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Kurzfassung der Dissertation

Im ersten Kapitel beweisen wir einen Martingalzerlegungssatz fiir beliebige lokale
Martingale. Wir vergleichen diese Zerlegung, die wir Radon-Nikodym—Zerlegung
nennen, mit der wohlbekannten Kunita—Watanabe—Zerlegung. Anhand verschie-
dener Beispiele illustrieren wir, dass die Kunita—Watanabe—Zerlegung im Allge-
meinen nicht existiert. Nichtsdestotrotz, die Radon—Nikodym—Zerlegung existiert,
und wir geben diese fiir die speziellen Beispiele an.

In Kapitel 2 widmen wir uns der Struktur lokal quadratintegrierbarer Semimartin-
gale. In mehreren Strukturtheoremen beleuchten wir die Verbindung zwischen
der Struktur lokal quadratintegrierbarer Semimartingale einerseits und der Struk-
tur strikt positiver o—Martingaldichten andererseits. Wahrend die Struktur lokal
quadratintegrierbarer Semimartingale mit Hilfe sogenannter Strukturbedingungen
beschrieben werden kann, lasst sich die Struktur der c-Martingaldichten mit Hilfe
verschiedener Martingalzerlegungsatze beschreiben. Wir vergleichen diese neuen
Strukturbedingungen mit der wohlbekannten Strukturbedingung (SC) und iiberdies
mit der schwachen Strukturbedingung (SC’). Anhand zahlreicher Beispiele illustrie-
ren wir, wie diese neuen Strukturbedingungen verwendet werden kénnen, um strikt
positive o—Martingaldichten zu finden.

Im dritten Kapitel wenden wir uns der Modellierung mehrerer Phanomene zu, die
im Zusammenhang mit der Anwesenheit grofler Handler in Finanzméarkten stehen.
Um diese Phanomene sauber trennen zu konnen, orientieren wir uns am Baukas-
tenprinzip. Hierbei steht jeder einzelne Baustein fiir ein im Zusammenhang mit
der Anwesenheit eines groflen Héandlers auftretendes Phanomen. Wir konzentrie-
ren uns hier auf zwei Phdnomene. Das erste betrifft die Art und Weise, wie ein
grofler Handler Einfluss auf den Preisprozess nehmen kann. Um ein Finanzmarkt-
modell mit groflem Handler einfiihren zu koénnen, das nicht im Widerspruch zu
gangigen no—arbitrage—Annahmen fiir den kleinen Héndler steht, widmen wir uns
im zweiten Teil des dritten Kapitels diesem Phénomen. Schliellich untersuchen wir
das Nutzenmaximierungsproblem des grofien Handlers. Dabei stellt sich heraus,
dass ein grofler Handler, trotz erfiillter no-arbitrage-Bedingungen, einen Finanz-
markt destabilisieren kann.






Abstract

In Chapter 1, we provide a martingale decomposition theorem for arbitrary local
martingales. Moreover, we compare this decomposition, named Radon—Nikodym de-
composition, to the well known Kunita—Watanabe decomposition. Furthermore, we
give examples in which the Kunita-Watanabe decomposition does not exist. Finally,
we provide the Radon—Nikodym decomposition in these particular examples.

Chapter 2 is dedicated to structure conditions for locally square—integrable semi-
martingales. In several structure theorems, we highlight the connection between the
structure of locally square—integrable semimartingales, encoded in different struc-
ture conditions, and different martingale decomposition theorems of strictly positive
o—martingale densities with respect to the local martingale part of the semimartin-
gale under consideration. We compare these new structure conditions to the well
known structure condition (SC) and the weak structure condition (SC’). Through
numerous examples we highlight how these new structure conditions can be used in
order to find strictly positive c—martingale densities.

In Chapter 3, we provide a modular model approach to large traders. The idea
is to ‘decompose’ the different phenomena, related to the presence of a large trader
in a financial market, into several modules. Here, we consider the ‘price module’
and the ‘no arbitrage for the small trader’ module. In the first one, we provide a
flexible model that allows us to model the impact of the large trader on the price
process. In the second module, we provide minimal assumptions that ensure that
the turbulences, caused by the large trader’s actions, do not lead to arbitrage op-
portunities for the small trader. With the help of the structure condition (SC), we
provide sufficient conditions that ensure that these results hold for a large class of
large trader strategies. Finally, we consider the large trader utility maximization
problem. We discover new phenomena that reveal that the presence of a large trader
might destabilize the financial market. These phenomena appear even though the
large trader strategy is not an arbitrage strategy in the sense of the classical no
arbitrage condition.
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Introduction

“It is by logic that we prove, but by intuition that we discover.
To know how to criticize is good, but to know how to create is better.”

H. Poincaré
in “Science and Method”

“[...] the Black—Scholes model, which has, since it was first proposed by Samuelson
[44], established itself as the undoubted benchmark model and changed the whole
industry, as was pointed out in the justification of the Nobel Foundation for award-
ing the 1997 Nobel prize in economics to F. Black and M. Scholes, two of the main
contributors (along with R. Merton) of the theory behind the model [21]. The model
was the first to offer a convincing principle to find unique option prices based on
the argument of no arbitrage.”! Here, we want to add that the principle is, in this
particular model, intuitive, too.

On the one hand, this principle is convincing, as it can be proven by logic. On
the other hand, this principle is intuitive due to the ‘geometry’ provided by the
underlying Brownian motion. The Black—Scholes model does not only allow for a
unique price for an option, but it also allows for a complete replication of the option.
The latter is a consequence of a martingale representation theorem for the Brownian
motion. It allows for replicating the payment stream of an option without making
any hedging error at all. Moreover, as the price process in the Black—Scholes model
is continuous, it has to satisfy the so—called structure condition (SC) to allow for
the existence of an equivalent local martingale measure. The structure condition in
turn relates the price process in an (almost) direct way to the ‘convincing principle
to find option prices’, the equivalent local martingale measure. Again, this con-
nection is provided by a structure theorem that relates the ‘geometry of the price
process’, encoded in the structure condition (SC), to the ‘geometry of the equiva-
lent local martingale measure’. The geometry of the latter is essentially provided
by its Kunita—Watanabe decomposition with respect to the local martingale part of
the price process; see [12]. Hence, the Black—Scholes model is a good mathematical
instrument for the financial engineer in the sense of Poincaré: “The engineer must
receive a complete mathematical training, but of what use is it to be to him, except

!Blum; [8].
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to enable him to see the different aspects of things and to see them quickly? He has
no time to split hairs. In the complex physical objects that present themselves to
him, he must promptly recognize the point where he can apply the mathematical
instruments we have put in his hands. How could he do this if we [mathematicians]
left between the former and the latter that deep gulf dug by the logicians?”?

Thus, the Black—Scholes model is, from an intuitive, as well as from a logical point
of view, a beautiful mathematical instrument for a financial engineer. But, there
are also downsides. T'wo, amongst others, are the normally distributed logarithmic
returns and the absence of jumps. As pointed out in [24], these facts lead to an
underestimation of rare events.

To overcome these downsides, one has to consider far more general processes.
Thanks to the Fundamental Theorem of Asset Pricing (FTAP) [17], the connection
between a no arbitrage principle on the one hand, and the existence of a convincing
pricing operator on the other, remains stable for the large class of semimartingale
price processes.

Unfortunately, this is not true for the geometric interpretation mentioned in the
context of the Black—Scholes model. Although the geometric connection, provided
by the structure theorem of Choulli and Stricker [12], remains stable for a sufficiently
large class of semimartingales, it neither provides an intuitive link to a strictly posi-
tive pricing operator, nor does it ensure the existence of the latter. In this regard,
the (FTAP), although undoubtedly correct due to a ‘proof by logic’, lacks a ‘simple
proof by intuition’ as in the Black—Scholes model.® But, as Poincaré pointed out:
“It is through it [intuition| that the mathematical world remains in touch with the
real world, and even if pure mathematics could do without it [intuition], we should
still have to have recourse to it to fill up the gulf that separates the symbol from
reality. The practitioner will always need it [intuition], and for every pure geome-
trician® there must be a hundred practitioners.”®

The purpose of the first part of this thesis is, in the words of Poincaré, to provide
first steps towards a recourse to intuition to fill up the gulf that separates the symbol
from reality.

In order to do so, we have to adapt the ideas of the structure theorem by Choulli
and Stricker to not necessarily continuous semimartingales. On the one hand, we
have to look at special semimartingales and their unique decompositions in a dif-

2Poincaré; [41]. Here, the logicians are those that mainly focus on a logical proof and neglect the
intuition behind it.

3This is an allusion to the quotation of Poincaré at the beginning of this introduction! In no way
this statement means to degrade the great achievement that the rigorous proof of the (FTAP)
constitutes!

4In the context of this thesis, the term ‘pure geometrician’ should be thought of as ‘a mathemati-

cian in the (academic) field of mathematical finance’.
SPoincaré; [41].
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ferent light. In which sense are these decompositions unique? Is it possible to look
at this decomposition from different points of view to end up with more than one
decomposition of the same special semimartingale? The answer to this question will
lead us to several new structure conditions. On the other hand, we need a decom-
position theorem for arbitrary local martingales in order to provide a link between
strictly positive o—martingale densities and the semimartingale under considera-
tion. These links are provided in several structure theorems. Each of them focuses
on a different geometric aspect of the connection between semimartingales on the
one hand, and o-martingale densities on the other hand. Moreover, each of these
structure theorems serves as a tool that helps to find strictly positive c—martingale
densities. Through numerous examples, we highlight the different mechanisms of
these structure conditions and how powerful they might be, if they act in concert.

In the second part of this thesis, Chapter 3, we leave the pricing theory of fric-
tionless small trader markets behind. Several studies, amongst them [32], point out
that, in general, the competitive market paradigm is not justified. As a consequence,
there has to be a large trader (or a group of small traders that act in concert) that
has an impact on the evolution of the price process. Our goal is to incorporate
different aspects of this impact into different modules. Assembling these modules
leads to the large trader modular model. This modular model approach allows us,
for instance, to incorporate different phenomena such as liquidity risks, related to
market depth and market resiliency, into the model. The famous Almgren—Chriss
model [2, 1], which seems to be the benchmark large trader model, is one particular
example that is covered by our modular model approach.

Apart from modelling different types of liquidity risk, we address the question of
whether or not the presence of a large trader might lead to arbitrage opportunities
for the small traders. It is remarkable that, in order to extend certain no arbitrage
assumptions for the small trader to a large set of large trader strategies, the structure
conditions are, again, a powerful tool to achieve this goal.






1. A martingale decomposition
theorem

1.1. Introduction

In [37], Kunita and Watanabe provide a decomposition theorem for square—integra-
ble martingales. This decomposition is unique and characterized in the following
way. Given two square-integrable martingales IV, M, the theorem ensures the exis-
tence of a predictable process A and a martingale L such that

N:/XdM+i,

where [Ii, M] is a martingale. Moreover, this representation property is a symmetric
property, i.e. there also exists a decomposition of M with respect to N. This result
can be extended to the case of locally square—integrable martingales by localization.
The proof for the existence of this decomposition strongly relies on the Hilbert space
structure of the space of square—integrable martingales. Therefore, it is not surpris-
ing that the class of locally square—integrable martingales is essentially the most
general class that allows for such a decomposition for all its elements. This fact is
proved by Ansel and Stricker [3] by means of counterexamples. In order to provide a
similar decomposition theorem for arbitrary local martingales, one has two options.
Either one changes the assumptions on the orthogonality of L and M, or one uses
a more general concept of stochastic integration.

We take the second option. More precisely, we use the compensated stochastic
integral, introduced by Meyer in [40], to provide an integral decomposition for ar-
bitrary local martingales N and M of the following form. There exists an optional
integrand H such that the compensated stochastic integral HeM exists and

N = HsM + L, (1.1)

where [L, M] is a o—martingale. The integrand in this decomposition arises from
the relation of N and M in a very natural way. It is the Radon—Nikodym derivative
of the quadratic covariation of N and M with respect to the quadratic variation
of M, ie. H[M] = [N, M]. For this reason we call the decomposition (1.1) the
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Radon—Nikodym decomposition of N with respect to M. Moreover, we provide a
more detailed characterization of (1.1). If we denote by

NC:/XdMC+E

the Kunita—Watanabe decomposition of the continuous local martingale part N¢ of
N w.r.t. M€ then

(HsM)® = / AdM¢ and L°=1L

holds up to indistinguishability.

The chapter is organized as follows. In Section 2, we give an overview of the
compensated stochastic integral of Meyer. Besides, we fix notations and provide a
short collection of definitions, including c—martingales and compensable processes.
Furthermore, we recall some well known results related to these processes. Section
3 is the main part of this first chapter. Apart from the results on the Radon—
Nikodym decompositions for local martingales, it contains an inequality (needed for
the proof of existence of the Radon-Nikodym decomposition) being of interest in its
own right. In Section 4, we compare the Kunita—Watanabe decomposition and the
Radon-Nikodym decomposition for locally square-integrable martingales. Finally,
Section 5 contains the examples presented in [3]. They highlight that the Kunita—
Watanabe decomposition does not exist in general. We complete these examples by
computing the corresponding Radon-Nikodym decompositions.

1.2. Definition and preliminary results

Throughout this chapter we consider a complete stochastic basis (Q, F,F, P), where
the filtration F := (F;)>o satisfies the usual conditions. Furthermore, all semi-
martingales are assumed to have cadlag paths. For unexplained notation we refer
to [27].

In this section, we briefly recall the definition of the stochastic integral w.r.t.!
local martingales for predictable integrands. Moreover, we provide a more detailed
overview of stochastic integration theory w.r.t. local martingales for optional inte-
grands. This stochastic integral is referred to as compensated stochastic integral.
In the third subsection, we introduce a quotient space which we need in order to
define a certain Hilbert space in Section 1.4. Finally, we provide definitions and
basic results on oc—martingales and compensable processes in the last subsection.

Labbr.: with respect to



1.2. Definition and preliminary results

1.2.1. Stochastic integral w.r.t. local martingales

We briefly recall the classical definition of stochastic integrals w.r.t. local martingales
for predictable integrands. For details we refer to [27].

Definition 1.1 ([27, 9.1 Definition]): Let M be a local martingale, and H be a
predictable process. If there exists a local martingale L such that

[L,N] = H.[M,N] (1.2)

holds for every local martingale N, then we say that H is integrable w.r.t. M in the
domain of local martingales (or simply, integrable ), and L (it is uniquely determined
by the above equation) is called the stochastic integral of H w.r.t. M, and denoted
by H.M. The collection of all predictable processes which are integrable w.r.t. M 1is
denoted by L,,(M).

The elements of L,,(M) can be characterized in the following way.

Theorem 1.2 ([27, 9.2 Theorem]): Let M be a local martingale, and H be a pre-
dictable process. Then H € L,,(M) if and only if \/H2.[M] € A}

loc*

We end this subsection with the following lemma.

Lemma 1.3: Let H K € L,,(M). Further, let (T,)n>1 be a non—decreasing se-
quence of stopping times that tends to oo a.s. and that localizes \/H?.[M] and

K2[M]. If E [\/(H—K)Z.[MTH]OO] =0 for alln > 1, then HM and K.M

are indistinguishable.

Proof: The Kunita—Watanabe inequality, see [27, 8.3 Theorem], and Definition 1.1
ensure that [H.M — K.M,N] = 0 for all N € Mj,.. Due to [27, 7.36 Theorem],
H.M and K.M are indistinguishable. O

1.2.2. Compensated stochastic integral w.r.t. local martingales

There are various approaches to extend the definition of stochastic integrals to
a broader class of integrands. Here, we recall the definition of the compensated
stochastic integral as given in [27, Chapter IX §2.]. Although the integral is defined
for progressive integrands, we are only interested in optional integrands. For a more
detailed analysis we refer to [20, Chapter VIII §2.] and the French literature [40,
Chapitre V]. We start the overview with the following theorem. It basically says
that the stochastic integral and the compensated stochastic integral are the same
for continuous local martingales.



Chapter 1. A martingale decomposition theorem

Theorem 1.4 ([27, 9.6 Lemma)): Let M be a continuous martingale, and H be
an optional process. Then there exists a L € M, such that (1.2) holds for all
N € My if and only if H*.[M| € V*. In this case there exists a predictable process
K € L, (M) such that K.M = L. We say that H is integrable w.r.t. M, and L is
called the stochastic integral of H w.r.t. M, denoted by H.M .

The main difference between the stochastic integral and the compensated stochas-
tic integral becomes apparent when the integrator is a purely discontinuous local
martingale.

Definition 1.5 ([27, 9.7 Definition]): Let M be a purely discontinuous local martin-
gale, and H be an optional process. If HAM has a predictable projection, and there
exists a purely discontinuous local martingale L such that AL = HAM —P(HAM),
we call L the compensated stochastic integral of H w.r.t. M, and denote L = HsM .

Remark 1.6: Note that if H is predictable, Definition 1.5 and Definition 1.1 co-
incide. Indeed, [27, 7.13 Theorem| ensures that P(HAM) = HP(AM) = 0.

The next lemma characterizes the jumps of a compensated stochastic integral.

Lemma 1.7: Let M be a purely discontinuous local martingale starting in zero,
H be an optional process and T' be a stopping time. Suppose that the compensated
stochastic integral of H w.r.t. M ezists. Then we have on {T < oo}:

A (HsM)y =

T

HAMy — E[HAMy|Fr_] a.s., if T is predictable,
HAMr a.s., of T is totally inaccessible.

Proof: If T is predictable, the statement results from the definition of the pre-
dictable projection; see [27, 5.2 Theorem]|. Let T be totally inaccessible. First note
that P(HAM) is a predictable thin process. Indeed, the compensated stochas-
tic integral HeM is a purely discontinuous local martingale such that AHM =
HAM —P?(HAM). Therefore, we get

{P(HAM) # 0} =
={P(HAM) #0} N ({HAM —P(HAM) # 0} U{HAM =P(HAM)})
C {AH:M # 0} U{AM #0}.

Due to [27, Theorem 3.32], the r.h.s.? of the equation above is a thin set. [27,
Theorem 3.19] ensures that the set {?(HAM) # 0}, as a subset of a thin set, is itself
a thin set. Since the predictable projection P(HAM) is by definition a predictable
process, it has to be a predictable thin process. [30, 2.23 Lemma] ensures that there

2abbr.: right hand side
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exists a sequence (T,),>1 of predictable stopping times with disjoint graphs such
that {P(HAM) # 0} = {J,,,[T%]. Accordingly, it appears that

P(HAM), = p(HAM)T]IUnZI[[Tn]] (T) = p(HAM)T]lUn21{Tn:T}.
Since T is totally inaccessible and (7},),>1 are predictable stopping times, we have
P(U{T:Tn<oo}> = 0.
n>1

Combining the last two equations, we get
P(HAM); =0 a.s. on {T < oo}.

]

It is well known that a local martingale can be uniquely decomposed into a con-
tinuous local martingale and a purely discontinuous local martingale; see [27, 7.25
Theorem|. Thus, it is natural that the compensated stochastic integral w.r.t. arbi-
trary local martingales is essentially a composition of Theorem 1.4 and Definition
1.5.

Definition 1.8 ([27, 9.9 Definition|): Let M be a local martingale, and H be an
optional process. If H*>.[M¢] € V', P(HAM) exists and

loc?

VS (HAM —»(HAM))? € Af

define
HeM = HoM,+ H.M® + H.M".

HeM s called the compensated stochastic integral of H w.r.t. M.

Example 1.9 ([27,9.8 Lemmal): Let M be a purely discontinuous local martingale.
Put H = 1{am+0y.- Then the compensated stochastic integral of H w.r.t. M exists
and HeM = M.

The subsequent theorem is the definition of the compensated stochastic integral
as given by Meyer in [40]. Note that it is closely related to the Definition 1.1 and the
characterisation (Theorem 1.2) of the stochastic integral for predictable integrands.

Theorem 1.10 ([27, 9.10 Theorem]): Let M be a local martingale, and H be an
optional process. If \/JH?.[M] € A}, then HsM exists, and it is the unique local
martingale L such that for every bounded martingale N, [L, N|—H.[M, N] € Miocp-

Remark 1.11: In the following, all compensated stochastic integrals HeM will sat-

isfy \/H?.[M| € Af ..
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The next lemma is an analogue to Lemma 1.3.

Lemma 1.12: Let H,K be optional processes such that \/H%.[M] € A} and
VK2[M] € AL, holds. Let further (T,),>1 be a non-decreasing sequence of stop-
ping times that tends to oo a.s. and that localizes \/H?.[M| and /K?.[M]. If we
have E [\/(H — K)2[M™]| =0 for alln > 1, then HoM and KsM are indistin-

quishable.

Proof: The proof is similar to the proof of Lemma 1.3. Due to the Kunita—
Watanabe inequality, we find that (H — K).[M, N] = 0 for all bounded martingales
N € My,.. The unique characterization of HeM and KeM in Theorem 1.10 results
in the fact that HsM and KsM are indistinguishable. ]

The following example is probably the archetype example for the compensated
stochastic integral.

Example 1.13 ([40, Chapitre V, 21 Theoreme]): Let M be a local martingale
starting in zero. Then /(AM)2.[M] € A} holds if and only if M is locally square-

integrable. Furthermore,
(AM):M = [M] = (M),

where (M) denotes the predictable quadratic variation of M.

The generalisation of the stochastic integral to the compensated stochastic integral
as presented so far has some drawbacks. For example, the compensated stochastic
integral is not associative in general. To overcome this drawback, Yor [54] suggests a
different definition of the stochastic integral for suitably chosen optional integrands.
However, for predictable integrands we have the following associativity formula.

Lemma 1.14 (][20, Chapter VIIL.2, 40 (c¢) Associativity formulal): Let H be an

optional process and K be a predictable process. If \/H%.[M] € A} . and K is locally
bounded, the following three compensated integrals exist and are equal:

K.(HsM) = (KH)sM = Ha(K.M).

Remark 1.15: For our purposes the most important consequence of Lemma 1.1}
is the following stopping rule. Let T be a stopping time and set K := 1o r). Due to
Lemma 1.14, we get

(HeM)" = (LporyH)eM = H:M™.

We end the overview with the following remark. It strengthens the characterisa-
tion of the compensated stochastic integral as given in Theorem 1.10 under certain
integrability conditions.

10



1.2. Definition and preliminary results

Remark 1.16: For M € M2 and H>.[M] € A} the characterisation of the com-

loc loc
pensated stochastic integral can be sharpened. Denote by (T,,)n>1 a non-decreasing

sequence of stopping times tending to oo a.s. that localizes M € M3 . and H?.[M] €

loc

At . Due to [20, Chapter VIIL.2, 33 Theorem| and Lemma 1.1/, we get

loc*
B (M) < £ | [ 12 dm),
0

for all n > 1. Furthermore,

[HsM, N] — H.[M, N]

2
loc*

is a local martingale for all N € M

1.2.3. Quotient space of optional integrands

Lemma 1.12 indicates that two compensated stochastic integrals are indistinguish-
able, if the integrands are essentially the same. In the following, we do not want to
distinguish between optional integrands (in the sense of Theorem 1.10) generating
the same compensated stochastic integral. Due to Lemma 1.12, we can accomplish
this task by defining a proper quotient space. For a local martingale M we define

BO = BO(M) = HcO: /Hﬁd[M]uefﬁ

0

It is straightforward to check that B is a R-vector space and that the functional

”H IBO —>R20

defines a seminorm on B®. Moreover,
N:={HeB°: |H|=0}
is a linear subspace of B®. For H, K € B® we define the equivalence relation
H~K < H-KeN.
Definition 1.17: Let M be a local martingale. We denote by
°L:=°L (M) :=B°/N

the quotient space of BY and N'. The localized space is denoted by °Liye := °Lioe(M).

11
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Remark 1.18:

1. With the usual abuse of notation, we call the elements of °Li..(M) optional
processes or optional integrands w.r.t. M.

2. Using the same procedure for predictable integrands, we can define the sub-
spaces PL(M) C °L(M) and ?Lijoe(M) C °Lioe(M) of predictable integrands in

a similar way.
As a consequence, we get the following result.

Lemma 1.19: (°L (M), |.||) and (PL (M), ||.||) are normed R-vector spaces.

1.2.4. o—martingales and compensable processes

The concepts of c—martingales and compensable processes trace back to the work of
Chou [14] and Emery [22]. Both authors consider a certain subclass of semimartin-
gales. Their elements are called semimartingales de la classe (¥). This class has
also been studied by Kallsen [33]. We are interested in the subclass (X,,) C ().
In the English literature the elements of (X,,) are most often called c—martingales.
We work with the following definition. For simplicity, we only consider processes
starting in zero a.s..

Definition 1.20: Let X be a semimartingale starting in zero. X is a o —martingale,
if there exists a strictly positive, bounded, and predictable process K, such that K.X
15 a uniformly integrable martingale.

Several equivalent characterisations of oc—martingales are provided in the next
proposition.

Proposition 1.21: Let X be a semimartingale starting in zero a.s.. The following
statements are equivalent.

1. X s a o—martingale.

2. There exists a predictable partition (A,)n>1 C P of Q x Ry such that 1,4,.X
1s a local martingale for alln > 1.

3. There ezists a predictable partition (Dy),>1 C P of Q@ x Ry such that 1p,.X
15 a uniformly integrable martingale for all n > 1.

4. There exists a non—decreasing sequence (An)n21 C P such that |, A, =
QO xRy and 15 . X is a local martingale for all n > 1.

5. There exists a non-decreasing sequence (Dy)n>1 C P such that Uns1 D, =
QO xRy and 15 . X is a uniformly integrable martingale for alln > 1.

12



1.2. Definition and preliminary results

We call the sequence (Dy)n,>1 C P, that satisfies 5., a localizing sequence for X .

Proof: The equivalence of the first three statements is exactly [22, Proposition 2].
To prove ‘2. = /.” just set A, = Umgn A,,. To see that ‘4. = 2.” holds, we define
Ap:=0and A, := A, \ A, for n > 1. ‘3. & 5. follows in the same way. O

The following concept has been introduced by Emery to characterize those semi-
martingales that can be decomposed into the sum of a o-martingale and a pre-
dictable process of finite variation.

Definition 1.22: Let V be a process of finite variation starting in zero. V is called
compensable, if there exists a predictable process C of finite variation starting in
zero such that process V. — C' is a o -martingale. C' s called the compensator of V.

The next proposition is similar to Proposition 1.21. It provides several criteria to
identify the compensator of a compensable process.

Proposition 1.23 ([22, Proposition 3]): Let V' be a process of finite variation
starting in zero and C be a predictable process of finite variation. The following
statements are equivalent.

1. V. — C is a c—martingale.

2. There exists a predictable partition (A,)n>1 C P of Q x Ry such that 14,.V
15 of locally integrable variation and its compensator is given by 14,.C for all
n>1.

3. There ezists a predictable partition (Dy)n>1 C P of Q@ x Ry such that 1p,.V
is of integrable variation and its compensator is given by 1p .C for alln > 1.

4. There exists a strictly positive, bounded, and predictable process K such that
the Stieltjes integral w.r.t. V and C s well defined and K.V — K.C is a uni-
formly integrable martingale.

Furthermore, for all processes of finite variation there exists at most one predictable
process of finite variation satisfying the conditions above.

Remark 1.24: As in Proposition 1.21, the predictable partition in 2. and 3. can
be replaced by a non—decreasing sequence of predictable sets tending to ) x R, .

We collect several results concerning the existence of a compensator and its shape
in the following lemmas. The first lemma gives a sufficient condition for the existence
of a compensator.

Lemma 1.25: LetV € V. V € Ay if and only if there exists a predictable process
C of finite variation process such that V — C' is a local martingale. If either of the
conditions holds, V' is compensable.

13



Chapter 1. A martingale decomposition theorem

Proof: [27, 7.20 Corollary]. O
If a process of finite variation is non—decreasing, Lemma 1.25 can be sharpened.

Lemma 1.26: Let V be a non—decreasing process of finite variation. V' is com-
pensable if and only if V € Al

loc*

Proof: Due to Lemma 1.25, the ‘if’ part is clear. Let V' be compensable and
denote its compensator by C. Since C' is predictable and of finite variation, [27, 5.19
Theorem| ensures that there exists a non-decreasing sequence (7},,)mm>1 of stopping
times such that T}, 1 oo a.s. and CTm € A for all m > 1. Denote by (D,)n>1
the localizing sequence of predictable sets such that 1p .V — 1p .C' is a uniformly
integrable martingale for all n > 1. Due to the monotone convergence theorem, we
get
E[V'™] = lim E[1p, V'] = lim E [1p,.C"™] = E[C""] < .

n—oo n—o0

]

Thanks to Example 1.13, we know that for a locally square integrable martingale
M the process [M]— (M) is a local martingale. In particular, [M] is compensable and
its compensator is given by (M). The next lemma characterizes the compensator of
a Stieltjes integral X\.[M] having predictable integrands.

Lemma 1.27: Let A be a predictable process and M € M2 . Denote by (M) the

loc*
predictable quadratic variation of M.

1. V= [\ dM] € A} if and only if C := [ |\ d(M) € A} . If either of the

loc*
conditions hold, V' — C 1is a local martingale.

2. If either of the above conditions hold, A\ € L,,([M] — (M)).

Proof: We start with the first item. Let V € A . Due to Lemma 1.26, we only have
to prove that the compensator is given by C. This follows from [27, 5.23 Theorem
2)] and the uniqueness of the compensator. Let C' € A} . Since C' = [ |\ d(M) =
[(V/IA\])? d(M), we know that \/[\.M € M3} . Due to the Burkholder-Davis-
Gundy inequality, see [27, 10.36 Theorem], we conclude that [ |A| d[M] € A} . The

loc*
second statement follows from [27, 9.5 Theorem]. O

1.3. Radon—Nikodym decomposition for local
martingales

Now we are in the position to state and prove the main results of this chapter. We
prove the following decomposition theorem for local martingales.

