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Abstract

Quantum mechanical measurements inevitably induce a disturbance on the system. If the
interaction strength is weak enough, so called weak measurements are performed. Together with
pre and post selected states they allow to extract the weak value of an observable. Here we want
to determine the weak value using neutron matter waves with polarimeter and interferometer
setups. In particular, three different kinds of experiments are proposed: (i) the first allows to
measure the weak value of the spin operator using either an interferometer or a polarimeter,
(ii) the second experiment is designed to extract the path weak value in a neutron interferometer
and (iii) the combination of both experiments forms the third one, which allows to measure a
so called ’Cheshire Cat’. Furthermore, the polarimeter experiment designed to extract the spin
operator’s weak value was carried out at the TRIGA Mark II research reactor of the Institute
of Atomic and Subatomic Physics of the Vienna University of Technology. The results agree

very well with the theory and favor further investigation of weak values with neutrons.



Kurzfassung

Wird eine Messung an einem quantenmechanischen System durchgefiihrt, so bewirkt dies un-
weigerlich eine Storung dieses Systems. Ist die Stérke der Wechselwirkung dieser Messung klein
genug, so werden sogenannte 'weak measurements’, zu Deutsch ’schwache Messungen’, vorge-
nommen. Gemeinsam mit pre und post selektierten Ensembles erlauben diese den schwachen
Messwert ('weak value’) einer Observable zu messen. Mit Hilfe der Materiewellen von Neu-
tronen wollen wir den schwachen Messwert in Polarimeter und Interferometer Experimenten
bestimmen. Dazu werden drei verschiedene Arten von Experimenten vorgeschlagen: (i) das ers-
te erlaubt es den schwache Messwert des Spin Operators entweder mittels eines Polarimeters
oder eines Interferometers zu messen, (ii) das zweite ermdglicht es in einem Interferometer
Experiment den schwachen Messwert des Pfad Operators zu bestimmen und (iii) die Kombina-
tion dieser beiden bildet das dritte, welches dazu ausgelegt ist, das sogenannte 'Cheshire Cat’
Paradoxon nachzuweisen. Auflerdem wurde das Polarimeter Experiment, welches so ausgelegt
wurde, dass man den schwachen Messwert des Spin Operators bestimmen kann, am TRIGA
Mark II Forschungsreaktor des Atominstituts der technischen Universitit Wien durchgefiihrt.
Die Resultate dieser Messung stimmen sehr gut mit der Theorie iiberein und befiirworten eine

weitere Untersuchung von schwachen Messwerten mit Neutronen.
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1. Introduction

Quantum mechanics is one of the most successful physical theories of the last century [1]. How-
ever, it is not at all intuitively conceivable. The theoretical physicist Michio Kaku put this the
following way:

"It is often stated that of all the theories proposed in this century, the silliest is quantum theory.
In fact, some say that the only thing that quantum theory has going for it is that it is unques-
tionably correct.’ [2]

One of the most problematic aspects of quantum mechanics is the measurement process [3].
It is well known that any system that gets measured, is disturbed in some way through the
measurement [4]. It is interesting to ask what happens if the disturbance on the system gets
smaller and smaller, i.e. if the interaction strength is reduced. To describe the evolution of a
system under the influence of a measurement with very little interaction strength, the theory
of weak measurements was developed [5]. In a so called weak measurement the disturbance of
the system is reduced to a minimal amount. A weak measurement is a slight change in the
particle’s impulse or a very small rotation of the particle’s spin. The theory predicts that, if
weak measurements are combined with well prepared und analyzed ensembles, surprising ef-
fects occur. This preparation is generally called pre selection of the ensemble, the analysis post
selection. One example for those strange effects are eigenvalues that lie outside the eigenvalue
range of an operator. Imagine for example to measure the value 100 for the spin of a spin-(1/2)
particle [5]. Such a large eigenvalue is called a weak value. Moreover, the weak value can be
interpreted as the ensemble’s eigenvalue between pre and post selection. This means that for
anything that interacts with the system in the weak regime it really looks like the ensemble has
the impossible large spin value. Strange as this may seem, it has already been experimentally
confirmed in an experiment using photons [6]. While performing experiments with weak values
it has also been found that they can be used as a mean of amplification.

All experiments involving weak measurements and weak values, that were performed so far,
used photons [6-8]. There are no experiments using matter waves. The use of massive particles
like electrons [9], neutrons [10], atoms or molecules [11] in experiments is of prime importance
to further develop the theory of weak measurements, since experiments involving photons only,
do not actually need quantum mechanics, but can be explained classically as well in many cases.
Since the neutron spin can be considered as a two level quantum system, it is possible to come
up with neutron polarimeter experiments to extract the weak value of the spin operator. If
an interferometer is used the spin can be combined with another two level quantum system:
the path. This allows to test how weak measurements come into play with the topic of com-
plementarity and wave particle duality. The path degree of freedom can be used to extract
the spin weak value and vice versa. Additionally it can be shown that the weak value itself
is accessible without a weak measurement using neutrons. This raises the question about the
meaning of the weak value outside the weak regime. While some say, that the weak value is
only defined through weak measurements, others claim, that it is simply a transition probability
amplitude [12]. To answer those questions novel experiments have to be carried out. How such
experiments could be designed is shown in the following chapters.



2. Theoretical background

The first chapter of this thesis gives a short overview of the concept of measurements in quantum
mechanics. After that the idea and the theoretical treatment of so called weak measurements
are presented. To elucidate this unfamiliar concept several experiments dealing with it are
discussed.

2.1. Measurements in quantum mechanics

Let |a’) be the eigenket of a Hermitian operator A that represents some observable, so that
Ald') = a'|a), (2.1)

where @’ is called the eigenvalue of An
An arbitrary ket |a) can now be expressed as a linear superposition of those eigenkets

@) =) ewla’) =) la)a|). (2.2)

Similarly the operator itself can be expanded in the same basis

A=Y "d|d)d|. (2.3)

Therefore before a measurement of the observable A is made, the system is assumed to be in a
superposition of many states [13].

Take for example a spin % particle, e.g. a neutron. The spin-wave function of such a particle can
be constructed by a superposition of the two states |S,;+) and |S,; —), where |S; +) describes
the spin state aligned parallel to the z-axis and |S,; —) that anti parallel. These two states are
orthogonal and form a basis, which can be used to express arbitrary states in the spin space.
In this basis the S, operator can be written as

g _hot_h

z 9 ~ 9 (|SZ;+><SZ;+| - |SZa _><Sz; _’)7 (2‘4)

where 67 is the Pauli spin matrix. The most general spin wave function is given by

[1s) = |5’ Ny +) = cos <g> e_i¢/2|SZ; +) + sin (Z) ei¢/2|5’z; =), (2.5)

*If there are two (or more) linearly independent eigenkets of A having the same eigenvalue, then the eigenvalues
of the two eigenkets are said to be degenerate. For the following considerations we assume that we are dealing
with nondegenerate systems.
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where 6 and ¢ describe the polar and the azimuth angle, with respect to the z-axis, respectively.
For ¢ = 0 and 6 = 0 the spin state is aligned parallel to the z-axis.

Now the following question arises: What happens if a measurement takes place? A measurement
disturbs the quantum system in a way that the wave function collapses into a single state
[14]. More precisely, if the measurement yields the eigenvalue o’ then the system collapses
into the eigenstate |a’). Quantum mechanics does not allow us to predict the outcome of the
measurement in advance, i.e. we do not know in which state the wave function is going to
collapse. However, it is possible to calculate the probability P that a certain experimental
outcome will occur. The relation

P(a’) = {d'|){ala’) = |{a'|0)]” (2.6)

states the probability that the outcome a’ is detected when the observable A is measured. One
can further define the expectation value (A) of the observable A as

(afa)

(2.7)

which can be regarded as the average value of the measurement, if many measurements of the
same observable A are repeated. Often it is simply given by (A) = (a|A|a), but it is important
to bear in mind that this form is only valid as long as the state |a) is normalized.

Since this concept is very important let us consider an experimental example, that can be
realized easily using the techniques of neutron optics. Suppose some device prepares a quantum
state in a way that its wave function is given by

W)) = ‘Sx§+> = \/gﬂszw"’_) + |SZa _>) . (28)

Now imagine that we perform a measurement of the spin’s z-component. The probability of
detecting neutrons with a (S,; +)-spin component is

P(Sz§ +) = <Sz; +| <\/g‘5m +> + \/g|sz; _>> (\/g<sza +| + \/g<5z§ _|> |Sz;+> = %a (2'9)

which means that we have a 50% chance of detection. Since the system is described only by a
superposition of two eigenstates, this also means, that we have an equal probability to detect a
neutron with (.S,; —)-spin component. The expectation value of &% is given by

63) = (\/g<5z§+| + \/;52;—\) (1525 +)(Sz; +[ = [S23 =) (S5 =) x
X <\/g|5z;+> + \/g‘sz;_>>
= (\/?Sz;ﬂ + \/?Sz; —\) (\/EISZ;H - \/E\Sz;ﬂ)

= <; - ;) =0, (2.10)

—
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which makes perfect sense. The z-component of the state |S;; +) is zero. For each measurement
we have an equal chance of detecting the positive eigenvalue +% and the negative one —%. If
we perform many measurements our measurements will yield an average of zero.

To summarize, a quantum system can be described as a superposition of eigenstates. A mea-
surement yielding an eigenvalue disturbs it in a way, that its wave function collapses into the
corresponding eigenfunction. Such a measurement is called a ’strong’ measurement. Quantum
mechanics forbids us to predict the outcome of each measurement with certainty, however Eq.
(2.6) allows us to calculate the probability of a certain outcome and Eq. (2.7) yields the average
value when many measurements are performed.

2.2. Weak measurements

Quantum-mechanically a measurement of the observable A can be described by an interaction
Hamiltonian H;, between the quantum system and the measurement apparatus. This leads to
an evolution of the system according to

[¥(t) = U)W (), (2.11)
with the time evolution operator U(t,t’), which is defined as
Ult,t =0) = U(t) = e it (2.12)
with h = 1 for simplicities sake. The standard form of an interaction Hamiltonian is given by
H; = —g(t)qA, (2.13)

where ¢ is a canonical variable of the measuring device. p is the conjugate momentum to ¢ and
g(t) is a normalized function such that its time integral is unity. The difference p; — p; between
the device’s final and initial value is called its pointer reading and registers the value of A [3].
A real measuring device’s initial wave function |®;) is a Gaussian with spread Ap centered
around p =0, i.e

|®;) = /dp oA, (2.14)

where Ag = A and Ap = ﬁ are the spread in q and p space respectively. Again /i was set

equal to one. According to Eq. (2.2), the quantum system’s initial state |¥;) can be expanded
in a linear superposition of eigenstates of A. Let the whole system’s wave function be |¢). It
consists of the measuring device’s and the prepared systems’s initial wave function coupled by
the interaction Hamiltonian. It can be shown that it evolves into

) = =t 4t Hijy) = o=t [ Hipg ) |9y = o) 4t 9084 g |,
2 2
_ _igA / —q _ iq(a'—p) —q /
=e" ZCM@)/dq xXp <4A2> |q) —an'/dp/dQGQ( Plexp <4A2> |a’) |p)
=Y [ape S0l (2.15)
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under the action of H; [15]. Looking at Eq. (2.14) one has to distinguish between two cases:
For small Ap the sum represents many single sharply peaked Gaussians, each centered around
one of the eigenvalues a’. A sketch of how the wave function would look like can be seen in
Fig. 2.1. The limit of Ap — 0 represents the case for an ideal measurement. The measurement

4

(98]

p—

Distribution Function [a.u]
[\

915 -10 -5 0 5 10 15
p [a.u]

Figure 2.1.: Sketch of Eq. (2.14) for small Ap: Many single sharply peaked Gaussians around
the eigenvalues a’.

will always yield an eigenvalue a’ with the probability P(a’) = |c,/|> and the quantum state
collapses into |a’) if @’ is measured.

For large Ap, i.e. for the case of a weak measurement, the single spikes become a sum of
strongly overlapping broad Gaussians, as can be seen in Fig. 2.2. The probability distribution
for such a system will approximate a single, broad Gaussian peaked at the mean value of A Tt
has to be stressed that a single measurement of this kind does not give any information about
the quantum system, since the measuring device’s initial spread in momentum space is much
bigger than (A}, and one cannot distinguish the results of the measurements. Nevertheless it is
possible, to obtain the whole probability distribution and find the mean value of A, by repeating
the same experiment over and over again.

Before developing the theory of weak measurements further one should bear in mind the most
important point presented so far: One of the key characteristics of an ideal or ’strong’ measure-
ment is a small initial pointer spread in momentum space, i.e. the pointers are distinguishable.
In contrast to that, a weak measurement has a large, indistinguishable pointer spread. The
most important point is, that a strong measurement will yield an eigenvalue, while a single
weak measurement does not give any significant information about the system.

Very interesting effects arise, if a quantum system is post selected, i.e. if a strong measurement
is performed right after the weak one. This leads to a collapse of the wave function into a
certain eigenstate

Uy =[¥) = cula’), (2.16)
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Figure 2.2.: Sketch of Eq. (2.14) for big Ap: The Gaussians are now very broad and overlap
strongly.

and therefore

|¢f> = <\I/f|q)l> = an/c:;; /dp efAQ(p*a/)‘p>‘ (217)

With the wave function in Eq. (2.17), it is possible to calculate a probability distribution,
which is given by a sum of Gaussians with complex coefficients. This can lead to complicated
cancellation effects capable of producing a distribution, whose peak is shifted far to one side.
This shift makes it possible to measure eigenvalues far outside their range, in some cases.

This effect was first studied by Yakir Aharanov, David Albert and Lev Vaidman (AAV) in
1988 [5]. They showed that the effects of weak measurements can be understood by simply
Taylor expanding the quantum system’s evolution caused by the measuring process, which
leads to the definition of the weak value.

[Br) = (Wy|D3) = (Wl W) @3) ~ ((W5]W5) + (W A]W) + - ) [@7)
~ iat A g
= (0 90) (1 A+ ) [0 (W5105) [ dg T exp (qu) 9

= (| W;) / dg 87 (r= (D))" ) (2.18)

Eq. (2.18) describes a single broad Gaussian centered on (A),,. It is defined as

(U Al,)
(Wy|W;)

()., (2.19)

10
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and it can be interpreted as the ensemble’s eigenvalue between pre and post selection. If |¥;)
or |I;) are eigenstates of A, the weak value is equal to the strong one. (A),, is not bound by
the eigenvalues and may yield very large outcomes [15].

In addition to that the weak value can in general be a complex quantity. What is the physical
meaning of the imaginary part of the weak value? It can be shown [16] that the weak mea-
surement causes a translation of the pointer wave function and there is a contribution to the
pointer’s mean position shift that is proportional to the imaginary part of <A)w and the rate at
which the pointer is spreading in space as it enters the measurement interaction.

2.2.1. Spin-(1/2) particles and weak measurements

In a theoretical consideration of weak measurements an experiment was found that yields very
surprising outcomes: AAV proposed to measure the weak spin value of a spin-(1/2) particle
using two sequential Stern-Gerlach magnets [5]. This experiment is now briefly explained:

A beam of spin-(1/2) particles is prepared so that their spins are aligned with the positive
z-axis.® The particle’s spin is now slightly rotated around the y-axis so that it encloses an angle
a with the x-axis. After this preparation of the ensemble (the pre selection) the particles spin
state is given by

;) —cos( )]S$,+>+sm< )\sz,—> (2.20)

Its spatial wave function shall have a Gaussian shape of width A in the z-direction. Now a
weak measurement of the spin’s z-component is performed, using a Stern-Gerlach magnet. The
interaction Hamiltonian for such a device is represented by

H; = —¢6°2, (2.21)

where the parameter ¢ describes the interaction strength, &7 is the Pauli spin operator and 2
is the position operator. The condition for weak measurements is met by making ¢ very small.
Since the interaction strength of the first Stern-Gerlach apparatus is very small, the beam
splitting is also very small. The beam is not sufficiently separate, to distinguish the two spin
components. Immediately after the first measurement a second, strong measurement is per-
formed. The beam is split into two components corresponding to |S,; +) and |S;; —). The post
selection is performed by picking up only the |S,;+) part, using a position sensitive detector.
With the definition of the weak value

(6% = (Wilo2[Oy) _ (Soi 1[853 +) (a1 + — 1823 —)(Sz: ] [cos (§) [Sws +) + sin (§) [Sx; )]
T (0| Wy) (Sz; +| [cos (%) |Sx,+ + sin (%) |Sz; — ]
~ {Sas | [cos (§) 1Sz +) +sin (§) |Sz; —)] _ sin ( -
N (Sz; +| [cos (%) |Sz; +) +s1n( ) \Sw,—>] N cos ¢ (2 (222)

and Eq. (2.18), one gets

[¥) = (pl) = cos (5 ) exp

—A? (pz — ¢tan ((;))1 , (2.23)

PThe coordinate system is chosen in the following way: The y-axis coincides with the direction of propagation,
the z-axis is parallel to the particle’s initial spin direction and the x-axis forms a right handed system with
the other two axes.

11
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The distribution of p, is given by

P = @102 = 16l =cos (5) e [-287 (p. - otan (3))] . 20)

The position sensitive detector makes it possible to measure this distribution, which will be
centered around the value (6%),,. But if a approaches a value close to 7, tan (%) can become
far larger than one and it is possible to obtain an arbitrary large value for the z-spin component
of a spin-(1/2) particle!

Not long after AAV published their first paper, a controversy about the physical sense of weak
measurements arose [17-19]. Does it really make sense to claim that one is able to measure,
say 100, for the a spin-component of a spin-(1/2) particle?

In 2010 Aharonov together with Sandu Popescu and Jeff Tollaksen elucidated the topic with a
gedankenexperiment involving spin-(1/2) particles [20]:

At time tg it starts with an ensemble of particles whose spin is aligned parallel to the z-axis
(preselection). At some later time ¢; a measurement of the x-spin component is performed and
only the particles with their spin aligned parallel to the x-axis, i.e. with the spin state |Sy;+),
are selected (post selection). Thus it seems that at any time ¢ty < ¢ < t; the spin of the post
selected particles has a well defined spin component in both the z- and the x-direction.

The whole problem becomes even more complicated if you ask what happens if you evaluate
o 0 the spin of one particle along a direction in the xy-plane making an angle of § with the
axis. The operator for this a measurement is

51 = % (65 +62). (2.25)
In this case, both spin components seem to be well defined and therefore one could naively
think that the measurement result will be 67 , = v/2: This is obviously wrong, since the spin
component in any direction can only be 1, if o; is evaluated. So where is the mistake?
The answer is rather simple. &7 and &) are noncommuting observables and cannot be well
defined at the same time. It is impossible to measure both at the same time. If either &3 or 63
are measured the quantum system will be disturbed and we will not find the large value, which
we expected.
However, weak measurements make it possible to measure the spin component of a large number
N of particles without significantly disturbing the system. Take for example N spin-(1/2)
particles all in the |S,;+) state at ¢y and thanks to a successful post selection all of them are
in the |S,; +) state at some later time ¢;. At a time typ < t < ¢; a nondisturbing measurement
of 67 and &7 is performed. Since neither measurement disturbs the other, they can be done
simultaneously and we will get the result

Orpa =1\ 50z +02) = V2 N £VN. (2.26)
So what is the physical meaning of this result? Does it really mean that the ensemble has the
impossible large spin value?

The weak measurements are imperfect and hence they are afflicted with a large uncertainty.
What we are dealing with is really a measurement error. But, and here comes the interesting
point, this error is not random, it has to occur if the post selection succeeds and in every
interaction in the weak regime the system does behave as if is has the impossible large value.
In contrast to ideal measurements, weak ones are not able to give any significant information

12
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about a single particle. All they can yield is the ensemble average. However, by choosing a
cleverly pre- and post selected ensembles, this ensemble average can behave unexpectedly. It can
even lie far outside the region of eigenvalues. At this point it is very important to emphasize, that
weak measurements do not contradict quantum mechanics. They are a necessary consequence
of quantum mechanic’s mathematical structure. As the next section shows, many experiments
have been performed, that confirm the predictions made by the theory of weak measurements.

2.3. Associated experiments

This section is devoted to three different experiments dealing with weak values. At the beginning
the first realization of a weak measurement is presented, which showed that weak measurements
can be used as a means of amplification. The second experiment shows such an amplified weak
value measurement. The third experiment makes use of weak measurements in order to extract
the average trajectory, i.e. practically the Pointing vector, of an ensemble of photons in a double
slit interferometer.

