❧❧ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥

f̃(x, y) = xτ1τ2 . . . τy

✇❤❡r❡ τi ✐s ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t M(xτ1 . . . τi−1) 6= M(xτ1 . . . τi−1τi), i ∈ ω✳
❚❤❡ s❡❛r❝❤ ❢♦r τi t❡r♠✐♥❛t❡s ❛s M ❧❡❛r♥s ❛❧❧ ✜♥✐t❡ s❡q✉❡♥❝❡s✱ ✐✳❡✳ σy0∞✱ ❛♥❞ ❛❧♠♦st ❛❧❧
♦❢ t❤❡♠ ❤❛✈❡ ❞✐✛❡r❡♥t ❝♦❞❡s✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t ♥♦ τi ✐s t❤❡ ❡♠♣t② str✐♥❣✳ ❙✐♥❝❡ M ✐s
❝♦♠♣✉t❛❜❧❡✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❛❜❧② ✜♥❞ τi✳ ❙♦✱ f̃ ✐s ❝♦♠♣✉t❛❜❧❡ ❛♥❞ t♦t❛❧✳ ❇② ❈♦r♦❧❧❛r②
✷✳✸✳✼ t❤❡r❡ ❡①✐sts n s✉❝❤ t❤❛t f̃(n, y) = ϕn(y)✱ t❤✉s f̃ ❧♦♦❦s ❧✐❦❡

f̃(n, 0) = n, f̃(n, 1) = nτ1, f̃(n, 2) = nτ1τ2, . . . , f̃(n, y) = nτ1τ2 . . . τy.

■❢ ✇❡ ❞❡✜♥❡ f(y) := f̃(n, y) = ϕn(y)✱ t❤❡♥ f(y) = ϕf(0)(y)✱ ❛s f(0) = f̃(n, 0) = n✳ ❙♦✱
f ∈ S0✳ ❍♦✇❡✈❡r✱ M ❞♦❡s ♥♦t ❤❛❧t ✇❤❡♥ tr②✐♥❣ t♦ ❧❡❛r♥ f ✳

❲✐t❤ t❤❛t t❤❡♦r❡♠ ✐♥ ♠✐♥❞✱ t❤❡ ♥❡①t r❡s✉❧t ❢♦❧❧♦✇s ❡❛s✐❧②✳

❈♦r♦❧❧❛r② ✸✳✷✳✶✶✿ ❘❊❈ /∈ ❊❳✳

Pr♦♦❢✳ ❆s S0 ∪ S1 ⊆ ❘❊❈✱ ♥♦ ♠❛❝❤✐♥❡ ❝❛♥ ❧❡❛r♥ ❘❊❈ ✐♥ ❊❳ ❛s ✐t ✇♦✉❧❞ ❤❛✈❡ t♦ ❧❡❛r♥
S0 ∪ S1✱ t♦♦✳

✶✶
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

❲❡ ❝❛♥ tr② t♦ ❡①♣❛♥❞ t❤✐s ♠❡❝❤❛♥✐s♠ ♦❢ ❧❡❛r♥✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❊❳ ✇❡ ❤❛✈❡ ❛❧❧♦✇❡❞
✜♥✐t❡❧② ♠❛♥② ✧✇r♦♥❣✧ ❤②♣♦t❤❡s❡s✳ ◆♦✇✱ ✇❡ ❝♦✉❧❞ tr② t♦ r❡str✐❝t t❤✐s✱ s❛② ✇❡ ❛❧❧♦✇ ♦♥❧②
♦♥❡ ❣✉❡ss ❛♥❞ ♥♦ ❣✉❡ss ✉♥t✐❧ t❤❡♥✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✷ ✭❋■◆✮✿ ❆ ❝❧❛ss S ✐s ✜♥✐t❡❧② ❧❡❛r♥❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣✉t❛❜❧❡
♠❛❝❤✐♥❡ M ✇❤✐❝❤ ❡✐t❤❡r ♦✉t♣✉ts ✧❄✧ ♦r ❡①❛❝t❧② ♦♥❡ ❝♦rr❡❝t ❤②♣♦t❤❡s✐s✱ ✐✳❡✳

∃❝♦♠♣✳ M ∀f ∈ S ∃e ∀∞
N n : M(f(0) . . . f(n)) =

{

?, n < N,

e, n ≥ N.
∧ f = ϕe.

❘❡♠❛r❦ ✸✳✷✳✶✸✿ ❚❤❡ s②♠❜♦❧ ✧❄✧ ✐s ✉s❡❞ t♦ s✐❣♥❛❧ t❤❛t t❤❡r❡ ✐s ♥♦ ❣✉❡ss✱ ✐✳❡✳ t❤❡ ✐♥❢♦r✲
♠❛t✐♦♥ s♦ ❢❛r ✐s ♥♦t ❡♥♦✉❣❤ t♦ ♠❛❦❡ t❤❛t ♦♥❡ r✐❣❤t ❣✉❡ss✳

❘❡♠❛r❦ ✸✳✷✳✶✹✿ ❚❤❡ ♠❛❝❤✐♥❡s ✐♥ ❋■◆ ❛r❡ ✐♥ s♦♠❡ s❡♥s❡ t♦t❛❧✳ ❚❤❡② ♠❛② ♥♦t ♦✉t♣✉t ❛
❤②♣♦t❤❡s✐s✱ ❤♦✇❡✈❡r✱ t❤❡② ❤❛✈❡ t♦ ♦✉t♣✉t t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t t❤❡② ❛r❡ ♥♦t s✉r❡ ✇❤✐❝❤
❤②♣♦t❤❡s✐s t♦ ♦✉t♣✉t ②❡t✳

❈♦♥s✐❞❡r✐♥❣ ❊❳ ❛♥❞ ❋■◆✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ r❡q✉❡st t❤❛t ❛❧❧ t❤❡ ❤②♣♦t❤❡s❡s ♠❛❞❡ ❛r❡ ♣r♦✲
❣r❛♠s ♦❢ t♦t❛❧ ❢✉♥❝t✐♦♥s✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ t❤❛t✱ ✇❡ ✇✐❧❧ r❡q✉❡st t❤❛t ❡✈❡♥ ✐❢ ✇❡ ✐♥♣✉t s♦♠❡
♥♦♥✲❝♦♠♣✉t❛❜❧❡✱ t♦t❛❧ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ♥♦t ✐♥ t❤❡ ❝❧❛ss✱ ✇❡ st✐❧❧ ❣❡t s♦♠❡ ♣♦ss✐❜❧② ✇r♦♥❣
❤②♣♦t❤❡s✐s✳ ❚❤❡s❡ ✐❞❡❛s ❛♣♣❧✐❡❞ t♦ t❤❡ ❧❡❛r♥✐♥❣ ❝r✐t❡r✐❛ ✇❡ ❤❛✈❡ s♦ ❢❛r✱ ❛r❡ ❣❛t❤❡r❡❞ ✐♥
P❊❳ ❛♥❞ P❋■◆✶✳ ❋♦r ✇❤❛t ❢♦❧❧♦✇s✱ ❧❡t T ❜❡ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ t♦t❛❧ ❢✉♥❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✺ ✭P❊❳✮✿ ❆ ❝❧❛ss S ✐s P♦♣♣❡r✐❛♥❧② ❡①♣❧❛♥❛t♦r✐❧② ❧❡❛r♥❛❜❧❡ ✐❢ t❤❡r❡
❡①✐sts ❛ ❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ M s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② f ∈ S✱ M(f(0)f(1) . . . f(n)) ❝♦♥✈❡r❣❡s
t♦ ❛ ✜①❡❞ e✱ ✇❤✐❝❤ t❤❡♥ ✐s t❤❡ ❝♦❞❡ ❢♦r ❛ ♣r♦❣r❛♠ ♦❢ f ❛♥❞ ♦♥ ✐ts ✇❛② t❤❡r❡ ✐t ♦♥❧②
♦✉t♣✉ts ❤②♣♦t❤❡s❡s ❢♦r t♦t❛❧ ❢✉♥❝t✐♦♥s✳ ❲❡ ❛❧s♦ r❡q✉❡st M t♦ ♦✉t♣✉t t♦t❛❧ ❤②♣♦t❤❡s❡s ❢♦r
f ∈ T \ S✳ ■✳❡✳

∃t♦t❛❧ ❝♦♠♣✳ M

[[
∀f ∈ S ∃e ∀∞n : M(f(0) . . . f(n)) = e ∧ ϕe = f

]
∧

∧
[
∀f ∈ T ∀n ∃en : M(f(0) . . . f(n)) = en ∧ ϕen ✐s t♦t❛❧

]]

.

❉❡✜♥✐t✐♦♥ ✸✳✷✳✶✻ ✭P❋■◆✮✿ ❆ ❝❧❛ss S ✐s P♦♣♣❡r✐❛♥❧② ✜♥✐t❡❧② ❧❡❛r♥❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛
❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ M ✇❤✐❝❤ ❡✐t❤❡r ♦✉t♣✉ts ✧❄✧ ♦r ❡①❛❝t❧② ♦♥❡ ❝♦rr❡❝t ❤②♣♦t❤❡s✐s✱ ✇❤✐❝❤
✐s t♦t❛❧✳ ❲❡ ❛❧s♦ r❡q✉❡st M t♦ ♦✉t♣✉t t♦t❛❧ ❤②♣♦t❤❡s❡s ❢♦r f ∈ T \ S✳ ■✳❡✳

∃❝♦♠♣✳ M

[[
∀f ∈ S ∃e ∀∞

N n : M(f(0) . . . f(n)) =

{

?, n < N,

e, n ≥ N.
∧ f = ϕe

]
∧

∧
[
∀f ∈ T ∀∞

N n ∃en : M(f(0) . . . f(n)) =

{

?, n < N,

en, n ≥ N.
∧ ϕen ✐s t♦t❛❧

]]

.

■♥ ♦r❞❡r t♦ ❜❡tt❡r ❝♦♠♣❛r❡ t❤❡s❡ ❧❡❛r♥✐♥❣ ❝r✐t❡r✐❛✱ ❧❡t ✉s s✉♠ ✉♣ t❤❡✐r ♠❛✐♥ ❢❡❛t✉r❡s ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✳

✶❍❡r❡✱ t❤❡ ✧P✧ st❛♥❞s ❢♦r ✧P♦♣♣❡r✐❛♥✧✱ ♥❛♠❡❞ ❛❢t❡r t❤❡ ♣❤✐❧♦s♦♣❤❡r P♦♣♣❡r✳
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✸✳✷✳ ❊❳ ▲❡❛r♥✐♥❣

◆❛♠❡ ❈r✐t❡r✐♦♥ ❆❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ❆❞❞✐t✐♦♥❛❧ ❢✉♥❝t✐♦♥s
❊❳ ❋✐♥✐t❡❧② ♠❛♥② ❤②♣♦t❤❡s❡s✱ ◆♦♥❡✳ ◆♦♥❡✳

❛♥❞ ❧❛st ♦♥❡ ✐s ❝♦rr❡❝t✳
❋■◆ ❖♥❡ ❝♦rr❡❝t ❤②♣♦t❤❡s✐s✱ ◆♦♥❡✳ ◆♦♥❡✳

❛♥❞ ✧❄✧ ❢♦r ♥♦ ❤②♣♦t❤❡s✐s ②❡t✳
P❊❳ ❋✐♥✐t❡❧② ♠❛♥② ❤②♣♦t❤❡s❡s✱ ❆❧❧ ❤②♣♦t❤❡s❡s ❛r❡ T

❛♥❞ ❧❛st ♦♥❡ ✐s ❝♦rr❡❝t✳ t♦t❛❧ ❢✉♥❝t✐♦♥s✳
P❋■◆ ❖♥❡ ❝♦rr❡❝t ❤②♣♦t❤❡s✐s✱ ❆❧❧ ❤②♣♦t❤❡s❡s ❛r❡ T

❛♥❞ ✧❄✧ ❢♦r ♥♦ ❤②♣♦t❤❡s✐s ②❡t✳ t♦t❛❧ ❢✉♥❝t✐♦♥s✳

❘❡♠❛r❦ ✸✳✷✳✶✼✿ ❚❤❡ s❧♦t ✧❛❞❞✐t✐♦♥❛❧ ❢✉♥❝t✐♦♥s✧ st❛t❡s ✇❤✐❝❤ t②♣❡s ♦❢ ❢✉♥❝t✐♦♥s ♠❛② ❜❡
❛❧s♦ ✐♥♣✉t✱ ❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ❛❧s♦ r❡q✉❡st s♦♠❡ ♦✉t♣✉t✳ ❍♦✇❡✈❡r✱ t❤❡ ♦✉t♣✉t ❢♦r t❤❡ ❧❛tt❡r
♦♥❡s ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ ❝♦rr❡❝t ✐♥ ❛♥② ✇❛②✳

❖✉r ❛✐♠ ✇✐❧❧ ❜❡ t♦ ❝♦♠♣❛r❡ t❤❡s❡ ❝r✐t❡r✐❛✳ ❇❡❢♦r❡ ✇❡ ❞♦ t❤❛t✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t P❊❳✲
❧❡❛r♥✐♥❣ ✐s ❛❝t✉❛❧❧② t❤❡ s❛♠❡ ❛s ❜❡✐♥❣ ❛❜❧❡ t♦ ♣r❡❞✐❝t t❤❡ ♥❡①t ✈❛❧✉❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❝❧❛ss✱ ❢♦r ❡①❛♠♣❧❡ s❡❡ ❬✸❪ ♦r ❬✶✻❪✳

❚❤❡♦r❡♠ ✸✳✷✳✶✽ ✭✈❛♥ ▲❡❡✉✇❡♥ ❛♥❞ ❇❛r③❞✐♥✮✿ ❆ ❝❧❛ss S ✐s P❊❳ ✐✛ t❤❡r❡ ❡①✐sts ❛ t♦t❛❧

❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ M ✇❤✐❝❤ ❢♦r ❡✈❡r② f ∈ S ♣r❡❞✐❝ts t❤❡ ♥❡①t ✈❛❧✉❡ ♦❢ f ❛❧♠♦st ❛❧✇❛②s✱

✐✳❡✳

∃t♦t❛❧ ❝♦♠♣✳ M ∀f ∈ S ∀∞n : f(n+ 1) = M(f(0) . . . f(n)).

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❡❛❝❤ ❞✐r❡❝t✐♦♥ s❡♣❛r❛t❡❧②✳

⇒✿ ❆ss✉♠❡ t❤❛t S ✐s P❊❳✳ ▲❡t N ❧❡❛r♥ S✱ ❛♥❞ ❧❡t f ∈ S✳ ❉❡✜♥❡

M(f(0) . . . f(n)) := ϕN(f(0)...f(n))(n+ 1).

❋✐rst ♦❢ ❛❧❧ ♥♦t❡ t❤❛t N ❛❧✇❛②s ♦✉t♣✉ts ❛ ❤②♣♦t❤❡s✐s ❢♦r ❛ t♦t❛❧ ❢✉♥❝t✐♦♥✳ ❚❤✉s✱ M ✐s t♦✲
t❛❧ t♦♦✳ ❙❡❝♦♥❞❧②✱ ❛s N ❧❡❛r♥s f ✱ t❤❡r❡ ❡①✐sts e ∈ ω s✉❝❤ t❤❛t ∀∞

r n : N(f(0) . . . f(n)) =
e ❛♥❞ f = ϕe✳ ❙♦✱

∀∞
r n : M(f(0) . . . f(n)) = ϕN(f(0)...f(n))(n+ 1) = ϕe(n+ 1) = f(n+ 1).

⇐✿ ▲❡t ♥♦✇ M ❜❡ ❛ t♦t❛❧ ❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ ✇❤✐❝❤ ♣r❡❞✐❝ts t❤❡ ❢✉♥❝t✐♦♥s ✐♥ S✱ ✐✳❡✳
∀f ∈ S ∀∞n : f(n+ 1) = M(f(0) . . . f(n))✳
▲❡t f ∈ S✳ ❋♦r ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ σ ❞❡✜♥❡

Fσ(n) =

{

σ(n), n ∈ dom(σ),

M(f(0) . . . f(n− 1)), ❡❧s❡.

❆s σ ✐s ✜♥✐t❡ ❛♥❞ M ✐s t♦t❛❧ ❛♥❞ ❝♦♠♣✉t❛❜❧❡✱ Fσ ✐s t♦t❛❧ ❛♥❞ ❝♦♠♣✉t❛❜❧❡✳
❆s M ♣r❡❞✐❝ts f ❢♦r ❛❧♠♦st ❛❧❧ n✱ ✇❡ ❣❡t Ff(0)...f(n)(x) = f(x) ❢♦r ❛❧♠♦st ❛❧❧ n ❛♥❞
❢♦r ❛❧❧ x✳
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

◆♦✇ ✇❡ ✇✐❧❧ ❡①♣❧❛✐♥ N✱ t❤❡ ♠❛❝❤✐♥❡ t♦ ❧❡❛r♥ S✳ ●✐✈❡♥ t❤❡ ✐♥♣✉t f(0) . . . f(n) ♦✉r
♠❛❝❤✐♥❡ N s❡❛r❝❤❡s ❢♦r t❤❡ ❧❡❛st m ≤ n s✉❝❤ t❤❛t

∀k ≤ n : Ff(0)...f(m)(k) = f(k).

❇❛s✐❝❛❧❧②✱ ✇❡ s❡❛r❝❤ ❢♦r t❤❡ s❤♦rt❡st st❛rt✐♥❣ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t t♦❣❡t❤❡r ✇✐t❤ t❤❡
♣r❡❞✐❝t✐♥❣ ♠❛❝❤✐♥❡ M ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❡ ✇❤♦❧❡ ❢✉♥❝t✐♦♥ f ✱ ✐✳❡✳ ✇❡ s❡❛r❝❤ ❢♦r t❤❡
♣♦✐♥t✱ ✇❤❡r❡ ✇❡ ❝❛♥ st❛rt ♣r❡❞✐❝t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥✳ ◆♦✇✱ ✐❢ ✇❡ ❤❛✈❡ s✉❝❤ ❛ ♣♦✐♥t✱ N
♦✉t♣✉ts s♦♠❡ ✐♥❞❡①✷ s(f(0) . . . f(m)) ♦❢ Ff(0)...f(m)✳ ◆♦t✐❝❡✱ ❤♦✇ t❤✐s ✐♥❞❡① ✐s ♦♥❧②
❞❡♣❡♥❞✐♥❣ ♦♥ m ❛♥❞ t❤❡ ✜①❡❞ ✜rst ❢❡✇ ✈❛❧✉❡s f(0) . . . f(m)✳ ❆❧s♦✱ ♥♦t✐❝❡ ❤♦✇ m ✐s
❛❝t✉❛❧❧② ✐♠♣♦rt❛♥t✱ ❛s ♦t❤❡r✇✐s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ ❝♦❞❡ ♠❛② ♥♦t st♦♣✳
❆s Fσ ✐s t♦t❛❧✱ ❛❧❧ ✐♥❞✐❝❡s ✇❤✐❝❤ N ♦✉t♣✉ts ♠✉st ❜❡ ✐♥❞✐❝❡s ♦❢ t♦t❛❧ ❢✉♥❝t✐♦♥s✳ ❆♥❞ ❛s
❢♦r t❤❡ ❢♦✉♥❞ m t❤❡ ❡q✉❛t✐♦♥ Ff(0)...f(m)(n) = f(n) ❤♦❧❞s✱ t❤❡ ✐♥❞❡① s(f(0) . . . f(m))
✐s ❛♥ ✐♥❞❡① ♦❢ f ✳

❆s ♣r♦♠✐s❡❞✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤❡ ❧❡❛r♥✐♥❣ ❝r✐t❡r✐❛ ❞✐s❝✉ss❡❞ s♦ ❢❛r✳

❚❤❡♦r❡♠ ✸✳✷✳✶✾✿ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ❤♦❧❞

P❋■◆

❋■◆

P❊❳

❊❳⊆

⊆

⊆

⊆

⊆

Pr♦♦❢✳ ❆❧❧ t❤❡ ✐♥❝❧✉s✐♦♥s ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✳ ❙♦✱ ✇❡ ✇✐❧❧ ♦♥❧② ♣r♦✈❡ t❤❛t
❋■◆ ❛♥❞ P❊❳ ❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦✱ r❡♠❡♠❜❡r S0 = {f | f = ϕf(0)} ❛♥❞
S1 = {f | ∀∞x : f(x) = 0} ❢r♦♠ ❊①❛♠♣❧❡ ✸✳✷✳✾✳
❋✐rst✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t S0 ∈ ❋■◆ \ P❊❳✳
❆s t❤❡ ♠❛❝❤✐♥❡ t♦ ❧❡❛r♥ S0 ♦♥❧② ♦✉t♣✉ts ♦♥❡ ❤②♣♦t❤❡s✐s f(0)✱ ✇❤✐❝❤ t❤❡♥ ✐s t❤❡ ❝♦rr❡❝t
♦♥❡✱ ✐t ❢♦❧❧♦✇s t❤❛t S0 ∈ ❋■◆✳
❆ss✉♠❡ ♥♦✇ t❤❛t S0 ∈ P❊❳✳ ❚❤❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✷✳✶✽ t❤❡r❡ ❡①✐sts ❛ ♠❛❝❤✐♥❡ M s✉❝❤
t❤❛t ∀f ∈ S0 ∀∞n : f(n+ 1) = M(f(0) . . . f(n))✳ ◆♦✇ ❞❡✜♥❡

f̃(x, n) =

{

x, n = 0,

1 + M(f(0) . . . f(n− 1)), n > 0.

◆♦✇✱ ❜② ❈♦r♦❧❧❛r② ✷✳✸✳✼ t❤❡r❡ ❡①✐sts e ∈ ω s✉❝❤ t❤❛t ϕe(n) = f̃(e, n)✳ ❙♦✱ ✐❢ ✇❡ ❞❡✜♥❡
f(n) := f̃(e, n)✱ t❤❡♥ f(n) = ϕf(0)(n)✳ ❚❤✉s✱ f ∈ S0✳ ❍♦✇❡✈❡r✱ M(f(0) . . . f(n)) =
f(n+ 1) = 1 + M(f(0) . . . f(n))✱ s♦ M ❞♦❡s ♥♦t ♣r❡❞✐❝t f ✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ S1 ∈ P❊❳ \ ❋■◆✳

✷❲❡ ❣❡t t❤✐s ❜② t❤❡ Sm

n
❚❤❡♦r❡♠ ✷✳✸✳✺✳ ▲❡t F̃ (σ, n) := Fσ(n)✳ ❆s F ✐s ❝♦♠♣✉t❛❜❧❡✱ F̃ ✐s✱ t♦♦✳ ❙♦ t❤❡r❡

❡①✐sts e s✉❝❤ t❤❛t F̃ (σ, n) = ϕe(σ, n)✳ ❇② Sm

n
❚❤❡♦r❡♠ Fσ(n) = F̃ (σ, n) = ϕe(σ, n) = ϕs(e,σ)(n)✳ ❙♦

✇❡ ❣❡t ❛♥ ✐♥❞❡① ♦❢ F ❜② ❝♦♠♣✉t✐♥❣ s(e, σ)✳
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✸✳✸✳ ❇❈ ▲❡❛r♥✐♥❣

❘❡♠❡♠❜❡r t❤❛t ❛❧❧ ❤②♣♦t❤❡s❡s ✇❡r❡ t♦t❛❧ ✐♥ ❊①❛♠♣❧❡ ✸✳✷✳✾✳ ❚❤✉s✱ S1 ∈ P❊❳✳
◆♦✇ ❛ss✉♠❡ S1 ∈ ❋■◆ ✈✐❛ ❛ ♠❛❝❤✐♥❡ M✳ ❋♦r s♦♠❡ ✜♥✐t❡ ✐♥♣✉t σ t❤❡ ♠❛❝❤✐♥❡ M ❤❛s t♦
♠❛❦❡ ✐ts ❝❤♦✐❝❡ ❢♦r ❛ ❝♦❞❡✱ ✐✳❡✳ M(σ) 6= ?✳ ❇✉t t❤❡♥ ❢♦r σ10∞ ❛♥❞ σ20∞✱ ✇❤✐❝❤ ❜♦t❤ ❛r❡
✐♥ S1✱ M ❝❛♥♥♦t ❝❤❛♥❣❡ ✐ts ♠✐♥❞ ❛♥②♠♦r❡✱ t❤✉s ♦✉t♣✉ts t❤❡ s❛♠❡ ❝♦❞❡ ❢♦r ❜♦t❤✳ ❙♦✱ ♦♥❡
♦❢ t❤❡♠ ❝❛♥♥♦t ❜❡ ❧❡❛r♥❡❞ ❜② M✳ ❲❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛❣❛✐♥✳

❚♦ ❝❧♦s❡ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ❛ ❝❧❛ss ✇❤✐❝❤ ❝❛♥ ❜❡ ❧❡❛r♥t ❜②
♦♥❡ ♦❢ t❤❡ ❝r✐t❡r✐❛ ❝♦♥s✐❞❡r❡❞ t❤✐s ❢❛r✳

❊①❛♠♣❧❡ ✸✳✷✳✷✵✿ ▲❡t S ❜❡ ❛ ✜♥✐t❡ ❝❧❛ss ♦❢ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥s✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t
S ∈ ❋■◆✳ ❚♦ s❡❡ t❤❛t✱ ❧❡t S = {f0, . . . , fm}✳ ❆s t❤❡ ❡❧❡♠❡♥ts ♦❢ S ❛r❡ r❡❝✉rs✐✈❡✱ ❛❧❧ ♦❢
t❤❡♠ ❤❛✈❡ ❑❧❡❡♥❡ ✐♥❞✐❝❡s✱ s♦ S = {ϕe0 , . . . , ϕem}✳ ❚❤❡ ❢✉♥❝t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t✱ s♦ t❤❡r❡
❡①✐st ♣♦✐♥ts ✇❤❡r❡ t❤❡② ❞✐✛❡r ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ✐✳❡✳

∀i, j, 1 ≤ i, j ≤ m, i 6= j ∃♠✐♥✳ ni,j : ϕei(ni,j) 6= ϕej(ni,j).

