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Abstract
We investigate the numerical approximation of eigenvalues and eigen-
functions of the radial Schrodinger Equation

—u"(r) + <@ + V(r)) u(r) = Au(r), 7 € (0,00)

with Hydrogen Atom potential, Yukawa potential and Hulthén potential
via a finite difference scheme. To apply the scheme we introduce a class of
functions ¢ : (0,00) — (0, 1) to transform the infinite domain of the eigen-
functions to a finite interval. We analyze the spectrum of the transformed
radial Schrédinger Equation and discuss the results of the numerical ex-
periments for two specific transformations.

1 Introduction

An important mathematical issue, which is raised in quantum physics, is the
calculation of eigenvalues and eigenfunctions in context of the radial Schrodinger
equation
l+1
—u" (r) + ((742) —+ V(r)) u(r) =du(r), 0<r<oo (1)

with boundary conditions
u(0) = u(o0) = 0, (2)

where ¢ € Ny := N U {0} denotes the azimuthal quantum number, V(r) the
potential, \ an eigenvalue and wu(r) an associated eigenfunction. There are
only a few potentials V' and values of ¢, where explicit formulas for eigenval-
ues and eigenfunctions are known. This is the case for the Hydrogen Atom

potential V(r) = —Z/r and arbitrary ¢ > 0, and for the Hulthén potential
V(r)= _%’ if £ = 0. In general, however, eigenvalues and eigenfunctions

of the equation need to be computed numerically.

One way to solve this problem numerically is as follows. First we compress
the infinite interval (0, c0) of the independent variable r in Equation (1) to the
finite interval (0,1). We express the transformation by a function ¢ : (0,00) —
(0,1). With the change of variable r — t(r) = s we then transform Equation
(1) to

—A5(5)2" (s) + A1(s)2'(s) + Ao(s)z(s) = Az(s), 0<s<1, (3)

with boundary conditions
2(0) = z(1) =0, (4)

where the coefficient functions A;(s), ¢ = 0,1,2 have singularities at s = 0
and s = 1. Eventually we want to numerically calculate the eigenfunctions
and eigenvalues of the new Equation (3) with boundary conditions (4) via a
finite difference scheme, resulting in the so-called matrix methods. However,
we still have to investigate, whether the eigenvalue problem given by (3)-(4) is
well-posed and has eigenfunctions which are smooth on the interval (0, 1).



The case of a single singularity at the endpoints of equations of the form (3)
is a widely discussed subject in the literature ([5], [6], [18]). In our case, when
we have singularities at both endpoints of the equation, we establish a unitary
mapping L to connect the Sturm Liouville expression of the new Equation (3) to
the Sturm Liouville expression of the radial Schrédinger Equation (1). Such uni-
tary mappings can be seen as generalizations of Liouville’s transformation, they
are also suggested by [12] and [7]. It turns out that the Sturm Liouville expres-
sions of the two equations are equivalent. A detailed discussion of the original
radial Schrodinger equation then reveals that it in fact only admits boundary
conditions of the type (2) and has a non-empty set of eigenvalues. Also, local
analysis shows that the eigenfunctions are smooth functions on (0, 00). These
results can be carried over to the new Equation (3) via the unitary mapping L,
which moreover links eigenfunctions of (3)-(4) to eigenfunctions of (1)-(2) in a
one-to-one correspondence.

This thesis is organized as follows:

Section 2, Preliminaries, is subdivided in the two subsections, 2.1 Local
analysis and 2.2 Sturm Liouville theory. Subsection 2.1 deals with the local
analysis of solutions of 2nd order ordinary differential equations, where we split
the domain of the independent variable z in ordinary, regular singular and
irregular singular points. In Subsection 2.2, on the other hand, we want to give
a brief overview on Sturm Liouville theory and self-adjoint operators, which
we will use to analyze eigenfunctions and eigenvalues of the radial Schrodinger
equation as well as the unitary mapping L.

In Section 3 we deal with the existence of eigenvalues and eigenfunctions
of the original radial Schrédinger Equation (1) with boundary conditions (2),
where we consider the hydrogen atom potential, the Hulthén potential and the
Yukawa potential.

In Section 4 we introduce the unitary mapping L as well as specify the set of
transformations ¢, which we will consider in this thesis. We describe the above
results and show how the radial Schrédinger Equation (1) is linked to the new
Equation (3). Finally we discuss the transformed Equation (3) for two specific
transformations TCII and ATCII.

In Section 5 we deal with the numerical solution of the transformed equation
via a finite difference scheme. We present the numerical method and discuss the
results of the numerical experiments for the two specific transformations TCII
and ATCII. The matlab code can be found at the end of this section.
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2 Preliminaries

2.1 Local analysis

In this section we will study the local behaviour of the solutions of the 2nd order
ordinary differential equation

y' (@) +p(@)y'(x) + g(x)y(x) =0 ()

with arbitrary coefficient functions p,q : C — C. At this point we need to
point out that from now on all the analysis and calculations (i.e. analyticity
of functions, roots of polynomials) are supposed to take place in the complex
plane, although we eventually are applying the developed theory to a differential
equation with real valued coefficient functions.

There is a common classification for the points g of the domain of (5):

1. The point zg is called ordinary point, if p(z) and ¢(x) are analytic at .

2. The point ¢ is called singular point, if p(x) and/or ¢(z) have a singular
point at zy. Singular points can be divided in the following two subcases:

(a) The singular point ¢ is called regular singular point, if the order
of the poles does not exceed 1 for p(z), or 2 for ¢(z).

(b) A singular point xg, which is not regular singular, is called irregular
singular point.

To classify the point xy = co, we apply the involution transformation t = %
on Equation (5). The point 2o = oo then corresponds to the point tg = 0 in
the transformed equation and is called ordinary, regular singular or irregular

singular, if ¢y in the transformed equation is called likewise.

Remark 2.1. The above classification of singular points is in fact equivalent to
an alternative classification, which is widely used in the literature [5],[6],[18].
Suppose the differential equation is given by

d —«

oY (@) = (2 —20)™" A2) Y(2), (6)

x
where Y : D(C C) — R™, @ > 1 and the coefficient matrix A : D — R™*" is
analytic at xg. Then in this setting we call the point zq

1. singularity of the first kind, if « = 1, or
2. singularity of the second kind, if a > 1.

In what follows we want to show that the two classifications are indeed
equivalent. Let ¢ be singular point of (5), and without loss of generality assume
2o = 0. Let a > 1 so that 2%p(z) =: po(z) and 22*¢(z) =: qo(x) are analytic
functions at xg. If zg is a regular singular point, then o = 1, and if x( is a
irregular singular point, then o > 1. We are going to rewrite (5) to take form

(6).



We start by setting

= () = () o

The derivative of the first component is

d
2y, =y =27, 8
=y =2 (8)

For the second component, we observe that (15) is in fact equivalent to
z®y" = —aqy — 2%py/, 9)

and therefore the derivation of the second component yields

%Yz = @)y + 2%y = —a%qy + ((z*) = 2°p) ¢/ (10)
= o= (—a®qy + [(z*) —a®pla®y’)  (11)
=27 (—qoY1 + [(z”) — po] Y2). (12)

Overall this yields for Y the first order system of equations

d 0 1
Y =z° Y. 13
dx ‘ <—QO ()" — po) (13)

Here we can see that regular singular points with o = 1 correspond to the
singularities of the first kind and irregular singular points with a@ > 1 to the
singularities of the second kind. (See also [5], [6])



2.1.1 Ordinary points

At ordinary points the solutions are locally analytic functions. This is due to a
result by [15] (Theorem 4.2), a variation of Picard-Lindel6f’s theorem.

Theorem 2.1. Let Q C C"™! be an open set and suppose f(z,w), f:Q — C
is analytic and bounded in ). Then there exists a unique solution for the initial
value problem

%w = f(z,w), w(z)=wp (14)

which itself is analytic at zg.

As a result of this theorem we also obtain that solutions at ordinary points
are analytic functions. Suppose we have

y"(x) + p(2)y () + q(2)y(x) = 0. (15)

Rewriting (15) into a first order system we obtain

= (ot o) Y= (1) 19

With the inital conditions (1 0)7, (0 1) we have two linearly independent an-
alytic functions. Since this is a complete set of solutions at z(, any solution at
x¢ is locally analytic.

2.1.2 Regular singular points

The discussion of regular singular points goes back to Fuchs and Frobenius.
[10] Fuchs observed that at an regular singular point the solution multiplied by
an appropriate power of (x — z9)~%, o € R, becomes finite. This leads to the
definition of the Frobenius series

y(@) = (z = 20)* Y _ an(z — 20)". (17)
n=0

The exponent « in the Frobenius series is called indicial exponent. Moreover,
it can be shown that the Frobenius series solution has nonvanishing radius of
convergence.

This leads to the following theorem:

Theorem 2.2. Let zy be a regular singular point of Equation (15). Then there
exists a solution in form of a Frobenius series at xg.

Proof. Without loss of generality we assume xg = 0. Following the definition of
a regular singular point we obtain

ple)= > paa", qlz)= Y gna". (18)

n=-—1 n=-—2

2

Thus, the functions po(z) = = - p(x) and go(x) = 2* - ¢(x) are analytic at z =0

and we define the differential operator

L:$27+Po(ﬂf) ~x—x+q0($)a (19)



so that the differential equation becomes Ly = 0.
We have a solution of the differential equation in Frobenius form

ylz,a) = Z anz®tm. (20)
n=0

if and only if Ly(z,«) = 0, or, changing the order of summation and differenti-
ation,

oo
Ly(z,a) = Z an L@, (21)
n=0
We further compute

Lz = (a+n)(a+n— 1)z + po(z)(a + n)x® " + go (z) 2T
= [(a+n)(a+n—1)+po(z)(a+n)+ q(z)|z*"" = Pz, + n)z**",

(22)
where the function P(z,« + n) is defined in an appropriate way.
For n = 0 we have
P(z,a) = a(a—1) + po(z)a + qgo(z) (23)
= a? + (po(x) — Vv + go (), (24)

which is analytic at * = 0 and a polynomial of second degree in «. Therefore,
it can be expanded into the power series

P(z,0) = Pu(a)z™ (25)
n=0

(We could also have done this by expanding py and ¢o into power series in
(24) and computing the coefficients manually.) For the first term the expansion
yields

Po(a) = a® + (po(0) — L)a + go(0), (26)

the so-called indicial polynomial.
Using the above, we compute the right hand side of (21) and obtain

i an,P(z,o+n)z*t" = i li apPn_k(a+ k)

k=0

T, (27)

n=0 n=0

Thus, the series (20) solves equation Ly(z,a) = 0, if and only if

S kP ila+ k) = 0. (28)
k=0

In other words, it is a solution to the differential equation if and only if the
coefficients aj, are computed according to the recursion relation

aoPo(a) =0, (29)
n—1

! )Zakpn,k(mrk). (30)
k=0

N p



Suppose that ap = 0 in (29). If (20) is not the null-polynomial, there exists
N > 0 such that ay # 0. Suppose that N is the first integer of this kind. Hence,
the choice of @ = a+ N as indicial exponent and (ayr )nen as coefficients results
in the same Frobenius series. Therefore we can assume that ag # 0 and that
the indicial exponent « has to be a root of the indicial polynomial Py(a).

