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Abstract

The Partition Coloring Problem (PCP) generalizes the classical Vertex Coloring Problem (VCP)
by partitioning the set of nodes into clusters and aims to find a coloring for the subgraph induced
by selecting exactly one node of each cluster. It is a member of the class of so called NP-hard
problems, i.e. problems without a known algorithm for solving it efficiently. One of the real
world applications for PCP is the assignment of wavelengths to data transmitting connections of
all optical computer networks, as they appear as backbones of the Internet infrastructure of our
time. In opposition to VCP, not much research has been investigated in PCP so far.

This thesis presents an approach Hybrid-PCP tackling the PCP by means of metaheuristics
combined with exact approaches for solving subproblems. Therefore an improvement strategy
is applied, where nodes in specific subgraphs are reselected and recolored, temporarily allowing
infeasible solutions. Feasibility is then reacquired by using a tabu search. The main innovation
of the approach is the effort that is put in the process of node reselection and reassignment,
where a heuristic and two Integer Linear Program (ILP) formulations are used. The algorithm is
evaluated using different parameter settings as well as slight variations, the results are compared
to each other as well as to previous works. Further experiments have been made on gaining initial
solutions, comparing two already known algorithms OneStepCD and an adaptation of DANGER.
Hybrid-PCP can compete with the best heuristics known so far in terms of solution quality and
runtime. A reflection of the approach as well as a proposal for improvement is explained.






Kurzfassung

Das Partition Coloring Problem (PCP) generalisiert das Vertex Coloring Problem (VCP) durch
Unterteilung der Knotenmenge in Gruppen und besteht aus der Berechnung einer Knotenfér-
bung des durch Selektion genau eines Knotens pro Gruppe induzierten Subgraphens. Das PCP
gehort zur Gruppe der so genannten A P-schweren Probleme, i.e. Probleme fiir die kein effizien-
tes Verfahren zur Berechnung einer exakten Losung besteht. Eine seiner Anwendungen besteht
in der Zuordnung von Wellenldngen zu Dateniibertragungsleitungen optischer Computernetz-
werke, wie sie heute beispielsweise als Backbone in der Infrastruktur des Internets vorkommen.
Im Gegensatz zum VCP bleibt das PCP bis heute wenig erforscht.

Diese Arbeit prisentiert ein metaheuristisches Verfahren Hybrid-PCP zur Losung des PCP,
dass sich zusitzlich exakter Methoden bedient um Teilprobleme zu 16sen. Dabei wird eine Ver-
besserungsstrategie verfolgt, in der Knoten in spezifischen Teilgraphen neu selektiert und ein-
gefarbt werden, wobei temporir auch ungiiltige Losungen zugelassen werden. Die Giiltigkeit
wird danach mittels Tabusuche wiederhergestellt. Die Hauptinnovation dieser Arbeit liegt im
Aufwand, der fiir die Neuselektion und -einfarbung der Teilgraphen aufgewendet wird, als dass
dafiir eine Heuristik und zwei mathematische Programmformulierungen eingesetzt werden. Der
Algorithmus wird mit unterschiedlicher Parametrisierung als auch leichten Variationen evaluiert,
die Ergebnisse miteinander und mit solcher vorhergehender Arbeiten verglichen. Weitere Expe-
rimente werden mit der Erstellung initialer Losungen durchgefiihrt, wobei zwei bereits bekannte
Algorithmen OneStepCD und eine Adaption des fiir VCP entwickelten DANGER Algorithmus
miteinander verglichen werden. Hybrid-PCP kann betreffend Losungsqualitét und Laufzeit mit
den besten bisher gefundener Losungsansétze konkurrieren. Der Autor legt weiters eine Refle-
xion des Verfahrens sowie einen Verbesserungsvorschlag dar.
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CHAPTER

Introduction

1.1 Motivation

In order to obey the emerging demand for advanced broadband Internet applications such as
video-conferences, high performance computing and others, extensive networks capacities have
to be achieved. Links in optical networks operate much faster than their currently available
electronic counterparts. Combined with the technique of Wavelength Division Multiplexing
(WDM), which permits the simultaneous transmission of different channels along the same fiber
[36], these so called Wavelength Routed Optical Networks (WRONSs) are promising candidates
for providing a flexible transport backbone network [25]]. They bring out new problems in co-
ordination of wavelengths usage [33]]. One of them is the Routing and Wavelength Assignment
problem (RWA), which consists in routing a set of light-paths and assigning a wavelength to
each of them. The variant where all connection requirements are known beforehand and which
aims to minimize the amount of used wavelength is called min-RWA and found to be N/P-hard

(LL1]).

Assigning wavelengths to one out of many paths for each connection requirement is equiva-
lent to the \P-hard Partition Coloring Problem (PCP) [28]], also known as Partition Graph
Coloring Problem (PGCP) which is subject of this thesis. Given a graph consisting of a clus-
tered set of vertices and a set of edges, the aim is to select one vertex per cluster and for each
vertex in the induced subgraph assign a color in the way that the overall number of colors —
which in this context is said to be the chromatic number — is minimized. If each cluster holds
only one vertex, the problem reduces to the standard Vertex Coloring Problem (VCP), which is
used for a wide range of applications as scheduling, register allocation, pattern matching and
others and has been studied extensively. In contrast, only a few papers have been published on
PCP so far.




1.2 Guide to the Thesis

Definitions from graph theory and basic concepts which are required for the analysis of the
Partition Coloring Problem are introduced in Chapter 2] Afterwards, Chapter [3] defines the
PCP as well as the min-RWA formally and comments their computational complexity. Previous
works and related research done so far is presented in Chapter ] Chapter [5|provides details of
the approach developed for the PCP and Chapter [6] presents its experimental results. Chapter
summarizes the knowledge achieved within this thesis and chapter [§] brings the considered
approach into question and finally proposes a possible further work.



CHAPTER

Preliminaries

This chapter introduces theoretical fundamentals like definitions, terms and methods, that are
necessary for analysing the PCP. The presented notations will be used consistently in this thesis.

2.1 Optimization Problems and Complexity

Since this thesis deals with an optimization problem and the analysis of a solution method, it
needs to consider some complexity theory, which is an important field of computer science.
Some definitions and explanations of optimization problems and complexity are given in this
section. For a more detailed insight into these topics, the reader is referred to [[16} 26, 38]].

In general an optimization problem is the problem of finding the best solution among all fea-
sible solutions. Depending on whether the variables are continuous or discrete, the optimiza-
tion problem is said to be a continuous optimization problem or a combinatorial optimization
problem (COP). Since the PCP belongs to the latter category, this thesis will not cover further
explanations on continuous optimization problems. For information on that topic, the reader is
referred to [35139]]. Most of the following definitions have been introduced in [3} 34].

Definition 1 (Combinatorial Optimization Problem) A Combinatorial Optimization Problem
P = (S, f) can be defined by:

e A set of variables X = {x1,x2,... x,};
e variable domains D1, ..., Dy;
e constraints among the variables;

e an objective function f to be minimizeaﬂ where f : D1 x Dy x ...D, — RT;

"Maximizing an objective function f is the same as minimizing — f




The set of all feasible assignments is S = {s = {(z1,v1), (x2,v2),...(Tn,vn)}) | vi € D;, s
satisfies all the constraints }

For each COP P there exists a corresponding decision problem D, i.e. a problem whose output
is either YES or NO. The complexity of D determines the complexity of P.

Definition 2 (Decision Problem) The decision problem D for a Combinatorial Optimization
Problem P asks if, for a given solution s € S , there exists a solution s' € S, such that f(s') is
better than f(s): for a minimization problem this means f(s') < f(s) and for a maximization

problem f(s) > f(s').

An important issue that comes up when considering combinatorial optimization problems is the
classification of problems by their difficulty . To categorize problems into easy and difficult ones,
the class of problems that are solvable in polynomial time by a deterministic touring machine
and problems that are solvable in polynomial time by a nondeterministic touring machine are
considered. This thesis prefers to describe the characteristics of P and A/P at a more intuitive
level, rather than formalizing the classes via Turing Machines. An examples for a problem in P
is single source shortest path.

Definition 3 (Complexity class P) A problem is in P iff it can be solved by an algorithm in
polynomial time.

The complexity class NP is associated with hard problems. A/P stands for “nondeterministic
polynomial time”, where “nondeterministic” is a way to express that solutions are guessed. The
class NP is restricted to Decision Problems.

Definition 4 (Complexity class N'P) A decision problem is in NP iff any given solution of the
problem can be verified in polynomial time.

The definition above states, that the solutions for problems in AN/P do not require to be calculated
in polynomial time, but the solutions need to be verified in polynomial time. Therefore P C NP
holds (slightly abusing notation by restricting P to decision problems)[34]].

Definition 5 (VP-optimization Problem) A COP is a N'P-optimization problem (NPOP) if
the corresponding decision problem is in N'P.

As an example the decision variant of the standard Vertex Coloring Problem (VCP) is consid-
ered, which asks whether a graph G is colorable within k£ colors or not. An algorithm has to
verify for each vertex v colored with color ¢, if all its neighbors are colored with a color differ-
ent to ¢, and further count the number of distinct colors to check whether the number of colors
is lower or equal to k. This can be done in time O(|V|?), where V is the set of vertices.

The decision variant of VCP and many other decision problems are at least as difficult as any
problem in A/P. These problems are said to be A"P-hard. Giving a polynomial-time reduction
from an A/P-hard problem to a particular problem shows that this problem is NP-hard, too.
Such a reduction links the considered problem to the known A/P-hard problem in such a way
that if and only if the considered problem can be solved in polynomial time also the N/P-hard
problem to which it has been reduced can.[34] To gain a more detailed insight into that topic,
the reader is referenced to [43]].
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Definition 6 (\P-hard problems) A problem is called N'P-hard iff it is at least as difficult as
any problem in NP, i.e., each problem in N'P can be reduced to it.

A lot of optimization problems are N P-hard but not in A/P. For example, the optimization
variant of the VCP, which searches for the minimum chromatic number is clearly at least as hard
at its decision variant described above. Since the output is a number rather than a decision, it is
not in A"P. N'P-hard problems that are also in NP are called N'P-complete. Many decision
variants of N/P-hard problems like the one of VCP are N'P-complete. For the specific case of
VCP, which is a generalization of PCP and therefore relevant for this thesis, its complexity is
analysed in more detail in chapter 3]

Definition 7 (\P-complete problems) A problem is N'P-complete iff it is N'P-hard and in
NP.

Informally, NP-complete problems are the hardest problems in the class N'P. If there is
an algorithm that solves any N P-complete problem in polynomial time, then every problem in
NP can be solved in polynomial time. So far no polynomial time deterministic algorithm has
been found to solve one of them.

Theorem 1 If any N'P-complete problem can be solved by a polynomial-time deterministic
algorithm, then P = N'P. If any problem in N'P cannot be solved by a polynomial-time
deterministic algorithm, then N'P-complete problems are not in P.

Most computer scientists assume that P # NP, although it has not been proven yet. The
question P = NP is one of the most prominent unresolved questions in the field of complexity
theory, since a proof would imply a huge impact on any other discipline in discrete mathematics
and computer science.

Nevertheless, for some NP-complete problems of this class it is possible develop algo-
rithms that have an average-case polynomial time complexity, despite having exponential time
complexity in worst case. For other problems in this class, approximation algorithms can be
found that return solutions in polynomial time with a guarantee of a specific solution quality.
The development and analysis of approximation algorithms is an important field of research.
The following definitions are taken from [43]].

Definition 8 (Approximation algorithm) An «a-approximation algorithm for an optimization
problem is a polynomial-time algorithm that for all instances of the problem produces a solution
whose value is within a factor of a of the value of an optimal solution.

The « is called approximation ratio or performance guarantee of the c-approximation algo-
rithm. For minimization problems o > 1 and for maximization problems o« < 1 holds. For
example, a 1/2-approximation algorithm for a maximization problem always returns a solution
in polynomial time, that is at least half as good as the optimal solution. For some problems there
even exist polynomial time algorithms, whose approximation ratio can be given as parameter.
They have so called polynomial-time approximation schemes.



Definition 9 (Polynomial-time approximation scheme) A polynomial-time approximation scheme
(PTAS) is a family of algorithms { A}, where there is an algorithm for each € > 0, such that A,

is a (1 + €)-approximation algorithm (for minimization problems) or a (1 — €)-approximation
algorithm (for maximization problems).

2.2 Graph Theory Definitions

Graphs are mathematical structures used to model relations and processes of interconnected
objects. They are one of the most important structures for the study of discrete mathemathics
and can be used to model a wide range of problems that appear in physics, biology, linguistics,
information technology and other disciplines. Most of the following definitions are take from
(4], [171].

Definition 10 (Graph) A graph is a tuple G = (V, E), where V denotes the set of nodes and
E C V x V denotes the set of edges. An edge from node i to j is denoted by {i,j}. We call a
graph simple, if it does not contain multiple edges, i.e. more than one edge between the same
nodes, or loops, i.e. edges {i,i}.

Definition 11 (Directed graph) A directed graph or digraph is a tuple D = (V, A), where V
denotes the set of nodes and A C'V x V denotes the set of arcs or directed edges. An arc from
node i to j is denoted by (i, j). We call a directed graph simple, if it does not contain multiple
arcs, i.e. more than one arc between the same nodes, or loops, i.e. arcs (i,1).

Unless declared explicitly, this thesis considers only simple, undirected graphs G = (V, E).

Definition 12 (Subgraph) Given a graph G = (V, E), G' = (V', E') is called a subgraph if
VICV,E CEand E' CV' x V' . IfV' =V we call G’ a spanning subgraph or factor.

Definition 13 (Deletion of a node) Givena graph G = (V, E), G—v = (V\v, E\{e | v € e}).

Definition 14 (Adjacency and incidence) Two nodes x and y are called adjacent, if they share
an edge e, i.e. de = {x,y} € E. Two edges e and f are called adjacent, if they share a node x,
i.e. eN f =x. Anode v is called incident to an edge e, if v € e.

Definition 15 (Node degree) The degree of a node v in an undirected graph G, denoted by d(v),
is the number of edges, that are incident to the node v, i.e. in E there exists an edge {v, x}. The
number of outgoing arcs (v, ) from a node v in a directed graph D is called out-degree and
is denoted by d*(v), the number of ingoing arcs (z,v) to a node v is called in-degree and is
denoted by d~ (v).

Lemma 1 (Handshaking Lemma)

Y dw)=2-E|

veV



Proof. As every edge {i,j} is incident to exactly two nodes, namely 7 and j, it is counted
one time at d(7) and one time at d(j). So the sum over all node degrees is exactly two times the
number of edges. O

Corollary 1 (Directed graph) The number of nodes with odd node degree is even.

Proof. This immediately follows from the handshaking lemma. U

Lemma 2

Y dt(w) =) d (v)=2-|4]

veV veV

Proof. As every arc (i, j) has exactly one “in-node* and one “out-node®, it follows, that the
sum of all out-degrees equals the sum of all in-degrees and hence the number of arcs. O

Definition 16 (Maximum and minimum node degree) A(G) = max{d(v) | v € V'} denotes
the maximum node degree in a graph. 6(G) = min{d(v) | v € V'} denotes the minimum node
degree in a graph.

Definition 17 (Neighborhood of a node) The neighborhood of a node v € V is denoted by
N(v) = {x | {v,x} € E}. In the directed case the neighborhood consists of all nodes that are
reachable from v, i.e. N(v) = {z | (v,z) € A}.

Definition 18 (Walk) A sequence vy, e1,v1, €9, ..., en, vy, withn > 0is called a walk, if for all
v; with i # 0 exists an e; = {v;_1,v;} € E.

Definition 19 (Directed walk) A sequence vy, a1,v1, a2, ..., a0y, v, withn > 0 is called a di-
rected walk, if for all v; with i # 0 exists an a; = (v;—1,v;) € A.

Definition 20 (Trail) A sequence vy, e1,v1,€2,...,€en, vy withn > 0 is called a trail, if for all
v; with i # 0 exists an e; = {v;_1,v;} € E and all e; are distinct.

Definition 21 (Directed Trail) A sequence vy, a1, v1,a9,...,an, vy wWithn > 0 is called a di-
rected trail, if for all v; with i # 0 exists an a; = (vi—1,v;) € A and all a; are distinct.

Definition 22 (Path) A sequence vg,e1,v1,€2,...,€en, vy Withn > 0 is called a path, if for all
v; with i # 0 exists an e; = {v;_1,v;} € E and all v; are distinct.

Definition 23 (Directed path) A sequence vy, a1,v1,a2, ..., a0y, v, Withn > 0 is called a di-
rected path, if for all v; with i # 0 exists an a; = (v;—1,v;) € A and all v; are distinct.

Definition 24 (Length of a path) Given a path P = vy, e1,v1, €2, ..., en,v, = P(vg, vy), the
length is the number of edges and denoted by [(P) = n, analogously for the directed case.



Definition 25 (Cycle) A cycle is a path, where vg = vy,.
Definition 26 (Acyclic graph) A graph is called acyclic if it does not contain a cycle.

Definition 27 (Bipartite Graph) A graph is bipartite if the vertex set V' can be split into two
sets A and B such that there is no edge between vertices of the same set (in other words for
every edge {u,v} eitheru € Aandv € Boru € Bandv € A).

Theorem 2 Let W = W (v, vy,) be a walk, then there is a subsequence P = P(vg,v,) C
W (vo, vp) such that P is a path.

Proof. We know that for a path holds v; # v;, Vi < j. Suppose for W holds that v; = v; for

arbitrary ¢ < j. Then W' = vg, e1,v1,...,0;, €j41,Vjt1, ...,y is a walk with ¢ — j less edges
and W' is a subsequence of W. Applying this until Vi, j : v; # v; yields a path from vy to vy,.
This of course also holds for the directed case. (]

Definition 28 (Network) A network N = (G, ¢) consists of a graph G = (V, E) and a cost
function ¢ : E(G) — R > 0, which assigns each edge e a nonnegative value c. . Networks are
also called weighted graphs.

Definition 29 (Costs of a graph) The cost cg of a graph G is the sum of its edge costs, i.e.
€CG =) ecp Ce-

Definition 30 (k-coloring) A k-coloring is a function f : V. — {1,...,k} such that for every
edge {u,v} € E we have f(u) # f(v).

Definition 31 (Chromatic Number) Let G = (V, E) be a graph. We state that c is a (proper)
k-coloring of G if all the vertices in V are colored using k colors such that no two adjacent
vertices have the same color. The chromatic number is defined as the minimum k for which there
exists a (proper) k-coloring of G.

Definition 32 (Truth Assigment) A truth assignment is a choice of true or false for each vari-
able, i.e., a function v : X — {true, false}.

Definition 33 (Conjunctive Normal Form) A conjunctive normal form (CNF) formula is a
conjunction of clauses: C1 NCay N\ ... N\ Cy,

Definition 34 (Satisfying Assignment) A truth assignment is a satisfying assignment if it makes
every clause true.



2.3 Metaheuristics

As defined before, a COP consists of finding an optimum among a set of feasible solutions. In
almost every case this is of huge size compared to the size of the instance. Solving a COP ex-
actly means finding the optimal solution out of that set. Since for A'P-complete problems no
algorithm that performs in polynomial time could be found yet, scientists try to find algorithms
that approximate optimal solutions.

In general there exist two classes of approximation methods: construction and improvement
heuristics. As its name states, the former construct a solution from scratch by adding compo-
nents until the solution is complete. Usually these algorithms perform fastest but often return a
solution quality that is inferior to the ones returned by improvement heuristics. An improvement
heuristic starts out from a feasible solution and iteratively tries to replace it by a better/feasible
one that is derived from the current solution.

Improvement heuristics can be be divided into two groups, population based and local search
based heuristics [5]. Examples of the former are Ant Colony Optimization (ACO), Evolutionary
Computation (EC) including Genetic Algorithms (GA) and of the latter Iterated Local Search
(ILS), Simulated Annealing (SA) and Tabu Search (TS). TS is described in more detail in section
[9)and as this thesis does not use population based algorithms, it excludes further descriptions of
that group. For a more detailed insight into the field of population based algorithms, the reader
is referred to [[19]].

All these methods form a relatively new group of heuristics and are summed up by the term
metaheuristics, which was first introduced in [20]. In 1996 Osman and Laporte provided a
formal definition of metaheuristics [37]]:

Definition 35 (Metaheuristic) A metaheuristic is formally defined as an iterative generation
process which guides a subordinate heuristic by combining intelligently different concepts for
exploring and exploiting the search space, learning strategies are used to structure information
in order to find efficiently near-optimal solutions.

Any COP can be solved by any kind of metaheuristic. The famous no free lunch theorem [46]
states, that over all possible problems, there is no heuristic that performs better than any other
heuristic including random search. According to the theorem, if a strategy performs better in one
subarea, it performs worse in another. By acquiring and including problem specific knowledge,
it is possible to develop strategies for classes of problems that perform better than others [9]. In
that context, Gebhard defined in [18]]:

Definition 36 Metaheuristic algorithms make no assumptions on the problem and (in theory)
can be applied on any optimization problem. They define an abstract order of instructions which
lead to improved or feasible solutions. In almost any case these instructions must be imple-
mented using problem specific knowledge.

Basic Local Search

Basic local search (LS) is an improvement heuristic that iteratively tries to replace the solution
by a better one that is located in an appropriately defined neighborhood structure of the current

9



solution [5]. Definitions [37|39)i40| are taken from [27]. Algorithm [1| outlines the basic local
search procedure.

Algorithm 1: Basic Local Search
Input: ACOP P = (S, f)
Output: A feasible Solution s

1 s < GeneratelnitialSolution(S);

2 improved < true,

3 while improved do

4 | s <« Improve(N(s));

5 if f(s") NOT better than f(s) then
6 L improved < false;

7 else

8 L s+ s';

9 return s

Definition 37 (Neighborhood structure) A neighborhood structure is a function N : S — 25
that assigns to every s € S a set of neighbors N'(s) C S. N(s) is called the neighborhood of s.

Definition 38 (Move) In the context of examining a search space by using a neighborhood
structure and given an actual solution s € S, a move is the acceptance of a solution s' € N (s)
as the new actual solution.

Iteratively improving the solution by choosing the first neighbor sy € N (s) | f(sf) < f(s)
for a minimization problem is called First Fit (FF), choosing the best neighbor s, € N (s) |
f(sp) < f(x),Vo € N(s) is called Best Fit (BF). In the basic version of LS, both variants stop
if no better solution can be found, which is called a local minimum. As this thesis is about the
PCP which is a minimization problem, optimum and minimum are used equivalently.

Definition 39 (Local minimum) A locally minimal solution (or local minimum) with respect to
a neighborhood structure N is a solution § such that Vs € N(8) : f(8) < f(s). Wecall § a
strict locally minimal solution if Vs € N (8) : f(8) < f(s).

Definition 40 (Global minimum) A global minimum (optimum) of a minimizing combinatorial
optimization problem is a solution, such that f(5) < f(s), Vo € X. Therefore a global optimum
is a local optimum for all neighborhood structures N .

Stopping at a local minimum results in quite unsatisfactory solutions, therefore methods
have been developed to escape from such a local minimum in order to find the global minimum.
Figure 9| provides an idea of local and global minima to the reader. A simple technique is to start
the LS from different initial solutions repeatedly, which is not very efficient, since the search

10
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Figure 2.1: Local and global optima for a minimization problem

information from preceding searches is not used. In order to avoid stopping at a local min-
ima, metaheuristic algorithms use more complex search techniques and termination conditions
including maximum number of iterations or CPU time.

