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Abstract

The purpose of this thesis is to write out and extend the paper [Moul6] by Ayman Moussa,
which provides a modern approach to the classical Aubin-Lions Lemma. The author of [Moul6]
states and proves in his work two generalizations of the Aubin-Lions Lemma, which is an in-
dispensable tool in the studies of nonlinear parabolic differential equations. The two versions
handle the problems, delivered by the estimates of degenerated evolution equations and in-
compressible Navier-Stokes equations, the latter being considered on a non-cylindrical domain.
The interesting fact about his work is his totally different approach to these problems, which
where already studied by many other authors, without using the Aubin-Lions Lemma itself. We
prepare appropriate theory, use most of the ideas and strategies of [Moul6] and carry out the
proofs in [Moul6] substantially equal.
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Introduction

One of the most powerful tools in the studies of nonlinear parabolic differential equations is the
Aubin-Lions Lemma. This result is named after the French mathematicians Jean-Pierre Aubin
and Jacques-Louis Lions. The original statement and the proof can be found in the work of
Aubin [Aub63]. It provides a compactness criterion in the theory of Lebesgue spaces of Banach
space valued functions. More precisely suppose B, X,Y are Banach spaces of functions defined
on a set © C R? and let I € R? be a non empty and bounded interval. Consider a sequence
of functions (up)nen With w, : I — B such that for p € [1,00) the p-th power of the norm
llun(t)|lp : I — R is integrable. If

i) X is compactly embedded in B, which is in turn continuously embedded in Y,

)
ii) (un)nen is bounded in LP(I; X),
i)

(O¢tn )nen is bounded in L"(I;Y), for r > 1,

then the sequence (uy,)nen has a converging subsequence in LP(I; B).

Why is this theorem so important? The Aubin-Lions Lemma gives us the possibility to prove
the existence of a solution in many evolution equations. The usual way to apply the theorem is
to approximate a parabolic problem itself with a Galerkin method or a suitable regularization.
These approximation methods provide a bunch of solvable problems and therefore we obtain
a family of solutions. In general this family of solutions possesses a-priori uniform estimates
securing the hypotheses of the Aubin-Lions Lemma and therefore, applying this theorem renders
a converging subsequence, with the limit constituting a solution for the original problem. With
this in mind we construct two similar results.

In chapter 1 we give a brief overview of Radon measures, Sobolev spaces, Lebesgue spaces for
vector valued functions and we also define most of our notation there.

For the first version of the Aubin-Lions Lemma we modify the classical result by replacing
condition ii) with another boundedness condition. In most of the cases the Banach space X
is usally chosen as the Sobolev space WP (€2). Therefore we have some information about the
sequence of weak gradients (V uy)nen, where V, denotes the gradient in the space variable.
We want to weaken this condition. So let ® : R — R be a nonlinear function with appropriate
conditions and exchange condition ii) above with

ii) (tn)nen is bounded in LP(I; B) and (V,®(uy))nen is bounded in LP(I; B).
Inthsi case the problem arises that we cannot get easily a boundedness result for the gradient of
up. If the derivative ®’(uy(t,x)) is nowhere zero, we could write the gradient of u, as follows:

1
We see, if u,, approaches a critical point of ®, the expression degenerates and the usual Aubin
Lions Lemma fails here.



We deal with this nonlinear version in chapter 2. The chapter starts with a characterisation for
Sobolev functions and progresses with the commutativity of the weak limit and multiplication
of two functions. If a sequence (u,)nen converges weakly towards a function v and a second
sequence (vy,)nen weakly-* converges towards a function v we obtain that

(Unvn) —=25 up

At the end of the chapter we show the proof of our first version applying this weak convergence
result.

For the second version of the Aubin-Lions Lemma we change the setting from a fixed spatial
domain into a moving spatial domain. We start with functions defined on the time/space domain
I x Q, therefore we could say that for each ¢ € I the evaluation of u(t) is a function from 2 to
R. This is just possible, because I x € is a so called cylindrical domain, in the sense, that we
have a fixed domain {2 for each moment ¢ € I.

In contrast consider a family of domains (Q!);cs, representing the motion of a spatial domain
and the corresponding non cylindrical time/space domain is given by

Q= J{ty x 9",

tel

To illustrate the difference of these two domains we present the figure, taken from [Moul6] on
page 3, where on the left hand side we have an example for a cylindrical domain and on the
right hand side we have a non cylindrical domain.

Q" (a,b) x Q Qo

Figure 0.1: Illustration of a cylindrical (left) and a non cylindrical domain (right).

The arising problem with the non cylindrical time/space domain is that we cannot assume
functions w : (t,2) — u(t,z) defined on  as functions of the time variable with values in some
Banach space. Therefore the statement of the Aubin-Lions Lemma is already problematic.

In chapter 3 we give specific regularity conditions for the motion of the family (Q!);c;, for
example we claim that each Qf is diffeomorph to a bounded domain Q@ C RY. With these
assumptions we obtain a lot of facts for the family of sets, e.g. we find a common Poincaré
constant independent of ¢ € I.

The first result we get is close to a Aubin-Lions Lemma for non cylindrical domains and the
proof of this statement applies also for cylindrical domains, hence we could prove a similar



statement to the Aubin-Lions Lemma.

The main theorem of this chapter deals with a compactness result for divergence free vector
fields, which arise in the theory of incompressible Navier-Stokes equations on a moving domain.
For a better understanding we introduce the space of all square integrable divergence free vector
fields L2, (Q)¢ and the important subspace of vector fields in L2, (€2)? satisfying a homogeneous
Neumann condition on 9. At the end of the thesis we present the proof of the main theorem,
where we comprehensively go through the ideas of [Moul6].






1 Prerequisites

In this chapter we want to give a summary about the most important theory we are going to
use in this thesis. Every reader should know the basics of topological spaces, Banach spaces,
metric spaces (for these we refer to [Kall4]) and also measure theory (for this theory we suggest
[Bog07]). Mostly we work with functions defined on the euclidean space R? with the topology
induced by the euclidean norm. Let Q C R?, then we denote the space of all continuous functions
f:Q — R as C°Q) and the space of all functions f : Q — R, which are k-times continuously
differentiable will be denoted as C*(Q), where k takes values in NU{oo}. We define the support
of a function f :R? — R as the set

supp f = {x e R™ : f(x) # 0}.

The subset of C¥(R?) of all functions f with compact support in R%, will be denoted as C¥(R?).
For a subset  C R? we often write D(Q) for the space C°(2) and call it the test functions

We want to give a criterion for the smoothness of the boundary of a bounded subset  C R?
(not:00).

Definition 1.0.1. (Ck /Lipschitz boundary) Let @ C R¢ be an open and bounded set and
Q= {x ER: |zl <1fori=1,... ,d}. We say that Q has a C* boundary, if for every z € 9,
there exist a neighborhood U C R¢ of x and a map H : Q — U satisfying:

i) H is bijective,
i) H e C*(Q) and H~! € C*(U),
i) HQ+) =UNQ and H(Qp) = U NN,

where Q4 = {r € Q:x, >0} and Qp = {zr € Q : x,, = 0}. If H is just Lipschitz continuous,
we call 0Q2 a Lipschitz boundary.

Let us start with some measure theory.

1.1 Measure theory

The Borel o-algebra of a topological space X, which is the o-algebra generated by all open sets
of X, will be denoted as B(X). Let additionally Y be a metric space, and let f: X — Y. We
say that f is a Borel function , if f~*(O) € B(X) for every open set O C Y.

One of the most used measures on R?, is the d-dimensional Lebesgue measure and it will be
dentoted as A\;. Everytime we integrate with respect to the Lebesgue measure, we write dx
instead of dAg(x). The space of all functions for which the p-th power of the absolute value is
Lebesgue integrable in  C R? will be denoted usally as LP(9) for all p € [1, 0] and its norm
will be denoted as |.[|rr(q). We denote the conjugate exponent of p € [1,00) as p', which fulfills

% + z% =1 and where L”' (Q) is the topological dual of L?(€). The set of all locally integrable

functions on Q will be denoted as L},.(Q2). Since we will use them quite often, we recall Fubini
and the Dominated Convergence Theorem.



Theorem 1.1.1. (Fubini) Let p and v be o— finite nonnegative measures on the spaces X and
Y. Suppose that the function f: X XY — R is integrable with respect to the product measure
uw®v. Then the function y — f(x,y) is integrable with respect to v for p—a.e x, the function
x — f(x,y) is integrable with respect to p with v—a.e y, the functions

res /Y fay) o),y /X f(,y) du(z)

are integrable on the corresponding spaces, and one has

/Xxyf(xy)duéw_//fxyd” ) du(z //fxydu ) dv(y).

Proof. See [Bog07],Theorem 3.4.4 on page 185. O

Theorem 1.1.2. (Dominated Convergence Theorem) Let Ay be the d-dimensional
Lebesgue measure on R? and let @ C RY be an open set. Suppose that (f,)nen € LP(Q) converges
to a function f almost everywhere (not: a.e.) in Q. If there exists a function g € LP(Q2) such
that

| frn(2)] < g(x) a.e in Q for every n € N,
then the function f lies in LP(Q2) and

fo =25 in LP(Q).

Let us give a more general version of the Holder inequality, which is the key element in the
proof of the Lyapunov inequality.

Theorem 1.1.3. (Hélder inequality) Assume that Q@ C R? and p,q,r € [1,00] such that
1= % + %. If f e LP(Q) and g € LY(R2), then fg € L"(R) and

19l @) < I fllee@llgliuee)

Theorem 1.1.4. (Lyapunov inequality) If f € I?NL? with 1 < p < q < o0, then f € L7,
for all r with p < r < q and there exists 8 € [0,1] such that
g 1-p

1
< FUBNFIE2, where — = = + —F.
11l < 1IN llg™", where P

We give now a short summary about Radon measures, which can be identified as elements of
the dual space of the set of all continuous functions with compact support. For the interested
reader we recommend the books [AFPO00], [Magl12] and [EG15].

Definition 1.1.5. Let (X, &) be a measure space and let d € N, d > 1.



a) We say that p : £ — R? is a measure, if () = 0 and for any sequence (Ep)pen of pairwise
disjoint elements of &£

oo [e.e]
f (U Eh) = u(Ep).
h=0 h=0
If d = 1 we say, that u is a real measure, if d > 1 we say that p is a vector measure .

b) If p is a measure, we define the total variation || for every E € £ as follows:

o0 oo
|| (E) == sup {Z |u(Ep)| : Ep € € pairwise disjoint, E = | Eh} .
h=0 h=0

Definition 1.1.6. Let X be a locally compact separable metric space, B(X) its Borel o-algebra,
and consider the measure space (X, B(X)).

(i) A positive measure on (X, B(X)) is called a Borel measure. If a Borel measure is finite
on all compact sets (or in other words if a Borel measure is locally finite), it is called a
positive Radon measure.

(ii) A (real- or vector-valued) set function defined on the relatively compact Borel subsets
of X, that is a measure on (K,B(K)) for every compact set K C X, is called a (real-
or vector-valued) Radon measure on X. If u : B(X) — R? is a measure, according to
Definition 1.1.5, then we say that p is a finite Radon measure.

If O is an open set in R, then we denote by M(O) (resp.(M(O)) the set of finite Radon
measures on O (resp.O).

The Riesz Representation Theorem is a very strong tool to handle the topological dual space
of all continuous functions with compact support. One can find the theory for this theorem in
[Magl2]. We only want to use the outcome, which is stated in the next remark.

Remark 1.1.7. Thanks to the Riesz Representation Theorem, we identify the topological dual
space of C,(O) with M(O). The evaluation of a Radon measure p € M(O) at a function
f € C.(O) takes the form:

(1, fc, o) = /Ofdu-

Conversely, if g : O — R is a bounded Borel function and if we define puy(A) = [, g(x) dx for
all A C O, then p, is clearly a finite Radon measure and we simply write g € M(O). We also
denote with (g, f) the evaluation (g4, f), in the sense

(9. f) = /O f(x)g(x) d.

The interpretation of M(O) as dual space of C.(O) renders also an equivalent definition for the
total variation of a measure u € M(O), in particular we have for every open set A C O

|1l (A) = sup {{, ) : o € C(A), [ollo <1}



and for ¥ C O arbitrary
|u|(E) =inf {|u|(A) : E C and A is open} .

For Chapter 2, we will need the definition of the vague Topology on M (R%), with which we can
define the weak convergence in M(R%).

Definition 1.1.8. Let O C R be an open set, then we introduce the vague topology on M(0),
which is generated by the mappings p — (i, f) = [, fdp for all f € C.(O). In particular, p,
vaguely converges to u, if and only if

(tns f) = (s f), V€ C(O). (1.1)

We state the property for Borel measures, that every Borel set with bounded measure can be
approximated by compact sets. We use this property especially for the Lebesgue measure, but
we state the generell result.

Theorem 1.1.9. (Inner approximation by compact sets) If i is a Borel measure on R?,
and E is a Borel set in R, with u(E) < oo, then for every € > 0 there exists a compact set
K C FE such that u(E \ K) < e. In particular,

u(E) =sup{u(K): K C E,K is compact} .
Proof. See [Magl12], proof of Theorem 2.8 on page 18. O
At the end, we define the space of all functions of bounded variation and give an important

result. For the interested reader we suggest the book [AFP00].

Definition 1.1.10. Let Q be an open set in R? and u € LY(Q2). We say u is a function of
bounded variation in €, if the distributional derivative of w is representable by a finite Radon
measure on 2, i.e. if

/u-&giqbdm:—/qbdDiu Vo e C(), i=1,...,n (1.2)
Q Q
for some R%-valued measure Du = (Diu, ..., Dyu) in Q. The vector space of all functions of

bounded variation in € is denoted by BV (£2).
We notice that BV (€2) endowed with the norm

lullBve = [lullp ) + [Dul(2),
is a Banach space. Observe that Du is a functional on C,(2), in the sense that

d

(Du,¢) =Y (Diu,¢) V¢ € C ()

i=1
and the expression |Du|(2) can be, thanks to the Riesz Representation Theorem, interpreted
as
d

[ Dul(2) = sup > [(Diu, ;)]

PeCZ () llell<1 3=

10



The next theorem gives a compactness result for a bounded sequence in BV (£2).

Theorem 1.1.11. (Compactness for BV functions) Let 2 C R? be open and bounded, with
Lipschitz boundary 0. Assume (fp)nen is a bounded sequence in BV (Q2). Then there exists a
subsequence (fn;)jen and a function f € BV (Q) such that

(fn)jen = f in LY(Q).
as j — oo.

Proof. See [EG15] proof of Theorem 5.5, page 203. O

1.2 Sobolev spaces

1.2.1 A short recap

In this section we recall the definition of Sobolev spaces and provide an overview of the relevant
statements. Suppose Q C R? open, u,v € L},.(Q) and a = (ay,...,as) is a multiindex of order
la] = a1 +...+ag = k. We say that v is the ath- weak partial derivative of u, written D% = v,
if

/ (@) D? () dz = (—1)l°! / v(@)p(@)de, Vo e CX(Q).
Q Q

Definition 1.2.1. Let p € [1,00], m € Ny and Q C R?, then we define the Sobolev spaces as
W™P(Q) = {u e LP(Q): D*u € LP(Q)}

where « is a multi-index and D%u is the appropriate weak partial derivative of u. With this

we are able to define the Sobolev spaces.
The space W™P () actually consists of equivalence classes of functions, which coincide on
except on a null set. We define the norm on W"P(Q) as:

HUH{)NWW(Q) = Z HDauuip(Q)v if p < oo,
|| <m

lullwmro) = max [[D%l|1r@q), if p = oo,
lor|<m

It is common to write H¥(Q) instead of W*?2(Q) for all k € Ny U {co}.