2.3.1. First realization of a weak measurement

In 1991 the first experiment, which was able to confirm the predictions made by the theory
of weak measurements was conducted by N. W. M. Ritchie, J.G. Story and Randall G. Hulet
at the University of Texas [6]. It is an optical analogue to the experiment proposed by AAV,
discussed in section 2.2.

Instead of a beam of spin-(1/2) particles a Gaussian mode laser beam was used. The pre- and
post selection are carried out using optical polarizers. The weak measurement was done by a
birefringent-crystalline quartz, which caused a very small beam splitting. A schematic diagram
of the setup can be seen in Fig. 2.3 The electric field vector of the laser beam after passing
through the first polarizer E; (pre selection) is given by

—

22 4 12
E;(z,y) = Eyexp <— U—}%y > [cos (o) €, + sin () €] , (2.27)

where wq describes the width of the laser beam. The coordinate system was chosen such that
the direction of propagation coincides with the z-axis, and the polarization is linear with at
angle « with respect to the x-axis. Together with the y-axis the two build a right handed
coordinate system.

Now the weak measurement is performed, by using a birefringent crystal. The crystal sepa-
rates the two orthogonal linear polarization components of the field. The condition of a weak
measurement is met by making the separation a of the beam very small compared to the beam
width, i.e. a < wp, making it impossible to distinguish the two beams.®. After the weak
measurement the electric field vector Ew becomes

E,, (z,y) = Eyexp (;“;) [cos () exp (W) é, + sin () exp CU?/;) éy] . (2.28)

0 0 0

°The beam width wo was given by wo = 55um compared to a beam separation of a ~ 0.64um

13
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Figure 2.3.: A schematic diagram of the setup, that realized the first weak measurement: The
photons are produced by a He-Ne Laser, then collimated by a lens system (T,L1),
before they pass through the first polarizer (P1). The weak measurement is done
by a birefringent-crystalline quartz (Q). Finally the ensemble is post selected via
the second polarizer (P2) and detected (L2,D) [6].

Then the post selection is performed using the second polarizer, which is aligned at an angle 3
withe respect to the x-axis. The electric field vector after post selection Ey is given by

- —z? - a)?
Ey (x,y) = Epexp <w§> [cos (a) cos (B) exp <(yw§)> +
2

- sin ) sin (9)exp (4 )| eos (9) 2 + sin (9) 2, (2.20)

0

Taking the absolute square of the Eq. (2.29) at x = 0 yields the intensity distribution along the
y-axis.

_ a)? — 92
I(y) = Iy |cos? (o) cos? (B) exp (2(‘?}%—)) + sin? () sin? (B) exp ( 522/ ) +
— a)? 2
+2 cos (¢) cos () cos () sin () sin (/3) exp ( € +w8) +y > (2.30)

Looking at Eq. (2.30), three different cases have to be distinguished.

1. If the first and the second polarizer are aligned in the same way, i.e a = 3 = 7, the
intensity profile is a single broad Gaussian centered at y = 0. This single broad profile is
really a superposition of two Gaussians that are shifted by the beam separation caused
by the birefringent crystal. However, the separation is much smaller than the beam width
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2. Theoretical background

and therefore not visible. This situation is plotted in Fig. 2.4.
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Figure 2.4.: Plot of Eq. (2.30) for « = 8 = §: The intensity profile appears to be one single
Gaussian. The small beam separation a is not visible.

2. If the first polarizer is adjusted to an angle of @ = 7 and the second one to an angle of
B = %Tﬂ + 0.022 a measurement of the weak value is performed. Initial and final state
are nearly orthogonal. The Gaussian distribution is visible in Fig. 2.5. It is caused by
a destructive interference of two Gaussian distributions and is centered around the weak
value. Note the small intensity that occur for this case. We will come back to that shortly,

but first we want to look at the last case we have to consider.

3. It occurs if « = 7 and 8 = %’r. Now the final and the initial state are orthogonal and the
weak value is no longer defined. As it is clearly visible from Fig. 2.6 the intensity profile
shows two separate Gaussians. The separation between the two distributions is much
bigger than the actual beam splitting, amplifying a by two orders of magnitude. This
behavior shows that the concept of weak measurements can be applied to amplify signals.
As with the previous case, the intensity is very low. This is due to the orthogonality of
the pre and post selected states and presents a general problem when dealing with weak

measurements. The interesting effects occur at very low intensities.

This experiment fully confirmed the predictions made by the theory of weak measurements. It
is an impressive demonstration of what this technique is capable of and showed new possibilities
for its applications for example as a means of amplification.
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Plot of Eq. (2.30) for « = § and 3 = ?ﬂf + 0.022: This situation represents a weak
measurement. The intensity profile is a single Gaussian shifted to one side, with
a shift that is much greater than the beam separation caused by the birefringent
crystal. Note that the intensity is now much lower than compared to the previous
case.
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Plot of Eq. (2.30) for o = 7 and 3 = ?ﬂf: Initial and final state are now exactly
orthogonal. The weak value is no longer defined. The intensity profile shows two
separated beams, with a separation much greater than the one caused by the bire-
fringent crystal, making it possible to use the technique of weak measurements for
amplification.
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2.3.2. Beam deflection measurement via interferometric weak value
amplification

In 2009 P. B. Dixon, D. J. Starling, A. N. Jordan and J. C. Howell from the University of
Rochester made use of the amplification effect discussed in the previous section to measure the
beam deflection in an interferometer experiment [7].

The experimental setup basically consisted of a Sagnac interferometer and a Piezo driven mirror,
that was used to slightly deflect the beams. This deflection is equal to a weak measurement.
A collimated laser beam entered the Sagnac interferometer through a polarizing 50/50 beam
splitter. Half of the beam will travel clockwise along path I and the other half counter clockwise
along path II. After the beam splitter the polarization is purely horizontal. In addition to that
a phase shifter was added into the interferometer. The experimental setup can be seen in Fig.
2.7.

HWP .
Piezo
/ Driven
ccD Mirror
Camera
To Oscilloscope =SBC
or Lock-In 50/50
Amplifier BS
Polarizing 10x
Quadrant BS Objective
Detector

Fiber

HWP QWP

Figure 2.7.: A schematic diagram of the setup of the experiment performed by P. B. Dixon
et al. [7]: After passing through polarization optics, the beam enters a Sagnac
interferometer consisting of three mirrors and a 50/50 beam splitter arranged in a
square. The piezo mirror gives a small beam deflection.

The preselected state is now

) = | P)IX) = ﬁ (e=/2(1) + ie™2|11) ) ), (2:31)

where x is the additional phase shift caused by the phase shifter and | X) describes the transverse
position degree of freedom.

The weak measurement is now performed by slightly tilting the mirror at the symmetric point
of the interferometer, using a piezo driven motor. This deflects the beams dependent on their
direction of propagation. The condition of a weak measurement is met by making this deflection
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very small. The interaction Hamiltonian for this process is given by
H; = k211, (2.32)

with & being the transverse position and k being the transverse momentum shift caused by the
mirror. The operator II, is called path operator, which is represented by a Pauli matrix and
given by

IL, = |I)\(I| — [II){I]. (2.33)
The system’s wave function [¢)') after the interaction is
) = e M P [ X) = (1 - ke T ) | )] X). (2.34)

Because the condition ka < 1, with a being the initial beam size, is fulfilled, the measurement

is weak. At the exit of the interferometer a projection onto the state |Py) = \/g (i|I) + |I1)) is
performed. This is the step of post selection.

o (Py|TIE|P)
no_ _ D ) — . _ A<f7’
(Prlufy = (Py] (1 = iR TI2) IP)IX) = (PrIPo) | 1= ik =5 ot | 1)
N ——
=(112).
= (Py|P)e M) | x) (2.35)

The first part in Eq. (2.35) describes the probability that post selection will succeed. It is given
by

2
Pps = [(Py| P = '; (/1] — de/(11) GIT) + |11))

= i ‘ieix/Q _ ie—ix/2‘2 - % (1 —cos (x)) = sin? (%) . (2.36)

The second part describes a momentum shiftd, that depends on the weak value and on the shift
caused by the weak measurement. The weak value is

(Prlet|Py) (| —a(I]) (I){I] = [I)(LT]) (e™/|1) + ie™/?| 1))

1), = = : ,
(L) (Pt|P;) ieix/2 — je—ix/2
e_iX/Q + eiX/Q . X . 2
= m =1 cot (E) ~ Z;, (238)

dWhy does the term e~ **® <r;[§>“’ describe a momentum shift? This is not obvious at first sight, but the proof
is really quite simple. k(I1Z),, = ¢ has the dimension of a momentum. Let |p) be an arbitrary momentum
eigenket, then

e p) = L+ iz + ) [p) = |p) —Ca%\p) +o=lp =0, (2:37)

which proves that e~%*¢ is the translation operator in momentum space.
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which can become much bigger than unity for small values of x.

Even though the beam deflection caused by the mirror is very small, it gets amplified two orders
of magnitude by the weak value. This setup made it possible to measure beam deflections of
400 + 200 frad. The travel of the piezo actuator was measured to be 14 + 7fm, proving quite
impressively what weak values are capable of. The experimental results can also be seen in Fig.
2.8.
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Figure 2.8.: Measurement results of the experiment performed by P. B. Dixon et al. [7]: Beam
deflections as small as 400 £ 200 frad were measured.

2.3.3. Average trajectories of single photons

In 2011 a group around Aephraim Steinberg at the Centre for Quantum Information and Con-
trol and Institute for Optical Sciences of the University of Toronto performed an experiment
observing the average trajectories of single photons, i.e. the pointing vector, in a two-slit inter-
ferometer using weak measurements [8].

The basic experimental setup consisted of a quantum dot, that served as a source for single
photons, a double slit interferometer, a polarizer used for preparing the states, a birefringent
calcite crystal, which performed the weak measurement, a quarter wave plate to project the
polarization state onto a certain axis and finally a position sensitive detector. It can be seen in
Fig. 2.9.

A single photon was produced at the quantum dot. After passing through the double slit it was
sent through a polarizer preparing it in the diagonal polarization state

D) = \Eﬂm +1V)), (2.39)

where |H) coincides with the horizontal polarization axis and |V') with the vertical one. Hence
the photon’s total wave function is given by

) = [D)|P), (2.40)
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where |P) describes its path.

Now the weak measurement of the photon’s transverse moment k, was performed. The photon’s
direction of propagation coincided with the z-axis. This was done by inserting a birefringent
calcite crystal that changes the polarization of the photons passing through it by introducing
a phase shift dependent on k.. In agreement with the formalism introduced in section 2.2, the
Hamiltonian for this interaction is given as H;, = gk: S,. Therefore the photon’s polarization
wave function after the weak measurement can be expressed as®

) = e 9Hit|ih) = exp

JH[ = V)YV Y)

gS
Oz

~ ( R ) \v><V|> ﬁ (1H) +V)) |P)

it zgkt . _
_\/;(\H>+!V>)]P) o (1H) = [V)|P) = (\D>

>> . (2.41)

This way the weak measurement of the photon’s transverse momentum is carried out using the
polarization degree of freedom as a pointer. Now the post selection is performed. This is done
by performing a strong measurement of the position of the photon, which is of course nothing

‘h=1
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A) o || A : )
Px
L) L) L
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Figure 2.9.: Schematic drawing of the experiment performed by S. Kocsis et al. [8]: A quantum
dot served as a source for single photons. A double slit interferometer and a polar-
izer were used to prepare the states. The birefringent calcite crystal performed the
weak measurement and a quarter wave plate projected the polarization state onto
a certain axis, which allowed the position sensitive detector to pick up the photons.
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else than the detection of the photon on the CCD chip.

(2110) = (e PD) = GtaslhalPlA) = Gas1P) | 1D}~ 90 S22
E(ifz>w
= (zy|P) <\D> - th<l%x>w!z4>>
Y(zy)
:MW4J;WHNW—;%%MWﬂﬂW)
_ w%f) <\H> _ Z'%t<12;gc>w|ﬁr> + V) + Z'“";t<l%m>w|‘/>>
_ dﬁfg) [e_igt/2<icz>w‘H> +eigt/2<l%z>w‘v>}
_ wi;%f) [emiotha)/2 gy 4 cioth)/2)y) (2.42)

where ¢(k;) is defined as ¢(k,) = I—i'(/;:QC)w ¢ is a real parameter that describes the interaction

strength. Eq. (2.42) shows, that the weak measurement adds a phase to the wave function. To
measure this phase the projection onto the y-axis is performed. This is done using a quarter
wave plate. Mathematically this means

(639 = DL [eisworrag g+ oty ] (R)GRI = 1001

7S
Ty

y [e_w(km)/z‘ H) + ew(kz)/z,m} (2.43)

Using |R) = \/g(|H) —i|V))and |L) = \/g(|H> +4|V)), basic algebra and the fact that ¢ (zy)
is normalized to unity yield

(63) = —sin [p(k,)] (2.44)

<5’;> is now measured using a beam displacer, which spatially separates photons with right hand

side and left hand side polarization and allows to observe Ir and I; separately. Because <6Z>
is defined as

. I, —Ig
sy — 2.4
o) = 1 (2.45)
the weak value is
. k| . 1 (Ir—1IL
i _ ) 2.46
() ¢ \Ih ¥R (2.46)

It is important to realize that the weak momentum value detected at the position x was already
measured at the calcite crystal. The Hamiltonian of a freely propagating particle commutes
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with the interaction Hamiltonian and the 67 operator acts in a different Hilbertspace than the
momentum operator. Because of that k, is not changed in any way after the weak measurement
has taken place.

As mentioned previously one weak measurement alone does not yield significant information
about the system, because it is afflicted with a very large error. However, by repeating the same
weak measurement over and over again, the weak value can be determined by a high degree
of certainty. This is the reason why the experiment was performed with an ensemble of over
30,000 photons. The weak momentum value was mapped out for every x-position in a certain
z-plane. After that the detector was moved in positive z-direction and the same procedure was
performed again. By mapping out (k;),, at different z-values and connecting the corresponding
weak momentum values it was possible to observe the average photon trajectories. The results
of this measurement can be seen in Fig. 2.10. It cannot be stressed enough that single particles

2+

Transverse coordinate[mm]

3000 4000 5000 6000 7000 8000
Propagation distance[mm]

Figure 2.10.: Measurement results of the experiment performed by S. Kocsis et al. [8]: Weak
measurements made it possible to map out the average photon trajectories in a
double slit experiment.

are not constricted to these trajectories. It is impossible to follow the trajectories of a single
particle and observe the interference pattern at the same time. Any attempt to do so would
require a strong measurement and therefore alter the system in a way that destroys the inter-
ference. The weak momentum measurement does not disturb the system and the interference
is still observed, but one measurement alone does not yield any useful information about the
photon’s momentum. By performing the same measurement over and over again one can map
out the average particle trajectories and not more. One cannot simply trick quantum mechanics
using weak measurements.

Naturally the question arises what kind of additional information the weak measurement yields
that cannot be extracted from the final interference pattern itself. The interference patter alone
does not tell us anything about the way the photons took after passing the double slit. It just
shows where they are likely to be detected on the screen. The trajectories measured by Stein-
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berg and his group tell us where the photons are likely to move, in order to get to the screen
where they form the interference pattern. For example the experiment showed, that photons
that passed the lower slit are very unlikely to pass the symmetry axis to the upper half of the
screen.

As extraordinary the experiment performed by S. Kocsis et al. seems at the first look, there
are several issues that are not addressed by them. First of all they repeatedly claim to have
measured so called Bohmian trajectories for the photons. However, those trajectories are not
defined for bosons. This is due to the fact, that it is not possible to construct a relativistic
quantum mechanical theory for bosons with a conserved probability current density with a pos-
itive definite time component. All they did was to measure the pointing vector of the photons.
In addition to that the system is purely photonic. Quantum mechanics is not needed to perform
the calculations necessary for this experiment. Classical electrodynamics suffices. It would be
more interesting if the experiment was conducted with matter waves.

Finally S. Kocsis et al. omit the fact that the weak value can be complex. It is not clear whether
the real or imaginary part or the absolute of the weak value was measured.

2.4. Technique of neutron polarimeter optics

To gain further insight into the nature of weak measurements and weak values, for example how
they come into play with the topic of complementarity and wave particle duality, it is necessary
to perform experiments with matter waves. Optical experiments with neutrons are one of the
most ideal tool for this kind of studies. At this point a brief overview of the technique and
physics of neutron polarimeter optics is given.

2.4.1. Neutron spin

The neutron has a mass m of m = 1.6723 x 10727 kg and a magnetic moment |ji| of || =
9.66 x 10727J/T that is coupled to its spin of S = géi, where é; defines the quantization axis.
Its magnetic moment and its spin are related by

=S, (2.47)

where 7 is the so called gyromagnetic ratio. It is equal to v = —1.8301 x 108 s~1T~! [21].
If an external magnetic field B acts on the neutron’s magnetic moment, it tries to align it.
Doing that it exerts a torque, which yields the following equation of motion

B §xB=Fxar, (2.48)
dt

where &7, = —VB is the so called Larmor frequency. Equatlon (2.48) shows that the change of
S in time is normal to both S and B. This means that S and therefore i [t precesses around the
external field B.

When the majority of the spins in a neutron beam are aligned in one direction, one is dealing
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with polarized neutrons. In general the degree of polarization P is given by

LI

_ 2.49
Ll (2.49)

where I, is the intensity of neutrons with spin up and I_ is the intensity of spin down neutrons.
Magnetlc fields are necessary to either keep up or manipulate the direction of neutron’s spin
vector 5. To prevent depolarization® by the earth’s magnetic or other stray fields, either a field
free region has to be created or a magnetic field that is parallel to S has to be applied. Such a
field is called guide field.

So what happens if the external magnetic field changes? The answer to this question is rather
simple. If the field’s direction changes slowly enough the neutron’s spin follows the field direc-
tion. Slow means that the condition

d ( B )
|B]

has to be fulfilled. This type of spin change is called adiabatic. Fig. 2.11 shows a schematic
visualization of an adiabatic spin change. From (2.50) it is clear that the maximum rate of field

) / /
—- ) / / 7 —
neutron beam T / f / _)-)

L

< |wil, (2.50)

Figure 2.11.: Schematic visualization of an adiabatic spin change: The blue arrows represent the
external magnetic field, the red arrows the spin. To fulfill the adiabatic condition,
the distance L along which the field changes has to be sufficiently long.

change depends on the neutron’s velocity. For thermal neutrons and long distances, even the
earth’s field change of direction could lead to an adiabatic spin change. Therefore, magnetic
guide fields are required to prevent unwanted spin rotations and depolarization of the neutron
beam [22].

2.4.2. Polarizing supermirrors

In order to work with polarized neutrons it is first necessary to polarize the neutron beam. This
is done by filtering neutrons with one spin component out, which can be achieved by various
means. A possible way is to use so called polarizing supermirrors. Their functioning principle
is now briefly explained.

Neutrons can be reflected from smooth surfaces. The neutron index of refraction is given by

Vv

2
=1—-—= 2.51
=1 (251)

fi.e. to conserve the spin direction
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where FE is the neutron’s kinetic energy and V' is the potential experienced by them. It is given
by

27 h2

mnp

V=

Nb, (2.52)

where m,, is the neutron’s mass, N is the density of nuclei and b, is the nuclear scattering
length. Since n depends on FE, it is a function of the neutron’s wavelength.

For a lot of materials the index of refraction for neutrons is below one. Because of that, neutrons
can be totally reflected when they hit a boundary. Total reflection occurs up to a critical angle
0., which is given by

0, = A : (2.53)

where A is the neutron wavelength [10,23]. Beyond 6. the neutron wave penetrates into the
material and is partially reflected at boundaries between layers of different materials which
usually have a different b.. In this way, a supermirror and its many layers represent an artificial
lattice at which Bragg reflection occurs. The layers are thickest on the surface and become
gradually thinner. Every layer adds a Bragg peak and therefore extends the critical angle 6..
To polarize neutrons using a supermirror one has to take magnetic scattering into account as
well. To put it simply the magnetic interaction adds a magnetic scattering length p to the
nuclear one. p depends on the relative orientation of the neutron spin to the magnetization.
This means, the total scattering length depends on the neutron spin as well. As we have already
seen, the critical angle depends on the scattering length and thus, for magnetic materials, also
on the neutron spin.

