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Kurzfassung

In dieser Arbeit werden zwei Beitrdge zur Theorie der konvexen Korper (kompakte
und konvexe Mengen) behandelt. Der Raum der konvexen Korper in R™ wird mit
K" bezeichnet.

Der erste Teil befasst sich mit dem Konzept von Minkowski Endomorphismen.
Ein Minkowski Endomorphismus ist eine stetige, SO(n)-equivariante und trans-
lationsinvariante Abbildung ® : K" — K", die additiv beziiglich der punktweisen
Addition (Minkowski Addition) von konvexen Korpern ist. Als eines der wichtig-
sten Resultate dieser Arbeit wird gezeigt, dass alle Minkowski Endomorphismen
gleichméfig stetig sind. Dieses Resultat beantwortet eine seit mehreren Jahren
offene Frage. Desweiteren wird gezeigt, dass es nichtmonotone, gerade Minkowski
Endomorphismen gibt, und es werden auferdem Fragen in Bezug auf den allge-
meineren Begriff von Minkowski Bewertungen beantwortet.

Im zweiten Teil dieser Arbeit wird, auf der Grundlage eines gemeinsamen Ar-
tikels mit Franz Schuster, der Begriff von j-Projektionenkorpern eingefiihrt. Dieser
verallgmeinert wichtige bestehende Konzepte und kann als duales Gegenstiick zu
dem von Spezialisten vielfach untersuchten Begriff von j-Schnittkérpern gesehen
werden. Als Hauptresultat wird eine fourieranalytische Charakterisierung fiir j-
Projektionenkorper bewiesen. Dariiber hinaus wird gezeigt, dass es Zonoide gibt,
welche nicht zur Klasse der j-Projektionenkorper gehoren.



Abstract

This thesis is composed of two contributions to the theory of convex bodies (com-
pact and convex sets). The space of convex bodies in R will be denoted by K.

We begin with an investigation of Minkowski endomorphisms. A Minkowski
endomorphism is a continuous, SO(n)-equivariant, and translation invariant map
¢ : K" — K" that is additive with respect to point-wise addition (Minkowski addi-
tion) of convex sets. In answer to a question that has been open for several years,
we prove that all Minkowski endomorphisms are uniformly continuous. Further-
more, we show that there exist non monotone, even Minkowki endomorphisms and
answer a few questions regarding the more general notion of Minkowski valuations.

In the second part, based on a joint paper with Franz Schuster, the concept of j-
projection bodies will be introduced. This notion generalizes important concepts
from convex geometry. Moreover, it can be seen as a dual version to the well-
studied notion of j-intersection bodies. As the main result, a fourier-analytic
characterization of j-projection bodies is established. In another interesting result
we establish the existence of zonotopes that are not j-projection bodies.
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Chapter 1

Introduction

A convex body is a compact and convex set in R™. In other words, a convex body
is a set K (in n-dimensional space) that possess a boundary (that is part of the
body) such that line segments connecting two boundary points entirely lie inside
of K. Convex bodies exhibit many desirable properties that do not hold for gen-
eral compact sets in R™. This lends to both many applications and a beautiful
and incredibly rich theory of convex bodies. This "Theory of Convex Bodies" is
concerned with the foundational investigation of these natural geometric objects.
Its origin dates back to Hermann Minkowski around 1900. In this thesis two con-
tributions to this theory will be presented.

In Chapter 2 we will review necessary background from areas such as harmonic
analysis, the theory of convex bodies and valuation theory to present our results.
Harmonic analysis is a field of mathematics that deals with the problem of repre-
senting an arbitrary function as a superposition of simple base functions (that is
the expansion of a function into a Fourier series). This has numerous applications
inside and outside of mathematics and will be a crucial tool for our purposes. The
concept of valuations on convex bodies arises as a straightforward generalization
of measures. Valuation theory has seen a surge of contributions in the past two
decades and by now is heavily intertwined with the theory of convex bodies.

In Chapter 3 we present our first contribution concerning results that deal with
the notion of Minkowski endomorphisms. Let K™ henceforth denote the class of all
convex bodies in R”. The class K" is naturally endowed with set addition. This
addition - more commonly denoted Minkowski addition in the context of convex
bodies - is defined by

K+L={x+y:2e€K,yelL}, K LeK"

A natural and important problem is that of describing the endomorphisms of K.



More precisely, we are interested in maps ® : K* — K" that are Minkowski-
additive, i.e. that satisfy

OK+L)=d(K)+P(L), K LeK" (1.1)

Surprisingly little is known about such endomorphisms. Minkowski endomor-
phisms are such endomorphisms satisfying a few additional properties. Most im-
portantly, it is assumed that they are rigid motion equivariant. This means that
for any Minkowski endomorphism & and rigid motion g we have

(gK) = g@(K)

for all K € K. Here a rigid motion is a transformation consisting of a translation
and a rotation. In physical terms this means that it describes a movement of the
body in space that does not change the shape of the body itself (therefore a rigid
motion). The second more technical property is that of continuity in the Hausdorff
metric (see chapter 2.2).

Minkowski endomorphisms were first investigated by Schneider in 1974 who
gave a characterization of these endomorphisms in the plane. Later, a first step
towards a better understanding in higher dimensions was taken by Kiderlen, who
gave a general description of Minkowski endomorphisms and characterized the
weakly-monotone (see chapter 3) Minkowski endomorphisms. Despite that several
questions concerning the structure and properties of Minkowski endomorphisms
remained open.

In this thesis we answer several of these open questions. Perhaps most im-
portantly, we prove that Minkowski endomorphisms are always uniformly contin-
uwous but not necessarily weakly-monotone. This in turn also yields a considerably
stronger form of Kiderlen’s description of Minkowski endomorphisms. We also an-
swer some other questions regarding Minkowski endomorphisms, in particular in
connection with Minkowski valuations, building on research by Parapatits, Schus-
ter and Wannerer.

In Chapter 4, which is based on a joint work with Franz Schuster (see [21]),
we introduce the concept of j-projection bodies. If K and L are origin-symmetric
convex bodies and 1 < j < n — 1, then K is called the j-projection body of L if
and only if

vol;(K|E) = vol,_;(L|E*) (1.2)

for every j-dimensional linear subspace F of R". Here K|E denotes the orthogonal
projection of K onto E.

In the theory of convex bodies there seems to be a duality between central
sections and projections. This mysterious duality, to date, is not fully under-
stood. However, j-projection bodies are in part motivated by the dual notion of



j-intersections bodies. While the class of j-intersection bodies has been investi-
gated by several authors, no systematic study of j-projection bodies, for general
1 < j <n—1, has been undertaken to date.

As our main result we establish a Fourier-analytic characterization of condition
(1.2), dual to an existing one for j-intersection bodies. This also implies other
characterization using the theory of valuations. We then go on to discuss some
properties and examples of j-projection bodies. An interesting example is given by
the cube, which for every 1 < j <n — 1 is a j-projection body related to a dilate
of itself. One interesting and not immediately obvious property is that the notion
of j-projection body is an equi-affine one. This essentially means that it does not
depend on the choice of coordinate system. Finally, we end our investigation by
providing negative answers to a couple of questions and thereby highlighting a
remarkable discontinuity in the otherwise strong analogy between j-intersection
and j-projection bodies.



Chapter 2

Background

2.1 Harmonic Analysis on the Sphere and Grass-
mann Manifolds

In this section we will review important definitions and results from analysis on
the sphere and Grassmann manifolds. In particular we will remind the reader of
the notions of convolution and multiplier transform on those spaces. All measures
in this chapter and the following chapters are signed finite Borel measures.

2.1.1 Analysis on Homogeneous Spaces

In the following, we will denote the unit ball and sphere in R” by B"™ and S" !,
respectively. The volume of B™ and the surface area of S"~! are respectively given
by

T2 2713
e, Wp =Ny = T
r(1+3) r(3)

By Gr;,, we denote the Grassmannian of all j-dimensional linear subspaces of R".
Both the sphere and Grassmann manifolds examples of homogeneous spaces. Let
SO(n) denote the group of roations in R"™. For the remainder of this thesis we fix
a pole € on the sphere. This lets us identify SO(n — 1) with the unique subgroup
of SO(n), that is isomorphic to SO(n — 1) having ¢ as its stabilizer. In a similar
way, we can fix a j-dimensional subspace E;, and identify S(O(j) x O(n—j)) with
the unique isomorphic subgroup of SO(n) having Ej as its stabilizer. Throughout
this thesis let us fix a flag of such subspaces

Ry =

span{e} = F1 C E, C--- C E,_ .



The representation of the sphere and Grassmann manifolds as homogeneous spaces
is now realized as

SO(n)
SO(n—1)

SO(n)
S(0(j) x O(n—j))

I

SnlN

Grj

Let M be either the sphere S"~!, any Grassmann manifold or SO(n). By
(M), C(M), LA(M), LX(M), M(M)

we denote the space of smooth functions, continuous functions, integrable func-
tions, square integrable functions and measures on M, respectively. The integral

/M f(u) du

is to be understood with respect to the Haar measure on M. The normalization
is choosen in such a way that we get a probability measure on the respective space.

The space C~> (M) of distributions on M is defined as the dual space of C*(M)
when endowed with the usual Frechet topology. Given a function in f € LY(M), we
can identify it with the measure f du. On the other hand any measure p € M(M)
can be identified with the functional [, : C(M) — R given by

=Aﬂmmw

By Riesz representation theorem the space M (M) is isomorphic to the dual space
of C(M) via this identification. Finally, using these identifications and the fact
that the dual space of C'(M) embeds into C~*°(M) we obtain

C>*(M)C C(M)CL* (M) c LY (M) Cc M(M) C C~>=(M).

Often it is convenient to use cylindrical coordinates with respect to the pole
e. For a j-dimensional subspace E C R" let us denote S*' N E by S~1(E). If
feC(S" 1 and n > 2, then

fudu——/ / te+(1—t2)%)dv(1—t2) dt.  (2.1)
Sn—1 Sn— 2(6J_
Two important integrals that one easily calculates using cylindrical coordinates

are 5
/ € u|du = &, (2.2)
g1 (n—1)wy

5



e JAT(2)
w1y
é-ul*du =2 2 7 —_, 2.
/Snl e uf"du =2 14F( + 2w, n (23)

The natural action of the group of rotations SO(n) on C*°(S™™1) is given by
0f(u) = f(0 u), u €St 0 e SOn).

Via duality, this also defines the action on C~>°(S"!). Recall that the stabilizer of
e in SO(n) is denoted by SO(n —1). A distribution v € C~>°(S"!) is called zonal
if it is invariant under SO(n — 1). We denote the space of zonal distributions by
C~°(S""!,€). The spaces of zonal functions and measures we denote in the same
manner (e.g. C(S"' ¢)). If f € C(S"') is a zonal function, then its associated
function f € C[—1,1] is defined by

Ft) = flte + (1 —2)20),
for some v € e*. It is easy to check that this does not depend on the choice of
v € et. Conversely, given g € C[—1, 1] we obtain a zonal function § € C'(S"1) by

g(u) = g(€ - u).

Since this operation is inverse to the construction of the associated function, we
see that there is a one-one correspondence of zonal functions on the sphere and
their associated functions (see [81] for more information). One important thing
to point out is that while we can associate a function on [—1, 1] to an element of
L1(S"! &) the resulting function is not necessarily in L*([—1, 1]).

For ;1 € M(S™!) we denote its Radon decomposition by j = py — pi—. Then
llpllrv = pa (S"™1) + pu_(S™1) is the total variation of u. We also define
o = ' P '
ev 9 ) odd 9 )
where pf (w) = p(—w) for every Borel set w C S"~1. Note that || ey ||V, || ftoad||Tv <
[l

2.1.2 Representation Theory of SO(n) and Fourier Expan-
sions

In a lot of applictions it is very useful to have an expansion of functions on a given
space into a series of simple functions. For the circle S, this is achieved via the
well known Fourier expansion of periodic functions. In that case, the system

{1, cos(k arccos(u - €)), sin(k arcsin(u - €)) : k € N}

6



forms an orthogonal basis of L?(S"!) and we obtain an expansion by projecting
orthogonally on this basis. A similar approach works for functions on higher
dimensional spheres and Grassmannians. The key problem consists in determining
a suitable orthogonal basis. This issue can be tackled using representation theory
of the compact Lie group SO(n). We will briefly recap some parts of this theory.
For more detailed information we refer to [44, 55, 87|.

Since the Lie group SO(n) is compact, all its irreducible representations are
finite-dimensional. Moreover, the equivalence classes of irreducible complex rep-
resentations of SO(n) are uniquely determined by their highest weights (see, e.g.,
[55]) which, in turn, can be indexed by |n/2]-tuples of integers (A1, A2, ..., An/2))
such that

{ A > Ao > > Ayay >0 for odd n, (2.4)

)\1 2 >\2 Z e Z )\n/Q—l Z ’)‘n/2’ for even n.

An important notion for our purposes is that of spherical representations of
SO(n) with respect to SO(n — 1).

Definition. Let H be a closed subgroup of SO(n). A representation of SO(n) on
a vector space V is called spherical with respect to H if there exists an H-invariant
non-zero v € V', that is, Yv = v for every 9 € H.

The main result about spherical representations of a compact Lie group G
concerns the left regular representation of G on the Hilbert space L*(G/H) of
square-integrable functions on the homogeneous space G/H (see, [87, p. 17]).
However, we only require and state here the special case of this general result,
where G = SO(n) and H = SO(n — 1) and, consequently, the homogeneous space
G/H is diffeomorphic to the sphere S"~1.

Theorem 2.1.1. Every subrepresentation of the left regular representation of
SO(n) on L2(S"') is spherical with respect to SO(n — 1). Moreover, if V is
an SO(n) irreducible representation which is spherical with respect to SO(n — 1),
then V is isomorphic to a subrepresentation of L2(S*™1) and dim V50— = 1,

These general theorems provide the basis for working out the details of Fourier
expansions of functions on the sphere and Grassmannians. Since irreducible mod-
ules of L(S"™!) and L(Gr;,,) are pairwise orthogonal we will obtain an orthogonal
basis of these spaces by determining the irreducible modules and orthogonal basis
of these. Here and in the following, we denote by V& the subspace of G-invariant
vectors of a representation V' of a group G. We will consider the cases of the sphere
and Grassmann manifolds separately.



(a) The decomposition of L2(S"™!) into an orthogonal sum of SO(n) irreducible

subspaces is given by
LX) = P H;.
keN

Here, H} is the space of spherical harmonics of dimension n and degree k.
The highest weights associated with the spaces H} are the |n/2]-tuples
(k,0,...,0), £ € N, and, by Theorem 2.1.1, every irreducible representa-
tion of SO(n) which is spherical with respect to SO(n — 1) is isomorphic to
one of the spaces Hj.

By Theorem 2.1.1, each space H} contains a 1-dimensional subspace of zonal
functions. This subspace is spanned by the function u — PJ'(u - €), where
P e C([—1,1]) is the Legendre polynomial of dimension n and degree k.
Letting 7 : L2(S"™') — HJ denote the orthogonal projection, we write

fe Y mef (2.5)
k=0

for the Fourier expansion of f € L*(S"!). Recall that the Fourier series in
(2.5) converges to f in the L? norm and that

(mf)(0) = Nnok) [ F) Py (u-v)du (2.6)

S§n—1
where N(n, k) = dim H}.

Since the orthogonal projection 7 : L2(S"™!) — HP is self adjoint, it is
consistent, by (2.6), to extend it to the space C~°°(S"™!) of distributions by

(mpv)(v) = N(n, k) v (u— Pl (u-v)).
It is not difficult to show that indeed 7, € H} and that the Fourier expan-
sion -
s
k=0

uniquely determines the measure v € C~>°(S"!).

(b) For 1<j<n —1, recall that

Grjn = 50(n)/S(0(j) x O(n = j)).



The space L?(Grj,,) is a sum of orthogonal SO(n) irreducible subspaces
with corresponding highest weights (A1,..., A|n/2)) satisfying the following
two conditions (see, e.g., [55, Theorem 8.49|):

A =0 for all £ > min{j,n — j},
(2.7)

Aty o5 Alny2) are all even.
Of particular importance for us is the subspace L?(Gr;,, )" of spherical func-
tions defined as the orthogonal sum of all SO(n) irreducible subspaces in
L?(Gr;,,) which are spherical with respect to SO(n — 1). By Theorem 2.1.1,

(a), and (2.7),
L?(Gr,)™" = @F 2%.0,...,

keN

where I'y denotes the SO(n) irreducible subspace of L?*(Gr;,,) of highest
weight A = (A1,..., Alp/2)). Note that L*(Gr;,)*" is isomorphic as SO(n)
representation to the subspace of even functions in L?(S"1).

2.1.3 Multiplier Transforms and Convolutions

We now turn to convolution transforms of functions and measures on SO(n) and
the homogeneous spaces S"~! and Gr;,,. Importantly these have the basic integral
transforms we require, such as cosine and Radon transforms, as special cases.

The convolution v * 7 of distributions v, 7 on SO(n) is defined as the pushfor-
ward of the product distribution v ® 7 by the group multiplication m : SO(n) x
SO(n) — SO(n), that is, v * 7 = m,(v ® 7). For details see ( [50, |, p. 128). For
the most part we will only require the notion of convolutions of measures. In this
case, if u,0 € M(SO(n)), the previous definition is equivalent to

F9) d(pi» o) / S JON At ds®), 1 € c(som)

SO(n)

For a measure 1 on SO(n), let lyp and ryp denote the pushforward of p by the
left and right translations by ¢ € SO(n), respectively. We also often use v := lyu
for the left translation of p. It follows from the definition of y * o that

(lop) x o =ly(pxo)  and  px(ryo) =ry(p*o) (2.8)
for every ¥ € G. Moreover, the convolution of measures on SO(n) is associative
but in general not commutative. In fact, if y, o are measures on SO(n), then

—

[L* 0 =0 %[,

Ne)



where i denotes the pushforward of p by the group inversion, that is,

f(0) dp(0) = )f(??_l) du(0), [ € C(SO(n)).