Tabu Search

The simple Tabu Search (TS) outlined in listing [2] chooses the best fitting solution out of the
neighborhood A (s). In contrast to LS, uphill moves are accepted. To prevent cycles, a short
term memory — the so called tabu list — stores recently visited solution, which are excluded from
the neighbourhood of the current solution. The tabu list is of a specified size and therefore the
algorithm has to remove solutions from it, which is usually done in a FIFO order. Most imple-
mentations of TS — like the one implemented in this thesis — do not store whole solutions, but
solution attributes like moves or differences between solutions. The size of the list is a crucial
parameter in TS and has to be chosen wisely, since if it is chosen too short the algorithm may
stuck in cycles of higher order more likely and if it is chosen too long, the search space is re-
stricted too much. The algorithm terminates if a specified termination criterion is met.

2.4 Integer Linear Programming

Linear Programming (LP) or Mathematical Programming is an important field of operations
research. Formulating a Linear Program is a mathematical way to define a COP and consists of
defining the following inequations and equations: an objective function, a set of constraints on
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Algorithm 2: Tabu Search
Input: ACOP P = (S, f)
Output: A feasible Solution s
s < GeneratelnitialSolution(S);
TabuList <+ §;
while NOT termination criterion do
s' < ChooseBestOf(N (s) \ T'abuList);
L Update(T'abuList);

6 return s

[ R S

the variables  and a set of constraints on their domain, which are all inequations. All LPs can
be written in the following form:

T

mazx. c'x
st. Az <b
z € R"

Restrictions on the domain of the variables dedicates the LP into one of the following cate-
gories. Be x the set of variables:

1. Linear Program (LP): x € R"

2. Integer Linear Program (ILP): x € Z"

3. Binary Integer Linear Program (BIP): = € {0, 1}"

4. Mixed Integer Linear Program (MIP): variables can be restricted to different domains

Optimizing the objective function with respect to the constraints means to solve the problem
exactly which is in general N"P-hard. It has to be considered that classifying the problem into
complexity classes only gives a worst case analysis of the running time any algorithm would
require. State-of-the-art solvers like CPLEXE], GUROBIE], XPRESS E]use the simplex or the in-
terior point algorithm combined with solution pruning methods as Branch and Bound or Branch
and Cut, what makes them acquire relatively good average running times and makes LP a widely
used method in operations research today. For example, for the Traveling Salesman Problem the
optimal tour through over 15000 cities was calculated in 2001.

"http://www-01.ibm.com/software/commerce/optimization/cplex-optimizer/
“http://www.gurobi.com/
3www.solver.com/xpress-solver-engine
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CHAPTER

Problem Definition

The Partition Coloring Problem (PCP) is a generalization of the Standard Vertex Coloring Prob-
lem (VCP) and has initially been considered by Li and Simha in [28]. The problem arose from
considering the join problem of routing and wavelength assignment in Wavelength Division
Multiplexing optical networks. It is therefore a subproblem of a variant of the Wavelength Rout-
ing and Assignment Problem (RWA), namely the min-RWA problem. This chapter aims to give
formal definitions and examples of VCP, PCP and min-RWA and reasons about their computa-
tional complexities.

3.1 Standard Vertex Coloring Problem

As this thesis refers to VCP in various contexts and for the sake of completeness, this section
provides a formal definition, although the problem has already been explained as an example in
chapter 2]

Given a non-directed graph G = (V, E), the VCP consists in assigning a color to each node
in V, such that no adjacent nodes have the same color. The aim is to minimize the chromatic
number, i.e. the total number of colors used. Figure[3.1]shows a simple graph colored with three
colors.

3.2 Partition Coloring Problem

As many Network Design Problems (NDPs), the VCP can be generalized by partitioning the ver-
tex set V into clusters Vi, k € K, and expressing feasibility constraints in terms of the clusters
instead of individual nodes [13]]. One resulting Generalized Network Design Problem (GNDP)
is the PCH!] A formal definition of PCP follows:

"Due to Fereman’s definition the PCP is an “Exactly” GNDP, since it requires the solution to select exactly one
vertex per each cluster.
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6

Figure 3.1: A graph with 6 nodes, colored optimally with 3 colors

Figure 3.2: a) Shows a problem instance and b) a solution with two colors.

Let G = (V,E) be a non-directed graph and V' partitioned into ¢ mutually exclusive,
nonempty subsets Vi, Va,...,V,, where V; N V; = 0,Vi,j = 1,...,q, i # j. We refer to
Vi, Va, ..., V; as the components of the partition. The PCP consists in finding a subset V' C V/
such that [V' N V;| = 1,Vi = 1,...,q (i.e., V' contains one node of each component V;), and
the chromatic number of the graph G’ induced by V"’ is minimum.

Figure shows an example of an instance with 5 clusters, each holding 2 nodes and its so-
lution with a chromatic number of 2.
3.3 Wavelength Routing and Assignment Problem

Wavelength Division Multiplexing is a technique that allows a single optical link to transfer
multiple data streams simultaneously by using distinct wavelengths for each data stream. Data

14



Figure 3.3: Instance of an optical network with 57 vertices and 85 edges. Extracted from the
European optical transport network [4]].

is transferred along a route of linked physical network routing devices (nodes). An all optical
connection between two nodes is called lightpath. Assuming the so called wavelength continuity
constraint means to assume that the same wavelength has to be kept over all physical links along
the route (i.e. it can not be converted by any node), so the lightpath has to be set up with one
wavelength from the source to the destination node. It follows that any two paths, having at least
one link in common, have to use different wavelengths, in order to enable the common link(s) to
transfer data simultaneously. As an example of how such a network looks like, figure [3.3] shows
an extract of the European optical transport network.

In general, the Wavelength Routing and Assignment Problem (RWA) consists of an undi-
rected network Graph N = (V, E'), where nodes represent network routing devices and edges
represent full duplex (optical) links, i.e. links supporting data transmission in both directions.
Further, a set of source-destination pairs (or connection requests) C' = {(s1,d2), ..., (sk, dx) |
si,d; € V'} and a set of wavelengths A = {«1, ..., ay, } is given. If all connection requests are
known in advance, the RWA is said to be static, otherwise dynamic[33]]. The static RWA can
further be distinguished by characteristics of its objective. In the context of this thesis, only the
min-RWA problem is relevant, which is a static version of RWA aiming to select exactly one
path and one wavelength for each pair (s, d) € C, in the way that the number of wavelength |A|
is minimized under the continuity constraint and its consequences, i.e. if any two paths have at
least one edge in common, distinct wavelengths have to be assigned to them. The problem can
be decomposed into two subproblems:
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a) b)

Figure 3.4: a) A graph with two source-destination pairs and two paths each. Since paths p2
and p3 share edge {4,6}, they are not allowed to use the same wavelength and therefore the
corresponding nodes are adjacent in b) the resulting PCP.

1. routing: finding a set of paths P; ; for each source-destination pair (s,d) € C

2. wavelength assignment: selecting exactly one path in P, ; and one wavelength «; for
each pair (s,d) € C, in the way that the number of wavelength is minimized under the
continuity constraint.

Considering the demands of real world instances, it is clear that the computed paths should
be relatively short. The first subproblem can be solved in polynomial time by any single source
shortest path algorithm like Dijkstra’s or the B*-algorithm. If | P; 4| = 1,V(s,d) € C, i.e. there
is exactly one path considered for each source-destination pair, the second subproblem can be
transformed into VCP, in any other case 3(s,d) € C : |P; 4| > 1 into PCP. The transformation
consists in considering each source-destination pair (s, d) as a cluster and and each path in
Ps 4 as a node. In the case that two paths share at least one edge, the corresponding nodes are
adjacent. Selecting a node-color pair out of a cluster in PCP is equivalent to selecting a path for a
source-destination pair and assign a wavelength to it. Figure[3.4|demonstrates the transformation
by example.

3.4 Problem Complexity

The decision variant of VCP asks for whether a graph can be colored within & colors or not.
For k = 2 the answer can be computed in linear time by checking if the graph is bipartite. For
k > 3, a certificate for a decision can only be given by a valid coloring. In chapter [2| it has
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been stated that the decision variant of VCP belongs to the class NP. It has been proven in the
early 1970s by Cook and Levin, that any problem in NP can be reduced to SAT. In complexity
theory, SAT is one the most prominent NPOs in AP and it is widely assumed that there does not
exist an algorithm that solves it exactly in polynomial time. This assumption is closely linked to

the question P # N'P.

Definition 41 (SAT) Given a set of clauses C1,...,Cy in CNF over a set of variables X =
{z1,...,xn}, the SAT problem asks if there exist a satisfying assignment.

Theorem 3 (Cook Levin) Any problem in N'P can be reduced in polynomial time by a deter-
ministic Touring machine to SAT.

Generating a k-coloring of a graph G = (V, E) can be reduced to SAT as follows: For
each possible node-color assignment, introduce a boolean variable x,.,v € V,c € {1,...,k}.
Considering the following formulas:

\ pue (weV) 3.1)
1<c<k

_‘(pvc /\pvd) (U S V>1 <1 <j < k)7 (32)

~(Poe A Pwe) ({v,w} € E,1<i<k). (3.3)

Finding an assignment satisfying these formulas is a one-to-one correspondence to finding a
k-coloring of graph G.

When PCP is decomposed into two phases — the node selection phase and the coloring phase
— it becomes clear that the coloring phase is equivalent to VCP, therefore VC P <p PC P holds.
Li and Simha show in [28] another way to reduce PCP to VCP.

Theorem 4 PCP is N'P-hard.

Similarly, min-RWA can be decomposed into two phases, where the assignment phase is
equivalent to PCP, as shown in section [3.3] A proof of N'P-hardness has been provided by
Erlebach and Jansen in [[11].

Theorem 5 min-RWA is N'P-hard.
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CHAPTER

Previous Works

This chapter provides an overview on previous works dealing with the Partition Coloring Prob-
lem (PCP). While the VCP has been studied extensively, only a few papers have been published
on the PCP. So far, three heuristics and two exact approaches have been presented.

4.1 Heuristical Approaches

Li and Simha introduced the PCP in [28] as a subproblem of the min-RWA problem, proofed
that it is as hard as VCP (which is AN'P-hard [23]]) and presented adaptations of the coloring
heuristics Largest-First (LF) by Welsh and Powell [44], Smallest-Last (SL) by Matula et al. [30]
and Color-Degree (CD) by Brelaz [6] designed for VCP. Their results have shown, that CD per-
formed best, particularly the algorithm OneStepCD. Therefore this heuristic is used in this work
to create the initial solution and with a slight variation it is also used to improve it. It is worth
to mention that in their paper, Li and Simha cite many papers dealing with theoretical aspects of
graph coloring as well as min-RWA.

In 2006, Noronha et al. [36] proposed a heuristic based on tabu search. Quite similar to the
approach presented in this work, their strategy is to improve an existing solution by choosing a
color ¢, assigning an alternative coloring randomly to all clusters colored with ¢ and trying to
make the resulting solution feasible by using tabu search. In contrast, this work uses sophisti-
cated algorithms to find alternative colorings. Their algorithm outperforms the best previously
known heuristics for partition coloring, and shows that it can improve the solution found by
OneStepCD by approximately 20% in average. Beside PCP, the paper proposes strategies for
solving the min-RWA problem.

A memetic algorithm (MA) is proposed by Hu, Raidl, Pop in 2013 [40]]. Their algorithm uses
two distinct solution representations; a full one for crossover and mutations, and a more com-
pact one during local search. Although it produces solid results with low run-time, the solution
quality can not compete with the ones obtained by the tabu search.
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4.2 Exact Approaches

In 2010, Frota and Ribeiro [[15]] presented a Branch-and-Cut algorithm for the PCP, which is
based on a generalization of the 0-1 formulation for the VCP proposed in [10, [29]], called formu-
lation of representatives. The branching strategy to decompose the problem into two subprob-
lems is based on Mehrotra and Trick’s branching rule [31]], that branches on two non-adjacent
vertices. Improvements of linear relaxation bounds have been achieved by generalizing the orig-
inal family of valid inequalities[[10} [29]], based on External cuts and Internal cuts. For their
experiments they used an AMD-Atlon machine with a 1.8 GHz clock and one Gbyte of RAM
memory. Within 2 hours, each instance with up to 80 nodes and density of 0.5 could be solved
to optimality. For instances with 90 nodes, only the ones with density > 0.5 could be solved to
optimality in the same time. It is notable, that the algorithm performs worst on instances with a
density between 0.3 and 0.5.

One year later, Hoshino et al. published a paper describing a Branch-and-Price algorithm, that
performs “far superior to the branch-and-cut algorithm in all instance classes tested”[22]. It
uses a new formulation that combines the main ingredients of the formulation of representatives
used in [15] and the classical independent set formulation presented in [31]. Campelo et al.
previously proposed a combination of these formulations for the VCP in [7]. For solving the
pricing problem, which is equivalent to the classical maximum weighted independent set prob-
lem (MWIS), two different algorithms are used depending on the density of the graph. On a
Pentium Core2 Quad 2.83 GHz with 8 Gb of RAM, an instance with 706 vertices and 101.600
edges could have been solved, but the authors did not provide a hint on the time required.
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CHAPTER

Problem Solving Approach

In this chapter, the algorithms and models of the hybrid approach for the PCP are described and
analyzed in detail. First in section [5.1] the main procedure is explained. Section [5.2] analyses
the two different construction heuristics used in this work, namely OneStepCD and DANGER.
The improvement phase is split into two parts: algorithms, that assign a new, but not mandatorily
feasible coloring to a chosen set of nodes, here consisting of one random-, one heuristic- and two
exact approaches, are applied in the first phase and described in section [5.3] In the following,
this thesis will refer to these algorithms as “recoloring” algorithms. As for the second phase,
section [5.4] presents the tabu search, which tries to find a coloring that makes the conflict-prone
solution, created by one of the recoloring algorithms, feasible. Additionally, two variants, one
of them consisting of a modified ILP formulation and the other one of adding lately recolored
areas to the tabu list, are considered in subsections of [5.3|and [5.4]

5.1 Main Procedure

The idea of the approach in general is to start from a feasible solution, pick a color and eliminate
it. For each color c, the set of nodes colored with c is exchanged with other nodes in the respect-
ing clusters as well as recolored without considering color c. Using this strategy, it might not be
possible to find a feasible solution. Therefore, infeasible solutions are accepted, i.e. solutions
including at least one conflict, that is a pair of adjacent nodes {i,j} € E : i,j € V colored
with the same color. One of the two nodes is chosen and in the following referred as “conflicting
node” (See section [5.3)), its encasing cluster as “conflicting cluster”. Further, a cluster is said
to be of color c if and only if it contains a selected node colored with color c. The conflicting
clusters form the starting points for the tabu search, that tries to find an alternative color for each
of them. This process eventually produces further conflicts, which then again have to be elimi-
nated. If no feasible coloring can be found within a specified number of iterations, the next color
c + 1 is considered. If all conflicts can be eliminated, the algorithm has successfully decreased
the chromatic number and repeats the whole process.
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Figure 5.1: a) a feasible solution with 3 colors; b,c) recoloring phase: dark grey is intended to
be eliminated. An infeasible solution with one conflict; d) elimination of the conflict by tabu
search

This approach differs from the strategy presented in [36] mainly by the effort that is investigated
in the recoloring phase. There, Noronha et.al. reassign colors in a random way and therefore
produce a random number of conflicts. The main innovation presented in this work is the min-
imization of the number of conflicts produced by an advanced recoloring algorithm, with the
intention to increase the chance to eliminate these conflicts by tabu search.

An example of a possible sequence of steps performed by the algorithm is given in Figure [5.1]
There, a feasible solution is shown in figure (a). The color dark grey is chosen to be eliminated.
In the following two steps, for each darkgrey cluster, another node is chosen and colored with
any color other than dark grey. After recoloring, the resulting graph shown in (c) is infeasible.
Then, starting from the conflicting cluster outlined in red, the tabu search looks up the node-color
pair inside that cluster, that causes the fewest conflicts. In (d), a node-color pair is found, which
does not produce any new conflicts. If this solution would have produced conflicts again, the
local search would go on searching until a feasible solution was found or the maximum amount
of iterations was reached. ~Algorithm [3] provides an overview of the procedure that has been
implemented. The algorithm takes an instance P of PCP, an algorithm INITIAL computing an
initial solution, as well as a recoloring algorithm RECOLOR as input. As described in [3] an
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instance of PCP consists of an uncolored graph G = (V, E'), where V is divided into & clusters.
Parameter INITIAL can be any algorithm that creates a feasible solution for PCP. Two of them
have been taken into account in this work and are described in section [5.3] others are proposed
e.g. in [28].

In line 1, the initial solution is calculated and assigned to s. The chromatic number of s is as-
signed to cmax in line 2. Line 3 initializes list X', which will store tentative solutions and a their
set of conflicting nodes. In line 5 a copy s, of s is created where all nodes in colored with ¢ are
recolored by the algorithm RECOLOR, excluding color c. The tuple consisting of a tentative
solution s. and the set of conflicting nodes R, are added to X in line 6. In line 7 the elements are
sorted, such that the tuples with the fewest conflicting nodes are first. The loop in line 9 creates
a tentative solution s/, for each solution s, : ¢ € {1,...,k}, applies the tabu search and breaks
in case of a feasible assignment could be found. If so, the chromatic number cmax is reduced
and the whole process is repeated with s/, as new solution. If the tabu search could not find a
feasible solution for any of the solutions in X, the algorithm returns the latest feasible solution
s.

Algorithm 3: PCP Hybrid

Input: A problem instance P, an algorithm /NIT T AL and an algorithm RECOLOR
Output: A feasible Solution s

s« INITIAL(P);

cmax <+ the chromatic number of s;

List X < (); //stores tentative solutions and their conflicts

forc=1,...,cmaz do

L Let (s., R.) be the solution and its conflicts created by applying RECOLOR(s, c);

A i A W N =

X «+ X U (s, Re)

Sort elements in X ascendingly by | R;|;
8 reduction < false;

9 for (s., R.) € X do

10 sl « TabuSearch(sc, R.);

N

1 if s, is free of conflicts then
12 reduction < true;
13 break;

14 if reduction then

15 S 4 sh;

16 cmaxr = cmax — 1;
17 goto line 3;

18 return s;
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5.2 Construction Heuristics

Construction heuristics create a solution from scratch. This section presents the two construction
heuristics and an algorithm that combines them in order to benefit from the advantages of both.

OneStepCD

OneStepCD is the best performing out of six constructional greedy algorithms for PCP presented
by Li and Simha [28]]. The algorithms have originally been constructed for VCP by [6] and have
been adapted to PCP. Algorithm ] shows the procedure.

The main criterion considered for selecting and coloring the next node is the so called color
degree or saturation degree, which is defined as the amount of different colors of nodes adjacent
to the considered node. The idea behind OneStepCD is first for each (unselected) cluster to
select the node with the lowest color degree. Out of the resulting set, select the node with the
highest color degree and color it with the lowest possible color. This procedure is repeated until
all clusters are colored, i.e. hold one selected and colored node.

Intuitively, this approach leads to good results, since for selecting a node it would not be efficient
to choose a node out of the cluster with a high color degree, while for coloring with each iteration
it gets more and more dangerous to not color the node with highest degree.

Algorithm 4: OneStepCD
Input: A problem instance P
Output: A feasible Coloring s

1 Remove from G all edges (i,j) € E:i,j € Vi forsome k =1,...,q;

2 Set s « (;

3 while |s| < g do

4 Set X « (;

5 fork=1,...,q:V,Ns=0do

6 L X <+ X Uargmin{CD() | i€ V;};

7 x < argmax{CD(i) | i€ X},

8 s« sU{x};

| Assign the minimum possible color to x;

10 return s;
DANGER

The DANGER heuristic is a method to color a graph introduced by Parker et.al. [21]. It has
originally also been constructed for VCP and therefore does not concern about the peculiarities
of PCP. In this work, inquiries have been made to adapt the DANGER heuristic to PCP by slotting
an algorithm in ahead, which selects one node per cluster, in order to color the resulting subgraph
as usual.

Algorithm [5] shows the preprocessing procedure. In line 3, the node v is chosen which has the
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minimum weighted sum of the already selected adjacent nodes s(v) and the unselected but still
selectable adjacent nodes u(v). The weights ¢, and ¢, are constants, where it turned out that
best results can be achieved with values of 2.5 and 1.0, respectively. In line 4, the selected node
is added to the set of selected nodes V' and in line 5, all the nodes contained in the cluster p(v)
enveloping v are removed from V.

Algorithm 5: Greedy Nodeselection

Input: A graph G

Output: A subgraph G’ C G

V' 0;

while [V| > 0 do
v v eV :imin{css(v) + cuu(v)};
Vi~ V' Uu;

Let £/ C E be the set of edges induced by V’;

return G' = (V' E')

N AR W N =

N

Once one node per cluster is selected, the remaining problem is equivalent to VCP and
DANGER can be applied in its original version. In contrast to OneStepCD, DANGER requires
the allowed set of colors as parameter and is successful if and only if the graph can be colored
within the given amount of colors. This makes the algorithm less flexible and requires it to run
several times in order to explore the lowest size of the set. DANGER is based on two formulas
Node Danger and Color Danger. The former decides at each iteration which node shall be
colored next. For every node, the algorithm evaluates how dangerous it is, not to color node 7 in
this iteration. The node ¢ is chosen, that maximizes the following term:

hare(i
NodeDanger (i) = F(different_colored(i)) + ky, - uncolored (i) + kam

where k,, k, are nonnegative constants, different_colored(i) denotes the color degree of
node 4, uncolored (i) is the number of yet uncolored nodes adjacent to 7, avail(i) is the number
of colors available and share(7) denotes the number of available colors that is also available to all
uncolored neighbors of . If Fis the identity function and k,, = 1 and k, = 0, the danger of node
1 represents the scarcity of colors that may potentially be assigned to its neighbors. As it turned
out that the “real” danger does not depend that much on the number of uncolored neighbors [21]],
other values are used for the constants and F' is given as the following, monotonic increasing
function:

C

(max_color — y)

F(y): L

The boundary on the domain of usable colors is denoted as max_color and given as paramter
to DANGER. As the value of different_colored grows, its influence is emphasized compared to
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the other parameters. The proposed values for the constants are C' = 1.0,k = 1.0, k,, = 1, ko =
0.33.

Once a node to color is chosen, the color danger is calculated by a quite similar concept. A
color is dangerous to the node 7 if it is:

e attractive to an uncolored node with a large value of different_colored,
e attractive to an uncolored node with many uncolored neighbors,

e infrequently used (a color that is used extensively is prefered)

Let diff _neighbors(c) be a function returning over all uncolored nodes having c available,
the maximum number of neighbors colored with c. Let the node achieving this maximum be
denoted by 1., then uncolored (i) returns its amount of uncolored neighbors. A function num(c)
denotes the number of nodes colored with color c¢. Further, let k1, ko, k3, k4 be nonnegative
constants with proposed values of 1.0,1.0,0.5,0.025, respectively [21]. Then the danger of
color cis:

k1
(max_color — diff _neighbours(c))k2

ColorDanger(i) = + k3 - uncolored(n.) — kq - num(c)

The concept of danger has not been intended to act as construction heuristic only. Instead, it
has been used to be part of an improving heuristic, using tabu branch and bound and backtracking
to reassign colors, as well as methods to prune branches from the assignment tree.

