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Abstract

In the �rst chapter of the work, we give the numerical evidence of Kneser solu-
tions for the following problem class:(

p(t)u′(t)
)′

+ q(t)f (u(t)) = 0, u′(0) = 0, lim
t→∞

u(t) = 0,

where t ∈ [a,∞). The main goal is to illustrate the existence theory of Kneser
solutions provided in [6, 9] and focusing on the case when p ≡ q and the un-
derlying di�erential equation is singular, i.e. a = 0. We also discuss asymptotic
behavior for t→∞. We try to computationally recover Kneser solutions for the
case p 6= q, where the existence theory is still an open question. To this aim, we
carefully choose the functions p, q, and the nonlinear term f(u).

In the second part of the work, we test the convergence properties of the colloca-
tion schemes applied to solve the systems of linear ordinary di�erential equations
with a singularity of the �rst kind,

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

whereM ∈ Rn×n and f ∈ C[0, 1]. We extend the collection of examples provided
in [1] by more involved initial, terminal and boundary value problems.
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1. Numerical evidence of Kneser

solutions

1.1. Introduction

Throughout the work, we heavily rely on the theory developed in [6, 9], where
the nonlinear ordinary di�erential equation (ODE),(

p(t)u′(t)
)′

+ q(t)f (u(t)) = 0, t ∈ [a,∞), u(a) ∈ (L0, L), a ≥ 0, (1.1)

have been studied. Bevor designing the model problems used in the numerical
simulation, we recapitulate the available analytical results and specify the nec-
essary properties the data functions p, q, and f have to satisfy.

The model problems have the following general form. Let the points L0 <
B0 < 0 < A0 < L be chosen in such a way that F (L0) > F (L), where F (x) =∫ x
0 f(x) dx. For |B0| = A0 this means that |L0| > L. Moreover, let r > 1 and

p(t) = tα, t ∈ [a,∞), α ∈ [2,∞], (1.2a)

q(t) = tα, t ∈ [a,∞), β ∈ [α− 1, 2α− 3], (1.2b)

f(u) =



|B0|r(L0 − u)

B0 − L0
for u ∈ [L0, B0),

|u|r sgnu for u ∈ [B0, A0],

Ar0(u− L)

A0 − L
for u ∈ (A0, L].

(1.2c)

We shall also test the following more involved data functions:

p(t) = tα ln(1 + t), q(t) = tβ ln(1 + t), (1.3a)

p(t) = tα, q(t) = tβ(1 + exp(−t)), (1.3b)

p(t) = tα(1 + exp(−t)), q(t) = tβ(1 + exp(−t)). (1.3c)

As already mentioned, in [6, 9] the existence theory of Kneser solutions and
their asymptotic behavior were described. In the context of these articles, we
ask the following questions:

i) Can we give the numerical evidence of Kneser solutions for (1.1), with
p ≡ q given in (1.2a) and a = 0, supporting the statements from [6,9] ?
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ii) Can we numerically recover the asymptotic behavior of Kneser solutions
speci�ed in [6, 9] ?

iii) Can we numerically simulate the case of (1.1) with p 6= q, see (1.3a)�(1.3c),
and a = 0 which have not been covered analytically yet ?

We begin with a simple example, to show how we proceed.

Example 1.1. We �rst choose p, q and f , p(t) = q(t) = t3, and

f(u) =


−12− 2u for u < −2,

u3 for −2 ≤ u ≤ 1,
2− u for u > 1,

see model problem 1.5 in [9]. Using these functions in (1.1), we obtain

u′′(t) +
3

t
u′(t) + f(u) = 0, t ∈ (0,∞), u′(0) = 0, u(∞) = 0. (1.4)

In this case, we know the exact solution,

u(t) =
8u0

8 + (u0t)
2 ,

where u0 = u(0). To approximate u, we use the open domain Matlab code
bvpsuite based on collocation [3]. Depending on the choice of u0, we obtain a
positive or a negative solution whose values are tending to zero for t→∞, see
Figure 1.1.

0 1 2 3 4 5 6 7 8 9 10
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5
damped solution

Figure 1.1.: Example 1.5 [9]: A positive, u0 ∈ (0, 1], and a negative, u0 ∈ (−2, 0],
solution of the problem, damped to zero for t→∞.
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1.2. Kneser solutions and their numerical realisation

In this section, we focus on the computation of Kneser solutions. We �rst reca-
pitulate the theoretical results, see [6, 9] for details.

1.2.1. Existence theory

We study (1.1) on [0,∞) under the following assumptions:

L0 < 0 < L, f(L0) = f(0) = f(L) = 0, (1.5a)

f ∈ Liploc(R), (1.5b)

uf(u) > 0 for u ∈ (L0, L), (1.5c)

F (L0) > F (L), where F (u) =

∫ u

0
f(x)dx, (1.5d)

p ∈ C[0,∞] ∩ C1(0,∞), p(0) = 0, (1.5e)

p′ > 0 on (0,∞), lim
t→∞

p′(t)

p(t)
= 0, (1.5f )

where Liploc(R) is de�ned below.

De�nition 1.2. A function f : R → R is called locally Lipschitz continuous,
i.e. f ∈ Liploc(R), if there exists a constant L such that

|f(x1)− f(x2)| ≤ L |x1 − x2|, ∀x1, x2 ∈ U,

where U is an open subdomain of R.

De�nition 1.3. A function u is called a solution of problem (1.1) on [a,∞) if
u ∈ C1[a,∞), pu′ ∈ C1[a,∞) and (1.1) holds for all t ∈ [a,∞).

De�nition 1.4. A solution u is called oscillatory solution of (1.1) if it has an
unbounded set of isolated zeros. Otherwise it is called non-oscillatory.

De�nition 1.5. A solution u of (1.1) with (1.5a) is called damped solution if

sup {u(t) : t ∈ [0,∞)} < L.

De�nition 1.6. A solution u of the problem (1.1) is called Kneser solution if
there exists t0 > a such that

u(t)u′(t) < 0 for t ∈ [t0,∞). (1.6)

In particular, there is a connection between damped solutions and Kneser solu-
tion which is stated in the following theorem.

Theorem 1.7. Let u be a damped, non�oscillatory solution of (1.1) where u0 ∈
(L0, 0) ∪ (0, L). Then u is a Kneser solution of (1.1).
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Since we are interested in Kneser solutions, we do not deal with oscillatory
solutions here.
The following important theorem discusses the existence of Kneser solutions to
problem (1.1) under the assumption that p ≡ q.

Theorem 1.8. Let (1.5f) hold and let p ≡ q. Moreover, let us assume that there

exists a constant c > 1
2 such that

p′(t)P (t)

p2(t)
≥ c, t ∈ (0,∞),

and a point B0 ∈ (L0, 0) such that

uf(u)

F (u)
≥ 2

2c− 1
, u ∈ [B0, 0).

Then, for every u0 ∈ [B0, 0), there exists a unique Kneser solution u of the

singular1 problem (1.1). This solution satis�es the following properties:

lim
t→∞

u(t) = 0, lim
t→∞

u′(t) = 0, u′(0) = 0, u′(t) > 0, t ∈ [0,∞).

Note, that the existence of Kneser solutions for (1.1) with p 6= q is still an open
question. However, as we will see later, we are able to calculate Kneser solutions
numerically, which gives us valuable information towards the possible theory.

1.2.2. Asymptotic properties

In this section, we characterize asymptotic properties of Kneser solutions. Espe-
cially, we derive asymptotic formulas for Kneser solutions and their �rst deriva-
tives. To this aim, we specify p and q as follows:

p(t) = tαg(t), g ∈ C[a,∞), (1.7a)

q(t) = tβh(t), h ∈ C[a,∞). (1.7b)

Theorem 1.9. Let us assume (1.5a)�(1.5f), (1.7a), and (1.7b) to hold and

a ≥ 0. Additionally, let α > 0, β > 0, β − α > −1 and

∃r > 1 : lim inf
u→0

|f(u)|
|u|r

> 0, lim sup
u→0

|f(u)|
|u|r

<∞.

Let u be a Kneser solution of (1.1). Then,

lim
t→∞

t
β−α+2
r−1

−ε |u(t)| = 0 (1.8)

for all ε > 0.

1a = 0
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Theorem 1.10. Let all the assumptions of Theorem 1.9 be satis�ed. Then, for

all ε > 0, one of the following two formulas holds, in case that u is a Kneser

solution of (1.1).

1. If β > rα− r − 1, then

lim
t→∞

tα−ε
∣∣u′(t)∣∣ = 0. (1.9)

2. If β ≤ rα− r − 1, then

lim
t→∞

t
β−α+r+1

r−1
−ε ∣∣u′(t)∣∣ = 0. (1.10)

1.2.3. The code bvpsuite and its properties

For the computation of the Kneser solutions of (1.1), we use the open domain
MATLAB code bvpsuite. This code is an e�cient solver for boundary value
problems (BVPs) in ODEs. Is scope of the code are problems written in implicit
form with multi-point boundary conditions,

F (t, p1, ..ps, z1(t), z
′
1(t), ..., z

(l1)
1 (t), ..., zn(t), z′n(t), ..., z(ln)n (t)) = 0, (1.11a)

B(p1, ..ps, z1(c1), z
′
1(c1), ..., z

(l1−1)
1 (c1), ..., zn(c1), z

′
n(c1), ..., z

(ln−1)
n (c1), ...,

z1(cq), z
′
1(cq), ..., z

(l1−1)
1 (cq), ..., zn(cq), z

′
n(cq), ..., z

(ln−1)
n (cq)) = 0. (1.11b)

Under the assumption that the problem is well posed and has a smooth solution,
bvpsuite can be used to calculate the solution z(t) = (z1(t), ..., zn(t))T and the
unknown parameters pi, i = 1...s.

In particular, singular BVPs, cf. (1.4), can be dependably solved using bvpsuite.
Its basic solver is based on a class of collocation methods whose order varies
from two to eight. For detailed analysis of the collocation for singular problems
see [2,10]. An asymptotically correct global error estimate of the numerical ap-
proximation is made available to the user and, for better e�ciency, mesh adap-
tation procedure is provided. Also, a strategy to solve an eigenvalue problems
is implemented. It is also possible to calculate a solution to a problem posed
on a semi-in�nite interval, by reducing the problem to a related one posed on
a �nite interval. Finally, a path-following module can be used to solve param-
eter dependent problems. The code and the manual can be downloaded from
http://www.asc.tuwien.ac.at/∼ewa/ [4].

As we already said, our main goal is to give the numerical evidence for Kneser
solutions of (1.1). In order to use bvpsuite, we need to specify the boundary
conditions in such a way that the resulting BVP is well-posed. Therefore, we
now collect all necessary properties of the Kneser solutions, see Theorem 1.8,
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lim
t→∞

u(t) = 0, lim
t→∞

u′(t) = 0, u′(0) = 0, u′(t) > 0, t ∈ (0,∞).

It is clear that a Kneser solution satis�es u′(0) = 0, so we only need to �x one
more boundary condition since we deal with a scalar second order BVP. From
the asymptotic behavior of a Kneser solution, the following boundary condition
seems to be well motivated:

lim
t→∞

u(t) = u(∞) = 0.

Hence, we are solving the singular BVP of the form

(
p(t)u′(t)

)′
+ q(t)f (u(t)) = 0, t ∈ (0,∞), (1.12a)

u(∞) = 0, (1.12b)

u′(0) = 0. (1.12c)

In the context of bvpsuite the condition u(∞) = 0 can be easily realized.
The main idea behind solving BVPs posed on semi-in�nite intervals is to split
the interval (0,∞) into two subintervals (0, 1] and [1,∞) �rst. The second
subinterval is then transformed to (0, 1] by ξ = 1

t . This way we obtain two
di�erential equations for u1 and u2 to be solved on (0, 1], where

u(t) = u1(t), t ∈ (0, 1], u(t) = u2

(
1

ξ

)
, ξ ∈ (0, 1].

These two ODEs are subject to the following boundary conditions, for details
see [5]:

u′1(0) = 0, u1(1) = u2(1), u′1(1) = −u′2(1), u2(0) = 0.

Finding a good starting pro�le:

Since the problems we aim at solving are posed on semi-in�nite intervals, are
nonlinear and singular, �nding good starting values is crucial. Although bvpsuite
is explicitly designed for a solution of such problems, experience and intensive
testing showed that in many cases �nding solutions is not an easy task. The
main problem is �nding a `good' initial pro�le which enables the fast frozen
Newton solver to converge. In this context two problems have to be addressed.

• What is a `good' function for the initial pro�le?

• If we �nd a `good' starting pro�le, can we then expect the Newton solver
to converge?

Clearly, a `good' function fs(t) serving as a starting pro�le could be character-
ized by the same properties and behavior as the Kneser solution itself. Therefore,
it would be advantageous if fs(t) satis�ed the boundary conditions (1.12b) and
(1.12c). Additionally, fs(u) shall be monotonically decaying for all t ∈ (0,∞).
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After some testing, we found two functions which used as staring pro�les re-
sulted in a very good convergence behavior of the Newton solver for nearly all
model problems,

fs(t) =
c

−t+ exp (t)
and gs(t) =

c

1 + x2
,

where c is an arbitrary constant. We were successful however, �rst after chang-
ing the standard settings of the Newton procedure. In standard settings, the
tolerances, absolute and relative, are chosen as

atol = 10−12 and rtol = 10−12.

These values turned out to be too strict for this very delicate class of di�er-
ential equations. Hence, we used larger values and could observe the desired
convergence behavior with

atol = 10−5 and rtol = 10−5.

In Example (1.1), the exact solution was known and therefore, we used it as the
initial pro�le. The following example illustrates the approach in case that the
exact solution is not given.

Example 1.11. We consider Example 3.8 in [9]. The model problem reads:

u′′(t) +
3t+ 3

t2 + t
u′(t) + f(u) = 0, t ∈ [0,∞), u′(0) = 0, u(∞) = 0. (1.13)

We are interested in monotone solutions satisfying u′(0) = 0 and u(∞) = 0, so
we have used

f(x) =
c

−x+ exp(x)

on the grid with 100 equidistant subintervals. According to [9], there exists an
Kneser solution to the problem, see Figure 1.2 for the result of the numerical
simulation.

We stress that the choice of the constant c determines, whether we are able
to �nd a solution or not. The main idea of �nding a suitable value of c is to
test possible many values of c ∈ [1, cmax], where cmax is given by the user. It
is clear that this is a brute force method, but intensive testing showed, that
useful values were found already for moderate values of cmax, and so the time
of validation were never long.
In [9], the existence of positive and negative Kneser solutions, depending on the
initial value u0, was shown. To obtain a negative solution, we need do choose
c ∈ [−cmax,−1].
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Figure 1.2.: Example 3.8 [9]: A positive, u0 ∈ (0, 1.5], and a negative, u0 ∈
(−2, 0], solution of the problem, damped to zero for t→∞.

1.3. Numerical results

1.3.1. Approach

After discussing the theoretical background of the problem, we now describe the
results of the numerical simulation of the problem (1.12a) subject to the bound-
ary condition (1.2a)�(1.3c). In particular, we use the following data functions
p(t) and q(t):

p(t) = tα, q(t) = tβ, (1.14a)

p(t) = tα ln(1 + t), q(t) = tβ ln(1 + t), (1.14b)

p(t) = tα, q(t) = tβ(1 + exp(−t)), (1.14c)

p(t) = tα(1 + exp(−t)), q(t) = tβ(1 + exp(−t)), (1.14d)

where α ∈ [2,∞] and β ∈ [α− 1, 2α− 3]. Moreover, as f we choose

f(u) =


−u+3

2 for u < −1,
ur for −1 ≤ u ≤ 1,

2− u for u > 1,
(1.15a)

f(u) =


−12− 2u for u < −2,

ur for −2 ≤ u ≤ 1,
2− u for u > 1,

(1.15b)

f(u) = sgn(u)ur(2 + u)(1− u), r ∈ [3,∞). (1.15c)
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Clearly, we use only a small subset of all possible data combinations to give the
required evidence.

