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Abstract

Brake squeal is known to be an issue at disc brakes since their introduction, but a complete un-
derstanding of the problem is still missing. Experiments show that transversal vibrations of the
brake disc are responsible for squeal. In literature, different sources of the instabilities that lead to
squeal are discussed. In this thesis self-excited vibrations due to the follower-force characteristic
of the friction forces are investigated.

Different analytical minimal models for disc-brake squeal are introduced, and two are discussed
in detail. One model uses a rigid disc with friction contact, the second one uses a flexible disc
with two eigenmodes of the disc. Current numerical simulations are based on full finite-element
models of the brake system. This approach has the disadvantage of a high computational effort
and only gives limited information about the squeal process itself. In this thesis a rigid- and a
flexible-discmodel aremodelled and analysed in themulti-body-system program SIMPACK.The
advantage of this approach is the computational efficiency and the chance to expand the model
easily in order to represent more complex systems. Finally, the potential of the combination of
multi-body-system dynamics and acoustic finite-element analysis is demonstrated.

In order to model the flexible disk in SIMPACK, a finite-element model of the has been pre-
processed for the multi-body-system dynamics analysis. The needed mechanical mathematical
foundations are explained.
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Zusammenfassung (German)

Das Bremsscheibenquietschen ist ein allseits bekanntes Phänomen, welches schon seit dem Be-
ginn der Verwendung von Scheibenbremsen vor über 100 Jahren vorhanden ist. Dennoch gibt
es noch kein geschlossenes Berechnungsmodell, um dieses Quietschen zu modellieren, vorher-
zusagen und ultimativ zu unterbinden. Experimente zeigen, dass transversale Schwingungen der
Bremsscheibe für das Quietschen verantwortlich sind. In der Literatur gibt es unterschiedliche
Ansichten, aufgrund welchesMechanismus die Instabilitäten auftreten, die zumQuietschen füh-
ren. In dieser Arbeit werden selbsterregte Schwingungen der Bremsscheibe untersucht, welche
aufgrund der Folgelast-Eigenschaften der Reibungskräfte entstehen.

Es werden einige analytischeModelle vorgestellt; auf zwei davon wird imDetail eingegangen. Ein
Modell verwendet eine starre Scheibe unter Reibkontakt und zeigt, dass auch bei dieser Instabili-
täten auftreten können; das zweiteModell beschreibt die Bremsschreibemit zwei Eigenmodes der
Scheibe. Aktuelle numerische Ansätze bestehenmeist aus komplexen Finite-Elemente-Analysen,
welche sehr rechenaufwendig sind und nur bedingt Aufschlüsse über die Vorgänge beim Quiet-
schen geben. In dieser Arbeit werden die analytischen Modelle mit dem Mehrkörpersystem-
dynamik-Programm SIMPACK modelliert und analysiert. Die Vorteile dieser Herangehensweise
bestehen in der drastisch verkürzten Rechenzeit, sowie der leichten Adaptierbarkeit auf komple-
xere Systeme. Abschließendwird das Potential der Kombination vonMehrkörpersystemdynamik
und akustischen Finite-Elemente-Analysen aufgezeigt.

Um die flexible Scheibe in SIMPACK modellieren zu können, muss diese aus einem Finite-Ele-
mente-Modell für das Mehrkörpersystemdynamik-Programm vorbereitet werden. Die mecha-
nisch-mathematischen Grundlagen dafür werden erläutert.
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1. Introduction

Brake squeal is known to be an issue at disc brakes since their introduction. Today this phe-
nomenon is mainly a comfort problem and does not affect the functioning of the brakes them-
selves, but it is still an important issue for brake manufacturers and the automotive industry [1].
Lots of work has been published on this topic, but a complete understanding of the problem is
still missing [2]. Since the development process of brake systems is an extensive and complex one,
a reliable mathematical model of the squeal process is a valuable tool especially in the early devel-
opment stages. In order to create such a model, the mathematical and mechanical understanding
of the contact mechanism, the non-linear dynamics and the interactions of the brake systemwith
the suspension system is essential [1, 2].

Disc-brake squeal is categorised as a high-frequency noise in the range of 1–16 kHz [3]. At lower
frequencies other phenomena occur such as judder, groanmoan, and howl, which are also sources
of brake noise. Because of its high frequency, brake squeal is the most irritating of those noises
and therefore the one on which most research work is concentrated [3]. Experiments show that
transversal vibrations of the brake disc are responsible for squeal [1]. It is widely accepted that
brake squeal occurs due to an instability caused by self-excited vibrations [4]. In literature, three
basic sources of self-excited vibrations are discussed: stick-slip vibrations [5], negative gradient
of the friction coefficient [6], and instability due to the follower-force characteristic of the friction
forces. Chapter 2 gives a more detailed description of these different mechanisms. Reasons are
given why the follower-force characteristic of the friction forces is assumed to be the governing
mechanism behind brake squeal, opposed to stick-slip effects and a velocity-dependent friction
coefficient.

Currently, there are two different ways of modelling brake squeal. One is to create a full finite-
element (FE) model of the system with a large number of degrees of freedom (DOF) and to per-
form a complex eigenvalue analysis. The other method is to create minimal models with a con-
siderably reduced amount of DOFwhich consist of mainly rigid bodies and in some cases include
analytical formulations for the flexible deformations of the disc [1]. Both methods have their ad-
vantages and disadvantages. The FE models give results for complex loads and geometries of the
brake system, but are computationally expensive. The simple models are useful to understand the
general behaviour of the system, but lack the desired usability for commercial applications.

Both methods described above are well established and are currently used side by side, with the
disadvantage that a direct relation between a complex FEmodel and a minimal model is missing.
A promising approach is the combination of the two methods in one model. In order to do so, a
proper framework is needed. Measurements show that brake-disc vibrations are the only impor-
tant elastic vibrations for squeal; therefore, most other parts such as the brake pads or the sus-
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pension may be modelled as rigid bodies. Considering those preconditions, multi-body systems
(MBS) seem to be the logical choice. Before a full brake system can be analysed, it is important
that the main mechanism behind disc-brake squeal is modelled and understood correctly. For
reasons described in this thesis, the mechanism behind the rigid- and flexible-disc models from
[1, 4] seems to be the most promising one. Therefore, the goal is to model the rigid- and flexible-
disc models in aMBS environment, in this case the commercial software package SIMPACK, and
to investigate the usability of this approach. If the fundamental mechanism can be modelled in
MBS, the extension of the simple minimal models to more complex and realistic systems can be
done with reasonable effort.

The simulation in MBS is a lot faster than a full FE analysis of a brake system, and transient
solutions are easy to obtain as well. This allows for a subsequent acoustic FE simulation with the
data generated from the MBS analysis. With the data generated from the acoustic solution, the
sound emission of the brake system can be studied in detail.

1.1. Structure of this thesis

The thesis is structured as follows: In Chapter 2 basic mechanisms of disc-brake squeal will be
addressed. The model presented in [4] will be studied in detail, as well as modelled in MBS in
Chapter 3. Chapter 4 will state the basic procedure to implement flexible bodies into MBS simu-
lations, and give simple examples to illustrate the methods used. In Chapter 5 the model given in
[1] will be studied in detail, as well as modelled in MBS. An acoustic FE simulation of the flexible
disc will also be performed. A conclusion and outlook on this thesis will be given in Chapter 6.
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2. Disc-brake squeal

2.1. Mechanisms

As stated in the introduction, different mechanisms for disc-brake squeal are discussed in litera-
ture:

Stick-slip When the relative velocity between two friction pairs becomes zero, the components
stick to each other due to the coefficient of static friction µs being higher than the coeffi-
cient of sliding friction µk . The spectrum of those vibrations can include some frequencies
noticeable by the human ear [5].

Velocity dependent coefficient of friction Experiments have shown that the coefficient of slid-
ing friction µk is a function of the relative velocity vr between the contact points. A typical
curve for µk(vr) as used in [6] is shown in Figure 2.1a. It can be observed that the curve
has a negative gradient at low values of vr . This can lead to a negative damping term in the
linearised equations of motion and therefore to instability.

Non-conservative friction forces Normal forces act perpendicular to the contact surface and
therefore have follower-force characteristics, as do the friction forces. Follower forces are
known to be non-conservative and therefore do not have a potential. This leads to a non-
symmetric stiffness matrix and for particular parameter constellations this can cause mode
coupling instability or flutter [4].

2.2. Minimal models

Minimal models are of interest as they should be able to model the disc-brake phenomenon as
simply as possible in order to study the governing physical mechanisms. A lot of models available
in literature use one or more of the mechanisms described above. The model by Shin et al. is
given in [6] and shown in Figure 2.1b. This model uses a varying coefficient of friction shown in
Figure 2.1a. Popp et al. [7] introduce a two DOF model shown in Figure 2.2. This model uses
a constant coefficient of friction. The resulting stiffness matrix is non-symmetric and therefore
instabilities can occur. In [8], Brommundt introduces a three DOF model shown in Figure 2.3.
This model uses a varying friction coefficient, but the curve is monotonically increasing. Again,
instabilities occur because of the non-symmetric stiffness matrix.

3



(a)
(b)

Figure 2.1.: (a) Friction characteristic used by the Shin model [4]. (b)Model by Shin et al. [4].