Let a7,as be the roots of (24), Rea; > Reas. Then we have that the
recursion for a,,n > 0 in (30) is well-defined for o = a, since Py does not have
roots at a; +n for n > 0. Thus, we have found a solution of the differential
equation, which is in form of a Frobenius series. O

Solutions of homogeneous linear differential equation form a linear space.
Hence we can also interpret the arbitrary coefficient ag in (29) as an arbitrary
multiplicative constant of the Frobenius series solution.

Theorem 2.3. The Frobenius series (20) has a radius of convergence at least
as large as the distance to the mearest singularity of the coefficient functions

p(x),q(z).

Proof. We are going to show the result via a ratio test for a,. Therefore we
take the absolute values in the nth recursion

n—1
1
n= o 3 P k(o + k), 31
“ Po(a+n) kzoak Hath) (31

and use the triangle inequality to conclude

n—1

1

m];)MkHPﬂ—k(aJrk”. (32)

lan| <
In order to find an upper bound for |P,_x(a + k)|, we recall that P(z,«a) =
oo o Pa(a)z™, which yields

oo

0
%P(a:, o) = ;(n +1)Piq ()™, (33)
Like P(z,«), the derivative %P(x,a) is a real valued and analytic function.
It also has the same radius of convergence Rpyax as (25). This implies that
it assumes its maximal value on the boundary of a circle with radius R, if
R < Rpax, according to the maximum principle. Thus, we have

(n+ )P (@)R" < M(a), (34)

for all n > N for a N > 0. It follows that

1
Poii(a) < — 1M(0¢)R‘" < M(a)R™", (35)
and .
1 —
[P . — M kYR~ (n—k)—1, 36
oal < T ay] 2 kI () (36)



We define the right hand side as b,, and observe that

n—1
1
b1 = ——————— (M . Mo+ )V R—(n—)
o Po(a+n+1)< (@t mfaa] + 3 el o+ R )
_ M(a+n) |a|+b—n | Po(cx 4+ n)|
|Po(a+n+1)"" R |Py(a+n+1)|
M(a+n) 1 |Pyla+mn) )
<b, — . 37
<P0(Oz+n+1) R|Py(a+n+1) (37)

If we replace the inequality in (37) by an equality, we are able to introduce yet
another sequence ¢, via the recursion relation

. _C( Mat+n) 1 _[|P(atn) > o1
T\ Pe+n+ 1) R[Py(a+n+1)|) 0T

Obviously, a, < b, < ¢,. The first fraction in brackets in (38) tends to zero;
we postpone the proof to the Lemma 2.1 in the appendix. The second fraction

(38)

P
IP() (a +n+ 1)‘
tends to 1 as n — oo, because for arbitrary polynomials of second degree
i 22 +ax+b : 2> +ax+0b 1
lim = lim = lim - =1
e—oo (z4+1)24+alz+1)4+b 2o+ 2+a)z+(1+a+b) ool
(40)
by the L’Hopital’s rule. It follows that
n 1
lim &t = (41)

n—oo ¢, R

The power series with coefficients ¢,, has radius of convergence R. Recall that
R < Rpax is arbitrary. We see that the radius of convergence of (20) is at least
as large as the smaller radius of convergence of po(x), go(x). O

At regular singular points it is not only possible to obtain a solution in
Frobenius form, but also to find the second linearly independent solution. The
structure of the second solution depends on the difference of the indicial expo-
nents aq, ao. This is the subject of the next theorem. For the proof and further
discussion of the solutions we refer to the appendix of this section.

Theorem 2.4. Let xg be a reqular singular point of the equation and oy, s
(a1 > ag) be the roots of the indicial polynomial. Then there exists a solution
in Frobenius form

y1 =z Dy (x) (42)
where @1 is analytic at ro. A second linearly independent solution is given by
Y2 = 22 Bo(x) (43)
for a1 — as € Ny, where ®5 is analytic at xg, or
Y2 = 292 @y(z) + Y D41 (x) log(z) (44)
foray —as =N, N €N, or
ya =z @4 () log(x) (45)

for a1 = as.



2.1.3 Irregular singular points

At an irregular singular point it is not possible to produce a general formula
for the local behaviour. In fact at an irregular singular point there is always at
least one solution which is not of Frobenius form [3]. However it is still possible
to retrieve the leading local behaviour of the solutions as proposed in [3].

For this reason, we introduce the notation

flz) < g(z), asz— xo. (46)
This is a shorthand for fa)
T

lim —=~ =0 47

) ()

and we say that f is asymptotically small compared to g. Similarily we write

f(z) ~g(x), asx— xg (48)
instead of 1)
. xr)

Note that ~ constitutes an equivalence relation.
Now [3] suggests the following steps for finding the leading behaviour of the
solutions at an irregular singular point, called method of dominant balance:

1. Replace equality with asymptotic equality and drop terms that appear
small. The remaining terms will produce the leading behaviour.

2. Solve the asymptotic relation as if it was a equation.

3. Peel off the leading behaviour by inserting a factorized ansatz into the
original equation and restart the method with the unknown factor. The
solution to the new asymptotic relation will be asymptotically small com-
pared to the previously found factor.



2.1.4 Appendix to regular singular points

In Lemma 2.1 we give the proof for the statement in (38) in Theorem 2.3. In
the Appendix we also derive the second solution at the regular singular point
Tg, as stated in Theorem 2.4.

Lemma 2.1. The term
M(a+n)

Py(a+n+1)
in (38) in Theorem 2.3 tends to 0 as n — oo.

(50)

Proof. For the numerator we recall that we have defined M(«) in (34) as the
maximal value of %P(m,a) for || < R. A direct derivation of the indicial
polynomial (24) yields

0
= P(r,0) = aph(@) + ah(e). (51)
X
Thus, we conclude that
M(a) = max lapy(z) + gh(2)| < o max lpo ()] + max lgo(x)]  (52)

is bounded by a linear function of o = |a.
For the denominator we rewrite Py(a) = a? + (Py(a) —a?) and use the lower
triangle inequality to obtain

|Po(a)] = |af* — [Po() — o] (53)
Here, the definition of the indicial polynomial yields
|Po(a) — a®| = [(po(0) — 1)a + qo(0)] < [po(0) — Lo + |go(0)].  (54)

Thus, we have
[Po(a)| = 0% = [po(0) — 1] o — [q0(0)]. (55)

We denote the right hand side of (52) by ¢1(0) and the right hand side of (55)
by ¢2(0) and note that ¢1, ¢ are strictly increasing. Moreover, |a+n| < o+n
and |a +n+1] >n+1—0 >n—o. Hence, we conclude

Matn) __gullatn) _ éilnto)

—0 asn — oo, 56
Polatn+1) = dallatnt 1) ~ daln—0) (%)
since the numerator is of a lower grade than the denominator. O

Next we are going to prove two rather technical lemmas for the Frobenius
series y(z, ), which we will need in the proof of Theorem 2.4. From now on, we
let the coefficients a,, depend on « as well, so that the Frobenius series becomes

ylx,a) = Z an(a)z™ e, (57)
n=0

Lemma 2.2. The series Y, o an(a)z™ with coefficients a, () defined by (29)-
(30) converges uniformly in x in a common a-neighborhood of the roots a, ag
of the indicial polynomial.

10



Proof. We start with the result of the proof of Theorem 2.3. There we have
found a sequence of coefficients ¢, in (38), such that a, < ¢, and

Ma+n) 1 [Pyla+tn) )
ntl = Cn + — , =1. 58
Cnt1=¢ <|P0(a+n+1)| RiP(atn+1) €0 (58)

To prove uniform convergence of the series EZOZO an(a)x™ we are going to
construct a sequence of coefficients d,,, which is independent of «, such that
an(@) < dp.

Therefore we find the upper bound

|Po(c)| = | + (po(0) — Dev + qo(0)| < 0 + |po(0) — 1o + |0 (0)],  (59)

and denote the right hand side by ¢3(c). Let 7 > |ay], |aa|. With the definition
of ¢1, @2 in the previous lemma, we define a sequence d,, via

p1(n+7) 1 g3(n+71) _
Ga(n—7) +R¢2(n—7)>’ do =1,

such that ¢, (a) < d,,. Furthermore,

dpir = d, ( (60)

[Pola+n)| _ _¢s(le+n]) ¢3(n+7)

Bolatn+D)] = dallatnrtl])  galn—1) L, asn—oo  (61)

and by the previous lemma

MHO, as n — 0o. (62)

¢pa2(n—1)
This shows that the radius of convergence for the power series ZZOZO dpx™ is at
least R by the ratio test.

Thus, with a,(a) < d,, we have that the series >~ an(a)z" converges
uniformly in z for all « in a common neighborhood of ay, as (cf. [10]). O

Lemma 2.3. The condition (30) for the coefficients ay(a) of the Frobenius
series y(x, ) is equivalent to

-1

an(a) = ap(a) - - hy (@) (63)

H Py(a+k)
k=1

for a particular h,(«)
Proof. We prove (63) by induction. The initial step n = 1

a1(a) = fm ao(a) Pi(a) (64)

holds if we set hi(a) = —P1 ().

11



The step n — 1 — n holds because of

1 n—1
an(a) = —m 2 ap(a) Py (o + k) (65)

__ 1 ao(a) - hy(a) N
- Pylatn) & <Hf 1Po(a+l)> Pr_(a+k) (66)

- Iﬁfﬂiw&i<n P0@+l> hi(e) - Pooi(a+k) (67)

I=k+1
" ~1
H (a+ k) chp(a), (68)
if we set
Z( I1 Po<a+l>> hi (@) - Po—po (e + ). (69)
k=0 \i=k+1
Note that h,(a) is an entire function of a. O

Proof of Theorem 2.4. Without loss of generality we set o = 0.

1. First, let ay — as ¢ Np. Then none of the numbers a; + n,n € N nor
az +n,n € N is a root of Py. Therefore the recursion relation (29)-(30)
not only yields a Frobenius solution for «;, but also a Frobenius solution
for g, since the coefficients of y(x,as) are well defined. The solution
y(z, az) has the same radius of convergence.