14



1.3. Radon—-Nikodym decomposition for local martingales

Theorem 1.34 : Let N and M be local martingales starting in zero. Let H be the
Radon-Nikodym derivative of d[N, M] w.r.t. d[M]. Define L := N — HsM € M.
Then [L, M] is a o-martingale and the decomposition

N =H:M+ L
is called the Radon—Nikodym decomposition of N w.r.t. M.

Throughout this chapter we work with the following definition of a Kunita—
Watanabe decomposition.

Definition 1.28: Let N and M be local martingales starting in zero. N features
a Kunita—Watanabe decomposition w.r.t. M, if there exists a predictable process
K € L, (M) such that

N=KM+1L

and [L, M) is a local martingale.

The Radon—Nikodym decomposition

In order to prove the existence of the Radon—Nikodym decomposition, we need to
know whether the Radon-Nikodym derivative of d[N, M| w.r.t. d[M] is integrable
w.r.t. M. We formulate this statement in the next theorem being of interest in its
own right.

Theorem 1.29: Let X and Y be two semimartingales starting in zero. Then there
exists an optional process H such that [Y, X| and H.[X| are indistinguishable. More-

VEEIX] < VY] (1.3)

over,

holds up to indistinguishability.

The proof of Theorem 1.29 is essentially an application of the Kunita—Watanabe
inequality and the following lemma.

Lemma 1.30 (compare [9, p. 4.7.102.]): Let (2, F, u) be a finite measure space,
p € (1,00), and f € LY(Q, F, ). Then f € LP(Q,F, 1) if and only if there exists a
constant C > 0 such that

o P

Soua | [ fau <c (1.4)
= k

k=0

holds for every finite partition of 2 into disjoint measurable sets A, with positive
measure. In addition, the smallest possible constant equals || f||?.

15



Chapter 1. A martingale decomposition theorem

Proof: By Holder’s inequality we get for A € F and § =p—1

p

[ | < ILalgLany = nCar - Lasly (1.5)
A

Therefore, it suffices to prove that (1.4) implies f € LP(§, F, ). By considering
separately the sets {f > 0} and {f < 0}, we may and do assume that f > 0 py—a.s..
Define fy := min{f, N}. Since p is finite, fy € LP(Q, F, u) and due to (1.5),

M p

Soutan | [ 1] <lwly

k=0
k

holds for every finite disjoint partition (Ag)r<ar of Q. Define for n € N and k €
{0,...,n} the sets Az, = {EN < fy < EELN}. By choosing a subsequence, if
necessary, we can assume that p(Ag,) > 0. Due to the definition of the sequence
(Ak.n)k<n and the mean value theorem, we get

Il =3 / 12 dp

’“ZOAk,n
n E\P n k+1\P _ (kK pl
< NPZ“(Ak,n> (ﬁ> +NPZ“(A’“’”)( "B ﬁn) n
— prd W T
n Y 1 n+1\""
< NP A n — —NPu(Q .
< kzzou( k)(ﬂ) + = u()<n>

Now let C,;n > 0 be the smallest constant such that (1.4) holds for f. As a
consequence of monotonicity and the definition of (A, )k<n, We get

p

M M
Coin 2 > (A | [ i =Y ()
k=0 k=0

k,n

oS (£

k=0

p

k
ENM(Ak,n)

Combining the two estimations, we get for all n € N

1 n+1\"?
HfNHZSCmeﬁNPu(Q)( p ) .

Hence, ||fn[[} < Ciin for all N € N. Due to Fatou’s lemma, we get |[f|} <
Conin- Applying Holder’s inequality to (1.4), we get || f|[} > Cpin which proves the
claim. 0
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1.3. Radon—-Nikodym decomposition for local martingales

Proof of Theorem 1.29: The Kunita—Watanabe inequality and [27, 5.14 Theo-
rem] ensure the existence of an optional process H such that [V, X] = H.[X] holds.
Since [Y, X] = H.[X], the total variation process of [Y, X] is given by |H|.[X]. Thus,
the Kunita-Watanabe inequality ensures that we can find a set N of measure zero
such that for w ¢ N and for all pairs of rational numbers s <t we have

/ Hol(w) dX]u(w) | < / d[X(w) / d[Y ] (w).
(5,t] (s,t] (st]

Since d[X] (w) as well as d[Y] (w) are finite measures on each compact subset of R,
the dominated convergence theorem ensures that the above inequality also holds for
any Borel-measurable set A € B(R,) being a subset of a compact set. In particular,
we get for all A € B(R,) and all T € [0, 00)

2

[ i@ axe) | < [ axe [ e
N[0,T] AN[0,T] AN[0,T]
As for every finite partition of [0, 77 into disjoint measurable sets A; we have

M

Z/ dlYl]u(w) < [Y]r(w),

we may apply Lemma 1.30 for p = 2. Due to the additional property at the end of
Lemma 1.30, we can conclude that

/ H2(w0).[X]u(w) < [V]r(w)

holds for all T € [0, 00). By taking the square-root on both sides we get the desired
result (1.3). O

Using the Kunita—Watanabe inequality for the predictable covariation [27, Re-
mark p. 210] the same line of arguments leads to the following corollary.

Corollary 1.31: Let X and Y be two locally square—integrable semimartingales
starting in zero. Then there exists a predictable process K such that (Y, X) and
K.(X) are indistinguishable. Moreover,

VE2(X) < V()

holds up to indistinguishability.
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Chapter 1. A martingale decomposition theorem

Remark 1.32: For locally square—integrable martingales M and N, this corollary
leads directly to the Kunita—Watanabe decomposition. Indeed, the corollary ensures
that there exists K € P such that (N, M) = K.(M) and K.M € M2 _. Hence, for
L:=N—-KMe M, weget (L,M)=(N,M)— K.(M)=0.

loc

It is well known, see [27, 7.30 Theorem|, that /[N] € A} holds for all local

loc
martingales N € M. Accordingly, the next corollary follows immediately from

Theorem 1.29.

Corollary 1.33: Let N and M be two local martingales starting in zero. Then the
Radon—Nikodym derivative H of d[N, M| w.r.t. d[M] satisfies \/H2.[M] € A’

loc*

Now we have all tools at hand to prove the main result, the existence of the
Radon-Nikodym decomposition for local martingales.

Theorem 1.34 (Radon—Nikodym decomposition): Let N and M be local martin-
gales starting in zero. Let H be the Radon—Nikodym derivative of d[N, M] w.r.t.
d[M]. The compensated stochastic integral HeM € M, is well defined. Moreover,
if L:=N — HsM € My, then [L, M] is a o-martingale and the decomposition

N=HM+1L
15 called the Radon-Nikodym decomposition of N w.r.t. M.

Proof: Due to Corollary 1.33 and Theorem 1.10, the local martingale HeM € M,
is well defined. Accordingly, it suffices to prove that [L, M| is a c-martingale. As a
result of Theorem 1.4 and Definition 1.5 we get

= H.[M®, M| + H.[M", M| — [(H: M), M°] — [(H, M), M|

= H‘[Mded] - [HEMded]

=> P(HAM")AM*, (1.6)
Recalling the proof of Lemma 1.7, we know that P(HAM?) is a predictable thin

process. Due to [30, 2.23 Lemmal, there exists a sequence (7},),>1 of predictable
stopping times with disjoint graphs such that {?(HAMY) # 0} = U,>1[7%]. Define

=1 +> Ly !
= HUpoa [12D)° e ont1 Tl |P(HAM?)|
and note that ¢ is a predictable, bounded, and strictly positive process. Further,
we define (HAMY)
1 P(HAM
A= —— 17 o .
Z 2t T (HAMY))

18



1.3. Radon—-Nikodym decomposition for local martingales

Since A is an adapted, predictable process of finite variation, [27, 7.7 Theorem]
ensures that A is locally bounded. Therefore, A € A,,. and its jumps are given by

1 P(HAM)
AA, = —1 5,
s ; on+1 ﬂTnﬂ<3)1+ ’p(HAMd>S‘

Moreover,

Pl M =Y (Z e lira()7 ﬁflfﬂ})l) A

s<- n>1
=Y AAAM! = [A, MY

s<-

holds and Yoeurp’s lemma [27, 9.4 Example 1)] ensures that [L, M] is a c-martingale.
[l

Remark 1.35: Note that the existence of the Radon—Nikodym decomposition of
two local martingales M, N, is a symmetric property. Indeed, the Radon—Nikodym
decomposition of N w.r.t. M exists if and only if the Radon—Nikodym decomposition
of M w.r.t. N exists.

The next theorem gives a more detailed characterisation of the Radon-Nikodym
decomposition of local martingales.

Theorem 1.36: Let N and M be local martingales starting in zero and denote by
N = H:M + L the Radon-Nikodym decomposition of N w.r.t. M. Moreover, let

N¢ =AM+ L

be the Kunita—Watanabe decomposition of N¢ w.r.t. M¢, where X € L,,(M°), L €
¢ and [M¢ L] = 0. Then (HsM)® = \.M¢, L° = L, and the process [L%, M9 is

locy
a o—martingale.

Proof: Recall that a process of finite variation can be decomposed in a unique way
into a continuous— and a purely discontinuous process of finite variation. Since

[N, M) = H.[M] = H[M] + H.[M"

and

[N, M] = (N°, M) + [N, M),

we can conclude that
H.[M] = (N M°).

Due to Remark 1.32, we know that there exists a unique A € L,,(M¢) such that

H.[M?] = (N¢, M®) = \[M] (1.7)
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Chapter 1. A martingale decomposition theorem

holds up to indistinguishability. Furthermore, the Kunita—Watanabe decomposition
of N¢w.r.t. M¢is given by

N¢=\M+L,
where L € M¢,, and [MC,Z] = 0. Hence, it remains to prove that H.M°¢ = \.M°.

loc
Because of the Kunita—Watanabe inequality, we know that

d[M°¢, R] < d[M°], V R € M. (1.8)
Combining (1.7) and (1.8), we can conclude that
H.[M R] = \[M¢ R, V R € M.
Due to the definition of H.M¢, the above equation ensures that
[H.M®— XM R] =0, V R € M.

This implies that

H.M® = \M°
holds; see [27, 7.36 Theorem|. In turn, this ensures that L° = L and [L, M] =
(L%, M?). Finally, Theorem 1.34 guarantees that [L¢, M%) is a o—martingale. O

Under certain regularity assumptions we can sharpen Theorem 1.36.

Corollary 1.37: Let N and M be local martingales starting in zero and denote by
N = HsM + L the Radon—Nikodym decomposition of N w.r.t. M. If M is quasi—
left—continuous, the quadratic covariation [L, M| is zero on [0, co.

Proof: Following the lines of the proof of Theorem 1.34, we find that

(L, M] =Y P(HAM*)AM*
is a thin process. Furthermore, there exists a sequence (7,),>1 of predictable stop-
ping times with disjoint graphs such that {P(HAMY) # 0} = U,>1[7%]. This im-
plies that {[L, M]# 0} C U,>,[7.]. Since M is quasi-left—continuous, [27, 4.23

Theorem| ensures that [L, M] is quasi-left—continuous, too. Due to [27, Remark

p. 122], there exists a sequence (S,,)m>1 of totally inaccessible stopping times such
that {[L, M] # 0} = {J,,>,[Sm]. Therefore,

(L M) £0} ( Uusmn) - (Um) _UUGn-11.

m>1 n>1 m>1n>1
This implies that
(Lot L M] # 0} € | | {Sm =T < o}
m>1n>1

Since (Sp)m>1 is a sequence of totally inaccessible stopping times and (75,),>; are
predictable stopping times we have P(S,, =T,, < oo) =0 for all m,n > 1. ]
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1.4. Radon—-Nikodym decomposition vs. Kunita—Watanabe decomposition

The next corollary is an immediate consequence of Theorem 1.36.

Corollary 1.38: For N,M € M . the Kunita—Watanabe decomposition and the

loc
Radon—Nikodym decomposition of N w.r.t. M exist and are indistinguishable.

1.4. Radon—Nikodym decomposition vs.
Kunita—Watanabe decomposition: the locally
square—integrable case

Throughout this section, we assume that N and M are locally square integrable
martingales. The classical proof for the existence of the Kunita-Watanabe decom-
position relies on the Hilbert space structure of the space of square—integrable mar-
tingales. We provide an alternative proof which relies on a different Hilbert space.
In particular, this approach enables us to compare the Kunita—Watanabe decompo-
sition and the Radon—Nikodym decomposition. The elements of this specific Hilbert
space are defined in the next definition.

Definition 1.39: For a locally square integrable martingale M € M3, we define
°L*:=°L*(M) = H € °L(M): /Hg dM], € A (1.9)
0

and

PL?:=PL*(M):={H €°L*(M): H € P}. (1.10)

(M) and PL?

loc

Furthermore, we denote by °L? (M) the localized classes.

loc

The following theorem ensures that °L? (M) and PL? (M), being equipped with a
properly defined inner product, are indeed Hilbert spaces.

Theorem 1.40: The mapping
(,y:°L* (M) x°L* (M) — R

(H,K)+—> E /HuKu d[M],

defines an inner product on °L? (M). Moreover, the spaces (°L*(M),{.,.)) and
(PL? (M), {.,.)) are Hilbert spaces.
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Chapter 1. A martingale decomposition theorem

Proof: Tt is straightforward to check that (°L? (M), {(.,.)) is indeed an inner product
space. Additionally,

m: O — [0, 0]
B+— E1p.[M]]

defines a o-finite measure on the optional o-algebra 0. Due to the Riesz—Fischer
theorem, we know that °L? (M) is a Hilbert space. By restricting the o—finite
measure m to the sub—o—algebra P C O of predictable processes, we can conclude,
using the same arguments as before, that (PL? (M), {(.,.)) is a Hilbert space, too. [J

Remark 1.41:

1. To prove that (°PL? (M), {.,.)) is a Hilbert space one can also use Lemma 1.27.
Indeed, it enables us to define an isometry between the inner product space
(PL? (M), (.,.)) and the well known Hilbert space L*(Q x R, ,P,m). Here, P
denotes the predictable o—algebra and the o—finite measure on P is defined via

m: P — [0, 00]
B+—— E15.(M)].

2. Ito’s isometry is an isometry between the Hilbert space (PL* (M), {.,.)) and the
subspace

H:={NeM?|3IKe?L*(M): N=KM} C M

of the Hilbert space M? of square integrable martingales. Consequently, H C
M? is closed. Using the orthogonal projection of N € M? onto H, this leads
to the classical proof of the Kunita—Watanabe decomposition of N w.r.t. M.

3. Note that the technical modification of Section 1.2.5 is essential for the proof
of the theorem. Otherwise, the mapping defined in the theorem above would
not be a norm.

Since °L? (M) and PL? (M) are Hilbert spaces and PL? (M) C °L* (M), we know
that for all H € °L? (M) there exists an orthogonal projection of H onto PL? (M).

The next lemma ensures the existence of a ‘local orthogonal projection’ for elements
in°L2 (M).

loc

Lemma 1.42: Let H € °L?

loc

(M). There exists a unique process X\ € PL2 (M) such

loc

that for all K € PL2 . (M) there exists a sequence (Ty,)n>1 of stopping times that tends

loc

to 0o a.s. and localizes [ H* d[M], [ X* d[M], and [ K* d[M]. Furthermore,

E /(Hu — ) Ky dM™), | =0,  foralln>1. (1.11)
0
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1.4. Radon—-Nikodym decomposition vs. Kunita—Watanabe decomposition

Proof: Let (S,),>1 be a non—decreasing sequence of stopping times that tends to
oo a.s. and localizes H, i.e. Hljg,] € °L*(M). Denote by A" € ?L* (M) the
orthogonal projection of Hljy g, onto PL* (M). Since (S,),>1 is non—decreasing,
the uniqueness of the orthogonal projection ensures that A" = A\"1py g, for all
natural numbers n < m. Set Sop = 0 and define

A= ]l[[o]])\(l) + Z )‘n]l]]Snfl,Sn}]-

n>1

By definition, we have A € PL? (M). Let (R,),>1 be a non-decreasing sequence
of stopping times that tends to oo a.s. and localizes K, i.e. K1 g, € ?L* (M).
It is clear that the sequence (7),),>1 of stopping times, where T;, := min{S,,, R,,},
satisfies all desired properties. The uniqueness follows from the uniqueness of the

(local) orthogonal projections. O

Definition 1.43: Let H € °L?

loc

(M). The process A € PL2 . (M) given by Lemma

loc
1.42 is called the local orthogonal projection of H onto PL? (M).

loc

The next theorem is the main result of this section. It ensures the existence of
the Kunita—Watanabe decomposition for locally square integrable martingales and
explains the connection to the Radon-Nikodym decomposition.

Theorem 1.44: Let N, M € M2 . The Radon—Nikodym derivative H of d[N, M]

loc*
w.r.t. d[M] satisfies H € °L} . (M). Furthermore, the following statements hold:

1. The Kunita—Watanabe decomposition of N w.r.t. M is given by
N=AM+1L,

where X\ € PL2 (M) is the local orthogonal projection of H onto P L?

loc loc

(M).

2. Let N = HsM + L denote the Radon—Nikodym decomposition of N w.r.t. M.
Then [M, L] is a local martingale.

3. The compensator of [N, M] = H.[M] is given by [ X d(M).

Proof: First note that H € °L? . (M) holds due to Theorem 1.29. To prove 1., we
only have to prove that [M, L] is a local martingale. Since [M, L] = H.[M] — \.[M],
we know that [M, L] € A;° . Denote the localizing sequence of [M, L] by (T,)n>1.

Let s <t and A € F,. Due to Lemma 1.42, we have

E [nA ([MT",E]t _ [MTn,Z]Sﬂ —E /(Hu — A Ll og (w) d[M™),| =0
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for all n > 1. Therefore, [M, L] is a local martingale. Next we prove 2.. In con-
sequence of Theorem 1.34, it suffices to prove that [M, L] € Aj,.. Since [M, L] =
[N, M] — [HsM, M], item 2. follows from the Kunita—Watanabe inequality and Re-
mark 1.16. To prove item 3., we use the Kunita—Watanabe decomposition of N
w.r.t. M to get

H.[M] =[N, M] = \.[M]+ [M, L] = \. ([M] — (M)) + \.(M) + [M, L].
Rearranging the equation results in
H.[M] = X\(M) =X\ (IM] — (M)) + [M, L).

Because of Lemma, 1.27 and the first part of the proof, the r.h.s. of the above equation
is a local martingale. ]

Remark 1.45: Notice the difference between the classical proof of the Kunita—
Watanabe decomposition as described in Remark 1./ 1 and the proof presented above.
In the proof of Theorem 1./4, we used the fact that the Radon—Nikodym derivative
H e °L} (M) of d[N, M) w.r.t. d[M] is locally situated in the Hilbert space °L*(M)
and that its local orthogonal projection onto PL}, (M) satisfies (1.11).

loc

1.5. Examples in which the Kunita—Watanabe
decomposition does not exist

As we have seen in Theorem 1.34, the Radon—Nikodym decomposition always exists.
As pointed out in Remark 1.35, the existence of the Radon-Nikodym decomposition
for two local martingales is a symmetric property. However, the Kunita—Watanabe
decomposition does not satisfy these properties in general. In [3], Ansel and Stricker
consider two different cases in which the Kunita—Watanabe decomposition does not
exist in general. We recall these examples and provide the Radon-Nikodym decom-
positions. We also show that the existence of the Kunita—Watanabe decomposition
is not a symmetric property in general. In all cases we consider local martingales
N, M € M, and we show that the Kunita—Watanabe decomposition of N w.r.t.
M does not exist.

1.5.1. Case 1: N square integrable, M arbitrary

The example below shows that for a square—integrable martingale N and an arbitrary
martingale M the Kunita-Watanabe decomposition does not exist in general. This
example is a combination of [29, Exercices 1.1, p. 23] and [29, Exercices 4.10, p.
141]. We start with a lemma which is an extension and slight modification of [29,
Exercices 1.1, p. 23]. It builds the core of the current example.
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1.5. Examples in which the Kunita—Watanabe decomposition does not exist

Lemma 1.46: Let (Q, F, P) be a complete probability space. Denote by N C F
the o—algebra generated by the null sets of F w.r.t. P. Furthermore, let N C F.
Define the filtration F = (F;)i>0 via

N, Vt<l,
ft:
F, Yit>1.

Then the following statements hold:

~

. F satisfies the usual conditions.
2. If T is a stopping time and t € [0,1], then P(T < t) € {0,1}.

3. All optional processes on [0,1) are indistinguishable from a deterministic mea-
surable function on [0,1).

4. All predictable processes on [0,1] are indistinguishable from a deterministic
measurable function on [0, 1].

5. M is a uniformly integrable martingale if and only if there exists a random
variable Z € L*(Q, F, P) such that M = E[Z] + (Z — E[Z])1[1 e[

6. All local martingales are uniformly integrable martingales.
7. All semimartingales are of finite variation.
8. All o—martingales are uniformly integrable martingales.

9. Let M be a local martingale starting in zero and let K € L,,(M). Then K is
a.s. constant and
KM == KlMl]l[[l,oo[[-

Proof: Item 1.: The first statement holds due to the definition of F.
Item 2.: Since T is a stopping time, we get for ¢ € [0, 1]

{r<ty= {Tgt—nil}ej\f.

an ~ /

1 Vv
tmm20 eF, 4 =N
I+n

By definition, N contains only sets of measure zero or one. Therefore, 2. holds.
Item 3.: Due to [27, 3.17 Theorem], the optional o—algebra on [0, 1) equals

o ([T, 1[; T is a stopping time) .
Due to 2., we can conclude that for any stopping time 7" and all ¢ € [0, 1)

{T=t}={T<t}n{T <t} eN.
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Chapter 1. A martingale decomposition theorem

Therefore,
[T,1[= N x [t,1), for N € N and ¢ € [0,1),

where ) x [t,1) :== Nx @ :=( forallt € [0,1) and N € N. Consequently, all optional
processes on [0, 1) are indistinguishable from a deterministic measurable function.

Item 4.: This holds thanks to the characterisation of the predictable o—algebra in
27, 3.21 Theorem].

Item 5.: The ‘if” part is clear. Let M be a uniformly integrable martingale. Due
to 8., M has to be constant on [0, 1). Thanks to the definition of the filtration and
the martingale property, we know that M; = M; a.s. for all t > 1. Since uniformly
integrable martingales have a constant expectation and Z := M; € L'(P), we get
the desired result.

Item 6.: Let M be a local martingale and denote by (7),),>1 a non—decreasing
sequence of stopping times tending to oo a.s. that localizes M. Thanks to item
2., there exists a N € N such that P(7,, < 1) = 0 for all n > N. Therefore,
M, € L'(P). Due to the definition of the filtration and the martingale property of
M™ we get Myap, = M a.s. for all t > 1 and all n > N. Since T}, 1 oo a.s., we get
M; = M; as. for all t > 1. Thanks to 5., M is a uniformly integrable martingale.

Item 7.: This follows from the definition of semimartingales, 5., and 6.

Item 8.: Due to 3., we may assume w.l.o.g.® that X, = 0 a.s.. By definition
there exists a strictly positive, bounded, and predictable process K such that K.X
is a uniformly integrable martingale. Due to item 5., K.X is zero on [0,1). Since
K is strictly positive and deterministic on [0,1), X has to be zero on [0,1) up to
indistinguishablility, too. Indeed, due to 7., we know that X is of finite variation.
Since K.X is indistinguishable from zero on [0, 1), we can conclude that there exists
a null set N such that for all w € N¢ and all A € B([0,1))

/K(w) dX (w) = 0. (1.12)
A

We denote by N, P € B([0,1)) the Hahn—decomposition of the signed measure
dX(w) on [0,1). Due to (1.12), we have

0= [ Kwax@) = [ K@) dXw)

NNA NNA

0= / K(w) dX (w)

PNA

for all A € B([0,1)). Since K(w) is strictly positive, this ensures that X (w) has to
be zero on [0,1).

3abbr.: without loss of generality
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1.5. Examples in which the Kunita—Watanabe decomposition does not exist

Furthermore, K7 is a.s. constant due to 4. and K.X; = K1 X7 — K1 X + K. X _.
Since K; > 0 a.s., this implies in particular that X; € L'(P). Because of the
martingale property of K.X and the definition of the filtration, we get K. X; = K. X,
a.s. for all £ > 1. The same argument as before ensures that X; = X; a.s. for all
t > 1. Due to 5., the claim is proven.

Item 9.: Since M is a local martingale starting in zero, we know that

M = Myl oo

As a result of 4., K7 is a.s. constant. Moreover, K.M is a local martingale such that
K.My=0and AK.M; = K{M;. Due to 5. and 6., we have

KM - KlMlll[[l,oo[['
O

The next example shows that the Kunita—Watanabe decomposition does not exist
in general, if N is assumed to be square—integrable and M is arbitrary.

Example 1.47 (compare [29, Exercices 4.10, p. 141]): Consider the setting of
Lemma 1.46. Let U,V € LY, F, P) be centred random variables. Moreover, let
V e L>°(P), U ¢ L*(P), and E[UV] # 0. Define N = V1 o and M = Ulp o
Note that for K € L,,(M)

IN = K.M, M| = VUL oof — K1U 1 oo,

where K is a.s. constant. Due to Lemma 1.46 and the assumptions, [N — K. M, M|
cannot be a o—martingale for arbitrary K € L,,(M). Hence, the Kunita—Watanabe
decomposition of N w.r.t. M does not exist.

Though the Kunita-Watanabe decomposition does not exit, the Radon-Nikodym
decomposition does exit.

Example 1.48: Consider the setting of Example 1.47 and note that

Vo .

[N,M] :VU]I[[l,oo[[: U | [M], a.s..

Denote the Radon-Nikodym derivative of d[N, M| w.r.t. d[M] by H := %ﬂm.
Due to Lemma 1.46, it suffices to compute AHsM; in order to characterize HsM. By
the definition of the compensated stochastic integral and the fact that AM; = M;,
we can conclude that

AHEMI - HlAMl —p(HAM)l - V]I{U750} - p(HAM)l
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Chapter 1. A martingale decomposition theorem

Lemma 1.46 guarantees that

(Viwzoy — E[VIiwse]) Lol

is a uniformly integrable martingale. Hence, [27, 7.13 Theorem]| ensures that
(A (Viwzo — E[Vigsg]) Tpep) =0
and
PHAM) =" (A (VIwzy = B[VIwso]) Lpe), + E [Vis)]
= B [VLwz] .
Combining the results we end up with
AH My = Vg — B [V -
Due to Lemma 1.46, we get
HM = (Viwzoy = B [VIz0)]) Tl
Consequently, L := N — HsM satisfies
[L,M] =[N — HeM,M] = V1 Ulp o] — E [VLvzor] Ul oo
= —E [V1z)] Ulp s

Since U is centred, Lemma 1.46 ensures that [L, M] is a martingale.

1.56.2. Case 2: N arbitrary, M not continuous

The Kunita—Watanabe decomposition also does not exist in general in Case 2, i.e. if
N is arbitrary and M is not continuous. To set the example we need the next lemma.
It makes use of the following notation. A Borel-measurable function f: R, — R is
an element of L] (R, dt) for p > 1,if fljy, € LP(R,dt) for all n € N. In the next
lemma, we collect some technical results which we need for the following example.

Lemma 1.49: Let B be a standard Brownian motion, P be a Poisson process with
intensity 1, and f € L*(Ry,dt) \ L (R, dt). Denote by (T),),>1 the sequence of
gump times of P and define the local martingale M by M = B + P —t. Then

fe€Ln(P—1), Qs f(T)z) € *Lioc(M), and f & Ly, (M).
Proof: First note that

=Y AP = g, 00()

s<t n>1
. =" (T, 00 ().
n>1
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1.5. Examples in which the Kunita—Watanabe decomposition does not exist

Furthermore, we have

(Z f(Tn)]l[[Tn]]) (M, = 2P - 1)),

n>1

Due to the sub—additivity of the square root, see Lemma A.20, we get

N

(. UP-1),)

Lemma 1.27 ensures that

< [f- [P =),

B\l - / ] du.

Combining the last three equations, we get 2@1 J(T) 1, € °Lige(M) and f €
L, (P —t). By assumption f ¢ L,,(B). Due to [27, 9.3 Theorem], we know that
Ln(M) = Lyy(B) N Lyy(P —t). Hence, f ¢ Ly, (M). O

Here is another example which shows that the Kunita-Watanabe decomposition
does not exist in general.

Example 1.50 ([3, D.K.W. cas 4:]): Consider the setting of Lemma 1.49. Define
N = f(P —1t) and let K € L,,(M). Since M is locally bounded, Fefferman’s
inequality, see [27, 10.17 Theorem]|, ensures that [N — K.M, M] € Aj,.. Suppose
that there exists K € L,,(M) such that [N — K.M, M] is a local martingale. Lemma
1.27 and Fefferman’s inequality ensure that the 1.h.s.* of the equation

[IN— KM M)+ K.([M]—(M))=f[(P—1t)]—K(M)
= f (P =t)] = 2K((P —1))
is a local martingale. As a result of the uniqueness of the compensator, we get

2K = f a.s. (w.r.t. the Lebesgue—measure). This is a contradiction to f ¢ L., (M).
Therefore, N does not admit a Kunita-Watanabe decomposition w.r.t. M.

The Radon—Nikodym decomposition that corresponds to Example 1.50 is provided
in the next example.