SO(n) SO(n

In order to define the convolution of measures on S"! and Gr;,,, we make use
of the diffeomorphisms

S"!'=850(n)/SO(n—1) and Grj, = SO(n)/S(0(j) x O(n — 7)).

Indeed, if H is a closed subgroup of SO(n), then there is a natural one-to-one
correspondence between measures on SO(n)/H and right H-invariant measures on
SO(n) (see, e.g., |43, 82| for a detailed description). Using this identification, the
convolution of measures on SO(n) induces a convolution product of measures on
SO(n)/H as follows: Let 7w : SO(n) — SO(n)/H denote the canonical projection.
The convolution of measures p and o on SO(n)/H is defined by

px o =mm (' u o), (2.9)

where 7, and 7* denote the pushforward and pullback by 7, respectively. Note
that, by (2.8), definition (2.9) is consistent with the identification of measures
on SO(n)/H with right H-invariant measures on SO(n). In the same way, the
convolution of measures on different homogeneous spaces can be defined: Let
Hy, Hy be two closed subgroups of SO(n) and denote by m; : SO(n) — SO(n)/H;,
i = 1,2, the respective projections. If, say, x is a measure on SO(n)/H; and o a
measure on SO(n)/Hs, then

* *
ok 0 = o.My (T ® m50),

defines a measure on SO(n)/H,.

Since the projection 7 : SO(n) — SO(n)/H is given by m() = 9E, where H
is the stabilizer in G of £ € SO(n)/H (note that we write € instead of £ when
H = SO(n—1)), the convolution of a measure p on SO(n) with the Dirac measure
dg on SO(n)/H yields

M*5E:/ ropdi and 5}3*#:/ Lop do). (2.10)
H H

Thus, 0z * u is left H-invariant, p* 0z is right H-invariant, and dz is the unique
rightneutral element for the convolution of measures on SO(n)/H. Generalizing
the notion of zonal measures on S"!, a left H-invariant measure on SO(n)/H is
called zonal. If p and o are measures on SO(n)/H, then, by (2.10),

pxo=(uxdg)xo=pux*0p*o).

10



Consequently, for the convolution of measures on SO(n)/H, the right hand side
measure can always assumed to be zonal.

Before we discuss important specific examples, we recall one more critical prop-
erty of the convolution of measures on S*~!. Using the identification of a zonal
measure ¢ on S"! with a measure on [—1,1] and the Funk-Hecke Theorem, one
can show (cf. [81]) that the Fourier expansion of o % i is given by

T % L~ Zaﬁ[u] O, (2.11)
k=0
where the numbers

o) =wnes [ PR (- )5 dutt

1

are called the multipliers of the convolution transform ¢ — o % u. Here, w,_; is
the surface area of the (n — 1)-dimensional Euclidean unit ball.

Example 2.1.2.
(a) Let 1 < j<n—1and let | cos(F, F)| denote the cosine of the angle between

two subspaces E, F' € Gr;,, (see, e.g., |38]). The cosine transform C;u of a
measure ;o on Grj, is the continuous function on Gr;,, defined by

CF) = [ Jeos(, Pl ().

It is not difficult to show that

Cjpn = p*|cos(E, )|, (2.12)

where £ € Gr;,, again denotes the image of the identity under the projection
7 : 80(n) = Gr;,. In particular, the cosine transform is a linear and self-
adjoint operator which is SO(n) equivariant and maps smooth functions to
smooth ones, that is,

C; : C(Grj,) = C(Grjn).
Moreover, since | cos(E, F)| = | cos(E+, F1)|, we have
(Cju)t = Cojprt (2.13)

where pt := L,p denotes the pushforward of i by the orthogonal comple-
ment map L : Grj, — Gr,_;,.

11



The spherical cosine transform of u € M(S"!) is defined via
() = (Crodlu) = [ 1o+ ulduto)

Upon identifying, even measures on the sphere with measures on Gry, we
can identify C = C;.

It is a classical fact (see, e.g., [44, Chapter 3]) that the cosine transform
C; is injective and, thus, by (2.13), so is C,_1. Accordingly, the spherical
cosine transform is injective on even measures. For 1 < 7 < n — 1, Goodey
and Howard [32] first showed that the cosine transform C; is not injective.
A precise description of its kernel was given by Alesker and Bernstein [8|.
However, Goodey and Zhang [38, Lemma 2.1| proved that the restriction
of C; to spherical functions in L?(Gr;,, )" is injective and, moreover, when
restricted to the subspace of smooth spherical functions

C®(Grjp)™" = clow @ L' 2k,0,...,0) (2.14)
keEN

the cosine transform C; is bijective for every 1 < i < n — 1. Here, clge
denotes the closure in the C'*° topology.

Let 1 <i# j <n-—1. For F € Grj,, we write Grfn for the submanifold
of Gr;, which comprises of all £ € Gr;, that contain (respectively, are
contained in) F. The Radon transform R, ; : L*(Gr;,,) — L*(Gr;,,) is defined
by

(Rij [)(F) = f(B)dvi (E),

P
Gri’n

where v/ is the unique invariant probability measure on Grf n- It is well

known that, for 1 <i < j <k <n —1, we have
Rz’,k = Rj,k o Ri,j and Rk,i = Rj,i 9] Rk,j

and that R;; is the adjoint of R; ;. Using this latter fact, one can define the
Radon transform of a measure p on Gr;,, by

F(F) d(Ry 1) (F) = / (Ryuf)(B)du(E),  f € C(Cry).

GI‘j,n Griyn

Also the Radon transform intertwines the orthogonal complement map. More

precisely,
(Rijit)" = Roimejpi. (2.15)

12



For 1 <i < j <mn—1let \;; denote the probability measure on Gr;,, which
is uniformly concentrated on the submanifold

{VE € Gr;, 9 € S(0(i) x O(n — i)}

It is not difficult to show (see, e.g., [43]) that for measures p on Gr;,, and v
on Gr;,, we have

Ri,j,u = U * )\i,j and Rj’l‘V = U * /)\\z’,j- (216)

In particular, the Radon transform is a linear SO(n) equivariant operator
which maps smooth functions to smooth ones, that is,

Ri,j : COO(GI'i’n) — COO(Gl"jm).

It follows from results of Grinberg [42] that if 1 <i < j <n —1, then R;;
is injective if and only if 7 4+ j < n, whereas if ¢ > 7, then R, ; is injective if
and only if i + j > n. Moreover, Goodey and Zhang [38] proved that for all
1 <i# j <n —1 the restriction of the Radon transform R;; to spherical
functions is injective and that

R;; : C*(Gr;, )" — C=(Grj,, )"
is a bijection.

Let S(R™) denote the Schwartz space of complex valued, rapidly decreas-
ing, infinitely differentiable test functions on R™ endowed with its standard
topology (see, e.g., [58, Chapter 2.5]). We call a linear, continuous func-
tional on S(R") a distribution over S(R™). Note that any locally integrable
function on R™ satisfying a power growth condition at infinity (cf. [58, p.
34]) determines a distribution acting by integration.

The Fourier transform F : S(R") — S(R™) is defined by

Fr)(e) = [ rly)expl-iz-y)dy

It is well known that F is an SO(n) equivariant (topological) isomorphism
of the Schwartz space S(R™). Moreover, F is self-adjoint on S(R™). This
motivates the definition of the Fourier transform Fv of a distribution v over
S(R™) as the distribution acting by

(Fv,7) = (v, F1), T € S(R™).
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A distribution v over S(R™) is called even homogeneous of degree p € R if
(v, 7(+ /A)) = AP (v, 7)

for every 7 € S(R") and every A € R\{0}. For the rest of this article, we
only consider even homogeneous distributions . Note that in this case,

F?y = (2m)"v. (2.17)

Moreover, Koldobsky [58, Lemma 2.21] observed the following crucial fact.

Lemma 2.1.3. The Fourier transform of an even homogeneous distribution
of degree p is an even homogeneous distribution of degree —n — p.

Now consider the space C2°(S"™1) of all real-valued even smooth functions
on S" ! endowed with its standard Fréchet space topology. For p > —n and
f € C(S"1), we denote by f, the homogeneous extension of f of degree p
to R\ {0}, that is,

X

o) =leles (55). 2RO

]

Since p > —n, f, is locally integrable and determines an even homogeneous
distribution of degree p acting on test functions by integration. Thus, by
Lemma 2.1.3, F f, is an even homogeneous distribution of degree —n —p. It
was first noted in [41] that, for —n < p < 0, Ff, is, in fact, an infinitely
differentiable function on R™\{0} (which is even and homogeneous of degree
—n —p). This gives rise to an operator F,, on C>°(S" 1), called the spherical
Fourier transform of degree p € (—n,0), defined by

F,f = Fflsn-1, feCx=@Ssm).

Clearly, F), is a linear and SO(n) equivariant map. Hence, by Schur’s lemma,
F, acts as a multiplier transformation on the spaces H%,, k € N. Its multi-
pliers a, [F,] were determined in [41]| and are given by

1—\ (2k+2n+p)

2

ag[Fy) = /22" (= 1)" (2.18)

We will give a convolution representation of F,, at the end of the next section.
For now, we just note that (2.18) implies that for p € (—n,0),

F,: (S — 0x(S" )
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is bijective and that, by Lemma 2.1.3, (2.17), and the definition of F,,

F_(F,f) = (27)"f (2.19)

holds for every f € C2°(S"™!). Moreover, as a multiplier transformation F,
is self-adjoint and, hence, admits an extension to the space C;°°(S"™!) of
continuous, linear functionals on C°(S"™1) defined by

(Fpv, f) = v, F,f)

for v € C2°°(S"1) and f € C(S"!). By duality, F, extends to even
distributions and thus in particular to even measures.

Finally, we state a fundamental relation between the spherical Fourier trans-
form and certain Radon transforms which was first observed by Koldob-

sky [56] (see also [70]). Here, k,, is the m-dimensional volume of the Eu-
clidean unit ball in R™.

Proposition 2.1.4. Suppose that1 < 3 <n —1. Then

21V 4 K
Ri,  oF - (W)_)Jﬁ L, oRy,
n—7)kKnj

Note that here and in the following, we identify C2°(S"™!) with C*°(Gry,,)
and the transform R;;, 1 <¢ <n — 1, with the identity map.
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2.2 Convex Bodies

2.2.1 Basic Definitions and Results

In this section we wil review fundamental facts and results from the theory of con-
vex bodies. For a more detailed exposition confer [78]. We will assume throughout
that n > 3. Recall that K™ denotes the set of convex bodies (compact and convex
sets) in R™. Any body K € K" is uniquely determined by its support function
h(K,u) = hg(u) = max{u-z : z € K} for v € S"!. Minkowski addition is
defined by

K+L={zx+y:ze€K, yelL}

for any K, L € K™. The reflection in the origin of a convex body K € K" is given
by
—K={-z:2¢€K}.

A convex body is called origin-symmetric if K = —K. The Hausdorff distance
dy (K, L) of two convex bodies K, L € K" is defined via

dy(K,L) =inf{e > 0; K C L+¢eB"and L C K +€B"} .
We remind the reader that
dy(K, L) = |[hx — hi|]

and
hgir = hg + hr.

A compact set L in R™ which is star-shaped with respect to the origin is
uniquely determined by its radial function p(L,u) = pr(u) = max{A > 0: Au €
L} for u € S"7'. If p(L,-) is positive and continuous, we call L a star body. If a
convex body K € K" contains the origin in its interior, then

pr+() =h()7hand  hye() = pc ()7 (2.20)

where K* = {x € R" : -y < 1 for all y € K} is the polar body of K.

A classical result of Minkowski states that the volume of a Minkowski linear
combination \{ K1+ ---+ A\, K,,, where Kq,..., K,, € K" and \y,..., \,, > 0, can
be expressed as a homogeneous polynomial of degree n, that is,

Vn(AlKl‘F""i‘/\me) = Z V(Kjl7“'7an))\j1"'>\jn’

1<j1,-,jn<m
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"t

The symmetric coefficients V (K, ..., K, ) are called the mized volumesof K, ..., K
For KL € K™ and 0 < 7 < n, we denote the mixed volume with j copies of K
and n — j copies of L by V(K[j], L[n— j]) and we write V;(K) for the jth intrinsic
volume of K defined by

”.)WKM,B[n ).

o Vi(K) = (]

Let us now consider more specifically convex bodies K € K" with non-empty
interior and support function hy € C?(S"™1). For a pair of orthogonal vectors u
and v of unit length, the radii of curvature of such a K at w in direction v is given
by

o2
rie(us0) = 5o () ().
Here f; denotes the 1-homogeneous extension of a function f € C'(S" 1) to R"\{0}.
The radius r(u,v) is precisely the radius of the oscillating circle to K|span{u, v}
at the point u € span{u,v}. We denote the class of convex bodies with support
function of class C* and everywhere positive radii of curvature by K3. A function
h € C*(S"!) is the support function of a convex body K € K2 if and only if

o)y () > 0 (2.21)

for all pairs of orthogonal vectors u and v (cf. [78, Chapter 2.5]). The eigenvalues
of the Hessian V?(hg);(u) are the radii of curvature in the principal directions,
that is, the principle radii of curvature. For 1 < j < n — 1, these are denoted by

rj(u).
The j-th projection function of a convex body K € K" is defined by
K —vol(K|E), FE € Grj,

where K|E denotes the orthogonal projection of K onto E. Note that, for origin-
symmetric /K,
vol; (K [span{u}) = 2h(K, u). (2.22)

In view of Proposition 2.1.4 and (2.24), the following result about the injectivity
of Radon transforms of projection functions is important for our purpose.

Proposition 2.2.1 ([3, 31]). Suppose that 1 < i,j7 < n—1 and let K,L € K"
be origin-symmetric and have non-empty interior. If R; jvol;(K|-) = R, ;vol;(L] -)
on Grj,, then K = L.
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2.2.2 Area Measures

Recall that H’ denotes the j-dimensional Hausdorff measure. For any Borel set
w C S" L the surface area measure of a convex body K is defined by

Sp1(K,w)=H"YHz € 0K : N(K,z) Nw # 0},

where N (K, z) denotes the normal cone of K at the boundary point x. For every
r > 0, the surface area measure satisfies the Steiner type formula

n—1
(n—1
Sn—l(K—i_,ana') = Tn_l_J (n . )SJ(K7>
P J
The measure S;(K, ), 1 < j <n—1is called the area measure of order j of K. It
is uniquely determined by the property that

V(K[jl,Bl[n—1—-j],L) = %/ h(L,u) dS;(K,u) (2.23)
Sn—l

for all L € K". If K € K" has non-empty interior, then, by a theorem of
Aleksandrov-Fenchel-Jessen (see, e.g., [78, p. 449]), each of the measures S;(K,-),
1 < j5 < n—1, determines K up to translations. In particular, if K is origin-
symmetric, then S;(K,-) is an even measure on S"~! and, thus, can be identified
with a measure on Gry,, of the same total mass. Using this identification, the im-
portant Cauchy-Kubota formula can be stated as follows: For every 1 < j <n—1
and origin-symmetric K € ",

kj kj

(J_* o Rj’nfl)VOlj<K| . ) =

Ci18i(K,-) =

Rn—1 Rn—1

VKN (224)

For a body K € K2 the area measure of order 1 < j < n — 1 is absolutely
continuous with respect to the spherical Lebesgue measure. Its continuous density
is given by the j-th normalized elementary symmetric function of the principal
radii of curvature:

1\ !
s;(K,") = (n » ) S e
J 1<ig<-<ij<n—1

Another class of convex bodies for which there is a nice description of their
area measures are polytopes. Let P be a polytope. Then

S;(P,-) = (” - 1) > HTIN(P,F) Nw)vol(F), (2.25)

J FeFi(P)
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where N(P, F) denotes the set of all unit normal vectors of F' in P and F’(P)
is the set of all j-dimensional faces of P. Since N(P,F) lies in an n — 1 — j
dimensional great sphere, it follows that S;(P,-) is concentrated on the union of
finitely many such subspheres. The following converse of this observation was
obtained by Goodey and Schneider.

Proposition 2.2.2 ([33]). Suppose that 1 < j < n —1 and let K € K" with
dim K > j + 1. If the support of the area measure S;(K,-) can be covered by
finitely many n — 1 — j dimensional great spheres, then K is a polytope.

The center of mass (centroid) of every area measure of a convex body is at the
origin, that is, for every 1 < j <n —1 and K € K", we have

/ udS;(K,u) = o.
Sn—1

The set S; = {S;(K,-) : K € K"} is dense in the set M} (S"!) of all non-
negative Borel measures on S"~! with centroid at the origin if and only if j = n—1.
However, S; — S;, 1 < j <n —1, is dense in the space M,(S"™!) of signed Borel
measures on S"! with centroid at the origin (cf. |78, p. 477]).