Settings for Newton - solver

All solutions were computed using bvpsuite. The settings for the Newton solver
are given in Figure 1.3.

Figure 1.3.: Newton solver settings for the test runs.

Note, that in all experiments no mesh adaptation was used. This was motivated
by the smoothness of the solutions we intended to recover. Due to their struc-
ture, most probably, the mesh adaptation would not hit in. All solutions where
generated using equidistant grids with 100 subintervals and collocation with 8
Gaussian collocation points in each subinterval [4].
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We now discuss some speci�c model problems to illustrate the approach. The
rest of the data can be found in Appendix.

1.3.2. Introductory examples

Example 1.12. Let us consider (1.12a), where p(t) = tα, q(t) = tβ , and f is
given by (1.15b) with r = 3,

u′′(t) +
α

t
u′(t) + tβ−αf(u) = 0.

In particular, we choose α = 4, β = 5 and obtain

u′′(t) +
4

t
u′(t) + tf(u) = 0, u′(0) = 0, u(∞) = 0.

After computing the solution and its �rst derivative, we verify their analytically
shown asymptotic behavior. Note, that there exist positive and negative Kneser
solutions. However, we deal only with the asymptotics of the positive solution.
In Figure 1.4 top left, we can see the Kneser solution (green) and its asymptotic
behavior (blue), cf. Theorem 1.9 while in top right the same graphs are shown
in double logarithmic scaling to better visualize the asymptotic behavior for
large values of t. The related graphs of the �rst derivative are shown below, cf.
Theorem 1.10. All further plots have the same structure.
We observe that the solution and its derivative decay faster than it was shown
in Theorems 1.9 and 1.10. This important information may be used to re�ne
the asymptotic analysis.
During the testing, we discovered that for certain data combinations we are not
able to produce any Kneser solutions. This is the case for

α ∈ [2,∞], β ∈ [α− 1, 2α− 3].

Note that here β < α and therefore, (1.12a) has the form

u′′(t) +
α

t
u′(t) +

1

tγ
f(u) = 0, (1.16)

where γ = β − α > 0. This results in an additional singularity of the nonlinear
term f(u). We illustrate similar di�culty via the following example.
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Example 1.13. Let us again consider (1.12a), where p(t) = tα, q(t) = tβ , and
f is speci�ed in (1.15b) with r = 3. Using α = 4 and β = 3 yields

u′′(t) +
4

t
u′(t) +

1

t
f(u) = 0, u′(0) = 0, u(∞) = 0.

Note, that now the singularity also occurs in the nonlinearity. This has the
following e�ect. Although, we are able to calculate a solution, see Figure 1.5,
with a monotone behavior similar to the one of a Kneser solution, a closer look
shows that there is a di�culty with the initial condition u′(0) = 0. Their nu-
merical values are u′(0) ≈ 4.55 · 10−25 and in the �rst grid point t1 = 10−3,
we have u′(t1) ≈ −3.84 · 10−2. This means that we are facing a very unsmooth
behavior of the �rst derivative in the vicinity of t = 0. Therefore, we decided to
make a global restriction concerning the numerical existence of Kneser solutions.

Restrictions in case of singular inhomogeneity

Figure 1.5 suggests that for the case β < α we, in general, cannot hope for
�nding the Kneser solutions that satisfy u′(0) = 0. Thus, the regions

α ∈ [2,∞], β ∈ [α− 1, 2α− 3]

have to be restricted to

α ∈ [2,∞], β ∈ [α, 2α− 3]. (1.17)

We now specify in more detail the data used in the further testing. For p(t)
and q(t) we use (1.14a)�(1.14d) and four di�erent functions for f(u) are used as
speci�ed below,

f1(u) =


−u+3

2 for u < −1,
u3 for −1 ≤ u ≤ 1,

2− u for u > 1,
(1.18a)

f2(u) =


−u+3

2 for u < −1,
u5 for −1 ≤ u ≤ 1,

2− u for u > 1,
(1.18b)

f3(u) =


−12− 2u for u < −2,

u3 for −2 ≤ u ≤ 1,
2− u for u > 1,

(1.18c)

f4(u) = sgn(u)u4(2 + u)(1− u). (1.18d)

The parameters α and β are combined as follows:

(α, β) ∈ {(4, 4), (4, 5), (5, 6), (5, 7), } (1.19)

cf. (1.17). All respective results can be found in Appendix. We now analyze the
behavior of Kneser solutions for some di�erent forms of (1.12a).
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1.3.3. Dependence on parameters

In this section, we demonstrate how the qualitative behavior of Kneser solutions
depends on the characteristic parameters α, β and f(u). By varying these
parameters,in particular the parameter r in f(u), we shall derive some additional
information about the solutions.

Example 1.14. Using this example, we want to analyze how the Kneser solu-
tions depend on α. Therefore, we consider (1.12a) with f(u) given in (1.18d).
We choose (1.14b) for p(t) and q(t) and obtain (1.12a) in the following form:

u′′(t) +

(
α

t
+

1

(1 + t) log(1 + t)

)
u′(t) + tβ−αf(u) = 0.

By �xing the parameter β = 10, we study the problem

u′′(t)+

(
α

t
+

1

(1 + t) log(1 + t)

)
u′(t)+t10−αf(u) = 0, u′(0) = 0, u(∞) = 0.

Moreover, we use the pairs of (α, β),

(α, β) ∈ {(5, 10), (6, 10), (7, 10), (8, 10)}.

Note that this constellation means that the exponent in t in the non linear term
decreases, while the multiplicative factor in front of the �rst derivative is grow-
ing with growing α.

In Figure 1.6 we can see the Kneser solutions for all pairs (α, β), top left, as well
as their �rst derivatives, bottom left. The asymptotic behavior of the solutions
and their �rst derivatives is demonstrated in double logarithmic scaling, top
right and bottom right, respectively. We see that with the decreasing di�erence
β − α the decay of the solution and its �rst derivative becomes stronger.
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Example 1.15. The next example is similar to the previous one, but now, we
�x the parameter α = 5 and study problem (1.12a) for varying values of β.
Using (1.14a) and (1.15b) with r = 5 yields

u′′(t) +
α

t
u′(t) + tβ−αf(u) = 0.

The pairs (α, β) are now given by

(α, β) ∈ {(5, 5), (5, 6), (5, 7), (5, 8)}.

Hence, we discuss the BVP

u′′(t) +
5

t
u′(t) + tβ−5f(u) = 0, u′(0) = 0, u(∞) = 0.

Note, that here β − α = β − 5 ≥ 0 and so the nonlinearity stays regular. As a
result, the exponent of the nonlinear term is decreasing for growing β and the
multiplicative factor of the �rst derivative stays constant.

The results are shown in plots of Figure 1.7 which are arranged in the same way
as related plots in Figure 1.6. The interesting conclusion which we can draw
from this experiment is that although the exponent of the nonlinear term grows,
this does not in�uence the solution decay which is the same for all values of α
and β. This may be explained by the fact that the factor in front of the �rst
derivative does not change either. Apparently, this factor is stronger in�uencing
the asymptotic behavior of the Kneser solutions than the growth of the nonlinear
term.

20



0
1

2
3

4
5

6
7

8
9

10
0

0.
51

1.
52

Li
ne

ar

 

 

10
1

10
2

10
3

10
−

10

10
−

5

10
0

Lo
gL

og

 

 

0
1

2
3

4
5

6
7

8
9

10
0

0.
51

1.
52

Li
ne

ar

 

 

10
1

10
2

10
3

10
−

30

10
−

20

10
−

10

10
0

Lo
gL

og

 

 

|u
(5

,5
)(t

)|

|u
(5

,6
)(t

)|

|u
(5

,7
)(t

)|

|u
(5

,8
)(t

)|

t−
1.

25
|u

(5
,5

)(t
)|

|u
(5

,6
)(t

)|

|u
(5

,7
)(t

)|

|u
(5

,8
)(t

)|

t1.
25

 |u
(5

,8
)(t

)|

|u
(5

,5
)(t

)|

|u
(5

,6
)(t

)|

|u
(5

,7
)(t

)|

|u
(5

,8
)(t

)|

t−
2.

25
|u

(5
,5

)(t
)|

|u
(5

,6
)(t

)|

|u
(5

,7
)(t

)|

|u
(5

,8
)(t

)|

t2.
25

 |u
‘ (5

,8
)(t

)|

F
ig
u
re

1.
7.
:
E
x
am

p
le

1.
15
:
α

=
5,

β
∈
{5
,6
,7
,8
},

u
′′ (
t)

+
5 t
u
′ (
t)

+
tβ
−
5
f

(u
)

=
0
,

u
′ (

0)
=

0
,

u
(∞

)
=

0
.
K
n
es
er

so
lu
ti
on
s
fo
r

al
l
p
ai
rs

(α
=

5
,β

),
to
p
le
ft
,
th
ei
r
�
rs
t
d
er
iv
at
iv
es
,
b
ot
to
m

le
ft
.
T
h
e
as
y
m
p
to
ti
c
b
eh
av
io
r
of

th
e
so
lu
ti
on
s
an
d
th
ei
r
�
rs
t

d
er
iv
at
iv
es

is
il
lu
st
ra
te
d
in

d
ou
b
le
lo
ga
ri
th
m
ic
sc
al
in
g,

to
p
ri
gh
t
an
d
b
ot
to
m

ri
gh
t,
re
sp
ec
ti
ve
ly
.

21



Example 1.16. The �nal example shall demonstrate how nonlinearity a�ects
the behavior of the Kneser solutions. Therefore, we consider (1.12a) in the
following setting: we choose p and q according to (1.14a) with �xed parameters
α = 4 and β = 5. The function f(u) is given by (1.15b) where the parameter r
varies as shown below,

r ∈ {4, 6, 8, 10, 20}.

The resulting BVP reads:

u′′(t) +
4

t
u′(t) + tf(u) = 0, u′(0) = 0, u(∞) = 0.

The results of the simulation can be found in Figure 1.8. Usually, the nonlin-
earity has a crucial impact on the problem solutions, but in this case it does not
seem to have much e�ect.
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1.3.4. Conclusions

In the previous chapter, we discussed the numerical solutions of problem (1.12a)
subject to boundary condition (1.12b) and (1.12c),(

p(t)u′(t)
)′

+ q(t)f (u(t)) = 0, t ∈ (0,∞), u′(0) = 0, u(∞) = 0.

The underlying ODE is a nonlinear second-order di�erential equation with a
singularity of the �rst kind. We designed variants of the above model BVP by
choosing di�erent functions p and q. Additionally, the nonlinearity f(u) was
subject to special attention and also here, we considered di�erent forms of f(u).
The main goal of the work was to answer the questions formulated in i), ii) and
iii).

We were able to calculate Kneser solutions for all prescribed speci�cations given
via (1.14a)�(1.14d) and the nonlinearities speci�ed in (1.18a)�(1.18d). Here,
we remind that the restriction (1.17) was important in order to exclude the
singularity in the nonlinear term.
The model BVPs were numerically solved using the Matlab code bvpsuite

and the results of the numerical simulations provided the necessary information
to answer the questions i), ii), and iii). It is worth noting that although the
theory for the case p 6= q is not available yet, it was possible to �nd Kneser
solutions also in this case. This is an important support towards the possible
analysis. Note that some of the parameter combinations still constitute very
di�cult problems to solve numerically and remain open questions, as well as
the cases with the singularity in the nonlinear term.

Finally, we shall mention that we also considered the following data:

p(t) = tα ln(1 + t), q(t) = tβ.

Here, we faced a logarithmic singularity at t = 0 in the nonlinearity and failed
to �nd a Kneser solution. Clearly, this does not mean that such a solution does
not exist, but at present neither the analysis nor the numerical approximation
of such solutions are available.
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2. Convergence of collocation

schemes applied to solve singular

ODEs

2.1. Introduction

In the second part of the thesis, we deal with systems of linear ODEs equations
with a singularity of the �rst kind, given by

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1], (2.1)

where M ∈ Rn×n and f ∈ C[0, 1]. In order to solve this system numerically,
we need to close it with a set of 2n properly chosen boundary conditions which
guarantee that the resulting BVP is well-posed. The analysis of such boundary
conditions have been provided in [2] for the smooth inhomogeneity and in [7] for
the above setting. In this paper, we consider initial value, terminal value and
BVPs, where the boundary conditions are posed at t = 0, t = 1, and at both
interval endpoints, respectively.

The model examples used in this section were designed in [8]. The �rst collection
of model problems has been provided for the constant matrix M in [1]. Here,
the goal is to generalize these examples to cover the case of a variable coe�cient
matrices M(t) depending on t ∈ [0, 1] and provide the numerical illustration for
the theory given in [7].

There are six new examples, whose solution was calculated using bvpsuite.
The aim is to experimentally estimate the order of convergence of polynomial
collocation applied to solve the model BVPs [3]. We execute the method with
equidistant and Gaussian collocation points and coherently re�ned equidistant
meshes. All results will be presented in tables described below.

2.2. Collocation method

In this section, we introduce a class of collocation methods applied to approxi-
mate the solution y of the BVP1

y′(t) =
M(t)

t
y(t) +

f(t)

t
, B0y(0) +B1y(1) = β. (2.2)

1Note that with special choices of B0 and B1, we can cover IVPs and TVPs.
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We assume that the BVP (2.2) has a unique solution which is at least in C[0, 1]
and discretize problem (2.2). To this aim, let us consider a mesh

∆h = {t0 = 0 < t1 < t2 < . . . < ti < ti+1 < . . . < tN−1 < tN = 1}.

In each subinterval [ti, ti+1], we introduce m equidistantly spaced collocation
nodes til := ti + ulh, i = 0, . . . , N − 1, l = 1, . . . ,m, where

0 < u1 < . . . < um < 1.

The computational grid including the mesh points and the collocation points is
shown in Figure 2.1.

t0 . . . ti

. . . til . . .

ti+1 . . . tN︸ ︷︷ ︸
h

Figure 2.1.: The computational grid

By Pm,h, we denote the class of piecewise polynomial functions which are glob-
ally continuous on [0, 1] and reduce in each subinterval [ti, ti+1] to a polynomial
of degree less or equal to m. We now approximate the analytical solution y
by a polynomial function p ∈ Pm,h, such that p satis�es system (2.1) at the
collocation points, the boundary conditions, and the continuity relations,

p′(til)−
M(til)

til
p(til) =

f(til)

til
, l = 1, . . . ,m, i = 0, . . . , N − 1, (2.3a)

B0p(0) +B1p(1) = β, (2.3b)

pi−1(ti) = pi(ti), i = 1, . . . , N − 1, (2.3c)

where p(t) := pi(t), t ∈ [ti, ti+1].

2.3. Tables and parameters

Here, we describe how we present the numerical results. The characteristic
properties of each test run are collected in tables shown below.

Gauss equidistant uniform
h = 1 ‖Y h− Y ‖∞ c p ‖Y h− Y ‖∞ c p ‖Y h− Y ‖∞ c p
1/1 . . . . . . . . .
1/2 . . . . . . . . .
1/4 . . . . . . . . .