Example 1.51: Consider the setting of Example 1.50 and note that

[N, M] = f.[(P—1)] = (Z f(Tn)]l[[Tn]]> [M].

n>1

4abbr.: left hand side
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Chapter 1. A martingale decomposition theorem

Due to Lemma 1.49, we know that H = (3, -, f(Tn)1[n]) € °Lice(M). Further-
more, Theorem 1.34 ensures that N = HeM + L and [L, M] is a c—martingale. Since
M is locally bounded, we can apply Fefferman’s inequality to conclude that [L, M]
even is a local martingale. Note that the more detailed characterization of Theorem
1.36 allows us to conclude that L¢ = 0 and (HsM)® = 0 up to indistinguishabil-
ity. Hence, by definition of the compensated integral for purely discontinuous local
martingales we can conclude that L¢ = 0 and

N = H:M
holds up to indistinguishability.

Although Example 1.50 shows that the Kunita—Watanabe decomposition of N
w.r.t. M does not exist, the next example shows that the Kunita-Watanabe decom-
position of M w.r.t. N does exist.

Example 1.52: Consider the setting of Example 1.50. If f is strictly positive, [27,
9.3 Theorem| ensures that f~! € L,,(N) and f~'.N = (P —t). Thus, M admits a
Kunita—Watanabe decomposition w.r.t. N. Indeed,

M=B+(P—t)=f'N+B

and [N, B] = 0. Combining this result with Example 1.50 shows that the existence
of the Kunita—Watanabe decomposition is not a symmetric property in general.
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2. A structured approach to
structure conditions

2.1. Introduction

The Fundamental Theorem of Asset Pricing (FTAP) is for sure one of the most
important results in mathematical finance. It provides an economically meaningful
no arbitrage condition, the no free lunch with vanishing risk condition (NFLVR).
Moreover, it ensures that (NFLVR) is necessary and sufficient for the existence of
a special pricing operator, an equivalent c—martingale measure. For references on
the history of the Fundamental Theorem of Asset Pricing and a proof of (FTAP),
we refer to [17] and [18]. The building blocks of (NFLVR) are the following weaker
conditions: the no arbitrage condition (NA) and the no unbounded profit with
bounded risk condition (NUPBR). During the last decade, several authors provided
equivalent reformulations of the (NUPBR) condition. The most popular of these
reformulations is probably the existence of the so—called numéraire portfolio; see [34].
Most recently, Schweizer and Takaoka [52] proved that the (NUPBR) condition is
also equivalent to the existence of a strictly positive o—martingale density for the
underlying semimartingale. A beautiful overview of this topic can be found in [28].
The main point of these equivalent reformulations is the fact that they all ensure the
existence of a reasonable pricing operator to price essentially the terminal wealth of
all 1-admissible trading strategies. But how can we find a natural candidate for e.g.
a strictly positive o—martingale density for an arbitrary, locally square—integrable
semimartingale S = M + A, where M denotes the local martingale of the canonical
decomposition of S7

For continuous semimartingales the structure condition (SC) is a very good tool
that leads directly to a natural candidate for a strictly positive c—martingale density,
the minimal martingale measure. In order to explain the importance of (SC) as a
good tool for finding strictly positive c—martingale densities in the continuous paths
case, we recall its definition. S satisfies the structure condition (SC), if

S:M+/5\d<M),
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Chapter 2. A structured approach to structure conditions

where A € P can be chosen such that i X dM is a locally square—integrable mar-
tingale. Due to this specific structure of the semimartingale S, one can show that
all strictly positive o—martingale densities £(—N) for S feature a specific Kunita—
Watanabe decomposition. More precisely,

N:/XdMJrL, (2.1)

where L is a local martingale, orthogonal to M, and f X dM is a locally square—
integrable martingale. Throughout this chapter, we call this type of theorems, link-
ing the structure of a semimartingale S to the specific structure of strictly positive
o-martingale densities £(—N) of S, structure theorems.

Let us get back to the structure theorem presented above. The crucial point is the
additional assumption that S has continuous paths. This ensures that the minimal

(- frar)

is a strictly positive o—martingale density for S. Although this particular struc-

martingale measure

ture theorem also holds for arbitrary, locally square—integrable semimartingales, it
loses its importance as an indicator for a natural candidate for a strictly positive
c—martingale density. Moreover, the degree of flexibility provided by the structure
theorem (we can vary the orthogonal local martingale in (2.1)), in order to find a
strictly positive o—martingale density, is rather low. For a proof of this particular
structure theorem, we refer to [15]. Similar results can be found in [50].

Another problem that arises if one translates the ideas of (SC) in a direct way to
arbitrary, locally square-integrable semimartingales, is the fact that (SC) is neither
necessary nor sufficient for the existence of a strictly positive c—martingale density.
Besides, the structure condition (SC) is not invariant under (proper) equivalent
measure changes. All these drawbacks of (SC) are well known. So far, the only
detailed discussion on pros and cons of (SC) can be found in [15]. Summarizing
the above arguments leads to the conclusion that the structure condition (SC) and
the structure theorem related to (SC) are very good tools for finding strictly posi-
tive o—martingale densities for continuous semimartingales. However, for arbitrary,
locally square—integrable semimartingales it loses its importance as a good tool for
finding strictly positive c—martingale densities.

Of course, it would be very nice to have a complete characterisation of the
(NUPBR) condition (or equivalently the existence of a strictly positive c—martin-
gale density) in terms of a structure condition, not only for continuous but for all
semimartingales. All objectives of this chapter go into this direction.

The first goal of this chapter is to explain the connection between ‘martingale
decomposition theorems’ of a (strictly positive) c—martingale density for a semi-
martingale S on the one hand, and ‘structure conditions’ of S on the other hand.
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2.1. Introduction

These connections are provided in several ‘structure theorems’. We use the Radon—
Nikodym decomposition of a strictly positive c—martingale density £(—N) of locally
square-integrable semimartingale in order to provide our 1% Structure Theorem.
Moreover, we provide a geometric interpretation of the 15° Structure Theorem that
leads in a very natural way to our first structure condition, the minimal structure
condition (MSC). It turns out that (MSC) has several desirable properties. For
example, (MSC) is invariant under equivalent measure changes and equivalent to
(SC) for continuous semimartingales. By means of toy examples and different lem-
mata, we highlight the connections and differences between (MSC), (SC), and the
weak structure condition (SC'). Using the insights of the 1% Structure Theorem
and the minimal structure condition, we introduce an additional natural structure
condition (NSC). Under the assumption that a semimartingale satisfies the natural
structure condition, we provide our 2™ Structure Theorem. Its particular impor-
tance lies in its flexibility. Indeed, it takes into account that the predictable, finite
variation part A of a locally square-integrable semimartingale S = M + A might
have several possible decompositions. Furthermore, it links each of these decompo-
sitions to a natural candidate £(—N) for a strictly positive c—martingale density.
These candidates, more precisely N, all feature a natural Kunita—Watanabe decom-
position w.r.t. M. Taking into account the different decompositions of A makes our
274 Structure Theorem a remarkably powerful tool for finding possible candidates
for strictly positive c—martingale densities.

In the second part of this chapter, we use the new insights achieved so far to
provide further structure conditions that are sufficient for the existence of a strictly
positive o—martingale density. Using the refined version of the Radon—Nikodym
decomposition, see Theorem 1.36, we derive our 3" Structure Theorem. Taking
into consideration the insights provided by this theorem, we introduce our third
structure condition, the strong structure condition (SSC). In several examples we
highlight the different amounts of ‘sensitivity’ of the different structure conditions
(SC), (NSC), and (SSC) as tools for finding a strictly positive c—martingale den-
sity. As an application of the insights achieved so far, we provide a full structural
characterisation of the (NUPBR) condition for a class of toy examples. Finally,
we introduce our last structure condition, the floating structure condtion (FSC).
The condition (FSC) provides, similar as (SC) in the continuous paths case, a nat-
ural candidate for a strictly positive o—martingale density, the floating martingale
density. Moreover, it turns out that for continuous semimartingales the minimal
martingale measure and the floating martingale density coincide.

The chapter is structured as follows. Section 2 provides an overview of several
classical no arbitrage conditions, definitions of c—martingales and the classical struc-
ture conditions (SC) and (SC’). Besides, we recall some invariance properties of
these objects under equivalent measure changes. In Section 3, we use the Radon—
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Chapter 2. A structured approach to structure conditions

Nikodym decomposition to derive the minimal structure condition. Furthermore,
we introduce the natural structure condition (NSC) for a semimartingale S and
explain its connection to the natural Kunita—Watanabe decomposition of strictly
positive o—martingale densities for S. In Section 4, we focus on the practical use of
structure conditions as indicators for the existence of a strictly positive c—martingale
density. This is done by introducing the strong structure condition (SSC) and the
floating structure condition (FSC). We end the chapter with Section 5. It pro-
vides a short conclusion and some remarks on possible generalizations of the results
provided before.

2.2. Definition and preliminary results

In this section, we collect several definitions of no arbitrage conditions and structure
conditions. Moreover, we summarize some well known results on measure changes
and stochastic integration for reference purposes. The reader, who is familiar with
this theory can skip this section. In order to allow the reader to easily compare the
results of this chapter to well known results in the literature, we adapt the notation
and setup of the survey article [28]. Throughout this chapter, we consider a complete
stochastic basis (2, F,F, P), where the filtration F := (F})o<t<r satisfies the usual
conditions and the time horizon is finite, i.e. T' € (0, 00). Results from the literature,
that are formulated for an infinite time horizon, are used by applying the respective
result to the stopped process. We consider a financial market with d+ 1 assets. One
of these assets serves as a numéraire and is denoted by S°. All other quantities are
expressed in units of this numéraire. W.l.o.g. we assume that S® = 1. The d risky
assets are modelled by a R%valued semimartingale S = (St)o<t<T, where S denotes
the price of the i'" risky asset. We suppose that trading in the financial market is
frictionless. Moreover, we only allow self-financing strategies, i.e. a trading strategy
is given by a pair (x, 1), where = € R is the initial capital and ¥ = (9¢)o<i<r € L(5).
As usual, L(S) denotes the set of R%valued predictable and S—integrable processes.
The vector-stochastic integral of ¥ € L(S) w.r.t. S is denoted by ¥ - S := [ ¢ dS.
For details on the vector-stochastic integral, we refer to [12], [30], and [33]. The
wealth—process associated with a self-financing trading strategy (z, 1) is denoted by

t
Xf’ﬁ::x+19-5t:x+/19ud5u, 0<t<T.
0

A strategy ¥ € L(S) is called a—admissible for a > 0, if 9 - S > —a. For z > 0 we
define
X* = {X"" |9 € L(S) and X"’ >0}

and set Xf = {XZ7 | X*7 € x*}.
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2.2.1. Strictly positive c—martingale density and no arbitrage
conditions

Let us recall the definitions of the most popular no arbitrage conditions.

Definition 2.1 ([52, Definition 2.3]): The semimartingale S is said to satisfy the
no arbitrage condition (NA), if for all 1-admissible strategy ¥ € L(S) the following
implication holds:

Y-S >0as. — ¥-Sr=0 a.s.

The next condition is equivalent to (NA) in the discrete time setting; see [31].
However, in a continuous time setting this does not hold in general.

Definition 2.2 ([28, Remark 3), p. 11]): The semimartingale S is said to sat-
isfy the condition (NAL), if for any O—admissible strategy ¥ € L(S) the following
implication holds:

9-Sr>0as. = V-5=0.

For more details on (NA.) we refer to [51]. The next definition provides a math-
ematical characterisation of the (NUPBR) condition.

Definition 2.3 ([52, Definition 2.2]): The semimartingale S is said to satisfy the no
unbounded profit with bounded risk (NUPBR\) condition, if the set X} is bounded
in LY, i.e.

lim sup P(|9-Sr| >¢c)=0.

€00 9 is 1-admissible

The terms ‘strictly positive oc-martingale density’ and ‘equivalent c-—martingale
measure’ are characterized in the next definition.

Definition 2.4 (compare [28, Definition p. 5]): A strictly positive o—martingale
density (or strictly positive local martingale density) for S is a local P-martingale
Z = (Zy)o<t<r with the following properties:

1. Zy =1 a.s..
2. Z >0 up to indistinguishability.
3. ZS" is a P-o-martingale (a local P-martingale) for each i € {1,...,d}.

If a strictly positive o—martingale density (or a strictly positive local martingale
density) Z satisfies E[Z7| = 1, the measure dQ := Zp dP is called an equivalent
o—martingale measure (equivalent local martingale measure) for S.
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Remark 2.5: Throughout this chapter, we frequently use the following fact. If
Z s a strictly positive local martingale, where Zy = 1 a.s., then there exists an
(up to indistinguishability) unique local martingale N such that Ny = 0 a.s. and
Z = E(—=N) hold; see [30, 8.3 Theorem].

We end this subsection with a lemma on strictly positive c—martingale densities.

Lemma 2.6: Let S be a R*—valued P-semimartingale and Z = (Zy)o<i<T a local
P-martingale with Zy = 1 and Z > 0. Moreover, let ¢ be a R-valued process that
satisfies at least one of the following conditions:

1. ¢ s a strictly positive and locally bounded process with left—continuous paths.

2. ¢ 1s a predictable, bounded process that is bounded away from zero. l.e., there
exists € > 0 such that || > e.

Then Z is a strictly positive o—martingale density (or strictly positive local martin-
gale density) for S if and only if o-(ZS") is a P-o—martingale (a local P-martingale)
for each i e {1,...,d}.

Proof: We only prove the statement for ¢ satisfying the first item. The proof
for 2. follows the same lines. Due to the properties of ¢, we know ¢! is a R-
valued, strictly positive, and locally bounded process with left—continuous paths,
too. Moreover, the class of c—martingales as well as the class of local martingales
are stable w.r.t. stochastic integration of locally bounded integrands. Due to the
associativity of the stochastic integral, we get

78 =1-(25) = (¢7'0) - (25") =" - (¢ (25")  forie{l,...,d}.

]

2.2.2. Invariance principles and the classical structure conditions
Invariance principles

In mathematical finance equivalent measure changes are the most important tool.
In the following, we collect some important results that are invariant under an
equivalent change of measure.

Lemma 2.7: Let S be a R%wvalued semimartingale and let QQ be a probability mea-
sure equivalent to P, i.e. Q ~ P. Then S satisfies (NUPBR) ((NA), (NA;))
w.r.t. Pif and only if S satisfies (NUPBR) ((NA), (NA,)) w.r.t. Q.

The existence of a strictly positive c—martingale density is also invariant under
equivalent measure changes.
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Lemma 2.8: Let S be a RY-valued semimartingale and Q ~ P. Then there exists
a strictly positive c—martingale density (or strictly positive local martingale density)
for S under P if and only if there exists a strictly positive c—martingale density (or
strictly positive local martingale density) for S under Q.

Proof: If there exists a strictly positive c—martingale density (or strictly positive
local martingale density) Z for S under P, we know that Z is a local P-martingale
and ZS® are P-o-martingales (local P-martingales) for all ¢ € {1,...,d}. If we
denote by (D)< the density process of P w.r.t. @, [33, Proposition 5.1 ensures
that DZ is a strictly positive local Q—martingale and DZS? are Q—o—martingales
foralli e {1,...,d}. O

All structure conditions being considered in this chapter rely on the existence of
the predictable quadratic variation of the local martingale part of a special semi-
martingale. The predictable quadratic variation of the local martingale exists if and
only if the local martingale is in fact locally square—integrable. Therefore, we need
the following subclass of special semimartingales.

Definition 2.9: Let S be a R-valued semimartingale and Q ~ P. S is called a
locally square—integrable (Q—semimartingale, if it is a special semimartingale under
Q with canonical decomposition S = Sy + M + A and the following properties hold:

1. M is a R*valued, locally square—integrable Q-martingale with M, = 0.

2. A is a R¥valued, adapted, and predictable process of finite variation with

Ao = 0.
We denote the set of locally square—integrable Q—semimartingales by S € S2.(Q).

The next lemma ensures that we can always find such a nice equivalent measure.
Proofs of the statement can be found in [39] or [19].

Lemma 2.10: Let S be a R¥—valued semimartingale on (Q, F,F, P). Then there
erists a probability measure () ~ P, such that S is a locally square—integrable (Q—
semimartingale.

The following lemma is the key ingredient to prove our structure theorems. Ac-
tually, it is an application of the product rule for semimartingales.

Key lemma 2.11: Let S be a R*valued P-semimartingale and Q ~ P. Further,
let S be a special QQ—semimartingale and denote its canonical decomposition (under
Q) by S = So+ M+ A. Moreover, let Z = E(—N) be a strictly positive local
Q-martingale. Then Z is a strictly positive QQ—-o—martingale (local Q—martingale)
density for S if and only if [N, M) — A® is a Q-o—martingale (local Q-martingale)
forallie{1,...,d}.
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Chapter 2. A structured approach to structure conditions

Proof: The definition of a strictly positive c—martingale density is a ‘component—
wise’ definition. Therefore, we can assume w.l.o.g. that d = 1. Since Z = E(—N) =
1 — [E(—=N)_ dN, the product rule leads to

28 — Sy = E(~N)._ - (—/s_ dN+M+A—[N,M]—[N,A]>
—£(=N)_ . (—/s_ dN + M — [N, A]) L E(=N)_ - ([N, M] — A).

Since £(—N)_ is left—continuous, locally bounded, and strictly positive, the process
W is well defined and satisfies the same properties. Integrating ﬁ on both
sides of the equation gives

— (4S5 —=Sy)=(— | S.dN+ M — [N, A] ) — ([N,M] - A).
s (@550 = (= [soavar-a)) - (n - 4
Due to Yoeurp’s lemma [27, 9.4 Examples. 1)], the first bracket term on the r.h.s.
is a @-local martingale. Thanks to Lemma 2.6, the Lh.s. is a Q—o—martingale (a
local @Q-martingale) if and only if Z is a strictly positive (Q—o—martingale (local
(@Q—martingale) density for S. Therefore, the claim is proven. ]

Structure condition and weak structure condition

We already mentioned the classical structure conditions, (SC) and (SC'), in the
introduction. In this subsection, we provide rigorous definitions. Let S be a R~
valued, locally square-integrable P-semimartingale with canonical decomposition
S = Sy+M+ A, where M is a R%valued local martingale. Since M is locally square—
integrable, the bracket process (M, M) exists. Note that (M, M) is a R? x R%valued,
adapted, and predictable process. We denote its components by (M M7), where
i,j € {1,...,d}. Moreover, we denote by (M) the R%valued process, whose 7"

component is given by (M) := (M* M").

Definition 2.12 (compare [28, Definition p. 7]): Let S be a R¢~valued semimartin-
gale. S is said to satisfy the weak structure condition (SC') under P, if S € S .(P)
with canonical decomposition S = Sy + M + A and such that A is absolutely con-
tinuous w.r.t. (M, M). A is absolutely continuous w.r.t. (M, M), if there exists a
Re-valued, predictable process N = (A)o<i<r such that A = [ d{M, M)A, ie.

d t
Ai:Z/S\{Ld(Mi,MOu forie{l,...,d} and 0 <t <T.
jzlo

\ is called the (instantaneous) market price of risk for S.
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2.2. Definition and preliminary results

Let S be a Ré%—valued semimartingale that satisfies (SC’). Denote its canonical
decomposition by S = Sy + M + A and its instantaneous market price of risk
by \ = ()\t)0<t<T Due to the Kunita—Watanabe inequality, the Radon—Nikodym
derivative X/ = (A7) o<y of d(M?, M7) w.r.t. d(MZ> exists for all 7,5 € {1,...,d}.
Therefore, the R%valued, predictable process A= ()\t)ogtST, where

d
i ::ZS\{/_\i’j forie{l,...,d} and 0 <t <T, (2.2)

is well-defined and satisfies
t t
Al = /X; d(M?, M?), = /X; d(M%,  forie{l,...,d} and 0 <t <T.
0

Throughout the whole chapter, we work with this version of the weak structure
condition. In order to refer to it, we state the result in the following lemma.

Lemma 2.13: Let S be a Ré—valued semimartingale that satisfies (SC') and let
A= (M)o<t<r be the R:-valued, predictable process defined in (2.2). Then S can be
written as S = So + M + [ X d(M), where

t
Sj:Sé+M§+/X;d<MZ’> forie{l,...;d} and0 <t <T.
0
Remark 2.14: One has to keep in mind that the predictable quadratic variation
of a locally square—integrable martingale is not invariant under equivalent measure

changes in general! To indicate that we mean the predictable quadratic variation
under a measure Q ~ P, we write (M)%.

The next lemma states that any reasonable no arbitrage assumption implies the
weak structure condition (SC’).

Lemma 2.15 ([51, Theorem 2.2]): Let S be a R¢—valued P—semimartingale and
Q ~ P such that S € 8} .(Q). If S satisfies either (NA), (NA,), or (NUPBR),

loc

then S satisfies the weak structure condition (SC') under Q.
The next definition characterizes the structure condition (SC).

Definition 2.16 (compare [28, Definition p. 7]): If S satisfies the weak structure
condition (SC') under P, we define

t d t
Kt::/)\“"dMM Z/)\’)\J (M*, M), 0<t<T,
J=17

0
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Chapter 2. A structured approach to structure conditions

and call K = (K;)o<i<r the mean-variance tradeoff process of S. Because (M, M)
1s positive semidefinite, the process K s increasing and null at 0; but note that it

may take the value 400 in general. We say that S satisfies the structure condition
(SC), if S satisfies (SC') and K1 < oo P-a.s..

The next lemma provides equivalent characterisations of (SC) that are also used
in the literature; see e.g. [50].

Lemma 2.17: Let S be a R%valued semimartingale that satisfies the weak structure
condition (SC') under P. Denote by S = Sy + M + A its canonical decomposition
and by \ the instantaneous market price of risk for S. The following statements are
equivalent:

1. S satisfies (SC).

2. There ezists an increasing sequence (T,,)n>1 of stopping times such that

a) P(T,,=T) — 1 forn — oo,
A d Tn/\./\. . .
b) K, = > [ NN, d(M*, M7), <n.

ij=10

3. There exists an increasing sequence (T,,),>1 of stopping times such that
a) P(T,,=T) — 1 forn — oo,
b) E |:KTn:| < 0.

4. Ae L2 (MT) in the sense of [29].

loc

Proof: We first prove the equivalence of the first two statements. If S satisfies
(SC), the mean—variance tradeoff process Kisa cadlag, increasing, and predictable
process. Due to [27, 7.7 Theorem]|, there exists an increasing sequence (7},),>1 of
stopping times such that for all n > 1

a In
Kr, =Y [ XX, d(M' M), <n
ij=17
holds. Since
P(T,#T)=P(Kr>n),

the equivalence of the first two statements follows. As 2.=3.=4., it remains to

prove that 4. implies the first item. Since A€ PL2 (MT), there exists an increasing

sequence (Sy,),>1 of stopping times such that

1. S, = oo P-a.s. for n — oo,
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2.3. Structure conditions and their connection to martingale decomposition theorems

2. E [f(snm} -y

d Sn/\TA'A' ] )
S [ NN d(ME MY, | < oo

ij=1 0
Moreover, the increasing sequence (7),),>1 of stopping times, where T,, := S, A T,
satisfies P(T,, = T) — 1 for n — oco. Since
P(KT<oo) zP({f(T<oo}m{Tn:T}), V>,
the claim is proven. O

Remark 2.18:

1. A sequence of stopping times satisfying the property 2.a) is called a y—localizing
sequence in [13].

2. The statement of the lemma is wrong, if we do not consider M as a stopped,
locally square—integrable martingale on 2 x R,. Indeed, consider a standard
Brownian motion M = B on Qx[0,1] and let \ := (Lpoy1/(1=w)+1 3 )ucp,-
Obviously, fol A2 du = oo holds. On the other hand, the sequence (T})ns1,
where T,, = 1—1/(1+n), satisfies T, = 1 a.s. and |\ dpmr,)| < n+1. Hence,
fj\]l[[o;pnﬂ dB, 1is a square—integrable martingale for all n > 1. Notice that
(T0)n>1 is not a y—localizing sequence.

Finally, we state the definition of the minimal martingale measure.

Definition 2.19: Let S satisfy (SC). The process € (— I A dM) is called the min-
imal martingale measure.

Remark 2.20: Note that the minimal martingale measure is neither a uniformly
integrable martingale, see [46], nor non—negative (as we will see below) in general!

2.3. Structure conditions and their connection to
martingale decomposition theorems

In [52], Schweizer and Takaoka proved the following result on the (NUPBR) con-
dition.

Theorem 2.21 ([52, Theorem 2.6]): The R¢-valued semimartingale S satisfies the
condition (NUPBR) if and only if there exists a strictly positive oc—martingale
density for S.
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Chapter 2. A structured approach to structure conditions

This result ranks among a long sequence of equivalent reformulations of the con-
dition (NUPBR). All these results provide a reasonable pricing operator for wealth
processes of 1-admissible trading strategies. The most prominent ones are the growth
optimal portfolio and the numéraire portfolio; see [28] for references and details. For
continuous semimartingales the (NUPBR) condition is closely tied to a structure
condition of the underlying semimartingale. This condition is well known under the
name structure condition (SC). For continuous semimartingales the result above
can be extended in the following way.

Lemma 2.22 ([15, Théoreme 2.9]): Let S = Sy + M + A be a continuous semi-
martingale, where M is the local martingale of the canonical decomposition. The
following statements are equivalent:

1. There exists a strictly positive local martingale density for S.
2. S satisfies the (NUPBR) condition.

3. S satisfies the (SC) condition.

There are several attempts to extend the ideas of the structure condition to ar-
bitrary, locally square—integrable semimartingales; see [15] and [50]. Although some
nice properties translate into this more general setting, see e.g. Corollary 2.43 be-
low, the structure condition is neither necessary nor sufficient for the existence of a
strictly positive c—martingale density. Moreover, the structure condition (SC) lacks
to be invariant under equivalent measure changes. This is highly unpleasant, since
measure change techniques are the ‘bread and butter‘ techniques in mathematical
finance and appear in countless proofs and applications. For a nice and detailed
analysis of (SC), we refer to the work of Choulli and Stricker [15].

The goal of this section is to provide new structure conditions that overcome the
disadvantages of the structure condition (SC). We start with the minimal structure
condition (MSC). Apart from the fact that the minimal structure condition is nec-
essary for the (NUPBR) condition, it is also invariant under equivalent measure
changes. Furthermore, (MSC) is equivalent to (SC) for continuous semimartin-
gales, a property that (SC’) does not possess. We derive the definition of (MSC)
in a very natural and straightforward way from our first result, the 1% Structure
Theorem. This theorem provides a deep insight into the relation between strictly
positive c-martingale densities on the one hand, and the structure of locally square—
integrable semimartingales and the potential decompositions of its predictable finite
variation part on the other hand. A natural, additional assumption on the min-
imal structure condition leads to the natural structure condition (NSC). Under
(NSC), we provide our 2" Structure Theorem. It gives a deep insight into the
‘geometry’ of strictly positive c—martingale densities and semimartingales. Besides,

42



2.3. Structure conditions and their connection to martingale decomposition theorems

a reformulation of the 2"¢ Structure Theorem leads to the notation of a natural
Kunita—Watanabe decomposition. Tt turns out that (NSC) is essentially equiva-
lent to the fact that all strictly positive o—martingale densities of a semimartingale
feature a natural Kunita-Watanabe decomposition. This reformulation of the 274
Structure Theorem significantly generalizes the, up to now, most general result in
this direction [15, Théoreme 2.1], see Corollary 2.43.

2.3.1. From the Radon—Nikodym decomposition to the minimal
structure condition (MSC)

The following conventions are important for the rest of this chapter. In order to
refer to these conventions, we state them in the following remark.

Remark 2.23 (IMPORTANT CONVENTIONS): Since the definition of a strictly
positive o-martingale density for a R*—valued semimartingale is a component-wise
definition, we assume w.l.o.q. that d = 1. If we compare our results with literature,
this is always done under the standing assumption d = 1! Moreover, to simplify
notation, we formulate results for general Q) ~ P, only if the invariance of the result
under equivalent measure changes is an important part of the statement. Finally,

recall that we work with ‘the version’ of the weak structure condition given in Lemma
2.13.

The Radon—Nikodym decomposition and the 1%t Structure Theorem

The 1% Structure Theorem explains the connection between the Radon—Nikodym
decomposition of a strictly positive c—martingale density of a locally square inte-
grable semimartingale S = M + A and the predictable, finite variation process A.
Furthermore, it provides a ‘decomposition theorem* for A.

Theorem 2.24 (1% Structure Theorem): Let S be a P—semimartingale and ) ~ P

be a probability measure such that S € S?,.(Q). Denote the canonical decomposition

of S by S = Sy + M + A. Furthermore, denote by M¢ and M? the continuous
and purely discontinuous local martingale part of M. Let Z = E(—N) be a strictly
positive local QQ—martingale and denote by

N =AM+ HM*+ L

the Radon—Nikodym decomposition of N w.r.t. M. Then the following statements
are equivalent:

1. Z is a strictly positive c—martingale (local martingale) density for S under Q.
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Chapter 2. A structured approach to structure conditions

2. a) S satisfies the weak structure condition (SC') under Q, i.e. there exists
a (M)9-a.s. unique predictable process A € Ly, ([M] = (M)?) (under Q)
such that A = [\ d(M)©.

b) <H - :\) [M] is a o—martingale (local martingale) under Q.

3. a) There exists a unique process n € Ly, ([M%] — (M%?) (under Q) such

that
A= /A d(M®)? + /n d(M%)9.
(If either M¢ or M¢ is identical zero, we choose A\ =0 orn=0.)
b) If M¢ =0 and M =n. ([M?] — (M%)?), then n.[M?) = 0.
¢) (H —n).[M9 is a o-martingale (local martingale) under Q.

The key to the proof of Theorem 2.24 is the following lemma.

