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ABSTRACT

This doctoral thesis investigates potential phonon-cooling and phonon-lasing schemes as well as
quantum applications with diamond nano-mechanical resonators also known as phonon cavities.
These particular schemes are for the first time based on the exploitation of the multi-level en-
ergy structure of diamond’s natural defects such as nitrogen-vacancy and silicon-vacancy centers.
We develop microscopic models for defect-phonon interactions and use various quantum optical
methods to explore different laser manipulation schemes under realistic experimental conditions.
In particular, we investigate the strain-induced coupling between a nitrogen-vacancy impurity and
resonant vibrational modes of diamond nano-mechanical resonators. This coupling can modify the
state of the resonator and either cool a vibrational mode close to the quantum ground state or
excite it into a large-amplitude coherent state, a phenomenon known as phonon lasing. In addi-
tion, we study a setup where a silicon-vacancy center is magnetically coupled to a low-frequency
mechanical bending mode and via strain to the continuum of high-frequency longitudinal modes
of a singly-clamped diamond beam. This setup can be used to induce cooling effects for the low-
frequency mechanical vibrations, where the high-frequency longitudinal compression modes of the
beam serve as an intrinsic low-temperature reservoir.

A natural extension of the above-described setups is a system of two-coupled resonators. Assum-
ing that one of the oscillators is cooled and the other is heated with the same rate, such a gain-loss
system offers an ideal setup for investigating the physics of so-called parity-time-symmetric systems,
under realistic conditions. Specifically, we present a new type of parity-time-symmetry breaking,
which occurs in the steady-state energy distribution of classical (and open quantum) systems with
balanced gain and loss. We show that the combination of non-linear saturation effects and the
presence of thermal or quantum noise in actual experiments results in unexpected behavior that
differs significantly from the usual dynamical picture. We observe additional phases with pre-
served or broken parity-time symmetry as well as a transition from a very noisy thermal state to a

low-energy lasing state with strongly reduced fluctuations.
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ZUSAMMENFASSUNG

In dieser Doktorarbeit werden neue Methoden zur Kiithlung und Anregung von mechanischen
Schwingungen in Diamant-Nanoresonatoren theoretisch analysiert. Die untersuchten Techniken
zur Kontrolle der mechanischen Moden basieren dabei zum ersten Mal auf der intrinsischen Defor-
mationskopplung der Schwingungen an natiirliche Stickstoff- und Siliziumstorstellen in Diamant.
Ausgehend von einer mikroskopischen Modellierung solcher Kopplungen werden in dieser Arbeit ver-
schiedene theoretische Methoden aus dem Bereich der Quantenoptik verwendet, um das Laserkiihlen
von mechanischen Resonatoren bis Nahe an den quantenmechanischen Grundzustand, als auch die
Realisierung von sogenannten Phononenlaser, zu beschreiben. Dabei wird vor allem gezeigt, wie
quasi-entartete Energiezustdnde dieser Defektzentren ausgeniitzt werden kénnen, um diese Effekte
zu optimieren und dadurch auch unter experimentell relevanten Bedingungen moglich zu machen.
Dariiber hinaus wird in dieser Doktorarbeit untersucht, wie Phononen-induzierte Dissipation gezielt
dazu verwendet werden kann, um anderen mechanische Schwingungsmoden zu kiihlen oder auch in
einen stationdren verschrankten Zustand zu pumpen.

Als eine interessante Erweiterung der oben beschriebenen Effekte werden im dritten Teil dieser
Doktorarbeit Systeme mit zwei oder mehreren gekoppelten Resonatoren behandelt, wobei die mech-
anischen Moden abwechselnd gekiihlt oder mit der selben Rate gepumpt werden. Im klassischen
Grenzfall besitzt die Dynamik solcher Systeme eine sogenannte Paritdts-Zeitumkehr-Symmetrie,
welche fiir bestimmte Systemparameter gebrochen wird. In dieser Arbeit werden zum ersten Mal
die Konsequenzen dieser Symmetriebrechung fiir die stationéren Zustdnde dieser Systeme unter re-
alistischen Bedingungen beschrieben. Dabei zeigt sich, dass die Kombination von nichtlinearen Sét-
tigungseffekten und der Einfluss von thermischen als auch Quantenrauschen zu unerwarteten Ergeb-
nissen fithrt, die sich deutlich von der dynamischen Symmetriebrechung unterscheiden. Insbeson-
dere findet man weitere Phasen mit teilweise erhaltener oder gebrochener Paritéts-Zeitumkehr-
Symmetrie, sowie einem Ubergang von einem thermischen Zustand in eine Lasing-Phase mit stark

reduzierten Fluktuationen.
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Science may be described as the art of systematic

over-simplification. — Karl Popper

Introduction

In this doctoral thesis we analyse novel ways to cool or actuate nano-mechanical resonators using
natural impurities of diamond. By exploring these ideas further we have discovered new interesting
effects that can arise when extending these ideas to coupled mechanical systems. To motivate this
study, we here briefly introduce the field of optomechanics and the concept of cooling of mechanical

motion as well as diamond’s natural impurities and the way they can couple to phonons.

1.1 OPTOMECHANICS

Optomechanics explores the interaction between electromagnetic radiation and mechanical motion.
Its quantum version, quantum optomechanics, has to do with the interaction between photons and
the phonons [1]. In this case the vibrating object needs to be small enough so that the quantum

nature of its vibrations can be revealed. For this reason, the scale of these objects varies between a



few microns to tens of nanometers. Such micro- and nano-mechanical systems [2] have the ability
to respond very sensitively to weak electric, magnetic and optical signals. This ability makes them
unique tools for scientists and engineers and they are often used in sensing applications such as
biosensors and accelerometers. The cooling of a nano-mechanical oscillator close to the quantum
ground state was experimentally demonstrated in 2011 [3, 4], opening up possibilities for probing
quantum mechanical effects at a macroscopic scale. But even before this breakthrough was achieved,
a new area of research was initiated with the goal to control massive mechanical objects to a single-
phonon level. Optomechanical cooling schemes are used to cool vibrational modes of micro- and
nano-mechanical resonators close to their quantum ground state [1]. Similar to laser cooling of
atoms (and ions), optomechanical cooling is the process of converting phonons into photons, by
making use the radiation pressure of the field of an optical cavity towards a moving mirror [4-7].
The created photons are then lost from the cavity into the surrounding environment, removing
energy from the system. Various schemes alternative to radiation pressure use as tools quantum
dots [8, 9] or superconducting two-level systems [10-12] and as we shall see in this thesis, diamond’s

natural impurities.

1.2 IMPURITY CENTERS IN DIAMOND

Impurities in crystals are formed when external atoms occupy lattice sites. More interesting struc-

tures are created when such substituted atoms are located near lattice vacancies. These particular

impurities have the ability to effectively behave as molecules. Their multi-level energy structure,

which is dictated by the molecular symmetry, can be exploited in quantum-optics applications.

The most well-studied natural defect of diamond is the negatively charged nitrogen-vacancy cen-

ter [13, 14]. The interest in this particular color center, is due to the long-coherence times of
r

its electronic spin [15] as well as the fact that its spin state can be prepared and detected in an

all-optical way [16]. Also, all-diamond nanostructures can be fabricated with very high mechanical



quality factors [17, 18]. Additionally, it has been theoretically proposed to exploit the coupling of
nitrogen-vacancy centers to phonons, in addition to photons, for applications related to quantum
information processing [19-21] and quantum enhanced magnetometry [22]. Another natural defect
in diamond, that we shall consider in this work, is the silicon-vacancy center. This center is cur-
rently a topic of very active research. The interest in this defect arises mainly from the fact that it
can be used as a narrow line-width optical emitter [23-26]. Our aim in this work is to exploit the
multi-level energy structure of diamond defects and present novel schemes for cooling and actuating
mechanical vibrations in diamond nanostructures. This is achieved by engineering schemes that

take advantage of the strain-induced coupling between impurities and mechanical vibrations.

1.3 DEFECT-PHONON COUPLING

The energy levels of defects in solids, are highly susceptible to deformations of the surrounding
lattice. Such local deformations can be caused by permanent (static) lattice strain or mechanical
vibrations. One consequence of this susceptibility to local strain is the broadening of optical lines. In
the case of vibrational modes this broadening is phonon-induced. There has been significant interest
in exploiting these defect-phonon interactions in a particular kind of nanomechanical systems,
known as phonon cavities, where single defects may be strongly coupled to individual phonon
modes [20-22, 27-32]. This opens up possibilities for research in cavity quantum electrodynamics
(cavity QED) using phonons. Possible applications range from measurement and manipulation of
single phonons, to the coupling between defects through phonons. One very fundamental way to
exploit this defect-phonon interactions, is to use the defects as tools for manipulating the state
of vibrational modes in phonon cavities. As a first step towards these quantum applications, this

thesis analyses schemes that can either cool a mechanical mode to its ground state or amplify it.



1.4 COOLING AND PHONON LASING

The basic principle behind the cooling of nano-mechanical resonators using the defect-phonon
coupling is the same as in the case of laser cooling of atoms and ions [33]. Identifying optical
transitions within the level structure of the impurities is crucial for engineering a cooling scheme.
The fact that the strain-induced coupling is (partially) dispersive, allows optical transitions to be
phonon assisted. By setting up the laser detuning appropriately, this results in transitions occurring
via either the absorption or emission of a single phonon. Repeated phonon absorption results in
the cooling of a specific mechanical mode while the opposite results in amplification. In the case
where the cooling rate is higher that the intrinsic mechanical dumping, the resonator mode can be
cooled down to the quantum ground state. On the other hand, the amplification of the resonator
first results in an increase of the temperature. However, if the amplification occurs at higher rates
than the mechanical dissipation, the mechanical mode starts to self-oscillate in a large-amplitude
coherent state. This phenomenon is commonly known as phonon lasing and it has been investigated
in various physical settings [34-42]. As the name suggests, this process is in complete analogy to a

strongly pumped optical mode undergoing a lasing transition.

1.5 PARITY-TIME-SYMMETRIC SYSTEMS

Having discussed cooling and amplification ideas for individual modes in nano-mechanical systems,
a natural question to ask is "what would happen in a setup where both cooling (loss) and heating
(gain) were present?”. The simplest system in which the above question can be investigated is a
pair of coupled oscillators, one with gain and the other with loss. In the special case where the gain
and loss occur at equal rates, the system possesses a very interesting symmetry. This symmetry
corresponds to simultaneous time and parity reversal. Such parity-time-symmetric systems are

currently the topic of active research in many areas of physics, such as optical waveguides [43-46],



lattices and resonators [47-50] as well as cold atoms [51-53] and optomechanical systems [54-56].
The interest in these gain-loss systems arises from their ability to break their symmetry under
certain conditions. More specifically, these systems remain parity-time-symmetric so long as the
gain and loss rates do not exceed the coupling rate between the oscillators. In this symmetric
regime, the system undergoes energy oscillations. Energy is transferred back and forth between
the two oscillators. On the other hand, above threshold, the eigenvectors of the system are no
longer symmetric under parity-time inversion. In this symmetry-broken regime, one of the modes
is amplified and the other is cooled. In this thesis, we go for the first time beyond this dynamical
picture and we investigate this parity-time-symmetric setup under realistic conditions in a system
of coupled mechanical oscillators. In fact, we no longer assume that the gain and loss rates are
constant, but rather depend —in a non-linear way— on the energy of the oscillation modes. This is
the case for optical induced gain and loss, using for instance impurities in diamond, but is also the
case for any other system, since amplification is always limited by saturation effects. In addition to
this nonlinearity, we take into account the effects of noise in the system. In fact, we consider classical
thermal noise as well as quantum noise generated by the intrinsic radiative decay of a diamond
impurity. To extend the notion of parity-time symmetry in these realistic setups, we generalize the
concept and instead of eigenvectors, we use the steady states in order to determine the symmetry
of the system in each regime. In particular, we find that the inclusion of nonlinearities results in
unexpected behavior that differs significantly from the usual dynamical picture, including a new
type of symmetry breaking. Also, by introducing noise in the system we observe that in this case,
the parity-time-symmetry breaking takes the form of an unconventional phase transition from a

very noisy thermal state to a low-energy lasing state.



1.6 OUTLINE OF THE THESIS

This doctoral thesis is the result of research work performed at the TU Wien during the years
2012-2016. The organization of this dissertation is the following. In chapter 2, we give a brief
introduction to the quantum description of mechanical modes of thin rectangular beams that we
shall consider throughout this thesis. In addition, we summarize the physics of defects in diamond,
to the extent relevant for this thesis. In chapter 3, we review the theory of cooling of mechanical
motion with a two-level system as well as the basic laser theory. In chapter 4, we investigate
schemes for mechanical cooling and phonon lasing in diamond nano-scale beams using nitrogen-
vacancy centers. In chapter 5, we develop a phonon-reservoir engineering method using silion-
vacancy centers and analyze cooling and entanglement-generation schemes. Finally, in chapter
6, we discuss the phenomenon of parity-time-symmetry breaking in realistic systems, using as an

example a system of coupled mechanical resonators.

1.7 PUBLICATIONS

In addition to this thesis, three papers have been published in peer-review journals describing the

results of this research work.

PHYSICAL REVIEW B 88, 064105 (2013) [57]
Phonon cooling and lasing with nitrogen-vacancy centers in diamond

K. V. Kepesidis, S. D. Bennett, S. Portolan, M. D. Lukin, P. Rabl,

This paper was published in Physical Review B in 2013. In this article, we consider the strain cou-
pling between a single nitrogen-vacancy center and a single resonant mechanical mode of a diamond

nanoresonator, and analyze ground state cooling and phonon lasing techniques for manipulating



the phonon mode in this system. For this work, I performed all calculations described in the paper

under the supervision of S. Portolan and P. Rabl.

PHYSICAL REVIEW B 94, 214115 (2016) [58]
Cooling phonons with phonons:
acoustic reservoir-engineering with silicon-vacancy centers in diamond

K. V. Kepesidis, M.-A. Lemonde, A. Norambuena, J. R. Maze, P. Rabl,

This paper was published in Physical Review B in 2016. In this work, we describe a new approach
for mechanical cooling and dissipation engineering for the low-frequency vibrations of a mechanical
beam, which uses of the naturally occurring low-temperature bath provided by the high-frequency
compression modes of the beam structure. We illustrate this scheme for the example of a negatively
charged silicon-vacancy center in a vibrating nano-scale diamond beam. For this work, I performed
the calculations related to the cooling and two-mode squeezing while M.-A. Lemonde performed

the analysis of the phonon spectral density.

New Journal of Physics 18 (2016) 095003 [59]
PT-symmetry breaking in the steady state of microscopic gain loss systems

K. V. Kepesidis, T. J. Milburn, J. Huber, K. G. Makris, S. Rotter and P. Rabl,

This paper was published in New Journal of Physics in 2016. In this work, we generalize the
concept of parity-time symmetry to realistic systems with nonlinearities and under the influence of
thermal and quantum noise. We illustrate this generalization and investigate its implications for

the specific model of coupled mechanical resonators with optically induced loss and gain. In this



work, I performed most of the analytical as well as numerical calculations. The stability analysis
was performed together with T. J. Milburn and the numerical data for Fig. 5 was provided by J.

Huber.



Mechanical systems and defect centers in

diamond

In this chapter, we present some background on the systems we consider in the following chapters.
In section 2.1, we provide details on the mechanical systems we use and derive the fundamental
equations of motion as well as their mode structure. In section 2.2, we discuss the energy-level
structure of the most important natural defects of diamond and the ways they couple to mechanical

modes.

2.1 (QUANTIZED MECHANICAL VIBRATIONS

In this section, we present the theory of elastic waves that manifest themselves as mechanical
oscillations of thin rectangular beams. A thin beam is a structure which has one of its dimensions
much larger than the other two. Figure 2.1 illustrates the two types of mechanical systems that
are considered in this work, namely cantilever (singly-clamped) and doubly-clamped beams. The
types of vibrations we consider are flexural, i.e. the bending of the beam, and longitudinal, i.e.
its compression along its large dimension. For each type of vibrations we derive the governing
equation, provide solutions by imposing the necessary boundary conditions and finally proceed

with their quantization. The following discussion is mainly based on references [2, 60].



Figure 2.1 — Hlustration of the two types of mechanical systems that are considered in this work, namely
a) cantilever (singly-clamped) and b) doubly-clamped beams.

2.1.1 BENDING VIBRATIONS

We first present a derivation of the FEuler-Bernulli equation. This particular model which is also
called simple beam theory, is a scalar theory for the beam’s bending motion for more or less arbitrary
forces. It is most accurate for thin beams, with small displacements. It is important to note that
in this beam model the rotational inertia of the beam are not taken into account. Specifically, we
consider a long rectangular beam of length ¢ along the z-axis, thickness ¢ and width w, (cross-
sectional area A = w x t), and density p, as shown figure 2.2. The beam is assumed to be made of
isotropic material with Young’s modulus E. We assume displacements £, (z,t) causing the beam
to flex along the x-direction. The force that this displacement generates on a differential element

of mass dm, infinitesimal length dz is given by Newton’s second law

2 2

0 0
Fz(za t) - dm@&w('%t) - pAdZ@fx(Z, t)v (21)

where we have used the relation dm = pAdz between the mass of the infinitesimal element and
density of the material of the beam. In addition, the element is subject to forces F,(z + dz) and

—F,(z), on each respective face, along z-direction and torques M,(z + dz) and —My(z) along
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y-direction from its two neighboring differential elements. Balancing the forces yields

2

Fy(z+dz) — Fy(2) — pAdz 0

ba(z:0) =0. (2:2)

Similarly assuming there is no net torque on the element, we obtain
Fy(z +dz)dz + My(z +dz) — M,(z) = 0. (2.3)

We now expand the force F(z + dz) and torque My(z + dz) in a Taylor series to first order in z

and keep only the the first two terms. By doing so, equations (2.2) and (2.3) take the forms

OFy(z,t) &
5, = pA TR (2.4)

_ ({91 41!(2/7 t)
Fo(z,t) = 9, (2.5)

In thin beam theory, the relation between pure torque and displacement is given by (see reference

[2], chapter 6)
0%

M, = EI5 .

(2.6)

where I = [ 22dA = wt3/12 is the moment of inertial of the thin beam. Using this result we obtain

the Euler-Bernoulli equation

2 4

0 0

This equation is solved by separation of variables, namely

Eu(z:t) = D an(thun(2), (2.8)

11



Figure 2.2 — Illustration of a long rectangular beam of length ¢ along the z-axis and cross-sectional area
A = w x t, with displacement £(z). We consider two types of displacements, flexural in z-direction, due to
forces along z-direction and torques along y-direction, related to the bending of the beam, and longitudinal
along z-direction, related to the compression vibrations. The circular inset shows magnified the differential
element of length dz and the corresponding forces and torques responsible for the flexural displacement.

where the displacement amplitudes ¢, obey equations of harmonic oscillators G, + w2g, = 0 with

FEI
_ 12
wn = ki, A (2.9)

and wave vectors k,,. The spatial part in the solution (2.8) takes the general form

frequencies

un(t) = Acos(knz) + Bsin(ky,z) + C cosh(kyz) + D sinh(ky,z2). (2.10)

The coefficients A, B, C, D and the allowed wavevectors k, are determined by the boundary

conditions of the problem under consideration.

12



SINGLY-CLAMPED BEAM

For a cantilever beam of length ¢ and cross section A = w X t, we impose the boundary conditions
un(0) =0, u,(0) =0, u!/(¢) = 0, u/”(¢) = 0 ; these constraints account for one fixed and one free

end, assuming no transverse force and torque on the free end. Solving equation (2.7) one obtains

1
un(2) = = ([cos(k:nz) — cosh(kn2)] +

sin(ky) — sinh(ky,)
cos(ky,) + cosh(kp)

[sin(knz) — sinh(k:nz)]>, (2.11)

where k, = k¢ (n = 1,2,3...) and N, is the appropriate normalisation factor. The allowed

k-vectors are given by the condition
1 + cos(ky ) cosh(ky,) = 0. (2.12)

By numerically solving this equation we obtain, we obtain the values k, ~ 1.875, 4.694, 7.855, ....
For n > 1, these values can be approximated by x, ~ m(n — 0.5). The corresponding oscillation
frequencies follow from equation (2.9). We chose a normalisation condition such that w,(¢) = 1,

independently of n, i.e.