The general Christoffel-Minkowski problem asks for necessary and sufficient
conditions for a Borel measure on S"~! to be the j-th area measure of a convex
body. The answer to the special case j = n — 1, known as Minkowski’s existence
theorem, is one of the fundamental theorems in the Brunn-Minkowski theory (see
[78, Chapter 8.2]). It states that a non-negative measure u € M(S"!) is the
surface area measure of a convex body with non empty interior if and only if u
is not concentrated on a great subsphere and has its centroid at the origin. The
analogue of Minkowski’s problem for the first-order area measure is known as the
Christoffel problem. In order to describe its solution by Berg [12], recall that, for
K € K", the measure S;(K,-) and the support function h(K,-) are related by a
linear differential operator O, in the following way

1
n—1

Si1(K, ) =h(K,-)+ Ash(K,-) =: O,h(K,"). (2.26)
Here, Ag denotes the Laplacian on S"~! and equation (2.26) has to be understood
in the sense of distributions. Note that for convex bodies in K2 formula (2.26)
readily follows from the description of the density of S; (K, -) via principle radii of
curvature. Since AgYy = —k(k+n —2) Y}, for every Yy € H}, the definition of O,
implies that, for f € C>°(S" 1), the spherical harmonic expansion of O, f is given
by

n—1

an~2<1_k)(k+n_l)7rkf. (2.27)
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In particular, the kernel of O, is the space H} consisting of the restrictions of
linear functions on R” to S"~!. If we let

C(S™ ) = {feC=E ") : mf =0},

then O, : C°(S"™1) — C°(S™™1) is an SO(n) equivariant isomorphism of topo-
logical vector spaces. An explicit expression for the inverse of 0, was obtained by
Berg [12|. He proved that for every n > 2 there exists a uniquely determined C'*°

function g, on (—1,1) such that the associated zonal function g,(u) = g,(u - €) is
in LY(S"!) and

n—1

1—k)(k+n—1)

ay[gn] =0, aglgn] = ( k#1. (2.28)

It follows from (2.27), (2.11), and (2.28) that for every f € C°(S™1),

f = (an) * gn (2.29)

From (2.29), Berg concluded that a measure y € MF(S"™1) is the first-order area
measure of a convex body in R” if and only if u * g, is a support function.

At the end of this section, we need the following generalization of (2.29) that
follows from a recent result of Goodey and Weil [37, Theorem 4.3]: For every
j €12,...,n}, the convolution transform

T, CX(E) = CFE), fo i

is an isomorphism. Let O; : C°(S" 1) — C°(S"!) denote its inverse.

The problem of finding necessary and sufficient conditions for a Borel mea-
sure on S"! to be an intermediate area measure of a convex body is known as
the Christoffel-Minkowski problem and has only been partially resolved (see, e.g.,
[78, Chapter 8.4]). An in-depth analysis of the problem under additional regular-
ity assumptions was carried out by Guan et al. [45-47]. The following corollary
to one of their results [45, Theorem 1.3| is of particular interest to us.

Proposition 2.2.3. Suppose that 1 < j <n —1. If K € K! is a smooth origin-
symmetric convex body, then p(K, ) € C>(S"!) is the density of the area measure
of order 7 of a convex body L € K7 with non-empty interior.

Firey 24| gave the following solution of the Christoffel-Minkowski problem
for sufficiently regular convex bodies of revolution. When considering such bodies,
we will always assume that they are SO(n — 1) invariant, that is, their axes of
revolution is the line spanned by & € S*~L.
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Theorem 2.2.4 ([26]). Suppose that 1 < j <n—1. A continuous zonal function
s(e-.) on S"! is the density of a body of revolution K € K% if and only if s
satisfies the following conditions:

(i) ftlés(é)(l —€2)"27dE > 0 for t € (=1,1) and vanishes for t = —1;
(ii) s(t)(1—12)"% > (n—1—7) [ €s(6)(1 — )7 dE for allt € (—1,1).

Another result by Firey that we require, concerns a concentration property
of area measures. For 0 < a < 7 let C, denote the spherical cap given by
Co={ueS"':(e-u)>cosa}.

Theorem 2.2.5 ([25]). Let K € K" and 1 < j < n — 1. Then there exists a
constant A > 0 such that
sin" ' o

Si(K,Ca) € A———— |lhxllk

- COS &

2.2.3 Special Classes of Convex Bodies

In this section we will review the class of zonoids and generalization thereof and
discuss a few related theorems.

Recall that a body K € K" is called a zonotope if it is a finite Minkowski sum
of line segments. A zonoid then is the limit of zonotops in the Hausdorff metric.
Let Z7 denote the class of origin-symmetric zonoids in R™. It is well known that
a convex body K belongs to the class Z7 if and only if its support function can
be represented in the form

for some uniquely determined non-negative pur € M (S"71).

This inspires the following generalizaton. An origin symmetric convex body
K € K™ is called a generalized zonoid if there exists an even measure u € M(S"1),
called the generating measure of the convexr body K, such that

The next theorem, due to Weil, characterizes the cone of continuous generating
functions of generalized zonoids.
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Theorem 2.2.6 (|91]). An even function p € C(S"™1) is the generating function
of a convex body L if and only if

/Sn y L)(u ) p(u) du > 0, (2.31)

for all wlw € S* 1.

By introducing cylindrical coordinates we immediately get a characterization
of generating functions of bodies of revolution. Let x5 denote the indicator
function of the interval (a,b).

Corollary 2.2.7. Let p € C(S™1) be even and zonal. For 0 < a, 3 <1 define

12 dwp_o t 12 Wn_1 t?
<@52+ L O/J’\/(l——> (1) 4 ot (1—07) (1-p >> .

Then p is the generating function of a convex body L if and only if

Cas()i= [ pOVas(t)dr >0 (2.32)

forall0 < a, 8 < 1.

Proof. Clearly, if (2.31) holds for all w # +eé it holds in general by the continuity
of p. Let therefore w # 4-&. We introduce cylindrical coordinates on S"~2(w) by

élwt
le[w |

as e, + /1 — 320 with o € S"3(w' Nnet). Then the integral fSn_Q(wL)(u :
w)%p(u) du can be rewritten as

fixing e,, := as the pole. Furthermore let a = €,,-é and let w be decomposed

/_1/Sn3( - 1282 + 208/ (1 — 2)(1 — B2)(v - 8) + (1 — 3)(1 — %) (v - 8)* dv
plat) (1—12)"% dt.

Using (2.2) and (2.3) this is further equal to

/ﬁ(at) (tﬁ i QtB\/l—ﬁ )(1—32) + 1(1—152)(1 5)) (1—2)"2" dt.

1

Substituting s = at completes the proof. O

22



For 1 < j < n —1, Weil introduced in [90] the class K%(j) consisting of all
origin-symmetric convex bodies K & K™ for which there exists a non-negative
Borel measure g;(K, ) on Gr;,, such that

vol; (K[ -) = Cjo;(K, ).

The classes K”(j) were subsequently investigated by Goodey and Weil [34] and
were recently shown to play an important role in the theory of valuations by
Parapatits and Wannerer [72]. Note that by (2.22) and (2.30), we have K?(1) = Z7
and that, by (2.24), K(n — 1) coincides with the space K of all origin-symmetric
convex bodies in R™. Moreover, a result of Weil [90] (cf. |78, Theorem 5.3.5|)
shows that ZI" C K7(j) for every 1 <j <n —1.

2.3 Valuations on Convex Bodies

Let A be a semi-group. A valuation is a map ® : K" — A that satisfies the
valuation property

O(KUL)+O(KNL)=d(K) + (L)

whenever K, L, K U L € K". In the following sections we will review the theories
of valuations with A =R or C and A = K".

2.3.1 Scalar Valuations

Scalar valuations (A = R or C) were probably first considered in Dehn’s solution
of Hilbert’s third problem. As a natural and important generalization of the no-
tion of measure they have since then played a central role in convex and discrete
geometry (see [54| and |78, Chapter 6]).

Let Val denote the vector space of continuous, translation invariant, scalar-
valued valuations. The basic structural result about Val is McMullen’s decompo-
sition theorem (cf. |78, Theorem 6.3.1]):

Val=  (Val] @ Val;). (2.33)

0<j<n

Here, Val;-—L C Val denote the subspaces of even/odd valuations (homogeneous) of
degree j. Using (2.33), it is not difficult to show that the space Val becomes a
Banach space, when endowed with the norm ||¢|| = sup{|¢(K)| : K C B}. The
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natural continuous action of the general linear group GL(n) on this Banach space
is defined as follows: For A € GL(n) and every K € K",

(Ap)(K) = ¢(A'K), ¢ € Val.

Building on McMullens’s decomposition the general structure of Val is de-
scribed by Alesker’s Irreducibility Theorem [4].

Theorem 2.3.1. The decomposition of Val into GL(n)-irreducible modules is
given by
Val= P (Val] @ Val;).
0<j<n
Suppose that 1 < j <n—1 and let M(Gr;,,) denote the space of signed Borel

measures on Gr;,. By the Irreducibility Theorem, the map Cr; : M(Gr;,) —
Valj, defined by

(ComE) = [ vl (K|) ().

has dense image. This motivates the following notion.

Definition. A measure p € M(Gr;,), 1 < j <n—1, is called a Crofton measure
for the valuation ¢ € Val;-F if Crjp = ¢.

In order to state a more precise description of valuations admitting a Crofton
measure, we also need to recall the notion of smooth valuations.

Definition. A wvaluation ¢ € Val is called smooth if the map GL(n) — Val,
defined by A — A¢, is infinitely differentiable.

The vector space Val™ of all smooth translation invariant valuations carries a
natural Fréchet space topology (see, e.g., [85]) which is stronger then the Banach
space topology on Val. Let ValjF’oO denote the subspaces of smooth valuations in
Val;-t. A basic fact from representation theory implies that the spaces of smooth
valuations Val;-t’oo are GL(n) invariant dense subspaces of Valj[.

Suppose that 1 < j <n — 1. The Klain map

Klj : Val;_ — C(Grj,n); §b = K1j¢7

is defined as follows: For ¢ € Valj and every F € Grj,, consider the restriction
¢| g of ¢ to convex bodies in E. This is a continuous, translation invariant valuation
of degree j in E. Therefore, a classical result of Hadwiger (see, e.g., |78, Theorem
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6.4.8]) implies that ¢|g = (Kl;¢)(£) vol;, where (Kl;¢)(E) is a constant depending
only on E. The continuous function Kl;j¢ € C(Gr;,,) defined in this way is called
the Klain function of ¢. It is not difficult to see that the map Kl; is SO(n)
equivariant and that smooth valuations are mapped to smooth functions, that is,
Kl : Val;hoo — C*°(Grj,,). Moreover, an important result of Klain [53] states
that the Klain map Kl; is injective for every j € {1,...,n —1}.

Let us now consider the restriction of the Crofton map Cr;, 1 < j < n —1,
to smooth functions. It is not difficult to see that Cr;f € Val;“oo for every f €
C*°(Grj,,). Moreover, the Klain function of Cr; f is equal to the cosine transform
C;f of f, that is,

Kl o Cr; = C;. (2.34)

From this and the main result of [8], Alesker |5, p. 73| deduced the following:

Theorem 2.3.2 ( [5, 8|). Let 1 < j < n — 1. The image of the Klain map
Kl : Valj’Oo — C®(Grj,) coincides with the image of the cosine transform C; :
C>®(Grj,) = C®(Grj,). Moreover, every smooth valuation ¢ € Val}hoo admits a
(not necessarily unique for 2 < j < mn —2) smooth Crofton measure.

Next, we recall the definition of the Alesker-Fourier transform

F: Val™ — Val > 1<j<n-—1,

n—j)

of even valuations (for the odd case, which is much more involved and will not be
needed in this article, see |7]): If ¢ € Valj’oo7 then F¢ € Val:f;’ is the valuation
with Klain function given by

Kl,._;(Fg) = (KL,6)". (2.35)

By (2.13) and Theorem 2.3.2, the map F is a well defined SO(n) equivariant
involution. Moreover, (2.34) implies that if u € M(Gr;,,) is a (smooth) Crofton
measure of ¢, then p*+ € M(Gr,,_;,) is a Crofton measure of Fo.

In order to define the notion of spherical valuations, let us first recall the
decomposition of the subspaces Val; and Val® of j-homogeneous valuations into
SO(n) irreducible subspaces.

Theorem 2.3.3 ( [9]). For 0 < j <n, the spaces Val; and Val}® are multiplicity
free under the action of SO(n). Moreover, the highest weights of the SO(n) irre-
ducible subspaces in either of them are given by the tuples (A1, ..., An/2)) satisfying
(2.4) and the following additional conditions:

(1) Ae =0 for k> min{j,n—j}; (i) (M| #1 for 1L <k < |55 (1) [Ao] < 2.
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The notion of spherical representations with respect to SO(n — 1) (compare
Section 2.1.2) motivates the following.

Definition For (0 < j < n, the spaces Val;ph and Val;™™ " of translation invariant,
continuous and smooth spherical valuations of degree j are defined as the closures
(w.r.t. the respective topologies) of the direct sum of all SO(n) irreducible subspaces

in Val; and Val(®, respectively, which are spherical with respect to SO(n —1).

Theorems 2.3.3 and 2.1.1 imply that Valjph and Val;?o’Sph are the closures of
the direct sum of all SO(n) irreducible subspaces in Val; and Val}®, respectively,
with highest weights (k,0,...,0), £ € N. In particular, by Theorem 2.3.3, we have

Vall™ = val™**"  and  val'™) = val>@)"

n—1

and, by Theorem 2.1.1 (b), every SO(n — 1)-invariant valuation in Val; or Val}®,
0 < j < n, is spherical. Moreover, the following alternative description of smooth
spherical valuations was established in [85].

Proposition 2.3.4. For1 < j<n—1, the map
Ej: C2(S"!) = Val™™™  (E;f)(K) = f(u) dS; (K, u), (2.36)
Sn—1
is an SO(n) equivariant isomorphism of topological vector spaces.
Proposition 2.3.4 and a recent result of Bernig and Hug [16, Lemma 4.8] now

imply the following relation between the Alesker-Fourier transform of even spher-
ical valuations and certain Radon transforms of spherical functions.

Proposition 2.3.5. Suppose that 1 < 5 < n — 1. If the even spherical valuation
ONS Val?o’Sph is given by ¢ = E; f for f € C(S"1), then Fo € Valzo_’sjph and, for
every K € K",

(Fo)(K) = s /S (Ryto Lo Ry ) f(u)dS, (K, u). (2.37)

kj

Note that the function under the integral in (2.37) is well defined, since Ry ,,_; f €
C>®(Gry,_j,)®" for every f€C(S" ') and the Radon transform Ry ; : C*°(Gry,,) —
C*>(Gr;,, )" is bijective (cf. Example 2.1.2 (b)).

Comparing Propositions 2.1.4 and 2.3.5, we obtain the following critical relation
between the Alesker-Fourier transform of spherical valuations and the spherical
Fourier transform.

Corollary 2.3.6. Suppose that 1 < j < n — 1. If the even spherical valuation
ORS Val;?o’Sph is given by ¢ = E; f for f € C(S"™1), then, for every K € K",

FO)K) = Gy | Frn )08, )
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From the computation of the multipliers of the Alesker-Fourier transform of
spherical valuations in [16] and the spherical Fourier transform in [41], it follows
that Corollary 2.3.6 also holds without the assumption on the parity.

2.3.2 Minkowski Valuations

The name Minkowski valuation for valuations with values in K" was first coined
by Ludwig (see |[64]). She started a line of research focusing on Minkowski valua-
tions that intertwine the linear group (see [1, 2, 49, 63, 64, 66, 83, 88|). In most
cases, it has been proven that the Minkowski valuations under consideration could
be characterized as conic combinations of fundamental and well known valuations
such as the projection or difference body operators. However, for our purposes,
we will concentrate on Minkowski valuations that are equivariant with respect to
the group of rotations SO(n). In particular we will recall results by Schuster and
Wannerer and also talk about a few open questions that will be ansered in this
thesis.

Let MVal denote the set of all continuous and translation invariant Minkowski
valuations. For 1 < j < n—1let MVal; denote the subspace of j-homogeneous val-
uations. The subspaces of SO(n)-equivariant valuations are denoted by MVal®0™
and MValfO("), respectively. It is easy to see (cf. [82]) that if ®; € MValfO(")
then the SO(n — 1) invariant real valued valuation s, € Val;, defined by

Ve, (K) = h(®; K, e),

uniquely determines ®; and is called the associated real valued valuation of ®;.
Motivated by this simple fact, the following definition was first given in [82].

Definition. An SO(n) equivariant Minkowski valuation ®; € MVal;, 0 < j <mn,
is called smooth if its associated real valued valuation vg, € Val; is smooth.

It was recently proved in [85] that any SO(n) equivariant Minkowski valuation
in MVal;, 0 < j < n, can be approximated by smooth ones.

First efforts to describe MValfO(n) for j > 1 go back to Schuster. Starting
from a representation for the space of (n — 1)-homogeneous valuations MVal;j?g"),
he was later able to prove a representation result for even and smooth elements in

MVal®?™ of arbitrary degree of homogeneity.

Theorem 2.3.7 ([82]). Let ® € MVal®“™ be even, smooth and homogeneous of
degree j € {1,...,n}. Then there ezists a unique (O(j) x O(n — j))-invariant and
even function fs € C°(S"'), called the Crofton function of ®, such that

hq;.K = VOlj(K|') * fq;,
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for all K € K".

It is not to hard to see that
Cf=hy, LekK" (2.38)

is a necessary condition for a smooth function f € C*(S"™!) to be the Crofton
function of a j-homogeneous, even and smooth ® € MVal®“™ (see [84]). That
is, the Crofton function f of Minkowski valuation has to be the density of the
generating measure of a generalized zonoid L. The question whether (2.38) is a
sufficient condition for a (O(j) x O(n — j))-invariant function f € C*(S"!) to be
the Crofton function of a Minkowski valuation was raised by Schuster and Wan-
nerer in [84]. It will be answered in Chapter 3.3.

More recently, Schuster and Wannerer were able to obtain a general Hadwiger
type theorem for MVal®?™.