Lemma 2.25: Let Q ~ P, M € M? (Q) and H be an optional process, such

that the path—wise Lebesque—Stieltjes integral H.[M| exists. Moreover, let H.[M] be

compensable and denote its compensator by C. There exists a (M)?-a.s. unique
predictable process K € Ly, ([M?] — (M®)?) (under Q), such that C = K.(M)9.

Proof: If H[M] € Aj., the lemma’s statement is exactly [27, Chapter V, §2. Re-
mark p. 149]. As H.[M] is compensable, Remark 1.24 ensures that there exists a non—
decreasing sequence (A,,),>1 C P such that | J,»; A, = Q2 x[0,T] and (14, H) .[M] €
Ajoe for all n > 1. As a result of [27, Chapter V, §2. Remark p. 149], there exists
a sequence (K™),>; C P such that 14,.C = [K" d(M)? = [1,4, K" d{M)“.
Due to the uniqueness of the compensator, we can conclude that 1,4, K™ = 1,4, K™
(M)@-a.s. for all m > n. Define

K|

m |

|K|:= lim 14
m—0o0

and denote by TV (C) the total variation process of C'. Due to the monotone con-
vergence theorem, we get

/\K\ d(M)? = lim /nAmmey d(M)? = lim 14,.TV(C)=TV(C) € Ale.
m—r0o0 m—ro0

Therefore, K := lim,, 0o 14,, K™ is well-defined and C' = [ K d{M)“. Moreover,
27, 5.19 Theorem)] ensures that C' € Aj,.. Finally, Lemma 1.27 allows us to conclude
that K € Ly, ([M%] — (M?)?) under Q. O

Proof of Theorem 2.24: We start proving the equivalence of 1. and 2.. Due to
Key lemma 2.11, we know that Z is a strictly positive o—martingale (local martin-
gale) density for S if and only if [V, M] — A = H.[M] — A is a o-martingale (local
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2.3. Structure conditions and their connection to martingale decomposition theorems

martingale). Lemma 2.25 ensures that there exists a (M)@-a.s. unique predictable
process A € Ly, ([M] — (M)?) (under Q) such that A = X.(M)%. Hence,

(11— 3) {01] = 1M = X000 = & (M) = (3)°)

is a o-martingale (a local martingale) under @ if and only if H.[M] — A is a Q—0—
martingale (local martingale).

It remains to prove the equivalence of 1. and 3.. As before, Key lemma 2.11
ensures that Z is a strictly positive c—martingale (local martingale) density for S if
and only if [N, M] — A = H.[M] — A is a o-martingale (local martingale). Due to
the Radon—Nikodym decomposition of N w.r.t. M, this is equivalent to

HIMY 4+ M\ (M9)? — A

being a o—martingale (local martingale). As a result of Lemma 2.25, we know that
there exists a (M4)%—a.s. unique predictable process n € Ly, ([M?] — (M?)?) (under
@) such that

H (M) — (M%)

is a o—martingale (local martingale). Hence, we can conclude that

A= //\ d({M*) + /n d(M,
Since
(H —n) [M?] = H[M] = n(M")? —n. ([M] = (M%),

we have proven that 1. and 3.a),3.c) are equivalent. Therefore, it remains to prove
the equivalence of 1. and 3.b). Assume that M¢ =0 and M? = n. ([M?] — (M%)9).
Define

1 if g, >0,

sign(n), = {
Since
sign(n) - S = sign(n) - (MC + M+ / A d(M)? + / n d(Md)Q)
=sign(o) - (. (1] = 1)) + [ 3% ) = (sn(apn) [
= Il

Lemma 2.6 ensures that Z is a strictly positive o—martingale (local martingale)
density for S if and only if it is a strictly positive c—martingale (local martingale)
density for |n|.[M9]. As |n|.[M?] is non—decreasing, this is possible if and only if
n.[M? = 0. O
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Chapter 2. A structured approach to structure conditions

Remark 2.26: Since
H[M?) = [N, M = [H:M* + L, M = [H:M?, M?] + [L¢, M7,

Theorem 1.36 and the proof of the 1% Structure Theorem ensure that [HsM9, M%) —
n.(M%Q is a o-martingale under Q.

Geometric interpretation of the 15t Structure Theorem

The first step to provide a geometric interpretation of the connection between a
strictly positive c-martingale density and a semimartingale S, is a measure change
Q ~ P to ensure that S € S?_.(Q). In the following presentation, we assume that
S € 82.(P) and suppress the probability measure P to simplify notation. Moreover,
we denote the canonical decomposition of S by S = M + A, where A € VN P.
Furthermore, let Q := Q x [0, T] and denote by p a o-finite measure on (Q, 73). For

p € {1,2} we define

Ly (Q,P,p) {/Kdu KE’Pand/|K]pd,u€Aloc}.

Besides, we set
L. (Q,0,dM {/K d[M]: K € O and /K d[M] is a Jmartingale}.

In the first step of the proof of Theorem 2.24, we translate the formulation ‘Z =
E(—N) is a strictly positive o—martingale density for S’ into ‘[N, M| — A is a o—
martingale’. Furthermore, by using the Radon—-Nikodym derivative of d[N, M| w.r.t.
d[M], this turns into the formulation

‘H.[M] — A = o—martingale’. (2.3)

Since H is connected to N in a unique way, this is the ‘equation’ that contains
all objects that are crucial to decide whether or not £(—N) is a (strictly positive)
o-martingale density for S. Equation (2.3) is the starting point of the geometric
interpretation of Theorem 2.24 2. and Theorem 2.24 3..

Geometric interpretation of Theorem 2.24 2.

In the first step, the weak structure condition (SC’) allows us to identify A € VNP
in a unique way with an element [ A d(M) on ‘the line’ L}, (Q, P, d(M)); see Figure
2.3.1. Due to (2.3) and Theorem 2.24 2.b), this can be transformed, via adding and
subtracting \.[M], into a ‘2-dimensional picture’ (Figure 2.3.2), where the right
angle in Figure 2.3.2 indicates that (H — A).[M] is a o-martingale. Although this is
a nice interpretation, Theorem 2.24 3. provides a much deeper understanding of the
geometric link between strictly positive c—martingale densities and semimartingales.
In particular, these insights lead to a good minimal structure condition.
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Figure 2.3.1.:

(M) Li,. (2,P.d(M))
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S‘[M} Llloc (Q,'P,d[M])

4

Figure 2.3.2.:
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Figure 2.3.3.:

Geometric interpretation of Theorem 2.24 3.

The key advantage of Theorem 2.24 3. is to consider H.[M¢] and H.[M?] separately.
While Figure 2.3.1 identifies the predictable finite variation part A of S with an
element on the ‘predictable line’ L} (Q,P,d(M)), Theorem 2.24 3. allows us to

loc

identify A with an element on the ‘predictable plane’
Ll200<Q7 P7 d<MC>) + Llloc<Q7 P7 d<Md>) C AlOC‘
Here, A € L2 (Q,P,d(M®)) + L} (Q,P,d(M?)) means that there exist \.(M¢) €

loc

L}.(Q,P,d(M¢)) and n.(M?) € Li.(Q,P,d(M?)) such that
A=A (MC) + 0. (M.
With an abuse of notation, we also write

(M), 0. (M) € Lin(Q,P,d(M€)) + Ljo(Q, P, d(M*)).

With this notation we can translate Theorem 2.24 into Figure 2.3.3. While the weak
structure condition (SC’) suggests to consider A as an element

(AAMEY, N(M?)) € Lige(Q P, d(M)) + Liye (2, P, d(M))

of the ‘diagonal’, Theorem 2.24 3. indicates that it is much more reasonable to
consider A as an element

(M), 0. (M) € Lin (2, P, d(M?)) + Ljo(Q, P, d(M*))

loc
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Figure 2.3.4.:

of the predictable plane. As in Figure 2.3.2, the transformation 4.[M9] relates a
pair (A, n) to H by ‘adding a further dimension’. Indeed, let (7},),>1 be a sequence
of stopping times that exhausts the jumps of M. Then we get

H.[M]=(H—-n)ly, m- M+ HLy,,mpe-[M] +nly, 1. [M]
= (H —n).[MY + X\.[M] +n.[M1).

This embedding of the predictable plane into a ‘3-dimensional space’ is illustrated in
Figure 2.3.4. Again, the right angle sign in Figure 2.3.4 indicates that (H —n).[M9]
is a o-martingale.

The minimal structure condition (MSC) and a toy example

To define a minimal structure condition for a semimartingale S € S?_, where S =
M + A denotes the canonical decomposition, the question is basically the following:
‘What finite variation process A € V N P allows for the existence of a strictly
positive c—martingale density?’. Using the characterisation of Theorem 2.24 and its
geometric interpretation, this question translates into the question: ‘What subset
B C L2.(Q,P,d{M¢)) + L. .(Q,P,d{M?) allows for the existence of a strictly

positive o—martingale density?’; see Figure 2.3.5. Note that if there exist at least
two representations of A, i.e.

A

/1)\d +/1nd<Md>
/

(M°)
naiue) + [ B,
we get for o € [0, 1]

A:/a(l)\) +(1—a) (2)\) d(Mc>+/0z(1n) +(1—a) (217) d(Md>.
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Figure 2.3.5.:
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This in turn means that A can be interpreted as a ‘line segment’ (which might
be a whole line or a point); see Figure 2.3.6. Notice that this is the key difference
between (SC’) and the characterisation of Theorem 2.24 3.a). While (SC’) considers
only one decomposition of A, A = [ X\ d(M), Theorem 2.24 3.a) indicates that we
should look for all potential decompositions of A. Yet, how are these decompositions
connected to different strictly positive o-martingale densities for S? If £(—(* N)) and
E(—(2N)) are strictly positive c—martingale densities for the semimartingale S, Key
lemma 2.11 ensures that £(—(*N)), where

*N=a('N)+(1-a)N), acl01],
is also a strictly positive o—martingale density for S. Hence, if “H denotes the
Radon-Nikodym derivative of d[*N,M] w.r.t. d[M] and (*X,“n) the unique pair
corresponding to N (see Theorem 2.24), we see that the line segment
(CA[ME], 2 (M) = a (MM, T M) + (1 = @) (XM, 0. [M])
is the ‘orthogonal projection’ of the line segment
“H.[M] =« (IH) M+ (1 —a) (QH) [M]

onto the plane L2 (Q, P, d[M¢]) + L} (Q,P,d[M%]); see Figure 2.3.7. These ideas

loc loc
lead to the following natural definition of the minimal structure condition.
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Definition 2.27 (Minimal structure condition): Let S be a P-semimartingale and
@ ~ P a probability measure. We say that S satisfies the minimal structure condi-
tion (MSC) under Q, if the following properties hold:

1. S is a locally square—integrable Q—semimartingale with canonical decomposi-
tion S = Sy + M + A, where M¢ and M? are the continuous— and purely
discontinuous local martingale parts of M.

2. There exist processes X € Ly, (M¢) and n € Ly,([M%) — (M%) under Q such
that A= [ X d(M¢) + [nd{M?).

8. If M© =0 and M? =n. ([M?] — (M%?), then n.[M] = 0.
A pair (\,n) that satisfies all conditions is called a version of (MSC) under Q.
Remark 2.28:

1. The definition of (MSC) takes into account that A € VNP might have several
decompositions into the sum of integrals w.r.t. d{M)? and d{(M®)?. This is
due to the fact that we do not insist on the uniqueness of the pair (A\,n) in 2..
This fact is crucial to understand the connection between semimartingales and
their strictly positive o—martingale densities.

2. The structure condition (SC) forces ((M)P-a.s.) the uniqueness of the pair,
as (SC) insists on a pair (A, \) on the diagonal.

3. If S € 8, does not satisfy the third property of the definition, the paths of S
are of locally finite variation. Hence, all semimartingales whose paths are of
infinite variation always satisfy the third property of the definition. For exam-
ple, locally square—integrable Lévy—processes of Type C satisfy this property;
see [45, Theorem 21.9 (ii)].

In order to highlight connections and differences between (MSC), (SC’), (SC),
and a few other structure conditions, we introduce the following toy example.

Toy example 2.29 (Setting): Let

S:M+/MM)

= ClB+02N+ /)\ <ClB—|—CQN>
be a semimartingale on the time interval [0, 1], where B is a standard Brownian mo-

tion and N = P —t a compensated Poisson process with intensity one. Furthermore,
let A € P be a predictable process such that E [fol A d<M>u] < oo. F is assumed
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2.3. Structure conditions and their connection to martingale decomposition theorems

to be the smallest filtration that satisfies the usual conditions and contains the nat-
ural filtration generated by S. Finally, ¢1,cs € {0, 1} are constants that enable us
to switch on and off the continuous and the purely discontinuous local martingale
part of M.

Remark 2.30: In the following ‘toy examples’ the assumptions above are assumed
to hold. To highlight specific points, we modify c1,cz € {0,1} and X\ € P.

The first lemma explains the connection between (MSC) and (SC’).

Lemma 2.31: Let S be a locally square—integrable semimartingale. The following
implication holds:
(MSC) — (SC).

If S is continuous, then (SC) and (MSC) are equivalent.

Proof: Let S = Sy+ M + A be the canonical decomposition of S, where A denotes
the predictable process of finite variation. Let (A, 7) be a version of (MSC). Then
A= [N(M+ [n(M?%). Hence, dA < d(M) holds and [27, 5.14 Theorem| ensures
that there exists a predictable process A € P such that A = 5\(]\/[ ). The second
statement is obvious. ]

The first toy example shows that the reverse implication in Lemma 2.31 does not
hold in general.

Toy example 2.32: The following examples show that (SC’) is indeed weaker
than (MSC). Moreover, these examples highlight at what point (SC’) is too weak
to ensure the existence of a strictly positive c—martingale density.

1. (Continuous paths): Let ¢; = 1, ¢, = 0, and A € L'([0,1], du) \ L*([0, 1], du).
Due to Definition 2.27, we know that for continuous semimartingales it is
necessary that A € L?([0,1], du). Hence, (SC’) holds while (MSC) does not.

2. (Discontinuous paths): Let ¢; = 0, ¢co = 1, and A=1 Then S=N+t=P
is an increasing process which, of course, cannot admit a strictly positive o—
martingale density. Moreover, it does not satisfy (MSC).

Theorem 2.24 ensures that (MSC) is invariant under proper equivalent changes of
measure. As this property is so important, we formulate it in the following theorem.

Theorem 2.33 (Invariance of (MSC) under equivalent measure change): Let S be
a P-semimartingale and Q) ~ P be a probability measure. Further, let S be a locally
square—integrable Q—semimartingale. If there exists a strictly positive o—martingale
density for S under P, S satisfies the minimal structure condition (MSC) under

Q.
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Proof: Due to Lemma 2.8, the existence of a strictly positive o—martingale den-
sity is invariant under equivalent measure changes. Hence, the statement follows
immediately from Theorem 2.24. [

Remark 2.34: If S is locally bounded, Theorem 2.33 holds for all Q) ~ P. This
property does not hold for (SC) in general; see Toy example 2./5.

2.3.2. The natural Kunita—Watanabe decomposition and the
natural structure condition (NSC)

Natural Kunita—Watanabe decomposition and the 2" Structure Theorem

Let S be a locally square-integrable semimartingale. If (A, 7) is a version of (MSC),
we know that [ A dM¢ exists. Unfortunately, we do not know whether or not
[ndM 4 exists and whether or not it is a local martingale. The next definition
focuses on those versions (A, n) of (MSC) that satisfy this additional property.

Definition 2.35 (Natural structure condition): Let S be a locally square—integrable
P—semimartingale with canonical decomposition S = So+ M + A that satisfies the
minimal structure condition (MSC). We say that S satisfies the natural structure
condition (NSC), if there exists a version (A\,n) of (MSC) such thatn € L,,(M?).
A pair (\,n) satisfying this condition is called a version of (NSC).

Remark 2.36:

1. Itis clear that for semimartingales having continuous paths, (NSC) and (SC)
are equivalent.

2. If the toy example satisfies (MSC), it also satisfies (NSC).

Definition 2.37: Let N and M be local martingales starting in zero. Further, let
M be locally square—integrable and denote by M¢ and M? its continuous— and purely
discontinuous local martingale part. We say that N features a natural Kunita-
Watanabe decomposition w.r.t. M, if there exists X\ € L,,(M¢) and n € L,,(M%) N
Ln([MY — (M%) such that

N=AM+nM+L,
where L is a local martingale and [L, M] is a o—martingale.
The first lemma highlights the connection between (SC), (MSC), and (NSC).

Lemma 2.38: Let S € 82 and denote by S = Sy + M + A its canonical decom-

position. Moreover, let S satisfy (SC), i.e. A= [ X d(M) with X\ € L} (M). The

loc
following statements hold:
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2.3. Structure conditions and their connection to martingale decomposition theorems

1. The pair (X, \) satisfies the first two properties of the definition of (MSC).
2. If (\, ) is a version of (MSC), then (\,)\) is a version of (NSC).

Proof: Note that if we have proven the first statement, 2. follows automatically.
Hence, it remains to prove 1.. The first property is clear. Since A € PLZ (M), it
follows that A\ € Ly,(M%) N L,,(M¢). Moreover, the Kunita-Watanabe inequality
ensures that 1

AL < 5 (R + (M)

Hence, [|A| d[M9] € Aj;, holds. Finally, A € L,,([M9] — (M%) is true thanks to
Lemma 1.27. u

The next lemma gives a simple, sufficient condition for (NSC).

Lemma 2.39: Let S be a semimartingale that satisfies (MSC). Furthermore, de-
note its canonical decomposition by S = Sy + M + A and let (A, n) be a version of
(MSQ). If there exists a constant € > 0 such that |[AM?| > ¢, then (\,n) is version
of (NSC).

Proof: It remains to prove that n € L,,(M?). Set Ty := 0 and define (7},),>; via
T,:=inf{t >T, 1: AM; #0}, for n > 1.

Due to the sub—additivity of the square root, see Lemma A .20, we get
VETITR < 3 M
i=1
for all stopping times R. Hence, we get
VDI <Y [randMi ]
i=1

By assumption, there exists € > 0 such that |AM¢Y| > e. Moreover, n.[M9] € Ay,
holds. Denote its localizing sequence by (R, ),>1 and note that for all i,n > 1

elnrnr, AMS: i p | < In7inr, AIM 1,08, |

holds. Combining the last two equations, we conclude

VP IMAR < g g, AMY, g,
=1

1
< 2\77|-[Md]R" € A, Yn>1.
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The next result is the main result of this subsection. Under the condition (NSC),
the theorem provides a deep connection between the structure of the drift of a
semimartingale and the structure of its strictly positive c—martingale densities.

Theorem 2.40 (2°¢ Structure Theorem): Let S satisfy (NSC) and denote its
canonical decomposition by S = So + M + A. Moreover, let (A\,n) be a version of
(NSC) and let Z = E(—N) be a strictly positive local martingale. Then Z is a
strictly positive o—martingale (local martingale) density for S if and only if N can

be decomposed as
N =AM +nM+L,

where L is a local martingale and [L, M| is a o—-martingale (local martingale).

Proof: Let (A, 1) be a version of (NSC) and define
L:=N—\M"—nM*c M.

Due to Key lemma 2.11, we know that £(—N) is a strictly positive o—martingale
(local martingale) density for S if and only if

[N, M] — A =[N, M] — \(M®) — n.(M%
= [L 4+ XM+ n.M* M) — X\AM) —n.(M?)
= [L, M] + 7. ([M] = (M7))

is a o—martingale (local martingale). Due to (NSC), we can conclude that the pro-
cess 1. ([M? — (M%) is a local martingale. Therefore, £(—N) is a strictly positive
o-martingale (local martingale) density for S if and only if [L, M] is a c—martingale
(local martingale). Hence, the claim is proven. O

Remark 2.41:

1. The theorem provides a link between martingale decomposition theorem(s) of
the local martingale N and decomposition theorem(s) of the predictable finite
variation process A.

2. This characterisation is of great benefit for practical applications! One way
to apply it, in order to receive strictly positive o—martingale densities, is pre-
sented in Section 2.4.2.

The theorem can be reformulated as follows.

Theorem 2.42 (2" Structure Theorem; 2nd version): Let S be a semimartingale
and Z = E(—N) be a strictly positive c—martingale density for S. Then S satisfies
(NSCQC) if and only if
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1. S €8} ; we denote the local martingale of its canonical decomposition by M.
2. N features a natural Kunita—Watanabe decomposition w.r.t. M.

The second version of the 2°¢ Structure Theorem is a remarkable generalisation
of [15, Théoreme 2.1] by Ansel and Stricker. We state their theorem in the following
corollary.

Corollary 2.43 ([15, Théoreme 2.1)): Let S be a semimartingale and Z = E(—N)
be a strictly positive local martingale density for S. Then S satisfies (SC) iff’

1. S €8} ; we denote the local martingale of its canonical decomposition by M.

2. N features a Kunita—Watanabe decomposition w.r.t. M. More precisely,
N=\M+1L,

where \.M is a locally square—integrable martingale and L as well as [L, M]
are local martingales.

Proof: Note that the assumption (SC) as well as Corollary 2.43 1. imply that
S € &, We denote its canonical decomposition by S = M + A, where M is
a local martingale. Moreover, note that the Kunita—Watanabe inequality ensures
that K € PL; (M) implies K € L,,(M?) N L,,([M9] — (M%)). Due to Key lemma
2.11, we know that Z = £(—N) is a strictly positive local martingale density for S
if and only if [N, M| — A is a local martingale. Now the rest of the proof follows the

same lines as the proof of Theorem 2.40. n

Remark 2.44: Corollary 2./3 also provides a connection between one decomposi-
tion theorem (Kunita—Watanabe decomposition) for the local martingale N and the
drift A. Since the Kunita—Watanabe decomposition as well as the structure condi-
tion (SC) imply uniqueness of the particular decompositions, the practical use of
Corollary 2./3 is rather low compared to Theorem 2.40.

In the next toy example, we highlight some aspects concerning the relation of
(NSC) and (SC).

Toy example 2.45 (compare [15, Exemple 2.6.]): This toy example shows the
following;:

1. S satisfies (NSC), but (SC) does not hold.

2. There exists an equivalent local martingale measure for S.

Labbr.: if and only if
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3. (SC) is not necessary for the existence of equivalent local martingale measures.

4. (SC) is not invariant under an equivalent change of measure.

Let ¢, = 0, ¢; = 1, and A € LY([0,1],du) \ L*([0,1],du) with A < 1 du-a.s..
Since N = [N] — (N), the first statement holds. Note that if we have proven 2.,
statements 3. and 4. follow immediately. Indeed, 3. is obvious. Moreover, since S
is locally bounded, it satisfies (SC) under any equivalent local martingale measure.
Therefore, it remains to prove 2.. Since & (— i X\ dN ) is strictly positive, Theorem
2.40 ensures that it is a strictly positive local martingale density. Hence, it remains
to prove that £ (— i A dN ) is uniformly integrable. Denote by (7},),>1 a sequence of

- T,
stopping times such that 7}, 1 1 a.s. and that &£ (— [ AdN ) is uniformly integrable
for all n > 1. Due to the sub—additivity of the square root, we get for all n > 1

[5 (—/X dN)Tn] = 0/1(8 <—/5\dN):n\5\u|>2 d[NT.,

1

<>¢ (—/S\dN)Z A A[N], = /15 (—/S\dN)j: Au| d[N],.

u<l

- - T
As S satisfies (NSC), we know that [ |\ d[N] € Aj.. Since € (—f/\ dN) is

- T, -
predictable and locally bounded, [ & (— I A dN) |A| d[N] € Ajpe, too. Moreover,
27, 5.26 Theorem]| ensures that

1 T, ! T,
E /5 (—/dev) M| d[N].| = E /5 (—/XdN) A du
0 u— 0 u—
~ Tn
Due to [27, 5.3 Remark], the predictable projection of £ <— [AdN ) is given by

(- /A dN)fn

Theorem| and [27, 5.32 Theorem] ensure that

Since Fy contains only sets of measure zero or one, [27, 5.26
- i

1 ) T, ) T,
E /5(—/)\dN) M| du| = E /5(—/)\dN> | du
0 v 0 v

T, 1
=F 5(—/XdN> /|5\u|du
| ! 0 J
1
0/

A| du < o0
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Figure 2.3.8.:

for all n > 1. Moreover, the monotone convergence theorem allows us to conclude

~ 1 ~
that E {\/ & (=Jxan)] | < [|A du < co. Finally, the Burkholder Davis-
1 0

Gundy inequality ensures that £ (— i A dN ) is uniformly integrable.

Geometric interpretation of the 2" Structure Theorem

We end this section with a geometric interpretation of the 2°¢ Structure Theorem
and its relation to the 1% Structure Theorem. The condition (NSC) and Theorem
2.40 enable us to translate the geometry of Figure 2.3.4 into a geometry in the space
of local martingales. As in the geometric interpretation of the 15 Structure Theorem,
we consider S € 82 (P) and suppress the measure in the following notation. We
denote the canonical decomposition of S by S = M+ A, where A € VNP. Moreover,
we define the following spaces of local martingales:

Lioe (dM€) := {/)\ dM°¢: X e Ly, (MC)},

Lige (AM?) := {/n dM?: € L, (M*) N L, (M%) - <Md>)},

L, (L M):={L¢& My [L,M]is aoc-martingale} .

If £(—N) is a strictly positive c—martingale density for S, condition (NSC) ‘trans-
lates’ the geometry of Figure 2.3.4 into a geometry of the 3-dimensional space
Lioe (AM®) 4+ Lioe (d]\/[d) + L, (L M); see Figure 2.3.8. Under (NSC), the inter-
pretation of Figure 2.3.7 translates in a similar way; see Figure 2.3.9. Note that
Corollary 2.43 and the structure condition (SC) allow for a similar transformation
of Figure 2.3.2 in a 2-dimensional way.
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2.4. Necessary and sufficient structure conditions for
(NUPBR)

In this section, we use the refined characterisation of the Radon-Nikodym theo-
rem, Theorem 1.36, and Yor’s formula to provide our 3"¢ Structure Theorem. It
leads directly to the definition of the strong structure condition (SSC). Further-
more, we prove that (SSC) is necessary and sufficient for the existence of a strictly
positive o—martingale density. As an application, we provide a full structural char-
acterisation of the (NUPBR) condition for the class of toy examples. It is worth
mentioning that all examples provided by Choulli and Stricker in [15], highlighting
the drawbacks of (SC), fall into this class of toy examples. In the second part, we
introduce the floating structure condition (FSC) and explain its connection to the
other structure conditions. Moreover, we define the floating martingale density and
explain its connection to the minimal martingale measure. We end this section with
a simple, but nevertheless important observation: For continuous semimartingales
all structure conditions introduced in this chapter are equivalent to the structure
condition (SC).

2.4.1. 3" Structure Theorem and the strong structure condition

(SSC)

So far we introduced the structure conditions (MSC) and (NSC). Both decompo-
sitions allow us to decompose a semimartingale S = Sy + M + A that satisfies either
of these conditions into the sum

S =Sy + 5S¢+ 59,
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2.4. Necessary and sufficient structure conditions for (NUPBR)

where

5°i=Me+ [ adr,

S =M+ /n d(M?),
and (\,n) is a version of (MSC). Due to Theorem 2.40, we know that there exists
a strictly positive local martingale density for S¢ for all versions of (MSC). But
what about the existence of a strictly positive o—martingale density for S4? Our 3"

Structure Theorem relates the existence of a strictly positive o—martingale density
for S to the existence of a strictly positive o-martingale density for S¢.

Theorem 2.46 (3¢ Structure Theorem): Let Q ~ P be a probability measure and
let S be a special Q—semimaritngale with canonical decomposition S = Sy + M + A,
where M is a local Q—martingale. Moreover, let N be a local Q—martingale and
denote by

N =AM+ HeM*+ L

the Radon—Nikodym decomposition of N w.r.t. M. Moreover, define
S¢ = MC+/)\d[MC] and ~ S%:= Md+A—/)\d[MC].
Then the following statements are equivalent:

1. Z =E&(—N) is a strictly positive Q-o—martingale density for S.

2. The process
& (—HM* — L)

is a strictly positive Q-o-martingale density for S.

Proof: First note that Yor’s formula [42, Chap. II §8, Theorem 38| ensures that Z
is strictly positive if and only if

& (—HsM? — L)

is strictly positive. Due to Key lemma 2.11, we know that Z is a strictly positive
(Q-o-martingale density for S if and only if

[N, M] — A= [AM°+ HM"*+ L,M] - A

= [L, M) + [HeM® + L*, M%) — <A - //\ d [MC])
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is a )—o—martingale. Because of Theorem 1.36, we can conclude that Z is a strictly
positive ()-oc-martingale density for S if and only if

[HsM* + L% M7 — (A - / Ad [MC]>

is a Q—o-martingale. Applying Key lemma 2.11 once more, we conclude that the
last statement is equivalent to

& (—HM?* — L)
being a strictly positive Q—o-martingale density for S?. ]

As we are interested in structure conditions that are necessary and sufficient for
(NUPBR), the theorem directly leads to the following definition.

Definition 2.47: Let Q ~ P and S € S?,. Denote its canonical decomposition by
S = 8Sy+ M+ A, where M is a local Q—martingale. We say that S satisfies the
strong structure condition (SSC) under Q, if there exists X\ € L,,(M°) under @
such that

S4 = Md+A—/)\d[MC]
satisfies (NUPBR).

An immediate consequence of Theorem 2.21 and our 3"¢ Structure Theorem, The-
orem 2.46, is the following result.

Theorem 2.48: Let Q ~ P be a probability measure and let S € S?.(Q) with
canonical decomposition S = Sy + M + A, where M is a local Q—-martingale. Then
the following statements are equivalent:

1. There exists a strictly positive Q—o—martingale density for S.
2. S satisfies the (NUPBR) condition.
3. S satisfies the strong structure condition (SSC) under Q.