Figure 2.2.:Model by Popp et al. [4].

Figure 2.3.:Model by Brommundt [4].
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Those models have in common that they lack a connection to real brake systems and it can be
difficult to interpret the parameters used in themodels. Experiments show that transversal vibra-
tions of the disc are the source of the squeal sound [9]. Therefore, models which are able to show
those vibrations are of interest. In [4], von Wagner et al. introduce a minimal model for disk
brake squeal using a rigid disk with two DOF, shown in Figure 2.4. The model uses a constant
coefficient of friction and the instabilities occur because of the non-conservative friction forces
that lead to a non-symmetric stiffness matrix. In [9], Hochlenert et al. give a similar model
that uses a flexible disk with two modal DOF shown in Figure 2.5. The clear advantage of those
two models is that they resemble a real disk brake system in a simple way. Those models are used
to model disc-brake squeal in the MBS environment in this thesis.

N0,

N0,

z

y

x

Figure 2.4.: Rigid-disc model by vonWagner et al. [4].

x

y
z

r0

k,N0

k,N0

Ω0

Figure 2.5.: Flexible-disc model by Hochlenert et al..
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2.3. Friction modelling

Both the rigid- and flexible-disc models use the Coulomb friction law

R⃗ = −µ ⃗∥N∥ v⃗r
∥v⃗r∥

. (2.1)

The direction of the friction force R⃗ is in the opposite direction of the relative velocity vr of the
contact points and the magnitude is proportional to the normal force N⃗ . Stick-slip effects are
omitted as it is assumed that on amacroscopic scale the contact points never have zero relative ve-
locity. This assumption is valid for the parameters used, in themodels [1]. The velocity-dependent
coefficient of friction is also not included in the models used as the change in relative velocity is
so small that the corresponding change in the coefficient of friction would not have a noticeable
effect on the results [1].

2.4. Contact

To simulate self-excited vibrations due to follower forces, the correct modelling of the forces is
essential and in case of the brake disc it depends on the contact formulation between the disc
and the brake pads. The analysed models in this thesis use point contacts between the upper
and lower brake pad and the disc. This is of course an assumption and does not fully describe the
surface-to-surface contact that occurs in reality, but for the purpose of themodels the assumption
is valid.

2.4.1. Contact modelling in the MBS environment

Only point contacts between pad and disc are assumed, which simplifies the contact modelling
inMBS significantly compared to a surface-to-surface contact. Still, the way the contact is imple-
mented is of high importance since system behaviour is highly dependent on the contact forces.
Therefore, it is necessary to model the contact exactly as it is assumed in the analytical models
given in [1, 4]. For example, an intuitive assumption could be that the friction force only acts
in circumferential direction, which is easy to implement in MBS. The authors in [9] state that
the small relative velocities between the contact point on the disc and pad in radial direction are
important for the stability analysis and should not be neglected. Therefore the friction force has
to be exactly opposed to the direction of the relative velocity, rather than only in circumferen-
tial direction. It is also assumed that no gap occurs between the contact pair, which is a valid
assumption for a brake process [1].

The contact used can be reduced to the intersection of a plane and a line, with the contact planes
being the upper and lower disc surfaces and the line being the axis of the brake pads. The contact
geometry is shown in Figure 2.6. This illustration is valid for all contact planes that are not par-
allel to e⃗z . In the MBS simulation a dummy body with neglectable mass properties and the local
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coordinate system a⃗1−3 is added. The movement of the dummy is restricted to translations in z
and rotations about e⃗x and e⃗y (α and β), therefore the a⃗1 vector always lies in the e⃗x–e⃗z plane. The
vectors b⃗1−3 represent a Cartesian coordinate system where b⃗3 is the normal vector of the contact
plane. Finally, the vectors a⃗1 and a⃗2 are constrained with respect to b⃗1−3 in z direction as well as
rotations in α and β. Therefore, the constraint force of the z-constraint is also the normal force
between the contact pair and can directly be used for the modelling of the friction force. The final
position of the reference frame of the dummy body is in the contact point as well as parallel to
the contact plane.

e⃗x e⃗y

e⃗z

a⃗1

a⃗2

a⃗3

b⃗1

b⃗2b⃗3 zP

r0

P

contact plane

dummy body

brake-pad axis

Figure 2.6.: Contact geometry used in the MBS model.
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3. Rigid-disc model

Thefirstmodel analysed is the rigid-discmodel shown in Figure 2.4. It consists of a rigid disc with
themassmoments of inertia Θ w.r.t. to the local x and y axis and Φw.r.t. the local z axis. The disk
is supported by a spherical joint in its centre. At a distance r0 in negative y direction there are two
brake pads that are in point contact with the disc. Coulomb friction is assumed with the friction
coefficient µ. The brake pads are connected to the inertial system by a spring-damper systemwith
the parameters k and d and are a preloaded by the force N0. In the centre, the disc is coupled to
the inertial system by two pairs of rotational spring-damper systems with the parameters kt and
dt . Also on the centre of the disc there acts a moment MA to ensure a constant angular velocity
Ω0 of the disc in z direction. The value of the moment is calculated by [4]

MA = 2µr0N0. (3.1)

Therefore the model has two DOF, q1 and q2.

3.1. Analytical solution

The equations of motion for the linearised system are given in [4]

(Θ 0
0 Θ)[

q̈1
q̈2
] + (

1
2 µN0

h2
r0Ω0
+ 2dr20 ΦΩ0

−ΦΩ0 − µdhr0 dt
)[q̇1q̇2

]

+ ( kt + 2kr20 + N0h 1
2 µN0

h2
r

−µ (khr0 + 2N0r0) kt + (1 + µ2)N0h
)[q1q2

] = 0. (3.2)

It can be observed that the damping matrix has terms depending on the angular velocity Ω0, and
as stated before, the stiffness matrix is non-symmetric. With the ansatz

q(t) = q̂eλt (3.3)

the equations of motion (3.2) read

(λ2M + λC + K) q̂ = 0. (3.4)

This system represents a quadratic eigenvalue problem for the eigenvalue λ and the eigenvector
q̂. If the eigenvalue λ has a positive real part, the trivial solution becomes unstable as the ansatz
(3.3) increases exponentially. This is the stability criterion for the linearised system. In [4], pa-
rameters for the rigid-disc model are given, see Table 3.1. The spring stiffness is chosen, so that

8



the eigenfrequencies of the rigid disc are in the same range as the eigenfrequencies of a flexible
disc with similar measurements. Figure 3.1 shows the eigenvalues with positive imaginary part
for an angular frequency Ω0 between π s−1 and 20π s−1. One eigenvalue crosses the imaginary
axis and becomes positive at Ω0 = 10.4π s−1, which is the critical angular velocity.

Table 3.1.: Parameters used for the rigid-disc model [4].

Parameter Physical meaning Unit Value

kt rotational spring stiffness Nm 1.88 ⋅ 107
dt rotational damper coefficient Nms 0.1
k spring stiffness N/m 6 ⋅ 106
d damper coefficient Ns/m 5
N0 preload force N 3000
µ coefficient of friction 1 0.6
r0 radius for brake pad m 0.13
h height of the disc m 0.02
Θ mass moment of inertia w.r.t. x and y kg/m2 0.16
Φ mass moment of inertia w.r.t. z kg/m2 0.32

−3 −2 −1 0 1 2

1720

1730

1740

(A)
(B)

(A)

(B)
(C)

Re(λ)

Im
(λ
)/
(2
π)

Figure 3.1.: Imaginary and real part of the eigenvalues for the linearised systemof the rigid disc. The analytical solution
is shown. The angular frequency Ω0 varies from π s−1 to 20π s−1. Point (A) is calculated with Ω0 = π s−1 and point
(B) is calculated with Ω0 = 20π s−1. Point (C) is at Ω0 = 10.4π s−1 and marks the point where the motion of the disc

becomes unstable.

3.2. MBS simulation

Note: The terminology in this section refers to the MBS software package SIMPACK. For details
see appendix A and [10].
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3.2.1. Modelling

The disk is modelled as a rigid body and connected to the inertial systemwith a spherical joint. A
force element is used to model the rotational springs between the inertial system and the disc. In
SIMPACK the user is able to choose if the rotations are calculated linearised or non-linear with
Euler angles. Both variants are used to calculate results. Another force element is used to apply
themomentMA that is required to keep a constant angular velocity Ω0. The contact ismodelled as
described in Section 2.4.1. The contact planes are fixed relatively to the disc and are parallel to the
mid plane moved ±h/2 in local z direction. Force elements represent the spring-damper systems
and the preload forces on the break pads, as well as the friction forces acting on the brake pads
and disc. The normal force for the friction force element is taken from the constraint connecting
the dummy bodies to the contact plane. Amarker on the disc is set congruent to the contact point
but in the SIMPACK internal algorithms the relative velocity of this marker to the disc is set to
zero, hence the marker represents a fixed point on the disc that is currently at the contact point.
The relative velocity between this congruent marker and the contact point, is the friction velocity.
It is used to calculate the direction of the friction force. It is important that the friction force is not
only in circumferential direction as this leads to unusable results. For visualisation purposes, two
bodies with neglectable mass properties are added to each dummy body, representing the brake
pads. Figure 3.2 illustrates the MBS topology.