Hybrid Construction Algorithm

Since the results [6.3] have shown that DANGER performs better in some but not all instances
and OneStepCD suits well to calculate an upper bound, the algorithm listed in [f] has been im-
plemented. Note that for reasons of comprehensibility the call of the node-selecting algorithm 3]
preceding to DANGER has been omitted. In simple words, the algorithm applies OneStepCD in
order to get an upper bound for DANGER, which is then applied repeatedly, each time decreasing
the number of allowed colors until no feasible coloring can be achieved.

5.3 Recoloring

The process of finding a new coloring for a set of clusters, omitting the actual color is of high
relevance for this work. The recoloring algorithms intend to minimize the conflicts that arise
from the new coloring, in order to increase the chance for the local search to eliminate them.
An adaption of the already presented construction heuristic OneStepCD and two ILP models
are shown in the following. A method of assigning random colors has been implemented for
comparison.
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Algorithm 6: Hybrid Construction

Input: A graph G

Output: A feasible coloring s

s = OneStepCD(G);

Let ¢ be the chromatic number of s;

c+—c—1;

while DANGER(G) can find a solution s’ using c colors do

c+c—1;
s+ s';

7 return s

A Ui A W N =

OneStepCD Adaption

The main idea behind the algorithm is to use the same strategy as the construction heuristic but
restrict the colors to the domain {1, ..., cmax} \ ¢, where c is the color that is intended to be
eliminated. If no color in the domain can establish a feasible solution, the color that produces
the minimum amount of conflicts is chosen.

Algorithm [/| shows the procedure in detail. A feasible solution s and the color c that has to be
eliminated is given as input. Lines 1-3 create a duplicate s’ of s and “uncolor” all clusters of
color c. Then, for all uncolored clusters, the same procedure as for the standard OneStepCD is
applied, with the only difference that if no feasible color can be found for a node, the color that
produces the fewest conflicts is chosen. The potentially infeasible solution s’ is returned.

Algorithm 7: OneStepCD Recoloring
Input: A feasible solution s, a color ¢
Output: A possibly infeasible solution s’ not using c
Create a duplicate s’ of s;

Let Vc/oz(c) be the set of nodes of all clusters colored with c in s';

Uncolor all nodes in Vc/ol(c);

Set X « 0;
for v € Vc'ol(c) do

L X+ XUargmin{CD(i) | i € Vy)};
8 z < argmax{CD(z) |z € X},

1
2
3
4 while uncolored clusters exist in S” do
5
6
7

9 cmin <— the minimum colour that can be assigned to z without producing a conflict;
10 if cmin > cmax then

11 L emin < argmin{conflicts(z,i) : i € {1,...,cmaz} \ c}.

12 color z with ecmin;

13 return s’;
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ILP1: minimizing conflicts

The following ILP model solves the problem of recoloring exactly in terms of minimizing the
number of produced conflicts. Let () = @1,...,Q, be the set of uncolored clusters and let
C = 1,...,cmax be the set of allowed colors. The 3-dimensional array of binary variables
x denotes for each cluster p € {1,...,¢}, if node v € @, is selected and colored with color
ceC,ie.

1 ifv € @) is selected and colored with color ¢ € C
Tpve = (5.1)

0 otherwise

Let m be a 3-dimensional array of constants, storing for each cluster p € {1,...,q} the
number conflicts that would occur when selecting the node-color pair (v € Qp,c € C). E
denotes the set of edges.

minimize Z Z prvc S Mpye (1)

PEQ VEQRy ceC

subject to Z prvc =1, Vpe{l,...,q} (2)

veEQp ceC
Tppe + Trye < 1, Vee C\V(v,u) e E:veVyueV, (3)
Zppe € {0, 1}, Vpe{l,...,q},Yv € Qp,VeceC (4)

In (1), the objective function is declared as the sum of the conflicts of all selected node-color
pairs. The set of constraints in (2) demand, that for each cluster there has to be one node-color
pair selected. Further, inequations (3) prevent conflicts between clusters in ().

An advantage of this model is that the matrix m does not have to be created each time the ILP
is initialized. In fact, by updating the information each time a node is colored, it can be made
constantly available.

ILP2: minimizing conflicting nodes

After recoloring, the tabu search starts eliminating the set of “conflicting clusters”, i.e. the clus-
ters involved in conflicts, that have not been recolored by the latest recoloring process, i.e. are
not in (). Let this set be denoted by R. In case of recoloring algorithms that allow inner conflicts,
i.e. conflicts between recolored clusters, additionally one cluster per inner conflict is added to
R. Testing the effect of minimizing |R| as a part of the whole algorithm is an important concern
of this work. In this context, figure shows a case where ILPI would not decide optimally
in terms of minimizing the number of conflicting clusters. The circles represent clusters inside
of set () and R, respectively. The connections between the clusters denote conflicts. Assuming
that there exists a coloring (a) that produces two conflicts with |R| = 2 and a coloring (b) that
produces 3 conflicts, but | R| = 1, ILP1 would decide on the first. Therefore a second ILP model
has been designed, which minimizes the number of conflicting clusters | R)|.

Let W = {w € W | (w,v) € E,Vv € @Q} be the set of all selected and colored nodes
not in () and adjacent to any node in (). In other words, W represents the superset of all sets

28



of conflicting nodes that result from any possible coloring of ), therefore & C W holds. Let
color(v) — ¢ € C be a function returning the color of the node v in partition p. The array of
binary variables z stores one variable for each node w € W. Variable z,, is set to one, if node
v € @ is connected to w, and both have the same color, i.e.

= {1 if (w,v) € E and color(w) = color(v) (5.2)

0 otherwise

Consider the following ILP model:

minimize Z Zw (1)

weW

subject to  zy > Tpyc, Y(w,v) € E:we W,v e Q,c=color(w) (2)
szpvczla Vpe{l,...,q} (3)
vEQRp ceC
Tpve + True < 1, Vee C\V(v,u) e E:veVy,ueV, (4)
Zpve € {0, 1}, Vp e Q,Vv € Qp,Vee C (5)

The objective function (1) minimizes the sum of all variables z. Variable z,, is set to one,
if the variable . is set to one, where (w,v) € E and ¢ = color(w) (2). Constraints (3) and
(4) are the same as in ILP1, forcing one selected node-color pair to be selected per cluster and
preventing conflicts inside ().

ILP variants

Furthermore, variants of both ILP models have been considered, that omit the constraints en-
suring the absence of conflicts between clusters inside ). The intention here is to reduce the
pruning of the solution space in order to allow a larger set of possibly good solutions. These
variants will in the following be denoted as ILP1* and ILP2*, respectively.

5.4 Tabu Search

As stated above, the purpose of the tabu search is to eliminate the set of “conflicting clusters”
R. Given the infeasible solution s, its neighborhood N (s) consists of the set of all solutions
established by exchanging the selected node and/or color of the conflicting clusters. The node-
color pair that produces the fewest conflicts is chosen, the resulting solution is accepted and the
set R is updated. Therefore it is said to be a best first (BF) strategy. The chosen move is put
on the tabu list for a random number of iterations in a specified interval. An aspiration criterion
has been used, which means in this context that if the tabued move is allowed if it would lead to
zero conflicts. The search terminates if either a feasible solution could have been established or
a specified limit of iteration has been reached.

Algorithm [§] outlines the procedure. The loops starting in line 6 and 7 are determining
the move producting the minimum amount of conflicts. The condition in line 9 implements the
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a) b)

Figure 5.2: Circles denote clusters and a connection between them denote a conflict. ILP1
would choose a solution with 2 conflicts (a) over a solution with 3 conflicts, which produces
fewer conflicting clusters (b).

aspiration criterion. The chosen node-color pair is added to the tabulist for tabutenure iterations
in line 17. The cluster p enclosing the chosen node is removed from the set of conflicting nodes
R in line 18 and all clusters R; conflicting with p are added to it in line 19 and 20. If the
algorithm terminates because of reaching the iteration limit, the algorithm returns an infeasible
solution 3.

Variant: protected recolored area

There has also been implemented a variant of Tabu Search, specifically of its initialization pro-
cess. The variation consists in putting all node-color pairs of the most recently recolored set of
clusters () on the tabu list for a specified number of iterations. The idea behind this measure
relies on the assumption that a coloring, which has been solved by a complex method minimiz-
ing the amount of conflicts, has a high chance to be part of a conflict free solution. Therefore, it

should not be overwritten immediately. Tests have been performed to evaluate this approach in
section
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Algorithm 8: TabuSearch

Input: An infeasible solution s, the set of conflicting clusters R, an interval interval
Output: A Solution 5

1 Set cmax < the chromatic number of s;

2 Setiter < 0;

3 Set 5+ s;

4 while |R| > 0 and iter < mazxiter do

5 Set minCon flicts < oo;

6 for p € Rdo

7 forv e pandforc=1,... cmax do

8 Obtain a tentative solution s’ by selecting and coloring node v with color ¢ in
55

9 if conflicts(s’) = 0 then

10 5+ s, U+ v, c,p+ p;

11 break both loops;

12 else if the pair (v, ¢) is not in the tabu list then

13 if conflicts(s') < minConflicts then

14 minCon flicts < conflicts(s');

15 L§<—s’,ﬁ<—v,é<—c,ﬁ<—p;

16 tabutenure = random number in interval;

17 insert pair (o, ¢) in the tabu list for tabutenure iterations;
18 R+ R\ p;

19 Let Ry be the set of clusters conflicting with (7, ¢);

20 R + RU Ry;

21 return s;
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CHAPTER

Computational Results

This chapter provides information about the implementation, testing environment, instances
used for evaluation and the computational results. Different methods which have been presented
in chapter [5|and various parameters are compared to each other and to results of previous works
(15} 28] 36]].

6.1 Implementation Details and Testing Environment

The program has been implemented in Java and compiled with the JDK compiler version 1.7.025.
For reasons of runtime comparability it has been designed to execute on a single thread, although
the recoloring for each set of clusters of same color makes the program highly suitable to be
processed in a parallel way. For the implementation of abstract data structures no other libraries
than the ones provides by the JDK have been used. For solving the ILPs described in[I3] ILOG
CPLEX version 12.5 has been used, which is by now one of the fastest CP solvers available
[32]. It is written in C++, provides facades to Java, Python, .NET, Matlab, Excel and supports
comfortable usage of integer variables and a wide set of constraints and solving strategies.

All tests have been performed on a Pentium i5 DualCore, 2.5 GHz, 8GB RAM, with Linux Mint
14 and OpenJDK Runtime Environment (IcedTea 2.3.9) installed.

6.2 Instances

Instances of different size, nodes per cluster ratio and density have been evaluated. The instances
have been generated randomly by the authors of [[15] and evaluated in [15], [41] and [42]. For
reasons of better comparability to previous works, instances have been pooled to sets of same
size and density, respectively. All of them contain 2 nodes per cluster.

Furthermore four larger instances with density of 0.5 and sizes of 500, 1000, 1500 and 2000
nodes provided by the authors of [36] have been evaluated and compared. In all of the instances,
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the nodeset is divided into 500 clusters, holding 1,2,3 and 4 nodes, respectively. Note that the
instance with 1 node per cluster is identical to VCP.

6.3 Results

In the following section preliminarily and final results as well as comparison to results of previ-
ous works are presented. There have been preceding tests performed to select the most compet-
itive ranges of parameters for the test.

Construction Heuristics

Tests have been performed comparing the construction heuristics OneStepCD and DANGER,
as well as the combining algorithm presented in to each other. As mentioned before, one
major disadvantage of DANGER is that a domain of colors has to be given as parameter and the
algorithm then tries to color the graph only using colors in that domain. So in order to find out
the lower bound of the domain, several runs have to be performed, which of course multiply the
runtime. Tables[6.1]and [6.2] show the results of evaluating OneStepCD as well as the hybrid ap-
proach, named Hybrid-Construction. The average chromatic number is represented as obj and
the average time in milliseconds as time(ms). Note that for the DANGER algorithm the time is
given per run, since it depends on the strategy used how often a run has to be performed until the
coloring with lowest possible chromatic number can be found. In table[6.1]sets of five instances,
each varying in terms of size and density and in table[6.2]the four large instances have been used.

It turns out that Hybrid-Construction outperforms OneStepCD on instances sized < 120
nodes in terms of solution quality and with acceptable runtime. In contrast, on the four large
instances, DANGER can not compete with OneStepCD in both, quality and runtime. The latter
increases dramatically with the size of the instance.

Conflicting nodes

As an intermediate result the numbers of conflicting nodes per each recoloring produced by the
different recoloring algorithms have been recorded and compared to each other. In tables [6.3]
and|[6.4] the results for sets of different size respectively density are presented. Each set contains
five instances. Table [6.5]presents the results for the four larger instances. Each of the following
tables uses the same notation, where cnodes/recoloring denotes the average amount of con-
flicting nodes per recoloring. Each column presents results for one of the four main recoloring
methods discussed in section [5.3|namely Random,OneStepCD, the ILP model minimizing the
amount of conflicts /LP1 and the one minimizing the amount of conflicting nodes ILP2. Since
for these experiments a constant size for the tabu list has been used, HYBRID-PCP is deter-
ministic except the case when random recoloring is used. Therefore for random recoloring the
average of ten runs per instance and recoloring has been calculated.
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Table 6.1: Results and time of construction heuristics solving instance sets of different size and
density, with 5 instances per set.

Instances OneStepCD DANGER Hybrid-Construction
nodes | density || obj | time(ms) || obj tm;‘i(?s) obj | time(ms)
20 0.5 36 |02 34 |05 34 | 1.0

40 0.5 56 |02 50 |05 50 |20

60 0.5 74 |02 6.0 |09 6.6 | 4.6

70 0.5 7.6 | 0.6 7.0 | 0.8 7.0 | 4.0

80 0.5 8.6 |02 8.0 | 1.1 8.0 |46

90 0.5 94 |52 94 | 422 94 | 474

100 0.5 102 | 0.4 10.0 | 3.0 10.0 | 6.4

120 0.5 12.0 | 0.6 11.0 | 2.7 11.0 | 16.8

90 0.1 30 |02 30 | 1.0 30 | 1.2

90 0.2 50 |02 42 | 0.7 42 | 3.6

90 0.3 6.2 |02 5.8 1.3 58 | 4.0

90 0.4 7.8 |04 7.6 | 1.8 7.6 | 4.0

90 0.5 94 | 0.8 94 | 4.6 94 | 54

90 0.6 11.2 | 0.2 104 | 1.6 104 | 8.0

90 0.7 13.6 | 0.6 126 | 14 12.6 | 8.8

90 0.8 164 | 0.2 15.6 | 1.8 15.6 | 8.8

90 0.9 20.0 | 1.0 19.8 | 2.7 19.8 | 6.4

Table 6.2: Results and time of construction heuristics solving the four large instances.

Instances OneStepCD DANGER Hybrid-Construction
nodes | density || obj | time(ms) || obj % obj | time(ms)
500 0.5 65 | 88 72 | 1897 65 | 1985

1000 | 0.5 63 | 47 68 | 9800 63 | 9847

1500 | 0.5 59 | 67 65 | 24068 59 | 24135

2000 | 0.5 58 | 94 63 | 43923 58 | 44017

It can be seen that a large number of nodes and as well as a low density lead to a high amount
of conflicts per recoloring. The differences between the results for Random and ILP2 grow to
a factor of over 7 for the larger instances.
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Table 6.3: Sets of different size containing five instances each.

Instance set Random (10 runs/inst) || OneStepCD ILP1 ILP2

nodes | density || cnodes/recoloring cnodes/recoloring || cnodes/recoloring || cnodes/recoloring
20 0.5 3.69 2.25 1.60 1.36

40 0.5 7.33 3.85 3.21 2.29

60 0.5 10.21 4.99 421 2.83

70 0.5 11.30 5.84 4.56 3.27

80 0.5 12.69 6.04 497 3.41

90 0.5 12.32 593 4.64 3.38

100 0.5 14.91 7.16 5.23 3.92

120 0.5 15.53 6.44 5.07 3.38

Table 6.4: Sets of different density containing five instances each.

Instance set Random (10 runs/inst) || OneStepCD ILP1 ILP2
nodes | density || cnodes/recoloring cnodes/recoloring || cnodes/recoloring || cnodes/recoloring
90 0.1 15.71 9.50 6.61 5.65
90 0.2 16.70 7.99 6.36 4.87
90 0.3 15.94 7.60 5.48 4.03
90 0.4 14.73 6.16 4.75 341
90 0.5 13.51 5.93 4.94 343
90 0.6 11.78 5.20 4.39 2.84
90 0.7 9.60 4.61 3.90 2.44
90 0.8 7.70 3.66 3.04 2.05
90 0.9 5.56 2.69 2.34 1.74

Table 6.5: Evaluation of the four larger instances. 1L P2 produces over 7 times less conflicting

nodes than RANDOM.
Instance set Random (10 runs/inst) || OneStepCD ILP1 ILP2
nodes | density || cnodes/recoloring cnodes/recoloring || cnodes/recoloring || cnodes/recoloring
500 0.5 35.13 7.89 7.88 5.02
1000 | 0.5 39.87 9.15 7.74 5.15
1500 | 0.5 44.67 11.52 8.12 6.02
2000 | 0.5 46.81 12.29 4.75 6.42
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Parameter Tests

After performing tests for the recoloring algorithms, tests on the whole HYBRID-PCP algo-
rithm have been performed. Here, different parameters have been compared by terms of the final
result: the chromatic number. For each set of instances experiments with different recoloring
algorithms, various ranges of tabu list lengths as well as various boundaries for the maximum
number of iterations have been performed.

Tables [6.6] to show the results of the instances provided in [13]. In tables to
results of the large instances are shown. Again, the four main recoloring strategies are denoted
by Random,OneStepCD, ILP1 and ILP2. The size of the tabu list for each iteration is a ran-
dom number between the lower and upper bound given as TabuT enure, where C’ is number of
colors allowed for the actual solution. Because of that indeterminism 5 runs per each configura-
tion have been performed. The maximum number of iterations used as stopping criterion is set
as ¢ - (C") - ItMax, where ¢ is the amount of clusters. In tables [6.23]to[6.26] the values of the
parameters T'abul enure and It M ax have been chosen similar to the ones used in [36].

When comparing the different recoloring algorithms in terms of the chromatic numbers re-
sulting from the whole HYBRID-PCP process, it can be seen that these results neither exhibit
an improvement similar to the preliminary ones, nor any significant improvement at all. The
differences of runtimes between heuristical and exact recoloring methods become visible es-
pecially on larger instances. For most instances except the four large ones a T'abul'enure of
U[1.0C",4.0C"] and U[0.0C", 5.0C"] has shown to lead to best results. For the larger instances,
a TabuTenure of U[0.0C",0.5C"] fits best, which approves the results in [36]]. Moreover it can
be observed over all instances that It Max > 20 does not lead to significant improvements.
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Table 6.6: Results for a set of 5 instances of size 90 and density 0.1

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 3.00 | 0.000 | 0.032 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.034 || 3.00 | 0.000 | 0.208
U[0.5C",1.0C"] 3.00 | 0.000 | 0.008 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.027 || 3.00 | 0.000 | 0.210
1 U[1.0C",4.0C"] 3.00 | 0.000 | 0.004 || 3.00 | 0.000 | 0.002 || 3.00 | 0.000 | 0.024 || 3.00 | 0.000 | 0.204
U[0.0C’",5.0C"] 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.002 || 3.00 | 0.000 | 0.024 || 3.00 | 0.000 | 0.210
U[5.0C’,10.0C"] 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.024 || 3.00 | 0.000 | 0.209
U[10.0C",20.0C’] || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.002 || 3.00 | 0.000 | 0.023 || 3.00 | 0.000 | 0.202
U[0.0C",0.5C"] 3.00 | 0.000 | 0.007 || 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.023 || 3.00 | 0.000 | 0.215
U[0.5C",1.0C"] 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.028 || 3.00 | 0.000 | 0.206
10 U[1.0C",4.0C"] 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.028 || 3.00 | 0.000 | 0.204
U[0.0C’",5.0C"] 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.026 || 3.00 | 0.000 | 0.207
U[5.0C’,10.0C"] 3.00 | 0.000 | 0.006 || 2.96 | 0.031 | 0.006 || 3.00 | 0.000 | 0.026 || 3.00 | 0.000 | 0.222
U[10.0C”,20.0C"] || 2.96 | 0.031 | 0.006 || 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.029 || 2.96 | 0.031 | 0.208
U[0.0C",0.5C"] 3.00 | 0.000 | 0.009 || 3.00 | 0.000 | 0.009 || 3.00 | 0.000 | 0.030 || 3.00 | 0.000 | 0.205
U[0.5C",1.0C"] 2.96 | 0.031 | 0.010 || 3.00 | 0.000 | 0.010 || 2.96 | 0.031 | 0.028 || 3.00 | 0.000 | 0.192
20 U[1.0C",4.0C"] 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.030 || 3.00 | 0.000 | 0.211
U[0.0C",5.0C"] 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.028 || 3.00 | 0.000 | 0.217
U[5.0C’,10.0C"] 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.029 || 3.00 | 0.000 | 0.207
U[10.0C”,20.0C"] || 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.010 || 3.00 | 0.000 | 0.029 || 2.96 | 0.031 | 0.220
U[0.0C",0.5C"] 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.038 || 3.00 | 0.000 | 0.234
U[0.5C",1.0C"] 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.019 || 2.96 | 0.031 | 0.039 || 3.00 | 0.000 | 0.209
50 U[1.0C",4.0C"] 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.037 || 3.00 | 0.000 | 0.244
U[0.0C",5.0C"] 2.96 | 0.031 | 0.020 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.040 || 3.00 | 0.000 | 0.229
U[5.0C’,10.0C"] 2.96 | 0.031 | 0.022 || 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.037 || 3.00 | 0.000 | 0.222
U[10.0C",20.0C"] || 3.00 | 0.000 | 0.023 || 3.00 | 0.000 | 0.023 || 3.00 | 0.000 | 0.040 || 3.00 | 0.000 | 0.222