Gauss - equidistant - uniform

The three columns in each table are labelled with Gauss, equidistant and N =
1000. This means that the results in the �rst column are related to Gaussian
collocation points and in the second column to equidistant collocation points.
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For N = 2 and m = 5, we illustrate the distribution of both types of collocation
points in Figure 2.2.

0 0.5 1

0 0.5 1

t

t
equidistant collocation points

Gauss collocation points

Figure 2.2.: Distribution of the collocation points for equidistant (top) and
Gaussian (bottom) collocation.

Let us denote the collocation solution computed on ∆h and evaluated at ti by
yhi . This means that the exact global error at ti is given by yhi − y(ti) ∈ Rn.
Moreover, let us denote the maximum vector norm by

|x| = max
1≤j≤n

|xj |,

where x = (x1, . . . , xj . . . , xn)T ∈ Rn. Finally, with

Yh := (yh0 , y
h
1 , . . . , y

h
i , y

h
i+1, . . . , y

h
N−1, y

h
N )

and
Y := (y(t0), y(t1), . . . , y(ti), y(ti+1), . . . , y(tN−1), y(tN )),

we can explain the quantity denoted by ‖Yh − Y ‖∞, namely

‖Yh − Y ‖∞ := max
0≤i≤N

|yhi − y(ti)|.

In the third column, we report on the collocation with equidistant collocation
points but the maximal error ‖Yh − Y ‖∞ is now calculated (uniformly) using
1001 equidistantly spaced points,

‖Yh − Y ‖∞ := max
0≤j≤1000

|yhj − y(tj)|,

where tj = j ·10−3, j = 0, 1, . . . , 103. The reason for these di�erent ways of mea-
suring the global error is that we aim at observing di�erent convergence rates:
the possible superconvergence order in ∆h for h → 0 in case of the Gaussian
collocation points (�rst column) and the uniform convergence order for any col-
location points (third column). According to [2], for singular ODEs, we cannot
expect the superconvergence to hold in general, not even in the case of smooth
inhomogeneity, while the uniform convergence order is at least m (provided that
the solution is appropriately smooth). Similar analysis for problem (2.1) can be
found in [8].

Convergence rate p and error constant c
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The estimates for p and c are obtained in the standard way. We �rst calculate
the collocation solutions Yh and Yh

2
on two grids with the step sizes h and h/2,

respectively. Then, we compute the global errors as explained above. Finally,
from

‖Yh − Y ‖∞ = c hp and ‖Yh
2
− Y ‖∞ = c

(
h

2

)p
we conclude

p = log

(
‖Yh − Y ‖∞
‖Yh

2
− Y ‖∞

)
1

log(2)
, c =

‖Yh
2
− Y ‖∞(
h
2

)p .

The goal is to numerically simulate model problems speci�ed below and illustrate
the theoretically deduced convergence rates from [8].
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2.4. Results

2.4.1. Initial value problems (IVPs)

According to [7] for IVPs we need to assume, that the matrix M(0) has only
eigenvalues with non negative real parts and if σ = 0, then λ = 0. The following
two examples are designed in such a way that these assumptions are satis�ed.

Example 2.1. We consider the IVP,

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

 3 −2 1
−2 2 −1
−2 1 0

 y(0) =

 1
0
0

 ,

where

M(t) =

 3t− 2 sin t− 4 −2t+ sin t+ 2 t− 1
3t2 + 6t− 4 sin t− 8 −2t2 − 4t+ 2 sin t+ 4 t2 + 2t− 2

6t2 + 6t− 4 sin t− 12 −4t2 − 4t+ 2 sin t+ 8 2t2 + 2t− 4

 ,

M(0) =

 −4 2 −1
−8 4 −2
−12 8 −4

 =

1 1 0
2 2 1
2 1 2

−2 1
−2

0

 3 −2 1
−2 2 −1
−2 1 0


︸ ︷︷ ︸

EJE−1

and

f(t) =

 2t cos2(t)− t2 sin(t) + sin(t) cos(t) + 2 exp(t)− t
(−t2 + 4) exp(t) + 4t cos2(t)− 2t2 sin(t) + 2 sin(t) cos(t) + 2t2 − 2t

−2t2 exp(t) + 2t cos2(t)− 2t2 sin(t) + 4t2 + 4 exp(t)− t.

 .

The exact solution of the BVP reads:

y(t) =

 exp(t) + sin(t) cos(t)
2 exp(t) + 2 sin(t) cos(t) + t2

2 exp(t) + sin(t) cos(t) + 2t2.

 ∈ C∞[0, 1].

Analysis provided in [7] speci�es the convergence rate in context of IVPs. Let
us assume that y ∈ Cm+1[0, 1] is the unique solution of (2.1) subject to appro-
priately stated initial conditions andM ∈ C1[0, 1], f ∈ C[0, 1]. Let the function
p ∈ Pm,h be the unique solutions of the collocation scheme (2.3a - 2.3c) executed
on a grid with the step size h. Then, provided that h is su�ciently small,

‖p− y‖∞ ≤ const. hm,

where Pm,h denotes the class of piecewise continuous polynomial functions re-
ducing on each subinterval to a polynomial of degree at most m.
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m=1

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.9e-01 0.0e+00 0.00 1.9e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 4.5e-02 8.4e-01 2.11 4.5e-02 8.4e-01 2.11 1.6e-01 3.0e+00 2.10
1/4 1.6e-02 3.6e-01 1.50 1.6e-02 3.6e-01 1.50 4.8e-02 1.9e+00 1.78
1/8 4.6e-03 6.7e-01 1.80 4.6e-03 6.7e-01 1.80 1.3e-02 2.4e+00 1.88
1/16 1.2e-03 9.1e-01 1.91 1.2e-03 9.1e-01 1.91 3.4e-03 2.8e+00 1.94
1/32 3.2e-04 1.1e+00 1.96 3.2e-04 1.1e+00 1.96 8.6e-04 3.2e+00 1.97
1/64 8.0e-05 1.2e+00 1.98 8.0e-05 1.2e+00 1.98 2.2e-04 3.3e+00 1.99
1/128 2.0e-05 1.2e+00 1.99 2.0e-05 1.2e+00 1.99 5.5e-05 3.4e+00 1.99
1/256 5.1e-06 1.3e+00 1.99 5.1e-06 1.3e+00 1.99 1.4e-05 3.5e+00 2.00
1/512 1.3e-06 1.3e+00 2.00 1.3e-06 1.3e+00 2.00 3.4e-06 3.6e+00 2.00
1/1024 3.2e-07 1.3e+00 2.00 3.2e-07 1.3e+00 2.00 8.4e-07 4.5e+00 2.03
1/2048 7.9e-08 1.3e+00 2.00 7.9e-08 1.3e+00 2.00 2.1e-07 3.1e+00 1.98

m=2

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.4e-02 0.0e+00 0.00 4.3e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.1e-03 6.8e-02 2.23 1.1e-02 1.6e-01 1.94 1.1e-02 1.6e-01 1.94
1/4 4.0e-04 1.9e-01 2.96 2.6e-03 2.0e-01 2.08 2.6e-03 2.0e-01 2.08
1/8 4.9e-05 2.1e-01 3.02 6.5e-04 1.7e-01 2.01 6.5e-04 1.7e-01 2.01
1/16 6.1e-06 2.1e-01 3.01 1.6e-04 1.6e-01 2.00 1.6e-04 1.6e-01 2.00
1/32 7.6e-07 2.0e-01 3.01 4.1e-05 1.6e-01 2.00 4.1e-05 1.6e-01 2.00
1/64 9.4e-08 2.0e-01 3.00 1.0e-05 1.7e-01 2.00 1.0e-05 1.7e-01 2.00
1/128 1.2e-08 2.0e-01 3.00 2.5e-06 1.7e-01 2.00 2.5e-06 1.7e-01 2.00
1/256 1.5e-09 2.0e-01 3.00 6.4e-07 1.7e-01 2.00 6.4e-07 1.7e-01 2.00
1/512 1.8e-10 2.0e-01 3.00 1.6e-07 1.7e-01 2.00 1.6e-07 1.7e-01 2.00
1/1024 2.3e-11 2.0e-01 3.00 4.0e-08 1.7e-01 2.00 4.0e-08 1.7e-01 2.00
1/2048 2.9e-12 2.1e-01 3.01 9.9e-09 1.7e-01 2.00 9.9e-09 1.7e-01 2.00

m=3

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.7e-04 0.0e+00 0.00 2.8e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.3e-05 2.1e-03 2.99 1.6e-03 5.2e-01 4.19 1.6e-03 5.2e-01 4.19
1/4 1.3e-06 2.3e-02 4.70 9.4e-05 4.3e-01 4.05 9.4e-05 4.3e-01 4.05
1/8 4.2e-08 3.6e-02 4.93 5.8e-06 4.0e-01 4.01 5.8e-06 4.0e-01 4.01
1/16 1.3e-09 4.1e-02 4.98 3.6e-07 3.8e-01 4.00 3.6e-07 3.8e-01 4.00
1/32 4.2e-11 4.4e-02 4.99 2.3e-08 3.8e-01 4.00 2.3e-08 3.8e-01 4.00
1/64 1.3e-12 4.4e-02 4.99 1.4e-09 3.8e-01 4.00 1.4e-09 3.8e-01 4.00
1/128 3.7e-14 1.0e-01 5.17 8.8e-11 3.8e-01 4.00 8.8e-11 3.8e-01 4.00
1/256 3.9e-14 2.3e-14 -0.08 5.5e-12 3.8e-01 4.00 5.5e-12 3.8e-01 4.00
1/512 2.0e-14 1.6e-11 0.97 3.5e-13 3.5e-01 3.99 3.5e-13 3.5e-01 3.99
1/1024 2.4e-14 3.2e-15 -0.26 5.9e-14 1.9e-05 2.57 5.6e-14 3.0e-05 2.64
1/2048 2.4e-14 2.0e-14 -0.03 5.2e-14 2.0e-13 0.16 5.3e-14 9.6e-14 0.07
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m=4

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.2e-05 0.0e+00 0.00 2.1e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 9.7e-07 5.1e-04 4.51 1.1e-04 3.9e-02 4.21 1.3e-04 3.5e-02 4.05
1/4 2.6e-08 1.3e-03 5.22 6.1e-06 4.0e-02 4.22 6.8e-06 4.5e-02 4.23
1/8 7.3e-10 1.2e-03 5.16 3.6e-07 3.0e-02 4.08 3.8e-07 3.7e-02 4.14
1/16 2.1e-11 9.8e-04 5.09 2.2e-08 2.5e-02 4.02 2.3e-08 3.0e-02 4.06
1/32 6.5e-13 8.5e-04 5.05 1.4e-09 2.4e-02 4.01 1.4e-09 2.6e-02 4.02
1/64 2.3e-14 3.2e-04 4.81 8.7e-11 2.3e-02 4.00 8.8e-11 2.5e-02 4.01
1/128 9.3e-15 1.3e-11 1.31 5.4e-12 2.3e-02 4.00 5.5e-12 2.4e-02 4.00
1/256 2.9e-14 9.8e-19 -1.65 3.4e-13 2.3e-02 4.00 3.4e-13 2.4e-02 4.00
1/512 8.9e-15 1.4e-09 1.72 7.0e-14 5.0e-07 2.28 7.0e-14 5.0e-07 2.28
1/1024 2.7e-14 1.5e-19 -1.58 5.5e-14 7.9e-13 0.35 5.5e-14 7.9e-13 0.35
1/2048 3.3e-14 2.7e-15 -0.30 4.7e-14 3.1e-13 0.23 4.7e-14 3.1e-13 0.23

m=5

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.6e-06 0.0e+00 0.00 4.0e-04 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 5.9e-09 4.5e-04 8.12 5.2e-06 3.1e-02 6.26 5.2e-06 3.1e-02 6.26
1/4 3.0e-11 2.2e-04 7.60 7.8e-08 2.3e-02 6.06 7.8e-08 2.3e-02 6.06
1/8 2.0e-13 1.0e-04 7.23 1.2e-09 2.1e-02 6.01 1.2e-09 2.1e-02 6.01
1/16 1.5e-14 6.2e-09 3.73 1.9e-11 2.0e-02 6.00 1.9e-11 2.0e-02 6.00
1/32 1.6e-14 1.1e-14 -0.08 2.9e-13 2.1e-02 6.01 2.9e-13 2.2e-02 6.02
1/64 2.4e-14 1.4e-15 -0.58 3.3e-14 1.5e-07 3.16 3.8e-14 5.6e-08 2.93
1/128 9.8e-15 1.3e-11 1.30 1.3e-14 2.3e-11 1.35 1.4e-14 3.9e-11 1.43
1/256 1.2e-14 2.6e-15 -0.24 1.7e-14 1.5e-15 -0.39 1.9e-14 1.6e-15 -0.39
1/512 2.7e-14 5.4e-18 -1.23 2.0e-14 3.0e-15 -0.28 2.0e-14 8.2e-15 -0.13
1/1024 2.1e-14 3.0e-13 0.35 3.6e-14 6.3e-17 -0.83 3.6e-14 6.3e-17 -0.83
1/2048 7.3e-14 2.9e-20 -1.77 4.6e-14 2.7e-15 -0.34 4.6e-14 2.7e-15 -0.34

m=6

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 6.4e-08 0.0e+00 0.00 2.2e-05 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 2.6e-10 1.6e-05 7.97 3.4e-07 1.4e-03 6.00 3.5e-07 1.3e-03 5.95
1/4 1.4e-12 9.1e-06 7.55 4.4e-09 2.1e-03 6.28 5.0e-09 1.7e-03 6.13
1/8 2.2e-14 3.2e-07 5.95 6.7e-11 1.2e-03 6.04 7.1e-11 1.8e-03 6.14
1/16 3.8e-14 2.5e-15 -0.78 1.4e-12 3.7e-04 5.60 1.4e-12 5.3e-04 5.71
1/32 4.3e-14 2.2e-14 -0.16 8.8e-13 1.3e-11 0.65 8.4e-13 1.6e-11 0.70
1/64 3.8e-14 8.2e-14 0.16 8.7e-13 9.5e-13 0.02 8.5e-13 7.9e-13 -0.01
1/128 5.5e-14 2.9e-15 -0.53 8.4e-13 1.1e-12 0.04 8.3e-13 9.6e-13 0.03
1/256 2.6e-14 2.4e-11 1.10 8.7e-13 6.6e-13 -0.04 8.6e-13 6.2e-13 -0.05
1/512 2.0e-14 3.1e-13 0.40 8.6e-13 9.3e-13 0.01 8.6e-13 9.1e-13 0.01
1/1024 1.0e-13 9.9e-22 -2.42 8.5e-13 9.3e-13 0.01 8.5e-13 9.0e-13 0.01
1/2048 3.4e-14 2.7e-08 1.63 8.6e-13 7.5e-13 -0.02 8.6e-13 7.3e-13 -0.02
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m=7