Theorem 2.3.8 ( [85]). If & : K" — K" is a continuous Minkowski valuation
which is translation invariant and SO(n) equivariant, then there exist uniquely
determined co, ¢, > 0, SO(n — 1) invariant p; € M,(S™™1), for 1 < j < n—2,
and an SO(n — 1) invariant f,_1 € C(S" 1) such that

n—2
hox = co + Z Si(K,-) * iy + Sn1 (K, ) % fu1 + cpvol, (K) (2.39)

j=1
for every K € K.

Additionally, the authors remarked that in general the measures p; could not
have densities in L?(S"~1). They, however, left it as an open problem whether the
p; are absolutely continuous with a density in L' (S"!). We are going to tackle this
problem in chapter 3.3, giving a positive answer under the additional assumption
of homogeneity.

One should point out that this is not sufficient to answer the question in general,
since one would have to be able to decompose any element of MVal*™ into a
sum of homogenous Minkowski valuations. The problem of whether this is possible,
was first raised by Schneider and Schuster (see [79], Section 5 and [82]). More
generally, Parapatits and Schuster asked this question for Minkowski valuations
that do not necessarily intertwine rotations (cf. [?]). Recently, Parapatits and
Wanner proved that in this general setting such a decomposition is not possible
(see [72]). However, the original problem of whether such a decomposition exists
for MVal®?™ remained open. As our final result in Chapter 3.3, we will however
establish that it is not possible.
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Using associated real valued valuations we now extend the Alesker-Fourier
transform (at least partially) to Minkowski valuations.

Definition Let ®; € MVal; and ¥,,_; € MVal,_;, 1 <j <n—1, both be SO(n)
equivariant and even. We write ¥,,_; = F®; and say V,,_; is the Alesker-Fourier
transform of ®; if

Kl (¢w,_;) = (Kljphe,)*.

Note that if ®; and W,,_; are in addition smooth, then 1y, ; = Fig, by (2.35).
Moreover, in this case, by Theorems 2.3.7 and 2.3.8, both ®; and W¥,,_; admit
zonal generating functions gs, g, , € C°(S"™') and smooth spherical Crofton
function fp,, fu,_, € C*°(S"'). Hence, from the definition of the convolution, it
is not difficult to show (cf. [84, 85]) that

— —_—
Ve, = Ejgs, = Crjog, and Yy, . =E, 99, , = Cr,_joy,_,
where
o~ /*\
O, 1= TjT*0e;, € M(Grjy,)

and oy, € M(Gr,_;,) is defined similarly. Here, m : SO(n) — S"' and
m; » SO(n) — Grj,, denote the canonical projections. Note that this is well
defined by the invariance of o, and oy, ;. Therefore, letting

—
1 —~ -1
Op, =TT, _;00, € M(S"),

Corollary 2.3.6, the remark after (2.35), and a standard approximation argument
imply the following.

Proposition 2.3.9. Let ®; € MVal;, 1 < j < n —1, be SO(n) equivariant
and even with generating measure pg, € M (S"Y) and suppose that ®; admits
a spherical Crofton measure oy, € M(S"Y). Then U,_; € MVal,_; is the
Alesker-Fourier transform of ®; if and only if ij,nu(pj and aqﬁj are the
generating measure and spherical Crofton measure of V,,_;, respectively.

The open problem whether the Alesker-Fourier transform of every smooth even
Minkowski valuation which is SO(n) equivariant and translation invariant is well
defined (cf. [84]), will also be answered, in the negative, in Chapter 3.3. However,
in the following example we exhibit for every 1 < j < n — 1 a pair of Minkowski
valuations which are related via the Alesker-Fourier transform.

Example 2.3.10.
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(a)

For 1 <j <n—1,let II; € MVal; denote the projection body map of order
7, defined by

1
h(I K, u) = V;(K|u') = E/S B lu-v|dS;(K,v), ue S

Note that each II; is SO(n) equivariant and even but not smooth. Moreover,
each II; is injective on origin-symmetric convex bodies with non-empty in-
terior. Their continuous generating function is given by g, (u) = |e - ul. It
follows from (2.24) and (2.16) that

WILK,-) = LR, voly (K| )" = 2L voly (K[ -) ¥ AL, (2.40)
Kj j ’
Thus, the measure %Xlﬂh ; 1s the spherical Crofton measure of II;.

For 1 < j <n—1, Goodey and Weil introduced and investigated in [35-37]
the mnormalized mean section operator of order j, denoted by
M; € MVal,;;_;. In [37, Theorem 4.4| they proved that

h(M; K, ) = Gnj Sns1— (K, ) * G, (2.41)

where

i = Jj—1 Kj—1Kj—2Kn—j
Mo 2r(n+1—-j)  Kj_skn—a
Hence, the multiple g, ;§; of the Berg function is the generating function of
M;. Note that M; is continuous and SO(n) equivariant but not even. More-
over, M; determines a convex body with non-empty interior up to transla-

tions. For the even part of M;, Goodey and Weil [35] proved that

+ _ jﬁjﬁnfl
WMIK, ) = 2L

= 27’[//4:]-71/-{” Rn+1—j,1V01n+1—j(K| . ) (242)

Thus, by (2.16), ;:éf_"l‘;n /):Lnﬂ_j is the spherical Crofton measure of Mj.
Comparing this with Example 2.3.10 (a), it follows from Proposition 2.3.9
that the renormalized even mean section operator
M, = —2Mn A e MVal
n—j - (j + 1),%],_’_1 Jj+1 n—j

is the Alesker-Fourier transform of II;, that is,

M, _,; = FII,. (2.43)
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Comparing generating functions of I1; and M,,_; and using Proposition 2.3.9 as
well as (2.19), yields the following representation of the spherical Fourier transform.

Corollary 2.3.11. Suppose that 1 < j <n —1. Then

(2m)" 95 + Drgir 4
i = i umy man1C0 P
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Chapter 3

Minkowski Endomorphisms

Abstract. Several open problems concerning Minkowski endomorphisms and Minkowski
valuations are solved. More precisely, it is proved that all Minkowski endomor-
phisms are uniformly continuous but that there exist Minkowski endomorphisms
that are not weakly-monotone. This answers questions posed repeatedly by Kiderlen
[52], Schneider [78] and Schuster [81]. Furthermore, a recent representation result
for Minkowski valuations by Schuster and Wannerer is improved under additional
homogeneity assumptions. Also a question related to the structure of Minkowski
endomorphisms by the same authors is answered. Finally, it is shown that there ex-
ists no McMullen decomposition in the class of continuous, even, SO(n)-equivariant
and translation invariant Minkowski valuations extending a result by Parapatits and
Wannerer [72]. The results of this chapter have been published in [20].

3.1 Introduction

Over the years, the investigation of structure preserving endomorphisms of "
has attracted considerable attention (see e.g. [11, 52, 74—76, 81]). In particular,
in 1974, Schneider initiated a systematic study of continuous Minkowski-additive
endomorphisms commuting with Euclidean motions. This class of endomorphisms,
called Minkowski endomorphisms, turned out to be particularly interesting.

Definition. A Minkowski endomorphism is a continuous, SO(n)-equivariant and
translation mvariant map ® : K™ — K" satisfying

O(K+L)=P(K)+ d(L), K,LeK"

Note that, in contrast to the original definition, we consider translation in-
variant instead of translation equivariant maps. However, it was pointed out by
Kiderlen that these definitions lead to the same class of maps up to addition of
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the Steiner point map (see [52| for details). The main question of characterizing
the (infinite dimensional) cone of Minkowski endomorphisms is a hard - yet in-
teresting - one since it is intimately tied to the structure of ™. Schneider [75]
established a complete classification in the case n = 2. Since then a number of au-
thors contributed further results and generalizations (see [52, 81, 82, 84, 85]). In
particular, Kiderlen obtained the following important convolution representation.

Theorem 3.1.1 (|52]). If®: K" — K" is a Minkowski endomorphism, then there
exists a unique zonal distribution v € C;°(S"1) of order at most 2, called the
generating distribution of ®, such that

hcpK:hK*I/ (31)

for every K € K™. Moreover, ® is uniformly continuous if and only if v is a signed
Borel measure.

While this theorem gives an explicit description of Minkowski endomorphisms,
the important question of which distributions may occur as generating distribu-
tions remains open. In particular, it is not known whether all Minkowski endomor-
phisms are uniformly continuous. This was conjectured by several authors (see |52,
81| and |78, Chapter 3.3]). With our first theorem, we confirm this conjecture in
a slightly stronger form. By w(K) we denote the mean with of K € K".

Theorem 3.1.2. For every n > 2, there exists a constant C,, > 0 such that any
Minkowski endomorphism ® : K" — K" is Lipschitz continuous with Lipschitz
constant

co < Cpw(®B").

As a consequence, we conclude that every Minkowski endomorphism is gener-
ated by a measure; providing a stronger form of Theorem 3.1.1.

An important class of endomorphisms that are completely characterized is that
of weakly monotone Minkowski endomorphisms.

Definition. A Minkowski endomporphism ® is called weakly monotone if and
only if it is monotone (w.r.t. set-inclusion) on the set of all convex bodies with
Steiner point at the origin.

The following theorem by Kiderlen completely characterizes weakly monotone
Minkowski endomorphisms.

Theorem 3.1.3 ([52]). Let & : K" — K" be a Minkowski endomorphism. Then ®
is weakly monotone if and only if it is generated by a measure p € My(S™™1), that
is the orthogonal projection of a non-negative measure v € M(S"1) to M,(S"71).
Moreover, any such measure i € My(S"™1) generates a weakly-monotone Minkowski
endomorphism.
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Interestingly, weakly monotone Minkowski endomorphisms are the only known
examples of Minkowski endomorphisms so far. Also, from Schneiders characteriza-
tion for n = 2 it follows that all endomorphisms are weakly monotone in that case.
The natural question whether Minkowski endomorphisms are weakly monotone in
general already implicitly appeared in [52|. Later it was stressed by Schneider
and Schuster (see [81] and |78, Chapter 3.3]). A positive answer would clearly
yield a complete characterization of Minkowski endomorphisms by Theorem 3.1.3.
However, in this article we prove the following:

Theorem 3.1.4. For every n > 3, there exist Minkowski endomorphisms ® :
K" — K™ that are not weakly monotone.

More recently, the investigations of Minkowski endomorphisms were extended
to the cone MVal®“™ of continuous, translation-invariant and SO(n)-equivariant
Minkowski valuations. These valuations directly generalize the notion of Minkowski
endomorphisms. Indeed, by a result of Spiegel (see [86]), the cone MValfO(n) of
1-homogeneous elements in MVal® o) ig precisely the cone of Minkowski endo-
morphisms.

In the third section of this chapter we will discuss the open problems concerning
Minkowkski valuations introduced in Chapter 2.4.

First of we will show the following theorem, that gives a negative answer to
a question about Minkowski valuations by disproving the statment for Minkowski
endomorphisms or equivalently 1-homogeneous Minkowski valuations.

Theorem 3.1.5. For n > 3, there exists an origin symmetric strictly convex
and smooth body of revolution L € K™ such that its generating function is not a
generating function of an even Minkowski endomorphism.

The next theorem gives a simplified proof of Theorem 2.3.8 under additional
homogeneity assumptions and also establish the conjectured extra regularity prop-
erties. This follows as a corollary from Theorem 3.1.2.

Corollary 3.1.6. If ® € MValfO(n), then there exists a zonal f € L*(S"™1) such
that

hox = S;(K,-) * f
for every K € K.

Finally, we also introduce a novel way to construct SO(n)-equivariant Minkowski
valuations that, together with Theorem 3.1.5 and the result from [72], yields the
following theorem.

Theorem 3.1.7. If n > 3, then there exists a continuous, even, translation-
invariant and SO(n)-equivariant Minkowski valuation ® : K™ — K™ which cannot
be decomposed into a sum of homogeneous Minkowski valuations.

34



3.2 Minkowski Endomorphisms

In this section we will give the proofs of our main results regarding Minkowski
endomorphisms. We recall, that by Theorem 3.1.1, Minkowski endomorphisms
are uniquely determined by a zonal generating distribution (measure or function).

The following Lemma introduces a crucial necessary condition for generating
measures of Minkowski endomorphisms.

Lemma 3.2.1. Let p € M(S"1) be the (zonal) generating measure of a Minkowski
endomorphism. Then

/Snl s1(K,u) du(u) > 0, (3.2)

for all K € K%. Moreover, if u is absolutely continuous with continuous density

g€ C(S™™), then
/ g(u)dS,(K,u) >0, (3.3)
Snfl
for all K € K™.

Proof. Let i € M(S"!) be the generating measure of a Minkowski Endomorphism
® and let K € K2. Using (2.26) we compute

0 < 51 (B(K).€) = Tyl + (@) = su () @) = [ sa(Io) dw)

Now let p have a continuous density g € C'(S"!). Then

/swl g(u)dS;(K,u) >0

for all K € K2. Approximating an arbitrary K € K" by elements from K2 in the
Hausdorff metric, we finally obtain

/ g(u)dSy(K,u) >0,
Snfl

for all K € K™ by the weak convergence of area measures. O

Remark 3.2.2. It is not to hard to see that the conditions (3.2) and (3.3) are
not sufficient for a measure to be the generating measure of a Minkowski endo-
morphism.
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Before we give the proof of Theorem 3.1.2 recall that the for a cone C' in some
locally convex topological vectorspace X, its dual cone is defined by

Cr={feX" : f(x)>0, x € C}.

Moreover, it is a well-known consequence of the Hahn-Banach theorem that

c =, (3.4)
when the second dual is taken with respect to the weak topology on the dual space.

Theorem 3.2.3. For every n > 2, there exists a constant C, such that any
Minkowski endomorphism ® : K" — K" is Lipschitz continuous with Lipschitz
constant

ce < Crw(®B").

Proof. Let
S:={s1(K,"): K € K2, SO(n — 1)-invariant and s(K) = 0.} C C,(S" ', &).

By Lemma 3.2.1, we know that any generating measure ug of a Minkowski en-
domorphism & satisfies py € S*. We will therefore start by examining S§* C
M,(S"1 ) in more detail. For —1 < «,3 < 1, consider the zonal measures
To € M(S"71,€) and 05 € M(S"!, ) given by

flwydru) = [ Fyen - )7 a

S§n—1

and

(w) dog(u) = (1 — B2 f(B8) — (n —2) () drs(u),

Sn—1 Sn—1

for f € C(S"1,e). Let now C = cone{Ta,,05, : —1 < a,3 < 1}, where 7,,
and g, denote the projections of 7, and o5 onto M, (S""!, &) respectively. Using
Theorem 2.2.4 we immediatly see that

CC s (3.5)

We are now going to show that B
crCs. (3.6)

Indeed, let f € C* that is [, , f(u)du(u) > 0 for all 4 € C. For any p that is a
finite conic combination of the 7,, and the o3, we then have

| g+t >o,
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for any € > 0 (using Theorem 2.2.4 and the fact that the constant function is the
density of the first area measure of the unit ball). Using Theorem 2.2.4 again, we
conclude that f + €l € S for every € > 0. Thus f € S. Now combining (3.5), (3.6)
and applying (3.4) we obtain
S*=C.

Using this, we are now going to show that for every n > 2 there exists a constant
C,, such that for y € S*

plrv < C u(S™7). (3.7)
Indeed, it is not hard to show that 7,, satisfies the above equation for every

—1<a<1 Let >0, then |[(c5)+|rv = (1— 52)%1 and

TL—Q n—1

[(og)-llTv = (n — 2)/[3 t1—t¥)"7 dt = - 52"

We see that (3.7) holds for all o and thus also for o4,. By the triangle inequality,
it extends to all conic combinations of the 7,, and 0z,. Let (1 );en be a sequence
of such conic combinations converging weakly to an arbitrary u € C. Recall, that

lilbe =sup{ [ f)duta) s £ € €, 171 = 13

Thus
ullrv < limsup illrv < Cy, M(Snil)'
J—00

Let now p be the generating measure of a Minkowski endomorphism. Then p

satisfies (3.7) and for any f € C'(S"!),
1f o ull < Hlellev (1FI] < Coon(S™ ) [1£1

Since any smooth Minkowski endomorphism has a (smooth) generating measure,
we conclude that any smooth & is Lipschitz continuous with a Lipschitz constant
ce < Cpw(P(B™)). Let now & be an arbitrary Minkowski endomorphism. Then
there exists a sequence (®;),ey of smooth Minkowski endomorphisms that con-
verges to ® uniformly on compact subsets of K" (cf. [85, Corollary 5.4.]). Hence,
for every € > 0, there exists j > 0 such that for any compact convex sets K, L we
have

|hor — horl|l < [|hox — ha,x|| + [|he,x — ha,L| + ||hor — ha,L|
< Cow(®;(B")) [hi = holl + |ho,x = hox || + [|hor — he, |
< Chw(®(B")) [hg — hell + e

We conclude that every Minkowski endomorphism & has a Lipschitz constant
smaller or equal then C,, V;(®(B™)). O
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The first step in proving Theorem 3.2.5 is the following crucial Lemma.

Lemma 3.2.4. For any ¢,C > 0, there exists a (monotone) Minkowski endom-
porhism with (non-negative) generating function g € C(S™™1) such that g(e) > C
but

rox (u,v) < cllhkl]

for all orthogonal pairs u,v € S*™' and all strictly convex and smooth bodies K .