Isys

disc

dummy top

dummy bottom

pad top

pad bottom

Jz,α,β

Jz,α,β

Fz

Fz

Cz,α,β

Cz,α,β

Fx ,y

Fx ,y

Jα,β,γ

Fα,β,γ

Cz

Cz

Jz

Jz

Figure 3.2.: Topology of the MBS rigid-disc model in SIMPACK.
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3.2.2. Eigenvalues

To compare the analytical solution and the solution of the MBS model, the eigenvalues of the
linearised system are analysed. Figure 3.3 shows the real and imaginary part of the analytical
eigenvalues compared to the ones calculated in SIMPACK. The angular frequency Ω0 is varied
from π s−1 to 20π s−1. It can be seen that the results match very well. With linear angles the SIM-
PACK result is basically identical to the analytical solution. The result calculated with non-linear
angles has minor discrepancies in the real part of the eigenvalues.

−3 −2 −1 0 1 2

1720

1730

1740

(A)

(B)

(A)

(B)

Re(λ)

Im
(λ
)/
(2
π)

analytical
SIMPACK linear angles
SIMPACK nonlinear angles

Figure 3.3.: Imaginary and real part of the eigenvalues for the linearised system of the rigid disc. The analytical as
well as two different MBS results are shown. The angular frequency Ω0 is varied from π s−1 to 20π s−1. Point (A) is

calculated with Ω0 = π s−1 and point (B) is calculated with Ω0 = 20π s−1.
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4. Flexible bodies inMBS

If the dynamic response of the elastic deformations of a body have a relevant impact on the sys-
tem, the assumption of applying only rigid bodies in MBS is not valid any more. In such a case
the complete system can be modelled with FE using transient or harmonic analysis, giving the
problem a high number of DOF. With this approach, little a priori knowledge about the form
and type of the result is needed because the FE solution can project the solution to a large vector
space that may give a good approximation of the exact solution. The obvious disadvantage of this
method is the computational effort needed to get the solution. On the other hand the system can
be modelled with MBS, by using additional DOF for the flexible parts. Each of those additional
DOF scales a flexible displacement of the whole part; this displacement is called mode. This ap-
proach is based on the principle of modal superposition, which requires that the deformations
of the structure can be described sufficiently with linear theory. In Figure 4.1, modal superpo-
sition is illustrated using the first two eigenmodes of a simple supported beam. In this case the
beam has two generalised coordinates q1 and q2 corresponding to the first two eigenmodes ϕ1
and ϕ2; the final deformation of the beam is the superposition of those two modes scaled with
the respective value of the DOF. The most intuitive set of usable modes are the eigenmodes of
the body, but there are also other modes with certain advantages described in Section 4.2.4. The
knowledge and experience of the user are essential for the selection of the additional DOF. This
does not only refer to the number of modes selected but, more important, to which modes are
selected. The goal is to use as few modes as necessary to keep the computational effort low but
still represent the behaviour of the part in a sufficient way.

1

2
×

q1 q2ϕ1 ϕ2 q1ϕ1 + q2ϕ2

+ =2

3
×

Figure 4.1.: Simple supported beam with superposition of two eigenmodes.

The elastic deformations are described with linear theory, but in the MBS simulation the flexible
body can experience large non-linear displacements and rotations. To achieve this, the deforma-
tions of each body are described relative to a body reference frame, while this frame describes
large displacements and rotations compared to other elements of the MBS analysis [11], see Fig-
ure 4.2. Each material point P on the undeformed body is described with a vector x⃗ relative to
the body reference frame. At time t the body is undeformed and the reference frame x1, y1 is
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described relative to the zero system x0, y0 with the vector r⃗10 and rotation matrix R. Therefore
the absolute location of P is

r⃗P0 = r⃗10 + Rx⃗ . (4.1)

At time t1 the reference frame x′1 , y′1 is in a different position r⃗1′0 and rotated with R′. Now the
body is deformed and/or moved relative to the body reference frame. Therefore the vector R′x⃗
does not point to the material point described by x⃗. The displacement of the point P′ is u⃗(x⃗ , t′)
relative to the reference frame. With this the position of P′ is

r⃗P′0 = r⃗1′0 + R′x⃗ + R′u⃗(x⃗ , t′). (4.2)

This shows how large movement of a flexible body is described with only small deformations u⃗.

x0

y0

x1
y1

P
r⃗P1=Rx⃗

x′1

y′1

P′

R′x⃗

r⃗1′0
r⃗10

R′u⃗(x⃗ , t′)

t,R t′,R′

1

1′

0

r⃗P′1′

r⃗P′0r⃗P0

Figure 4.2.: Floating flexible body in two dimensions.

Besides implementation for simple beam elements, most commercial MBS software cannot pre-
process complex flexible-body information for the MBS analysis. To get a reasonable accurate
representation of the flexible body, FE software is used to create a reduced system that can be
processed in MBS software. During this reduction process of a flexible body, the user is con-
fronted with a lot of options and terminology that can exceed the average engineer’s knowledge
of FE and model reduction. User manuals of the software used are often short and inconclusive,
but the quality of the result is highly dependent on the user making reasonable choices during
the reduction process. To help for general understanding of this process, in the following, basic
methods used for the reduction of a FE model and subsequent implementation into a MBS suit-
able formulation are described. It is not claimed that the describedmethods are the most efficient
or most accurate ones, but rather an attempt to give the reader a basic knowledge of the reduction
process itself. Figure 4.3 shows the workflow for implementing flexible bodies into MBS analysis
using commercial software packages and the sections where detailed descriptions are given.
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Modelling

Assembly of K , C and M

Calculation of static modes ϕs
i

Calculation of eigenmodes ϕCB
i

Reduction of K , C and M

K r , Cr , Mr and Q r

Orthogonalisation of
the reduced system

Mode shifting

Calculation of con-
strained eigenmodes

Calculation of interface modes

MBS simulation

FE program
Section 4.1

MBS program
Section 4.2

Section 4.1.1

Section 4.1.2

Section 4.1.3

Section 4.2.1

Section 4.2.3

Section 4.2.4

Section 4.2.2

Figure 4.3.: Workflow for FE preparation of flexible bodies using the Craig–Bampton reduction method in the FE
program and a MBS preprocessing similar to the one used in SIMPACK.
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4.1. FE preparation for flexible bodies

4.1.1. Modelling

Themodelling process is performed in a way that is similar to a linear FE analysis, that is choosing
suitable element types and discretisations as well as defining possible material inhomogeneities
and anisotropies. Themain difference is the need for attachment points in the flexible body which
can affect the setup of the mesh. In the final MBSmodel, loads and displacements can only be ap-
plied to specific nodes on the flexible body, so-called attachment points. This requires knowledge
of those points at the time of the FE modelling, making contact problems a difficult task. Those
problems can still be modelled by distributing the contact forces onto various attachment points.
Since the number of attachment points influences the reduced system size for the flexible body,
nodes on boundary or loading areas are often coupled to one attachment point. By doing this, the
area only accounts for one attachment point, and forces in the MBS analysis can be distributed
within this area. Depending on the substructuring method, the results can be improved by defin-
ing the boundaries acting on theMBS body in the FEmodel. The Craig–Bamptonmethod [12],
for example, cannot be improved by defining the correct boundary conditions in themodel, since
the eigenmodes are calculated for the substructure only. Also, it can be difficult to know the exact
boundary conditions acting on theMBSmodel. In general, boundary conditions in the FEmodel
should be applied according to the methods used and user experience.

4.1.2. Dynamic substructuring

FE software is better equipped to handle large matrices than MBS software. Since the number of
DOF for a model can be in the range of 106, it is necessary to reduce the amount of data given to
the MBS preprocessor. This is done using dynamic substructuring for the FE model. The main
idea is to divide the n nodes of a structure into nm master and ns slave nodes, then make the
slave DOF dependent on the master DOF and reduce the assembled system matrices K , C and
M to describe the equations of motion only for the masters, leading to a system with nm DOF.
Those master nodes are the attachment nodes used in the modelling. In the following sections
two methods are described, the Guyan reduction and the Craig–Bampton method. Both are
so called displacement coupling methods as they couple the displacement of the interface nodes
between the retained structure and substructure. Other methods might couple the forces and/or
displacements at the interface.

Guyan reduction

In [13], it is proposed to first perform a static reduction and then reduce the mass and damping
matrices with the same transformation. The vector of global generalised coordinates u is given
by

u = [umus
] , (4.3)
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where um and us are vectors containing the master and slave DOF, respectively. Now the static
FE equation Ku = f can be written as

(Kmm Kms
K sm K ss

)[umus
] = [fmf s

] (4.4)

whereat Kms = KT
sm. Assuming that all external loads are applied on the masters, f s is equal to

zero. Then, the lower set of equations in (4.4) can be solved for us,

us = −K−1ss K smum . (4.5)

With this relation between the master and slave nodes, the slave nodes can be eliminated from
Equation (4.4). This is done with the coordinate transformation

u = QGum with QG = (
I

−K−1ss K sm
) (4.6)

and the reduced system matrices are (see appendix B)

Kr = QT
GKQG (4.7)

Cr = QT
GCQG (4.8)

Mr = QT
GMQG . (4.9)

Here the new coordinate vector is
q = um . (4.10)

The reduced size of the system matrices is nm × nm. A closer look at the matrix QG reveals that
the i th column of QG represents a static mode ϕs

i of the structure with a unit displacement at the
i th master DOF and all other master nodes constrained.