A supermirror with one type of layers being magnetic, neutrons with spins either parallel or anti
parallel to the layer magnetization have a different reflectivity. For the state of the neutron spin
parallel to the magnetization the total scattering length is enhanced, for the anti parallel one it
is reduced. If the reduced total scattering length is the same as the total scattering length of the
non magnetic layers, the total scattering length appears to be constant for one spin component.
The supermirror becomes transparent, because the neutrons of one spin component do not see
the boundaries any more. Thus only one spin component is reflected and the neutron beam
gets polarized [24].

2.4.3. DC-coils

DC-coils can be used to manipulated the neutron’s spin. They present an easy way to achieve a
neutron spin flip in an external magnetic field and simply consist of two rectangular coils. One
of them produces a field B, in x-direction and the other produces a field B which points in the
opposite dlrectlon as the gulde field in order to compensate it. Thus the total field inside the
coil will be Bp = By + B, + Be. A schematic drawing of a DC-coil in an external guide field
is given by Fig. 2.12. The change of fields across the winding sheets happens so fast, that the
spin is left unaffected. In order to achieve a w-flip, the time for the neutron spent inside the
coil has to correspond to one full Larmor precession which gives the flip condition

d= Li’” CIus , (2.54)
e VB
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Figure 2.12.: Schematic drawing a m-flip by a DC-coil in an external guide field By. The neutron
spin (red) is inverted inside the coil. The neutron direction of propagation is
marked by v.

where d is the width of the coil, ¥’ is the neutron speed and &y, is the Larmor frequency. Thus,
for a given coil one can adjust the magnetic fields B, B, and B, in order to perform a 7-flip.
A spin flip by a DC-coil is only possible for monochromatic neutron beams, monochromatic
flippers, i.e. they can only flip the spin of the beam with one specific wavelength. It is also
noteworthy that they are not limited to a w-flip. They can be used to turn the neutron spin in
any given direction [25].

2.4.4. A polarimeter beamline

With the components described in the previous two subsections it is now possible to construct
an apparatus called neutron polarimeter. Such an apparatus is depicted in Fig. 2.13.
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Figure 2.13.: Schematic drawing of a polarimeter beamline: A complete polarimeter beamline
consist of a monochromizing crystal (M), a polarizer to prepare the neutron beam
(P), at least two DC-coils (DC1 & DC2), a guide field (GF), an analyzer (A) and
a detector (D).

GF

Neutrons are produced by some source, usually a nuclear reactor. The spectrum of such a
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beam is usually polychromatic, i.e. the energy spreads in a wide range. As we saw, polarizing
supermirrors and DC-coils are in principle only available for monochromatic beams. They only
work with one specific wave length. It is therefore necessary to monochromize the beam. This
is done by a crystal, e.g. by a perfect Si crystal. The monochromator is put into the neutron
beam and reflects only neutrons with a certain wave length, that fulfills the Bragg condition.
By rotating the crystal and reducing the exit beam’s cross section, it is possible to align the
polarimeter in a way that only one specific wave length remains in the beam.

After the monochromator the first supermirror is placed. It selects neutrons with one spin
component, lets them pass and blocks the neutrons with the other spin component. This
supermirror is generally called polarizer. After that at least two DC-coils are placed in the
beam. They allow to pre and post select certain states. By mounting several coils on translation
stages and supplying them with bipolar power supplies, it is possible to create any initial and
final spin state.

At the end of the beamline a second supermirror is placed. It is called analyzer and is usually
identical to the polarizer, i.e. the first supermirror. As its name implies the analyzer enables
one to analyze the final spin state. It allows only a certain spin component to pass to the
detector at the end of the beamline.
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3. Weak value measurements using neutrons

As section 2.3 showed, there have been plenty of experiments confirming the predictions by the
theory of weak measurements. Nevertheless, all of them used photons. To avoid the ambiguity
of the use of classical electrodynamics and to show genuine quantum mechanical treatment
by using neutron matter waves, several novel experiments, using neutrons for the extraction
of weak values as well as for weak measurements, are proposed in this chapter. With those
experiments the theory of weak values can be experimentally validated with matter waves of
massive particles for the first time.

3.1. Weak values of the spin operator

In this section several experimental ideas are presented that make it possible to determine the
spin operator’s weal value.

3.1.1. Determining the absolute of the spin operator’s weak value

Here a possibility is shown to extract the square of the absolute of the weak value using a
neutron interferometer setup, by making small path dependent spin rotations and observing
the intensities at O- and H-beam.

Fig. 3.1 shows a schematic drawing of the setup, which consists of a §-spin turner, the inter-
ferometer itself, two spin rotators and a post selector. We start with a completely polarized

ST I

SR,

II

Figure 3.1.: Schematic drawing of neutron interferometer experiment for extracting the absolute
of the spin operator’s weak value: The complete setup consists of a §-spin turner
(ST), the interferometer itself, two spin-rotators (SRy & SRir), a post selector [two
coils to select the azimuth and polar angle (A & P) and the red spin analyzer (SA)]

and a detector (D).
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neutron beam, so that the neutron’s spin wave function is |S;; +). Before entering the interfer-
ometer the spin is turned by 7, causing its wave function to become [S;;+).

After the first beam splitter the system’s wave function [¢) has to be extended by a part
describing the path:

) =|P)S) = \/g(ID + 1)) [Se; +), (3.1)

where |P) and |S) represent the path and the spin part of the wave function. The wave function
given by Eq. (3.1) describes the state of the pre selected ensemble. Now a small spin rotation
around the z-axis is performed. Here we assume that the spin rotations are strictly positive
along path I and negative along path II. The condition of a weak rotation is met by making the
angle of rotation « small.

) = [ Se 21,1 + Lo, iy (32
At the exit of the interferometer the beams are recombined. For the O-beam this yields
[B0) = [P (Polt) = 5 (1] + {11]) [e7%20211) + o022 11)] |5, )| )
= 2 [ ] 5 ). (33)

Analogously the wave function for the H-beam becomes

1 s o
(@) = |[PPRl) = 5 (1] = (1) [e7°02(1) 4+ €722 11) | |S03 49| )
1 P 06 S
= 5 [t — o022 |5, 4) ). (3.4)

Since « is very small, it is possible to expand the exponential functions in Egs. (3.3) and (3.4):

1 SV AS ;S
‘(I)o> _ 5 [e—maz/Q +ezaaz/2] ’Sz;+>‘Po>

1 Yo Tope iV AS
~ 5 [(1 — w;az> + (1 + 204202,)] S0 ) |P) = |Se; )| Py) = |i) (3.5)
’(I)h> — 5 |:efzaaz/2 _ elaaz/ﬂ |Sx7 +>|Ph>
. tad; tad; . _ —iad? o _ —iad?
~ 5 [(1 - ) — (1+ 5 )] [Sai ) [Ph) = — 218w H)|Pa) = — i) (36)

Now the post selection is carried out for the O-beam, onto the general spin state

S - 75 +) = cos (g) e /28 +) +sin (g) e/2|8,; -, (3.7)
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If we define |S - 7;+) = |f) and |S,; +) = |i), the intensities for the O- and H-beam are given
by

541D, = [(10)2 (3.8)

Il
©

and

2

_iag 2
= [i8 - as+lon)| = | (1| =57 1) = 5 ezl (39

~S
i)

From the measurement of the I, and I} intensities, it is possible to extract the absolute of the
spin operator’s weak value

Kozl _ 2 [T
[(flol aV L

Instead of making the experientially difficult observation of I, and I; intensities separately, it
is simpler to do intensity modulation measurements. For this an additional phase shifter is
inserted into the interferometer and the intensities for a phase shift of x = 0 and y = 7 are
measured. For fixed |f) and |i) the minimum and maximum intensities correspond to H-beam
and O-beam.

It is now possible to calculate the intensities I, and I;,. With the two matrix elements

(S - ; +|®,) = [cos (Z) /(S +| + sin (g) e 2(S,; —@ \/g[ysz; +) + 152 )] |1B)
1 0\ ; 6 ,
= — — Z¢/2 ] — —Z¢/2
5 [cos <2> e'?’* 4 sin (2) e ] | Py) (3.11)

A 0 . 0 ) Yo Toud 1
(S - n;+|Pp) = [cos <2> "/2(S,; 4| + sin <2) e 2(S,; —@ [—W;Z] \/;[Sz; +) + 152 )] | Pn)

=t et

the intensities can be calculated as

1 0 . 0
= — - ld)/z 3 — 7¢/2

(S-n;+|® > 5 [cos (2>e + sin <2)
[cos ( ) + sin (Z) CcoS <§) (eid’ + e_i‘z’) ~+ sin

1+ cos (¢) sin (0)] (3.13)

(62| = (3.10)
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3. Weak value measurements using neutrons

and

65t = [-22] fos (8) 97 s (2) )
] () ()
=5 | (5) —sn (5) cos (5) (¢ +e) +sin? (5]

= — [1 — cos(¢)sin ()] (3.14)

‘QM oo‘Q

~ o0

Inserting Eqgs. (3.13) and (3.14) into Eq. (3.10) yields

1 —cos(¢)sin (0)

~S 2
wl” = 1
(02l 1 + cos (¢) sin (6) (3.15)
With given |i) and |f) it is possible to find an analytic solution for (6%),:

(6% = (flosli) _ [(S2:+| cos (§) /2 + (S.; —|sin (§) e /2] [|S5;+) — [S25—)]

‘ (f17) [(S2;+| cos (§) e9/2 + (S.; —|sin (§) e=i@/2] [|S.; +) + |Sa; —))]
= (é) % sin (? G R . (3.16)

cos (§) €#/2 + sin (§) e~1¢/2 14 e cot (5)

The absolute square of Eq. (3.16) is now given by Eq. (3.15), which shows that an experiment
designed as described above, will yield the absolute of the spin operator’s weak value, if the
pre- and post selection, as well as the small spin rotations, can be realized with high enough
precision.

Simplified Version

The experiment presented above can be carried out even easier. Instead of a neutron interfer-
ometer a 50:50 beam splitter would do to conduct the experiment, as can be seen in Fig. 3.2.
Pre selection is performed the same way as previously, i.e. we start with |S,;+) and turn the
neutron spin by 7, to end up in the [S;;+) state. At the beam splitter the beam is separated
in an upper and a lower part. The upper part is left unaltered and gets post selected onto the
state |S-7;+). As in the previous section we define |i) = |S,; +) and |f) = |S - #; +). Therefore
the intensity measured at the end of the upper part is given by
2
=|

I, = (fli)?, (3.17)

(8 i +1Si 4|

which is of course the same as Eq. (3.8). Along the lower path the neutron spin is rotated by
m around the z-axis, which changes the state into

28, 4) = [oos () —iotsin (5 )] 1S +) = —i21Sui +): (3.18)
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3. Weak value measurements using neutrons

ST A\ I A P SA D
z
X \ SR A P SA D
S B

Figure 3.2.: Simplified version of the neutron interferometer experiment for extracting the ab-
solute of the spin operator’s weak value: The interferometer is replaced by a 50:50
beam splitter (light blue). Only one spin rotator is necessary (SR). The same post
selection is performed on both paths [two coils to select the azimuth and polar angle
(A & P), the red spin analyzer (SA) and a detector (D)].

Here the exact formula

exp (i 65 - 1) = Lcos (a) +i 675 - Nsin () (3.19)

where 67 is a Pauli matrix and 7 marks the axis of rotation, was used. Again post selection

onto the state |§ -n;+) is done. The intensity measured at the end of the lower path is given

by
2 ~S|:\ |2
=P, (3.20)

I = (S - i +|65] Sy +)

which is similar to Eq. (3.9). The absolute of the spin operator’s weak value can be obtained
by measuring the intensities for upper and lower path

(S-mHEsISs | el [T
Afzg w| = N = Z - 1, >
RCE (8-S )| W10 . o

Again it is possible to evaluate the matrix elements (S-7; +|65]S,; +) and (S-7; +|Sy; +), which
are needed to calculate the intensities. They are given by

(S - iv; +|65|Sp; +) = \/g I:COS (g) "2 _gin (Z) ew/ﬂ (3.22)
(S -7y +|Sy+) = \/g [cos <z) "2 4 sin (Z) e‘wﬂ] (3.23)

which leads to the intensities

and

‘2 — 21 = cos (¢) sin (0)] (3.24)

DO | =

I = (S - it +|62] S +)
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3. Weak value measurements using neutrons

and
I, = (S - ;4|8 +) g % [1 + cos (¢) sin (0)] (3.25)

Inserting Eqgs. (3.24) and (3.25) into Eq. (3.21) yields exactly the same solution as for the
calculations of the previous experiment, i.e. Eq. (3.15).

It is very interesting to note, that no weak measurement is performed in this experiment.
Nevertheless it is possible to extract the absolute of the spin operator’s weak value. This sheds
a new light onto the nature of the weak value. It was introduced within the context of weak
measurements. However, this experiment clearly shows that the weak value itself is accessible
without such.

3.1.2. Polarimeter experiment for the determination of the absolute of the spin
operator’s weak value

If the measurements are performed sequentially, not even a beam splitter is needed. A setup
consisting of a polarizer, a DC-coil to turn the spin by 7, a second coil to perform the 7-rotation
around the z-axis and an analyzer that post selects the state \S’ - n;+), would be enough to
extract the absolute of the spin operator’s weak value. Fig. 3.3 shows such a setup. The

P ST SR A P SA D

Figure 3.3.: Further simplified version of the neutron experiment for extracting the absolute of
the spin operator’s weak value: The interferometer is replaced by a polarimeter
setup, which consists of a polarizer (P), a Z-turner (ST), a 7-rotator (SR) and a
post selector [two coils to select the azimuth and polar angle (A & P), the red spin
analyzer (SA) and a detector (D)].

absolute of the spin operator’s weak value would then be given by

so (= WIGE] _ [Ton
(620l = LI _ [l (3.20

where I, is the intensity measured, when the 7-rotator is turned on and I,g when it is turned
off.

If the initial state is given by |Sg;+), it is also possible to perform a 7m-rotation around the
y-axis. Post selection on the |S - 7i; +) state would then yield the absolute of (6;)w- Since the
operator &y is given by

:7’-|Sz;_><sz§+| _i’Sz§+><Sz;_| (327)
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3. Weak value measurements using neutrons

its weak value, for this particular set of initial and final state, is
(flo3i)  [(Sz;+|cos (5) €972 + (S —|sin (§) e7*/] [i]S; =) — ilSz; +)]

{Og)w = (Fliy [(Sz,—i—\cos( ) ei®/2 4 ( Z7—]s1n( ) e /2] [|S25+) + 152 )]
B i sin (2) ’¢/2—zcos( ) ig/2

coS ( ) ei%/2 4 sin ( ) —i¢/2 (3.28)
It is interesting to note that Re((67)w) = — Im((6,)w) and Im((63)w) = Re((6;)w), i.e
Re((62)u) = = Im((6y)u) = sec (60) + cols (¢) tan (6) (3.29)
and
Im((63)w) = Re({Gy)w) = ot (d) T Cslc @) o (@) (3.30)
as well as
Abs ((63)w) = Abs ((67)w) - (3.31)

The weak value of 6% is constant.

In order to gain a deeper insight into the calculations performed here, the weak value of 3 is
plotted in Fig. 3.4 and that of ¢, in Fig. 3.5.* By comparing Figs. 3.4b and 3.5d, Figs. 3.4d
and 3.5b, as well as Figs. 3.4f and 3.5f, the statement made by Egs. (3.29), (3.30) and (3.31)
become apparent.

It also possible to perform the experiment with different initial states, to determine other spin
operator’s weak values. Take for example a system with an initial state quantized along the
positive z-axis, so that it is given by [i) = |S.;+). Now rotations around the x- and y-axis are
non trivial. Since the weak values become

(flogley [(S2:+|cos (§) /2 + (S.; —|sin (§) e7/2] i|S.; +)

<&Z>w =

(fliy [<Sz§ +| cos (%) e®/2 + (S,; —|sin (g) e—i¢/2] 1S.; +)
i@ ey
= e =1 (5) 3.32)
and
(65)0 = <f|5'fﬁ‘z> [ Sz; +]| cos (g) /2 4 S.; —|sin (g) e_i¢/2] |S.;—)
ST [(Se+H cos () €72 + (S —[sin (§) e797] [S.; +)

_Sm(z) —i9/2 <9> —i¢
= —cos( L = tan 5)e " (3.33)

the same relation as in the previous case can be found between them.

Re((6)) = - Im((02)) = sin (&) an ( 5 (3:34)

For each case the initial state is given by |S,;+), the final one by |5 - ft; 4).
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3. Weak value measurements using neutrons

2
Re(<o>) [au.] g

(a) 3D plot of Re((65)y) [real part of Eq.
(3.16)]

2
Im(<o>) [a.u.] 0
o,
-2

(c) 3D plot of Im ((6%),,) [imaginary part of Eq.
(3.16)]

(e) 3D plot of Abs((65),) [absolute of Eq.
(3.16)]

(b) Contour plot of Re ((65).,) [real part of
Eq. (3.16)]

(d) Contour plot of Im ({(6%),,) [imaginary
part of Eq. (3.16)]

6 [rad]

(f) Contour plot of Abs ((65),) [absolute of
Eq. (3.16)]

Figure 3.4.: Visualization of (63), for both, real and imaginary part, as well as its absolute
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3. Weak value measurements using neutrons

(a) 3D plot of Re ((65)w) [real part of Eq. (b) Contour plot of Re ((65)) [real part of
(3.28)] Eq. (3.28)]

Im(<c>) [a.u.]

(c) 3D plot of Im ((&;)w) [imaginary part of (d) Contour plot of Im ((6;>w) [imaginary
Eq. (3.28)] part of Eq. (3.28)]

6 [rad]

(e) 3D plot of Abs ((65),) [absolute of Eq. (f) Contour plot of Abs ((6%).) [absolute of
(3.28)] Eq. (3.28)]

Figure 3.5.: Visualization of <&Z>, for both, real and imaginary part, as well as its absolute
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3. Weak value measurements using neutrons

and
Im((G,)w) = Re({63)w) = cos (¢) tan (g) , (3.35)
as well as

Abs((67)w) = Abs((y)w)- (3.36)

Here (6%),, is constant, since |i) is an eigenstate of 3.

For completeness sake it is worth looking into the last possible case, that is the initial state
quantized along the positive y-axis (|i) = |Sy;+)). The weak values (63), and (63), then
become

(53, = 102k} _ [(8xi+lcos (5) 9 + ;f\sin(%) e 2] [i]Sz; +) +Sz; —)]
e (f19) [ S.;+|cos (g) ei9/2 4 (S,; —|sin (%) e~ 19/2] [|S,; +) +14]S.; )]
_sin(g) e P ficos () € 2 +i (3.37)
cos (§) e@/2 +isin (§) e=i0/2 i+ eidcot (§)
and
ey W10 _ [+ cos (8) 4% + (5.5 sin (§) %) 1) — 1)
TRl (S cos (§) /2 + (S —|sin (§) e /2] 1825 4+) + ]S )]
_ cos (g) /2 zs1n(2) —i¢/2 _ 2 41 (3.38)
cos (4) e/2 +isin (§) e=0/2  jei¢ cot () — 1

It is not surprising to find

Re((03)w) = —Im((63)w) = csc (8) sec ((125) T tan (@) (3.39)
and

Im({02)w) = Re((2)) = sec (6) + sin:tgzﬁ) + tan (¢)’ (340)
as well as

ADbs((63)w) = Abs((67)w) (3.41)

and (Gy)w = 1.

It would be very interesting to perform a polarimeter experiment test the validity of the relations
given by Egs. (3.31), (3.36) and (3.41) within a limited degree of polarization in a practical
experiment. One might object that such an experiment would have the flaw that sequential
measurements would be needed. However, since the neutrons are indistinguishable from each
other, it can be argued that such measurements would still yield important information. In
addition it can be realized very easily from an experimental point of view and is therefore worth
looking into.
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3. Weak value measurements using neutrons

3.1.3. Determining the spin operator’s complete weak value

All of the above experiments have the limitation, that it is only possible to extract the absolute
of the spin operator’s weak value. So, it would be very interesting to measure its real and
imaginary part separately, to check out their relation, which was stated in the previous section.
If both experiments are combined in a clever way, theory predicts a possible measurement of
all the desired variables. The basic setup for such an experiment can be seen in Fig. 3.6. It

ST I SR
V4
PS
X A P SA D
IT I
4

Figure 3.6.: Interferometer experiment for extracting the complete weak value of 63: The setup

consists of a §-turner (ST), a neutron interferometer, a phase shifter (PS), a m-spin

rotator (SR) and a post selector [two coils to select the azimuth and polar angle (A
& P), the red spin analyzer (SA) and a detector (D)].

consists of a §-turner, which pre selects the spin state, a neutron interferometer, a phase shifter,
a m-spin rotator, and an analyzer that performs the post selection onto the final spin state.