Proof. Let g € C(S™!) be zonal and non-negative and let g(€) = C be its max-
imum. By Theorem 3.1.3, g is the generating function of a Minkowski endo-
morphism ®. It remains to show that g can be chosen in such a way that we
also obtain the desired bound on the radii of curvature. Therefore, note that
since 7o-1x)(u,v) = rox (fu, Ov) for € SO(n) it suffices to bound rek (e, ) for
t € S"! orthogonal to the pole & and all strictly convex and smooth bodies K.
For these K € K", we have

rex(e,t) < (n—1)s(PK,e).

By (2.26) we further obtain

s51(PK, e) = O,(hk * g)(€) = (S1(K,-) x g) (€) = /S“g(U) S5, (K, u).

Let us now moreover require that g is supported on the spherical cap C,. Then
by Theorem 2.2.5 (remember that the maximum of g was chosen to be ')

rar(@) < (n—1) / 9(u) S (K, u)

Sn—1
S (n - 1)0 81<K, Ca)
sin" 2 o
< (n—1)AC 1.
cos o
Choosing « small enough completes the proof. O]

The proof of Theorem 3.2.5 now easily follows.

Theorem 3.2.5. For every n > 3, there exist non-monotone even Minkowski
endomorphisms.

Proof. We are going to construct the desired endomorphism as the difference of
two monotone ones. Let the first endomorphism &, : " — K" be given by
¢, (K) = w(K) B™. Its generating function is the constant 1 function. Observe
that for all origin symmetric bodies K we have

2wn—1
“n-—1
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Clearly, segments satisfy the above inequality. Since a maximal subsegment I of an
arbitrary origin symmetric K € K" satisfies ||hr]| = [|hk|| but ||Ar]jLr < ||hk]Lt,
we see that the inequality holds in general. This now implies that

2Wn—1
n—1

ro, i (u,v) > [ |

for all orthogonal pairs u,v € S*"!. For the second endomorphism ®, we take any
even endomorphism from Lemma 3.2.4 with C' > 1 and ¢ < Zz”%ll Let g be its
generating function. For all origin symmetric, strictly convex and smooth bodies

K and orthogonal pairs u,v € S, we then have
02
o?

Hence, by (2.21),

(hi’lK — h<p2K) (U) = rq>1K(u, U) — T@ZK(U, ’U) > 0.

he,k — hao,xk = hi * (1 - 9)

is a support function for all origin symmetric, strictly convex and smooth bodies.
Note that since 1— g is even we only need to show that origin symmetric bodies are
mapped to convex bodies. Approximating an arbitrary origin symmetric L € "
by strictly convex and smooth bodies, we therefore see that hex = he,x — ho,x
defines a Minkowski endomorphism. Since its generating function 1 — g attains a
negative value at e it is not monotone by Theorem 3.1.3. [

3.3 Minkowski Valuations

In this section we are going to prove several statments about Minkowski valuations.
The first of these is stated as result about Minkowski endomorphisms.

Theorem 3.3.1. There exists an origin symmetric strictly conver and smooth
body of revolution L € K" such that its generating function pr is not a generating
function of an even Minkowski endomorphism.

Proof. Let C'(S"7',€) C C(S"') denote the subspace of zonal functions. More-
over, let MG™ C C>(S"~! ¢) denote the cone of smooth generating functions of
Minkowski endomorphisms and G C C*°(S"!, &) denote the cone of generating
functions of smooth bodies of revolution. We want to show that

The respective cones are closed in C*°(S"~! &) since the cone of support functions
is closed in C(S"!). Indeed, let g; € MG™ and let (g;)jen converge to g €
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C>®(S"™1). Then hg % g; is a sequence of support functions converging in the
Hausdorff metric for every K € K". We conclude that g € MG>. An analogous
argument yields that G is closed. By (3.4), it therefore suffices to prove the
relation

Since, by Lemma 3.2.1, we have that S;(K,-) € (MG™)* for every body of rev-
olution K € K", it indeed suffices to find a rotationally symmetric K € K" such
that

S1(K,-) ¢ (7).

We are going to show that the first area measure of the double cone defined by
D={se+tv:s*+1* <1, veS e}

has this property. It can be shown (cf. [38, Section 3]|) that

s (D) =2 ks f () 4 =) [ 7 Foa - e ar

for any zonal f € C(S"!). From (3.4) and Theorem 2.2.7 it follows that

Sn—1

(G%)" = cone{ W, 4:0 < a,B <1} C (C=(S" )",

where U, 4 are the functionals defined in Theorem 2.2.7. Let h, € C*(S""! &) be

non-negative with h, <\/i§) = ||he|| = 1 and let k. be supported on [\/Li — €, \% + 6} :
Then there exists a constant C such that
1
Vit
Vas(he) < [ Yaplt)dt
e
1 1
< - — .
<C L <l 042) X(—a,a) (t) dt
7

1
< C/ (1— )2 dt.
1—2e¢

We conclude that for every ¢ > 0, there exists € > 0 such that ¥, g(h.) < 6 for all
0 < a, 8 < 1. However, since

/ he(u)dSy(D,u) > 27" ky_y,
S§n—1
we obtain S1(D, ) ¢ (G>)*. O
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As a corollary we obtain that, in general, the Alesker-Fourier transform of a
Minkowski valuation does not exist.

Corollary 3.3.2. There exists an even (n — 1)-homogeneous Minkowski valuation
® such that there is no 1-homogeneous Minkowsk: valuation that is related to it
via the Alesker-Fourier transform.

Proof. 1t is easy to see that any support function hy, of an origin symmetric convex
body L € K" defines an even Minkowski valuation via

h(q)K, ) = Snfl(K, ) * hL-

From Proposition (2.3.9) and Proposition (2.1.4) we know that, if it exists, its
Alesker-Fourier transform would have to be given by

MFP K, -) = cSi(K,-) * Ry, _thy, = chxg * Chy,.
From Theorem 3.3.1 we however know that this is not possible in general. O]

In this final section we will prove Corollary 3.1.6 and Theorem 3.1.7.

Lemma 3.3.3. Let f € LY(S"1) be zonal and up € M(S"Y). Then ux f €
LY(S" 1) and

w00 = [ ordute) = [ Fu-66) dufu) 38)

S§n—1

whenever the integral on the right-hand side exists (which is the case at almost
every point).

Proof. Consider the operator f +— p* f, defined on the space of continuous func-
tions C'(S"71). Tt is not hard to show that

/§n1 [l fl () duw < [l 1L f e

Thus, the convolution with g is continuous on C'(S*™!) in the L'-norm. Let now
f e LYS" 1Y) and f; € C(S"1) such that f; — f in the L'-norm. Then p * f;
converges in L*(S""1) and, since the convergence in the L'-norm also implies weak
convergence, we have

pox f=lim px f; € LY(S").
1—00

Moreover, we know that p * f; converges point-wise for almost every u € S" 1.
Obviously the limit is given by the right-hand side of (3.8). ]
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Corollary 3.3.4. Let € MValfO(n). Then there exists a unique zonal [ €
LY(S™1) such that
hor = Sj<K> )* f

for every K € K". Moreover, there erists a unique zonal measure y € M(S"1)
such that [ = p* gy,.

Proof. From Theorem 2.3.8 it follows that hex = S;(K,-) * v for some measure
v e M(S" ). Let A : MVal®©®™ — MVal®“®™ denote the derivation operator

(cf. [84]) defined by
d

],
It is then not too hard to show (see [85]), that, for K € K%,

haa ) (K) he(k+iB7)-

hAjflq)(K) = Sl(K, ) * UV = hK * Dnl/.

However, since A7"1® € MVal;”™ | it follows from Theorem 3.1.2 that v = p* g,
for some measure p € M(S"!). It remains to show that v = fdu with f €
L'(S"!). This immediately follows from Lemma 3.3.3.

0

The proof of Theorem 3.1.7 is based on the following proposition that intro-
duces a new construction for SO(n)-equivariant Minkowski valuations.

Proposition 3.3.5. Let ¢ € Val and L € K" and let

Wy K (1) = /S o SO K ROL ) ao (3.9)

for w € S*t. Then

a) Ve : — —) 18 a continuous, translation-invariant an n)-
Ure : K" — CO(S™1) 4 ti translation-invariant and SO
equivariant valuation.

(b) Let ¢ > 0. Then he, .,k = VoK defines a continuous, translation invariant
and SO(n)-equivariant Minkowski valuation @y, 4 : K" — K"

(¢c) Let ¢ € Valf be SO(n — 1)-invariant and L be origin symmetric. Then

C(\I/L’(z)K) :hK*hL*K1¢ (310)

Proof. For the SO(n)-equivariance of Wy, 4, let ¥ € SO(n). Then

\IllgL’(z,K(u) = /SO( )gb (9_119K) h@L(U) de.
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By substituting # = 97, the right-hand side is further equal to

/ o1 I g (u) diy = / (1™ I Yy (07 121) iy
S0(n)

SO(n)
= 19 (\IJL#,K) (u)

The other properties in (a) are obvious. Statement (b) immediately follows from
the fact that the class of support functions is a closed convex cone in C'(S"1!). For
(c), let ¢ € Val"> be SO(n — 1)-invariant. Then, since ¢ is smooth, there exists
fe such that

o0 K) = [ e (W) fow) du = b £ 0)
It follows that

\I/L7¢K:hK*f9*hL:hK*hL*f¢.
Since Cf, = Klg, we can finish the proof by approximation. m

Theorem 3.3.6. If n > 3, then there exists a continuous, even, translation-
invariant and SO(n)-equivariant, Minkowski valuation ® : K™ — K™ which cannot
be decomposed into a sum of homogeneous Minkowski valuations.

Proof. Let ¢. € Val] be SO(n — 1)-invariant given by Kly, = g., where g. €
C>(S™') is even, non-negative, zonal and converges weakly to % (6; 4+ d_z). In
[72, Lemma 5.1.], it was shown that there exist constants ¢, d. such that ¢, :=
Ce + pe+d. Vs is a positive valuation. Therefore, by Proposition 3.3.5 (b), we know
that he, , k = Y14 K defines an SO(n)-equivariant Minkowski valuation ®p 4,
for all L € K". Clearly, the 1-homogeneous component of Wy 4 is given by ¥y, .
Let us assume ¥y, K is a support function for every e > 0 and K, L € K". By
(3.10), we have
C (‘IIL#PeK) = hK * hL * Kl(pe

Thus,
C_lhK * hL

has to be a support function for all convex bodies K and L. In particular, this
implies that
hi * pr,

is a support function for all K € K™ and generalized zonoids L € K". Conse-
quently, p; would have to be the generating measure of a Minkowski endomor-
phism for every generalized zonoid L € K". By Theorem 3.3.1 this cannot be
true. O
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Chapter 4

The Class of j-Projection Bodies

Abstract. Dual to Koldobsky’s notion of j-intersection bodies, the class of j-
projection bodies is introduced, generalizing Minkowski’s classical notion of pro-
jection bodies of convex bodies. A Fourier analytic characterization of j-projection
bodies in terms of their area measures of order j is obtained. In turn, this yields an
equivalent characterization of j-projection bodies involving Alesker’s Fourier type
transform on translation invariant smooth spherical valuations. As applications of
these results, several basic properties of j-projection bodies are established and new
non-trivial examples are constructed. The results in this chapter are published in
a joint work with F. Schuster (see [21]).

4.1 Introduction

The Busemann—Petty problem was one of the most famous problems in convex
geometric analysis of the last century. It asks whether the volume of an origin-
symmetric convex body K in R” is smaller than that of another such body L, if all
central hyperplane sections of K have smaller volume than those of L. (Here and
throughout this chapter, it is assumed that n > 3.) After more than 40 years and
a long list of contributions it was shown that the answer is affirmative if n < 4 and
negative otherwise (see [28, 30, 95| and
the references therein). The first crucial step in the final solution was taken by
Lutwak [67] and later refined by Gardner [27] who showed that the answer to
the Busemann—Petty problem is affirmative if and only if every origin-symmetric
convex body in R" is an intersection body. This class of bodies first appeared
in Busemann’s definition of area in Minkowski geometry and has attracted con-
siderable attention in different subjects since the seminal paper by Lutwak (see,
e.g., |40, 43, 48, 51, 57, 65| and the books |29, 58, 59]).

Since its final solution, several variants of the original Busemann—Petty problem
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have been investigated, each of which being related to a certain generalization of
the notion of intersection body in a similar way that Lutwak’s intersection bodies
are related to the Busemann—Petty problem (see [58, 59]). Of particular interest in
this paper is the following notion of j-intersection bodies introduced by Koldobsky
in 1999.

Definition. Let 1 < j <n —1 and let D and M be origin-symmetric star bodies
i R™. Then D is called the j-intersection body of M if

vol;(D N E*) = vol, j(MNE)

for every n — j dimensional subspace E of R™. The class of j-intersection bodies
1s the closure in the radial metric of all j-intersection bodies of star bodies.

When j = 1, the class of 1-intersection bodies coincides with the closure of
Lutwak’s intersection bodies. Also note that for j > 1, there may be star bodies
M for which a corresponding j-intersection body does not exist (cf. Theorem 4.1.1
below). However, if D is a j-intersection body of M for some 1 < j <n — 1, then
D is uniquely determined (see, e.g., [29, Corollary 7.2.7]).

Since their definition by Koldobsky, j-intersection bodies have become objects
of intensive investigations due to their connections to certain problems from func-
tional analysis (|57, 73, 92]), asymptotic geometric analysis ([60]), and complex
geometry ([61]), as well as important variants of the Busemann—Petty problem
(|56, 70, 70, 93|). The fundamental result on j-intersection bodies, which serves as
starting point for most subsequent investigations, is the following Fourier analytic
characterization in terms of their radial functions.

Theorem 4.1.1. ( [56, 57|) Let 1 < j < n —1 and let D and M be origin-
symmetric star bodies in R™. Then D is the j-intersection body of M if and only
of

2m)"j

F (D, = T gy

n—17

Recall that the operator F_; denotes the (distributional) spherical Fourier
transform of degree —j originating in the work of Koldobsky (see Section 2 for
details). Note that the "if” part of Theorem 4.1.1 is usually stated in the literature
only for star bodies with smooth radial functions. However, the arguments used
in Section 4 of this paper show that this additional regularity assumption can be
omitted.

Over the past decades, a remarkable correspondence between results about
sections of star bodies through a fixed point and those concerning projections of
convex bodies has asserted itself (see, e.g., the books |29, 58, 78|). Thereby, the
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classical Brunn-Minkowski theory of convex bodies forms the ideal framework to
deal with problems about projections while the dual Brunn-Minkowski theory of
star bodies provides the natural setting for questions concerning sections. In this
sense, the notion of j-intersection bodies and Theorem 4.1.1 belong to the latter
dual theory. Surprisingly, so far no analogue of j-intersection bodies has been
thoroughly studied or even explicitly defined in the Brunn-Minkowski theory. In
this article, we set out to remedy this neglect.

Definition. Let 1 < 7 <n—1 and let K and L be origin-symmetric convex bodies
with non-empty interior in R™. Then K is called the j-projection body of L if

vol;(K|E*) = vol,_;(L|E)

for every n — j dimensional subspace E of R™. The class of j-projection bodies is
the closure in the Hausdorff metric of all j-projection bodies of convex bodies.

When j = 1, the class of 1-projection bodies coincides with the closure of
Minkowski’s projection bodies of convex bodies which form a central notion in
convex geometric analysis (see, e.g., [2, 43, 63, 83| and the books |29, 78|). We
will see in Section 3 that, as in the case of j-intersection bodies, for 7 > 1, there
exist convex bodies L for which a corresponding j-projection body does not exist.
However, if K is a j-projection body of L for some 1 < 7 < n — 1, then K is
uniquely determined (see, e.g., |29, Theorem 3.3.6]).

Although for 7 > 1, the definition of j-projection bodies has not appeared
before, special cases and examples have been previously considered by several
authors (see |68, 69, 77, 80]) and we recall them in Section 3. The main goal of
this article, however, is to start a systematic investigation of j-projection bodies
of convex bodies. To this end, we not only establish a number of their basic
properties, such as, invariance under non-degenerate linear transformations, but
also obtain an array of new examples. These are based on our first main result
which is the following Fourier analytic characterization.

Theorem 4.1.2. Let 1 < 53 <n—1 and let K and L be origin-symmetric convex
bodies with non-empty interior in R™. Then K is the j-projection body of L if and
only if .

(2m)"j

F—j Sj(K7 ) - (n _])

Sn—j(Lv )

The Borel measures S;(K,-), 1 < j <n—1, on S"! are Aleksandrov’s area
measures of the convex body K (see Section 3 for details). Considering the still not
fully understood correspondence between results about sections and projections,
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we want to emphasize the astounding analogy between Theorem 4.1.1 and Theorem
4.1.2, where in order to pass from the characterization of j-intersection bodies to
that of j-projection bodies, certain powers of radial functions simply have to be
replaced by their ’"dual’ notion of area measures of the respective orders. We also
note here that the case j = 1 of Theorem 4.1.2 is equivalent to a previously known
relation between projection functions and the Fourier transform of surface area
measures (see, e.g., [62]).

Our second main result relates the Alesker-Fourier transform on even spherical
valuations with j-projection bodies.

Theorem 4.1.3. Let 1 < 3 <n—1 and let K and L be origin-symmetric convex
bodies with non-empty interior in R™. Then K 1is the j-projection body of L if and
only if

o(K) = (F¢)(L)

for all even ¢ € Valjo-o’SPh.
Note that Theorem 4.1.3 is much easier to prove when the subspace Va is

replaced by the entire space Val®. The main point of Theorem 4.1.3, which also
relates it to Theorem 4.1.2, is to consider spherical valuations only.

oo,sph -
lj

Instead of spherical scalar valuations let us now consider translation invariant
and SO(n) equivariant even Minkowski valuations. Using Theorem 4.1.2 or 4.1.3,
it turns out that we can give a characterization of j-projection bodies in terms of
a single pair of such Minkowski valuations which are injective on origin-symmetric
convex bodies and related by the Alesker-Fourier transform. In the following
corollary we exhibit one such pair explicitly, namely Minkowski’s projection body
operator of order j, II; : K — K", and the (renormalized) mean section operator
of Goodey and Weil [35-37], M,,_; : K™ — K" (cf. Section 2 for definitions).