Table 6.7: Results for a set of 5 instances of size 90 and density 0.2

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.043 || 4.00 | 0.000 | 0.250
U[0.5C",1.0C"] 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.043 || 4.00 | 0.000 | 0.274
1 U[1.0C",4.0C"] 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.040 || 4.00 | 0.000 | 0.292
U0.0C",5.0C"] 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.041 || 4.00 | 0.000 | 0.265
U[5.0C’",10.0C"] 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.038 || 4.00 | 0.000 | 0.243
U[10.0C",20.0C’] || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.037 || 4.00 | 0.000 | 0.261
U[0.0C",0.5C"] 3.96 | 0.031 | 0.016 || 4.00 | 0.000 | 0.015 || 3.96 | 0.031 | 0.045 || 4.00 | 0.000 | 0.251
U0.5C",1.0C"] 3.96 | 0.031 | 0.017 || 3.92 | 0.048 | 0.016 || 4.00 | 0.000 | 0.046 || 3.92 | 0.048 | 0.294
10 U[1.0C",4.0C"] 4.00 | 0.000 | 0.016 || 4.00 | 0.000 | 0.016 || 4.00 | 0.000 | 0.045 || 3.96 | 0.031 | 0.301
U[0.0C",5.0C"] 3.92 | 0.048 | 0.018 || 3.92 | 0.048 | 0.016 || 3.96 | 0.031 | 0.049 || 4.00 | 0.000 | 0.280
U[5.0C’,10.0C"] 3.96 | 0.031 | 0.018 || 4.00 | 0.000 | 0.016 || 3.88 | 0.048 | 0.051 || 3.96 | 0.031 | 0.312
U[10.0C",20.0C"] || 3.88 | 0.048 | 0.019 || 4.00 | 0.000 | 0.016 || 3.96 | 0.031 | 0.051 || 4.00 | 0.000 | 0.306
U[0.0C",0.5C"] || 4.00 | 0.000 | 0.027 || 4.00 | 0.000 | 0.025 || 3.96 | 0.031 | 0.059 || 3.96 | 0.031 | 0.343
U[0.5C7,1.0C" | 3.96 | 0.031 | 0.029 || 4.00 | 0.000 | 0.025 || 4.00 | 0.000 | 0.059 || 4.00 | 0.000 | 0.281
20 U[1.0C",4.0C"] 3.96 | 0.031 | 0.030 || 4.00 | 0.000 | 0.027 || 3.96 | 0.031 | 0.061 || 3.96 | 0.031 | 0.346
U[0.0C’,5.0C"] 3.96 | 0.031 | 0.030 || 3.92 | 0.048 | 0.028 || 3.92 | 0.048 | 0.062 || 3.92 | 0.048 | 0.310
U[5.0C’,10.0C"] 4.00 | 0.000 | 0.028 || 3.88 | 0.048 | 0.029 || 3.88 | 0.048 | 0.064 | 3.92 | 0.048 | 0.345
U[10.0C",20.0C"] || 3.96 | 0.031 | 0.031 || 3.84 | 0.031 | 0.031 || 4.00 | 0.000 | 0.059 || 3.92 | 0.048 | 0.306
U[0.0C",0.5C"] || 4.00 | 0.000 | 0.054 || 4.00 | 0.000 | 0.052 || 3.96 | 0.031 | 0.089 || 4.00 | 0.000 | 0.332
U[0.5C",1.0C"] || 3.96 | 0.031 | 0.056 || 3.96 | 0.031 | 0.056 || 4.00 | 0.000 | 0.084 || 3.96 | 0.031 | 0.319
50 U[1.0C",4.0C"] 3.92 | 0.048 | 0.058 || 3.96 | 0.031 | 0.055 || 3.92 | 0.048 | 0.093 || 3.96 | 0.031 | 0.323
U[0.0C’",5.0C"] 3.96 | 0.031 | 0.058 || 4.00 | 0.000 | 0.056 || 3.96 | 0.031 | 0.084 || 3.88 | 0.048 | 0.332
U[5.0C’,10.0C"] 3.84 | 0.031 | 0.068 || 3.92 | 0.048 | 0.064 || 3.80 | 0.000 | 0.100 || 3.92 | 0.048 | 0.338
U[10.0C",20.0C"] || 3.88 | 0.048 | 0.065 || 3.88 | 0.048 | 0.066 || 3.96 | 0.031 | 0.092 || 3.92 | 0.048 | 0.338
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Table 6.8: Results for a set of 5 instances of size 90 and density 0.3

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C’,0.5C"] 5.00 | 0.000 | 0.010 || 5.00 | 0.000 | 0.010 || 5.00 | 0.000 | 0.075 || 5.00 | 0.000 | 0.453
U[0.5C",1.0C"] 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.076 || 5.00 | 0.000 | 0.453
| U[1.0C",4.0C"] 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.075 || 5.00 | 0.000 | 0.533
U[0.0C",5.0C"] 5.00 | 0.000 | 0.010 || 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.071 || 5.00 | 0.000 | 0.544
U[5.0C’,10.0C"] 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.070 [| 5.00 | 0.000 | 0.501
U[10.0C",20.0C"] || 5.04 | 0.031 | 0.009 || 5.00 | 0.000 | 0.009 || 5.00 | 0.000 | 0.073 || 5.00 | 0.000 | 0.530
U[0.0C",0.5C"] 5.00 | 0.000 | 0.031 || 5.00 | 0.000 | 0.032 || 5.00 | 0.000 | 0.092 || 5.00 | 0.000 | 0.547
U[0.5C",1.0C"] 5.00 | 0.000 | 0.032 || 5.00 | 0.000 | 0.032 || 5.00 | 0.000 | 0.094 || 5.00 | 0.000 | 0.565
10 U[1.0C",4.0C"] 5.00 | 0.000 | 0.032 || 5.00 | 0.000 | 0.033 || 5.00 | 0.000 | 0.094 || 5.00 | 0.000 | 0.534
U[0.0C",5.0C"] 5.00 | 0.000 | 0.033 || 5.00 | 0.000 | 0.032 || 5.00 | 0.000 | 0.096 || 5.00 | 0.000 | 0.559
U[5.0C’,10.0C"] 5.00 | 0.000 | 0.033 || 5.00 | 0.000 | 0.034 || 5.00 | 0.000 | 0.092 || 5.00 | 0.000 | 0.531
U[10.0C”,20.0C"] || 5.00 | 0.000 | 0.034 || 5.00 | 0.000 | 0.034 || 5.00 | 0.000 | 0.096 || 5.00 | 0.000 | 0.576
U[0.0C",0.5C"] 5.00 | 0.000 | 0.056 || 5.00 | 0.000 | 0.055 || 5.00 | 0.000 | 0.116 || 5.00 | 0.000 | 0.580
U[0.5C",1.0C"] 5.00 | 0.000 | 0.056 || 5.00 | 0.000 | 0.058 || 5.00 | 0.000 | 0.117 || 5.00 | 0.000 | 0.617
20 U[1.0C",4.0C"] 5.00 | 0.000 | 0.059 || 5.00 | 0.000 | 0.058 || 5.00 | 0.000 | 0.122 || 5.00 | 0.000 | 0.646
U[0.0C",5.0C"] 5.00 | 0.000 | 0.058 || 5.00 | 0.000 | 0.059 || 5.00 | 0.000 | 0.123 || 5.00 | 0.000 | 0.595
U[5.0C’,10.0C"] 5.00 | 0.000 | 0.059 || 5.00 | 0.000 | 0.059 || 5.00 | 0.000 | 0.121 || 5.00 | 0.000 | 0.616
U[10.0C”,20.0C"] || 5.00 | 0.000 | 0.061 || 5.00 | 0.000 | 0.061 || 5.00 | 0.000 | 0.125 || 5.00 | 0.000 | 0.647
U[0.0C",0.5C"] 5.00 | 0.000 | 0.126 || 5.00 | 0.000 | 0.122 || 5.00 | 0.000 | 0.187 || 5.00 | 0.000 | 0.718
U[0.5C",1.0C"] 5.00 | 0.000 | 0.125 || 5.00 | 0.000 | 0.123 || 5.00 | 0.000 | 0.189 || 5.00 | 0.000 | 0.704
50 U[1.0C",4.0C"] 5.00 | 0.000 | 0.136 || 5.00 | 0.000 | 0.136 || 5.00 | 0.000 | 0.198 || 5.00 | 0.000 | 0.644
U[0.0C’,5.0C"] 5.00 | 0.000 | 0.136 || 5.00 | 0.000 | 0.134 || 5.00 | 0.000 | 0.198 || 5.00 | 0.000 | 0.731
U[5.0C’,10.0C"] 5.00 | 0.000 | 0.139 || 5.00 | 0.000 | 0.138 || 5.00 | 0.000 | 0.201 || 5.00 | 0.000 | 0.725
U[10.0C",20.0C"] || 5.00 | 0.000 | 0.143 || 5.00 | 0.000 | 0.141 || 5.00 | 0.000 | 0.210 || 5.00 | 0.000 | 0.662

Table 6.9: Results for a set of 5 instances of size 90 and density 0.4

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 6.04 | 0.031 | 0.018 || 6.00 | 0.000 | 0.018 || 6.08 | 0.048 | 0.149 || 6.08 | 0.048 | 0.443
U0.5C",1.0C"] 6.04 | 0.031 | 0.018 || 6.04 | 0.031 | 0.018 || 6.00 | 0.000 | 0.147 || 6.04 | 0.031 | 0.463
| U[1.0C",4.0C"] 6.00 | 0.000 | 0.017 || 6.08 | 0.048 | 0.018 || 6.00 | 0.000 | 0.147 || 6.08 | 0.048 | 0.460
U0.0C’,5.0C"] 6.00 | 0.000 | 0.017 || 6.00 | 0.000 | 0.017 || 6.00 | 0.000 | 0.131 [| 6.00 | 0.000 | 0.463
U[5.0C",10.0C"] 6.08 | 0.048 | 0.017 || 6.08 | 0.048 | 0.017 || 6.04 | 0.031 | 0.127 || 6.08 | 0.048 | 0.444
U[10.0C",20.0C"] || 6.31 | 0.112 | 0.018 || 6.27 | 0.112 | 0.018 || 6.27 | 0.063 | 0.114 || 6.12 | 0.080 | 0.428
U[0.0C",0.5C"] 6.00 | 0.000 | 0.077 || 6.00 | 0.000 | 0.077 || 6.00 | 0.000 | 0.173 || 6.00 | 0.000 | 0.504
U[0.5C",1.0C"] 6.00 | 0.000 | 0.074 || 6.00 | 0.000 | 0.077 || 6.00 | 0.000 | 0.173 || 6.00 | 0.000 | 0.497
10 U[1.0C",4.0C"] 6.00 | 0.000 | 0.076 || 6.00 | 0.000 | 0.077 || 6.00 | 0.000 | 0.171 {| 6.00 | 0.000 | 0.505
U0.0C’,5.0C"] 6.00 | 0.000 | 0.075 || 6.00 | 0.000 | 0.077 || 6.00 | 0.000 | 0.172 || 6.00 | 0.000 | 0.518
U[5.0C",10.0C"] 6.00 | 0.000 | 0.077 || 6.00 | 0.000 | 0.079 || 6.00 | 0.000 | 0.175 || 6.00 | 0.000 | 0.498
U[10.0C",20.0C"] || 6.00 | 0.000 | 0.088 || 6.00 | 0.000 | 0.083 || 6.04 | 0.031 | 0.180 || 6.00 | 0.000 | 0.513
U[0.0C",0.5C"] || 6.00 | 0.000 | 0.142 || 6.00 | 0.000 | 0.137 || 6.00 | 0.000 | 0.228 || 6.00 | 0.000 | 0.543
U[0.5C",1.0C"] 6.00 | 0.000 | 0.136 || 6.00 | 0.000 | 0.135 || 6.00 | 0.000 | 0.225 || 6.00 | 0.000 | 0.563
20 U[1.0C",4.0C"] 6.00 | 0.000 | 0.142 || 6.00 | 0.000 | 0.144 || 6.00 | 0.000 | 0.225 || 6.00 | 0.000 | 0.575
U[0.0C’,5.0C"] 6.00 | 0.000 | 0.142 || 6.00 | 0.000 | 0.143 || 6.00 | 0.000 | 0.229 || 6.00 | 0.000 | 0.567
U[5.0C",10.0C"] 6.00 | 0.000 | 0.144 || 6.00 | 0.000 | 0.144 || 6.00 | 0.000 | 0.231 [| 6.00 | 0.000 | 0.565
U[10.0C",20.0C"] || 6.04 | 0.031 | 0.153 || 6.00 | 0.000 | 0.154 || 6.00 | 0.000 | 0.233 || 6.00 | 0.000 | 0.573
U[0.0C”,0.5C"] 6.00 | 0.000 | 0.321 || 6.04 | 0.031 | 0.310 || 6.00 | 0.000 | 0.375 || 6.00 | 0.000 | 0.727
U[0.5C",1.0C"] 6.00 | 0.000 | 0.327 || 6.00 | 0.000 | 0.310 || 6.00 | 0.000 | 0.371 || 6.00 | 0.000 | 0.701
50 U[1.0C",4.0C"] 6.00 | 0.000 | 0.332 || 6.00 | 0.000 | 0.341 || 6.00 | 0.000 | 0.385 || 6.00 | 0.000 | 0.706
U[0.0C",5.0C"] 6.00 | 0.000 | 0.341 || 6.00 | 0.000 | 0.336 || 6.00 | 0.000 | 0.384 || 6.00 | 0.000 | 0.713
U[5.0C",10.0C"] 6.00 | 0.000 | 0.350 || 6.00 | 0.000 | 0.343 || 6.00 | 0.000 | 0.390 {| 6.00 | 0.000 | 0.705
U[10.0C",20.0C"] || 6.00 | 0.000 | 0.363 || 6.00 | 0.000 | 0.362 || 6.00 | 0.000 | 0.406 || 6.00 | 0.000 | 0.742
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Table 6.10: Results for a set of 5 instances of size 90 and density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 7.60 | 0.111 | 0.019 || 7.44 | 0.080 | 0.019 || 7.60 | 0.111 | 0.161 || 7.40 | 0.096 | 0.571
U[0.5C",1.0C"] 7.47 | 0.111 | 0.019 || 7.56 | 0.128 | 0.018 || 7.44 | 0.128 | 0.173 || 7.44 | 0.128 | 0.560
1 U[1.0C",4.0C"] 7.52 1 0.079 | 0.018 || 7.35 | 0.128 | 0.019 || 7.47 | 0.144 | 0.172 || 7.43 | 0.128 | 0.555
U[0.0C’",5.0C"] 7.56 | 0.080 | 0.019 || 7.47 | 0.128 | 0.019 || 7.56 | 0.095 | 0.165 || 7.40 | 0.127 | 0.564
U[5.0C’,10.0C"] 7.64 | 0.111 | 0.019 || 7.72 | 0.063 | 0.018 || 7.56 | 0.096 | 0.167 || 7.64 | 0.096 | 0.516
U[10.0C",20.0C"] || 7.88 | 0.048 | 0.018 || 7.80 | 0.063 | 0.018 || 7.84 | 0.031 | 0.148 || 7.84 | 0.080 | 0.483
U[0.0C",0.5C"] 7.35 | 0.080 | 0.104 || 7.27 | 0.063 | 0.108 || 7.24 | 0.031 | 0.263 || 7.27 | 0.112 | 0.670
U[0.5C",1.0C"] 7.40 | 0.128 | 0.105 || 7.20 | 0.063 | 0.107 || 7.31 | 0.128 | 0.267 || 7.44 | 0.080 | 0.638
10 U[1.0C",4.0C"] 7.08 | 0.048 | 0.110 || 7.15 | 0.031 | 0.105 || 7.12 | 0.048 | 0.281 || 7.12 | 0.048 | 0.719
U[0.0C’",5.0C"] 7.15 | 0.031 | 0.106 || 7.04 | 0.031 | 0.111 || 7.12 | 0.048 | 0.280 || 7.08 | 0.048 | 0.705
U[5.0C’,10.0C"] 7.20 | 0.063 | 0.113 || 7.24 | 0.031 | 0.111 || 7.20 | 0.063 | 0.277 || 7.15 | 0.031 | 0.692
U[10.0C”,20.0C"] || 7.51 | 0.111 | 0.121 || 7.44 | 0.096 | 0.125 || 7.68 | 0.080 | 0.254 || 7.48 | 0.112 | 0.648
U[0.0C",0.5C"] || 7.35 | 0.080 | 0.195 || 7.32 | 0.080 | 0.199 || 7.32 | 0.144 | 0.343 || 7.35 | 0.112 | 0.749
U0.507,1.0C" || 7.27 | 0.112 | 0.196 || 7.40 | 0.112 | 0.181 || 7.27 | 0.063 | 0.354 || 7.32 | 0.080 | 0.750
20 U[1.0C",4.0C"] 7.04 | 0.031 | 0.208 || 7.04 | 0.031 | 0.204 || 7.08 | 0.048 | 0.377 || 7.00 | 0.000 | 0.829
U[0.0C",5.0C"] 7.00 | 0.000 | 0.213 || 7.08 | 0.048 | 0.208 || 7.08 | 0.048 | 0.376 || 7.08 | 0.048 | 0.806
U[5.0C’,10.0C"] 7.15 | 0.031 | 0.215 || 7.20 | 0.000 | 0.211 || 7.08 | 0.048 | 0.388 || 7.20 | 0.000 | 0.783
U[10.0C”,20.0C"] || 7.35 | 0.080 | 0.233 || 7.44 | 0.031 | 0.231 || 7.35 | 0.031 | 0.380 || 7.40 | 0.128 | 0.793
U0.0C",0.5C"] || 7.24 | 0.031 | 0.513 || 7.40 | 0.128 | 0.472 || 7.27 | 0.112 | 0.638 || 7.27 | 0.111 | 1.053
U[0.5C",1.0C"] 7.27 | 0.048 | 0.463 || 7.12 | 0.080 | 0.510 || 7.24 | 0.031 | 0.623 || 7.35 | 0.128 | 1.007
50 U[1.0C",4.0C"] 7.00 | 0.000 | 0.508 || 7.00 | 0.000 | 0.499 || 7.00 | 0.000 | 0.666 || 7.00 | 0.000 | 1.107
U[0.0C",5.0C"] 7.00 | 0.000 | 0.497 || 7.00 | 0.000 | 0.509 || 7.00 | 0.000 | 0.687 || 7.00 | 0.000 | 1.120
U[5.0C’,10.0C"] 7.15 | 0.031 | 0.509 || 7.15 | 0.031 | 0.505 || 7.12 | 0.048 | 0.684 || 7.15 | 0.031 | 1.078
U[10.0C",20.0C"] || 7.20 | 0.000 | 0.563 || 7.24 | 0.031 | 0.570 || 7.24 | 0.031 | 0.750 || 7.32 | 0.079 | 1.104

Table 6.11: Results for a set of 5 instances of size 90 and density 0.6

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 8.92 | 0.048 | 0.027 || 8.95 | 0.080 | 0.029 || 9.04 | 0.128 | 0.178 || 8.95 | 0.080 | 0.578
U[0.5C",1.0C"] 9.00 | 0.064 | 0.028 || 8.80 | 0.063 | 0.028 || 8.95 | 0.079 | 0.179 || 9.00 | 0.096 | 0.558
1 U[1.0C",4.0C"] 9.00 | 0.063 | 0.027 || 8.87 | 0.048 | 0.028 || 8.87 | 0.048 | 0.182 || 8.87 | 0.048 | 0.585
U0.0C",5.0C"] 9.00 | 0.096 | 0.027 || 8.88 | 0.063 | 0.027 || 9.00 | 0.000 | 0.169 | 8.84 | 0.031 | 0.588
U[5.0C’",10.0C"] 9.12 | 0.048 | 0.029 || 9.12 | 0.063 | 0.029 || 9.00 | 0.000 | 0.174 || 9.04 | 0.096 | 0.561
U[10.0C",20.0C"] || 9.40 | 0.128 | 0.028 || 9.16 | 0.079 | 0.029 || 9.24 | 0.096 | 0.162 | 9.24 | 0.031 | 0.511
U[0.0C",0.5C"] 9.00 | 0.096 | 0.153 || 8.91 | 0.080 | 0.156 || 8.88 | 0.063 | 0.297 || 8.91 | 0.080 | 0.704
U0.5C",1.0C"] 8.92 | 0.063 | 0.154 || 8.88 | 0.080 | 0.150 || 8.84 | 0.112 | 0.297 || 8.84 | 0.032 | 0.713
10 U[1.0C",4.0C"] 8.76 | 0.031 | 0.157 || 8.72 | 0.048 | 0.158 || 8.72 | 0.048 | 0.314 || 8.72 | 0.048 | 0.761
U[0.0C",5.0C"] 8.72 | 0.063 | 0.160 || 8.76 | 0.031 | 0.156 || 8.76 | 0.031 | 0.310 || 8.64 | 0.079 | 0.763
U[5.0C’,10.0C"] 8.92 | 0.063 | 0.163 || 8.84 | 0.031 | 0.166 || 8.84 | 0.032 | 0.316 || 8.84 | 0.031 | 0.724
U[10.0C",20.0C"] || 9.04 | 0.031 | 0.180 || 9.00 | 0.063 | 0.173 || 9.00 | 0.000 | 0.325 || 9.04 | 0.031 | 0.707
U[0.0C",0.5C"] 8.95 | 0.079 | 0.307 || 9.00 | 0.063 | 0.271 || 9.00 | 0.063 | 0.435 || 9.00 | 0.096 | 0.833
U[0.5C",1.0C"] 8.88 | 0.112 | 0.291 || 8.87 | 0.048 | 0.278 || 8.76 | 0.080 | 0.436 || 8.80 | 0.063 | 0.852
20 U[1.0C",4.0C"] 8.52 | 0.112 | 0.323 || 8.68 | 0.080 | 0.316 || 8.56 | 0.144 | 0.505 || 8.52 | 0.112 | 0.944
U[0.0C’,5.0C"] 8.72 | 0.048 | 0.291 || 8.68 | 0.079 | 0.300 || 8.68 | 0.079 | 0.457 || 8.60 | 0.096 | 0.927
U[5.0C’,10.0C"] 8.84 | 0.031 | 0.316 || 8.80 | 0.063 | 0.311 || 8.80 | 0.063 | 0.476 || 8.84 | 0.031 | 0.863
U[10.0C",20.0C"] || 9.00 | 0.063 | 0.316 || 8.95 | 0.032 | 0.321 || 9.00 | 0.000 | 0.467 || 9.00 | 0.000 | 0.853
U[0.0C",0.5C"] 8.87 | 0.048 | 0.699 || 8.84 | 0.095 | 0.708 || 8.92 | 0.048 | 0.829 || 9.08 | 0.080 | 1.173
U[0.5C",1.0C"] 8.80 | 0.000 | 0.698 || 8.80 | 0.000 | 0.671 || 8.87 | 0.048 | 0.842 || 8.84 | 0.031 | 1.257
50 U[1.0C",4.0C"] 8.56 | 0.128 | 0.768 || 8.40 | 0.063 | 0.861 || 8.44 | 0.096 | 0.983 || 8.55 | 0.031 | 1.349
U[0.0C’",5.0C"] 8.36 | 0.080 | 0.841 || 8.55 | 0.080 | 0.767 || 8.44 | 0.080 | 0.972 || 8.52 | 0.048 | 1.388
U[5.0C’,10.0C"] 8.72 1 0.048 | 0.782 || 8.68 | 0.080 | 0.779 || 8.72 | 0.080 | 0.934 || 8.76 | 0.031 | 1.346
U[10.0C",20.0C"] || 8.87 | 0.048 | 0.812 || 8.92 | 0.048 | 0.791 || 8.95 | 0.031 | 0.912 || 8.88 | 0.080 | 1.375