Proof: Due to Theorem 2.21 and Theorem 2.46, we know that ‘2.=1.=3.” holds.
Hence, it remains to prove that ‘3.=2.” holds. Since S satisfies (SSC), there exists
A € L, (M¢) under @ such that

Sd::MdJrA—/)\d[MC]

satisfies (NUPBR). Due to Theorem 2.21, there exists a strictly positive QQ—o—
martingale density £ (—N) for S¢. Denote by

N =HM*+ L
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the Radon-Nikodym decomposition of N w.r.t. M? Applying Theorem 2.46 (with
S = 8% and S¢ = 0) ensures that

& (—HM* — L)

is a strictly positive Q-o-martingale density for S¢. Applying Theorem 2.46 once
more with S =S¢+ 5%, where S¢:= M+ [ A d[M°], we can conclude that

E (=AM — H.M"* — L)
is a strictly positive Q—c—martingale density for S. Hence, S satisfies the (NUPBR)
condition. O
The following lemma gives an equivalent reformulation of (SSC).

Lemma 2.49: Let Q ~ P and S € S}

loc*

S =S5y+ M+ A, where M 1is a local Q—martingale. The following statements are
equivalent:

Denote its canonical decomposition by

1. S satisfies the strong structure condition (SSC) under Q.

2. S satisfies (MSC). Moreover, there exists a version (A\,n) of (MSC) such

that
/n d(MHQ = A — /)\ d[M*]
and S := M+ [n d(M?) satisfies the (NUPBR) condition.

Proof: This follows directly from Theorem 2.48 and Theorem 2.24. O]

Due to the lemma, we can also talk about ‘version of (SSC)’.

Definition 2.50: Let Q ~ P and let S € 82, satisfy (MSC) under Q. Moreover,

oc

let (\,n) be a version of (MSC) and define
S¢ = M* + /A d[Me),
St = M+ /n d(M?).

We call S = Sy+ S¢+ 5% the semimartingale decomposition of S w.r.t. (\,n). More-
over, S¢ and S¢ are called the continuous and purely discontinuous semimartingale
part of S w.r.t. (\,n). Finally, we call (\,n) a version of (SSC), if S¢ satisfies
(NUPBR).

The purpose of the next toy example is to highlight the different qualities of the
structure conditions (SC), (NSC), and (SSC) as indicators for a strictly positive
o—martingale density.
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Toy example 2.51: Let ¢; = ¢; = 1, A = 1, and define for « € [0, 1] the following
versions of (NSC):
(A% 1) = (20,2(1 — a)).

Now the structure conditions have the following different ‘points of view’ on the

price process
S =B+ N+ 2t.

While (SC) considers S as
S = (B+N)+/5\d<B+N>,
(NSCQC) is more flexible. It considers ‘different versions’ of the drift of S, i.e. for

a € [0,1]
S“:B+N+/)\O‘d(B>+/n°‘d(N>.

Finally, (SSC) considers all versions of the continuous and purely discontinuous
part of S w.r.t. (A%, n%), i.e.
Sa — Sc,a + Sd,a’

where
SO = M+ /)\0‘ d(M°),
She = M4 / n® d(M?).

As a consequence of Theorem 2.48, it suffices to check whether or not
S = M* 4 / n* d(M?)

satisfies the (NUPBR) condition. Due to Theorem 2.40, it is immediately clear
that S% satisfies the (NUPBR) condition if and only if o > 1/2. Simply put,
(SSC) selects the good versions (A%, n®) that directly lead to the strictly positive
local martingale densities

8(—//\"‘dB>E(—/nadN>.
Under (NSC), we do not have Theorem 2.48 at our disposal. Thus, we have to

take care of the ‘whole process’ S®. Thanks to the simple structure of the example,
Theorem 2.40 is still a powerful tool on its own. For each version (A%, n®) it suggests

8(—/)\adB—/n“dN)
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as a natural candidate for a (strictly positive) local martingale density for S. After
taking a closer look at the example, Theorem 2.40 almost pinpoints to the version
(2,0) of (NSC). This leads to the strictly positive local martingale density

£(—2B). (2.4)

On the other hand, the structure condition (SC) suggests to choose
£ (—/S\d(B+N)> =& (—(B+N))

as a candidate for a local martingale density. Unfortunately, &£ <— i A d(B+ N ))
is not strictly positive. Corollary 2.43 suggests to look for a local martingale L such

that
£ (—/Xd(BJrN)—L)

is strictly positive and such that [L, B + N| is a local martingale. In general, this
characterisation does not seem to be a helpful tool to find strictly positive local
martingale densities.

With the help of (2.4), we can guess a candidate that satisfies the requirements.
If we choose L = B — N, a straightforward computation leads to

5(—/:\d(B+N)—L):8(—2B) and [L,B+ N]=—N € M.

Structural characterisation of (NUPBR) for the toy example

To highlight the power of the new insights on the relation between structure condi-
tions and martingale decompositions of strictly positive o—martingale densities, we
provide a complete structural characterisation of the (NUPBR) condition for the
toy example.

We start with the continuous paths case which follows directly from Lemma 2.31.

Theorem 2.52 (Toy example: ¢; = 1, ¢; = 0): Consider the toy example and let
c1 =1 and co = 0. Then it satisfies (NUPBR) if and only if (\,0) is a version of

(SSC). Moreover,
£ (— / A dB)

1s the canonical choice of a strictly positive local martingale density.

The case ¢; = 0, co = 1 is also rather obvious.
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Theorem 2.53 (Toy example: ¢; = 0, co = 1): Consider the toy example and
let ¢4 = 0 and ¢ = 2. If the toy example satisfies (MSC), then the following
statements are equivalent:

1. S satisfies (NUPBR).

2. S satisfies (NAL).

3. [1spA d(N) =0.

4. There exists a version (0,7) of (SSC) such that [ 1zs137 d(N) = 0.

Moreover, the version (0,m) = (0, ]1{5\<1}/~\) = (0, \) of (SSC) is the canonical choice
that leads to the strictly positive local martingale density

& (—/77 dN) .
Proof: Note, that if [ 1{;\21}5\ d(N) # 0 the sequence (H(n)),>1 C P, where

H(n) = nS\l{anZl}’ n Z 1,

is a sequence of 1-admissible trading strategies. Moreover,
Hn)-S=n (M{@Zl} P+ /n{nzle}ﬁ (X - 1) d(N)) >0

for all n > 1. Furthermore, f]l{qu;‘ d(N) # 0 ensures that there exists N € N
such that P(H(n) - Sy > 0) > 0 for all n > N. Therefore,

(NUPBR) — (NA,) — /1{;21}Xd<N>50

holds. Due to Theorem 2.40, the strictly positive local martingale £ (— [ndN ),
where 1 := IL{;\<1}/\, is a strictly positive local martingale density for S. Hence, the
statement is proven. O

Intuitively, we achieve the structural characterisation of the (NUPBR) condition
of the compound toy example, i.e. ¢; = co = 1, by piecing together the structural
characterisations found in the theorems above. Indeed, in the following theorem the
(NUPBR) condition ensures that this educated guess is in fact true.

Theorem 2.54 (Toy example: ¢; = co = 1): Let the toy example satisfy (MSC)
and let ¢y = co = 1. Then the following statements are equivalent:

1. S satisfies (NUPBR).
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4. There eists a version (\,7) of (SSC) such that [ 15137 d(N) = 0.
Moreover, (\,n) = (2]1{5\2%}5\,2]1{5\<%}5\) is a version of (SSC) that satisfies 4. and

8(—/)\dB—/ndN>:5(—//\dB)5(—/ndN) (2.5)

15 the canonical choice of a strictly positive local martingale density.

Proof: 1.=2.: We prove that (NUPBR) is violated, if [ 15.,,A? d(M) & Aj
holds. The idea of this proof in borrowed from [15, Théoreme 2.9 ii)]. Suppose that
J Loy A? d{M) ¢ Ajpe. Then there exists € > 0 such that
1
0
Define the sequence of bounded predictable processes (A(n))n>1 C P by A(n) :=
M <5<y for n > 1. As for all constants ¢ > 0
1 1
/i;i(n) dMY, > c b A /Xﬁn{ﬂzl} dM), > ¢
0 0
holds, we can find a sequence (¢,)n>1 C N such that ¢, T oo and

0

)\(n)]l[[o,Tn]].
Due to the definition of (7},),>1 and the continuity of (M), we get
1 1

[z aon, =at [ R, doi),

3
a(n) :=cp !

<. (2.7)
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Next we define the sequence of stopping times (S,),>1 and the bounded sequence
(H(n))nzl C P via

t

0
H(n) := a(n)lps,]-

Since
H(n)+S = an) - B +an) - N5 + [ a(dd(B+ N)*
= a(n) - B> 4+ a(n) - Po+

+ /a(n)j\ﬂ{bl} d(B)®" + /a(n) <5\ - 1) Tssny d(N)™
1

> (2.8)

for all n > 1, (H(n)),>1 C P is a sequence of 1-admissible trading strategies.
Moreover, (2.7) ensures that sup,<; [(n) - B,| tends to zero in L?(P). This in turn

guarantees that
P(S,=1) — 1. (2.9)

n—0o0

Furthermore, the definition of (73,),>1 and the continuity of (M) ensure that

1 Ty
we: /:\u(n):\u d{M), >cpp=Rwe: /S\U(n)j\u d(M), > c,
0 0

holds for all n € N. Hence, (2.9) and (2.6) imply that there exists N € N such that
for all n > N

1
~ 1
P /EMMJ@MAMMZ¢
0

1

> P /)\u(n)j\ull{;\zu d(M)y >cp p N{S, =1} | > ¢ (2.10)
0
holds. Decomposing H(n) - S in a similar way as in (2.8) we find that
1
1+Hmy&z—%é/

0

A

d<N>u + / Hu(n)j‘u]l{;\zn d<M>u

A

1
Since by assumption E {f d<N>u] < 00, (2.10) ensures that (H(n)),>; C Pisa
0

sequence of 1-admissible trading strategies that provides an unbounded profit with
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bounded risk. The rest of the proof is straightforward. It is clear that the implication
2.= 3. holds. Moreover, since (A, n) = (2]1{;\25}5\, 2]1{;\<%}5\) is a version of (MSC)
that satisfies 4., Yor’s formula [42, Chap. II §8, Theorem 38] and Theorem 2.40
ensure that

5(—/)\dB—/ndN)zS(—/AdB)S(—/ndN)

is a strictly positive o—martingale density for S. This in turn implies the (NUPBR)
condition. O

2.4.2. Floating structure condition (FSC) and floating
martingale density

Taking a closer look at Theorem 2.54 it becomes apparent that a proper decom-
position of the drift A = [ A d(M) of the locally square-integrable semimartingale
S = M + A can automatically lead to a strictly positive c—martingale density for S.
In Theorem 2.54 this goal is achieved by floating the ‘critical mass’ :\]1{5\21} of the
drift towards the bracket process of the continuous martingale part. In this section,
we consider the special case in which it is possible to float not only the critical mass
of the drift but all its mass towards the bracket process of the continuous martingale
part. The idea of the floating structure condition is highlighted in Figure 2.4.1. It
is a special case of Figure 2.3.9 and ensures that E(— [ A dM°®) is a local martingale
density for S = M + A. These considerations lead to the following definition.
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Definition 2.55: Let S be a locally square—integrable semimartingale with canonical
decomposition S = So+ M+ A that satisfies the minimal structure condition (MSC).
We say that S satisfies the floating structure condition (FSC), if there ezists A €
Ly, (M¢) such that (X, 0) is a version of (MSC). E(— [ X dM°) is called the floating
martingale density.

The next theorem ensures that the structure condition (FSC) is sufficient for the
existence of a strictly positive o—martingale for S.

Theorem 2.56: If S satisfies (FSC), there exists a strictly positive local martin-
gale density for S.

Proof: Suppose that (FSC) holds, and let (A, 0) be a version of (MSC). Then
E(— [ A dM¢) is a strictly positive and locally bounded local martingale. Due to
Theorem 2.40 the local martingale £(— [ A dM¢) is a strictly positive local martin-
gale density for S if and only if [ [ A dM€, M¢]—X\.(M¢) is a local martingale. Hence,
(FSCQ) is sufficient for the existence of a local martingale density for S. O

The following example highlights the ‘floating property’ of (FSC) in a simple ex-
ample. Moreover, it points out the advantages of (FSC) and the floating martingale
density compared to (SC) and the minimal martingale measure.

Toy example 2.57: As in Toy example 2.51, we choose ¢; = ¢, = 1 and A = 1.
Clearly, (MSC) and (SC) are satisfied. Moreover, the decomposition of S according
to the structure condition is given by

S=B+ N+ (B+N).

On the other hand, for all a € [0, 1] the pair (2a,2(1 — «)) is a version of (MSC)
and the corresponding decomposition is given by

S=B+ N+2a(B)+2(1 —a)(N).

By floating o towards 1, we can float the drift towards the continuous martingale
bracket. Since the stochastic exponential of a continuous local martingale is always
strictly positive, £(—2B) is a canonical choice for a strictly positive local martingale
density. On the other hand it is clear that £(—2aB —2(1—«)N) hits zero for all a <
5. For a = § we get the minimal martingale measure, i.e. £(— [ 1 dM) = £(—2aB—
2(1 — a)N). The structure condition (SC) indicates this ‘martingale density’ as a
the natural candidate for a strictly positive o—martingale density. Unfortunately,
it is not strictly positive in general. Therefore, it is not a natural candidate for a
pricing measure.

This idea also holds in a much more general setting.
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Theorem 2.58: Let S be a locally square—integrable semimartingale with canonical
decomposition S = So+ M-+ A that satisfies the minimal structure condition (MSC).
Moreover, let d(M?) < d(M®), where (M?) = [ d{M¢). If there exists a version
(A, n) of (MSC) such that np € L,,,(M°), then S satisfies the floating structure
condition (FSC).

Proof: Due to the assumptions of the lemma (A+n7,0) is a version of (MSC). O

Example 2.59: Let S = Sy + M + A denote the canonical decomposition of a
locally square—integrable semimartingale, where S is a Type C Lévy process with
non vanishing continuous local martingale part. If S satisfies (MSC), then d(M?) <
d(M°).

We end this section with the following lemma. It ensures that for continuous
semimartingales all structure conditions introduced in this chapter boil down to the
structure condition (SC).

Lemma 2.60: Let S be a continuous semimartingale. The following relations hold:

(SC) <= (MSC) <« (FSC) <« (SSC) <= (NSCQ)

2.5. Conclusions and final remarks

During the lecture of this chapter it became apparent that we should consider
‘structure conditions’ as a dynamic concept. Combining this point of view with
the insights on the connection between structure conditions on the one hand, and
decompositions of strictly positive c—martingale densities on the other hand, trans-
form these new ideas into a powerful tool for finding strictly positive o—martingale
densities. Yet, the new structure conditions still allow for further developments.
Indeed, similar to Definition 2.16 of (SC), the natural structure condition (NSC)
can be defined in a d-dimensional way. This generalization would allow for a ‘simul-
taneous search’ for a strictly positive o—martingale densities for all d risky assets.
Furthermore, these structure conditions can serve as a useful tool in other areas of
mathematical finance. For example, we will provide an application of (SC) in the
context of a large trader model in the next chapter.
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3. A modular model approach to
large traders

3.1. Introduction

Modelling a financial market with a large trader leads to a number of interesting
and challenging problems. Similar to Jarrow [32], we see a large trader as a trader
‘whose trades change prices’. The existence of a large trader goes hand in hand
with dropping the ‘competitive market paradigm’. This paradigm claims that any
trader can buy or sell unlimited quantities of the stock under consideration, without
influencing the stock’s price.

In order to model a financial market with a large trader, one has to specify the
goal of the large trader. In other words, one has to answer the following question:

‘What is the large trader’s motivation to trade?’

Schied and co—authors [48, 49, 26, 47] focus on finding optimal liquidation strategies
for the large trader, while Bank and Baum [4] tie the motivation of the large trader
to trade to a utility maximization problem. Regardless of the particular goal of
the large trader, there is another important question associated with a large trader
model:

‘What affects the large trader’s decision to achieve her goal?’

Clearly, any restriction of the large trader’s actions due to no arbitrage considera-
tions for the large trader influence the opportunities to achieve her goal. Apart from
no arbitrage considerations for the large trader, available information and liquidity
risk are further factors that have an impact on the ‘quality’ of the large trader’s
decision. Let us briefly comment on these points. Concerning the first point, it
seems to be reasonable that the large trader knows at least her current position and
the current price of the asset under consideration. As the large trader knows her
strategy, she has a natural edge on information compared to the small trader. The
latter only observes the current price of the asset. Given the large trader has addi-
tional (insider) information, it seems to be natural that this additional information
improves the ‘quality of the decision’ she makes in order to achieve her goal.
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Liquidity risk is a term used in the market micro—structure literature; see [38].
As pointed out in [11], liquidity risk is, roughly speaking, the additional risk due
to the timing and size of a trade. Kyle [38] distinguishes three different types of
liquidity risks. While ‘market tightness’ refers to the costs of turning over a position
in a short period of time, ‘market depth’ refers to the ability of a market to absorb
quantities without having a large effect on prices. The last one, ‘market resiliency’,
refers to the speed with which a certain price impact of the large trader vanishes.

Furthermore, any kind of trading restriction affects the large traders opportuni-
ties to achieve her goal. First of all, such trading restrictions arise from liquidity
risk, i.e. certain strategies might be too cost—intensive. Others might be discarded
as they do not allow for a certain risk control for the large trader’s wealth process.
Finally, if the large trader is any large fund, it is likely that the trading strategies
are, in general, not self-financing.

Apart from the factors that influence a large trader’s decision, a reasonable ques-
tion concerning the presence of a large trader is the following one:

‘How does a large trader’s strategy influence prices?’

This question is connected to the micro structure of the market. As pointed out
above, this question is related to the ‘market depth’ and the ‘market resiliency’.
The probably most popular large trader market model that takes both aspects into
account is the Almgren—Chriss model; see [2, 1].

Finally, the most important question is the following:

‘How are these phenomena linked to each other?’

If we propose a certain large trader model, we put several assumptions on the model
that lead to, or explain, the mechanisms of the various quantities above. Finding
empirical evidence for certain connections and mechanisms is a completely different
question.

The purpose of this chapter is to introduce a modular large trader model. The
idea is to provide a module for each phenomenon connected to the presence of a large
trader. In each module, we provide a definition of the particular phenomenon for
simple strategies. We then extend these definitions using a proper limit procedure.
Here, we focus on two modules. The first one is, of course, the ‘price module’. Our
definition of the price process, affected by a large trader strategy, is strongly con-
nected to the non-linear stochastic integration theory of Carmona and Nualart; see
[10]. Apart form the general definition and its extension, we provide several explicit
examples, among those is the popular Almgren—Chriss model.

The second module is connected to no arbitrage considerations for the small
trader. Again, we propose a minimal no arbitrage assumption that depends only
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on simple large trader strategies. It should be mentioned that our no arbitrage as-
sumption is closely connected to the no arbitrage assumption in the discrete time
setting of Jarrow; see [32]. Combining these two modules, the ‘price module’ and the
‘no arbitrage’ module, leads to the class of reasonable large trader market models.
These large trader models feature, in our opinion, the two most important prop-
erties. Firstly, the price process affected by the large trader is a semimartingale.
Secondly, the price process affected by the large trader is a reasonable arbitrage free
model for a financial market with small trader.

As argued above, the driving force in a large trader model is the large traders
motivation to trade. Usually, these goals are formulated using the large trader’s
real wealth process. Attaching the real wealth process to the class of reasonable
large trader market models leads to the class of minimal large trader market models.
Apart from the two features above, these large trader market models enable us to
define a real wealth process for the large trader. Here, ‘minimal’ refers to the fact
that these models allow us to model large trader phenomena without annihilating
the usual no arbitrage assumptions made in the small trader literature. We com-
pare this minimal large trader market model to the large trader model proposed by
Bank and Baum; see [4]. Finally, we introduce an admissibility concept for the large
trader and investigate the large trader’s utility maximization problem in a basic
minimal large trader market model. Despite its simple structure, it highlights new
phenomena that are a result of the presence of a large trader.

The chapter is organized as follows. In Section 2, we provide the definitions of
the price process, affected by a simple large trader strategy, and the minimal no ar-
bitrage assumption for the small trader. We explain how to extend these definitions
to general large trader strategies and provide several examples. In Section 3, we
use the sophisticated non—linear integration theory of Carmona and Nualart [10],
to provide a rich class of reasonable large trader market models. Section 4 provides
the definition of the real wealth process of a large trader. Moreover, we discuss
the connections and differences of the minimal large trader market model and the
large trader model proposed in [4]. Section 5 is dedicated to the analysis of the large
trader utility maximization problem. Moreover, it highlights new phenomena that
arise in a financial market due to the presence of a large trader.

Finally, it should be mentioned that a short overview of strong non-linear integra-
tors and the non-linear stochastic integration theory can be found in the Appendix.

3.2. Reasonable large trader market models

We start by introducing the two core modules of the large trader modular model.
These are the ‘price module’ and the ‘NA module’; of course, ‘NA’ is an acronym
for ‘no arbitrage’. As in all modules, the idea is to provide a minimal assumption
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that allows us to model the impact of the large trader on the module for all sim-
ple strategies. With this foundation, a proper definition of the module for simple
strategies, we extend the definition to more general large trader strategies using a
limit procedure. Summarizing the ideas of these to modules, we end this section
with the definition of the class of reasonable large trader market models. In our
opinion, this is the class of models that satisfies the two minimal requirements of
a large trader model. Firstly, it allows to model the price process affected by the
large trader as a semimartingale. Secondly, modelling the impact of a large trader
can be done in a way that respects a (minimal) economic no arbitrage assumption
for the small trader. Here, we choose the (NFLVR) condition as our minimal no
arbitrage assumption for the small trader.

It might be helpful, if the reader is familiar with the basic definitions of strong
non-linear integrators, strong non-linear integrals, as well as basic results on con-
vergence in the semimartingale topology. A detailed introduction to these concepts
is provided in the book by Carmona and Nualart; see [10]. An overview of these
concepts can be found in the Appendix. As we work on a finite time interval, we
use the following convention: Results from the literature formulated for an infinite
time horizon are used by applying the corresponding result to the stopped process.

3.2.1. The price module: Price process affected by a large
trader strategy

Our financial market consists of a probability space (€2, F,P) equipped with a fil-
tration F = (F;) tefo,r) that satisfies the usual conditions. Besides, Fy is trivial apart
from zero sets and T denotes some finite time horizon. At the core of our model,
we have a family (S (9, .)), ¥ € R?, of R-valued semimartingales, adapted to F and
the following space of simple strategies.

Definition 3.1 ([10]): Let 0 be a predictable process with representation

0(t) =011+ Y Ol r,, (1), (3.1)

i=0
where 0 = 19 < 1 < ... < 701 = T is a finite sequence of (F;)-stopping times,
0, € RY, and 0; is for each i € {0,...,n} a bounded, F,~measurable, R¢~valued
random variable. We call 6 a simple strategy, if the random variables 6; as well
as the stopping times 7; take only finitely many values. The space of all R —valued
simple strategies is denoted by S (Rd).

Price process affected by simple large trader strategies

As pointed out in the introduction, there are different types of liquidity risk. These
liquidity risks are caused by the presence of the large trader. In order to model the
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different types of liquidity risk, depending on the large trader strategy 6 € S (R),
we introduce a function

F:S(R)— S(RY),

0— F(0) =:0.

While we interpret the process 8 € S (R) as the large trader strategy, 6 := F(0) €
S (]Rd) is considered to be a breakdown of # into those components that cause the
impact on the price process. Furthermore, let (7;);<n4+1 denote the sequence of
stopping times appearing in the decomposition of 6. The stopping times (7;)i<n+1
are interpreted as those points in the future when the large trader’s actions cause a
change of the price dynamics. With these ideas in mind, we model the discounted
price process, caused by those changes, by the elementary non—linear stochastic
integral

PY /Ot S (F(0:). ds) = S(0-1.0) + {s (éﬂ.w, Tirr A t) s (éﬂ.AH, 7 A t) } .

(3.2)
There are two aspects that we have to take into account. First of all, the price
processes, affected by a large trader strategy, should serve as a reasonable price
process of a frictionless small trader model. As the class of semimartingales is the
classical choice for modelling price processes in frictionless small trader markets, we
work under the following standing assumption.

Assumption (P-I): For all # € S (R), the process P’ defined in (3.2) is a semi-
martingale. [l

The second aspect is related to the representation of a simple strategy. In ap-
plications, we would like to define the function F' : S(R) — S (Rd) by using this
representation. As the representation is not unique, we have to select a particular
one.

Lemma 3.2: Let 0 € S(R). Then 6, € F; for allt € [0,T]. Moreover, define for
t>0
A+9t = 1}5{8 (0t+h - 975) .

Denote by t, < ... < tx the jump times of 6 € S(R), i.e. those t € [0,T] such that
P(A*0; # 0) > 0. Besides, set

0=ty <t1 <...<tg <tgy =T}, if0 jumps with positive probability,
{0,T}, else.
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Then

K
9*1]1{0}_'_ Z 9ti+]l(ti,ti+1] (3:3)
(then

is a representation of 6 € S(R) that is unique in the following sense: 11 is the smallest
deterministic partition of [0,T| that contains 0,T, and all jumps of 6 € S(R).

Proof: Recall that, by assumption, the filtration F satisfies the usual conditions.
Hence, F is right—continuous. Since § € S(R) is bounded, the right—continuity of F
ensures that 6, € F; for all t € [0,7]. As 6 € S(R), it jumps at most finitely many
times. If we define I as above, we know that it contains all jump times of § € S(R).
Hence, (3.3) is indeed a representation of § € S(R). As P(A*6,, # 0) > 0 for all
i€ {l,..., K}, the uniqueness is clear. ]

Definition 3.3: For 0 € S(R) we call (3.3) the minimal representation of 6.
Now, let us consider some concrete examples.

Example 3.4 (Classical small trader setting): If S(¢,.) = S(0,.) for all ¥ € R?
the definition coincides with the classical one for small traders. Indeed, the price
process at time ¢ is P?. In this case, the trading activities of the large trader have
no impact on the evolution of the price process.

Example 3.5 (Stochastic Differential Equations): Let d = 1, F' = id, and assume
that the primal price processes S (¢, .) are given as strong solutions of the SDEs

dS (9,t) = v” (S (¥,t)) dt + o (S (9,t)) dW,.
Here, W is a Brownian motion, the function

b:-RxR—R
(19,$)»—>bﬁ(x)

is assumed to be continuous and non—decreasing in the first argument and Lipschitz
continuous in the second argument. Furthermore, we assume that o is a function
that is bounded from below by some & > 0 and satisfies | (z) — o (y)]* < p (lz — y|)
for some p > 0. Besides, let S (9,0) < S (¥,0) whenever ¥ < . Hence, in this
example, the trading decisions of the large trader influence the drift term instanta-
neously. Note that the comparison theorem [43, (3.7) Theorem] for SDEs ensures
that the family (S (9, .))ser satisfies the following condition:

Condition (O): ¥ < implies S (9,.) < S (¢, .).

78



3.2. Reasonable large trader market models

This condition has been introduced by Bank and Baum; see [4]. Due to Theorem
A8, (S(9,.))ser is a strong non-linear integrator. This in turn ensures that As-
sumption (P-I) holds. Finally, we want to emphasize the following point. Condition
(O) has been introduced in [4] to exclude arbitrage opportunities for the large trader
in their model. We do not need Condition (O) for any particular reason. It is just
an additional feature of this primal family of price processes.

Example 3.6 (Reaction-Diffusion Setting): Let d = 1 and F' = id. Moreover,
let ¥ (¢, 2,9) be a C+*'~function. Define, similarly as e.g. in [25], S = (S (¥, ))ger
via S (9, t) = ¢ (t, W, ), where the Brownian motion W models some fundamental
state variable. Due to Ito’s formula, the dynamics of the primitive price processes
have the form

o 10> )
dipy = <6t + §W> e dt + oy W,

We assume that 0v/0x is strictly positive. Note that 0¢/00 > 0 implies (O). An
explicit example for a reaction function is given by ¥ (t, Wy, 9) = exp(cW; + kit),
where o,k > 0. It satisfies in particular condition (O). Moreover, (P-I) holds due
to Theorem A.18. Finally, the dynamics of ¥ (t, Wy, ) = exp(cW; + k0t) are given
by

1
diy = 1y ((w + 5&) dt +o th) .
Example 3.7 (Almgren—Chriss type model): Let d = 1 and
P = ]50 + O'I/V,

where W is a Brownian motion, o > 0 and P, € R. Besides, let h,g : R — R be
non—decreasing, continuous functions with g(0) = h(0) = 0. We define [ S (67, ds)

for § € S(R) as

t
" n
/ S (és,d8> = -lf)t _._/29(91)]1(7'@ Tl+1] dU-'-Zh ]l[Tz Tit1) )
0 o =0

Hence, (P-I) holds. To achieve an Almgren—Chriss type model for simple strategies
let § € S(R). F: S(R) — S(R) is defined as the composition of two functions. The
first one maps 6 € S(R) to its minimal representation

0 (t) = 9,1]1{0} + Z 0ti+]1(ti7ti+l] (t) .
i=0
The second one maps the minimal representation to

. Qtﬁ- B eti— +
Z —l]l(tiyti-ﬁ—l] <t> )

P ti —ti—1
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Chapter 3. A modular model approach to large traders

where we use the convention 0 - (£o00) = 0. Hence, we have

. etﬁ- B 0ti—1+
F (6) = Z ﬁﬂ(ti,tiﬂ] (t> : (34)
i—0 i i—

As a result, we get

t
pr— / S (F(6), ds)
0
9 9 -1 01 01 1
_B+/Z ( t;_tt +) (tutz+1] d“+zh< t;—_tt 1+> ]l[tiuti-‘rl) (t)

Price process affected by general large trader strategies

In all modules, the main idea how to extend the results for simple strategies to a
general strategy is similar. We extend the definition to arbitrary strategies using a
certain limit procedure. Of course, different limit procedures might lead to differ-
ent classes of possible price processes affected by the large trader. Using Example
3.7, we explain how different choices can indeed influence the class of possible price
processes affected by the large trader.