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.4e-09 0.0e+00 0.00 4.4e-06 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.6e-12 3.4e-06 10.51 1.4e-08 1.3e-03 8.24 1.4e-08 1.3e-03 8.24
1/4 3.4e-13 3.7e-11 2.25 5.1e-11 1.2e-03 8.15 5.0e-11 1.2e-03 8.18
1/8 3.4e-13 3.5e-13 0.02 4.7e-12 6.2e-08 3.42 5.7e-12 3.4e-08 3.14
1/16 3.6e-13 2.7e-13 -0.08 4.8e-12 4.3e-12 -0.03 5.3e-12 7.6e-12 0.11
1/32 3.7e-13 3.0e-13 -0.05 4.8e-12 4.8e-12 -0.00 5.1e-12 6.4e-12 0.06
1/64 3.9e-13 2.8e-13 -0.07 4.8e-12 5.0e-12 0.01 4.9e-12 5.9e-12 0.04
1/128 3.8e-13 4.3e-13 0.02 4.8e-12 5.2e-12 0.01 4.8e-12 5.8e-12 0.03
1/256 3.7e-13 5.1e-13 0.05 4.8e-12 4.6e-12 -0.01 4.8e-12 4.8e-12 -0.00
1/512 4.1e-13 1.4e-13 -0.15 4.8e-12 4.5e-12 -0.01 4.8e-12 4.6e-12 -0.01
1/1024 4.0e-13 5.6e-13 0.04 4.8e-12 5.2e-12 0.01 4.8e-12 5.3e-12 0.01
1/2048 3.4e-13 2.4e-12 0.23 4.9e-12 4.0e-12 -0.02 4.9e-12 4.1e-12 -0.02

m=8

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 7.0e-11 0.0e+00 0.00 1.9e-07 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.5e-12 3.2e-09 5.51 7.1e-10 5.2e-05 8.07 7.6e-10 4.9e-05 7.98
1/4 1.3e-12 2.3e-12 0.28 5.2e-11 1.4e-07 3.79 3.4e-11 3.9e-07 4.49
1/8 1.2e-12 1.4e-12 0.05 5.0e-11 5.8e-11 0.05 4.0e-11 2.0e-11 -0.25
1/16 1.2e-12 1.3e-12 0.03 5.0e-11 5.1e-11 0.00 4.5e-11 2.6e-11 -0.15
1/32 1.2e-12 1.4e-12 0.03 5.0e-11 5.1e-11 0.01 4.7e-11 3.6e-11 -0.06
1/64 1.2e-12 1.4e-12 0.05 5.0e-11 5.0e-11 0.00 4.8e-11 4.0e-11 -0.04
1/128 1.2e-12 1.1e-12 -0.01 5.0e-11 4.9e-11 -0.00 4.9e-11 4.3e-11 -0.02
1/256 1.1e-12 1.3e-12 0.03 4.9e-11 5.0e-11 0.00 4.9e-11 4.7e-11 -0.01
1/512 1.2e-12 6.4e-13 -0.09 4.9e-11 5.0e-11 0.00 4.9e-11 4.8e-11 -0.00
1/1024 1.1e-12 2.5e-12 0.11 4.9e-11 4.9e-11 -0.00 4.9e-11 4.8e-11 -0.00
1/2048 1.2e-12 7.2e-13 -0.06 4.9e-11 5.1e-11 0.00 4.9e-11 5.0e-11 0.00
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Example 2.2. Since the next example is also an IVP, the same assumptions
in terms of the eigenvalues of M(0) have to be made. Here, we discuss the
following IVP:

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

 2 2 1
2 3 1
−1 −1 0

 y(0) =

 1
1
0

 ,

where

M(t) =

4t sin t+ 2t− 2 cos t+ 1 4t sin t+ 3t− 3 cos t+ 3 3t− cos t+ 2
−2t− 2 −3t− 3 −t− 1

−8t sin t+ 4 cos t+ 4 −8t sin t+ 6 cos t+ 3 −4t sin t+ 2 cos t− 1

 ,

M(0) =

−1 0 1
−2 −3 −1

8 9 1

 =

 1 −1 −1
−1 1 0

1 0 2

 0 1
0
−3

 2 2 1
2 3 1
−1 −1 0


︸ ︷︷ ︸

EJE−1

and

f(t) =


−4t cos2(t) sin(t) + 4t cos2(t)− 2z sin(t) cos(t) + cos(t) exp(t)...
−2t exp(t) + 3 cos2(t)− 2t cos(t) + 3t sin(t)− 2 exp(t)− 4t− 3

t sin(t) + exp(t) + 2t exp(t)
8t sin(t) cos(t)− 2 cos(t) exp(t)− 6 cos2(t)− t sin(t) + exp(t) + 6

 .

The exact solution is given by

y(t) =

 cos(t)− exp(t)− sin2(t)
− cos(t) + exp(t)
cos(t) + 2 sin2(t).

 ∈ C∞[0, 1].

As in the previous IVP, we expect the convergence order to be at least m, where
m is the degree of the collocation polynomial or the number of collocation points.
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m=1

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.4e+01 0.0e+00 0.00 1.4e+01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.7e+00 1.2e+02 3.06 1.7e+00 1.2e+02 3.06 1.7e+00 1.2e+02 3.06
1/4 2.2e-01 1.0e+02 2.96 2.2e-01 1.0e+02 2.96 2.2e-01 1.0e+02 2.96
1/8 4.5e-02 2.7e+01 2.31 4.5e-02 2.7e+01 2.31 4.5e-02 2.7e+01 2.31
1/16 1.3e-02 6.4e+00 1.79 1.3e-02 6.4e+00 1.79 1.3e-02 6.4e+00 1.79
1/32 4.1e-03 4.0e+00 1.65 4.1e-03 4.0e+00 1.65 4.1e-03 4.0e+00 1.65
1/64 1.3e-03 3.9e+00 1.65 1.3e-03 3.9e+00 1.65 1.3e-03 3.9e+00 1.65
1/128 4.1e-04 4.7e+00 1.68 4.1e-04 4.7e+00 1.68 4.1e-04 4.7e+00 1.68
1/256 1.2e-04 5.9e+00 1.73 1.2e-04 5.9e+00 1.73 1.2e-04 5.9e+00 1.73
1/512 3.6e-05 7.4e+00 1.76 3.6e-05 7.4e+00 1.76 3.6e-05 7.4e+00 1.76
1/1024 1.0e-05 9.1e+00 1.79 1.0e-05 9.1e+00 1.79 1.0e-05 9.1e+00 1.79
1/2048 3.0e-06 1.1e+01 1.82 3.0e-06 1.1e+01 1.82 3.0e-06 1.1e+01 1.82

m=2

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 5.6e-02 0.0e+00 0.00 1.3e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.7e-02 1.9e-01 1.73 2.8e-02 6.1e-01 2.22 2.8e-02 6.1e-01 2.22
1/4 3.0e-03 5.3e-01 2.49 5.5e-03 7.5e-01 2.36 5.5e-03 7.5e-01 2.36
1/8 4.4e-04 9.5e-01 2.77 1.1e-03 6.5e-01 2.30 1.1e-03 6.5e-01 2.30
1/16 5.9e-05 1.3e+00 2.88 2.4e-04 4.9e-01 2.20 2.4e-04 4.9e-01 2.20
1/32 7.8e-06 1.5e+00 2.93 5.7e-05 3.6e-01 2.11 5.7e-05 3.6e-01 2.11
1/64 1.0e-06 1.7e+00 2.96 1.4e-05 2.9e-01 2.05 1.4e-05 2.9e-01 2.05
1/128 1.3e-07 1.9e+00 2.97 3.4e-06 2.5e-01 2.03 3.4e-06 2.5e-01 2.03
1/256 1.6e-08 2.0e+00 2.98 8.3e-07 2.3e-01 2.01 8.3e-07 2.3e-01 2.01
1/512 2.0e-09 2.1e+00 2.99 2.1e-07 2.3e-01 2.01 2.1e-07 2.3e-01 2.01
1/1024 2.6e-10 2.1e+00 2.99 5.2e-08 2.2e-01 2.00 5.2e-08 2.2e-01 2.00
1/2048 3.2e-11 2.3e+00 3.01 1.3e-08 2.2e-01 2.00 1.3e-08 2.2e-01 2.00

m=3

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.8e-03 0.0e+00 0.00 3.7e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.6e-04 2.0e-02 3.51 1.8e-03 7.8e-01 4.38 1.9e-03 7.5e-01 4.33
1/4 3.5e-05 3.1e-03 2.16 1.1e-04 4.8e-01 4.03 1.1e-04 5.3e-01 4.08
1/8 3.0e-06 5.6e-02 3.55 1.2e-05 9.5e-02 3.25 1.2e-05 9.5e-02 3.25
1/16 1.9e-07 1.6e-01 3.93 1.3e-06 8.0e-02 3.19 1.3e-06 8.0e-02 3.19
1/32 1.2e-08 2.1e-01 4.01 1.1e-07 2.9e-01 3.56 1.1e-07 2.9e-01 3.56
1/64 7.4e-10 2.2e-01 4.02 8.2e-09 5.5e-01 3.71 8.2e-09 5.5e-01 3.71
1/128 4.6e-11 2.0e-01 4.00 5.9e-10 7.9e-01 3.79 5.9e-10 7.9e-01 3.79
1/256 3.3e-12 6.7e-02 3.80 4.2e-11 9.5e-01 3.82 4.2e-11 9.5e-01 3.82
1/512 1.3e-13 1.4e+01 4.66 2.7e-12 2.0e+00 3.94 2.7e-12 2.0e+00 3.94
1/1024 1.3e-13 1.7e-13 0.04 7.1e-14 1.9e+04 5.26 7.1e-14 1.9e+04 5.26
1/2048 2.5e-13 7.2e-17 -0.98 3.3e-13 3.5e-21 -2.21 3.3e-13 3.5e-21 -2.21
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m=4

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.0e-03 0.0e+00 0.00 8.6e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.1e-05 1.3e-01 6.00 2.8e-04 2.6e-01 4.93 3.1e-04 2.8e-01 4.89
1/4 6.1e-07 7.9e-02 5.66 9.0e-06 2.8e-01 4.97 1.1e-05 2.6e-01 4.86
1/8 1.6e-08 3.1e-02 5.21 5.1e-07 5.0e-02 4.15 5.7e-07 7.4e-02 4.25
1/16 4.9e-10 2.0e-02 5.06 3.1e-08 3.8e-02 4.05 3.3e-08 5.4e-02 4.13
1/32 1.5e-11 1.7e-02 5.01 1.9e-09 3.5e-02 4.02 2.0e-09 4.3e-02 4.06
1/64 2.0e-13 3.1e+00 6.26 1.2e-10 3.3e-02 4.01 1.2e-10 3.8e-02 4.03
1/128 2.1e-13 1.3e-13 -0.10 7.3e-12 3.2e-02 4.00 7.4e-12 3.4e-02 4.01
1/256 8.8e-14 2.6e-10 1.28 8.1e-13 3.4e-04 3.18 8.1e-13 3.6e-04 3.19
1/512 4.4e-13 4.1e-20 -2.33 4.6e-14 1.4e-01 4.15 4.7e-14 1.2e-01 4.12
1/1024 6.4e-13 1.2e-14 -0.53 2.9e-13 4.2e-22 -2.67 2.9e-13 5.1e-22 -2.64
1/2048 1.8e-13 6.3e-07 1.81 8.4e-14 2.6e-07 1.80 8.3e-14 2.7e-07 1.80

m=5

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 9.6e-05 0.0e+00 0.00 1.9e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.2e-06 7.6e-03 6.31 3.0e-05 1.2e-01 5.97 3.0e-05 1.2e-01 5.97
1/4 1.2e-08 1.2e-02 6.62 3.4e-07 2.3e-01 6.45 3.4e-07 2.3e-01 6.45
1/8 1.3e-10 9.5e-03 6.52 3.6e-09 2.9e-01 6.58 3.7e-09 2.6e-01 6.52
1/16 1.8e-12 4.3e-03 6.23 3.7e-11 3.0e-01 6.58 4.0e-11 2.6e-01 6.51
1/32 1.1e-13 1.7e-06 3.97 1.2e-12 9.3e-04 4.92 1.3e-12 1.2e-03 4.98
1/64 1.4e-14 3.1e-08 3.01 8.4e-13 1.2e-11 0.55 8.4e-13 1.7e-11 0.62
1/128 4.6e-13 4.1e-25 -5.00 6.4e-13 5.6e-12 0.39 6.4e-13 5.6e-12 0.39
1/256 4.9e-14 2.6e-05 3.22 3.8e-13 4.6e-11 0.77 3.8e-13 4.5e-11 0.77
1/512 3.9e-13 3.5e-22 -3.01 1.8e-13 3.1e-10 1.08 1.8e-13 3.1e-10 1.08
1/1024 2.6e-13 2.6e-11 0.61 2.9e-13 1.5e-15 -0.69 2.9e-13 1.6e-15 -0.68
1/2048 5.8e-13 3.3e-17 -1.18 1.1e-13 8.0e-09 1.34 1.1e-13 7.6e-09 1.34

m=6

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 4.9e-06 0.0e+00 0.00 1.8e-04 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 9.7e-09 2.5e-03 8.99 6.2e-07 5.4e-02 8.20 7.3e-07 4.9e-02 8.02
1/4 6.3e-12 2.3e-02 10.58 6.9e-09 5.1e-03 6.50 8.0e-09 6.0e-03 6.51
1/8 6.7e-14 5.3e-06 6.56 9.9e-11 2.3e-03 6.12 1.1e-10 3.0e-03 6.17
1/16 2.0e-13 8.0e-16 -1.60 1.7e-12 1.2e-03 5.89 1.8e-12 1.6e-03 5.95
1/32 4.0e-13 7.0e-15 -0.97 2.0e-13 7.4e-08 3.08 2.0e-13 1.1e-07 3.17
1/64 3.9e-14 4.4e-07 3.35 1.2e-13 4.9e-12 0.77 1.1e-13 5.8e-12 0.81
1/128 4.9e-13 8.1e-22 -3.65 6.2e-13 9.8e-19 -2.41 6.2e-13 8.1e-19 -2.44
1/256 3.5e-13 7.8e-12 0.50 1.3e-13 1.5e-07 2.23 1.3e-13 1.6e-07 2.25
1/512 3.9e-13 1.1e-13 -0.18 3.7e-13 1.1e-17 -1.50 3.7e-13 1.1e-17 -1.50
1/1024 2.8e-13 1.0e-11 0.47 5.8e-13 4.3e-15 -0.64 5.8e-13 4.0e-15 -0.65
1/2048 2.2e-13 4.4e-12 0.36 2.7e-13 3.0e-09 1.12 2.7e-13 3.1e-09 1.13
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m=7

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.0e-07 0.0e+00 0.00 1.6e-05 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 7.3e-10 5.3e-05 8.08 6.1e-08 4.4e-03 8.07 6.1e-08 4.4e-03 8.07
1/4 1.8e-12 1.2e-04 8.69 1.5e-10 1.0e-02 8.67 1.6e-10 9.3e-03 8.61
1/8 3.4e-13 2.4e-10 2.36 7.9e-13 1.0e-03 7.57 9.0e-13 8.1e-04 7.44
1/16 1.3e-13 1.6e-11 1.39 9.1e-13 4.5e-13 -0.20 9.7e-13 6.5e-13 -0.11
1/32 8.6e-14 1.1e-12 0.61 2.2e-12 1.1e-14 -1.28 2.3e-12 1.5e-14 -1.21
1/64 1.1e-13 1.5e-14 -0.42 1.3e-12 5.5e-11 0.77 1.3e-12 6.1e-11 0.79
1/128 3.2e-13 8.3e-17 -1.49 1.7e-12 1.7e-13 -0.42 1.7e-12 1.8e-13 -0.41
1/256 2.4e-13 2.9e-12 0.40 1.1e-12 5.5e-11 0.62 1.1e-12 5.5e-11 0.63
1/512 6.7e-14 2.8e-08 1.87 9.1e-13 6.6e-12 0.28 9.1e-13 6.7e-12 0.29
1/1024 4.8e-13 1.7e-22 -2.85 2.4e-12 7.0e-17 -1.37 2.4e-12 7.2e-17 -1.36
1/2048 2.4e-13 1.2e-09 1.03 9.1e-13 7.9e-08 1.37 9.1e-13 7.8e-08 1.37

m=8

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.6e-08 0.0e+00 0.00 1.5e-06 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.1e-11 2.1e-05 10.42 1.4e-09 1.5e-03 10.00 1.7e-09 1.4e-03 9.80
1/4 2.0e-13 3.7e-08 5.82 9.9e-12 2.9e-05 7.16 1.2e-11 3.4e-05 7.14
1/8 2.1e-13 1.8e-13 -0.06 7.4e-12 2.3e-11 0.41 7.4e-12 5.4e-11 0.72
1/16 2.5e-13 1.1e-13 -0.24 8.1e-12 5.2e-12 -0.13 8.1e-12 5.2e-12 -0.13
1/32 1.7e-13 1.6e-12 0.54 1.1e-11 2.2e-12 -0.38 1.2e-11 1.1e-12 -0.58
1/64 8.9e-13 9.0e-18 -2.37 1.0e-11 1.2e-11 0.03 1.1e-11 2.4e-11 0.16
1/128 1.7e-13 9.5e-08 2.39 1.2e-11 3.4e-12 -0.23 1.3e-11 3.8e-12 -0.22
1/256 2.1e-13 2.9e-14 -0.32 1.4e-11 3.5e-12 -0.22 1.4e-11 4.4e-12 -0.19
1/512 3.4e-13 3.5e-15 -0.66 1.3e-11 3.0e-11 0.12 1.3e-11 3.3e-11 0.13
1/1024 3.1e-13 7.4e-13 0.11 1.4e-11 6.3e-12 -0.10 1.4e-11 6.7e-12 -0.10
1/2048 5.5e-13 6.0e-16 -0.82 1.7e-11 1.5e-12 -0.29 1.7e-11 1.6e-12 -0.28
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2.4.2. Terminal value problems (TVPs)

Example 2.3. According to [7], for TVPs we again have to make additional
assumptions. For TVP we assume that the matrix M(0) has only eingenvalues
with nonnegative real parts and if the real part σ of an eigenvalue λ is zero then
λ = 0. Additionally, if zero is an eigenvalue of M(0) the algebraic and geomet-
ric multiplicity have to be equal. The following two examples are constructed
according to those assumptions.