2. Next, let &1 — as = N € N. This means the indicial polynomial has
roots at as and as + N = ;. Clearly it is not possible to calculate the
coefficients for ay according to (30), since the computation of the Nth
coefficient an is not well defined.

However, it is possible to circumvent this problem if we let a,, depend
on « and switch to the alternative recursion (63). There we set the first
coefficient to

N
H (a+k)- C(a) (70)
for some arbitrary function C(«), so that (63) becomes

N .
an(a)_C(Ol)‘{Hk_n+1p0(a+k).hn(a) lfn§N7 (71)

[Ti—n1 Pola+ k)]_l “hp(a) ifn>N.

Hence a,,(a2) is well defined for all n € N. To find the second solution of
the differential equation we recall from the proof of Theorem 2.2

L Z an()2"™® = ag(a)Py(a)z®. (72)
n=0

12



Here it holds that

Pyla+ N)=(a+N—aj)(a+ N —ag)
= (a— ag)(a+ a1 — 2a0), (73)

and therefore the right hand side of (72) reads:
ag(a)Po(a)x™

N
= (H Po(a+k)> SC(a) - (@ — ar) (o — ag) - 2 (74)
k=1

N—1

(H Py(a+ k)) C(a) (@ —ay)(a—a)*(a+ag — 2a)x®.  (75)
k=1

The right hand side has a double root at as and hence

[diao(a)Po(oz)xo‘] =0 (76)

holds. Taking the derivative with respect to a on the left hand side of
(72) yields

iL <mo‘ Z an(a)x”> =L (8(1330‘ Z an(a)x”> (77)
= n=0
(log Z an(a)r™ + ¢ Z a%(a)x") : (78)
n=0

Here we used the uniform convergence from Lemma 2.2. When we set
a = ag we obtain the second solution of Ly = 0,
v(z, az)log(z) + w(z, az), (79)

with
v(z, ag) Z an ()", w(z, an) Z al, (ag)z"to2, (80)

For more details on the coefficients and the solution in this case as well as
the role of the arbitrary function C'(a) we refer to [10] and [3].

. Finally, let a; = az. Then the indicial polynomial is Py(a) = (a — )2
To find the second solution in this case we use the same trick as before.
From the proof of Theorem 2.2 we have that

L Z anz" T = agPy(a)z® = ag(a — ai)’z™. (81)

We derive both sides with respect to « and set @« = ;. The right hand
side vanishes because it has a double root at «;. The derivation of the
right hand side yields

iL <xo‘ i anx”+a> <log Z anx ) . (82)
n=0

13



Thus, log(z)y(z, 1) with

ylx,ap) = Z Azt (83)
n=0

is a second, linear independent solution of the differential equation.

14



2.2 Sturm Liouville theory

Another way to discuss linear homogeneous ordinary differential equations of
2nd order is within the framework of the Sturm Liouville (SL) theory. Here we
view the differential equation as differential expression of an operator, albeit
we are particularly interested in the self-adjoint versions. This proves to be
especially helpful for eigenvalue problems like the radial Schrodinger equation.
The set of eigenvalues of the eigenvalue problem then can be described by the
discrete spectrum of a specific self-adjoint operator A.

In this section we want to give a brief introduction into the Sturm Liouville
theory. In particular we will deal with Sturm Liouville expressions 7, the max-
imal and minimal operators T" and Ty, self-adjoint extensions A of the minimal
operator, singular SL expressions and the discrete spectrum o4(A) of self-adjoint
extensions.

The core element of Sturm Liouville theory is the SL expression T, which is
used to describe differential equations of the form

—i <p(r);;u(r)> + q(r)u(r) = dw(r)u(r), rel=(a,b), (84)

where p,q,w : I — R are arbitrary coefficient functions and A is an (unknown)
eigenvalue. With the SL expression 7, Equation (84) can be written as

TU = AU, (85)

where 7 is given by the expression

r= s (o a)). e T= (), (36)

Example 2.1. The radial Schrédinger equation is given by

1
—(r) + (W; )4 vm) u(r) = Xulr), re(0,00).  (87)

Using T, we can rewrite it as
TU = A\u, (88)

when the Sturm Liouville expression T is given by

2
—%+ (E(“;l) +V(r)), r e (0,50). (89)

T =
r

Alternatively, T is given by (86) and the coefficient functions

p =1 at) =" v, wey =1 (90)

on I = (0,00).
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We study SL expressions 7 for functions u in the Hilbert space £2(I,w),
that is the space of all measurable functions u, such that

b
/ lu(r)|?w(r)dr < cc.

This space can be equipped with the scalar product

b
(u,v) ::/ T-vwdr, u,v € LT w).

As in [17], we require that the coefficient functions p, ¢, w in (86) satisfy the
following conditions:

1
loc

1. p,q,w are measurable functions with 1/p,q,w € L; .(I) (integrable on

every compactum [, 8] C I).

2. p(r) # 0, w(r) > 0 for almost every r € I.

The maximal domain of functions u, on which the differential expression 7
makes sense, is the set

Dppaz = {u: I — C |u,pu’ € AC1o(I), u,mu € L*(I,w)}. (91)

The operator
Dae  — L2, w)
Thaz :
u — TUu
is called the maximal operator.

The adjoint operator T}, ,.. of the maximal operator, that is the operator
defined as

(U, TrmazV) = (Tiaath,v), w € DT, v € D(Thas),

max =7

is called the minimal operator Ty. Formally it is defined as the closure of the
preminimal operator [19]

T/ . DO — ‘Cz (I7 U})
R K7 )
defined on the set
Do = {u € Dyay | © has compact support in I}. (92)

When the operators Ty, T are viewed as subsets of £2(I,w) x £?(I,w), it holds
that Ty C T [17].
Furthermore Ty is a symmetric operator

(u, Tov) = (Tou,v), wu,v € Dy, (93)
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because for u,v € Dy we have u(a) = v(a) = u(b) = v(b) and therefore
b b
(u, Tov) = / u(r) - (tv)(r) - w(r) dr = / u— (—(pv") + qu) w dr
b b ‘ , b b
= / —u(pv') dr Jr/ uqu dr = — [upv'], Jr/ u'pv'dr +/ uqu dr
ab X a a a
= / u'pv'dr + / uqu dr. (94)

For (Tou,v) a similar calculation yields

b b
(Tou,v):/ pu/v/err/ uqu dr, (95)

which completes the proof.
Finally, we say that an operator A is a symmetric extension of Ty, if

ThoCACA CT. (96)

A symmetric extension, which satisfies A = A*, is called self-adjoint realization
of 7. [17]

This is how far we can get before looking closer at the coefficient functions
of 7. The SL expression 7 is called

e regular at a, if —0o < a and 1/p, q,w € L!([a, c]) for one/any ¢ € I, and
similarly

e regular at b, if b < co and 1/p,q,w € L([d,b]) for one/any d € I.

If 7 is regular at a and b, it is called regular.

If 7 is not regular at a (resp. b), it is called singular at a (resp. b). Ex-
pressions, which are singular at least at one endpoint, are called singular SL
expressions. ([17], pp.38-39)

One reason for this classification is that for regular 7 the self-adjoint realiza-
tions A have purely discrete spectrum (see also Definition 2.2). ([17], 13.14c)

For singular problems we cite Weyl’s famous alternative (cf. [17], 13.18):

Theorem 2.5 (Weyl’s Alternative). Let 7 be Sturm-Liouwville differential ex-
pression on I = (a,b), and, without loss of generality, fix one endpoint, say a.
Then either holds

1. for all z € C every solution u of (1 — z)u = 0 is in L?([a,c],w) (LiMIT-
CIRCLE case; LC), for one/any c € I, or

2. for all z € C exists at least one solution of (T — z)u = 0, which is not in
L?([a,c],w) (LIMIT-POINT case; LP), for one/any c € I.
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In this framework regular endpoints are classified as L.C endpoints.

For the next two theorems we need the definition of the deficiency indices of
a SL expression 7. The pair of deficiency indices for 7 is defined as

Ny = dim(Ty +4), (97)
N_ = dim(T, — 4). (98)

Theorem 2.6 ([17], 13.19). Let T be SL expression on I = (a,b). The deficiency
indices (N4, N_) for T are

1. (2,2), if LC at both endpoints,
2. (1,1), if LP on one endpoint and LC on the other,
3. (0,0), if LP at both endpoints.

Theorem 2.7 ([16], 10.10). Let S be a closed symmetric operator in complex
Hilbert space with finite and equal deficiency indices (m, m). Then it holds that

1. The symmetric extension T of S is self-adjoint, if and only if T is m-
dimensional extension of S.

2. The symmetric restriction T of S* is self-adjoint, if and only if T is m-
dimensional restriction of S*.

This means, according to 2.6 and 2.7, that when we have LP at both end-
points and consider the maximal and minimal operators of the problem Tj, T,
any self-adjoint realization A of 7 is a 0-dimensional extension of Tj, and a
0-dimensional restriction of 7". In other words, Tp = A and A = T. Also,
the maximal and the minimal operator then collapse into the single operator
To = T ([17], proof of 13.19). Therefore, in the case of LP at both endpoints,
there exists only one self-adjoint realization A of 7, which equals to

A=Ty=T. (99)

This result will becomes especially useful in Section 3, when we discuss self-
adjoint operators of the radial Schrodinger equation, which is LP at both end-
points.

The reason we look for self-adjoint realizations A of 7 is of course the spectral
theorem for self-adjoint operators, which essentially states that all the informa-
tion of a self-adjoint operator A can be stored in its associated spectral measure.

Theorem 2.8 ([14], 3.7, Spectral Theorem). To every self-adjoint operator A
there corresponds a unique projection-valued measure P4 such that

fL:AAﬂhQ) (100)
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Another way to store the spectral information of a self-adjoint operator A
is via its spectrum and the associated subspaces of the Hilbert space £2(I,w).
The spectrum is usually defined through it’s complementary set, the resolvent
set of A.

Here we want to cite the Definition (2.4) from [14],

Definition 2.1. Let A be a (densely defined) closed operator. The resolvent set
of A is defined by

p(A) = {z € C|(A—2)""is a bounded linear operator
on the Hilbert space £*(I,7) }. (101)

More precisely, z € p(A) if and only if (A — z) : D(A) — 9 is bijective and its
inverse is bounded. The complement of the resolvent set is called the spectrum
of A,

o(A) = p(A)°. (102)

In particular, z € o(A) if A—z has a nontrivial kernel. A function ¢ € ker(A—z)
is called an eigenfunction and z is called an eigenvalue in this case.