Corollary 4.1.4. Let 1 < j <n—1 and let K and L be origin-symmetric convex
bodies with non-empty interior in R™. Then K 1is the j-projection body of L if and
only if

ILK =M, ;L.

The proofs of our representation results will be presented in the next section. In
Section 3, we establish general properties of j-projection bodies, such as invariance
under non-degenerate linear transformations or the fact that a polytope can only
be the j-projection body of another polytope. We also review previously known
examples in Section 3 and construct a large family of new ones. In the final section,
we relate j-intersection bodies and j-projection bodies via a duality transform
motivated by Theorems 4.1.1 and 4.1.2 and a celebrated result of Guan and Ma [45]
on the Christoffel-Minkowski problem. We also discuss the relation of the class of

47



j-projection bodies to another generalization of projection bodies. In particular
we prove a theorem that highlights an intriguing discontinuity to the case of j-
intersection bodies.

4.2 Representation Results

We will now prove the Fourier-analytic representation result for j-projection bod-
ies.

Theorem 4.2.1. Let 1 < j <n—1 and let K and L be origin-symmetric convex
bodies with non-empty interior in R™. Then K 1is the j-projection body of L if and
only if
2T\ g
P8y (K, ) = 2R
(n—J)
Proof. First note that, by Proposition 2.2.1 and (2.15), K is the j-projection body
of L if and only if

Sn—j(L,-).

(Rj’n_1V01j(K‘ . ))L = Rn_jJVOln_j(L’ . ) (41)

Using (2.24) as well as the fact that Ry ,_; is the adjoint of R,_;1, we see that
(4.1) holds if and only if

Ky

f)V(Kub) du = / Ry f)(E)vol, ;(L|E)dE (4.2)

Rn—1 Jgn-1 Gry—jn

for every f € C>°(S"™1). Since Ry,,_;f € C®(Gr,_;,)®" and
Rjn-1: O%(Grp )P = C%(Grpy )P

is bijective, it follows that the integral on the right hand side of (4.2) is equal to
| R R ) R avola (L)) (F) dF,
T'n—1,n

Since L, is clearly self-adjoint, this can be further rewritten, by using again (2.24)
and (2.15), to obtain

Rn—j

| R o Lo R ) Vi (Ll ) du

Rn—1

Consequently, by Proposition 2.1.4, (4.1) holds if and only if

+ = —j i u i UJ_ u
[ VR = ot [ V()
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for every f € C>(S"!). Since the cosine transform C; is self-adjoint, it follows
from (2.24) and the obvious fact that the multiplier transformations F,_,, and C;
commute that this is equivalent to

J
Cif(u)dS;(K,u :.—,/ F._.Cif)(u)dS,—;(L,u
| s = gt [ ®cin ds, (e
for every f € C2°(S"!). Substituting h = F;_,,C;f and using (2.19), we finally
obtain the desired relation
o)
/ B h(u) dS; (K, u) = 2 / h(w) dS,_5(L, )
sn—1 (n—17) Jon

for every h € C>°(S"~1) which completes the proof. O

Before we continue, we include here also a short proof of Theorem 4.1.1 which
underlines the dual nature of Theorems 4.1.1 and 4.1.2 and shows that for the "if’
part of the statement no additional regularity assumptions are required.

Theorem 4.2.2. ( [56, 57|) Let 1 < j < n —1 and let D and M be origin-
symmetric star bodies in R™. Then D is the j-intersection body of M if and only
if A

2m)" 7

B (D, = Z T g i

n—=17

Proof. By passing to polar coordinates, it follows that D is the j-intersection body
of M if and only if

kj

F(E)YRup(D, ) HE)dE = [ [(E)Ryn-jp(M, )" /(E)dE  (4.3)

K/nf.] Grn—j,n Grn—ja”

for every f € C*°(Gr,_;,). Since L, is self-adjoint and R;; is the adjoint of R, j,
(4.3) is equivalent to

K

/ (Rj1 ) (w)p(D, u)’ du = / Ry f (w)p(M, )" du
sn—1 St

Rn—j

for every f € C*(Gr,_;,). Substituting now h = R,_;1f and using that the
Radon transform R,,_;; : C%°(Gr,,_;,) — C°(S"™1) is surjective, we see that D is
the j-intersection body of M if and only if

By / (Rj10 Ly oR, L )h(u)p(D,u) du = / h(u)p(M,u)" 7 du (4.4)
S§n—1 S§n—1

Rn—j

49



for all h € C>°(S™1). Since F_; and L, are self-adjoint and R;; is the adjoint of
R; ;j, it follows from Proposition 2.1.4 that
(2m)" j K,

F. =
’ (n_j)’%n—j

-1
RjpiolioR, ;.

Hence, (4.4) is equivalent to
(2m)" 7]
n—j

/sw—l F_h(u)p(D,u) du =

for every h € C>°(S"1).

/ h(uw)p(M,w)"7 du
S§n—1

]

With our next result, we complete the proofs of Theorem 4.1.3 and Corollary
4.1.4.

Theorem 4.2.3. Let 1 < j<n—1 and let K and L be origin-symmetric convex
bodies with non-empty interior in R™. Then the following statements are equiva-
lent:

(i) K is the j-projection body of L;

(ii) F38;(K,-) = B8, (L, );

(i) T =V, L,
() ¢(K) = (Fp)(L) for all even ¢ € Val;.x”Sph.
Proof. We have already seen that (i) and (ii) are equivalent. In order to prove that

(ii) and (iii) are equivalent, we first note that, by the definition of IT; and M,,_;
and (2.41), (iil) is equivalent to

2Nk,
(J+ ki

Since convolution transforms are self-adjoint, integrating both sides yields that
this is equivalent to

)k
’ Zn;:]+lq;}+1 /Sn_1 Cif(u) dS;(K, u) = /Sn_l(f % Jjv1)(u) dSn—j (L, u)

1 5 —
h(HjK, ) = éClsj(K, ) = Gn,j+1 Sn_j(L, ) *gj+1 = h(Mn_jL, )

for every f € C°(S"!). Substituting h = f * g;+1 and using Corollary 2.3.11, it
follows that this holds if and only if

2m)"

/swl F_jh(u)dS;(K,u) = ((n —) /Snl h(u)dS,—;(L,u) (4.5)
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for every h € C>°(S"!') which is precisely (ii).
Finally, in order to see that (iv) is equivalent to (ii), first note that, by Propo-
sition 2.3.4 and Corollary 2.3.6, (iv) is equivalent to

J
fuw)dS;(K,u :—,/ F,_.f)(u)dS,_;(L,u
J— ( ) ]( ) (271_)](”_]) Sn—l( J )( ) ]( )
for every f € C2°(S"™1). Substituting this time h = F;_,,f and using (2.19), it
follows that this holds if and only if (4.5) holds for every h € C°(S"™!), which
completes the proof. O

We remark that IT; and M,,_; can be replaced in statement (iii) by any pair of
Minkowski valuations intertwining rigid motions which are related by the Alesker-
Fourier transform and injective on origin-symmetric convex bodies. This follows
easily from Proposition 2.3.9. Next, note that, by Theorem 2.3.2, (2.34), and
(2.35), the space Val?o’sPh of smooth spherical valuations can be replaced in (iv)
by the entire space Val?®, leading however to a weaker statement.

Finally, we also note that Corollary 4.1.4 follows also directly from (2.40),
(2.42), and Proposition 2.2.1. Together with the arguments of the first part of the
proof of Theorem 4.2.3, this can be used to give an alternative proof of Theorem
4.1.2.

4.3 Properties and Examples

In this section, we first prove that the class of j-projection bodies is invariant
under non-degenerate linear transformations. We then collect several examples
of j-projection bodies from the literature and compute a family of new examples
using Theorem 4.1.2. At the end of the section, we generalize two more well known
properties of the classical 1-projection bodies to all j > 1.

The fact that the class of j-intersection bodies is invariant under the general
linear group GL(n) was first observed by Milman [70]. The proof of the following
dual counterpart is based on ideas of Schneider [77], who proved it in the special
case described in Example 4.3.2 (d) below.

Theorem 4.3.1. Let 1 < j < n—1, A € GL(n), and let K and L be origin-
symmetric convexr bodies with non-empty interior in R"™. If K is the j-projection
body of L, then AK 1is the j-projection body of

|det A|77 A-TL.

In particular, the class of j-projection bodies is GL(n) invariant.
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Proof. First let |det A| = 1. Using the polar decomposition of A and the fact that
the statement is clearly true for orthogonal linear maps, we may assume that A is
symmetric and positive definite. Thus, we have to show that

vol;(AK|E*) = vol,,_;(A™'L|E) (4.6)

for every £ € Gr,_j,. To this end, let F' € Grj, and uy,...,u; be a set of
orthonormal vectors in F. In order to compute vol;(AK|F), we may assume,
using the singular value decomposition of A, that the vectors Auwy, ..., Au; are
also orthogonal. Then,

vol;(AK|F) = vol; ({i(Ax Cu U X € K})

i=1

= <H ||Aui|]2> vol,(K|AF) = ¢;(A, F) vol;(K|AF),

=1

where ¢;(A, F) depends on A and F' only and not on K. Consequently, using that
AE+ = (A7'E)* for every E € Gr,_;,, we obtain

voL(AK|E*) = ¢j(A, EX)vol(K|(A™'E)*) = ¢;(A, E*)vol, ;j(L|AT'E)
¢j (A> EL) -1
= ————~—vol, ;(A " L|F).
Cn—j(A_17E)Von ]( | )
Choosing now K to be the unit cube in R, it follows from a result of Schnell [80]
(see Example 4.3.2 (b) below) that ¢;(A, E*+) = ¢,_;(A™', E) which yields the
desired equation (4.6).
Finally, let A € GL(n) be arbitrary. Then, by the first part of the proof,

vol,(AK|E"Y) = |det A|#vol,(|det A|~» AK|E")
— |det A|"vol,_;(|det A|+ A"TL|E) = vol,_;(|det A|75 A" L| E)

holds for every E € Gr,_;,, as desired. O

Theorem 4.3.1 suggests that it should be possible to define the notion of
j-projection bodies in SL(n) invariant terms without referring to any Euclidean
structure. Indeed, the author is obliged to S. Alesker for communicating such an
SL(n) invariant definition to us which we will state in the following. It requires a
basic familiarity with the notion of a line bundle over a manifold.

Let V be an n-dimensional real vector space with a fixed volume form and let
V* denote its dual space. For 1 < j <n—1, we write Gr;(V) for the Grassmannian
of all j-dimensional subspaces of V' and (V') for the space of convex bodies in
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V. Moreover, if W is a finite dimensional vector space, we denote by Dens(W)
the 1-dimensional space of Lebesgue measures on W. Finally, for any measurable
subset M of W, we define an element ev,; € Dens(W)* by

evy (o) =a(M), o € Dens(WV).

The jth projection function p;(k,-) of a convex body K € (V') is now no longer
a function on Gr;(V') but the section of the line bundle

Xo—j={(E,l): E € Gr,_;(V), |l € Dens(V/E)"},

given by
pi(K, E) = eVpr, (k).

Here, pry : V. — V/E denotes the natural projection. Similarly, the (n — j)th
projection function p,_;(L,-) of L € K(V*) is a section of the line bundle

X;={(F1): FeGr;(V"), l € Dens(V*/F)"}.

Let us denote by C(Gr,—;(V), X,,—;) and C(Gr;(V*), X7) the spaces of all (contin-
uous) sections of the line bundles X,,_; and X7, respectively. Note that the group
SL(V) acts on these vector spaces naturally by left translation. Moreover, using
the annihilator map L : Gr,_;(V) — Gr;(V*), it is not difficult to show that the
canonical isomorphism

Dens(V/E)* = Dens(V*/E*)*

induces a canonical SL(V') equivariant isomorphism between the spaces of sections
C(Gr,—;(V), Xnj) and C(Gr;(V*), X7).

For origin-symmetric bodies K € (V) and L € K(V*) with non-empty inte-
rior, we may therefore call K € K(V') the j-projection body of L if

pj(K’ ) = pn—j(Lv )

with respect to the isomorphism described above. Clearly, this definition coincides
with the one given in the introduction if we choose a Euclidean structure on V' and
identify V* with V. Furthermore, this invariant formulation immediately implies
that the class of j-projection bodies is GL(V') invariant.

We turn now to classical and new examples of j-projection bodies. In the
following list, examples 4.3.2 (b) — (d) were previously considered in the literature.
Example 4.3.2 (e) and (f) are new and based on our main result, Theorem 4.1.2.

Example 4.3.2.
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(a)

Since, for the Euclidean unit ball B in R", we have vol;(B|E+) = k; and
vol,_;(B|E) = kp_; for every 1 < j <n—1and E € Gr,,_;,, it follows that
B is the j-projection body of

1

Hj n—j B
Rn—j )

Thus, Theorem 4.3.1 and the fact that (AB)* = A~TB for every A € GL(n)
imply that if K is an origin-symmetric ellipsoid with non-empty interior in
R", then K is the j-projection body of the ellipsoid

(M)"*K*.

Rn—jRn

McMullen [68] first proved that the unit cube in R™,

W:{xER":— gxigé,izl,...,n},

1
2

is the j-projection body of itself for every 1 < j < n — 1. Based on this
curious property of W, Schnell [80] deduced the following special case of
Theorem 4.3.1: If K is an origin-symmetric parallelotope with non-empty
interior in R", say K = AW with A € GL(n), then K is the j-projection
body of the parallelotope

Vo (K)75 AW

In particular, if V,,(K) = 1, then A=W is the j-projection body of K for
every 1 <j7<n-—1

Let K € K? have non-empty interior. Then, by (2.22) and the definition of
the projection body operator II,,_; given in Example 2.3.10 (a), we have

1
vol,_1 (K |ub) = h(Il,,_1 K, u) = vol, <§Hn_1K

Span{u})

for every u € S"7!, that is, K is the (n — 1)-projection body of I, K or,
equivalently, %Hn_lK is the 1-projection body of K. In particular, the class
of (n—1)-projection bodies coincides with K? and, by Minkowski’s existence
theorem and Cauchy’s projection formula, the class of 1-projection bodies
coincides with the class Z!' of origin-symmetric zonoids in R".

Let K, L € K7 have non-empty interior. Generalizing a notion introduced by
McMullen [69], Schuneider [77] calls (K,L) a (VP)-pair if K is the
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j-projection body of L for every 1 < j < mn — 1. By the results of McMullen
and Schnell described in (b), any pair of parallelotopes (AW, A=TW), where
A € GL(n) and |det A] = 1, is an example of a (VP)-pair.

Schneider proved in [77] that if K and L are polytopes, then they are a (VP)-
pair if and only if K is the j-projection body of L for j =1 and j =n — 1.
Moreover, from a result of Weil [89], Schneider deduced that this holds if
and only if K is a direct sum of centrally symmetric polygons and segments,
Vo(K)=1,and L = %Hn,lK.

Let K be a convex body and D a star body in R?" and let both be origin-
symmetric. Motivated by the identification of R*" with C", the bodies K and
D are called complex if they are invariant with respect to any coordinate-
wise two-dimensional rotation (see, e.g., [61] for details). Note that origin-
symmetric complex convex bodies in R?*" correspond precisely to the unit
balls of complex norms on C".

For a unit vector u € C", let H, = {z € C": (u,z) = >, _, wZ, = 0} denote
the complex hyperplane perpendicular to u. Under the standard mapping
from C" to R?", the hyperplane H, becomes a 2n — 2 dimensional subspace
of R?" which is orthogonal to the vectors

u = (U11,U12,~-7Un1,un2) and Usx = (_u127u117"’7_un27un1)‘

Definition. Let D and M be origin-symmetric complex star bodies in R?™.
Then D 1is called the complex intersection body of M if

voly(D N HF) = volg, o(M N H,)

for every u € S*"~t. The class of complex intersection bodies is the closure
in the radial metric of all complex intersection bodies of star bodies.

Koldobsky, Paouris, and Zymonopoulou [61] proved that the class of complex
intersection bodies coincides with the class of 2-intersection bodies which are
complex. Moreover, they showed that complex intersection bodies of convex
bodies are also convex. Motivated by these results, we define complex pro-
jection bodies as follows (see |2], for a different notion of complex projection

bodies).

Definition. Let K and L be origin-symmetric complex convex bodies in R*™.
Then K s called the complex projection body of L if

voly(K|H-) = voly,_o(L|H,)

for every u € S**~ 1. The class of complex projection bodies is the closure in
the Hausdorff metric of all complex projection bodies of convex bodies.
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Clearly, if K € K" is a complex 2-projection body of L, then K is a the
complex projection body of L. We do not know if the converse also holds.
However, if D € K2 is complex and of class C?°, then, by Proposition 2.2.3,
the function p(D,-)? € C>°(S"!) is the density of the area measure of order
2 of a complex convex body K € K?*. Consequently, by Theorems 4.1.1 and
4.1.2 and Proposition 2.2.3, if D is a complex intersection body, then K is a
complex 2-projection body which, in turn, is a complex projection body.