We have clearly that each k-times continuously differentiable function f with compact support
in Q C R? lies in W*P(Q) for all p € [1,00]. We call a function f a test function if f € C(Q)
and we will write D(Q) instead of C°(£2). The closure of C2°(Q) in W*?(Q) will be denoted as

We? = OF(@) e

For an open set 2 C R? we establish the our first density result stated in [Brel0]. We need the
following

Definition 1.2.2. Let © C R? be an open set. We say an open subset w C € is strongly
included in Q if @ C Q and @ is compact

11



Lemma 1.2.3. (Friedrichs Lemma) Let Q be an open subset of R? and u € WIP(Q) with
1 < p < o0o. Then there exists a sequence (up)nen in C(RY) such that

Unlo —— u in LP(Q),
n—oo
Vup|w — Vuly in LP(w)? for all strongly included subsets w C §).
n—oo

In the case Q@ = RY, there exists a subsequence (up)nen in C(RY) such that

Up —— U in LP(Q),
n—oo

Vu, —— Vu n Lp(w)d.

n—oo

Proof. See [Brel0], page 265, Theorem 9.2 O

Most of the time we will need continuous Sobolev embeddings for all p € [1,00] and for this
purpose we want to recall the definitions of a continuous and a compact embedding.

Definition 1.2.4. Let X and Y be Banach spaces, X C Y. We say that X is continuously
embedded in Y, denoted by X — Y, provided

lz|ly < Cllz|lx Vo e X

Definition 1.2.5. Let (X,d) be a metric space. A subset M of X is totally bounded, if and
only if for every € > 0, there exists a finite collection of open balls in M of radius €, whose union
contains M.

Definition 1.2.6. Let X and Y be Banach spaces, X C Y. We say that X is compactly
embedded in Y, denoted by X CC Y, provided

(i) X embeds continuously in Y,

(ii) any bounded set in X is totally bounded in Y, i.e. every sequence in a bounded subset of
X has a subsequence that is Cauchy in the norm ||.||y.

At this point we define the Sobolev exponent and state one of the main embedding theorems
for Sobolev spaces.

Definition 1.2.7. Let d be the dimension of the underlying space R?%. If 1 < p < d, the Sobolev
exponent of p is

We adopt the convention p* = 0o, when p = d.

Theorem 1.2.8. (Rellich-Kondrachov Compactness Theorem) Assume Q2 is a bounded
open subset of R?, and 09 is C'. Suppose 1 < p < d. Then

WP (Q) cc LY(Q)

for each 1 < g < p*.

12



Proof. See [Eva98] page 272. O

The next two corollaries, taken from [Brel0], give an overview of all continuous embeddings,
which are important for us.

Corollary 1.2.9. Suppose that Q is an open and bounded subset of R with 0Q € C'. Let
p € [1,00], then we have

WhP(Q) ¢ L (Q) if p < d,
WhP(Q) € LY(Q) Vg € [p,o0), if p=d,
WP (Q) c L>(Q) if p>d,

and all these embeddings are continuous.
Proof. See Corollary 9.14 in [Brel0], on page 285. O

Sometimes we need Sobolev embeddings for the whole space R?. The following results can be
found in [Brel0].

Corollary 1.2.10. Let m > 1 be an integer and let p € [1,00). We have

1 1 m 1 m
WmP(RY) C LY(RY), where — = — — —, if ——— >0,
(R) (RY) = d fp -
m d d .1 m
WP (RY) C LY(R?), Vq € [p,0), i };_E:O’
1
W (RY) € L¥(RY), i<,

and all these embeddings are continuous.
Proof. See Corollary 9.13 in [Brel0], on page 284. O

At the end we give a generally version of the Poincaré inequality . For this version we need the
definition of the mean value of a function and we give a meaning to the expression ||Vul|1rq)
Let Q € R? and denote with |.| the p-norm in R?, then

(o ::/udx, IVul?, Q)_/ Yl da.
Q Q

Theorem 1.2.11. (Poincaré inequality) Let Q be a bounded, connected and open subset of
R, with Lipschitz boundary 0Q. Assumep € [1,00]. Then there exists a constant Cq, depending
only on d,p and 2, such that

luv = (wallLr@) < CallVullLr ),
for each function u € WHP(Q).
Proof. See [Eva98] Theorem 1 on page 275. O

Remark 1.2.12. It is easy to check that the norm of the Sobolev space H!(€), for arbitrary
Q c R4, holds

d
”uH2H1(Q) = HUH%,?(Q) + Z ||azi“||i2(g) = HUH?}(Q) + ||Vu”i2(Q)~

Hence we obtain with the Poincaré inequality the following estimate

lu = (Wellag) < VL + Ca)llVull 2 g)- (1.3)

13



1.2.2 Traces

We are going to define the trace-operator for Sobolev functions. It assigns “boundary values” to
functions u € WHP(U), assuming that U is C. If u € C(U), the evaluation of u at a boundary
point of U is well defined. Therefore the restriction of the trace-operator v on W?(U/) n C(U)
has to satisfy yu = u|sy. The next theorem guarantees the existence of such an operator. If it
is not otherwise stated, assume p € [1,00).

Theorem 1.2.13. (Trace-Theorem) Assume that U C R? is bounded and OU is C'. Then
there exists a bounded linear operator

v : WHP(U) — LP(9U)
such that
(i) yu = ulpy if u € WHP(U) N C(U) and
(i) |lvullLe vy < Cllullwre @
for each u € WYP(U), with the constant C' depending only on p and U.

Proof. See [Eva98| page 258. O

Definition 1.2.14. Let U be an open set in R? and oU is C* and let w € H™(U) for m €
NU {o0}, then

(i) we call yu the trace of u on OU, and

(ii) we define the space Hmfé(aU) = ~y(H™(U)) and endowe it with the norm

= inf ullgmvy-
193 o0y = yeqpritt ., el )

We will not need the next result for this thesis, but it gives some intuition on how functions
with trace equal to 0 can be understood.

Theorem 1.2.15. Assume U C R is bounded and OU is C*. Suppose furthermore that u €
WLP(U). Then

u € W(l)’p(U) if and only if ~yu =0 on OU

Proof. See [Eva98| page 259. O

1.2.3 Regularization

We shall introduce some elementary results concerning the approximation of functions by
smooth functions. Let ¢ € C°(R?) be a smooth, even and non-negative function with sup-
port in the unit ball Bi(0) of R% and lollimay = 1. We define for each the sequence of

non-negative even mollifiers o, € C°(R?) as ¢, (x) = n—ldgo(%), n > 0, such that the properties

(1) g017 2 07
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(i) @p(x) = @y(—x) Vx € R?,
(iii) supp(py,) C By(0),
(iv) Jgan=1.

hold. Let f, g : RY — R be two Borel functions. We write the convolution of these two functions
as

fra@) = [ =ty

We assume that the reader knows the basic properties of convolutions. Otherwise we suggest
[Brel0] for more information. The mollifiers have for this thesis relevant results, like the regu-
larization of a function f € LP(f), where Q is an open subset of R%. With this regularization
we are able to approximate such a function arbitrarily close.

Definition 1.2.16. Let f be in LP(RY) for 1 < p < oo, then we define the n—regularization as

the convolution f, = f x ¢,.

Lemma 1.2.17. For each n € (0,1) we have that supp f,, C supp f + B,(0) and f, € C(R?).

Proof. See [Sho94] page 31. O

Lemma 1.2.18. If f € C.(Q), where Q C R? is open, then fn — [ uniformly in Q for n — 0.
If f e LP(Q), 1 < p < oo, then || fyllr) < [Ifllr) and f — f in LP(Q) for n — 0.

Proof. See [Sho94| page 32. O

1.3 The Lebesgue Space L?([0,T]; B) of Banach space Valued
Functions

Since solutions of parabolic equations are functions in space and time, it may occur that the
regularity of the time is different to the regularity of the space. Therefore we need Sobolev spaces
which can differentiate between the space- and time variable. We say a function [0,7] x B — R
takes values in a Banach space B, if u(t) € B for all t € [0,T]. Lets take a closer look on these
functions.

Definition 1.3.1. Let B be a Banach space and T > 0

(i) The space C*([0,T]; B), k € Ng U {oo} is the set of all k-times continuously differentiable
functions u : [0,7] — B. The norm is given by

k .
0'u
lellck o1 = z;o?%}%r” gz (Dlls

1=

(ii) The space LP((0,T); B) for p € [1, o0] is the space of all (equivalence classes of ) measurable
functions u : (0,7) — B, that satisfy

T
Il oy = | I it < o0 for p € [0,0)

[ullLoe(0,7);8) = esssup [lu(t)[|p < o0 for p = oo.
0<t<T
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We give some properties of the Lebesgue space concerning their topological structure. For the
proofs and further information see [Zei90a|, page 407.

Proposition 1.3.2. (Properties of Lebesgue Spaces) Let m € Ny and 1 < p < oo. Let B
and X be Banach spaces over R. Then

(i) C™([0,T]; B), endowed with the norm ||.|[cm(jo,1);8), % a Banach space over R.

(i) LP([0,T]; B) endowed with the norm ||l »(jo,m;B), i @ Banach space over R, in the case
where one identifies functions that are equal almost everywhere on [0,T]. Moreover, the
set of all step functions u : [0,T] — B is dense in LP([0,T]; B).

(i1i) C([0,T]; B) is dense in LP(]0,T]; B), and the embedding
C([0,T]; B) = L*([0, T]; B)
18 COntinuous.

(iv) If H is a Hilbert space with scalar product (.,.)g, then L2([0,T]; H) is also a Hilbert space
with the scalar product

T
(u,v) = /O (u(t), v(t)) 5 dt.

(v) For 1 <p < oo the spacel ([0, T]; B) is separable, if B is separable .
(vi) If the embedding X — B is continuous, then the embedding
(0,7 X) > (0, T B)  1<p<r<oo
15 also continuous.

(vii) Let Q C R? and let B = LP(Q) with 1 < p < co. Then we can identify LP([0,T]; LP(£2))
with LP(I x Q). This does not hold for p = cc.

Let B be a Banach space with norm ||.||. We first recall the definition of the dual space. It is
defined by B’ .= {f : B — R : f is linear and continuous} and its norm is given by
1fllsr = sup [f(u)l.
lull <1

The following describes the dual space of LP(0,T’; B), in the terms of another Lebesgue space.

Proposition 1.3.3. Let B be a reflexive and separable Banach space, 1 < p < oo and p’ be
the conjugate exponent of p. Then we the following identification:

(L”(0,7); B)) = L¥(0,7]; B)

We point out that there exists also a Holder inequality for Lebesgue spaces.

Proposition 1.3.4. (Ho6lder inequality) Let B be a Banach space, then for all
w e LP([0,T); B) and for all v € LP'([0,T]; B') the adapted Hélder inequality holds:

HUUHLI([O,T};B) < HUHLP([O,T];B)HUHLP/([QT];B/)? (1'4)
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and all these integrals do exist.
Proof. For the proof see [Zei90a], proof of Proposition 23.6 on page 411. O
At the end we want to state an usefull proposition from functional analysis, without a proof.

Proposition 1.3.5. Let B and X be Banach spaces such that B is dense and continuously
embedded. Then the embedding X' — B’ is continuous. Additionally if X is reflexive, then X'
is dense in B’.
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2 First Version

2.1 The nonlinear version

Let us begin this chapter with the statement of the first version of the Aubin-Lions Lemma.
This version deals with the lack of knowledge of the compactness in the space variable, where
we only have information about some function on it. We denote by M(I,H™™(Q2)) the dual
space of C.(I,H™(Q)) for any arbitrary subset Q in R?.

Theorem 2.1.1. Consider a non-empty closed and bounded interval I C R, and a bounded open
set Q C RY with Lipschitz boundary. Furthermore consider a function ® € Wllt;}:(R, R) such that
(1jgr|<5)s>0 converges to 0 in LY(R), as 6 — 0. If a sequence of functions (un)nen in L2(I x Q)
satisfies, that

(i) (Un)nen is bounded in L2(I x Q),

(ii) the sequence of time derivative (Op(uy))nen is bounded in M(I; H™(Q)), and
(i1i) (Vx®(up))nen is bounded in L*(I x ),
then (un)nen is relatively compact in L2(I x Q).

To prove this theorem, we need to show that the product of a weakly converging sequence and
a weakly-* converging sequence, which satisfy additional properties, is weakly convergent. This
convergence result will be shown in the section below.

2.2 Weak convergence of a product

This section starts with the Lyapunov inequality for functions in vector valued Lebesgue spaces,
then we show a characterisation for Sobolev functions, which is the key element of the Commu-
tator Lemma. With all this preparation we are able to show the desired result of this section.
Lemma 2.2.1. (Lyapunov inequality for vector valued functions) Let I C R be a
bounded interval, v € LI(I; LPY(RY)) N LI(I1; LP2(RY)) with q € [1,00] and 1 < p; < py < oo.
Then u € LY(I;L"(RY)) for all r € [p1,p2] and for the number B € [0,1] which satisfies 1 =
pﬁl + lp_Tﬁ, we have

HUHL‘J(I;LT(Rd)) < Huuiq([;Lm (Rd))”uuiz(ﬁ[;LZQ(Rd))‘

Proof. The only cases where § = 1 or 8 = 0, occur when r = p; or r = ps or p; = p. In all
these cases we clearly have equality. Therefore let r € (p1,p2) with p; # po.

There exists 3 € (0,1) such that + = p% + 1;—25. Since u(t) € LP*(R%) N LP2(RY) for all t € I, we
are able to apply the Lyapunov inequality , Theorem 1.1.4, and obtain for all ¢t €

()l ey < NNy gy ()b g (2.1)
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Using (2.1) we get

1
Il = [ IOy < [ T e [aOES 2 . (2.2

Since
1
SO ) dt < o0 and [ Q@IS )77 de < o,

1 1 . _ _
125, sy € L7 (1) and [Ju(t) [£55 2 € LT7 (D). Since (3) "+ (r£5) 7 =1, we can

apply the Holder 1nequahty on (2.2) and obtam

SO, O de < ([ Guo, Rmdt)ﬁ(/lur OIL )T

Hu”Lq([ ;LP1 (R4 )HuHLq [Lpz (R4))*

we have ||u(t)

This shows the desired estimate for all ¢ € [1,00). Since all arguments also hold for ¢ = oo, the
proof can be done the same way. U

For the characterisation of Sobolev functions we give the definition of the shift operator and
show that it is an isometric linear operator.

Definition 2.2.2. We define the shift operator T : REY 5 RR? for b € RL. If f is some
function defined on RY, then 7, f(x) = f(x — h).

Lemma 2.2.3. Let 7, : LP(R)? — LP(R)? for p > 1, then 7, is an isometric linear operator.

Proof. The linearity of 7, is clear. Define the shift operator for y € R? as 7,(z) = z — y for
all z € R We have that det D7, = 1 for all y € R? and with the Transformation rule (see
Theorem 3.1.3) we obtain for all u € L?(RY) and z =z — y

Iyl oy = [ TGP do = [ ol 7D de = el oy
O

Proposition 2.2.4. For h € R? let 7j, : LP(RY) — LP(RY) be the shift operator as defined in
Definition 2.2.2, and let u € W'P(R?) with 1 < p < co. Then we have

[7hu — ullpe@ey < B[ Vullpe g (2.3)

Proof. We want to reproduce the proof of [BrelO] on page 267.
Assume first that u € C(RY). Let h € R? and set

v(t) == u(x + th), teR.

Then v(t)' = h - Vu(x + th) and thus

1 1
u(:lt—l—h)—u(:c):v(l)—v(O):/O U’(t)dt:/o h- Vu(z + th) dt.
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With Jensen’s inequality we obtain for 1 < p < oo that

1
i — ulP < |h|p/ V(e + th)[P dt.
0

and
1
/ |Thu(x)—u(x)\de§|hyp/ / V(e + th)]? dt da
Rd R4 JO
1
<|hyp// Yz + th)|? da dt
0 R4
1
<iwp [ [ [wutypdy
0 Rd
and thus

lrns = ully gy < IRl

Rd Rd)"

This proves (2.3) for all u € C°(RY). Assume now that u € WHP(RY), with 1 < p < oo. Thanks
to the Friedrichs Lemma (Lemma 1.2.3) we get a sequence (u,)neny € C°(RY) with u,, — u in
L?(R?) and Vu, — Vu in LP(R%)%. The last inequality holds for all u, and we conclude the
proof with passing to the limit. O

It is not clear that one can apply Proposition 2.2.4 above for all non-empty open and bounded
subsets O C RY, because if u € LP(0), the function 7,u would not be well defined. This Problem
in mind we give a refinement of the previous Proposition, which we will use in another chapter.