In this thesis we are mainly interested in the discrete part of the spectrum
o(A), the so-called discrete spectrum of A, which is the set of eigenvalues. Again
we cite [14], (6.4)

Definition 2.2 ([14]). The discrete spectrum o4(A) is the set of all eigenvalues
which are discrete points of the spectrum and whose corresponding eigenspaces
are finite dimensional.

Remark 2.2. Tt should be noted that the complement of the discrete spectrum
is called the essential spectrum oss(A) = 0(A)\o4(A). For more information
on the essential spectrum we refer to [14], (6.4), respectively [16], (9.2).
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3 The radial Schrodinger equation

In this section we prove the existence of eigenvalues and eigenfunctions for the
radial Schrédinger equation

d? N <£(€+ 1)

—WU(T)

U ave)un =), 0<r<m (109

with some potential V(r). We are particularly interested in three different
potentials:

e the Coulomb or Hydrogen potential for a charge Z > 0,
V(ir)y=—-—— (104)

(Equation (103) then is also a model for the Hydrogen Atom),
e the Yukawa potential with parameter v > 0,

Vi(r)=- 2€_M, (105)

r

e and the Hulthén potential with parameter v > 0,
Viry=—-——. (106)

In the literature the free parameter « in the Yukawa and the Hulthén potential
is also referred to as the screening parameter and is usually further restricted to
a. > a > 0. Here, a, stands for the critical value of the screening parameter.
The critical value is the greatest value of « for which Equation (103) still has
at least one eigenvalue.

In Subsection 3.1, we see that the eigenfunctions u satisfy the boundary
conditions 4(0) = u(co) = 0 in a natural way. Also the eigenfunctions turn out
to be smooth functions on I = (0, 00).

In Subsection 3.2, we derive the exact eigenfunctions and eigenvalues for
Equation (103) in the Hydrogen Atom model.

In Subsection 3.3, we discuss the set of eigenvalues for the Yukawa and
Hulthén potential. These potentials can be written as perturbations of the
Coulomb potential, and we discuss the spectral properties of Equation (103),
following mainly the extensive literature in [16],[17] and [14]. The main focus
of course lies on the discrete spectrum, which is the set of eigenvalues here.
Additionally we consider the role of the critical value of the parameter a. In
this case we mainly cite the results from [13] and [4]. Finally, we would like to
point out that in the special case of the Hulthén potential with ¢ = 0, formulas
of the exact eigenfunctions and eigenvalues are known and can be found in [9].
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3.1 Local behaviour of the eigenfunctions

In this section we study the local behaviour of the eigenfunctions of Equation
(103), which we write in more convenient form as

& ulr) = (—)\ rvm+ 3 1)) u(r). (107)

In particular we will see, that the eigenfunctions satisfy u(0) = u(co) = 0 and
are smooth functions on I = (0, 00).

To carry out the analysis, we classify the points of the domain according to
Section 2.1 as ordinary, regular singular or irregular singular points. For this
reason, we first need to find the full behaviour of the coefficient function in
Equation (107).

The Coulomb, Yukawa and Hulthén potential have a first order pole at the
origin, vanish at infinity and are analytic throughout the interval (0,00). For
the eigenvalue A, we assume for now that A < 0.! Thus the coefficient function
in Equation (107) has a singularity at » = 0, tends to A for r — oo and is
analytic throughout the interval (0, 00). The singularity at » = 0 is a first order
pole, if £ =0, and a second order pole, if £ > 0.

According to Section 2.1, this means that » = 0 is a regular singular point,
0 < r < oo are ordinary points and r = oo is an irregular singular point.

We first treat the singularity at » = 0. The indicial polynomial at this point
is
flp)==plp =) +L{l+1) = =(p— (L+1)(p+0), (108)
which yields that the indicial exponents are p; = £+ 1 and py = —¢. According
to the results of Section 2.1, the set of solutions of Equation (107) at r = 0
behaves like

ui (r) =y (r), for r — 0, (109)
uy (r) = rt va(r) + rtly, (r) log(r), for r — 0, (110)

where v1,v9 are analytic functions at » = 0 with v1(0) # 0 and v(0) # 0. The
notation here means that u; (r) = f(r) if and only if lim, o u;(r) = O(f(r))
for some function f(r). From the set of solutions only ui~ satisfies the boundary
condition u(0) = 0.
On the other hand, at the irregular singular point r = oo, we drop the terms

in Equation (107) which are asymptotically small for r — oo and obtain

d2

wu(r) = —u(r). (111)

Since A < 0, we write || instead of —X from now on and set A; := /|Al.
According to Section 2.1, we now expect the leading behaviour of the solutions
of Equation (107) to be

up (r) = e M7, for r — oo, (112)

uy (1) = M’ for r — oc. (113)

1In Section 3.3 we will see that this is indeed the case.
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Similar to above, the notation here means that u;”(r) = f(r) if and only if
lim, o0 w; (1) = O(f(r)) for some function f(r). From the set of solutions only
uy” satisfies the boundary condition lim,_, . u(r) = 0.

Additionally, only ui~ and wj’ are square integrable at the respective end-
points in general. This is particularly the case for £ > 0. On the other
hand, we demand in Section 2.2 that eigenfunctions are square integrable func-
tions on the whole interval (0,00), and thus in particular at the endpoints.
Therefore the eigenfunctions of Equation (107) satisfy the boundary conditions
u(0) = u(occ) = 0 for ¢ > 0, since the behaviour of the eigenfunctions at the
endpoints can be described by the functions uj~ and ui”.

When ¢ = 0, the function u$ is square integrable at » = 0 too. However,
eigenfunctions associated with w5~ are commonly excluded in physics via the
boundary condition u(0) = 0 (see also the proof of Theorem 10.8 in [14]).

Furthermore, the above yields that according to Theorem 2.5 the endpoint
r =0 is LIMIT-CIRCLE and r = oo LIMIT-POINT for £ = 0, and both endpoints
are LIMIT-POINT, when ¢ > 0.

Finally, the smoothness of the eigenfunctions on I = (0, 00) follows, if we
recall from Section 2.1 that at ordinary points there exists a (locally) analytic
solution to every initial value problem. Since this implies that the fundamental
system of solutions is analytic as well, this carries over to arbitrary solutions
at this point. Thus, for any solution u of Equation (107), we obtain that u €
C°°(I), since analyticity is a local property.
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3.2 The Hydrogen Atom

The radial Schrédinger equation of the Hydrogen Atom is probably among the
most famous equations in quantum mechanics. Formulas for the eigenfunctions
and eigenvalues can be derived explicitely. They can be found in many textbooks
on quantum mechanics, e.g. [11], [14]. The derivation here mainly follows the
methods and notation that were used in [11].
The radial Schrodinger equation for the Hydrogen Atom is given by
d? ( Z A+1)

WU(T) =(-A— s + p ) u(r), r e (0,00). (114)

First, division by A? and the scale transformation p = A7 simplifies it to

- =(1-=4 =" 11
) ( o >u<p>, p e (0,00), (115)
where we have set 7
== 11
PO= 3 (116)

From the discussion in Subsection 3.1 we can conclude that the overall solution
looks like

u(p) = p" 1 u(p) e, (117)
where v is an analytic function on (0, 00). The computation of the second order

derivative of the right hand side in (115) yields (the primes denote derivatives
with respect to p)

Le+1 " (+1 +1 !
K(§)+1+”>+2(_+++“_“>}u. (118)
P v p p v v
Thus, the proposed solution reduces the entire Equation (115) to
! L+1 410 !
{U+2<—+++U—U>]u:—pou. (119)
v P p v v P
Factoring off w # 0 this is equivalent to a differential equation for v given as
2 d
pd—pzv—l- (244 1) —2p) %v+ (po —2(4+1))v = 0. (120)
With yet another scale transformation z = 2p this becomes
a? d Po
1—v+ (20+1) —2) vt (5 —(+1))v=0. (121)

Fortunately, for specific values of pg, this differential equation is known as
the differential equation for the associated Laguerre polynomial L.
Laguerre’s differential equation itself is given by
d? d
(@) + (1 —2)—ylz) + ny(z) =0, (122)
where n € Ny. Its solution are the so-called Laguerre polynomials, which are
given by the Rodrigues formula

L,(z) =

T Y

er d"
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The nth Laguerre polynomial L, (z) is a polynomial of nth grade.
Still, this does not suffice to reproduce the solutions for (121). The kth
associated Laguerre polynomial is defined as

k k dk
L) = (~1)F 2 Lga(a). (124)

It is a solution for the differential equation
zy(x)+ (k+1—2)y () +ny(z) =0, n=0,1,... k<n. (125)

Thus, the solution for (121) can be expressed in terms of associated Laguerre
polynomials if £2 — (£ +1) =n € Ny, or

po=2(n+€+1), neNy. (126)
With (116) and Ay = /|| this becomes the formula for the eigenvalues
7 2
_ 12
An (2(n+£+1)> » el (127)

known as Bohr’s formula. [11]

To see that these are indeed all eigenvalues, let us assume the factor v in (117)
to be a power series Y - a,p™. (From Section 3.1 we know that v; = ve™* is
analytic at p = 0). It solves (120) or, equivalently,

pv" +2(04+ 1) =2p0" 4+ (2(€+ 1) — po)v. (128)

Inserting the related power series the left hand side becomes

Z n(n —Dap,p" ' + Z 2(0 4 1)na,p" !

n=0 n=0

= anpi(n+1) (n+2(0+1))p" (129)
n=0

The right hand side is
Z 2na,p" + 2(2(£ +1) — po)anp”
n=0 n=0

= an (2n++1) = po)) p" (130)
n=0

Comparing powers of p yields
ant1(n+1)(n+2(0+1))=a, 2(n+£+1)—po)). (131)

The fraction
ant1  2(n+Ll+1)—po
an (n+1)(n+2(0+1))
shows that the series becomes finite (and is the associated Laguerre polynomial)
if and only if pg is chosen as above. Suppose pg # 2(n + £+ 1). Since

(132)

any1 2 po+2(0+1)

4 n+l (n+Dm+2(0+1) (133)
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behaves like %H for large n, this means that

v(p) ~e*, for p— oco. (134)
But this would imply that the overall solution in (117) behaves like

u(p) ~ p'*t.er  for p— oo, (135)

which clearly violates the boundary condition

lim u(r) = 0. (136)

r—00

Therefore, pg = 2(n + ¢+ 1) and all eigenvalues of (114) are given by (127).
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3.3 Eigenvalues of the Yukawa and Hulthén potential

In the case of hydrogen atom (Coulomb potential), we were able to compute
the eigenvalues and corresponding eigenfunctions explicitely. In this section
however, we look at the radial Schrodinger equation from a Sturm Liouville
point of view. This will enable us to discuss the radial Schrédinger equation
with Yukawa and Hulthén potentials, where, in general, no explicit formulas for
the eigenvalues and corresponding eigenfunctions are known.