¢ 14
/0 defun(2)? = & (2.13)

We do so because we are mainly interested in the displacement of the free end of the beam.
This results into the normalization constant N,, = 2(sinh?(x,) — sin?(x,)). To proceed with the
quantization of the displacement and obtain a quantum model for the vibrating beam, we write

down the Lagrangian function

A (06,\%  EI (826"
pz(m) _2<822) ] (2.14)

13



that reproduces the Euler-Bernoulli equation (2.7) using the Euler-Lagrange formalism. By in-
serting the mode decomposition given in equation (2.8), the Lagrangian can reduce to a sum of

harmonic oscillators

2

_ Meff .2 MeffWy o
n

where we have introduced an effective mass meg defined by the normalization condition described

above and given by

l
Mo = pA/ dz|un(2)|* = (2.16)
0

m
4

The right-hand side of the above equation is obtained by integration by parts and indicates that the
effective mass is four times smaller than the real mass and is mode independent. The corresponding
Hamiltonian is derived by applying Legendre transform and reads

p% 1 2

2
1 ’ 2.17
- 2Meg 2 MMeftnn ( )

H=

where p,, = OL/0¢, = Megqy are the canonical momenta. Following now the canonical quantization
rules, we replace the displacement amplitudes ¢, and the canonical momentum by operators obeying
the usual commutation relation for position and momentum [Gy,, p,] = ik and can define harmonic-

oscillator ladder operators for each mode

P MeffWn, (A i ~ ) 218
Qp, \/ o Qn+meﬁwnpn > ( . )

in terms of which, the Hamiltonian operator takes the form

) 1
7= hw, (a;an + 5). (2.19)

14



The displacement of the free end of the beam, in terms of ladder operators, is then given by

0= un(O)gn=> 2mehﬁwn (dn + dL). (2.20)

DOUBLY-CLAMPED BEAM

Repeating the above procedure for a doubly-clamped beam, by imposing the boundary conditions
un(0) =0, u,(0) = 0, u,(£) =0, ul,(¢) =0, yields
1

un(z) = N ([cos(kznz) — cosh(k,2)] —

cos(ky) — cosh(ky,)

() —sinh(e ) Bn0n2) = sinh(knz)]>. (2.21)

The allowed k-vectors in this case are given by
cos(ky) cosh(ky,) =1, (2.22)

with solutions k, = 4.730, 7.853, 10.995, .... The corresponding oscillation frequencies follow again
from equation (2.9). Since there is no free end, we are mainly interested in the displacement at
the middle of the beam. For this reason we choose a normalization such that w;(¢/2) = 1. This

normalization condition defines an effective mass

l
Mo = Ap/ dz|uy (2))? = 0.4 x m. (2.23)
0

2.1.2 COMPRESSION MODES

We consider again a rectangular beam, as shown in figure 2.2. We assume a displacements &,(z,t)

causing the beam to be compressed and decompressed along the z direction. The force that is

15



generated on an infinitesimal mass element dm is given by

F.(z,t) = Ad28252 (2.24)
z 9 - P atZ . .
Balancing the forces by neighboring differential elements, yields
82
F.(z+dz) — Fy(z) — pAdzwfz(zjt) =0. (2.25)

We now expand F,(z + dz) in a Taylor series and keep terms up to first order in z, obtaining

9*¢.  OF

P8 = oz

(2.26)

Using the relation between the strain and stress for longitudinal forces, i.e. 9§, = F/EA (see

reference [2], chapter 6), we obtain the 1-D wave equation for the longitudinal displacement,

62§z(z,t)7 0%¢,(z,t)
S =B (2.27)

To solve the above equation, we perform separation of variables, which gives solutions of the form

E(2t) = gnlt)un(2), (2.28)

where the displacement amplitudes ¢, obey equations of harmonic oscillators ¢, + w2g, = 0 with

frequencies

E
Wn = kpt| —
p

(2.29)

16



and wave vectors ky,. The spatial part in the solution (2.28) is given by
un(z,t) = Nsin(k,z) + M cos(k,2), (2.30)
and N and M are normalization constants defined by the initial conditions.

SINGLY-CLAMPED BEAM

We repeat the quantization procedure for compression waves in a cantilever using the boundary
conditions u(0) = u/(¢) = 0 ; these constraints account for one fixed and one free end, in the case

of longitudinal waves. Under these conditions, the solution of equation (2.27) reads
Un(z) = Ny sin(ky,2) (2.31)

where N,, are the normalization factors and the allowed wave-numbers are given by k = (n—1/2)w /¢

(n=1,2,3...). We choose the following n-independent normalization

¢ 14
/0 defun(2) = & (2.32)

To proceed to the quantization of the longitudinal waves and obtain a quantum model for the

compression of the beam, we write down the Lagrangian function

[t | pA 0N EA (06

which reproduces the equation (2.27), using the Euler-Lagrange formalism. Inserting the mode

decomposition given in equation (2.28), the Lagrangian reduces again into the sum of harmonic
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oscillators

2

Mesr . MefW

L=y el el 2.34)
n

and the effective mass in this case reads meg = m/2. Following again the canonical quantization

rules, we replace the displacement amplitudes ¢, and the canonical momentum by operators obeying

the usual commutation relation for position and momentum [§y,, p,| = ih and can define harmonic-

oscillator ladder operators for each mode.

DOUBLY-CLAMPED BEAM

Repeating the above procedure for a doubly-clamped beam, by imposing the boundary conditions
u(0) = u(f) = 0., yields
un(2) = Ny sin(kpz2). (2.35)

The allowed k-vectors in this case given by k, = nn /¢, where n = 1,2,3,.... The corresponding
oscillation frequencies follow again from equation (2.29). For the normalization we require uy(¢/2) =
1. In this case for the fundamental function we have Ny = 1. The effective mass again reads

Mo = M /2.

2.1.3 MECHANICAL DISSIPATION AND NOISE

Realistic systems are never isolated and are in general subject to environmental noise. Under exper-
imental conditions though, the coupling of the system to the degrees of freedom of the environment
can be low enough, to be treated as a small perturbation. Mechanical oscillation modes are consid-
ered to be coupled weakly to a bath of phonons in the beam’s support or other uncontrolled noise
sources. In the following we present the quantum master equation formulation for the evolution
of the reduced density matrix p,, of a mechanical mode under the influence of a thermal phonon

bath. The derivation of the particular master equation can be found in quantum optics [61-63]
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and nano-mechanics [2] textbooks. Notation-wise, we closely follow [64]. We start the derivation
by specifying the Hamiltonians of the system and the phonon bath. The Hamiltonian of the me-
chanical modes is given by equation (2.19) and for a single mode (shifting the zero energy by w/2)

reads

Hg = hwoa'a, (2.36)

while the Hamiltonian of the bath is given by

wo+AB
Hp = / dw hw b (w)b(w), (2.37)
wo—AB

representing a continuum of bosonic modes with ladder operators obeying the commutation relation
[bw,bl,] = §(w — ') and Ap denotes the bandwidth of the bath. The part of the Hamiltonian

representing the interaction between the system and the bath is
Hus = Iy <aBT n aTB) : (2.38)

where v = wp/Q is the mechanical damping rate for a given mechanical quality factor Q. For

simplification we have defined the collective bath operators

L[ s (239)
B = / dw b(w). 2.39
V2T Jug—Agp

We assume that the bath is in thermal equilibrium and thus its two-time correlation functions read

Sy
—~~
9
~
Sy

il
—~
=)
=
Z

(Ngp + 1)e™ 07 5(7), (2.40)

(B(r)'B(0)) ~ Npe ™076(r), (2.41)
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where Ny, = (e/0/k8T — 1)~ is the (equilibrium) thermal occupation number of the modes with
frequency w ~ wq for a support temperature T'. Our goal is now to derive an effective equation for
the evolution of the reduced system density operator pg(t) = Trp{p(t)}. As a first step we change

into the interaction picture with respect to Hy = Hg + Hp, i.e.,
p(t) = ot/ p(t)e=iHot/h (2.42)
In the interaction picture the von Neumann equation for p(t) reads,

p(t) = =5 [Hint (t), (1)) (2.43)

where

Hing(t) = HoV/ My e HOUD — /5y (CBT(t)e_iwot + cTB(t)eiwot) . (2.44)

The von-Neumann equation can be formally integrated and after tracing over the bath degrees of

freedom we obtain

ps(t) =ps(0) = 5 [t Teo (Hiu ). 500}
(2.45)

L[ / dt" T p{ [ Hing (t'), [t ("), 5(")]]}.
0

_ﬁo

This result is still exact and we shall now proceed with the two approximations associated with the

Born-Markov master equation.
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BORN APPROXIMATION

To proceed we now assume that the system-bath interaction is sufficiently weak and in partic-
ular that it does not considerably alter the state of the reservoir. This means that to a good

approximation we can write

pt) = ps(t) ® p(0) (2.46)

where pp(0) is the stationary state of the bath. Under the Born approximation the term (I)
in equation (2.45) vanishes, since the coupling between system and bath is such that (B(t)) =

(BY(t)) = 0. Then, after taking the time derivative, we end up with the Nakajima-Zwanzig equation

%@z—;éwﬁﬂ%mm%ﬂm%w®@@m. (2.47)

This equation is non-local in time, i.e., the derivative of 5(t) at time ¢ depends on p(t’) at all earlier

times 0 < t/ < t.

MARKOV APPROXIMATION

To simplify the Nakajima-Zwanzig further, we now make use of the fact that the bath (according
to our definition) has a very short memory time, meaning that correlations between bath operators
decay very fast. When evaluating the rhs. of equation (2.47) we encounter bath correlation functions
of the form of equation (2.40) where the inverse correlation time, Ag = 7., can be identified with
the reservoir bandwidth. Note that in equation (2.40) the d(7) is the delta-function on the scale of

the inverse bandwidth. Then, for ¢ > 7. we can approximately set pg(t') ~ pg(t) and

ps(t) = — hlg/ dt’ Trp{[Hine (t), [Hine (1), ps(t) @ pp(0)]]}- (2.48)
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By substituting 7 =t — ¢’ we obtain

[e.9]

- 1 -
ps(t) = — = [ dr Tep{[Hi(0) [Hin(t = 7), 7s(t) @ p(0)]]} (2.49)
0
which is the master equation for pg(t), still in a general form. Note that this equation is now local
in time, i.e. pg(t) ~ ps(t). The evaluation of the double-commutator in equation (2.49) results
into four terms. After taking the trace and using the properties of the correlation functions (2.40),
we collect all the terms and change back into the Schrédinger picture. Then, after integrating over

the time 7, we obtain the master equation for pg(t),

ps = —iwg [aTa, ps] + %(Nth +1) <2apgaT —alapg — pSaTa)
(2.50)
+ %Nth <2apgaJr — aTapg — pgaTa> .
Using the above equation, one can derive equations of motion for expectation values, i.e.
(O(1) = TH{Op(1)} = THOL(p(1))}. (2.51)
The corresponding equation for the mean phonon occupation number is given by
Oy(ata) = — (N, + 1)(a'a) + 7Ny (aa)
(2.52)

= —v{a'a) + ¥ Nin.

This means that if the mechanical mode is in its quantum ground state, the rate in which a first
phonon will be absorbed from the environment is given by vNy, ~ kT /hQ. Solving equation
(2.52), yields

(aTa)(t) = e {aTa)(0) + (1 —e™ ) Nu, (2.53)
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Figure 2.3 — Illustration of the two types of color centers in diamond that we consider in this work. a)
Sketch of the nitrogen-vacancy center in diamond. It is formed by a substitutional nitrogen atom and an
adjacent lattice vacancy. b) Sketch of the silicon-vacancy center in diamond. It is formed by a silicon atom
and a split vacancy replacing two neighboring carbon atoms.

which describes relaxation towards thermal equilibrium.

2.2 DEFECT CENTERS IN DIAMOND

In this section, we introduce two of the most interesting types of natural defects in diamond [65],

namely the nitrogen-vacancy (NV) and silicon-vacancy (SiV) color centers.

2.2.1 NV CENTERS

The negatively-charged nitrogen-vacancy (NV) color center is formed when a nitrogen atom has
replaced a carbon atom of the diamond lattice and is located next to a lattice vacancy. Figure 2.3
a) illustrates a sketch of this color center. The whole structure constitutes an effective molecule
with a Cs, symmetry. It has six outer electrons, three of them come from the carbon atoms, two
from the nitrogen atom and one is captured from the environment. These electrons occupy four
orbitals, as dictated by this specific symmetry type, which we shall label a1(1), a1(2), €5, e,. These
orbitals are linear combinations of the electronic orbitals located near the carbon and the nitrogen
atoms [66, 67]. The ground state of the system (minimizing the Coulomb interaction between
the electrons) is a spin triplet which is formed when four electrons occupy the symmetric orbitals
a1(1),a1(2) and two occupy the degenerate e,, e, orbitals, as shown in figure 2.4 a). One can adopt

a representation in terms of holes rather than electrons. In this picture, the ground state can be
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Figure 2.4 — Level structure of color centers in diamond. a) Ground state single particle configuration in
the electron (black) and in the hole (grey arrows) representations. b) Energy level diagram of the nitrogen-

vacancy center showing the spin sub-levels of the ground and the first excited triplet state. The energy levels
important for this work are highlighted in black.

described by a pair of holes occupying the levels e, and ey, as indicated by the grey arrows in the

figure 2.4 a) and can be written as [66]
|3A2ms> = |€x€y - eyem> & ‘ms>; (254)

where mg = £1,0 accounts for the three possible spin projections. The degeneracy of states with
|ms| = 1 and ms = 0 is lifted by spin-spin interactions. The first excitation corresponds to the
transition of one of the holes from either e, or e, to the a1(2) orbital. This orbital is a doublet state
and combined with the spin triplet yields in total six levels which make up the manifold of the first
excited state. We label these levels as follows |E1 2),|E; ) and |A1 2), in consistency with references
[66, 67]. The energy gap between these states is of the order of a few GHz. The degeneracy lifting is
due to spin-orbit and spin-spin interactions. The level ordering of both the ground and the excited

states is shown in figure 2.4 b). In this thesis we are mainly interested in the pair of excited levels
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Figure 2.5 — Energy levels of silicon-vacancy center. The levels illustrated here are spin-1/2 doublets and
for simplicity only the spin-up levels are drawn.

corresponding to zero spin, namely

|Eyy) = |aesy — ez ya) @ |mg = 0). (2.55)

The interest in these states arises from the fact that, using linearly polarized light, one can selec-
tively drive transitions to these levels from the ms = 0 ground state. In the absence of strain (or
external fields), these levels are degenerate. However the degeneracy is lifted by local strain caused

by lattice distortions.

2.2.2 Si1V CENTER

The negatively charged SiV color center in diamond is formed by a silicon atom and a split vacancy
replacing two neighboring carbon atoms as shown in figure 2.3 b). The electronic ground state
of this center consists of a single unpaired hole with spin S = 1/2, which can occupy one of the
two degenerate orbital states |e;) or |e,) [68, 69]. The spin and orbital degeneracy is lifted by

the spin-orbit coupling and by the Jahn-Teller (JT) effect [70, 71]. In the presence of an external
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magnetic field B, the Hamiltonian for the electronic ground state of the SiV™ center is (h = 1) [69]
Hgy = —AsoL:S: + Hyr + fy.B.L. + 755 - S. (2.56)

Here L, and S, are the projections of the dimensionless angular momentum and spin operators L
and S onto the symmetry axis of the center, which we assume to be aligned along the z-axis. Agp > 0
is the spin-orbit coupling while 7, and ~g are respectively the orbital and spin gyromagnetic ratios.
The parameter f ~ 0.1 accounts for the reduced orbital Zeeman effect in the crystal lattice [69, 70].

For weak external magnetic fields, the dominant interaction in equation (2.56) is set by the
spin-orbit coupling, Aso/27m ~ 45 GHz, which splits the ground state manifold into two lower
states {|e_,}),|es+, 1)} and two upper states {|es,|),|e—,1)}. Here |ex) = (|es) & ile,))/V/?2 are
eigenstates of the angular momentum operator, L.|ex) = %|e+). The JT interaction Hjp with
strength T < Ago does not affect the spin degrees of freedom, but leads to a mixing between
the orbital angular momentum states |e4) and |e—) (dynamical JT interaction [70, 71]). From
a combined diagonalization of the spin-orbit and the JT interaction, we obtain a total splitting
of the ground state of A = \/)‘%O + 472 ~ 27 x 50 GHz and two sets of pairwise degenerate
eigenstates {|1),]2)} and {|3), |4)}. Specifically, in the basis spawned by the degenerate eigenstates
lex, 1), lex, d), |ey, 1) and |ey, 1), the different contributions to the SiV™ energy levels, introduced in

equation (2.56), read

1| vsBo iAso 10
(’YSBD - )\SOLZ)SZ = 5 & s
—idso 7vsBo 0 —1
(2.57)

Here, Y, (T,) represents an energy shift due to local strain in the crystal along « (y), such that
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T=,/T2+ TZ. For the following analysis we consider small magnetic fields and we neglect the
effect of the reduced orbital Zeeman interaction (~ fvr,Bp). Diagonalizing equation (2.57) leads to

the eigenstates

cosfle,) —isinfe” Z‘z’\ey>> [,

= (
(COSH\ex ) 4 isinfe®le,) ) 1),
= (
=

(2.58)
= (sinf|ey) + icosfe” ’¢\ey>> [,
sin f|e;) — i cos Be'|e,) ) |1),
where
27, + A 27
tan(f) = —+, tan(¢) = )\—y (2.59)
\/Ado + 472 SO
The corresponding eigenenergies are:
E31=(—vsBo£A)/2, Esp=(ysBo+tA)/2. (2.60)

In figure 2.5 we illustrate the levels and for simplicity only the spin-up levels are drawn. For the
cooling schemes described in chapter 5 we will neglect small distortions of the orbital states by the
JT effect and use the approximation |1) ~ |e_,]), |2) = |e4, 1), [3) = |e4, ) and |4) ~ |e_, 1) [see

figure 5.1 b) in chapter 5].

2.3 DEFECT-PHONON COUPLING

In this section, we discuss the effects of lattice distortions on the above-described diamond defects

and derive the corresponding coupling Hamiltonians.
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2.3.1 NV-PHONON INTERACTIONS

The effect of strain on the electronic states can be described by a Hamiltonian which can be split
into two parts

Hstrain = Ha + Hna- (261)

The axial part H, accounts for the lattice deformations which are symmetric, while the non-axial
part Hy, represents deformations which reduce the C3, symmetry of the defect [70, 72, 73]. The
ground state of the nitrogen-vacancy center is immune to lattice distortions and the effect of Hgirain
on [2Ag;,.) can be neglected. On the other hand, due to their degeneracy the orbitals e, and
ey are very susceptible to external perturbations [66, 67]. In terms of the states of interest, the

strain-coupling Hamiltonian takes the following form

Hy = eaZa (|E)E] + |E,)(E,). (2.62)

for the axial part and

Hoa =epZp (Ea){Eal — |B))(B,]) + o= (|Eo) (B, + | E)EL)., (2.69)

for the non-axial part, respectively. We denote with =4, Zg and Z/; the deformation-potential
constants and with €4, €z and € the corresponding components of the strain tensor. These
components can be derived through group-theoretic considerations (see reference [66] for more
details). We see that H, can only shift the energy of the entire excited state relatively to the
ground state. The two contributions in Hy, account for a strain-induced splitting of |E,) and |E,)
relatively to each other (lifting of the degeneracy) and a strain-induced mixing of these two excited

levels.
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In chapter 4 we will be interested in the strain field associated with a single quantized mode of
a nano-mechanical beam. For small displacements the induced strain at the position of the NV
center is linear in the mode amplitudes and in second quantization the strain Hamiltonian given in

equations (2.62) and (2.63) can be written in the form [72]

Herain =1 > ASy(a+ah). (2.64)
v=0,,L

Here a and a' are the bosonic operators for the vibrational mode, \, are the corresponding coupling
constants. The operators X = |Ep)(Ey| —|Ey)(Ey|, X1 = |Ey)(Ey|+|Ey)(E:| and ¥ = |Ey)(Ex|+
|Ey)(E,| are the operators associated with a relative energy shift, a mixing between the excited
states and a common shift of the excited states due to axial strain, respectively. The values of the
corresponding coupling parameters Ag, A and A depend on details of the specific experimental
setup, such as the resonator dimensions, the vibrational mode function of interest as well as the
orientation of the NV center in the diamond lattice.