As in the previous experiments the initial spin state is prepared in |S;;+). At the first beam
splitter the beam is separated into two paths.

¥) = ﬁ(\n +[11)) [S2; +) (3.42)

Now a phase shifter shall be put into the beam only along path I. In addition to that a m-rotation
of the spin around the z-axis, also only on path I, is performed. This causes [¢)) to become

W) = ﬁ X2 1) +1D)] 1553 +) (3.43)
At the second beam splitter the beams are recombined
[B0) = [PPI) = 5 (T + (1)) [eXe/2| 1) 4 17D)] |S2:-4)| P
= £ (1—ie™62)|S; )P (3.44)

After the recombination, the post selection onto the final spin state, which is given by Eq. (3.7),
is performed. Let this spin state be our final one, |S - n;+) = |f), and |Sg;+) = |i) our initial
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3. Weak value measurements using neutrons

one. Therefore the intensity for the O-beam of the interferometer becomes

2
Io = |54 (1= iea3) )| = 1 |(F1) — ie{ 1ol (3.45)

In general (f|i) and (f|63]i) are complex numbers, which can be written as
(fli) = Are™ (3.46)
and
(fl63]i) = Age™. (3.47)

Using these two definitions, Eq. (3.45) becomes

2
1 %iei[Hﬁer

2
‘ 1

1, o 1,
Io = 7 [Are™ —ie™ A " = - | Are|”

1 2 A i[x+(r2—71)] A —i[x+(v2—1)]
_4|A1| {1—1A1e 1—|—ZAle

N Ao l* Az ieramnl | A2 il )]
B S M

_ AP A Ay ~
- 4 1+ Al +2A1 Sln[X—i_(fY? ’Yl)]

2

‘A1|2 Ag 2 A2 T
- 14|22 22 ) = 4
1 + 1 + 2A1 cos [X + (2 — M) } (3.48)

For the empty interferometer, i.e. with the m-rotator turned off, the O-beam’s intensity is
1 ix -\ [2 1 A\ 12 (95X —ix |A1|2
Io= 7 [+ ) D = S 1A (X +1) (7 +1) = - 4+cos(0)] (349)

Using Eqgs. (3.46) and (3.47) the weak value is

(F16315) _ Az sy
Uiy A

Combining Egs. (3.48), (3.49) and (3.50) it is possible to extract the weak value. In comparison
to the empty interferometer, an additional phase shift of (y2 — 1) — 5 is expected, when the

(02)w

(3.50)

2
m-rotator is turned on. In addition to that the amplitude of the oscillation is modified by ﬁ—f.

By making an intensity modulation measurement for a fixed |f), that is for fixed ¢ and 6, first
with the m-rotator turned on, and then turned off, and comparing both, it is possible to measure
(12 —m)— 5 and ﬁ—f and thus extract the weak value.

39



3. Weak value measurements using neutrons

3.1.4. Experimental value range

To find the experimentally relevant values of ¢ and 6 for all the experiments presented so farP,
one has to look at Fig. 3.4. The most interesting cases occur for the following sets of variables

1. Fixed # at £7 and a scan of ¢.
2. Fixed ¢ at 0 and a scan of 6.

The first case represents the final spin state on which post selection is performed lying in the
xy-plane, rotated around the z-axis with angle 6. In the second one the final state is fixed in
the xz-plane and rotated around the y-axis by the angle ¢. The singularities in the plots occur
whenever |f) and |i) become orthogonal. The two cases can also be plotted on the Bloch sphere,
as one can see in Fig. 3.7. The red circle represents the first case, the blue circle the latter one.
Two possible value ranges for an experiment can be found in Tab. 3.1. From the experimental

sz0)=( )

[Sx;+)

[Sx3—) )

Figure 3.7.: Cases one and two on the Bloch sphere: The first case represents the final spin
state on which post selection is performed lying in the xy-plane, rotated around
the z-axis with angle 6 (red circle). In the second one the final state is fixed in the
xz-plane and rotated around the y-axis by the angle ¢ (blue circle).

point of view one has to bear in mind, that for orthogonal states the detected intensity becomes
very low. It is proportional to:

I, x % [1 4 cos (¢)sin (0)] (3.51)

and plotted in Fig. 3.8. Comparing the regions of interest in Figs. 3.4a-3.4d to the intensities
in Figs. 3.8a-3.8b the dilemma appears: Physically interesting values of # and ¢ are related

PIf initial and final state are given by |Sy;4) and |S - 7i; +).
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3. Weak value measurements using neutrons

to low intensities. Long measurement times and a stable experimental setup are necessary in
order to get statistically significant results.

=T

(a) 3D plot of the detected intensity [Eq. (b) Contour plot of the detected intensity [Eq.
(3.51)] (3.51)]

Figure 3.8.: Visualization of the expected intensity given by Eq. (3.51).

3.2. Weak values of the path operator

All the novel experiments presented so far, extract the weak value of the spin operator. In
contrast to that, a different experiment is proposed in this section, which uses a weak spin
rotation to measure the weak value of the path operator. This would help to develop a new
insight of the complementarity relation and the wave-particle duality.

Fig. 3.9 shows the experimental setup. A neutron beam is prepared in a way that all neutron
spins are aligned parallel to the z-axis. After that the spin is turned by 7, aligning it along the
positive x-axis. The neutron beam is split into two paths as it enters the interferometer and

[6=5=90° [[#=0 |
¢ =0° 6 = 90°
¢ = +£45° (£%) 6 =90°+45° (3 £ 7)
¢ = +90° (£7) 6 =90°+90° (3 £ %)
¢ =+120° (£3F) || 6 =90° £120° (5 + =)
¢ =+135° (£27) || 6 =90°+135° (3 +°7)
¢ = £150° (£3F) || 6 =90° £ 150° (3 + 2F)
¢ =£165° (£57) || 6 =90° £165° (% + )
¢ =+175° (£57F) || 6 =90° £175° (5 + 27)

Table 3.1.: Possible value ranges for an experiment
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3. Weak value measurements using neutrons

ST I
—- A4
ABS; SR;
7 PS
X A]IBS[I SRy; A P SA D
. ——- )
11

Figure 3.9.: Interferometer experiment for a weak measurement of the path operator: The setup
consists of the interferometer itself, a §-turner (ST), two variable absorbers (ABSy
& ABSqy), two spin rotators (SR & SRir) and a spin analyzer [two coils to select
the azimuth and polar angle (A & P), the red supermirror (SA) and a detector

(D)}

experiences a path dependent phase shift. In addition to that, variable absorbers are placed in
both paths, which complete the pre selection of the ensemble. Now the weak measurement is
performed. This is done by rotating the spin in the xy-plane. By making the angle of rotation
very small, it is guaranteed that the system is not disturbed significantly. At the exit of the
interferometer the beams are recombined. This is equal to post selecting the ensemble. Finally
(63) is evaluated. Here it is explained, how this setup allows to perform a weak measurement
of the path operator.

As long as the neutron spin is aligned parallel to the z-axis its spin wave function is given by
|S2; +). After the T-turn it can be described by

)= /5024 185, (352

When the neutron beam enters the interferometer, it is split into two paths. The spin wave
function has to be extended by a part describing the path, so that the combined wave function
|t)) becomes

) = |P)S) = \/E(ID + 1) \/E(\SZ;H +15:-)) (3.53)

where |I) and [II) describe path I and path II respectively. After that a phase shifter is put
into the beam. This adds a path dependent phase (e=™/2 for path I and eX/2 for path II).
Additionally variable absorbers are placed in both paths. This enables the pre selection of the
ensemble. The normalized wave function |¢)) describing the system is now

) = e ™X/2V/b|T) + eiX/Q\/a\II>] \/g (1525 +) + 1525 =)], (3.54)

|P) |Sz;5+)
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3. Weak value measurements using neutrons

with a and b = 1 — a describing the effect of the absorber present in the paths.© At this point
the pre selection of the ensemble is completed.

Now the weak measurement is performed. This is done by rotating the spin in the xy-plane.
By making the rotation path dependent, it is possible to 'mark’ the path the neutron took.
The angle of rotation is kept small. Therefore the system’s wave function is not disturbed
significantly and the condition for a weak measurement is fulfilled. The interaction Hamiltonian
for such a measurement is given by

[ — —BIL, — — S5,

ez (3.55)

where (i is the neutron’s magnetic moment and B an externally applied magnetic field. [ is
directly proportional to the neutron’s spin via the so called gyromagnetic ratio ~. B and ~
can be combined into the parameter «, which describes the angle of rotation and therefore the
interaction strength of the measurement. &% is the operator describing the rotation around the
z-axis and IL, is the operator which represents the neutron’s path. It is given by a Pauli matrix
as I, = |I\(I| — |[II)(II|. This experiment is designed to extract the weak value of IL,. After
the weak measurement the wave function evolves.

iassTl Za&iﬁz
W) = z“z”w})w(w 5 )|¢>

iaﬂz
2
iozf[z
9 |PZ> (|Sz; +><Sz§ +| - |Sz; _><Sz; _’) ‘Sxa +>
iaﬂz

2

= |P;)|Sz; +) +

|Pi)02|S2; +)

= [Pi)[Sz; +) +

= |P)| Sz +) + |Pi)|Sz; —). (3.56)

At the exit of the interferometer the neutrons are post selected by recombining the beams.
Mathematically this is done by multiplying the projector |Pf)(Py| with the the final state

“a ranges from 0 to 1. For a = 0 path II is completely blocked, for 1 path I. At a = 0.5 the absorber is equally
strong for path I and II.
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[Py) = /5 (1) + 11)) from the left onto [¢).

@) = |Pr){(Psly)’) = |Py)(Ps|P;)|Sx; +) + %a|Pf><Pf’ﬂz‘B>’Sm§ -)

ia (Py|IL|P;)

———

1Sz =) | |Py)

E(ﬁz>w

:\[ [me—mmﬁew}\/g [<|sz;+>+|sz;—>> S (15254) — 125 ) | 1Py)

=€

_\%[<1+i§( )\Sz,+ < ?a >15z7—>] |Py)

zﬁ<e oMb /2) 5 4) 4 eIl 5 ) ) | Py) (3.57)

The weak value is now defined as (f[z>w and acts as an additional phase in the wave function.

After post selection (65) is evaluated

N =

(@63 ®)  (Py|Pr) ec*

Ss\ _ —ia(Il, Y /2 ia(Il) /2 .
62 = g1 > ol (° (Sus+ +e (85-1)
X (1855985 =1 4 183 =) (S +]) (€725 4 4 emiolledr2| —>)
_ 1 | |2 —ia(ﬁz)w/2 ia(Il) /2 (T15)0 /2 (Il ) /2 .
=S (¢ (Sss | et/ ) (o025 1) + 5::-))
_ L e? (em<nz>w+e_m<n >) _ e <a<ﬁ> ) (3.58)
2(2|®) (@) a ’
Since
1 . . 1 . A
le? = \/g [\/1 —ae 2?4 \/a eZX/Q} \/; [\/1 —aeX? 4 \/a e_’X/Q]
1
=3 ++va(l—a) cos(x), (3.59)
and

P¢|P . . o
(®|@) = <f£f> [VI=a e/2 4 /g em/2] (8,3 +lemioMeder2 4 (5. —|eiolllhn2]

x [efoldur2s,; ) 4 emiollder2|s,; )] % [VI=a ™2 4 y/a es?]
=+ Vall—a) cos(x) (3.60)
are equal, i.e. |¢[? = (®|®), Eq. (3.58) becomes
(62) = cos (a<flz>w) (3.61)
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3. Weak value measurements using neutrons

The left hand side of Eq. (3.61) is now given by (65) = ﬁ;t and the weak value can be

determined by measuring the two different intensities for 7, and I_.

(L) (0, Loy T) = é arccos ([ﬁ - H) (3.62)

I, and I_ are the intensities for the neutron spin aligned parallel and anti parallel to the x-axis.
In Eq. (3.56) a Taylor expansion of the exponential function has been performed according to the
theory of weak measurements, making use of the fast that @ < 1. Let us try a slightly different

approach now, which uses the exact formula exp (ia 63 ﬁ) =lcos (a) + i 75 - fsin (a)d.

Wy = emégflz/2|¢> = {cos (%) + 6211, s1n( )} | P;)[Se; +)
_COS( )|P>‘SI,+>+103H sm( )\P)|Sx,+>
_cos( ) |P>\Sx,+>+zsm< )H | Pi)|Sa; =) (3.63)

Again post selection is performed.

[©) = [P (Pyl4) = cos (5 ) IPAPHIP IS0 4+) +isin (5 ) 17 (PP -)

= (Pf|P) cos< ) S, +) + ésin (2) w S0 =) | 1Pf)
=(IL)w
— Vi-a e_”i;;—{— va /2 [cos ( ) |Sy;+) + isin (%) (IL.) | Sz —>} | Pr)
= Vi-a e_iX/; +V/a e { [cos (%) + isin (%) (ﬂz>w} |S.; +)+
+ [cos (%) —18111(2) () }|SZ;—>}fo>, (3.64)

and finally (673) is evaluated

(62) = el 2 = LT S [ (e — st ) (5ui-+ + (o (L) (821

WS ¢+ is(II )\SZ,+ ( (L) )\52;—>}
- % @[3) [(c — is(f[z>w)2 + (C + is(f[z>w) 2]
[cos2 <%> — (IL.)2 sin? (%)} , (3.65)

X [|Sz7+><52a_‘+’52, Za+|

dMathematically this means that we consider all orders of «, instead of just the first.
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3. Weak value measurements using neutrons

where the abbreviations s = sin(§) and ¢ = cos(§) were used. With the same abbreviations
the normalization factor (®|®) is

o' e
[1 +2y/a(1—a)cos( } [cos (2) + (II,)Z sin (§> (3.66)
so that Eq. (3.65) simplifies to
<As _ cos (%) — <1f[Z>121} S?n (%) (3.67)
cos? (%) + (IL;)2 sin (%)
and the weak value (II.),, becomes
I, -1 cos® (%) — (I1.,)2 sin? (%)
Lo +1- cos? (%) + (L)% sin? (%)
. cos? (§) — fomeos? (3) 1 a
= sz’: ++1 =/ = cot2 (2 3.68
L) sin? ($) + ﬁ;t sin? (%) I € (2) (3.68)
Per definition the weak value can be calculated as follows
(LY, = (PATL|Py)  [(I] + (2I]] [em/2VT —a|I) — eX/>\/alI1)]
o= BIR) |+ () [T = all) + oV yallD)]
V1 —a-— X
_vl-a-yac (3.69)

 V1I—a+/aeix

The plot of Eq. (3.69) in Fig. 3.10 exhibits very interesting features. In some sense the
information about the absorber is stored in the real part of (ﬂz>w, whereas the information
about the phase shifter is found in the imaginary part.

For a = 0 path II is completely blocked and all neutrons have to go through path I. For this
case Re((ﬂz>w) becomes 1. The opposite limit is a = 1. Now path I is completely blocked
and Re((Il.),,) equals -1. For any case between those two limits, i.e. both parts are partially
blocked, Re((I1)y) is —1 < Re((I1.)y,) < 1.

It is also possible to model the absorber in a different way, using

|P;) = e~ /2 cos (a) [I) + eX/?sin (a) |I1). (3.70)

Now a ranges from 0 to 5. Again, for a = 0 path II is completely blocked, for § path I. At

a = 7 the absorber is equally strong for path I and II. Equations (3.62) and (3.68) do not
change. However, the weak value itself becomes:

<ﬁz>w = <

PIL|P)  [(I|+ (11]] [e=™/2 cos (a) [I) — eX/2sin (a) |I1)]
(Pr|P;) [<I| + (I1]] [e—iX/2 cos (a) |I) + ex/2sin (a) |II>]
cos (a) — sin (a) eX

_ e
cos (a) + sin (a) ex

(3.71)

46



3. Weak value measurements

using neutrons

(a) 3D plot of Re((Il.),) [real part of Eq.
(3.69)]

(c) 3D plot of Im((II.),,) [imaginary part of Eq.
(3.69)]

(¢) 3D plot of Abs((Il.),) [absolute of Eq.
(3.69)]

Figure 3.10.: Visualization of the weak value, for real
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(b) Contour plot of Re((Il.),,) [real part
of Eq. (3.69)]
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(d) Contour plot of Im((II,),,) [imaginary
part of Eq. (3.69)]

a[a.u]
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- - T

]

z
2

(f) Contour plot of Abs((Il.),,) [absolute
of Eq. (3.69)]

and imaginary part, as well as for the

absolute of the weak value. The absorber is modeled as |P;) = e~ X/2\/b|I) +

eX/2\ fa|IT) with b=1 — a.
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3. Weak value measurements using neutrons

Real and imaginary parts of Eq. (3.71), as well as its absolute value are plotted in Fig. 3.11.
The different parametrization of the absorber in the calculation induces no big effect on the
weak value itself. The maxima and minima are more compact, but the overall shape stays
roughly the same.

3.2.1. Estimates of the measurement strength’s influence

To get a better understanding of the system it is possible to perform an analytical evaluation

of the factor = JJ‘. For this we start with the system’s wave function which is given by Eq.

(3.54) and let the evolution operator U = exp (M) act upon it.