With the Sturm Liouville terminology of Section 2.2 the right hand side of
the radial Schrédinger Equation (103) on the interval I = (0,00) becomes the
Sturm-Liouville expression

0 +1)

TgZ—A—i— 2

+V(r). (137)

Here we denote j—; by the Laplacian A. In Section 3.1 we have seen that this SL
expression has LP endpoints at r = 0, r = oo, when ¢ > 0, and a LC endpoint
at r = 0 and LP endpoint at r = oo, when ¢ = 0, where we additionally set
the boundary condition u(0) = 0. According to the Theorems 2.6 and 2.7 we
now have that there exists only one self-adjoint realization of 74, which we will
denote by Ay.

For a start, we discuss the self-adjoint operator A, with the Coulomb poten-
tial V(r) = —Z/r. In the previous section, we already have found the discrete
part of the spectrum of Ay, the set of eigenvalues o4(Ay), which are given by
(127). In Theorem 3.5 we cite a result from [14], which will give us a complete
picture of the spectrum of A, with the Coulomb potential. On the basis of the
operator A; with the Coulomb potential, we now embark on a discussion of Ay
with the Yukawa and Hulthén potential.

Rewriting the Yukawa potential

2 _ 2 n 2(1—e )’ (138)

T T T

as well as the Hulthén potential

2 2 2 2
B __+(1_ m) (139)

e —1 T e —1 T T e —1

reveals that the potentials can be seen as perturbations of the Coulomb potential.

For o — 0T the perturbations vanish and the potentials descend into the
Coulomb potential, as can be easily seen for the Yukawa potential in (138). For
the Hulthén potential this can be seen from

lim — 7= lim — =-c (140)

w, = 2= (141)
'
and )
ar
Wy == (1 - 1) . (142)



The perturbations are almost everywhere bounded functions, Wy, Wy €
L>(T), as can be seen from

200"

}1_1% Wi(r) = }1_r>rg) T = 2a (143)
. o 2(e"—=1—ar) 202" B
Y W (r) = Jim roo(eom —1) Yy 20e°T + raZeor O (144)

Furthermore, they also tend to 0 as r — co and hence Wy, Wa € LF(I), since

2(1 — eo"
lim Wi (r) = Tim 22— (145)
r—00 r—00 r
for W7y; for Wy consider
lim — 2 — lim -2 =0, (146)
r—oo e — 1 r—oo e’

therefore we have

lim Wa(r) = <lim 2) : (1 — lim —— ) = 0. (147)

r—00 r—oo r r—oo e — 1

To study the influence of perturbations in more detail, we define the multi-
plication operator for £>°(I) perturbations on £2(I) as

e {50 250

As a shorthand notation, we will also write W instead of Myy, even though we
really mean the multplication operator with W on £2(I). Because of

| Mwullzzry = W - ull g2y < Wl goo(ry - llullz2(r (149)

the multiplication operator with perturbation W € L£>(I) is not only well-
defined, but also a bounded operator. For real-valued perturbations it is also
symmetric

(0, W) = / W) W (rYo(r)dr = / Wl v(r)dr = (Wu,v).  (150)
0 0
Before we get to our first result on perturbations of self-adjoint operators,

we need the following definition.

Definition 3.1 (Teschl, [14], 6.1). An operator V is called T-bounded or rel-
atively bounded with respect to T, if D(T) C D(V) and if there are constants
a,b >0 such that

Vul < allull + 0l Tull, ueD(T). (151)

The infimum of all b for which a corresponding a exists such that the above
equation holds is called the T-bound of V.

Also, we define the sum T + V of two operators T : D(T) — L2(I),V :
D(V) — L2(I) as the pointwise sum of the operators on the domain D(T+V) =
D(T)ND(V).
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Theorem 3.1 (KaTo-RELLICH, [16], 9.2).

1. Let T be self-adjoint and V' be symmetric and T-bounded with T-bound
less than 1. Then T +V is self-adjoint.

2. Let T be essentially self-adjoint and V' be symmetric and T-bounded with
T-bound less than 1. Then T+V 1is essentially self-adjoint, T +V =T+V.

So, by Kato-Rellich we know that the above perturbed Coulomb potentials
correspond to self-adjoint operators on the same domain as the self-adjoint op-
erator of the unperturbed Coulomb potential.

The perturbations also preserve another important feature of the Coulomb-
potential, the boundedness from below, which implies that the spectrum of
the self-adjoint operators is bounded from below as well (cf. [16], 8.26). This
also implies the existence of a lowest eigenvalue A, which is referred to as the
ground state of the Schrodinger operator (cf. [14], 10.5). Before we get to our
result on the stability of the half-boundedness, we cite the following definition
of half-bounded operators.

Definition 3.2 ([14], before 2.12). A symmetric operator T is called bounded
from below, if

(u,Tu) > ~|lul®, we D) (152)
for some v € R.
Theorem 3.2 (STABILITY OF HALF-BOUNDEDNESS, [16], 9.7). Let T be self-
adjoint and bounded from below with lower bound vyp. Let V be symmetric and
T-bounded with T-bound less than 1. Then T +V is bounded from below as well.

More exactly, let

[Vul < allull +b[[Tul|, weD(T) (153)
with b < 1, then

a
7:=7T—maX{1_b,a+blle}

is a lower bound of T +V (this lower bound is by no means optimal).

The lower bound ~7 of the self-adjoint operator with Coulomb potential has
already been found. It is the lowest eigenvalue ).

The third of our main results will show that the discrete spectrum of the
considered operators is indeed contained in [y, 0] (where v is the lower bound),
since the essential spectrum for the above perturbations will always stay the
same, namely [0, 00). Recall that the spectrum of self-adjoint operators is real-
valued and o(T) = 04(T) U0cess(T). Before we formulate the result, we cite the
following definition of T-compact operators.

Definition 3.3 ([16], before 9.12). Let T,V with D(T) C D(V). The operator
V' is called T-compact or relatively compact with respect to T, if

Vipery : (D(T), |l.Ir) — £2(1) (154)

is a compact operator®. Equivalently, V is called T-compact, if for any sequence

2Here ||.||7 is the restriction of ||.|| to D(T)
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xn € D(V), where ||x,||7 is bounded, there exists a subsequence xp, such that
Vz,, converges.

Theorem 3.3 (STABILITY OF THE ESSENTIAL SPECTRUM, [16], 9.14). Let T
be self-adjoint, V' symmetric and T-compact, then T +V is self-adjoint and it
holds that oess(T + V) = 0ess(T).

Theorem 3.3 states that as long as the perturbations are symmetric and 7-
compact, the essential spectrum of the operators 1" and T'+V is the same. To see
that W7 and W5 are relatively compact with respect to the self-adjoint operator
T for the Coulomb potential, we will cite a result given in [14]. However, this
result is stated for the Schrodinger equation in three dimensions. This equation
is actually the origin of the radial Schréodinger equation. A detailed description,
how the radial Schrodinger equation is derived from the Schrodinger equation
in 3D, can be found in chapter 4 of [11] and in chapter 10.4 of [14].

As the name already suggests, the Schrodinger equation in 3D is defined for
functions ¢ : R® — R, instead of u : I = (0,00) — R for the radial equation.
Similarly, in the 3D case we consider SL expressions of the form

r=-A+V(z), z€R? (155)
instead of o011
F=—A+ (; ) v, rel (156)

In [14] the operator with SL expression (155) and the 3D-version of the
Coulomb potential

V(z) = zeR3 (157)

Z

al’
is itself viewed as a perturbation of the free Schridinger operator with SL ex-
pression 7 = —A. For this operator the following theorem holds:

Theorem 3.4 ([14], 7.8). The free Schrédinger operator T = —A with core
C*(R®), the set of smooth, compactly supported functions on R, is self-adjoint
and its spectrum is characterized by

ca(T) =0, 0ess(T) =10, 00). (158)

Now we can give the result by [14], which states that the operators with SL
expression (155) and the 3D versions of the potentials considered in this thesis
are relatively compact with respect to the free Schrédinger operator, and hence
inherit its essential spectrum.

Theorem 3.5 ([14], 10.2). Let V = Vi + Va be real-valued with Vy € L*(R?)
and Vo € LE(R3). Then V is relatively compact with respect to T = —A. In
particular T +V is self-adjoint, bounded from below and cess(T+V) = 0ess(T).

Formally, of course, we need to make a distinction between the potential V'
in Equation (137) and the corresponding 3D version of V' in Equation (155).
However, following the convention from [17] on page 224 in Chapter 18.3, we
refer to both by the same symbol V.
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The condition in Theorem 3.5 can be rewritten for radial potentials. In [14] it
is claimed that for spherically symmetric potentials (just as the ones considered
above) the condition becomes V(r) = Vi(r) + Va(r), where

Vi(r) € £L2(I,w), Va(r) € LE(). (159)
Here, w denotes the weight function w(r) = r2.
instance can be partitioned like

_Z TSC 0 TSC
Vl(r): {0 ' c<r %(T): _Z c<r (160)

The Coulomb potential for

where ¢ € I is arbitrary. Since the Hulthén and the Yukawa potential differ
from the Coulomb potential only by the £3°(I)-functions Wi and Wa, the re-
sult follows.

Next, we cite a result from [17], which says that for a # 0 the perturbed
Coulomb potentials only have finitely many eigenvalues.

Theorem 3.6 (Weidmann [17],18.15). Let the function V : I — R be locally
bounded with

(i) V(r) > —c/r? with ¢ < 1/4 for large r,
(ii) 32V (r) — 0 forr — 0,
(iii) V(r) € L2([0,¢c],w(r)), where w(r) =r? and c € I.

Then the preminimal operator T/, . . produced by T = —A + V (|z]) on C§(R3),
is essentially self-adjoint, and Ty = T ,, has at most finitely many negative

eigenvalues, with finite geometric multiplicity.

The conditions in Theorem 3.6 hold for the Hulthén and Yukawa potential,
but not for the Coulomb potential, which has an infinite number of eigenvalues,
as we see in Equation (127). Just as the Coulomb potential, the Hulthén and
the Yukawa potential have a first order pole at r = 0. Therefore, (ii) and (iii)
are clearly satisfied. To see that (i) holds, consider in the Yukawa case

-—— &  —z<ce”, T = ar — oo, (161)

>-—— & —az?<c(e” 1), T =ar — oo. (162)

Finally, we deal with the question, whether the discrete spectrum of the
perturbed Coulomb potentials contains any eigenvalues at all. In general, the
Hulthén and the Yukawa potential lie above the Coulomb potential, because the
perturbations Wy, W5 are positive functions. For a — oo, the potentials tend
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to 0 and the operators converge to the free Schrodinger operator. Therefore the
critical value a. of the parameter «, which guarantees that there is at least one
eigenvalue, is of special interest.