Theorem 2.2.5. Let Q C R be an open set and let w C Q be compact or strongly included (see
Definition 1.2.2). Furthermore let u € WHP(Q) with 1 < p < oo, then we have for all h € R?
with |h] < d(w, 09)

IThu — ullrw) < [[Vullie@)lhl.

Proof. The proof is very similar to the prove of Proposition 2.2.4. For a detailed proof see
[Brel0] Proposition 9.3 on page 267. O

To follow Moussa [Moul6] we will repeatedly use the sequence (¢y),e(0,1) of nonnegative even
mollifiers as defined in Subsection 1.2.3. If we convolute such a mollifier with a function w :
I x RY - R, where I C R is a non empty and bounded interval, then we understand this
convolution as a convolution in the space variable. For example let u € LP(I x R%) for some
p € [1,00] and let ¢,, n > 0, be a sequence of mollifiers as defined in Subsection 1.2.3, then the
convolution of both functions is defined as

U pp(t, ) = /Rd u(t,r —y)en(y) dy = /Rd u(t, y)ey(z —y) dy.

Lemma 2.2.6. (Commutator Lemma) Let ¢ € [1,00), p € [1,d], r € [L,p*) and I =
[a,b] C R be a non-empty closed and bounded interval. Consider a bounded sequence (un)neN
in LI(I; WHP(RY)) and a bounded sequence (vp)pen in LY (I; L7 (RY)). Let (¢n)y>0 be defined
as in Subsection 1.2.3, t hen the commutator (convolution in the space variable only)

Sy = Un(Un % ©p) — (Unvn) * @p
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goes to 0 in LY(I x R?) as n — 0, uniformly in n.

Proof. We will use the shift operator 73, as defined in Definition 2.2.2. We want to show, that
for all r < p*

Thitn = Un —— 0 in LY(I; L7 (RY)) uniformly in 7. (2.4)
—

Since WHP(R?) embeds continuously into L"(R?) for all » € [1,p*] and thanks to Proposition
1.3.2 we know, that the sequence (uy)nen is also bounded in LI(I; L"(R?)) for all » € [1,p*].
Therefore we get that for all h € R? the sequence (7puy, —un )nen is also bounded in LY(I; L™ (R9))
for all r € [1,p*]. Especially we find C;, Cp« > 0, such that

||Thun - UnHLq(];Ll(Rd)) <Cy Vn € N,
HThun - un”Lq(I;Lp* (Rd)) S Cp* Yn & N.

We want to apply Lemma 2.2.1. Since for all n € N we have m,u, — u, € LI(I;L}(R?)) N
L(I; LP(RY)) and 7u, — u, € LI(I; LP(RY)) N LIA(T; LP" (RY)), we find By, B+ € [0,1] such that
the following two estimates hold for all n € N:

1
[ 7htn — unHLq(I;LT(Rd)) < |Imhun — “nHLq I,L!(R4)) | Thtn — un||£q [Bi)p(Rd)) vre[l,p], (2.5)
(1=Bp»)
HThun - uTLHLq(I;LT(Rd)) < HThun UnHLq (I;LP (R9)) HThuTl uTLHLq(]ZLp (R9)) vre [ 7p*]'
(2.6)

Setting C' := maX(Clﬁl,C(l P )) and combining (2.5) and (2.6) we have for all n € N:

n — Un||La(I:L" <C n—ni . Vel,*. 2.7
([ Thu Unly, (LLT(RD)) = ie{(l@aﬁﬁp*}(ﬂmu U ||Lq(1,Lp(Rd))) r € [1,p] (2.7)

So it is sufficient for (2.4) to prove that || 7nun — un||re(r,1r(ray) g0es to zero for A — 0 uniformly
in n. Let us denote with V, the gradient in R?, then thanks to Proposition 2.2.4 we obtain

It = gy = [ 170n(®) = ) g

< [ It O gy = I 0 0

The sequence (Vup)nen is bounded in Ld(I; LP(R%)) by some constant C' > 0 , so that for all
r € [1,p*] we finally get with (2.7)

1 Tntn — un|lLa(ror ey < Cie{(lrzlg))(,ﬁp*}(”Thun — Unllta(r.10Ray)

< r¥n iq -LLP h‘l
<€ ey 17 liaamoy )

<C max (CYn]).
ie{(lfﬁl)zﬁp*}

Passing to the limit h — 0, we obtain (2.4).
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Since the mollifier ¢, has support in B, (0), we can rewrite the commutator as follows
Snn(t, 2) = up(vn * @y)(t, ) — (upvn) * @y (t, )
= /Rd un(t, 2)on(t, x = y)oy(y) dy — /Rd un(t, z = y)on(t, z = y)en(y) dy

= / (un(t, @) — un(t, 2 — y))on(t,  — y)on(y) dy
By (0)

- / (tn(t, 2) — 7ytin(£,2))n (b, — ) (4) dy.
By (0)

Now for € > 0 we find 19 > 0 such that for all |y| < ny and all r € [1,p*) we have

| 7—ytn — un|lra(rr(rayy < € for all n € N. Since the sequence (v,)nen is bounded in
LY (I;L" (R%)), we find a constant C,, > 0 such that for all n € N we have HU””L‘I’(I;LT’
Thanks to Fubini and the Holder inequality (1.4) we obtain for all 7 < nq

@) < Co

[Snnll(rxray = 19nallLr iz ray) =/Ilun(t)(vn(t)wn)—(un(t)vn(t))wnHLl(Rd) dt

= [ et n(0) 5 20) ) = (0 00 0) )0

~ [ L] () = uata)ont s — ey dy o de
Re JB,(0)

/ / |(un (t, ) — T_yun(t, x))vn(t, x — y) ey (y)| de dt dy
By(0 Rd

B /Iy <n Ir=yeun = unHLq LLT(R) HU”HLQ (IL™ (RY) )’Sé’n( y)| dy

< E””””Lq'(I;LT'(Rd)) /y|<77 |‘Pn(y)’ dy = 5HUn||Lq’(];Lr’([Rd))
< Cue,

which yields the desired uniform convergence. O
For the next proof we need a simple result from the measure theory.

Lemma 2.2.7. Let fn,gn, f,9: 2 — R be measurable functions for alln € N on a subset € in
R? satisfying

o f, converges to f almost everywhere in 2,
o the sequence (fn)nen is bounded in L°°(Q),

e g, converges weakly towards g in L1(Q),

then the sequence of the products (fngn)nen converges weakly towards fg in L*(Q).
Proof. Let ¢ € L>(2), then

|<fngn_fgv¢>| :‘/Q(fngn_fng"i_fng_fg)édﬂ
S\/anu ¢dx\+r/ (Ju — Pode]
S TA /Q (gn — 9)6] + / 9(f — 19| de
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The first term converges to zero, thanks to the boundedness of (f,,)nen in L(2) and the weak
convergence of (gn)nen in LY(Q). Since f, converges to f almost everywhere, we have the
following convergence

lu(@)p(z)(folz) — f(2)] 22250  ae. in Q.

Additionally we have clearly that the function 2|u|[|||so| fnllLo () lies in L'(€2) and is an upper
bound for the sequence (|u¢(fn — f)|)nen. Therefore we can apply the dominated convergence
theorem and obtain that the sequence f,g, converges weakly towards fg. U

With all these tools, we are able to state and prove the main statement of this section.

Proposition 2.2.8. Let g € [1,00), p € [1,d], r € [1,p*) and I C R a non-empty interval.
Consider (un)nen bounded in LI(1; WHP(RY)) and (vy)nen bounded in LY (I; L7 (RY)) and weakly
or weakly-+ converging in these spaces to u and v respectively. If the sequence (Oyvp)neN 1S

bounded in M(I;H"™(R?)) for some m € N then, up to a subsequence, we have the following
vague convergence in M(I x RY) (i.e. with C.(I x R?) test functions):

(Unp) =25 yp (2.8)

Proof. For each f € C.(I x RY) we find a compact set Ky C1Ix R¢ such that supp f C Ky
and for Ky there exists an open Ball By (0) with radius N € N, such that Ky C I x Byn(0).
Let us define On = I x By(0). If we find for each N € N a converging subsequence, we can
argue through a standard diagonal argument, that there exists a converging subsequence of
(Unvn)nen, which converges vaguely in all M(Oy) and we obtain the desired vague convergence
in M(I x R%). Therefore it is sufficient to prove for all N € N the existence of a subsequence
of (unvn)nen, which converges in the vague topology of M(Op) towards wv. In particular we
want to find for each N € N a subsequence (uy, vy, )ien such that

lim (up, vy, f) = lim U, (t, ) op, (t, z) f(t, z) d(t,x) =0, Vf e C.(On). (2.9)

1—00 1—00 On

To avoid a notational confusion, we will not write subindices. Now fix N € N and define the
sequence of mollifiers (¢;),c(0,1) as in section 1.2.3, then we show (2.9) in the following 5 steps.

Step 1. In this step we want to prove that
w(v * @) — uv in L'(On). (2.10)
n—0

Since WHP(By(0)) embeds continuously into L"(By(0)) we have that
u € LY(I;L"(By(0))). Therefore we obtain with the Hélder inequality

la(v* on) = wvllgs o, = /I u(t) (0 % ) (t) = V(DI (g 0y dE <

< /1 [ lLr By o)) 1 (0 % 2n) (8) = v (Ol (o)) 9

< HUHL‘I(I;L’"(BN(O)))H(U * 9077) - vHqu(I;LT/(BN(O)))'

In the last step we applied Hélder on the functions [|u(t)[|1r gy (0)) € LY(I) and
| (v * @p)(t) — v(t)HLT/(BN(O)) € L9 (I). Thanks to this estimate we can finish this step if

n—0

H(U*(Pn) - U”Lq/(l;LT/(BN(O))) — 0. (211)
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Step 2.

Interpret the expression [|v x ¢, (t) — U(t)HLT’(BN(O)) as function from I to R, then, with
applying Lemma 1.2.18, we obtain the pointwise convergence

n—0

llv* n(t) — U(t)HLT’(BN(o)) —0 Vtel.

Since [lvxpy,(t)—v(t) HLT’(BN(O)) is bounded by the function 2||v(t) ”L,,J(BN(O)), the conditions

of the dominated convergence theorem are satisfied and we get (2.11).

For this step we desire a weak converging subsequence of (u, (v, * ¢y))nen, in particular
we want for all n € (0,1)

(un(vn * o)) " u(vxpy)  weakly in L' (Op). (2.12)

For this we intend to apply Lemma 2.2.7 on the sequences (vy, * ¢5)nen and (un)nen.
Let n € (0,1) be arbitrary but fix. Thanks to Proposition 1.3.2 we have that

LI(I; WHP(By(0))) embeds continuously and dense into L'(Ox) and therefore, thanks to
Lemma 1.3.5, we have that

u,, converges weakly towards u in L'(Oy). (2.13)

Now we take a closer look on the sequence (vp * ¢p)nen. First we want to show the
existence of a subsequence such that

Un * P I vk ©n a.e. in Op. (2.14)

Our strategy is to prove that (v, %y )nen is bounded in BV (Oy) and deduce with Theorem
1.1.11 the existence of a converging subsequence in L'(Oy), which in turn provides a
converging subsequence a.e. in Oy.

Since L (By) embeds continuously into L!(By), there exists thanks to Proposition 1.3.2
an upper bound C, > 0 of the sequence (vy,)nen in L' (Oy). Since ¢, € C°(R?) we obtain
for all n € N the existence of the weak derivatives

Oz, (Un % o) = vy * O,y Vie{l,...,d}.

We have for all i € {1,...,d} that the sequence (s, (vy, * ¥;))nen is bounded in L'(Oy),
because of Young’s inequality for convolutions we have

|0z, (v * 9077)”L1(ON) < /I [on(t) * axiS"TiHLl(BN(O)) dt
< [ 1Ol op9ea b o
= ”83%9017||L1(BN(0))an”Ll(ON) < Ham(p?]HLl(BN(O))C’U‘
Define the constant Cy, := [|0,nll11(py (0))- Since (Iz, (vn*¥p))nen is bounded in LY(On)
and since (O, (vn * ¢y))nen is a sequence in M(Oy ), the total variation of each element
coincide with the L-norm. Therefore we have for each i € {1,...,d} that the sequence of

total variations (|0, (vn * ¥5)|(ON))nen is bounded by a constant depending only on the
mollifier ¢, .
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Step 3.

Step 4.

26

Now let Cp, denote the upper bound of the total variations (|0;(v, * ¢5)|(ON))nen. For
the sequence of the time derivative (0¢(v, * ) )nen we get for any ¢ € C°(On)

[(O(vn % o), d)| = [{(vn % ©n), OL) | = [(Un, Ord x )| = [(vn, DD * py))|
= [(Orvn, & x oy)| < [ 0wnl|llé * opllc, 1™ By (0))
< CBtCm||¢||00a

where C;, is a constant depending on the mollifier ¢,. Thanks to the dense and continuous
embedding C°(Oy) into C.(On), we obtain for all n € N

sup ‘(875 (Un * 9077)7 ¢> | < Cat CTH .
#€C.(On),lIoll<1

Therefore we get that the sequence of total variations (|0¢(vn, * ¢n)|(ON))nen is bounded
by a constant depending only on the mollifier ¢,. Eventually we obtain that

sup [lvn * oyl Bvoy) < Cy

neN
and deduce with Theorem 1.1.11 that (2.14) is true. Since the sequence (v, x @y)nen is
bounded in L*°(Oy), what is a direct consequence the bounds of (v, )nen and (Opvp )nen
in L9 (I; L (Bx(0))) and M(I; H-™(By/(0))) respectively and the fact that on € C,(RY),
the conditions of Lemma 2.2.7 are satisfied, hence the desired weak convergence (2.12)
holds.

From Lemma 2.2.6 we infer

0
sup ||un (vn * ) — (upvn) * 9077||L1(ON) =0
neN
The aim of this step is to prove that for all f € C_.(On)
0
(wnn * 9y = Unn, £, (Oy) ~— 0 (2.15)

uniformly in n. Since (u,)pen is bounded in LI(I; WHP(R?)) and LI(1; WHP(RY)) —
LY(I;L"(R%)), we get

J T @Ol syt < [ Ol sy o ()

With the boundedness of (v, )nen in LY (7; L7 (R?)), the inequality above and Proposition
1.3.2 we obtain that (u,v,)nen is bounded in LY(I x R?). Since ¢y is a mollifier, we also
obtain that (unv, * ¢y)nen is bounded in L'(Bx(0)). Thanks to Remark 1.1.7 and the
fact that ¢, is even, we get for arbitrary f € C.(On)

<Unvn * Ppn — UnUn, f)CC(ON) = /O (Un(ta x)vn(t7 x) * @n(x))f(t, ‘7:) d(tv x)_

—/ Un (t, ) (t, ) f(t, z) d(t,x) =
On
= (unvn, fx on = flc.on) <

< unvnllprrxraylf * o0 = fllLee (1xray



Since f x ¢, — f converges, due to Lemma 1.2.18, uniformly to zero w.r.t. ||.|lc_rxre):

it also converges uniformly to zero in L°°(I x RY). This shows the uniform convergence
(2.15).