Craig–Bampton method

In the Guyan reduction, only the static relation between um and us is taken into account, which
can lead to poor accuracy for dynamic results. This can be improved by adding nCB eigenvec-
tors with the generalised coordinates qCB to the movement of the substructure [12], giving the
Craig–Bampton method. It is not required that the nCB eigenvectors are corresponding to the
first nCB eigenvalues. A term which represents the dynamic eigenvalues of the substructure is
added to the approximation of the slave displacements in Equation (4.5)

us = −K−1ss K smum +
nCB

∑
i
qCBi ϕCB

i . (4.11)

ϕCB
i is the ith eigenvector for the undamped substructure, calculated with all master DOF con-

strained. This leads to a new coordinate transformation

u = QCB [
um
qCB] with QCB = (

I 0
−K−1ss K sm ΦCB

) . (4.12)
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Here ΦCB is a matrix where the ith colum is the eigenvector corresponding to the generalised
coordinates qi

ΦCB = (ϕCB
1 , . . . , ϕCB

nCB
) . (4.13)

Finally the reduced system matrices including generalised coordinates are

Kr = QT
CBKQCB (4.14)

Cr = QT
CBCQCB (4.15)

Mr = QT
CBMQCB , (4.16)

with the generalised coordinates

q = [ umqCB] . (4.17)

The reduced size of the system matrices is (nm + nCB) × (nm + nCB).

4.1.3. Output of the FE analysis

The FE analysis output contains the reduced systemmatrices Kr , Cr andMr and the transforma-
tion matrix QCB. The reduced system matrices are of size nFE × nFE , while the transformation
matrix has size n×nFE , whereat nFE = nm +nCB (in case of the Craig–Bamptonmethod). Usu-
ally it can be said that nFE ≪ n, which means that the majority of data output contains entries
for QCB. Only the part of QCB where the attachment points are described, is used in the MBS
analysis. Other entries are for visualisation purposes only. To reduce the amount of output data,
the transformation matrix could, for example, only describe the attachment points and the nodes
on the outer surface of the body.

4.2. MBS preprocessing of flexible bodies

Note: From now on it is assumed that the Craig–Bampton method is used for the FE reduc-
tion.

In the previous section, the reduction of a FE model for a MBS analysis was described. It is
common practice in MBS software to take the reduced system and calculate a new set of modes
to be used in the analysis. In this chapter, a procedure similar to the one used in SIMPACK [10,
11] is described.

4.2.1. Orthogonalisation of the reduced system

Depending on the reduction method used, there can be the need for orthogonalisation of the re-
duced system. In case of the original Craig–Bampton method described in Section 4.1.2, there
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are several disadvantages. That includes the superposition of rigid body modes in the Craig–
Bampton modes and the dependency of the master node displacement on only one static mode.
To avoid those problems, it is common to orthogonalise the reduced system. The eigenvalue
problem of the undamped system

(−ωe2
i Mr + Kr)ϕe

i = 0 (4.18)

describes a free floating structure that can move and deform according to the modes used in the
reduction process. The first nr eigenvalues are zero with the corresponding eigenvectors repre-
senting the rigid body modes ϕr . Depending on the problem being planar or spatial, nr can be
either three or six. Those modes are calculated with

Krϕr
i = 0. (4.19)

The ne non-zero eigenvalues of Equation (4.18) give the flexible eigenmodes ϕe of the free floating
structure, since all eigenvalues are calculated ne equals nFE − nr . This leads to a new vector of
generalised coordinates

qe = [qr1 , . . . , qrnr , qe1 , . . . , qene ]
T , (4.20)

with the transformation matrix

Qe = Φe = (ϕr
1 , . . . , ϕ

r
nr , ϕ

e
1 , . . . , ϕ

e
ne
) . (4.21)

ThematrixΦe contains the eigenvectors of the rigid bodymodes and flexible eigenmodes. There-
fore, the system matrices become

K e = QT
eKrQe (4.22)

Ce = QT
eCrQe (4.23)

Me = QT
e MrQe , (4.24)

with the coordinate transformation
u = QrQeq

e . (4.25)

4.2.2. Mode shifting

The system matrices in equations (4.22–4.24) describe a free floating beam that can move and
deform with the independent modes in Φe . Depending on the structure of the model, it may be
required to constrain the flexible body with respect to the body reference frame by locking nc
displacements or rotations. To fulfil the constraints, nc modes of Φe are made dependent on the
other modes. This is done by mode shifting [11]. In theory any modes can be chosen, but there
are combinations of modes where the resulting system becomes ill-conditioned. A very suitable
choice are the rigid body modes ϕr

i as they describe distortion-free movement of the flexible
body. This is also a main reason for the orthogonalisation of the system in Section 4.2.1. The
vector of generalised coordinates and the displacement vector are reordered so that the dependent
coordinates and the constrained displacements are at the beginning. Reordering the Equation
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(4.25) and assuming that all constrained displacements w.r.t. the reference frame are zero, leads
to

[ 0uu
] = (Qdd Qdi

Q id Q ii
)[q

d

qi ] , (4.26)

where Q id = QT
di , uu are the unconstrained displacements, qd are the dependent and qi the

independent DOF. The first set of equations in Equation (4.26) solved for qd is

qd = −Q−1ddQdiq
i . (4.27)

Now a coordinate transformation is introduced

[q
d

qi ] = Qcq
i with Qc = (

−Q−1ddQdi
I ) . (4.28)

This gives the transformed system matrices with the dimension (nr − nc) × (nr − nc)

Kc = QT
c K eQc (4.29)

Cc = QT
c CeQc (4.30)

Mc = QT
c MeQc . (4.31)

The final vector of generalised coordinates is qi , which can be transformed to the original dis-
placements. u reads

u = QrQeQcq
i . (4.32)

One might notice the similarity between the mode shifting and the Guyan reduction. Basically,
it is the same procedure: in the Guyan reduction slave DOF aremade dependent onmaster DOF,
and in the mode shifting the same is done with dependent and independent modes.

4.2.3. Constrained eigenmodes

The current matrices Kc , Cc and Mc represent the full Craig–Bampton system, adjusted to the
boundary conditions in the body reference frame. During the MBS preprocessing, it is common
for the user to decide which modes to use in the final analysis. It is possible to choose a reduced
set of modes in the orthogonalisation described in Section 4.2.1, but the free floating modes do
not directly correspond to a constrained mode and it might be difficult to decide if the mode
is relevant in the final analysis. Therefore, the eigenmodes to the constrained set equations are
calculated. This is done with the eigenvalue problem of the undamped system,

(−ωc2
i Mc + Kc)ϕc

i = 0. (4.33)

Here ϕc
i are the eigenmodes of the undamped system and ωc

i is the corresponding eigen angular
frequency. The user can decide whichmodes are relevant for the final analysis and only use those.
The nh relevant modes build a transformation matrix Qh

Qh = (ϕh
1 , . . . , ϕ

h
nh
) , (4.34)
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while the nn neglected modes form Qn

Qn = (ϕn
1 , . . . , ϕ

n
nn
) . (4.35)

Here, the number of relevant and neglected modes is equal to the size of the system nh + nn =
nr − nc . The transformation gives the system matrices only considering the relevant modes

Kh = QT
hKcQh (4.36)

Ch = QT
hCcQh (4.37)

Mh = QT
hMcQh , (4.38)

with the dimension nh × nh. The vector of generalised coordinates is

qh = [qh1 , . . . , qhnh
]T (4.39)

and can be transformed into the original displacements by

u = QrQeQcQhq
h . (4.40)

4.2.4. Interface modes

The accuracy of the solution depends on the number of used modes nh. To improve the solution,
more eigenmodes can be used for the simulation to extend the solution space, but this comes
with the disadvantage of a higher computational effort. Instead of adding more eigenmodes to
the simulation one can add interface modes. Interface modes are a superposition of the neglected
modes and are calculated with the goal of retaining as much information from the neglected
modes with as few interface modes as possible. Therefore, by using a few proper interface modes,
the solution can be very similar to a solution using a lot of eigenmodes, but with applying fewer
DOF.