▲❡t n0 = max1≤i,j≤m,i 6=j{ni,j}✱ ✐✳❡✳ ❛❧❧ t❤❡ ❢✉♥❝t✐♦♥s ❞✐✛❡r ♦♥ ❛t ❧❡❛st ♦♥❡ ♣♦✐♥t n ≤ n0✳
❚❤❡ ♠❛❝❤✐♥❡ t❤❡♥ ✐s

M(f(0) . . . f(n)) =

{

?, n < n0,

ei, n ≥ n0 ∧ ∀x ≤ n0 : f(x) = fi(x) = ϕei(x).

◆♦t❡ t❤❛t M ✐s ❝♦♠♣✉t❛❜❧❡ ❛s ✜♥✐t❡❧② ♠❛♥② ❝♦♠♣✉t❛❜❧❡ ❝❛s❡ ❞✐st✐♥❝t✐♦♥s ❛r❡ ❝♦♠♣✉t❛❜❧❡✳
❋♦r ❣✐✈❡♥ f t❤❡ ♠❛❝❤✐♥❡ ♠❛❦❡s ♥♦ ❝❤♦✐❝❡ ✉♥t✐❧ ✐t ❤✐ts n0✳ ❚❤❡♥ ✐t ❝♦♠♣❛r❡s ❛❧❧ t❤❡ ❞❛t❛
s♦ ❢❛r✱ ✐✳❡✳ ❢♦r ❛❧❧ ei ✐t ❝❤❡❝❦s ∀x ≤ n0 : f(x) = fi(x) = ϕei(x)✳ ❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥s ❛r❡
s✉r❡ t♦ ❞✐✛❡r ♦♥ ❛t ❧❡❛st ♦♥❡ ♣♦✐♥t x ≤ n0✱ ❡①❛❝t❧② ♦♥❡ ei ❝❛♥ ❤❛✈❡ t❤❛t ♣r♦♣❡rt②✳
❚❤✉s✱ M ❧❡❛r♥s S✳

✸✳✸ ❇❈ ▲❡❛r♥✐♥❣

❘❡❝❛❧❧ t❤❡ ❊❳ ❧❡❛r♥✐♥❣ ❝r✐t❡r✐♦♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❤❡♥ ❣✐✈❡♥ ❛ ❝❧❛ss ❛♥❞ ❛
❢✉♥❝t✐♦♥ ♦✉t ♦❢ ✐t✱ ✇❡ tr✐❡❞ t♦ ✜♥❞ ♦♥❡ ❝♦❞❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡♥ st❛❝❦ t♦ ✐t✳ ❲❡ ❝❛♥
❝❤❛♥❣❡ t❤✐s ❛♣♣r♦❛❝❤ ❛♥❞ ❛❧❧♦✇ t❤❡ ❝♦❞❡s t❤❡♠s❡❧✈❡s t♦ ❜❡ ❞✐✛❡r❡♥t ❜✉t st✐❧❧ ❝♦❞❡s ❢♦r
t❤❡ ❢✉♥❝t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t ❧❡❛r♥✐♥❣✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✶ ✭❇❈✮✿ ❆ ❝❧❛ss S ✐s ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t❧② ❧❡❛r♥❛❜❧❡ ✐❢ t❤❡r❡ ❡①✐sts ❛
❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ s✉❝❤ t❤❛t ❢♦r ❛❧♠♦st ❡✈❡r② ✐♥✐t✐❛❧ ✐♥♣✉t σ ♦❢ f t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦❞❡
e s✉❝❤ t❤❛t M(σ) = e✱ ✐✳❡✳

∃❝♦♠♣✳ M ∀f ∈ S ∀∞σ � f ∃e : M(σ) = e ∧ ϕe = f.

❘❡♠❛r❦ ✸✳✸✳✷✿ ◆♦t✐❝❡ t❤❡ ❞✐✛❡r❡♥❝❡ t♦ ❊❳✳ ❲❤✐❧❡ ✇❡ s❡❛r❝❤ ❢♦r ♦♥❡ ✜①❡❞ ❝♦❞❡ ❢♦r t❤❡
❢✉♥❝t✐♦♥ ✐♥ ❡①♣❧❛♥❛t♦r② ❧❡❛r♥✐♥❣✱ ✇❡ ❞♦ ♥♦t ❞♦ s♦ ✐♥ ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t ❧❡❛r♥✐♥❣✳ ■♥
t❤❡ ❧❛tt❡r ♦♥❡ ✇❡ s❡❛r❝❤ ❢♦r ❝♦❞❡s t❤❛t ❛r❡ s❡♠❛♥t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✱ ❜✉t ✇❡ ❞♦ ♥♦t r❡q✉✐r❡
t❤❡♠ t♦ ❜❡ s②♥t❛❝t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✳

❲❡ ❝❛♥ ❡❛s✐❧② ❝♦♠♣❛r❡ ❊❳ ❛♥❞ ❇❈✳
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

❈♦r♦❧❧❛r② ✸✳✸✳✸✿ ■❢ S ∈ ❊❳ t❤❡♥ S ∈ ❇❈✱ ✐✳❡✳ ❊❳ ⊆ ❇❈✳

❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ tr② t♦ r❡✜♥❡ t❤✐s ✐♥❝❧✉s✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss

S0,1 := {f | ∃y ∀x 6= y : ϕf(0)(x) ↓= f(x)},

✐✳❡✳ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s f t❤❛t ❞✐s❛❣r❡❡ ✇✐t❤ t❤❡ ♣r♦❣r❛♠ f(0) ♦♥ ♥♦ ♠♦r❡ t❤❛♥ ♦♥❡
❛r❣✉♠❡♥t✳ ❚❤✐s ❝❧❛ss ✐s ♥♦t ❊❳ ❛s s❤♦✇s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ✐♥ ❬✸❪✳

❊①❛♠♣❧❡ ✸✳✸✳✹✿ ❋♦r ❛♥② ❣✐✈❡♥ ♠❛❝❤✐♥❡ M ✇❡ ✇✐❧❧ ✜♥❞ ❛ ✜tt✐♥❣ f ∈ S0,1 ✇❤✐❝❤ s♣♦✐❧s M
❛s ❛♥ ❊❳✲❧❡❛r♥❡r ♦❢ S0,1✳
❲❡ ✇✐❧❧ ❡①❡❝✉t❡ ❛♥ ❛❧❣♦r✐t❤♠ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛ ❢✉♥❝t✐♦♥ ϕe st❡♣ ❜② st❡♣✳ ❚❤✐s
❢✉♥❝t✐♦♥ ✇✐❧❧ s❡r✈❡ ❛s ❛ ❣✉✐❞❛♥❝❡ ❧❛t❡r ♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❧❡t

e✿ ♣r♦❣r❛♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❧✐❦❡ ✐♥ ♣r❡✈✐♦✉s ♣r♦♦❢s t♦ ♦✉t♣✉t ✐ts❡❧❢ ✜rst✱

x✿ ✐♥♣✉t✱

α✿ ♠❛r❦❡r✱ ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❛♥♦♠❛❧②✱

αs✿ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♠❛r❦❡r α ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ st❛❣❡ s✱

ϕs
e✿ t❤❡ ✜♥✐t❡ ♣❛rt ♦❢ ϕe ❞❡✜♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ st❛❣❡ s✱

xs✿ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ω \
(
{αs} ∪ dom(ϕs

e)
)
✱

σs✿ ❧❛r❣❡st ✐♥✐t✐❛❧ s❡❣♠❡♥t ♦❢ ϕs
e✳

❋♦r t❤❡ ✐♥✐t✐❛❧ st❛❣❡ s = 0✱ ❧❡t

• α0 = 1✱

• ϕs
e(0) = e ❛♥❞ ✉♥❞❡✜♥❡❞ ❡❧s❡✇❤❡r❡✳

❆t st❛❣❡ s ≥ 0 ❡①❡❝✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❈❛❧❝✉❧❛t❡ xs = min{ω \

(
{αs} ∪ dom(ϕs

e)
)
} ✜rst✳

✭✐✮ ■❢

∃σ : σs ≺ σ �
(
ϕs
e ∪ {(αs, 0)}

)
∧ M(σs) 6= M(σ), ✭✸✳✸✮

t❤❡♥

• ϕs+1
e := ϕs

e ∪ {(αs, 0)},

• αs+1 := xs✳

✭✐✐✮ ■❢

♥♦t ✭✸✳✸✮ ❛♥❞ ϕM(σs),s(α
s) ↓, ✭✸✳✹✮

t❤❡♥
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✸✳✸✳ ❇❈ ▲❡❛r♥✐♥❣

• ϕs+1
e := ϕs

e ∪
{(

αs, sgn
(
ϕM(σs),s(α

s)
))}

,

• αs+1 := xs✳

✭✐✐✐✮ ■❢ ♥♦t ✭✸✳✸✮ ❛♥❞ ♥♦t ✭✸✳✹✮✱ t❤❡♥

• ϕs+1
e := ϕs

e ∪ {(xs, 0)},

• αs+1 := αs✳

■♥ t❤❡ ❛❧❣♦r✐t❤♠ ❛❜♦✈❡ ❛❧❧ st❡♣s ❛r❡ ❝♦♠♣✉t❛❜❧❡✳ ❚❤❡ ♦♥❧② ❝❛s❡ ✇❤❡r❡ t❤✐s ✐s ♥♦t ♦❜✈✐♦✉s
✐s ✜♥❞✐♥❣ σ ✐♥ ✭✸✳✸✮✳ ■♥ ♦r❞❡r t♦ r❡❛s♦♥ ✇❤② t❤✐s ✐s ❝♦♠♣✉t❛❜❧❡✱ t♦♦✱ ❧❡t ✉s ❡①❡❝✉t❡ t❤❡
❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✜rst ❢❡✇ st❡♣s ❛♥❞ t❤❡r❡❜② ❛r❣✉❡✱ ✇❤② ✇❡ ♦♥❧② s❡❛r❝❤ ♦✈❡r ✜♥✐t❡❧②
♠❛♥② σ✳

e0

e001

e0y1

e0❴102

e00102

e0y102

e0❴10203
︸ ︷︷ ︸

(∗)

α0 = 1

x0 = 2

α1 = 1

x1 = 3

α1 = 2

x1 = 3

α1 = 2

x1 = 3
α2 = 3

x2 = 4

α2 = 3

x2 = 4

α2 = 1

x2 = 4

❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ t❤❡ ✉♣♣❡r ❞✐❛❣r❛♠✳

xy✿ ♠❡❛♥s t❤❛t t❤❡ y✲t❤ ♣♦s✐t✐♦♥ ♦❢ ϕe ✐s ❞❡✜♥❡❞ ❛s x✳ ❲❡ ✇r✐t❡ x = ❴ ✐❢ ✇❡ ❦♥♦✇ t❤❛t
✐t ✐s ✉♥❞❡✜♥❡❞✱

y✿ ✐s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r t❤❡ t❡r♠ sgn(ϕM(σs),s(α
s))✱

❧✐♥❡s✿ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦✈❡r ❛♥❞ ✉♥❞❡r t❤❡ ♠✐❞❞❧❡ ❧✐♥❡ ❛r❡ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡s ♦❢ αs ❛♥❞ xs✱
r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❥✉st ♠❡❛♥ t❤❛t ✐t ❣♦❡s ♦♥ ❧✐❦❡ t❤❛t✳

(∗)✿ ❲❡ ✇✐❧❧ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ♦♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ σs ❛♥❞ ϕs
e ∪ {(αs, 0)} ❤❡r❡✳ ❲❡ ❤❛✈❡

s = 2✱ ❛♥❞ σ2 = e0✳ ❆❧s♦✱ ❛s α2 = 1✱ ✇❡ ❣❡t ϕ2
e ∪ {(1, 0)} = e0010203✳ ❙♦✱ ❢♦r σ

t❤❡r❡ ❛r❡ ♦♥❧② t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s✱ ♥❛♠❡❧② e001, e00102 ❛♥❞ e0010203✳

❆s ✇❡ ❛r❡ ❝♦♥✈✐♥❝❡❞ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❛❜♦✈❡ ✐s ❝♦♠♣✉t❛❜❧❡✱ ✇❡ ✇✐❧❧ tr② t♦ ✜♥❞ t❤❡
s♣♦✐❧✐♥❣ f ✳ ❲❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

✶✳❈✳✿ lims→∞ αs = ∞✳
■♥ t❤✐s ❝❛s❡✱ f := ϕe ✐s ❛ t♦t❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❆s f(0) = ϕe(0) = e ❛♥❞
∀x : ϕe(x) = f(x)✱ f ∈ S0,1✳ ◆♦✇✱ ❛ss✉♠❡ t❤❛t M ❧❡❛r♥s f ❛♥❞ t❤❛t t❤❡ ♣r♦❣r❛♠ ✐s
s♦♠❡ p✳ ❚❤❡♥✱ M st♦♣s ❝❤❛♥❣✐♥❣ ✐ts ♠✐♥❞✱ ✐✳❡✳

∃s ∀σ : σs ≺ σ ≺ f ⇒ M(σs) = M(σ) = p.

P❛st st❛❣❡ s✱ ✇❡ ❝♦♠❡ ✐♥✜♥✐t❡❧② ♦❢t❡♥ t♦ ❝❛s❡ ✭✐✐✮✱ ❛s ♦t❤❡r✇✐s❡ M ✇♦✉❧❞ st✐❧❧ ❝❤❛♥❣❡ ✐ts
♠✐♥❞✳ ❍♦✇❡✈❡r✱ ϕp(x) ❝♦♥✈❡r❣❡s ❢♦r ✐♥✜♥✐t❡❧② ♠❛♥② x✳ ❇✉t✱ ❞✉❡ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥✱

∃∞x : ϕp(x) = ϕM(σs)(x) 6= sgn(ϕM(σs)(x)) = f(x).

❙♦✱ f ❛♥❞ ϕp ❛r❡ ❞✐✛❡r❡♥t ♦♥ ✐♥✜♥✐t❡❧② ♠❛♥② ✐♥♣✉ts✳ ❚❤✉s✱ M ❞♦❡s ♥♦t ❧❡❛r♥ s♦♠❡
f ∈ S0,1✳

✷✳❈✳✿ lims→∞ αs = a <∞✳
❍❡r❡✱ dom(ϕe) = ω \ {a}✳ ◆♦✇ ❞❡✜♥❡

f(x) =

{

ϕe(x), x ∈ dom(ϕe),

0, ❡❧s❡✳

f ✐s ❛ t♦t❛❧ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡✳ ❆❣❛✐♥✱ f(0) = ϕe(0) =
e ❛♥❞ ∀x 6= a : f(x) = ϕe(x)✱ s♦ f ∈ S0,1✳ ▲❡t s ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t αs = a✳ ❚❤❡♥✱
∀s′ > s : σs = σs′ ✳ P❛st st❛❣❡ s✱ ✇❡ ❛❧✇❛②s ❡♥❞ ✉♣ ✐♥ ❝❛s❡ ✭✐✐✐✮✳ ❙♦✱

∀σ : σs ≺ σ ≺ f ⇒ M(σs) = M(σ) = p,

✇❤❡r❡ p ✐s ❛ ♣r♦❣r❛♠ t❤❛t M ♦✉t♣✉ts ✇❤❡♥ ❢❡❞ f ✳ ❍♦✇❡✈❡r✱ M(σs) ❞✐✈❡r❣❡s ♦♥ ✐♥♣✉t
a✳ ❙♦✱ M(σs) ❞♦❡s ♥♦t ❝♦♠♣✉t❡ f ✳
❆❣❛✐♥✱ M ❞♦❡s ♥♦t ❧❡❛r♥ s♦♠❡ f ∈ S0,1✳

❙♦✱ ❢♦r ❛♥② ♠❛❝❤✐♥❡ M ✇❡ ❤❛✈❡ ❢♦✉♥❞ s♦♠❡ f ∈ S0,1 ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❧❡❛r♥t✳ ❚❤✉s✱
S0,1 /∈ ❊❳✳

❲❡ s❡❡✱ ✐❢ ✇❡ ♠❛② ❤❛✈❡ s♦♠❡ ♠✐st❛❦❡✱ ✇❡ ❝❛♥♥♦t ❧❡❛r♥ ❡①♣❧❛♥❛t♦r② ❝♦rr❡❝t✳ ■♥ ♦r❞❡r t♦
❝✐r❝✉♠✈❡♥t t❤✐s st❛t❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧❡❛r♥✐♥❣ ✇✐t❤ ♠✐st❛❦❡s✳

❉❡✜♥✐t✐♦♥ ✸✳✸✳✺✿ ▲❡t S ❜❡ ❛ ❝❧❛ss✱ ❙▲❈ ❜❡ ❛♥② s✉✐t❛❜❧❡ ❧❡❛r♥✐♥❣ ❝r✐t❡r✐♦♥ ❛♥❞ a ∈ N∗✳
❚❤❡♥ S ∈ ❙▲❈

a ✐❢ t❤❡r❡ ❡①✐sts ❛ ♠❛❝❤✐♥❡ M ✇❤✐❝❤✱ ❢♦r ❡✈❡r② f ∈ S✱ ♦✉t♣✉ts ❛ ❝♦❞❡ e
❛❝❝♦r❞✐♥❣ t♦ ❙▲❈✱ s✉❝❤ t❤❛t ϕe =

a f ✱ ✐✳❡✳ t❤❡ ♣r♦❣r❛♠ e ❝♦♠♣✉t❡s f ♦♥ ❛❧❧ ❜✉t a ♠❛♥②
♣♦s✐t✐♦♥s✳

❆s f(0) ✐s ❛ ❝♦❞❡ ❢♦r f ∈ S0,1 ✇✐t❤ ❛t ♠♦st ♦♥❡ ♠✐st❛❦❡✱ ✇❡ s❡❡ t❤❛t S0,1 ∈ ❊❳
1✳

❆s ✇❡ ❞✐❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ s♦♠❡ ✐♥❝❧✉s✐♦♥s ❤❡r❡✱ t♦♦✳

❚❤❡♦r❡♠ ✸✳✸✳✻✿ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❝❧✉s✐♦♥s ❤♦❧❞

❊❳ ⊆ ❊❳
1 ⊆ ❊❳

2 ⊆ · · · ⊆ ❊❳
∗ ⊆ ❇❈ ⊆ ❇❈

1 ⊆ ❇❈
2 ⊆ · · · ⊆ ❇❈

∗.
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✸✳✸✳ ❇❈ ▲❡❛r♥✐♥❣

Pr♦♦❢✳ ❋♦r a ≤ b✱ t❤❡ ✐♥❝❧✉s✐♦♥s ❊❳a ⊆ ❊❳
b,❇❈a ⊆ ❇❈

b ❛r❡ r❛t❤❡r ♦❜✈✐♦✉s✳ ❲❤❛t
r❡♠❛✐♥s t♦ ♣r♦✈❡ ✐s ❊❳∗ ⊆ ❇❈✳
▲❡t S ∈ ❊❳∗ ✈✐❛ M✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥

g(σ, x) =

{

σ(x), x ∈ dom(σ),

ϕM(σ)(x), ❡❧s❡✳

▲❡t f ∈ S✳ ❆t s♦♠❡ ♣♦✐♥t x0✱ M ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ♣r♦❣r❛♠ e ♦❢ f ✳ ▲❡t y ❜❡ t❤❡ ♣♦✐♥t
♦❢ t❤❡ ❧❛st ♠✐st❛❦❡ ϕe ♠❛❦❡s ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ f ✳ ◆♦✇✱ ❢♦r n > max{x0, y} ✇❡ ❤❛✈❡
M(f(0) . . . f(n)) = e ❛♥❞✱ ✇✐t❤ σ = f(0) . . . f(n)✱

g(σ, x) =

{

σ(x), x ∈ dom(σ),

ϕM(σ)(x), ❡❧s❡✳
=

{

σ(x), x ∈ dom(σ),

ϕe(x), ❡❧s❡✳
= f(x).

❇② ◆♦r♠❛❧ ❋♦r♠ ❚❤❡♦r❡♠ ✷✳✸✳✹ ❛♥❞ Sm
n ❚❤❡♦r❡♠ ✷✳✸✳✺✱ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♠♣✉t❛❜❧❡ s

s✉❝❤ t❤❛t

ϕs(σ)(x) = g(σ, x).

▲❡t N(σ) ♦✉t♣✉t s(σ)✱ t❤❡♥ N ❧❡❛r♥s f ❢♦r ❛❧♠♦st ❛❧❧ ✐♥♣✉ts✱ ♥❛♠❡❧② ❢♦r ❛❧❧ f(0) . . . f(n)✱
n > max{x0, y}✳

❲❡ ❤❛✈❡ ✇✐t♥❡ss❡❞ t❤❛t ❛❧❧♦✇✐♥❣ ♠✐st❛❦❡s ❧❡❛❞s t♦ ♠♦r❡ ❧❡❛r♥❛❜❧❡ ❝❧❛ss❡s✳ ❍♦✇❡✈❡r✱ ✐❢
✇❡ r❡♣❧❛❝❡ ✧❛t ♠♦st ♦♥❡ ♠✐st❛❦❡✧ ❜② ✧❡①❛❝t❧② ♦♥❡ ♠✐st❛❦❡✧✱ ❛s ✐t ✐s s✉❣❣❡st❡❞ ✐♥ ❬✸❪✱ t❤❡
❧❡❛r♥❛❜❧❡ ❝❧❛ss❡s st❛② t❤❡ s❛♠❡✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤✐s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛ ✐♥ ❬✸❪✳

▲❡♠♠❛ ✸✳✸✳✼✿ ▲❡t S ∈ ❊❳=1 ✐❢ S ✐s ❧❡❛r♥❡❞ ❡①♣❧❛♥❛t♦r②✱ ✐✳❡✳ ❊❳✱ ❜✉t ✇✐t❤ ❡①❛❝t❧② ♦♥❡

♠✐st❛❦❡✳ ❚❤❡♥✱ ❊❳=1 = ❊❳✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ ❡❛❝❤ ✐♥❝❧✉s✐♦♥ s❡♣❛r❛t❡❧②✳

⊆✿ ▲❡t S ∈ ❊❳
=1 ✈✐❛ M′✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r M✳ ▲❡t s ≥ 0 ❜❡ t❤❡ st❛❣❡

❛♥❞ σs := f(0) . . . f(s) ❜❡ t❤❡ ✐♥♣✉t ❛t st❛❣❡ s✳ ❆❧s♦✱ ❧❡t i = 0 ❜❡ s♦♠❡ ❝♦✉♥t✐♥❣
✈❛r✐❛❜❧❡✳ ❆❧s♦✱ ✐♥tr♦❞✉❝❡ s♦♠❡ r❡♣❛✐r ❢✉♥❝t✐♦♥

g(z, y, x) = f(y)sgn(|x− y|) + ϕz(x) sgn(|x− y|).

❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t

g(z, y, x) =

{

f(y), x = y,

ϕz(x), ❡❧s❡.