To estimate the absolute strength of the NV-phonon coupling we consider a doubly clamped
diamond nanobeam of dimensions (I, w,t) = (2,0.2,0.2) um. The fundamental bending mode of
this beam has a frequency of wy,/(27m) ~ 1 GHz. For a NV center positioned at distance zy away
from the axis of the beam, the induced stress per zero point oscillation ag is approximately given by
o = [0%u(z)/0x?|Ezpag, where E ~ 1.2 TPa is the Young’s modulus and u(x) is the displacement
field of the fundamental mode [2, 8, 22]. Measurements of the NV energy level splitting as a
function of applied stress [65, 74] give values around dw/do ~ 27 x 1 kHz. This corresponds to
a deformation potential coupling of =~ 5 eV and A\/(27) ~ 6 MHz. Similarly, by considering the
lowest order compression mode (along the long axis of the beam) we obtain a mechanical frequency
of wy,/(27) &~ 4.5 GHz. In this case the stress per zero-point motion is given by o = [0u(z)/0x]Eay,

where u(z) = sin(rz/L), and results in a similar coupling constant of A/(27) ~ 6.5 MHz. These
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estimates show that in micron scale structures NV-phonon couplings of a few MHz are expected,
while, for example, by using a compression mode, the NV center is still located sufficiently far from

the surface.

2.3.2 SIV-PHONON INTERACTIONS

In Chapter 5 we will consider both magnetic as well as strain induced interactions between phonons
and a SiV center in the electronic ground state. Since the levels structure and energy scales of the
SiV center are quite different also these couplings will results in slightly different interactions and
since these two types of coupling affect the various vibrational modes differently, we divide the

phonon modes into low-frequency (1.f.) and high-frequency (h.f.) modes, i.e.

(L£) (h.f.)
Hpy, = Z wlbzrbl + Z wncjlcn, (2.65)
l n

where the b; and ¢, are bosonic lowering operators. The first sum accounts for the lowest order
vibrational modes of the beam. In particular, we are interested in the fundamental bending mode
along z with frequency wy; for a rectangular beam of dimensions (¢, w,t) ~ (25,0.1,0.1)um, wp =~
\/W(IBES/K)Q ~ 27 x 480 kHz with E and p being the Young’s modulus and the mass-density
of diamond, respectively [see equation (2.7)]. This frequency is too low to induce transitions between
the orbital states, but the bending motion leads to a large absolute displacement of the SiV™ center
located at the end of the beam. In the presence of a strong magnetic field gradient, 9, B,, it results

in a modulation of the Zeeman splitting and a magnetic spin-phonon interaction of the form [75]

Huag = gm (0" +0)S.. (2.66)
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Here, gnm = 7vs2zzpr0.B,/h denotes the coupling per phonon, where zzpr = \/h/(2megwyp) is the

zero-point motion of the fundamental bending mode of the cantilever of volume V = fwt and an
effective vibrating mass of meg = pV/4 [2]. For the beam dimensions given above and achievable
magnetic gradients of up to 107 T/m [76, 77], the resulting coupling strength can be as large as
gm/2m =~ 80 kHz, and scales as gy, ~ \/m with the beam dimensions (the thickness ¢ is along
the magnetic gradient). Note that while higher order bending modes would couple to the spin as
well, all applications discussed in chapter 5 rely on resonant excitation schemes that single out a
specific vibrational mode. This justifies the assumed single-mode approximation in equation (2.66)
for the magnetic coupling.

The second sum in equation (2.65) accounts for compression modes inside the beam with fre-
quencies wy, ~ A of the order of the SiV™ level splitting. These modes have a negligible effect on
the absolute displacement of the beam, but they induce a local crystal strain which couples to the
orbital states of SiV™ center.

Local strain or local distortions in the SiV™ structure generates a displacement of the defect
atoms. This leads to a change in the potential seen by each atoms and result in a modification
of the electronic distribution of the defect via electron-ion interaction. To first order in the ion
displacements and in the Born-Oppenheimer approximation, this local distortion effect can be

modeled by the strain Hamiltonian

Hitrain = Z |04><0‘|V1J|B><6|%J (2.67)

/L'7j7a7ﬁ

Here, |o) is the electronic basis and V;; are couplings that involve the electron-ion Coulomb inter-
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action [66]. The strain field tensor can be symmetrically decomposed as 4 = 94,, + 7E,, where

% (Yzz + Yyy) 0 0
fA)/Alg = 0 % ('AYmc + 'AYyy) 0 ’
0 0 ;Yzz
- : (2.68)
1/~ ~ N ~
2 (’Yzm - 'Yyy) Yy Yz
:}/Eg = ’AY:cy % ('AYyy - ’%:x) '?yz
L 'S/xz ’A)/yz 0 ]

Due to the inversion symmetry of the SiV™ [78], the orbital degrees of freedom of the states within
the ground and excited subspace are characterized by parity [79]. As a consequence, expectation
values (a|Vj.|a) and (a|V,.|a) vanish in both ground and excited subspaces. Therefore, in the

electronic basis spawned by {|egs), |egy) }, the strain Hamiltonian can be written as [80]

Hstrain = + ) (2‘69)

with 6 = g0 (Yea +Fyy)s @ = 91 (Yaw —Fyy) and B = go4ay. Here, go,g1 and g are coupling
constants. The first term of the strain Hamiltonian is the energy shift induced by symmetry local
distortions and can be neglected. Finally, if we write the strain Hamiltonian using the basis spawned
by the eigenstates of the spin-orbit coupling [see discussion after equation (2.56)], we obtain

0 a—if 10

Hgtrain = ® (2.70)
a+if 0 0 1

=91 (’%395 - 'AYyy) (L— + L+) - ig?’?xy (L— - L+) .
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Thus, within the framework of linear elasticity theory, the strain coupling is given by

Htrain = gl(’AY:(::L‘ - ’A}/yy)(L— + L-i-) - 21’92'%61/([/— - L+)a (2'71)

where L, = LT = 13) (1] + |2) (4| is the orbital raising operator within the ground state manifold
and g2 are the strength of the couplings to the strain field. From measurements of the related
NV~ defect, we expect the strain couplings g1 ~ g2 to be of the order of PHz [81]. The local strain

fields are defined as

()
with u; (ug, us) representing the quantized displacement fields along 1 = z (x2 = y, 23 = z) at
the position of the SiV™ center.

By decomposing the local displacement field @ = ), (Unc, + @ ch) in terms of vibrational

eigenmodes with normalized mode functions @, and bosonic operators c,, and after making a

RWA, the resulting strain coupling can be written in the general form

(h.f.)
Hstrain = Z (gs,nénf]+ + g:ynéLJ,) ) (273)

n

where J_ = J_JL = |1)(3| + |2)(4|. Note that while the operators Ly induce transitions between the
orbital states |e;) and |e_), the operators J induce transitions between the higher and lower energy
states. For a known set of mode functions ,, the couplings gs,, can be derived by substituting in
Eq. (2.71) the corresponding strain field ’yv(m for each mode.

v
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Cooling of mechanical motion and phonon

lasing

This chapter provides an introduction to the concepts of cooling and lasing. Specifically, we present
a rigorous theory of cooling of a phonon cavity, i.e., a mechanical resonator mode, and a basic theory
of phonon lasing, based on a semiclassical description. The results presented in this chapter are
mainly a summary of standard quantum optical techniques for describing cooling [4-12, 33] or lasing
phenoma [34-42]. In chapters 4-6, these techniques will be adapted and generalized for modeling
these effects in various defect-phonon systems. For the presentations of the cooling and lasing
theories, we rigorously derive standard master equations as well as Focker-Planck equations that

can be found in various quantum-optics textbooks, such as [61, 62].

3.1 COOLING OF MECHANICAL MOTION

In this first section, we develop a rigorous theory of cooling of mechanical motion using an atom-like
system, for example a defect center in a diamond nano-mechanical resonator. We will also use this
example to discuss perturbative techniques within the master equation formalism. As a starting
point, we consider a mechanical oscillator interacting with an atomic system, for example a defect
center which is part of its lattice structure. Since the defect is a part of the resonator itself, it is

possible to manipulate the motion of the resonator using the internal level structure of the defect,
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Figure 3.1 — a) Illustration of the two-level cooling scheme. The atomic state |e) is optically pumped with
the simultaneous absorption of a phonon of frequency wy,. b) Illustration of a three-level pumping scheme
(lasing scheme), where the atomic state |e) is pumped via excitations to a third auxiliary level |r). In the
limited I > §,, this process can be modeled by an incoherent pumping process from |g) to |e) with rate
', ~ Q2/(2I"). This illustration is a reconstruction of a similar figure presented in reference [64].

which we shall assume for simplicity that consists of only two energy levels. Figure 3.1 a) shows the
two-level cooling scheme, which is a single-phonon absorption mechanism. Specifically, the atomic
state |e) is optically pumped with the simultaneous absorption of a phonon of frequency wy,. Based
on the discussions in the previous chapter, we consider a Hamiltonian for the combined system of
the form

H = Hp + hwga'a + hX(a’ + )%, (3.1)

where Ha and the operator ¥ depend on the type of the atomic system we use and the way it
couples to the mechanical mode. Throughout our example in this chapter we shall assume that the

atomic system is a two-level system. The atomic Hamiltonian in this case then reads
Q
Hpy = —hAo, + hEO}E (3.2)

and the coupling operator simplifies to 3 = ¢,. This coupling type is associated with a relative
energy shift between the energy levels. In particular this is the case for defects in materials, due

to lattice distortion effects that can shift the levels. We note that in the case of atoms in optical
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cavities such an effect is absent and for the cooling purposes one would assume a o, type coupling.

We can now write down the master equation in the following form,

p = —ilH,p| + Lr(p) + Ly(p), (3.3)

where the second term accounts for the relaxation of the two-level system. Assuming that the
transition is optical (either direct radiative decay or optical spin pumping processes), we can ignore

the effects of temperature and write

Lr(p) = - (20-poy —0r0_p—poio_). (3.4)

no | =

Finally, the third term in the master equation describes the mechanical dissipation (as described

in chapter 2) of the resonator mode,
£,(p) =2 (Nuy + 1)(2apa’ — alap — paa)
+ %Nth(QaTPG —aa’p - PGGT)7
where Ny, is the thermal equilibrium occupation number..

3.1.1 LAMB-DICKE REGIME

Following references [8, 82], one can go to the displaced oscillator basis by performing a (unitary)

polaron transformation H = UHUT, defined by

U=e ", S = (af +a)o.. (3.6)

2w
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In this basis, one would obtain a Hamiltonian of the form
i MY (i feom) (T +a) ~i( /o) (@' +a)
H = hwya'a — hA|e)(e| + E3 <e oy +e 0_) . (3.7)

At this stage, one can define the Lamb-Dicke parameter n = \/wy, and argue that for the experi-
mentally most relevant regime n < 1, an approximate treatment of the system dynamics in close
analogy to semiclassical laser cooling problems should also be applicable for the present system.
In the following section we rigorously derive the corresponding cooling master equation in the low

coupling limit by adiabatically eliminating the dynamics of the two-level system.

3.1.2 MASTER EQUATION FORMALISM

Since we are interested in the cooling processes of the resonator mode, we derive an effective master
equation for its reduced density matrix. In the case where the dynamics of the two-level system is
fast enough —namely when I' > A and I" > y7—, we can proceed with an adiabatic elimination of
its degrees of freedom. We thus have two small parameters (compared to I'), the effective coupling
A (Lamb-Dicke regime) and the damping rate « of the resonator. Therefore, we can treat those
processes as perturbations. In the frame rotating with wy,, we write the master equation in the

following restructured form

p=La(p) + Lr(p) + Ly(p), (38)

which is a more convenient form and will allow us to separate relevant and irrelevant parts and
perform an adiabatic elimination of the atomic dynamics. The first term is of zeroth order in the
two small parameters. It accounts for the total dynamics of the two-level system (unitary and
relaxation)

i

Lalp) = —7[Ha, pl + Lr(p)- (3.9)
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The second term correspond to first-order in A, describing the interaction between the resonator

and the two-level system

L(t)(p) = —iX[(ae"“mt 4 aTemt)g, p]. (3.10)

Finally, the last term, which is first order in ~y, gives the dissipation of the resonator, given in

equation (3.5). For cooling we are interested in the dynamics of the state of the resonator mode

u(t) = Tra{p(t)} (3.11)

only, and in the following our goal is to derive an effective master equation for u(t), by treating the
couplings £ and £, in perturbation theory. In the absence of the coupling between mechanical

and atomic states —as well as thermal dissipation—, the system evolves into a state

plt) = “Mplt = 0) = p(t) ® po (3.12)

where pg is the steady state of the atomic dynamics, Laopp = 0 (po is the zero-eigenvalue state of

the superoperator £4). We define a projection operator

Pp="Tra{p} ®po, P*=P (3.13)

which projects any density operator into the zero-eigenvalue subspace of L. Since pg is the only

steady state of £ any other operator p’ in the complementary subspace

P=Qp Q=(1-P), 0*=Q (3.14)

38



evolves on a timescale set by the internal frequency scales I', 2, A. In particular, any operator in

the Q-subspace will decay under the evolution of £, on a fast timescale I'~!,

e“atQp — 0, t>T7h (3.15)

Therefore, we can divide the whole density operator p = Pp + Qp into a slowly evolving part Pp

and a fast evolving part Qp. Using the identity

P+Q)p=P+Q)(La+Lr+L,)(P+Q)p (3.16)

we obtain the two coupled equations, which to first order in A and v read

(I)  Pp = PLQp+PLPp (3.17)

(II)  Qp = QLAQp+ QL\Pp. (3.18)

To derive this result we have used the fact that PQ = P — P2 = 0 and since £ does not mix
atomic and mechanical degrees of freedom it also follows that PLAQ = 0, etc. and LA Pp vanishes

by definition. Also, in (I) we have neglected a term

PLAPp = —iXTra{[(ae”™m! + afe®mt) o, u]} @ po. (3.19)

This term simply represents a constant force on the resonator. This force can be absorbed by a

shift of its equilibrium position and a redefinition of the coupling Liouvilian operator

L2(1)(p) = —iA[(ae™ " 4 afei*nt)5.. o], (3.20)

39



where 7, = 0, — (0,). The new coupling term then satisfies PL\Pp = 0.

ADIABATIC ELIMINATION OF THE ATOMIC STATES

The equation (II) for the fast subspace can be formally integrated,

t
Qp(t) = e2Lalt=t0) Qp(ty) + / dt'e LA 9L, (1Y Pp(t). (3.21)

to

Since for the adiabatic elimination of the NV center we are interested in timescales larger than 1/T",
we neglect the first term in the above equation. Also, the integral kernel (memory of the previous
states) decays in a time-scale 1/T"; allowing us to perform the Markov approximation. Specifically,
we make the variable change ¢ — ¢t — ¢’ and extend the upper limit of the integration to ¢t — oo
(eliminating in this way the dependence on the initial state) and we replace the time to in p(t’) by

t. Also, without loss of generality, we make the convention tg — —oc for the initial time.
o0 ’
Op(t) = / A eQEN QL (1 — )P (D). (3.22)
0

Now, we insert the above expression for the irrelevant part of the density matrix into equation (I),

obtaining,

Alt) = Lop+ / dt' Trp (L’,,\(t)eﬂAtlﬁ/\(t ) p0> . (3.23)
0

After careful calculation of the double commutator £y (t)e“At £y (t — t')un @ po, the above equation
can be brought into the form
21 =7 Le t_ gt t
L(t) = §(Nth +1)+ ?(No +1)|(2apa’ —a'ap — pa'a)

- (3.24)
+ [%Nth + fNo} (2a'pa — aap — paat),
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where we have introduce the optical cooling rate I'c = S(wy ) —S(—wm) and the minimal occupation

number Ny = S(—wp,)/T'c, which are determined by the correlation spectrum

S(w) = 2\2Re /0 4t (02 (1) (0)0) — (02)2)e. (3.25)

From the effective master equation (3.24), one can derive the rate equation for the occupation
number of the resonator mode n,(t) = Tr{a'ap}. In the steady state of the system, the occupation
number reads

N,
ng = ny(t = 00) ~ 7t

+ Nop. (3.26)

C

OPTICAL BLOCH EQUATIONS

To evaluate the cooling rate and final occupation number, we must evaluate the correlation spectrum
S(w) of the two level atom. To do so we derive the equations of motion for the expectation values

of the atomic coherence

r Q
O(o_) = (iA - 2> (o) + i§<02> (3.27)
and the population inversion
O(oz) = —T'(0,) —iQo4) +iQ"(o_) = T (3.28)

Together with the conjugate equation for d;(c;) we can write these equations in a matrix form

0,(S) = M(S) — R (3.29)
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where the dynamical matrix M is given by

I -0
ZA Y 0 ’Li 0
_ . r QO 5
M - 0 —ZA -3 —27 ) R - 0
+Q* —i8 T T

(3.30)

and grouped the Pauli-operators into a vector § = (0_,04,0.)T. The set of equations (3.29) are

called the optical Bloch equations (OBEs) and describe the dynamics of a driven two-level system

in the presence of decay. The steady state values 0;(S)p = 0 are given by

=,

(S)o=M"'R.

Explicitly, one obtains
. Q(2A —il)
(000 =040 = {0 o+ 12

and
202

—_1 .
{o=)0 tIAT o2 1 2

EVALUATION OF THE CORRELATION SPECTRUM

For the evaluation of the spectrum and cooling rate, we write the spectrum as follows,

S(w) = 2X2Re{Cs(s = —iw)},
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(3.32)

(3.33)

(3.34)



where C(s) is the Laplace transform of C () = (S(7)o.)o—(S)o(02)o. Using the quantum regression

theorem (for details see references [61, 62]), we obtain

C(s) = —(o)o | = (Sholoz)o] - (3.35)

The cooling rate is then given by

1

domI+ M || ~lo+do —(Sholo=)o| ¢ (3.36)

I'.=—2)\2Re< (0,0,1)

3.2 BASIC LASER THEORY

We consider a similar setup as in the case of cooling, discussed in the previous section. The actual
phonon lasing scheme that we consider is illustrated in figure 3.1 b). This is a phonon-creation
mechanism with an effective two-level system. Specifically, the atomic state |e) is pumped via
excitations to a third auxiliary level |r). In the limit I > €, this process can be modeled by an
incoherent pumping process from |g) to |e) with rate I') ~ Qg /(2I). In this case we can again

write a master equation of the same form as equation (3.8), namely

p = La(p) + Lr(p) + Ly(p)- (3.37)

However, the Liouvilian operator L4, associated to the atomic dynamics, is now given by

Ly

r
Lalp) = 5 (20-pot —010-p = poyo_) + -~ (204p0- —0-04p = po-04), (3.38)

2
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where I'), is the effective pumping rate. The second term in the master equation corresponds to a

Jaynes-Cummings type coupling (different from what we used in the cooling section) of the form
£a(p) = —iXl(aos +alo_), ] (3.39)

Finally, the third term in the master equation is the same as in the previous section and given by
equation (3.5). We can now again continue with the adiabatic elimination of the atomic degrees of
freedom. However, in this case, it is more convenient to derive a Fokker-Planck equation instead

of an effective master equation.

3.2.1 FOKKER-PLANCK EQUATION

We expand the total density matrix in terms of coherent states of the harmonic oscillator, p =
[ d?ala){alpa(a). Note that, pa(a) is still an operator in the atomic subspace. Taking the
trace over the atomic degrees of freedom yields the reduced density matrix of the mechanics
p = [d?ala){a|P(a) where P(a) = Tra{pa(a)} is the Glauber-Sudarshan phase-space repre-
sentation or P-distribution (for details see references [83] and [61]). The master equation for pa («)

is pa(e) = (L., + L + L)) pa(a) where

/ _2(0 .9 o
Eypata) = <3aa T 9 >p al@) + 3N g0 5 pal@)

N 9
#i3 (5 0) = 5o 04) ) pala). -
Liypale) = Lapala) —iX(a’[o-, pa(@)] + ooy, pa(a)]),

£oa(0) = X[ (o — (- Y)pale) — oz pal@)(or — (o).

Here we have defined the stationary mean values of the atomic system’s operators (o) = Tra{op% ()}

where p%(a) is the instantaneous stationary state of the atomic system defined via £/, p%(a) = 0
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and Tr{p¥(«)} = 1. This is reasonable because the dynamics due to £y is much faster than the

dynamics due to 5’7 and £),. Introducing the total gain function

iAo
Do) =Ty(a) = 3, Tyfe) = - 272, (3.41)
we may rewrite the new harmonic oscillator part as
/ 0 a 2
wpala) = — 0 + 9 I'(a)pa(a) + thhmpA(a). (3.42)

The functional form of I'(a) depends on the details of the atomic system’s dynamics and will be
evaluated after the derivation of the Fokker-Planck equation. We now observe that the coupling
term £\ pa(a) no longer scales with Aa but rather with A\(0/0«) and may therefore be treated
as a small perturbation, even if the resonator undergoes large oscillations. Since we have already
assumed that L contains a fast relaxation rate I', this allows us to adiabatically eliminate the

atomic system. The solution for the dynamics of the atomic system to first order is

t
pafant) = k@) + [ dseBIL 5] o) (3.43)

—00

Inserting this into the master equation for pa(«) and taking the trace with respect to the atomic

system’s degrees of freedom yields
P(a) = L. P(a,t) + / dr Tr {L")\eqﬁﬁl)\pf(a)} P(a,t). (3.44)
0

A typical term in the second part of the right-hand-side reads

8 o0

)\2
(904* 0

dr Tra {@e%fi&_pfg(a)} P(a,t), (3.45)
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where & = o0— (o). To proceed, we make an approximation: we exchange the partial derivative 9/«
with exp(Ly 7). These operators obviously do not commute with each other, but the corrections
scale with A and may therefore be neglected. The above term then becomes

2 [e'e)
22 aoi = /0 dr (6 ()5 )es(@) P(ar, 1), (3.46)

where (6.4 (7)0_)ss = Tra{o4 exp(L\7)o_p% ()} is the two-time correlation function for the oper-

ators of the atomic system. We can now write down the Fokker-Planck equation for P(a,t):

) 2
P(a,t) = [— <8804a + Oi* a*) INa) + aOiWD(a) P(a,t), (3.47)

where we have introduced the total diffusion function

D(a) = vNun + Dy(a), (3.48)

Dy(a) = 2)\?Re /O T (G4(T)F_)ss-

The part vNy, encapsulates the effect of classical noise, whereas Dgy(cr) that of quantum noise.