40




Table 6.12: Results for a set of 5 instances of size 90 and density 0.7

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj sd time || obj sd time || obj sd time || obj sd time
U[0.0C",0.5C"] 10.88 | 0.095 | 0.041 || 10.95 | 0.128 | 0.041 || 10.95 | 0.031 | 0.228 || 10.88 | 0.144 | 0.686
U[0.5C",1.0C"] 10.80 | 0.144 | 0.041 || 10.76 | 0.031 | 0.039 || 10.68 | 0.112 | 0.246 || 10.80 | 0.063 | 0.701
1 UJL. OC/, 4.0C") 10.84 | 0.079 | 0.040 || 10.76 | 0.128 | 0.039 || 10.76 | 0.095 | 0.242 || 10.71 | 0.176 | 0.720
U[0.0C",5.0C"] 10.80 | 0.096 | 0.040 || 10.84 | 0.112 | 0.039 || 10.84 | 0.112 | 0.237 || 10.76 | 0.144 | 0.707
U[5.0C",10.0C"] 10.95 | 0.031 | 0.041 || 10.95 | 0.031 | 0.039 || 10.92 | 0.063 | 0.229 || 10.92 | 0.063 | 0.678
U[10.0C",20.0C"] || 11.12 | 0.095 | 0.044 || 11.04 | 0.032 | 0.044 || 11.04 | 0.031 | 0.221 || 11.04 | 0.095 | 0.644
U[0.0C",0.5C"] 10.87 | 0.080 | 0.262 || 10.76 | 0.128 | 0.269 || 10.91 | 0.063 | 0.436 || 10.80 | 0.112 | 0.897
U[0.5C",1.0C"] 10.47 | 0.112 | 0.273 || 10.60 | 0.160 | 0.253 || 10.55 | 0.144 | 0.460 || 10.52 | 0.160 | 0.967
10 U[1.0C",4.0C"] 10.12 | 0.080 | 0.273 || 10.20 | 0.096 | 0.262 || 10.12 | 0.080 | 0.512 || 10.08 | 0.048 | 1.081
U[0.0C",5.0C"] 10.20 | 0.128 | 0.275 || 10.16 | 0.096 | 0.277 || 10.20 | 0.063 | 0.499 || 10.12 | 0.079 | 1.082
U[5.0C",10.0C"] 10.60 | 0.128 | 0.297 || 10.48 | 0.128 | 0.310 || 10.55 | 0.080 | 0.489 || 10.52 | 0.176 | 1.013
U[10.0C",20.0C"] || 10.92 | 0.063 | 0.267 || 10.87 | 0.080 | 0.270 || 10.95 | 0.032 | 0.444 || 10.84 | 0.080 | 0.911
U[0.0C",0.5C"] || 11.00 | 0.000 | 0.460 || 11.00 | 0.063 | 0.470 || 10.88 | 0.095 | 0.640 || 10.88 | 0.144 | 1.127
U[0.5C",1.0C"] || 10.48 | 0.128 | 0.506 || 10.36 | 0.176 | 0.502 || 10.48 | 0.176 | 0.680 || 10.60 | 0.160 | 1.195
20 U[1.0C",4.0C"] 10.00 | 0.000 | 0.503 || 10.00 | 0.000 | 0.521 || 10.04 | 0.031 | 0.769 || 10.00 | 0.000 | 1.347
U[0.0C",5.0C"] 10.00 | 0.000 | 0.518 || 10.00 | 0.000 | 0.521 || 10.08 | 0.063 | 0.727 || 10.04 | 0.031 | 1.351
U[5.0C",10.0C"] 10.40 | 0.159 | 0.577 || 10.32 | 0.127 | 0.554 || 10.31 | 0.128 | 0.791 || 10.36 | 0.127 | 1.326
U[10.0C",20.0C"] || 10.88 | 0.080 | 0.504 || 10.84 | 0.112 | 0.517 || 10.88 | 0.095 | 0.699 || 10.84 | 0.112 | 1.160
U[0.0C",0.5C"] 11.08 | 0.048 | 1.164 || 10.95 | 0.095 | 1.127 || 10.80 | 0.112 | 1.323 || 10.84 | 0.176 | 1.735
U[0.5C",1.0C"] 10.44 | 0.080 | 1.230 || 10.44 | 0.192 | 1.250 || 10.60 | 0.160 | 1.386 || 10.48 | 0.112 | 1.846
50 U[1.0C",4.0C"] 10.00 | 0.000 | 1.202 || 10.00 | 0.000 | 1.202 || 10.00 | 0.000 | 1.448 || 10.00 | 0.000 | 2.026
U[0.0C",5.0C"] 10.00 | 0.000 | 1.172 || 10.00 | 0.000 | 1.198 || 10.00 | 0.000 | 1.458 || 10.00 | 0.000 | 2.006
U[5.0C",10.0C"] 10.12 | 0.080 | 1.360 || 10.20 | 0.063 | 1.373 || 10.20 | 0.063 | 1.555 || 10.08 | 0.063 | 2.146
U[10.0C",20.0C"] || 10.71 | 0.079 | 1.345 || 10.71 | 0.111 | 1.421 || 10.76 | 0.095 | 1.425 || 10.67 | 0.192 | 2.026

Table 6.13: Results for a set of 5 instances of size 90 and density 0.8

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 13.48 | 0.112 | 0.062 || 13.32 | 0.208 | 0.062 || 13.16 | 0.192 | 0.324 || 13.48 | 0.192 | 0.771
U[0.5C",1.0C"] 12.95 | 0.080 | 0.059 || 12.91 | 0.112 | 0.063 || 12.72 | 0.048 | 0.356 || 13.00 | 0.111 | 0.885
| U[1.0C",4.0C"] 12.91 | 0.080 | 0.058 || 12.84 | 0.031 | 0.058 || 12.84 | 0.032 | 0.335 || 12.91 | 0.048 | 0.889
U[0.0C",5.0C"] 12.95 | 0.079 | 0.061 || 12.80 | 0.063 | 0.063 || 12.91 | 0.080 | 0.339 || 12.91 | 0.048 | 0.901
U[5.0C",10.0C"] 13.12 | 0.128 | 0.061 || 13.12 | 0.080 | 0.061 || 13.16 | 0.095 | 0.311 || 13.00 | 0.112 | 0.869
U[10.0C’,20.0C"] || 13.55 | 0.128 | 0.060 || 13.20 | 0.240 | 0.066 || 13.32 | 0.192 | 0.313 || 13.28 | 0.224 | 0.816
U[0.0C",0.5C"] 13.64 | 0.208 | 0.422 || 13.40 | 0.128 | 0.413 || 13.28 | 0.192 | 0.671 || 13.28 | 0.144 | 1.216
U[0.5C",1.0C"] 12.80 | 0.063 | 0.417 || 12.68 | 0.112 | 0.418 || 12.88 | 0.048 | 0.650 || 12.76 | 0.095 | 1.278
10 U[1.0C",4.0C"] 12.64 | 0.031 | 0.393 || 12.55 | 0.095 | 0.418 || 12.55 | 0.079 | 0.703 || 12.60 | 0.000 | 1.299
U[0.0C",5.0C"] 12.60 | 0.096 | 0.408 || 12.63 | 0.080 | 0.396 || 12.55 | 0.128 | 0.727 || 12.55 | 0.080 | 1.323
U[5.0C",10.0C"] 12.80 | 0.000 | 0.419 || 12.80 | 0.000 | 0.428 || 12.80 | 0.000 | 0.694 || 12.80 | 0.000 | 1.294
U[10.0C",20.0C"] || 13.04 | 0.111 | 0.486 || 12.91 | 0.080 | 0.478 || 13.04 | 0.111 | 0.715 || 12.95 | 0.128 | 1.281
U0.0C",05C7] || 13.55 | 0.111 | 0.859 || 13.48 | 0.144 | 0.779 || 13.52 | 0.256 | 0.999 || 13.52 | 0.160 | 1.541
U[0.5C",1.0C" || 12.84 | 0.112 | 0.710 || 12.84 | 0.080 | 0.755 || 12.91 | 0.048 | 0.989 | 12.76 | 0.144 | 1.613
20 U[1.0C",4.0C"] 12.40 | 0.063 | 0.837 || 12.55 | 0.080 | 0.818 || 12.55 | 0.095 | 1.082 || 12.55 | 0.031 | 1.689
U[0.0C",5.0C"] 12.32 | 0.112 | 0.901 || 12.55 | 0.127 | 0.797 || 12.52 | 0.080 | 1.090 || 12.44 | 0.080 | 1.778
U[5.0C",10.0C"] 12.68 | 0.080 | 0.835 || 12.76 | 0.031 | 0.821 || 12.76 | 0.032 | 1.110 || 12.76 | 0.031 | 1.640
U[10.0C",20.0C"] || 12.84 | 0.031 | 0.941 || 12.84 | 0.031 | 0.957 || 12.88 | 0.063 | 1.176 || 12.91 | 0.080 | 1.720
U[0.0C",0.5C"] 13.44 | 0.144 | 2.161 || 13.47 | 0.144 | 2.012 || 13.31 | 0.224 | 2.228 || 13.55 | 0.096 | 2.696
U[0.5C",1.0C"] 12.76 | 0.096 | 1.942 || 12.80 | 0.096 | 1.838 || 12.68 | 0.048 | 2.222 || 12.76 | 0.128 | 2.657
50 U[1.0C",4.0C"] 12.32 | 0.048 | 2.083 || 12.24 | 0.031 | 2.243 || 12.24 | 0.032 | 2.439 || 12.24 | 0.079 | 3.138
U[0.0C",5.0C"] 12.36 | 0.080 | 2.083 || 12.44 | 0.096 | 2.018 || 12.40 | 0.096 | 2.374 || 12.31 | 0.079 | 3.009
U[5.0C",10.0C"] 12.64 | 0.096 | 2.129 || 12.76 | 0.031 | 1.976 || 12.76 | 0.031 | 2.246 || 12.76 | 0.031 | 2.762
U[10.0C",20.0C"] || 12.80 | 0.000 | 2.192 || 12.80 | 0.000 | 2.173 || 12.80 | 0.000 | 2.450 || 12.80 | 0.000 | 3.130
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Table 6.14: Results for a set of 5 instances of size 90 and density 0.9

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj sd time || obj sd time || obj sd time || obj sd time
U[0.0C",0.5C"] 18.72 | 0.288 | 0.089 || 18.24 | 0.288 | 0.081 || 17.83 | 0.496 | 0.333 || 18.11 | 0.768 | 0.687
U[0.5C",1.0C"] 16.60 | 0.192 | 0.102 || 16.68 | 0.416 | 0.099 || 16.52 | 0.160 | 0.445 || 16.60 | 0.239 | 1.023
1 U[1.0C",4.0C"] 16.40 | 0.063 | 0.096 || 16.36 | 0.079 | 0.096 || 16.60 | 0.111 | 0.418 || 16.60 | 0.159 | 1.022
U[0.0C",5.0C"] 16.52 | 0.223 | 0.093 || 16.48 | 0.064 | 0.088 || 16.48 | 0.063 | 0.437 || 16.44 | 0.031 | 1.047
U[5.0C",10.0C"] 16.84 | 0.127 | 0.095 || 16.63 | 0.207 | 0.098 || 16.60 | 0.112 | 0.436 || 16.68 | 0.240 | 1.016
U[10.0C",20.0C"] || 17.08 | 0.144 | 0.099 || 16.91 | 0.192 | 0.104 || 16.88 | 0.240 | 0.413 || 17.04 | 0.208 | 0.932
U[0.0C",0.5C"] 18.88 | 0.720 | 0.698 || 17.83 | 0.368 | 0.710 || 17.88 | 0.176 | 0.975 || 18.11 | 0.527 | 1.322
U[0.5C",1.0C"] 16.24 | 0.080 | 0.724 || 16.40 | 0.080 | 0.696 || 16.27 | 0.079 | 1.076 || 16.28 | 0.048 | 1.737
10 U[1.0C",4.0C") 16.04 | 0.128 | 0.749 || 16.08 | 0.111 | 0.717 || 16.20 | 0.111 | 1.082 || 16.11 | 0.112 | 1.721
U[0.0C",5.0C"] 16.11 | 0.128 | 0.695 || 16.04 | 0.127 | 0.758 || 16.20 | 0.000 | 1.011 || 16.04 | 0.127 | 1.790
U[5.0C",10.0C"] 16.32 | 0.048 | 0.728 || 16.20 | 0.127 | 0.727 || 16.36 | 0.031 | 1.073 || 16.32 | 0.048 | 1.687
U[10.0C",20.0C"] || 16.40 | 0.128 | 0.823 || 16.52 | 0.048 | 0.860 || 16.44 | 0.095 | 1.171 || 16.44 | 0.031 | 1.745
U[0.0C",0.5C"] 18.80 | 0.287 | 1.327 || 18.04 | 0.288 | 1.428 || 17.91 | 0.463 | 1.822 || 18.20 | 0.384 | 1.972
U[0.5C",1.0C"] 16.20 | 0.176 | 1.490 || 16.20 | 0.096 | 1.515 || 16.28 | 0.111 | 1.839 || 16.32 | 0.144 | 2.489
2 U[1.0C",4.0C"] 15.95 | 0.031 | 1.421 || 16.04 | 0.128 | 1.455 || 15.92 | 0.095 | 1.868 || 1591 | 0.079 | 2.503
U[0.0C",5.0C"] 15.95 | 0.096 | 1.431 || 16.16 | 0.031 | 1.285 || 16.04 | 0.128 | 1.833 || 15.91 | 0.080 | 2.459
U[5.0C",10.0C"] 16.28 | 0.048 | 1.382 || 16.24 | 0.079 | 1.433 || 16.20 | 0.111 | 1.789 || 16.20 | 0.063 | 2.414
U[10.0C",20.0C"] || 16.40 | 0.000 | 1.561 || 16.36 | 0.031 | 1.552 || 16.36 | 0.031 | 1.887 || 16.20 | 0.128 | 2.679
U[0.0C",0.5C"] 18.43 | 0.448 | 3.742 || 17.80 | 0.288 | 3.664 || 17.95 | 0.592 | 3.878 || 18.32 | 0.207 | 4.099
U[0.5C",1.0C"] 16.40 | 0.191 | 3.338 || 16.24 | 0.096 | 3.458 || 16.24 | 0.080 | 4.036 || 16.24 | 0.079 | 4.305
50 U[1.0C",4.0C"] 1591 | 0.080 | 3.478 || 15.91 | 0.048 | 3.272 || 15.95 | 0.096 | 3.865 || 15.80 | 0.000 | 4.467
U[0.0C",5.0C"] 15.88 | 0.048 | 3.521 || 15.88 | 0.048 | 3.556 || 15.80 | 0.000 | 4.065 || 15.88 | 0.064 | 4.392
U[5.0C",10.0C"] 16.20 | 0.096 | 3.565 || 16.11 | 0.063 | 3.619 || 16.08 | 0.048 | 4.017 || 16.20 | 0.096 | 4.733
U[10.0C",20.0C"] || 16.36 | 0.031 | 3.683 || 16.24 | 0.111 | 3.745 || 16.36 | 0.031 | 4.143 || 16.36 | 0.031 | 4.548

Table 6.15: Results for a set of 5 instances of size 20 and density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time | obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 4.800 || 3.00 | 0.000 | 0.016 || 3.00 | 0.000 | 0.026
U[0.5C",1.0C"] 3.00 | 0.000 | 5.200 || 3.00 | 0.000 | 5.200 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.030
1 U[1.0C",4.0C"] 3.00 | 0.000 | 7.199 || 3.00 | 0.000 | 5.600 || 3.00 | 0.000 | 0.015 || 3.00 | 0.000 | 0.026
U[0.0C’",5.0C"] 3.00 | 0.000 | 5.2E- || 3.00 | 0.000 | 5.2E- || 3.00 | 0.000 | 0.017 || 3.04 | 0.031 | 0.031
U[5.0C’,10.0C"] 3.00 | 0.000 | 5.2E- || 3.00 | 0.000 | 5.600 || 3.00 | 0.000 | 0.015 || 3.00 | 0.000 | 0.027
U[10.0C",20.0C’] || 3.00 | 0.000 | 5.6E- || 3.00 | 0.000 | 4.800 || 3.00 | 0.000 | 0.018 || 3.00 | 0.000 | 0.027
U[0.0C",0.5C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.014 || 3.00 | 0.000 | 0.029
U[0.5C",1.0C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.018 || 3.00 | 0.000 | 0.029
10 U[1.0C",4.0C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.016 || 3.00 | 0.000 | 0.030
U[0.0C’",5.0C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.027
U[5.0C’,10.0C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.017 || 3.00 | 0.000 | 0.028
U[10.0C”,20.0C"] || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.028
U[0.0C",0.5C"] 3.00 | 0.000 | 0.002 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.017 || 3.00 | 0.000 | 0.031
U[0.5C",1.0C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.030
20 U[1.0C",4.0C"] 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.015 || 3.00 | 0.000 | 0.029
U[0.0C",5.0C"] 3.00 | 0.000 | 0.002 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.018 || 3.00 | 0.000 | 0.029
U[5.0C’,10.0C"] 3.00 | 0.000 | 0.002 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.030
U[10.0C”,20.0C"] || 3.00 | 0.000 | 0.009 || 3.00 | 0.000 | 0.001 || 3.00 | 0.000 | 0.016 || 3.00 | 0.000 | 0.032
U[0.0C",0.5C"] 3.00 | 0.000 | 0.006 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.017 || 3.00 | 0.000 | 0.029
U[0.5C",1.0C"] 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.031
50 U[1.0C",4.0C"] 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.019 || 3.00 | 0.000 | 0.030
U[0.0C",5.0C"] 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.018 || 3.00 | 0.000 | 0.030
U[5.0C’,10.0C"] 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.003 || 3.00 | 0.000 | 0.018 || 3.00 | 0.000 | 0.031
U[10.0C",20.0C"] || 3.00 | 0.000 | 0.004 || 3.00 | 0.000 | 0.004 || 3.00 | 0.000 | 0.020 || 3.00 | 0.000 | 0.031
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Table 6.16: Results for a set of 5 instances of size 40 and density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C’,0.5C"] 4.27 | 0.080 | 0.003 || 4.12 | 0.079 | 0.002 || 4.08 | 0.063 | 0.043 || 4.08 | 0.063 | 0.099
U[0.5C",1.0C"] 4.31 | 0.144 | 0.002 || 4.27 | 0.112 | 0.002 || 4.16 | 0.080 | 0.038 || 4.16 | 0.096 | 0.103
| U[1.0C",4.0C"] 4.32 | 0.176 | 0.002 || 4.24 | 0.128 | 0.002 || 4.04 | 0.031 | 0.042 || 4.12 | 0.080 | 0.099
U[0.0C",5.0C"] 4.24 | 0.127 | 0.002 || 4.12 | 0.048 | 0.002 || 4.16 | 0.096 | 0.040 || 4.08 | 0.048 | 0.097
U[5.0C’,10.0C"] 4.24 | 0.095 | 0.002 || 4.16 | 0.080 | 0.002 || 4.12 | 0.079 | 0.044 || 4.08 | 0.048 | 0.098
U[10.0C",20.0C"] || 4.60 | 0.096 | 0.002 || 4.31 | 0.160 | 0.002 || 4.31 | 0.112 | 0.041 || 4.28 | 0.176 | 0.093
U[0.0C",0.5C"] 4.12 | 0.080 | 0.006 || 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.047 || 4.04 | 0.031 | 0.107
U[0.5C",1.0C"] 4.04 | 0.031 | 0.006 || 4.08 | 0.048 | 0.006 || 4.00 | 0.000 | 0.049 || 4.04 | 0.031 | 0.109
10 U[1.0C",4.0C"] 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.047 || 4.00 | 0.000 | 0.110
U[0.0C",5.0C"] 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.049 || 4.00 | 0.000 | 0.111
U[5.0C’,10.0C"] 4.00 | 0.000 | 0.006 || 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.050 || 4.00 | 0.000 | 0.107
U[10.0C”,20.0C"] || 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.007 || 4.00 | 0.000 | 0.047 || 4.00 | 0.000 | 0.113
U[0.0C",0.5C"] 4.11 | 0.095 | 0.011 || 4.12 | 0.080 | 0.011 || 4.04 | 0.031 | 0.051 || 4.08 | 0.048 | 0.110
U[0.5C",1.0C"] 4.11 | 0.095 | 0.011 || 4.12 | 0.079 | 0.011 || 4.08 | 0.063 | 0.049 || 4.12 | 0.079 | 0.107
20 U[1.0C",4.0C"] 4.00 | 0.000 | 0.010 || 4.00 | 0.000 | 0.010 || 4.00 | 0.000 | 0.051 || 4.00 | 0.000 | 0.110
U[0.0C",5.0C"] 4.00 | 0.000 | 0.010 || 4.00 | 0.000 | 0.010 || 4.00 | 0.000 | 0.055 || 4.00 | 0.000 | 0.110
U[5.0C’,10.0C"] 4.00 | 0.000 | 0.011 || 4.00 | 0.000 | 0.011 || 4.00 | 0.000 | 0.054 || 4.00 | 0.000 | 0.112
U[10.0C”,20.0C"] || 4.00 | 0.000 | 0.012 || 4.00 | 0.000 | 0.012 || 4.00 | 0.000 | 0.053 || 4.00 | 0.000 | 0.118
U[0.0C",0.5C"] 4.08 | 0.048 | 0.023 || 4.00 | 0.000 | 0.026 || 4.08 | 0.063 | 0.063 || 4.08 | 0.063 | 0.122
U[0.5C",1.0C"] 4.04 | 0.031 | 0.024 || 4.08 | 0.063 | 0.024 || 4.08 | 0.063 | 0.062 || 4.04 | 0.031 | 0.124
50 U[1.0C",4.0C"] 4.00 | 0.000 | 0.022 || 4.00 | 0.000 | 0.022 || 4.00 | 0.000 | 0.064 || 4.00 | 0.000 | 0.122
U[0.0C’,5.0C"] 4.00 | 0.000 | 0.022 || 4.00 | 0.000 | 0.021 || 4.00 | 0.000 | 0.066 || 4.00 | 0.000 | 0.126
U[5.0C’,10.0C"] 4.00 | 0.000 | 0.025 || 4.00 | 0.000 | 0.025 || 4.00 | 0.000 | 0.069 || 4.00 | 0.000 | 0.130
U[10.0C",20.0C"] || 4.00 | 0.000 | 0.027 || 4.00 | 0.000 | 0.026 || 4.00 | 0.000 | 0.066 || 4.00 | 0.000 | 0.130