✶✳ ❲❤✐❧❡ i ≤ s✱ ❝❤❡❝❦ ✇❤❡t❤❡r f(i) = ϕM′(σs),s(i)✳

✐✳ ■❢ s♦✱ r❛✐s❡ i✱ ✐✳❡✳ i := i+ 1✳

✐✐✳ ■❢ ♥♦t✱ ❝♦♥s✐❞❡r g(M′(σs), i, x)✳ ❆s ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✐t
✐s ❝♦♠♣✉t❛❜❧❡ ✐ts❡❧❢✳ ❙♦✱ ❜② ◆♦r♠❛❧ ❋♦r♠ ❚❤❡♦r❡♠ ✷✳✸✳✹ ❛♥❞ Sm

n ❚❤❡♦r❡♠
✷✳✸✳✺ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♠♣✉t❛❜❧❡ c s✉❝❤ t❤❛t

g(z, y, x) = ϕc(z,y)(x).

❖✉t♣✉t c(M′(σs), i) ❛♥❞ r❡s❡t i t♦ ③❡r♦✳
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

✷✳ ■❢ i = s+ 1✱ t❤❡♥ ♦✉t♣✉t M′(σs) ❛♥❞ r❡s❡t i t♦ ③❡r♦✳

❲❡ ♥❡❡❞ t♦ ❡①♣❧❛✐♥ ✇❤② t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s ❞❡s✐r❡❞✳ ■♥ ✭✶✳✮ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r
✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ❛♥♦♠❛❧② ♦r ♥♦t✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❛❜❧❡✱ ❛s ✇❡ ♦♥❧② ❝❤❡❝❦ ✇❤❛t
ϕM′(σ) ♦✉t♣✉ts ❛❢t❡r ✜♥✐t❡❧② ♠❛♥②✱ ♥❛♠❡❧② s✱ st❡♣s✳ ◆♦✇✱ ✐❢ t❤❡② ❛r❡ ❡q✉❛❧✱ t❤❡♥ ✇❡
❧❛♥❞ ❛t ✭✶✳✐✳✮✱ r❛✐s❡ i ❛♥❞ r❡♣❡❛t t❤❡ q✉❡st✐♦♥✳ ■❢ t❤✐s ❝❛s❡ ❤❛♣♣❡♥s ❛❧❧ t❤❡ t✐♠❡✱
✐✳❡✳ s + 1 t✐♠❡s✱ ✇❡ ❧❛♥❞ ❛t ✭✷✳✮✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♥♦t ❢♦✉♥❞ ❛♥② ♠✐st❛❦❡✱ s♦ ✇❡ ❝❛♥
♦✉t♣✉t t❤❡ s❛♠❡ ❛s M′ ❞♦❡s✱ ❛s t❤❡ ♠✐st❛❦❡ ✐s ②❡t t♦ ❝♦♠❡✳
❍♦✇❡✈❡r✱ ♦♥❝❡ ✇❡ ❛r❡ ✐♥ ✭✶✳✐✐✳✮✱ ✇❡ ❢♦✉♥❞ ❛♥✱ ❛t ❧❡❛st t❡♠♣♦r❛r②✱ ❛♥♦♠❛❧②✳ ❲❡ ✜①
t❤❛t ❜② ✉s✐♥❣ g✳ ■♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❡ ✉s❡ g(M′(σs), i, x)✱ ✇❤✐❝❤ ✐s ϕM′(σ) ♦♥ ❛❧❧ ✐♥♣✉t
❡①❝❡♣t ❢♦r i✱ ✇❤❡r❡ ✇❡ ♠❛♥✉❛❧❧② t❡❧❧ ✐t t♦ ❜❡ f(i)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦✉t♣✉t c(M′(σ), i)✳
❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ✐s s♦♠❡ ♠✐st❛❦❡✱ t❤❡ ❝❛s❡ ✭✶✳✐✐✳✮ ✇✐❧❧ ❜❡ ❤✐t ❛t s♦♠❡ ♣♦✐♥t✱
❛♥❞ ❢r♦♠ s♦♠❡ ♣♦✐♥t✱ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❤✐t t❤❡ ♠✐st❛❦❡✳ ❋r♦♠ s♦♠❡ st❛❣❡ s✱ M′(σs)
❤❛❧ts✱ ✐✳❡✳ ∀∞

s s
′ : M′(σs′) = M′(σs)✳ ❚❤✉s✱ M ❤❛❧ts✱ t♦♦✱ ❛♥❞ ♦✉t♣✉ts ∀∞

s s
′ : c(M′(σs), i)✳

⊇✿ ▲❡t S ∈ ❊❳ ✈✐❛ M✳ ❚❤✐s t✐♠❡✱ ✇❡ tr② t♦ ❞❡str♦② ♦✉r ❢✉♥❝t✐♦♥ ❛t s♦♠❡ ♣♦✐♥t✳
❚❤❡r❡❢♦r❡✱ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡str♦②❡r ❢✉♥❝t✐♦♥

h(z, y, x) = (f(y) + 1)sgn(|x− y|) + ϕz(x) sgn(|x− y|).

❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t

h(z, y, x) =

{

f(y) + 1, x = y,

ϕz(x), ❡❧s❡.

◆♦✇✱ ❣✐✈❡♥ σs := f(0) . . . f(s)✱ M′ s✐♠♣❧② ♦✉t♣✉ts t❤❡ ❝♦❞❡ ♦❢ h(M(σs), 0, x) ✇❤✐❝❤
✐s s♦♠❡ c(M(σs), 0)✱ ✇❤❡r❡ c ✐s ❝♦♠♣✉t❛❜❧❡✳ ❆s M ❤❛❧ts t♦ s♦♠❡ eM✱ t❤❡ ♠❛❝❤✐♥❡ M′

❤❛❧ts t♦ s♦♠❡ c(eM, 0) = eM′ ✱ t♦♦✱ ❜✉t ❡rrs ♦♥❧② ❛t 0✱ ❛s

h(eM′ , 0, x) =

{

f(0) + 1, x = 0,

ϕe
M′
(x), ❡❧s❡.

=

{

f(0) + 1, x = 0,

f(x), ❡❧s❡.

❖♥❡ ♣r♦♣❡rt② ✇❡ ✇❛♥t t♦ s❤♦✇ ✐s t❤❛t ✇❡ ❝❛♥ ❧❡❛r♥ ❘❊❈ ✐♥ ❇❈∗✱ ❢♦r ❡①❛♠♣❧❡ s❡❡ ❬✸❪ ♦r
❬✶✻❪✳

❚❤❡♦r❡♠ ✸✳✸✳✽ ✭▲❡♦ ❍❛rr✐♥❣t♦♥✮✿ ❘❊❈ ∈ ❇❈∗✳

Pr♦♦❢✳ ❋♦r s♦♠❡ ✐♥♣✉t σ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥ ψσ

ϕs(σ)(x) = ψσ(x) :=







ϕe(x), ❢♦r t❤❡ s♠❛❧❧❡st e ≤ x s✉❝❤ t❤❛t

ϕe,x(y) ↓= σ(y) ❢♦r ❛❧❧ y ∈ dom(σ),

0, ❡❧s❡✳

▲❡t ♥♦✇ f ∈ ❘❊❈✳ ❚❤❡♥ f ❤❛s ❛♥ ✐♥❞❡① e ✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❜❡ ♠✐♥✐♠❛❧✸✳ ❆s e
✐s t❤❡ ♠✐♥✐♠❛❧ ✐♥❞❡① ♦❢ f ✱ ❛❧❧ ♣r♦❣r❛♠s i < e ❤❛✈❡ t♦ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ f ❛t s♦♠❡ ♣♦✐♥t

✸◆♦t✐❝❡✱ t❤❛t t❤✐s ✐s ❛ t❤❡♦r❡t✐❝❛❧ ❛tt❡♠♣t ❤❡r❡✳ ❋✐♥❞✐♥❣ ❛ ♠✐♥✐♠❛❧ ✐♥❞❡① ❝❛♥♥♦t ❜❡ ❞♦♥❡ ❡✛❡❝t✐✈❡❧②✳
❆tt❡♠♣ts ✐♥ t❤❛t ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✶✼❪✳

✷✵
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✸✳✸✳ ❇❈ ▲❡❛r♥✐♥❣

m✳ ❆s ✇❡ ❛r❡ ♦♥❧② s♣❡❛❦✐♥❣ ❛❜♦✉t ✜♥✐t❡❧② ♠❛♥② ♣r♦❣r❛♠s✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ♠❛①✐♠✉♠
♦❢ t❤♦s❡ m✳ ❙♦ t❤❡r❡ ✐s s♦♠❡ n s✉❝❤ t❤❛t ❛❧❧ ϕi✱ ✇❤❡r❡ i < e✱ ❛r❡ ❞✐✛❡r❡♥t ❛t s♦♠❡ ♣♦✐♥t
m ≤ n ❢r♦♠ f ✱ ✐✳❡✳ ❡✐t❤❡r ❜♦t❤ ❛r❡ ❞❡✜♥❡❞ ❛♥❞ ❞✐✛❡r❡♥t✱ ♦r ϕi ✐s ♥♦t ❞❡✜♥❡❞ ❛t ❛❧❧✳
◆♦✇✱ ✐❢ σ = f(0) . . . f(k), k ≥ n ❛♥❞ ϕj,x(y) ↓= σ(y) ❢♦r ❛❧❧ y ∈ dom(σ)✱ t❤❡♥ t❤❡ ✐♥❞❡① j
❤❛s t♦ ❜❡ ❣r❡❛t❡r t❤❛♥ e✱ s♦ j ≥ e✳
❋♦r k ≥ n ❛♥❞ σ = f(0) . . . f(k)✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛❧❧ ϕe,x(y), y ∈ dom(σ) ✇❡ ♦♥❧②
♥❡❡❞ ✜♥✐t❡❧② ♠❛♥② st❡♣s✱ s❛② x0 ♠❛♥②✳ ❙♦✱ ✇❡ ❤❛✈❡ ϕe,x(y) ↓= σ(y) ❢♦r ❛❧❧ y ∈ dom(σ)
❛♥❞ ❛❧❧ s✉✣❝✐❡♥t❧② ❜✐❣ x✱ ♥❛♠❡❧② x ≥ x0✳
❙✉♠♠✐♥❣ ✉♣✱ ✇❡ ❣❡t✱ ❢♦r σ = f(0) . . . f(k), k ≥ n✱

✭✐✮ ✐❢ ϕj,x(y) ↓= σ(y) ❢♦r ❛❧❧ y ∈ dom(σ)✱ t❤❡♥ j ≥ e✱

✭✐✐✮ ϕe,x(y) ↓= σ(y) ❢♦r ❛❧❧ y ∈ dom(σ) ❛♥❞ ❛❧❧ s✉✣❝✐❡♥t❧② ❜✐❣ x✳

❨❡t ❛❣❛✐♥✱ ❧❡t σ = f(0) . . . f(k), k ≥ n✳ ❚❤❡♥✱ ❢♦r ❛❧♠♦st ❛❧❧ x✱ ✇❡ ❤❛✈❡ ψσ(x) ↓
✭✐✐✮
= ϕe(x) =

f(x)✳
❙✉♠♠✐♥❣ ✉♣✱ ✇❡ ❤❛✈❡ ψσ(x) = f(x) ❢♦r ❛❧♠♦st ❛❧❧ σ � f ❛♥❞ ❛❧♠♦st ❛❧❧ x✱ ✐✳❡✳

∀∞σ � f ∀∞x ∃s(σ) : ϕs(σ)(x) = f(x).

❚❤✉s✱ t❤❡ ♠❛❝❤✐♥❡ t♦ ❧❡❛r♥ ❘❊❈ ✐♥ ❇❈∗ ✇✐❧❧ ♦✉t♣✉t s(σ)✳

◆♦✇ ✇❡ ❦♥♦✇ t❤❛t ✇❡ ❝❛♥ ❜❡❤❛✈✐♦✉r❛❧❧② ❝♦rr❡❝t❧②✱ ❜✉t ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ♠✐st❛❦❡s✱ ❧❡❛r♥
❛❧❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥s✳
❘❡♠❡♠❜❡r✐♥❣ ❚❤❡♦r❡♠ ✸✳✷✳✶✽ ❢♦r t❤❡ ❝❛s❡ P❊❳✱ ✇❡ ❝❛♥ tr② t♦ ♦❜t❛✐♥ s♦♠❡t❤✐♥❣ s✐♠✐❧❛r
❢♦r ❇❈✳

❚❤❡♦r❡♠ ✸✳✸✳✾✿ ▲❡t S ⊆ ❘❊❈✳
S ✐s ❇❈ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ♠❛❝❤✐♥❡ N ✇❤✐❝❤ ♣r❡❞✐❝ts ❡✈❡r② f ∈ S
❛❧♠♦st ❡✈❡r②✇❤❡r❡✱ ✐✳❡✳

∃♣❛rt✳ ❝♦♠♣✳ N ∀f ∈ S ∀∞x : N(f(0) . . . f(x− 1)) ↓= f(x).

Pr♦♦❢✳ ❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❡❛❝❤ ❞✐r❡❝t✐♦♥ s❡♣❛r❛t❡❧②✳

⇒✿ ▲❡t S ∈ ❇❈ ✈✐❛ ❛ ♠❛❝❤✐♥❡ M✳ ❉❡✜♥❡ N(σ) := ϕM(σ)(|σ|)✳ ❖♥❝❡ M ❧❡❛r♥s f ✱ ✇❡ ❤❛✈❡
t❤❛t✱ ❢♦r ❛❧♠♦st ❛❧❧ σ � f ✱ N(σ) ✐s ❞❡✜♥❡❞ ❛♥❞

N(σ) = ϕM(σ)(|σ|) = f(|σ|).

◆♦✇✱ ✐❢ σ = f(0) . . . f(x− 1) ✐s ❜✐❣ ❡♥♦✉❣❤✱ ✇❡ ❣❡t

N(f(0) . . . f(x− 1)) ↓= N(σ) = ϕM(σ)(|σ|) = f(|σ|) = f(x).

⇐✿ ▲❡t N ❜❡ t❤❡ ♣r❡❞✐❝t✐♥❣ ♠❛❝❤✐♥❡✳ ❈♦♥s✐❞❡r t❤❡ ♣❛rt✐❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥

f(y, σ, x) =

{

σ(x), x ∈ dom(σ),

N(ϕϕy(σ)(0) . . . ϕϕy(σ)(x− 1)), ❡❧s❡.
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❈❤❛♣t❡r ✸✳ ▲❡❛r♥✐♥❣

❇② ◆♦r♠❛❧ ❋♦r♠ ❚❤❡♦r❡♠ ✷✳✸✳✹ ❛♥❞ Sm
n ❚❤❡♦r❡♠ ✷✳✸✳✺ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣✉t❛❜❧❡

s = ϕn s✉❝❤ t❤❛t

f(y, σ, x) = ϕe(y, σ, x) = ϕs̃(e,y,σ)(x) = ϕs(y,σ)(x) = ϕϕn(y,σ)(x). ✭✸✳✺✮

◆♦✇✱ ❜② ❈♦r♦❧❧❛r② ✷✳✸✳✽✱ t❤❡r❡ ❡①✐sts s♦♠❡ ❝♦♠♣✉t❛❜❧❡ g s✉❝❤ t❤❛t ϕg(n)(σ) =
ϕn(g(n), σ)✳ ❯s✐♥❣ t❤❛t ❛♥❞ ❧❡tt✐♥❣ y = g(n) ✐♥ ✭✸✳✺✮✱ ✇❡ ♦❜t❛✐♥

ϕϕg(n)(σ)(x) = ϕϕn(g(n),σ)(x) =

= f(g(n), σ, x) =

{

σ(x), x ∈ dom(σ),

N(ϕϕf(n)(σ)(0) . . . ϕϕf(n)(σ)(x− 1)), ❡❧s❡.

▲❡t M(σ) = ϕg(n)(σ)✳ ◆♦t✐❝❡ t❤❛t M ✐s ❝♦♠♣✉t❛❜❧❡✳ ❚❤❡♥✱

ϕM(σ)(x) =

{

σ(x), x ∈ dom(σ),

N(ϕM(σ)(0) . . . ϕM(σ)(x− 1)), ❡❧s❡.

▲❡t f ∈ S✳ ◆♦✇✱ ✐❢ t❤✐s ✐♥❞✉❝t✐✈❡ ❞❡✜♥✐t✐♦♥ ✐s ✉♥❞❡✜♥❡❞ ❛t ♦♥❡ ♣♦✐♥t x ❜❡❝❛✉s❡
N ✐s ✉♥❞❡✜♥❡❞ t❤❡r❡✱ t❤❡♥ ϕs(σ)(y) ✐s ✉♥❞❡✜♥❡❞✱ t♦♦✱ ❢♦r ❛❧❧ y ≥ x✳ ❍♦✇❡✈❡r✱ ♦♥❝❡
σ ✐s ❧♦♥❣ ❡♥♦✉❣❤ ❢♦r N t♦ ♣r❡❞✐❝t f ❢♦r ❛❧❧ x ≥ |σ|✱ t❤❡♥ f(σ, x) = g(x) ❛♥❞ t❤✉s
ϕs(σ)(x) = g(x)✳ ❙♦✱ s(σ) ✐s ❛ ♣r♦❣r❛♠ ❢♦r g✳
❙♦✱ ❛❧♠♦st ❛❧❧ ❤②♣♦t❤❡s❡s ❛r❡ ❝♦rr❡❝t ❛♥❞ M ❧❡❛r♥s f ✐♥ ❇❈✳
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✹ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

❇② ♥♦✇✱ ✇❡ ❛r❡ ❢❛♠✐❧✐❛r ✇✐t❤ s♦♠❡ ❜❛s✐❝ ❧❡❛r♥✐♥❣ ❝r✐t❡r✐❛✳ ■♥ ♦r❞❡r t♦ ❛❞✈❛♥❝❡✱ ✇❡ ✇✐❧❧
✐♥✈❡st✐❣❛t❡ ❛ ♥❡✇ t②♣❡ ♦❢ ❧❡❛r♥✐♥❣✱ t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ♦♥❡✳

✹✳✶ ▼❛✐♥ ❞❡✜♥✐t✐♦♥s

❖♣♣♦s✐t❡ t♦ ✇❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ s♦ ❢❛r✱ ✇❡ ✇✐❧❧ ♥♦✇ ✐♥❢❡r ❧❛♥❣✉❛❣❡s✱ ✐✳❡✳ ♥♦♥✲❡♠♣t②
❝✳❡✳ s❡ts✱ r❛t❤❡r t❤❛♥ ❢✉♥❝t✐♦♥s✳ ❖♥❡ ♥❛t✉r❛❧ ❢♦r♠ ♦❢ ❧❡❛r♥✐♥❣ ❧❛♥❣✉❛❣❡s ✐s r❡❝❡✐✈✐♥❣ t❤❡
♣♦s✐t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✱ ✐✳❡✳ ❣❡tt✐♥❣ t♦ ❦♥♦✇ ♠♦r❡ ❛♥❞ ♠♦r❡ ✇♦r❞s ✇❤✐❝❤ ❛r❡
✐♥ t❤❡ ❧❛♥❣✉❛❣❡✳ ❆s s✉❣❣❡st❡❞ ✐♥ ❬✶✻❪✱ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❛t t♦ s♦♠❡ ❛r❝❤❛❡♦❧♦❣✐st ❝♦♠✐♥❣
❛❝r♦ss s♦♠❡ r✉✐♥s✳ ❚❤❡r❡✱ t❤❡ ❛r❝❤❛❡♦❧♦❣✐st ✇✐❧❧ ✜♥❞ ✇♦r❞s ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✱ r❛t❤❡r t❤❛♥
✇♦r❞s t❤❛t ❛r❡ ♥♦t✳ ❚❤✐s ❦✐♥❞ ♦❢ ❧❛♥❣✉❛❣❡ ❧❡❛r♥✐♥❣ ✐s ❝❛❧❧❡❞ t❡①t✲❧❡❛r♥✐♥❣✱ s❡❡ ❬✶✻❪✳ ■t ✐s
♦❜✈✐♦✉s t❤❛t t❤❡ ♦r❞❡r ♦❢ t❤❡ ✐♥♣✉t ✐♥ t❤✐s ❦✐♥❞ ♦❢ ❧❡❛r♥✐♥❣ ❝❛♥ ❜❡ ❛r❜✐tr❛r②✳ ❚❤✉s✱ ✇❡
♥❡❡❞ t♦ ✜① t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳

◆♦t❛t✐♦♥ ✹✳✶✳✶✿ ▲❡t D ⊆ N ❜❡ s♦♠❡ s❡t✳ ■❢ d0, d1, . . . ✐s s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡ ♦❢ D✱ ✐✳❡✳
✐❢ {d0, d1, . . . } = D✱ ✇❡ ✇✐❧❧ ✇r✐t❡ (dn)n ∈ D✳

❘❡♠❛r❦ ✹✳✶✳✷✿ ❙♦♠❡t✐♠❡s✱ ♦♥❡ ❛❧❧♦✇s t❤❡ ✉s❡ ♦❢ ❛ ♣❛✉s❡ s②♠❜♦❧ #✳ ❚❤✐s ✐s ❞♦♥❡ t♦ ❜❡
❛❜❧❡ t♦ r❡♣r❡s❡♥t t❤❡ ❡♠♣t② s❡t✱ ♥❛♠❡❧② ❜② ✐♥♣✉tt✐♥❣ #,#, . . . ✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ✇❡ ❛r❡
♥♦t ✐♥t❡r❡st❡❞ ✐♥ ❧❡❛r♥✐♥❣ t❤❡ ❡♠♣t② s❡t✱ ❛♥❞ s✐♥❝❡ ♥♦♥❡ ♦❢ t❤❡ ❝❧❛ss❡s ❤❡r❡ ❝♦♥t❛✐♥ t❤❡
❡♠♣t② s❡t✱ ✇❡ ✇✐❧❧ ♦♠✐t ✉s✐♥❣ t❤❡ ♣❛✉s❡ s②♠❜♦❧✳

◆♦✇✱ ✇❡ ♥❡❡❞ t♦ ❝❧❛r✐❢② ✇❤❛t ✐t ♠❡❛♥s t♦ ❧❡❛r♥ ❛ s❡t✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✸✿ ▲❡t D ⊆ N ❜❡ s♦♠❡ s❡t✳ ❲❡ ❝❛❧❧ e ❛ ♣r♦❣r❛♠ ♦❢ D ✐✛ We = D✳

❘❡♠❛r❦ ✹✳✶✳✹✿ ■♥t✉✐t✐✈❡❧②✱ ❛ ♣r♦❣r❛♠ ♦❢ ❛ s❡t S s❤♦✉❧❞ ♣r♦✈✐❞❡ ✉s ✇✐t❤ t❤❡ ✐♥❢♦r♠❛t✐♦♥
✇❤✐❝❤ ❡❧❡♠❡♥ts ❛r❡ ✐♥ t❤❡ s❡t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ❦♥♦✇ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ χS✱
✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ s❡t✳ ❍♦✇❡✈❡r✱ t❤❛t ✐s ♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r♦❣r❛♠
♦❢ S✳ ❙✐♥❝❡ χS = ϕe ✐s ❡✈❡r②✇❤❡r❡ ❞❡✜♥❡❞✱ We = N✳ ❚♦ ❝✐r❝✉♠✈❡♥t t❤❛t✱ ✇❡ ✇✐❧❧ ❛❧❧♦✇
r❡✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ♣r♦❣r❛♠s✱ ✐✳❡✳ e ✐s ❛ ♣r♦❣r❛♠ ♦❢ S ✐✛ Ws(e) = S ❢♦r s♦♠❡ ❝♦♠♣✉t❛❜❧❡
s✳ ❲❡ ✇✐❧❧ ❝❛❧❧ s✉❝❤ s ❛ tr❛♥s❧❛t✐♦♥✳
❯s✐♥❣ t❤❛t ❛♥❞ f(p,m, x) = ϕp(x + m) ✐❢ ❧❛tt❡r ✐s 1✱ ❛♥❞ ✉♥❞❡✜♥❡❞ ❡❧s❡✱ ✇❡ ❝❛♥ ♣r♦✈❡
t❤❛t ❤❛✈✐♥❣ t❤❡ s❤✐❢t❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ χS ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ t❤❡ s❡t✳ ❋♦r ✜①❡❞
m✱ ❧❡t e ❜❡ s✉❝❤ t❤❛t ϕe(x+m) = χS(x)✳ ❚❤❡♥✱ ✉s✐♥❣ S

m
n ❚❤❡♦r❡♠ ✷✳✸✳✺ ♦♥ f = ϕn✱ ✇❡

♦❜t❛✐♥

ϕs(n,p,m)(x) = ϕn(p,m, x) = f(p,m, x) =

{

1, ϕp(x+m) = 1,

↑, ❡❧s❡✳
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❈❤❛♣t❡r ✹✳ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