To calculate the interface modes, the system is reduced with a coordinate transformation con-
taining the neglected modes

Qn = (ϕn
1 , . . . , ϕ

n
nn
) . (4.41)

Here the vector of generalised coordinates is

qn = [qn1 , . . . , qnnn]
T , (4.42)

with the relation to the original displacements

u = QrQeQcQnq
n . (4.43)

Therefore, the system matrices of the undamped system based on the neglected modes are

Kn = QT
nKcQn (4.44)

Mn = QT
nMcQn , (4.45)

20



with dimension nn ×nn. The interface modes in SIMPACK are calculated based on dynamic unit
loads acting on the structure [11, 10]. prk(t) is a load vector on the Craig–Bampton structure
with a harmonic unit load in the k th row and can be written as

prk(t) = prkeiΩ0 t , (4.46)

where Ω0 is the harmonic frequency of the unit load. Due to the construction of the Craig–
Bampton method the k th row of pk corresponds to the k th master DOF, as long as k ≤ nm.
With the previously used coordinate transformations, the load acting on the system based on the
neglected modes is

pnk = QT
nQ

T
c Q

T
e p

r
k . (4.47)

This force applied to the undamped structure based on the neglected modes yields

Mnϕ̈
p
k(t) + Knϕ

p
k(t) = p

n
ke

iΩ0 t . (4.48)

Here ϕp
k(t) is the interface mode for the k th master DOF. Since there is a harmonic excitation

without damping, the interface mode can be written as ϕp
k(t) = ϕ

p
ke

iΩ0 t . This yields

(−Ω2
0Mn + Kn)ϕp

k = p
n
k . (4.49)

The harmonic frequency Ω0 can be chosen by the user. In [10] it is recommended to use half
of the first non-zero eigenfrequency of the free floating structure. The frequency Ω0 can also
be zero. If that is the case, the interface modes are called interface response modes (IRM) and
in the non-zero case frequency response modes (FRM), see [10, 11]. In the following, only FRM
are considered. The interface modes in Equation (4.49) can be considered as the response of the
neglected modes to a unit load applied at one of the attachment points. Therefore, the interface
modes have discontinuities in the section forces at the attachment points, which makes them
more suitable than eigenmodes to represent dynamic loads on the structure. In SIMPACK, FRM
modes can only be calculated for constrained1 or loaded attachment points, which seems useful
since those are the points at which external forces act on the structure. The calculated modes are
assembled in the matrix

Qp = (ϕ
p
1 , . . . , ϕ

p
np) . (4.50)

Here np is the number of calculated interface modes and the index i in ϕp
i refers to the i th cal-

culated mode and not the one corresponding to a unit load at master node i. In order to add the
interface modes to the coordinate transformation based on the eigenmodes of the constrained
structure, the matrix Qp must be transformed for the generalised coordinates qc . Then this ma-
trix and the transformation matrix with the relevant modes are added together, giving the final
transformation matrix

Qm = (Qh ,QnQp) . (4.51)

1In this case “constrained” refers to constraint elements used in SIMPACK. The boundaries imposed by mode
shifting are given by the joint of the body and do not require FRM.
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The corresponding system matrices are

Km = QT
mKcQm (4.52)

Cm = QT
mCcQm (4.53)

Mm = QT
mMcQm , (4.54)

with the dimension (nh + np) × (nh + np) and the generalised coordinate vector

qm = [qh1 , . . . , qhnh
, qp1 , . . . , q

p
np]

T . (4.55)

This vector can be transformed into the original displacements with

u = QrQeQcQmq
m . (4.56)

4.2.5. Final equations of motion

The final equations of motion are

Mmq̈m + Cmq̇m + Kmqm = pm . (4.57)

The load vector pm consists of transformed external loads as well as inertia forces resulting from
the movement of the body reference frame [11]. Usually the damping term Cmq̇m in Equation
(4.57) is replaced withmodal damping [10]. The finalmatrices can vary depending on the amount
of modes used and if the body is constrained, but in general, the procedure described in the
previous sections is performed to get the final reduced matrices for the MBS analysis.

4.3. Preparing a FE beam for MBS simulation

In the previous two sections 4.1 and 4.2, basicmethods for the reduction process of a flexible body
intoMBS are described. In this section, those methods are applied on two simple beams, in order
to give the reader a demonstrative understanding of the methods in addition to the equations
stated earlier. The MATLAB tool MaxiFrame developed at the Section of Solid Mechanics in the
Department of Mechanical Engineering at the Technical University of Denmark is a linear static
FE code for beam elements. This tool was used as a framework to implement the FE and MBS
preprocessing of flexible bodies intoMATLAB.Therefore, it is possible to show the steps from the
FE model to the final MBS model in detail, which can hardly be done using commercial software
due to the black-box character of such programs.
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4.3.1. Example beams

Figure 4.4 shows the two example beams considered in this section. The first beam (a) is a can-
tilever beam with a harmonic moment acting at L/3, while the second one (b) is a simple sup-
ported beam with a harmonic force acting also at L/3. For both beams gravity is neglected and
it is assumed that the beams only experience bending vibrations. The harmonic loads have the
frequency Ω.

x

y

2/3L

L

A B C

( )

M(t)

(a) Cantilever beam with harmonic moment.

x

y

2/3L

L

A B C
F(t)

(t)

(b) Simple supported beam with harmonic force.

Figure 4.4.:The two example problems.

4.3.2. FE preparation

Thebeams aremodelled with 300 two-dimensional Bernoulli–Euler beam elements. Since the
longitudinal vibrations are not accounted for the FE code, the code is modified so that the beam
elements have 2 DOF per node. This leaves the final FEmodel with 301 nodes and 602 DOF. Since
all relevant points on the two beams are on the same position, the same FE model can be used
for both examples. Dynamic substructuring is performed with the Craig–Bampton method,
using three attachment points A, B and C, as they are the loading and boundary points. Figure
4.5 shows the numbering of the master DOF. Static modes ϕs

i corresponding to those DOF are
shown in Figure 4.6. Each mode ϕs

i represents the static deformation for a unit displacement at
master node i with all other master nodes constrained. Also used for substructuring are the first
100 eigenmodes, calculated with all master DOF constrained. The first 8 eigenmodes are shown
in Figure 4.7. With the transformations described in Section 4.1.2, this gives the reduced system
matrices the dimension 106 × 106. The global system matrices can now be preprocessed for the
MBS simulation.

1

2

3

4

5

6

Figure 4.5.: Numbering of the master DOF for the reduced model.
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Figure 4.6.:The 6 static modes used in the Craig–Bampton method.
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Figure 4.7.: First 8 of the 100 eigenmodes used in the Craig–Bampton method.
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4.3.3. Preprocessing for the MBS analysis

One can easily see that the modes from Figure 4.6 and 4.7 are not-well suited to describe the
motion of either problem beam. This is why there is the need for the MBS preprocessing.

Orthogonalisation of the reduced system

First, the system is orthogonalised as described in Section 4.2.1. This is done with the eigenvalue
problem stated in Equation (4.18). This problem describes a free floating beam. Since the axial
displacements are not possible for the used elements, the beam has two rigid body modes ϕr

i .
Therefore, the first two eigenvalues of Equation (4.18) are zero. The rigid body modes are shown
in Figure 4.8. Figure 4.9 shows the eigenmodes of the free floating beam for the first 8 non-zero
eigenvalues.
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Figure 4.8.: Rigid body modes used for the orthogonalisation of the reduced system.

Constrained eigenmodes

To satisfy the boundary conditions for the beams, some of the modes of the free floating beam
are made dependent on each other. This is done by mode shifting, see Section 4.2.2. Up to this
point, there is no difference in the calculated modes, for example (a) and (b). Table 4.1 states
the constrained master DOF for each beam example. In both cases, the dependent modes in the
mode shifting procedure are the rigid body modes ϕr

i . Figure 4.10 shows the first 8 constrained
eigenmodes for beam (a), Figure 4.11 shows them for beam (b). To assess the quality of the con-
strained eigenmodes, the eigenfrequencies ωc

i are compared with the eigenfrequencies of the full
FE model with the same boundary conditions. The relative error for each of the frequencies is
shown in Figure 4.12 and 4.13. It can be seen, that up until the last few eigenmodes, the modes
represent physical eigenmodes of the beam in a sufficient way, as the error is less than 1%. Also
the different boundary conditions do not affect the global type of the error plot. The last couple of
modes are non-physical, but still improve the solution as long as their corresponding frequencies
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Figure 4.9.: First 8 non-zero eigenmodes used for the orthogonalisation of the reduced system.
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are above the characteristic frequencies of the system. If that is not the case, more modes have to
be used in the Craig–Bampton method.

Table 4.1.: Constrained master DOF for each beam problem.

Example beam constrained master DOF

(a) 1,2
(b) 1,5

Interface modes

To further reduce the amount of DOF, not all constrained eigenmodes have to be used in the
final analysis. For example, if only the modes in a certain frequency spectrum are relevant, only
those modes are used in the final analysis. The result can be improved by using more modes
with different frequencies or adding interface modes as described in Section 4.2.4. For the two
beam examples, frequency response modes are used. FRM are calculated with a frequency Ω0,
which can be chosen by the user. As stated before, the standard value in SIMPACK is half the first
non-zero eigenfrequency of the free floating structure. FRM aremost useful at loaded attachment
points. The master nodes used are stated in Table 4.2. In Figure 4.12 and 4.13, FRM are shown for
different Ω0 as well as a different number of constrained eigenmodes nh used, where the first nh
modes are used. For nh = 3, small differences in the FRM can be seen, but for a higher number of
modes used, the FRM for different Ω0 converge. The shape of the FRM varies with the amount
of modes used. With more modes used, the FRM seem of a higher order, which is because only
higher order modes are available in the Qn matrix and the FRM are calculated as a superposition
of the modes in this matrix.

Table 4.2.:Master DOF used to calculate FRM for each beam problem.