We �rst consider the TVP,

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

 2 1 −1
0 1 0
−1 −1 1

 y(1) =

 e
e

1/15

 ,

where

M(t) =

 24 + 2t 12 + t −12− t
−26t 20− 12t 13t

24− 24t 32− 11t −12 + 12t

 ,

M(0) =

 24 12 −12
0 20 0

24 32 −12

 =

 1 0 1
0 1 0
1 1 2

 12
20

0

 2 1 −1
0 1 0
−1 −1 1


︸ ︷︷ ︸

EJE−1

and

f(t) =

 −12 exp(t) + t15

−6t exp(t)
−6t exp(t)− 12 exp(t) + 2t15

 .

The exact solution is

y(t) =

 exp(t) + 1
15 t

15

t exp(t)
exp(t) + t exp(t) + 2

15 t
15

 ∈ C∞[0, 1].

In [8], we �nd the respective information on the convergence rates in context of
TVPs. Let us assume that y ∈ Cm+1[0, 1] is the unique solution of (2.1) subject
to to correctly posed terminal conditions and M ∈ C1[0, 1], f ∈ C[0, 1]. Let the
function p ∈ Pm,h be the unique solutions of the associated collocation scheme
(2.3a - 2.3c). Then, for h su�ciently small,

‖p− y‖∞ ≤ const. hm,

where Pp,h denotes the class of piecewise continuous polynomial functions re-
ducing in each subinterval of length h to a polynomial of a maximal degree
m.
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m=1

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.2e+00 0.0e+00 0.00 1.2e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.0e-01 5.1e+00 2.04 3.0e-01 5.1e+00 2.04 3.0e-01 5.1e+00 2.04
1/4 7.4e-02 5.2e+00 2.04 7.4e-02 5.2e+00 2.04 1.1e-01 2.5e+00 1.51
1/8 1.5e-02 9.0e+00 2.31 1.5e-02 9.0e+00 2.31 4.3e-02 1.7e+00 1.32
1/16 3.1e-03 7.5e+00 2.24 3.1e-03 7.5e+00 2.24 1.4e-02 3.7e+00 1.61
1/32 7.8e-04 3.4e+00 2.01 7.8e-04 3.4e+00 2.01 4.0e-03 6.8e+00 1.79
1/64 1.9e-04 3.3e+00 2.01 1.9e-04 3.3e+00 2.01 1.1e-03 1.0e+01 1.89
1/128 4.9e-05 3.2e+00 2.00 4.9e-05 3.2e+00 2.00 2.8e-04 1.3e+01 1.94
1/256 1.2e-05 3.2e+00 2.00 1.2e-05 3.2e+00 2.00 7.3e-05 1.6e+01 1.97
1/512 3.0e-06 3.2e+00 2.00 3.0e-06 3.2e+00 2.00 1.8e-05 1.7e+01 1.98
1/1024 7.6e-07 3.2e+00 2.00 7.6e-07 3.2e+00 2.00 3.8e-06 1.4e+02 2.29
1/2048 1.9e-07 3.2e+00 2.00 1.9e-07 3.2e+00 2.00 1.0e-06 5.2e+00 1.86

m=2

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.8e-01 0.0e+00 0.00 3.7e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 6.1e-02 1.3e+00 2.22 1.4e-01 1.0e+00 1.42 1.4e-01 1.0e+00 1.42
1/4 6.8e-03 4.8e+00 3.15 4.5e-02 1.4e+00 1.64 4.5e-02 1.4e+00 1.64
1/8 6.2e-04 9.1e+00 3.46 1.2e-02 2.3e+00 1.89 1.2e-02 2.3e+00 1.89
1/16 6.0e-05 7.1e+00 3.37 3.1e-03 2.9e+00 1.98 3.1e-03 2.9e+00 1.98
1/32 6.3e-06 4.5e+00 3.24 7.7e-04 3.1e+00 2.00 7.7e-04 3.1e+00 2.00
1/64 7.2e-07 3.0e+00 3.14 1.9e-04 3.1e+00 2.00 1.9e-04 3.1e+00 2.00
1/128 8.5e-08 2.2e+00 3.07 4.8e-05 3.1e+00 2.00 4.8e-05 3.2e+00 2.00
1/256 1.0e-08 1.8e+00 3.04 1.2e-05 3.1e+00 2.00 1.2e-05 3.2e+00 2.00
1/512 1.3e-09 1.6e+00 3.02 3.0e-06 3.1e+00 2.00 3.0e-06 3.2e+00 2.00
1/1024 1.6e-10 1.5e+00 3.01 7.5e-07 3.1e+00 2.00 7.5e-07 3.1e+00 2.00
1/2048 2.0e-11 1.4e+00 3.00 1.9e-07 3.1e+00 2.00 1.9e-07 3.1e+00 2.00

m=3

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.3e-02 0.0e+00 0.00 8.0e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.6e-03 1.1e-01 3.03 3.5e-02 1.8e-01 1.18 4.7e-02 2.8e-01 1.29
1/4 2.7e-05 5.8e+00 5.90 4.1e-03 2.6e+00 3.11 8.5e-03 1.5e+00 2.48
1/8 1.3e-06 2.7e-01 4.41 3.0e-04 1.0e+01 3.76 9.1e-04 6.9e+00 3.22
1/16 8.8e-08 6.1e-02 3.88 2.0e-05 1.7e+01 3.94 7.5e-05 2.0e+01 3.61
1/32 6.1e-09 5.4e-02 3.85 1.3e-06 2.0e+01 3.98 5.3e-06 4.0e+01 3.80
1/64 3.9e-10 8.9e-02 3.97 7.8e-08 2.1e+01 4.00 3.6e-07 6.0e+01 3.90
1/128 2.4e-11 1.0e-01 3.99 4.9e-09 2.1e+01 4.00 2.3e-08 7.6e+01 3.95
1/256 1.6e-12 9.3e-02 3.98 3.1e-10 2.1e+01 4.00 1.5e-09 8.7e+01 3.98
1/512 8.8e-14 2.6e-01 4.14 1.9e-11 2.1e+01 4.00 8.2e-11 2.7e+02 4.16
1/1024 4.0e-14 2.2e-10 1.13 1.3e-12 1.3e+01 3.93 5.3e-12 6.3e+01 3.95
1/2048 4.6e-14 9.9e-15 -0.18 8.1e-14 1.6e+01 3.96 3.5e-13 5.6e+01 3.93
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m=4

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 5.0e-03 0.0e+00 0.00 9.6e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 8.1e-05 3.0e-01 5.93 2.6e-02 3.5e-01 1.87 2.6e-02 3.5e-01 1.87
1/4 1.0e-06 4.9e-01 6.28 2.9e-03 2.1e+00 3.16 2.9e-03 2.1e+00 3.16
1/8 2.3e-08 9.5e-02 5.49 2.1e-04 7.4e+00 3.77 2.1e-04 7.4e+00 3.77
1/16 6.7e-10 3.5e-02 5.13 1.4e-05 1.2e+01 3.94 1.4e-05 1.2e+01 3.94
1/32 2.0e-11 2.6e-02 5.04 8.8e-07 1.4e+01 3.99 8.8e-07 1.4e+01 3.99
1/64 6.4e-13 2.2e-02 5.00 5.5e-08 1.4e+01 4.00 5.5e-08 1.4e+01 4.00
1/128 3.3e-14 6.7e-04 4.28 3.4e-09 1.5e+01 4.00 3.4e-09 1.5e+01 4.00
1/256 2.5e-14 2.9e-13 0.39 2.1e-10 1.5e+01 4.00 2.1e-10 1.5e+01 4.00
1/512 3.0e-14 4.1e-15 -0.29 1.3e-11 1.5e+01 4.00 1.3e-11 1.5e+01 4.00
1/1024 3.2e-14 1.8e-14 -0.07 8.3e-13 1.6e+01 4.01 8.3e-13 1.6e+01 4.01
1/2048 6.2e-14 2.4e-17 -0.94 4.2e-14 1.6e+02 4.31 4.2e-14 1.6e+02 4.31

m=5

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.7e-04 0.0e+00 0.00 5.2e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 4.9e-07 6.0e-02 8.44 4.1e-03 6.6e-01 3.66 7.2e-03 5.1e-01 3.06
1/4 7.4e-09 2.2e-03 6.06 1.0e-04 6.4e+00 5.30 3.1e-04 3.9e+00 4.54
1/8 1.2e-10 1.9e-03 5.99 1.8e-06 1.9e+01 5.83 8.0e-06 1.9e+01 5.29
1/16 1.8e-12 2.2e-03 6.04 3.0e-08 2.7e+01 5.96 1.6e-07 5.1e+01 5.65
1/32 2.9e-14 1.4e-03 5.91 4.7e-10 3.1e+01 5.99 2.8e-09 9.4e+01 5.83
1/64 4.4e-15 2.4e-09 2.72 7.3e-12 3.2e+01 6.00 4.7e-11 1.3e+02 5.91
1/128 1.8e-14 3.0e-19 -1.98 1.4e-13 7.2e+00 5.69 7.3e-13 1.9e+02 5.99
1/256 4.4e-15 1.0e-09 1.98 3.3e-14 1.7e-08 2.11 3.3e-14 4.6e-02 4.48
1/512 4.2e-14 7.0e-24 -3.25 2.3e-14 8.6e-13 0.52 3.5e-14 2.0e-14 -0.08
1/1024 6.9e-14 3.0e-16 -0.72 2.8e-14 2.8e-15 -0.30 2.8e-14 2.7e-13 0.30
1/2048 4.8e-14 4.0e-12 0.53 1.1e-14 6.4e-10 1.32 1.1e-14 6.4e-10 1.32

m=6

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 6.5e-06 0.0e+00 0.00 4.1e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.5e-08 2.8e-03 8.76 3.0e-03 5.6e-01 3.78 3.0e-03 5.6e-01 3.78
1/4 9.3e-11 3.9e-04 7.33 7.4e-05 4.7e+00 5.32 7.4e-05 4.7e+00 5.32
1/8 7.2e-13 2.0e-04 7.02 1.3e-06 1.4e+01 5.83 1.3e-06 1.4e+01 5.83
1/16 5.3e-15 2.4e-04 7.07 2.1e-08 1.9e+01 5.96 2.1e-08 1.9e+01 5.96
1/32 2.6e-14 2.0e-18 -2.27 3.3e-10 2.2e+01 5.99 3.3e-10 2.2e+01 5.99
1/64 2.3e-14 5.6e-14 0.19 5.2e-12 2.3e+01 6.00 5.2e-12 2.2e+01 6.00
1/128 8.9e-15 1.6e-11 1.35 6.1e-14 1.5e+02 6.39 7.1e-14 5.6e+01 6.19
1/256 1.9e-14 2.3e-17 -1.07 8.3e-14 5.6e-15 -0.43 8.9e-14 1.2e-14 -0.33
1/512 4.3e-14 1.1e-17 -1.19 9.9e-14 1.7e-14 -0.26 1.0e-13 2.7e-14 -0.19
1/1024 1.8e-14 2.7e-10 1.26 9.2e-14 1.9e-13 0.09 9.5e-14 1.9e-13 0.09
1/2048 4.6e-14 4.6e-19 -1.39 1.0e-13 3.9e-14 -0.11 1.0e-13 5.2e-14 -0.08
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m=7

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 7.4e-08 0.0e+00 0.00 1.3e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 2.4e-10 2.3e-05 8.27 1.9e-04 9.1e-01 6.12 4.6e-04 6.8e-01 5.27
1/4 8.2e-13 2.1e-05 8.20 1.0e-06 6.6e+00 7.55 4.3e-06 5.3e+00 6.75
1/8 1.9e-14 6.9e-08 5.45 4.2e-09 1.3e+01 7.89 2.5e-08 2.1e+01 7.41
1/16 2.8e-14 3.5e-15 -0.61 1.7e-11 1.7e+01 7.99 1.2e-10 4.9e+01 7.71
1/32 3.2e-14 1.6e-14 -0.17 4.1e-13 1.8e-03 5.34 6.8e-13 2.0e+01 7.46
1/64 4.0e-14 8.4e-15 -0.32 4.8e-13 1.4e-13 -0.25 5.5e-13 2.5e-12 0.31
1/128 3.4e-14 1.3e-13 0.24 4.8e-13 4.9e-13 0.00 5.2e-13 8.8e-13 0.10
1/256 3.8e-14 1.3e-14 -0.18 5.0e-13 3.9e-13 -0.04 5.1e-13 5.6e-13 0.01
1/512 3.7e-14 4.7e-14 0.03 4.7e-13 7.5e-13 0.07 4.8e-13 9.0e-13 0.09
1/1024 5.5e-14 7.6e-16 -0.56 5.0e-13 2.7e-13 -0.08 5.1e-13 2.8e-13 -0.08
1/2048 7.3e-14 2.6e-15 -0.40 4.7e-13 1.1e-12 0.10 4.7e-13 1.1e-12 0.11

m=8

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.6e-09 0.0e+00 0.00 9.7e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.9e-12 1.7e-06 9.38 1.3e-04 7.0e-01 6.17 1.3e-04 7.0e-01 6.17
1/4 5.2e-14 2.1e-08 6.21 7.1e-07 4.8e+00 7.56 7.1e-07 4.8e+00 7.56
1/8 8.7e-14 1.1e-14 -0.73 3.0e-09 9.6e+00 7.90 3.0e-09 9.5e+00 7.89
1/16 1.0e-13 4.3e-14 -0.26 1.4e-11 6.3e+00 7.75 1.9e-11 1.9e+00 7.31
1/32 1.2e-13 5.5e-14 -0.18 4.3e-12 4.6e-09 1.68 7.5e-12 1.9e-09 1.33
1/64 1.2e-13 1.2e-13 0.00 4.7e-12 2.6e-12 -0.12 6.3e-12 2.1e-11 0.25
1/128 1.2e-13 1.1e-13 -0.02 4.9e-12 3.5e-12 -0.06 5.7e-12 1.3e-11 0.14
1/256 1.3e-13 6.4e-14 -0.11 5.1e-12 4.1e-12 -0.03 5.4e-12 8.8e-12 0.08
1/512 1.3e-13 1.4e-13 0.01 5.1e-12 4.5e-12 -0.02 5.3e-12 6.6e-12 0.03
1/1024 1.4e-13 5.1e-14 -0.13 5.1e-12 4.9e-12 -0.01 5.2e-12 5.9e-12 0.02
1/2048 1.9e-13 4.9e-15 -0.44 5.1e-12 5.3e-12 0.00 5.2e-12 5.9e-12 0.02
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Example 2.4. We now deal with a less smooth2 TVP, where the same assump-
tions for the eigenvalues have to be made:

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

 4 −1 1
0 1 0
3 −1 1

 y(1) =

 −1
7
2

 ,

where

M(t) =

 28 + 14t12 −8− 4t12 8 + 4t12

−112− 7t12 ln(t8) 40 + 2t12 ln(t8) −32− 4t12 ln(t8)
−196 ln(t8)− 56t12 64 + ln(t8) + 16t12 −56 ln(t8)− 16t12

 ,

M(0) =

 28 −8 8
−112 40 −32
−196 64 −56

 =

1 0 −2
4 1 0
1 1 7

 4
8

0

 7 −2 2
−28 9 −8

3 −1 1


︸ ︷︷ ︸

EJE−1

and

f(t) =

 8− 38t16 + 4t12

32 + 17t16 ln(t8) + 12t28 ln(t8) + 8t20 ln(t8) + 2t28 ln2(t8) + 8t12 ln(t8)
8 + 11t16 ln(t8) + 133t16 − 14t12 − 2t12 ln(t8)

 .