Step 5. We are now able to show the desired convergence. For that reason let fC.(On) be
arbitrary, then

N) = (uv —u(vxpy), o o) (2.16)
+ (u(vx o) = un(vn * 4), flc, on) (2.17)
+ (un (v * ‘Pn) — (unvn) * Pns f)Cc(ON) (2.18)
+ (2.19)

(unvn) * Py — UnpUn, f>CC(ON)

(wv — upvn, f)c, o

Let € > 0, then we can choose 7 > 0, such that the summands (2.16),(2.18) and (2.19)
are smaller than § for all n € N, thanks to the steps 1, 3 and 4. Due to step 2 we find
ny € N, such that the summand (2.17) is smaller than 4(5}".

O

To prove our main theorem we give a simple variation of Proposition 2.2.8 in the case of an
open and bounded domain Q C R?. We give a definition of bump functions, which are needed
for the proof.

Definition 2.2.9. Let O C R? be an open set. Then for every compact subset K C O there
exists a smooth function p : R* = R, with p(z) = 1 forallz € K, 0 < p(z) < 1forz € O\ K
and p(z) = 0 for + € R?\ O. We call such functions bump functions.

Proposition 2.2.10. Let Q C R be an open and bounded set with Lipschitz boundary,
q € [1,00), p € [1,d], r € [1,p*] and I C R a closed and bounded interval. Consider two
sequences (tn)nen, (Un)nen bounded in LI(I; WP(Q)) and LY (I; L7 (Q)), respectively weakly and
weak—"* converging in this spaces to u and v. If (Opvp)nen is bounded in M(I;H™™(Q)) for
some m € N, then up to a subsequence, we have the following weak—* convergence in M(I x Q)
(i.e. with C (I x Q))

Proof. Notice that (u,vp)nen is bounded in L(I x Q). For the proof, read step 4 in the proof
of Proposition 2.2.8 and replace R? with €.

Since A4 is a Radon measure we can apply Theorem 1.1.9 to find a sequence of compact sets
(Kk)ken, such that \g(Q\ Ki) < % for all £k € N. For each K}, we define the bump function
pi : R — R. Tt is easy to prove the following convergences:

PrUY L NpY inL!(I x Q) (2.20)
Prtln ~—22 pru weakly in L¢(I; WP (0Q)) (2.21)
PrUn 225 pv weakly-* in LI(I; WP(Q)) (2.22)

The two sequences (prun)nen and (prvp)nen satisfy all the assumptions of Proposition 2.2.8,
therefore we get that (p%unvnlneN converges weakly to pfuv in M(I x RY) or M(I x Q) respec-
tively. For every f € C%(I x Q), all k € N and all n € N the following holds:

[(tnvns P rxy — (00, P = |Unvn, (1= 82)F) + (Phtnvas £ — (uv, £)] <
< [{uwntn, (1= )1+ [oRatnvn, ) — (pruv, £)] + [pwww, ) — (uv, £}, (2.23)
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Lets take a closer look on the first summand of (2.23). Since f is continuous and has compact
support, it is bounded by a constant Cy € R. We have also (1 — pi) = 0 on K} and therefore
we have for all n € N

om0 = NN Cp [l d(t.0) < Cp - OMall x (@) K)).
Ix(Q\Kk)

This term converges to zero for k to infinity, uniformly in n. For every £ > 0 there exists a

ko € N, such that for all k > ko and all n € N we have (upvy, (1 —p3)f) < 5.

The other summands of (2.23) are treated as follows. Together with (2.20) we find for every

e > 0ak; €N, such that |[(pfuv, f) —(wv, f)| < £ for all k > ky. Define kg, := max(ko, k1), then

we are able to choose ny ., such that for all n > ns . we obtain \(pif _UnUn, - (pifsuv, Ni<s.

This shows that we find for every f € C°(I xQ) and every e > 0 an .5 such that for alln > ny .
we get [(Unvn, f)co(rxm) = (uvs f)corxm)| < € which shows the weak convergence of the sequence

(unvn)neN . (]

2.3 Proof of Theorem 2.1.1

At this point we want to remind the reader of Rademacher’s Theorem, which says that every
Lipschitz function f : U — R™, where U is a subset of R" and n,m are natural numbers, is
a.e. differentiable and its derivative is bounded by its Lipschitz constant. Further we recall
a variation of the chain rule, where f is a Lipschitz continuous function and u has a weak
derivative. For more detailed information we suggest [Zie89].

Theorem 2.3.1. (Chain Rule for Sobolev functions) Let f : R — R be a Lipschitz
function and u € WYP(Q), where Q is some open set in R and p € [1,00]. If fou € LP(Q),
then fou € WYP(Q) and for almost all x € Q it holds

D(f ou)(z) = f'(u(x))Du(z).
Proof. See [Zie89], proof of Theorem 2.1.11 on page 48. O

Definition 2.3.2. Let X be a normed space (X, ||.||). A function f: X — RU {—o00,00} is
called lower (upper) semi-continuous at xg € X if for everey sequence (x,)nen converging to
T, i.e. , — = holds

n—oo

We call f weakly lower (upper) semicontinous if we replace in the definition above convergence
in the norm by weak convergence, i.e. z,, — xg.

To prove Theorem 2.1.1 we define the critical points of ®. A point py € R is called a critical
point of ® , if ®(pg) = 0 and a regular point of ® otherwise. We call a function f : U — R
regular where U C RY, if ®'(f(z)) # 0 for all x € R?.

The main problem of Theorem 2.1.1 is that we know almost nothing about the space derivatives
of (Un)nen, just that for some function ® € WH (R, R) the sequence of gradients (Vx®(u))nen
is bounded in L2(I x Q). If every u,(t,z) would be regular for all ¢ € I, we could write the
space derivative of each u,, as follows:

1

Y )

Vx®(up).
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In general the functions u, are not regular, so that we cannot use this equality. Our aim for
the proof is to find a function ((u,) : R — R, such that ( erases all critical values of u,, for all
n € N and that the weak limit of u,((uy) is not far from the quadratic weak limit of u, (so ¢
has to approach the identity map in a suitable way).

Proof (of Theorem 2.1.1). We follow [Moul6]. Let us first notice that, without loss of generality,
we can assume that @ is an increasing function. Indeed, if one defines

- [woan

then ® is obviously increasing, satisfies ® = |@'| whence |V ®(uy)| = |Vx®(u,)| pointwise.
In particular, the assumptions ® € WH(R, R), (Il|¢,/‘<5)5>0 — 0as 0 — 0 and (Vx(un))nen is
bounded in L2(I x Q) are all satisfied by replacing ® by ®

Recalling the above discussion, we would like to find a functlon (e, which somehow approaches
the identity function Id : R — R, but also erases the critical values of u,,. The following function

does the job
z
:/ min{1,
0

z (D/ r
Ce(2) — 2 < /0 g )ﬂ¢’(r)<s dr,

Indeed, we first have

whence, by assumption,

6 = T floo < 1 Larecllpiey <= 0 (2.24)
We obtain, that the function (. approaches the identity function in a satisfying way. It is left
to show that it also erases the critical values of u,. Since ® is increasing, one can introduce
®~1, for example ®~!(p) := inf {z € R: ®(2) > p}. Consider the function ¥, := (. 0 d~1. We
are going to show that W. is Lipschitz continuous. For pj,ps € ®(R), there exists 21,29 € R
such that ®(z;) = p; and if p; > pa, then z; > z9. Without loss of generality we can assume
that p1 > po.

() = ) = F=(B0e0) = ()| = ) =) <
<| [ 200 = L) - 0] = Lol

g

At this point we can apply the chain rule (see Theorem 2.3.1) to the functions ¥, and ® and
gain the following equality for all n € N

ViCe = UL(D (1)) VD ().

We know that ||[¥/]|o < L a.e., and that (Vi ®(up))nen is bounded in L2(I x Q), from which we
infer that (V xg‘g(un))neN is also bounded in L(I x Q). Since (uy)nen is bounded in L(I x Q)
by a constant C' € R we obtain that (C.(un))nen is also bounded in L2(I x ), because with
(2.24) we have

1
1€ (un)llr2 = lICe(un) = un + unlli2 < [1Ce(un) = unllpz + fJunlliz < [[Tar<cllr AL x )2 + C.
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With the reflexivity of L2, we obtain weak convergent subsequences of (un)nen and (C(un))nen
respectively. Let us denote the corresponding limits by u and u.. Using this weak convergence
and the fact that ({(n))nen is bounded in L2(I; H(Q)) and (uy, )nen is bounded in L2 (I; L?(2))
with (9¢(un))nen bounded in M (I; H™™(2)), one can apply Proposition 2.2.10 and obtains with
1 € C%I x Q) as a test function

Ce(un)un, BlmiN U

IxQ IxQ

Again with (2.24) and the lower semicontinuity of the norm we get
o 1
o = el < Timing e — G ()2 < [Lavcell I x )3

Let us again denote with C' € R the upper barrier of (uy)nen regarding to ||.|| 2, then we get
with help of the Cauchy-Schwarz inequality

lim sup |[up ;2 < limsup Co(up)un + limsup/ (un, — Ce(up))up <
IxQ2

n—o00 n—oo JIxQ n—o0
< [ vt Ot = [ (0 = (= wpu) + OMT X D Lol <
IxQ IxQ
< [l + (ue — u,w)pz + Ol Larellps < ullfz + 20 Tarce |l <
< liminf g2 + 20 Lor<c g
For ¢ — 0 we get with the condition ||1g/<c|/;1 — 0 as € to zero

lmsup 1.2 < gz < limint sz

which shows, that there exists a converging subsequence of (uy,)nen. O
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3 Second Version

The purpose of this chapter is to adapt the theory we know to a different domain than the
typical cylindrical domain we are used to and state two statements. The first statement is
concerned with a compactness criteria in the sense of the Aubin-Lions Lemma. The motivation
for the second statement is to get a compactness criteria for divergence free vector fields. The
latter appear mainly in the theory of incompressible Navier Stokes equations in a time-depended
domain, which is concerned about finding a solution for the nonlinear problem

ou+u-Veu—Azu+ Vep =0,

div,u =0,

where p is some expression for the pressure. To deal with the pressure term, from which is
usually very less known, one has to test in the weak formulation against divergence free test
functions. The problem is that the set of these test functions is in general not dense in the
Lebesgue spaces. Therefore we need the definition of the space L3 (). We do not go deeper
into this theory, because this would to go beyond the scope of this work. For the interested
reader we suggest [BGM17].

Before we can state these two theorems we start with some preliminaries and then go over to
the definition of our setting.

3.1 Preliminaries

In this section we want to recall some theorems from the classic analysis we are going to use in
this chapter. For this section let F' be a function from O to U, with O,U C R? open. We call
F a diffeomorphism if F is bijective such that F and F~' are continuous differentiable. The
Jacobian of a function f € C'(R™, R™) will be denoted as D f which lives in CY(R™; £(R™; R")),
where £(R";R") is the space of all linear and bounded functions from R™ to R™. We start
with the integral formula of the mean value.

Theorem 3.1.1. (Integral formula of the mean value) Let U C R? be open, f: U — R% a
differentiable function and v : [a, ] — U a differentiable curve with v(a) = x1 and v(8) = z2.
Then the following holds:

B8
fws) — Fan) = / DF(()) o 7/(t) dt.

The next two theorems will help us to handle the upcoming diffeomorphism.

Theorem 3.1.2. (Inverse Function Theorem) Let f : C — R? be continuously differentiable
on the open set C C R%. Furthermore let ¢ € C, such that

det Df(c) #0

and let E C R be open with f(c) € E. Then there exists open sets O C C and U C E with the
following properties:
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e ccO and f(c) e U.
e The restriction f|o is bijective from O to U.
e The inverse mapping g : U — O of flo : O — U is continuously differentiable with

Dyg(f(t)) = Df(t)~! for all t € O.

Theorem 3.1.3. (Transformation-Rule) Let F' : O — U be a diffeomorphism between the
open sets O, U C R%. If B C O, B Borel, then we have

M(F(B)) = /B | det DE ()| drg(x).

A function f: U — R is integrable, if and only if the function foF-|det DF| is also integrable.
In that case we have

/ f(z) dz = / F(F()) - | det DF(y)] dy.
U 0]

At the end we give the definition of - interior sets, because we need these sets through the
whole chapter

Definition 3.1.4. If A is a connected open set in R% and ¢ > 0, we define the e —interior of A as
A ={z € A:d(x,A°) > ¢)}, while A_. denotes the e —exterior of A, thatis A_. .= A+ B.(0).

3.2 The setting

At the beginning we recall the definition of a domain. We call an open and connected subset
Q C R? domain . Let I := [a,b] be a closed interval with a,b € R. For this chapter we consider
the open subset of R x R¢

Q= J {ty x 2,

a<t<b

which is restricted to some conditions:
[C1] For all t € [a,b], Q! is a bounded domain with Lipschitz boundary.

[C2] There exists a bounded domain  C R? with Lipschitz boundary such that for all ¢ € [a, b]
there exists a Cl-diffeomorphism ¥; : R4 — R such that

9,(Q) = O
[C3] The function O : (t,x) — ¥4(x) lies in C%([a, b]; C*(R?,RY))

Facts 3.2.1.
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1. With the continuity of det : £(R?, ]Rd) — R and the continuity of DV, we get | det D] €
CY%(R?,R) such that the mapping © : (t,y) — |det DUy (y)] lies in CO(I x R% R). Since Q
is bounded we know that I x © is compact in R%*! and we find a constant 8 > 0 such
that sup, v)e1.0 | det DY (y)| < B.

If we do the same for © : (t,y) — |det DY, (y)| we find another constant & > 0, such

that sup, v)ervq |det DU, (y)| < & Thanks to the Inverse Function Theorem (Theorem
3.1.2.) we have for o := L and for all (t,y) € I x Q

o

0 < a<|det DY(y)| < 5. (3.1)

2. The previous estimate will allow us to use the change of variable x = ¥(y) to trans-
port estimates from Q to Qf. If we set S, as the Sobolev constant of the embedding
WIP(Q) < LP(Q), we get for instance for p < d and for all v € W'P(Q!) with the
Transformation-Rule (Theorem 3.1.3.):

01y = [ 7 dx = [ o(@n())” | det Diy ()l dy < Bl
< B 0@ iy = BSElo - | det DI 11

< BShqa” g ||UH

Wlp Q)"
If we set K, := Spaf o a%, we get the uniform estimate for all p < d:
vielat,  VoeWW@), ol < Kplohwiogy  (32)

Thanks to Corollary 1.2.9 we can do the same estimate as above for p > d, if we replace
p* by p+ 1, and obtain

vte[ab], Ve W(Q)  [lullpegn < Bpllvlwiee, (3-3)

~ =1
where K, = pgﬁ P+1a » and SpQ is the constant of the continuous embedding of

WLHP(Q) — LPTLH(Q).

3. We are going to work with functions u € L” (Q) Let us take a closer look on the integral

/Q|uyp d(t, 7).

Since u € LP(£2), we have lulP1g € LY (R x R). We set the following:

X =R, Y =R, wu(t) = A(t), v(z) = \i(z) f(t,z) = |u(t,z)[Plg(t, ).

We can write the indicator-function above in the following way

=3 1L,(t) - La:(z) = {élm(x) = @)

pyer else
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Applying Fubini’s theorem (Theorem 1.1.1) we obtain, that the functions x — f(¢,z) and
t — f(t,x) are integrable with respect to Ag(z) and A(t) respectively. Since the product
measure of A ® A\ is the d 4+ 1 dimensional Lebesgue measure A\g;1(t,x), we get:

:/1 . Iu(t,x)\pd(t,x)=/1||u(t)ugp(m) dt.

At this point we want to introduce a useful notation for (in contradiction with the one used
for e-interior sets defined in Defintion 3.1.4):

Q.= {8 x 9(),

a<t<b

00 = |J {t} x o9,
a<t<b

00 = | {t} x 9:(09).
a<t<b

We want to point out that QE is not the e-interior of () and that 9 and 8()5 are not the
boundaries of 2 and () in the classical sense respectively.

3.3 First statement

The motivation of the next theorem is to get a to the Aubin-Lions Lemma similar result for
moving domains.