DRIFT AND DIFFUSION FUNCTIONS

The semi-classical Bloch equations for the vector S = (o4 o_ 0.)T are

d - — —
2 5() = M(5(t)) - R, (3.49)
where
0 %Ftot 0 —ida*
ﬁ = 0 , M = 0 _%Ftot A (350)
r-r, =2t 2iAa* —Tiot



and Ity = I', + I'. The stationary state is

r2—1? 2ia\(T, — T)
zss:p—a _SS:—p 3.51
I VRSN G il RSN @ (3:51)
and (o4)ss = (0_)%. The gain function is thus I'(a)) = —y + I'q(«) where I'q(c) reads
T
T R .52
Q(a) 1+|O[‘2/TLO (35 )

and we have defined I' = 2A?(I', —I') /T2, and ng = I'Z; /8\2. By choosing either I'), > T'or ', < T’
one obtains an effective non-linear gain or loss medium respectively with saturation threshold
ng. In order to calculate the total diffusion function we require the two-time correlation function

(64(T)5_)ss Where ; = 0; — {07). Note that, (51 5— 7.)T(7)5_)es = (S(7)5_)ss. By the quantum

regression theorem [61, 62, 83] we obtain
d = _ S
E<S(7)a_>ss = M(S(7)7_)ss- (3.53)

Recognising that the integral in (3.48) is simply the Laplace transform of (54 (7)o_) evaluated at

s = 0, we find the total diffusion function. Explicitly, the resulting expression for N, atoms reads

3.54
Dy, & 8T, (D 4 4T)A%af? + 640, M [af? 1 18T, A |af® (3.54)

D (Tfoq + 8A2Jal?)?

In the limit @ — 0 this becomes Dy(av — 0) = 4\’T';/T%, and for I'j = 0, which corresponds to
gain, we obtain Dq(ov — 0) = 2I', whilst for I'y = 0, which corresponds to loss, Dq(ac — 0) = 0.
Note that, however, in the very large amplitude limit @ — oo the diffusion function in this model

approaches the constant value Dq(a — 0) = A2 /Tyt & I'/2 for both loss and gain processes.
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Phonon cooling and lasing with

nitrogen-vacancy centers in diamond

In this chapter, we investigate novel schemes for mechanical cooling and phonon lasing in diamond
nano-scale beams using a single, optically-pumped NV defect. For the theoretical analysis of these
schemes, the general cooling and lasing theory presented in chapter 3 is adapted for the specific
level structure of the NV center, as described in chapter 2. The theory is also generalized to a
Floquet representation in order to treat dispersive defect-phonon interactions. This generalization
allows us to identify different cooling mechanisms and make accurate predictions for the expected
cooling and gain rates in upcoming experiments. The development of these methods was done in
collaboration with S. D. Bennett, S. Portolan, M. D. Lukin, P. Rabl and the theoretical results
were published in Physical Review B [57]. For this work, I performed all calculations under the

supervision of S. Portolan and P. Rabl.

4.1 INTRODUCTION

The basic idea of this part is illustrated by the schematic setup shown in Fig. 4.1 a), where a
single NV center is embedded in a diamond nanobeam or other vibrating structure. As already
described in chapter 2, section 2.2.1, the negatively charged NV~ center in diamond is formed by a

substitutional nitrogen atom and an adjacent lattice vacancy; by ignoring spin degrees of freedom
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Figure 4.1 — a) Setup. A single NV~ defect center is embedded in an all-diamond doubly clamped beam.
Vibrations of the beam with frequency w,, modulate the local strain and shift the energy levels of the
electronically excited defect states. b)-d) Illustration of the phonon-assisted optical transitions for the case
where the state |y) is driven by a laser of frequency wy, and detuning 6;, = wr, — w,. The spacing between
the two excited levels is defined as A = w, — w,. b) Phonons coupled to X only affect the driven state |y)
and lead to cooling (heating) effects for a laser detuning 0, ~ —w,, (0, = +wy,). c¢) For phonon-induced
transitions between the excited states with coupling ~ ¥, a resonant cooling process occurs for A = w,,
and with resonant excitation of the |y) state. d) For an opposite level ordering, i.e. A = —w,,, the same
process leads to resonant phonon emission, leading to heating and lasing effects discussed in section 4.4.

for the moment, the electronic level structure of this defect is well described by a single electronic
ground state |g) and two optically excited states |z) = |E;) and |y) = |E,). Due to the Cj,
symmetry of the NV center, the states |z) and |y) are degenerate in energy, but can be split by
a few GHz in the presence of static lattice distortions or by applying external electric fields. At
cryogenic temperatures, the linewidth of the excited states is sufficiently narrow such that they can
be selectively addressed by laser fields of appropriate linear polarization [72, 84].

The degeneracy of the excited |r) and |y) orbitals makes these states highly susceptible to
variation of the local strain near an NV center. Here, we are interested in the resulting coupling of
the NV center to the quantized strain field associated with a single resonant vibrational mode of
a diamond structure. In general, the strain field induced by this mode will break the symmetry of
the NV center and cause energy shifts as well as a mixing of the states |z) and |y). As shown in

more detail in section 2.3.1, the resulting NV-phonon coupling is of the form (A = 1)
HNV—ph ~ ()\”E” + )\LEL) (CLJr + a), (4.1)
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where a and a' are the annihilation and creation operators for the vibrational mode and Y=
|z)(z| — |y)(y| and | = |z)(y| + |y)(z| are the operators associated with a relative energy shift
and a mixing between the excited states, respectively. As discribed in section 2.3.1, the coupling
constants A and A can reach values of several MHz. This is comparable to the radiative lifetime
I of the excited states and can be even stronger in smaller structures [21, 28]. More importantly
for the present work, the strength of the NV phonon coupling can by far exceed the mechanical
damping rate v,, = wy,/Q, which for realistic mechanical quality factors of Q@ = 105 — 10° is in the

kHz regime.

4.2 MODEL

For the cooling and lasing effects discussed below we assume that the NV center is driven by a near
resonant laser of frequency wy. For concreteness we assume that the excitation laser is linearly
polarized along the y axis and detuned from the state |y) by dr. In the frame rotating with the

laser frequency the resulting effective model Hamiltonian for our system is (h = 1)

H =wpa'a —6p|y){y| — (00 — A)lz)(z| + %(Iyﬂgl +19){yl) + A (a +ah), (42)

where we have introduced the short notation \Y = ZVZO,H,J_ A2y and A = w, —wy ~ 1 GHz is
the frequency splitting between the two excited states |x) and |y) due to static lattice distortions.
This splitting can be tuned by applying external electric fields [85] and in the following we treat A
as an adjustable parameter.

To account for dissipation due to radiative and mechanical losses we model the system dynamics

by the master equation

p=—i[H,p]+ Lrp+ £’7p¢ (4.3)
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for the system density operator p. The Liouville operator Lr is given by

Lrp :g > 2lg)(Elple) (gl — 1€)(Elp — pl€)(ED

E=zy

+ % > IEEIIENEL — 1€)(Elp — plE)(ED,

E=z,y

and describes the radiative decay of the excited states with an approximately equal decay rate
I'/(2m) ~ 15 MHz as well as an additional broadening ~ I'y of the optical transitions due to
spectral diffusion. In bulk diamond and low temperatures of 7' < 10 K, narrow optical lines
with I'y, ~ T' can be achieved [24, 86]. For shallow implanted NVs, surface impurities induce
additional dephasing and significant experimental effort is devoted to understanding and mitigating
this additional dephasing. For NV centers located a few tens of nanometers away from the surface,
it is expected that sufficiently narrow lines with I'y < 100 MHz can be reached.

The last term in equation (4.3) describes mechanical dissipation due to the coupling of the
resonant vibrational mode to the thermal bath of phonon modes in the support and it is given
by equation (3.5). For mechanical frequencies wy,/(27) ~ 1 GHz and realistic values of Q =~

10° — 10° [17, 18] the corresponding damping rates are a few kHz and Ny, ~ 100 at T = 4 K.

4.3 GROUND STATE COOLING OF A MECHANICAL RESONATOR

In this section we apply the cooling theory of section 3.1 to the case of the NV center. We will
first focus on the cooling effects induced by the ~ ¥ and ~ 3, type interactions and evaluate the

conditions for ground state cooling of the mechanical mode.
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4.3.1 COOLING: THEORY

For the parameters of interest A < I' and low mechanical occupation numbers, the dynamics of the
NV center is only weakly perturbed by the phonon mode. This allows us to adiabatically eliminate
the NV center degrees of freedom and derive an effective equation of motion for the mechanical
degrees of freedom only [8, 9, 12, 82, 87, 88]. To do so, we follow the steps outlined in section 3.1

with NV-phonon coupling given by the Liouvilian
Lyp = —iA[S(ae”mt 4 glelmty p] (4.5)

and we obtain the effective master equation for the mechanical mode [12, 82, 87]

r r
pm =Lypm + 5 (No + 1)Dlalp + 5 NoDlalp. (4.6)

Here we have introduced the cooling rate I' = 2A?(Re[S(wy)] — Re[S(—wy,)]) and the minimal

occupation number Ny = Re[S(—wm)]/(Re[S(wm)] — Re[S(—w,)]), which are determined by the

equilibrium fluctuation spectrum
S(eom) = / d' (S(#)5(0)) et (4.7)
0

where () denotes the average with respect to the stationary NV center state po.
To describe the dynamics of the NV center we use 04y = 1—04, — 0y, and group the remaining in-
. . - T
dependent expectation values into a vector, (X) = ((0zz), (Tyy)s (Tga)s (Tgy)s (Oag)s (Owy)s (Tyg)s (Oya)) -

The expectation values evolve according to the Bloch equation
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where V = (0,0,0,—i€2/2,0,0,iQ/2,0)” and the matrix M is explicitly given by

- 0 0 0 0 0 0 0
.Q Q
0 -T 0 i$ 0 0 —i 0
0 0 d6L—A)-%L 0 0 0 0 i
M i iQ 0 i6p — % 0 0 0 0
0 0 0 0 —i(d—-A) -5 —i¥ 0 0
0 0 0 0 —i iAN-T 0 0
—i —iQ 0 0 0 0 —isp—5% 0
0 0 i$ 0 0 0 0 —iA =T

For the evaluation of the cooling rate I and the effective occupation number Ny, we need to calculate
the spectrum S(w,,) given in equation (4.7), which fully determines the cooling dynamics in the

Lamb-Dicke regime. This is done using the quantum regression theorem [61, 62], and we obtain

(<%i>58 - <i>ss<i>55) . (49)

)\0—1-)\” Ao — AL M) 1
A7

Al
S m) — — 9 7070707 07 .
(wm) < ) ) X ) iwml+ M

From equation (4.6), the mean occupation number (n) = (a'a) of the phonon mode satisfies

9(n) = —T'({n) —ny), (4.10)

where for T' > ~ and Ny, > 1 the final occupation number n ¢ is approximately given by equation
(3.26). In the following discussion we are mainly interested in the sideband resolved regime I', T'y, <
wy, where Ny < 1 can be neglected. The final mode occupation number is then determined by the

competition between the optical cooling rate T' and the rethermalization rate vNyp.
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A/wm A/wm

Figure 4.2 — Density plots of the Lamb-Dicke cooling rate (in units of A?/T") as a function of the detuning
01 (y-axis) and the frequency difference A of the excited levels (x-axis) for four different values of the Rabi
frequency: a) Q/T' = 0.5, b) Q/T' =1, ¢) Q/T =2 and d) /T = 5. For all plots it has been assumed that
)\J_Z/\” :)\7 >\0=OandI‘¢:0.

4.3.2 COOLING: RESULTS AND DISCUSSION

In figure 4.2 we numerically evaluate the cooling rate I' and plot the result as a function of A and 47,
and different values of the driving strength Q2. We find regions of strong cooling around 07, &~ —w,
and around 47, =~ 0, A = w,,, which can be associated with the two excitation processes indicated
in figure 4.1 b) and c), respectively. In the first case the laser is tuned on the red sideband of the
lg) — |y) transition and a mechanical energy of hw, is absorbed to make this transition resonant.
In the second case the laser excites the state |y) on resonance, and by absorbing an additional
phonon, the NV center is further excited to the state |z) before it decays. For large 2 > T, the
cooling maximum is separated into two peaks as a result of the strong Rabi splitting.

Figure 4.2 shows that while at larger driving powers ) &~ w,, both cooling mechanisms lead to

appreciable rates of I' ~ O(A2/T), the mechanism related to Xg- or ¥-type coupling is strongly
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reduced at lower Rabi frequencies. To see this more explicitly we evaluate the cooling rate I under
weak-driving conditions (€2 < T',wy,) and for the two types of couplings ~ ¥ and ~ ¥ separately.

In the first case we obtain

4F)\ﬁQ2 1 1

Iy = -
= T2 462 | T2 ¥ d(wm +0)2 T2+ 4wy —0p)2 |

(4.11)

in agreement with previous results for phonon-cooling schemes with two-level systems [82]. For
sideband resolved conditions, I' < w,;, this cooling rate is optimized for ; = —w,, and with a
maximal value given by

On the other hand, by considering only the ¥, coupling we obtain

- ATM Q2 1 1
T2 1462 T2 4(A —wm—00)2 D24 4A(AFwy —01)2]"

(4.13)

Again under side-band resolved conditions, the maximal rate in this case occurs for ; = 0 and

A = wy,, where the maximal value is given by

| AT Sy (4.14)

We see that the requirement to maximize the cooling rate is now only 2 ~ I', which corresponds to
a saturation of the state |y) on resonance. This is a significant improvement compared to the much
stronger requirement {2 ~ w,, in equation (4.12) when the mechanical frequency is high, w,, > T.
For example, by comparing equations (4.12) and (4.14) for typical parameters considered in this

work and assuming A ~ A|, we find that the optimal cooling rate for the same {2 is improved by
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a factor

— ~ —" =~ 10" 4.15
A o)

In other words, the laser power that is needed to achieve the same cooling rate can be a factor 10%
lower when making use of the multi-level structure of the NV center. This difference in the scaling
has important practical implication when the laser power is limited by heating of the sample or by
two-photon charging effects [89, 90]. Therefore, the near degenerate excited state manifold of the
NV defect can provide a crucial ingredient for a first experimental demonstration of strain induced
cooling effects for nanomechanical systems.

As mentioned above, the final occupation number n; in the sideband resolved regime is mainly
determined by the competition between the cooling rate ' and the rethermalization rate YNy, =~
kpT/(hQ). Under optimal driving the maximal achievable cooling rate approaches I'™* ~ \2/T.
This happens for laser powers 2 ~ wy, for the ¥ -type coupling and for 2 ~ I' for the X, -
type coupling. The minimal achievable occupation numbers are then approximately given by
ny ~ yNeI'/A2. For A/(27) ~ 5 MHz, ground state cooling ny < 1 can be achieved for realistic
mechanical quality factors of @ ~ 10° and initial temperature of 7' = 4 K.

In our analysis so far we have considered the ideal case of purely radiatively broadened optical
lines I' > I'y, which is a realistic assumption in bulk diamond and at temperatures of a few Kelvin.
In nanoscale structures, noise processes on the surface become important and can lead to additional
spectral diffusion of the optical line. For the cooling to remain efficient, we require that I'y < wy,,
such that the phonon sidebands are still well resolved. Based on rapid progress with shallow-
implanted NVs and expected line widths of I'y ~ 200 MHz, this condition can be realistically
achieved for ~ GHz mechanical modes. Since spectral diffusion broadens the line without causing
dissipation, the cooling rate is reduced by a factor T’ ~ I'/(Ty +T'). This slightly degrades the

cooling, but does not affect the mechanism itself.
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It is important to point out that in our model in equations (4.4) a simple Markovian linebroading
~ I'y is assumed. In practice the spectral diffusion of the excited states is often better described
by a highly non-Marokvian, slow drift of the excited state energies. This can in principle be
compensated by applying additional optical dressing or real-time feedback schemes to stabilize the

optical transitions and a reduction of the remaining broadening to I'y ~ I' seems feasible.

4.4 PHONON LASING WITH NITROGEN VACANCY CENTERS

As a second application we now consider the opposite regime, where the detuning of the optical
driving field is chosen to enhance phonon emission processes. At low driving powers this simply leads
to an increase of the mechanical energy, but at larger driving strengths the heating can overcome
the intrinsic mechanical damping and drive the resonator into a large amplitude coherent state. In
analogy to a strongly pumped optical mode undergoing a lasing transition, this effect is commonly
referred to as ‘phonon lasing’ and has been investigated in different physical settings [34—42]. While
mechanical systems can in principle be driven into a coherent state by applying a resonant external
force, this becomes increasingly more difficult for high-frequency modes in small structures. In
contrast to the cooling mechanism discussed above, the phonon-lasing scheme we now discuss

amplifies the mechanical motion, providing an efficient way to probe NV-phonon interactions.

4.4.1 SEMICLASSICAL PHONON-LASING THEORY

In the previous section we derived an effective rate equation for the resonator mode under the
assumption /\\/@ < T'. In the opposite regime of amplification, the mean resonator occupation
(n) can become very high and non-linear saturation effects —which eventually limit the maximal
achievable occupation number— become important. Still assuming A < I' these effects can be
described within a semiclassical approach [83], where the effect of a large classical phonon amplitude

~ Ay/(n) on the NV center dynamics is taken fully into account.
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In section 3.2.1, the basic theory of lasers was discussed. Here we closely follow the phase-space
approach, which was used in reference [82] to model phonon cooling effects at high initial temper-
atures, in order to account for the more general dispersive NV-phonon coupling. We introduce a

set of quasi-probability distributions
1 * * *
Pji(a,t) = 7T2/d2ﬁ e By {eﬁ‘ﬂe_ﬁ aajkp(t)}, (4.16)

where o, = |j)(k| and j,k = g,x,y. The Pj;(c,t) correspond to the expectation value of the
operator oy for a fixed coherent state amplitude o and (o) (t) = [ Pji(c,t)d*a. The function
P(a,t) = Pyg(o, t) + Ppo(or,t) + Pyy(a, t) is the usual Glauber-Sudarshan P representation [61, 62,
83] of the mechanical resonator density matrix.