Intuitively, Example 3.7 leads to the Almgren—Chriss model [2, 1]. Indeed, let
6 € L(R), where IL(R%) denotes the space of all R%valued, adapted processes having
caglad paths. Moreover, we assume that the paths of 6 are continuously differen-
tiable. Besides, define the sequence (6"),>1 C S(R) via

2m—1

o (t) = 9011{0} + Z HZ%TH(Q%T”

2
=0

T] ().

Recall the definition of F' in (3.4) and note that

F(0") — 0.
ucp
Since 0 € L(R) has continuous paths, the dominated convergence theorem ensures
that

ucp

P — P+ /g(@) du + h(6).

Although h(f) has continuous paths, it is not clear whether or not h(f) is a semi-
martingale. Indeed, let ¢ = 0, h = id, and 6 be a deterministic and continuously
differentiable function such that 6 is not of finite variation. Then the limit of P?"
in ucp is the sum of a martingale and a deterministic function that is not of finite
variation. Hence, the limit cannot be a semimartingale. Nevertheless, for the set

{6 € L(R)| 6 has twice continuously differentiable paths}
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3.2. Reasonable large trader market models

of possible large trader strategies, this limit procedure leads to reasonable semi-
martingale price processes affected by the large trader.

Due to these considerations, we suggest the following definition of a price process
affected by a general large trader strategy.

Definition 3.8: Let (S (9, .))ycga satisfy (P-I). Moreover, let F : S (R) — S (R?)
be a function and 6 € L(R). If there exists a sequence (0"),>1 C S (R) such that

1. 0" — 0 in ucp,
2. (P""),>1 is a Cauchy—sequence in in the semimartingale topology,

then the discounted price process P? affected by the large trader strategy 6 € L (R)
is the limit of (P?"),>1 in the semimartingale topology, i.e.

P — PP
SM
Remark 3.9: [t should be mentioned that we do not know a priori whether or not
the definition is, in general, independent of the approrimating sequence.

On the one hand, assuming that (S (¥,.))ycga is a strong non-linear integrator
might be too restrictive in some cases. On the other hand, it ensures the existence
of price processes affected by the large trader for arbitrary strategies.

Theorem 3.10: Let (S (1,.))yera be a strong non-linear integrator. Then the fam-
ily (S(0,.))gegpa satisfies (P-I). Moreover, if the function F : L(R) — L(R?) s
continuous (w.r.t. the ucp—topology), then for all @ € L (R) there exists a sequence
(0™)n>1 C S (R) such that the following properties hold:

1. 0™ = 0 in ucp.
2. (P%"),>1 is a Cauchy—sequence in the semimartingale topology.

Hence, the discounted price process P? affected by the large trader strategy 0 € L (R)
exists. Finally, the definition of P? is independent of the approximating sequence.

Proof: The statement is an immediate consequence of the definition of a strong
non-linear integrator and Theorem A.16. O

3.2.2. The NA module: Incorporating no arbitrage
considerations for the small trader into the price module

In this section, our financial market consists of a probability space (€2, F,P) equipped
with a filtration F = (]:t)te[o 7) that satisfies the usual conditions. Moreover, Fy is
trivial apart from zero sets and T' € (0, 00). Furthermore, the family (S (9, .)) cga of

81
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R-valued semimartingales is adapted to F and satisfies (P-I). Finally, F' : S(R) —
S(RY) is some fixed function.

Our goal is to incorporate no arbitrage considerations for the small trader into the
‘price module’. In the introduction of Chapter 2, we already pointed out that there
are various no arbitrage definitions that are linked to a pricing operator. Here,
we consider the (NFLVR) condition. Thanks to the (FTAP), this condition is
equivalent to the existence of an equivalent oc—martingale measure for the price
process P?. An important question at this point is: ‘What filtration should we
choose?’. There are three natural candidates.

We denote by

FST — ( ]_—tST)

the smallest filtration that satisfies the usual conditions and contains the filtration

t€[0,T]

generated by P’. Here, the superscript ‘ST’ means ‘small trader’. It emphasizes
that F°T is the natural choice for the small trader’s information structure. The
situation for the large trader, applying the strategy 6, is different. Her information
structure is given by the smallest filtration

F = (]:tLT)te[O,T]

that satisfies the usual conditions and, moreover, satisfies 77T Vo (6, : s <t) C FFT
for all t € [0, 7). In this case, the superscript ‘LT’ means ‘large trader’. Finally, the
most convenient choice for a filtration would be F itself.

In [32], Jarrow assumed that, “given the large trader’s information, there are no
arbitrage opportunities for the price taker”. In our setting, this would be equivalent
to assuming that there exists Q ~ P such that P? is a Q%-c-martingale w.r.t. FX7.
Here, we work with the following weaker no arbitrage assumption for the small

trader:

Assumption (NA-I): For all § € S(R) there exists Q° ~ P such that P’ is a
Q% o-martingale w.r.t. F57T. O

We consider Assumption (INA-I) as our minimal standing assumption in this
module. The next definition is a reformulation of this idea for general large trader
strategies.

Definition 3.11: Let 6 € L(R), let (S(V,.))gepe be a family of R-valued semi-
martingales adapted to F, and let F : S(R) — S(R?) be a function. We say
that the triple (S, F,0) is a reasonable large trader market model, if the following
conditions hold:

1. (S, F) satisfies Assumption (P-I) and Assumption (NA-I).

2. The discounted price process P? exists in the sense of Definition 3.8.
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3.2. Reasonable large trader market models

3. There exists Q% ~ P such that P° is a Q- -martingale w.r.t. F5T.

We denote by (S, F, V) the class of all reasonable large trader market models for the
pair (S, F).

Remark 3.12: Note that by definition (S, F,S(R)) is a subclass of (S, F, V). The
difficult question is: ‘How big is (S, F,W)?’.

Without further restrictions, it seems to be almost impossible to give an answer
to this question. Nevertheless, in concrete examples it is at least possible to show
that (.S, F, V) is significantly bigger than (5, F, S(R)).

Example 3.13 (Classical small trader setting): Under the assumptions of Ex-
ample 3.4, we have S(0,.) = S(0,.) for all ¥ € R% Hence, for all functions
F : S(R) — S(RY), Assumption (NA-I) holds if and only if P° features an
equivalent o-martingale measure w.r.t. F5T. In this case, (NA-I) is equivalent
to (S, F,¥) = (S, F,L(R)).

Example 3.14 (Almgren—Chriss model): Let d = 3 and let g be a non—decreasing
continuous function such that g(0) = 0. Besides, let h € C*(R,R) be another non—-
decreasing function such that h(0) = 0. For ¥ € R3, we define the primal family
S = (S(¥,.))gers by
S(0,.) = P+ g(92)t + Ush'(9a)t,

where P = ]50 + oW for a Brownian motion W and ¢ > 0. For j < 3 and 0 ¢
S(R?) with representation (3.1), we denote by (6;); the projection of 6; onto its j*
coordinate. A straightforward computation reveals that

/tS <és,ds)
= pt+/ : g((éi)Q)]l(Ti,TH-ﬂ (u) du+/ . (éi)?»h/((éi)?)]l(ﬁﬁwl] (u) du.

Thus, Assumption (P-I) holds. Furthermore, Girsanov’s theorem and Novikov’s
criterion ensure that (N A-I) is valid for any measurable function £ : S(R) — S(IR?).

Let us choose a particular function. For 6 € S (R), F/(0) = (F1(0), F»5(0), F5(0)) is
defined as follows. F}; maps 6 € S (R) to its minimal representation

9 (t) - 0_111{0} + Z 0ti+]l(ti,ti+1] (t) .

i=0
F, is defined as in the Almgren—Chriss model above; see (3.4). Finally, F3 maps the
minimal representation of § € S (R) to

n

91]1 (titiv] (t> )
=0
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where for 1 <n

(et py 4> 0and i <,
g, — (=) (3.5)
0 else.
At first glance, this definition might seem a little weird. But, for
0 € {6 € L(R)| The paths of § are twice continuously differentiable.} ,

we can choose an approximating sequence using the dyadic rationals. Indeed, let

T
H”;:{L- 0952”}

on
and define
2n—1
QZ = 90]1{0} + Z 9;%]1(;%’(12711)T](U)
=0

For these strategies, (3.5) is given by

T | (i—2)T (i—2)T T | (i—2)T
O@om+ m ) =20 )+0(=25m+ n ) ifi—4>0andi<n
- J— )

o = i) (3.6)
0 else.

Due to Taylor’s theorem, for all n € N and all ¢« < n there exist é”’i, (e [0, 7]
such that (3.6) is given by

g JE (I 1 8C) -4z 0mdi<n

0 else.

where 6 denotes the second derivative of 0,

(1—2)T
- 2n 2n = '
Hence, the dominated convergence theorem allows us to conclude that

2n

t t

ﬁ=é+/ﬂ@mw/@ﬂMmL

t

_ B+ / 9(6) du + h(G,) — h(6o).

0

Moreover, Proposition A.6 ensures that

P — po
SM
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3.3. Strong non-linear integrators and the (LTMM)

Hence, P? is a discounted price process in the sense of Definition 3.8 for all
6 € {0 € L(R)| The paths of # are twice continuously differentiable.} .

Moreover, if 6 has bounded first and second derivatives, Girsanov’s theorem and
Novikov’s criterion ensure that the triple (S, F, 0) is a reasonable large trader market
model.

In order to provide a broader class of reasonable large trader market models, it is
sensible to consider a family (S (¥J,.)) cpa that satisfies certain regularity assump-
tions. At this point, the strong non-linear integrators seem to be tailor-made for
our model and its minimal assumptions (P-I) and (NA-I).

3.3. Strong non-linear integrators and the (LTMM)

In Section 3.2, we introduced Assumption (P-I). It ensures, that all price processes,
affected by a simple large trader strategy, are in fact semimartingales. As we pointed
out above, this assumption is satisfied as soon as the family S = (5(9,.))gera is
a strong non-linear integrator. Besides, Theorem 3.10 guarantees that the price
process P? exists for all § € L(R) as soon as the function F : L(R) — L(R?) is
continuous. Hence, for non-linear strong integrators S = (S(4,.))yerd, it remains to
provide conditions that ensure the existence of an equivalent c—martingale measure
for P?. This in turn enables us to characterize the class (S, F, ¥) of reasonable large
trader market models.

In the first part of this section, we introduce a no arbitrage assumption for the
small trader that is weaker than (NA-I). To be more precise, Assumption (NA-IT)
claims that for all constant large trader strategies ¥ € R there exists an equivalent
o-martingale measure for P” w.r.t. the underlying filtration F. The fact that S =
(S(¥,.))gera is a strong non-linear integrator enables us to prove that (NA-II) is
sufficient for (NA-I). In the second part, we use the definition of the strong non—
linear integrator to provide sufficient conditions that guarantee the existence of an
equivalent o-martingale measure for P?, where § € L(R) is a general large trader
strategy.

As before, the financial market consists of a probability space (2, F,P) equipped
with a filtration F = (]:t)te[o,T] that satisfies the usual conditions. Furthermore,
Fo is trivial apart from zero sets and T € (0,00). Moreover, F : S(R) — S(R?)
is some fixed continuous function and S = (S(¥,.))gere is a family of R-valued
semimartingales, adapted to [F, that satisfy the following assumption:

Assumption (P-II): (S (¥,.))ycga is a strong non-linear integrator that satisfies
the following conditions:
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1. S(9,.) is a continuous semimartingale for all ¥ € R

2. Outside of a P-null set, S is continuous in the space parameter 9.

Recall that for § € IL(R) the price process P is defined as

. / S(F(6), ds),

where F' : L(R) — L(R%) is a continuous function. Since we are not interested
in a particular function F, we find it more convenient to consider [ S(,ds) as the
price process affected by the large trader. Note that this entails that we have to use
‘strategies” in IL(RY)! Throughout this section, we extensively use the notion ‘ez-
tended simple strategy’ and ‘convenient approximating sequence’. Essentially, both
notions refer to a slightly more general notion of simple strategies that have certain
nice properties. For the definition of the space of extended simple strategies, S¢(RY),
and the notion of ‘convenient approximating sequence’, we refer to Definition A.1
and Definition A .4. Finally, it should be mentioned that, if not otherwise stated, all
(in—) equalities between random variables are understood as P-a.s. (in—) equalities.

3.3.1. No arbitrage with simple strategies

Our main assumption is that there are no arbitrage opportunities for the small
trader, if the large investor only employs constant strategies. A mathematical for-
mulation is the following assumption:

Assumption (NA-II): For all ¥ € R? there exists an equivalent local martingale
measure Q? for S (9,.) w.r.t. F. O

The following example shows that in the ‘Stochastic Differential Equation’-setting
and in the ‘Reaction-Diffusion Setting’ Assumption (NA-II) is satisfied.

Example 3.15: Recall the assumptions of Example 3.5 and Example 3.6.

(i) Stochastic Differential Equations. The primal price processes S (v, .) are given
as strong solutions of the SDEs

dS (9,t) = b° (S (9,t)) dt + o (S (9,t)) dW,,
where W is a Brownian motion. Furthermore, the function

b:RxR—R
(0,2) — b'(x)
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is continuous and non—decreasing in the first argument and Lipschitz continuous
in the second argument. Moreover, ¢ is bounded from below by some ¢ > 0 and
satisfies |0 (z) — o ()|* < p(Jz —y|) for some p > 0. Due to Theorem A.18 and
Lemma A.10, we can conclude that S (1J,.) satisfies (P-II). Besides, Girsanov’s
theorem and Novikov’s criterion guarantee that assumption (NA-IT) holds. Note,
however, that there is in general no universal martingale measure for all S (49,.).
Hence, the analysis of Bank and Baum, see [4], does not apply to this situation.

(ii) Reaction—Diffusion Setting. Recall that the price process S = (S (7,-))yer
is given by S (0,t) = 9 (t,W;,¥), where the Brownian motion W models some
fundamental state variable. Moreover, the dynamics of the primitive price processes
have the form

ot 20x?
where 0 /0x is strictly positive. For the explicit reaction function ¢ (¢, Wy, 9) =

o 102 0
dlpt — <— + ——> ¢t dt + %wt th,

exp(ocW; + kdt), where o, k > 0, the dynamics are given by

dipy = 1y ((/@19 + %02> dt + o th) .

Here, condition (O) is valid. Moreover, Assumption (P-II) holds due to Theorem
A.18 and Lemma A.10. Again, Girsanov’s theorem and Novikov’s criterion ensure
that (INA-II) holds in this particular example. But, in general there does not exist
a universal local martingale measure for all S(¢,.). Thus, the analysis of Bank and
Baum does not apply to the Reaction-Diffusion Setting.

The next proposition is the main result of this subsection. It guarantees the
existence of an equivalent local martingale measure, if the large trader’s strategy is
simple.

Proposition 3.16: Let § € S° (]Rd) be an extended simple strategy of the large
trader with representation (A.1). Moreover, let S = (S(9,.))gere satisfy (P-II).
Under (NA-II), there exists an equivalent local martingale measure Q° for the price

process [ S (0,ds). Moreover, (NA-II) is sufficient for (NA-I).

Proof: For 9 € R?, let Z” denote the density process of a local martingale measure
QY for S (49, .) which exists because of (NA-II). As @ is a simple strategy, all the §; in
the representation (A.1) assume only finitely many values denoted by {191-1, ooy Vi, }
We may assume by localization that the S (¢,.) are Q’-martingales for each ¥ from
this finite set. Define probability measures Q%, i € {0, ...,n}, by

; dQGZ S Dij
ZtGZ = dP =G Z Zy J1{9i=19ij}’
Fi j=1
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where the ¢; are normalising constants. Then [ S (6;,ds) is Q”-martingale for all
i €40,...,n}. Indeed, for each 7 € {0,...,n} and t € [0,T] we set

At Sz = S(Ql‘,TZ‘+1 A t) — S(Ql‘,TZ‘ A t) s
At Si’j = 5(191‘]',7'1‘+1 A\ t) ) (19@‘,775 A\ t) .

Bayes’” formula enables us to compute the conditional expectations under a measure
change; for i € {0,...,n} and s < t we get

. 1 , .
Ego; [A S| Fy] = Sl [ 2% Ay S| T

1 - D5 i

= i) Br 277 A S gm0, |
s j=1

=cy, ﬁE@ﬂij (A S g2,y | Fo] - (3.7)
=1 Zs

Moreover, for fixed j € {1,...,m;} we compute
EQﬂij [At S ]l{Gi:ﬁij}’ ]:S] = EQﬁij [At S ]l{gizgij}]l{szﬁ}‘ fs] + (3.8)
+ E(@ﬂij [At S Lig,=v0,;3 Lis<r} fs} .

First, let us compute the first term on the r.h.s.. Due to Assumption (NA-II),
we know that A; S¥ are QYs-martingales for all j € {1,...m;}. As 0; is F,—
measurable, we can conclude that
EQﬁiJ' [At 5Y ]l{ei:ﬁij}]l{SZTz‘}‘ ]:S} - EQ%' [At 5Y ‘]:S] Ligi=0,3 Lis>r)
= A, 5" ]l{@i:ﬂij}]l{szri}'
In the second step, we compute the second term on the r.h.s. of (3.8). It is in

fact equal to zero. Indeed, by conditioning on F,, and using the tower property of
conditional expectation, we get

E@’Sij [ Ay S 1 {0:=0:;} L {s<r}

F) = Egoy | Egps [ 575,20, T smy

F]

7|

= Eqgvi []1{9i=19z‘j}1{5<n} Egois [At 8Y |~7'-TJ

7.
Due to the martingale property of S (¢;;.), we can conclude that

EQ%' |:]l{0i:'l9ij}]1{5<7i} EQﬂij [At 7 }]:Tz]

fs] - EQﬂij []1{0¢:19¢j}ﬂ{8<7i} A, SM! Fs]
= 0.

Since Ay SY1g,—g,;3L{s<ry is zero, the computations above ensure that (3.8) is
equivalent to
Egoy [A1SY 1ggmg,y| Fo] = As S 4,9,y
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Summing up over j, we deduce from (3.7) that
Ego [A S| Fo] = A S

Hence, [ S (6;,ds) is a local martingale under Q%. Finally, we construct the density
process Z% of Q% on the whole time interval [0, 7] by concatenation,

n 0;
Z@ L H Zt/\Ti_‘_l
t/\Ti

1=0

3.3.2. No arbitrage with dynamic strategies

We are looking for sufficient conditions that enable us to extend the results for
extended simple strategies to general § € L (Rd). This in turn means that the class
of reasonable large trader market models is given by (.S, F, L(R)). Our main tool is
the following version of the Fundamental Theorem of Asset Pricing.

Theorem 3.17: Let S = Sy + M + [ A d[M] be a continuous semimartingale.

1. S satisfies (SC) if and only if £ (— A dM) s a strictly positive local mar-
tingale density for S.

2. There exists an equivalent local martingale measure for S if and only if S

satisfies (SC) and the classical (NA)-condition.

Proof: Lemma 2.22 ensures that the first statement holds. The second statement
follows from the Fundamental Theorem of Asset Pricing [16]. O]

Remark 3.18: Let 0 € L (]Rd). Due to the theorem it is clear that the structure
condition (SC) is necessary for the price process [ S (0,ds) in order to admit an

equivalent local martingale measure. Hence, we start looking for sufficient conditions
that ensure that [ S (0,ds) satisfies (SC).

The next lemma highlights that it is natural to use the definition of [ S (6,ds) to
find conditions that ensure the existence of an equivalent local martingale measure.

Lemma 3.19: Let S = (S(9,.))yera satisfy (P-I1) and let Assumption (NA-II)
hold. Further, let 6 € 1L (Rd), (0™)n>1 C S° (Rd), where

0" (1) = 0", + ) 070 (] (1)
=0

Then the following statements hold:
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1. The canonical decompositions of (fS 0", ds))n>1 can be written as

/ S (0", ds) = Sp + M™ + / AW g [M"], (3.9)

2
where fOT ()\z(f")) d[M™], < oo P-a.s. and

. mn o o . mn "
My = Z (Mrf+1At - M’rf/\t) and A" = Z AS L (t).  (3.10)
i=0 i=0

2. If [ S(0,ds) = So+ M + A denotes the canonical decomposition of [ S (6,ds),

where M s a continuous local martingale, then 0™ — 6 ensures that
ucp

M" — M and [M"] — [M] and / AW d MY — A,
SM SM SM
3. Under 2., there exists a subsequence (still indexed by n) such that P-a.s.
1% (/ A g M) — A) — 0. (3.11)
T

Proof: Assumption (NA-II) and Theorem 3.17 allow us to write the canonical
decompositions of (S(¥,.))gera as

S(,.) =S+ M’ + /Aﬂ d[M"],

where IP’(fOT()\g)Q d[M?], < o0) = 1 for all ¥ € R% For any sequence (0"),>; C
Se (Rd), Proposition A.14, Theorem 3.17, and Proposition 3.16 ensure that the
canonical decompositions of ([ S (6", ds))n>1 can be written as

/5(9",ds) =SP4+ M"+ /M") d[M"],
T (n) 2 n n n
where | ()\u ) d[M"], < oo P-a.s. for all n > 1. Moreover, for 6™ (t) = 6", +

> i 0?]1<7.jn77_n ] (t) we have

i+

I AV o () _ N\
M;* = Z (MTZ.’L+1/\t - MrﬁAt) and A = Z At ]I(ngﬂnﬂ] (t) -
i=0 i=0
Due to Proposition A.7, the claim is proven. O

Remark 3.20: The lemma is the key tool for checking whether or not the price
process [ S (0,ds) satisfies (SC). It allows us to use classical results from measure
theory that guarantee the convergence of Lebesgque—Stieltjes integrals as in (3.11) to
a limit of the form [ X d[M]; see e.g. |9, 4.7.132-4.7.133|. These results usually
assume point—wise convergence of the integrands ()\("))nzl. However, at this point,
we do not know a priori whether or not the ucp—convergence of (6™),>1 itmplies the
point-wise convergence of the integrands (A™),,>1.
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3.3. Strong non-linear integrators and the (LTMM)

Sufficient conditions for [ S (6, ds) to satisfy (SC)

The following theorem gives a sufficient condition for the price process [ S (6, ds) to
satisfy the structure condition without assuming point-wise convergence of (A™),,>.
Within the proof, we frequently use the following fact.

Lemma 3.21 ([42, Corollary, p. 40]): Let A be a non—negative, right—continuous,
and non—decreasing process and H be a jointly measurable process such that F =
[ H dA exists and is finite for all t > 0 up to indistinguishability. If V (F), denotes
the total variation of F' on the interval [0,T], then

T

V(F)p :/|H|u dA,.

0

Theorem 3.22: [f
T

liminf/ (A d[M™), < oo (3.12)
n—0o0
0

holds P—a.s., then the price process [ S (0, ds) satisfies the structure condition (SC).

Proof: We first prove that there exists a predictable process A such that

A—/)\d[l\/[]

holds. As [M"] — [M] in SM, Proposition A.7 ensures that there exists a subse-
quence (still indexed by n), such that (recall our convention that equalities between
random variables are to be understood P-a.s.)

lim V ([M"] — [M]), =0, (3.13)

n—o0

as well as

lim V (/ AW g M) — A)T = 0. (3.14)

n—oo

Therefore, we have

V (A), < liminfV (/ A d[M”]) : (3.15)

n—oo

Due to Lemma 3.21, we get for n > 1

V (/,\W d[M”]> Z/T\A;n)‘d[M"]u:/Tu)\gn)‘d[Mn]u' (3.16)
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Combining (3.15) and (3.16) and applying Hélder’s inequality to the r.h.s. of (3.16)
leads to

2

V (A); < liminf (]

n—oo

M\)—l
O\H
>/
:’5
E
:

By assumption (3.12), we have

lim inf / (A d[M™), < oo,
n—oo
0
and therefore
T 2
V(A), < (M 2 lim inf / (A
n—oo

0

holds. Because of the Radon—Nikodym Theorem, see [30, 3.13 Proposition], there
exists a predictable process A such that

A /)\ d[M]. (3.17)

It remains to prove that fOT A2 d[M], < oo holds P-a.s. Due to (3.13), there exists
a set N¢ of measure zero such that the family ([M"](w))nen, [M](w) is uniformly

bounded for all w € N. According to Lemma A .21, there exist probability measures
dB(w) on [0, 7] such that

VneN:dM'(w) < dB(w), and d[M](w)< dB(w),

hold for all w € N, where N is the set complement of N¢. Due to Lemma 3.21 and
(3.13), we get for allw € N

d[M] _
dB w,u) — ﬁ(w,u) dB,(w) =0,

lim V ([M"] — [M]),

n—oo n—oo

and
d[M"] d[M]

iB (w,.) — d—B(w")’
Combining (3.14), (3.17), and Lemma 3.21, we also have for all w € N

[

in dB(w)-probability.

(n)

(w, u) — )\u(w)d—]\g(w,u) dB,(w) — 0,
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and
d[M™] d[M]

A (W) in dB(w)-probability.

For all w € N, we may apply Lemma A.23 and Fatou’s Lemma to end up with

T T
d[M]
[ ) 1) = [y N T ) dBu)
0 0
r d[M"]
.. n) 2
<timinf [ 1 @) O0) U w,) dBiw)
0
T
< lim inf / (AP (@))? dM™u(w).
n—oo
0
Due to assumption (3.12), the claim is proven. O

The next corollary is an immediate consequence of the theorem and Lemma 2.17.

Corollary 3.23: If there exists a sequence of stopping times (Sp)m>1 T 1 a.s. and
a sequence (C,,) C L*(P) such that P(S,, =T) — 1 for m — oo and

Sm
lim inf / (M) d[M™], < Cy

n—00
0

holds P—a.s., then [ S (0,ds) satisfies the structure condition (SC).

Proof: Apply Theorem 3.22 to ()\(”)]l[o,gm])nx. This ensures that there exists A €
PLY (M) such that A = [ A d[M] and E [fOT A2 o,s,.1(w) d[M]u] < oo. As P(S,, =
T) — 1 for m — oo, Lemma 2.17 ensures that [ S (6,ds) satisfies the structure
condition. n

This corollary is tailor-made for our examples.

Example 3.24: Consider the setting of Example 3.15. Let (0"),>1 C S¢(R) be a
convenient approximating sequence for 6 € L(R), where

7 0 i+4+1

en <t>zze;n]]'(7”7'" ](t)u fOTnZ 1
=0

Denote by (S, )m>1 the sequence of stopping times such that the family {(6")5=, §5=}
is uniformly bounded and P(S,, = T') — 1 for m — oco. Recall that

/S(Q”,ds) = M"+/>\(”) d[M"]
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is the canonical decomposition of f S (6™, ds), where M™ and A\ are defined in
(3.10).

(i) Stochastic Differential Equations. In this setting the local martingales M" as
well as the A are given by

mn

Mtn = ZU (S(e:b?,rln)) (Wq—ﬁ‘_l/\t — WT?/\t) ,
=0
o 2 0% (S(607, 7))
L] (=D —5rarme iy Lo, ] ()
Z)\ W "H ) Z o2 (S((an,Tzn)) (Ti 7Ti+1] (t)

Since

£ (5888 oo

the assumptions made in the example and the special choice of (0"),,>1 and (S, )m>1
ensure that we can apply Corollary 3.23. Hence, the price process [ S (6, ds) satisfies
the structure condition (SC).

(i1) Reaction-Diffusion Setting. Similar calculations as in the example above show
that

Mtn = _Iw (Tina WTl.”y 9?) (W‘r.ﬁl/\t - WT?/\I?) )

k3

i=0 wa (Ti”, WTT;’ 9?))2 (TZ R

10

and

T M 102 n n
/ )\(n M" Z <6t +3 2 Oz2 > w (T' W-,—n, 01 ) (Tn _ Tn)
u ( W-r ’ 0@ ) 1+1 7 .

0
For general reaction functions v it is likely that one has to impose certain conditions
on the fraction above to ensure that the condition of Theorem 3.22 is satisfied.
However, for the reaction function (¢, x,9) = exp(ox + kit), where o,k > 0, we
get

T
mMn 1 2
/ (/\um)? d[M™], = Z (gezﬂ + 50) (7 =71
0 i=0

Due to the special choice of (0"),>1 and (S,,)m>1, we may apply Corollary 3.23 and
conclude that [ S (6,ds) satisfies the structure condition (SC).
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3.3. Strong non-linear integrators and the (LTMM)

The following example shows that (3.12) might depend on the choice of the ap-
proximating sequence.

Example 3.25: Let W be a standard Brownian motion and set S(¢,t) = W, + 0t.
For n > 1 choose §" = A" =nl,-s,2). Clearly A" — 0 a.s. and in L'. Therefore,

/ S(0", ds) —s W
SM

holds. Although the limit satisfies (SC) with A = 0, the assumption of Theorem 3.22
does not hold. Indeed, we have fOT |A"|? du = y/n. On the other hand, 6" = 1/n — 0
a.s. and satisfies (3.12).