The exact solution is

y(t) =

 −2t16 + 3t4 − 4
−t16 + 4t8 + 12t4 + t16 ln t8 − 8
6t16 + 4t8 + 3t4 + t16 ln t8 + 5

 ∈ C15[0, 1].

In this case the exact solution is su�ciently smooth to guarantee

‖p− y‖∞ ≤ const. hm,

where m varies from 1 to 8.

2still su�ciently smooth for a high order method to work e�ciently
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m=1

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 3.9e+00 0.0e+00 0.00 3.9e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 9.7e+00 1.5e+00 -1.32 9.7e+00 1.5e+00 -1.32 1.6e+01 5.7e+00 -0.74
1/4 1.0e+01 8.5e+00 -0.09 1.0e+01 8.5e+00 -0.09 1.0e+01 3.7e+01 0.62
1/8 3.0e+00 4.2e+02 1.78 3.0e+00 4.2e+02 1.78 3.0e+00 4.2e+02 1.78
1/16 7.4e-01 7.9e+02 2.01 7.4e-01 7.9e+02 2.01 7.5e-01 7.9e+02 2.01
1/32 1.8e-01 8.2e+02 2.02 1.8e-01 8.2e+02 2.02 2.0e-01 4.9e+02 1.87
1/64 4.6e-02 7.7e+02 2.01 4.6e-02 7.7e+02 2.01 5.5e-02 5.3e+02 1.89
1/128 1.1e-02 7.5e+02 2.00 1.1e-02 7.5e+02 2.00 1.4e-02 6.9e+02 1.94
1/256 2.8e-03 7.5e+02 2.00 2.8e-03 7.5e+02 2.00 3.6e-03 8.0e+02 1.97
1/512 7.1e-04 7.5e+02 2.00 7.1e-04 7.5e+02 2.00 9.2e-04 8.7e+02 1.99
1/1024 1.8e-04 7.5e+02 2.00 1.8e-04 7.5e+02 2.00 1.9e-04 5.9e+03 2.26
1/2048 4.4e-05 7.5e+02 2.00 4.4e-05 7.5e+02 2.00 5.2e-05 3.0e+02 1.87

m=2

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 4.8e+00 0.0e+00 0.00 2.3e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 7.6e+00 3.0e+00 -0.67 1.6e+01 3.4e-01 -2.79 1.6e+01 9.7e+00 -0.37
1/4 9.1e-01 5.3e+02 3.06 4.7e+00 1.9e+02 1.78 4.7e+00 1.9e+02 1.78
1/8 4.4e-02 8.1e+03 4.37 1.2e+00 2.5e+02 1.92 1.2e+00 2.5e+02 1.92
1/16 1.1e-03 1.2e+05 5.36 3.2e-01 2.7e+02 1.94 3.2e-01 2.7e+02 1.94
1/32 4.4e-05 8.6e+03 4.59 8.2e-02 3.1e+02 1.98 8.2e-02 3.1e+02 1.98
1/64 2.4e-06 1.8e+03 4.21 2.1e-02 3.3e+02 1.99 2.1e-02 3.3e+02 1.99
1/128 1.4e-07 8.6e+02 4.06 5.2e-03 3.4e+02 2.00 5.2e-03 3.4e+02 2.00
1/256 8.9e-09 6.7e+02 4.02 1.3e-03 3.4e+02 2.00 1.3e-03 3.4e+02 2.00
1/512 5.5e-10 6.2e+02 4.00 3.2e-04 3.4e+02 2.00 3.2e-04 3.4e+02 2.00
1/1024 3.5e-11 6.2e+02 4.00 8.1e-05 3.4e+02 2.00 8.1e-05 3.4e+02 2.00
1/2048 2.2e-12 6.1e+02 4.00 2.0e-05 3.4e+02 2.00 2.0e-05 3.4e+02 2.00

m=3

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.8e+00 0.0e+00 0.00 4.1e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 7.6e-01 4.4e+00 1.26 6.4e+00 2.6e+00 -0.64 7.1e+00 4.3e+01 1.30
1/4 6.3e-03 1.1e+04 6.90 8.8e-01 3.4e+02 2.86 8.8e-01 4.7e+02 3.02
1/8 1.9e-03 2.2e-01 1.71 7.1e-02 1.6e+03 3.62 7.2e-02 1.6e+03 3.62
1/16 5.5e-05 3.0e+03 5.14 4.6e-03 4.0e+03 3.95 5.9e-03 1.6e+03 3.61
1/32 9.9e-07 2.8e+04 5.79 2.9e-04 4.8e+03 4.00 4.3e-04 2.7e+03 3.76
1/64 1.7e-08 4.4e+04 5.89 1.8e-05 4.9e+03 4.00 2.9e-05 4.4e+03 3.88
1/128 3.0e-10 2.5e+04 5.78 1.1e-06 4.9e+03 4.00 1.9e-06 5.9e+03 3.94
1/256 1.8e-11 1.7e+00 4.05 7.1e-08 4.9e+03 4.00 1.2e-07 6.9e+03 3.97
1/512 1.0e-12 4.1e+00 4.19 4.4e-09 4.9e+03 4.00 6.9e-09 2.2e+04 4.15
1/1024 3.5e-13 4.3e-08 1.54 2.8e-10 4.9e+03 4.00 4.3e-10 6.6e+03 3.98
1/2048 5.0e-13 7.4e-15 -0.51 1.8e-11 3.5e+03 3.96 2.9e-11 4.2e+03 3.92
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m=4

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 5.2e-01 0.0e+00 0.00 7.4e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.6e-02 1.7e+01 4.99 3.2e+00 1.7e+01 1.19 3.3e+00 2.5e+02 3.12
1/4 4.1e-03 2.6e-01 1.99 3.4e-01 2.9e+02 3.23 3.5e-01 3.0e+02 3.26
1/8 6.2e-05 1.2e+03 6.06 2.6e-02 8.3e+02 3.74 2.6e-02 8.4e+02 3.75
1/16 3.5e-07 5.7e+04 7.45 1.7e-03 1.3e+03 3.90 1.7e-03 1.3e+03 3.90
1/32 1.5e-09 2.5e+05 7.88 1.1e-04 1.6e+03 3.97 1.1e-04 1.6e+03 3.97
1/64 6.0e-12 3.7e+05 7.97 6.9e-06 1.8e+03 3.99 6.9e-06 1.8e+03 3.99
1/128 5.6e-13 9.4e-05 3.42 4.3e-07 1.8e+03 4.00 4.3e-07 1.8e+03 4.00
1/256 7.6e-13 4.8e-14 -0.44 2.7e-08 1.9e+03 4.00 2.7e-08 1.9e+03 4.00
1/512 4.1e-13 1.8e-10 0.88 1.7e-09 1.9e+03 4.00 1.7e-09 1.9e+03 4.00
1/1024 3.9e-13 6.9e-13 0.07 1.1e-10 1.7e+03 3.99 1.1e-10 1.7e+03 3.99
1/2048 9.2e-13 3.7e-17 -1.22 7.3e-12 6.3e+02 3.86 7.0e-12 1.1e+03 3.93

m=5

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 5.6e-02 0.0e+00 0.00 3.4e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.5e-02 2.1e-01 1.87 8.7e-01 1.4e+01 1.98 1.0e+00 1.5e+02 3.58
1/4 2.5e-04 5.9e+01 5.96 3.4e-02 5.7e+02 4.68 3.7e-02 8.3e+02 4.82
1/8 7.1e-07 1.0e+04 8.44 6.8e-04 4.2e+03 5.64 8.1e-04 3.5e+03 5.52
1/16 8.8e-10 3.0e+05 9.66 1.1e-05 1.0e+04 5.97 1.7e-05 4.0e+03 5.56
1/32 1.1e-12 2.4e+05 9.59 1.7e-07 1.2e+04 6.00 3.1e-07 8.5e+03 5.78
1/64 1.5e-13 2.1e-07 2.91 2.7e-09 1.2e+04 6.00 5.2e-09 1.4e+04 5.90
1/128 1.7e-13 8.1e-14 -0.13 4.1e-11 1.3e+04 6.02 8.4e-11 2.0e+04 5.97
1/256 2.2e-13 1.9e-14 -0.39 8.6e-13 1.1e+03 5.58 1.3e-12 2.3e+04 5.99
1/512 8.4e-13 1.1e-18 -1.96 4.2e-13 5.3e-10 1.03 4.3e-13 3.2e-08 1.62
1/1024 4.7e-13 3.0e-10 0.85 6.6e-13 4.8e-15 -0.64 6.6e-13 6.1e-15 -0.61
1/2048 5.4e-13 1.1e-13 -0.19 4.6e-13 3.1e-11 0.50 4.4e-13 4.8e-11 0.56

m=6

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.5e-03 0.0e+00 0.00 1.5e+00 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 2.1e-03 3.0e-03 0.28 4.1e-01 5.6e+00 1.88 4.1e-01 6.8e+01 3.68
1/4 7.1e-06 1.8e+02 8.19 1.0e-02 6.7e+02 5.33 1.0e-02 6.7e+02 5.33
1/8 3.8e-09 4.4e+04 10.85 1.9e-04 1.7e+03 5.77 1.9e-04 1.7e+03 5.77
1/16 9.0e-13 1.3e+06 12.06 3.1e-06 2.5e+03 5.91 3.1e-06 2.5e+03 5.91
1/32 7.6e-13 2.0e-12 0.24 5.0e-08 3.1e+03 5.97 5.0e-08 3.1e+03 5.97
1/64 4.9e-13 1.1e-11 0.65 7.8e-10 3.4e+03 6.00 7.8e-10 3.4e+03 6.00
1/128 4.8e-13 5.5e-13 0.03 9.9e-12 1.5e+04 6.31 9.9e-12 1.5e+04 6.30
1/256 3.2e-13 1.2e-11 0.59 2.6e-12 4.7e-07 1.94 2.6e-12 4.9e-07 1.95
1/512 5.0e-13 5.3e-15 -0.66 2.6e-12 2.6e-12 0.00 3.7e-12 8.4e-14 -0.55
1/1024 5.7e-13 1.4e-13 -0.18 2.4e-12 4.1e-12 0.07 2.4e-12 2.9e-10 0.63
1/2048 5.6e-13 7.3e-13 0.03 1.9e-12 3.1e-11 0.33 1.9e-12 2.9e-11 0.33
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m=7

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 6.6e-03 0.0e+00 0.00 6.6e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 2.0e-04 2.2e-01 5.06 5.7e-02 7.7e+00 3.53 8.4e-02 7.5e+01 4.89
1/4 1.1e-07 6.2e+02 10.79 5.6e-04 6.0e+02 6.68 6.7e-04 1.3e+03 6.97
1/8 4.6e-12 1.6e+06 14.57 2.7e-06 5.3e+03 7.72 3.7e-06 4.1e+03 7.51
1/16 8.3e-13 4.3e-09 2.47 1.0e-08 1.1e+04 7.99 1.9e-08 5.4e+03 7.61
1/32 9.7e-13 3.8e-13 -0.22 2.7e-11 9.0e+04 8.59 8.3e-11 1.1e+04 7.82
1/64 1.1e-12 5.8e-13 -0.12 1.4e-11 1.6e-09 0.98 1.9e-11 5.9e-07 2.13
1/128 9.6e-13 2.0e-12 0.13 1.4e-11 1.1e-11 -0.04 1.5e-11 1.2e-10 0.38
1/256 1.7e-12 1.0e-14 -0.82 1.5e-11 7.3e-12 -0.12 1.7e-11 4.5e-12 -0.21
1/512 1.4e-12 1.1e-11 0.30 1.4e-11 3.3e-11 0.12 1.4e-11 8.4e-11 0.26
1/1024 8.8e-13 1.2e-10 0.64 1.5e-11 7.5e-12 -0.09 1.5e-11 7.3e-12 -0.10
1/2048 1.5e-12 3.0e-15 -0.75 1.4e-11 2.6e-11 0.07 1.4e-11 2.7e-11 0.07

m=8

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.1e-03 0.0e+00 0.00 3.8e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 8.2e-06 1.5e-01 7.08 2.5e-02 5.8e+00 3.94 2.5e-02 6.9e+01 5.73
1/4 7.9e-10 8.8e+02 13.34 1.2e-04 9.7e+02 7.63 1.2e-04 9.7e+02 7.63
1/8 4.6e-12 3.9e-03 7.42 5.4e-07 1.5e+03 7.84 5.4e-07 1.5e+03 7.84
1/16 4.4e-12 5.7e-12 0.08 2.4e-09 1.5e+03 7.84 2.4e-09 1.5e+03 7.84
1/32 4.0e-12 6.4e-12 0.11 1.6e-10 1.9e-03 3.93 1.6e-10 1.7e-03 3.90
1/64 3.7e-12 7.0e-12 0.13 1.5e-10 2.1e-10 0.08 1.5e-10 2.5e-10 0.11
1/128 3.7e-12 4.0e-12 0.02 1.5e-10 1.4e-10 -0.01 1.5e-10 1.2e-10 -0.04
1/256 3.9e-12 2.3e-12 -0.08 1.5e-10 1.5e-10 0.00 1.5e-10 1.9e-10 0.04
1/512 3.5e-12 1.0e-11 0.16 1.5e-10 1.4e-10 -0.00 1.5e-10 1.5e-10 -0.00
1/1024 3.6e-12 2.6e-12 -0.04 1.5e-10 1.5e-10 -0.00 1.5e-10 1.5e-10 -0.00
1/2048 4.5e-12 3.0e-13 -0.33 1.5e-10 1.5e-10 0.00 1.5e-10 1.5e-10 0.00
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2.4.3. Boundary value problems

Example 2.5. Finally, we turn to BVPs. In this case, according to [7], we do
not need any additional assumptions for the spectrum of the matrix M(0). The
�rst problem reads:

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

 −2 3 0
1 −1 0
0 0 0

 y(0) +

 0 0 0
0 0 0
0 −1 1

 y(1) =

 1/2
0

4/5

 ,

where

M(t) =

 1− 2t 3t− 3 exp(t) 3 exp(t)− 3
2− 2t 3t− 2 exp(t)− 2 2 exp(t)− 2
2− 2t 3t− 2 exp(t)− 12 2 exp(t) + 8

 ,

M(0) =

 1 −3 0
2 −4 0
2 −14 10

 =

1 3 0
1 2 0
1 2 1

 −2
−1

10

 −2 3 0
1 −1 0
0 −1 1


︸ ︷︷ ︸

EJE−1

and

f(t) =

 3t21/2 − t−1 + t−1 exp(t)− 3t10 exp(t) + 3t10 + 3
5 exp(t)− 3

5

2t21/2 − t−1 + t−1 exp(t)− 2t10 exp(t) + 2t10 + 2
5 exp(t)− 2

5

2t21/2 − t−1 + t−1 exp(t)− 2t10 exp(t) + 2t10 + 2
5 exp(t) + 8

5

 .