❚❤❡♥✱ Ws(n,e,m) = S✳
❯s✐♥❣✱ ❢♦r ❡①❛♠♣❧❡✱ t❤✐s s❤✐❢t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ❛❧❧♦✇s ✉s t♦ ✉s❡ t❤❡
✜rst m ♣♦s✐t✐♦♥s ❛s s♦♠❡ ♠❡♠♦r②✳ ❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ❧♦♦❦ ♦♥ t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✶❪✳

❲❡ ✇✐❧❧ ♦♠✐t ♠❡♥t✐♦♥✐♥❣ t❤❡ ✉s❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ ❤♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡
✇❛② ♦❢ r❡❝♦♠♣✉t✐♥❣✳ ❆❧s♦✱ t♦ ♠❛❦❡ ❢✉t✉r❡ ❛❧❣♦r✐t❤♠s ♠♦r❡ r❡❛❞❛❜❧❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡
❛❜❜r❡✈✐❛t✐♦♥s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♥❡①t r❡♠❛r❦✳

❘❡♠❛r❦ ✹✳✶✳✺✿ ▲❛t❡r ♦♥✱ t❤❡ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠s ✇✐❧❧ ✉s❡ t❤❡ t❡r♠s ✧♦✉t♣✉t x✧ ❛♥❞
✧r❡t✉r♥ 0✧ ✐♥ t❤❡✐r ❝♦❞❡s✳
❲❤✐❧❡ t❤❡ ✜rst ♠❡❛♥s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts x ❛s ✐ts ❝✉rr❡♥t ❤②♣♦t❤❡s✐s ❛♥❞ t❤❡♥ r❡✲
q✉❡sts t❤❡ ♥❡①t ✐♥♣✉t✱ t❤❡ s❡❝♦♥❞ ✐♠♣❧✐❡s t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❝♦✉❧❞ ❛❝t✉❛❧❧② ❜❡ ❛❜♦rt❡❞
❤❡r❡✳ ❚❡❝❤♥✐❝❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ st❛rt ♦✉t♣✉tt✐♥❣ s♦♠❡ ❞✉♠♠② ❝♦❞❡✱ s❛②
0✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ♦✈❡r✳

❙♦ ❢❛r✱ t❤❡ ❧❡❛r♥✐♥❣ ♠❛❝❤✐♥❡s ❤❛❞ ❢✉❧❧ ❛❝❝❡ss t♦ ❛❧❧ ✐♥♣✉t ❞❛t❛✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ r❡str✐❝t
t❤❛t ♠✐❣❤t ❜② q✉✐t❡ ❛ ❜✐t✳ ■♥ t❤❡ ♥❡①t t②♣❡ ♦❢ ❧❡❛r♥✐♥❣✱ t❤❡ ♠❛❝❤✐♥❡ ✇✐❧❧ ❣❡t t❤❡ ♥❡✇ ❞❛t✉♠
❛s ✐♥♣✉t ❛s ✇❡❧❧ ❛s ✐ts ♦✇♥ ❧❛st ❤②♣♦t❤❡s✐s✳ ❚❤✉s✱ ❛♥② ♠❡♠♦r② ♦♥ ♣r❡✈✐♦✉s ❝♦♠♣✉t❛t✐♦♥s
❝❛♥ ♦♥❧② ❜❡ st♦r❡❞ ✐♥t♦ t❤❡ ♦✉t♣✉t ✐ts❡❧❢✳ ❚❤✐s t②♣❡ ♦❢ ❧❡❛r♥✐♥❣ ✐s ❦♥♦✇♥ ❛s ✐t❡r❛t✐✈❡
❧❡❛r♥✐♥❣✳ ❲❡ ✇✐❧❧ t❛❦❡ t❤❡ ❞❡✜♥✐t✐♦♥ ❢r♦♠ ❬✶✵❪ ❛♥❞ ❬✶✸❪ ❛♥❞ ❛❞❛♣t ✐t t♦ ✜t ♦✉r ♥❡❡❞s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✻ ✭■❚✮✿ ❆ ❝❧❛ss S ✐s ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ ♠❛❝❤✐♥❡ ✇❤✐❝❤
❝♦♥✈❡r❣❡s ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ♠❛♣♣✐♥❣ t❤❡ ♦❧❞ ❤②♣♦t❤❡s✐s pi ❛♥❞ t❤❡ ❝✉rr❡♥t ❞❛t✉♠ di t♦ ❛
♥❡✇ ❤②♣♦t❤❡s✐s pi+1✱ ✐✳❡✳

∃❝♦♠♣✳ it(., .) ∀D ∈ S ∀(dn)n ∈ D ∃p ∀∞i : it(pi, di) = pi+1 = p ∧Wp = D.

❙✉❝❤ ❛ ❧❡❛r♥❡r it(., .) ✐s ❝❛❧❧❡❞ ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ✳

❘❡♠❛r❦ ✹✳✶✳✼✿ ❖♥❡ ❝❛♥ ❝❤♦♦s❡ t❤❡ ✜rst ✐♥♣✉t ♣r♦❣r❛♠ p0 ❛r❜✐tr❛r✐❧②✳

◆❡①t✱ ✇❡ ✇✐❧❧ ❡♥❤❛♥❝❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ P♦♣♣❡r✐❛♥ ❧❡❛r♥❡r ❢r♦♠ t❤❡ ❧❛st ❝❤❛♣t❡r✳ ■♥ ❛❞❞✐t✐♦♥
t♦ t❤❡ r❡❣✉❧❛r ✐♥♣✉t✱ ✐✳❡✳ ✐♥♣✉t t❤❛t ❜❡❧♦♥❣s t♦ s♦♠❡ s❡t ✐♥ t❤❡ ❝❧❛ss✱ ✇❡ ✇✐❧❧ ❛❧❧♦✇ ❛♥②
❛r❜✐tr❛r② ✐♥♣✉t ❛s ✇❡❧❧✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❡❛r♥❡r ❤❛s t♦ ❝♦♥✈❡r❣❡ ♦♥ ❜♦t❤ t②♣❡s ♦❢ ✐♥♣✉ts✱
❜✉t ♦♥❧② ❤❛s t♦ ❜❡ ❝♦rr❡❝t ♦♥ t❤❡ r❡❣✉❧❛r ♦♥❡✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❛t ✐❞❡❛ ❢♦r♠❛❧❧②
✇❡❧❧✱ ❧❡t ✉s ✇✐❞❡♥ ♥♦t❛t✐♦♥ ✹✳✶✳✶✳

◆♦t❛t✐♦♥ ✹✳✶✳✽✿ ▲❡t S ❜❡ ❛ ❝❧❛ss✳ ■❢ ✇❡ ❤❛✈❡ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡ d0, d1, . . . ✱ ✇❡ ✇r✐t❡
(dn)n ∈ DS ✐❢ t❤❡ ✐♥♣✉t ❜❡❧♦♥❣s t♦ s♦♠❡ s❡t DS ✐♥ S✱ ✐✳❡✳ ✐❢ ∃DS ∈ S : (dn)n ∈ DS ✳ ❲❡
✇✐❧❧ ❝❛❧❧ s✉❝❤ ❛♥ ✐♥♣✉t r❡❣✉❧❛r✳
❖t❤❡r✇✐s❡✱ ♦r ✐❢ ✇❡ ❛❧❧♦✇ ❜♦t❤ ❝❛s❡s✱ ✇❡ s✐♠♣❧② ✇r✐t❡ (dn)n✳

◆♦✇✱ ✇❡ ❝❛♥ ❢♦r♠❛❧✐③❡ t❤❡ ✐❞❡❛ ❛❜♦✈❡✱ t❤✉s ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝♦♥✜❞❡♥t ❧❡❛r♥✐♥❣ ♠❛❝❤✐♥❡✱
❛s ✐t ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✻❪ ♦r ❬✽❪✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✾ ✭❈❋❉✮✿ ❆ ❝❧❛ss S ✐s ❝♦♥✜❞❡♥t❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ ♠❛❝❤✐♥❡
✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♦♥ ❛♥② ✐♥♣✉t s❡q✉❡♥❝❡ ❛♥❞ ✐s ❝♦rr❡❝t ♦♥ t❤❡ r❡❣✉❧❛r ✐♥♣✉t✱ ✐✳❡✳

∃❝♦♠♣✳ cfd ∀(dn)n ∃e :
((

∀∞i : cfd(d0, d1, . . . , di) = e
)
∧
(
(dn)n ∈ DS ⇒ We = DS

))

.
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✹✳✷✳ ❋✐rst ❡✛♦rts

❙✉❝❤ ❛ ❧❡❛r♥❡r cfd ✐s ❝❛❧❧❡❞ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r ✳

❖✉r ♠❛✐♥ ❢♦❝✉s ✇✐❧❧ ❧❛② ♦♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ t✇♦✱ t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳✶✵ ✭❈■✮✿ ❆ ❝❧❛ss S ✐s ❝♦♥✜❞❡♥t❧② ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ✐s ❛ ❧❡❛r♥❡r
ci(., .) ❧❡❛r♥✐♥❣ S ❝♦♥✜❞❡♥t❧② ❛♥❞ ✐t❡r❛t✐✈❡❧②✳
❙✉❝❤ ❛ ❧❡❛r♥❡r ci(., .) ✐s ❝❛❧❧❡❞ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ✳

✹✳✷ ❋✐rst ❡✛♦rts

◆❛t✉r❛❧❧②✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ s♦♠❡ ❝❧❛ss❡s ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡② ❛r❡ ❈■✳ ❚❤❡
st❛rt ♠❛r❦s t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ✜♥✐t❡ s❡ts✳

❊①❛♠♣❧❡ ✹✳✷✳✶✿ ▲❡t P := Pfin(ω) := {A ⊆ ω : |A| < ∞}✱ ✐✳❡✳ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ✜♥✐t❡
s✉❜s❡ts ♦❢ ω✳
❋✐rst✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s ❝❧❛ss ✐s ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡✳ ▲❡t (dn)n ∈ AP ❜❡ t❤❡ ✐♥♣✉t
❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳ ▲❡t p0 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢ t❤❡ ③❡r♦ ❢✉♥❝t✐♦♥✳ ❚❤❡♥

• ❢♦r ✐♥♣✉ts pi ❛♥❞ di✱ ✇❤❡r❡ pi ✐s t❤❡ ♦❧❞ ❤②♣♦t❤❡s✐s✱

✶✳ ✐❢ ϕpi(di) = 0✱ t❤❡♥ pi+1 ✐s t❤❡ ♣r♦❣r❛♠ ♦❢ f(x) = ϕpi(x) + sgn(|x− di|)✱

✷✳ ♦t❤❡r✇✐s❡✱ pi+1 = pi✳

❆s ❝♦♠♣♦s✐t✐♦♥ ♦❢ s✉❝❤✱ f(x) ✐s ❛ t♦t❛❧ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❇② ❈♦r♦❧❧❛r② ✷✳✸✳✾ ✇❡ ❝❛♥
❝♦♠♣✉t❡ ✐ts ✐♥❞❡① ❡✛❡❝t✐✈❡❧② ✈✐❛ pi✳ ❙♦✱ ❛❧❧ st❡♣s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ ❡✛❡❝t✐✈❡✳
❚♦ s❡❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ♣r♦♣❡r❧②✱ ❧❡t (dn)n ∈ AP ❜❡ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡✳ ❋♦r
✐♥♣✉t di ❛♥❞ pi✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❤❡❝❦s ✇❤❡t❤❡r ♦r ♥♦t di ✐s s♦♠❡ ♥❡✇ ❞❛t✉♠✱ ✐✳❡✳ ϕpi(di) =
0✳ ■❢ s♦✱ ✇❡ ❝❤❛♥❣❡ t❤❛t ✈❛❧✉❡ t♦ 1✱ ✉s✐♥❣ f ✳ ❚❤❡♥✱ pi+1 ✐s t❤❡ ♣r♦❣r❛♠ ♦❢ t❤❡ ❝✉rr❡♥t
❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ t❤❡ s❡ts ✐♥ t❤❡ ❝❧❛ss ❛r❡ ✜♥✐t❡✱ t❤❡r❡ ❡①✐sts s♦♠❡ st❛❣❡ I
✇❤❡♥ ❛❧❧ ❞❛t❛ ❤❛s ♦❝❝✉rr❡❞ ✐♥ t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡ ❛t ❧❡❛st ♦♥❝❡✱ ✐✳❡✳ ∀∞

I i : {d0, . . . , dI} =
{d0, . . . , di} = AP ✳ ❋r♦♠ t❤✐s ♣♦✐♥t ♦♥✇❛r❞s✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ ✐ts ♠✐♥❞
❛♥②♠♦r❡✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ❧❡❛r♥❡❞ t❤❡ ❝❧❛ss ✐t❡r❛t✐✈❡❧②✳
◆❡①t✱ ✇❡ ✇✐❧❧ ❛r❣✉❡ t❤❛t t❤✐s ❝❧❛ss ✐s ♥♦t ✐♥ ❈■✳ ❋♦r t❤❡ ❢✉❧❧ t❡❝❤♥✐❝❛❧ ♣r♦♦❢✱ ❝♦♥s✐❞❡r
t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳✸✳ ◆♦✇✱ ❛ss✉♠❡ t❤❡ ❝❧❛ss ✐s ✐♥ ❈■✳ ❚❤❡♥ ✐t ❤❛s s♦♠❡ ❝♦♥✜❞❡♥t
✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ci(., .)✳ ❚❛❦❡ s♦♠❡ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥ A0 ( A1 ( · · · ✐♥ t❤❡ ❝❧❛ss✳
❆s ci(., .) ❧❡❛r♥s t❤❡ ❝❧❛ss✱ ✐t ❤❛s t♦ ❝♦♥✈❡r❣❡ ♦♥ ❡✈❡r② ♦❢ t❤❡s❡ Ai✳ ❙♦✱ ✇❡ st❛rt ✐♥♣✉tt✐♥❣
❡❧❡♠❡♥ts ❢r♦♠ A0 ✉♥t✐❧ ci(., .) ❝♦♥✈❡r❣❡s✱ ❛♥❞ t❤❡♥ ❝♦♥t✐♥✉❡ t♦ ✐♥♣✉t ❡❧❡♠❡♥ts ❢r♦♠ A1

✉♥t✐❧ ✐t ❝♦♥✈❡r❣❡s ❛❣❛✐♥✱ ❥✉st t♦ ❣♦ ♦♥ ✇✐t❤ ❡❧❡♠❡♥ts ❢r♦♠ A2✱ ❡t❝✳ ❙✐♥❝❡ ❛❧❧ ♦❢ t❤❡s❡ s❡ts
❤❛✈❡ ❞✐✛❡r❡♥t ❝♦❞❡s✱ ci(., .) ✇✐❧❧ ♥♦t ❝♦♥✈❡r❣❡ ♦♥ t❤❛t ✐♥♣✉t ✐♥ A :=

⋃

iAi✳

❚❤✐s ❡①❛♠♣❧❡ ❛❧r❡❛❞② ♣r♦✈✐❞❡s s♦♠❡ ✉s❡❢✉❧ ❢❛❝ts✳

▲❡♠♠❛ ✹✳✷✳✷✿ ❆♥② s✉❜❝❧❛ss S ♦❢ Pfin(ω) ❝❛♥ ❜❡ ❧❡❛r♥❡❞ ✐t❡r❛t✐✈❡❧②✳

Pr♦♦❢✳ ▲❡t S ❜❡ ❛ s✉❜❝❧❛ss ♦❢ Pfin(ω) ❛♥❞ (dn)n ∈ AS t❤❡ ✐♥♣✉t ❢♦r t❤❡ ❛❧❣♦r✐t❤♠ ❜❡❧♦✇✳
▲❡t p0 ❜❡ t❤❡ ♣r♦❣r❛♠ ♦❢ t❤❡ ③❡r♦ ❢✉♥❝t✐♦♥✳ ❚❤❡♥

• ❢♦r ✐♥♣✉ts pi ❛♥❞ di✱ ✇❤❡r❡ pi ✐s t❤❡ ♦❧❞ ❤②♣♦t❤❡s✐s✱
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❈❤❛♣t❡r ✹✳ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

✶✳ ✐❢ ϕpi(di) = 0✱ t❤❡♥ pi+1 ✐s t❤❡ ♣r♦❣r❛♠ ♦❢ f(x) = ϕpi(x) + sgn(|x− di|)✱

✷✳ ♦t❤❡r✇✐s❡✱ pi+1 = pi✳

■♥ t❤❡ ❧✐❣❤t ♦❢ ❈♦r♦❧❧❛r② ✷✳✸✳✾ ❛♥❞ s✐♥❝❡ f(x) ✐s ❝♦♠♣✉t❛❜❧❡✱ ✇❡ ❝❛♥ ❣❡t ✐ts ❝♦❞❡ ❡✛❡❝t✐✈❡❧②
✈✐❛ pi✳ ❚❤✉s✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❡✛❡❝t✐✈❡❧②✳
▲❡t (dn)n ∈ AS ❜❡ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡✳ ❋♦r ❛♥② ✐♥♣✉t di t❤❡ ❛❧❣♦r✐t❤♠ ❝❤❡❝❦s✱ ✇❤❡t❤❡r
di ✐s ❛ ♥❡✇ ❞❛t✉♠✱ ✐✳❡✳ ϕpi(di) = 0✱ ♦r ♥♦t✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✐t ❝❤❛♥❣❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢✉♥❝t✐♦♥ ♦♥ t❤✐s ❛r❣✉♠❡♥t t♦ 1✱ ❧❡❛❞✐♥❣ t♦ f(x)✳ ❚❤❡♥ ✐t ♦✉t♣✉ts ❛ ❝♦❞❡ ♦❢ f(x)✳ ❖t❤❡r✲
✇✐s❡✱ ✐t ♦✉t♣✉ts t❤❡ ❧❛st ❤②♣♦t❤❡s✐s✳
❆t s♦♠❡ ♣♦✐♥t I✱ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ AS ❤❛✈❡ ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ✐♥♣✉t✱ ✐✳❡✳ ∀∞

I i : {d0, . . . , dI} =
{d0, . . . , di} = AS ✳ ◆♦✇✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛❧✇❛②s ♣r♦❝❡❡❞ ✇✐t❤ ❝❛s❡ ✭✷✳✮✱ ❛s t❤❡r❡ ❛r❡
♥♦ ②❡t ✉♥♠❡♥t✐♦♥❡❞ ❡❧❡♠❡♥ts ❛♥②♠♦r❡✳
❙♦✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❝♦♥✈❡r❣❡✱ ❛♥❞ ♦✉t♣✉t ❛ ❝♦❞❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢AS ✳

▲❡♠♠❛ ✹✳✷✳✸✿ ■❢ ❛ ❝❧❛ss S ✐s ❈■✱ t❤❡♥ S ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥✳

Pr♦♦❢✳ ▲❡t S ❤❛✈❡ ❛ ❈■✲❧❡❛r♥❡r ci(., .)✳ ❆ss✉♠❡✱ t❤❛t S ❝♦♥t❛✐♥s ❛♥ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣
❝❤❛✐♥ A0 ( A1 ( · · · ✳ ❚❤❡♥

A0✿ ❢♦r s♦♠❡ ✐♥♣✉t d0,0, d0,1, . . . ♦❢ A0 t❤❡ ❈■✲❧❡❛r♥❡r ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❝♦♥✈❡r❣❡✱ s♦

∃p0 ∀∞
I0
j : ci(p0,j, d0,j) = p0,j+1 = p0.

A1✿ ❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ✐♥♣✉t d0,0, d0,1, . . . , d0,I0 ✱ ❛♥❞ t❤❡♥ ❝♦♥t✐♥✉✐♥❣ ✇✐t❤ s♦♠❡
d1,I0+1, d1,I0+2, . . . ♦❢ A1 \ A0 t❤❡ ❈■✲❧❡❛r♥❡r ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❝♦♥✈❡r❣❡✱ s♦

∃p1 ∀∞
I1
j : ci(p∗,j, d∗,j) = p∗,j+1 = p1.

Ai✿ ❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ✐♥♣✉t d0,0, d0,1, . . . , d0,I0 , d1,I0+1, . . . , d1,I1 , d2,I1+1, . . . , di−1,Ii−1
✱ ❛♥❞

t❤❡♥ ❝♦♥t✐♥✉✐♥❣ ✇✐t❤ s♦♠❡ di,Ii−1+1, di,Ii−1+2, . . . ♦❢ Ai \ Ai−1 t❤❡ ❈■✲❧❡❛r♥❡r ✇✐❧❧
❡✈❡♥t✉❛❧❧② ❝♦♥✈❡r❣❡✱ s♦

∃pi ∀
∞
Ii
j : ci(p∗,j, d∗,j) = p∗,j+1 = pi.

❙♦✱ ✇❡ ❤❛✈❡ ❛♥ ✐♥♣✉t s❡q✉❡♥❝❡

d0,0, d0,1, . . . , d0,I0 , d1,I0+1, . . . , d1,I1 , d2,I1+1, . . . , di−1,Ii−1
, di,Ii−1+1, di,Ii−1+2, . . .

✇❤❡r❡ ci(., .) ♦✉t♣✉ts t❤❡ ❝♦❞❡s . . . , p0, . . . , p1, . . . , pi, . . . ✳ ❆s ❛❧❧ ♦❢ t❤❡s❡ ❝♦❞❡s ❛r❡ ❞✐✛❡r✲
❡♥t✱ ci(., .) ❞♦❡s ♥♦t ❝♦♥✈❡r❣❡ ♦♥ t❤✐s ♣❛rt✐❝✉❧❛r ✐♥♣✉t ♦❢ A :=

⋃

iAi✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❖♥❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥ ✐s t❤❡ ♦♥❧② r❡❛s♦♥ t❤❛t ❜✉❣s t❤❡ ❡①✐s✲
t❡♥❝❡ ♦❢ t❤❡ ❈■✲❧❡❛r♥❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t tr✉❡✱ ❛s s❤♦✇s t❤❡ ♥❡①t ❡①❛♠♣❧❡✳
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✹✳✷✳ ❋✐rst ❡✛♦rts

❊①❛♠♣❧❡ ✹✳✷✳✹✿ ▲❡t Ne ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❡✈❡♥ ♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ❛♥❞ ❧❡t No ❜❡ t❤❡ s❡t ♦❢
❛❧❧ ♦❞❞ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss

C := {E | ∃n : 2n+ 1 ∈ E ∧ |Ne ∩ E| = 2n ∧ |No ∩ E| = 1}.

❚❤❡ s❡ts ♦❢ t❤✐s ❝❧❛ss ❝♦♥t❛✐♥ ♦♥❡ ♦❞❞ ❡❧❡♠❡♥t 2n+ 1 ❛♥❞ 2n ♠❛♥② ❡✈❡♥ ❡❧❡♠❡♥ts✳
❙✐♥❝❡ ❛❧❧ ♦❢ t❤❡ s❡ts ♦❢ t❤✐s ❝❧❛ss ❛r❡ ✜♥✐t❡✱ ✐t ✐s ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡ ❜② ▲❡♠♠❛ ✹✳✷✳✷✳
◆❡①t✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r ♦❢ C✳ ❋♦r ❛♥② ✐♥♣✉t (dn)n✱ ❡①❡❝✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❛❧❣♦r✐t❤♠✳

✶✳ ■❢ {d0, . . . , di} ❝♦♥t❛✐♥s ♥♦ ♦❞❞ ❡❧❡♠❡♥ts✱ ♦✉t♣✉t 0✳

✷✳ ■❢ {d0, . . . , di} ❝♦♥t❛✐♥s ♦♥❡ ♦❞❞ ❡❧❡♠❡♥t m = 2n + 1 ❛♥❞ 2n ♠❛♥② ❡✈❡♥ ❡❧❡♠❡♥ts✱
♦✉t♣✉t ❛ ❝♦❞❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ {d0, . . . , di}✳

✸✳ ❊❧s❡✱ ♦✉t♣✉t 0✳

❚♦ s❡❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ♣r♦♣❡r❧②✱ ❧❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡✳ ❚❤❡ ✐❞❡❛
♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s s✐♠♣❧❡✱ ✇❡ ❝♦✉♥t t❤❡ ♦❞❞ ❡❧❡♠❡♥ts✱ ❧❡❛❞✐♥❣ ✉s ✐♥t♦ t❤r❡❡ ❝❛s❡s ♦♥
{d0, . . . , di}✳

✶✳ ❲❤✐❧❡ ✇❡ ❤❛✈❡ ♥♦ ♦❞❞ ❡❧❡♠❡♥ts✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ s❡t ✐♥ t❤❡ ❝❧❛ss✱ ②❡t✱ s♦ ✇❡ ♦✉t♣✉t
❛♥② ❞✉♠♠② ❝♦❞❡✱ ✐✳❡✳ 0✳

✷✳ ❲❤❡♥ ✇❡ ❤❛✈❡ ❡①❛❝t❧② ♦♥❡ ♦❞❞ ❡❧❡♠❡♥t m = 2n + 1 ❛♥❞ 2n ♠❛♥② ❡✈❡♥ ❡❧❡♠❡♥ts✱
✇❡ ♦✉t♣✉t ❛ ❝♦❞❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ {d0, . . . , di}✱ ❛s ✐t ✐s ❛ s❡t ✐♥ t❤❡
❝❧❛ss✳

✸✳ ❊❧s❡✱ ♦✉t♣✉t 0✳

❙✐♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♦♥❧② ❝❤❛♥❣❡ ✐ts ♠✐♥❞ ✇❤❡♥ ❝❤❛♥❣✐♥❣ ❢r♦♠ ❝❛s❡ ✭✶✳✮ ♦r ✭✸✳✮ t♦
✭✷✳✮ ♦r ❢r♦♠ ✭✷✳✮ t♦ ✭✸✳✮✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❤❛♣♣❡♥ ✜♥✐t❡❧② ♠❛♥② t✐♠❡s✱ ✇❡ s❡❡ t❤❛t t❤❡
❛❧❣♦r✐t❤♠ ✇♦r❦s ♣r♦♣❡r❧②✳
▲❛st❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t C ✐s ♥♦t ❈■✳ ❆ss✉♠❡ t❤❡r❡ ❡①✐sts ❛ ❈■✲❧❡❛r♥❡r ci(., .)✳ ❈♦♥s✐❞❡r
t❤❡ s❡t ♦❢ ❛❧❧ ❡✈❡♥ ♥✉♠❜❡rs Ne ❛♥❞ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡ (en)n ∈ Ne✳ ❚❤❡ ❧❡❛r♥❡r ci(., .)
❤❛s t♦ ❝♦♥✈❡r❣❡ ♦♥ t❤❛t ✐♥♣✉t ❛t s♦♠❡ ♣♦✐♥t✱ s♦

∃p ∀∞
I−1j : ci(pj, ej) = pj+1 = p.