Table 6.17: Results for a set of 5 instances of size 60 and density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 5.80 | 0.063 | 0.006 || 5.84 | 0.079 | 0.005 || 5.84 | 0.080 | 0.058 || 5.80 | 0.063 | 0.169
U0.5C",1.0C"] 5.88 | 0.080 | 0.006 || 5.88 | 0.095 | 0.005 || 5.80 | 0.112 | 0.057 || 5.96 | 0.031 | 0.151
| U[1.0C",4.0C"] 5.88 | 0.079 | 0.005 || 5.92 | 0.063 | 0.005 || 5.84 | 0.080 | 0.058 || 5.72 | 0.111 | 0.175
U0.0C’,5.0C"] 5.88 | 0.080 | 0.005 || 5.84 | 0.079 | 0.005 || 5.92 | 0.048 | 0.054 || 5.80 | 0.096 | 0.165
U[5.0C",10.0C"] 6.00 | 0.000 | 0.005 || 5.80 | 0.063 | 0.005 || 5.80 | 0.112 | 0.058 || 5.88 | 0.080 | 0.159
U[10.0C",20.0C"] || 5.96 | 0.031 | 0.005 || 5.96 | 0.031 | 0.005 || 5.92 | 0.048 | 0.055 || 6.00 | 0.000 | 0.151
U[0.0C",0.5C"] 5.68 | 0.095 | 0.020 || 5.84 | 0.080 | 0.019 || 5.72 | 0.063 | 0.077 || 5.64 | 0.079 | 0.188
U[0.5C",1.0C"] 5.64 | 0.160 | 0.020 || 5.47 | 0.192 | 0.021 || 5.60 | 0.128 | 0.078 || 5.76 | 0.144 | 0.183
10 U[1.0C",4.0C"] 512 | 0.079 | 0.025 || 5.24 | 0.127 | 0.023 || 5.16 | 0.112 | 0.092 || 5.24 | 0.160 | 0.235
U0.0C’,5.0C"] 5.31 | 0.160 | 0.022 || 5.20 | 0.096 | 0.025 || 5.20 | 0.063 | 0.092 || 5.16 | 0.112 | 0.234
U[5.0C",10.0C"] 5.72 | 0.063 | 0.021 || 5.43 | 0.176 | 0.022 || 5.56 | 0.096 | 0.082 || 5.47 | 0.144 | 0.208
U[10.0C",20.0C"] || 5.72 | 0.127 | 0.023 || 5.72 | 0.079 | 0.023 || 5.76 | 0.031 | 0.076 || 5.84 | 0.031 | 0.174
UJ0.0C7,0.5C7] || 5.64 | 0.096 | 0.035 || 5.64 | 0.160 | 0.035 || 5.52 | 0.160 | 0.095 || 5.72 | 0.112 | 0.201
U[0.5C",1.0C"] 5.60 | 0.063 | 0.035 || 5.56 | 0.128 | 0.036 || 5.68 | 0.128 | 0.089 || 5.60 | 0.112 | 0.210
20 U[1.0C",4.0C"] 5.16 | 0.080 | 0.043 || 5.04 | 0.031 | 0.042 || 5.04 | 0.031 | 0.115 || 5.08 | 0.063 | 0.261
U[0.0C’,5.0C"] 5.00 | 0.000 | 0.043 || 5.00 | 0.000 | 0.043 || 5.16 | 0.112 | 0.114 || 5.12 | 0.080 | 0.262
U[5.0C",10.0C"] 5.24 | 0.095 | 0.044 || 5.31 | 0.160 | 0.046 || 5.27 | 0.160 | 0.113 || 5.24 | 0.128 | 0.253
U[10.0C",20.0C"] || 5.56 | 0.128 | 0.045 || 5.60 | 0.096 | 0.042 || 5.64 | 0.112 | 0.102 || 5.68 | 0.080 | 0.210
U[0.0C”,0.5C"] 5.76 | 0.079 | 0.078 || 5.64 | 0.160 | 0.078 || 5.68 | 0.112 | 0.135 || 5.43 | 0.112 | 0.273
U[0.5C",1.0C"] 5.60 | 0.096 | 0.077 || 5.47 | 0.160 | 0.082 || 5.72 | 0.112 | 0.127 || 5.64 | 0.144 | 0.254
50 U[1.0C",4.0C"] 5.04 | 0.031 | 0.092 || 5.04 | 0.031 | 0.089 || 5.00 | 0.000 | 0.165 || 5.00 | 0.000 | 0.319
U[0.0C",5.0C"] 5.00 | 0.000 | 0.096 || 5.04 | 0.031 | 0.091 || 5.00 | 0.000 | 0.166 || 5.00 | 0.000 | 0.325
U[5.0C",10.0C"] 5.04 | 0.031 | 0.103 || 5.00 | 0.000 | 0.110 || 5.15 | 0.080 | 0.168 || 5.04 | 0.031 | 0.333
U[10.0C",20.0C"] || 5.56 | 0.095 | 0.099 || 5.43 | 0.192 | 0.108 || 5.43 | 0.160 | 0.169 || 5.36 | 0.176 | 0.304
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Table 6.18: Results for a set of 5 instances of size 70 and density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 6.16 | 0.080 | 0.008 || 6.16 | 0.031 | 0.009 || 6.20 | 0.000 | 0.076 || 6.20 | 0.000 | 0.248
U[0.5C",1.0C"] 6.12 | 0.048 | 0.008 || 6.08 | 0.048 | 0.008 || 6.12 | 0.048 | 0.080 || 6.12 | 0.048 | 0.268
1 U[1.0C",4.0C"] 6.16 | 0.031 | 0.008 || 6.08 | 0.048 | 0.008 || 6.00 | 0.000 | 0.084 || 6.12 | 0.048 | 0.262
U[0.0C’",5.0C"] 6.20 | 0.063 | 0.008 || 6.08 | 0.048 | 0.008 || 6.04 | 0.031 | 0.083 || 6.20 | 0.000 | 0.244
U[5.0C’,10.0C"] 6.24 | 0.095 | 0.008 || 6.16 | 0.031 | 0.008 || 6.20 | 0.063 | 0.076 || 6.16 | 0.031 | 0.258
U[10.0C",20.0C"] || 6.35 | 0.080 | 0.008 || 6.24 | 0.080 | 0.008 || 6.24 | 0.031 | 0.080 || 6.27 | 0.048 | 0.239
U[0.0C",0.5C"] 6.04 | 0.031 | 0.031 || 6.16 | 0.079 | 0.029 || 6.04 | 0.031 | 0.103 || 6.08 | 0.048 | 0.290
U[0.5C",1.0C"] 6.08 | 0.048 | 0.030 || 6.00 | 0.000 | 0.030 || 6.08 | 0.048 | 0.101 || 6.08 | 0.048 | 0.280
10 U[1.0C",4.0C"] 6.00 | 0.000 | 0.030 || 6.00 | 0.000 | 0.030 || 6.00 | 0.000 | 0.109 || 6.00 | 0.000 | 0.293
U[0.0C’",5.0C"] 6.00 | 0.000 | 0.030 || 6.00 | 0.000 | 0.032 || 6.00 | 0.000 | 0.105 || 6.00 | 0.000 | 0.299
U[5.0C’,10.0C"] 6.00 | 0.000 | 0.032 || 6.00 | 0.000 | 0.032 || 6.00 | 0.000 | 0.109 || 6.00 | 0.000 | 0.290
U[10.0C”,20.0C"] || 6.12 | 0.048 | 0.033 || 6.08 | 0.048 | 0.035 || 6.08 | 0.048 | 0.107 || 6.12 | 0.048 | 0.281
U[0.0C",0.5C"] 6.08 | 0.048 | 0.053 || 6.04 | 0.031 | 0.057 || 6.12 | 0.048 | 0.123 || 6.08 | 0.048 | 0.306
U[0.5C",1.0C"] 6.12 | 0.048 | 0.050 || 6.04 | 0.031 | 0.054 || 6.00 | 0.000 | 0.132 || 6.04 | 0.031 | 0.316
20 U[1.0C",4.0C"] 6.00 | 0.000 | 0.055 || 6.00 | 0.000 | 0.057 || 6.00 | 0.000 | 0.130 || 6.00 | 0.000 | 0.323
U[0.0C",5.0C"] 6.00 | 0.000 | 0.055 || 6.00 | 0.000 | 0.056 || 6.00 | 0.000 | 0.129 || 6.00 | 0.000 | 0.325
U[5.0C’,10.0C"] 6.00 | 0.000 | 0.058 || 6.00 | 0.000 | 0.057 || 6.00 | 0.000 | 0.136 || 6.00 | 0.000 | 0.322
U[10.0C”,20.0C"] || 6.00 | 0.000 | 0.064 || 6.04 | 0.031 | 0.062 || 6.00 | 0.000 | 0.142 || 6.00 | 0.000 | 0.326
U[0.0C",0.5C"] 6.08 | 0.048 | 0.118 || 6.08 | 0.048 | 0.117 || 6.04 | 0.031 | 0.193 || 6.12 | 0.048 | 0.375
U[0.5C",1.0C"] 6.00 | 0.000 | 0.125 || 6.08 | 0.048 | 0.117 || 6.04 | 0.031 | 0.204 || 6.08 | 0.048 | 0.377
50 U[1.0C",4.0C"] 6.00 | 0.000 | 0.126 || 6.00 | 0.000 | 0.126 || 6.00 | 0.000 | 0.201 || 6.00 | 0.000 | 0.393
U[0.0C",5.0C"] 6.00 | 0.000 | 0.129 || 6.00 | 0.000 | 0.131 || 6.00 | 0.000 | 0.208 || 6.00 | 0.000 | 0.389
U[5.0C’,10.0C"] 6.00 | 0.000 | 0.134 || 6.00 | 0.000 | 0.133 || 6.00 | 0.000 | 0.207 || 6.00 | 0.000 | 0.399
U[10.0C",20.0C"] || 6.04 | 0.031 | 0.146 || 6.00 | 0.000 | 0.153 || 6.00 | 0.000 | 0.219 || 6.00 | 0.000 | 0.420

Table 6.19: Results for a set of 5 instances of size 80 and density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 7.00 | 0.000 | 0.012 || 7.00 | 0.000 | 0.011 || 6.95 | 0.031 | 0.103 || 7.00 | 0.000 | 0.334
U[0.5C",1.0C"] 7.00 | 0.000 | 0.011 || 7.00 | 0.000 | 0.011 || 6.95 | 0.031 | 0.106 || 7.00 | 0.000 | 0.338
1 U[1.0C",4.0C"] 7.00 | 0.000 | 0.011 || 7.00 | 0.000 | 0.011 || 6.95 | 0.031 | 0.109 || 6.95 | 0.031 | 0.345
U0.0C",5.0C"] 7.00 | 0.000 | 0.011 || 7.00 | 0.000 | 0.011 || 7.00 | 0.000 | 0.102 || 6.95 | 0.031 | 0.344
U[5.0C’",10.0C"] 7.00 | 0.000 | 0.011 || 6.95 | 0.031 | 0.011 || 7.00 | 0.000 | 0.107 || 7.00 | 0.000 | 0.333
U[10.0C",20.0C"] || 7.04 | 0.031 | 0.012 || 7.00 | 0.000 | 0.012 || 7.04 | 0.031 | 0.103 || 7.00 | 0.000 | 0.336
U[0.0C",0.5C"] 6.95 | 0.031 | 0.044 || 6.84 | 0.096 | 0.049 || 6.88 | 0.095 | 0.143 || 6.95 | 0.031 | 0.371
U0.5C",1.0C"] 6.92 | 0.063 | 0.045 || 6.92 | 0.063 | 0.044 || 6.92 | 0.048 | 0.138 || 6.88 | 0.080 | 0.380
10 U[1.0C",4.0C"] 6.80 | 0.063 | 0.051 || 6.84 | 0.096 | 0.047 || 6.76 | 0.095 | 0.154 || 6.92 | 0.048 | 0.378
U[0.0C",5.0C"] 6.80 | 0.112 | 0.050 || 6.72 | 0.112 | 0.053 || 6.80 | 0.063 | 0.148 || 6.80 | 0.000 | 0.400
U[5.0C’,10.0C"] 6.95 | 0.031 | 0.049 || 6.95 | 0.031 | 0.050 || 6.88 | 0.048 | 0.149 || 7.00 | 0.000 | 0.376
U[10.0C",20.0C"] || 7.00 | 0.000 | 0.050 || 7.00 | 0.000 | 0.051 || 6.95 | 0.031 | 0.150 || 7.00 | 0.000 | 0.373
U[0.0C",0.5C"] 6.95 | 0.031 | 0.078 || 6.95 | 0.031 | 0.081 || 6.92 | 0.048 | 0.171 || 6.92 | 0.063 | 0.426
U[0.5C",1.0C"] 6.84 | 0.112 | 0.084 || 6.92 | 0.063 | 0.078 || 6.76 | 0.080 | 0.188 || 6.92 | 0.063 | 0.400
20 U[1.0C",4.0C"] 6.60 | 0.127 | 0.100 || 6.76 | 0.144 | 0.094 || 6.72 | 0.112 | 0.201 || 6.68 | 0.079 | 0.470
U[0.0C’,5.0C"] 6.83 | 0.112 | 0.093 || 6.72 | 0.159 | 0.095 || 6.64 | 0.128 | 0.208 || 6.68 | 0.048 | 0.462
U[5.0C’,10.0C"] 6.92 | 0.063 | 0.092 || 6.88 | 0.079 | 0.096 || 7.00 | 0.000 | 0.182 || 6.92 | 0.048 | 0.428
U[10.0C",20.0C’] || 7.00 | 0.000 | 0.093 || 7.00 | 0.000 | 0.094 || 7.00 | 0.000 | 0.187 || 7.00 | 0.000 | 0.420
U[0.0C",0.5C"] 6.95 | 0.031 | 0.182 || 6.88 | 0.080 | 0.186 || 6.95 | 0.031 | 0.276 || 6.95 | 0.031 | 0.521
U[0.5C",1.0C"] 6.95 | 0.031 | 0.182 || 6.95 | 0.031 | 0.181 || 6.92 | 0.063 | 0.276 || 6.95 | 0.031 | 0.502
50 U[1.0C",4.0C"] 6.60 | 0.063 | 0.225 || 6.52 | 0.128 | 0.245 || 6.64 | 0.096 | 0.323 || 6.60 | 0.096 | 0.602
U[0.0C’",5.0C"] 6.60 | 0.096 | 0.230 || 6.44 | 0.031 | 0.263 || 6.56 | 0.080 | 0.341 || 6.60 | 0.063 | 0.610
U[5.0C’,10.0C"] 6.80 | 0.144 | 0.233 || 6.80 | 0.096 | 0.226 || 6.76 | 0.031 | 0.337 || 6.76 | 0.096 | 0.591
U[10.0C",20.0C’] || 7.00 | 0.000 | 0.224 || 7.00 | 0.000 | 0.221 || 7.00 | 0.000 | 0.315 || 7.00 | 0.000 | 0.531
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Table 6.20: Results for a set of 5 instances of size 90 and density 0.5

Parameters Random OneStepCD ILP1 ILP2

ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C’,0.5C"] 8.71 | 0.115 | 0.023 || 8.66 | 0.044 | 0.023 || 8.60 | 0.080 | 0.152 || 8.64 | 0.053 | 0.446
U[0.5C",1.0C"] 8.42 1 0.062 | 0.024 || 8.37 | 0.026 | 0.024 || 8.35 | 0.017 | 0.170 || 8.33 | 0.053 | 0.527

| U[1.0C",4.0C"] 8.42 | 0.044 | 0.023 || 8.35 | 0.017 | 0.023 || 8.35 | 0.017 | 0.168 || 833 | 0.035 | 0.516
U[0.0C",5.0C"] 8.35 | 0.017 | 0.024 || 8.35 | 0.017 | 0.024 || 8.35 | 0.044 | 0.164 || 8.42 | 0.044 | 0.512
U[5.0C’,10.0C"] 8.51 | 0.062 | 0.023 || 8.37 | 0.035 | 0.024 || 8.48 | 0.035 | 0.162 || 8.51 | 0.044 | 0.481
U[10.0C",20.0C"] || 8.64 | 0.106 | 0.024 || 8.53 | 0.080 | 0.026 || 8.53 | 0.080 | 0.158 || 8.57 | 0.106 | 0.466
U[0.0C",0.5C"] 8.62 | 0.071 | 0.164 || 8.60 | 0.088 | 0.152 || 8.66 | 0.106 | 0.276 || 8.60 | 0.071 | 0.572
U[0.5C",1.0C"] 8.26 | 0.080 | 0.143 || 8.35 | 0.044 | 0.128 || 8.28 | 0.062 | 0.289 || 8.35 | 0.053 | 0.612

10 U[1.0C",4.0C"] 8.22 | 0.053 | 0.141 || 8.24 | 0.017 | 0.136 || 8.20 | 0.071 | 0.293 || 8.20 | 0.044 | 0.662
U[0.0C",5.0C"] 8.15 | 0.044 | 0.146 || 8.26 | 0.026 | 0.134 || 8.22 | 0.053 | 0.291 || 8.11 | 0.071 | 0.716
U[5.0C’,10.0C"] 831 | 0.017 | 0.144 || 8.26 | 0.053 | 0.143 || 8.31 | 0.017 | 0.285 || 8.31 | 0.017 | 0.641
U[10.0C”,20.0C"] || 8.39 | 0.071 | 0.164 || 8.35 | 0.017 | 0.161 || 8.37 | 0.026 | 0.288 || 8.37 | 0.044 | 0.649
U[0.0C",0.5C"] 8.68 | 0.115 | 0.286 || 8.60 | 0.088 | 0.289 || 8.57 | 0.097 | 0.423 || 8.55 | 0.035 | 0.711
U[0.5C",1.0C"] 8.26 | 0.044 | 0.288 || 8.31 | 0.017 | 0.245 || 8.33 | 0.000 | 0.408 || 8.28 | 0.026 | 0.750

20 U[1.0C",4.0C"] 8.06 | 0.062 | 0.294 || 8.08 | 0.044 | 0.278 || 8.15 | 0.062 | 0.436 || 8.06 | 0.062 | 0.854
U[0.0C",5.0C"] 8.13 | 0.062 | 0.276 || 8.15 | 0.062 | 0.294 || 8.04 | 0.044 | 0.455 || 8.11 | 0.035 | 0.831
U[5.0C’,10.0C"] 8.31 | 0.017 | 0.268 || 8.24 | 0.062 | 0.270 || 8.31 | 0.017 | 0.412 || 8.31 | 0.017 | 0.769
U[10.0C”,20.0C"] || 8.35 | 0.017 | 0.307 || 8.33 | 0.000 | 0.287 || 8.28 | 0.035 | 0.433 || 8.33 | 0.000 | 0.797
U0.0C",0.5C"] || 8.73 | 0.062 | 0.678 || 8.64 | 0.142 | 0.666 || 8.62 | 0.071 | 0.816 || 8.60 | 0.026 | 0.993
U[0.5C",1.0C"] 8.28 | 0.062 | 0.602 || 8.26 | 0.044 | 0.625 || 8.31 | 0.017 | 0.751 || 8.37 | 0.035 | 1.102

50 U[1.0C",4.0C"] 8.06 | 0.035 | 0.718 || 8.00 | 0.053 | 0.764 || 7.97 | 0.017 | 0.924 || 8.00 | 0.053 | 1.257
U[0.0C’,5.0C"] 8.00 | 0.053 | 0.677 || 7.95 | 0.044 | 0.721 || 8.06 | 0.080 | 0.859 || 8.02 | 0.053 | 1.301
U[5.0C’,10.0C"] 8.24 | 0.062 | 0.720 || 8.26 | 0.026 | 0.643 || 8.24 | 0.053 | 0.815 || 8.24 | 0.044 | 1.168
U[10.0C",20.0C"] || 8.33 | 0.000 | 0.668 || 8.33 | 0.000 | 0.684 || 8.28 | 0.026 | 0.816 || 8.31 | 0.017 | 1.185

Table 6.21: Results for a set of 5 instances of size 100 and density 0.5

Parameters Random OneStepCD ILP1 ILP2

ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 7.92 | 0.048 | 0.022 || 7.95 | 0.031 | 0.021 || 7.95 | 0.031 | 0.195 || 7.92 | 0.048 | 0.696
U0.5C",1.0C"] 7.92 | 0.048 | 0.021 || 7.95 | 0.031 | 0.021 || 8.00 | 0.000 | 0.192 || 7.95 | 0.031 | 0.706

| U[1.0C",4.0C"] 8.00 | 0.000 | 0.021 || 7.95 | 0.031 | 0.021 || 7.95 | 0.031 | 0.198 || 8.00 | 0.000 | 0.689
U0.0C’,5.0C"] 8.00 | 0.000 | 0.021 || 8.00 | 0.000 | 0.021 || 7.95 | 0.031 | 0.194 || 7.92 | 0.063 | 0.702
U[5.0C",10.0C"] 8.00 | 0.000 | 0.021 || 7.92 | 0.048 | 0.022 || 8.00 | 0.000 | 0.193 || 7.92 | 0.048 | 0.704
U[10.0C",20.0C"] || 8.08 | 0.063 | 0.023 || 8.04 | 0.031 | 0.023 || 8.04 | 0.031 | 0.197 || 8.04 | 0.032 | 0.675
U[0.0C",0.5C"] 7.92 | 0.048 | 0.101 || 7.88 | 0.048 | 0.098 || 7.84 | 0.031 | 0.275 || 7.84 | 0.080 | 0.801
U[0.5C",1.0C"] 7.88 | 0.048 | 0.099 || 7.95 | 0.031 | 0.092 || 7.92 | 0.048 | 0.271 || 7.84 | 0.031 | 0.792

10 U[1.0C",4.0C"] 7.60 | 0.144 | 0.114 || 7.72 | 0.048 | 0.104 || 7.76 | 0.031 | 0.284 || 7.51 | 0.160 | 0.883
U0.0C’,5.0C"] 7.72 | 0.048 | 0.108 || 7.60 | 0.128 | 0.111 || 7.72 | 0.063 | 0.290 || 7.76 | 0.031 | 0.829
U[5.0C",10.0C"] 7.84 | 0.031 | 0.107 || 7.84 | 0.031 | 0.109 || 7.76 | 0.031 | 0.295 || 7.84 | 0.031 | 0.806
U[10.0C",20.0C"] || 8.00 | 0.000 | 0.108 || 7.95 | 0.031 | 0.112 || 7.95 | 0.031 | 0.282 || 7.95 | 0.031 | 0.781
U[0.0C”,0.5C"] 7.84 | 0.031 | 0.189 || 7.88 | 0.079 | 0.171 || 7.84 | 0.031 | 0.363 || 7.84 | 0.079 | 0.884
U[0.5C",1.0C"] 7.80 | 0.112 | 0.185 || 7.92 | 0.048 | 0.175 || 7.84 | 0.031 | 0.362 || 7.84 | 0.080 | 0.888

20 U[1.0C",4.0C"] 7.52 | 0.144 | 0.214 || 7.64 | 0.096 | 0.205 || 7.60 | 0.128 | 0.395 || 7.56 | 0.160 | 0.983
U[0.0C’,5.0C"] 7.68 | 0.048 | 0.201 || 7.56 | 0.160 | 0.211 || 7.60 | 0.112 | 0.397 || 7.68 | 0.080 | 0.928
U[5.0C",10.0C"] 7.72 | 0.063 | 0.204 || 7.80 | 0.000 | 0.198 || 7.80 | 0.000 | 0.374 || 7.76 | 0.031 | 0.925
U[10.0C",20.0C"] || 7.92 | 0.048 | 0.212 || 7.95 | 0.031 | 0.205 || 7.95 | 0.031 | 0.375 || 7.95 | 0.031 | 0.884
U[0.0C7,0.5C7] || 7.84 | 0.031 | 0.440 || 7.80 | 0.112 | 0.446 || 7.84 | 0.031 | 0.592 || 7.88 | 0.048 | 1.096
U[0.5C7,1.0C"] || 7.92 | 0.048 | 0.391 || 7.80 | 0.063 | 0.430 || 7.92 | 0.048 | 0.575 || 7.88 | 0.048 | 1.100

50 U[1.0C",4.0C"] 7.40 | 0.112 | 0.511 || 7.35 | 0.096 | 0.520 || 7.40 | 0.176 | 0.739 || 7.35 | 0.128 | 1.326
U[0.0C",5.0C"] 7.35 | 0.128 | 0.536 || 7.40 | 0.192 | 0.541 || 7.43 | 0.144 | 0.723 || 7.27 | 0.144 | 1.399
U[5.0C",10.0C"] 7.76 | 0.031 | 0.468 || 7.76 | 0.031 | 0.478 || 7.76 | 0.031 | 0.656 || 7.72 | 0.063 | 1.201
U[10.0C",20.0C"] || 7.95 | 0.031 | 0.482 || 7.88 | 0.048 | 0.507 || 7.92 | 0.048 | 0.678 || 8.00 | 0.000 | 1.139
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Table 6.22: Results for a set of 5 instances of size 120 and density 0.5

Parameters Random OneStepCD ILP1 ILP2

ItMax | TabuTenure obj | sd time || obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C"] 9.04 | 0.032 | 0.044 || 9.08 | 0.048 | 0.044 || 9.04 | 0.031 | 0.267 || 9.00 | 0.000 | 0.978
U[0.5C",1.0C"] 9.04 | 0.031 | 0.044 || 9.04 | 0.031 | 0.044 || 9.00 | 0.127 | 0.270 || 9.00 | 0.000 | 0.971