Sufficient conditions for the existence of an equivalent local martingale
measure for [ S (0,ds)

Due to Theorem 3.17, the structure condition is a necessary condition for the ex-
istence of an equivalent local martingale measure for the price process [ S (6,ds),
where the canonical decomposition is given by

/S(e,ds) :M+/>\d[M].

A possible candidate for a martingale measure is now given via the density process

5(—/)\dM):exp(—/)\dM—%/)\Qd[MD. (3.18)

This stochastic exponential is a strictly positive local P-martingale and therefore
a P-supermartingale. It is well known that F [5 (— [AdMm )T] = 1 if and only if
the stochastic exponential is a true martingale. If it is a true martingale, dQ =
E(—[NdM )Td]P’ defines an equivalent local martingale measure for [ S (6,ds).
However, in general £ (— [ A dM) is not a true martingale; see [46]. The following
proposition gives a sufficient condition for £ (— JAdMm ) being a true martingale.
Hence, it provides a sufficient condition for the existence of an equivalent local
martingale measure for the price process [ S (6, ds), if the large trader uses a general
strategy 0 € L (RY).

Proposition 3.26: Let 0 € L (Rd) be a large trader strateqy. Moreover, denote
by (6™)n>1 C S° (Rd) a sequence of strategies such that 0™ — 6 in ucp. Recall the
notation of Lemma 5.19 and suppose that

1. £ (— A d]\/[”) are true martingales for all n > 1;

of random variables is uniformly integrable;

2. the family (€ (— [ A" dM™),)

n>1
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3. U AT dM™ — [ X dM}T — 0 in probability.

Then, £ (— I A dM) 1 a true martingale. Hence, dQ = & (— I A dM)TdIP defines
an equivalent local martingale measure for the price process [ S (6,ds) affected by the
large trader strategy 6 € 1L (]Rd). As soon as all 0 € 1L (]Rd) satisfy these assumptions,
the class of all reasonable large trader market models is given by (S, F,L(R)) for
arbitrary continuous functions F : L(R) — L(R%).

Proof: Due to [35, Proposition 2.7], the third assumption is equivalent to

/ A gy / X\ dM.
SM

According to Proposition A.7, the composition of C?-functions with semimartingales
is continuous w.r.t. the semimartingale topology. Therefore,

£ (—/M") dM”) — & (—/)\dM)
SM
holds. Due to the second item, we have & (— f AdM ) - = 1. This ensures that
& (— [ dM) is a true martingale. ]

For 6 € bLL (R?), where bl (R?) C L (R?) is the subspace of all bounded caglad
processes, our examples admit an equivalent local martingale measure for the price
process [ S (6, ds) affected by the large trader.

Example 3.27: Consider the setting of Example 3.15. Let (0"),>1 C S¢(R)
be a convenient approximating sequence for § € bL(R) and note that the family
{(0™)n>1,0} is uniformly bounded. Recall that for

70 41

0" (t) = me ] @®), forn>1,
i=0
the canonical decomposition of [ S (6", ds) is given by
/S(G",ds) = M”+/)\(”) d[Mm],

where M™ and A are defined in (3.10).

(i) Stochastic Differential Equations. Due to Example 3.24, we have

T
(s )\
2 < 70 W, Ti ) no_gn
/)\u d[M], < hﬁg}lf; <02 (S(Qf,r”))) (T,+1 T; ) )
0 b=

(2
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As by assumption o > ¢, the ratio b? () /o?(x) is again continuous in both arguments
and non—decreasing in 9. The same arguments as in Lemma A.10 ensure that
b’ (x)/o%(z) is jointly continuous. If, in addition, there exists a continuous function
f R — R and a constant ¢ > 0 such that

<cf(¥), V(®,z)eRxR,

then the fact that the family {(6"),>1, 60} is uniformly bounded, ensures that there
exists K > 0 such that

T
/ A2 d[M], < & 1iggi£fz F2Or) (1) — 1) < KT
0 =0

Hence, Novikov’s condition ensures that £ (— [AdMm ) is a true martingale. There-
fore, dQ =& (— JAdMm )T dP defines an equivalent local martingale measure for the
price process [ S (#,ds). Moreover, if f is bounded (S,id, ) is a reasonable large
trader market model for all § € L (R).

(11) Reaction-Diffusion Setting. Due to Example 3.24, we get for the reaction
function ¥ (t, z,9) = exp(ox + kIt), where o,k > 0,

T
R A P 2 . .
[, <tmine S (S0 + o) ).
0 =0
Since the sequence is uniformly bounded by some constant K > 0, we get
r 2K2 2
KR o
22 d[M), < 2T 7\
[xzann, <or (4 7)
0

Again, Novikov’s condition ensures that £ (— JAdMm ) is a true martingale and dQ =
& (— [AdMm )T dP defines an equivalent local martingale measure for [ S (6, ds).

Conclusions

In this section, we pointed out that additional regularity assumptions on the primal
family S = (S(1J,.))yerae ensure that the price process P’ exists in the sense of
Definition 3.8 for all 6 € L(R). Moreover, the regularity Assumption (P-II) ensures
that the minimal no arbitrage Assumption (NA-I) holds as soon as for all constant
large trader strategies § € R there exists an equivalent local martingale measure
for P?. In the second part, we provided a sufficient condition that guarantees the
existence of an equivalent local martingale measure for all large trader strategies

97



Chapter 3. A modular model approach to large traders

¢ € L(R). This in turn implies that for all continuous function F' : L(R) —
L(R?), the class of all reasonable large trader market models in given by (S, F, L(R)).
We achieved this result by extensively using the structure condition (SC) and its
connection to the (FTAP) for continuous semimartingales.

3.4. The minimal large trader market model

As pointed out in the introduction, the driving force behind a large trader model
is the motivation of the large trader to achieve a certain goal. Most often, the
formulation of this goal is strongly related to the large trader real wealth process.
This section provides the ‘last module’ introduced in this chapter, the definition of
the large trader real wealth process. As before, we define the wealth process for
simple strategies and extend the definition by taking limits in the semimartingale
topology. Combining all modules, the ‘price module’, the ‘NA module’, and the
‘wealth process module’, leads to the definition of a minimal large trader market
model. In the second part, we compare our minimal large trader market model to
the large trader model proposed by Bank and Baum; see [4].

3.4.1. The large trader wealth process

Due to the different economic considerations that influence the wealth process of a
large trader, this is for sure one of the most delicate tasks in a large trader model.
How to model the gains process due to trading? Should we insist on self-financing
conditions for the large trader? If the answer to the last question is ‘yes’, how
should we define the self-financing condition? Moreover, how should we incorporate
liquidity risks?

As [4] and [11], we only consider self-financing large trader strategies. To incor-
porate liquidity risk into their large trader model, Bank and Baum introduced a
special definition of the bank account as well as an idealized definition of the wealth
process, the asymptotic liquidation proceed process. In [11], the authors incorporate
liquidity risk into their model by using a new definition of self-financing strategies.
Using particular integration by parts formulas, both conclude that the real wealth
process V(0) of the large trader is of the form

V(0) = Vo + G(6) — C(6).

While G(0) represents the gains and losses due to trading, the non—negative process
C(6) is interpreted as costs due to liquidity risk. We take this representation of a
large trader real wealth process for a self-financing strategy as our definition.

Let (S, F,0) be a reasonable large trader market model. First of all, it is natural
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to model the accumulated gains and losses G(6), caused by trading, by the linear
stochastic integral of § w.r.t. P?, i.e.

G(0) = /0 dP?. (3.19)

Suppose that the price process P?, affected by the large trader, can be decomposed
into the sum of two semimartingales P and I?. On the one hand, P refers to the
exogenous part of the price process that is not influenced by the large trader. On
the other hand, I? models the impact of the large trader on the price process. With
this decomposition the accumulated gains and losses (3.19) are given by

G(6) = /9 d]5+/9 di’. (3.20)

Note that the Almgren—Chriss model, Example 3.14, features such a decomposition.
As in the other modules, we only define the cost function, related to liquidity risk,
for simple large trader strategies § € S(IR). More precisely, C'is defined as a function

C:S(R) — V*, (3.21)

where VT denotes the set of all adapted, non—decreasing cadlag processes. (Note
that we do not consider any kind of transaction costs!) With this notation, we define
the large trader real wealth process for § € S(R) by

V() =V, + /9 dP’ — C(9). (3.22)
Clearly, if P? can be decomposed as above, the wealth process is given by
V(0) =V, + /9 dP + / 0dI’ —C(0). (3.23)

In general, we think that it is reasonable to add a further component D to the wealth
process. This component models payment streams of the large trader. Clearly, such
an additional component leads to strategies that are no longer self-financing. As we
do not consider such phenomena, we think of (3.22) as a representation of the real
wealth process, where D = 0.

Let us get back to (3.22). As in the other modules, we define the new compo-
nent, the cost function C, only for simple strategies. For general strategies 6 of a
reasonable large trader market model, C' is defined by using a limit procedure.

Definition 3.28: Let § € L(R), let (S(V,.))yega be a family of R—valued semi-
martingales adapted to F. Moreover, let F : S(R) — S(R%) and C : S(R) — V7 be
a functions. We say that (S, F,C,0) is a minimal large trader market model, if the
following conditions hold:
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1. (S, F,0) is a reasonable large trader market model.

2. For the same sequence that appears in the definition of the discounted price
process PY, the sequence (C(0™)),>1 converges in the semimartingale topology.
Its limit, denoted by C(0), is interpreted as the liquidity risk related to the
large trader strategy 6.

We denote by (S, F,C,V,;,) the class of all minimal large trader market models
for (S, F,C). Moreover, we call the large trader strategy 0 tame, if (S, F,C,0) is a
minimal large trader market model and C(0) = 0.

3.4.2. Comparison with the large trader model of Bank and
Baum

In order to compare our modular model to the large trader model of Bank and Baum
[4], we consider a primal family (S(4, .))yer of continuous, R—valued semimartingales
that are all zero in 0. Furthermore, we assume that, outside of a null set, the
functions

S(w,.,.):Rx[0,T] — R

are jointly continuous. In the following, we compare the different modules of both
models to each other.

Price process module

For a simple large trader strategy 6 € S(R), the evolution of the price process in [4]

is modelled as
PBB(Qt, t) = S(9t+, t)

(As Bank and Baum consider strategies having cadlag paths, we have to use the
‘cadlag version’ of our simple strategy # € S(R).) Note that this price process is
in general not continuous. Indeed, if # is a simple large trader strategy, the jumps
of the strategy cause jumps of the price process to ‘different levels’ of the primal
family of price processes. Recall our definition of the price process for a simple large
trader strategy 6 € S(R). For F' = id, the price process P? is given by

t n
Pte = / S(es,dS) = Z {S (97-1./\754_,7_7;4_1 VAN t) — S (QTZ'/\IH-)TZ' A t)} .
0 i=0

It is clear that our price process has continuous paths. Indeed, due to our defi-
nition of the price process, the jumps caused by the simple large trader strategy
cancel out. Thus, our definition of the price process can be interpreted as ‘gluing
together’ the different levels of the primal family (S(9,.))ger of price processes. The
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simple large trader strategy 6 ‘decides’ at what point in time what levels are glued
together. Nevertheless, for constant large trader strategies the definitions coincide.
As a consequence, the interpretation of the primal family (S(9,.))ger is the same
in both models. Bank and Baum considered Py (9,.) = P.Y = S(¥,.) as the “price
fluctuations of the risky asset given that the large trader holds a constant stake of
¥ shares in the asset”. At this point, we want to recall our Condition (O):

<9 = PpP’<pY

This is exactly [4, Assumption 2|. Bank and Baum argue that this is a necessary
condition (in their model) to exclude trivial arbitrage opportunities for the large
trader employing an in—and—out strategy. Note that this argument relies on the fact
that the in—and-out strategy causes jumps of the price process Pss(0.,.). As our
price process is continuous, Condition (O) is, from this point of view, not necessary
for our model to exclude arbitrage opportunities for the large trader. At this point it
must be said that in this comparison of both models there exists only liquidity risk
due to ‘market depth’. Indeed, the market depth refers to the ability of a market to
absorb quantities without having a large effect on the prices. Clearly, this ‘quantity’
is the current position of the large trader in the stock. But be aware of the fact that
our model allows us, in a quite general setting, to also incorporate liquidity risks due
to ‘market resiliency’. In Example 3.14, the Almgren—Chriss model, this is achieved
by a proper choice of the function F': S(R) — S(R?). Finally, let us consider the
definition of the price process for general large trader strategies. Bank and Baum
make two technical assumptions. The first one is a regularity assumption on the
primal family (S(¢,.))ger. It is significantly stronger than our Assumption (P-
IT), as it assumes essentially the differentiability of the primal family in the space
parameter 9. Moreover, Bank and Baum assume that the large trader strategies
are (cadlag) semimartingales. In our opinion, this is a critical assumption from an
economic point of view as, in general, semimartingales are not predictable processes.
Hence, the large trader (in the Bank and Baum model) is, in a certain sense, able to
predict the future. Nevertheless, these assumptions allow Bank and Baum to apply
the Ito-Wentzell formula. This formula ensures in particular that the price process
Pss(0.,.) is in fact a semimartingale for all large trader strategies € S. From this
perspective, their technical assumptions are similar to our Assumption (P-II). The
later also ensures that the price process P?, affected by a large trader strategy, is a
semimartingale for all § € L(R).

Real wealth process module

Bank and Baum define the real wealth process for a semimartingale strategy of the
large trader as

Vis(0,t) := BY + L(6,,1),
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where the bank account 3¢ is defined as

t

BY = By — /PBB(eu_, u) dby, — [Pas(6.,.), 0],

0
The asymptotic liquidation proceed process L(f.,.) is defined as

0

L(6:,t) = /PBB(u,t) du.

0

The main idea of this definition is the following. In order to avoid turbulences of
the price process, the large trader does not sell a huge position of shares en bloc.
She rather splits the position into small packages and sells “one after the other in
a small time period”. As soon as the duration of the liquidation tends to zero,
the corresponding proceeds converge to the asymptotic liquidation proceed process.
Applying the Ito-Wentzell formula once more, the real wealth process of Bank and
Baum can be represented as

t

Vin(0,1) — Vi (60, 0—) — / L(0,_ds) — C(0),

0
where the cost function due to liquidity risk is given by

t

C() = % / Pl u) dlO);, + > / (Pos(6s,5) — Pos(u, ) du.  (3.24)

0 s

Here, P}, (¥, .) denotes the first partial derivative of the price process w.r.t. the space
parameter. Due to Condition (O), we know that P/, (9,.) > 0 for all ¥ € R. Hence,
the cost function is indeed non—decreasing. Note that the costs of liquidity risk
for strategies, whose paths are continuous and of finite variation, are zero. Thus,
in the setting of Bank and Baum these strategies are tame. Moreover, due to an
approximation result for the process f L(0s_,ds), Bank and Baum can conclude that
a large trader only employs tame strategies. This process [ L(f,—,ds) “accounts
for profits or losses from stock price fluctuations due to exogenous shocks”. Let
us compare the real wealth process of Bank and Baum to our real wealth process.
There is one particular nice aspect of the cost function (3.24). It expresses the costs,
due to liquidity risk, as a function of the large trader strategy and the primal family
of price processes. Note that one has to be able to define the quadratic variation of
the large trader strategy. As Bank and Baum choose semimartingale strategies this
does not cause any problems. However, our large trader strategies are elements of
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L(R). And for those strategies the definition of a quadratic variation is not clear at
all.

In order to compare the gains and losses processes due to trading, recall our
definition of G(0). It is given by

G(0) = /9 dpP?.

In our opinion, this process has two advantages. Firstly, the price process P? appears
in a very natural way in the representation of the gains and losses process. It is the
integrator of the linear stochastic integral w.r.t. the large trader strategy 6. Secondly,
suppose that PY can be decomposed as in (3.20), i.e.

G(@):/edﬁ+/9dﬂ

This is a decomposition of the gains and losses process into two components. One
the one hand, the component [ 6 dP is only exposed to the exogenous shock P. On
the other hand, f 0 dI° is the part of the gains and losses process which might allow
the large trader to use her impact on the price process to her own advantage. In
our opinion, it is a priori not clear, why [ L(6,_,ds) should ezclusively account for
erogenous shocks.

‘No arbitrage for the small trader’ module

In the last part, we compare the no arbitrage assumptions of our modular model
to those in [4]. [4, Assumption 3| supposes that there exists a probability measure,
equivalent to the historical measure, such that all semimartingales of the primal
family are local martingales under this measure. This is quite a strong assumption.
Indeed, consider the primal family (S(?,.))ger of [4, Example 2.1]. For all ¥ € R,
the dynamics of Pss(¥,.) = S(9,.) are given by the strong solutions of the SDEs

dPys (0, 1) = Pay(0,t) (1) dt + o) dW;),

where W is a standard Brownian motion. Bank and Baum pointed out that [4,
Assumption 3] implies that “the market price of risk (1 — r)/o? associated with
the exogenous risk factor dI¥; does not depend on the large trader’s position 7.
In comparison, our Assumption (NA-II) is much weaker. It only assumes that for
all ¥ € R there exists an equivalent local martingale measure for each primal price
process S(1,.). This allows us to consider more general diffusion-type examples; see
Example 3.15.

We end this comparison with a short remark on no arbitrage conditions for the
large trader. [4, Assumption 3| combined with an admissibility condition for the
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large trader strategies allow Bank and Baum to derive a no arbitrage condition for
the large trader. This condition ensures that there exists a universal probability
measure, equivalent to the historical measure, such that all large trader real wealth
processes of 1-admissible trading strategies are local martingales and supermartin-
gales under this measure. Apart from this particular ‘no arbitrage condition’ for the
large trader, there are other ‘(no) arbitrage’ conditions for the large trader in the
literature. For example, Schied [26] discusses ‘transaction cost triggered price ma-
nipulations’ in the classical Almgren—Chriss model. How to incorporate a particular
‘no arbitrage module for the large trader’ in our model is left for further research.

3.5. Utility maximization

So far, we discussed the existence of an equivalent o—martingale measure for the
price process P?, affected by a large trader. This in turn ensures that there are
no free lunches with vanishing risk for the small trader. An even more interesting
question, which has been risen in the introduction, concerns the motivation of the
large trader to trade. Here, we tie the motivation of the large trader to a utility
maximization problem.

In order to formulate the utility maximization problem, we first have to provide
an admissibility concept for the large trader. On the one hand, we think that this
definition should coincide with at least one definition of admissibility in the small
trader setting, if the large trader does not influence the price process. In this case,
she is in fact a small trader. On the other hand, the most popular admissibility
concept, the a—admissibility, where the wealth process is bounded from below by
a finite credit line a, is not tractable in our setting. Although this admissibility
concept has a clear economic interpretation, it might lead to a prohibition of all
constant large trader strategies (except 6§ = 0); see Remark 3.32 below. As simple
strategies form the core of all our modules, this would be highly unsatisfactory.
Here, we use a modified version of the concept suggested by Biagini and Sirbu [7].
These authors suggest (in a small trader setting) to consider those strategies that
allow for a loss control of the associated wealth process by a martingale under the
historical measure. Taking all these considerations into account, we end up with the
following definition of an admissible large trader strategy.

Definition 3.29: Let (S, F,C,0) be a minimal large trader market model. The
large trader strategy 6 € L(R) is called admissible, if there exists a strictly positive

martingale L? under the historical measure P such that
V() > -L°

holds up to indistinguishability. We call LY loss control of the strategy 6 € L(R).
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In the following, we highlight several new phenomena arising in a financial market.
They arise due to the impact of the large trader on the price process P?.

3.5.1. Phenomena arising in a simple large trader setting

In order to formulate the utility maximization problem, we need the following defi-
nition. It traces back to [6, 5].

Definition 3.30: Let u : R — R be a strictly concave, increasing, and twice con-
tinuously differentiable function that satisfies the Inada—conditions, i.e.

u'(—00) := lim v (z) =—-00 and u'(+o0):= lim u'(x)=0.
T——00 T—r+00

An admissible large trader strategy 6 € L(R) is called u—compatible for o > 0, if
there exists a loss control LY that satisfies

E [u (—ongT)] > —00.

For a > 0, we denote by H® the set of all admissible large trader strategies that are

u—compatible for a. Furthermore, we set H := (., H".

We analyse the utility maximization problem of a large trader in a basic setting.
Despite its rather simple structure, it highlights new phenomena that are not present
in the classical utility maximization theory for small traders. At this point, we want
to emphasize that these phenomena appear even though the market is arbitrage free
for the small trader. And besides, all phenomena appear even though there exist
an equivalent local martingale measure for the wealth process of the large trader.
Moreover, in some cases the wealth process is even a supermartingale under this
measure. These new phenomena are a consequence of the non-linear structure of
the value process involved in the problem.

The continuous semimartingales of our primal family (S(1J,.))yer are given by
S0, t) == Sy + (V) [M], + o(9) M,, t €10,7], (3.25)

where M is a continuous and square—integrable martingale starting in zero a.s. and
having a deterministic quadratic variation [M]. Besides, let Sy > 0, u, 0 € C*(R,R),
such that p vanishes whenever o is zero. Hence, Assumption (NA-IT) holds. Due
to Theorem A.18, S satisfies Assumption (P-II). Furthermore, let

C:S(R) — VT

be a cost function that maps constant strategies to zero. For an admissible large
trader strategy 6 € L(R), the price process and the large trader wealth process are
given by

PY = So+/u(9u) d[M]u+/a(9u) dM,
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and
V() = Vo + / 0u(0) d [M] + / 00 (0) dM — C(0),

respectively. For constant and fixed initial value 1}, we consider the exponential
utility maximization problem

sup E [u(Vr (0))], (3.26)
feH!

where u(x) =1 — e ** for @ > 0. The next lemma gives a partial characterization

of H*.

Lemma 3.31: Let (S(¥,.))ser be given by (3.25) and let u(x) = 1—e=** for a > 0.
If 0 € bIL(R) and C(0) is bounded then 0 € H. Moreover, for all o > 0 the process

L :=E [Sup V]

s<T

7
is an u—compatible loss control for 6.

Proof: W.lo.g. we assume that C(f) = 0. Note that it suffices to prove

E [exp <asup ]Vs\)} < 0.
s<T

This implies that LY is a u—compatible loss control for §. As 6 is bounded and [M]
is deterministic, we know that for all & > 0 there exists a constant K > 0 such that

exp (a sup |vs|) < sup [exp (aV})] + sup [exp (—aVy)]
s<T s<T s<T

< Ksup& (—/a@a(@) dM) + Ksup& </a00(9) dM) :
s<T s s<T s

Due to Novikov’s condition, we can conclude that L? is an u—compatible loss control
for 6. O]

Remark 3.32: The lemma highlights that the concept of a—admissibility is not
suitable for our large trader setting. Indeed, if M s a standard Brownian motion it
would prohibit any constant large trader strategy except 6 = 0.

Denote by ® the set of all bounded, tame, admissible strategies, i.e.
® := {0 € bL(R)| 0 is a tame admissible large trader strategy.} .

Due to Novikov’s condition, we can define probability measures Q? ~ P via

T T

a2

= exp —a/Gua(Hu) M, — ?/9302(&) dMl, |, Vo e . (3.27)
0 0

dQ’
dP
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This enables us to rewrite the utility maximization problem (3.26) for all strategies
0cdas
T

Eu(Vr(6))] = 1 — exp (—aVy) Eg |exp | —a / pO)diM ||, 3.28)

where N
p(z) = zu(x) — 533202(95), z €R. (3.29)

After these preliminary observations, we first discuss the following reduced utility
maximization problem

sup E [u (V (0))] . (3.30)

0cd
As we will see below, two different scenarios might happen. In the first scenario, the
so—called stable regime, we can find at least one optimal strategy. These optimal
strategies are constant. In the second scenario, the unstable regime, the presence of
the large trader completely destabilizes the market. This is caused by the fact that,
in an unstable regime, it is optimal for the large trader to buy/sell as many shares
as possible to maximize her expected utility from terminal wealth.

Remark 3.33: [t will turn out that the existence of an optimal strategy boils down
to the existence of a mazimum of the function p. The following observations show
that the market is stable, iff' p, defined in (3.29), attains at least one mazimum.

(7) Stable regime: Let us suppose that p has at least one maximum ¥* € R.
Reformulating (3.28), we get for § € ®

E u(Va(0))
— 1 - exp (~a(Vh + p(0") [M]p)) Egr [exp | ~a [ (9(6) ~ p0")) 0],

Since
P (p(6) — p(9") <0, %0 € B) =1,

it follows that ¥* is the optimal strategy and
sup E [u (V7 (0))] = 1 — exp (—a(Vo + p(97) [M]7)) .

0ed

(77) Unstable regime: Let us suppose that p has no maximum. Due to the continuity
of p, we can find a sequence (¢,,),eny C ® of constant strategies such that

lim p(¥,) =:p* € R, if pis bounded from above,
sup p(d) = e
DER +00, else.

Labbr.: if and only if
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Keeping this in mind, it follows that

sup E [u (Vr (0))] =

{1 —exp (—a(Vop +p* [M];)), if pis bounded from above,
0ed

1, else.

Since continuous functions attain their extreme points on compact intervals, it is
clear that ,, = d0c0. Obviously, ¥, = +00 means that the large trader tries to buy
as many shares as possible in order to reach her maximal expected utility of terminal
wealth. ¢, — —oo means that she achieves her goal by short selling. Therefore,
there is no optimal strategy # € ®. Such trading strategies lead to exploding or
collapsing prices and therefore destabilize the market.

We collect the above results in the following proposition.

Proposition 3.34: Under the assumptions made above, we have

sup £ [u(Vr (0))] = sup Elu(Vr(0))].

Furthermore, either of the following statements hold:

1. (Stable regime): There exists at least one solution to the utility maximization
problem (3.26), iff the function p defined in (3.29) attains at least one max-
imum. The set of optimal strategies contains only constant strategies and (if
considered as subset of R) coincides with the set of mazxima of the function p.
If ¥* € R is an optimal strategy, the value of the utility maximization problem
(3.26) is given by

sup B [u (Vr (0))] = 1 — exp (—a(Vo + p(9") [M]y)) .

0cd

2. (Unstable regime): There is no optimal trading strategy in H'. Moreover, by
mazximizing the expected utility of terminal wealth, the large trader destabi-
lizes the market, since the prices either explode or collapse. Here, the utility
maximization efforts of the large trader lead to

1 —exp (—a(Vo +p* [M]})), p is bounded from above,

9cd 1, else.

sup £ [u (Vr (0))] = {

Remark 3.35:

1. Due to Proposition 3.34, it is easy to find an example, in which the necessary
condition is not sufficient. Choose for example p(x) = x and o(z) = 2*. Then
U* = 0 satisfies the necessary condition p'(v*) = 0. As p"(¥*) =2, 9" is a
local minimum of p. Due to Proposition 3.34, the constant trading strategy is
not optimal.
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2. Note that in the stable regime, there exists an equivalent local martingale mea-
sure for the large trader wealth process. Moreover, the ‘destabilization’ of the
market in the unstable regime can be achieved by a sequence of large trader
strategies such that for all of these wealth processes there exists an equivalent
local martingale measure. Finally, if M is a Brownian motion, the corre-
sponding wealth processes are also supermartingale unter the equivalent local
martingale measure.

3.5.2. Case study: An illiquid Bachelier model

Here, we discuss a concrete example in detail. It shows that, despite the absence of
arbitrage, the presence of a large trader may destabilise a financial market. There-
fore, absence of arbitrage alone is not enough to rule out unrealistic features when
modelling an illiquid financial market.

Consider a modified Bachelier model where the drift of the asset price is positively
influenced by the engagement of a large investor. One can think of this positive
influence being caused by momentum traders who react to the signal given by the
large investor increasing her stake. A similar Bachelier model (which contains in
addition a term modelling temporary impact) has been studied in the context of
illiquid markets e.g. in Schied and Schoneborn [48]. We would like to point out that
these illiquid Bachelier models are random field models. Therefore, they are much
more complex than the classical Bachelier model, in particular since the spatial
parameter will get replaced by dynamic trading strategies. The primitive family
(S (¥,.))geg 1s given as

S (0,t) = So+ (u+ K0)t + oW,
or, in differential notation,
S (9,dt) = (p+ ~9) dt + o dW,

where W is a Brownian motion and pu, k, o are positive parameters. The filtration
is supposed to be the smallest one fulfilling the usual conditions and containing the
one generated by W.

Remark 3.36: This model is not included in the model class studied by Kiihn [30]
whose assumption 2.1 (‘Largeness is not favourable’) implies that the drift is non-
increasing in 9.

The dynamics of the discounted price process in the illiquid Bachelier model are
given by
Pl=P+ 1
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where

]5250+ut+/aqu,

]ezlﬁ/edu.

Moreover, we have for 8 € ®

T T
Vi (0) = Vo +/ (10, + K0 du +/ 8y, dW,.
0 0

To analyse the model, we apply the same arguments as in Proposition 3.34. The
function p defined in (3.29) is a polynomial of order 2. In particular, we find that

() aoc? — 2k U 2 au?
—aplr)=a——— (20— ——— | — .
b 2 ao? — 2k 2(a0? — 2k)

Clearly, "
V=
0?2 — 2k
satisfies the necessary condition p/(9*) = 0. If we define Q’ ~ P as in (3.27), we find
that (for given initial wealth 0)

T

-2
1 —supEu(Vr(0))] = —supq —Ege |exp a/ (uﬁ — b, ) du
fed fed / 2
(3.31)
2 . 2
= el f Ege |exp | a——— a0’ — 2 du
P\ (wo? — 2kK) égb Q| XP 2
0
Therefore, utility maximization relies on the so—called stability condition
2K < o, (3.32)

(i) Unstable regime 2x > ao?: In this case the strategy ¥* performs worst among
all strategies, while the expected utility grows with || up to the maximum value.
This can be interpreted in a way that the impact of the strategy on the drift is so
substantial that the large investor buys as many shares as possible.