◆♦✇ ❝♦♥s✐❞❡r t❤❡ s❡t LI = {e0, e1, . . . , eI}✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡
t❤❛t |LI | = 2k ❢♦r s♦♠❡ k ∈ ω✳
◆♦✇✱ t❛❦❡ ❢♦✉r ❞✐✛❡r❡♥t ❡✈❡♥ ♥✉♠❜❡rs t❤❛t ❤❛✈❡ ♥♦t ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ✐♥♣✉t✱ ②❡t✱ ✐✳❡✳
n1, . . . , n4 ∈ Ne \LI ✳ ❚❤❡♥✱ t❤❡ t✇♦ s❡ts N1 := LI ∪{n1, n2} ❛♥❞ N2 := LI ∪{n3, n4} st✐❧❧
❤❛✈❡ t❤❡ s❛♠❡ ❝♦❞❡ p✱ ❛s t❤❡ ❧❡❛r♥❡r ci(., .) ✇✐❧❧ ♥♦t ❝❤❛♥❣❡ ✐ts ♠✐♥❞ ♦♥ ❡✈❡♥ ♥✉♠❜❡rs
❛♥②♠♦r❡✳ ❋✉rt❤❡r♠♦r❡✱ |N1| = |N2| = 2(k+1)✳ ❙♦✱ ✐❢ ✇❡ ❛❞❞ t❤❡ ❡❧❡♠❡♥tm = 2(k+1)+1
t♦ t❤❡ s❡ts N1 ❛♥❞ N2✱ t❤❡ s❡ts ❛♣♣❡❛r t♦ ❜❡ ✐♥ C✳ ❍♦✇❡✈❡r✱ t❤❡s❡ t✇♦ s❡ts✱ ❛♥❞ ✐♥ ❢❛❝t
❛❧❧ s❡ts ♦❢ t❤✐s ❢♦r♠✱ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦❞❡ ci(p,m) = p′✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳
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❈❤❛♣t❡r ✹✳ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

❙♦✱ ✇❡ ♦❜s❡r✈❡❞ t✇♦ t❤✐♥❣s✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ✇❡ ❝❛♥♥♦t ✐♥✈❡rt t❤❡ ❧❡♠♠❛ ❛❜♦✈❡✳
❙❡❝♦♥❞❧②✱ ❤❛✈✐♥❣ ❛♥ ✐t❡r❛t✐✈❡ ❛♥❞ ❛ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r ❞♦❡s ♥♦t s✉✣❝❡ t♦ ❤❛✈❡ ❛ ❝♦♥✜❞❡♥t
✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳ ❚♦ s❡❡ ❛♥♦t❤❡r ❡①❛♠♣❧❡✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ ❈■ ❝❧❛ss❡s✳

▲❡♠♠❛ ✹✳✷✳✺✿ ▲❡t C ∈ ❈■✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ✜♥✐t❡ s❡t F ∈ C ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ✐ts ❝♦❞❡✱

✐✳❡✳ ❢♦r ❝❡rt❛✐♥ ✐♥♣✉t (dn)n ∈ F ♦♥❡ ❝❛♥ ✜♥❞ I ❡✛❡❝t✐✈❡❧② s✉❝❤ t❤❛t ❢♦r s♦♠❡ p

∀i > I : ci(pi, di) = pi+1 = p.

Pr♦♦❢✳ ▲❡t C ❜❡ ❛ ❈■ ❝❧❛ss✱ ❧❡❛r♥❡❞ ❜② ci(., .)✱ ❛♥❞ F = {f0, . . . , fn} ∈ C✳ ◆♦✇✱ ✇❡ ✇✐❧❧
❢❡❡❞ ci(., .) t❤❡ ✐♥♣✉t f0, f1, . . . , fn, fn, fn, . . . ✱ ❛❜❜r❡✈✐❛t❡❞ ❜② (f ∗

m)m✳
❆s t❤❡ ❝❧❛ss ✐s ❈■✱ ci(., .) ✇✐❧❧ ❧❡❛r♥ t❤❡ s❡t ♦♥ t❤✐s ✐♥♣✉t✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts s♦♠❡ p ❛♥❞ I
s✉❝❤ t❤❛t ci(pj, f

∗
j ) = pj+1 = p ❢♦r ❛❧❧ j > I✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t I > n✳ ❙✐♥❝❡

t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡ ❞♦ ♥♦t ❝❤❛♥❣❡ ❛♥②♠♦r❡✱ ♦♥❝❡ ci(., .) r❡♣❡❛ts ✐ts ♦✉t♣✉t✱
✐t ❛❝t✉❛❧❧② ❧❡❛r♥❡❞ t❤❡ s❡t✱ s✐♥❝❡ t❤❡ ♥❡①t ❝❛❧❝✉❧❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r❡✈✐♦✉s✳ ■✳❡✳ ❛t
s♦♠❡ ♣♦✐♥t I > n t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦✉t♣✉ts ci(pI , f

∗
I ) = ci(pI , fn) = pI ✱ t❤✉s r❡❝❡✐✈❡s t❤❡

s❛♠❡ ✐♥♣✉t ❛❣❛✐♥✱ ♥❛♠❡❧② pI ❛♥❞ fn✳ ❚❤✉s✱ ∀j > I : ci(pj, f
∗
j ) = ci(pj, fn) = pj✳ ❚❤❛t I

✐s t❤❡ s♦✉❣❤t ✐♥❞❡①✳

❊①❛♠♣❧❡ ✹✳✷✳✻✿ ❚❛❦❡ t❤❡ ❝❧❛ss M = {A | ∃x, y : A ⊆Mx,y}✱ ✇❤❡r❡

Mx,y := {2x, 2x3, . . . , 2x3y : x ✐s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ ❡①❛❝t❧② y st❡♣s}.

❆❣❛✐♥✱ ❜② ▲❡♠♠❛ ✹✳✷✳✷ t❤❡ ❝❧❛ss ✐s ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡✳
■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ❝❧❛ss ✐s ❝♦♥✜❞❡♥t❧② ❧❡❛r♥❛❜❧❡✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❛♥ ❡①♣❧✐❝✐t ❛❧❣♦✲
r✐t❤♠✳ ❚♦ t❤❛t ❛tt❡♠♣t✱ r❡❝❛❧❧ t❤❡ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥ exp(x, y) ❢r♦♠ ❊①❛♠♣❧❡ ✷✳✷✳✹✳
❆❧s♦✱ ❧❡t [x ∈ K]y ♦✉t♣✉t t❤❡ ♥✉♠❜❡r ♦❢ st❡♣s ≤ y ♥❡❡❞❡❞ ❢♦r x t♦ ❜❡ ❡♥✉♠❡r❛t❡❞ ✐♥t♦
K✳ ■❢ x ✐s ♥♦t ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ y st❡♣s✱ ❧❡t t❤❛t ❢✉♥❝t✐♦♥ ♦✉t♣✉t y + 1✳
◆♦✇✱ ❧❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✳ ❯♣♦♥ st❛rt✐♥❣✱ ✜① t✇♦ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✱
♥❛♠❡❧② b = 0 ❛♥❞ s = exp(0, d0)✳

✐♥♣✉t
♥❡①t di

si = exp(0, di)
ti = exp(1, di)
hi = 2si3ti

di = hi❄

s = si❄ r❡t✉r♥ 0

t = [si ∈ K]ti

b = max(b + 1, t)t′ = [si ∈ K]b

♦✉t♣✉t
♣r♦❣r❛♠

♦✉t♣✉t ✵

(∗)

❨

◆

❨

◆

t < tit = ti

t = ti + 1

t′ > b
t′ ≤ b

✷✽
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✹✳✷✳ ❋✐rst ❡✛♦rts

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❛s s✉♣♣♦s❡❞ ❛♥❞ ✇✐t❤ t❤❛t ❡①♣❧❛✐♥ ✐t✳
▲❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t✳ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ ✇❡ ❤❛✈❡ t✇♦ ❣❧♦❜❛❧ ✈❛r✐❛❜❧❡s✳ ❋✐rst✱ ✇❡
❤❛✈❡ ❛ ❝♦✉♥t❡r b ✇❤✐❝❤ ✇✐❧❧ ❝♦♠❡ t♦ ✉s❡ ❧❛t❡r✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❤❛✈❡ s = exp(0, d0)✱ ✇❤✐❝❤ ✐s
t❤❡ ♣✐✈♦t ♣r♦❣r❛♠✳
◆♦✇✱ ♦♥❝❡ ✇❡ r❡❝❡✐✈❡ t❤❡ ♥❡①t di ❛s ✐♥♣✉t✱ ✇❡ ❝♦♠♣✉t❡ hi = 2exp(0,di)3exp(1,di) ❛♥❞ ❝❤❡❝❦
✇❤❡t❤❡r di ✐s ❡q✉❛❧ t♦ t❤❛t✱ ✐✳❡✳ ✇❤❡t❤❡r di ❤❛s t❤❡ ❝♦rr❡❝t ❢♦r♠ 2exp(0,di)3exp(1,di)✳ ■❢ ♥♦t✱
✇❡ ❦♥♦✇ t❤❛t t❤❡ ✐♥♣✉t ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ ❛ s❡t ✐♥ t❤❡ ❝❧❛ss✱ s♦ ✇❡ ♠❛② ❛s ✇❡❧❧ ❛s st♦♣
❤❡r❡ ❛♥❞ r❡t✉r♥ 0✳
■❢ ✇❡ ❞♦ ❤❛✈❡ t❤❡ s♦✉❣❤t ❢♦r♠✱ ✇❡ ❛s❦ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❣r❛♠ si
♠❛t❝❤❡s t❤❡ ♣r♦❣r❛♠ s✳ ■❢ ♥♦t✱ ✇❡ ❛❣❛✐♥ ❛r❡ s✉r❡❧② ♦✉ts✐❞❡ t❤❡ ❝❧❛ss✱ s♦ ✇❡ r❡t✉r♥ 0✳
❖t❤❡r✇✐s❡✱ ✇❡ ❝♦♠♣✉t❡ t = [si ∈ K]ti ❛♥❞ t❤❡♥ ♣r♦❝❡❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♦✉t❝♦♠❡✳

✶✳ t < ti✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛♠♦✉♥t ♦❢ st❡♣s ❡①t❡♥❞s t❤❡ ♠✐♥✐♠❛❧ ❛♠♦✉♥t✱ s♦ ✇❡ ❞♦ ♥♦t
❤❛✈❡ ❛ s✉❜s❡t ♦❢ s♦♠❡ Mx,y✱ r❛t❤❡r ❛ s✉♣❡rs❡t✳ ❙♦✱ ✇❡ ❛r❡ s✉r❡❧② ♥♦t ✐♥ t❤❡ ❝❧❛ss
❛♥❞ t❤✉s r❡t✉r♥ 0✳

✷✳ t = ti✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ ❛ ❝❛♥❞✐❞❛t❡ ❢♦r ❛ ❝❧❛ss ♠❡♠❜❡r✳ ❙♦✱ ✇❡ ♦✉t♣✉t ❛
♣r♦❣r❛♠ ♦❢ t❤❡ s❡t {d0, d1, . . . , di}✱ ✐✳❡✳ t❤❡ s❡t ♦❢ ✐♥♣✉t t❤❛t ✇❡ ❤❛✈❡ ❣❛t❤❡r❡❞ s♦
❢❛r✳

✸✳ t = ti+1✳ ❲❤❡♥ ✇❡ ❣❡t t♦ t❤✐s ❝❛s❡✱ ✇❡ ♠❛② ❤❛✈❡ ♦♥❡ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥s✳
❲❡ ♠❛② ❤❛✈❡ ❛ ❝❛♥❞✐❞❛t❡✱ ♥❛♠❡❧② ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ s♦♠❡ Mx,y✱ ♦r ✇❡ ♠❛② ❤❛✈❡
❛ ♣r♦❣r❛♠ t❤❛t ❛❝t✉❛❧❧② ✐s ♥❡✈❡r ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K✳ ❍❡r❡✱ t❤❡ ❝♦✉♥t❡r ❝♦♠❡s t♦
✉s❡✳ ❲❡ s❡t t❤❡ ❝♦✉♥t❡r b t♦ t❤❡ ♠❛①✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦✉♥t❡rs ❧❛st ✈❛❧✉❡ ♣❧✉s ♦♥❡✱
✐✳❡✳ b + 1✱ ♦r t✳ ❚❤❡♥ ✇❡ ❛s❦✱ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ ♣r♦❣r❛♠ ✇❛s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K
✐♥ b st❡♣s✳ ❇② ❞♦✐♥❣ s♦✱ ✇❡ ♠❛❦❡ s✉r❡ t♦ ❝❤❡❝❦ t❤❡ ♥❡①t✱ ②❡t ✉♥❝❤❡❝❦❡❞✱ st❡♣✱ t♦ s❡❡
✇❤❡t❤❡r ♦r ♥♦t ✇❡ ❡♥✉♠❡r❛t❡ s ✐♥t♦ K ✐♥ s♦♠❡ ❧❛t❡r st❡♣✱ ♥❛♠❡❧② b✳ ■❢ s♦✱ ✇❡ ❝❛♥
♦✉t♣✉t t❤❡ ♣r♦❣r❛♠ ♦❢ {d0, . . . , di}✱ ❛s ✇❡ ♠❛② ❤❛✈❡ ❤✐t s♦♠❡ ♣r♦♣❡r s✉❜s❡t ♦❢ s♦♠❡
Mx,y✳ ■♥ t❤❡ ♦t❤❡r ❝❛s❡✱ ✇❡ ♦✉t♣✉t 0 ❛♥❞ r❡q✉❡st t❤❡ ♥❡①t ✐♥♣✉t✳ ❇② ❞♦✐♥❣ s♦✱ ✇❡
❡♥s✉r❡ t❤❡ ♠❛❝❤✐♥❡ t♦ ❝♦♥✈❡r❣❡ ✐❢ t❤❡ ✐♥♣✉t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛ s❡t ♦❢ t❤❡ ❝❧❛ss✳

❲❡ s❡❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ♣r♦♣❡r❧②✳ ❚❤✉s✱ t❤❡ ❝❧❛ss ✐s ❝♦♥✜❞❡♥t❧② ❧❡❛r♥❛❜❧❡✳
▲❛st❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s ❝❧❛ss ✐s ♥♦t ❈■✳ ❆ss✉♠❡ ✐t ❤❛s ❛ ❈■✲❧❡❛r♥❡r ci(., .)✳ ❋♦r
s♦♠❡ x ∈ N✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥✳ ▲❡t (x ∈ K)y ❜❡ t❤❡ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r
t❤❡ ❝♦♠♣✉t❛❜❧❡ q✉❡st✐♦♥✱ ✇❤❡t❤❡r x ✐s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ ❛t ♠♦st y st❡♣s✳

• ■♥♣✉t 2x, . . . , 2x ✉♥t✐❧ ci(., .) ❝♦♠♣✉t❛❜❧② ❝♦♥✈❡r❣❡s✱ s❡❡ ▲❡♠♠❛ ✹✳✷✳✺✱ t♦ s♦♠❡ p1✳
❚❤❡♥✱ ❝❤❡❝❦ ✐❢ (x ∈ K)0✳ ■❢ s♦✱ t❤❡♥ x ∈ K✳ ❖t❤❡r✇✐s❡✱ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♥❡①t st❡♣✳

• ❈♦♥t✐♥✉❡ t♦ ✐♥♣✉t 2x3, . . . , 2x3 ✉♥t✐❧ ci(., .) ❝♦♠♣✉t❛❜❧② ❝♦♥✈❡r❣❡s t♦ s♦♠❡ p2✳ ❚❤❡♥✱
❝❤❡❝❦ ✐❢ p1 = p2 ∨ (x ∈ K)1✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❛❣❛✐♥ x ∈ K✳ ■♥ t❤❡ ✜rst ❝❛s❡✱
Wp1 = Wp2 ✳ ❙♦✱ ✐❢ x ∈ K✱ t❤❡♥ t❤❡ ❝❧❛ss ♠❡♠❜❡rs {2x} ❛♥❞ {2x, 2x3} ✇♦✉❧❞ ❤❛✈❡
t❤❡ s❛♠❡ ❝♦❞❡✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s✱ x /∈ K✳ ❖t❤❡r✇✐s❡✱ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♥❡①t
st❡♣✳

• ❈♦♥t✐♥✉❡ t♦ ✐♥♣✉t 2x3i, . . . , 2x3i ✉♥t✐❧ ci(., .) ❝♦♠♣✉t❛❜❧② ❝♦♥✈❡r❣❡s t♦ s♦♠❡ pi+1✳
❚❤❡♥✱ ❝❤❡❝❦ ✐❢ pi = pi+1∨(x ∈ K)i✳ ■❢ ♥♦t✱ t❤❡♥ ❛❣❛✐♥ x /∈ K ♦r x ∈ K✱ r❡s♣❡❝t✐✈❡❧②✳
❖t❤❡r✇✐s❡✱ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♥❡①t st❡♣✳

✷✾
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❈❤❛♣t❡r ✹✳ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

❚❤✐s ❝♦♠♣✉t❛t✐♦♥ ❤❛s t♦ st♦♣✱ ❛s ♦t❤❡r✇✐s❡✱ ❛s pi = pi−1 ✐s ♦♥❡ ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts✱
ci(., .) ✇♦✉❧❞ ♥♦t ❝♦♥✈❡r❣❡ ♦♥ t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡

2x, . . . , 2x, 2x3, . . . , 2x3, 2x32, . . . , 2x3i−1, 2x3i, . . . .

❚❤✉s✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ st♦♣s ❢♦r ❛❧❧ x✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠✱ ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

❘❡♠❛r❦ ✹✳✷✳✼✿ ■♥ ❢✉rt❤❡r ❛❧❣♦r✐t❤♠s✱ ✇❡ ✇✐❧❧ r❡✉s❡ t❤❡ ✢♦✇❝❤❛rt ✐♥ ❊①❛♠♣❧❡ ✹✳✷✳✻✱ ❛♥❞
r❡❢❡r t♦ t❤❡ ❜♦① (∗) ❜② s✐♠♣❧② ❝❛❧❧✐♥❣ ✐t ✧❝♦♠♣✉t❡ ❛♥❞ ❝❤❡❝❦ t❤❡ ❢♦r♠ ♦❢ di✧✳ ❚❤❡♥✱ ❢♦r
s♦♠❡ ✐♥♣✉t di✱ t❤❡ ✈❛❧✉❡s si, ti ❛♥❞ hi ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ✐❢ ♥♦t st❛t❡❞ ♦t❤❡r✇✐s❡✳

✹✳✸ ❙♦♠❡ ♣♦s✐t✐✈❡ ❡①❛♠♣❧❡s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ♦♥❧② s❡❡♥ ❝❧❛ss❡s t❤❛t ❛r❡ ♥♦t ❈■✳ ❚♦ ❣❡t r✐❞ ♦❢ t❤✐s ♣❡❝✉❧✐❛r s✐t✉❛t✐♦♥✱ ✇❡
✇✐❧❧ ♣r♦✈✐❞❡ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❈■ ❝❧❛ss❡s✳

❊①❛♠♣❧❡ ✹✳✸✳✶✿ ❋♦r n ∈ N>0 ❧❡t

Cn := {A : |A| ≤ n}.

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t Cn ✐s ❈■✳ ❋♦r s♦♠❡ ✐♥♣✉t (dn)n✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❞♦ t❤❡
tr✐❝❦✳ ▲❡t p0 ❜❡ t❤❡ ♣r♦❣r❛♠ ♦❢ t❤❡ ③❡r♦ ❢✉♥❝t✐♦♥✳ ❚❤❡♥✱

✶✳ ❣✐✈❡♥ di ❛♥❞ pi✱ ❝❤❡❝❦ ✇❤❡t❤❡r ϕpi(0) < n ❛♥❞ ✐❢ s♦✱ ❞♦

❛✮ ✐❢ ϕpi(di + 1) = 0✱ t❤❡♥ pi+1 ✐s t❤❡ ♣r♦❣r❛♠ ♦❢

f(x) = ϕpi(x) + sgn(x) + sgn(|x− (di + 1)|),

❜✮ ❡❧s❡✱ pi+1 = pi✱

✷✳ ❡❧s❡✱ pi+1 = pi✳

❚❤❡ ✐❞❡❛ ✐s s✐♠♣❧❡✳ P♦s✐t✐♦♥ 0 ♦❢ t❤❡ ♣r♦❣r❛♠ ❝♦✉♥ts t❤❡ ❞✐✛❡r❡♥t ❞❛t❛ t❤❛t ♦❝❝✉rr❡❞ s♦
❢❛r✳ ❖♥❝❡ ✐t r❡❛❝❤❡s n✱ ✐✳❡✳ ✭✶✳✮ ✐s ♥♦t tr✉❡ ❛♥②♠♦r❡✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✇✐❧❧ ❝♦♥✈❡r❣❡✱ ❛s
❡✐t❤❡r ✇❡ ❤❛✈❡ ♠❡t s♦♠❡ s❡t ✐♥ t❤❡ ❝❧❛ss ❝♦rr❡❝t❧②✱ ♦r ✇❡ ❡①♣❛♥❞❡❞ ✐t✳ ❖t❤❡r✇✐s❡✱ ✇❤✐❧❡
✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts✱ ✐♥ ✭✶✳❛✳✮ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❞❛t✉♠ ✐s r❡❛❧❧② ♥❡✇✱ ✐✳❡✳
ϕpi(di + 1) = 0✳ ■❢ s♦✱ ✇❡ ❛❞❞ ♦♥❡ t♦ t❤❡ ❝♦✉♥t❡r✱ ✐✳❡✳ f(0) = ϕpi(0) + 1✱ ❛♥❞ ♠❛r❦ t❤❡
❡❧❡♠❡♥t ❛s s❡❡♥✱ ✐✳❡✳ f(di + 1) = 1✳ ❚❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts ❛ ❝♦❞❡ ♦❢ t❤✐s ❝✉rr❡♥t
❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❙✐♥❝❡ t❤✐s ❝❛s❡ ❝❛♥ ♦♥❧② ♦❝❝✉r ✜♥✐t❡❧② ♦❢t❡♥✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧
❝♦♥✈❡r❣❡ ❤❡r❡✱ t♦♦✳
■♥ t❤❡ ❡♥❞✱ ✇❡ ❝❛♥ r❡❜✉✐❧❞ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ SCn ✈✐❛ χSCn

(x) = ϕp(x+ 1)✳

❆❧t❤♦✉❣❤ ✇❡ ❤❛✈❡ ❛ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ♠❡♠♦r②✱ ✇❡ st✐❧❧ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❦❡❡♣✐♥❣ s♦♠❡ ✐♥
t❤❡ ✜rst ❢❡✇ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❝♦❞❡✱ ✇❤✐❝❤ ✇❡ ♠❛② ❝❤❛♥❣❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② t✐♠❡s✳
❚❤❡ ❧❛st ❡①❛♠♣❧❡ ✐s ♦❢ s♦♠❡ ✜♥✐t❡ ♥❛t✉r❡✱ ❛s ❛❧❧ t❤❡ s❡ts ❞♦ ♥♦t ❡①♣❛♥❞ s♦♠❡ ❜♦✉♥❞✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ✜♥❞ ❡①❛♠♣❧❡s ✇✐t❤ ❛ s❡t ♦❢ ❡✈❡r② s✐③❡✳
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✹✳✸✳ ❙♦♠❡ ♣♦s✐t✐✈❡ ❡①❛♠♣❧❡s

❊①❛♠♣❧❡ ✹✳✸✳✷✿ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss C := {S | ∃x : S ⊆ Sx} ✇❤❡r❡

Sx := {2x, 2x3, . . . , 2x3y : y ≤ x}.