Theorem 3.3.1. Let Q) satisfy the assumptions [C1]-[C3]. Let p € [1,00) and let (un)nen

N

be a sequence of functions, that is bounded in LP(S2) and such that the sequence of gradients

(VxUn)nen s also bounded in LP(Q2). We assume the ezistence of a constant C > 0 and an
integer N € N such that, for any test function 1,

Ot )] < C 37 1108020y, (3.4)

la|l<N
Then the sequence (up)nen is relatively compact in LP(S2).

Remark 3.3.2. There are two important facts to note here. First of all the partial derivative
Oruy, exists only in the distributional sense, that means

(Opun, ) = —(un, Ory) Vi € D.

Secondly we cannot find a fixed Banach space Y, such that we can write duu, € LP(I;Y),
because we don’t have a cylindrical domain. |

If one defines Qf = Q, where Q is a Lipschitz domain, we get nearly the Aubin-Lions Lemma,
because we can identify the spaces LP(I x ) with LP(I;LP(Q2)). Then the conditions turn into

e W'P(Q) embeds compactly in LP(Q),
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e (Up)nen is bounded in LP(I; WP (),

e condition (3.4) holds for the sequence (9, )nen,

then we find a converging subsequence of (up)nen in LP(I;L7(Q2)) for an appropriate r > 1.
This looks very familiar to the original Aubin-Lions Lemma. The proof for our statement can
also be done for cylindrical domains.

3.3.1 A common Poincaré constant.

Before we start working for the proof of Theorem 3.3.1, we take a closer look on the interior
sets ()., with the aim to find a common Poincaré constant for these sets. First let us recall the
definition of the Lipschitz constant of 0f2.

Definition 3.3.3. If  is open and bounded, then 02 has to be bounded and closed, so we
get that 0 is compact. If €2 has Lipschitz boundary, we find for each open cover | J .50 Uz of
0N a finite cover Uy, ,U...U Uy, of ONQ). Let H,, be the approtiate Lipschitz functions for this
cover and Lg, the Lipschitz constants respectively. Then we have with Li= max;c(1. m}La, a
constant, such that for all z,y € Q and i € {1,...,m}: |Hy, () — Hy, (y)| <L|z —y|. We define
the Lipschitz constant of ) as the infimum of max;c(y. 3Lz, over all such coverings.

It is possible to find v > 0 such that for all ¢ € [0,7) the interior sets €. share a common
Poincaré constant. To show this, we state a geometry result without a proof before.

Proposition 3.3.4. There exists v > 0 and C, > 0, such that for any € € [0,v] the open set
Q. is Lipschitz, with a constant not exceeding C,.

With this proposition we are now able to state the desired result for the interior sets.

Proposition 3.3.5. Consider v the positive number defined in Proposition 3.3.4. Then for
e € [0,7], the open sets Q. share a common Poincaré- Wirtinger constant, that is: there exists a
positive constant Cq, depending only on € and vy, such that for all v € HY(Q.) with an v=0,
we have

[vll2.) < CanllVullizq,)-

For the proof we need an extension theorem and a result from geometric analysis, which can be
found in [Ste70] or [Magl2] respectively.

Theorem 3.3.6. Let ) be a bounded Lipschitz domain, then there exists a linear operator
Pq : WEP(Q) — WEP(RY) for all k € N and p € [1,00], with the following properties for all
u € WhP(Q)

i) PQ(U)|Q =u,

i) [|Poullywnnmey < CLg,dk

‘uHWkaP(Q)?

where the constant Cr, ax depends only on the dimension d, the differentiability k and Lgq,
which is the Lipschitz constant of §2.

Proof. See [Ste70] Theorem 5 and Theorem 5’ on page 181. O

The next Lemma deals with vanishing gradients. If a function u € L}, has a vanishing gradient
(in distributional sense) in an open and bounded set, then the function is constant on this set
almost everywhere.
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Lemma 3.3.7. (Vanishing weak gradient) Ifuc L3 (RY), A C R? is open and connected,
and

/ WVdN =0 Vi € D(A) and Vi€ {1, .d}, (3.5)
R4
then there exists c € R such that u=c a.e in A.

Proof. See [Magl2] Lemma 7.5 on page 72. O

Remark 3.3.8. The condition (3.5) in Lemma 3.3.7 is to understand component wise, in the
sense that for all ) € D(A)

/uv¢d)\:0 o /uawd)\:O Vie {1,...,d}.
R4 R4

L

We say that u has a vanishing gradient in distributional sense. |

Proof of Proposition 3.3.5. Let v be the constant defined in Proposition 3.3.4, then the
interior sets ). share a common Lipschitz constant M, for all € € [0,). Hence the extensions
Pq_ : HY(Q.) — H!(R?) are bounded by some constant depending only on + as follows

IPoully gy < O, lullyr)- Vu € HY(Q).

We argue by contradiction. If we assume the opposite statement, there would be a sequence
(€n)nen € [0,7) and a sequence (uy)nen € HY(S)., ), such that

linlir@y =1 [Vunlia, ) < 1/n, /Q i () d = 0,

We can assume, without loss of generality, that the sequence (&,,)nen converges monotonically
to some ¢ € [0,7]. Let us define the sequence (v,)neny € HY(R?), where v, = Pq. . Our
next step is to show that (v,)nen is relatively bounded in L7, (RY). Thanks to Theorem 3.6.7
it is sufficient to prove that

17hvn — vnllp2(ray 129 uniformly in n. (3.6)

The second property of Po, ~guarantees, that the sequence (v,)nen is bounded in HY(R?) by
some constant B. Because of Proposition 2.2.4 we get

7hvn = vall2 ey < IV0nllzga Bl < 1B 2=% 0 uniformly in n.

With (3.6) we find a converging subsequence of (v,)nen, which we denote again with (vy,)nen,
with limit v. Since v, equals u, on (X, , we have that the sequence (||vy|y2(q_, ))nen converges
to 0. The sequence (ey,)nen is monoton, so we have that either €., is included in €, 4y for all
n € N, either €2, is included in ., for all n € N. We want to show that in both cases we
obtain Vv = 0 in the sense of Lemma 3.3.7.

Case 1: Assume that Q. ., C Q. for all n € N, then €. is included in all .. Therefore we
obtain for all ¢ € D(Q;)

o B oY B o o oY
| Vo, dA| = | 0. o, dA| = |(v, 8xi)L2(Q€)| = | lim (v, 3%)1}(98)\
. avn . 8’Un
= lim ’(78:3,- )iz o,)) < lim Hi@xi Lz 1¥llL2 0.

IN

. 1
Jm [[Vonllizq, ) [Vl ) < lim — ¢z q,) = 0.

Thanks to Lemma 3.3.7 we get that there exists ¢ € R such that v = ¢ a.e. in {2..
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Case 2: Assume now that Q. C Q. ., for all n € N, then all sets ()., are contained in (.. Now
let ¢ € D(£;) be arbitrary and define K = supp . K is a compact subset of €., hence
we find ng € N, such that for all n > ng we have that K C ., . Going through the same
calculation we did in Case 1, replacing €2, with K, we obtain that there exists ¢ € R such
that v = c a.e in Q..

In both cases we got that v has to be equal to a constant ¢ € R on ). almost everywhere. On
the other hand we can show that

n—0o0

vlg, —vnla, = (v —v,)la, +v(lo. —lo. ) —>0  in L7 (RY).

loc

The first term on the right hand side converges to zero because v, converges to v in L?OC(Rd).
For the second term observe that for case 1 we have 1o, — 1o, = —1g, \q. for all n € N and
for case 2 we have 1o, — 1o, = lg.\q. for all n € N. In both cases we have for all z € R?

To, \a.(¥) =0, Lo\q., () 7= 0.

We also have that both function sequences are bounded by 1g, hence we can apply the dom-
inated convergence theorem. Therefore we obtain for all compact subsets KX C R? that
v(1g. — Lo, ) converges to 0 in L?(K) and eventually that v,1q_ converges to vlg, in L*(K).
Let K be compact with Q., € K for all n € N (for example K := Q). Since v,1g,, converges
to vlq, in L(K), the L2(Q.) norm of v equals 1 and the mean-value of v vanishes on Q., but
this is impossible if v is constant almost everywhere on (..

O

The next lemma shows that the family (v;):cs satisfies a Lipschitz condition independent of
t € I. We need this property for our last statement in this subsection as well as for the next
subsection.

Lemma 3.3.9. The family (Vt)ic(ap) s uniformly bilipschitz on a neighbourhood of 2. More
precisely, we find a constant L > 1 and U C R?, such that Q C U and for all z,y € U we get:

eyl < Wi@) ~ )| < Ll —y] Vi€ [o,b] (3.7)

Proof. Since ) is bounded, we find a 7 > 0, such that the ball B,.(0) contains . We know that
B,(0) is convex, such that for all z,y € B,(0) exists a curve 7, ,(t) = z + (y — x)t thats image
of the interval [0, 1] is contained in the closed Ball.

Let z,y € B,(0) and t € [a, b] be arbitrary, then we get with Theorem 3.1.1:

1
194(2) — Du(w)] < | /0 DIy (8)) (& — )

1
< /0 D04 (1 () e ey 2 — ] it

< sup  |[[DO(x)|lgrere |z — yl-
z€B,(0)

We have © € C%([a, ], C1(RY, R?)), so that DO € C%([a,b] x RY, £(R?, RY)) with D,O(t,z) =
DVy(z). Since [a,b] x B,.(0) is compact in [a,b] x RY, we get
<

sup |94 (@)]] ¢(re Ry sup 10:(2) | e®e,ray = DOl co(a.p1xBr0), 2R R < 0
z€B(0) (t,x)E€[a,b]x Br(0)

37



We define L = ||D,©| and found a uniform Lipschitz constant for the family (J;)sefqp. If we
do the same for the family (9, l)te[a,b], we obtain another uniform Lipschitz constant L. Define
L :=max(L, L), then we have:

1 1,._ _
Fle =yl = 2197 (0u(@)) = 07 ()] < [0(@) = u(y)] < Llw — y].
With the upper inequality, we see that L? > 1, so that L has to be greater than one. O

The next Lemma is a generalization of the chainrule for Sobolev functions (Theorem 2.3.1).
Lemma 3.3.10. Let T : R? — R? be bilipschitz and u € WHP(Q), p > 1, then v = uoT €
WHP(T~1(Q)) and

Vu(z) = Vu(T(x)) DT (z),

for almost every x € Q, where DT is the derivative of T'.
Proof. See Theorem 2.2.2 in [Zie89] on page 52. O

For the sake of completeness, we give a version of Proposition 3.3.5 where we replace Q with Q¢
and we will use this Proposition in a later section.

Proposition 3.3.11. Let Q satisfy [C1]-[C3]. Consider ~ the positive number defined in
Proposition 3.3.4 . Then for ¢ € [0,7], and t € [a,b], the open sets ¥:(€) share a common
Poincaré-Wirtinger constant 08,7 (in the sense of Proposition 3.3.5).

Proof. Fix t € [a,b], € € [0,7] and u € HY(9¥(£2.)). Since ¥; is bilipschitz, we get with Lemma
3.3.10 that v ;== u o € HI(QE). Thanks to Proposition 3.3.5 we have

/Q ()| dy < C3..|Vo(y)[? dy.

Considering the change of variable y = v, () in the previous inequality, together with estimate
(3.1) we get

1 _
5 @Pds / () 2| det DI} ()| d = / o(y)|? dy
ﬁt(Qs) 19t(Qs) Qs
<Ch, [ IVewPdy=ck, [ o T 0 @) det DO )] o
3 t 3
1 _
<Gy [ 10 on s

Because of the assumptions [C1]-[C3] we have Dv; € CO(R?, £(R?, RY)) forallt € I. Since IxQ
is a compact set in R, there exists a constant B € R, where D, denotes the space-derivative,
such that

sup DYl cora g ma,ray) = DzOllco(rxa,c0 e, o(rd,RAY)

< HDac9HcO(Ixﬁ,CO(Rd,S(Rd,Rd))) < B.
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Thanks to the definition of the operator norm and the chain-rule (Lemma 3.3.10), we have that
IVo(y)| < [|DV:lcoma, o ra ray [ Vu(di(y))|, which leads us to

1 2 2 —1 2
~Ch, [ o [T @) < ML S— o [T @)

\ /\

CQWHD OlIgo IVeullF2 g, . )y-

Bringing all together, setting 08,7 = +/B/aCaqn|D:O| o, provides

lulli 2,0y < COANVUlli2@, 0.y V€ [ab], Ve € [0,9).

3.3.2 Tools for the proof of the first statement.

In this subsection we look forward to the proof of Theorem 3.3.1 and state important results
for the family ();c; and for sequences of functions, which satisfy the conditions of Theorem
3.3.1.

Proposition 3.3.12. Let Q) satisfy [C1]-[C3], then we have
i) For allt € [a,b] and all € > 0, 9,(09.) is the boundary in R of 9,(€2.).
it) There exists k € (0,1] such that, for allt € [a,b] and for all e > 0, Qt/ C 94(Qe) C QL.

i) Ag(Q2\ 9¢(2)) — 0 for e — 0 uniformly in t.

Proof.

i) Since ¥, is a diffeomorphism, ¥ is in particular a homeomorphism (a bijective function
f, where f and f~! are continuous). Let O C R? be an open set. Since ¥; is continuous
we have

9+(0) C 9:(0).

The continuity of 9; ! provides that ©¥4(0) is closed and contains 9¥;(O). Since 9:(O) is
the smallest closed set containing ¥;(0O), we have

9:(0) = 9(0).
With this, we get for every open set O C R%, using that 9;(O) is open:

0:(00) = 9:(0 \ O) = 94(0) N9:(0°) = 9:(0) N 9(0)° = 94(0) \ 9:(0) = 894(0).

ii) We want to use Lemma 3.3.9. Define k = L, where L is the constant used in formula
(3.7). Let us show Qé/ﬁ C 94(Qe) first. Let w € Qi/m then there exists a x € ), such that

Y¢(x) = w. It is necessary to show that x € Q.. According to i) we have:

L e < d(w,00') = d(9,(x), 00,(Q) = d(0,(x), 9:(39)) =
:yinf [9¢(z) — Ie(y)| <L‘y16nafg|a:—y\ = L-d(z,00).
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We get that x has to be in €)..
Second we want to show that 9;(€.) C Q.. Let 2 € 9;(Qe), then we have z € Q. such
that 9J;(z) = 2. We have to show that z € QL. Again with i) we obtain:

1
v = = inf |¢¥ — > inf —|x—y| > ek.
d(z,004(2)) = d(z,9,(09)) yg})f [0¢(x) — Ve (y)] yle%f |z —y| > er

Which shows that 2z € QF,.

iii) First, we deal with the uniformity in t:
Since ¥ is bijective, we get QF \ 94(Q) = 9:(2) \ 9¢(2) = 9¢(2\ Q). Thanks to the
Transformation Rule (Theorem 3.1.3) and formula (3.1), we get:

Q1 04(92.)) = /

d/\d(x):/ | det D (x)] dha(z) < B - (2 0).
Qt\ﬂt(ﬂe) Q\QE

Whence it is sufficient to prove that the last term tends to zero for € to zero. One has

na(@\ 20 = |

dz :/ Loy, (7) dx.
Q\Q. R4

We have clearly, that 1g\q, converges pointwise to 0 for € to 0 and that 1g\o, < 1q for
all € > 0, hence we can apply the dominated convergence theorem and obtain that

Ad(Q2\ Q) = / Lova, (%) dz =% 0.
R4

Therefore we got the desired uniform convergence.

O

Next we give a result similar to the regularization in section 1.2.3. The difference is that we
convolute in the space variable only.

Proposition 3.3.13. Let Q satisfy [C1]-[C3], (ug)ren and (Vyup)pen be bounded sequences

in LP(Q) for p € [1,00), where Vx denotes the gradient in the last d coordinates. Let (¢y)ne(0,1)
be the family of mollifiers in C°(R?) defined in Subsection 1.2.3, then for every e > 0 we have

i _ * ~ . =0
nl_r% 21615 ||uk Ug (PTI”LP(QE) ’

where the convolution x has to be understood in the last d coordinates only.