Example beam FRMmaster DOF

(a) 4
(b) 3

Harmonic results

To demonstrate the effect of the MBS preprocessing, harmonic results of the undamped system
are computed with

(−Ω2Mm + Km)uh = pmi , (4.58)

where uh is the harmonic solution for the displacements and pmi is the load vector on the final
reduced system calculated with

pmi = QT
mQ

T
c Q

T
eQ

T
r pi . (4.59)
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Figure 4.10.: First 8 constrained eigenmodes for the cantilever beam (a).
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Figure 4.11.: First 8 constrained eigenmodes for the simple supported beam (b).
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Figure 4.12.: Relative error of the eigenfrequencies ωc
i compared to the eigenfrequencies of the full FEmodel for beam
example (a).
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Figure 4.13.: Relative error of the eigenfrequencies ωc
i compared to the eigenfrequencies of the full FEmodel for beam
example (b).

pi is the load vector acting on the original beam. The body reference frame does notmove. There-
fore, there are no additional inertia forces. Equation (4.58) can be solved for uh and from this so-
lution the bending moments and shear forces are calculated. Figure 4.16 and 4.17 show the results
for both beam examples with a different number of modes used and FRM compared to the full
FE solution. The Bernoulli–Euler beam elements have cubic interpolation functions for the
displacements, therefore the bending moment in one element can be linear and the shear force
is constant [14]. For visualisation purposes and because of the high number of beam elements
used, the shear force is still shown as a smooth curve and not as piecewise constant lines. For
example (a), the result for the displacements is close to the full FE solution with nh = 5. To rep-
resent the bending momentM, sufficiently more modes are needed. The shear force Q cannot be
represented with only physical eigenmodes. Using one FRM, the results are already close to the
full solution with only 3 modes used, and with 5 modes used the solution is basically the same as
the full FE solution. This is because the FRM is calculated with a moment at master node 4 and
accounts for the discontinuity at the loading point. In beam example (b), the results are better
with the same number of modes because the discontinuity is in the shear force and only results
in a kink in the bending moment. With one FRM a similar behaviour as in example (a) can be
seen, as the results improve a lot, especially for the section forces. For those two examples, five
constrained eigenmodes and one FRM are enough to represent the system. The clear advantage
of the MBS model is the size of the system 6×6 compared to the 602×602 of the full FE system.
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Figure 4.14.: FRM for beam example (a) and different values of nh as well as Ω0. The first nh modes ϕc
i are used for

the transformation matrix Qh .
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Figure 4.15.: FRM for beam example (b) and different values of nh as well as Ω0. The first nh modes ϕc
i are used for

the transformation matrix Qh .
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Figure 4.16.: Harmonic results for beam problem (a). The excitation frequency Ω is 3ωe
1 . The plots on the left are

calculatedwith nh constrained eigenmodes, the right oneswith one additional FRM.TheFRM is calculated formaster
node 4 with the excitation frequency Ω0 = 1/2ωe

1 . The section forces are scaled with a representative bending moment
Mref = M(t) and a representative shear force Qref = M(t)/L.
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Figure 4.17.: Harmonic results for beam problem (b). The excitation frequency Ω is 3ωe
1 . The plots on the left are

calculatedwith nh constrained eigenmodes, the right oneswith one additional FRM.TheFRM is calculated formaster
node 3 with the excitation frequency Ω0 = 1/2ωe

1 . The section forces are scaled with a representative bending moment
Mref = F(t)L and a representative shear force Qref = F(t).
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5. Flexible-disc model

The rigid-disc model shows that instabilities of a disc-brake system can occur with a constant
friction coefficient. A logical enhancement of the model is to replace the rigid disc with a more
realistic flexible disc, shown in Figure 2.5. The deformations of the flexible disc are described by
the transversal eigenmodes of the non-rotating disc, where the disc is assumed to be shearstiff.
Therefore, the displacement w, in z direction, of a point on the mid-surface of the disc is a func-
tion of the coordinates x and y and time t. Experiments have shown that when squeal occurs,
the disc is vibrating in a mode with three nodal diameters and zero nodal circles, within the fre-
quency range of brake squeal [1]. The disc is assumed to be clamped on the inside and free on the
outside. Themodes used in themodel are the orthogonal eigenmode pair with the form observed
in experiments. The scaling factors q1 and q2 for the two eigenmodes are the DOF of the model.
A constant angular velocity Ω0 of the disc in z direction is assumed. Two point contacts represent
the brake pads at the distance r0 in x direction. Those brake pads are coupled to the inertial sys-
tem with a spring k, and a preload force of N0 is applied. The assumed contact on the flexible disc
is shown in Figure 5.1. M represents the intersection point between the axis of the brake pads and
the mid surface of the disc. P and Q are the corresponding points on the upper and lower surface
of the disc. They mark a tangent plane on the deformed disc that is used to calculate the contact
points P′ andQ′. Here it is important to at least use quadratic terms in the Taylor approximation
of the contact points, as otherwise some terms are missing in the linearised equations of motion
[1].

M

P′P

Q′
Q

x–y plane

zw(r0, 0, t)

h/2

h/2

Figure 5.1.: Contact formulation on the flexible disc.
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5.1. Analytical solution

The analytical solution is given in [1] and since it is quite lengthy, it is not stated here, but the form
is very similar to Equation (3.2). Again a non-symmetric stiffness and damping matrix occur.
Table 5.1 states the parameters used for the model, the meaning of the parameters for the disc is
explained in Section 5.2. The procedure is the same as for the rigid disc and Figure 5.2 shows the
real and imaginary parts of the eigenvalues, where the angular velocity Ω0 is again varied fromΩ0
between π s−1 to 20π s−1. At 4.27π s−1 one eigenvalue crosses the imaginary axis and the linearised
system becomes unstable.

Table 5.1.: Parameters used for the flexible-disc model [4].

Parameter Physical meaning Unit Value

k spring stiffness N/m 6 ⋅ 106
N0 preload force N 2000
µ coefficient of friction 1 0.6
r0 radius for brake pad m 0.13
h height of the disc m 0.02
ri inner radius of the disc m 0.025
ra outer radius of the disc m 0.162
D plate bending stiffness Nm 67100
ν Poisson’s ratio 1 0.3
γ mass per unit area kg/m2 126
n number of nodal diameters 1 3
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Figure 5.2.: Imaginary and real part of the eigenvalues for the linearised system of the flexible disc. The analytical
solution is shown. The angular frequency Ω0 varies from π s−1 to 20π s−1. Point (A) is calculated with Ω0 = π s−1

and point (B) is calculated with Ω0 = 20π s−1. Point (C) is at Ω0 = 4.27π s−1 and marks the point where the higher
eigenvalue crosses the imaginary axis.
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5.2. Natural frequencies of a transversely vibrating disc

The equations of motion for a Kirchhoff plate are [15]

D∆∆w + γ ∂2

∂t2
w = 0 (5.1)

where D is a material parameter defined by

D = Eh3

12(1 − ν2) , (5.2)

with Young’s modulus E, Poisson’s ratio ν, mass per unit area γ, the transversal displacement
w and the plate thickness h. ∆ is the Laplace operator, in the case of a cylindrical coordinate
system given by

∆ = ∂2

∂r2
+ 1
r
∂
∂r
+ 1
r2

∂2

∂θ2
. (5.3)

In [16], the following solution to Equation (5.1) is assumed

w = U(r) sin(n(θ − θ0)) sin(ω(t − t0)). (5.4)

Here n is the amount of nodal diameters, ω is the eigenfrequency and U(r) is

U(r) = C1Jn(βr) + C2Yn(βr) + C3In(βr) + C4Kn(βr). (5.5)

Here Jn and Yn are Bessel functions of first and second kind, In and Kn are modified Bessel
functions, Ci are coefficients and β is defined as

β4 = 12(1 − ν2)γω
2

Eh3
. (5.6)

The coefficients have to fulfil boundary conditions at the inner and outer edge of the disc. On the
outer edge the disc is free, therefore, the bending moment and shear force have to vanish. This
gives the equations [16]

∂2w
∂r2
+ ν ( 1

r
∂w
∂r
+ 1
r2

∂2w
∂θ2
) = 0 (5.7)

∂
∂r

∆w + 1 − ν
r2

∂2

∂θ2
(∂w
∂r
− w

r
) = 0 (5.8)

at the outer edge with r = ra. On the clamped inner edge with r = ri , the displacement and its
gradient vanish

w = 0 (5.9)
∂w
∂r
= 0. (5.10)

Equations (5.7–5.8) become lengthy and are not stated here, but they can be found in [16]. The
nontrivial solution to the set of equations (5.7–5.10) gives the coefficients Ci and the parame-
ter β.

With the values given in Table 5.1 the eigenfrequency f is 1749.75Hz.
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5.2.1. Effect of shear flexibility

For various reasons described in Section 5.3.2, the elements used in the FE model take shear
flexibility into account. The applied Kirchhoff plate theory assumes a shearstiff plate, which
is valid if the height of the plate is small compared to its other dimensions. To check if the FE
model represents the flexible disc used in the analytical solution, the effect of the shear stiffness
is analysed.