In the frame rotating with w,,, the state of the mechanical mode changes slowly on the relaxation
timescale I'~! of the NV excited states. This allows us to evaluate the quasi-stationary values of
P;j(a,t) for a fixed point a in phase space, and insert the result back into the equation of motion
for the P-representation P(q,t). Starting from the set of distribution functions defined in equa-
tion (4.16), we use Pyy = P—P,;—P,,, and define a vector P= (Prx, Pyy, Py Pays Pug, Pry, Pygy, Pyz) T,

which for A — 0 evolves according to

Pla,t) = MP(a, t) + VP(a,t) + Dy B(a, t). (4.17)

The first two terms on the right-hand side correspond to the dissipative evolution of the NV center

and M and V have been previously defined. The third term accounts for the mechanical damping
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of the oscillator, where

2

Oado*

Pla, t). (4.18)

9
9o 8a*a)P( R

The coupling between the mechanical mode and the NV center is described by the term p(t) =
—i[Hy, p(t)] in the master equations, where the interaction Hamiltonian is Hy = AYX(ae~m? 4

afe®mt) and

- A Ao+ A Ao — A
Y= TL (Opy + Oyz) + 0 5y I Opa + %ayy. (4.19)
This coupling add the following terms to the equations of motion for the P-functions,
P _ i\ —iwmt iwmt P Y iwmt a — P- i\ —iwmt P _ (4 20)
oy = — i (e + atemt) lo,5] T iNE 50 Poxay, — e o Fomxs )

where Py, = Pji. To remove the explicit time dependence we introduce a Floquet representation

[o@)
Pji(a,t) Z ik (ast) g~ inwmt (4.21)
n=—oo
and we obtain
Pn o pn i\ Pn+1 + * pn— 1 + )\i n+1 _i)\ipn—l (422)
o, —Wmlle, — « [ojk.2] a [0k, 2] g da Exajk ot TikxE’ ’

By replacing in this equation o3 by the identity operator 1, we get the corresponding equation for
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the resonator P-function, which by including the mechanical damping, is given by

SN n . n . 8 n+1 a n—1
P = DyP" + itwmnP™ + i) <804P2 - P, (4.23)

For the other P-distributions we obtain

P" =(M + iwyn)P" + VP" + D, P" + i\ (aAﬁ"“ - a*Aﬁ"—l)

5 5 (4.24)

+iA—BP" ! _ i \»—Bipr—1
9o da*

where the 8 x 8 matrices A and B can be derived from equation (4.22). Following reference [82] we
solve this set of equations by using A x d/da as a formal expansion parameter, while keeping all
orders in Aa. To zeroth order, and assuming vNy, < I' the stationary solution of equation (4.24)
is given by

(M + iwpn) B + i\ (aAﬁ”H + a*Aﬁ"—1> = TV P"6,,. (4.25)

We can numerically solve this equation by truncating the maximal value of n and write the result
as

P*(a,t) = X™(a)P°(a,t). (4.26)

By inserting this solution back into equation (4.23) we obtain

) o o
PP=D P +ix[—X" - —Xx1)p° 4.2
P74 i <8a Oa* ’ (4.27)
where
_ )\o—i-)\H /\0—)\” AL A\ 2
X" = — 0,—=) X" 4.2
< A ) A 70’ 0’ 07 A ’0’ )\ > ( 8)
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Now, we define parameters I'(a) and A(a) such that iAXXT! = a[['(a) + iA()]. Then the above
equation reads
0 ~

P’ =D, P°+ % (C,ma[r(a) +iA(a)] + H.c.> PO. (4.29)

A(a) corresponds to a small frequency shift and will be from now on neglected. By including
in equation (4.25) the next order correction ~ A x 9P%/da we would in equation (4.29) obtain
additional correction to the diffusion terms [82]. However, a numerical estimate shows that these
corrections are negligible for the high temperatures N;, > 1 and other parameters considered in
this work, but must be taken into account when studying lasing effects at low thermal occupation
numbers Ny, ~ 1 [34-36, 39, 42]. Finally, we can write the effective Fokker-Planck equation for the

mechanical mode as follows,

2

: 1/0 9 0
P(a,t) > <8aa7(a) - 5o & 7(&)) P(a,t) + WNthmP(Oé,t), (4.30)

where y(a) = T'(a) +~. In the limit & — 0 the energy-dependent damping rate I'(e) = T'(||)
reduces to T’ defined below equation (4.6), and must be in general evaluated numerically.
Equation (4.30) preserves the radial symmetry of the initial thermal state; thus, by writing

a = re'?, we can rewrite it in terms of a Fokker-Planck equation for the radial distribution,

: 1/0 YNew (0?10
_1 o 19 _ 4.31
P(r,t) 5 <8rr + 1> v(r)P(r,t) + 1 <8r2 + . 8r> P(r,t) (4.31)

The steady-state solution of the radial equation is P(r,00) = N e=?(")_ where N is a normalization

constant such that 27 [ rP(r)dr =1 and

2 " / /
o(r) = Na /0 'y (r')dr. (4.32)
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Figure 4.3 — a) The stationary P-function P(r,00) is plotted for different values of the Rabi frequency
given in the inset. Each curve is rescaled by its maximal value Py, and the other parameters used for this
plot are (in units of wy,), Ngn = 20, ¥ = 1075, A\; = 0.001, I' = 0.05 and 'y = 0. b) The final phonon
occupation number ny is plotted as a function of 2 and other parameters as in a). The dashed line indicates
the approximate result derived from the Gaussian P-function given in equation (4.37). ¢) Under the same
conditions the Fano factor F' (solid line) and the correlation function g2(0) (dashed line) are plotted as a
function of the driving strength. In b) and c) the vertical dashed line indicates the position of the threshold
given in equation (4.36).

In the absence of driving, v(r) = + and we obtain the thermal distribution function P(r,c0) =
e~ /N /(7 Ny,). For the cooling schemes described in section 4.3, we obtain I'(r — 0) = ' > 0, but
I'(r) decreases at larger values of r, where saturation effects set in and limit the cooling effect [82].
In the following, we are mainly interested in detuning such that for low occupations, y(r — 0) < 0
and energy is pumped into the mechanical mode. Again, due to saturation, this heating decreases

at large oscillation amplitudes, where eventually v(r — o0) = v > 0.

4.4.2 TFROM HEATING TO LASING

In the previous section we have shown that resonant phonon interactions ~ ¥ | provide an efficient
way to cool high frequency phonons, and in the following we analyze the reverse process of phonon
lasing. To do so, we set A ~ —w,, and obtain the inverted level structure shown in figure 4.1 d),

where the driving laser excites the upper state |y), which can undergo a further transition to the
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lower state |x) by emitting a phonon.

In figure 4.3 a) we present the numerically-calculated P-functions for different values of the
driving strength ). For very low driving, the optical heating rate is still smaller than the intrinsic
mechanical damping rate. In this case the resonator mode remains in a thermal state, but with a
higher effective temperature. Above a threshold driving strength, Q > ., the P-function starts
to deviate from a thermal distribution and reaches its maximum at a finite value ry > 0. This
is the onset of the lasing transition. By further increasing €2, the maximum shifts to larger and
larger values and the P-function displays a narrow Gaussian shape, which approximates the sharp
d-function, P(r) ~ §(r — ro), expected for an ideal coherent state.

To further characterize the phonon lasing phenomenon, we plot in figure 4.3 b) the final phonon
occupation number ny as a function of (2, starting from an equilibrium value of Ny, = 20. We
see that around Q./T" &~ 0.11 the phonon number starts to increase significantly; for the chosen
parameters, it can reach values up to ny ~ 10*. In figure 4.3 c) we show the corresponding values
for g2(0) = (a'a'aa)/(n)? and the Fano factor F' = (n?)/(n), which also show clear signatures of
the transition from heating to lasing. For {2 < ). the Fano factor remains close to F' ~ ny + 1, as
expected for a thermal distribution. Above 2. the Fano factor starts to decrease, indicating a more
Poisson-like distribution. This is even more apparent by looking at g(0), which changes from a
value of g%(0) = 2 for a thermal state to g?(0) ~ 1 of a coherent state.

Note that an increase of the driving strength €2 > I' leads to a saturation of the optical transition
and therefore also the lasing effect. In addition, for a very strong driving field Q > I', but otherwise
fixed detunings, the resulting Rabi splitting between |g) and |y) will drive the system out of the
resonance condition and the lasing effect breaks down.

Under weak driving conditions (2 < I',w,,) and assuming a dominantly ¥ coupling, we derive

an approximate analytical form for the heating rate, which on resonance (A = wy,, 07, = 0) is given
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N —4NAT0?
r S — 4.33
J_('r) (F2 +4)\ir2)2 ( )
By direct integration of equation (4.32) we obtain
r? 402 Q2
rT)= — 1 — L 5 4.34
"= N < Y02 + Wﬁ)) (439
and the position of the maximum of the P-function is found by solving ¢/(r¢) = 0,
1 2z 2VIQ
2 A VAL
Setting ro to zero yields the lasing-threshold,
Q. Iy
e M7 4.
IV (4.36)

which is indicated in figure 4.3 by the vertical dotted line. Deep in the lasing regime, where rq > 1,
we can further make a saddle-point approximation and obtain a Gaussian P-distribution of the
form

1 _(r=rg)?

e 202 , 437
rooV 8m3 ( )

where the variance is given by 02 = 1/¢"(rg). From equation (4.33) we see that the requirement for

P(r) =~

lasing [T | (r — 0)| > « implies the condition A2 Q2 > 4T, for which the variance of the Gaussian
distribution is essentially determined by thermal fluctuations, o? ~ Ny, /4. In this limit, the mean

occupation number ny ~ 73 + 302 derived from equation (4.37) is approximately given by

ng R — 5 + — Nip- (4.38)
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Figure 4.4 — Numerically evaluated final phonon occupation number n; as function of A and 0 and
assuming an initial occupation of Ny, = 80. The other parameters used for this plot are (in units of w,,)
Q=005T=005~vy=10°5 ) = Al = 0.005 and I'y, = 0. The dashed lines indicate the resonance
conditions for single and multi-phonon sidebands.

Our analytical results are compared to the numerically-computed final phonon occupation number

in figure 4.3 b), and we find very good agreement above threshold.

4.4.3 SINGLE- AND MULTI-PHONON REGIME

In general, the presence of both ¥ - and X-type NV-phonon interactions can lead to a rich interplay
between cooling and heating mechanisms, as different single and multi-phonon processes become
resonant depending on the laser detuning 67, and the excited state splitting A. This is illustrated
in figure 4.4, where we evaluate numerically the final phonon occupation number n; for a large
range of detunings d;, and A. The plot shows the same cooling and heating processes discussed
above, corresponding to ¥ -type (maximized for A = +wp, d;, = 0) and X|-type (maximized for
01, = t+wy,) interactions and associated with emission or absorption of single phonons. In addition,
we observe heating and cooling features at multiple integers of the phonon frequency, i.e. under the
condition 67, — A = £nwy,, indicating multi-phonon processes. These effects are most pronounced in

the lasing regime, where the mechanical mode is highly excited and higher order phonon-processes
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become relevant. Note that such multi-phonon effects (for example the two- and three-phonon
lasing peaks at A = —2w,,, and A = —3wy,,) appear only in the presence of both types of couplings.
Similarly, two types of NV-phonon interactions are thought to be involved in the NV zero-phonon
line broadening and its T° scaling [72]. In light of this, studying multi-phonon lasing may provide

a useful tool to analyze the detailed nature of NV-phonon coupling.

4.5 DETECTION

In this last section we study the excitation spectrum of the NV center, which provides a direct
way to probe the state of the mechanical resonator by measuring the light scattered from the NV
center. By considering a polarization-selective photon detection setup, we calculate the photon flux
Iyy—zy(61) = I'(0yy) emitted from the two excited states and as a function of the laser detuning dr..

According to the definition in equation (4.16) we obtain

I,(6,) =T / o Py(a), (4.39)

and under the validity of our semiclassical approximation, P, (o) ~ X,?(a)P(a, o0). Here Xg(a) is
an energy-dependent factor and P(«, 00) is the stationary P-function as evaluated in the previous
section.

In figure 4.5 a) we plot I,(dy,) for different driving strengths €2 and with only X-type coupling.
For clarity, we normalize each curve to Iy = I'Q%/(I'? 4+ ©Q2), which is the scattered photon flux at
resonance and in the absence of the mechanical mode. At low driving powers, the influence of the
NV center on the mechanical mode is small and the resonator mode remains in a thermal state,

(n) &~ Nip. In this case we obtain the familiar phonon sideband spectrum of a two level defect [91],

o DOUD" SN () 2t
1,(61) ~ T2t > AW +D), (4.40)

L n=—o0
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Figure 4.5 — Scattered photon flux I,—, , as functions of the laser detuning d; and normalized to the
resonant scattering rate Iy. a) Photon flux from the [y) state and assuming a dominant X coupling of
strength A\ = 0.05w,,, and an equilibrium occupation number of N, = 80. At low driving, 2 = 0.001w,,
(solid line), phonon sideband at d;, = tw,, are of approximately the same height. At larger probe strength,
Q = 0.01lw,, (dashed line), the probe laser induces cooling and heating effects, which result in a pronounced
asymmetry between the sidebands. The other parameters for this plot are (in units of w,,) I' = 0.1, 'y, = 0,
v =1075 In b) and c) the scattered photon flux from the |z) state is plotted for A = w,, and A = —w,y,,
respectively. In b) the height of the scattered intensity peak provides a direct measurement of the phonon
number (n). In ¢) the transition to the lasing regime at large 2 results in a phonon induced Rabi-splitting of
the signal proportional to ~ 2X \/@ For these two plots a Y| -type coupling with strength A\; = 0.01w,,
has been assumed and € = 10725 (solid lines), 2 = 1072 (dashed lines) and = 10715 (dotted lines). The
other parameters are as in a).

where A, = Zn[2(X) /wm)*/(n)((n) + 1)] x [((n) + 1)/(n)]™? and T,(z) is the nth order modified
Bessel function. As we increase the driving strength we find deviations from this dependence: by
probing the mechanical sidebands, we simultaneously generate significant cooling and heating, and
the mean occupation (n) = (n)(dr) varies as a function of the detuning. For example, for d;, ~ —wy,
the phonon modes is cooled, which leads to a reduction of the corresponding phonon peak. In the
opposite case, i.e. d;, ~ w,, the phonon sideband is amplified due to heating and lasing effects.
The resulting asymmetry between red and the blue phonon sidebands, provides a clear signature
for the backaction of the probing laser on the phonon modes.

In figure 4.5 b) and c) we plot the scattered light intensity I,,(d7,) from the |z) level, still assuming
that the NV center is excited on the |g) — |y) transition. In this case, there is no scattered light and
I,(01) =~ 0 in the absence of the mechanical mode, and therefore the measured signal is a direct

consequence of phonon-induced transitions between |y) and |z). Figure 4.5 b) shows the signal
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for cooling conditions, A = w,,. As above, we see that by probing the resonance with increasing
driving strength, cooling sets in and reduces the height of the peak. For weak driving, 2 < I' and
A/ (n) < T, the total photon flux is approximately given by

422 QT

L0~ sy

x (ala). (4.41)

and it can be directly used to measure the final occupation number (n). Compared to the case of a
two level system described above, where the phonon sidebands are reduced by ()\H Jwm)?, the signal
given in equation (4.41) remains significant even for large mechanical frequencies and provides a
practical way to measure the temperature of high frequency phonon modes in experiments.
Finally, figure 4.5 ¢) shows the excitation spectrum I,,(dr) for heating conditions, A = —w,,. In
this case, the transition to a lasing state can substantially increase the phonon occupation number
when probing the resonance with moderate laser power. Similar to cooling, the influence of phonon
lasing on the excitation spectrum can also be used to determine the mean phonon number: here, it
is no longer provided by the height of the resonance, but rather the splitting of the resonance into
two peaks by ~ 2\ \/@ . This splitting results from the mechanical system being driven into a
large-amplitude oscillating state, which in turn acts like an additional strong driving field between

the two excited NV states.
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Phonon-reservoir engineering with SiV centers

In this chapter, we describe a new approach for mechanical cooling and dissipation engineering
for the low-frequency vibrations of a mechanical beam, which uses the naturally occurring low-
temperature bath provided by the high-frequency compression modes of the beam structure. We
illustrate this scheme for the example of a SiV center in a vibrating nano-scale diamond beam. These
schemes presented here are based on the defect-phonon interaction theory described in chapter 2.
The development of these methods was done in collaboration with M.-A. Lemonde, A. Norambuena,
J. R. Maze and P. Rabl and the theoretical results were published in Physical Review B [58]. For
this work, I performed the calculations related to the cooling and two-mode squeezing while M.-A.

Lemonde performed most of the analysis of the phonon spectral density presented in section 5.3.

5.1 INTRODUCTION

As previously discussed in the context of trapped ions, laser cooling can be viewed as a special case
of the more general concept of quantum reservoir engineering [92], which refers to techniques for
preparing a quantum system in a highly non-classical stationary state by an appropriately designed
dissipation mechanism [93-95]. A basic example of such reservoir engineering concepts is the
dissipative preparation of a squeezed motional state of a trapped ion via a two-tone driving [96, 97],
but more elaborate schemes can be used to create, for example, highly nonclassical cat states [92, 98],

stationary entangled states between separated systems [99-101], or even for the preparation of
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non-trivial many-body states [102-104]. Reservoir-engineering ideas have also been discussed and
implemented for macroscopic mechanical objects [105-110], using again the optical or microwave
radiation field as a low-entropy environment.

In this part, we describe an alternative approach for mechanical cooling and dissipation engineer-
ing for the low-frequency vibrations of a mechanical beam, which uses of the naturally occurring
low-temperature bath provided by the high-frequency compression modes of the beam structure.
Since intrinsic nonlinear interactions between mechanical modes are typically very weak, we pro-
pose here to mediate the coupling via a single electronic defect center embedded in the host lattice
of the beam. Specifically, we illustrate this scheme for the example of a negatively charged silicon-
vacancy (SiV™) center in a vibrating diamond nanobeam, but the basic concept could be applicable
for other defects and host materials as well. We analyze the application of this general scheme for
the ground state cooling of the fundamental bending mode, as well as for the preparation of a
stationary entangled state between two different mechanical resonator modes. These schemes rely
solely on the intrinsic properties of the beam and do not require optical fields or strong optome-
chanical couplings to microwave circuits. Thus, such phononic reservoir engineering ideas could
provide a valuable alternative for mechanical systems, where an efficient integration with optical or
microwave photons is not available. In view of the recent progress in the fabrication of high-quality
diamond structures and mechanical beams [17, 18, 31], and demonstrations of strain-induced control

of defects [111-115], the proposed scheme could realistically be implemented in such systems.

5.2 MODEL

The setup that we shall consider in this chapter is depicted in figure 5.1 (a), which shows a singly-
clamped diamond nanobeam with a single SiV™ center located near its freely vibrating end. In
the presence of a strong magnetic field gradient, which is produced, for example, by a nearby

magnetized tip, the bending motion of the beam modulates the local magnetic field and thereby
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Figure 5.1 — a) Sketch of a single SiV™ center embedded near the freely vibrating end of a diamond
cantilever of length ¢, width w and thickness ¢. In the presence of a strong magnetic field gradient produced
by a nearby magnetized tip, the motion of the beam modulates the local magnetic field and results in a
magnetic coupling between the electronic spin of the SiV™ center and the fundamental bending mode with
frequency wy,. In addition, the orbital states of the defect are coupled via strain to a continuum of compression

modes propagating along the beam (indicate by the curvy arrow). b) Level scheme of the SiV™ ground state
and the relevant microwave transitions used for ground state cooling of the bending mode.

couples to the electronic spin of the defect [116-118]. In addition, local lattice distortions associated
with internal compression modes of the beam affect the defect’s electronic structure and result in
a strain coupling between these phonons and the orbital degrees of freedom of the center. The

Hamiltonian for the whole system is given by
H= HSiV + th + Hmag + Hstraim (5-1)

where the individual terms describe the bare SiV™ center (discussed in section 2.2.2), the phonon
modes of the diamond beam and the magnetic and strain-induced defect-phonon couplings, re-
spectively. Under the validity of the different approximations outlined in the discussion of the
SiV-phonon coupling in section 2.3.2 (see equation 2.73), we obtain the final Hamiltonian for the

SiV™ center and the vibrations of the beam,

H =Hgy + wpb'd + gua (0T +5)S. + > wnchen + (gs,nanJr + g;‘,ncLJ_) : (5.2)

71



which we will use as a starting point for the following analysis.

5.3 PHONON RESERVOIRS

In this part of the thesis, we are primarily interested in the steady state of the bending mode, which
apart from the interaction with the SiV™ center already included in equation (5.2), is also weakly
coupled to the continuum of phonon modes in the cantilever support. This coupling is characterized
by the damping rate v, and the thermal equilibrium occupation number Ny. For frequencies of
wy, ~ MHz and temperatures T ~ 1 K, Ny, is of the order of 10%. In the absence of any other
interaction, the bending mode will thus relax into a highly occupied thermal state. However, for
realistic Q-values of Qy, ~ 10° — 109, the thermalization with the phonon bath is very slow so that
by engineering a more efficient coupling to an effective low-entropy reservoir, a cooling into a more
pure quantum state can be achieved.