Finally, we consider strictly convex bodies of revolution K, € K7 whose area
measures of order 1 < j < n — 2 have a density of the form

A (n(e-.)?*—1), (4.7)

n—1
where Pj' denotes the Legendre polynomial of dimension n and degree 2. In
order to determine all admissible A in (4.7), we use Theorem 2.2.4. Clearly,
condition (i) of Theorem 2.2.4 is satisfied for all A € R. However, since

(-t
2 _

si(Ky,e-.)=1+AP)(e-.)=1+

1
/ €5,(K, €)(1 — €2)"F dg = At +1) + 1+ 1),

it is not difficult to show that conditions (ii) and (iii) of Theorem 2.2.4 are

satisfied if and only if
' 1
) e (_LM_H) (4.8)

n

2n—j
Now, we want to determine which of the bodies K, are j-projection bodies.
To this end, note that, by (2.18), we have

o _mE T (";j)( N o )
Fsi(Kye-.) = ) (1A T pre. ).
JSJ( X € ) F(%) ] 2(6 )

Hence, by Theorem 4.1.2 and (4.8), K is a j-projection body if and only if

Ae<—1,L,).
n—j

This shows, in particular, that for j < n — 1 the class of j-projection bodies
is a proper subset of K.

In the final part of this section, we want to prove two more basic properties of
j-projection bodies. The first one is a generalization of the well known fact that
Minkowski’s projection body operator II,,_; maps polytopes to polytopes. Note

that,

by Example 4.3.2 (c), this implies that 1- and (n — 1)-projection bodies of

polytopes are polytopes. As part of the following result we extend this observation
toall j €{1,...,n—1}.
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Theorem 4.3.3. Let 1 < j <n—1 and let P and Q) be origin-symmetric convex
bodies with non-empty interior in R™. If P is the j-projection body of ), then
Si(P,S" A E) =28, Q8" nEY) (4.9)
J
for every E € Gr,_;,. Moreover, if P is a polytope, then so is Q and P has a

j-face parallel to E if and only if Q has an (n — j)-face parallel to E*.

Proof. In order to prove (4.9), let E € Gr,,_;,, be an arbitrary but fixed subspace.
For e > 0, let f. € C([0,1]) be monotone increasing with supp f. C [1 — 2¢, 1] and
such that f. =1 on [1 — ¢, 1] and define g € C(Gr;,,), by

g2 (F) = f(]cos(E, F)|).
Note that
(Rjug2)(u) = fe(Jcos(E, F)|) dv}(F)

Gr;ﬁn
depends only on | cos(E, u)|. In particular, R;gZ is constant on S""'N E. Conse-

quently, we can replace g7, if necessary, by a positive multiple such that (R;1¢%)(u) =
1 whenever u € S ' N E. Next, we want to show that

. E [ 1 forueS"'NE,
ll_{l[l)(Rnge J(u) = { 0 forué¢S"'NE. (4.10)

To this end, observe that | cos(E, F')| < |cos(E,u)| whenever u € E. Thus, by the
monotonicity of f., we have

(Rj195) () < fo(| cos(E, u))).
Hence, by the definition of f;, for every u ¢ S"' N E there exists €, > 0 such that
(R;195)(u) = 0 for every € < e, which completes the proof of (4.10).
The same arguments used to prove (4.10) together with the fact that SO(n)
acts transitively on Gr,_;,, show that there exists a positive constant ¢ € R,
independent of E, such that

. c forue S 'nE,
i1 0EY )0 = or e S e (a.11)

Now, since P is the j-projection body of ) and R;; is the adjoint of R, ;, it
follows from Theorem 4.1.2 and Proposition 2.1.4 that

| Ragmas, Py = [ gf (PR, (P)F)

_ “;;j / GZ(F1) ARy 3Sn-(Q. ))(F)

T'n—jmn

- /Sn—l(Rn—jyl(gf)L)(u) dS,—;(Q,u).

kj
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Letting € — 0, (4.10), (4.11), and the dominated convergence theorem yield

CRp—j

S;(P,S"™'NE) = S_i(Q.S" N EY),

J

where the positive constant ¢ is the same as in (4.11) and does not depend on P
and Q. Using Example 4.3.2 (b) and taking P = W = @, shows, by (2.2.2), that
¢ = 1 which completes the proof of (4.9).

Now assume that P is a polytope and recall that, by (2.2.2), S;(P,-) is con-
centrated on the union of finitely many n — 1 — j dimensional great spheres. Let
G"7(P) denote the finite set of subspaces E € Gr,,_;,, such that S;(P,S""'NE) >
0. Summing (4.9) over all E € G"77(P) yields on one hand

N S, (@ST N EY) = Y S(PSTINE) = 5,(PSsmY).

:‘ij : }
EeGn—i(P) Eegn—i(P)

On the other hand, since @ is the (n — j)-projection body of P, Theorem 4.1.2
and (2.18) imply that

n— ]Clg [F]*n] n—1 Kn—
Si(P,ST = 92 g (Q,S =
S = Gy — 5 =
Consequently, since S,,_;((), -) vanishes on great spheres of dimension d < j — 1,
we have

J Sn—j (Q, Sn—l) )

S (@8 )= > 8,Q8'nEY =58, (@ | & 'nEY
(P)

Ecgn—i(P Ecgn=i(P)

This shows that S,_;(Q,-) is concentrated on a finite union of j — 1 dimensional
great spheres. An application of Proposition 2.2.2 finishes the proof. m

It is well known that for every pair of convex bodies K, L € K",
V(K[n—1],11,.4L) = V(L[n — 1],11,_1 K). (4.12)

This basic mixed volume identity for Minkowski’s projection body operator II, 4
and its variants for other Minkowski valuations have found numerous applications
(see, e.g., [2,9, 36, 38, 82]). In view of Example (c), our final result of this section
provides a generalization of (4.12) in the context of j-projection bodies.

Theorem 4.3.4. Let 1 < j<n—1 and let K;, L;, i = 1,2, be origin-symmetric
convex bodies with non-empty interior in R™. If K is the j-projection body of L1
and Ky is the (n — j)-projection body of Ls, then

V(K1lj], Ka[n — j]) = V(Li[n — j], La[j]).
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Proof. Consider the valuations ¢ € Val!_ jand ¢ € Valj, defined by
¢(K) =V(Ki[jl, Kln—j])  and  (K)=V(Li[n — j], K[j]).

Then, by a well known relation between projection functions and mixed volumes
(see, e.g., |78, Theorem 5.3.1]), the Klain functions Kl,_;¢ € C(Gr,_;,) and
Kl;¢ € C(Grj,,) are given by

—1

-1
Kl,_;j¢(E) = (”) vol,(Ky|EY)  and  KLu(F) = (") vol,_;(L1|F™L).
J J
Therefore, since K is the j-projection body of Ly, we have
Kl = (KLu)*. (4.13)

Now, assume that ¢ and v are smooth. Then, by (4.13) and (2.35), b = Fe.
Moreover, (as already explained after the proof of Theorem 4.2.3) it follows from
Theorem 2.3.2 and (2.34) that

P(Ks) = V(K1[j], Kaln — j]) = V(Li[n — jl, La[j]) = ¥(La) (4.14)

which is the desired relation.

If ¢ and 1) are not smooth, but merely continuous, then a recent extension of
Alesker and Faifman [10, Propositions 4.4 and 4.5] of the Klain and Crofton maps
as well as Theorem 2.3.2 and (2.34) to generalized valuations (which include, in
particular, continuous valuations) implies that (4.14) still follows from (4.13). O

4.4 From j-projection bodies to j-intersection bod-
ies

In this final section, we first recall the definition of the class of convex bodies K7 (5)
and their dual analogs, the class of j-Busemann-Petty star bodies (also called
generalized j-intersection bodies). Then, we relate these two classes as well as the
classes of j-intersection bodies and j-projection bodies via a generalization of the
duality transform introduced at the end of Example 4.3.2 (e). Finally, we prove
a dual analog of a recent result of Milman on the relation between the classes of
j-intersection bodies and j-Busemann-Petty bodies and perhaps more remarkable
disprove another analog result with respect to these classes due to Koldobsky.

For 1 < j < mn—1, let P(j) denote the class of all (origin-symmetric) j-
projection bodies in R™ and recall that K7(j) is the class of all origin-symmetric
convex bodies K € K" such that

vol;(K|-) = Cjo;(K, )
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for some non-negative Borel measure g; (K, -) on Grj,,.
Using the Cauchy-Kubota formula (2.24) as well as (2.13) and (2.15), it follows
that K € K7(j) if and only if

2Kp—
Ci5;(K,-) = “(Rn—j1 0 Coj)oy (K, -)

Kj

which, by the composition rule for Radon and cosine transforms (see, e.g., [38]),
is equivalent to

-1

CiSj(K,-) = (?) nky—j(Cy o Rn_ﬂ),gj(K, ). (4.15)

Consequently, the injectivity of the spherical cosine transform C; implies that the
class K7(j) consists precisely of those origin-symmetric K € K" for which

Si(K, ) = Rajap (K ) (4.16)
for some non-negative Borel measure yu;(K,-) on Gry,_;,.

The dual analog of the class K7 (j) was introduced by Zhang in 1996.

Definition. Suppose that 1 < j <n —1. An origin-symmetric star body D in R"
is called a j-Busemann-Petty body if

p(D, )j == Rnfj,lyj(Da ) (417)

for some non-negative Borel measure v;(D,-) on Gr,_j,.
For 1 < j < n—1, let Z7(j) denote the class of all (origin-symmetric)
j-intersection bodies in R™ and let BP7(j) denote the class of (origin-symmetric)

j-Busemann-Petty bodies in R™. From their definition and Theorem 4.1.1 it follows
easily that

I°(1) = BPY(1)  and I'(n—1)=BP"(n—1) =8, (4.18)

where here and in the following S? denotes the class of origin-symmetric star
bodies in R™. Recall that Z7(1) coincides with Lutwak’s intersection bodies.

The discovery and importance of the class BP%(j) is due to their connection
to the j-codimensional Busemann-Petty problem which asks whether the volume
of a convex body K € K is smaller than that of another body L € K7 if

vol,_;(K N E) <vol,_;(LNE)
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for all £ € Gr,,_;,. Zhang [94] showed that a positive answer to this problem
is equivalent to whether all origin-symmetric convex bodies in R™ belong to the
class BP%(j). Subsequently, Bourgain and Zhang [19] proved that the answer is
negative for j < n — 3 but the cases ) = n — 3 and j = n — 2 remained open. This
was later reproved by Koldobsky [57] who also first considered the relationship
between the two types of generalizations of Lutwak’s intersection bodies, Z7(j)
and BP%(j), and proved that for all 1 < j <n —1,

Z(1) € BP{(7) € Z7(5)- (4.19)

Koldobsky also asked whether, in fact, BP%(j) = Z(j) holds not just for j =1
and 7 =n—1but for all 2 < j < n—2 as well. If this were true, a positive answer
to the j-codimensional Busemann-Petty problem for 7 > n — 3 would follow, since
K C 77(j) for those values of j. However, Milman gave the following negative
answer to Koldobsky’s question.

Theorem 4.4.1. (|71]) Suppose that n >4 and 2 < j < n —2. Then there exists
a smooth star body of revolution D € I7(j) such that D & BP%(j).

Note that Theorem 4.4.1 did not resolve the open cases of the j-codimensional
Busemann-Petty problem since the body D is not necessarily convex.

Motivated by the formal analogy between Theorems 4.1.1 and 4.1.2 as well as
the definitions (4.16) and (4.17), we define now two ’duality’ transforms on smooth
convex bodies using Proposition 2.2.3 of Guan and Ma, thereby extending the map
which already appeared at the end of Example (e) in the last section. To this end,
let KC»°° denote the subset of K} consisting of convex bodies of class C'°.
Definition. For 1 <j <n —1, the map P; : K> — K> is defined by

(P, ) = pl(K., ).
The map 1; : K> — 87 is defined by
p(LE, ) = s;(K,").

Clearly, the map I; is a left inverse of P;, that is I; o P; = id. Moreover,

the following immediate consequences of Theorems 4.1.1 and 4.1.2 and definitions

(4.16) and (4.17), show that these maps are closely related to the various notions
of intersection and projection bodies.

Corollary 4.4.2. Suppose that 1 < j <n—1 and let K,L € K.

(a) If K is j-intersection body of L, then P, K is j-projection body of P,_;L.
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(b) If K is j-projection body of L, then I;K is j-intersection body of 1,,_;L
(c¢) If K € BP(j), then P, K € KZ(j).
(d) If K € K2(j), then K € BP(j).
In view of the duality relations and various analogies between results on j-
intersection bodies and j-projection bodies we have encountered so far, it is natural

to ask whether there is a relation similar to (4.19) between the classes K”(j) and
PI(j). Recall fromExample (c) that

K@) =Pi1) =2 and  Kn—1)=Pn—-1) =K

which is the dual analog of (4.18), and ZI C KZ(j) for all 1 < j <n — 1. The
following questions now make sense:
Questions Suppose that 2 < j < n — 2.

(a) Is it true that K(j) C P*(4)?
(b) Is it true that Z™ C P"(j)?
For the one-parameter family of j-projection bodies K, constructed in Example
4.3.2 (f) in the last section, it is possible to show that both problems have a positive
answer. In fact, the entire family K, is also contained in K?(j).

With our final two results result we provide a partial analog of Theorem 4.4.1
and answer Questions (a) and (b) in the negative.

Theorem 4.4.3. There exists a smooth convez body of revolution K € PX(2) such
that K € K(2).

Proof. For ¢ > 0 and t € [—1,1], let

5 3
se(t)=1+¢e+ 5Rf(t) =5 + e — 6% + 84,

where P} denotes the Legendre polynomial of dimension 4 and degree 4. We first
want to prove that for every € > 0, there exists a strictly convex body of revolution
K. € K? whose area measure of order 2 has a density of the form

SQ(KE,E' ) = Sa(é' )

To this end, we will show that s.(e-.) satisfies conditions (i), (ii) of Theorem 2.2.4
with j = 2 and n = 4. Note that since s. is an even polynomial which is strictly
positive for every ¢ > 0, condition (i) holds trivially. However, from

1—2)3
/555 )(1—¢ )dg_( 4;)2(13+145—12t2+48t4)
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it follows by a straightforward calculation that also condition (ii) is satisfied.

Next observe that, by (2.18), a3, [F_s] = (27)%*(—1)*. Thus, by Theorem 4.1.2,
K. is a 2-projection body of a dilate of itself. It remains to show that K. ¢ K2(2)
for sufficiently small €. To this end, note that there exists a wunique spherical
function gy(K.,-) € C*(Gr;,, )" such that

VOIQ(K8| ) = CQQQ(KS, ) (420)

Indeed, by (4.15), the function po(K.,-) is given by

3
Q2<Ke7 ) = %(J—* o R2,3)715€(é : )

This is well defined since sy( K, ) is smooth and SO(n—1)-invariant and therefore,
by definition, spherical. The uniqueness follows from the injectivity of Co on
spherical functions. We conclude that, since K. is SO(n — 1) invariant and Cs
commutes with rotations, the SO(n — 1) symmetrization of any measure satisfying
(4.20) must coincide with gy(K.,-). Hence, in order to prove that K. ¢ K?(2), it
suffices to show that (L, o Ry3) 'so(é- .) attains negative values.

Using the spherical Radon transform R := 1, o R;,_; and the composition
rules for Radon transforms, it follows that

(LsoRaz) 'so(e ) = (RizoR™") so(e- .).

Hence, since ag[R] = 1 and a}[R] = 1 (see, e.g., [44, Lemma 3.4.7]), we must show
that

(RizoR™)so(€- .) =Rup (1 + %Pf(é‘ -))

attains negative values. Now, by [71, Corollary 3.3|, we have for f € C|0, 1],

2 [t )
(Ripf(e-.))(E) = ;/ f(|cos(E,e)|t)(1 —t*) "z dt.
0
This means that we have to find a £ € [0, 1] such that

/1 <1 + %Pf(ﬁt)) (1= )4 dt = 157”52(52 14 %ﬂ <0,
0

Clearly, one possible choice is given by £ = \/Li O]

Before we prove our last result we need a few facts about zonoids and projection
generating measures. Let S; : (S"7')’ \ N — Gr;,, be given by

Si(ur,...,uj) =span{uy,...,u;},
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where N is the subset (of measure zero) of j-tuples of linearly dependent unit
vectors. Moreover, let D; : (S"7')’ — R be the absolute value of the determinant
of a j-tuple of vectors in the subspace spanned by them. The j-th projection
generating measure p;(K,-) € M(Grj,) of a generalized zonoid K € K" is now
defined as the push forward measure

pi(K,) = (D;dpl)” . (4.21)
The projection generating measure has the property that
vol;(K|-) = C;p;(K, ).

For a zonoid that is the Minkowski sum of vectors in general position it takes a
particularly simple form.

Lemma 4.4.4. Let Z € Z be the Minkowski sum of m vectors, a;v;, in general
position such that its generating measure is given by

m
= E ozjévj.
J=1

Let moreover Z(Z,j) denote the set of ordered j-tuples of the generating vectors v;
of Z. Then the j-th projection generating measure is given by

pilZ) =) ((HO‘J il 5Er>7
I1€Z(Z,5) el

Proof. 1t is not hard to see that p;(Z, -) has to be an atomic measure. Furthermore
if a subspace ' € Grj,, contains strictly less than j of the generating vectors of
Z, then clearly p;(Z,{E}) = 0. Let now I € Z. Then, since Z is in general
position, v;,, ..., v;; is the only j-tuple in Z, such that all vectors are contained in
E;. Therefore, we have

where Er :== S;(1).