(1) Stable regime 2x < ao?: The strategy ¥* performs best under all strategies.
Moreover, it is the only strategy among all admissible ones which fulfils the necessary
optimality condition. In case the large trader chooses the candidate strategy 9*, she

1—e T
—exp|———5—— .
PL\ 72 (o? — 2k)

gains an expected utility of
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We now want to compare the expected utility of the large trader with the optimal
utility in the classical Merton problem in this stable regime. Consider the Merton
problem where we face a hypothetical small investor with the same utility function
and initial wealth 0, and with given price process S (6,.). We can calculate the
optimal strategy by substituting 0 for x, and u + 6 for p in the above calculations.
Given that the large trader is present in the market and behaves rationally, i.e.
chooses the constant strategy v¥*, it results that the small trader would choose a
constant strategy as well, namely

_pt+ RYT
=

=)

ao

His expected utility in that case would be

a?? (9*) o*T au®T K2
lmexp (292 g exp (- (1 .
P ( 2 ) P ( 2 (wo? — 2k) ( T a0 (ao? — 2/{)))

Therefore, the small investor would achieve a higher expected utility. If there was

no large trader around, which corresponds to the case # = 0, the small trader would

hold an optimal portfolio of

()=

ao?
stocks, and his expected utility in that case would be

1 —exp ——'MQT =1—exp| — T (ac” — 2x) .
202 2(ao? —2Kk) «o?

Hence, the small investor purchases less stocks than a large investor would do, and

he achieves, in contrast to the case studied in Bank and Baum [4], only a lower
expected utility, compared to the large investor. The only exception would be the
case © = 0. However, in this case a large trader could not benefit from the fact
that her actions could enlarge the drift of the price process and thereby change a
martingale into a submartingale.

(i) Critical case 2k = ac?: it follows from (3.31) that the result depends on p.
In case p = 0, all strategies perform equally as the investor always gets the expected
utility of the zero strategy. For u # 0 she can, like in the unstable regime, achieve
expected utility arbitrarily close to the maximum value of one. Yet, now her stake
has to have the right sign, depending on the sign of pu.
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A. Appendix

A.1. Strong non-linear integrators and the non-linear
stochastic integral

The purpose of this section is to give an overview of strong non—linear integrators and
the non-linear stochastic integral. For a detailed and complete introduction of these
concepts, we refer to Carmona and Nualart [10]. We consider a probability space
(Q, F, P) equipped with a filtration F = (]:t>te[0,T] satisfying the usual conditions.
Moreover, T is a finite constant and Fy is trivial apart from null sets. Results
from the literature formulated for an infinite time horizon are used by applying the
corresponding result to the stopped process.

A.1.1. Simple integrands and the semimartingale topology

As in the case of the linear stochastic integral, the main ingredients to define the
stochastic integral are the simple integrands and the semimartingale topology. Once
the non—linear stochastic integral is defined for simple integrands, the non—linear
stochastic integral for general integrands is defined via a limit procedure.

Simple integrands
There are different ways to define simple integrands. This version is given in [10].

Definition A.1: Let 6 be a predictable process with representation
0 (t) - 0—1]1{0} + Z Qi]l(n,rHﬂ (t) ) (Al)
i=0

where 0 = 19 < 11 < ... < 741 = T is a finite sequence of (F;)—stopping times,
0_, € RY, and 0; is for each i € {0,...,n} a bounded, F,~measurable, R -valued
random variable. We call 6 an extended simple integrand, if the random variables
0; take only finitely many values. An extended simple integrand is called simple
integrand, if the stopping times T; take only finitely many values. We denote the
space of all R*—valued, extended simple integrands by S® (Rd). The space of all R~
valued simple integrands is denoted by S (Rd). For d =1 the set S; C S (R) is the
set of all simple integrands bounded by 1.
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The next result is well known. A proof can be found in [10, Proposition II.1.1].

Lemma A.2: LetL (]Rd) be the space of R*—valued, caglad, adapted processes and
denote by blL (Rd) c L (Rd) the subspace of bounded, R*-valued, caglad, adapted
processes. The closure of S (]Rd) w.r.t. the ucp—convergence is the space L (Rd).

The following lemma collects several results about caglad, adapted processes.
Lemma A.3: Let (0"),>1 C L (R?) and 6 € L (R?).

1. If 0™ — 0 in ucp, then there exists a subsequence (still indexed by n) such that
(6™ — 0)* — 0! a.s. forn — .

2. The sequence (Tp)m>1 of stopping times, where
T = 1nf {t > 0: ||0¢]|ga > m} AT, m>1,
converges a.s. to T and satisfies P (1, <T) — 0 for m — oo.

3. Let ¢ >0 and (0"),>1 C S (R?). Form > 1 define (6™"),>1 C S° (R?) for all
1 <d via
(Qm,n) L min {m + C, (Q?m/\t)i} ’ on {(en)z Z 0}7
to max { —m — ¢, (Qfm/\t)i} , on {(0"), < 0}.

Then, for allm > 1, the family {(6™"™)n>1,0™} is uniformly bounded by m+-c.
Furthermore, if 0" — 0 in ucp, then

gmn 22 g for allm > 1.
ucp

4. There ezists a sequence of extended simple integrands (6,) C S¢ (Rd), a se-
quence (am)m>1 C N, and a sequence of stopping times (Tp)m>1 T T a.s. such
that the following conditions hold:

a) (0, —0)" — 0 a.s. for n — oo.

b) P(tn=T) — 1 for m — oc.

c) The family {(07),>1,0™} is uniformly bounded by a,y,.
Proof: The first statement is well known. It implies in particular that almost all
paths of € L (Rd) are bounded. This fact clearly implies the second statement.

The first part of the third statement holds by definition. As for m,n > 1 and
O<e< %

E |1 Asup||@7" — 9;m||Rd:| <P <sup 107 — O||pa > E) + F ll Asup |07 — O4||lga| ,
s<T s<T

s<T

'For a measurable function f on [0,T] we set f* := sup,<r || f()||ga.
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the assumption 6™ — 6 in ucp ensures that the third statement holds. To prove the
last statement, note that Lemma A.2 ensures that there exists a sequence (é")nzl C
S (]Rd) such that " — 6 in ucp. Using the notation of item 3., we define for ¢ > 0
the sequence (6,),>1 C S¢(R?) of extended simple integrands by 6, := 0™, Due
to item 1., there exists a subsequence of (6,,),>1 C S¢ (]Rd) that satisfies the desired

properties. O]

Definition A.4: Let§ € L (RY). A sequence (0"),>1 C S¢ (RY) of extended simple
integrands that satisfies all properties of Lemma A.3 4. is called convenient approx-
imating sequence of 6.

Semimartingale topology

The semimartingale topology is induced by the metric

dS./\/l ZSXSHRZO
t

(X,)Y)— sup E |1 A | sup /Hud(X—Y)u ,
HeS, =T |

where § denotes the space of R-valued semimartingales. We say that a sequence
(X™)p>1 of semimartingales converges to X in the semimartingale topology (nota-
tion: X" Ve X), if dspm(X™, X) — 0 for n — oc.

Theorem A.5: (S,dsn) is a complete metric space. In particular, the set of
continuous semimartingales S. is a closed subset in (S,dspy), i.e. (Se,dspm) is a
complete metric space.

Proof: The first statement is [39, II.7 Théoreéme]. The second statement follows
from the fact that convergence in the semimartingale topology implies convergence
in wucp. O]

Denote by A;,. the space of all cadlag adapted processes, whose total variation
process is locally integrable. The next result is [39, IV.7 Théoreme)].

Proposition A.6: The space Ay, is closed in S. Moreover, for A € Aj,. we have
dsm(0,A) = E[L AV (A)r], where V(A)r denotes the total variation of A on [0,T].

In the following proposition, we collect several results on convergence in the semi-
martingale topology.

Proposition A.7: Let (M"),>o be a sequence of local martingales and let (A™),>0
be a sequence of processes of finite variation. Define

S"i=M"+ A", n>0.
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If (A™)n>0 C Ajoe, then A™ v A if and only if the total variation process V (A™ —
A% 7 converges to zero in probability. Moreover, if S™ W SO then the following

statements hold:

1. If (S")p>0 C Se then M™ — M° and A™ — A°.

- SM SM
2. If f: R = R is twice continuously differentiable then f(S™) v f(S9).
3. If (X™)ps0 C S and X™ — X9 then X"S™ — X959,

- SM SM

n n 0 n qQn 0 Q0

4. If (X™")p>0 C S and X ;A?X then [X™, S™] ;A?[X , SV,

Proof: W.lo.g. we assume that all processes are a.s. zero in 0. The first statement
follows from Proposition A.6. The second and third statement are [39, Remarque
IV.3] and [23, Proposition 4], respectively. Since

XS = (X7 4 5™ — (X" — 5™)?)

o ]

holds, item 2. implies the third item. Hence, it remains to prove the last item. Due
to the product rule, we have

(X", S"] :X”S”—/Sﬁ dX”—/Xf as".

As convergence in the semimartingale topology implies ucp—convergence, we know
that

X" — X° and S —s SV,
ucp ucp
Due to 3. and [39, II1.13 Théoreme], the claim is proven. O

A.1.2. Strong non-linear integrators

Here, we give a short overview of strong non-linear integrators. A detailed dis-
cussion can be found in [10]. Throughout this subsection, we consider a family
S = (5(Y,"))gere of R-valued semimartingales on (€, F,F, P).

In the linear stochastic integration theory the semimartingales build the biggest
class of ‘good integrators’. For the non-linear stochastic integral, the strong non—
linear integrators form the class of ‘good integrators’. In order to give a definition of
a strong non-linear integrator, we need the following notation. Let L (Rd) denote
the set of all deterministic, R%valued, caglad functions on the interval [0,7]. For
h e L(R?) and ¢ € (0,T) we set h(t+) := limg,; h(t,) and h(t—) := limg, 4 h(t,).
Furthermore, the elementary non—linear stochastic integral of 6 € S (Rd) w.r.t.
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S = (S(9,"))gepe, Where the representation of § € S (R?) is given in (A.1), is
defined as

t n
/ S (987 dS) = S(Q—la O) + Z {S (07'«;/\15-1—’ Tit+1 A t) -5 (eTi/\t-H Ti A t)} :
0 i=0

Definition A.8 ([10, Proposition IL.3.1]): Let S = (S(¥,))yera be a family of
semimartingales on (Q, F,F, P). S is a strong non-linear integrator if the following
conditions hold:

1. For allt € (0,T) and all h, ' € L(R?) we have
S(h,t) = S(I,t)
outside of a P—null set (possibly depending upon h,h' and t) whenever:

h(s)=h'(s) foralls <t and h(t+)=N(t+).
2. For all fized t € (0,T] and K > 0, the set of random variables (n - [ S(6, ds))t

with 6 € S (Rd), n € S and max {0*,n*} < K is bounded in probability.

3. For fized t € (0,T), the mapping 0 — [ S'(0,ds) is locally uniformly contin-
uous from S (]Rd), endowed with the ucp—topology, into S, endowed with the
semimartingale topology.

Remark A.9: This definition is one way to define strong non-linear integrators;
see [10, Proposition 11.3.1]. For our purposes, the last item is the most important
one. It allows us to define the non—linear stochastic integral for caglad—processes.

Note that Definition A.8 1. is a regularity property of the family of semimartin-
gales S = (S (1),-))yega- The following order condition is introduced in [4]:

Condition (O): ¥ < ¢ implies S (¥,-) < S (¢, -).

Due to the next lemma, condition (O) is sufficient for S to satisfy Definition A.8 1..

Lemma A.10: Letd=1. S = (S(V,-)) satisfies the first item of Definition A.8,
iof at least one of the following conditions hold for almost all w € §:

1. The mapping S(.,.,w) : R x [0,T] — R is jointly continuous.
2. S is continuous in both arguments and satisfies condition (O).

Proof: The first statement is clear. To prove the second statement, we show that
condition (O) implies joint continuity. We oppress the w in the following proof. Let
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(0,%) € R x [0,T]. Since S(.,%) is continuous, for all € > 0 we can choose an open
interval (Upin, Ymax) > ¥ such that

- — €

S (Vmin, £) = S (Vmas 1) | < 2 (A.2)

Besides, S (Umin, -) and S (Vnax, -) are continuous, too. Therefore, for all € > 0 we
can find § > 0 such that for all t € ( — 6, +6) N[0, 7]

— €

[ Oninst) = S (Iuin,D)| < 5 aswellas |8 (P t) = 5 (s )| < 5.
By the triangle inequality, we get for (9,t) € (Vmin, max) X (t — 6, + ) N[0, T]
15 (9,) =S, 1) < |S(0,1) =S 0,1 +]5 (9,7) — S @,1)] .

Due to (A.2) and the monotonicity of S(., ), the first term in the above equation is
less than £ for all ¥ € (Vmin, Vmax). By monotonicity, the second term is less than
% for all ¥ € (Vmin, Umax) and for all t € (£ — 6,7+ ) N[0, T]. Indeed, suppose

S (0,8) = S (9,7)| = S (0,t) — S (9,7) .

Due to monotonicity, we get

S<79m1n7 ) ) (ﬁmin; ) +95 (79m1n7 ) - S (ﬁmax,t)
S (9,t) — S (9,7)
S

oa|l\"
VAN

IN

(ﬁmaxa ) - S (ﬁmaxa ) + S (ﬁmaxa_) - S (ﬁminyi) S %

VAN

A.1.3. Non-linear stochastic integral

Let 0 € S (Rd) with representation (A.1). In [10], the elementary non-linear stochas-
tic integral of 6 w.r.t. a strong non—linear integrator S = (S(?,.))yecra is defined by

/ses,ds) = S(0-1.0) £ 3 AS o s AL — S (Brngsami A D))

=0

Remark A.11: Let d = 1. If S(W,.) = 95(0,.) for all ¥ € R, the definition

coincides with the classical linear stochastic integral.

For strong non-linear integrators S, the non-linear stochastic integral of 6 &
blL (Rd) is defined as the limit in the semimartingale topology.
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Definition A.12: Let S = (S(9,.))gere be a strong non-linear integrator, 6 €
blL (Rd) and let (0"),~, C S (Rd) denote a uniformly bounded sequence of simple
integrands such that -

0" — 6.

ucp

The non-linear stochastic integral [ S(0,ds) of 6 € bL (R?) w.r.t. S is the limit of
(f S0, ds))n>1 in the semimartingale topology, i.e.

/S(@”,ds) — /S(H,ds).

Remark A.13: Since S is a strong non-linear integrator, the limit in the above
definition exists.

The next proposition provides an explicit expression for the non-linear stochastic
integral of an extended simple integrand.

Proposition A.14: Let S = (S(9,.))gera be a strong non-linear integrator and
let O (t) = 0_11g0y + > i O0il(r, .,y (1) be an R¥—valued extended simple integrand.
Then [ S (0,ds) is given by

t n
/ S (65, dS) = S(efl, 0) + Z {S (eTi/\t+,Ti+1 VAN t) - S (97'i/\t+7 Ti A t)} .
0 i=0

Proof: To prove the statement, we construct a uniformly bounded sequence of
simple integrands (0™),,>1 C S (Rd) that converges to 6 in ucp. Define for ¢ €
{0,...,n} the sequence ("), via

oM | 41
oo 20l AL

) ° 2m
By definition 7" | 7; a.s. for i € {0,...,n}. Furthermore, (77"), -, is a sequence of
stopping times. Indeed, let k > 0 such that r € [5%, £t1) € [0, T) holds. Then

k
{T" <r} = {Ti < 2_m} € F.
Since, by assumption, the filtration is right—continuous, we have for ¢ € [0,T")

{rm<ty=({r"<r}eF.

r>t

Define (6™),,>1 C S (RY) via

o™ (t) = (9,1]1{0} -+ Zeiﬂ(nmﬂ__m ] (t) .

i+1
=0
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By definition ™ — 6 in ucp. Since S is a strong non-linear integrator, the se-
quence [ S (67, ds) converges to [ S (fs,ds) in the semimartingale topology . Due
to the fact that the limit in the semimartingale topology and the limit in ucp are
indistinguishable, the following computation proves the statement:

t
/S(@j,ds) S(6-1,0) Z{s Orrniss Ty AE) = S (Ormnig, 7 A ) }
0

= {S (071 At) = S0, 7" AL)} —>Z{S (0:, o1 At) — S (0,7 AT)Y

ucp p

= Z 1S Oriner, Tigr At) = S (Orner, i A1)}

_ /tS(Hs,ds) —5(6_4,0).
0

Proposition A.14 leads to the following rules for stopping times and non-linear
stochastic integrals.

Lemma A.15: Let S = (5(9,.))gera be a strong non-linear integrator, let T be a
stopping time, and 6 € bLL (Rd). Then

AL t t
/ S (0s,ds) :/ ST (bs,ds) = / ST (07, ds)
’ OT/\t
—/ S(07,ds) = / ST (67, ds) .
0

Proof: Due to Proposition A.14, it is straightforward to check that the statement
holds for all extended simple integrands. Since S is a strong non-linear integrator,
the result holds for 6 € bl (Rd) by an approximation argument. ]

Now we have all tools at hand to prove the existence of the non-linear stochastic
integral for § € L. (]Rd).

Theorem A.16: Let S = (S(V,.))yera be a strong non-linear integrator, (0™),>1 C
S (Rd), fel (Rd) and
0" — 0, n— 0.

ucp

The sequence ([ S (0, ds))n>1
Furthermore, there exists a semimartingale [ S (0,ds) such that

15 a Cauchy-sequence in the semimartingale topology.

/ S (0" ds) / S(0,ds). (A3)

Moreover, [ S(0,ds) is independent of the approzimating sequence.
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A.1. Strong non-linear integrators and the non—linear stochastic integral

Proof: Let 6" — 0 in ucp. We have to prove that (fS(@", ds))n>1 is a Cauchy—
sequence in the semimartingale topology. Then Theorem A.5 ensures that there
exists a limit, denoted by [ S (6, ds), such that (A.3) holds. This limit is independent
of the approximating sequence due to the third item of Definition A.8. Let N,n,m >
1, ¢ > 0 and recall the notation of Lemma A.3. Since ” = V" and 0™ = 6™ on

(v =T} {sup 107 — 0 e < f} |
s<T 2

Proposition A.14 guarantees that on this set

/S(@",ds) :/S(GN’”,ds) and /S(em,ds) :/S(GN’m,ds)

holds. Hence, we get
dsm (/S(@",ds),/S(Gm,ds)) <Prn<T)+
+ P (Sllp 167 — 67 |ra > g) + dsm </S (6™", ds) ,/S (HN’m,ds)) .
s<T

As (0™),>1 C S (Rd) is a Cauchy—sequence in ucp, Lemma A.3 and Definition A.12
ensure that the sequence ( [ s (6m, ds))n>1 is a Cauchy—sequence in the semimartin-
gale topology for all N > 1. - O

Definition A.17: Let S = (S(9,.))gere be a strong non-linear integrator, 6 €
L (Rd>, (Qn)nzl CS (Rd), and

0" — 0, n — .

ucp

The semimartingale [ S (0,ds), defined in Theorem A.16, is called the non-linear
stochastic integral of 6 € L (RY) w.r.t. S.

The last theorem ensures that most of the examples considered in Chapter 3 are
indeed strong non-linear integrators.

Theorem A.18: Let A be a non—decreasing, continuous, adapted process, M be a
continuous local martingale with E [\/ [M]T} < 00, and j1,0 : RExR — R be jointly

continuous functions. Let S = (S (V,.))ycga be given by

S(9,t) = SY + / w(®, SV, u)) dA, + / o(0,S(9,u)) dM,,

0 0

and suppose that for almost all w € Q the mapping S(.,.,w) : R? x [0,T] — R is
jointly continuous. Then (S (V,-))yepa @5 a strong non-linear integrator.
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Proof: W.lo.g. we assume that SJ = 0 for all ¥ € R%. Due to Lemma A.10, the
first item of Definition A.8 holds. To prove the second item, let K > 0 and define
the sequence of stopping times (7),>1 via

9l ga <K 9llga <K

7K = inf {t >0: sup |u(0,S0,t)|Vv sup |o(,S(¥,1))|> n} AT. (A4)

For all K > 0 the joint continuity ensures that P(tX < T) — 0 as n — oco. Let
6 € S(RY), n € S(R), and max {n*, 0"} < K. W.Lo.g. we may and do assume that

= Z ei]l(n,ﬂurﬂ (t) and /rl (t) = Z ,'7’5]1(7'1'77'z‘+1] (t)
i=0 =0

Then n - [ S(60,ds) is given by

(n-/S(Q,ds))t -

= Z Nip1(0:, S (05, 7)) (ATH—l/\t - Amt) + Z i (03, S(0;, 7)) (Mml/\t - MnAt) .

i=0
If we set
= Zn:ﬁz‘ﬂ(eu S0, 7)) Lz, 7000 (1)
Zm (0500 T (1)
we get

(77-/8(9,ds)>t = /tgu(n,e) dAu+/t6—u(n,9) dM,.

Let C' > 0 and n € N. A straightforward computation leads to

P (sup ( /5(9 ds)) > C’)
t<T .
<P(rF<T)+
T,If/\t T,If/\t
. C . C
+ P [ sup fru(n,0) dA,| > — | + P | sup au(n, 0) dM,| > —
t<T 2 t<T 2
0 0
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Furthermore, by the definition of X, Chebyshev’s inequality and the Burkholder—
Davis-Gundy-inequality, we can conclude that

T,,{(/\t
C C
P T A > = <PlAp> ——
Sup /uu(nﬁ)d ul >3 ( T>2nK>,
0
Tff/\t
- onK
Plsup| [ aun.0) d, > O <™t [Viry)
t<T ) 2 C

Combining these results, we get

P (sup (n-/S(@,ds)) > C)
t<T t
C ~2nkK

<P(rf<T)+P(Ar> o) + =B VM|,
<P(r) <T)+ (T>2nK>+CC’ [M]r

Since the r.h.s. of the inequality is independent of § € S(R?), n € S(R), and P(t.X <

T) — 0 as n — oo, the second item of Definition A.8 holds (for ¢ — 00). Hence, it

remains to prove the last item of Definition A.8. Let (#") C S(R?) be a Cauchy—

sequence w.r.t. ucp—convergence that is uniformly bounded by K and set 7, := 7.

For N,n,m € N we have

dsm (/S(@",ds),/S(Hm,ds)>
< P(ry < T) +dsp ((/S(@”,ds))m, (/S(@m,ds))m) |

As P(ty < T) — 0 for N — oo, it remains to prove that (([ S (", ds))™),>1 is a
Cauchy-sequence in the semimartingale topology for all N > 1. To see this, note
that ((6™)™),>1 is a Cauchy—sequence in the ucp—topology and

(/S(@",ds))m = /STN (6™)™,ds), VYn>1,

for all N > 1. Due to the joint continuity of u, o, and S(¥,t), and the dominated
convergence theorem for semimartingales, [39, 11I1.13 Théoréme|, we can conclude
that ([ S™ ((0")™,ds))n>1 is a Cauchy—sequence in the semimartingale topology
for all N > 1. Hence, the theorem is proven. O

A.2. Miscellaneous results

Definition A.19: A function f : Ry — Rs¢ is called subadditive, if for all
€,y € RZO
fle+y) < f2)+f(y)
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holds.

Lemma A.20: If f:Rsq — Rxq is a concave function such that f(0) =0, then
f is subadditive.

Proof: Let z,y € R>y and w.l.o.g. x > 0. Due to the concavity of f, we get

Yy x
f($)2x+yf(0)+x—+y

x y
x+yf(0)+$—+yf($+y)-

f(r+y),

Since f(0) = 0, adding up the two inequalities gives the desired result. ]

Lemma A.21: Let (u,)n>1 be a bounded sequence of measures on (2, F). Then
there exists a probability measure P on (S, F) such that

VneN: pu, < P.

Proof: Since all measures dominate the zero-measure, we assume w.l.o.g. that
1 (2) > 0 for all n € N. Define

1

by 1= ———n, n € N.
NH(Q)

As i, ~ pp, for all n € N, it suffices to prove the lemma for the sequence (fiy,)n,>1 of
probability measures. Choose (a,),>1 C R such that

VneN: a, >0 and Zanzl.
n=1

By construction the measure
o
P = Z Qp fly
n=1
satisfies the desired properties. ]

Theorem A.22 (Continuous Mapping Theorem): Let (My,dy), (Ma,ds) be com-
plete metric spaces and (€2, F, P) be a probability space. Further, let

X,XnZ(Q,.F,P)—>(M1,d1), TLGN,
hI(Ml,dl) — (Mg,dg)

be measurable functions such that P(X € Dy) =0, where Dy, C My denotes the set
of discontinuity points of h. Then

X, = X, in P-probability = h(X,)— h(X), in P—probability.
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Proof: The proof of [53, 2.3 Theorem]| translates directly in this slightly more gen-
eral setting. O]

Lemma A.23: For alln € N let g,, g, fn, [ be measurable functions on the proba-
bility space (0, F, P). Further, let g,,g >0 P-a.s. for alln € N,

fngn — fg, in P—probability — and g, — g, in P—probability.
Then
1{9750}]“39” — 1{g¢0}f2g, in P—probability.
Proof: Due to Theorem A.22 and the assumptions, we have

1 1
292 — f?¢% in P-probability and PR T — PEE T in P-probability.
n g= g=

Applying Theorem A.22 again, we get

fags . f*g

, in P—probability.
In+Lg=0y 9+ lg—0y

This implies the desired result

A

In + lig=0y 9+ Lgg=0}

(g0} frgn = 1ig20) Lig20) = 1igz01 /79, in P-probability.

]
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Index of Symbols

Stochastic Processes

H.M, stoch. integral of predictable integrand w.r.t. loc. martingale, 7
HeM , compensated stoch. integral of optional integrand w.r.t. loc. martingale,
9

¥ - S, vector—stoch. integral of predictable integrand w.r.t. semimartingale, 34
[ S (65, ds), non-linear stochastic integral ...

... w.r.t. simple integrand, 118

... w.r.t. caglad—integrand, 121
P price process affected by a . ..

. simple large trader strategy, 77

... caglad large trader strategy, 81
(M, M), R? x R%~valued, predictable quadratic covariation, 38
(M), R%~valued, predictable quadratic variation, 38
(M)@, R¥—~alued, predictable quadratic variation under Q ~ P, 39
V(A)r, total variation of A on [0,77], 115

Classes of Stochastic Processes

AT AL adapted, non-decreasing processes with (locally) integrable variation,

A=At AT,
Atoc = Alpe © Al
V), adapted processes of finite variation,

M, Myoe, (locally) uniformly integrable martingales,

M2, M2 . (locally) square-integrable martingales,

Lioe (AM€), set of local martingales that are stoch. integrals w.r.t. M¢, 59
Lioe (de), set of local martingales that are stoch. integrals w.r.t. M?, 59
L, (L M), set of local martingales L s.t. [L, M] is a o—martingale, 59

S, set of continuous semimartingales, 115

S2.(Q), set of locally square-integrable —semimartingales, 37

S, set of semimartingales, 115

Sets of integrands w.r.t. a local martingale M or a semimartingale S

126

L,,(M), predictable integrands s.t. K.M is a local martingale, 7

PL(M), P Li,.(M), predictable integrands s.t. K.M is a (local) martingale, 12

PL2(M),PL? . (M), predictable integrands s.t. K.M is a (locally) square-integra-
ble martingale, 21

°L (M), °Liy. (M), optional integrands s.t. HeM is a (local) martingale, 11

°L* (M), °L3,. (M), optional integrands s.t. HeM is a (locally) square-integrable

martingale, 21
L(S), predictable integrands s.t. 9 - S is a semimartingale, 34



L (]Rd), space of R%valued, caglad, adapted processes, 114

bIL (Rd), space of bounded, R% valued, caglad, adapted processes, 114
Se (Rd), space of all R%valued, extended simple integrands, 113

S, space of all R%valued, simple integrands, 113

S1, set of all R—valued, simple integrands, bounded by 1, 113

Other Symbols
O, optional o—algebra,
P, predictable o—algebra,
Line (P, 1), 46
L (©,0,d[M]), 46
dsn, Emery metric, 115
(S, F, W), class of all reasonable large trader market models for (S, F'), 83
(S, F,C, ¥,,in), class of all minimal large trader market models for (S, F,,C'), 100
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Index of Terminology

admissible strategy
... a—admissible, 34
... for the large trader, 104

assumptions
Assumption (NA-I), 82
Assumption (NA-II), 86
Assumption (P-I), 77
Assumption (P-II), 85

conditions
Condition (O), 78
stability condition, 110

convenient approximating sequence of § € L. (]Rd), 115

decompositions of a local martingale
Kunita—Watanabe decomposition, 15
natural Kunita—Watanabe decomposition, 54
Radon-Nikodym decomposition, 18, 19

floating martingale density, 70

integrands / strategies
minimal representation of simple integrand, 78
simple integrand, 113
extended simple integrand, 113

large trader market model (LTMM)
... minimal (LTMM), 99
... reasonable (LTMM), 82

local orthogonal projection, 23
minimal martingale measure, 41

non—linear stochastic integral
... w.r.t. a caglad-integrand, 121
... w.r.t. a simple integrand, 118
... w.r.t. an extended simple integrand, 119

regime
stable regime, 107
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unstable regime, 107
semimartingale decomposition w.r.t. (\,7), 63
strong non-linear integrator, 117

structure conditions
floating structure condition (FSC), 70
minimal structure condition (MSC), 52
natural structure condition (NSC), 54
strong structure condition (SSC), 62
structure condition (SC), 40
weak structure condition (SC’), 38

tame strategy, 100
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