1 U[1.0C",4.0C"] 9.00 | 0.000 | 0.044 || 9.00 | 0.000 | 0.044 || 9.00 | 0.000 | 0.270 || 9.00 | 0.000 | 0.986
U[0.0C",5.0C"] 8.95 | 0.031 | 0.044 || 9.00 | 0.000 | 0.044 (| 9.00 | 0.000 | 0.268 || 9.00 | 0.000 | 0.992
U[5.0C’,10.0C"] 9.12 | 0.080 | 0.045 || 9.24 | 0.096 | 0.043 || 9.28 | 0.080 | 0.249 || 9.12 | 0.079 | 0.966
U[10.0C",20.0C"] || 9.52 | 0.048 | 0.043 || 9.36 | 0.096 | 0.047 || 9.36 | 0.095 | 0.233 || 9.36 | 0.144 | 0.868
U[0.0C",0.5C"] 8.92 | 0.048 | 0.196 || 8.95 | 0.031 | 0.184 || 8.92 | 0.048 | 0.404 || 8.92 | 0.063 | 1.159
U[0.5C",1.0C"] 8.87 | 0.079 | 0.203 || 8.88 | 0.079 | 0.195 || 8.87 | 0.080 | 0.423 || 8.92 | 0.048 | 1.146

10 U[1.0C",4.0C"] 8.68 | 0.048 | 0.208 || 8.84 | 0.031 | 0.197 || 8.87 | 0.080 | 0.419 || 8.87 | 0.080 | 1.180
U[0.0C’",5.0C"] 8.80 | 0.096 | 0.197 || 8.84 | 0.096 | 0.195 || 8.80 | 0.063 | 0.424 || 8.95 | 0.031 | 1.143
U[5.0C’,10.0C"] 9.00 | 0.000 | 0.195 || 9.00 | 0.000 | 0.193 || 8.92 | 0.048 | 0.427 || 9.00 | 0.000 | 1.128
U[10.0C",20.0C’] || 9.04 | 0.031 | 0.213 || 9.00 | 0.000 | 0.210 || 9.00 | 0.000 | 0.431 || 9.00 | 0.000 | 1.167
U[0.0C",0.5C"] 9.04 | 0.031 | 0.326 || 9.00 | 0.063 | 0.320 || 9.00 | 0.000 | 0.534 || 9.04 | 0.031 | 1.228
U[0.5C",1.0C"] 8.95 | 0.031 | 0.342 | 8.87 | 0.048 | 0.345 || 8.92 | 0.063 | 0.548 | 8.88 | 0.080 | 1.329

20 U[1.0C",4.0C"] 8.68 | 0.063 | 0.382 || 8.68 | 0.048 | 0.385 || 8.64 | 0.032 | 0.626 | 8.68 | 0.048 | 1.429
U[0.0C’",5.0C"] 8.68 | 0.063 | 0.397 || 8.80 | 0.096 | 0.355 || 8.64 | 0.032 | 0.624 || 8.76 | 0.096 | 1.386
U[5.0C’,10.0C"] 8.95 | 0.031 | 0.359 || 8.95 | 0.031 | 0.347 || 8.95 | 0.031 | 0.574 || 8.88 | 0.080 | 1.339
U[10.0C”,20.0C"] || 9.00 | 0.000 | 0.385 || 9.00 | 0.000 | 0.382 || 9.00 | 0.000 | 0.618 || 9.00 | 0.000 | 1.330
U[0.0C",0.5C"] 8.95 | 0.031 | 0.788 || 9.00 | 0.000 | 0.785 || 9.04 | 0.031 | 0.962 || 8.95 | 0.031 | 1.684
U[0.5C",1.0C"] 8.95 | 0.031 | 0.748 || 8.92 | 0.063 | 0.796 | 8.80 | 0.096 | 1.057 || 8.88 | 0.112 | 1.752

50 U[1.0C",4.0C"] 8.60 | 0.000 | 0.898 || 8.60 | 0.000 | 0.901 || 8.64 | 0.031 | 1.119 || 8.60 | 0.000 | 1.978
U[0.0C’",5.0C"] 8.64 | 0.031 | 0.869 || 8.60 | 0.000 | 0.891 || 8.64 | 0.031 | 1.111 || 8.60 | 0.000 | 1.966
U[5.0C’,10.0C"] 8.87 | 0.080 | 0.871 || 8.84 | 0.096 | 0.896 | 8.84 | 0.031 | 1.119 || 8.92 | 0.063 | 1.812
U[10.0C”,20.0C"] || 9.00 | 0.000 | 0.891 || 9.00 | 0.000 | 0.876 || 9.00 | 0.000 | 1.113 || 9.00 | 0.000 | 1.823
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Table 6.23: Results for the instance dsjc500.5-1, 500 nodes, density 0.5

Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj sd time(s) || obj sd time(s) || obj sd time(s) || obj sd time(s)
U[0.25C",0.75C"] || 53.00 | 0.000 | 32.675 52.40 | 0.240 | 45.955 52.00 | 0.000 | 41.061 52.80 | 0.160 | 131.369
ulo. 007, 1. OC] 53.00 | 0.000 | 31.822 53.00 | 0.000 | 31.307 52.60 | 0.240 | 38.698 53.00 | 0.000 | 124.405
1 U[0.0C",0.5C"] 52.00 | 0.000 | 49.998 52.60 | 0.240 | 40.508 52.00 | 0.000 | 47.886 52.80 | 0.160 | 133.227
U[0.5C",1.0C"] 52.60 | 0.240 | 34.443 52.40 | 0.240 | 34.702 53.00 | 0.000 | 34.162 52.00 | 0.000 | 151.490
ulo. 250’ 1.0C"] 53.00 | 0.000 | 33.513 52.40 | 0.240 | 34.969 53.00 | 0.000 | 35.207 53.00 | 0.000 | 126.708
U0.0C",0.75C"] 52.40 | 0.240 | 37.164 52.40 | 0.240 | 42.677 52.40 | 0.240 | 43.436 52.40 | 0.20 137.571
U[0.25C",0.75C"] || 52.00 | 0.000 | 175.018 || 51.60 | 0.240 | 222.313 || 52.00 | 0.000 | 167.028 || 52.00 | 0.000 | 263.785
U0.0C",1.0C"] 51.40 | 0.240 | 192.997 || 52.00 | 0.000 | 166.878 || 52.00 | 0.000 | 168.842 || 52.00 | 0.000 | 270.638
5 U0.0C",0.5C"] 51.40 | 0.240 | 188.598 || 51.40 | 0.240 | 194.900 || 51.40 | 0.240 | 234.086 || 52.00 | 0.000 | 267.352
U0.5C",1.0C"] 52.00 | 0.000 | 167.531 || 51.40 | 0.240 | 197.548 || 51.40 | 0.250 | 191.290 || 51.40 | 0.250 | 301.400
U[0.25C", 1.0C"] 51.40 | 0.240 | 227.016 || 51.40 | 0.240 | 190.509 || 51.40 | 0.240 | 226.595 || 52.00 | 0.000 | 273.516
U[0.0C",0.75C"] 52.00 | 0.000 | 166.399 || 51.00 | 0.000 | 243.717 || 51.80 | 0.160 | 188.605 || 51.80 | 0.160 | 323.258
U[0.25C7,0.75C"] || 51.00 | 0.000 | 460.830 || 5100 | 0.000 | 499.770 || 51.80 | 0.160 | 385.627 || 51.00 | 0.000 | 580.569
U[0.0C",1.0C") 51.00 | 0.000 | 445.430 || 51.00 | 0.000 | 441.279 || 51.00 | 0.000 | 556.089 || 51.00 | 0.000 | 1920.230
10 U[0.0C",0.5C") 51.00 | 0.000 | 438.898 || 51.00 | 0.000 | 506.921 || 51.00 | 0.000 | 491.451 || 51.00 | 0.000 | 574.642
U[0.5C",1.0C"] 51.00 | 0.000 | 434.163 || 51.40 | 0.240 | 368.134 || 51.00 | 0.000 | 467.440 || 51.00 | 0.000 | 617.425
U[0.25C",1.0C"] 51.80 | 0.160 | 365.680 || 51.00 | 0.000 | 424.486 || 51.60 | 0.240 | 365.924 || 51.40 | 0.240 | 441.895
U0.0C",0.75C"] 51.00 | 0.000 | 425.001 || 51.00 | 0.000 | 526.258 || 51.40 | 0.240 | 353.324 || 51.40 | 0.240 | 479.716
Table 6.24: Results for the instance dsjc500.5-2, 1000 nodes, density 0.5
Parameters Random OneStepCD ILP1 ILP2
ItMax | TabuTenure obj sd time(s) || obj sd time(s) || obj sd time(s) || obj sd time(s)
ulo. 25C", 0. 700] 47.60 | 0.240 | 72.492 47.00 | 0.000 | 69.580 47.00 | 0.000 | 121.744 48.00 | 0.000 | 702.030
U0.0C",1.0C") 47.00 | 0.000 | 77.980 47.00 | 0.000 | 78.475 47.00 | 0.000 | 126.041 48.00 | 0.000 | 722.381
1 U[0.0C",0.5C"] 47.00 | 0.000 | 77.742 47.60 | 0.240 | 71.457 47.00 | 0.000 | 118.374 48.00 | 0.000 | 647.080
U[0.5C",0.1C") 47.20 | 0.160 | 80.400 47.00 | 0.000 | 72.520 47.40 | 0.240 | 102.338 47.00 | 0.000 | 761.492
ulo. 250’ 1.0C") 47.20 | 0.160 | 66.099 47.00 | 0.000 | 85.592 47.00 | 0.000 | 118.374 47.40 | 0.240 | 752.992
U0.0C",0.75C"] 47.60 | 0.240 | 74.900 47.20 | 0.160 | 65.508 47.00 | 0.000 | 118.374 47.60 | 0.240 | 669.113
U[0.25C,0.75C"] || 47.00 | 0.000 | 329.858 | 47.00 | 0.000 | 322.690 || 47.00 | 0.000 | 341.401 47.00 | 0.000 | 911.078
U0.0C",1.0C") 47.00 | 0.000 | 314.639 || 47.00 | 0.000 | 312.814 || 47.00 | 0.000 | 329.006 47.00 | 0.000 | 909.702
5 U[0.0C",0.5C"] 47.00 | 0.000 | 336.046 || 47.00 | 0.000 | 368.138 || 47.00 | 0.000 | 363.048 47.00 | 0.000 | 893.171
U0.5C",0.1C") 47.00 | 0.000 | 329.366 | 46.60 | 0.240 | 355.754 || 47.00 | 0.000 | 369.581 47.00 | 0.000 | 939.086
ulo. 25C" 1.0C") 47.00 | 0.000 | 320.355 || 46.60 | 0.240 | 504.976 || 47.00 | 0.000 | 312.525 47.00 | 0.000 | 888.474
U0.0C",0.75C"] 47.00 | 0.000 | 319.387 || 47.00 | 0.000 | 321.539 || 47.00 | 0.000 | 381.417 47.00 | 0.000 | 899.100
U[0.25C",0.75C"] || 47.00 | 0.000 | 650.358 | 47.00 | 0.000 | 600.810 | 47.00 | 0.000 | 782.341 47.00 | 0.000 | 1340.031
U0.0C",1.0C") 46.40 | 0.240 | 657.860 || 46.40 | 0.240 | 771.054 || 47.00 | 0.000 | 842.114 47.00 | 0.000 | 1112.001
10 U[0.0C",0.5C") 47.00 | 0.000 | 651.221 || 46.60 | 0.240 | 712.167 || 47.00 | 0.000 | 666.702 47.00 | 0.000 | 1260.525
U[0.5C",0.1C") 47.00 | 0.000 | 610.881 || 46.40 | 0.240 | 655.999 || 46.00 | 0.000 | 1090.255 || 47.00 | 0.000 | 1332.405
U[0.25C",1.0C"] 46.40 | 0.240 | 811.390 || 47.00 | 0.000 | 618.188 || 47.00 | 0.000 | 699.847 47.00 | 0.000 | 1201.992
U0.0C",0.75C"] 47.00 | 0.000 | 630.789 || 46.60 | 0.240 | 700.052 || 47.00 | 0.000 | 947.012 47.00 | 0.000 | 1417.935
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Table 6.25: Results for the instance dsjc500.5-3, 1500 nodes, density 0.5

Parameters Random OneStepCD ILP1 ILP2

ItMax | TabuTenure obj sd time(s) || obj sd time(s) || obj sd time(s) || obj sd time(s)
U[0.25C",0.75C"] || 45.00 | 0.000 | 115.018 45.00 | 0.000 | 115.547 45.00 | 0.000 | 205.556 45.00 | 0.000 | 3110.445
U[0.0C",1.0C"] 45.00 | 0.000 | 124.909 45.00 | 0.000 | 119.600 45.00 | 0.000 | 245.091 45.00 | 0.000 | 3101.009

| U[0.0C",0.5C"] 45.00 | 0.000 | 117.858 45.00 | 0.000 | 130.135 45.00 | 0.000 | 199.366 45.00 | 0.000 | 2960.582
U[0.5C",1.0C"] 45.00 | 0.000 | 115.410 45.00 | 0.000 | 113.664 45.00 | 0.00 | 210.217 44.60 | 0.240 | 3227.712
U[0.25C",1.0C"] 45.00 | 0.000 | 113.382 45.00 | 0.000 | 119.870 45.00 | 0.000 | 182.176 45.00 | 0.000 | 3298.511
U0.0C",0.75C"] 45.00 | 0.000 | 113.593 45.00 | 0.000 | 114.424 45.40 | 0.240 | 224.569 45.00 | 0.000 | 3205.006
U[0.25C",0.75C"] || 44.00 | 0.000 | 775.920 44.20 | 0.160 | 644.067 44.00 | 0.000 | 712.253 44.00 | 0.000 | 3801.001
U[0.0C",1.0C") 44.00 | 0.000 | 692.584 44.40 | 0.240 | 590.315 44.00 | 0.000 | 736.866 44.00 | 0.000 | 3989.886

5 U[0.0C",0.5C") 44.00 | 0.000 | 887.549 44.60 | 0.240 | 569.560 44.00 | 0.000 | 770.456 44.00 | 0.000 | 4252.012
U0.5C",1.0C") 44.40 | 0.240 | 535.744 44.00 | 0.000 | 981.468 44.80 | 0.160 | 631.256 44.60 | 0.240 | 3525.024
U[0.25C",1.0C"] 44.80 | 0.160 | 623.681 44.60 | 0.240 | 547.132 44.00 | 0.000 | 705.102 44.00 | 0.000 | 3612.583
U[0.0C",0.75C"] 44.60 | 0.240 | 716.675 44.40 | 0.240 | 564.862 44.00 | 0.000 | 681.207 44.00 | 0.000 | 4328.666
U[0.25C",0.75C"] || 44.00 | 0.000 | 1711.281 || 44.00 | 0.000 | 1284.477 || 44.00 | 0.000 | 991.903 44.00 | 0.000 | 4385.033
U[0.0C",1.0C"] 44.00 | 0.000 | 1609.692 || 44.20 | 0.160 | 1398.949 || 44.00 | 0.000 | 1013.891 || 44.00 | 0.000 | 4441.113

10 U[0.0C",0.5C"] 44.00 | 0.000 | 1504.814 || 44.00 | 0.000 | 1624.962 || 44.00 | 0.000 | 1271.812 || 44.00 | 0.000 | 4641.228
U[0.5C",1.0C"] 44.60 | 0.240 | 1156.730 || 44.00 | 0.000 | 1739.053 || 44.40 | 0.240 | 1163.476 || 44.00 | 0.000 | 4935.751
U[0.25C",1.0C"] 44.00 | 0.000 | 1282.196 || 44.00 | 0.000 | 1772.908 || 44.60 | 0.240 | 1351.233 || 44.00 | 0.000 | 5011.565
U0.0C",0.75C"] 44.00 | 0.000 | 1928.361 || 44.00 | 0.000 | 1792.404 || 44.40 | 0.240 | 1291.088 || 44.00 | 0.000 | 4505.852

Table 6.26: Results for the instance dsjc500.5-4, 2000 nodes, density 0.5

Parameters Random OneStepCD ILP1 ILP2

ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) [ obj | sd time(s) [ obj | sd time(s)
U[0.25C",0.75C"] || 43.40 | 0.240 | 200.361 43.00 | 0.000 | 178.387 43.00 | 0.000 | 311.715 43.20 | 0.160 | 7530.236
U[0.0C",1.0C") 43.20 | 0.160 | 185.824 43.00 | 0.000 | 179.494 43.00 | 0.000 | 341.112 43.80 | 0.160 | 7012.431

| U[0.0C”,0.5C") 44.00 | 0.000 | 143.937 43.60 | 0.240 | 186.869 43.00 | 0.000 | 333.319 43.80 | 0.160 | 7171.777
U0.5C",1.0C") 43.00 | 0.000 | 214.545 43.60 | 0.240 | 142.063 43.00 | 0.000 | 338.309 43.60 | 0.240 | 7439.572
U[0.25C",1.0C"] 43.60 | 0.240 | 145.004 43.00 | 0.000 | 251.143 43.00 | 0.000 | 302.122 44.00 | 0.000 | 7621.502
U[0.0C",0.75C"] 43.60 | 0.240 | 218.761 43.20 | 0.160 | 187.378 43.00 | 0.000 | 335.834 43.40 | 0.240 | 7478.121
U[0.25C",0.75C"] || 43.00 | 0.000 | 780.378 43.00 | 0.000 | 963.153 43.00 | 0.000 | 978.203 43.00 | 0.000 | 8956.555
U[0.0C",1.0C") 42.40 | 0.240 | 849.693 42.80 | 0.160 | 771.423 43.00 | 0.000 | 1122.429 || 42.80 | 0.160 | 8701.683

5 U[0.0C”,0.5C") 43.00 | 0.000 | 808.077 43.00 | 0.000 | 848.376 43.00 | 0.000 | 1006.318 || 43.00 | 0.000 | 8622.681
U0.5C",1.0C") 43.00 | 0.000 | 781.823 43.00 | 0.000 | 823.835 43.00 | 0.000 | 958.897 43.00 | 0.000 | 9115.008
U[0.25C",1.0C"] 43.00 | 0.000 | 776.229 43.00 | 0.000 | 806.833 43.00 | 0.000 | 989.006 43.00 | 0.000 | 9012.904
U[0.0C”,0.75C"] 43.00 | 0.000 | 823.599 43.00 | 0.000 | 809.126 43.00 | 0.000 | 1007.065 || 43.00 | 0.000 | 8848.775
U[0.25C",0.75C"] || 43.00 | 0.000 | 1619.182 || 43.00 | 0.000 | 1711.629 || 43.00 | 0.000 | 1674.249 || 43.00 | 0.000 | 9246.012
U[0.0C",1.0C") 43.00 | 0.000 | 1570.523 || 43.00 | 0.000 | 1628.829 || 42.80 | 0.160 | 1569.004 || 43.00 | 0.000 | 9006.112

10 U[0.0C”,0.5C") 43.00 | 0.000 | 1532.691 || 42.40 | 0.240 | 2145.856 || 43.00 | 0.000 | 1762.306 || 43.00 | 0.000 | 9176.079
U0.5C",1.0C") 42.80 | 0.180 | 1554.850 || 43.00 | 0.000 | 1558.656 || 42.80 | 0.160 | 1710.961 || 43.00 | 0.000 | 9047.702
U[0.25C",1.0C"] 43.00 | 0.000 | 1567.553 || 42.60 | 0.240 | 1799.667 || 43.00 | 0.000 | 1821.938 || 43.00 | 0.000 | 9312.528
U[0.0C",0.75C"] 43.00 | 0.000 | 1529.261 || 43.00 | 0.000 | 1554.409 || 43.00 | 0.000 | 1701.039 || 43.00 | 0.000 | 9199.499
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Variants

As discussed in section[5.3] variants for both ILPs have been created by removing the inequation
that restricts conflicts inside the recolored set of clusters. In tables[6.27]to[6.32] the standard ILPs
marked as ILP1 and I LP2 are compared to their variants /LP1x and I LP2x by evaluating
three instances of different size as well as three instances of different density. It can be seen that
removing the aforementioned constraint does not increase the solution quality.

Furthermore experiments have been performed, placing the recently recolored set of clusters
on the tabu list for a specified number of iterations (see[5.3). In tables [6.33]to[6.38]sets diversing
in size and density have been evaluated fixing /tMax = 5. The parameter 1T Recolored sets
the number of iterations as T'abusize = T'T Recolored - C' for the set of node-color pairs of the
recolored set of clusters to remain on the tabu list. Please note that the tables examine the influ-
ence of the parameter 17" Recolored to the chromatic number, so runs using the same recoloring
algorithm and the same values for T'abuT enure are compared to each other and highlighted ac-
cordingly.

Again, no significant impacts on the final results can be observed by applying this kind of vari-
ation.

Table 6.27: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.7
each.

Parameters ILP1 ILP1* 1LP2 ILP2*

ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) || obj | sd time(s) || obj | sd time(s)
U[0.0C",0.5C"] 10.3 | 0.150 | 0.312 10.6 | 0.100 | 0.135 10.5 | 0.150 | 0.823 10.4 | 0.100 | 0.602
U[0.5C",1.0C"] 10.4 | 0.000 | 0.302 10.4 | 0.100 | 0.131 10.2 | 0.100 | 0.875 10.3 | 0.050 | 0.617

) 1.0C",4.0C"] 10.0 | 0.000 | 0.326 10.1 | 0.050 | 0.151 10.2 | 0.100 | 0.868 10.2 | 0.000 | 0.628

0.0C”,5.0C"] 10.0 | 0.000 | 0.337 10.1 | 0.050 | 0.138 10.2 | 0.100 | 0.917 10.3 | 0.050 | 0.632

5.0C”,10.0C"] 10.3 | 0.150 | 0.308 10.2 | 0.000 | 0.142 10.4 | 0.100 | 0.820 10.3 | 0.050 | 0.610
10.0C”,20.0C"] || 10.5 | 0.150 | 0.295 10.9 | 0.050 | 0.112 10.6 | 0.100 | 0.793 10.7 | 0.050 | 0.545

0.0C",5.0C"| 10.0 | 0.000 | 1.211 10.0 | 0.000 | 1.058 10.0 | 0.000 | 1.812 10.0 | 0.000 | 1.533
5.0C",10.0C"| 10.0 | 0.000 | 1.231 10.0 | 0.000 | 1.093 10.0 | 0.000 | 1.837 10.0 | 0.000 | 1.553
10.0C”,20.0C"] || 10.0 | 0.000 | 1.295 10.0 | 0.000 | 1.176 10.0 | 0.000 | 1.910 10.0 | 0.000 | 1.677

[

Ul

Ul

Ul

Ul
U[0.0C’,0.5C"] 10.2 | 0.100 | 0.542 10.7 | 0.050 | 0.295 10.7 | 0.150 | 0.952 10.3 | 0.050 | 0.799
U[0.5C",1.0C"] 10.2 | 0.100 | 0.508 10.1 | 0.050 | 0.356 10.2 | 0.100 | 1.096 10.2 | 0.000 | 0.800
10 U[1.0C’,4.0C"] 10.0 | 0.000 | 0.493 10.0 | 0.000 | 0.314 10.0 | 0.000 | 1.098 10.0 | 0.000 | 0.827
U[0.0C", 5.0C"] 10.0 | 0.000 | 0.493 10.0 | 0.000 | 0.319 10.0 | 0.000 | 1.081 10.0 | 0.000 | 0.823
U[5.0C”,10.0C"] 10.0 | 0.000 | 0.500 10.0 | 0.000 | 0.322 10.0 | 0.000 | 1.109 10.0 | 0.000 | 0.828
U[10.0C”,20.0C"] || 10.0 | 0.000 | 0.531 10.1 | 0.050 | 0.362 10.0 | 0.000 | 1.114 10.0 | 0.000 | 0.871
U[0.0C’,0.5C") 10.4 | 0.100 | 0.738 10.7 | 0.150 | 0.491 10.3 | 0.150 | 1.327 10.4 | 0.200 | 0.991
U[0.5C",1.0C"] 10.1 | 0.050 | 0.745 10.1 | 0.050 | 0.587 10.1 | 0.050 | 1.345 10.1 | 0.050 | 1.023
20 U[1.0C’,4.0C") 10.0 | 0.000 | 0.673 10.0 | 0.000 | 0.499 10.0 | 0.000 | 1.281 10.0 | 0.000 | 0.993
Ul0.0C’,5.0C"] 10.0 | 0.000 | 0.682 10.0 | 0.000 | 0.494 10.0 | 0.000 | 1.290 10.0 | 0.000 | 1.001
U[5.0C”,10.0C"] 10.0 | 0.000 | 0.690 10.0 | 0.000 | 0.517 10.0 | 0.000 | 1.289 10.0 | 0.000 | 1.013
U[10.0C",20.0C"] || 10.0 | 0.000 | 0.721 10.0 | 0.000 | 0.548 10.0 | 0.000 | 1.320 10.0 | 0.000 | 1.048
U[0.0C",0.5C"] 10.3 | 0.150 | 1.386 10.6 | 0.100 | 1.105 10.7 | 0.150 | 1.694 10.2 | 0.000 | 1.709
U[0.5C",1.0C"] 10.3 | 0.050 | 1.346 10.0 | 0.000 | 1.199 10.0 | 0.000 | 1.948 10.2 | 0.100 | 1.526
50 U[1.0C",4.0C"] 10.0 | 0.000 | 1.207 10.0 | 0.000 | 1.060 10.0 | 0.000 | 1.778 10.0 | 0.000 | 1.523

Ul

gyt

Ul
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Table 6.28: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.8

each.