▲❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡✳ ▲❡t p0 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✱ ✇❤❡r❡ f(0) =
exp(0, d0) ❛♥❞ f(x + 1) = 0 ❢♦r x ≥ 0✳ ❙♦✱ ✇❡ ❜♦♦❦ t❤❡ ③❡r♦t❤ ♣♦s✐t✐♦♥ ❢♦r t❤❡ ♣✐✈♦t
♣r♦❣r❛♠ ❛♥❞ ❜♦♦❦ t❤❡ r❡st ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡♥✱ ❡①❡❝✉t❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳

✶✳ ❋♦r s♦♠❡ pi ❛♥❞ di✱ ❝❛❧❝✉❧❛t❡ ❛♥❞ ❝❤❡❝❦ t❤❡ ❢♦r♠ ♦❢ di✳ ■❢ ✐t ✐s ✈❛❧✐❞✱ ✐✳❡✳ di = 2si3ti ✱
t❤❡♥

✷✳ ❢♦r s = ϕpi(0)✱ ❝❤❡❝❦ ✇❤❡t❤❡r s = si✱

✸✳ ✐❢ s♦✱ ❝❤❡❝❦ ✇❤❡t❤❡r ϕpi(di + 1) = 0✱

✹✳ ✐❢ s♦✱ ❝❤❡❝❦ ✇❤❡t❤❡r ti ≤ si✱

✺✳ ✐❢ s♦✱ ❧❡t pi+1 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢ f(x) = ϕpi(x) + sgn(|x− (di + 1)|)✳

✻✳ ■♥ t❤❡ ❡❧s❡ ❝❛s❡ ♦❢ ✭✸✳✮ ♦✉t♣✉t pi+1 = pi✳ ■♥ ❛❧❧ r❡♠❛✐♥✐♥❣ ❡❧s❡ ❝❛s❡s✱ r❡t✉r♥ 0✳

❚♦ ❝❤❡❝❦ ✐ts ❢✉♥❝t✐♦♥❛❧✐t②✱ ❧❡t (dn)n ❜❡ ❛♥② ✐♥♣✉t✳ ❋♦r s♦♠❡ ✐♥♣✉t pi ❛♥❞ di✱ ✇❡ ✜rst ❝❤❡❝❦
t❤❡ ❢♦r♠ ❛♥❞ ✇❤❡t❤❡r s = si✳ ❚❤❡♥ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ ❞❛t✉♠ ✐s ♥❡✇ ❛♥❞ ✇❤❡t❤❡r t❤❡
❝♦♥❞✐t✐♦♥ ti ≤ si ✐s ♠❡t✳ ■❢ ❛❧❧ ♦❢ t❤✐s ✐s tr✉❡✱ t❤❡♥ ♦✉t♣✉t ❛ ❝♦❞❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ f ✳ ❊❧s❡✱ ♦♥❡ ❝❛♥ r❡t✉r♥ 0✱ ❛s t❤❡ ❡❧❡♠❡♥t ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ s♦♠❡
s❡t ✐♥ t❤❡ ❝❧❛ss✳ ❚❤❡ ♦♥❧② ❡①❝❡♣t✐♦♥ ❤❡r❡ ✐s ✇❤❡♥ t❤❡ ❡❧❡♠❡♥t ✐s ❛❧r❡❛❞② s❡❡♥✱ ✐✳❡✳ ❝❛s❡ ✭✸✳✮✳
❍❡r❡ t❤❡ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts t❤❡ ❧❛st ❤②♣♦t❤❡s✐s✳ ❆❣❛✐♥✱ ♠✐♥❞ ❝❤❛♥❣❡s ❝❛♥ ♦♥❧② ❤❛♣♣❡♥
✜♥✐t❡❧② ♦❢t❡♥✱ t❤✉s t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s✳
❆❣❛✐♥✱ ✇❡ ❝❛♥ r❡❝♦♠♣✉t❡ t❤❡ s❡t SC ✈✐❛ χSC

(x) = ϕp(x+ 1)✳

❚❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣✳

▲❡♠♠❛ ✹✳✸✳✸✿ ▲❡t R(x, y) ❜❡ ❛ t✇♦ ♣❧❛❝❡ ❝♦♠♣✉t❛❜❧❡ r❡❧❛t✐♦♥✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x

SR(x) := {2x3y : R(x, y), y ∈ N}

✐s ✜♥✐t❡✳ ❚❤❡♥ t❤❡ ❝❧❛ss CR := {S | ∃x : S ⊆ SR(x)} ✐s ❈■✳

Pr♦♦❢✳ ▲❡t R(x, y) ❜❡ ❛ t✇♦ ♣❧❛❝❡ ❝♦♠♣✉t❛❜❧❡ r❡❧❛t✐♦♥✱ s✉❝❤ t❤❛t ❛❧❧ SR(x) ❛r❡ ✜♥✐t❡✳
❚❤❡♥✱ ❢♦r s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡ (dn)n t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❧❡❛r♥ t❤❡ ❝❧❛ss CR
❝♦♥✜❞❡♥t❧② ✐t❡r❛t✐✈❡❧②✳ ▲❡t p0 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✱ ✇❤❡r❡ f(0) = exp(0, d0)
❛♥❞ f(x+ 1) = 0 ❢♦r x ≥ 0✳ ❚❤❡♥✱ ❡①❡❝✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳

✶✳ ❋♦r ✐♥♣✉t di ❛♥❞ pi✱ ❝❛❧❝✉❧❛t❡ ❛♥❞ ❝❤❡❝❦ t❤❡ ❢♦r♠ ♦❢ di✳ ■❢ ✐t ✐s ✈❛❧✐❞✱ ✐✳❡✳ di = 2si3ti ✱
t❤❡♥

✷✳ ❢♦r s = ϕpi(0)✱ ❝❤❡❝❦ ✇❤❡t❤❡r s = si✱

✸✳ ✐❢ s♦✱ ❝❤❡❝❦ ✇❤❡t❤❡r ϕpi(di + 1) = 0✱
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❈❤❛♣t❡r ✹✳ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

✹✳ ✐❢ s♦✱ ❝❤❡❝❦ ✇❤❡t❤❡r R(si, ti)✱

✺✳ ✐❢ s♦✱ ❧❡t pi+1 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢ f(x) = ϕpi(x) + sgn(|x− (di + 1)|)✳

✻✳ ■♥ t❤❡ ❡❧s❡ ❝❛s❡ ♦❢ ✭✸✳✮ ♦✉t♣✉t pi+1 = pi✳ ■♥ ❛❧❧ r❡♠❛✐♥✐♥❣ ❡❧s❡ ❝❛s❡s✱ r❡t✉r♥ 0✳

❋♦r s♦♠❡ ✐♥♣✉t pi ❛♥❞ di✱ ✇❡ ✜rst ❝❤❡❝❦ t❤❡ ❢♦r♠ ❛♥❞ ✇❤❡t❤❡r s = si✳ ❚❤❡♥ ✇❡ ❝❤❡❝❦
✇❤❡t❤❡r t❤❡ ❞❛t✉♠ ✐s ♥❡✇ ❛♥❞ ✇❤❡t❤❡r t❤❡ ❝♦♥❞✐t✐♦♥ R(si, ti) ✐s ♠❡t✳ ■❢ ❛❧❧ ♦❢ t❤✐s ✐s tr✉❡✱
t❤❡♥ ♦✉t♣✉t ❛ ❝♦❞❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ f ✳ ❊❧s❡✱ ♦♥❡ ❝❛♥ r❡t✉r♥ 0✱
❛s t❤❡ ✐♥♣✉t ❝❛♥♥♦t ❜❡❧♦♥❣ t♦ s♦♠❡ s❡t ✐♥ t❤❡ ❝❧❛ss✳ ❚❤❡ ♦♥❧② ❡①❝❡♣t✐♦♥ ❤❡r❡ ✐s ✇❤❡♥ t❤❡
❡❧❡♠❡♥t ✐s ❛❧r❡❛❞② s❡❡♥✱ ✐✳❡✳ ❝❛s❡ ✭✸✳✮✱ ✇❤❡r❡ t❤❡ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts t❤❡ ❧❛st ❤②♣♦t❤❡s✐s✳
❙✐♥❝❡ ❡✈❡r② SR(x) ✐s ✜♥✐t❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ♠❛② ♦♥❧② ❝♦♠❡ t♦ ❝❛s❡ ✭✺✳✮ ✜♥✐t❡❧② ♠❛♥② t✐♠❡s✳
■❢ t❤❡ ✐♥♣✉t ✐s ♥♦t r❡❣✉❧❛r✱ ❛t s♦♠❡ t✐♠❡ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ r❡t✉r♥ 0✳ ❚❤✉s✱ ✐t ✇♦r❦s
♣r♦♣❡r❧②✳
❆❣❛✐♥✱ ♦♥❡ ❝❛♥ r❡❝♦♠♣✉t❡ t❤❡ s❡t SR(x) ✈✐❛ χSR(x)

(x) = ϕp(x+ 1)✳

❆s ❧❛st ❛❝t ✐♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✧r❡♣❛✐r✧ t❤❡ ❝❧❛ss ❢r♦♠ ❊①❛♠♣❧❡ ✹✳✷✳✻ t♦ ❜❡ ❈■✳

❊①❛♠♣❧❡ ✹✳✸✳✹✿ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss M = {Mx,y : x, y ∈ N}✱ ✇❤❡r❡

Mx,y := {2x, 2x3, . . . , 2x3y : x ✐s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ ❡①❛❝t❧② y st❡♣s}.

❙♦✱ ✇❡ ❞♦ ♥♦t ❛❧❧♦✇ ❛♥② s✉❜s❡ts ♦❢ Mx,y✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ❧❡❛r♥s t❤✐s ❝❧❛ss ❝♦♥✜✲
❞❡♥t❧② ✐t❡r❛t✐✈❡❧②✳ ▲❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡ ❛♥❞ ❧❡t p0 = 1 ❜❡ s♦♠❡ ✜①❡❞ ❞✉♠♠②
❝♦❞❡✳

✶✳ ❋♦r pi ❛♥❞ di✱ ❝❛❧❝✉❧❛t❡ ❛♥❞ ❝❤❡❝❦ t❤❡ ❢♦r♠ ♦❢ di✳ ■❢ ✐t ✐s ✈❛❧✐❞✱ t❤❡♥

✷✳ ✐❢ pi = 1✱ t❤❡♥✱ ❝❤❡❝❦ ✇❤❡t❤❡r si = exp(0, di) ✐s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ ❡①❛❝t❧②
ti = exp(1, di) st❡♣s✱

❛✮ ✐❢ s♦✱ t❤❡♥ pi+1 ✐s ❛ ♣r♦❣r❛♠ ♦❢ {2si , 2si3, . . . , 2si3ti}✱

❜✮ ❡❧s❡✱ pi+1 = pi✳

✸✳ ❊❧s❡✱ pi+1 = pi✳

❚❤❡ ❛❧❣♦r✐t❤♠ s✐♠♣❧② ✇❛✐ts ❢♦r s♦♠❡ ✐♥♣✉t 2x3y✱ ✇❤❡r❡ x ✐s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ ❡①❛❝t❧②
y st❡♣s✳ ❚❤❡♥ ✐t ♦✉t♣✉ts s♦♠❡ ❝♦❞❡ ♦❢ {2x, 2x3, . . . , 2x3y}✳ ❚❤❡ ♦♥❧② ♠❡♠♦r② ✉s❡❞ ❤❡r❡✱
✐s ✇❤❡t❤❡r pi = 1✱ ♠❡❛♥✐♥❣ t❤❛t ♥♦ s✉❝❤ ♦❝❝✉rr❡♥❝❡ ❤❛s ❜❡❡♥ ✇✐t♥❡ss❡❞✱ ②❡t✳
❚♦ s❤♦✇ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ♣r♦♣❡r❧②✱ ❧❡t (dn)n ❜❡ ❛♥ ✐♥♣✉t s❡q✉❡♥❝❡✳ ▲❡t p0 = 1✳
❆t st❛❣❡ i✱ t❤❡ ❛❧❣♦r✐t❤♠ r❡❝❡✐✈❡s pi ❛♥❞ di✳ ■❢ p1 = 1✱ ✇❡ ❝❤❡❝❦ t❤❡ ❢♦r♠ ♦❢ di ❛♥❞
✇❤❡t❤❡r si = exp(0, di) ✐s ❡♥✉♠❡r❛t❡❞ ✐♥t♦ K ✐♥ ❡①❛❝t❧② ti = exp(1, ci) st❡♣s✳ ■❢ ✐t t✉r♥s
♦✉t t♦ ❜❡ tr✉❡✱ ✇❡ ♦✉t♣✉t ❛ ♣r♦❣r❛♠ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ {2si , 2si3, . . . , 2si3ti}✳
❚❤✉s✱ ✇❡ ❝❤❛♥❣❡ t❤❡ ♣r♦❣r❛♠ ❛♥❞ ❢r♦♠ ♥♦✇ ♦♥✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t❤✐♥❣✳ ❖t❤❡r✇✐s❡✱
pi+1 = pi✳
■♥ ❜♦t❤ ❝❛s❡s t❤❡ ❛❧❣♦r✐t❤♠ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ♦✉t♣✉t✱ ❜❡✐♥❣ ❝♦rr❡❝t ♦♥ t❤❡ r❡❣✉❧❛r ✐♥♣✉t✳
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✹✳✹✳ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠

✹✳✹ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❣❛t❤❡r❡❞ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❈■ ❝❧❛ss❡s ❛♥❞ s✉❝❤ t❤❛t ❛r❡ ♥♦t✳ ◆❡①t✱ ✇❡
❛✐♠ t♦ ✜♥❞ ❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s♦♠❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❝❧❛ss❡s✳ ❚♦ ❞♦ s♦✱ ✇❡ ♥❡❡❞ ❛♥
❡✛❡❝t✐✈❡ ❡♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ s❡ts✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳✶✿ ❋♦r x ∈ N ❝♦♥s✐❞❡r t❤❡ ♣r✐♠❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ x ✿ x = 2k03k1 · · · pknn ✳
■❢ k0 < k1 < · · · < kn✱ t❤❡♥ t❤❡ x✲t❤ ✜♥✐t❡ s❡t ✐s Dx := {k0, k1, . . . , kn}✳ ❖t❤❡r✇✐s❡✱
Dx = ∅✳

❲✐t❤♦✉t ❢✉rt❤❡r ❛❞♦✱ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✹✳✷ ✭❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠✮✿ ▲❡t C ❜❡ ❛ ❝❧❛ss s✉❝❤ t❤❛t

✶✳ C ✐s ❛ ❝❧❛ss ♦❢ ✜♥✐t❡ s❡ts✱

✷✳ C ✐s ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts✱

✸✳ t❤❡r❡ ❡①✐sts ❛♥ ❡✛❡❝t✐✈❡ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ t❡❧❧s ✇❤❡t❤❡r Dx ✐s ✐♥ C ♦r ♥♦t✳

❚❤❡♥✱ C ✐s ❈■ ✐✛ C ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❡❛❝❤ ❞✐r❡❝t✐♦♥ s❡♣❛r❛t❡❧②✳

⇒✿ ❇② ▲❡♠♠❛ ✹✳✷✳✸✱ ✐❢ ❛ ❝❧❛ss ❤❛s ❛ ❈■✲❧❡❛r♥❡r✱ ✐t ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣
❝❤❛✐♥✳

⇐✿ ▲❡t C ❤❛✈❡ ♥♦ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥✳ ❆❧s♦✱ ❧❡t (dn)n ❜❡ ❛♥② ✐♥♣✉t s❡q✉❡♥❝❡✳ ❚❤❡♥✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐❧❧ s❡r✈❡ ❛s ❛ ❈■✲❧❡❛r♥❡r✳ ▲❡t p0 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢ t❤❡ ③❡r♦
❢✉♥❝t✐♦♥✳ ❋♦r s♦♠❡ ✐♥♣✉t di ❛♥❞ pi✱ ❞♦

✶✳ ✐❢ ϕpi(di + 1) = 0✱

❛✮ ❝♦❧❧❡❝t ❛❧❧ ϕpi(0) = n ❡❧❡♠❡♥ts t❤❛t ❛♣♣❡❛r❡❞ s♦ ❢❛r✱ ✐✳❡✳ Oi = {x :
ϕpi(x+ 1) = 1} ✇✐t❤ |Oi| = n✱

❜✮ t❤❡♥ ❝❤❡❝❦ ✇❤❡t❤❡r Oi ∪ {di} = Dx′ ∈ C✳

✐✳ ■❢ s♦✱ ❧❡t pi+1 ❜❡ ❛ ♣r♦❣r❛♠ ♦❢

f(x) = ϕpi(x) sgn(x) + (ϕpi(x) + 1)sgn(x) + sgn(|x− (di + 1)|).

✐✐✳ ❡❧s❡✱ r❡t✉r♥ pi+1 = 0✳

✷✳ ❊❧s❡✱ pi+1 = pi✳

❚❤❡ ♦♥❧② st❡♣ t❤❛t ✐s ♥♦t ♦❜✈✐♦✉s❧② ❝♦♠♣✉t❛❜❧❡✱ ✐s ✜♥❞✐♥❣ Oi✳ ❙✐♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠
❦♥♦✇s ❤♦✇ ♠❛♥② ❡❧❡♠❡♥ts Oi ❤❛s t♦ ❝♦♥t❛✐♥✱ ♦♥❡ ❝❛♥ ❝♦♥❞✉❝t t❤❡ s❡❛r❝❤ ❡✛❡❝t✐✈❡❧②✳
❚❤✉s✱ ❛❧❧ st❡♣s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❞♦♥❡ ❡✛❡❝t✐✈❡❧②✳
❋♦r s♦♠❡ ✐♥♣✉t (dn)n✱ t❤❡ ❛❧❣♦r✐t❤♠ ❝❤❡❝❦s ✇❤❡t❤❡r di ✐s s♦♠❡ ♥❡✇ ✐♥♣✉t✱ ✐✳❡✳
ϕpi(di+1) = 0✳ ■❢ s♦✱ ✐t ❝♦❧❧❡❝ts ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s♦ ❢❛r✱ ❛♥❞ t❤❡♥ ❝❤❡❝❦s ✇❤❡t❤❡r
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t Dx′ ❜❡❧♦♥❣s t♦ t❤❡ ❝❧❛ss✳ ■❢ ✐t ❞♦❡s✱ ✐t ♦✉t♣✉ts ❛ ♣r♦❣r❛♠ ♦❢
✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✉♣❞❛t❡ ♦♥ t❤❡ ✜rst ❛r❣✉♠❡♥t✳ ❊❧s❡✱
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❈❤❛♣t❡r ✹✳ ❈♦♥✜❞❡♥t ■t❡r❛t✐✈❡ ▲❡❛r♥✐♥❣

✐✳❡✳ ✐❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t♥❡ss❡s Dx′ ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❝❧❛ss✱ ✐t r❡t✉r♥s 0✳
❙♦✱ t❤❡ ♦♥❧② ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❛❝❤✐♥❡ ❝♦✉❧❞ ♣♦ss✐❜❧② ❝❤❛♥❣❡ ✐ts ♠✐♥❞ ✐♥✜♥✐t❡❧② ♠❛♥②
t✐♠❡s✱ ✐s ✇❤❡♥ ❝♦♥✜r♠✐♥❣ Dx ∈ C ❛♥❞ t❤✉s ❝❤❛♥❣❡ t❤❡ ♣r♦❣r❛♠✳ ❍♦✇❡✈❡r✱ s✐♥❝❡
t❤❡ ❝❧❛ss ❤❛s ♥♦ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥✱ t❤✐s ❝❛♥♥♦t ❤❛♣♣❡♥✳
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✺ ❋✉rt❤❡r ❚♦♣✐❝s

■♥ ♦r❞❡r t♦ ❝❧♦s❡ t❤✐s t❤❡s✐s ♦✛✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ s♦♠❡ ♠♦r❡ ❝♦♥❝❡♣ts ❝♦♥♥❡❝t❡❞ t♦ t❤❡
❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✳

✺✳✶ ❙tr♦♥❣❡r ❈♦♥✜❞❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❡①♣❛♥❞ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r✳ ❆s ❞✐s❝✉ss❡❞✱ t❤❡ ❝♦♥✜❞❡♥t
❧❡❛r♥❡r ❡❛r♥s ✐ts ♥❛♠❡ ❢r♦♠ ❝♦♥✜❞❡♥t❧② ♦✉t♣✉tt✐♥❣ s♦♠❡ ❝♦❞❡✱ ❡✈❡♥ ✐❢ t❤❡ ✐♥♣✉t ❞♦❡s ♥♦t
❜❡❧♦♥❣ t♦ ❛♥② s❡t ✐♥ t❤❡ ❝❧❛ss✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ r❡q✉❡st ✐t t♦ ♦✉t♣✉t s♦♠❡ ✜①❡❞ ❞✉♠♠②
❝♦❞❡✱ ✐✳❡✳ −1✱ ✐❢ t❤❡ ❧❡❛r♥❡r ❞❡t❡❝ts s✉❝❤ ❛ ❝❛s❡✳ ❲✐t❤ t❤❛t ✐❞❡❛ ✐♥ ♠✐♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ✈❡r② ❝♦♥✜❞❡♥t ❧❡❛r♥❡r✳ ❆ s✐♠✐❧❛r ❛tt❡♠♣t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✷❪✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶ ✭✈❈✮✿ ❆ ❝❧❛ss C ✐s ✈❡r② ❝♦♥✜❞❡♥t❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛ ♠❛❝❤✐♥❡
✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♦♥ ❛♥② ✐♥♣✉t s❡q✉❡♥❝❡✱ ✐s ❝♦rr❡❝t ♦♥ t❤❡ r❡❣✉❧❛r ♦♥❡ ❛♥❞ ♦✉t♣✉ts s♦♠❡
❞✉♠♠② ❝♦❞❡ ✐❢ t❤❡ ✐♥♣✉t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② s❡t ✐♥ C✱ ✐✳❡✳

∃❝♦♠♣✳ vc ∀(dn)n : ∃e
((

∀∞i : vc(d0, . . . , di) = e
)
∧
(
(dn)n ∈ DC ⇒ We = DC

))

∧

∀j
((

∀S ∈ C : {d0, . . . , dj} 6= S
)
⇒

(
vc(d0, . . . , dj) = −1

))

.