S OTT . AS 5% ] — i 1
') = etoll=02/2)) = giall=o2/2 (e XI2T=all) + e Wﬁ\u)) \@qsz; +) + 1S5 -))
1 . fias A .
o G e RN e

+ /TN Sz; +) + N2 Val TS ) )

1 . . . .
= \[2 (e_ZX/Q\/m 218, 4) + e NE/T —a e T2 )8, )+

+ /2@ TS5 +) + N2 a IS, -)) (8.72)

Now we post select onto |Py)(Ps| with |Py) = \/g(|l> +|II)) and get

1/ : / ‘
@) = 1Pp)(Prle) = 5 (72T =a e /25, +) + e V2T = o705, —)+
+ X2\ fq e7i02|S, s 1) 4 eiX/2\ /g ¢i/2|8,; —>) | Py)

:{; [em0/2 T 4 02 ) [ )+

+% [e*"(XM)/Q\/E—Fei(X*a)/Z\/&} 1S.; _>} ‘pf> (3.73)

The next step is to perform the projection onto the negative and positive spin state, which
yields

\/7{ SZ,—H S.; ’}{ [—z(x—a)/Qm_'_ei(x—a)/z\/a} ’Sz;+> +

5[—%& WI=a 0yl 15 | 1Py

— 1{{*1xa m+exa)/2\f} {*zx+a 2 /1 —a+é x+a/2\[}}’ )

8
(3.74)
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3. Weak value measurements using neutrons

aﬂ[a.u]

T
8
—Iﬂ' _% T ,% }'I!' X [rad]
(a) 3D plot of Re((Il.),) [real part of Eq. (b) Contour plot of Re((Il.),,) [real part
(3.71)] of Eq. (3.71)]
a [a.u]
i max
3n
8
P min
2 1
Im(<IT>) [a.u.] 0
o «
- -1 T 5 X [rad]

(c) 3D plot of Im((II.),,) [imaginary part of Eq. (d) Contour plot of Im((II,),,) [imaginary

(3.71)] part of Eq. (3.71)]
a [a.u]
Abs(<I1>) [au] 2
e = x o X [rad]
(¢) 3D plot of Abs((Il.),) [absolute of Eq. (f) Contour plot of Abs((Il.),,) [absolute

(3.71)] of Eq. (3.71)]

Figure 3.11.: Visualization of the weak value, for real and imaginary part, as well as for the

absolute of the weak value. The absorber is modeled as |P;) = e=™/2 cos (a) |I) +
eX/2sin (a) |11)
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3. Weak value measurements using neutrons

and analogously

<sx;+\q>>:ﬁ{[lw VT =0 +e02/g) 4 [enI02 T 1 ei0cr)/2 /) | |py)

(3.75)
With Eqgs. (3.74) and (3.75) it is possible to calculate the intensities /_ and I
I = |(Sy;—|®)* = % [1 —2+/a (1 —a)cos (X)] sin? (%) (3.76)
L = [(Sy; +]®)2 [1+2Vf‘TiZfam )] cos? (g) (3.77)
Finally we get
I, -1 cos(a)+ 2\/ﬂcos (3.78)

I, +1_ 1+2\/ (1 —a)cos (a)cos (

Now it is possible to directly evaluate the expectation value of the operator &) to check the

result.
55y = {BLSE +){Se5 | + |91 =) {56 +) [ )
’ ([®)
_ (@555 ) (S5 —[P) + (@[Sz; —)(Sz; +[P)
= (B3 (3.79)
With
(®]S,; +)(Sa; —|®) = i [0/ T =g o0 a/?f} o702 T = g 4 )2 /5]
= i [cos +2v/a(l—a)cos(x)+i(2a —1)sin(« )] , (3.80)

(@S5 =) (Sz; +|P) = [ (+a)/2, /T g 4 e—ilxta /2\f] [ i-)/2 /T g 4 o a/g\f}

|:COS +2v/a (1 —a)cos (x (1 —2a)sin (a)} , (3.81)

»h\»—wb\

and

(@]0) = ¢ [0/ 2T =g 4 o702 /] [emI0/2YT = g 4 /02 /5]
+1{ (+)/2, /T =g + o~ ilxta /Q\f} [ —i(x+a)/ erei(xm)ﬂ\/a}
[1+2\/1——acos a—y +1+2\/a(17—a)cos(oz+x)}
{2+2\/17—a cos (a + y) + cos )]}

(ax
= 2+ 4v/a(l—ajeos(a ms)}—%+ a(I—a)cos(a)cos(x),  (3.82)

pM'—‘

»MH»N»—WM)—*
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3. Weak value measurements using neutrons

we get

(65 = %cos (@) +y/a(l—a)cos(x)  cos(a)+2y/a(l—a)cos(x) (3.83)

++V/a (1 —a)cos () cos (x) 1 +2y/a (1 = a) cos (a) cos (x)’

which is just the same as Eq. (3.78). The degree of polarization is plotted in Fig. 3.12. A fixed
value of a = 0.5 has been used. Having obtained this result, it is possible to further develop the

X [rad]

(a) 3D plot of the degree of polarization for a (b) Contour plot of the degree of polarization
fixed value of a = 0.5 [Eq. (3.83)] for a fixed value of a = 0.5 [Eq. (3.83)]

Figure 3.12.: Visualization of the degree of polarization. The absorber is set to a fixed value of
a = 0.5. As expected the degree of polarization ranges from 1 to -1 one.

theoretical analysis of the experiment. Eq. (3.62) now becomes

. 1 arceos | S (@) +2y/a (1 —a) cos(x)
<Hz>w‘ (a,0,%) =~ <1 T 2y/a T a) s (a) cos (X)) (3.84)

and Eq. (3.68) simplifies to

- 1 -2y/a(1—a) cos(x)
<Hz>w‘ (a,x) = \/1 T2el ) ey (3.85)

The same calculation can be performed for the second absorber model. For this case the
intensities /_ and I, become

I = |(Sy: —|B)[2 = % 1~ sin (2a) cos (x)] sin® (5 ) (3.86)
and
Iy = [(Sy;+|®)|? = % [1 + sin (2a) cos ()] cos? (%) . (3.87)
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3. Weak value measurements using neutrons

The calculation using the approximation to extract the weak value then yields

(3.88)

(10| 0200) = L arceos (222100 s Gedeos )

1 + sin (2a) cos (x) cos (a)

whereas the one that considers all orders of « yields

<ﬂz>w‘ (a,x) = \/ 1 — zii gz; zzz Eig (3.89)

At first glance it seems, that the exact calculation and the use of a Taylor expansion of the
exponential function lead to two fundamentally different results. Egs. (3.84) and (3.88) depend
on « and their results can be a complex number. In comparison to that, Eqs. (3.85) and (3.89)
are independent of a and always real. For any given value of a and y the result will never be
imaginary. But they are exactly the absolute of the analytic solutions given by Egs. (3.69) and
(3.71)!

Now the question arises, if there exists a certain value of «, for which Egs. (3.84) and (3.88)
reproduce the weak value’s analytic solution. First of all, one has to notice, that the solutions
obtained by using a Taylor expansion are practically the arccosine of the degree of polarization.
As we showed earlier the degree of polarization always varies between -1 and 1. So we have
(IL.)y (z) o arccos (x) with —1 < 2 < 1. For this value range the arccosine function is always
real! This means that also the calculational method using approximations will never yield the
weak value’s imaginary part.

The next step is quite simple. We perform ’simulations’ of the actual measurement. Equations
(3.84) and (3.88) tell us what we will measure, if the experiment is performed at an ideal setup,
for given values of «, a and x. All we have to do is to pick values and compare the analytic
solutions given by Egs. (3.69) and (3.71) with what we expect from the experiment. The results
of such a ’simulation’ can be seen in Fig. 3.13 to 3.17. In Eq. (3.84) a has been set to 0.5 and
its result is plotted for four different values of o dependent on the phase shifter position x.

Fig. 3.13 shows the plot of Eq. (3.84) for a = b = 0.5 and o, = §. For —5 < x < § the two
curves match. However, for larger values of y the analytic solution rises more steeply than the
measured solution.

If the angle of rotation is now reduced the curves begin to match better and better. This can be
seen in Fig. 3.14 to 3.16, in which the values of « are reduced to ap = g, ac = 55 and ag = 3.
For values of o that are smaller than 3¢, the curves are nearly identical.

This tells us several very important things. Firstly Egs. (3.62) and (3.68) are equivalent for
small values of «, even though the first one is derived using an approximation and the second
one is obtained by using exact formulas only.

Moreover we now know what small values of o means. As soon as the Eq.(3.62) reproduces
the weak value’s absolute, « is small enough. Fig. 3.13 to 3.16 tells us, that this happens at
a < 55, i.e. for a angles of rotation that are smaller than or equal than 5°. This means that the
interaction strength, described by the parameter « is at the order of magnitude of o ~ 0.1. This
also means that higher orders of « are already very small, i.e. O (az) ~ 0.01. Clearly rotations
that are smaller than this fulfill the condition of a weak measurement and the approximations
made in Eq. (3.56) are justified.

In addition to that, it is now clear that the experiment will only yield the absolute of the path
operator’s weak value. This is a bit of a setback, because to this point it was believed that the

experiment would allow to extract 'which-way-information’ from the interferometer, but one
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3. Weak value measurements using neutrons
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Figure 3.13.: Simulation [Eq. (3.84)] and the absolute of the weak value’s analytic solution
[absolute of Eq. (3.69)]. The absorber is modeled as |P;) = e=™X/2\/T —a|I) +
eX/2\/a|IT) with a = 0.5 and o = 7 /4.
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Figure 3.14.: Simulation [Eq. (3.84)] and the absolute of the weak value’s analytic solution
[absolute of Eq. (3.69)]. The absorber is modeled as |P;) = e=™X/2\/T —a|I) +
eX/2, /a|IT) with a = 0.5 and a = 7/8.
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Figure 3.15.: Simulation [Eq. (3.84)] and the absolute of the weak value’s analytic solution

[absolute of Eq. (3.69)]. The absorber is modeled as |P;) = e=™X/2\/T —a|I) +
eX/2\/a|IT) with a = 0.5 and a = 7/20.
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Figure 3.16.: Simulation [Eq. (3.84)] and the absolute of the weak value’s analytic solution

[absolute of Eq. (3.69)]. The absorber is modeled as |P;) = e=™X/2\/T —a|I) +
eX/2\ /a|IT) with a = 0.5 and « = 7/36.
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3. Weak value measurements using neutrons

does not know if the neutron took path I or II. The problem is made clear by Fig. 3.17¢. The

1 !

ANALYTIC
SIMULATION -

|<IL,>,| [a.u.]

0 0 0.2 0.4 0.6 0.8 1
afa.u.]

Figure 3.17.: Simulation and the weak value’s analytic solution [Eq. (3.84)] for x = 0: It ranges
from 0 if both paths are equally blocked (a = 0.5) to 1 if one path is completely
blocked (@ = 1 or a = 0). While Abs ((flz>w> tells us that the ensemble went
through one path rather than another, it does not tell us which one and therefore
makes it impossible to extract pure 'which-way-information’. It is noteworthy
that the approximation made by Eq. (3.84) works very well for small values of .
The simulation was performed with an angle of @ = 5° and there is no notable
difference to the analytic solution.

absolute of (IL,),, ranges from 0 to 1. If both paths are equally blocked (a = 0.5), Abs ((f[z>w>
becomes 0. One half of the ensemble goes through path I, the other through path II. If one
path is completely blocked (¢ = 1 or a = 0) the weak value becomes 1. This tells us that
the ensemble went through one path. However, it does not tell us which one. To extract pure
'which-way-information’, it is at least necessary to measure the real, or even better also the

imaginary part of (IL,),, as well as its absolute.

3.2.2. Influences of imperfect experimental circumstances

The calculations presented so far, are approximations for an ideal system. However, it would be
close to impossible to recreate this ideal system in an experiment and therefore some changes

have to be made to get a more realistic description.

°For Fig. 3.17 and the considerations thereafter, let the absorber be modelled as in Eq. (3.54).
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3. Weak value measurements using neutrons

For this the system’s pre selected wave function has to be

1 , , 1
_ —ix/2 ix/2 _ . .
|P;) IS)

The factor p (0 < p < 1) takes into account, that the neutron beam’s polarization might not be
perfect. For p =0 Eq. (3.90) describes a totally polarized beam along the positive x-axis. As p
becomes bigger the degree of polarization becomes smaller, till it becomes zero for p = 0.5. For
p = 1 the polarization is again complete, but now with respect to the anti parallel direction.

In addition to that the absorbers in path I and path II are now modeled completely arbitrary
using the two factors v/b and +/a, which can both vary between 0 and 1, i.e. 0 < vb < 1 and

0<ya<l.

For completeness sake the same calculations as above shall now be made using the system’s 'new’
wave function. Eq. (3.90) describes the system after pre selection. After the weak interaction
the system evolves into

‘w/> — eia&iﬁz/2|w> ~ (1 + ZCKO' H > ’,¢>

iadeIl, 1 . :
- (14 220 F[( I
—

=Vn
= POV (1= p) 1805 +) & plSa; )]+ ‘S TLIPIA [(1 = p) 630805 +) + p621S: —)]

— POV (1= ) [Sei ) + 918w )] + STLIPYA [(1— ) [Sui =) + pISai +)

= 1R 1854+ (1= 2) 182201+ 1R 3 15:4) — (L= 20) 8501, (391

b \

where the exponential function has been Taylor expanded. The exact calculation shall be put
forward later. After the weak measurement the ensemble is post selected onto the final state

|Pf) = \/g (|I) + |I1)), so that the system’s wave function becomes

19) = PRI 1854 + (1= 20) 185 20)+ S PILIR) 5 1854 = (1 20) 1825 )

i

=\/§<wa3>{usz;+>+<1—2p>|sz;—>1 + L) 1525) — (L= 20) 8511} 1Py
N——

=€

= ey (1 ) 150+ -2 (1= ) 52 1

:e\/g[eia<ﬁz>w/2|sz;+>—I—(1—2p) miatllye /25, )| |Py) (3.92)
with
1 . ,
=(P}|P) = —— |Vbe X2 ¢ ix/2 3.93
€= (PyIP) =~ [VB 2 4 Va ] (3.93)
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3. Weak value measurements using neutrons

To extract the weak value, the expectation value of &3 is evaluated. With
(@1621@) = ec Pyl Py) 3 [e7 /285 4] 4 (1 = 2p) e T:)e/2(5 ||

185254083 = + 1825 =) (S ] [e=10/21 5 4) + (1 = 2p) et/ 5. )

2 .
_ n‘;‘ [e—wz( 2w /2<S +|+( )eza(Hz>w/2<SZ;_|] «

x [efoMdul2)s s =) 4 (1 - 2p)emiofder2g,; 4]

_ el T ity 4 i) (1 _ _ 2 (1—2p) -
=2 [e (1—2p)+e (1 zp)] = e =g g2 © (a(ﬂz)w)( |
3.94
and
nee’* —ia(T] ia (]
o 5 e ]
X [em<nz>w/2]5'z; +) + (1 — 2p) e =) /2|5 . )]
= l¢f? (3.95)
we get,
. (@|o7|®) (1—2p) -
o) = = = Hz w | .
62 = g = T=ap 27 ™ (a( ) ) (3.96)
which leads to
N 1 1+2p(p—1) 1y —I_
<Hz>w‘ = — arccos [ —op L L (3.97)

In contrast the same calculation without using the Taylor expansion gives
W> _ eia&ﬁﬂz/2’w> zaaSHz/2\F[ 1_ ) |Sx7 +> +p‘S$, _>] ’R>
n y A4S 1 y ~S 3
- \E{(l —p) [ 725 ) 4 0725 )

+p [em&;ﬁzn‘sz; - eia&;ﬁz/2|sz; _>} } 1P)

{@=p) |25 4) 4 72155 )| 4 p |12 4) — e o2) 55 ) | | )

—

eiaﬁz/Q‘Sz; +) + (1 —2p) efiaﬁz/2‘SZ; —>} |P;)

[cos (%) + 11, sin ( )] S2;+) + (1 —2p) [cos (%) — 4IL, sin (%)] |S.; —)} |P;)

cos (5 ) [12:4) + (1 = 2p) S5 )] + ilLsin () [1524) = (1= 20) |95 -)] } I).
(3.98)

I
—
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3. Weak value measurements using neutrons

After post selection the system’s wave function |®) becomes

9) =[5 {(PlR)cos ($) 155+ + (1 - 2p) 82 -))+
il Py P sin (5) 152 +) = (1= 2p) 1221 } 1Pp)
=e\/f {cos (5) 18::4) + (1 = 20) 182 =) + (L) w sin (5 ) 152 +) — (1 = 20) 1823 =)} 1Py).
(3.99)

Evaluating (6%), using

(@16312) = [e22 (Py|Pp) {cos (5 ) (24 + (1= 2p) (Sa = -
—z‘<ﬂ> sin (5 ) 1082+ = (1 = 2p) (Sus =1} {oos (5 ) [182 ) + (1 = 2p) |82 +)] +
+i(T1. )y sm( )HS - —-(01- QP)\SzQ‘i‘)]}

= |6|2§ {(1 — 2p) cos (2> + i(Hz>w (1 —2p)cos (%) sin (%) + (1 — 2p) cos? (%) _
—i(IL)y (1 — 2p) cos (%) sin (%) + i(IL.)y (1 — 2p) cos (%) sin (%) —
— (012 (1= 2p)sin® (5) = illL)a (1 = 20) cos (5 ) sin (5 ) -
—(M1)% (1 - 2p)sin® (5) }

bt o (3) - s ()] -

and

(@1@) = [e22 (Py|Pp) {cos (5 ) [(Szi+] + (1= 2p) (S -] -
—z‘<ﬁ> sin (5) (85 = (1 = 2p) (S5 =1} {cos () 1S2:4+) + (1= 2p) S5 -)] +
+illL)sin (5) (1924 = (1= 2p) 1S5 -)]}

= \e\zg [0052 (%) — z(f[ )w COS (Z) sin (g) +(1- 2p)20082

(3)
+ (1) (1 — 2p)° cos (g) sin (2) +i(IL,) cos (%) sin (%)
(310003 (3) 01 (3
= |¢]? |:C082 (%) + (I1,)2 sin? (%)] (3.101)

yields

2(1—2p) cos® (%) — (1:TZ>%U sin? (

59y = 3)
02 =17 (=27 co( 2y’ (3.102)
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3. Weak value measurements using neutrons

which leads to the weak value

1+(1—2p)? I,—I_
(1) ] = |cot? (9) LT o Tar \/cot2 (9) (p- 1L =Ly (3.103)
zlw| — ) — .
T

Since | P;) has been altered the analytic solution for the weak value has to change as well.

1y, = (PALIR) _ WU oVED — 2ValID] - s e
U A(Prpy (1] + (L1]] [e—ix/2\/[;’]> _,_ez'x/2\/&“—[>} T Vot a eix

(3.104)

As previously the next step is to calculate the expected intensities. Again we let the evolution
operator act upon the pre selected system to gain the wave function |®).

n

Iy _ aiadsIl /2 _ g3l /2
) = ooty — et [

e VBID) + 2] [ )15 )+ 1S )

_ n —ix/2 /2| 1y g ix/2 —ia/2( [TV §. -
Tta ) ¢V RISz +) NP Va e RIS 4 +
+e X2 (1= 2p) Vb e 2 |T)|S5 —) + X2 (1 — 2p) Va P |IT)| S —>} ., (3.105)

and post select onto |Ps)(Py| to get the final wave function |®)

@) = |Pp)(Prly’) = % (a Z b)

e ™2 (1 2p) Vb e 2|85 —) 4+ eN/2 (1 - 2p) Va /%S, )| | Pr)

[e_iX/Q\/B 2|8, 4) 4 X2\ Ja e 7?8, 4) +

1 n . .
_ = —i(x—a)/2 i(x—a)/2 .
RACED) [(e Vb+e ﬁ) 1Sz +)+
i <e—i(x+a)/2\/5 + ei(x+a)/2\/5) (1 —2p)|Sz; —)} |Pf). (3.106)

Using Eq. (3.106) we obtain the intensities /_ and I by calculating (S;; —|®) and (Sy; +|P).

(Sui =) = (53] = (S =[) [ (7O 2VB 4 02 /a) |55 4)+

_n
8(a+0)
4 (efi(XJra)/Q\/l; 4 ez‘(x+a)/2\/g) (1—2p)|S.; _)] | Pf)

_ [ a—ix—a)/2 i(x—a)/2 —

oz e Vb4 012, /)

B (efi(x+a)/2\/6+ ei(x+a)/2\/g) (1-— 2p)} | Py) (3.107)
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3. Weak value measurements using neutrons

and

(Sai +|@) = [(Sai 4+ (82 =) | (7 O/2Vh + H)/2/a ) |55 )+

_n
8(a+0)
n <e_i(X+a)/2\/5 + ei(X'f‘a)/Q\/&) (1—-2p)|S:; _>] ’Pf>

/3 (a"+ B [(e—i(x—a)ﬂ\/g i ei(x—a)/2\/zl) +

N <e—i(x+a)/2\/5+ ei(x+a)/2\/5> (1- Qp)] |Py) (3.108)

lead to the intensities

n —i(x—«a i(x—a
I_:KS:C;_'@PZWKQ (x—a)/2\/p 4 eilx )/2\/5>_

_ (e—i(x+a)/2\/1§ 1 eilxta)/2 \/5) (1- QP)} Kevz(x—a)m\/g 1 emilx—a)/2 ﬁ) _

_ <ei(x+oc)/2\/g n e—i(x+a)/2\/a> (1- 2p)}
! 1
Cd(a+b)1—2p+p? {l

—4vab p[p — 1] sin (@) sin (x) + 2V ab 2p—1+(1-2p+ 2p2) cos (a)] cos (X)}

(3.109)

a+b][1—2p+2p*— (1 —2p)cos(a)] —

and

_ P2 = " —i(x—)/2 i(x—a)/2
I = {8 4P = 5 (e Vb +e Va) +

+ (e—i(x+a)/2\/g + ei(x+a)/2\/5) (1- 2p)} [(ei(x—a)ﬂ\/g i e—i(x—a)/2\/5> i

n (eima)/z\/{; n e—i(x+a)/2\/g> 1- gp)}
— 4(a1+b) : —2;7+p2 {la+b] [1—2p+2p* + (1 — 2p) cos (a)] —
—4vab p[p — 1] sin (@) sin (x) + 2V ab [1-2p+(1-2p+ 2p2) cos (a)] cos (X)}
(3.110)

Putting Egs. (3.109) and (3.110) into Eq. (3.97), we get the experimentally expected weak
value, using the calculational method of the Taylor expansion including arbitrary absorbers and
taking into account a non perfect degree of polarization.