The critical value for the Hulthén respectively Yukawa potential has been
calculated by Lassaut and Lombard in [13]. The relevant values (2/a, = ~.) are

Ye = m2/6, (Hulthén,/ = 0), (163)
e &~ 1.6798, (Yukawa, ¢ = 0). (164)

In particular, Lassaut and Lombard made the transformation x = ar in

—%u(r) + (W; D, V(r)) u(r) = u(r) (165)

to obtain

2 ~
*dd?U(x) + <W 1,2 V(x)) u(z) = Au(z), (166)

where A = A\/a and
V(z)=—— (167)

in the Yukawa case and
Viz)=—- (168)

for the Hulthén potential, and calculated the critical value of the parameter
v =2/a.

Another way to find an upper bound for . in the Yukawa case can be found
in [4] by Bylicki, Stachéw, Karwowski and Mukherjee. They propose that as a
necessary condition for the potential to hold bound states, the effective potential

Vealr) = 2 v (169)

needs to have roots in the positive real numbers and take negative values in
between.? For the Yukawa potential the effective potential is

(e+1)  eor

Verr(r) = (170)

r2 r
Making the transformation x = ar yields
~ p e
V., == - 171
a0 =2 - (1)
where p = ¢({ 4 1)/a. The above function has a minimum at x when
—2pr 3 4e Tl 4e T2 =0

& 2p= (2 +2)e " = g(x). (172)

3In WKB theory, the roots of the effective potential are called turning points of the equa-
tion.
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This means that szf(x) has a minimum at x,,;, when 2p is chosen not larger
than the maximum of g(x), which becomes zero for z = 0 and z — oo and is
positive in between. Substituting (172) into (171) yields

- e_zmin

‘/eﬂ”(xmin) = (xmzn - 1) 251777”‘” 5 (173)
which means that V;ff(x) has negative values if @, < 1 or
p<g(1)/2=e"'~0.367879. (174)

0.1

0.06

0.02

Veff
o
T

-0.02

-0.04

-0.06

-0.08

Figure 1: Plot of the effective potential Vog(z) (Yukawa) given in (171) for
different values of p = (£ + 1)/a. Here, we see that the effective potential has
negative values as long as p < e~! & 0.367879, which is a necessary condition
for the potential to allow eigenvalues for the radial Schrodinger equation. (See
also [4])
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4 The transformed radial Schrodinger equation

In the last section we proved the existence of eigenvalues and eigenfunctions of
the radial Schrodinger equation

—d"(r) + (W; D, V(r)) u(r) = Mu(r) (175)

on the domain r € (0,00). In this section we are going to apply a change
of the independent variable r — s that transforms the infinite interval (0, c0)
to the finite interval (0,1) and thus create a new, transformed equation for
s € (0,1). Therefore our main interest in this section is whether and how
eigenfunctions and eigenvalues of the original problem on (0,00) are carried
over to the transformed problem on (0, 1).

In the paragraphs following the introduction we specify the transformations
we consider in this thesis and give a brief overview on the topic of this section.

In Subsection 4.1 we describe the steps of transforming the equation and
provide a Sturm Liouville expression of the transformed equation.

In Subsection 4.2 we will see that the two equations share the same set of
eigenvalues and that the eigenfunctions of the individual equations correspond
to each other in a one-to-one fashion.

In Subsections 4.4 and 4.3 we apply the results of the previous subsections
on the radial Schrodinger equation with the two specific transformations TCII
(transformation compressing the infinite interval) and ATCII (alternative trans-
formation compressing the infinite interval).

The set of transformations ¢ that we consider in this thesis can be specified
as follows

) (0,00) = (0,1), . T
t: {7‘ S t(r) = 5, t e C*((0,00)), bijective. (176)

We then apply the change of variable r +— s = ¢(r) in (175), so that (175)
becomes

—a(s)z"(s) — b(s)2'(s) + c(s)z(s) = Az(s), s€(0,1), (177)

where a(s),b(s),c(s) are yet to be determined coefficient functions and z(s) is
defined by u(r) = z(t(r)). The relationship between u, z and ¢ can also be seen
in the following commutative diagram

u(r)

K\

re(0,00) m———= s € (0,1) — 2 (s),u(r) €R.
1(s)

In Section 3.1 we have seen that the eigenfunctions of (175) are characterized
by the boundary conditions

u(0) = u(oc0) = 0. (178)
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The equivalent set of boundary conditions for (177) is given by
z(0) = z(1) = 0. (179)

These boundary conditions characterize the eigenfunctions of the transformed
problem (177) in exactly the same way as the boundary conditions (178) char-
acterize the eigenfunctions of the original problem. This will become apparent
in Lemma 4.2 in Section 4.2, where we will see that the eigenfunctions of (177)
are exactly the transformed eigenfunctions of the original problem (175). Ad-
ditionally, we will see that the eigenfunctions of the transformed equation are
again smooth functions on the entire interval.

The specific transformations of type (176) that we study in this section are
the TCII transformations (transformation compressing the infinite interval)

" {(aoo) = (0.1),

T -1

(180)

where £ > 0 is a free parameter of the transformation, and the ATCII transfor-
mations (alternative transformation compressing the infinite interval)

) (0,00) = (0,1),
e {T —1—(1+7)7A, (181)

with the free parameter 5 > 0.
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4.1 Transformation by a change of the independent vari-
able

The substitution r — s = t(r) transforms the radial Schrédinger equation on
r € (0,00) to a second-order, linear ODE with eigenvalue A on s € (0,1). Both
eigenvalue problems can be represented by their SL expressions. In this section
we carry out the steps of the transformation to connect them to each other.

Following the notation of the last paragraph in Subsection 3.3 we denote the
coefficient of u(r) as Veg, so that (175) is of the form

—u"(r) + Veg(r)u(r) = Mu(r), r € (0,00). (182)

The left-hand side of this equation is equivalent to the SL expression

1 d d
_ _ = 1
1 U}l(T) ( d{rpl(r) dr + (h(r)) ’ re (0700)7 ( 83)
where the coefficients are given by
pi(r) =1, q(r)=Veg(r), wi(r)=1. (184)

We replace u(r) by (zot)(r) := z(t(r)), where t is given by (176), and obtain

— (" ot)(r) - (t'(r)* = (2 o t)(r) - (t"(r))
+ Ver(r) (zot)(r) = Nzot)(r), re€(0,00), (185)

according to the conventional chain rule of calculus. The substitution ¢(r) = s,
r = t~!(s) now yields

= 2(s) (¢ o t7)(s))" = 2/(3)- (¢ 0 17)(s)
+ (Vegot™1)(s) z(s) = Az(s), s€(0,1). (186)
Hence, we retrieved an eigenvalue problem given on the domain (0, 1).
We can find the suitable SL expression 75 for the left hand side of (186), so
that the whole equation becomes 15z = Az, if we multiply the equation with an

appropriate integrating factor. The integrating factor for a general, linear 2nd
order ODE of the form

—a(s)2"(s) — b(s)z'(s) + c(s)z(s) = Az(s) (187)

m(s) = %exp (/S: Ziz))dx) . (188)

Collecting terms then gives the following Sturm Liouville form

is given by

—(a(s)m(s) - 2'(s)) + c(s)m(s) - z(s) = X-m(s) - z(s). (189)

(see also [12], p.36; [8], 2.1, p.24)
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With the coefficients of Equation (186) we have

:/t v t//(x)dx:log((t’ot_l)(s)), (190)

~1(s0) t'()

which yields the integrating factor

m(s :Lex S@ x| = t/ot_l(s) _ 1
) a(s) P (/go a(x)d ) (tot-1(s)2  tot-1(s) (191)

Thus, the eigenvalue problem given by (186) can be rewritten as

- % ((t' ot )(s) - 552(8)> + Veot™ (s) - 2(s)

¥ ot=1(s)

or 79z = Az, where Ty is given by

7= w21(8) (_CIZPQ(S)CZS * qZ(S)) - e 19

and the SL coefficients are defined as

Veg o t—1(s) 1

pQ(S) :tlotil(s)v qQ(S) = t’ot*l(s) )
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4.2 Connecting the equations via a Liouville transforma-
tion L

More formally, we can describe the step from (186) to (192) by a special uni-
tary mapping L, a generalization of Liouwville’s transformation [12]. This will
enable us to connect the set of eigenvalues and the eigenfunctions of the ra-
dial Schrodinger equation to the set of eigenvalues and the eigenfunctions of the
transformed equation. In fact, we will see that the two equations share the same
set of eigenvalues and that the eigenfunctions of the two equations correspond
to each other in a one-to-one fashion.

For transformations of type (176) we define the associated Liouwville trans-
formation as

D{ﬁU)%ﬁ%MM, (195)

u —z=uotl,

where we have set I = (0,00) and J = (0, 1) (see also [12], 3.1).
First of all, L is well-defined and isometric. This can be seen from the
following (where we apply the rule of integration by substitution)

||Z||%2(J7w2) = /Ju2(t—1(8)) . m%

:/ﬁ ﬁmmz/ﬁmmzw@m.um
t—1(J) I

From the definition it can also be seen that L is linear and that its inverse
is the Liouville transformation
=y {£2<J, we) — L3(D),

(197)
z —u==zo0t.

Hence, L is bijective.

The definition of the Liouville transformation makes it easier to connect
the radial Schrodinger equation to the transformed equation. In fact, we can
reiterate the steps in Subsection 4.1 in terms of u, A, 71, 72 and L. Starting with

TIU = AU (198)
in (182), Equation (186) then becomes
Ltiu = ALu, (199)
which is finally transformed to
ToLu = ALu (200)

in (192). Thus, we can describe the relation between 71,72 and L as
Lriu=mLlu (201)
when u € Doz (71), Lt € Dypaa(72).-
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The mapping L also links the maximal domains of 71 and 7o. This is the
content of the following lemma.