Proof. First of all we define the measure i,(A4) = [, ,(y) dy for all A C R? and all n € (0, 1).
Observe that for all n € (0,1), u, is absolutely continuous with respect to the Lebesque measure
with density ¢, and that pu, is a probability measure on R?, because

i (RY) = /Rd on(y) dy = /Bn(o) on(y)dy = 1.

Let € > 0, then we have to show that for all £ € N the functions (uy *y)(t, ) = (ug(t) *,) are
well defined for all (¢, z) € Q. and all < C(e), where C(¢) is some constant depending on e. We
denote the restriction of uy on €. as ug|q,_, hence it is easy to see that ug|g_(t) = uk(t)|s,(q.)-
Thanks to Proposition 3.3.12, there exists a constant x € (0, 1], such that for all ¢ € I we
have 9¢(Q:) C QL. C QL. Thus we obtain with Lemma 1.2.17 for all ¢t € I and all n < § that
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supp(u(t)]y, (.) * ¢y) € QL + By(0) € QF, hence the functions uy, * ¢, are well defined for all
ke N.

We know, that |.|P is a convex function, therefore we can apply the Jensen inequality with |.|?
and the probability measure ,. Thus we get for all (¢,z) € Q.

lug(t, x) — up x oy (t, x) I/ u(t, )y (y) dy — / ug(t, x — y)on(y) dylP
= | » ug(t, x) — ug(t, z —y) dpy(y)|?

< [ bo(t) = 7yt )P o (0),

where 7, is the shift operator defined in Definition 2.2.2. Thanks to Lemma 2.2.4, we know
that |lug(t) — 7—yur(t) e, @.)) < IVaur(t)|lLrw, o))yl for all t € I. Integrating over 2. and
using Fubini provides:

ot 2) — > ot ) = [ 00,) — x ot )P 2)

/ /Rd|Uktx —uk(t,x —y) P duy(y) d(t, z)

/]Rd//ﬁ1 |ug (t, ) — T_yur(t, x)[Po,(y) de dt dy
t

= /]Rd /[ vauk(t)Hip(l?t(ﬂe))‘mp@n(y) dt dy.

Our assumption guarantees the existence of a constant C' € R, such that for all £k € N we have
||quk||Lp @ = C. For all t € I, the set 9;(€Q) is a subset of Qf, hence §2. C €2 and therefore

we get HvxukHLp (@) < €. If we use Fubini in the same way as in Fact 3.2.1, 3., we obtain:

ot ) =ty ) < [ IO, 1700 )
= [ Vel g ool dy
SC/ lylPoy dy < CnP
By(0)

Letting n to 0, leads to the desired uniform convergence. O

The last statement of this section gives us, with sufficient conditions, a global convergence result
for a only local converging sequence.

Proposition 3.3.14. Let Q) satisfy [C1]-[C3] and fir p € [1,00). Assume that (un)nen,
(Vaoun)nen are bounded in LP(S2). If for all e > 0, one has that (un)nen is relatively compact in
LP(Q¢) (local compactness), then (un)nen is relatively compact in LP(Q2) (global compactness).

Remark 3.3.15. The sequence (u,)nen is relatively compact in LP(€2.) for all € > 0, if and
only if (uy)nen is relatively compact in LP(Q 1) for all m € N.
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Let € € (0,1), then there exists m € N, such that ¢ € [+, 1) and hence Q. CQ 1 . Our

m+1° T
assumption guarantees the existence of a subsequence (uy, )ken, which converges in L” (Q 1)
m—+1
and hence (uy, )xey converges in LP(Q.) for all € € [m—ﬂ, 1.

For £ > 1, we choose m = 1 and obtain that Q. C €. Using the same argumentation as above,
we find for every € > 0 a subsequence (uy, )ren that is converging in LP (QE)

The other direction is clear. |
Proof of Proposition 3.3.14. Thanks to Remark 3.3.15 we find in each I.” (Q 1) a converging
subsequence of (u, )nen. By diagonal extraction we find a subsequence of (un)neg that converges
in all LP(Q1) and therefore this sequence converges in LP(€).) for all € > 0. Let us denote this

subsequencg again by (un)nen and its limit with u.

We begin the proof with showing that u € LP(2). Since (up)nen is bounded in LP(Q) we find a
constant C' € R such that sup,,cy HunHLp(Q ) < Cforalle > 0. Therefore we have HuHLp(QS) <C
for all ¢ > 0. Passing to the limit ¢ — 0, we obtain that HuHLp <C.

To prove the convergence in L? (Q) we split the proof in two cases, namely p < d and p > d.
Assume first p < d. Since the sequences (up)nen and (Vzup)nen are bounded in LP(Q2), we
hence deduce from estimate (3.2) the following:

sup/Hun W dt<Kpsup/Hun L
neN
< K3(sup [ en®l o+ 510 [ 1900000 o ) )

< K”(sup HunHLp + sup HVmunHLp ) < 00.

Now for arbitrary ¢ > 0, by Holder inequality (Theorem 1.1.3) with % = 1% +E ;p_*p

Up, Wt 2)|P1 dr dt < 2P . 1 P dt
ey = [, [ on(t 0P haa @) dadt < [ (Ol ool e

*

= [ I g Ml 9100

Since € is bounded, we obtain with the two upper estimates and Proposition 3.3.12:

dt.

. L . t :
g% :EII\)I Hun||Lp(Q\Qs) < ;g% ilel? Ad(Q\ 94(Qe)) sup/ [[ton ()| p* () dE = 0. (3.8)
We proved that v € LP (Q)7 and therefore we get again with Proposition 3.3.12:

i 01 0, < T, | 00Ty ey < Jimgsup Aa( 2\ 94 (2) ] g = 0- (39

e—0 e—0 te )
Finally we have for arbitrary e > 0, due to convergence of (i )nen in all LP(€2.)
nh_>nolo |p, — UHLP(Q) = nh_{go l|lun — UHLP(Q\QE) + nh—>Holo l|wn — UHLP(QE)
< SUP(HUHHLP(Q\QE)) + HUHLP(Q\QE)-
neN

Since € was arbitrary we can pass to the limit ¢ — 0 and obtain thanks to (3.8) and (3.9) the
desired convergence.

Thanks to (3.3), the case p > d is completely similar, replacing p* by p+ 1 and K, by f(p in
the proof above. O
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3.3.3 Proof of Theorem 3.3.1

The idea of the proof is to prove the statement for all Q. instead of . Due to Proposition
3.3.14 this is sufficient to prove Theorem 3.3.1. The sequence of nonnegative even mollifiers
(¥n)ne(0,1), defined in Subsection 1.2.3 will be again a great assistance for the proof. Now we
are able to [Moul6].

Proof of Theorem 3.3.1. We only need to prove that for all integer m € N, (uy, )nen is relatively
bounded in LP(€2 1 ). The conclusion follows then by Remark 3.3.15 and with Proposition 3.3.14.

Let m € N be arbitrary. Since u,, is only defined on Q, upxpy (convolution only in space variable)
is well-defined only in a subset of 2. Proposition 3.3.12 ii) provides a constant x € (0,1) such
that ¥:(Q1) C Qii for all ¢ € [a, b], hence

Furthermore we have for all t € [a,b] and z € Qt 1 + B, L (0), that d(z,00") < K5-. Since
supp ¢, € B for all n < 1 , we have, thanks to Lemma 1 2.17,

supp(un (t) * ¢y) C supp un + Bﬂi (0).

Hence uy, x ¢y, is well defined in O L for all n € N, if n < k5. In that case, for any ¢ € D(

L)v
one gets ¥ x ¢, € D(). A

Now fix n < 5. Since (un)nen is bounded in LP(2), the sequences (up * ¢p)nen and (V{un *
©n)nen are both bounded in LP(Q1 ). For the time derivative we just write for all ¥ € D(21),

using the fact that ¢, is even,
<8t(un * 9017)7 ¢> = <8tum ¢ * 9077> .

Now (since 7 is small enough), we have ¢ x ¢, € D(Q) and it is therefore an admissible test-
function for the estimate (3.4). Eventually, for any ¢ € D(21 ), we have

(O (un * o), )| = [(Optn, ¥ % @) | < C Z Hé’ﬁ(zb*son)llm(@) =C Z W*BﬁwnHm(Q) =

lo|<N lo|<N
l
=C //( Y(t,y)0gen(t,x — d>dxdt
¥N< o \Jpa on( y) dy
<0 S 10yl ([ [ 11 " da:dt)
la|l<N
1
3 2
< €= ap @)} Y 18l eo ([ 1901, 2 )
tel —a
la|<N
: 1
< 3 N o
< O(b— a)’ (sup Aa(@) gNu Rty [ IO sor, 5o

<Pl (SUP)\d @)% > 1108 enlloeme = 10l q, Con-

® e la|<N
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The constant Cy,, is bounded, because sup;¢; Aa(92) is bounded, since ) is a bounded set, and
on lies in CZ(RY). This inequality shows that (9¢(un * ¢y),.) is linear and bounded functional
on a dense subset of L' (2 1 ), hence by duality 9;(u,*p,) € L%(€21). Observe that we obtained

an estimate for all n € N, hence the sequence 0;(un * ¥y )nen is bounded in L®(Q1) by Co,-

Due to this boundedness, we get that the sequence (u, * ¢y )nen is also bounded in WhP(Q1),
therefqre, thanks to Rellich-Kondachrov (Theorem 1.2.8), there exists a converging subsequegce
in LP (Q 1 )

For evergl/ [ > 2m/k we have that the sequence (u, * ¢ 1 JneN has a converging subsequence in

L? (Q 1) and by diagonal extraction we find a subsequence such that for any k& € N the sequence

(up * L Jnen has a convergent subsequence (without reindexing) in LP(Q1). With all this
k m

preparation we are now able to prove that (u,)nen has a convergent subsequence in LP(Q1).

Let 6 > 0.
Then, thanks to Proposition 3.3.14, there exists I > 2m/k such that ||u, —Upxp 1 ”LP(Q e g
k m

for all n € N. We are also able to find ns € N such that for all ¢, 7 > ns we have
. s . ) o
|| *@i u; *(piHLP(Q%) < g, hence for all 7, j > ns

i —ujllpg, ) < lwi —wix @l ) +lluixer —uxellpg, )+

1
m

3k

1
+ HU] — Uy *‘Pi”LP(Q%) <4
We conclude that (uy)nen has a subseqeunce that is Cauchy, since LP (Q 1) is a Banach space,

that subsequence converges in LP({21). Since m was arbitrary, we have (thanks to Remark

3.3.15) for each £ > 0 that the sequence (up)nen is relatively compact in LP(€).) and with

~

Proposition 3.3.14 we obtain the desired relativ compactness of (uy,)nen in LP(£2). O

3.4 A new Notation

From this point on we need to separate functions, which co-domains are R or R%. Functions with
co-domain R? are called vector fields and will be written in boldface, functions with co-domain
R are written as usual. Let u : R — R be a vector field and let O be a subset of R?, then the
p—th power of u is called integrable, if

/ lu(z)|P dx < oo,
O

where |.| denotes the p—norm in R?. For p € [1,00) the set of all vector fields, whose p—th
power of its p—norm is integrable, is called L?(O)?. We notice here, that with our definition we
get

u e LP(0)? & w, € LP(0) Vie{l,...,d}.

Since we write vector fields bold, we just write L?(O) instead of LP(0)? and we will do so for
all other spaces defined in this work. For p = 2 the space L%(0)? is a Hilbert space. The scalar
product of L2(0)? is then

(W, V)p2(0) = /Qu(:n)v(:zf) dz,
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where “” denotes the Euclidean scalar product.

From now on we study vector fields in the space variable, in the sense u : R x R — R?. With
u € LP(Q) we mean that u(t) € LP(Q) for all t € I. If the gradient of u (only in space!)
is in LP(Q)), we mean Vyu € LP(Q)%? and identify LP(Q)?9=LP(Q)%. Since we can work
component-wise, we are able to adapt the theory of LP —spaces simply to vector fields, which
components lie in LP.

3.5 The Space L2 (O)

Before we give the last version of the Aubin-Lions-Lemma, we have to define some special
Lebesgue-Spaces. This spaces contain all vector fields, whose norm is square-integrable and
whose divergence is also square-integrable. Let O C R? be an open and bounded set with
Lipschitz-boundary and let u € L%(O) be a sufficiently smooth function, then we define the
divergence of u = (uq,...,uq) as

divu(z Z gj:

This subsection relies on section 2.2 of the book [GR86]. We will give a short summary of this
theory, focusing on the for us interesting parts. First of all we define the space of all divergence
free test functions:

Duin(0) = { € D(O) : divep = 0},

where O is an arbitrary subset of R%.

In section 1.2.2 we introduced the trace operator v : H(0O) — HY2(80), for O bounded and
with a Lipschitz-Boudary. The topological dual space of H1/2(8O) is denoted by H_1/2(8O).
We recall that in that case, there exists a normal trace operator

1 2 CO(0) = C0(90)
v = v-nlgo,

where n is the outward unit normal defined on the boundary 0O.
Before we define L3, (O), we introduce similar spaces, because the properties of L3, (O) will
follow nearly directly from the properties of these spaces.

Definition 3.5.1. Let O be an open and bounded subset of R? with Lipschitz boundary, then
we introduce the following spaces:

H(div,0) == {u € L*(0) : divu € L*(0)}

we endow the space with the following norm:

1
2

IV lsaiv.0) = (VP20 + 1 div Vo)) * o€ H(div,0).
and

H()(diV, O) — WHMH(&V,O) )
L3.0(0) = {u € Hy(div,0) : divu = 0}.
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There are some important and interesting coherences of these spaces, which we sum up in one
theorem. For further information we suggest [GR86].

Theorem 3.5.2. Let O be an open and bounded set with Lipschitz boudary 00O. Then we have:
i) The space H(div,O) is a linear subspace of L2(O). If we endow H(div, Q) with the norm
Il z7(aiv,0), it is a Hilbert-space.

i1) We have the following densities:

Duie(0) € Li,,0(0) = D (0) 7, (3.10)
D(0) C H(div,0) = D(é)”'”md”’o’, (3.11)
Hy(div,0) = {u € H(div,0) : u-n|yo = 0} (3.12)

i4i) The space H(div,O) embeds continuously into L?(O), with the constant C = 1.
iv) The space L?hvp(O) is a closed subspace of L%(O), hence we have the decomposition
L*(0) = L(Qiiv,(](o) @ L(Qiiv,O(O)J_v
where L(Qiiv,O(O)J_ denotes the orthogonal complement ofLﬁmo(O) with respect to (., .)Lz(O).

v) The mapping v, can be extended by continuity to a linear and continuous mapping, still
denoted by vy, from H(div, O) into H_l/z(aO). This extension has the following properties:

Proof.

i) This is clear.

ii) The proof of (3.10) and (3.11) can be found in [GR86], Theorem 2.8 on page 30 and
Theorem 2.4 on page 27 respectively. The proof of the equality (3.12) can be found in
[GR&6] Theorem 2.6 on page 29.

iii) For all v € H(div,O) we have
HVH?}(O) < ||VHi2(o) + diVVHi?(o) = HVH%{(div,O)'

iv) Since for all v € L?ﬁV’O(O), divv = 0 holds, we have ||| 20 = V] #(div,0)-
v) We find the prove of all results in [GR86], Theorem 2.5, Corollary 2.8 and Theorem 2.6.

O
With all this preparation, we are able to introduce the space of all vector fields in L?(0), with

a vanishing divergence:
L3, (0) == {u e L*(0) : divu = 0} . (3.13)

Observe, that the space L2, (O) does not coincide with Hy(div, O), because for u € L?(0O) does
divu = 0 not imply that u-n = 0 and otherwise either. We want to list the most important
properties of this space.