., }_ 1 11— 2p] [(a+b) cos (@) + 2v/ab cos (X)]
e (a+0) [1+2p(p— 1)) +Vab [cos (a = x) + (1 = 2p) cos (a+ x)| |
(3.111)

For p = 0, that is for a perfect degree of polarization, it simplifies to

- 1
<Hz)w’ = — arccos
«

(3.112)

(a4 b) cos (o) + 2v/abcos ()
a4+ b4 2vab cos (a)cos () ’
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3. Weak value measurements using neutrons

which is just what we would expect considering the previous calculations’

proach the weak value turns out to be
. N
<Hz>w‘ = 4/ cot? (g) 5 (3.113)

N = la+ b [1 —2p +2p* + (2p — 1) cos (04)] + 2vab [2p -1+ (1 —2p+ 2p2) cos (oz)} cos (x) —
— 4Vab(p — 1)psin () sin (x) (3.114)

. For the exact ap-

where N and D are given by

and

D =[a+b][1—2p+2p* + (1 —2p)cos(a)] + 2vab [1—2p+ (1—2p+2p?) cos ()] cos (x) —
— 4Vab (p — 1) psin () sin (x) (3.115)

which becomes

- ~ Ja+b—2Vab cos(x)
<Hz>w’ B \/a + b+ 2Vab cos (x) (3-116)

for p = 0. This is the absolute of the weak value calculated in Eq. (3.104) and shows that the
calculations performed so far are consistent.

Unfortunately we are still not at our goal. We want to describe the real system as accurately
as possible. Because of that we have to take one more factor into account: the contrast of the
neutron interferometer. It was considered to be 100% in all calculations so far. In practice it
will not be unity, but less. To take this effect into account all intensity obtained by oscillations
dependent on x have to be weighted by a factor €. Equation (3.111) then becomes

A 1 [1— 2p] [(a +b) cos (@) + 2v/ab € cos (X)]
<H2>w‘ = — arccos

@ (a+b) [1+2p(p—1)]+\/%(’:[cos(a—x)#—(l—2p)2cos(a+x)}
(3.117)

Equations (3.114) and (3.115) are then given by

N=la+0b][1—-2p+2p*+ (2p—1)cos(a)] + 2V ab [2p — 1+ (1 — 2p+2p?) cos (a)] €cos (x) —
— 4V ab(p — 1)psin (@) €sin (x) (3.118)

and

D=la+b][1-2p+ 2p% + (1 — 2p) cos ()] + 2V ab 1-2p+(1-2p+ 2p2) cos (a)] €cos (x) —
— 4Vab (p — 1) psin (@) € sin (x) (3.119)

A closer look at Eq. (3.117) shows that the experimental imperfections have mainly two ef-
fects:

1. If the degree of polarization is not perfect, i.e. if p # 0, then the curve that one would

fSee for example Eq. (3.84).
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3. Weak value measurements using neutrons

expect to measure for the path operators weak value becomes asymmetric. At one edge
the curve’s flank falls off more steeply than on the other side, which causes the minima
and maxima of the graph to shift into the negative direction of .

2. If the contrast of the interferometer is less than unity, the expected curve becomes damped.
The weak value does not reach zero any more and the points of discontinuities at which
the final and initial state are orthogonal vanish.

Figure 3.18 shows Eq. (3.84) and Eq. (3.117) for a = b= 0.5, € = 0.8, p = 0.02 and a = 7/36.
The weak value’s curve, that can be retrieved by an experiment will look much more like the

°r T 1 ' ‘
| \‘ IMPERFECT .

o

x [rad]

Figure 3.18.: Plot of the expected measurement results for a perfect setup [Eq. (3.84)] and for
a realistic one [Eq. (3.117)] with a = b = 0.5, € = 0.8, p = 0.02 and o = 7/36:
The imperfect degree of polarization causes the curve to become asymmetric, the
imperfect contrast causes a compression of the graph’s amplitude.

blue dashed line in Fig. 3.18 than the red solid one.

3.2.3. Other path operators

It is also worth looking at other path operators, for instance, II, = |IV(IT| + |II){I| and
IT, = i|IT)(I| —4|I)(I1|. For the initial and final state, | P;) = T e~ X/2\/b|I) +eiX/2\/5|II>}

a+b
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3. Weak value measurements using neutrons

and |Py) = /3 (1) + [IT)), they are

(P, |py L+ T [e‘iX/Q\/Bu) +ei></2\/auf>]

ﬂ([ w — -
N () YT e 2VB|T) + eix/2\/alI1)
_Vbayaex
= Vi vaon t.=1 (3.120)
and
iy, = PRy _ [T+ (e X/2VBIIT) — e/ /al ) |

(FrlP) (1) + (1)) [e=/2VBIT) + e/ al I T)]
B ivVb —iy/a e
=T Jaen (3.121)

As previously with the spin operator we find that

Im ((ﬂz>w) ~ _Re (<ﬂy>w) (3.122)
and

Re (<ﬂz>w> = Im (<ﬂy>w) , (3.123)
as well as

Abs ((ﬂz>w) = Abs (<ﬂy>w) . (3.124)

Naturally the question arises if (IT),, and (IL,),, can be measured in a similar fashion as (IT, ).
Unfortunately the answer is not straight forward. |I) and |I]) are not eigenstates of the x- and
y-operator any more. Therefore the interaction Hamiltonian cannot be constructed simply as
above. In other words: There is no spin rotation that can be performed in path I or II, so that
its influence on the system can be described by a Hamiltonian of the form

Hipy o 11,67, (3.125)

with ¢ = z,y, z. One cannot simply use path conditioned spin rotations any more.

However, it is possible to perform a weak spin rotation in only one of the paths, which enables one
to measure the weak value of II 7 and 11 17. The interaction Hamiltonian for such a measurement
is given by

—_—td (3.126)
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3. Weak value measurements using neutrons

where the index j can become either I or II depending on the path the rotation is performed
in. If only one path is marked by a weak rotation Eq. (3.61) changes into$

(62) = cos (a<ﬂj>) (3.127)
which leads to the weak value
. 1 r-r
(I1;) = — arccos | ——— (3.128)
a r-r

where Ii and I’ stand for the measured intensities of the |S,;+) and |S,;—) state, if the
rotation is performed in path j. To determine if we are really able to measure the weak value
of 11 7 and 11 11, we now have to calculate those intensities:

If the rotation is performed along path I the system’s wave function changes into

I Ltallf6s/2 _ iall;6s/2 [ —ix/2 ix/2 . .
W) =) = [ e (c™2VBID) +eX/2/alID) ) (123 +) + 155 )

_ 1 iadlres/2 ( —ix/2 ) —ix/2 .
=sasp © (e7/2VBI) 823 4) + e~ 2VB|T) |82 =) +

+ RIS +) + Nl S -) )

1 4 . . .

— - —ix/2 ia/2 . —ix/2 —ia/2 .

oD (e7/2Vhei 2 )] 8.3 +) + e~/ 2Vbe 2 1) 5.5 -) +

+ 2V +) + eN/Aa 1182 -)) (3.129)

which becomes

D), = 1 ) {[e*i<><*a)/2\/l§+ei></2\/a} 1S +) + [e*i(“a)”\/@rei"/?\/&} ISZ;—>} | Pr)

4(a+0b
(3.130)

after post selection on the final state |Py) = \/g(|l> +|II)). To evaluate Eq. (3.128) we have
to calculate the matrix elements (Sg; +|®); and (Sg; —|®);.

st = ey (] [
(3.131)
and
(S 1901 = [ gy ([0 VB @] - [0 g o] ),

(3.132)

€The calculation is exactly the same as before, except that IL. has to be replaced by f[j everywhere. Since this
is rather trivial, it is not repeated in detail here.
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3. Weak value measurements using neutrons

This leads to the intensities

LIr = |(Sy; +|®)7* = 5 (a1+ ) {{e*i("*a)ﬂ\/g—k eiX/2\/a} + [e*i(X““)p\/l;—l— eiX/Q\/&} } X
% { [ei(x—a)ﬂ\/g 1 eix/2 \/5} n [ei(x+a)/2\/5 1 emix/2 \/a} }
=7 (a1+ 3 [Qa + b+ beos (a) + 4Vabcos (%) cos (X)} (3.133)
and
IL = |( Sy —|®))? = < (al—i— 3 {[e—i(x—a)ﬂ\/g + eix/Q\/a} _ [e—i(x+a)/2\/g+ eix/Q\/a} } >

x { {eax—a)/z\fb i e*ix/2\/a} _ [ei(era)/?\/[) n efix/Q\/g} }

b
=1 ) [1 —cos(a)]. (3.134)

With Eq. (3.128) we get the weak value of (IT;),,

! _ Lorecos bleos(a) — 1]
<H1>w‘ o« {1 " a+b+2vabcos () cos (x) } ' (8.135)

If the weak rotation is performed in path II, the same calculation can be performed to obtain
the weak value of (II);;. Now the system’s wave function becomes

1
2(a+0)

911 = "o /2] ) M7 (0 N2V|T) + XAl ) (1S +) + 1825 -)

_ 1 iall;163/2 ((o—ix/2 : —ix/2 .
V3D © (e7/2VBI) 823 4) + ™ 2VB|1) |82 ) +
+ 2RI |S 5 +) + eNAValI)S ) )
1 . .
= —iX/2\/p|1)|S.: —iX/2,/pI )| S.: —
sy (& AVBIDISS ) + e VI Sz ) +
+ X2 /a2 |11)|S.; +) + e/ /ae™ /2| IT)|S.; —>) (3.136)
and
1 . . . .
— —ix/2 i(x+a)/2 . —ix/2 i(x—a)/2 .
= 1T {[e*Vh+e Va] 18 +) + [ Vb +e va] 152} 1Py)

(3.137)

after post selection. The matrix elements (Sy; +|®);; and (Sy; —|®);r are

1
8(a+0b)

(Ss +]®) 1 = {[e7/2Vb 4+ o0t/ /a] 4 |em /2 /p 4 elm)/2 /0] L )

(3.138)
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and

1
8(a+b)

(S —[@) 11 = {[e2Vo+ etroraya] — 2y 4 eil)/2y/a] )
(3.139)

leading to the intensities

| T ISR B

% { {eixﬁ\/g 1 eilxta)/2 ﬁ} 4 [eixﬂ\/g 1 emilx—a)/2 \/5} }

I = [{(Se; +|®)11]* =

1 «
RETrET)] [a + 2b + acos (a) + 4V abcos (5) cos (X)] (3.140)
and
I _yg._ a_ LT i i+a)/2 /) [a-ix/2 i(x—a)/2
1= (Ses-1®)ul* = g {le™*Vo+e va| = [ 2Vh e val } x

y { [eix/2\/5 1 emilxta)/2 \/5} _ [eix/2\/(; + e—i(x—a)/2\/g} }
=7 (aa+ D [1— cos(a)]. (3.141)

So the weak value of I1;; is given by

. 1 Arecos a[cos (o) — 1]
<HH>w‘ o« {1 " a+ b+ 2vabcos () cos (x) } ' (3.142)

Again it is possible to simply calculate the analytic solution of (Il;),, and (II;7), for given |P;)
and |Py).

iy, < PRy [ex/2)]
e =PI By) (I + (I1]] [efix/2\/l;|[> +eiX/2\/E\H>}
B Vb e~ ix/2 B NG
Vb e /2 ¢ Va eix/? T Vb + J/a eix (3.143)
and
(£ = (PrllP) (1] + (1)) [ex/2 /a1
w (Pl Pi) [(I]| + (L] [efix/2\/gu> +eiX/2\/a|II>]
- A - L (3.144)

Vb emiX/2 4\ Ja ex/2  \/be ix 4+ \/a

As is shown shortly, the relations derived above will give the individual weak values of II; and
II;;.
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3. Weak value measurements using neutrons

3.2.4. Expected results for the individual weak values of f[I and f[H

The first question that comes into mind is the following: Do Egs. (3.135) and (3.142) match
Eqs. (3.143) and (3.144) for a certain value of a? If the absolute of (II;),, and (Il;;), are
plotted, the answer becomes quite obvious. For small values of «, i.e for « < 10°, Eq. (3.135)
and Eq. (3.142) represent the absolute of the operators’ I1; and II;; weak value. As Figs. 3.19
to 3.22 show, the analytic solution of (f[j>w and its simulations match up perfectly for small
values of a. Figure 3.19 shows the weak value of I1; for a fixed absorber value of a = 0.5. Figure

8 T T T T T T T

i ; CANALYTIC —— ; ;j

S L | SIMULATION | | ;

](}l ! ! !
B [

| : : |
55"\ i
a0 m

£ ‘ | |

S ‘\ | | |
—_ 3 - \\, . A ,/;, .

\ /
2-\\' a——
073 -2 -1 0 1 2 3

x [rad]

Figure 3.19.: Simulation [Eq. (3.135)] and the absolute of the weak value’s analytic solution
[absolute of Eq. (3.143)]. The absorber is modeled as |P;) = e X/2y/b|I) +
e/2,/a|IT) with a = b= 0.5 and a = 7/36. Y represents the phase shifter value.

3.20 shows the weak value of II; once more, but now the phase shifter is held fixed at x = 0 and
the absorber is varied. To compare <ﬂ I)w and <ﬂ 11)w the same plots are made for ;. Figure
3.21 shows the weak value of f[H for a fixed absorber value of ¢ = 0.5. Note that <ﬂ1>w and
<ﬂ 11)w are equal if the absorber is set to a = 0.5 and only the phase shifter y is varied. Finally,

Fig. 3.22 shows the weak Va}ue of T for a fixed phase shifter value of x = 0. Now the weak
value is mirror inverted to (II7).,.

So we have found a way to measure not only the absolute of <ﬂz)w, but also Abs <<ﬂ I)U,) and
Abs <<ﬂll>w)'

The weak measurement of II; and II;; has two big advantages . Firstly Eq. (3.135) and (3.142)
are not as angle sensitive as Eq. (3.84), i.e. the equation used to calculate (II.),,. This seems
surprising, since all of the mentioned equations were practically derived in the same way. Why
should the same approximation work better for one operator than for another? The answer to
this question is simple. To measure I, weakly it is necessary to perform a spin rotation along
both paths of the interferometer. Therefore a relative phase between path I and II is introduced,
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Figure 3.20.: Simulation [Eq. (3.135)] and the absolute of the weak value’s analytic solution
[absolute of Eq. (3.143)]. The absorber is modeled as |P;) = e /2\/b|I) +
e'X/2,/a|II) and the phase shifter is set to x = 0. The interaction strength is
given by a = m/36. a represents the absorber value.

which is 2 X a. In comparison to that, the relative phase between the paths is only «, if either
11 I or 11 17 are measured weakly. Hence the disturbance on the system is smaller if the spin is
only turned in one path and the condition of a weak measurement is fulfilled better.

There is another even bigger advantage when f[l and ﬂH are measured weakly instead of
IL,. Previously it was stated, that no pure 'which-way-information’ can be extracted from the
system, since the experiment only permits to measure the absolute of the operator’s weak value.
However, the weak measurement of 11 7 and fIH offers a workaround:

If the first path is blocked completely Abs (<ﬂ1>w> becomes 0, which means that the whole
ensemble went through the second path. In comparison to that it becomes 1, if the second path
is blocked. More than that we can measure Abs ((f[ I>w> and Abs ((f[ I 1>w> for any combination
of a, b and x, which allows us to determine the path the ensemble took in the interferometer.
Thanks to the nature of weak measurements we still observe the interference pattern, which
would not be possible if a strong measurement is performed.

By turning the spin in one path, measure ‘(ﬂ Iw

‘<f-[11>w

, then turn the spin in the other path to obtain

, we can extract pure which way information from the measurement!
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8 T T T T T T T

i j jANALYTICi ‘ j \"

2L | SIMULATION - | | ,

|

:(I : : : I):
6-:'\” o ”ff_

:

| 3 ] j i
?;5“\ h [
S, ] ] ] ] |
B e = "/f-

= \ ‘ ‘ ‘ [
VA Y SR . Lo

\ | : : /o

b : : : /
2-\‘ ; fro
L //,// -
0 -3 -2 -1 0 1 2 3

x [rad]

Figure 3.21.: Simulation [Eq. (3.142)] and the absolute of the weak value’s analytic solution
[absolute of Eq. (3.144)]. The absorber is modeled as |P;) = e X/2\/b|I) +
eX/2,/a|IT) with a = b= 0.5 and o = 7/36. x represents the phase shifter value.
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Figure 3.22.: Simulation [Eq. (3.142)] and the absolute of the weak value’s analytic solution
[absolute of Eq. (3.144)]. The absorber is modeled as |P;) = e X/2\/b|I) +
eX/2,/a|IT) and the phase shifter is set to x = 0. The interaction strength is
given by o = m/36. a represents the absorber value.
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3. Weak value measurements using neutrons

3.2.5. Evaluation of 5, and 5;

The present experimental setup allows, to evaluate 67 in order to extract the weak value, since
hardly any loss in the count rate is introduced, by the path weak measurement. But what
happens if 6, is evaluated instead? For this we have to take the system’s wave function after

the weak measurement, which is given by Eq. (3.57) and calculate (5y).

s (@og]®) 1 ee

<Uy> = =35
(®[®) 2 (2[2)
X 0[Sz =) (82 4 =[Sz +)(Sz: =) (em<nz>w/2!5z;+> +eiell)u/2| g, —>) (Pr|Pr)

(e_ia<ﬁz>w/2<5’z; +‘ + eia<ﬁz>w/2<sz; _’) X

C 2
v € —ix Azw . (Lo} Azw . (2e% Azw . —ix Azw .
:2<(‘I)"@> (chI/25 | 4 eiollider2( | (eialln/2]s; ) — eiolllur2|s. 1)
C2
¢ € 0 Az w —i Az w . ] i
=35 <<‘I>]‘<I>) (e {M)w _ g=ialls) ) = —sin (oz(Hz)w) (3.145)

For this case the weak value becomes

. 1 (=1
(I1,), = , aresin <M> (3.146)

To see if Eq. (3.146) yields the same results as previously, we have to calculate the intensities
IY and IY. Taking the results from Eq. (3.74) and Eq. (3.75) we get the matrix elements

1 : : : :
T e (e e e e O G N
(3.147)
and
1 . : : ,
T e (e e R e O T N
(3.148)
which lead us to the intensities
I = [(Sy; +]®)|* = _ [a + b+ 2Vabcos () cos (a) + (a — b) sin (oz)] (3.149)
4(a+0)
and
1Y = [(S,: —|®)[2 = 4(al+b) [a+ b+ 2v/abeos (x) cos () + (b — a) sin (o) (3.150)
Hence, the weak value of I, is given by
(T} = — arcsin < (b—a)sin(a) > (3.151)
a a+ b+ 2vabcos (x) cos (a)
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Equation (3.151) is now plotted for fixed values of a and x and by assuming, that b = 1 —
a. Figure 3.23 shows a plot of (II,),’s analytic solution compared to its simulation.one sees
immediately that analyzing (&) yields the real part of (I1,),!

Let us check if we are able to measure the real part of (ﬂ I)w and (fI IT)w in the same way. If

2 T T T T
: ANALYTIC 3
15 _/ﬁ SIMULATION -~ ]
1_ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, _
ER ]
S,
=
Ay O —
=
Y
L-05F s
e T 7
151 - ////’
2 i i i i
0 0.2 0.4 0.6 0.8 1
a[a.u]
Figure 3.23.: Simulation [Eq. (3.151)] and the real part of the weak value’s analytic solution
real part of Eq. (3.69)] for a fixed phase shifter value of x = T and an angle of

s

y> is analyzed. a represents the absorber value.

rotation of o = /18, if (&

(65) is evaluated, Eq. (3.128) changes into
R Y S
(IL;) = - arcsin (M (3.152)

If the spin is turned along path I, evaluating the matrix elements

1 , , . .
. S —i(x—a)/2 ix/2 — i le—ixta)/2 ix/2
(Sy; +|P) 1 S@i D) {[e Vb +e \/&} i [e Vb +e ﬁ}}]Pﬁ
(3.153)
and
1 , , . .
. S —i(x—a)/2 ix/2 | o i(xta)/2 ix/2
(Sy; —|®) 1 S@i D) {[e Vb +e ﬁ}—i—z{e Vb +e ﬁ}}]Pﬁ

(3.154)

71



3. Weak value measurements using neutrons

lead to the intensities

a+ b+ 2vabcos (x) [cos (§) —sin ($)] — bsin ()

IV = 1
¥ Y ERD) (3.155)
and
At 2V/abcos (x) [cos () +sin (£)] + bsin (a)7 (3.156)
4(a+0b)
which tell us the expectation value of
. Y — 1Y 2v/ab cos (y)sin + bsin
(o)1 = = (osin (3) (@) (3.157)

I T a4 b+ 2vabceos () cos (x)

Therefore we are expecting our measurements to yield the following result for the weak value

- 1

2vab cos(x)sin (5) + bsin («
(I1),y = — arcsin (3)
a

a+b+2\/>bc (%) cos (X)

(3.158)

Equation (3.158) is now plotted for fixed values of o and x and it is assumed that b =1 —a
(as it was done in Fig. 3.24). It is not surprising to find, that we can measure the real part of

(Il}) in the same way as Re ((ﬂz>w> For completeness sake, we finally want to show that we

ANALYTIC

SIMULATION -

Re(<I1;>,,) [a.u.]