The exact solution is

y(t) =


t−2 + t−1 exp(t)− t−2 exp(t) + 6

23 t
21/2

t−2 + t−1 exp(t)− t−2 exp(t) + 4
23 t

21/2

t−2 + t−1 exp(t)− t−2 exp(t) + 4
23 t

21/2 + t10 − 1
5

 ∈ C10[0, 1].

Let us assume that y ∈ Cm+1[0, 1] is the unique solution of (2.1) with appropri-
ately posed boundary conditions andM ∈ C1[0, 1], f ∈ C[0, 1]. Let the function
p ∈ Pm,h be unique solutions of the associated collocation scheme (2.3a - 2.3c).
Then

‖p− y‖∞ ≤ const. hm,

provided that h is su�ciently small. Here, again Pm,h denotes the class of
piecewise continuous polynomial functions of maximal degree m.
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m=1

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.5e-01 0.0e+00 0.00 1.5e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 5.8e-01 3.7e-02 -1.99 5.8e-01 3.7e-02 -1.99 5.8e-01 1.1e+00 0.49
1/4 2.8e-01 2.6e+00 1.08 2.8e-01 2.6e+00 1.08 2.8e-01 2.6e+00 1.08
1/8 7.6e-02 1.3e+01 1.86 7.6e-02 1.3e+01 1.86 1.0e-01 5.3e+00 1.43
1/16 1.6e-02 3.6e+01 2.22 1.6e-02 3.6e+01 2.22 3.6e-02 6.8e+00 1.52
1/32 3.9e-03 1.9e+01 2.04 3.9e-03 1.9e+01 2.04 1.1e-02 1.4e+01 1.71
1/64 9.9e-04 1.6e+01 2.00 9.9e-04 1.6e+01 2.00 3.0e-03 2.4e+01 1.85
1/128 2.5e-04 1.6e+01 2.00 2.5e-04 1.6e+01 2.00 8.1e-04 3.3e+01 1.91
1/256 6.2e-05 1.6e+01 2.00 6.2e-05 1.6e+01 2.00 2.1e-04 4.1e+01 1.96
1/512 1.5e-05 1.6e+01 2.00 1.5e-05 1.6e+01 2.00 5.3e-05 4.7e+01 1.98
1/1024 3.8e-06 1.6e+01 2.00 3.8e-06 1.6e+01 2.00 9.8e-06 1.1e+03 2.43
1/2048 9.6e-07 1.6e+01 2.00 9.6e-07 1.6e+01 2.00 2.9e-06 7.8e+00 1.78

m=2

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 8.1e-02 0.0e+00 0.00 5.4e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.8e-01 3.6e-02 -1.18 2.6e-01 1.1e-02 -2.30 2.6e-01 1.4e+00 1.22
1/4 2.7e-02 8.5e+00 2.77 7.9e-02 2.9e+00 1.73 7.9e-02 2.9e+00 1.73
1/8 2.0e-03 6.2e+01 3.72 1.9e-02 5.5e+00 2.04 2.0e-02 5.0e+00 1.99
1/16 1.2e-04 1.7e+02 4.09 4.1e-03 9.3e+00 2.23 4.6e-03 6.8e+00 2.10
1/32 7.4e-06 1.4e+02 4.02 1.0e-03 4.6e+00 2.02 1.1e-03 6.4e+00 2.09
1/64 4.6e-07 1.2e+02 4.00 2.5e-04 4.4e+00 2.01 2.6e-04 5.7e+00 2.06
1/128 2.9e-08 1.2e+02 4.00 6.2e-05 4.1e+00 2.00 6.4e-05 5.1e+00 2.04
1/256 1.8e-09 1.2e+02 4.00 1.6e-05 4.1e+00 2.00 1.6e-05 4.7e+00 2.02
1/512 1.1e-10 1.2e+02 4.00 3.9e-06 4.1e+00 2.00 3.9e-06 4.3e+00 2.00
1/1024 1.3e-10 3.8e-11 -0.16 9.8e-07 4.1e+00 2.00 9.8e-07 4.3e+00 2.01
1/2048 3.1e-10 6.5e-15 -1.29 2.4e-07 4.1e+00 2.00 2.4e-07 4.3e+00 2.00

m=3

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.6e-02 0.0e+00 0.00 6.7e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.4e-02 2.1e-02 -0.35 1.0e-01 4.5e-04 -3.91 1.0e-01 1.7e+00 2.04
1/4 1.2e-03 2.4e+01 4.75 1.4e-02 5.6e+00 2.90 1.4e-02 5.6e+00 2.90
1/8 2.2e-05 2.2e+02 5.81 9.9e-04 3.5e+01 3.78 1.2e-03 1.8e+01 3.45
1/16 3.4e-07 4.1e+02 6.04 5.8e-05 8.3e+01 4.09 1.0e-04 2.5e+01 3.57
1/32 5.2e-09 3.8e+02 6.01 3.6e-06 6.6e+01 4.02 7.6e-06 5.0e+01 3.78
1/64 8.2e-11 3.6e+02 6.00 2.2e-07 6.1e+01 4.01 5.2e-07 8.0e+01 3.89
1/128 1.3e-12 3.6e+02 6.00 1.4e-08 6.0e+01 4.00 3.4e-08 1.0e+02 3.94
1/256 6.2e-13 4.2e-10 1.04 8.7e-10 5.9e+01 4.00 2.1e-09 1.2e+02 3.97
1/512 3.8e-12 5.0e-20 -2.62 5.4e-11 6.0e+01 4.00 1.2e-10 3.9e+02 4.15
1/1024 1.2e-10 2.9e-27 -5.02 1.2e-10 1.3e-14 -1.20 6.5e-11 5.7e-08 0.89
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.4e-11 -0.00
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m=4

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.8e-03 0.0e+00 0.00 4.0e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.8e-03 2.0e-03 -0.45 3.0e-02 5.5e-04 -2.88 3.0e-02 2.1e+00 3.06
1/4 3.2e-05 5.4e+01 6.89 2.0e-03 6.3e+00 3.87 2.0e-03 6.3e+00 3.87
1/8 1.3e-07 4.7e+02 7.94 1.1e-04 1.3e+01 4.23 1.2e-04 8.6e+00 4.02
1/16 5.3e-10 4.7e+02 7.93 5.7e-06 1.3e+01 4.23 6.6e-06 1.6e+01 4.23
1/32 2.1e-12 5.8e+02 8.00 3.4e-07 7.5e+00 4.06 3.8e-07 1.0e+01 4.12
1/64 1.9e-13 4.1e-06 3.49 2.1e-08 6.1e+00 4.01 2.3e-08 9.1e+00 4.08
1/128 5.4e-13 1.1e-16 -1.53 1.3e-09 5.8e+00 4.00 1.4e-09 7.6e+00 4.05
1/256 6.3e-13 1.5e-13 -0.23 8.3e-11 5.7e+00 4.00 8.4e-11 6.6e+00 4.02
1/512 3.8e-12 6.1e-20 -2.59 5.2e-12 5.7e+00 4.00 6.5e-11 8.6e-10 0.37
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 8.3e-26 -4.58 6.5e-11 6.5e-11 0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 5.9e-15 -1.30 6.5e-11 6.6e-11 0.00

m=5

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 9.8e-05 0.0e+00 0.00 6.3e-05 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 2.7e-04 3.5e-05 -1.48 6.3e-03 6.2e-07 -6.66 6.3e-03 2.4e+00 4.28
1/4 4.8e-07 8.9e+01 9.16 1.7e-04 8.8e+00 5.22 1.7e-04 8.8e+00 5.22
1/8 5.3e-10 3.5e+02 9.81 2.7e-06 4.1e+01 5.96 3.5e-06 2.0e+01 5.62
1/16 5.5e-13 4.7e+02 9.92 4.0e-08 5.5e+01 6.07 6.7e-08 2.4e+01 5.69
1/32 1.8e-13 1.4e-10 1.59 6.3e-10 4.6e+01 6.02 1.2e-09 4.2e+01 5.84
1/64 1.8e-13 1.9e-13 0.01 9.8e-12 4.2e+01 5.99 6.5e-11 3.9e-02 4.17
1/128 5.3e-13 1.0e-16 -1.54 5.6e-13 4.9e-03 4.13 6.5e-11 6.5e-11 0.00
1/256 6.3e-13 1.3e-13 -0.25 6.1e-13 3.0e-13 -0.11 6.5e-11 6.6e-11 0.00
1/512 3.8e-12 5.8e-20 -2.59 3.7e-12 4.9e-20 -2.62 6.5e-11 6.5e-11 -0.00
1/1024 1.2e-10 2.7e-27 -5.03 1.2e-10 2.2e-27 -5.06 6.6e-11 6.0e-11 -0.01
1/2048 3.1e-10 5.9e-15 -1.30 3.1e-10 5.7e-15 -1.31 6.5e-11 7.1e-11 0.01

m=6

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 9.0e-07 0.0e+00 0.00 1.5e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.2e-05 6.6e-08 -3.77 9.3e-04 2.3e-03 0.67 9.3e-04 2.4e+00 5.67
1/4 1.1e-08 1.4e+01 10.08 1.1e-05 6.2e+00 6.35 1.2e-05 5.6e+00 6.27
1/8 1.1e-11 1.3e+01 10.04 1.2e-07 9.1e+00 6.53 1.7e-07 4.5e+00 6.17
1/16 3.0e-14 1.8e-01 8.50 1.6e-09 4.1e+00 6.25 2.1e-09 7.0e+00 6.33
1/32 1.8e-13 3.8e-18 -2.59 2.4e-11 2.2e+00 6.06 6.5e-11 6.9e-02 5.00
1/64 1.8e-13 1.7e-13 -0.02 3.5e-13 2.9e+00 6.13 6.5e-11 6.5e-11 -0.00
1/128 5.4e-13 9.5e-17 -1.56 5.0e-13 2.6e-14 -0.53 6.5e-11 6.5e-11 0.00
1/256 6.3e-13 1.5e-13 -0.23 6.4e-13 7.7e-14 -0.34 6.5e-11 6.5e-11 0.00
1/512 3.8e-12 6.3e-20 -2.58 3.9e-12 5.7e-20 -2.60 6.5e-11 6.5e-11 -0.00
1/1024 1.2e-10 2.5e-27 -5.04 1.2e-10 3.1e-27 -5.01 6.4e-11 7.3e-11 0.02
1/2048 3.1e-10 5.9e-15 -1.30 3.1e-10 5.9e-15 -1.31 6.4e-11 6.4e-11 -0.00

47



m=7

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.9e-09 0.0e+00 0.00 6.4e-04 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.4e-07 2.4e-11 -6.87 9.2e-05 4.5e-03 2.80 9.2e-05 1.9e+00 7.16
1/4 3.1e-10 3.9e-01 10.08 4.5e-07 3.8e+00 7.68 4.5e-07 3.8e+00 7.68
1/8 3.0e-13 3.3e-01 10.00 1.6e-09 1.1e+01 8.16 2.0e-09 4.7e+00 7.77
1/16 2.0e-14 1.6e-08 3.91 6.3e-12 5.7e+00 7.94 6.5e-11 2.0e-03 4.97
1/32 1.8e-13 3.5e-19 -3.16 2.2e-13 1.2e-04 4.83 6.5e-11 6.5e-11 0.00
1/64 1.8e-13 1.7e-13 -0.02 2.5e-13 1.2e-13 -0.16 6.5e-11 6.5e-11 -0.00
1/128 5.4e-13 9.1e-17 -1.57 4.9e-13 2.2e-15 -0.98 6.5e-11 6.5e-11 0.00
1/256 6.3e-13 1.6e-13 -0.22 6.5e-13 5.0e-14 -0.41 6.5e-11 6.5e-11 -0.00
1/512 3.8e-12 6.2e-20 -2.59 3.7e-12 1.1e-19 -2.50 6.5e-11 6.5e-11 0.00
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 1.9e-27 -5.08 6.5e-11 6.5e-11 -0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.0e-10 6.4e-15 -1.30 6.5e-11 6.3e-11 -0.00

m=8

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 5.0e-12 0.0e+00 0.00 2.6e-04 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 5.1e-09 4.8e-15 -10.00 5.0e-06 1.4e-02 5.72 5.0e-06 1.0e+00 8.83
1/4 4.7e-12 6.0e-03 10.08 9.1e-09 1.5e+00 9.09 1.3e-08 7.1e-01 8.56
1/8 4.3e-14 6.1e-06 6.77 3.1e-11 2.4e-01 8.22 6.7e-11 9.9e-02 7.62
1/16 4.9e-14 2.5e-14 -0.19 2.0e-12 1.7e-06 3.94 6.5e-11 7.4e-11 0.04
1/32 1.8e-13 7.7e-17 -1.86 1.9e-12 2.6e-12 0.08 6.5e-11 6.5e-11 -0.00
1/64 1.8e-13 1.5e-13 -0.04 2.1e-12 9.9e-13 -0.16 6.5e-11 6.5e-11 -0.00
1/128 5.3e-13 9.9e-17 -1.55 2.3e-12 1.2e-12 -0.12 6.5e-11 6.6e-11 0.00
1/256 6.3e-13 1.5e-13 -0.23 2.4e-12 1.6e-12 -0.06 6.5e-11 6.5e-11 -0.00
1/512 3.8e-12 5.5e-20 -2.60 3.2e-12 1.7e-13 -0.42 6.5e-11 6.5e-11 0.00
1/1024 1.2e-10 2.7e-27 -5.03 1.3e-10 3.8e-28 -5.29 6.4e-11 7.4e-11 0.02
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.5e-15 -1.29 6.5e-11 5.2e-11 -0.03
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Example 2.6. The �nal example has been already studied as Example 4.2
in [1]. Here, we recalculate this BVP,

y′(t) =
M

t
y(t) +

f(t)

t
, t ∈ (0, 1],

 −2 3 0
1 −1 0
0 0 0

 y(0) +

 0 0 0
0 0 0
0 −1 1

 y(1) =

 1
2
0
4
5

 ,

where

M =

 1 −3 0
2 −4 0
2 −14 10


and

f(t) =


exp(t) + 3t

21
2

exp(t) + 2t
21
2

exp(t) + 2t
21
2 + 2

 .