Corollary 3.5.3. Let O be an open and bounded set with a Lipschitz-Boudary 00O. Then we
have:
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i) L%, (O) is the closure of Dai,(0), regarding to the [|-l2(0y-norm.
i) L2 (O) is a closed subspace of H(div,O) and it is also a closed subspace in L*(O).

w) The restriction of the mapping v, : H(div,0) — H™Y2(0) on L3, (0) is still surjective
and ker “Yn’L?hV(O) = L?hv,O(O)'

Proof.

——lI-ll 5 (aiv,0)

i) This follows from D(O) = H(div,0).
ii) Since the norms ||. |l 2oy and [|.[|gdiv,0) coincide on L3, (0) ii), is clear.

iii) Lgiv’o(O) is a subset of Ho(div,0) and L2, (O). Every vector field u in the Intersection
has to fullfill that u € L?(0), divu =0 and u-n = 0, hence u € LaiV?O(O).

iv) For this point, we adapt the proof of Corollary 2.8 in [GR86]. To show that ~, (L3, (0)) =
H1/2(0) we want to find for every u € H™1/2(0) a vector field u € L%, (O) such that:

u-n =y on 00
We want to solve the Neumann Laplacian problem: Find ¢ € H'(O) such that

A¢p=01in O,
On® = 1 on 00.

This problem has, up to a constant, a unique solution in H'(O). If we set V¢ = u, then
ucl? (0)and u-n=p.
For the ker *yn\LgA (0) e have the obvious equality

ker ynlp2 (o) =kerym N L3y (0) = Ho(div,0) NL§;,(0) = L3, 4(0)
U

Remark 3.5.4. We want to adapt the previous notations for solenoidal vector fields depending
on both time and space. Let O be an arbitrary open set of R x R? (denote the first component
with ¢ and the last components with z). If there is no ambiguity on the time variable, we denote
for the rest of this paper the space Dg;, (R x R?) as the set of all test functions ¢ € D(R x R%),
such that for all ¢ € R, the functions ¢(t) : © — (¢, ) are in Dyiy(RY). Dgiy (O) denotes the
subspace of all test functions of Dg;, (R x R?) having a compact support in O, while L2, (O) and
thV’O(O) are respectively the closures of Dyi, (O) and Dg;, (O) in L2(0). With this notation we
recover the definition we had without the time variable. |
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3.6 Second Statement

Differently to the other two sections, where we present the theorem at the beginning of the
section, we have to do some work before we can state the last variant of the Awubin-Lions-
Lemma. We start with a classical result from functional analysis.

Let H be an arbitrary Hilbert-space over R with scalar product (., .)y and denote with |||z the
induced norm. The topological dual space of H will be denoted as H’, which is endowed with
the operatornorm || f|[n = supgep, |z, <1 [f (7). We know ,that for every € H the mapping
fz:y— (x,y)g is a bounded linear functional on H. In fact we have a much stronger result:

Lemma 3.6.1. Let H be a Hilbert-space, then the mapping
U:H - H
T [z
is an isometric (|| fz| g = ||z|| ) linear bijection.

Since every Hilbert-space is Hausdorff (two different points in H can be separated by two
disjoint open sets), it is enough to define a continuous function on a dense subset of H. For the
rest of this section, if it is not otherwise stated, let O be an open and bounded subset of R?
with Lipschitz boundary 0. With Lemma 3.6.1 we obtain the duality formula for L2(O) and
its dense subset D(O)

lall 2oy = sup (u, )12(0)- (3.14)

»€D(0),llell 20y <1

We cannot expect a duality formula as (3.14), when testing only against divergence free test
functions. As a matter of fact, there is a dual estimate of the same flavour for L3, (O), but one
has to take into account the normal trace.

Lemma 3.6.2. Denote by Co the Poincaré-Wirtinger constant of O. For allu € L?hv(O) one
has

lalli20) < sup (W, @)r2(0) + (1 4+ Co)llvmully-1/2(50)- (3.15)
¢€Ddiv(o)1||¢||L2(o)§1

Proof. Tt is sufficient to prove, that (3.15) holds for all w € Dg;, (O), because Dgjy, (O) is dense in
Lghv(O), hence we find for each u € L2, (O) a sequence (wy,)nen in Dyiy (O) such that w,, — u in
L3, (0). Since L3, (O) is a closed subspace of L?(O), we have especially that (w;,),en converges
to u in L2(0).

Consider the orthogonal projection P : L, (0O) — LgiV’O(O) and let w € Dyiy(0), then we have

[Wll20) < IPWli20y + W — Pwl|i 20

Our aim is to estimate both terms on the r.h.s. Let us start with ||Pw||;2(p). Since Dgiv(O) is
dense in Lﬁi‘,7()(())7 L2(0) is a Hilbert space and Py = ¢ for all ¢ € Dy;,(0O), we obtain that

Pl = Pl 0= swn | Pw(e)-pla)da
PE€Daiv (0),[lpll2<1JO

= sup /W x)-Pp(x
‘PEDdlv ”‘P”L2<1

= sup (W, @)12(0);
‘pEDdiv(OL”Lp”LQ <1
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It remains to estimate the second term ||[w — Pwl[2(). If w € L?liv,O(O)7 the estimate (3.15)
holds, because v,w = 0. Let w — Pw # 0, then one can solve the Neumann-Laplacian problem

A =0, on O
Oné = Ypw on 00,

/Oszo,

where A¢ = div V¢ and 0n,§ = V& -n. This boundary problem is well posed providing, a unique
solution v € H(O), with mean value (v)o = 0. The variational formulation gives directly,
HVUH?F(O) < Wlig-1/2(90) 70111290y Whence we obtain with the trace-theorem (Theorem

1.2.13) and estimate (1.3):

and the initial condition

”VUH}Qﬁ(O) < ||'7nWHH—1/2(ao)HUHHl(O) <Vit COH'YYLWHH—U?(aO)||VUHL2(O)'

so that eventually |[Vvl|20) < V1+ Col[vnWllg-1/2(0y- Obviously Vv € Lﬁiv,o(O)J‘, because

we have that w — Pw # 0 and thereby we obtain 0 # v,w = n - Vu. Since div(w — Vv) =0

and n - (w — Vv) = v, w — 0pv = 0, we get that w — Vv € L?ﬁv,o(O)- With this results and
(IdLQ

div

) ~P)(w—Vv)=0 & (IdL(QhV(O) —P)w = (Idiz (o) —P)Vo,

we conclude that (IdLa (0) ~P)w = Vu. At the end we obtain

[w — IP)WHLQ(O) = HVUHLQ(O) <v1i+ COH’VnWHH*l/?(O)-
The desired estimate (3.15) follows now from the density of Dgiy(O) in L3 (O). O

Remark 3.6.3. We see that with the continuity of v, (v, is linear and bounded), the r.h.s
of (3.15) in Lemma 3.6.2 defines a norm, which is equivalent to the ||.|[;2(5) norm on L3, (0).
Therefore (3.15) is a generalization of (3.14). [ |

Now let us get back to our setting defined in section 3.2. We want to adapt the spaces and
results of this subsection to our setting. From now on, we understand under the divergence of
a vector field, the divergence in the last d coordinates. All the results can of course be adapted
to the case of divergence free (in the space variable x) vector fields on Q). Recalling Remark
3.5.4 we define the following spaces:

Daiy(Q) = {cp € D(R x RY) : (t) € Dyiv(R?Y) ¥t € R, suppp C Q} , (3.16)

~

L2, (Q) = Dyin (Q) = {u e LX) : divu(t) = 0, Vt € (a, b)} (3.17)
For ¢ € [a,b], Q" is a bounded set in R? with Lipschitz boundary, hence there exists the outward
unit normal n; of Qf and the normal trace operator v,, : L3, () — H™Y/2(Q!). Thanks to

Theorem 3.5.2 we know that the operatornorm of v, is not greater than 1, so that one has, for
all ¢ € Dgiv (R x RY),

/I||%t<p(t)||H_1/z(Qt) dt S/I||<P(t)||L2(Qt) dt = [[ell12(q)-
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With this information we are able to define a normal trace operator on Q. We defined 99
different to the boundary of Q) in R, therefore we have to define a slightly different trace
operator. Let us define 7 as the outward normal of 9 such that n|gt = n for all ¢ € I. This
means, that 7 is orthogonal to 90! in R? and not to the boundary of Q) in R4,

This allows us to define the normal trace operator on L2, (), which lies in the space denoted

H;l/Q(GQ), defined as the completion of C*(9) for the norm

1/2
. 2
e VLG R

This normal trace operator will be denoted by 73 L2.,(Q) — Hy Y 2(8@). Let u € L2 (Q) and
¢ € H1/2(8Q) then the expression y,u has to be understood as

<7ﬁua ¢>H1/2(BQ) = /dfl 'Yﬁu(tx)d)(t?x) d(t,l’) = /I/a&]f(nt . u(t,:l:))qﬁ(t,x) da dt.

With this new normal trace operator we are able to define the space Lgiv,O(Q), which is the kern
of the map 4.

L(%liv,O(Q) = Ddiv(fl) = {u S L(Qilv(Q) TYpU = O}
All this preparation allows us to formulate our last version of the Aubin-Lions Lemma.

Theorem 3.6.4. Let Q fulfill the assumptions [C1]-[C3]. Consider a sequence (up)nen that
lives in L3, (Q). Assume that (Lgup)nen is bounded in L°(R; L*(R%)) and that the two se-

quences (up)nen and (Vup)nen are bounded in L*()). Assume furthermore that the non-
cylindrical analogue of the normal trace operator fulfills

Yaup, = 0, (3.18)

and that there exists a constant C' > 0 and an integer N > 0 such that for all divergence- free
test functions 1

(O, )| < C Y (105320 (3.19)

la|<N

A~

Then the sequence (Uy)nen s relatively compact in LP ().

Observe that the condition 3.18 is a boundary condition, which is very important to obtain the
following result

Proposition 3.6.5. Let (u,)nen fulfill the assumptions of Theorem 3.6.4, then we have for
all n € N, that div 15u, € L*(R; L3, (R)).

Proof. If a function v € L*(R x RY) has also divv € L?(R x R?%) (in the sense that divv(t) €
L2(R9) for all t € R), then we have for all ¢ € D(R x RY) the following:

<V7 v:c90>L2 = / A2 vz@ = / V- V:CQO
RxRd Supp @

= / OV - NYsupp —/ div vy
Osupp ¢ supp ¢

= —(divv, @) 2
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Thanks to this, we can say a function f € L?(R x R?) has a weak divergence, if there exists a
function g € L%(R x RY) such that

(£, Vap)r2z = —(9, )12, Vo € D(R x Rd).

Now let n € N be arbitrary. We have clearly that 1au, € L2(R x R%). Since divu, = 0 on Q
and y,u,, = 0, we obtain, with Green‘s formula, for all ¢ € D(R x R9)

(Lo tn, Vo) = /

RxR4
= / Vi (ug)p — / edivu, =0= —(0,p)2.
15)9) Q

Therefore we have divu, = 0 and hence u,, € L*(R; L3, (R?)) for all n € N.

Louy, - Vep = / u, - Vap
Q

0

At the end of this section we give a version of Lemma 3.6.2 for the interior sets Q5 for § € [0, 7],
where gamma is the constant of Proposition 3.3.4. Since s are Lipschitz domains for § € [0, 7]
(thanks to Proposition 3.3.4), we get that the diffeomorphic domains J;(£2s) have also Lipschitz
boundary. Hence we can apply the previous considerations for Qs and define, in the same way
as before, the normal trace operator ;5 = L3, (Q5) — H_l/Q(QQ )

Lemma 3.6.6. Let Q) fulfill the assumptions [Cl] [C3]. Recall the definition of v in Proposi-
tion 3.3.4. For all § € [0,7] and all u € L2, (Q;)

ally 2,y < Cr sup (0, %)p20) + (CGo + Dlvasully-re (003)’
¢€Dd1v(95)7||¢||L2<§26)S1

where CT is a constant depending only on the length of the interval [a,b] and CS,Y 18 the constant
of Proposition 3.3.11.

Proof. Since the sets ¥4(2s5) are all Lipschitz domains with a common Lipschitz constant C’g’7

(in the sense of Proposition 3.3.11), we can apply Lemma 3.6.2 and obtain for all u € L2, (Qs)

@Iz, 05)) < _sup (u(t), ()29,
¢€Ddiv(95)7||w“L2<Q>§1

+ (8 + Dl u®) 172099, 05

All terms in the upper estimate are greater or equal zero, hence we can integrate in time on
both sides and the estimate will still hold. With Jensen’s inequality we get

1 ) (1/2)
sy = Vo= (s [ IO 0, )
v
= [ Ol d

m sup (u(t), ()12 (9, (05)) U

I I/JGDdlv Q6 lelLQ(Q)

(1/2)
1
+(08ﬁ+1)\/m((b_a/lll’yntu(t)HHl/a(aat(sz(;))dt) )

h—
b—a

S

<

©
sup (W20, + (O, + Dllvasully-1r20,,
YEDaiv (Rs), 19l 2y <1
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3.6.1 Proof of Theorem 3.6.4

The main idea of the proof of Theorem 3.6.41s to show that the sequence (uy,),en fullfills some
equi-continuity with respect to the L?*(Q) norm. This statement will be clarified by the next
theorem, which can be found in [Brel0] on page 111.

Theorem 3.6.7. (Kolmogorov-M. Riez-Fréchet). Let F be a bounded set in LP(RY) with
p € [1,00). Assume that

lim ||7.f — fllLrray =0 uniformly in f € F, (3.20)
|h|—0

i.e., Ve >0 30 > 0 such that ||Tpf — fllrmey < e Vf € F, Vh € RY with |h| < 8. Then the
closure of Flq is compact for any measurable set Q C RY with finite measure.

Proof. See [Brel0] on page 111. O

Remark 3.6.8. Let Q be a bounded set in R?, then the function 7, f, for f € LP(Q), is maybe
not well defined, hence we need a slight variation of Theorem 3.6.7. Since f € LP(Q), the
function Iqf lies in L?(RY). When trying to establish that a family F € LP(2) has compact
closure in LP () it is convenient to extend all functions f € F to 1o f and apply Theorem 3.6.7
to the set 1oF C LP(R?). [ |

Proof of Theorem 8.6.4. 'The main idea of this proof is to apply Theorem 3.6.7. We want to
show that the sequence (u,)nen fullfills the equi-continuity condition (3.20). In order to use
the shift operator correctly, we have to work, according to Remark 3.6.8, with the sequence of
extensions (1gup)pen. Our aim is to show that

li lsu, — 1au, =0 if ly i . 3.21
(s,;)qio HT(&y) au au HLQ(RXRd) uniformly in n ( )

To show (3.21), it is sufficient to prove the following 3 statements.
1.) There exists a constant r > 2 such that the sequence (Un)nen is bounded in L7 (£2).

2.) We have for all compact subsets K C Q

(O};I)ILO 1704)(Lgun) — Lgunllp2 k) = 0, uniformly in n. (3.22)

3.) We have for all compact subsets K C QO

(s}(i)grio 17(5,0)(Tqun) — Laun|lp2x) = 0, uniformly in n. (3.23)

Point 2.) and 3.) ist just another formulation to say, that the sequences converge in LZQOC(Q).

After we have proven this three statements we can conclude the prove (if the reader wants to
jump directly to the conclusion, he can read the proves of these statements later).

1.
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For d > 2 we set ¢ = 2* and for d < 2 we set ¢ = 3. In both cases we have that H'(Q!) embeds
continuously into LI(Q!) for all t+ € I and according to point 2 in Facts 3.2.1, there exists in
both cases a constant C' € R such that for all v € H!(Q?)

”V”Lq(gt) < CHVHHl(Qt) Vvt e 1.

This means we can say with no loss of generality, that there exists some ¢ > 2 and C € R, such
that for all n € N

HunHL‘l(Qt) < CHunHHl(Qt) Vvt e 1.