Lemma 4.1. Let L,7, 7 be given, so that (201) holds. Then L maps the
mazximal domain of 71 on the maximal domain of T2,

L(Dmaw (Tl)) = Diax (7'2)~ (202)

Proof. In Section 2.2, (91) we defined the maximal domain of a Sturm Liouville
expression 7 in the following way

Dpaw = {u: I — C |u,pu’ € AC1,(I), u,7u € L*(I)}. (203)
With this the desired statement follows from the equalities
LDpar(11) =L {u: T — C|u,pru’ € AC)oe(I), u,myu € L2(I)}
={Lu:J— C| Lu, L(p1u)') € ACioe(J), Lu, LTyu € L*(J,w2)}
={Lu:J = C| Lu,pa(Lu) € ACoe(J), Lu,maLu € L*(J,ws)}
={2:J = C|zp2 € AC1pc(J), 2,722 € L2(J,w2)}
- Dmar(72)~

Finally, we formulate the main result, which links eigenfunctions and eigen-
values of 7y and 75 via the Liouville transformation L.

Lemma 4.2. Let Sturm Liouville expressions T1,To and Liouville transforma-
tion L be given, so that (201) holds.

Then L maps eigenfunctions of 71 for eigenvalue A\ on the eigenfunctions of
To for eigenvalue X\ in a one-to-one correspondence.

In particular, we say that u is an eigenfunction of 11 with eigenvalue \,

TIU = Au, (204)
if and only if z = Lu is eigenfunction of 7o to the eigenvalue X,
Toz = Az. (205)

Proof. This directly follows from (201). Suppose u is an eigenfunction of 7
with eigenvalue A. Then

Toz = ToLu = LTiu = L \u = A\Lu = )\z. (206)

reveals that z as well is an eigenfunction of 7 with eigenvalue A.
Conversely, if z is eigenfunction of 75 with eigenvalue A, then

fu=L"'Lru=L"'rnlu=L"'rnz=L"'\2=L"'\Lu= \u. (207)

shows that u as well is an eigenfunction of 77 for the eigenvalue \. O
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As a consequence of Lemma 4.2, we can characterize the smoothness of the
eigenfunctions z of 7. In Section 3.1 we have seen that the eigenfunctions u of
71 are smooth functions on the entire interval I = (0, 00). Also, transformations
t:1— J=(0,1) of type (176) are bijective and smooth and therefore have an
inverse t~! : J — I, which is bijective and smooth as well. With this it follows
that the eigenfunctions z of 75, which are exactly the images of u under L, are
smooth as composition of smooth functions, z = Lu = u ot~ !.
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In the last two subsections of this section, we discuss the transformed radial
Schrodinger equation for two specific transformations of type (176).

4.3 A transformation compressing the infinite interval -
TCII

The first transformation that we study here is

0,00) — 0,1),
te - {( ) <T ) (208)
T > m,
where £ > 0 is a free parameter of the transformation.
At first we are going to calculate the coeflicients of the transformed Equation
(192) with transformation t¢. Here, the derivative is given by

t(r) = rtd-r_ ¢ (209)

(r+8?  (r+¢)?

Since the transformation t¢ can be rewritten as

1 e\ !
te(r)=——— = (142> 210
0= g = (1+5) 210
the inverse function is given by
1 -t s
—1 _ _
te (s)_§~<8—1> _§~1_S, s €(0,1). (211)
With this it also holds that
1 s 1
= —+1)=¢- . 212
ore=¢(r ) =6 (212
Thus, the computation of the coefficient t’g o tgl(s) yields
_ (1-35)2
tpote'(s) = — (213)

Finally, the transformed Equation (192) with transformation t¢ is given by

_ ((1 23)22/)/ n é“‘zlff_(;;) - ,\(1 —55)2 z, s€(0,1). (214)

However, the numerical calculations have been carried out via the equivalent

equation

(1-—s)? 2(1 — s)3 &s
> 2+ e 2+ Ve T-4)%= Az, s€(0,1), (215)
which we obtain from Equation (214) by multiplying with (1 — s)?/&, and the
boundary conditions

2(0) = 2(1) = 0. (216)

For later use we denote the coefficients of Equation (215) in the following way:
(1—s)* 2(1 —s)3 &s

a2=—§72, a1=T7 ap = Veg 1—s/" (217)
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4.4 An alternative transformation compressing the infi-
nite interval - ATCII

The second transformation is given by

) (0,00) = (0,1),
tﬁ'{r = 1= (1+7)77, (218)

where 8 > 0 is a free parameter of the transformation. For the numerical
calculations we set 5 = 3

The coefficients of the transformed Equation (192) with transformation .
are calculated as follows. Here we have

th(r) = B(1+7r)~FFD (219)
and
_1.J(0,1) = (0,00),
ts {S (1 e)A 1, (220)

which yields

thoty'(s)=p(1—s) TP = % (221)

where we have set 1/8 = k for convenience. Hence, the transformed Equation
(192) with transformation ¢g is given by

B e e T X !

e R DR
(222)

Here, again, we carried out the numerical calculations via the equivalent
equation

_ (1 — 5)2k+2 Z// + (1 + k)( >2k+1

12 2 2+ Vesr ((1—3)_’“—1);;:)\2,

€(0,1), (223)

which we obtain from Equation (222) by multiplication with (1 — s)!**/k, and
the boundary conditions
2(0) = 2(1) = 0. (224)

For later use we denote the coefficients of Equation (223) as

(1 _ S)2k+2 (1 + k)(l _ S)2k+1

T T B

ag = ‘/eff ((1 — S)_k - 1) . (225)

as = —
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5 Numerical solution

In this section we present a way how to compute the eigenvalues and eigen-
functions of the radial Schrodinger equation numerically. We will use a finite
difference scheme and apply it to the transformed equations (215) and (223) that
we have derived in the last section. The continuous eigenvalue problem then
becomes an algebraic eigenvalue problem, which we can solve by the Matlab
function eig for instance.

5.1 The finite difference scheme

For the finite difference scheme we use the uniform mesh

1
ti=ih, i=0,...,N, h=—, 9226
1 i N (226)

on the interval [0, 1]. For the value of z at the meshpoints we use the notation

From the boundary conditions (224) and (216) we know that the eigenfunctions
z vanish at the endpoints of the mesh

zo = 2(tg) = 2(0) =0, zn:=z(ty) =2(1) =0. (227)

The first and second derivative are approximated by special 2k-step central
difference formulas, which are introduced in [2]. We consider only the derivatives

of the inner meshpoints ¢ = 1,..., N — 1. At the innermost meshpoints i =
k,..., N — k we approximate the derivatives by the arithmetic means
1< 1 <
2 (t;) ~ 7 D Bikzieg, (L)~ 7z > jikzivg, (228)
j=—k ==k

with weights «;,8; € R. However, when k£ > 1, we cannot use the above
formulae for the first and last (kK — 1) meshpoints. In this case we then add the
approximations (asj, 3;; € R)

12 1 2kl
2 (t;) = 7 Zﬁijzj, 2" (t;) ~ 72 Z QGj2j, (229)
j=1 j=1
for the meshpoints with indices i = 1,...,k — 1, and
1 N-l 1 N-1
Z/(ti) =~ E Z ﬁiij, Z”(ti) ~ ﬁ Z QG524 (230)
J=N—2k J=N—(2k+1)

for the meshpoints with indices i = N — (k—1),...,N — 1.
This finite difference scheme has consistency order 2k, when the weights

a;, 5, B, Bij are chosen in a specific way [2]. In fact, the finite difference
scheme then also becomes symmetric in the sense that

Qj = Q2k—j, ﬂj :62k7j7 ] :077ka (231)
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and
Qi = ON—1-i,N—1—j, Bij = —PN-1-iN-1—j (232)
fori,j=1,...,k— 1.
To describe the linear dependence of the above approximations on

z=(21,...,2y_1)7 in terms of matrices, we set
j—1 ) ; < .<2ka ) —1 ) S Ska
i = Oy itk 17> and ,67,] — /8] +k ? J (233)
0, else 0, else
for i = k,...,N — k and store the weights in the matrices A = (Oéij)é\fj_:ll and
B = (ﬁij)f\fj_:ll. For k = 2 they are for example given by
—15 -4 14 -6 1
16 —30 16 -1
) -1 16 —-30 16 -1
A= . . . . 234
_— S (234)
-1 16 -30 16 -1
-1 16 —-30 16
1 —6 14 -4 -15
and
—10 18 —6 1
-8 0 8 -1
) 1 -8 0 8 -1
R — . . . 2
5h S . : (235)
1 -8 0 8 -1
1 -8 0 8

=1 6 —18 10

where we have indicated the rows where the derivatives are approximated by
(229) and (230).

This enables us eventually to discretize the differential equations (215) and
(223) by replacing z, 2’ and z” with z, Bz and Az. The resulting algebraic EVP
is given by

Rz = (D3 A+ D1B + Dy) z = Az, (236)

where we have stored the coefficient functions a;(t) given by (217) and (225) in
the matrices
D; = diag (a;(t1), ..., a;(tn-1)), i=0,1,2. (237)

Note that the matrices are well-defined since we have excluded the singularities
at to = 0 and ty = 1 via the boundary conditions (227).

5.2 Numerical experiments

In the following we compare how the two transformations TCII and ATCII in-
fluence the computation of the eigenvalues of the radial Schrédinger equation,
when we apply the finite difference scheme presented in the subsection above.
Here we used the same choice for the free parameter ¢ in TCII as in [1],

€= (1.35)7(L + 1), (238)
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where p = 2k denotes the order of the finite difference scheme, and set § = 1/2
in ATCIT.

In Figures 2, 3 and 4 we plotted the relative error for several eigenvalues of
Hydrogen Atom potential, Hulthén potential and Yukawa potential against the
number of meshpoints N in the finite difference scheme. As the true value in

I=0,n=86, TCII, }‘6 =-0.027778 I=0,n=6, ATCII, 7»6 =-0.027778

relative error
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Figure 2: Relative errors for eigenvalues of the radial Schrodinger equation with
Hydrogen Atom potential and transformation TCII (left) or ATCII (right).
As can be seen in the plots the eigenvalues converge faster when using TCII,
particularly for high values of £.
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the relative error we used the known exact eigenvalues of the Hydrogen Atom
potential and the Hulthén potential with ¢ = 0, or the reference eigenvalues that
are calculated from the finite difference scheme with order p = 8 and N = 1500.
The plots on the right hand side are related to TCII, while those on the left
hand side to ATCII.
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Figure 3: Relative errors for eigenvalues of the radial Schrodinger equation with
Hulthén potential (o = 0.02) and transformation TCII (left) or ATCII (right).
As can be seen in the plots the transformation TCII proves to be advantageous
over the alternative transformation ATCII.
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Figure 4: Relative errors for eigenvalues of the radial Schrodinger equation with
Yukawa potential (v = 0.005) and transformation TCII (left) or ATCII (right).
Apart from the case with £ = 0 and high values of n, the transformation TCII
again appears to be advantageous over the alternative transformation ATCII.
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5.3 Numerical Code

finiteDifferences.m

function [lambda,Y,t] = finiteDifferences(param,N,n)

% [lambda,Y,t] = finiteDifferences(param,N,n)

% This function returns eigenvalues of the transformed radial

% Schrddinger equation according to a finite difference scheme.
h

% Input:

% param ... Parameter object (see Parameter.m), which stores the
% values of 1, alpha, xi and beta as well as the potential

% (Hydrogen Atom, Hulthén or Yukawa potential) and the used

% transformation (TCII or ATCII).