(Z {Ef} (H al) 6E1

el
]

The next lemma characterizes certain cases when a zonotope is a j-projection
body.
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Lemma 4.4.5. Letn > 5 and 3 < j < n—1. Then an origin symmetric zonotope
Z 1is the j-projection body of a Z* € K" if and only if Z* is a zonotope which has
a projection generating measure given by

pn—j(Z*v ) = ij(Zv )
Proof. Z is the j-projection body of Z* if and only if
R]',lpj(Z, ) =Cjn Sn_j(Z*, ) (422)

Since this implies that S,,_;(Z*,-) is concentrated on a finite union of sub spheres
we conclude that Z* € P". Since Z € KZ(j) we also know that Z* € K(n — j).
Thus Z* € P* N K¥(n — j). By corollary 3.6 in [72], since n — j < n — 3, we
can conclude that Z* € Z'. We also know that its projection generating mea-
sure p,_;(Z*,-) satisfies (4.22) aswell. Since, both measures are atomic measures
concentrated on a finite set of (n — j)-dimensional subspaces, we conclude

Pn—j(Z*, ) = Pj_(Z, )
O

Theorem 4.4.6. Let Z € Z2 be a zonotope in general position with non-empty
interior. Then, Z is a parallelotope if and only if it is a 3-projection body.

Proof. Let Z € Z° be the Minkowski sum of m vectors in general position. Then by
Lemma 4.4.4 we know that p3(Z,-) is concentrated on {E{ : [ € Z(Z,3)} C Gr.
Let us assume, Z is a 3-projection body. Then, by Lemma 4.4.5, there exists a
zonoid Z* such that po(Z*,-) = p3(Z,-). From (4.21), it follows that any pair of
independent generating vectors of Z* has to span a subspace on which py(Z*,-) is
concentrated. Hence, for any generating vector v of Z*, there exist I, J € Z(Z,3)
such that
UEE%QE§ = (E]UEJ)L.

It is easy to see, that for k > 5 and distinct Iy, ..., Iy € Z(Z,3)
Efn--NEf =(E,U---UEL)" ={0}. (4.23)

Indeed, if the intersection was not trivial then the union of the entry vectors of the
I;, 1 <1<k, has to be a set of at most 4 vectors. However, we can choose at most
(g) = 4 distinct 3-tuples from a set of 4 vectors. Since, any of the (g‘) subspaces
Ef, I € I(Z,3) contains at least 2 generating vectors and by (4.23) any given
generating vector lies in at most 4 subspaces we conclude that there have to be at
least % (’;1) generating vectors of Z*. Let us now assume that m > 5. Then, there
are at least 10 generating vectors. Since, any pair of them had to span an Ej,
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I € 7(Z,3), we would obtain that there is a generating vector that lies in more
the 4 of those spaces. However, this can not be true by (4.23) and we conclude
that m = 5.

0

66



Bibliography

il
2
3]
)
5]
6]
7
8]
9]

[10]

11)

12]

13)

14

[15]
[16]

[17]

(18]

J. Abardia, Difference bodies in complex vector spaces, J. Funct. Anal. 263 (2012), 3588—
3603.

J. Abardia and A. Bernig, Projection bodies in complex vector spaces, Adv. Math. 227
(2011), 830-846.

A.D. Aleksandrov, On the theory of mixed volumes of convex bodies II. New inequalities
between mized volumes and their applications, Mat. Sbornik N. S. 2 (1937), 1205-1238.

S. Alesker, Description of translation invariant valuations on convex sets with solution of
P. McMullen’s conjecture, Geom. Funct. Anal. 11 (2001), 244-272.

S. Alesker, Hard Lefschetz theorem for valuations, complex integral geometry, and unitarily
invariant valuations, J. Differential Geom. 63 (2003), 63-95.

S. Alesker, The multiplicative structure on continuous polynomial valuations, Geom. Funct.
Anal. 14 (2004), 1-26.

S. Alesker, A Fourier-type transform on translation-invariant valuations on convex sets,

Israel J. Math. 181 (2011), 189-294.

S. Alesker and J. Bernstein, Range characterization of the cosine transform on higher Grass-
mannians, Adv. Math. 184 (2004), 367-379.

S. Alesker, A. Bernig and F.E. Schuster, Harmonic analysis of translation invariant valu-

ations, Geom. Funct. Anal. 21 (2011), 751-773.

S. Alesker and D. Faifman, Convez valuations invariant under the Lorentz group, J. Differ-
ential Geom. 98 (2014), 183-236.

S. Artstein-Avidan and V. Milman, A characterization of the support map, Adv. Math. 223
(2010), no. 1, 379-391.

C. Berg, Corps convezes et potentiels sphériques, Mat.-Fys. Medd. Danske Vid. Selsk. 37
(1969), 64 pp.

A. Bernig, Algebraic integral geometry, Global differential geometry, 107-145, Springer
Proc. Math. 17, Springer, Heidelberg, 2012.

A. Bernig and J.H.G. Fu, Convolution of convexr valuations, Geom. Dedicata 123 (2006),
153-169.

A. Bernig and J.H.G. Fu, Hermitian integral geometry, Ann. of Math. 173 (2011), 907-945.

A. Bernig and D. Hug, Kinematic formulas for tensor valuations, J. Reine Angew. Math.,
in press.

A. Bernig, J.H.G. Fu, and G. Solanes, Integral geometry of complex space forms, Geom.
Funct. Anal. 24 (2014), 403-492.

A. Berg, L. Parapatits, F.E. Schuster and M. Weberndorfer, Log-Concavity Properties of
Minkowski Valuations, preprint.

67



[19]
[20]
21]
22]

23]
24]

[25]
[26]
27]
28]
29]
(30]
31]
32]
[33]
[34]
[35]
[36]
37]
38
[39]
[40]

[41]

J. Bourgain and G. Zhang, On a generalization of the Busemann-Petty problem, Convex Ge-
ometric Analysis, MSRI Publications 34 (1998) (K. Ball and V. Milman, eds.), Cambridge
University Press, New York (1998), 65-76.

F. Dorrek, Minkowski endomorphisms, preprint. (2016+)

F. Dorrek and F. Schuster, Projection functions, area measures and the Alesker-Fourier
transform, preprint. (2016+)

J.H.G. Fu, Algebraic integral geometry, Integral geometry and valuations, 47-112, Adv.
Courses Math. CRM Barcelona, Birkhduser/Springer, Basel, 2014.

W.J. Firey, Christoffel’s problem for general convex bodies, Mathematika 15 1968 7-21.

W.J. Firey, Intermediate Christoffel-Minkowski problems for figures of revolution, Israel J.
Math. 8 (1970), 384-390.

W.J. Firey, Local behaviour of area functions of convex bodies, Pacific J. Math. 35 (1970),
345-357.

W.J. Firey, Intermediate Christoffel-Minkowski problems for figures of revolution, Israel J.
Math. 8 (1970), 384-390.

R.J. Gardner, Intersection bodies and the Busemann-Petty problem, Trans. Amer. Math.
Soc. 342 (1994), 435-445.

R.J. Gardner, A positive answer to the Busemann—Petty problem in three dimensions, Ann.
of Math. 140 (1994), 435-447.

R.J. Gardner, Geometric tomography. Second edition, Encyclopedia of Mathematics and its
Applications 58, Cambridge University Press, Cambridge, 2006.

R.J. Gardner, A. Koldobsky, and T. Schlumprecht, An analytic solution to the Busemann-
Petty problem on sections of convex bodies, Ann. of Math. 149 (1999), 691-703.

P. Goodey, Radon transforms of projection functions, Math. Proc. Cambridge Philos. Soc.
123 (1998), 159-168.

P. Goodey and R. Howard, Processes of flats induced by higher dimensional processes, Adv.
Math. 80 (1990), 92-1009.

P. Goodey and R. Schneider, On the intermediate area functions of convexr bodies, Math.
Z.173 (1980), 185-194.

P. Goodey and W. Weil, Centrally symmetric convex bodies and Radon transforms on higher
order Grassmannians, Mathematika 38 (1991), 117-133.

P. Goodey and W. Weil, The determination of convex bodies from the mean of random
sections, Math. Proc. Cambridge Philos. Soc. 112 (1992), 419-430.

P. Goodey and W. Weil, A uniqueness result for mean section bodies, Adv. Math. 229
(2012), 596-601.

P. Goodey and W. Weil, Sums of sections, surface area measures, and the general Minkowski

problem, J. Differential Geom. 97 (2014), 477-514.

P. Goodey and G. Zhang, Inequalities between projection functions of convex bodies, Amer.
J. Math. 120 (1998), 345-367.

P. Goodey, D. Hug, and W. Weil, Kinematic formulas for area measures, Indiana Univ.
Math. J., in press.

P. Goodey, E. Lutwak, and W. Weil, Functional analytic characterizations of classes of
convez bodies, Math. Z. 222 (1996), 363-381.

P. Goodey, V. Yaskin, and M. Yaskina, A Fourier transform approach to Christoffel’s
problem, Trans. Amer. Math. Soc. 363 (2011), 6351-6384.

68



42]
[43]

[44]

[45]
[46]
[47]

(48]
[49]

[50]

[51]
[52]

53]
[54]

[55]
[56]

[57]
[58]

[59]

160]
61)
162)
163]

[64]
(65]

E. Grinberg, Radon transforms on higher rank Grassmannians, J. Differential Geom. 24
(1986), 53-68.

E. Grinberg and G. Zhang, Convolutions, transforms, and convex bodies, Proc. London

Math. Soc. 78 (1999), 77-115.

H. Groemer, Geometric applications of Fourier series and spherical harmonics, Encyclo-
pedia of Mathematics and its Applications 61, Cambridge University Press, Cambridge,
1996.

P. Guan and X. Ma, The Christoffel-Minkowski problem I. Convexity of solutions of a
Hessian equation, Invent. Math. 151 (2003), 553-577.

P. Guan, C. Lin, and X. Ma, The Christoffel-Minkowski problem II. Weingarten curvature
equations, Chinese Ann. Math. Ser. B 27 (2006), 595-614.

P. Guan, X. Ma, and F. Zhou, The Christoffel-Minkowski problem II. Ezxistence and con-
vezity of admissible solutions, Comm. Pure Appl. Math. 59 (2006), 1352-1376.

C. Haberl, L, intersection bodies, Adv. Math. 217 (2008), 2599-2624.

C. Haberl, Minkowski valuations intertwining with the special linear group, J. Eur. Math.
Soc. (JEMS) 14 (2012), 1565-1597.

L. Hormander, The analysis of partial differential operators. I. Distribution theory and
Fourier analysis, Fundamental Principles of Mathematical Sciences 256, Springer, Berlin,
1983.

N.J. Kalton and A. Koldobsky, Intersection bodies and L, -spaces, Adv. Math. 196 (2005),
257-275.

M. Kiderlen, Blaschke- and Minkowski-endomorphisms of conver bodies, Trans. Amer.
Math. Soc. 358 (2006), 5539-5564.

D.A. Klain, Even valuations on convex bodies, Trans. Amer. Math. Soc. 352 (2000), 71-93.

D.A. Klain and G.-C. Rota, Introduction to geometric probability, Cambridge University
Press, Cambridge, 1997.

A.W. Knapp, Lie Groups: Beyond an Introduction, Birkhduser, Boston, MA, 1996.

A. Koldobsky, A generalization of the Busemann-Petty problem on sections of convex bodies,
Israel J. Math. 110 (1999), 75-91.

A. Koldobsky, A functional analytic approach to intersection bodies, Geom. Funct. Anal.
10 (2000), 1507-1526.

A. Koldobsky, Fourier analysis in convex geometry, Mathematical Surveys and Monographs
116, American Mathematical Society, Providence, RI, 2005.

A. Koldobsky and V. Yaskin, The interface between convexr geometry and harmonic anal-
ysis, CBMS Regional Conference Series in Mathematics 108, published by the American
Mathematical Society, Providence, RI, 2008.

A. Koldobsky, G. Paouris, and M. Zymonopoulou, Isomorphic properties of intersection
bodies, J. Funct. Anal. 261 (2011), 2697-2716.

A. Koldobsky, G. Paouris, and M. Zymonopoulou, Complex intersection bodies, J. Lond.
Math. Soc. 88 (2013), 538-562.

A Koldobsky, D. Ryabogin, and A. Zvavitch, Projections of convex bodies and the Fourier
transform, Israel J. Math. 139 (2004), 361-380.

M. Ludwig, Projection bodies and valuations, Adv. Math. 172 (2002), 158-168.
M. Ludwig, Minkowski valuations, Trans. Amer. Math. Soc. 357 (2005), 4191-4213.
M. Ludwig, Intersection bodies and valuations, Amer. J. Math. 128 (2006), 1409-1428.

69



(6]
(67]
[68]
[69]

[70]
[71]

72)
73]
[74)
175)
[76)
77)

(78]

[79)
80]
81)
82)
83)
84]
85)
86]
87]
58]

(89)]

M. Ludwig, Minkowski areas and valuations, J. Differential Geom. 86 (2010), 133-161.
E. Lutwak, Intersection bodies and dual mized volumes, Adv. in Math. 71 (1988), 232-261.

P. McMullen, Volumes of projections of unit cubes, Bull. London Math. Soc. 16 (1984),
278-280.

P. McMullen, Volumes of complementary projections of convex polytopes, Monatsh. Math.
104 (1987), 265-272.

E. Milman, Generalized intersection bodies, J. Funct. Anal. 240 (2006), 530-567.

E. Milman, Generalized intersection bodies are not equivalent, Adv. Math. 217 (2008),
2822-2840.

L. Parapatits and T. Wannerer, On the inverse Klain map, Duke Math. J. 162 (2013),
1895-1922.

J. Schlieper, A note on k-intersection bodies, Proc. Amer. Math. Soc. 135 (2007), 2081
2088.

R. Schneider, Equivariant endomorphisms of the space of convex bodies, Trans. Amer. Math.
Soc. 194 (1974), 53-78.

R. Schneider, Bewegungsdquivariante, additive und stetige Transformationen kovexer Bere-
iche, Arch. Math. 25 (1974), 303-312.

R. Schneider, Additive Transformationen konvexer Korper, Geom. Dedicata. 3 (1974), 221
228.

R. Schneider, Volumes of projections of polytope pairs, Rend. Circ. Mat. Palermo, Ser. II,
41 (1996), 217-225.

R. Schneider, Convez bodies: the Brunn-Minkowski theory. Second expanded edition, Ency-
clopedia of Mathematics and its Applications 151, Cambridge University Press, Cambridge,
2014.

R. Schneider and F.E. Schuster, Rotation equivariant Minkowski valuations, Int. Math. Res.
Not. (2006), Art. ID 72894, 20.

U. Schnell, Volumes of projections of parallelotopes, Bull. London Math. Soc. 26 (1994),
181-185.

F.E. Schuster, Convolutions and multiplier transformations of convex bodies, Trans. Amer.
Math. Soc. 359 (2007), 5567-5591.

F.E. Schuster, Crofton measures and Minkowski valuations, Duke Math. J. 154 (2010),
1-30.

F.E. Schuster and T. Wannerer, GL(n) contravariant Minkowski valuations, Trans. Amer.
Math. Soc. 364 (2012), 815-826.

F.E. Schuster and T. Wannerer, Fven Minkowski valuations, Amer. J. Math. 137 (2015),
1651-1683.

F.E. Schuster and T. Wannerer, Minkowski valuations and generalized valuations, J. Eur.
Math. Soc. (JEMS), in press.

W. Spiegel, Zur Minkowski-Additivitit bestimmter Fikérperabbildungen, J. Reine Angew.
Math. 286 /287 (1976), 164-168.

M. Takeuchi, Modern spherical functions, Transl. Math. Monogr. 135, Amer. Math. Soc.,
Providence, RI, 1994.

T. Wannerer, GL(n) equivariant Minkowski valuations, Indiana Univ. Math. J. 60 (2011),
1655-1672.

W. Weil, Uber die Projektionenkorper konvezer Polytope, Arch. Math. 22 (1971), 664-672.

70



[90] W. Weil, Centrally symmetric convex bodies and distributions. II, Israel J. Math. 32 (1979),
173-182.

[91] W. Weil, Zonoide und verwandte Klassen konvexer Kérper, Monatsh. Math. 92 (1982),
no.1l, 73-84.

[92] V. Yaskin, On strict inclusions in hierarchies of convex bodies, Proc. Amer. Math. Soc. 136
(2008), 3281-3291.

[93] V. Yaskin, Counterexamples to convezity of k-intersection bodies, Proc. Amer. Math. Soc.
142 (2014), 4355-4363.

[94] G. Zhang, Sections of convex bodies, Amer. J. Math. 118 (1996), 319-340.

[95] G. Zhang, A positive solution to the Busemann—Petty problem in R*, Ann. of Math. 149
(1999), 535-543.

71



Curriculum Vitae

Personal information

Name: Felix Dorrek
Date and place of birth: September 5%, 1990, Vienna, Austria
Nationality: Austrian
Address: Speisingerstrasse 11/1/17, 1130 Vienna, Austria
Phone: +43 676 319 34 50
E-Mail: felix.dorrek@gmail.com

Education

09/2014-02/2017 Ph.D. studies in mathematics,
Vienna University of Technology.
Thesis Advisor: Prof. Franz Schuster.

03/2014-06/2014 Master studies in mathematics,
Vienna University of Technology.

03/2010-02/2014 Bachelor studies in mathematics,
Vienna University of Technology.

Professional experience

09/2015-03/2017 Research Assistant - ERC Grant Project,
"Isoperimetric Inequalities and Integral Geometry”,
Vienna University of Technology

10/2012-07/2014 Teaching Assistant,
Institute of Discrete Mathematics and Geometry,
Vienna University of Technology.

Publications

"Projection Functions, Area Measures and the Alesker-Fourier Transform”,
preprint, jointly with F. E. Schuster

"Minkowski Endomorphisms”,
preprint