Since (up)nen and (Vzuy,)nen are both bounded in LQ(Q) we obtain for all n € N

ARGy ey PO e
= C [ a0y e+ €2 [ 1T 00
I I

= C*(Junl

2,0+ Vol ) < o0

Since this estimate holds for all n in N we have for some ¢ > 2

sup / 0 () 24yt < o0 (3.24)
neNJJT

Now for all r € (2,¢) we find 8 € (0,1) such that 1/r = 3/q+ (1 — 8)/2. It is possible to find

€ (2,9), so that r3 € [1,2]. If we interpret [[u,(t)||La(qs) as a function from I to R, it lays,
thanks to (3.24), in L2(I) for all n € N. Since I is a bounded interval, we have the continuous
embedding of L2(I) in L™(I) and therefore we obtain the existence of a constant C' such that

/I Hunﬂif(m) dt < é/} ||unH%}1(Qt> dt Vn € N

With help of the Lyapunov inequality (Theorem 1.1.4) and the condition that the sequence
(14Up)nen is bounded in L>(R; L?(R?)), we get for all n in N

Il ey = | a1y
r(l—
< [ an )1 ol )
< gl ) | o (g
B)
< gl g, Cup [ () ooyt < .

hence (uy,)nen is bounded in L"(Q) for some r > 2.
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2.

Let K be an arbitrary compact subset of 2. Then there exists dx > 0 such that d(K, d) > .
Let (Ym)men be a sequence in R?, which converges to 0 for m to infinity. Then there exists
mo such that for all m > mg we have that |(0,y,,)] < dx. For all these m we have that
(K — ym) C Q. Therefore we have for all m > mg

”T(O,ym)]l()un - ]lQunHL2(K) = HT(O,ym)un - un”LQ(K)'

We describe the slices of K as K' := K N ({t} x Q') and therefore we have clearly | J,.; K' = K.

The sequence (V,u,)nen is bounded in L2(©2) by some constant Cy € R. Thanks to Theorem
2.2.5 we obtain for all m > mg

HT(OJIm)]lQu" o ]lQunH?}(K) = ”T(O7ym)un - un”LQ(K) = /I ”T(O,ym)un(t) - un(t)Hi?(Kt) dt
< [ IV Ol 0 )Pt = [Tt 22 |0, )

< (0, ym)|*Cy.
Since K was arbitrary we get with the upper estimate clearly (3.22).
3.

Before we show (3.23) we want to clarify and simplify the upcoming steps, because this is the
hardest part of the proof. Observe that the d—interior of Q is not the same as 9;(Qs), but
thanks to Proposition 3.3.12 point i) we can frame 1;({25) between the two sets Qg/H and Qf,
for some x € (0,1]. The proof would be a notational mess if we take care about this fact.
Therefore we simplify the proof by setting x = 1, hence we have 9;(Q") = Q. To obtain the
general case, we have to adapt the steps below line by line, but the core argument stays intact.

Notice that the assumption y;u,, = 0 gives us through Proposition 3.6.5 that

1ou, € L*(R;L3, (R?)). From now on we will write u,, instead of 1su,. Our boundary
condition y;u, = 0 does not have to apply for 4 su,. Therefore we want to define, analogously
to the proof of Lemma 3.6.2, the orthogonal projection

Ps L?liv(Qts) - L?iiv,o(Q&)-

Recall the definition of the mollifier ps(z) = 6 9p(6~'z) with ¢ € D(RY) a nonnegative even
function with a support in the unit ball (and integral 1). If we convolute the vector field
f: R - R? with the mollifier 5 we get the vector field

f*SOci = (f]_*gﬁ(s,...,fd*gﬂg)-

Let us take a closer look on the convolution u, * ¢s. Since u,, vanishes on the outside of Q, the
convolution u, * 5 vanishes outside

Q5= | {t} x5,
te(a,b)

where we recall Definition 3.1.4 Q' ; = Qf + Bs(0). This makes sense, because the support of
s is the ball Bs(0) and we have supp u,(t) x ps = Qf + B;(0) for each t € (a,b). It is clear that
u,(t) * ps € L2(R; L%, (RY)), because u,, € L*(R;L3;, (RY)). We show (3.23) in the following
four steps.
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Step 1:

Step 2:

For this step let n € N be arbitrary. The convolution u,(t) * ¢ lies in L?(Q_s), hence we
get for any € > 0

[un(t) *906HL2(Q€) < [Jun(t) *906HL2(Q_5) < 00,

therefore wu,(t) « o5 € L2(Q.) for all € > 0, especially for £ = 28, where § < /2. Since

u, () * 5 has divergence zero, it lies also in L2, (Qss) and therefore we can apply Lemma
3.6.6. Observe that Dgiy({22s) lies dense in L31V70(925) = Pys(L3;, (Qas)) and thus we get
the following estimate

[l (£) % 05 — Pas(un () % 25) 205 < 0+ (CS ) 1v0.26 (an(8) % 05) 1172, -

If ny o5 is the unit outward normal of Qg 5, we have that —n; o5 is the unit outward normal
of R?\ Qbs, hence the normal trace of u,(t) x ps € L?(Q%) is the opposite of the the
normal trace as when we consider u,(t) x ¢; as an element of L*(R% \ Qf;), but the norms
of the traces coincide. Since ||v_p, 25/ <1 we get

2 2
1726 (Wn % 05) 1172 9, :/I||7m,25(un(t)*¢5)|IH_1/2(8Q§6) dt
= [ 1000 29 B
2 — 2
S/IHunG)*SOéHLz(Rd\Qg&) dt— Hun*g@gHLg(Rd\QQ(s)

Combining these two estimates, using that suppu, * ps C Q_s, Lemma 1.2.18 and the
Holder inequality we obtain

11 (8) % 05 — Pas(uta(t) % 06)ll 260y < (C5 + Dl * 85l 20 1
< (CS),A/ + 1)||un||L2(Q75\Q25)
A A (L1
< (GG + DAart (5 29Dl .
It was shown previously that the sequence (uy)nen is bounded in L” (Q) and since
Ad+1(Q2-5\ Qa5) — 0 for 6 — 0, we conclude

0
S [t + 93 = Pas (1t 9525, > 0 (3.25)
ne

In this step we want to prove that for all § > 0, there exists £ > 0 such that
V1) € D(Qs5) and Vo € (0,€] we have 7(_, o)1 € D().

That the function 7(_, )9 is smooth as 1 is clear, so that we have only to show that

SUpp T(—q,0)% C 5.

Fix § > 0. We know that © € C%([a,b], C}(R?)), hence there exists £ > 0 such that
16(t + o) — O(t)||cr(ray < 6 for all o € (0,£] and all ¢ € [a,b]. Therefore we have for all
x € (o5 that

d(V140(2), 94(2)) = 4o (z) — 04(2)| = |O(t + 0,2) — O(t,z)| <6, Vo € (0,€].
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Step 3:

56

This shows that ¥, (z) € Qbs + 8 C Qf = U4(Qs) and hence V41, (Qa5) € 94(Qy) for all
t € [a,b] and for all o € (0,¢].

Now consider 1) € D(€5). If (¢, ) is not an element of {5, then z lies not in ¥;(€5) and
therefore @ & 944 (Qas), which is equivalent to (¢ + o, ) ¢ Qas. We conclude that (¢ +
o,x) = 0, which means also 7(_,.0)% (¢, 7) = 0 and with that we have shown supp 7(_, )% C

Qs.
The estimate (3.19) leads us for a fixed § > 0 to the following inequality

Vi € Ddiv(Qé)7 <un * 0§, 8t1/’>L2(Q) < CzSHQ/’HL?(Q)a (3-26)

where Cj is only depending only on the mollifier 5. To show (3.26) we use our condition
on the distributional time derivative (3.19) and follow the steps we did already in the
proof of Theorem 3.3.1.

[(Un * @5, 04%) 1 2@y | = [(Ortan, P x 05) 1 20| < > 19 % 5wz q
a<N
<z D 10505l @y = 192 Cs-

a<N

For any pair (v, ®) € D(R x R%)? a simple recalculation provides

1
<T(s,0)V -V, (I)>L2(]R><]Rd) = ((T(s,o) —Id)v, (I)>L2(]R><Rd) = 3/0 <V77_(—sz,0)8tq)>L2(]R><Rd) dz.

If® e Ddiv(QQ(;), we have also that 0;® ¢ dev(QQ(;). According of step 2 we know that
for s small enough and any z € [0,1] we obtain 7(_,, 0)0;® € Daiv(Q5) and hence the
estimate (3.26) is usable for 7(_g, 0)0;®. Since D(R x R?) is dense in L2(R; L, (RY)) we
can apply the upper formula to v = Pys(u, * ¢5). Using Lemma 3.6.6 we get

1(7(5,0) = 1d)Pas(un % 95)ll1.2(6y,,) < C1 sup (75,0 — 1d)Pos(un % 5), @)y 2(q),
PE€Daiv (226), [Pl 2 (0, 5) <1

+ H'WL(T(S,O) — 1d)Pos(uy, * ps) HH;1/2(8§226)

1
<I>€Ddiv(025)’”q>”L2(f226)Sl 0

+ 7a(T(s.0) = 1d)Pas (n % 05) 172 ),

<Cr ~ sup SC§||T(fsz,0)q)”L2(Q5)
‘I’EDdiv(Q26)7||‘I’||L2(§226) <1

S SC[C(;.

Since n € N was arbitrary we get uniform convergence in n in the sense

s—0
sup 1(7(s.0) = Td)Pas (s % 25) | 2(6y,) ~— O- (3.27)



Step 4: Putting all 3 steps together we are able to prove (3.23). So let K C Q) be an arbitrary
compact subset of {2 and let § € (0,v/2), then

T(5,0Un — Un = (7(5.0) — Id)(un — up * ¢5) (3.28)
+ (7(5,0) — 1d) (up * 05 — Pas(un * ¢s)) (3.29)
+ (7(s,0) — 1d)Pas(un * s)- (3.30)

We take § small enough, such that K C {5 and we will proceed line by line in the LQ(Q(;)
norm.

Let ¢ > 0. For the first line (3.28) we can adapt Proposition (3.3.13) for u, and
Q).Following the proof of Proposition (3.3.13) we obtain

||un —uy *SD&HLQ(K) g ||un — un*905||L2(026) S 6||V:pun||L2(Q26) S 5||V:pun||L2(Q)

Therefore we find §; > 0 such (3.28) becomes smaller than ¢/3, independently from n
(and s). Due step 1 we also find d2 > 0 such that the second line 3.29 is smaller than /3
w.r.t. H.HLQ(Q%) and for all n € N. Now let us set § = min(dy,d2). With Jp fixed, we are
able to handle the third and last line, which convergence is independent of n and ¢§. Let
so such that for all |s| < [so| the norm |[(7(50) — Id)Pas(un * ©5)ll; 2(g,,) i smaller than
/3, then we get for all (s,0) € Bs,(0)

1700 un = Wnlliz ey < 1705000 = Wnlli2 gy,
< H(T(s,o) —1d)(u, — u, * (PJ)HL2(§225)
+ [ (7(s.0) = Td) (t * 05 — Pas (W % 05) [l 120,
+ 1[(7(s.0) = T)Pas (% 96)l; 261,
< [[(an = wn x 95)ll120,,)
W, % 95 — Pas (W % 05)) 1200

(
+ (o) — 1)P2s(un % 05) 2
Since K was arbitrary we have shown, that 7, gyu, — uy, M 0 uniformly in n.
Conclusion
In this part we conclude our proof with showing
Ve > 0,36 : such that ||7(s y) Laun — LoUnllp2mygraey <€ Vn € N,V(s,y) with |(s,y)| < de.
Recall 7 > 2 from point 1.), then we find a constant R € R such that
lunllr@y <R ¥neNl. (3.31)
Let € > 0. Thanks to Theorem 1.1.9, there exists a compact subset K. C Q, such that

A1 (Q\ K. < (€2/4RT)(r=2)/2r, (3.32)

o7



Due to point 2.) and 3.) we find d./4 > 0 and 55/4 > 0 such that

I704)(Lgun) — Lounllp2k,) < V[(0,y)| < 04, (3.33)

O] m

175,0)(Tgun) = Tgunll 2k < ¥|(s,0)] < by, (3.34)

Define §. = min(J, 4, o. /4)- If we use the linearity and the isometry of the shift operator, then
we get, thanks to (3.33) and (3.34), for all n € N and for all (s,y) € R x R? with |(s,y)| < d.

17(s,y n) — Lounlli2() =
(Laun)) — 7o) (Laun) + 7o,y (Laun) — Laun|[ 2k, <
(Tqun) — Tgun)llz(k.) + 1700 (Tgun) — Tgunlli2 (k) =

n) — lg‘)un”LQ(Kg) + ||T(0,y)(]1()un) - lﬂunHL2 <

)(Lgu
”T (Ts (s,0)
I7(0,) (T(s.0)
||Tso (1 au

c

5
With this, (3.32) and the Holder inequality (with 1/2 = 1/r + (r — 2)/2r) we obtain for all
n € N and for all (s,y) € R x R? with |(s,y)| < 6.

175, (Tgun) — ]lQu””%P(RXRd) =

17650 (L un) = Loz g ) + [7(s0) (Tgtn) = Lgunllfo gy pay .y <

2
9 2

7 HlImewlamnlliz@xra ) + 1anlliz@era s, <
g2 2
T + 2||]lQun||L2(R><Rd\K5) <
52

7+ 20k, vl

2
7 2wl >\d+1(Q VK)o <

2 2

e 9
S LoR" e?

4 +2 4R7”

The choice of K. C depends only on &, hence the choice of J. is independend of n, therefore
we have uniform convergence in n, which means that the condition (3.21) is satisfied.

At the end we obtain with Riesz-Fréchet-Kolmogorv’s Theorem (Theorem 3.6.7) that the se-
quence (1gup)nen is relative compact in L?(O) for all measurable sets O C R x R? with finite

measure. Since (Iguy)pen coincide with (uy,)pen on Q, we have at the end of the day that the
sequence (uy,)nen is relatively compact in L?(Q). O

Remark 3.6.9. Theorem 3.6.4 has a homogeneous boundary condition (3.18). We want to
mention that one can replace (3.18) with the weaker assumption:

(valn)nen has a converging subsequence in H;'/2(99). (3.35)

This condition is designed for non homogeneous boundary conditions. A. Moussa gives at the
end of [Moul6] a short proof if one replaces the condition (3.18) in Theorem 3.6.4 with (3.35).
|
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Borel measure, 9
bump functions, 27
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Commutator Lemma, 21
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Compactness for BV functions, 11
conjugate exponent, 7
continuously embedded, 12
critical point, 28

diffeomorphism, 31
divergence, 45
domain, 32

dual space, 16
duality formula, 48

embedding
compact, 12

continuous, 12

finite Radon measure, 9
Friedrichs Lemma, 12
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-of bounded variation, 10
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Holder inequality, 8, 16
Hausdorff, 48

inequality
Holder-, 8
Lyapunov-, 8

Jacobian, 31

Lebesgue measure, 7
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Vanishing weak gradient, 36
Friedrichs-, 12

Lipschitz boundary, 7

Lipschitz constant, 35

locally finite, 9

lower semi-continuous, 28

Lyapunov inequality, 8, 19

mean value, 13

measure, 9
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Radon, 9
vector, 9

mollifier, 14

normal trace-operator, 45

p- norm, 13
Poincaré inequality, 13
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Radon measure, 9
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regular function, 28

regular point, 28

Regularization, 14
Rellich-Kondrachov, 12

Riesz Representation Theorem, 9

shift operator, 20
Sobolev exponent, 12
strongly included, 11
support, 7

test function, 11

test functions, 7

Theorem
Integral formula, 31
Inverse Function, 31
Transformation-Rule, 32
Compactness for BV functions, 11
dominated convergence, 8
Fubini, 8
Inner approximation by compact sets,

10

total variation, 9

totally bounded, 12

trace, 14

trace-operator, 14
normal-, 45

Trace-Theorem, 14

vague topology, 10
vaguely convergence, 10

vector fields, 44
vector measure, 9

weak partial derivative, 11
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