Figure 5.3 shows the ratio of the analytical and numerical eigenvalues for a varying ratio of ra/h,
while the bending stiffness D and the ratio ra/ri are held constant. It can be seen that for the ratio
ra/ri = 8.1 considered here, the difference amounts to about 5%. Also, the eigenvalues with shear
flexibility are smaller because the system is more flexible. For ra/h ≈ 50 the difference between
the analytical and FEmodel is neglectable. In Figure 5.4 the eigenmodes for the analytical solution
and two FE solutions are shown. It is clear that the eigenmodes are not asmuch effected by a small
ratio of ra/h as the eigenvalues.
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Figure 5.3.: Ratio of the analytical and numerical eigenfrequencies for a varying ratio of ra/h. Plate bending stiffness
D and the ratio ra/r i are held constant.
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Figure 5.4.: Eigenmode U(r) of the analytical solution and the FE solution with ra/h = 8.1 and ra/h = 100. Plate
bending stiffness D and the ratio ra/r i are held constant.
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5.3. MBS simulation

5.3.1. Modelling

Due to the contact formulation in the analytical solution essential tomodel disc-brake squeal, the
MBS model is set up similarly. The flexible disc is represented by a disc made out of two dimen-
sional shell elements. Themesh is at themid surface of the disc. This flexible body is preprocessed
with the FE code ABAQUS, details of the mesh are described in 5.3.2. The centre node of the disc
is fixed to the inertial system with a constant rotation in z direction. The purpose of this model
is to recreate the analytical solution, therefore, only the two eigenmodes with three nodal diame-
ters (cf. [16]) are used as flexible modes for the disc. The corresponding eigenfrequency for those
modes is 1672.13Hz. For further investigationsmoremodes can easily be added to themodel. The
disc is rotating with respect to the brake-pad axis. Therefore, it is not possible to use one attach-
ment point tomodel the contact planes as the points rotate. Instead this is done by using a contact
element in SIMPACK that allows to calculate a line-to-line contact. The calculated contact point
represents the intersection of the brake pad axis with the mid surface of the disc. This is possible,
because points on themid surface only move in z direction. Therefore, the contact point is always
on a circle with radius r0 on the disc, and the attachment points can bemodelled accordingly. The
force that acts on the disc is then divided and applied to the attachment points near the contact
point. The orientation of the marker used in SIMPACK to represent the contact point is always
orthogonal on themid surface of the disc. A body with neglectablemass properties is constrained
to the contact point and represents an extension to the disc in order to define the contact planes.
This is shown in Figure 5.5. With the contact planes now defined, the rest of the model is built
up the same way as the rigid-disc model. One difference is that no marker with zero relative ve-
locity is inserted, as contact markers in SIMPACK have zero relative velocity towards the body
on which they are defined. Therefore the velocities used to calculate the friction force are as if
the disc extension would be fixed to the disc. Figure 5.6 shows the topology build-up of the MBS
model.

P′P

Q′

disc extension

Q

x–y plane

mid surface

master nodes

contact marker

zw(r0, ϕ, t)

h/2

Figure 5.5.: Contact formulation on the flexible disc.
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Figure 5.6.: Topology of the MBS flexible-disc model in SIMPACK.

5.3.2. FE mesh for the disc

Forces act on the disc at the radius r0 and the contact element interpolates a contact point between
master nodes. Therefore, master nodes are placed on a circle with radius r0. Since the main
mode of interest has 3 nodal diameters, 60 masters are chosen because for the desired accuracy
20 masters are enough to interpolate one wavelength. To accomplish this, the circular ring on
the outside is split up into 60 pieces. This modelling approach is shown in Figure 5.7. One more
master node at the centre of the disc is added to fix the disc in the MBS model. This node is
kinematically coupled with the nodes on the inner radius ri .

The model is meshed with ABAQUS CAE and a quad-dominated mesh using 8 node rectangular
element S8R and the 6 node triangular element STRI65. Second order elements were chosen to
improve accuracy, locking and hourglass properties. Another advantage is that the S8R elements
have 6 DOF per node and, therefore, do not require kinematical coupling of the master node
rotation normal to the disc, which reduces the complexity of the mesh. The elements used are
thick shell elements with shear flexibility, which represents a Mindlin–Reissner plate that is an
extension to the Kirchhoff plate used in the analytical solution. The impact of this discrepancy
is discussed in Section 5.2.1. The final mesh is shown in Figure 5.8, it consists of 12120 nodes, 3909
rectangular and 91 triangular elements.

5.3.3. Eigenvalues

The analytical andMBS eigenvalues of the rigid-disc model are in good agreement. Yet the results
in SIMPACK for the flexible disc are completely different from the analytical solution. This is
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because the eigenvalues in SIMPACK only show the expected results if the gradient of all state
variables is zero. This is not the case in the flexible-disc model as well as in the rigid-disc model.
If all bodies have the same reference system, the results are to some extent as expected. For the
rigid-disc model this is the case. On the other hand, the flexible disc is described relative to
the body reference frame and the results of the eigenvalue analysis do not have a direct physical
interpretation [17].

5.3.4. Transient analysis

Since themodel is not suited for an eigenvalue analysis, transient studies of the flexible-discmodel
are carried out. To obtain a non-zero dynamic response, the flexible position states of bothmodes
are given an imperfection which responds to an initial displacement of the brake pads zP = 6.8 ⋅
10−8m. Different analyses are run with varying angular velocities Ω0 of the disc and the transient
solution is analysed. To simplify the figures, the following plots only show the wrapping curve,
see Figure 5.9, of the transient results. Figure 5.10 shows the vertical velocity żP of the brake pads
over time for different values of Ω0.

It can be seen that until Ω0 is 4π s−1 the system is stable, from 4.2π s−1 on the response does
not decay any more and increases with time. For higher values of Ω0 it is clearly visible that the
velocity increases exponentially, at least for the time interval shown in the plot. Those observa-
tions coincide well with the analytical predictions for the linear system in Section 5.1 where the
instability occurs at 4.269π s−1.

For the general analysis of the system and especially for the concluding acoustic analysis, it is
important to know weather if the transient behaviour of the system has a limit cycle. The long
time solution for żP and Ω0 6π s−1 is shown in Figure 5.11a. Up until around 3s the pad velocity żP
increases exponentially, as a linear system would for all times. From 3s to 4.5s the slope decreases
and from about 4.5s on the result has reached the limit cycle. Figure 5.11b shows the limit cycle
of żP in detail. The pads oscillate with a single frequency of 1696Hz, which is slightly above the
natural frequency of the disc.

time

re
sp
on

se

Figure 5.9.:The thin curve is the full time response for a state variable of the system, the thick curve is the wrapping
curve used in the following plots.
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Figure 5.10.: Transient responses of the pad velocity żP for different values of Ω0. Only the upper wrapping curve, see
Figure 5.9, is shown. Note the different scales on the ordinates and the different time units in the first two plots.
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Figure 5.11.:Transient responses of the pad velocity żP for Ω0 = 6π s−1. (a) shows the upper wrapping curve, see Figure
5.9. (b) shows the limit cycle in detail.

5.4. Acoustic simulation

The results in this section are obtained with support from theMeasurement and Actuator group
of the Institute of Mechanics and Mechatronics at the Vienna University of Technology. With the
research code CFS++, an acoustic simulation is performed. The aim of this simulation is a rather
qualitative than quantitative solution for the acoustic field surrounding the vibrating brake disc.
The only mechanical domain is the brake disc, other elements such as the brake pads and sus-
pension of the brake system are not modelled. The disc is placed in the middle of a cubic air
region with an edge length of 1.2m. Two virtual microphones are added in order to evaluate the
sound response. The setup is shown in Figure 5.12. One-way coupling between the mechanical
and acoustic field is assumed, with continuous normal velocities at the surface of the disc. The
field variable calculated is the acoustic potential ψ [18]. Results for the normal velocity are taken
from theMBS simulation and applied to the boundary interfaces with the air, whereat the rotating
eigenmodes from the MBS simulation have to be transferred to non-rotating modes in order to
receive the normal velocities for a fixed surface of the disc. Only the limit cycle is simulated with
a step time of 5 ⋅ 10−5 s, which corresponds to 10 steps over a period and 600 transient steps are
calculated. For this particular system a harmonic simulation could also be performed.

5.4.1. FE model

The acoustic mesh is created with ANSYS. In order to get a somewhat structured mesh, the air
region is split into several parts, as shown in Figure 5.13. Since the air region is of finite dimen-
sions, the acoustic waves have to be absorbed at the boundaries. For the current simulation this is
realised with a perfectly matched layer (PML) region outside of the air region (PML).This region is
meshed with structured hexahedral (quadratic cubic) elements. The region AIR_1 is also meshed
with structured hexahedral elements, but with a different size. DISC is the mesh on the boundary
surfaces of the disc, the relevant mesh is shown in Figure 5.14a. Regions AIR_2 and AIR_3 are the
transition regions between DISC and AIR_1 and AIR_1 and PML, respectively. They are meshed
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Figure 5.13.: Structuring of the FE model for the acoustic mesh, shown without the fourth octant.
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with a hybrid quadraticmesh. This gives a finalmeshwith about 700,000 elements and 1.7million
nodes. A cut through the final mesh is shown in Figure 5.14b. At the nodes MIC_1 and MIC_2, the
acoustic pressure is evaluated for Figure 5.16. The acoustic mesh for the disc is different from the
mesh used in the MBS analysis, the normal velocity is therefore interpolated from theMBSmesh
to the acoustic mesh at each time step.