❙✉❝❤ ❛ ❧❡❛r♥❡r ✐s ❝❛❧❧❡❞ ✈❡r② ❝♦♥✜❞❡♥t ❧❡❛r♥❡r ✳

❘❡♠❛r❦ ✺✳✶✳✷✿ ❈❧❛ss❡s ✐♥ ✈❈ ❝❛♥♥♦t ❤❛✈❡ ❛♥② ✐♥✜♥✐t❡ s❡ts✳ ▲❡t U ❜❡ ❛ ❝❧❛ss ✇✐t❤ ❛♥
✐♥✜♥✐t❡ s❡t U = {u0, u1, . . . }✳ ◆♦t✐❝❡ t❤❛t ❝♦♥✜❞❡♥t ❝❧❛ss❡s ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥② ✐♥✜♥✐t❡
❛s❝❡♥❞✐♥❣ ❝❤❛✐♥✱ ❛s ♦t❤❡r✇✐s❡ ♦♥❡ ❝♦✉❧❞ ❝♦♥❞✉❝t ❛ ♣r♦♦❢ s✐♠✐❧❛r t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✹✳✷✳✸✳
❙♦✱ ❢♦r s♦♠❡ n✱ ∀∞

n m : {u0, . . . , um} /∈ U ✳ ❚❤❡♥✱ ∀∞
n i : vc(u0, . . . , ui) = −1✱ ❤♦✇❡✈❡r✱ vc

s❤♦✉❧❞ ❝♦♥✈❡r❣❡ t♦ s♦♠❡ ❝♦❞❡ ♦❢ U ✳

❲❡ ❝❛♥ t❛❦❡ t❤✐s ❡✈❡♥ ❛ st❡♣ ❢✉rt❤❡r✱ ❜② ♥♦t ♦♥❧② r❡q✉❡st✐♥❣ t❤❡ ❧❡❛r♥❡r t♦ ♦✉t♣✉t s♦♠❡
❞✉♠♠② ❝♦❞❡✱ ❜✉t r❛t❤❡r t♦ ❛❝t✉❛❧❧② st♦♣ ♦♥❝❡ ✐t ❞❡t❡❝ts s♦♠❡ ✐rr❡❣✉❧❛r ✐♥♣✉t✳ ❙♦✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ str♦♥❣❧② ❝♦♥✜❞❡♥t ❧❡❛r♥❡r✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✸ ✭s❈✮✿ ❆ ❝❧❛ss C ✐s str♦♥❣❧② ❝♦♥✜❞❡♥t❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ❡①✐sts ❛
♠❛❝❤✐♥❡ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ♦♥ ❛♥② ✐♥♣✉t s❡q✉❡♥❝❡ ❛♥❞ ✐s ❝♦rr❡❝t ♦♥ t❤❡ r❡❣✉❧❛r ✐♥♣✉t ❛♥❞
❤❛❧ts ✇❤❡♥ ✐t ❞❡t❡❝ts s♦♠❡ ✐♥♣✉t ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ ❛♥② s❡t ✐♥ C✱ ✐✳❡✳

∃❝♦♠♣✳ sc ∀(dn)n : ∃e
((

∀∞i : sc(d0, . . . , di) = e
)
∧
(
(dn)n ∈ DC ⇒ We = DC

))

∧

∀J
((

∀S ∈ C : {d0, . . . , dJ} 6= S
)
⇒

(
∀j ≥ J : sc(d0, . . . , dj) = −1

))

.

❙✉❝❤ ❛ ❧❡❛r♥❡r ✐s ❝❛❧❧❡❞ str♦♥❣❧② ❝♦♥✜❞❡♥t ❧❡❛r♥❡r ✳
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❈❤❛♣t❡r ✺✳ ❋✉rt❤❡r ❚♦♣✐❝s

❚❤❡ ❞❡✜♥✐t✐♦♥s ❞✐r❡❝t❧② ✐♠♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✺✳✶✳✹✿ s❈ ⊆ ✈❈ ⊆ ❈❋❉✳

❚♦ s❡❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥s ❛r❡ ♣r♦♣❡r✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❡①❛♠♣❧❡s✳

❊①❛♠♣❧❡ ✺✳✶✳✺✿ ❲✐t❤ K ′′ ❜❡✐♥❣ t❤❡ s❡❝♦♥❞ ❥✉♠♣ ♦❢ t❤❡ ❤❛❧t✐♥❣ s❡t K✱ ❧❡t

C = {{x} : x ∈ N ∧ x ∈ K ′′}.

❚❤❡♥✱ C ✐s ♦❜✈✐♦✉s❧② ✐♥ ❈❋❉✱ ✈✐❛ t❤❡ ❝♦♥✜❞❡♥t ❧❡❛r♥❡r cfd(d0, . . . , di) ✇❤✐❝❤ ♦✉t♣✉ts t❤❡
❝♦❞❡ ♦❢ {d0}✳
❍♦✇❡✈❡r✱ ❛ss✉♠❡ C ∈ ✈❈✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ vc(.) ❧❡❛r♥✐♥❣ t❤✐s ❝❧❛ss✳ ❋♦r s♦♠❡
x ∈ N✱ ❝♦♥s✐❞❡r t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡ x, x, x, . . . ✳ ❚❤❡♥✱

x /∈ K ′′ ⇒ ∀N : vc(xN) = −1 ⇒ ∀N ∃n : (n > N ∧ vc(xn) = −1),

x ∈ K ′′ ⇒ ∃N ∀n : (n > N ⇒ vc(xn) 6= −1).

❚❤✉s✱ x ∈ K ′′ ⇔ ∃N ∀n : (n > N ⇒ vc(xn) 6= −1)✳ ❆s t❤❡ ❧❛tt❡r ♦♥❡ ✐s ✐♥ Σ1+1✱ ❜②
❚❤❡♦r❡♠ ✷✳✹✳✺✱ ✇❡ ❣❡t K ′′ ≤m K ′✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳

❊①❛♠♣❧❡ ✺✳✶✳✻✿ ❋♦r t✇♦ ❞✐✛❡r❡♥t ♥✉♠❜❡rs x, y ∈ N✱ ❧❡t C = {{x, y}}✳ C ✐s ♦❜✈✐♦✉s❧② ✐♥
✈❈✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ✐♥ s❈✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✱ ✇✐t❤ ❛ ❧❡❛r♥❡r sc✳ ❚❤❡♥ ❢♦r s♦♠❡
✐♥♣✉t s❡q✉❡♥❝❡ x, y, y, . . . t❤❡ ♠❛❝❤✐♥❡ sc ✇✐❧❧ s❡❡ t❤❛t {x} ✐s ♥♦t ✐♥ t❤❡ ❝❧❛ss✱ t❤✉s ♦✉t♣✉t
−1 ❢♦r ❡✈❡r②t❤✐♥❣ t❤❛t ✐s t♦ ❝♦♠❡✱ ✐✳❡✳ ❢♦r J = 0

{x} 6= {x, y} ⇒ ∀j : sc(x, yj) = −1.

❚❤✐s ✐s ♦❜✈✐♦✉s❧② t❤❡ ✇r♦♥❣ ❜❡❤❛✈✐♦✉r✱ s✐♥❝❡ {x, y} ✐s ✐♥ t❤❡ ❝❧❛ss✳

❆❧t♦❣❡t❤❡r✱ ✇❡ ❣❡t ❛ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✺✳✶✳✹✳

❈♦r♦❧❧❛r② ✺✳✶✳✼✿ s❈ ( ✈❈ ( ❈❋❉✳

❚❤❡ str♦♥❣❧② ❝♦♥✜❞❡♥t ❧❡❛r♥❡r ♠❛② s❡❡♠ ❛✇❢✉❧❧② ✇❡❛❦ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈❡r② ❝♦♥✜❞❡♥t
♦♥❡✳ ❍♦✇❡✈❡r✱ ✐ts ✇❡❛❦♥❡ss ✐♥ t❤❡ ❧❛st ❡①❛♠♣❧❡ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❢❛❝t✱ t❤❛t t❤❡ ❝❧❛ss
✇❛s ♥♦t ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts✳ ❲❤❡♥ ❝♦♠❜✐♥✐♥❣ t❤♦s❡ ❛tt❡♠♣ts ✇✐t❤ t❤❡ ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r✱
✇❡ ✇✐❧❧ s❡❡ s♦♠❡ ❛st♦♥✐s❤✐♥❣ ❢❛❝ts✳ ❚❤❡r❡❢♦r❡✱ ❧❡t ✉s ❝♦♠❜✐♥❡ t❤♦s❡ t✇♦ ✐♥ t❤❡ ♦❜✈✐♦✉s
✇❛②✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✽ ✭✈❈■✮✿ ❆ ❝❧❛ss S ✐s ✈❡r② ❝♦♥✜❞❡♥t❧② ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ✐s ❛
❧❡❛r♥❡r vci(., .) ❧❡❛r♥✐♥❣ S ✈❡r② ❝♦♥✜❞❡♥t❧② ❛♥❞ ✐t❡r❛t✐✈❡❧②✳
❙✉❝❤ ❛ ❧❡❛r♥❡r vci(., .) ✐s ❝❛❧❧❡❞ ✈❡r② ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✾ ✭s❈■✮✿ ❆ ❝❧❛ss S ✐s str♦♥❣❧② ❝♦♥✜❞❡♥t❧② ✐t❡r❛t✐✈❡❧② ❧❡❛r♥❛❜❧❡ ✐✛ t❤❡r❡ ✐s
❛ ❧❡❛r♥❡r sci(., .) ❧❡❛r♥✐♥❣ S str♦♥❣❧② ❝♦♥✜❞❡♥t❧② ❛♥❞ ✐t❡r❛t✐✈❡❧②✳
❙✉❝❤ ❛ ❧❡❛r♥❡r sci(., .) ✐s ❝❛❧❧❡❞ str♦♥❣❧② ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ✳

■♠♠❡❞✐❛t❡❧②✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♥t❡r♣❛rt ♦❢ ❈♦r♦❧❧❛r② ✺✳✶✳✹✳

❈♦r♦❧❧❛r② ✺✳✶✳✶✵✿ s❈■ ⊆ ✈❈■ ⊆ ❈■✳
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✺✳✶✳ ❙tr♦♥❣❡r ❈♦♥✜❞❡♥❝❡

❍♦✇❡✈❡r✱ t❤❡s❡ ❝❧❛ss❡s ❞♦ ❜❡❤❛✈❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t✱ ❛s ✇❡ ✇✐❧❧ s❤♦✇ ♥❡①t✳ ❚♦ ❞♦ s♦✱ ✇❡
♥❡❡❞ s♦♠❡ ❛✉①✐❧✐❛r② ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✺✳✶✳✶✶✿ ▲❡t C ∈ ✈❈■ ✈✐❛ s♦♠❡ vci(., .)✱ ❛♥❞ (dn)n ❜❡ s♦♠❡ ✐♥♣✉t✳

■❢ ∃i : vci(pi, di) = −1✱ t❤❡♥ ∀j ≥ i : vci(pj, dj) = −1✳

Pr♦♦❢✳ ▲❡t C ∈ ✈❈■ ✈✐❛ vci(., .)✱ (dn)n ❜❡ s♦♠❡ ✐♥♣✉t ❛♥❞ ❧❡t i s✉❝❤ t❤❛t vci(pi, di) = −1✳
❆ss✉♠❡ t❤❛t ∃j > i : vci(pj, dj) 6= −1✳ ❚❤❡♥✱

S1 = {d0, . . . , di} ( {d0, . . . , dj} = S2

❛s S1 /∈ C✱ ✇❤✐❧❡ S2 ∈ C✳ ❆s C ∈ ✈❈■ ⊆ ❈■✱ ✐t ❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥② ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣
❝❤❛✐♥✳ ❙♦✱ t❤❡r❡ ✐s s♦♠❡ ✜♥✐t❡ S3 ) S2 s✉❝❤ t❤❛t S3 /∈ C✳ ◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦
✐♥♣✉t s❡q✉❡♥❝❡s

d0, . . . , di, di+1, . . . , dj, d
∗
j+1, . . . ,

e0, . . . , em, di+1, . . . , dj, d
∗
j+1, . . . ,

✇❤❡r❡ d∗k ∈ S2 \S1✱ s✉❝❤ t❤❛t {d∗j+1, . . . } = S2 \S1✱ ❛♥❞ ek ∈ S3✱ s✉❝❤ t❤❛t {e0, . . . , em} =
S3 ❛♥❞ vci(pm, em) = −1 ✳ ❚❤❡♥✱ ❛s t❤❡ ✐♥♣✉t ✐s t❤❡ s❛♠❡ ❛❢t❡r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ −1✱
vci(., .) ❝♦♥✈❡r❣❡s t♦ t❤❡ s❛♠❡ ♣r♦❣r❛♠ ♦♥ ❜♦t❤ ✐♥♣✉ts✳ ❇✉t✱ s✐♥❝❡ t❤❡ ✜rst ✐♥♣✉t ❜❡❧♦♥❣s
t♦ S2 ∈ C ❛♥❞ t❤❡ s❡❝♦♥❞ t♦ S3 /∈ C✱ t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛st ❧❡♠♠❛ s❤♦✇s t❤❛t ❡✈❡r② ✈❈■ ❝❧❛ss ❤❛s t♦ ❜❡ ❝❧♦s❡❞
✉♥❞❡r s✉❜s❡ts✳

❈♦r♦❧❧❛r② ✺✳✶✳✶✷✿ ❊✈❡r② ❝❧❛ss C ∈ ✈❈■ ✐s ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts✳

▲❡♠♠❛ ✺✳✶✳✶✸✿ ▲❡t C ❜❡ ❛ ❝❧❛ss✳ ❚❤❡♥✱ C ∈ ✈❈■ ✐❢ ❛♥❞ ♦♥❧② ✐❢ C ∈ s❈■✳

Pr♦♦❢✳ ❚❤❡ r✐❣❤t t♦ ❧❡❢t ❞✐r❡❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✺✳✶✳✶✵✳
❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❧❡t C ∈ ✈❈■✳ ❚❤❡♥✱ ❢♦r s♦♠❡ ✐♥♣✉t s❡q✉❡♥❝❡ (dn)n ❛♥❞ t❤❡ s❛♠❡
st❛rt✐♥❣ ♣r♦❣r❛♠ p0✱ ❧❡t sci(pi, di) = vci(pi, di)✳
■t ♦♥❧② r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② J

(
∀S ∈ C : {d0, . . . , dJ} 6= S

)
⇒

(
∀j ≥ J : sci(pj, dj) = pj+1 = −1

)
.

❱✐❛ ❈♦r♦❧❧❛r② ✺✳✶✳✶✶✱ ❢♦r ❛♥② J ∈ N✱

(
∀S ∈ C : {d0, . . . , dJ} 6= S

)
⇒

(
vci(pJ , dJ) = −1

)
⇒

(
∀j ≥ J : vci(pj, dj) = −1

)
.

❙✐♥❝❡ vci = sci✱ ✇❡ ❤❛✈❡ t❤❡ s♦✉❣❤t ❧❡❛r♥❡r✳

❚❤✐s ❧❡♠♠❛ ✐s ♥♦t t♦♦ s✉r♣r✐s✐♥❣✳ ❙✐♥❝❡ t❤❡ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥s
❛♥❞ ✐♥♣✉ts ❤❛s t♦ ❜❡ ❝♦❞❡❞ ✐♥t♦ t❤❡ ♦✉t♣✉t ✐♥ s♦♠❡ ❢♦r♠✱ ♦✉t♣✉tt✐♥❣ −1 ❞❡❧❡t❡s ❛❧❧ t❤❛t
✐♥❢♦r♠❛t✐♦♥✳ ❚❤✉s✱ ✐t ✐s t❤❡ s❛♠❡ ❛s st♦♣♣✐♥❣✳

❚❤❡♦r❡♠ ✺✳✶✳✶✹✿ ▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ✜♥✐t❡ s❡ts✳ ❚❤❡♥ C ∈ ✈❈■ ✐❢ ❛♥❞ ♦♥❧② ✐❢ C ∈ ❈■✱ C
✐s ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ t❡❧❧✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t Dx ∈ C✳
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❈❤❛♣t❡r ✺✳ ❋✉rt❤❡r ❚♦♣✐❝s

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❡❛❝❤ ❞✐r❡❝t✐♦♥ s❡♣❛r❛t❡❧②✳

⇒✿ ■❢ C ∈ ✈❈■✱ t❤❡♥ ❜② ❈♦r♦❧❧❛r② ✺✳✶✳✶✵ C ∈ ❈■✱ ❛♥❞ ❜② ❈♦r♦❧❧❛r② ✺✳✶✳✶✷ t❤❡ ❝❧❛ss ❤❛s
t♦ ❜❡ ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts✳
❋♦r x ∈ N✱ ❧❡t Dx = {k0, . . . , kn} 6= ∅✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥♣✉t k0, . . . , kn, kn, . . . ✱
✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈❡r❣✐♥❣ ♣♦✐♥t I ❡✛❡❝t✐✈❡❧②✳ ■❢ ✇❡ ❧♦♦❦ ❛t t❤❡ ♦✉t♣✉t ♦❢
vci(pI , dI) = p✱ ✇❡ ❦♥♦✇ t❤❛t Dx ∈ C ⇔ p 6= −1✳

⇐✿ ❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❧❡t C ∈ ❈■✱ ✈✐❛ ci(., .) ❛♥❞ t❤❡ st❛rt✐♥❣ ♣r♦❣r❛♠ p̃0✱ ❛s ✇❡❧❧
❛s s♦♠❡ tr❛♥s❧❛t✐♦♥ s✱ s❡❡ ❘❡♠❛r❦ ✹✳✶✳✹✳ ▲❡t C ❜❡ ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts ❛♥❞ ❤❛✈❡ ❛
❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r Dx ∈ C✳ ❋♦r ❛ ✜♥✐t❡ s❡t A✱ ❧❡t c(A) ❜❡ s♦♠❡ ❝♦❞✐♥❣ ♦❢ ✜♥✐t❡
s❡ts✳ ❚❤❡♥✱ ❢♦r t❤❡ st❛rt✐♥❣ ♣r♦❣r❛♠ p0 = 2c(∅)3p̃0 ✱

vci(pi, di) =

{

2c({d0,...,di})3ci(pi,di), ✐❢ {d0, . . . , di} ∈ C ∧ pi 6= −1,

−1, ❡❧s❡✳

✇✐❧❧ ❞♦ t❤❡ tr✐❝❦✱ ✇❤❡r❡ s(exp(1, p)) ✐s t❤❡ ❛❝t✉❛❧ ♣r♦❣r❛♠✳
▲❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t✳ ❋♦r ✐♥♣✉t di ❛♥❞ pi✱ t❤❡ ♠❛❝❤✐♥❡ ❝❤❡❝❦s ✇❤❡t❤❡r ♦r ♥♦t
c−1(exp(0, pi)) ∪ {di} = {d0, . . . , di−1, di} ∈ C✳ ■❢ ♥♦t✱ ✐t ♦✉t♣✉ts −1✱ ❛♥❞ ❛❢t❡r t❤❛t
♥❡✈❡r ❝❤❛♥❣❡s ✐ts ♠✐♥❞ ❛❣❛✐♥✳ ❖t❤❡r✇✐s❡✱ ✐t ✇✐❧❧ ❝♦♠♣✉t❡ t❤❡ ❝♦❞❡ t❤❛t ci(pi, di)
✇♦✉❧❞ ❤❛✈❡✱ ❛♥❞ ♦✉t♣✉t 2c({d0,...,di})3ci(pi,di)✳ ❆s ci(., .) ❧❡❛r♥s t❤✐s ❝❧❛ss✱ ❛♥❞ ❛s ✐t
❝❛♥♥♦t ❝♦♥t❛✐♥ ❛♥ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥✱ s❡❡ ❢♦r t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ✹✳✹✳✷✱
t❤❡ ♠❛❝❤✐♥❡ ♠❛② ♦♥❧② ❝❤❛♥❣❡ ✐ts ♠✐♥❞ ✜♥✐t❡❧② ♦❢t❡♥✳
❆❣❛✐♥✱ ❛s ci(., .) ❧❡❛r♥s t❤❡ ❝❧❛ss ❝♦rr❡❝t❧②✱ ✐t ✇✐❧❧ ❝♦♥✈❡r❣❡ ♦♥ ❛♥② (dn)n t♦ s♦♠❡ p̃✳
■❢ (dn)n ∈ SC✱ t❤❡♥ t❤❡ ♣r♦❣r❛♠ p̃ ❤❛s t♦ ❜❡ ❝♦rr❡❝t✱ ✐✳❡✳ Ws(p̃) = SC✳ ■❢ ✇❡ ❝♦♠♣✉t❡
s(exp(1, p)) = s(p̃)✱ ✇❡ ❣❡t t❤❡ ❝♦♠♣✉t❛❜❧❡ s(exp(1, .)) ❛s tr❛♥s❧❛t✐♦♥✳
❚❤✉s✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛❧✇❛②s ❝♦♥✈❡r❣❡ ❛♥❞ ❜❡❤❛✈❡ ❝♦rr❡❝t❧②✳

❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❊①❛♠♣❧❡ ✹✳✸✳✹✱ ❈■ ❝❧❛ss❡s ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❝❧♦s❡❞ ✉♥❞❡r s✉❜s❡ts✳
❚❤✉s✱ ✇❡ ❣❡t t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❝♦✉♥t❡r♣❛rt ♦❢ ❈♦r♦❧❧❛r② ✺✳✶✳✼✳

❚❤❡♦r❡♠ ✺✳✶✳✶✺✿ s❈■ = ✈❈■ ( ❈■✳

✺✳✷ ❍②♣♦t❤❡s✐s ❙♣❛❝❡

❯♥t✐❧ ♥♦✇✱ ✇❡ ❞✐❞ ♥♦t ❝❛r❡ t♦♦ ♠✉❝❤ ❛❜♦✉t t❤❡ ❤②♣♦t❤❡s❡s✱ ❛s ❧♦♥❣ ❛s t❤❡② ❣❛✈❡ s♦♠❡ s♦rt
♦❢ ❝♦♠♣✉t❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s❡t ❧❡❛r♥❡❞✳ ❍♦✇❡✈❡r✱ ✐t ❞✐❞ ♣r♦✈❡ t♦ ❜❡ ✐♥❝♦♥✈❡♥✐❡♥t
t♦ ❝♦❞❡ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥t♦ t❤❡ ❤②♣♦t❤❡s❡s ✐ts❡❧❢✳ ❲❡ ❛❧s♦ ✇✐t♥❡ss❡❞ t❤❛t ❢♦r ❝❡rt❛✐♥
♣r♦❜❧❡♠s✱ ❝❡rt❛✐♥ ❤②♣♦t❤❡s❡s ✇❡r❡ ♠♦r❡ ❝♦♠❢♦rt❛❜❧❡ t♦ ✉s❡ t❤❛♥ ♦t❤❡rs✳ ■♥ t❤✐s s❡❝t✐♦♥
✇❡ ✇✐❧❧ ❞r✐❧❧ ❞♦✇♥ ♦♥t♦ t❤❛t✳ ❚♦ ❞♦ s♦✱ ✇❡ ✇✐❧❧ ❡q✉✐♣ t❤❡ ❝❧❛ss❡s ✇✐t❤ s♦♠❡ ❤②♣♦t❤❡s✐s
s♣❛❝❡s✳ ❚♦ ❜❡ ❝❛♣❛❜❧❡ ♦❢ t❤❛t✱ ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✉♥✐❢♦r♠❧② ✐♥❞❡①❡❞
❢❛♠✐❧✐❡s✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶❪ ♦r ❬✾❪✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✶ ✭❯♥✐❢♦r♠❧② ■♥❞❡①❡❞ ❋❛♠✐❧②✮✿ ❆ ❝❧❛ss C ✐s ❣✐✈❡♥ ❜② ❛ ✉♥✐❢♦r♠❧② ✐♥❞❡①❡❞
❢❛♠✐❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ t✇♦✲♣❧❛❝❡✱ {0, 1}✲✈❛❧✉❡❞✱ ❝♦♠♣✉t❛❜❧❡ ❢✉♥❝t✐♦♥ L✱ s✉❝❤ t❤❛t
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✺✳✷✳ ❍②♣♦t❤❡s✐s ❙♣❛❝❡

✶✳ L(e, x) = Le(x) =

{

1, x ∈ Le,

0, x /∈ Le.