In our model, we consider only the electronic ground state of the SiV™ center so that no radiative
decay occurs, which is usually the main ingredient for atomic and mechanical laser cooling schemes.
However, the orbital states are strongly coupled to the lattice vibrations at ~ 50 GHz. These modes
dissipate very quickly and can thus serve as an efficient Markovian reservoir for the SiV states. The
characteristic phonon-induced decay rate, I'py, for the higher-energy orbital states |3) and |4) can

be estimated from Fermi’s Golden rule. At temperatures 7' — 0, it is given by I',, = J(A), where

J(w) =27 |gsn|*6(w — wn) (5.3)

is the phonon spectral density. For temperatures T' > hA /kp ~ 2.4 K, the decay rate is enhanced
by the thermal occupation number N. = Npg(A) and reverse transitions, e.g., from state |1) to
state |3), become allowed. Experimental studies of SiV™ centers in bulk at temperatures of few

Kelvin observe a bare phonon induced decay rate of I',, /27 ~ 1.6 MHz [119].
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5.3.1 MASTER EQUATION

Starting from the model given in equation (5.2), we can use a Born-Markov approximation to
eliminate the fast dynamics of the compression modes and derive an effective master equation for
the density operator p, which describes the SiV™ degrees of freedom and the bending mode. We
write the result as

p=(Ly+ Lsiv + Lint) p- (5.4)

The first term describes the dynamics of the bending mode,
p = —iwn[b'h, p] + Loy, p, (5.5)

where L., p is the standard thermal dissipator given in equation (3.5) and in this context describes
the dissipation due to the coupling to the support of the cantilever. The second term in equa-
tion (5.4) represents the bare dynamics of the SiV™ center including the phonon induced decay and

excitation processes,
. . th th
Lsivp = —i[Hsiy, p] + N (N + 1)D[J_]p + - N.D[J4]p. (5.6)

Finally, the last term,

Lintp = —ilgm(b+b)Ss, pl, (5.7)

accounts for the magnetic spin-phonon interaction.

In view of N, < Ny, it is our overall goal to use the driven SiV™ center to mediate an effective
coupling between the bending mode and the low-entropy reservoir of compression modes. The
extent to which this is possible depends on various system parameters. A particularity of the

current setting is that the bending mode of interest, as well as the phononic bath composed of the
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Figure 5.2 — Spectral density of the high frequency compression modes. The blue (short-) and red (long-)
dashed lines represent the spectral density in the limit of a semi-infinite 1D-cantilever along x. The density
of state of the phonons is linear in frequency while the sinusoidal envelope is due to the position-dependence
of the strain field. The blue and red curves are obtained for a SiV™ defect positioned at zg;v = Aa/2 and
zgiv = Aa/8 of the free end, respectively. The black dotted line represents the opposite limit of an infinite
3D-crystal. In that case, transverse modes play an important role and the phonon density of state goes as
w3. For a realistic cantilever, the 1D limit should be corrected toward the 3D-limit, due to contributions of
transverse modes. In the inset, we show a finite size (¢ = 25um) 1D-cantilever, where the frequencies of each
mode can be resolved. The finite width of each peak is due to a finite lifetime modeling losses into the bulk
of the support. We chose w =t = 0.1ym (1D limit), Qa = 250 and g1 = g2 = 27 x 1 PHz.

continuum of the compression modes, are determined by the same beam structure. The coherent
and incoherent processes described in equation (5.4) are thus not completely independent of each

other.

5.3.2 PHONON SPECTRAL DENSITY

In general, an accurate evaluation of the relevant phonon density of states requires a full numerical
calculation of the individual phonon modes of a specific beam structure. However, to obtain a
basic estimate of the phonon-induced decay rate and its dependence on the systems parameters, we
summarize here a few limiting cases, which have been derived in reference [58] to obtain approximate
analytic expressions for J(w). Furthermore, in the following analysis, we neglect the effect of the
weak Poisson ratio in diamond [120].

As a reference, let us first consider the limit of an infinite 3D diamond crystal, which would
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correspond to the case where all beam dimensions are much larger than the characteristic phonon
wavelength Ax = mv/A =~ 0.2 pm, where v = \/m ~ 1.8 x 10* m/s is the characteristic speed
of sound in diamond. In the 3D limit, the phonon modes are plane waves propagating along
all directions with three possible orthogonal orientations of the displacement (polarization): one
parallel (longitudinal polarization) and two perpendicular (transverse polarizations) to the wave
propagation. Consequently, for every propagation directions ¢, there are three possible polarizations

with the corresponding displacements

Here, | stands for the longitudinal mode, with a displacement along the unit vector €,, 6 and ¢
denote the two transverse modes, with displacements along the unit vectors €y and €y respectively.
The operators ¢; ;7 are bosonic lowering operator for the mode with wavevector ¢ and polarization
i, and V is the volume of the diamond structure. Neglecting the weak Poisson ratio of diamond,

the mode frequencies are given by

|E |E
Wig = Uq x| —q, Wrg = 0tq = 1| =4, (5.9
q /0 q 2p )

where v; and v; are sound velocities of the longitudinal and transverse modes, respectively.
It is straightforward to compute the strain fields 4;; = (01;/0x;j+00;/0x;)/2 at the SiV™ position

for each of the phonon modes of equations (5.8) and substitute them in equation (2.73), leading

to the strain interaction Hamiltonian ﬁgc?ain = ﬁsltrain + HY + H ¢

Strain strain- As an example, the
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contribution from the transverse modes ¢g ;7 reads

H o = Z igl,e(®j+ée,q' - 9279(®j+69,q*+ H.c.,
q

91.0(q) = i\/;)T{j.sine cos O(sin? ¢ — cos® ¢), (5.10)

2
g2,0(q) = Ui; \/;pTé,sin 6 cos 0 sin ¢ cos ¢.

The spectral density, J3P(w) = J'(w) + J?(w) + J?(w), is obtained by substituting the different

coupling constants g(¢) in equation (5.3),

T@) =" [lg1o(@ + 92,0 ()] (0 — wryy), (5.11)

—

q

leading to the infinite 3D limit

2 2

1 2

J3D(W) = gl + 92 <5 "‘ 5) (U3. (512)
T ovy 15y

For identical coupling constants g, = go = gs [cf. equation (2.71)] and v/2v; = v; = v, the spectral

density reads

ﬁg2 3
J3p(w) = CTrpZ5w , (5.13)

with a numerical constant C' ~ 2.5. By using the value gs/27 ~ 1 PHz, we obtain I'p, /27 ~ 1.78
MHz, which is in good agreement with the experimental results found in reference [81, 119].

The other limiting case, which is more appropriate for the considered transverse beam dimensions
of t,w < Aa, is the limit of a quasi-1D beam, where the frequencies of all the transverse compression
modes exceed A. The remaining compression modes along the beam direction x adopt the simple

form i, (7) x € cos(wpx/v), with w, = mon/f. In that case, the strain-induced coupling constant
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introduced in equation (2.73) is

hw, . [w
Gsn = %1 / TY;L sin (7”.%81\/) , (5.14)

where xg;v is the position of the defect along the cantilever.

For a completely isolated beam, the longitudinal compression modes are equally spaced with
mode spacing dw = 7v/{; for a £ = 25 um long beam, dw/27 ~ 370 MHz. However, it is expected
that the reflection of a compression mode at the clamping boundary is rather poor and in a realistic
system, the individual resonances w,, will be broadened by the decay =, into the phonon modes of
the support or by other dissipation channels. The resulting finite phonon lifetime can be captured
by approximating the phonon spectral function as a sum of individual (zero dimensional) Lorentzian

peaks

~ ‘gs,n|2 Tn
JOD(W) — Z 4 (w — wn)g + 7%/47 (515)

with g given in equation (5.14).

In the limit dw < YA, where yAo = A/Qa is the decay rate of the compression mode with
frequency A, the resonances of interest completely overlap and the beam can be approximated
by a semi-infinite 1D beam. This limit corresponds to values of the quality factor QA < 100 for

¢ = 25um. The phonon spectral density then becomes
2 w

g5 Tw .
Jip(w) = 203 puot sin? <EwSiV> : (5.16)

We see that compared to the 3D limit, the resulting phonon induced decay rate, I'y, = J(A),
strongly depends on the position of the SiV™ defect. This is illustrated in figure 5.2, where we
compare the semi-infinite 1D limit for two different positions of the SiV™ defect. It clearly shows

the possibility to engineer smaller (larger) phonon induced decay rates by placing the SiV™ close
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to a node (anti node) of the strain field generated by the phonon mode of frequency A. Compared

to the 3D case, the phonon induced decay in the 1D limit scales as

(1D)

r 1 PV Ts;
ph A s 2 Siv

71“(?}’113) 90 <A ) sin (W}\A ) , (5.17)
p

where A = wt is the cross section of the beam. A crossover between the 1D and the 3D limit is
expected for w ~ t ~ Aa, i.e. when the first transverse compression mode of frequency A appears.

In a system where high mechanical quality factors even in the 50 GHz regime can be achieved,
ie., Qa 2 A/dw, the individual compression modes become spectrally resolved and equation (5.15)
applies. In this limit, the phonon spectral density can be significantly enhanced or reduced by tuning
the splitting A in resonance or off-resonance with a compression mode. Using this tunability, the

phonon induced decay could be further varied over the range

(0D)
4 A r 2 (6
Z <oph 2 (0wGa (5.18)
T \ dwQa F(lhD) T A

p

The dependence of J(w) is plotted in figure 5.2 in the different limiting regimes. For the reservoir-
engineering schemes discussed below, we are interested in the so-called sideband-resolved regime
I'ph S wp. This can be achieved in general for small beams ¢ ~ 10 ym, where wy, ~ 3 MHz. In cases
where the 1D limit is reached, one can further make use of the SiV™ positioning and frequency

tuning to reach the well-resolved sideband regime.

5.4 COOLING

As a first application, we now analyze a cooling scheme —in accordance with the cooling theory
described in chapter 3— for the low frequency bending mode. The basic idea is illustrated in

figure 5.1 (b). At low temperatures, the SiV™ center is predominantly in one of the lower states |1)
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or |2), but coupled to the excited states |3) or |4) by two microwaves fields detuned by the same
amount 0 = w; — (A +vsBy) = w2 — (A — y5Bp). In the presence of the magnetic field gradient,
vibrations of the beam lead to phonon-induced processes, where the excitation of the internal state
is accompanied by the absorption or emission of a motional quanta of frequency wy. The energy of
the states |3) or |4) is then dissipated into the high frequency phonon reservoir at a rate I'p, and
the cycle repeats. If the microwave fields are detuned to the red, i.e. § < 0, the phonon-absorption

process dominates and the mechanical mode is cooled.

5.4.1 RESERVOIR ENGINEERING

It is instructive to also look at this cooling scheme from a more general perspective by first con-
sidering the magnetic coupling [equation (2.66)] in the interaction picture with respect to the free

oscillator and the SiV™ Hamiltonian,
H&@:(%4%u$%wﬂﬁuy (5.19)

The operator F/(t) = guS.(t) represents a force acting on the oscillator. If we assume that the
dynamics of the SiV™ center is only weakly perturbed by the resonator, i.e., gm/(bTb) +1 < T'pp, (a
more detailed analysis shows that the weaker condition, gm+/fi, + 1 < Ipp, is sufficient to correctly
predict the final occupation number 7y, [82]), the fluctuations 0F(t) = F(t) — (F(t))o of this force

are fully characterized by the spectrum
&Wbm#dmmeww (5.20)
0

Here, (...)p denotes the expectation value with respect to the stationary state of the SiV™ cen-
ter in absence of the magnetic coupling. From equation (5.19), we can deduce that the rates at

which phonons are absorbed and emitted by the SiV™ defect are proportional to the force spec-
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Srr(w)

—wp 0
Figure 5.3 — The force fluctuation spectrum Spp(w) defined in Eq. (5.20) is plotted for an SiV™ center
driven on the red sideband, 6§ = —wy, and for N, = 0.5 and I'p,/w, = 0.15. The dashed line corresponds
to the approximate analytic result given in Eq. (5.24). For comparison, the red dotted line illustrates the

fluctuation spectrum Sph(w) ~ w[coth(hw/(2kpT)) + 1] for an ohmic environment in equilibrium with a
temperature kpT'/(fuvp) = 5.

trum evaluated at 4+wp and —wy, respectively. For systems in thermal equilibrium, the ratio
Srr(—w)/Srr(w) = exp(—hw/kpT) is fixed by the temperature T. However, in the present case of
a driven SiV™ center, the system is out of thermal equilibrium and the above detailed balance equa-
tion does not hold. The ratio Spr(—wy)/Srr(wh) is instead used to define an effective temperature
Te of the defect. If the asymmetry of Spp(dwyp) is sufficiently high, this effective temperature
becomes significantly lower than the temperature of the environment, allowing the defect to act as
a cold reservoir for excitations of frequency wy. This is illustrated in figure 5.3, where Spp(w) is
plotted for a SiV™ center driven on the red sideband (§ = —wy},) and compared to the equilibrium
spectral density of an ohmic bath.

The above arguments can be derived more rigorously from an adiabatic elimination of the
SiV™ degrees of freedom —as described in chapter 3, section 3.1.2— and obtain an effective master

equation for the reduced density operator of the bending mode, of the form

pb = (Lin + Lott) Pbs (5.21)

where the second term describes the effect of the engineered effective reservoir (similar to the one
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derived in the case of the NV center, given in equation 4.6)

N Fe 77 ~ Fe T4 A~
Lop = —5+(Nett + VD] + —5+ Nea Db, (5.22)

where T'egp = Spr(wp) — Srr(—wp) and Neg = Spr(—wp)/Ter. From equation (5.21) we can derive

the steady-state occupation number of the fundamental bending mode and obtain a form similar

to equation (3.26)
_ Vo A Negle | Ny

~ 1 N, 5.23
Yo + Feff Feff ¢ ( )

where 1, Ny, ~ kT /(hQy,) is the rate at which the mechanical system in the ground state would

absorb a single phonon from the environment. The last equality is valid in the limit I'eg > V1.

5.4.2 GROUND STATE COOLING

The force spectrum Spp(w) can be evaluated numerically for all parameters using the quantum
regression theorem. To obtain more insights, we restrict the following discussion to a fully symmetric
situation ; = Q9 = Q under weak driving conditions Q < |I'p, + 46|. In this limit, the spectrum

is approximately given by

N.+1
Spp(w) = g2 <
FF( ) 9m*' ph { (5 i w)2 4 [(2Nc + 1)th/2]2 (5 24)
n N n 2N, +1 ’
(0 —w)?2 4+ [(2Ne + 1)Tpn/2]2 - w? + [e(2Ne + 1)Tpn/2]2 )
where we have defined the probability to excite the higher-energy states via the drives
0?/4
/ (5.25)

T [(1+ 2N)T /212
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An example of the spectrum is illustrated in figure 5.3 and exhibits three peaks at frequencies
w = 0,%0. For red-detuned driving fields, the first term in equation (5.24) corresponds to the
process where an excitation of the bending motion is absorbed, while the second term corresponds
to the Stokes process where a phonon is emitted. Note that for a reservoir at finite temperature,
the ratio between the heating and the cooling process scales as N./(N; + 1). The peak at w = 0
arises from random spin-flip processes which are induced by the driving fields even in the absence
of the phonon mode. These random spin flips occur at a rate I'yy =~ (2N, + 1)I'pp and create a
fluctuating force symmetric in frequency. Therefore, they only contribute to Neg and not to the
cooling rate ['cg.

From this expression and in view of equation (5.23), we identify three basic conditions for achiev-
ing ground state cooling, i.e. i, < 1. First, the system must be in the well-resolved sideband regime
(i) Tpn(2Ne + 1) S wp. Provided that Spp(w) [cf. equation (5.24)] is a sum of three Lorentzian
peaks centered at w = 0 and w = £§ with width ~ I';n(2Ne + 1), this condition is necessary
to have a large asymmetry between the positive-frequency and negative-frequency domain of the
force spectrum in the ideal case § = —wy. As a consequence, e is enhanced while the minimal
occupancy Neg is decreased. If this condition is satisfied, the remaining asymmetry is determined
by N., which sets the limit ny, > N.. In terms of the effective temperature, this limit means that
the cooling ratio can reach

Teg  wp

N 1077 — 1074, (5.26)

The high-frequency phonon reservoir must then also be close to the ground state, i.e. (ii) N, < 1.

Finally, the engineered cooling rate,

1 1

Feﬂ”:Egéth{(éwb)u[<1+2Nc>rph/212 e [<1+2Nc>rph/2]2}’ (5.27)

must overcome the rethermalization rate of the natural bath (iii) T'eg > 71, Np. For a phononic bath
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in its ground state (N. < 1) coupled to a SiV™ center driven on a very well-resolved red sideband
(6 = —wh, Iph < wp), the effective damping rate is maximized to Legr = g2,Q%/(Ippwi). Note that
this result is derived under the assumption of weak coupling and the cooling rate is always bounded
by Left S gm-

While condition (ii) is solely determined by the temperature of the support, the competition
between the coupling strength g, o< v/ and the mechanical frequency wy, o< 1 /0? may prevent one
from fulfilling (i) and (iii) at the same time. This is illustrated in figure 5.4, where we show the
final occupancy of the fundamental bending mode 7y, [cf. equation (5.23)] as a function of the beam
length ¢ for different values of I'yy, and 7. We see that already for temperatures 77 < 1 K and
a moderate suppression of the phonon spectral density below the 3D limit, ground state cooling
becomes feasible.

Let us finally remark that in our analysis we have neglected coherent frequencies shifts as well
as coherent couplings to other vibrational modes that are induced by the driven SiV™ center.
Such coherent interaction induced by the effective reservoir are at most as large as ' < wi and
therefore under usual conditions will only lead to minor correction in the above described dynamics.
However, for a highly symmetric resonator the SiV™ center could potentially also be used to induce

a switchable coupling between two nearly degenerate modes.

5.5 TWO-MODE SQUEEZING

As a second application of the scheme described in this chapter, we now discuss an extension of the
previous scheme for the dissipative preparation of an entangled two-mode squeezed (TMS) state

|tbrms), which is shared between two low-frequency mechanical modes G and b. A pure TMS state
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Figure 5.4 — Final occupation of the bending mode 7}, as function of the beam length ¢ for different values
of T'p,. We considered a diamond cantilever at T' = 4K (dotted-dashed red line), which corresponds to an
occupation of the compression mode of frequency A/27w = 50 GHz of N, = 1.2. The blue solid line shows
the results for I'pn/2m = 250 kHz and a lower temperature T’ = 100mK (N, ~ 0) while the dotted black
line corresponds to an intermediate temperature of 7' = 1K (N. ~ 0.1). In the inset, we plot the initial
occupation (g, = 0) of the bending mode. It shows that even for initial occupancy Ny, ~ 104, it is possible
to reach the ground state (7, < 1) using experimentally accessible parameters. These results are obtained
using a driving strength € = 0.2 [cf. equation (5.27)] and the full expression of Spr(w) that includes the drive
at every order; we use the corresponding optimal detuning § ~ —w},/+/1 + 4e. The remaining parameters are
the bending mode quality factor @}, = 10°, the transverse beam dimension w =t = 0.1 pum and a magnetic

field gradient of 107 T/m.
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is defined by the conditions

Alprus) = (pa + vb")|prus) = 0,
(5.28)

Blyrus) = (ub + val)|drus) =0,

where 1 and v are complex parameters satisfying |u|? —|v|2 = 1. This implies that these parameters
can be written as p = cosh(r) and v = ¢ sinh(r), where 7 is the squeezing parameter. The TMS
state belongs to the family of Gaussian states for which entanglement can be verified from a violation

of the separability criteria [121, 122]
1 A A
¢ = 5 Var(&a + &) + Var(pa — pr)] 2 1, (5.29)

where &, = (a' + a)/v/2 and p, = i(al — a)/v/2 are the normalized position and momentum
operators (a — b for the b mode). For a pure TMS state and 6§ = 0, the amount of entanglement
increases exponentially with the squeezing parameter, i.e. £ = e™2".

For mechanical oscillators prepared in a pure TMS state, the thermal noise coming from their
coupling to the environment rapidly degrades such a fragile entangled state. It is thus intriguing to
consider engineered processes, where the TMS state emerges as a steady state of a purely dissipative

dynamics. From the dark state conditions (5.28), one can readily see that |¢)T\g) is the stationary

state of a master equation of the form

Ta /s as ae N Tag [onan .
Logp = -39 (2AﬁAT—ATA,a—pATA> + = (QB[)BT —BTB[)—[’)BTB), (5.30)

The implementation of such a dissipation process has previously been discussed and experimen-
tally implemented in the context of two separated spin ensembles coupled to a common opti-

cal channel [100, 101] and closely related schemes have been proposed for optomechanical sys-
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Figure 5.5 — Setup for the dissipative preparation of a mechanical two-mode squeezed state. a) Two
possible configurations, where two vibrational modes, representing either orthogonal vibration modes of the
same beam (left) or the fundamental bending modes of two different beams (right), are coupled magnetically
to the same SiV™ center. b) Energy level diagram of the SiV™ defect. The green and blue arrows indicate
the four driving fields which are detuned from resonance by +w, and Fwj. See text for more details.

tems [108, 109, 123]. In the following, we show how such an effective dissipation can be realized
in the present setup and evaluate its robustness with respect to finite temperature effects and

deviations from the ideal side-band resolved limit.