(a) (b)

Figure 5.14.: (a) Acoustic mesh of the disc. (b) Final acoustic mesh of the FE model, shown without the grid of the
fourth octant (note that the used post-processing software ParaView has issues with displaying quadratic elements).

5.4.2. Results

In this section the time derivative of the acoustic potential ∂ψ/∂t or the acoustic pressure p′ are
discussed. The relation between them is [18]

p′ = ρ0
∂ψ
∂t

, (5.11)

where ρ0 is the density of air. Figure 5.15 shows iso-surfaces of the time derivative of the acoustic
potential ∂ψ/∂t for a steady state. In the x − y plane there is almost no acoustic pressure, because
the waves from the top and bottom surface of the disc cancel each other out. It can be clearly seen
that from the minima/maxima of the disc deformations sound waves emit. Figure 5.16 shows
the fast Fourier transform (FFT) of the acoustic potential at the virtual microphones. For the
FFT, the transient state at the beginning of the analysis is omitted. For both microphones a peak
around 1700Hz can be clearly seen, which is in good agreement with the vibrations observed in
the MBS simulation. The amplitude of the acoustic pressure is about 230 and 380 Pa at MIC_1
and MIC_2, respectively. A well known measurement for sound is the sound pressure level (SPL),
defined by

Lp = 20 log10
p
pref

, (5.12)
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with pref = 20 µPa [18]. The unit of SPL is dB. For the two microphones the SPL is 141 and
145 dB, which is in the range of a gunshot in the distance of 1m. A more realistic value for the
acoustic pressure of brake squeal would be in the single digits, which corresponds to a SPL in
the range of 100. The reason for the high values of the acoustic pressure are the simplifications
considered in the MBS model of the disc: The flexible disc does not have any damping, which
combined with an excitation close to a natural frequency leads to large amplitudes. Furthermore,
the only non-linearities included in the model are the friction forces. For example, the spring
forces could also be modelled non-linear with a stiffening character as done in [19], which would
also lead to smaller amplitudes. Nonetheless, the type of response from the brake disc including
structural damping is similar; therefore, the result of the acoustic simulation can be considered
to be qualitatively correct.
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Figure 5.16.: FFT of the acoustic pressure at the virtual microphones.
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6. Conclusion and outlook

In this work, the suitability of multi-body systems (MBS) to model disc-brake squeal is investi-
gated. It is shown that the commercial MBS software SIMPACK is able to map the mechanism
used in the rigid- and flexible-disc model from [1, 4] to represent disc-brake squeal in respec-
tive minimal models. Those two models are able to model disc-brake squeal without effects such
as stick-slick or a velocity dependent coefficient of friction, using only the follower-force char-
acteristics of the friction forces. Both models use point contact between the brake pad and the
brake disc. The friction and normal forces are the only sources of instability; therefore, a cor-
rect and consistent contact model is the most important part of the modelling. In SIMPACK the
contact geometry is modelled by using basic geometrical relations rather than complex contact
algorithms. This ensures that the contact geometry is exactly as in the analytical models. With
the used contact model the analytical results of the eigenvalues for the rigid-disc model can be
reproduced in SIMPACK. For the flexible-disc model the disc is represented by a finite-element
(FE) model which is generated using the commercial FE code ABAQUS. In order to get the point
on the mid surface where the brake forces act on the flexible disc, a SIMPACK contact element
is used, but the contact description for the contact between the brake pads and the disc is the
same as for the rigid-disc model. It turns out that eigenvalue analysis of moving flexible bodies
in SIMPACK mostly leads to wrong results due to the intern algorithms. Hence, the flexible disc
is given an imperfection and a transient analysis is performed. By doing so, results similar to the
analytical model are obtained.

The models generated in SIMPACK represent the analytical models. The advantage of the mod-
elling in MBS is that those models can be extended to more complex systems with reasonable
effort. A future step is to extend the minimal model. For example, the suspensions of the brake
disc and brake pads could be included in order to represent a more realistic brake system. The
extension of the point contact to a full surface-to-surface contact seems unrealistic because it is
questionable that the used contact algorithms are able to represent the contact in a sufficient way
for the self-excited vibrations to occur [1] – surface-to-surface contact might be more suited for a
respective FE analysis. A more promising MBS approach is to discretise the contact surface with
a grid of point contacts as used in this thesis. This ensures the correct contact description and
gives a more realistic model of the brake system.

In order to include the flexible disc into SIMPACK the disc is modelled with FE and then pro-
cessed into a MBS suitable form. The detailed steps from a FE model to a flexible body in MBS
are stated. It is shown that the FE model of a mechanical structure only needs to be reduced once
and can be used for different boundary conditions. Therefore, the user can test various boundary
conditions in the MBS analysis without having to redo the computationally expensive FE reduc-
tion, only mode shifting and the subsequent procedures in the MBS preprocessing have to be
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recalculated, but due to the small system this is computationally fast. Based on the modes used in
the FE reduction, the MBS preprocessing generates suitable coordinate transformations to calcu-
late constrained modes that represent the physical eigenmodes of the constrained structure. The
user can decide which modes to use in the final analysis. This should be done with caution as
the computational time increases with the number of modes, but skipping relevant modes might
lead to dissatisfying results. Especially if stresses are analysed, frequency response modes (FRM)
should be used as they improve the solution dramatically compared to adding additional eigen-
modes. If all available modes of the Craig–Bampton method are used, the only way to improve
the solution is to redo the FE reduction with more Craig–Bampton modes.

Conclusively the results of theMBS simulation of the flexible disc are used to carry out an acoustic
FE simulation. It is shown that the sound waves emitted by the disc can be simulated. With
further advancedMBSmodels and amore realistic acoustic simulation setup this approach seems
promising. In doing so, the actual acoustic response of brake squeal can be simulated in the early
development stages of a brake system, andmeasures can be taken in order to reduce the perceived
noise of the squeal.
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A. SIMPACK

The software package SIMPACK is used to model the MBS presented in this thesis. This chapter
is a short explanation of the framework and terminology used in SIMPACK. Figure A.1 shows the
notation for displacements and rotations in three dimensions used in SIMPACK. A SIMPACK
model consists of bodies that interact with each other. Markers are coordinate systems that can
be defined on any body. Table A.1 shows the symbols used for the described SIMPACK elements.
The arrow denotes which is the from and which is the to marker. The directions given for the
elements refer to the frommarker. The described SIMPACK elements always connect one marker
to another. Each non-flexible body has six DOF and one joint element. The joint element defines
theminimal coordinates for the body and restricts its movement. Each body has exactly one joint
and it has to be defined. For example, a computer mouse would have a planar joint restricting
the movement normal to the surface and only allowing rotation perpendicular to the surface.
This joint would be written as Jx ,y,γ, where the indices refer to the remaining DOF. The joint of
a body can only be linked to one other body or the inertial system. Bodies can be coupled to
other bodies with force and constraint elements. Constraint elements restrict the movement of a
body compared to another body or the inertial system. The joint used for the computer mouse
could also be modelled with a constraint restricting the movement in z direction and the rotation
in x and y direction. This would be written as Cz,α,β, where the indices refer to the constrained
DOF. Force elements do not restrict movement, they apply force on bodies such as spring forces,
damper forces, friction forces, external loads, etc. A force element is written as Jx ,y,z,α,β,γ where
the indices refer to the directions in which a force acts.

yz

x

β

γ

α

Figure A.1.: Notation for displacements and rotations used in SIMPACK.

Table A.1.: Symbols for SIMPACK modelling elements.

Symbol identifier SIMPACK element

Jx ,y,z,α,β,γ joint
Cx ,y,z,α,β,γ constraint
Fx ,y,z,α,β,γ force
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B. Transformation of coordinates

Let the equations of motion for a system be

Mq̈ + Cq̇ + Kq = f , (B.1)

where q is the state vector. A new set of state variables q̄ is introduced, with the relation

q = Qq̄, (B.2)

where Q is a constant transformation matrix. Now Equation (B.1) is multiplied with the trans-
posed virtual state vector δqT from the left side

δqTMq̈ + δqTCq̇ + δqTKq = δqTf . (B.3)

Equation (B.2) inserted into (B.3) yields

δq̄TQTMQ ¨̄q + δq̄TQTCQ ˙̄q + δq̄TQTKQq̄ = δq̄TQTf . (B.4)

Every entry of δq̄ can be chosen individually and therefore the scalar Equation (B.4) is equivalent
with the vector equation

QTMQ ¨̄q + QTCQ ˙̄q + QTKQq̄ = QTf . (B.5)

This can be written as
M̄ ¨̄q + C̄ ˙̄q + K̄q̄ = f̄ , (B.6)

with the transformed system matrices and force vector

M̄ = QTMQ (B.7)
C̄ = QTCQ (B.8)
K̄ = QTKQ (B.9)
f̄ = QTf . (B.10)

(B.6) is the transformed equation of motion. If Q is invertible, the transformed system is equiva-
lent to the original one. For a non-invertible transformationmatrix, the transformed system only
gives an approximation of the full system. A good choice of the transformation matrix for the
given system gives an approximation close to the real solution.
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