✷✳ ∀e : Le ∈ C✱

✸✳ ∀L ∈ C ∃e : L = Le✳

❲❡ ✇✐❧❧ ❝❛❧❧ s✉❝❤ ❛ ❝❧❛ss C ✐♥❞❡①❡❞ ❝❧❛ss ❢♦r s❤♦rt✳

◆♦t❛t✐♦♥ ✺✳✷✳✷✿ ❲✐t❤ C = {Le : e ∈ N}✱ ✇❤❡r❡ Le = {x : Le(x) = 1}✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡
✐♥❞❡①❡❞ ❝❧❛ss❡s✳

❘❡♠❛r❦ ✺✳✷✳✸✿ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥❧② ❝♦♥s✐❞❡r✐♥❣ ❝❧❛ss❡s ✇✐t❤♦✉t t❤❡ ❡♠♣t② s❡t✱ ✇❡ ❛❞❞✐✲
t✐♦♥❛❧❧② ❞❡♠❛♥❞ t❤❛t ♥♦♥❡ ♦❢ t❤❡ Le ✐s ❡♠♣t②✳

❙♦✱ ✐♥❞❡①❡❞ ❝❧❛ss❡s ♣r♦✈✐❞❡ ❛♥ ❡✛❡❝t✐✈❡ ✇❛② ♦❢ ♥✉♠❜❡r✐♥❣ ❛❧❧ t❤❡ s❡ts ❢r♦♠ t❤❡ ❝❧❛ss ❛♥❞
❝❤❡❝❦✐♥❣ ✇❤❡t❤❡r ♦r ♥♦t x ∈ Le ❢♦r s♦♠❡ x, e✳ ❲✐t❤ t❤✐s✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ✐❞❡❛ ♦❢
t❤❡ ❤②♣♦t❤❡s✐s s♣❛❝❡✳
●✐✈❡♥ s♦♠❡ ✐♥❞❡①❡❞ ❝❧❛ss C✱ ✇❡ ✇✐❧❧ ❧❡❛r♥ ✐t ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ❤②♣♦t❤❡s✐s s♣❛❝❡ H =
{Hi : i ∈ N}✱ ✇❤✐❝❤ ✐ts❡❧❢ ✐s ❛♥ ✐♥❞❡①❡❞ ❝❧❛ss✳ ▲❡❛r♥✐♥❣ ❛ s❡t C ∈ C ❤❡r❡ ♠❡❛♥s t❤❛t t❤❡
❧❡❛r♥✐♥❣ ♠❛❝❤✐♥❡ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ i✱ s✉❝❤ t❤❛t C = Hi✳ ❚❤✐s ❦✐♥❞ ♦❢ ❧❡❛r♥✐♥❣ ❝❛♥ ❜❡
❞♦♥❡ ✐♥ s❡✈❡r❛❧ ✇❛②s✳ ■♥ ❬✾❪✱ ✇❡ ❝❛♥ ✜♥❞ t❤r❡❡ ❞✐✛❡r❡♥t ✐❞❡❛s✱ ❤♦✇ s✉❝❤ ❧❡❛r♥✐♥❣ ❝❛♥ ❜❡
❞♦♥❡✳ ❲❡ ❝❛♥ ❧❡❛r♥ C ✇✐t❤ r❡s♣❡❝t t♦ H ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②s✳

• ❊①❛❝t❧②✿ C ✐s ❡①❛❝t❧② ❧❡❛r♥❛❜❧❡✱ ✐❢ H = C✱ ✉s✐♥❣ t❤❡ s❛♠❡ ♥✉♠❜❡r✐♥❣✳

• ❈❧❛ss Pr❡s❡r✈✐♥❣❧②✿ C ✐s ❝❧❛ss ♣r❡s❡r✈✐♥❣❧② ❧❡❛r♥❛❜❧❡✱ ✐❢ H = C✳

• ❈❧❛ss ❈♦♠♣r✐s✐♥❣❧②✿ C ✐s ❝❧❛ss ❝♦♠♣r✐s✐♥❣❧② ❧❡❛r♥❛❜❧❡✱ ✐❢ H ⊇ C✳

❈♦♥tr❛r② t♦ t❤❡ ✇✐❞❡❧② ✉s❡❞ ❡, ǫ ❛♥❞ ❝✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♣r❡✜①❡s ❡✱ ❝♣ ❛♥❞ ❝❝✱ r❡s♣❡❝t✐✈❡❧②✳

❘❡♠❛r❦ ✺✳✷✳✹✿ ❙✐♥❝❡ t❤❡ ❤②♣♦t❤❡s❡s ❛r❡ r❡str✐❝t❡❞ ♥♦✇✱ ✇❡ ✇✐❧❧ ✉s❡ ❛♥ ✧✐♥✐t✐❛❧ st❛t❡✧ ❛s
✜rst ❤②♣♦t❤❡s✐s p0✱ r❛t❤❡r t❤❛♥ ❛ ♣r♦♣❡r ❤②♣♦t❤❡s✐s✱ s❡❡ ❬✶✵❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❧❡❛r♥❡r ♠❛②
♥❡✈❡r ♦✉t♣✉t t❤✐s st❛t❡✳ ❚❤✐s st❛t❡ s✐❣♥❛❧✐s❡s t❤❛t t❤✐s ✐s t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳

■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ❧❡❛r♥✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ❤②♣♦t❤❡s✐s s♣❛❝❡✱ ❧❡t ✉s ✜① ♦♥❡
s♣❡❝✐❛❧ ❤②♣♦t❤❡s✐s s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✺✿ ▲❡t [i]2 ❜❡ t❤❡ ❜✐♥❛r② ❡①♣r❡ss✐♦♥ ♦❢ i✳ ▲❡t B = {Bi : i > 0}✱ ✇❤❡r❡

Bi(x) = ([i]2)(x) =

{

1, ✐❢ [i]2 ✐s 1 ❛t ♣♦s✐t✐♦♥ x,

0, ❡❧s❡✳

❘❡♠❛r❦ ✺✳✷✳✻✿ ❚❡❝❤♥✐❝❛❧❧②✱ ✇❡ s❤♦✉❧❞ ❞❡✜♥❡ B ❛s B̃ = {Bi+1 : i ∈ N}✳ ❍♦✇❡✈❡r✱ t❤❡②
❛r❡ t❤❡ s❛♠❡✱ ❜✉t t❤❡ ✜rst ✈❡rs✐♦♥ ✐s ❡❛s✐❡r t♦ ❞❡❛❧ ✇✐t❤✳

❙♦✱ B ✐s ❛♥ ✐♥❞❡①❛t✐♦♥ ♦❢ ❛❧❧ ✜♥✐t❡ s❡ts✱ ❡①❝❡♣t ❢♦r t❤❡ ❡♠♣t② s❡t✳ ❲✐t❤ t❤❛t✱ ✇❡ ❝❛♥ st❛t❡
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
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❈❤❛♣t❡r ✺✳ ❋✉rt❤❡r ❚♦♣✐❝s

▲❡♠♠❛ ✺✳✷✳✼✿ ▲❡t C = {Ci : i ∈ N} ❜❡ ❛♥ ✐♥❞❡①❡❞ ❝❧❛ss ♦❢ ✜♥✐t❡ s❡ts✱ ✇❤✐❝❤ ✐s ❝❧♦s❡❞

✉♥❞❡r s✉❜s❡ts✱ ✇✐t❤ ❛ ❞❡❝✐s✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r Dx ∈ C✳ ❚❤❡♥

C ∈ ❝❝❈■ ⇔ C ❝♦♥t❛✐♥s ♥♦ ✐♥✜♥✐t❡ ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥ ⇔ C ∈ ❈■.

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ s❡❝♦♥❞ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❡①❛❝t❧② t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ ✇❡ ♦♥❧②
♥❡❡❞ t♦ s❤♦✇ t❤❡ ✜rst ♦♥❡✳

⇒✿ ❈♦♥❞✉❝t✐♥❣ s♦♠❡ s✐♠✐❧❛r ♣r♦♦❢ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✳✸✱ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤✐s
❞✐r❡❝t✐♦♥ ✐s tr✉❡✳

⇐✿ ❇② ♦❜s❡r✈✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❈❧❛ss✐✜❝❛t✐♦♥ ❚❤❡♦r❡♠ ✹✳✹✳✷✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ✇❡ ❝♦✉❧❞
❝❤❛♥❣❡ t❤❡ ♦✉t♣✉t t♦ ✐ts r❡s♣❡❝t✐✈❡ ❝♦✉♥t❡r♣❛rt ✐♥ B✱ ❛♥❞ st✐❧❧ r❡❝❡✐✈❡ t❤❡ ♥❛t✉r❛❧
❜♦✉♥❞ ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ❡❧❡♠❡♥ts✳ ❚❤✉s✱ ✇❡ ❝♦✉❧❞ ❝♦♥❞✉❝t t❤❡ s❛♠❡ ♣r♦♦❢✱
❤❡r❡✳

❖❜✈✐♦✉s❧②✱ ❡❈■ ⊆ ❝♣❈■ ⊆ ❝❝❈■✳ ❆s ❧❛st ❛❝t ✐♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ♣r♦✈✐❞❡ ❡①❛♠♣❧❡s
✇✐t♥❡ss✐♥❣ t❤❛t t❤❡s❡ ✐♥❝❧✉s✐♦♥s ❛r❡ ♣r♦♣❡r✳

❊①❛♠♣❧❡ ✺✳✷✳✽✿ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss C = {Cx,y : x, y ∈ N}✱ ✇❤❡r❡

Cx,y =

{

{p}, x /∈ K ✐♥ y st❡♣s✱

{x}, x ∈ K ✐♥ y st❡♣s✳

✇❤❡r❡ p ✐s ❛ ♣r♦❣r❛♠ ♦❢ s♦♠❡ ❛❧✇❛②s ✉♥❞❡✜♥❡❞ ❢✉♥❝t✐♦♥✳
❇② ♦✉t♣✉tt✐♥❣ 2d0 ♦♥ t❤❡ ✐♥♣✉t (dn)n✱ ✇❡ ❝❛♥ s❡❡ t❤❛t C ∈ ❝❝❈■ ✇✐t❤ r❡s♣❡❝t t♦ B✳
❆ss✉♠❡ ✐t ✐s ✐♥ ❝♣❈■ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ H✳ ❋♦r x ∈ N ❝♦♥s✐❞❡r t❤❡ ✐♥♣✉t s❡q✉❡♥❝❡
x, x, . . . ✳ ❆t s♦♠❡ ❝♦♠♣✉t❛❜❧❡ st❛❣❡ N ✱ t❤❡ ❧❡❛r♥❡r ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ s♦♠❡ px✱ t❤✉s

∀n > N : cpci(pn, x) = pn = px.

❚❤❡♥✱

x ∈ K ⇒ Hpx = {x},

x /∈ K ⇒ Hpx = {p} 6= {x}.

❚❤❡ s❡❝♦♥❞ ♣r♦♣❡rt② ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❢❛❝t✱ t❤❛t t❤❡r❡ ✐s ♥♦ s❡t ✐♥ H r❡♣r❡s❡♥t✐♥❣ {x}✱
s✐♥❝❡ x /∈ K✳ ❋♦r ❛♥② i ❛♥❞ x✱ t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r Hi = {x} ✐s ❝♦♠♣✉t❛❜❧❡✱ ❛s ❛❧❧
Hi ❤❛✈❡ ❡①❛❝t❧② ♦♥❡ ❡❧❡♠❡♥t✳ ❚❤✉s✱ t❤❡ ❝❛♥♦♥✐❝❛❧ s❡❛r❝❤ ❢♦r y s✉❝❤ t❤❛t Hi(y) = 1 ✇✐❧❧
t❡r♠✐♥❛t❡✳
❚❤✉s✱ x ∈ K ⇔ Hpx = {x}✱ ✇✐t❤ t❤❡ ❧❛tt❡r ❜❡✐♥❣ ❝♦♠♣✉t❛❜❧❡✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ♥❡①t ❡①❛♠♣❧❡ ✐s ✐♥s♣✐r❡❞ ❜② ❛♥ ❡①❛♠♣❧❡ ✐♥ ❬✾❪ ❛♥❞ ❬✶✺❪✳

❊①❛♠♣❧❡ ✺✳✷✳✾✿ ❈♦♥s✐❞❡r t❤❡ ❝❧❛ss L = {Li,j : i, j ∈ N}✱ ✇✐t❤

Li,j =

{

{2i3n : n ∈ N}, (ϕi(i))j ↑,

{2i3n : n ≤ k}, (ϕi(i))j ↓ ✐♥ k st❡♣s.

❚❤✐s ❝❧❛ss ✐s ✐♥ ❝♣❈■ ✈✐❛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳ ❋♦r ✐♥♣✉t (dn)n ❛♥❞ ❢♦r s♦♠❡ st❛rt✐♥❣
♣r♦❣r❛♠ p0 = (−1, 0)

✹✵
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✺✳✸✳ ❋✉rt❤❡r ❘❡s❡❛r❝❤

• ❢♦r di ❛♥❞ pi✱ ❝❤❡❝❦ t❤❡ ❢♦r♠ ♦❢ di✳ ■❢ ✐t ✐s ✈❛❧✐❞✱ ✐✳❡✳ di = 2si3ti ✱ t❤❡♥

• ❝❤❡❝❦ ✇❤❡t❤❡r pi = (si, x) ♦r pi = (−1, 0)✳ ■❢ x 6= 0✱ t❤❡♥ ♦✉t♣✉t pi+1 = pi✳ ❊❧s❡✱

• ❝❤❡❝❦ ✇❤❡t❤❡r (ϕsi(si))ti ↓✱ ❛♥❞

✕ ✐❢ ♥♦t✱ ♦✉t♣✉t (si, 0)✱

✕ ✐❢ s♦✱ ♦✉t♣✉t (si, ti)✳

❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ✇♦r❦s ❝♦rr❡❝t❧②✳ ▲❡t (dn)n ❜❡ s♦♠❡ ✐♥♣✉t✱ ❛♥❞ ❧❡t
pi ❛♥❞ di ❜❡ t❤❡ ❝✉rr❡♥t ✐♥♣✉t✳ ❚❤❡♥✱ ❛❢t❡r ❝❤❡❝❦✐♥❣ t❤❡ ❢♦r♠✱ ✇❡ ❝❤❡❝❦ ❢♦r pi = (si, x)✳ ■❢
x > 0✱ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ❛❧r❡❛❞② ✇✐t♥❡ss❡❞ ϕsi(si) ↓✱ s♦ ✇❡ ♦✉t♣✉t t❤❡ ❧❛st ❤②♣♦t❤❡s✐s✳
❊❧s❡✱ ❡✈❡♥ ✐❢ pi = (−1, 0)✱ ✇❡ ❝❤❡❝❦ ✇❤❡t❤❡r (ϕsi(si))ti ↓✳ ■❢ s♦✱ ✇❡ ♦✉t♣✉t (si, ti) t♦ ♠❛r❦
t❤❛t ❡✈❡♥t ❛s ✇✐t♥❡ss❡❞✳ ■❢ ♥♦t✱ ✇❡ ♦✉t♣✉t (si, 0)✳
❚❤❡ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ♦✉t♣✉t (y, 0) ❛s ❧♦♥❣ ❛s ✐t ❞♦❡s ♥♦t ✇✐t♥❡ss ϕy(y) t♦ ❜❡ ❝♦♠♣✉t❛❜❧❡✳
❚❤❡♥✱ ✐t ✇✐❧❧ ❝❤❛♥❣❡ ✐ts ♠✐♥❞✳ ❚❤✉s✱ ✐t ❝♦♥✈❡r❣❡s ❝♦rr❡❝t❧②✳
❆ss✉♠❡ ♥♦✇✱ t❤❛t L ∈ ❡❈■ ✈✐❛ eci(., .)✳ ▲❡t i ∈ N✱ ❛♥❞ ❝♦♥s✐❞❡r s♦♠❡ ❝❛♥♦♥✐❝❛❧ ✐♥♣✉t
(dn)n ∈ Li,0✱ ✐✳❡✳ dj = 2i3j✳ ❖♥ t❤❛t ✐♥♣✉t✱ eci(., .) ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ s♦♠❡ (i, j)✱ ✐✳❡✳
∀∞
mn : eci(pn, dn) = pn = (i, j)✳ ◆♦✇✱ ✇❡ ❤❛✈❡ t♦ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦

❝❛s❡s✳

✶✳❈✳✿ 2i3j+1 /∈ Li,j✳ ❚❤❡♥✱ ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤❡ s❡t Li,j ✐s ✜♥✐t❡✳ ❚❤✉s✱ ϕi(i) ↓✳

✷✳❈✳✿ 2i3j+1 ∈ Li,j✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s❡t ✐s ✐♥✜♥✐t❡✱ ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥✳ ◆♦✇ ✇❡ ❤❛✈❡ t♦
♠❛❦❡ ❛ ❝❛s❡ ❞✐st✐♥❝t✐♦♥✱ ✇❤❡r❡ ✇❡ ❝♦♠♣❛r❡ j t♦ t❤❡ ❝♦♥✈❡r❣✐♥❣ ♣♦✐♥t m✳

✷✳✶✳❈✳✿ j ≥ m✳ ❲❡ ❝❧❛✐♠ t❤❛t ϕi(i) ↑✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡
n s✉❝❤ t❤❛t Li,n ✐s ✜♥✐t❡✳ ❇✉t n > j ≥ m✱ s♦ t❤❡ ❧❡❛r♥❡r ❝♦♥✈❡r❣❡❞ t♦♦ ❡❛r❧②
❛♥❞ t♦ t❤❡ ✇r♦♥❣ ❤②♣♦t❤❡s✐s✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳

✷✳✷✳❈✳✿ j < m✳ ◆♦✇✱ t❡st ✇❤❡t❤❡r 2i3m+1 ∈ Li,m✳ ■❢ ♥♦t✱ t❤❡♥ t❤❡ s❡t ✐s ✜♥✐t❡✱ t❤✉s
ϕi(i) ↓✳ ❊❧s❡✱ t❤❡ s❡t ✐s ✐♥✜♥✐t❡ ❛❣❛✐♥✱ t❤✉s Li,m = Li,0✳ ❆❣❛✐♥✱ ✇❡ ❝❧❛✐♠ t❤❛t
ϕi(i) ↑✳ ❆ss✉♠❡ t❤❡ ♦♣♣♦s✐t❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ n s✉❝❤ t❤❛t Li,n ✐s ✜♥✐t❡✳
❙✐♥❝❡ n > m✱ t❤❡ ❤②♣♦t❤❡s✐s ✇♦✉❧❞ ❜❡ ✇r♦♥❣ ❛❣❛✐♥✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳

❆s ❛❧❧ t❤❡ st❡♣s ❛r❡ ❝♦♠♣✉t❛❜❧❡✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ❤❛❧t✐♥❣ ♣r♦❜❧❡♠✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❆❧t♦❣❡t❤❡r✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✺✳✷✳✶✵✿ ❡❈■ ( ❝♣❈■ ( ❝❝❈■✳

✺✳✸ ❋✉rt❤❡r ❘❡s❡❛r❝❤

❇② ♥♦✇✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ s♦♠❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❝❧❛ss❡s✳ ❍♦✇❡✈❡r✱
✇❡ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ❛ ✈❡r② r❡str✐❝t❡❞ t②♣❡ ♦❢ ❝❧❛ss❡s✳ ❙♦✱ ♦❜✈✐♦✉s❧②✱ t❤❡ ♥❡①t st❡♣ ✇♦✉❧❞
❜❡ t♦ ✇✐❞❡♥ t❤❛t r❡str✐❝t✐♦♥✱ ❛♥❞ ♦❜t❛✐♥ s♦♠❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s
t✉r♥s ♦✉t t♦ ❜❡ q✉✐t❡ ❛ ❤❛r❞ ♣r♦❜❧❡♠✱ s❡❡ ❬✶✵❪✳ ❆❧s♦✱ t❛❦✐♥❣ ❝❧❛ss❡s ✇✐t❤ ♣♦ss✐❜❧② ✐♥✜♥✐t❡
s❡ts ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✇♦✉❧❞ ❜❡ ❛ ♥❛t✉r❛❧ ♥❡①t ❛tt❡♠♣t✳ ❖♥❡ ♠❛② ❡✈❡♥ tr② t♦ ❝❛♣t✉r❡
❧❡❛r♥✐♥❣ ♦❢ ✐♥✜♥✐t❡ s❡ts ✉s✐♥❣ ✜♥✐t❡ s❡ts ♦♥❧②✳
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❈❤❛♣t❡r ✺✳ ❋✉rt❤❡r ❚♦♣✐❝s

❆❧s♦✱ s✐♥❝❡ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ ❧❡❛r♥✐♥❣ ❢r♦♠ t❡①t✱ ♦♥❡ ♠❛② ❜❡ t❡♠♣t❡❞ t♦ ✐♥✈❡st✐❣❛t❡
t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ✈❡r② s❛♠❡ ❧❡❛r♥❡r✱ ✇❤❡♥ ❧❡❛r♥✐♥❣ ❢r♦♠ ❛♥ ✐♥❢♦r♠❛♥t✳ ❚❤❡ ♥❡❝❡ss❛r②
❞❡✜♥✐t✐♦♥s ❢♦r t❤✐s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✻❪✱ ❢♦r ❡①❛♠♣❧❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ♠❛② ❜❡ ✇♦rt❤ ❛ tr② t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐❞❡❛ ♦❢ t❤❡ ✈❡r② ❝♦♥✜❞❡♥t
❧❡❛r♥❡r ❢✉rt❤❡r✳ ■t ❞♦❡s s❡❡♠ ❧✐❦❡ ❛ ♥❛t✉r❛❧ ✐❞❡❛ t♦ ❜❡ ❛❜❧❡ t♦ ❞❡t❡❝t ✉♥r❡❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥✳
❆❧s♦✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❝♦♥✜❞❡♥t ✐t❡r❛t✐✈❡ ❧❡❛r♥❡r ✇✐t❤ s♦♠❡ ♠♦r❡ t②♣❡s ♦❢ ❧❡❛r♥✐♥❣✱ ✐✳❡✳
♠♦♥♦t♦♥✐❝✱ ❝♦♥s✐st❡♥t ♦r ❝♦♥s❡r✈❛t✐✈❡ ❧❡❛r♥✐♥❣✱ ❛s ♣r♦♣♦s❡❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✶✵❪✱ ❬✶✸❪ ♦r
❬✶✹❪✱ ♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❧❡❛r♥✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ❤②♣♦t❤❡s✐s s♣❛❝❡ ♠♦r❡ ♠❛② ♣r♦✈❡
✉s❡❢✉❧✳ ■❞❡❛s✱ ✇❤❛t t❤❡ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s s♣❛❝❡ ❝♦✉❧❞ ❧♦♦❦ ❧✐❦❡✱ ❝❛♥
❜❡ ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✾❪ ♦r ❬✶✹❪✳
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❉✳ ❆♥❣❧✉✐♥✱ ■♥❞✉❝t✐✈❡ ✐♥❢❡r❡♥❝❡ ♦❢ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡s ❢r♦♠ ♣♦s✐t✐✈❡ ❞❛t❛✳ ■♥❢♦r♠❛t✐♦♥
❛♥❞ ❈♦♥tr♦❧ ✹✺ ✭✶✾✽✵✮✱ ✶✶✼✲✶✸✺✳ ❞♦✐✳♦r❣✴✶✵✳✶✵✶✻✴❙✵✵✶✾✲✾✾✺✽✭✽✵✮✾✵✷✽✺✲✺

❬✷❪ ▲✳ ❇❧✉♠ ❛♥❞ ▼✳ ❇❧✉♠✱ ❚♦✇❛r❞ ❛ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ✐♥❞✉❝t✐✈❡ ✐♥❢❡r❡♥❝❡✳ ■♥❢♦r♠❛✲
t✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ✷✽ ✭✶✾✼✺✮✱ ✶✷✺✲✶✺✺✳ ❞♦✐✳♦r❣✴✶✵✳✶✵✶✻✴❙✵✵✶✾✲✾✾✺✽✭✼✺✮✾✵✷✻✶✲✷

❬✸❪ ❏✳ ❈❛s❡ ❛♥❞ ❈✳ ❙♠✐t❤✱ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ❝r✐t❡r✐❛ ❢♦r ♠❛❝❤✐♥❡ ✐♥❞✉❝✲

t✐✈❡ ✐♥❢❡r❡♥❝❡✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✷✺ ✭✶✾✽✸✮✱ ✶✾✸✲✷✷✵✳ ❞♦✐✳♦r❣✴✶✵✳✶✵✶✻✴
✵✸✵✹✲✸✾✼✺✭✽✸✮✾✵✵✻✶✲✵

❬✹❪ ❙✳ ❇✳ ❈♦♦♣❡r✱ ❈♦♠♣✉t❛❜✐❧✐t② ❚❤❡♦r②✳ ❈❤❛♣♠❛♥ ✫ ❍❛❧❧✱ ✷✵✵✹✳

❬✺❪ ❊✳ ❋♦❦✐♥❛✱ ❙❝r✐♣t ♦♥ ❈♦♠♣✉t❛❜✐❧✐t② ❚❤❡♦r②✳ ✷✵✶✻✳

❬✻❪ ❩✳ ●❛♦ ❛♥❞ ❋✳ ❙t❡♣❤❛♥✱ ❈♦♥✜❞❡♥t ❛♥❞ ❝♦♥s✐st❡♥t ♣❛rt✐❛❧ ❧❡❛r♥✐♥❣ ♦❢ r❡❝✉rs✐✈❡ ❢✉♥❝✲

t✐♦♥s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✺✺✽ ✭✷✵✶✹✮✱ ✺✲✶✼✳

❬✼❪ ❊✳ ▼✳ ●♦❧❞✱ ▲❛♥❣✉❛❣❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐♥ t❤❡ ❧✐♠✐t✳ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ✶✵ ✭✶✾✻✼✮✱
✹✹✼✲✹✼✹✳ ❞♦✐✳♦r❣✴✶✵✳✶✵✶✻✴❙✵✵✶✾✲✾✾✺✽✭✻✼✮✾✶✶✻✺✲✺

❬✽❪ ❱✳ ❙✳ ❍❛r✐③❛♥♦✈✱ ■♥❞✉❝t✐✈❡ ■♥❢❡r❡♥❝❡ ❙②st❡♠s ❢♦r ▲❡❛r♥✐♥❣ ❈❧❛ss❡s ♦❢ ❆❧❣♦r✐t❤♠✐❝❛❧❧②
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