10 0.2 0.4 0.6 0.8 1
afa.u]

Figure 3.24.: Simulation [Eq. (3.158)] and the real part of the weak value’ s analytic solution
[real part of Eq. (3.143)] for a fixed phase shifter value of y = 5* and an angle of
rotation of a = /18, as well as for b = 1 —a, if (5) is analyzed a represents the
absorber value.
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3. Weak value measurements using neutrons

can also measure the real part of (II;7). The matrix elements

1 : : , .
(Sy; +]®) 11 = ST D { [e—zx/2\/5 + ez(x+a)/2\/5} — [e—zx/Q\/g + el(x—a)/Q\/a} } | Py)
(3.159)
and
1 —ix/2 i(x+a)/2 ; [o—in/2 i(x—a)/2
(Sy; —|®)rr = PR {[e Vb +e ﬁ}%—z[e Vb +e \/&}}|Pf>
(3.160)
yield the intensities
o _ @ + b+ 2Vabcos (x) [cos (2) —sin (%)] — asin (@) (3.161)
+ 4(a+Db) '
and
o _ @ + b+ 2vabcos (x) [cos (§) +sin ($)] + asin () (3.162)
- 4(a+0b) '
which lead to the weak value
() = 1 A 2v/ab cos (x)sin (%) + asin (@) (3.163)
Y a a+b+2vabeos () cos (x) '

Again we find that we can measure Re ((ﬂn>), as can be seen by looking at Fig. 3.25, which
shows a plot of Eq. (3.163) for fixed values of a and x (is assumed that b =1 —a).

Obviously we found a way to measure Re (ﬂz>w> directly by evaluating ().

If the analysis of (63) yields Abs (<ﬂ2>w> and the one of (), Re ((ﬂz)w), it immediately

%) will give us Im ((Hz>w>. However, we are going to

suggests itself that the evaluation of (5%
show that this is not the case: If the spin state lies within the xy-plane and is rotated only
around the z-axis, (65) will always equal zero. Therefore the axis of rotation has to be changed
and our new interaction Hamiltonian is

-ﬁi oc?fyHZ

164
. (3.164)
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3. Weak value measurements using neutrons

ANALYTIC
SIMULATION -

i i v B

: : Vo :

: : %A : :

4
/
: : / : :
/
e el SR e .
. i
: : / : :
/
: : / : :

Re(<IT>,,) [a.u.]

10 0.2 0.4 0.6 0.8 1
ala.u]

Figure 3.25.: Simulation [Eq. (3.163)] and the real part of the weak value’s analytic solution
[real part of Eq. (3.144)] for a fixed phase shifter value of x = %“ and an angle of
rotation of a = /18, as well as for b = 1 —a, if (G,) is analyzed. a represents the
absorber value.

If we now let this Hamiltonian act on the system its wave function, given by Eq. (3.54),
becomes

iadyll, iall,

|w’>=e"“f’5ﬁz/2w>w<1+ ) >|¢>=|Pi>|sm;+>+ 5 1P| S +)

= 1P 0.0+ 180 + gy L (1.) — 152040

= 1Py 0820 1522 — 22y L 152 — .40, (3.165)

Once post selection onto the final path state |Pr)(Py| is performed, this simplifies to

1) = PP = | (P13 (05250 4152 20) = SPIRLIPYY B 1525 = 1924 | 1Py

=€

- \% [ysz;+> S0 —) + %<ﬂz>w|sz§+> — %<ﬂz>w|5z% —>} |Pr)
- <1 + “<H2>w> 12 +) + <1 - a“?w) S| 1Pp)
- \% (e“<ﬁ2>w/2|5z; +) 4 emM)u/2|g —>) |Pr) (3.166)
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3. Weak value measurements using neutrons

Instead of an additional phase, the weak value now manifests itself change in the amplitude.

Equation (3.166) can now be used to evaluate (5%).

S 62 P P (% i —Q 1 (% i —Q 1
<0-Z> = ‘2‘ <<(§)}(I)J;> (e <Hz>w/2<Sz; _|_| +e <Hz>w/2<5'z; _|) (e <Hz>w/2|Sz; _|_> —e <Hz)w/2|SZ; _>>
_ 1 e S PR S W N [ 8
= 57015 ( e ) = gy <a<Hz>w> (3.167)
With
P ’ ’2 a(ll, )y 9. - —a(I2)w S — (Tl )w S. - —o(IL2)w S. - — PP
(0]®) = —- (e (Sz;+|+e (Sz3—1) (e S25+) +e S23 =) ) (Pr|Py)
= MQCOSh <a<ﬂz>w> (3.168)
we get
. 1 I; -1z
(I, ) = arctanh <IZ N > (3.169)

To gain useful information from this equation we have to calculate the intensities 17 and IZ,

. ~ iall, &3
for which we let U = exp (m > Uy> act upon the system.

1

/) = efedl=o3/2 ) = S TD plall.65 /2 (efix/2\@u> _’_eix/Q\/a‘II)) (155 4) + 555 —))

1 4 s . o
_ —ix/2 s /2 T ix/2 —ia6s /2 II . .
T (e=/2Vb €%/ 1) + /2 /a e 02 D) ) (|S23+) + 1523 )
1 ; o ) =
_ —ix/2 sl /2 I . —ix/2 oS /2 I .
O (e7/2Vh €72 1|5 +) + e X/2/b 9T/ 1) |8, =)+

+ eiX/Q\/&e—ia&?j/2|II>‘Sz;+>_’_eiX/Q\/ZZ e_ia&Z/QHIHSz;_))

sy Lo oo (5) wisgan (§)1nis.+
+ eV [eos (5) +iogsin (5 )] 11182 )+

+ @2y [cos () —iogsin ()] 110)1525+)+
RN {cos (%) —i6} sm( )] [11)]S., —>)

_ 2(a1+b) { zx/2\/gcos( ),[>ysz,+>_e lx/2\/581n< )m\ )+

+ e X/2Vbeos < ) |1)|S; —) + eﬂX/Z\/Bsm( ) |I)[Sz; +)+
+eZX/2\/ﬁcos< ) \II)]SZ7+>+eZX/2\/ﬁsm< ) [I1)|S,; —)+
+eX/2\/a cos ( ) 111)|S,; —) — eX/2\/asin ( ) |IT)|S.; —i—)] (3.170)
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3. Weak value measurements using neutrons

Now post selection onto |Py) is performed:

s I (§) i ) i () -

— &X/2\/a'sin (%)} |S2; +) + [efiX/Q\/li)cos <%) — e X/2\/psin (%) +
+eX/2\/a sin (%) + /2, /a cos (%)} 1Sz —)} |Py)

|®) = |Pr)(Prld) =

- (o (13) (5
+ [e*"x/%/?bsin (% - %) + eX/2/2g sin (% + %)} 1S, —>} |Py) (3.171)

Now we are able to calculate the matrix elements (S; +|®) and (S.; —|®).

1 . T . T
. I —ix/2 et ix/2 : 0o
(5:5+19) =\ [ 7 [e V2bsin (4 + 2) + eX/2\/2g sin (4 2)] Py (3.172)
and
1 . T . T o«
. B —ix/2 et ix/2 et
(5519 =\ [ 15 [e V2bsin (4 2) te \/Zasm(4 + 2)] Py (3.173)

which leads to the intensities

I7 =|(S:; +|®)|* = 4(al+b) [a + b+ 2Vabcos (a) cos (x) + (b — a) sin (a)} (3.174)
and
I? = |(S.;+|®))° = 4(6114-5) [a + b+ 2Vabcos (a) cos (x) + (a — b) sin (a)} (3.175)

Therefore the weak value is now given by

- 1 arctan (b —a)sin (a)
(o = e’ tanh <a+b—|—2\/@cos (x) cos (a)) (8.176)

Performing the same analysis as previously shows, that Eq. (3.176) fails to give us the imaginary
part of <ﬂz>w, but instead it yields the real part again!

Why our educated guess is wrong, is not clear at the moment. Let us summarize what we know
so far:

There are twelve different ways to conduct the experiment described above. For every initial
spin state there are three different possibilities. Once |.S;) is prepared, it is possible to perform
rotations around two different axes and finally there are two different directions of analysis.
The results of the calculations performed so far are presented in Table 3.2." It seems that, the
measurements are fundamentally restricted by the choice of axis of rotation and direction of
analysis and that it is possible to only measure the real part as well as the absolute values of

BAIl of the results presented in Table 3.2 were minutely calculated, however not all of them are presented in
detail above.
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3. Weak value measurements using neutrons

L Initial Spin State L Axis of Rotation l Direction of Analysis L Weak Value J

|Sz; +) z x Abs <<ﬂz)w>
503 4) 2 y Re ((11.).,)
503 +) y z Abs ((11.).,)
S0 +) y : Re ((1L.).)
1Sz + @ z Abs ({I1.), )

Table 3.2.: Summary of what the measurement will yield for certain initial spin state, axis of
rotation and direction of analysis.

(f[)w, but not its imaginary part. To be certain one would have to calculate all twelve possible
ways to perform the experiment.
Nevertheless, since

Abs (<ﬁ>w) - ‘Re (<ﬁ>w)\ n ‘Im (<ﬁ>w)‘ (3.177)

the experiment yields the imaginary part’s absolute, which can be extracted by measuring
Abs ((f[)w) and then subtract the real part’s absolute from that.

3.3. The ’Cheshire Cat’ - a quantum paradox

In this section a neutron interferometer experiment is proposed, in which weak spin rotations
are used to measure a so called "Cheshire Cat’.

The 'Cheshire Cat’ is an experiment conceived by Y. Aharonov et al. [26] and aims to detangle
a physical property from the object it belongs to. For the case of a neutron interferometer
experiment this would mean to detangle neutron’s location from its spin. How this can be
done, is explained here:

Fig. 3.26 shows an experimental setup, that allows to measure such a ’Cheshire Cat’. The
neutron beam is prepared so that its polarization is parallel to the z-axis, i.e. the neutrons’
spin is in the |S;;+) state. After the §-turn the spin state is given by |Sz;+). As soon as the
neutrons enter the interferometer their wave function has to be extended by a path dependent
part |P) so that it is given by |¥) = |S)|P). To complete the pre selection of the ensemble a

m-rotator is put into path II. The pre selected wave function then becomes

i) = |S)|P;) = \/g|5x;+)|l> + \/;Sx; —)|IT) (3.178)

After the pre selection a weak measurement takes place. How this is done and how the interac-
tion Hamiltonian for such a system looks like, is described below. Finally the ensemble is post
selected onto the state

(1523 4) = 152 =) (1) + [11)) , (3.179)

| =

1f) = 1Se; =)|Pp) =
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3. Weak value measurements using neutrons

IT

Figure 3.26.: Experimental setup for measuring a Cheshire Cat: It consists of a §-turner (ST)
and a 7w-rotator (SRy) to pre select the states, the neutron interferometer itself,
two spin rotators to perform the weak measurement (SRyr & SRirr) and a post
selector [two coils to select the azimuth and polar angle (A & P), the red spin
analyzer (SA) and a detector (D)].

where |Py) is given by |Py) = \/g(|l) +|II)). To understand the nature of the ’Cheshire Cat’

paradox we have to look at weak values of the products of the operators II I, 11, 1, 0% and 0%.
Those operators are the projectors onto the path I and II and the |S,;+) and |S,; —) spin states
respectively. They are given by

(11755 ), = (fL68 i) _ (<Sx;—|<Pf\)(II><II>(!Sz,+><Sz,+|><|Sx;+>\I> +1S2s —)IT)) 1
o (f17) ({Sz !<Pf!>(\5x,+>lf>+\5x, —)11)) 2
(i1,5%) :<f|HI5s_|i>:(<Sx§_|<PfD(|I><I|)(’Sz» Sz —1) (1S; ) ) + [Ses —)1IT)) 1
- (f17) ((Sz !<Pf|>(\5x,+>|1>+\5x, —)11)) 2
(FL16% ) = (fMrr6sli) (<Sz;—|<Pf|>(IH><H|)(!Sz;+><5z;+|)<|sx;+>u> + 182 ) I1)) _ 1
M (f12) ({Sz; =[{Ps]) (|Sz; +) ) + [Sz; =)L) 2
(T1376% Yy — (fIr6° 1) ({8 =[(Prl) (LI){II]) (1823 =) (25 =) (1S3 H) 1) + |Sas =) 1)) _ 1
- (f17) ((Sz; =[{Ps]) (|Sz; +) ) + |Sz; —)|1)) 2

What do those operators mean? They represent occupations of a certain path and a certain
spin state, e.g. (ﬂf&i)w represents the occupation of path one by the spin state |S,;+).

The weak values of the operators above show a very interesting picture. The neutron has to
be in path II, since (Ilf7),, is the sum of (I1;76% ), and (I;;6%),, and both equal 3. At the
same time the sum of (f[ 1675 )w and <f[ 10° )y vanishes, which means, that the neutron is not in
path I. Now <ﬂ115i>w represents a |S,; +) state in path II, while (ﬂH&S_>w represents a |S,; —)
state in the same path. Therefore there is no net weak spin in path II. <ﬁ1&i>w and (I176% ).,
both represent the |S,;+) state in path I. Therefore the net weak spin is in path I while the
neutron’s weak location is in path II! For this pre and post selected system the neutron’s spin
and location are detangled and any interaction in the weak regime will show, that the particle
and its property are at two different locations [27].

To demonstrate this apparent paradox it would be necessary to measure the weak values of
6§ﬂ1 and é}ﬁﬂ 11- While the first one equals 1 the latter one vanishes.

In principle the weak measurement can be performed using weak spin rotations. To measure
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3. Weak value measurements using neutrons

<6§ﬂ1>w, a weak and positive spin rotation is performed only along path I. The interaction
Hamiltonian for this measurement is

. . .o 5511
Hy = —gBl; = —$B1, = - 2921

(3.180)

By making the angle of rotation « small the condition for a weak measurement is fulfilled. The
evolution of the initial state caused by the weak measurement is given by

. "SA 1 A 2
) = sy o (1 Doty -

ot 1) g L B QP
o211/ >|z>= i) + ol li) — Il (3.181)

It is interesting to note that the formula exp (i6 - na) =1cos («) + i6 - isin («) is not valid for
A\ 2 N A N

this calculation, since (HI) 1. Because 1l is a projector, one gets (H[) = 1I;.

Now the system is post selected onto the state (f|

1 A a? -
(1E) = (fli) + 5 (Flo2trli) — —=(f I ]3) (3.182)

which leads to the intensity at the O-detector!

2

1 = 1) = (4019 + Szt - Sty ) ()

2

(6311 | f) — =

o o
2 8

i)

io . o . i . o? .
= [(fli)P* + ?<i|f><f\6§1'[1]i) - §<f\HI’i><i\f> - ?<f’i><i\<}§r[1’f> + Z’<f\6§HI’i>’2+
2 . . . 2 R 2; R . 4 R
g I o2ty li) — S (Pl GITL L) = S5 (I 16T ) + S (I
2 2 )
= [(fli)]* - az<f\ﬂf\i><i\f> + %\(f!&iﬂzw? + 0 (a?) (3.183)

Eq. (3.183) can be further simplified, if its second term is evaluated using the definitions of |7)
and |f)

2

L) Gl ) =

1, .- o?

—(f|;]i)— =0 3.184
ST S (3184)
Experimentally it can be verified easily that the matrix element (f|II;|i) is zero. An absorber
has to be inserted into the interferometer, to check if the detected intensity changes or not.

So the intensity at the O-detector is really given by

2
. « ASTY |
1 = 12 + Sl (3.185)
If the weak spin rotation is turned off, the intensity at the O-detector becomes

19T = |(f]i)]? (3.186)

iThe following equation is valid, since all matrix elements are real and terms of the order © (a3) can be
neglected, because o < 1.
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By making a consecutive on and off measurement it is possible to extract the absolute square
of (63111), which is then given by
~ i . 2
’<Asﬂ> 2 \<f|o§Hz\Z>‘ 4 <I§n 1) (3.187)
g I ’LU‘ = T = —= — .
’ [(f15)] a? \ 1"

To measure <6§f[ 11)w & weak rotation only along path II is performed. The interaction Hamil-
tonian for this procedure is

X L. s 5511
Hy = —fiBT;; = —SBIIy; = - 272711 (3.188)
The same calculation as previously leads to the intensities for on and off-measurement
s 7o a’ a 2 3
18 = |(f10) = S (P alLf) + 16310 2 + O (o) (3.189)
and
5% = |(fli) . (3.190)
Just as previously, Eq. (3.189) can be simplified by evaluating its second term
a? . a? - 1 o
— {(f|y|3) G| f) = — {(f|l7]i)= = — 191
UL = S iy = S, (3.191)
which leads to the intensity.
on -\ |2 052 a2 ~ASTTr |\ 12
B = [(f10F = 16 + 7 floztlo)] (3.192)
The weak value of 6§ﬂ 17 becomes
A~ a . 2
i [P ‘<f!U§HH|Z> 4 (e 3103
ot = = (w1 ) 6199

Thus it should be possible to extract absolute values of (65111, and (6°1I;;),, by making four
consecutive measurements using weak spin rotations in each arm of the interferometer. In
addition to that absorber measurements in path I and II have to be performed, in order to
check the contributions of (f|II;|i) and (f[II;7]i).

For the 'Cheshire Car’ paradox it does not matter that only the absolute of the weak value
is measured, since one has at most to distinguish where the cat, i.e. the physical object, and
where the grin, i.e. its property, are.

One might also object that the measurements are performed one after another and that not all
the relevant information is extracted at once. However, the very nature of weak measurement
guarantees that the system is not altered and it does not matter if the information is extracted
piece by piece in several measurements or all at once. The system stays the same and its
properties do not change.

As with previous experiments it is possible to analytically calculate the intensities that are
expected for small rotations of the spin. Instead of expanding the system’s evolution operator
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we let it act on |i) and get
) = eo0200/2]s) = 2ot 2| 1) (1S, 4) + |2 =) 4+ 11T) (1S5 +) — 1825 )]

= & [0 (15254) 182 =) + 1T (1254 — 1825 )]

= 2 I (72184 + 702182 =) +117) (1825 -4) — 182 )] (3.194)
when the weak rotation is performed along path I and

[)1r = 02y = SO/ |1} (5.5 4) 4 1845 -)) + |TT) (1825 +) — |25 )]

= 5 [10) (182549 + 1825 =) 4+ 201 (15254 — 1525 )]
= 5 (11 0e34) 1825 =) + 111 (62021525 4) — 7725 -)) | (3.195)

when it is performed along path II. To get the intensities, we first have to calculate the matrix
elements (f|i');, (f|i')rr and (f|i).