5.5.1 DRIVING SCHEME

We consider two low-frequency mechanical modes a and b with two different frequencies w, and
wp, respectively. As shown in figure 5.5 (a), these two modes could be two bending modes of the
same beam, or the fundamental modes of two independent beams coupled magnetically to the same
SiV™ center. In contrast to the cooling scheme, engineering the jump operators A and B requires
driving the transitions |1) — [4) and |2) — |3) by two near-resonant microwave fields. As indicated
in figure 5.5 (b), those drives are detuned by —w, and 4wy, in one half of the cycle (e.g. transitions
2 — 3) where a phonon is added to the mode a and removed from the mode b, and by +w, and
—wp in the other half (e.g. transitions 1 — 4) where the opposite processes take place.

The total Hamiltonian for this system is then given by

f{sq = f{res + ﬁSiV + f{ma (531)
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where ﬁres = wgala + wbl;Tl; is the Hamiltonian of the two mechanical resonator modes and

Hsiy = Y Ejlj) (il + (;e‘w - Qe—mt) 13)(2| + H.c.

, 2
j=14 (5.32)
Qs _, Q4
_ (;e—wst _ ;e—wf) 4)(1] + H.c.

is the Hamiltonian for the internal states, where F1 = 0, Fs = vsBy, F3 = A and Ey = A+ s By.
Note that in equation (5.32) all Rabi frequencies €); are assumed to be real and positive and the
minus signs have been chosen to reproduce the correct effective interaction in the analysis below.
Finally,

= [gala+ ") + g+ )] . (5.33)

is the Zeeman coupling as introduced in equation (2.66).

5.5.2 SIDEBAND-RESOLVED REGIME

For the implementation of the TMS state master equation (5.30), it is instructive to first follow
a simplified approach that is valid in the well-resolved sideband regime. In this regime, only the
resonant processes play an important role and, as we show, are responsible for the mechanical entan-

glement. In order to identify those dominant processes, we first perform a polaron transformation
H — UHU' [8], where

A~

U = exp Z Z—n(ﬁT —1n)S: ¢ . (5.34)
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This transformation eliminates the coupling H,,, but generates an infinite series of phonon sidebands

in the driving processes, i.e.
oL (AT )
(5.35)

3)(2] — [3)(2le” 2=t T,
g ~ ~
[4)(1] = [y {feZr=eron @D,

For g, /w, < 1, we can expand the exponential to first order and thus neglect the contribution of

higher-order phonon processes. By going into the interaction picture with respect to H,es + Hgiv

and making a RWA, only the resonant processes remain so that ﬁsq adopts the form
(5.36)

A~

Hyq ~ 5 (A3)(2] + BJ4)(1]) + H.e.

DO |

In the particular case of a symmetric driving cycle (cf. figure 5.5), where the cooling (heating)

processes for both mechanical modes occur at the same rates, i.e. Q1gq/wa = Q395/wp (Q2gp/wp =
Q49a/wa), the new jump operators A and B are defined as in equation (5.28) with
(5.37)

s Q494 _ Qagy
Wq Wp .

Q39
wp

~ M19aq _
g = =
Waq,

The condition |u|?> — |v|> = 1, which imposes the proper commutation relations for A and B, is

fulfilled when the coupling constant g, given by
g=9a J2 _2_9% /o2_2 5.38
e 1 W 3 2 (5.38)
remains real. One can show that for drive strengths that lead to an imaginary coupling constant

g, the coherent dynamics described by f[sq becomes unstable. Physically, it corresponds to heating

processes (~ 9,€)y) that exceed the rates at which the drives cool down the mechanical modes
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(~ Q1,93), leading to a parametric instability of the mechanical system. The squeezing parameter

is also determined by the ratio between the driving strengths for the two mechanical modes:

Qo
tanh(r) = — = —. 5.39
anh(r) = 2 = ! (5.39)
As expected, the squeezing parameter diverges when the heating and cooling rates become equal.

As a final step, we can adiabatically eliminate the internal degrees of freedom of the SiV™, given

that I'pn > g, g, and obtain the master equation
p=(Lon+ Lsq) p. (5.40)

The first term describes the coupling of the mode a and b to their respective thermal environment
with damping rates 7,/ and thermal occupation numbers N, /. The second term describes the
engineered dissipative processes that lead to entanglement, and in the limit of N, = 0, it reduces to
equation (5.30) with the corresponding rate I's; = §?/(2I'pn). Note that in the sideband-resolved
and weak driving limit this rate scales as I'sq >~ I'egt/(2 cosh(r)) compared to the optimized single
mode cooling rate, assuming g, ~ g, and w, ~ wp.

As a consequence, the amount of steady-state entanglement between the two mechanical modes
is a results of the competition between the squeezing rate I's; and the rates at which the thermal
noise perturbs the system, (Ny + 1)v, (Ng + 1)7,. To make this statement more precise, one can

explicitly solve equation (5.40) for the steady-state (p = 0), resulting in:

_tala+Toqr?  wNo+Toq?  Moqu (5.41)

§
Ya + qu Yo + qu %TJF% + qu

A pure TMS state can only be achieved in the limit where I'y, greatly exceeds the thermal noise

rate. On the other hand, the larger is I'sq ~ (27 — Q3%)/T',p, the smaller is the final amount of
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Figure 5.6 — The separability parameter £ is plotted as a function of the squeezing parameter r for three
values of the ratio I'yn/Teq, in the limit v, < I'sq and v Ny = 5Ny = 'y Vertical dotted line indicates
the threshold bellow which the two bending modes are entangled, as given by equation (5.29). For this plot
ideal sideband resolved conditions and N, = 0 have been assumed.

squeezing tanhr ~ Q4/Q. By assuming v, < I'sq and 74N, = %Ny = I'yp, the separability

criterion can be approximated by

4Ty,
Feff

£ cosh(r) 4+ e, (5.42)

where again I'eg = ggQ?,’ / (w%f‘ph) is the single mode cooling rate in the well-resolved sideband limit.

The dependence of £ on r is plotted in figure 5.6 for different values of I'yy, /Tt

5.5.3 TWO-MODE SQUEEZING BY A FINITE-TEMPERATURE RESERVOIR

Up to now, in our discussion on two-mode squeezing, we have assumed N, = 0 and the sideband-
resolved regime, such that the temperature of the engineered reservoir is zero. We now want to
evaluate how sensitive the entanglement is with respect to small deviations from these conditions. In
principle, one can use a similar approach as in section 5.5.2 to derive an effective master equation
for the two mechanical modes. All the rates are then determined by the fluctuation spectrum
Srr(w) (including the four drives) evaluated at the relevant frequencies w = 4w, twp. However,

outside the sideband-resolved regime the result would be quite involved and not very illuminating.
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Instead, we will here analyze an approximated master equation, which nevertheless captures the
most essential effects of a finite effective temperature on the entanglement generation and can thus
be adopted to other systems as well.

Let us first point out that when generalized to a finite IN;, the above approach introduces for every
dissipation processes associated with the jump operator A (E), a reverse process with operator At
(B@Jf) The rates of the original and the reverse processes scale like (N, + 1) and N, respectively.
More generally, we can replace N, by an effective occupation number N.g, which, similar as in the
cooling discussion, also takes into account of the finite overlap of the spectral peaks. Under this
assumption we obtain a ‘thermal’ two-mode squeezing master equation of the form

a b

r I'g A r A
Lap ==+ (Nég + 1)DIA] + —ENGDIAT + —2 (g + 1)D[B] +

I .
> Nb%D[B]. (5.43)

The rates I‘g.&lb and the effective occupation numbers Ngf’fb can be estimated from the fluctuation

spectrum given in equation (5.20) as

S¥r(wp) — Srr(—wy)
2 cosh(r) ’

ri=eb = (5.44)

and

_ Str(—
Nzt = L R Y (5.45)

 Srr(wy) — Srr(—wy)

Then equation (5.43) becomes exact in the sideband-resolved regime w,p > I'yi and reproduces as
well the correct cooling dynamics in the limit » — 0. While under general conditions equation (5.43)
is only a crude approximation, it is still expected to give accurate predictions for the squeezing
parameter in the relevant regime IV :f{b < 1.

In the simplest case of identical mechanical modes, i.e. v,Nq = 7Ny = I'tn, NGy ~ Né’ﬁ ~ Neg,

T2 = Tog /(2 coshr), and assuming again that 7y, < Isq, we can derive from equation (5.43) a
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Figure 5.7 — Contour plot of the minimal achievable separability parameter &, = min{{(r)|r} as a
function of the ratio T'e/Ttn and the effective occupation Neg. The red line corresponds to the threshold
given by the condition {min, = 1. For this plot the parameter £(r) has been evaluated using equation (5.46),
where equal parameters for the two modes and v, = v, < I'sq have been assumed. The values of I'.g and
Neg are plotted in b) and ¢) as a function of the length ¢ of the beam. For both plots the values of "= 100
mK, I'p,/(27) = 250 kHz (solid line), 7' = 100 mK, 'y, /(27) = 1 MHz (dashed line), T =1 K, I'p,n /(27) = 1
MHz (dotted line) and T' = 1 K, I'p,/(27) = 250 kHz (dashed-dotted line) have been assumed. All the other
parameters are the same as in figure 5.4.

generalized expression for the separability parameter,

4T
& . tﬁh cosh(r) + (1 4 2Ng)e 2", (5.46)
€

which reproduces equation (5.42) for Neg = 0. In figure 5.7 (a) we plot the value of £ minimized
with respect to r for different ratios I'eg/I'yy, and effective reservoir occupation numbers Neg. This
plot provides a general overview on the minimal conditions required for the dissipative preparation
of entangled mechanical states. In particular, it shows that the two-mode squeezing scheme does not
rely on a strict zero reservoir temperature. Indeed, the steady-state entanglement is rather robust
with respect to Neg, which is related to the fact that the thermal fluctuations of the environment
become squeezed as well. However, note that for Ngféb 2 1 the current approach can only provide
a crude approximation for the squeezing parameter.

For the current setup, the expected values for I'egr and Neg are plotted in figures 5.7 (b) and (c)

as a function of the beam length and for different values of I'y, and the support temperature 7.

For T = 100 mK and @ = 10° the relevant thermalization rate is Iy, /27 =~ 2 kHz, which shows
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that for £ ~ 30 — 70 um the conditions for steady-state entanglement can be reached. Importantly,
since the fundamental limit, Neg ~ N, remains small for temperatures up to T' = 4K, a slightly
improved coupling constant or Q-value would enable the dissipative generation of entanglement at

these more convenient temperatures.
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Parity-time-symmetry breaking in the steady

state

In this chapter, we consider a system of coupled mechanical oscillators (similar to the ones discussed
throughout this thesis), one with loss and the other with gain. This mechanical loss and gain could
be realised via optically-induced cooling and heating respectively. In this sense, the methods and
schemes described in chapters 3, 4 and 5 constitute prominent candidates for the realisation of such
a system. These mechanical gain-loss systems provide a playground for exploring interesting phe-
nomena, such as the breaking of patity-time (P7) symmetry, previously investigated mainly in the
context of optical waiveguides. The fact that nano-mechanical systems are subject to nonlinearities
and they operate under the influence of thermal and quantum noise, provides access to previously
unexplored regimes where surprising new effects come to play. The analysis of these systems were
done in collaboration with T. J. Milburn, J. Huber, K. G. Makris, S. Rotter and P. Rabl and the
theoretical results were published in New Journal of Physics [59]. For this work, I performed most

of the analytical as well as numerical calculations, while the dynamical analysis presented in section

6.4.1 was done together with T. J. Milburn.
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6.1 INTRODUCTION

In 1998 Bender and Boettcher [124] described a class of non-Hermitian ‘Hamiltonians’ that ex-
hibit a purely real energy spectrum, a surprising fact which they attributed to the underlying P7T
(parity- and time-reversal) symmetry. Their observation triggered considerable interest in discrete
and continuous systems with P7 symmetry along with alternative non-Hermitian formulations of
quantum theory [125]. Such fundamental considerations remain speculative, but there exist many
classical systems in which P7T-symmetric dynamics can be obtained with appropriately engineered
loss and gain. This was first pointed out in the context of photonic waveguides [43—46], lattices, and
resonators [47-50]. Other examples include cold atoms [51-53] and optomechanical devices [54-56].
Of particular interest in such systems is the breaking of PT symmetry, i.e., when by tuning a param-
eter the energy spectrum becomes complex and the eigenvectors no longer exhibit the underlying
PT symmetry. This phenomenon was first experimentally observed in optical waveguides [45, 46],
and is currently the subject of intense experimental and theoretical research.

Our focus in this chapter is to discuss a way to go beyond this dynamical picture and address
an interesting and still open question: what are the steady states of actual physical systems with
PT symmetry? This question is mainly motivated by the types of systems that we consider in
this work. Specifically, nano-mechanical resonators are subject to nonlinear saturation effects and
they operate under the presence of thermal and quantum noise. These features have a crucial
influence on the system’s dynamics and the long-time behavior can no longer be inferred from
an eigenvalue analysis only. By focusing on the experimentally relevant example of coupled me-
chanical resonators with optically-induced gain and loss (see Fig. 6.2) we show that P7T-symmetry
breaking in the steady state exhibits various unexpected features and in general occurs via addi-
tional intermediate phases with retained or ‘weakly’ broken P7T symmetry. Most importantly, we

identify an unconventional transition from a high-noise balanced energy distribution to a parity-
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broken lasing state with strongly reduced fluctuations. This transition generalizes the phenomenon
of PT-symmetry breaking—hitherto defined only for eigenstates—to steady-state distributions of
noisy systems. The mechanisms described here occur in systems of two coupled modes as well as
in multi-resonator arrays, and will thus be of relevance for a large range of P7 symmetric systems

operated at low amplitudes and close to the quantum regime.

6.2 PT-SYMMETRY BREAKING

We consider a simple but relevant example of two linearly-coupled mechanical oscillators. One of
these oscillators is subject to gain and the other to loss, both with the same rate I', as shown in
figure 6.1 a). In the frame rotating with the bare oscillation frequency wp, such a system can be

described by a pair of coupled differential equations of the form

- , (6.1)

where « and (8 correspond to the complex oscillation amplitudes for each resonator while g is the
coupling strength between them. It is easy to check that the (non-Hermitian) dynamical matrix
in the above equation is invariant under parity- and time-reversal. The parity-reversal operation
in general corresponds to the operation P : x <+ —z, where x a position coordinate. However,
since our system is discrete in space, i.e. it can be understood as a two-site lattice, the parity-
reversal operation in this case corresponds to the position exchange of the two oscillators, i.e.
P (a,B)" « (B,a)T. The time-reversal operation is as usual 7 : i — —i. The eigenvalues and

(unnormalized) eigenstates of this dynamical matrix are given by [126]

)\172 =4 g2 — FQ. (62)
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Figure 6.1 — a) Illustration of a PT-symmetric system, consisting of two coupled resonators one with gain
and the other with loss of the same magnitude. b) Real (left) and imaginary (right) part of the eigenvalues
as function of I'/g. A transition occurs at I'/g = 1, where the PT-symmetry is broken.

and

Y

ie "2
wl = o ) ¢2 = » ) sm(@) = F/g7 (63)

e "2 —ie'?
respectively. We observe that for I' < g both eigenvalues Ay are real and the eigenvectors are also
eigenstates of the symmetry operator, i.e. PTv12 = v1,2. Above that point, both eigenvalues are
imaginary indicating the existence of a gain and a loss eigenmode. In this parameter regime the
angle 0 is complex and v 2 no longer posses the same symmetry as the Hamiltonian, i.e. the parity-
time symmetry. Thus one speaks of a parity-time symmetry breaking transition occurring at I' = ¢
[see figure 6.1 b)]. This particular feature is related to surprising —and often counterintuitive—
effects first observed in the context of photonic waveguides [43-46], lattices, and resonators [47-50)].
Up to now, we have assumed that the gain and loss rate I' is a constant. However, in realistic
physical systems, this cannot be true. In fact, I' is generally expected to be a non-linear function

of the oscillation energy, due to saturation effects. In addition, the background noise to which such

classical systems are normally subject needs also to be taken into account.

6.3 PT-SYMMETRIC PHONON SYSTEMS

To motivate our further analysis in this chapter by a concrete physical system, we consider a setup

of two micro-mechanical resonators—similar to the systems described in chapter 2—as shown in
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figure 6.2 a). The main findings discussed below, however, are more general and can be studied in
other equivalent realizations, e.g., with coupled optical or microwave resonators. The mechanical
resonators have a bare vibrational frequency wy, and they are mutually coupled, e.g., mechanically
via the support, with strength g. In addition, optical or electrical cooling [5, 6, 8, 10, 57] and
pumping [34-38, 40, 41, 57] schemes, similar to the ones described in chapters 3, 4 and 5 are used
to induce mechanical loss for one resonator and an equal amount of mechanical gain for the other.
In a frame rotating with wy,, the semiclassical dynamics of the system is then described by the Itd

stochastic differential equation [61, 127]

= | + : (6.4)

where a and 3 are the dimensionless amplitudes of the pumped and cooled mode respectively.

The optically-induced gain and loss rates considered here are of the form

r

Fi(a) = :l:(l + |04]2/n0)” -7

(6.5)

where I' is the maximal rate and /ng is the saturation amplitude. The value of v characterizes the
underlying heating or cooling mechanism and will be treated here as an adjustable parameter. For
the three-level scheme depicted in figure 6.2 b)—discussed in detail in chapter 4—this parameter
takes the value v = 2 [see equation (4.33)]. Instead, for conventional laser amplification with
inverted two-level systems we would obtain v = 1 [see equation (3.52)]. Finally, v is the bare
mechanical damping rate. Since we are interested in the PT-symmetric limit (defined below), we
assume v/I" — 0. However, in all our calculations we retain a finite v > 0, which describes the
actual physical situation and results in a well-defined steady state for all parameter regimes.

In equation (6.4) the (complex) stochastic forces F4(t) represent two independent white-noise
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Figure 6.2 — a) Setup of two coupled mechanical resonators with optically-induced gain and loss. b) Scheme
for engineering mechanical gain or loss via an optically-driven three-level defect. Depending on the detuning
of the pump (green arrow), phonon-induced transitions between the two near-degenerate excited states |x)
and |y) lead to a net absorption or emission of phonons of frequency wy, (see chapter 4 for more details).

processes with (Ff(t)Fy(t')) = D+6(t —t'). For resonators coupled to a reservoir of temperature T
the diffusion rates are D, (a) = Dq() 427Ny, and D_ = 2yNy,, where Ny, = (ef@m/ksT _1)=1 Ag
shown in section 3.2.1 in chapter 3, the contribution Dq(cv — 0) = 2I" for the gain mode represents
the intrinsic quantum noise associated with any amplification process and suggests that noise is a

fundamental property of PT-symmetric systems [128-130].

6.4 STEADY STATE OF PT-SYMMETRIC SYSTEMS IN THE ABSENCE OF NOISE

We now evaluate the stationary state s = (s, Bss)’ of equation (6.4), first in the absence of
noise. Figures 6.3 a) and b) show the mode occupation numbers |ags|? and |Bss|? as a function
of I'/g, and for the two relevant cases v = 2 and v = 1. Firstly, we observe in both plots the
expected transition at I'/g|r—11 = 1. Below this point (phase I) the system dynamics is oscillatory,
as expected from the discussion of the PT-symmetric phase above.