The solution of the system is given by

y(t) =


t−2 + t−1 exp(t)− t−2 exp(t) + 6

23 t
21
2

t−2 + t−1 exp(t)− t−2 exp(t) + 4
23 t

21
2

t−2 + t−1 exp(t)− t−2 exp(t) + 4
23 t

21
2 + t10 − 1

5

 ∈ C10[0, 1],

and we again expect the global error to be O(hm) for m = 1, . . . , 8.
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m=1

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 3.3e-01 0.0e+00 0.00 3.3e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 5.5e-01 1.9e-01 -0.76 5.5e-01 1.9e-01 -0.76 5.5e-01 1.2e+00 0.56
1/4 2.4e-01 2.9e+00 1.21 2.4e-01 2.9e+00 1.21 2.4e-01 2.9e+00 1.21
1/8 6.8e-02 1.0e+01 1.81 6.8e-02 1.0e+01 1.81 9.2e-02 4.3e+00 1.38
1/16 1.5e-02 3.0e+01 2.20 1.5e-02 3.0e+01 2.20 3.2e-02 5.9e+00 1.50
1/32 3.7e-03 1.5e+01 1.99 3.7e-03 1.5e+01 1.99 9.9e-03 1.3e+01 1.72
1/64 9.3e-04 1.6e+01 2.01 9.3e-04 1.6e+01 2.01 2.7e-03 2.2e+01 1.85
1/128 2.3e-04 1.5e+01 2.00 2.3e-04 1.5e+01 2.00 7.2e-04 3.0e+01 1.92
1/256 5.8e-05 1.5e+01 2.00 5.8e-05 1.5e+01 2.00 1.9e-04 3.8e+01 1.96
1/512 1.4e-05 1.5e+01 2.00 1.4e-05 1.5e+01 2.00 4.7e-05 4.3e+01 1.98
1/1024 3.6e-06 1.5e+01 2.00 3.6e-06 1.5e+01 2.00 8.9e-06 8.1e+02 2.40
1/2048 9.0e-07 1.5e+01 2.00 9.0e-07 1.5e+01 2.00 2.6e-06 7.7e+00 1.79

m=2

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.4e-01 0.0e+00 0.00 2.4e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.7e-01 1.2e-01 -0.26 2.5e-01 2.2e-01 -0.08 2.5e-01 1.5e+00 1.30
1/4 2.2e-02 9.0e+00 2.88 6.7e-02 3.5e+00 1.90 6.7e-02 3.5e+00 1.90
1/8 1.6e-03 6.3e+01 3.82 1.4e-02 7.8e+00 2.29 1.5e-02 5.9e+00 2.15
1/16 9.3e-05 1.4e+02 4.09 2.8e-03 7.7e+00 2.28 3.2e-03 7.5e+00 2.24
1/32 5.7e-06 1.1e+02 4.03 6.6e-04 3.8e+00 2.08 7.2e-04 5.0e+00 2.13
1/64 3.6e-07 9.9e+01 4.01 1.6e-04 3.0e+00 2.02 1.7e-04 4.0e+00 2.07
1/128 2.2e-08 9.6e+01 4.00 4.1e-05 2.7e+00 2.01 4.2e-05 3.4e+00 2.04
1/256 1.4e-09 9.6e+01 4.00 1.0e-05 2.7e+00 2.00 1.0e-05 3.1e+00 2.02
1/512 8.7e-11 9.5e+01 4.00 2.5e-06 2.7e+00 2.00 2.5e-06 3.0e+00 2.02
1/1024 1.3e-10 2.3e-12 -0.53 6.3e-07 2.7e+00 2.00 6.3e-07 2.7e+00 2.00
1/2048 3.1e-10 6.5e-15 -1.29 1.6e-07 2.7e+00 2.00 1.6e-07 2.7e+00 2.00

m=3

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 2.3e-02 0.0e+00 0.00 1.6e-01 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.0e-02 1.7e-02 -0.43 9.4e-02 2.9e-01 0.81 9.4e-02 1.8e+00 2.15
1/4 1.1e-03 2.5e+01 4.84 1.2e-02 5.9e+00 2.99 1.2e-02 5.9e+00 2.99
1/8 1.8e-05 2.1e+02 5.86 8.8e-04 2.9e+01 3.75 1.1e-03 1.3e+01 3.38
1/16 2.8e-07 3.4e+02 6.04 5.2e-05 7.2e+01 4.08 9.5e-05 2.3e+01 3.57
1/32 4.3e-09 3.1e+02 6.01 3.2e-06 5.8e+01 4.02 6.9e-06 4.7e+01 3.78
1/64 6.8e-11 2.9e+02 5.99 2.0e-07 5.3e+01 4.00 4.7e-07 7.4e+01 3.89
1/128 1.1e-12 3.0e+02 6.00 1.3e-08 5.4e+01 4.00 3.0e-08 9.5e+01 3.94
1/256 6.3e-13 7.3e-11 0.76 7.8e-10 5.4e+01 4.00 1.9e-09 1.1e+02 3.97
1/512 3.8e-12 6.0e-20 -2.59 4.9e-11 5.4e+01 4.00 1.1e-10 3.9e+02 4.17
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 4.4e-15 -1.34 6.5e-11 1.6e-08 0.72
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.5e-11 -0.00
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m=4

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.2e-03 0.0e+00 0.00 9.7e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.4e-03 3.9e-04 -1.56 2.7e-02 3.5e-01 1.84 2.7e-02 2.2e+00 3.18
1/4 2.7e-05 5.6e+01 6.99 1.6e-03 7.6e+00 4.06 1.6e-03 7.6e+00 4.06
1/8 1.1e-07 4.4e+02 7.98 7.3e-05 1.8e+01 4.49 9.1e-05 9.4e+00 4.16
1/16 4.4e-10 3.6e+02 7.91 4.6e-06 4.5e+00 3.98 4.6e-06 1.4e+01 4.31
1/32 1.7e-12 4.9e+02 8.00 2.9e-07 4.7e+00 3.99 2.9e-07 4.7e+00 3.99
1/64 1.8e-13 1.3e-06 3.25 1.8e-08 4.8e+00 4.00 1.8e-08 4.8e+00 4.00
1/128 5.3e-13 1.0e-16 -1.54 1.1e-09 4.8e+00 4.00 1.1e-09 4.8e+00 4.00
1/256 6.3e-13 1.4e-13 -0.24 7.1e-11 4.9e+00 4.00 7.1e-11 4.9e+00 4.00
1/512 3.8e-12 6.0e-20 -2.59 4.4e-12 4.8e+00 4.00 6.5e-11 1.5e-10 0.12
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 1.4e-26 -4.81 6.5e-11 6.5e-11 -0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.5e-11 0.00

m=5

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 1.1e-05 0.0e+00 0.00 4.5e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 2.5e-04 5.1e-07 -4.46 5.8e-03 3.4e-01 2.95 5.8e-03 2.6e+00 4.41
1/4 4.1e-07 9.1e+01 9.25 1.5e-04 8.7e+00 5.27 1.5e-04 8.7e+00 5.27
1/8 4.6e-10 2.7e+02 9.77 2.5e-06 3.4e+01 5.93 3.1e-06 1.6e+01 5.58
1/16 4.8e-13 4.1e+02 9.92 3.7e-08 4.9e+01 6.06 6.1e-08 2.2e+01 5.69
1/32 1.8e-13 6.2e-11 1.40 5.7e-10 4.2e+01 6.02 1.1e-09 3.8e+01 5.84
1/64 1.8e-13 1.8e-13 -0.01 8.9e-12 3.9e+01 6.00 6.5e-11 1.9e-02 4.02
1/128 5.3e-13 1.0e-16 -1.54 5.3e-13 3.3e-03 4.06 6.5e-11 6.5e-11 0.00
1/256 6.3e-13 1.4e-13 -0.24 6.3e-13 1.4e-13 -0.24 6.5e-11 6.5e-11 0.00
1/512 3.8e-12 6.0e-20 -2.59 3.8e-12 6.0e-20 -2.59 6.5e-11 6.5e-11 0.00
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 2.6e-27 -5.04 6.5e-11 6.5e-11 -0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.5e-11 0.00

m=6

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 5.8e-09 0.0e+00 0.00 1.7e-02 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 1.1e-05 3.0e-12 -10.91 8.4e-04 3.2e-01 4.29 8.4e-04 2.7e+00 5.82
1/4 1.1e-08 1.2e+01 10.00 8.7e-06 8.0e+00 6.61 9.7e-06 6.4e+00 6.44
1/8 1.1e-11 1.2e+01 10.00 1.4e-07 2.3e+00 6.00 1.4e-07 3.6e+00 6.16
1/16 3.0e-14 1.5e-01 8.44 2.1e-09 2.2e+00 5.99 2.1e-09 2.2e+00 5.99
1/32 1.8e-13 4.0e-18 -2.58 3.3e-11 2.3e+00 6.00 6.5e-11 8.0e-02 5.03
1/64 1.8e-13 1.8e-13 -0.01 4.5e-13 5.6e+00 6.22 6.5e-11 6.5e-11 0.00
1/128 5.3e-13 1.0e-16 -1.54 5.3e-13 1.3e-13 -0.25 6.5e-11 6.5e-11 0.00
1/256 6.3e-13 1.4e-13 -0.24 6.3e-13 1.4e-13 -0.24 6.5e-11 6.5e-11 0.00
1/512 3.8e-12 6.0e-20 -2.59 3.8e-12 6.0e-20 -2.59 6.5e-11 6.5e-11 -0.00
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 2.6e-27 -5.04 6.5e-11 6.5e-11 0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.5e-11 -0.00
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m=7

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 3.7e-11 0.0e+00 0.00 4.2e-03 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 3.0e-07 4.5e-15 -13.00 8.4e-05 2.1e-01 5.66 8.4e-05 2.1e+00 7.29
1/4 3.0e-10 3.2e-01 10.00 4.1e-07 3.6e+00 7.69 4.1e-07 3.6e+00 7.69
1/8 3.0e-13 3.0e-01 9.96 1.5e-09 8.6e+00 8.11 1.8e-09 4.7e+00 7.82
1/16 2.9e-14 3.1e-09 3.34 5.9e-12 5.8e+00 7.97 6.5e-11 1.1e-03 4.79
1/32 1.8e-13 3.3e-18 -2.62 4.1e-13 3.6e-06 3.85 6.5e-11 6.5e-11 -0.00
1/64 1.8e-13 1.7e-13 -0.02 4.1e-13 3.8e-13 -0.01 6.5e-11 6.5e-11 0.00
1/128 5.3e-13 1.0e-16 -1.54 5.3e-13 7.0e-14 -0.37 6.5e-11 6.5e-11 -0.00
1/256 6.3e-13 1.4e-13 -0.24 6.3e-13 1.3e-13 -0.25 6.5e-11 6.5e-11 -0.00
1/512 3.8e-12 6.0e-20 -2.59 3.8e-12 6.2e-20 -2.59 6.5e-11 6.5e-11 0.00
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 2.6e-27 -5.04 6.5e-11 6.5e-11 -0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.5e-11 -0.00

m=8

Gauss equidistant uniform
h = 1 ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p ‖Yh − Y ‖∞ c p
1/1 7.5e-13 0.0e+00 0.00 7.8e-04 0.0e+00 0.00 0.0e+00 0.0e+00 0.00
1/2 4.6e-09 1.2e-16 -12.59 4.3e-06 1.4e-01 7.50 4.3e-06 1.2e+00 9.03
1/4 4.5e-12 4.9e-03 10.00 1.5e-08 3.7e-01 8.19 1.5e-08 3.7e-01 8.19
1/8 1.2e-13 2.3e-07 5.22 6.3e-11 2.0e-01 7.88 6.7e-11 1.6e-01 7.80
1/16 1.1e-13 1.6e-13 0.10 4.5e-12 2.4e-06 3.80 6.5e-11 7.4e-11 0.04
1/32 1.8e-13 1.1e-14 -0.68 4.3e-12 6.0e-12 0.08 6.5e-11 6.5e-11 0.00
1/64 1.8e-13 1.6e-13 -0.03 4.2e-12 4.3e-12 0.00 6.5e-11 6.5e-11 -0.00
1/128 5.3e-13 1.1e-16 -1.54 4.2e-12 4.3e-12 0.00 6.5e-11 6.5e-11 0.00
1/256 6.3e-13 1.4e-13 -0.24 4.2e-12 4.3e-12 0.00 6.5e-11 6.5e-11 -0.00
1/512 3.8e-12 6.0e-20 -2.59 4.2e-12 4.3e-12 0.00 6.5e-11 6.5e-11 0.00
1/1024 1.2e-10 2.6e-27 -5.04 1.2e-10 8.9e-27 -4.88 6.5e-11 6.5e-11 -0.00
1/2048 3.1e-10 6.0e-15 -1.30 3.1e-10 6.0e-15 -1.30 6.5e-11 6.5e-11 0.00

52



2.4.4. Conclusions

In the previous chapter, we used the collocation method to calculate solutions
of singular ODEs of the form

y′(t) =
M(t)

t
y(t) +

f(t)

t
, t ∈ (0, 1],

where M(t) ∈ Rn×n and f ∈ C[0, 1]. We were especially interested in studying
the convergence behaviour of the collocation schemes, with m = 1, . . . , 8 collo-
cation points. In this work, we distinguished between IVPs, TVPs, and BVPs.
We stress, that in case of singular ODEs certain assumptions on the spectrum
of the matrix M(0) [7] are necessary to obtain well-posed problems which can
be successfully solved numerically. The convergence rate p and the error con-
stant c were calculated for di�erent types of the global error measures. We
have used equidistant collocation points and Gaussian collocation points. Ad-
ditionally, we computed p and c for the global error taken uniformly in t ∈ [0, 1].

For all problems, analysis in [8] provides estimations for the convergence rate
which is expected to be at least m in case of appropriately smooth problem data
and smooth solutions. All numerical tests support this theoretically predicted
convergence order. Collocation at Gaussian points shows the so-called small
superconvergence, where the rate is m+ 1, even when the singularity is present.
However, the Gaussian superconvergence order 2m cannot be expected to hold
in general.

As a �nal conclusion, we see that we can expect at least the convergence order
m uniformly in t ∈ [0, 1]. This means that we can consider collocation to be a
robust, dependable, and high order method also in context of singular ODEs.
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A. Further numerical results for

Kneser solutions

In this section we collect further results obtained for di�erent model problems of
type (1.12a) with data speci�ed via (1.14a)�(1.14d), (1.18a)�(1.18d), and (1.19).
We �rst rewrite (1.12a) and obtain

u′′(t) +
p′(t)

p(t)
u′(t) +

q(t)

p(t)
= 0, (A.1)

u′(0) = 0, (A.2)

u(∞) = 0. (A.3)

The plots related to various data settings are always arranged in the same way:

• top left: The solution of the problem and its asymptotic behavior, cf.
Theorem 1.9.

• top right: The solution of the problem and its asymptotic behavior in a
double logarithmic scaling, cf. Theorem 1.9.

• bottom left: The �rst derivative of the solution and its asymptotic be-
havior, cf. Theorems 1.9 and 1.10.

• bottom right: The �rst derivative of the solution and its asymptotic
behavior in a double logarithmic scaling cf. Theorems 1.9 and 1.10.

• captions: All data functions and parameters are speci�ed in the captions.
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