(001 = 5 (=5 1(T] = (S = (T 4+ (825 H{TT] = (25— {TT]) x
X % (72183 1M1} + €7i/21S2s )Ty + 12 )T — [Se; ) )

_ % <em/2 L eia/2 g 4 1) = % (21' sin (%) + 2) - % [z sin (%) + 1] (3.196)

) 1
(18 i = 5 (082 +IU | = (Szs = (] + (S +ITT] = (S = [(TT]) %
1 ] —iQ
% 5 (1855010 + 1855 2D + €218 1) IT) = 72|55 )|
1/ . . 1/ . . 1 «
— = | pie/2 —ia/2 o — = pie/2 —ia/2) _ © “
1 (e +e +1 1) 1 (e +e ) 5 COS (2) (3.197)

) 1
(i) = 5 (S +I] = (823 =[]+ (a5 + (L] = (825 = [(LT]) %
1
X 5 (82 0 + 1825 =) + 1523 H)T) = |52 =) I11))
1 1
= (I—14141) = (3.198)
From Egs. (3.196), (3.197) and (3.198) we get the intensities

90 = |(fli")? = i [1 +isin <%>] [1 —isin (%)] - i [1 + sin? (%)} (3.199)
1 = [(71i)nf? = eos® (5) (3200
ot = gt = % (3.201)
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Equations (3.187) and (3.193) now become

<&2ﬂ1>w’2:i <Ifn 1) _ 4 (i [1+Slin2 ()] _1> %% <1+a2_1> =1 (3.202)

o? ﬁ_ o? 1 « 4
and
R 2 4 (I o? 4 [ fcos? (%) o? 4 o? o?
5511 ‘:7 2 14+ —)=— 222/ 14+ |Jar—|(1-—=1+—1]=0
‘<G'Z ]]>w a2 (Ié)ff + 4) Oé2< i + 4 a2 4 * 4
(3.203)

which is exactly what we would expect from the theory of weak measurements. Note that the
approximations made in Egs. (3.202) and (3.203) are only valid for small values of a! If (3.202)
and (3.203) are not approximated and put into a computational program like Mathematica

it is possible to obtain actual values. For a = g5 the results are ’(&§ﬂ1>w’ = 0.999683 and

. 2
(<agn1,>w‘ = 0.0251885.
All calculations presented so far are for a perfect circumstances. For a more realistic descrip-

tion of an experiment the parameter p, which describes the degree of polarization, has to be
introduced. For a neutron beam, which is not completely polarized, the pre selected state is

i) = \f (1= ) S0 4) + pISus )] 1) + \/j P10 +) + (1= p) 1S3 )] |11}

(1t 4) + (1= 20) 85 )] 1) + "

B

(152 4+) — (1 = 2p) [Sz; )] [TT) (3.204)

with0 <p<landn = m. The post selected state |f) does not change. The products

of the operators fII, f[U, 0% and ¢° then become

sy = el 1
Miohhe =" =2
T oas\ <f|ﬁl6i‘i> __(1—2p)
Mot = = 3
ey et 1
Merdihe =" = 3
<o (fMIEt L) (1 - 2p)
hero™pu = =20 = 3
Of course <ﬂl 03)w and <ﬂu6§>w change accordingly
(765)w=1-p (3.205)
(1162w =p (3.206)

This shows that an imperfect degree of polarization prevents a complete detanglement of the
particle and its spin. Nevertheless a paradoxical situation remains. While most of the neutrons
pass through path II most of their spin passes through path I.
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The matrix elements in Eqgs. (3.184) and (3.191) change into

o2 1 . a2 a’p
TN G = S S — 3.207
and
062 . a2 A~ 1 062 (1 - p)
O T DG = QAT i~ — 3.208
Therefore the weak values of &ﬁﬂ 7 and &jf[ 77 are now given by
[(sloxrul|
R (e PR T e
oot = LI (1) 2)
[(fli)f? It 1
and
oty
. 2 o (e ‘ 4 (1™ o (1—p)
5511 w‘ = = — 2 1 . 3.210
fostanaf = S = e (a0 e

For an imperfect degree of polarization we expect the intensities to change as well. Since Eqgs.
(3.194) and (3.195) change into

)= {11 /21521 ) + 772 (1 29) 182 )] + 1) [192:4) — (1~ 2) |55 )]}

(3.211)
and
)= {1 12 4) + (1= 20) |25 )]+ 110) [672]8: 4) — (1 - 2p) =25 )]}
(3.212)
the matrix elements (f|i'); and (f|i');; become
O\ @ iaf2
(fliNr = 5 [zsm<2>+1+pe p} (3.213)
N Vn QN o —ia/2
(flir = 5 [cos(2> pe —i—p}. (3.214)
This leads to the intensities
on 2 sin 2(9)(1—2p) +2p* [1 —cos (9)] +1—2p+2pcos (%)
= [(fli%" = 102+ ) (3.215)
on N 2 COS 2(5) (1 —2p) +2p* [1 —cos (%)] + 2pcos (%)
1% = [(fli") 1] = 109 9 (3.216)
1
off _ yoff _ 21
B == —%+» 210
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3. Weak value measurements using neutrons

which finally yield the weak values

<5§ﬁ1>w‘2 - {Sin2 (%) (1—2p) + 2p? [1 — cos (%)} — 2p + 2pcos (2) + azp}

-5 : :
(3.218)

ot = A (o (3) 120 20 1o ()] 200m (3) -1+ 2]
(3.219)

If the values p = 0.02 and a = g are inserted into Eq. (3.218) and (3.219) they yield

. 2 . 2
‘(&jﬂj)w) = 0.9598 and ’<&2H[]>w‘ = 0.0010, where a theoretical value of 0.9604 for the

first and 0.0002 for the second one would be expected. The smaller the angle of rotation, the
better the results become. If the spin is rotate by only one degree, i.e. a = 2= the results

180
A 2 A
<6§H1>w‘ — 0.9634 and }@gnmw‘ — 0.0004.
In an actual experiment it would be difficult to control the spin rotation to such a small degree.
Rotation angles between a = 10° and a = 20° are more feasible. If p stays at p = 0.02 one

.2 . 2
(65101)w| = 0.9580 and ‘(&jﬂn)w‘ = 0.0028, when the angle of rotation is given

by a = 10° and ‘(&;ﬂgw‘z = 0.9507 and ‘(&gﬂmw‘z = 0.0102, when the angle of rotation is
given by a = 20°.

To summarize: A quantum paradox called the ’Cheshire Cat’ is considered here. The aim of the
paradox is to detangle a physical property from the object it belongs to. It turned out that an
experimental demonstration of this paradox is feasible: In a neutron interferometer experiment
it is in theory possible to measure a ’Cheshire Cat’, using small path dependent spin rotations
and absorbers. Theory predicts that it is possible to demonstrate, that the particle took one
path of the interferometer, while its spin went trough the other.

In an actual experiment great care has to be put into the preparation of the ensemble. As
the calculations above showed, it is necessary to have a high degree of polarization to arrive
at a paradoxical situation. In addition to that it is important that the spin rotation can be
controlled with high precision.

Nevertheless, those difficulties are not adamant and can be overcome, if enough care is taken
in the experiment.

improve to

would get
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4. Spin weak values in a neutron polarimeter

In chapter 3 several new experiments involving weak values are described. The theory of weak
measurements has been used to design experiments, which allow to extract the weak value. It
is of interest to perform those experiments to extract actual weak values.

The simplest of all proposed experiments in chapter 3, is the polarimeter experiment, because
a higher stability compared to an interferometer experiment is expected. In addition to that a
polarimeter setup is available at the Institute of Atomic and Subatomic Physics of the Vienna
University of Technology (ATI), while a setup for polarized neutron interferometry is only
available at the ILL in Grenoble.

Therefore a polarimeter experiment was carried out at the TRIGA Mark II at ATI. A very good
agreement between theory and experiment has been found.

4.1. The experimental setup

The experimental setup consists of a polarizing supermirror, two DC-coils, a magnetic guide
field, a second supermirror, which serves as analyzer and a detector. A schematic drawing of
the setup is displayed in Fig. 4.1.

L

Figure 4.1.: Schematic drawing of a polarimeter beamline: A complete polarimeter beamline
consist of a monochromizing crystal (M), a polarizer to prepare the neutron beam
(P), at least two DC-coils (DC1 & DC2), a guide field (GF), an analyzer (A) and
a detector (D).

A TRIGA Mark II research reactor is used as a neutron source. From the broad neutron energy
spectrum a monochromator crystal selects neutrons with a wave length of A\ = 1.74 A. A
Helium-3 counter tube served as a detector.

4.1.1. DC1 adjustment

To yield good results, it is important that the pre and post selection of the spin state is performed
well. Great care was take when the DC-coils were adjusted. This happens in three steps:
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4. Spin weak values in a neutron polarimeter

(i) In order for the DC-coils to operate correctly one has to assure that the magnetic field that
points in the x-direction, B'm is exactly perpendicular to the one pointing in z-direction,
B,. To do this, it is possible to tilt the coil in the xz-plane. After adjusting the tilt, a
varying current is applied to the coils in order to produce B,. For every current value,
a measurement of the neutron count is performed. By plotting count rate versus applied
current, one sees that the results can be fitted with a sine function. However, when B,
and Ez are not perpendicular to each other, the fit function will appear to be asymmetric:
One minimum will be deeper than the other and maximum will not be situated in the
middle. Therefore the tilt of the coil has to be readjusted and the whole measurement has
to be repeated, till a minimum asymmetry is found in the fit.

(ii) Once the optimum tilt of the coil is found, one has to tune the strength of the compensation
field. A current is applied to the coil producing B,, while the current producing B, is
turned on as well. Again, for every current value, the count rate is measured. It has a
minimum at the current value where the external guide field is compensated. A polynomial
fit through the data points is performed. By finding its minimum one can find the right
current value to compensate the external field.

(iii) Since B, changes the z-component of the total magnetic field, one hast to readjust the tilt
of the DC-coil, once the compensating field is turned on. Basically, one has to redo the
first step until a minimum in phase shift and asymmetry is found.

Figure 4.2 shows the final result of this adjusment.
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Figure 4.2.: Currentscan of the DC1-coil: To adjust the first DC-coil the current, that produces
the magnetic field to flip the neutron spin, is scanned. For this scan the second coil
is turned off.
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4. Spin weak values in a neutron polarimeter

Finally, we obtained the following parameters for the first coil (DC1):
e Flipping ratio: 41.9 £ 3.8
e Phase shift: 90.24° £ 0.15°
e Contrast: 0.95 4+ 0.004

4.1.2. DC2 adjustment

For the second coil the same procedure as described above was done as well. Again the final
result is presented here, which is shown in Fig. 4.3. The second coil showed the following
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Figure 4.3.: Currentscan of the DC2-coil: To adjust the second DC-coil the current, that pro-
duces the magnetic field to flip the neutron spin, is scanned. For this scan the first
coil is turned off.

properties:
e Flipping ratio: 24.3 £ 1.2
e Phase shift: 90.19° + (0.14°
e Contrast: 0.92 4+ 0.004

Note that the flipping ratio of the second coil is much lower then the first one. Due to the
limited space of the polarimeter, the second coil always operated close to the analyzer. The
supermirror produces a large magnetic stray field, which lowers the coil’s efficiency and therefore
also its flipping ratio.
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4. Spin weak values in a neutron polarimeter

4.1.3. Pre and post selection of the spin state

At the beginning of the polarimeter the neutrons have to pass through a polarizing supermirror,
which sorts out the |S,; —) spin component. To finish the preparation of the initial state a DC-
coil is used to rotate the neutron spin by 7, so that it lies in the xy-plain. This is done by
applying the current found in adjusting the DC1. At this point the spin state is given by
|Sz; +)-

Due to the magnetic guide field that points into the (z;+)-direction the spin starts Larmor
precessions around the z-axis. This precession is used to select the azimuth angle ¢, by mounting
the second DC-coil on a translation stage. To scan ¢, both DC1 and DC2 are adjusted to rotate
the spin by 5 and the position of the DC2 coil is scanned. Figure 4.4 shows such a position
scan.

Flipping ratio and contrast of the position scan are

e Flipping ratio: 18.362 + 0.689
e Contrast: 0.897 £ 0.0037

To complete the post selection of the final state, not only ¢, but also 8 has to be fixed. This is
done by fixing current to the second DC-coil.

The extra m-rotation that is necessary to extract the weak value is also done by moving the
second DC-coil along the direction of neutron propagation, using the spin’s Larmor precession.
After 0 and ¢ are selected by the right current and position values, the neutrons have to pass
through a second supermirror, the analyzer, which performs the post selection.
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Figure 4.4.: Position scan of the DC2-coil: The position of the second DC-coil is varied, while

the applied current is held constant to achieve a F-rotation. This makes it possible
to select the azimuth angle ¢. Maximum intensity corresponds to ¢ = 0°, minimum

to ¢ = 180°.
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4. Spin weak values in a neutron polarimeter

4.2. Raw data

All measurements are performed in the following manner: A certain value of ¢ is picked, by
choosing a position. Then the current value is set and the measurement is performed at the ¢
and at the ¢ + 7 position. This is done for all current values. In this way it was possible to
record scans of the polar angle. Such scans can be seen in Figs. 4.5 to 4.7.

For every pair of angles ¢ and 6 two points are recorded. They represent the w-rotator turned
on and off.

Note that for plots intensities varies around a common offset of ~ 0.17. The only exception
are the measurements for the azimuthal angle ¢ = 0° and ¢ = 60°. The explanation for this is
simple. For the azimuthal angle ¢ = 0° and ¢ = 60° two additional (unused) copper coils were
present in the beam. Since copper absorbs neutrons this lead to a loss in intensity.
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Figure 4.5.: Measurement data for fixed azimuth angle ¢ = 180°. The variation of the current
scans the polar angel 6.
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4. Spin weak values in a neutron polarimeter
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Figure 4.6.: Measurement data for fixed azimuth angle ¢ = 0°,15°,30°,45°,60°,75°. The vari-
ation of the current scans the polar angel 6.
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Figure 4.7.: Measurement data for fixed azimuth angle ¢ = 90°,105°, 120°, 135°, 150°, 165°. The
variation of the current scans the polar angel 6.
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4. Spin weak values in a neutron polarimeter

4.3. Measurement results

For all measurements we set the initial spin state to |S;;+), the final one by |S’ WESEES
Cos (%) e /2|8, ; +) +sin (g) ¢'®/2|S,: —). The m-rotation is performed around the z-axis, which
means that the weak value of 6% is determined. From Eq. (3.16) one can easily find that the
absolute of the spin operators weak value is given by

(35wl = \/ L~ cos(¢)sin (6) (4.1)

1 + cos (¢) sin (0)

There are several experimental imperfections:

(i) The neutron beam’s degree of polarization is practically about 96% which is lower than
the ideal of 100%.

(ii) The flipping ratio® of the DC-coils is limited to ~ 35. This is of course mainly a conse-
quence of the low degree of polarization.

(iii) The efficiency of a spin manipulation by the coils, despite being quite high, is limited to
roughly 99%.

All those effects add up and decrease the polarimeter’s contrast, which is finally obtained by
~ 90%. To take all imperfections into account, the measurement results have been fitted by the
function

1 — €cos (¢)sin (0)

0,0,C) = . 4.3
10,.¢) \/1+¢cos(q§)sin(0) (43)

This is simply the weak value given by Eq. (4.1), with its angle dependent part weighted by a

contrast factor €.

The measurement results for a set of ¢ = 0°, 15°, 30°,---, 180° and 8 = (0° are plotted in Figs.

4.8 to 4.10:

#The flipping ratio R of a coil is defined by
R=— 4.2
If ) ( )

where I and Iy are intensities with the spin flipper turned off and on.
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4. Spin weak values in a neutron polarimeter

=) FS S BN AN S ST L W

s | i .

=

N : : :

Sob R S — E——
1 P T —— S E————

B ‘k\\\*\‘>%>>r*/( B B B B B B

0 -180 -135 -90 -45 0 45 90 135 180

Polar angle 6 [°]

Figure 4.8.: Typical polarimeter measurement results of |(d,),| for a fixed azimuthal angle of
¢ = 180°. The fit has been performed with one parameter: the contrast. It was set
to ¢ = 0.90 £ 0.006.
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0°,15°,30°,45°,60°,75°. For all measurements the a fit with one parameter, the
contrast ¢, is performed.
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Figure 4.10.: Polarimeter measurement results of [(6,),| for a fixed azimuthal angle ¢ =

90°,105°,120°,135°,150°, 165°. For all measurements the a fit with one parameter,
the contrast ¢, is performed.
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4. Spin weak values in a neutron polarimeter

To sum the results up, Fig. 4.11 shows all results together with the expected behaviour (fit) in
a 3D view:

Azimuthal angle ¢ [°] Polar angle 6 [°]

Figure 4.11.: 3D Plot of all measurements: The data of all measurements has been put together.
The fitted curve uses a mean contrast of ¢c=0.9. It is clearly visible that the
experiment is in excellent agreement with the theory®.

4.4. Discussion of the measurement results and concluding
remarks

The measurement results of the previous section show an excellent agreement with the theory.
The contrast of the polarimeter is a very good fitting parameter. However, some curves are
fitted with a contrast lower than 90%. This is a systematic error: For larger values of ¢ the
second DC-coil moves closer to the supermirror. Now the supermirror produces an additional
field in the z-direction, which causes the spin to precess faster. It is difficult to select the azimuth
angle ¢ correctly. If ¢ is bigger then expected for one scan of the polar angle 0, then this will
manifest itself in a smaller € in the fit.

By introducing a contrast parameter the theoretical curve is matched with the measurement
results. However, a slightly different approach can be taken by normalizing the count rates and
therefore matching the measured weak values to the (unaltered) theoretical curve. For this the

PThe measurement error was not taken into account for this plot!
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4. Spin weak values in a neutron polarimeter

contrast of the whole polarimter has to be determined. This can be done in any measurement
that involves the same pre and post selection as the extraction of the weak value requires. To
take all systematic errors into account it would be best to use the contrast € measured with a
position scan of the second DC-coil. The normalized count rates are then given by

Ig+ 1 Ig—1
IN — [0) on O on 44
and
1 I Ion — 1
I(l)\i1 _ off T Lon + on off (45)

2 2¢

The weak value’s absolute can then be determined from the experimental data by

oo I3
(62 )w| = N (4.6)
off

The advantage of this method is that the contrast parameter € is independent from the post
selection angle ¢.

Nevertheless, no matter how the systematic errors are dealt with, it does not change the fact
that the system behaves exactly as predicted in chapter 2. For nearly orthogonal initial and
final spin states the weak value becomes very large, and we report a maximum weak value of
the spin operator of |[(65),,| = 4.41 £0.25.

One of the aims of this work, is to confirm the validity of the weak value formulation for the
absolute of the spin weak value. A polarimter experiment was carried out at the ATI.

It contained some systematic imperfections that manifested themselfes in a limited contrast
of ~ 90% at the polarimeter beamline. This was taken into account in the analysis of the
experiment.

The results agree perfectly with the theory which is described in chapter 3. This experiment
confirms once more, that neutron matter waves are useful to investigate the foundations of
quantum mechanics in general and in particular the weak value formalism.

The experimental success sparks hope that the other experiments described in the previous
chapter can be performed as well. Further developement of the topic of weak values and weak
measurements with neutrons can be expected.
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5. Conclusion

In this thesis, quantum theory has been used to analyse and develop experiments to extract
weak values, in particular those of the spin and the path operator. All those experiments allow
the use of neutron matter waves, which can only be understood by a purely quantum mechanical
treatment.

Three different experiments are proposed and analyzed:

(i) The first kind of experiment allows to extract the absolute of the spin operator’s weak
value. It can be performed using a polarimeter or an interferometer setup. In addition to
that it has been conclusively shown that the spin operator’s weak value itself is accessible
without a weak measurement. This is something that has not been considered in the
literature yet and raises the question about the meaning of the weak value outside of the
weak regime.

(ii) In the second experiment small spin rotations allow to extract the path operator’s weak
value in an interferometer experiment. The use of the neutron spin allows to measure not
only the absolute of the path operator’s weak value, but also its real part. In addition
to that pure 'which-way-information’ can be extracted by pre and post selecting the path
state using variable absorbers.

(iii) A clever combination of weak path and spin operator measurements makes it possible
to demonstrate a 'Cheshire Cat’ in a neutron interferometer experiment. The way how
such a measurement has to be performed has been shown in this thesis. This allows to
accomplish the first experimental realization of this quantum paradox ever.

In addition a polarimeter experiment was carried out at the TRIGA Mark II research reactor at
the Institute of Atomic and Subatomic Physics of the Vienna University of Technology. In this
experiment certain pre and post selected spin states are prepared. By performing consecutive
measurements of I,, and g, it is possible to measure the absolute of the spin operator’s weak
value?. The experimental results agree very well with the theory and spin weak values far outside
the eigenvalue range of the spin operator were measured. This is an impressive demonstration,
showing that neutron optics are a powerful tool to investigate weak values.

The success of this experiment sparks hope, that the other theoretically treated ones can be
performed equally well. It is of importance that the experiments concerning weak measurements
of the spin and the path operator are actually performed. Once this is accomplished and
potential experimental obstacles are overcome, a ’Cheshire Cat’ is within reach. A measurement
of this paradox would once more prove the strange nature of quantum mechanics.

#Ion and Iog are the intensities when an extra m-spin rotator is turned on and off.
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