Above this transition point (phase II) the linearized system dynamics becomes unstable and
both resonators reach a finite steady-state occupation number, determined by the saturation of
'y (a). However, this steady state is still an eigenstate of the symmetry operator, PT ¢ss X g,

and contrary to our naive expectation the system remains P7 -symmetric beyond the conventional

transition point. The existence of a P7T-symmetric steady-state with non-vanishing amplitude can
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Figure 6.3 — Steady state 1)ss = (Qgs, Bss)? of the PT-symmetric phonon system in the absence of noise.
The steady state occupation numbers |ags|? and |Bss|? of the two modes are plotted for a) v =2 and b) v = 1
and /g = 1073. In the limit-cycle phase IITw both modes oscillate over the range indicated by the shaded
area. c) Illustration of the relaxation dynamics of |a|? (red) and |3|? (blue). d) The resulting steady state
(green square) for each phase.

be traced back to the fact that in the present model the PT-symmetry is retained even in the
nonlinear regime. This means that for equal amplitudes, o = 3, the gain and the loss rate are still
exactly the same, i.e., I'y(a) = —T'_(«), Va [see equation (6.5)]. This property of the nonlinear
system implies that there exists a symmetric state 1)ss(ass, ﬁSS)T, with |ass| = |Bss|, which satisfies

s = 0 for all values of T /g. However, as one can see in figure 6.3, at larger values of I" the system

eventually switches to a different, symmetry-broken state.
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6.4.1 DYNAMICAL ANALYSIS

More specifically, by moving to polar coordinates a = re®s and B = ze"#, equation (6.4) can be

rewritten as

7= —[y—T(r)]r — gsin(¢)z, (6.6)
z2=—[y+T(2)]z + gsin(¢)r, (6.7)
d=g(5 ) cos(o). (6.8)

where ¢ = 0, — 03. Note that the system is invariant under a combined rotation of o and 3 and
therefore the evolution of the total phase 0, +603 can be neglected. For the last equation we see that
there are two fixed points for the phase, ¢ss = £7/2. Due to finite ~, the stationary occupation
number of the gain mode |a|? is always slightly larger than that of the loss mode |3|?, therefore
¢ss = /2 is the stable. We therefore set ¢ = 7/2 and study the two-dimensional dynamical
system with variables » and z. We now apply standard dynamical analysis to understand the
phases mentioned above and predict the transition points. To do so we first evaluate the possible

stationary solutions rg and zg of equations (6.6) and (6.7), which are given by the solutions of

GRss = [F(Tss) - 'Y]Tssa gTss = [F(zss) + 'Y]zss' (69>

The stability of these fixed points is then analyzed using the trace-determinant plane of the Jaco-
bian, i.e. the dynamical matrix of the system linearized about the stationary state. The Jacobian
for our system is

F/ Tss)Tss + r Tss) =7 -9
g |l () , (6.10)

g _F,(Zss)zss - I-\(Zss) -7
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where the prime denotes the derivative. The trace and determinant of J are

T=TrJ = 27+ I (re)rss — I (2ss) zss + ['(7ss) — T'(2ss), (6.11)

§=detJ = g% — [[V(rss)rss + D(7ss) — V][I (2ss) 285 + T'(2ss) + ] (6.12)

respectively. Since the eigenvalues of J may be written entirely in terms of 7 and ¢ thus
Ar = 3(T £/ 72— 46), (6.13)

evaluating 7 and § at a particular stationary state fully characterizes its stability and local dynam-
ical structure. As we shall discuss now, the details of this P7-symmetry-breaking mechanism and
the resulting state depend on the actual form of the saturable gain, which is here determined by
the parameter v.

The state |ags|? = |Bss|> = 0 is an obvious stationary state of equations (6.6) and (6.7) and
is guaranteed by the inclusion of a finite v > 0, which leads to a slow overall decay towards a

well-defined steady state. Substituting this into equations (6.11) and (6.12) yields (first order in =)

T=-2y, d=g*-T% (6.14)

This corresponds to a stable spiral for I' < g, but for I' > g becomes a saddle node. We thus
conclude that phase I is stable for

r
0< 7 <1, (6.15)

independently from the parameter v.
In phase II the two occupation numbers are roughly equal, however simply assuming rys = 2zgs

yields an inconsistency due to finite . Let us therefore substitute the ansatz rg = rég ) +’yr§sl ) +...
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and zg = rég ) + 'yrésl ) + ... and equate alike-orders in . The result is

rQ = g x \/(T/g)/¥ — 1,

i) = =2 = Qe + 1) + 97,

(6.16)

and in terms of occupation numbers |ags|?/no = |Bss|?/no = (T/g)" — 1 4+ O(7), in accordance
with figure 6.3. We neglect terms of order 72 and higher. Note that, this stationary state only

exists for I'/g > 1. Substituting equation (6.16) into equations (6.11) and (6.12) yields

() + 20 (r )l
T (1‘ DO T D) g (10
_ 20[(T/g)! /¥~ 1[(2v — V(T /) — 2(v + 1)
-y (1‘ 2T+ 21— 1)) ) (619

and

5 =g = D)0 + 1) = ¢ — g?l2v — 1 — 20(T/g)~V/¥]2. (6.19)

We see that 6 > 0 only for 1 < I'/g < [v/(v — 1)]”. However, unlike the previous analysis of
phase I, in this case 7 can be positive while 0 is positive. This is the case if [v/(v — 1)]” >
(v + 202 + V2 +302) /(202 — 1)]Y. As T'/g is increased the stationary state (6.16) goes from a

stable spiral to an unstable spiral and then to a saddle node. We thus conclude that phase IT is

1<F<min{<y+zy2+\/m>u,< v >V} (6.20)

g 202 —1 v—1

stable for

Considering the case v = 2, this gives 1 < I'/g < 4, while for ¥ = 1 one obtains 1 < I'/g < 5.2, in
consistency with figure 6.3.

In a similar fashion, we analise the phases in regimes IIIw and III. In particular, we conclude
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that phase ITIw is a limit cycle exhibited for

(6.21)

<V+21/2+\/2V—|—31/2>V< T - ( v >V

w2 — 1 q v—1

Since it is only possible that [v/(v—1)]" > [(v+2v2+v2v + 3v2) /(202 —1)]V if 1 < v < 2, this phase
cannot be observed for v > 2. The limit cycle does not admit a simple analytic form, however by
assuming that it is small and centered on stationary state (6.16), one may approximate its frequency
wosc by the imaginary part of the eigenvalue of the Jacobian evaluated at equation (6.16). One finds
Wose & 2\/g3(F——g) /T'; this result has been numerically verified for the case v = 1. On the other
hand, the phase III corresponds two extra stationary states one unstable and the other stable. We

conclude that phase III is exhibited for

Z>><Vi1>y. (6.22)

Note that this phase cannot be observed for v = 1. For v = 2 one may easily check that, given

I'/g > [v/(v —1)]” = 4, the stable stationary amplitudes are

re/ Vit = {[T + v/T(T = 4g)}/(29) — 112, (6.23)
s/ = {0 = /T(C — 4g))/(29) — 11172, (6.24)

or in terms of occupation numbers

s I+ T(T—4
s = ng X =49) ), (6.25)
B2 29

While similar nonlinear phenomena are in general expected for gain-loss systems [56, 131-133], our
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specific interest here is to understand the role of dynamical instabilities in the breaking of a steady-
state symmetry. In particular, the above analysis shows that P7T-symmetry breaking occurs even in
systems where the symmetry is fully retained in the nonlinear regime and a symmetric steady-state

would be permitted in principle for all parameters.

6.5 STEADY STATE IN NOISY P7-SYMMETRIC SYSTEMS

We now show how the above picture changes in the presence of noise. For clarity we restrict
ourselves to a system which is dominated by thermal diffusion, i.e. DL = D = 2yNy,. For I' =0
thermal noise induces additional amplitude fluctuations of about (Aa)? ~ D/(27) = Ny, and we
expect that as long as Ny, < ng the characteristic features shown in figure 6.3, which scale with
the saturation number ng, will only be smeared out, but not change significantly. This is confirmed
numerically (not shown) and means that figure 6.3 is a good representation of the steady states
of the system in the weakly nonlinear or low-noise regime. Therefore, we will now address the
opposite regime Ny, > ng.

Figure 6.4 a) shows the results of a numerical simulation of the stochastic equation (6.4), from
which we obtain the steady-state distribution Pyg(c, 5) for v = 2 and Ny, /ng = 10. In the following

fa and B = ze¥s and make use of the fact that the system dynamics is invariant

we write o = re’
under a global phase rotation. The exact marginal distributions Py (a) and Pss(fS) are then fitted

by approximate distributions of the form

(7‘—7‘0)2 _(Z_ZO)2

P(a) ~re” a2, P(B) ~ze A28 (6.26)

which allows us to extract a radial shift o and zp and the range of fluctuations (A«a)? and (AS)?
for both modes (see Appendix A for further details on the numerical simulations). From these

values plotted in figure 6.4 a) we see that the thermal noise now completely washes out the features

105



a)
Nin
no
0 1
e
Sor ; .| 210
< 05 E R
ST 229
) T S ; ; ;
0 1 2 3 4 5 6 7 8 9 10 5 0 5
I'/g Re(a, B)

Figure 6.4 — PT-symmetry breaking in the limit of large thermal noise, Ny, > ng. a) Steady-state
distributions of a and 8 for Ny, /ng = 10 and /g = 1073, The values of 7 and 2o (solid lines) represent the
radial distance of the distribution maxima from the origin and shaded areas indicate the range of fluctuations.
b) Plot of the PT-symmetry parameter A defined in equation (6.27). ¢) Steady-state distribution of « (red
dots) and S8 (blue dots) in the thermal (I'/g = 2, left plot) and in the symmetry-broken (I'/g = 10, right
plot) phases.

associated with the PT-symmetric phases I and II, and for a large range of I' the system reaches
a steady state (phase T), which is to a good approximation thermal, i.e., 79 = 2o = 0 and (Aa)? ~
(AB)? ~ Ny,. Only after a critical value of I'/g|r_ 111 ~ 7.5 are the fluctuations suddenly strongly
suppressed. In this regime the system relaxes into an asymmetric coherent state with rg > z
approximately given by the amplitudes |ags| and |Bss| given in equation (6.25) and (Aa)?, (AB)? ~
YN /g, 7N /T < 1.

Before we proceed, let us connect this transition to the phenomenon of PT-symmetry breaking—

hitherto defined only for individual states. To do so we introduce the PT-symmetry parameter

o (al=18D% | 6

(lal*)ss + {IB[*)ss —

which vanishes for a random set of states ¥; = (s, 3;)7 if and only if each state satisfies PT1); =

106



%), with some real phase ;. Figure 6.4 b) shows that indeed A changes at the transition point
from A ~ Ay, = 0.215 for a thermal state to A — 1 in the symmetry-broken phase. Note that also
in the low-noise limit we obtain A = A, > 0 in phase I and therefore only phase IT, where A ~ 0,
has a strictly PT-symmetric steady state.

One of the most striking features visible in figures 6.4 a) and c) is that in sharp contrast to
a conventional lasing transition, the emerging coherent-state amplitudes after the P7T-symmetry
breaking point are even smaller than the original level of thermal noise. This surprising effect can
be understood as follows. Although at each instant in time the amplitudes «(t) and 5(¢), and
therefore the gain and loss rates I'; () and I'_ (), can be quite different, the average dissipation
rate [' = (I'_ — I'})s when evaluated in the thermal phase vanishes, I' ~ O(y) ~ 0. What
remains (on average) is the weak coupling to the high-temperature environment. In contrast,
in the symmetry-broken phase we have (|a|)ss > (|5])ss. Therefore, there is a strong imbalance
between loss and gain on average, i.e., I' ~ O(T') > 0, and the resulting net cooling effect suppresses
fluctuations. Thus, this transition in the average dissipation rate of a stationary system can be
seen as the counterpart of the transition from real to imaginary eigenvalues in the conventional
definition of PT-symmetry breaking. What we are still missing, however, is a simple criterion,
which tells us why the system favors one or the other steady state.

To clarify the mechanism behind the symmetry-breaking transition we focus on the symmetry-
broken regime I'/g > 1, where we can assume that the amplitude of the gain mode |a(t)| ~ |os|
and the relative phase ¢ ~ 7/2 are approximately constant. We then obtain the equation of motion
for the amplitude of the loss mode, z = |f| (an equivalent analysis predicts a single stable minimum

for the gain mode and much lower thermal activation rates for the relative phase ¢),

Oz = =0, U(2) + /Y Nenn:(t), (6.28)
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Figure 6.5 — a) Effective potential for the amplitude z = |§| of the loss mode for I'/g = 12. b) Dependence
of the symmetry breaking point I'/g|r_1mm on Ny,. The solid line represents the prediction from our ana-
lytic model and the squares show the transition points obtained from the condition A = 0.5 in numerical
simulations.

where (n,(t)n.(t')) = 6(t — ') and (for v — 0)

_ N

U(z) = — 5

nol 7 glass|z sin(¢) log(z). (6.29)

2(1-1—22/710

The function U(z) is an effective potential for z, which is sketched in Fig. 6.5 a). This potential has a
local minimum at zy = |Bss| (corresponding to the steady state given in equation (6.25) for Ny, — 0),
which is separated by a finite barrier AU from the unstable region z > zmax. In the presence of noise,
a system initially located at z &~ zy can escape over this barrier via thermally activated processes

2AU

with a characteristic rate Rese ~ Rge "N, where Ry = \/—U”(zmin)U”(zmax)/(47r2) [127]. This

rate increases as I' is reduced and once Res. exceeds the bare damping ~, any configuration with
fixed o and f is rapidly destabilized and the transition to a quasi-thermal state with strongly
fluctuating amplitudes occurs. In figure 6.5 b) we compare the transition point I'/g|r_,111 obtained
from the condition 7 = Rege with the numerically evaluated values for various Ny, /ng > 1. The
plot shows that PT-symmetry breaking in the large-noise regime is very well described by this

thermal activation model.
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6.6 ARRAYS

Finally, the above analysis can be generalized to the case of a coupled resonator array, illustrated
in figure 6.6 a). In such a system, the resonator amplitudes «,, and (,, —where n is the number of
the unit cell (resonator pair)— obey coupled equations of the form

& r —ig « Brn—1
. G R (6.30)

Bn —ig I Bn Ont1
where now we have included a different coupling ¢’ between the unit cells. By assuming periodic

boundary conditions and inserting plain-wave solutions of the form

ay, = Aeikn—iwt’ Bn _ Beikm—iwt7 (6.31)

where k = 27j/N, with N being the number of resonator pairs in the system, we obtain the
eigenvalues

wi(k) =+£|gel> T2, ge=g+ge* (6.32)

This is similar as above, but for each mode the transition point is now determined by the coupling
gk- The transition occurs at different point for each quasi-momentum as illustrated in Figs. 6.6 b)
and c). Note that for g = ¢’ and N/2 even, we have gy—, = 0. In this case the transition occurs
for arbitrarily small values of I'.

Similarly to the case of a pair of coupled resonators, we now show that P7-symmetry breaking

in the steady state exists also for extended systems. In particular, we generalize the analysis and
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Figure 6.6 — a) Schematic representation of an array of coupled resonators with a parity-time-symmetric
unit cell. b) Phase portrait showing the first and the last momenta that go unstable as we increase I'/g,
for various values of the coupling ratio ¢’/g. ¢) Real (blue) and imaginary (red) part of the eigenvalues, for
various values of I'/g.

consider coupled equations for each unit cell of the form

dn | [ Tolan) —ig an | i Br-1 N Fr (1) (6.33)

/Bn —ig L (Bn) B Qnt1 F_(t)
where ¢ is the coupling between the unit cells and F,, 1 (¢) are independent thermal noise processes.
Figure 6.7 summarizes the numerical results for the steady state of an array of N = 12 resonators
with periodic boundary conditions and v = 2. The observed features can be understood from the
plane wave ansatz [134, 135] o, = Ape™*™, B, = Bre™™, where k = 47j/N. This ansatz maps
equation (6.33) onto a two-mode problem for Ay and By, which is equivalent to equation (6.4), but
with the replacement g — g = |g + ¢’¢”*|. By considering now each of the modes separately, we

see that all the transition points identified above occur first for the mode with the largest value of

ratio I'/|gx|, or equivalently, the smallest value of |gi|. Since in our model g and ¢’ are assumed to
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Figure 6.7 — Steady state of a PT-symmetric array of N = 12 resonators. a) The different phases are
characterized by the symmetry parameter A of a single unit cell and the white-dashed lines indicate the
phase boundaries obtained from a plane wave ansatz. b) The solid line shows the analytic prediction for the
phase boundary between the thermal and symmetry-broken phase and the green squares are the transition
points obtained numerically. For both plots /g = 1073 and v = 2, such that the line ¢’ = 0 corresponds to
the setting considered in figures 6.3 a) and 6.4.

be real and positive, this minimal coupling is alway achieved for the £ = m mode, which therefore
determines the symmetry-breaking properties of the array [136, 137]. For an even number of unit
cells and the special case g = ¢/, i.e., g = 0, the gain and the loss modes completely decouple, and
the PT-symmetry breaking transitions, both in the linear and nonlinear regime, already occur at
Ol =~ Tl =~ T|roir ~ 0. For linear P7T-symmetry chains this instability at ' = 0 has
already been pointed in previous works [49, 136, 137]. For all intermediate parameters the phase
boundaries in figure 6.7 are obtained from the analytic results for the two-mode problem, but with
g replaced by g — ¢’. We see that the single-mode ansatz captures well the relevant physics both
in the low- and high-noise regime. Note that, however, in the ‘thermal’ phase the behavior of the
array can actually be much more complicated, since the system may undergo noise-induced jumps

between multiple metastable configurations.
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Summary and outlook

In this doctoral thesis, we have described the strain-induced coupling of nitrogen-vacancy centers
to individual vibrational modes of diamond nano-mechanical resonators. We have analyzed cooling
and amplification schemes for manipulating the state of these mechanical modes and have shown
that it is possible to efficiently achieve ground-state cooling as well as to drive the resonator into
a large-amplitude coherent state, a state commonly known as a phonon laser. In addition, we
have presented a new approach for realizing mechanical ground-state cooling and schemes for ma-
nipulating the state of mechanical beams, by making use of the intrinsic reservoir consisting of
the continuum of longitudinal compression modes. We have shown that a single silicon-vacancy
center in a diamond nano-scale beam can be used to effectively engineer a mechanical reservoir.
This reservoir can be used to perform ground-state cooling, or to prepare squeezed and entangled
states of low-freqeuncy bending modes. This can be advantageous in cases where optical dissipation

channels are not available or need to be avoided. Finally, we have shown that the combination of
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cooling and lasing schemes can lead to interesting new effects. In particular, we have analyzed the
breaking of parity-time symmetry in the steady state of coupled mechanical systems with loss and
gain. We have shown how nonlinearities due to saturation effects and the influence of thermal or
quantum noise lead to surprising new phenomena. These new phenomena are not expected from
the conventional eigenvalue analysis of idealized parity-time-symmetric systems. This result opens
up a whole new discussion on realising and investigating further microscopic systems that possess
parity-time symmetry.

This dissertation has answered timely questions in the fields of nano-mechanical systems and
parity-time-symmetric systems. Several experimental groups are currently working on the imple-
mentation of the proposed cooling schemes [for a recent review see [65]]. However, it has also raised
new questions and opened up relevant discussions. In particular, in the case of diamond beams
further investigations are necessary in the direction of obtaining efficient schemes for strain-induced
coupling between two diamond impurities. Achieving this, can lead to new schemes for quantum
information processing with solid state spin qubits. Also, the realisation that already very simple
systems with balanced loss and gain are proven to be more complex than previously known, pro-
vides an important incentive for further research. Towards this direction, the next step would be
to further investigate quantum systems possessing this symmetry as well as parity-time-symmetric

arrays.
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Appendix

A.1 NUMERICAL SIMULATIONS

For the numerical results presented in figures. 6.4 and 6.5 in the main text we have simulated the
stochastic equations (6.4) (and the corresponding extended set of equations for the array) using the
Euler-Maruyama method (see section 15 of [127]). Since we are interested in the steady state of the
system, we collect data (complex numbers a(t) and (§(t)) after a time of 5 x 79 where 79 = 1/~ is
approximately the time scale in which the steady state is approached. Over a period of 45 x 19 we
select 4000 random data points. We repeat the procedure 80 times with random initial conditions.

From the numerical data we obtain the marginal steady-state distributions Pss(«) and Py () for
the two modes. Since the system is invariant under a combined rotation of « and 5 in phase space,
also the marginal distributions are radially symmetric. Figure A.1 shows examples of the resulting

radial distribution Pss(r = |a|) for the gain mode, before, close to, and after the transition.
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Figure A.1 — Histograms of the real amplitude r = |« of the resonator with gain and the fitting distribution
(red line)—described by equation (A.1)—for three different values of the ratio I'/g. a) Fitting distribution in
the thermal regime, for I'/g = 3. b) Fitting distribution in the vicinity of the thermally-activated transition,
for T'/g = 6.3. ¢) Fitting distribution in the lasing regime, for I'/g = 8.6. Note that the y-axis of the last
plot has been scaled by 1/3.

To obtain a simple characterization of the system’s steady state, we fit the radial distribution

Py(r = |al) by a distribution of the form

_ (r=r)?
Proo(r) =N xrxe o, (A.1)
where N is a normalization constant. It corresponds to a thermal state for ro = 0 and o = /Ny,

and approaches the distribution of a coherent state with random phase in the limit ¢ < rg. The

optimal values for ry and o are obtained by minimization of the squared difference

N
7”(), Z H Pro o Tz))Q ) (A2)
=1

where H; represents the hight of the i’th bar of the histogram.
While this fitting procedure yields accurate values for the radial displacement of the distribution
maximum, rg, we find that the corresponding values for the width ¢ do not very well capture the

broad thermal background in the vicinity of the transition [see figure A.1 b)]. Therefore, we use
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instead the quantity
(Aa)® = (|af?) =, (A.3)

where the average (Ja|?) is calculated directly from the data set, to represent the range of fluctua-

tions.
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