% N ... number of meshpoints

% n ... indices of desired eigenvalues

b

% Output:

% lambda ... desired eigenvalues

% Y ... matrix of columns of associated eigenfunctions
% t ... mesh

% After the application of the change of variable the EVP reads
% A2(t)*y? 2 (t) + AL(E)*y’ (£) + AO(t)*y(t) = \lambda*y(t)
[A2,A1,A0] = equationCoefficients(param) ;

% compute the uniform mesh over [0,1] and the stepsize
t = linspace(0,1,N+2);

t([1 end]) = [];

h = t(2)-t(1);

% evaluate the coefficient functions at the interior meshpoints
D2 = diag(feval(A2,t));
D1 = diag(feval(Al,t));
DO = diag(feval(AO,t));

% compute the coefficients of the difference schemes which

% approximate the second and the first order derivative

[A,B] = coeffMatrices(param.order,N+1);

% these columns can be removed due to the condition y(0)=y(1)=0
AC:,[1 end]) = [I;

B(:,[1 end]) = [1;

% assemble the matrix of the algebraic EVP
R = D2%A/h~2 + D1xB/h + DO;

% Compute the numerical eigenvalues
[Y,lambda] = eig(R);
lambda = diag(lambda);
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% Remove any infinite eigenvalues

i = (abs(lambda)==inf);

lambda(i)=[1; Y(:,1)=[1;

% Sort the numerical eigenvalues by increasing real part
[,i]l=sort(real(lambda)); lambda=lambda(i); Y=Y(:,i);

% compute the indices of the eigenvalues
n =n - param.l;
n = n(n>0);

% Extract the eigenvalues and the eigenfunctions with the
% desired indexes

lambda=lambda(n) ;

Y=Y(:,n);

end

Parameter.m

% This class stores the essential information about the
% particular radial Schroedinger equation and the transformation
% as well as the order of the finite difference scheme.

classdef Parameter

properties
1
potentialName
potential
alpha
order
transformationName
beta
xi

end

methods
function this = set.potentialName(this,in)
if ismember(in, [’Hydrogen Atom’,’Hulthen’,’Yukawa’])
this.potentialName = in;
else
error (’potential must be either Hydrogen Atom, ’
’Hulthen or Yukawa’);
end
end

function V = get.potential(this)
switch this.potentialName
case ’Hydrogen Atom’, V = @(r) -2./r;
case ’Hulthen’, V = @(r) -2*this.alphax
exp(-this.alpha*r)./(1-exp(-this.alpha*r));
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case ’Yukawa’, V = @(r) -2*exp(-this.alpha*r)./r;
end
end

function out = get.xi(this)
out = (1.35) " (this.order)*(this.1+1);
end

function this = set.transformationName(this,in)
if ismember (in, [’TCII’,’ATCII’])
this.transformationName = in;
else
error (’transformation must be either set to TCII
or ATCII’);
end
end
end
end

equationCoefficients.m

function [A2,A1,A0] = equationCoefficients(param)
% [A2,A1,A0] = equationCoefficients(param)

% This functions returns the coefficient functions
% of a radial Schrddinger equation given by param.

h

% A2 ... coefficient of the second derivative
% Al ... coefficient of the first derivative
% AO ... coefficient of the linear term

switch param.transformationName

case ’TCII’
rxi = 1/param.xi;

A2=0(t) - rxi~2 * (1-t)."4;
A1=0(t) 2*rxi~2 * (1-t).°3;

A0=0@(t) rxi~2 * param.l*(param.l+1)*((1./t)-1).72 ...

+ param.potential (param.xi*(t./(1-t)));

case ’ATCII’
k = 1/param.beta;

A2=0(t) - param.beta”2.*(1-t)." (2xk+2);

A1=0@(t)  param.beta*(param.beta+1).*(1-t). (2xk+1);

AO=0(t) param.l*(param.l+1)*(1-t). (2*k)./ ...
(1-(1-t)."k)."2 + param.potential ((1-t)."(-k)-1);

end
end
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coeffMatrices.m

function [A,Bl=coeffMatrices(p, N)

h
h
b
b
h
h
h
h
b
h
h
h

[A,B]=coeffMatrices(p, N)

This function computes the coefficients of the difference
quotients which approximate the first and second derivative
on a equidistant mesh with N meshpoints.

Input:
p ... order of the difference scheme
N ... number of mehspoints.

Output:
A ... matrix of rows of coefficients for the second derivative
B ... matrix of rows of coefficients for the first derivative

k=p/2;
load(’coeff.mat’);

C2L = secondDerivative{k,1};
C2 = secondDerivative{k,2};
C2R = reshape(C2L(end:-1:1),size(C2L));

C1L = firstDerivative{k,1};
C1 = firstDerivatived{k,2};
C1R = -reshape(CiL(end:-1:1),size(C1L));

A = [C2L; repmat([C2 0], N-p, 1); [0 C2]; C2R];
B = [CiL; repmat(Cl, N-p+1, 1); C1R];

[NA,MA] = size(A);

[NB,MB] = size(B);

I = repmat((1:NA)’,1,MA);
J = repmat( 1:MA ,NA,1);
temp = min(N-k-1,I);

temp = max(0,temp-k);

J = J+temp;

A = sparse(I,J,A(:));

I = repmat((1:NB)’,1,MB);
J repmat( 1:MB ,NB,1);
temp = min(N-k,I);

temp = max(0,temp-k);

J = J+temp;

B = sparse(I,J,B(:));

end
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exactEigenvalue.m

function lambda = exactEigenvalue(param,n)

% lambda = exactEigenvalue(param,n)

% This function returns sufficiently accurate eigenvalues to the
% indices n for a radial Schroedinger equation given by param.

% For the Hydrogen Atom potential and the Hulthen potential with
% 1=0 this function relies on the exact formulas, in all other

% cases it computes the eigenvalues via ’finiteDifferences’

% with order p=8 and N=1500.

if strcmp(param.potentialName, ’Hydrogen Atom’)
lambda = -(n)."(-2);
elseif strcmp(param.potentialName,’Hulthen’) && param.l==0
if param.alpha < 2
lambda = -(n."(-1) - n*(param.alpha/2)).72;
else
lambda = [];
end
else
param.order = 8;
lambda = finiteDifferences(param,1500,n);
end

end

o1




4

Table 1: Cell entries of the variable firstDerivative in coeff.mat:

{1’2} % [71 0 1]
{21} & [-3 —10 18 —6 1|
{22} & [1 -8 0 8 —1]
(31} L. [—10 —77 150 —100 50 —15 2
A | 2 -24 -35 80 -30 8 -1
{32} & [-1 9 —45 0 45 -9 1|
[ —105 —1338 2940 —2940 2450 —1470 588 —140 15
{41} o5 15 —240 —798 1680 —1050 560 —210 48 —5
| -5 60 —420 —378 1050 —420 140 30 3
{42} 5+ [3 —32 168 —672 0 672 —168 32 -3 |
[ —252 —4609 11340 —15120 17640 —15876 10584 —5040 1620 —315 28
(51} L. 28 —560 —3069 6720 —5880 4704 —2940 1344 —420 80 —7
T 2820 -7 105 —945 —1914 4410 —2646 1470 —630 189 35 3
| 3 —40 270 —1440 —924 3024 -1260 480 -—135 = 24 -2
{52} Z=m [ -2 25 —150 600 —2100 O 2100 —600 150 —25 2 ]
[ —2310 —55991 152460 —254100 381150 —457380 426888 —304920 163350 —63525 16940 —2772 210
210  —5040 —39611 92400 —103950 110880 —97020 66528 —34650 13200 —3465 560 —42
{61} 5 —42 756 —8316  —27599 62370 —49896 38808  —24948 12474 —4620 1188 —189 14
14 —224 1848 12320 —17589 44352 25872 14784 —6930 2464 —616 96 =7
R 105 =770 3850  —17325  —8580 32340 —13860 5775 —1925 462 —70 5

wt

{6,2} ﬁ~ [ =72 495 —-2200 7425 23760 0 23760 —7425 2200 —-495 72 —5}



€9

(12}
{21}
{22)
(3.1}
(32)
{11}

{4,2}

{5,2}

{6.1}

(6,2}

J
831600

J
831600

Table 2: Cell entries of the variable secondDerivative in coeff.mat:

[1 -2 1]
[10 —=15 —4 14 —6 1]
[-1 16 =30 16 —1 ]
126 —70 —486 855 —670 324 —90 11
—-11 214 -378 130 8 —54 16 -2
[2 —27 270 —490 270 —27 2|
[ 3044 2135 —28944 57288 —65128 51786 —28560 10424 —2268 223
—223 5274 7900 —2184 10458 —8932 4956 —1800 380 —38
| 38 —603 6984 —12460 5796 882  —952 396  —90 9
[ -9 128 —1008 8064 —14350 8064 —1008 128 -9 |
[ 13420 29513 —234100 540150 —804200 888510 —731976 444100 —192900
—838 23476 25795 —49740 125340 —140504 114198 —68280 29290
124 —2326 31660 —53075 11640 27132 —25028 15990  —6900
—29 472 —4240 38040 —67430 34608 336 —2960 1635
[8 —125 1000 —6000 42000 —73766 42000 —6000 1000 —125 8 ]
[ 397020 1545544 —11009160 29331060 —53967100 76285935 —83567088
—21535 698510  —414141 -—3170420 7774525 —10854030 11616330
2770 —60315 950580 —1422421  —397650 2228985 —2535720
—-579 10876 ~ —113004 1161336  —2002000 761508 ~8122396507717633
| 164 —2875 25800 —172700 1325500 —2330328 1254000
[ -50 864 —7425 44000 —222750 1425600 —2480478 1425600

56825
—8540
2010
—520

70858920
—9658968
2109690
—548592
—72600

—10180 838
1517 —124
—356 29
96 -8

—46112220
6189315
—1340658
370953
—56100

—222750 44000 —7425 864 750}

22619850
—2999150
643775
—181500
42625

—8099080

1063315
__ TT78357571747839
34359738368

196
—17336

8585828603265023

_ 5043391386996, 10
34359738368

55035

—15624

4500

—304260
39359
—8270
2346
—700

21535
—2770
579
—164
50
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