Parameters ILP1 ILP1* ILP2 ILP2*

ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) || obj | sd time(s) || obj | sd time(s)
U[0.0C",0.5C"] 13.1 | 0.150 | 0.394 12.8 | 0.000 | 0.215 12.9 | 0.050 | 1.045 12.8 | 0.000 | 0.851
U[0.5C",1.0C"] 12.7 | 0.050 | 0.439 12.8 | 0.100 | 0.204 12.7 | 0.050 | 1.088 12.7 | 0.050 | 0.848

1 U[1.0C",4.0C") 12.7 | 0.050 | 0.426 12.8 | 0.000 | 0.213 12.6 | 0.000 | 1.081 12.7 | 0.050 | 0.870
U[0.0C’,5.0C") 12.7 | 0.050 | 0.446 12.7 | 0.050 | 0.221 12.8 | 0.000 | 1.048 12.5 | 0.050 | 0.882
U[5.0C",10.0C"] 12.7 | 0.050 | 0.426 12.8 | 0.000 | 0.203 12.7 | 0.050 | 1.094 12.8 | 0.000 | 0.832
U[10.0C",20.0C"] || 12.8 | 0.000 | 0.426 12.8 | 0.000 | 0.195 12.8 | 0.100 | 1.069 12.8 | 0.000 | 0.850
U[0.0C”,0.5C"] 12.8 | 0.000 | 0.720 12.7 | 0.050 | 0.546 12.9 | 0.050 | 1.294 13.0 | 0.000 | 1.049
U[0.5C",1.0C"| 12.7 | 0.050 | 0.691 12.5 | 0.150 | 0.556 12.5 | 0.050 | 1.417 12.4 | 0.000 | 1.208

10 U[1.0C’,4.0C"] 12.2 | 0.100 | 0.746 12.1 | 0.050 | 0.543 12.2 | 0.100 | 1.508 12.0 | 0.000 | 1.321
U0.0C",5.0C") 12.2 | 0.100 | 0.765 12.1 | 0.050 | 0.521 12.2 | 0.100 | 1.522 12.2 | 0.000 | 1.218
U[5.0C”,10.0C"] 12.4 | 0.000 | 0.745 12.1 | 0.050 | 0.580 12.3 | 0.050 | 1.525 12.2 | 0.000 | 1.284
U[10.0C",20.0C"] || 12.4 | 0.000 | 0.779 12.4 | 0.100 | 0.529 12.5 | 0.050 | 1.439 12.5 | 0.150 | 1.208
U[0.0C",0.5C"] 13.0 | 0.000 | 0.930 13.1 | 0.150 | 0.787 12.8 | 0.200 | 1.671 12.7 | 0.050 | 1.435
U[0.5C’,1.0C"] 12.5 | 0.050 | 1.068 12.7 | 0.050 | 0.779 12.8 | 0.000 | 1.571 12.6 | 0.000 | 1.398

20 U[1.0C",4.0C") 12.1 | 0.050 | 1.101 12.0 | 0.000 | 0.949 12.2 | 0.000 | 1.778 12.0 | 0.000 | 1.620
U[0.0C’,5.0C"] 12.0 | 0.000 | 1.178 12.0 | 0.000 | 0.848 12.1 | 0.050 | 1.876 12.0 | 0.000 | 1.634
U[5.0C",10.0C"] 12.2 | 0.000 | 1.088 12.2 | 0.100 | 0.858 12.2 | 0.000 | 1.813 12.1 | 0.050 | 1.657
U[10.0C",20.0C"] || 12.2 | 0.100 | 1.170 12.5 | 0.050 | 0.899 12.6 | 0.100 | 1.771 12.2 | 0.000 | 1.692
U[0.0C",0.5C"| 12.9 | 0.050 | 1.930 13.1 | 0.050 | 1.870 13.0 | 0.100 | 2.468 12.8 | 0.100 | 2.313
U[0.5C",1.0C"| 12.8 | 0.000 | 1.716 12.6 | 0.100 | 1.776 12.7 | 0.050 | 2.487 12.7 | 0.050 | 2.294

50 U[1.0C",4.0C") 12.0 | 0.000 | 2.094 12.0 | 0.000 | 1.753 12.0 | 0.000 | 2.765 12.0 | 0.000 | 2.463
U[0.0C,5.0C") 12.0 | 0.000 | 2.054 12.0 | 0.000 | 1.824 12.0 | 0.000 | 2.791 12.0 | 0.000 | 2.687
U[5.0C’,10.0C" 12.0 | 0.000 | 2.201 12.1 | 0.050 | 1.844 12.1 | 0.050 | 2.837 12.0 | 0.000 | 2.696
U[10.0C",20.0C"] || 12.3 | 0.150 | 2.140 12.2 | 0.100 | 2.080 12.3 | 0.050 | 2.962 12.2 | 0.100 | 2.676

Table 6.29: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.9

each.

Parameters ILP1 ILP1* 1ILP2 ILP2*

ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) || obj | sd time(s) || obj | sd time(s)
U[0.0C",0.5C"] 16.7 | 0.250 | 0.450 17.0 | 0.100 | 0.235 16.9 | 0.250 | 1.001 16.8 | 0.300 | 0.877
U0.5C",1.0C"| 16.4 | 0.100 | 0.477 16.3 | 0.050 | 0.279 16.2 | 0.000 | 1.139 16.6 | 0.100 | 0.909

1 U[1.0C,4.0C") 16.1 | 0.050 | 0.513 16.3 | 0.050 | 0.266 16.2 | 0.000 | 1.125 16.3 | 0.050 | 0.996
U[0.0C’,5.0C"] 16.0 | 0.000 | 0.534 16.1 | 0.050 | 0.300 16.2 | 0.000 | 1.112 16.2 | 0.000 | 0.990
U[5.0C",10.0C"] 16.1 | 0.050 | 0.510 16.3 | 0.050 | 0.252 16.2 | 0.000 | 1.096 16.2 | 0.000 | 0.998
U[10.0C",20.0C"] || 16.4 | 0.000 | 0.473 16.1 | 0.050 | 0.294 16.2 | 0.000 | 1.101 16.2 | 0.000 | 0.994
U[0.0C",0.5C"] 16.6 | 0.300 | 0.994 16.8 | 0.300 | 0.830 16.8 | 0.300 | 1.561 16.7 | 0.050 | 1.484
U[0.5C",1.0C"] 16.1 | 0.050 | 0.938 16.2 | 0.300 | 0.790 16.3 | 0.050 | 1.584 16.2 | 0.000 | 1.474

10 U[1.0C,4.0C") 15.8 | 0.000 | 1.019 15.8 | 0.000 | 0.758 15.8 | 0.000 | 1.731 15.8 | 0.000 | 1.571
U[0.0C",5.0C"] 15.8 | 0.000 | 1.005 15.9 | 0.050 | 0.763 15.8 | 0.000 | 1.694 16.0 | 0.100 | 1.517
U[5.0C",10.0C"] 15.8 | 0.000 | 1.103 15.9 | 0.050 | 0.809 15.8 | 0.000 | 1.754 15.8 | 0.000 | 1.603
U[10.0C”,20.0C"] || 16.1 | 0.050 | 1.003 15.8 | 0.000 | 0.949 16.0 | 0.000 | 1.701 16.0 | 0.000 | 1.563
U[0.0C”,0.5C"] 17.0 | 0.200 | 1.491 17.1 | 0.250 | 1.384 17.1 | 0.150 | 2.114 16.7 | 0.050 | 1.980
U[0.5C",1.0C"| 16.2 | 0.000 | 1.430 16.2 | 0.100 | 1.361 16.0 | 0.000 | 2.203 16.3 | 0.150 | 1.877

20 U[1.0C’,4.0C"] 15.8 | 0.000 | 1.499 15.8 | 0.000 | 1.289 15.8 | 0.000 | 2.181 15.8 | 0.000 | 2.039
U0.0C",5.0C") 15.8 | 0.000 | 1.532 15.8 | 0.000 | 1.328 15.8 | 0.000 | 2.177 15.8 | 0.000 | 2.127
U[5.0C”,10.0C"] 15.9 | 0.050 | 1.546 15.8 | 0.000 | 1.370 15.8 | 0.000 | 2.227 15.8 | 0.000 | 2.178
U[10.0C",20.0C"] || 16.0 | 0.000 | 1.585 16.0 | 0.000 | 1.337 15.8 | 0.000 | 2.273 16.0 | 0.000 | 2.105
U[0.0C",0.5C"] 16.7 | 0.350 | 3.210 16.8 | 0.100 | 3.289 17.2| 0.200 | 3.570 17.2 | 0.000 | 3.566
U[0.5C",1.0C"] 16.2 | 0.000 | 2.842 16.1 | 0.050 | 2.740 16.3 | 0.250 | 3.523 16.0 | 0.000 | 3.637

50 U[1.0C",4.0C") 15.8 | 0.000 | 2.937 15.8 | 0.000 | 2.775 15.8 | 0.000 | 3.617 15.8 | 0.000 | 3.526
U[0.0C’,5.0C"] 15.8 | 0.000 | 2.948 15.8 | 0.000 | 2.766 15.8 | 0.000 | 3.688 15.8 | 0.000 | 3.526
U[5.0C",10.0C"] 15.8 | 0.000 | 3.241 15.8 | 0.000 | 2.838 15.8 | 0.000 | 3.762 15.8 | 0.000 | 3.697
U[10.0C",20.0C"] || 15.8 | 0.000 | 3.457 15.8 | 0.000 | 3.065 15.8 | 0.000 | 3.903 15.8 | 0.000 | 3.831
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Table 6.30: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.5
each.

Parameters ILP1 ILP1* ILP2 ILP2*

ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) || obj | sd time(s) || obj | sd time(s)
U[0.0C",0.5C"] 8.2 | 0.055 | 0.216 8.2 1 0.050 | 0.100 8.3 | 0.044 | 0.604 8.1 | 0.050 | 0.459
U[0.5C",1.0C"] 8.1 | 0.011 | 0.226 8.1 | 0.038 | 0.099 8.0 | 0.033 | 0.662 8.1 1 0.033 | 0.464
1.0C",4.0C") 8.0 | 0.027 | 0.223 8.1 | 0.016 | 0.102 8.1 | 0.033 | 0.652 8.0 | 0.022 | 0.473
0.0C",5.0C"] 8.1 | 0.027 | 0.225 8.0 | 0.022 | 0.101 8.0 | 0.022 | 0.662 8.0 | 0.033 | 0.480
5.0C",10.0C"] 8.1 | 0.033 | 0.221 8.1 | 0.050 | 0.102 8.1 | 0.027 | 0.646 8.1 | 0.033 | 0.467
10.0C",20.0C"] || 8.2 | 0.033 | 0.219 8.1 | 0.038 | 0.100 8.2 | 0.038 | 0.633 8.2 1 0.033 | 0.453
0.0C’,0.5C"] 8.2 1 0.033 | 0.354 8.2 1 0.061 | 0.238 8.1 | 0.072 | 0.780 8.1 | 0.061 | 0.592
0.5C",1.0C"] 8.0 | 0.022 | 0.350 8.0 | 0.050 | 0.241 8.0 | 0.033 | 0.786 8.0 | 0.033 | 0.608
1.0C",4.0C") 7.8 | 0.011 | 0.376 7.8 | 0.000 | 0.250 7.9 | 0.016 | 0.835 7.9 | 0.016 | 0.632

10 0.0C",5.0C"] 7.9 |0.022 | 0.378 7.9 | 0.005 | 0.240 7.9 | 0.016 | 0.820 7.9 | 0.011 | 0.631
5.0C",10.0C"] 7.9 | 0.016 | 0.378 7.9 | 0.005 | 0.252 7.9 | 0.022 | 0.830 7.9 | 0.011 | 0.632
10.0C",20.0C"] || 8.0 | 0.027 | 0.376 8.0 | 0.016 | 0.255 7.9 | 0.027 | 0.825 8.0 | 0.033 | 0.627
0.5C",1.0C"] 8.0 | 0.022 | 0.506 8.0 | 0.038 | 0.370 8.0 | 0.038 | 0.936 8.0 | 0.038 | 0.734

20 1.0C",4.0C") 7.8 | 0.005 | 0.520 7.8 | 0.000 | 0.392 7.8 | 0.000 | 0.971 7.8 | 0.005 | 0.782
0.0C",5.0C"] 7.8 | 0.005 | 0.517 7.8 | 0.000 | 0.395 7.8 | 0.000 | 0.973 7.8 | 0.011 | 0.786
5.0C",10.0C"] 7.9 | 0.005 | 0.533 7.9 | 0.011 | 0.408 7.9 | 0.011 | 0.976 7.9 | 0.000 | 0.778
10.0C",20.0C"] || 7.9 | 0.016 | 0.534 7.9 | 0.033 | 0.430 7.9 | 0.016 | 0.985 7.9 | 0.016 | 0.778
0.0C",0.5C"] 8.1 | 0.038 | 0.973 8.2 1 0.094 | 0.825 8.2 | 0.033 | 1.393 8.1 | 0.072 | 1.208
0.5C",1.0C"] 8.0 | 0.033 | 0.890 8.0 | 0.022 | 0.802 8.0 | 0.027 | 1.351 8.0 | 0.027 | 1.181

50 1.0C",4.0C") 7.8 | 0.011 | 0.922 7.8 | 0.005 | 0.798 7.8 | 0.005 | 1.384 7.8 | 0.005 | 1.185

0.0C",5.0C"] 7.8 | 0.005 | 0.919 7.8 | 0.000 | 0.805 7.8 | 0.000 | 1.386 7.8 | 0.005 | 1.181
5.0C",10.0C"] 7.8 | 0.005 | 0.958 7.8 | 0.000 | 0.848 7.8 | 0.000 | 1.440 7.8 | 0.005 | 1.242
10.0C",20.0C"] || 7.9 | 0.016 | 1.022 7.8 | 0.011 | 0.903 7.9 | 0.005 | 1.482 7.9 | 0.016 | 1.291
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[
[
[
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|
[0.0C,0.5C"T 8.1 [0.050 [ 0508 |[ 82 [0.050 [0.412 |82 [0.066 | 0933 || 82 [0.027 | 0.711
[
[
[
[
[
[
[
[
[
[
[

Table 6.31: ILP variants compared on a set of 5 instances with 100 nodes and a density of 0.5
each.

Parameters ILP1 ILP1* ILP2 ILP2*

ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) || obj | sd time(s) || obj | sd time(s)
U10.0C",0.5C"] 7.8 | 0.000 | 0.221 8.0 | 0.000 | 0.085 7.8 | 0.000 | 0.756 7.8 | 0.000 | 0.527
U[0.5C",1.0C"] 7.7 | 0.050 | 0.216 7.8 | 0.100 | 0.105 7.8 | 0.000 | 0.744 7.8 | 0.000 | 0.531
1.0C",4.0C" 7.8 | 0.000 | 0.232 7.9 | 0.050 | 0.088 7.8 | 0.000 | 0.744 7.8 | 0.000 | 0.529
0.0C",5.0C"] 7.8 | 0.100 | 0.223 7.8 | 0.000 | 0.087 7.8 | 0.100 | 0.735 7.7 | 0.050 | 0.577
5.0C",10.0C" 7.7 | 0.050 | 0.237 7.7 | 0.050 | 0.096 7.9 1 0.050 | 0.699 7.9 | 0.050 | 0.527
10.0C",20.0C’] || 8.0 | 0.000 | 0.216 7.9 | 0.050 | 0.087 7.8 | 0.100 | 0.733 7.9 | 0.050 | 0.490
0.0C",0.5C") 7.6 | 0.100 | 0.321 7.6 | 0.100 | 0.194 7.6 | 0.100 | 0.877 7.8 | 0.000 | 0.615
0.5C",1.0C"] 7.6 | 0.000 | 0.324 7.5 | 0.150 | 0.181 7.7 | 0.150 | 0.858 7.5 | 0.150 | 0.700
1.0C",4.0C" 7.1 | 0.050 | 0.359 7.0 | 0.000 | 0.214 7.0 | 0.000 | 1.034 7.1 | 0.050 | 0.789

10 0.0C",5.0C"] 7.2 | 0.100 | 0.376 7.0 | 0.000 | 0.206 7.0 | 0.000 | 1.050 7.2 | 0.100 | 0.747
5.0C",10.0C") 7.5 | 0.050 | 0.349 7.6 | 0.100 | 0.195 7.4 | 0.200 | 0.940 7.4 | 0.000 | 0.700
10.0C",20.0C’] || 7.8 | 0.000 | 0.320 7.8 | 0.000 | 0.181 7.8 | 0.000 | 0.831 7.7 | 0.050 | 0.631
0.5C",1.0C"] 7.6 | 0.100 | 0.414 7.5 | 0.150 | 0.299 7.8 | 0.000 | 0.923 7.7 | 0.050 | 0.727

20 1.0C",4.0C") 7.0 | 0.000 | 0.483 7.0 | 0.000 | 0.331 7.1 1 0.050 | 1.128 7.0 | 0.000 | 0.861
0.0C",5.0C"] 7.0 | 0.000 | 0.492 7.0 | 0.000 | 0.342 7.0 | 0.000 | 1.138 7.0 | 0.000 | 0.885
5.0C",10.0C"] 7.5 | 0.150 | 0.438 7.1 | 0.050 | 0.326 7.3 | 0.050 | 1.071 7.1 | 0.050 | 0.870
10.0C",20.0C’] || 7.7 | 0.050 | 0.429 7.7 | 0.050 | 0.311 7.7 | 0.050 | 0.949 7.7 | 0.050 | 0.760
0.0C",0.5C"] 7.6 | 0.000 | 0.716 7.5 | 0.150 | 0.572 7.5 | 0.250 | 1.300 7.6 | 0.100 | 1.027
0.5C",1.0C"] 7.4 | 0.100 | 0.758 7.5 | 0.050 | 0.642 7.6 | 0.100 | 1.269 7.6 | 0.100 | 1.043

50 1.0C",4.0C"] 7.0 | 0.000 | 0.803 7.0 | 0.000 | 0.627 7.0 | 0.000 | 1.402 7.0 | 0.000 | 1.206

0.0C",5.0C"] 7.0 | 0.000 | 0.774 7.0 | 0.000 | 0.672 7.0 | 0.000 | 1.418 7.0 | 0.000 | 1.188
5.0C",10.0C"] 7.1 | 0.050 | 0.829 7.1 | 0.050 | 0.723 7.0 | 0.000 | 1.500 7.1 | 0.050 | 1.246
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[0.0C",05C"] [ 7.6 | 0200 | 0.443 | 7.6 | 0.100 | 0270 || 7.7 | 0.050 | 0.952 | 7.6 | 0.100 | 0.780
[
[
[
[
[
[
[
[
[
[
[10.0¢7,20.0"] || 7.3 | 0.150 | 0.816 || 7.3 | 0.150 | 0.756 || 7.5 | 0.050 | 1399 || 7.5 | 0.050 | 1.169
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Table 6.32: ILP variants compared on a set of 5 instances with 120 nodes and a density of 0.5

each.
Parameters ILP1 ILP1* ILP2 ILP2*
ItMax | TabuTenure obj | sd time(s) || obj | sd time(s) || obj | sd time(s) || obj | sd time(s)
U0.0C",0.5C"] 8.8 1 0.100 | 0.355 8.9 | 0.050 | 0.126 8.9 |1 0.050 | 1.222 8.7 | 0.050 | 0.938
U[0.5C",1.0C") 8.8 | 0.000 | 0.360 8.8 | 0.000 | 0.150 8.9 1 0.050 | 1.192 8.8 | 0.100 | 0.923
1 U[1.0C",4.0C"] 8.7 | 0.050 | 0.366 8.9 1 0.050 | 0.132 8.9 |1 0.050 | 1.149 8.9 | 0.050 | 0.875
U[0.0C",5.0C") 8.8 | 0.000 | 0.356 8.9 1 0.050 | 0.126 9.0 | 0.000 | 1.183 8.8 | 0.100 | 0.934
U[5.0C’,10.0C"] 9.0 | 0.000 | 0.335 8.9 |1 0.050 | 0.133 8.6 | 0.000 | 1.330 8.9 | 0.050 | 0.892
U[10.0C”,20.0C"] || 9.0 | 0.000 | 0.326 9.0 | 0.000 | 0.121 9.0 | 0.000 | 1.172 9.0 | 0.000 | 0.831
U0.0C",0.5C"] 8.7 | 0.050 | 0.511 8.7 | 0.050 | 0.317 8.8 | 0.100 | 1.396 8.8 | 0.000 | 1.065
U[0.5C",1.0C") 8.6 | 0.000 | 0.565 8.7 1 0.050 | 0.326 8.6 | 0.000 | 1.497 8.7 | 0.050 | 1.140
10 U[1.0C",4.0C"] 8.6 | 0.000 | 0.541 8.6 | 0.000 | 0.326 8.6 | 0.000 | 1.447 8.6 | 0.000 | 1.129
U[0.0C",5.0C") 8.6 | 0.000 | 0.541 8.6 | 0.000 | 0.319 8.5 | 0.050 | 1.486 8.6 | 0.000 | 1.136
U[5.0C’,10.0C"] 8.6 | 0.000 | 0.566 8.6 | 0.000 | 0.341 8.6 | 0.000 | 1.451 8.8 | 0.100 | 1.089
U[10.0C",20.0C"] || 8.9 | 0.050 | 0.538 8.8 | 0.000 | 0.355 8.9 | 0.050 | 1.361 89 1 0.050 | 1.111
U0.0C",0.5C"] 8.7 1 0.050 | 0.716 9.0 | 0.000 | 0.468 8.6 | 0.000 | 1.696 8.6 | 0.000 | 1.340
U[0.5C",1.0C") 8.6 | 0.000 | 0.726 8.6 | 0.000 | 0.576 8.5 | 0.050 | 1.670 8.6 | 0.000 | 1.325
20 U[1.0C",4.0C"] 8.6 | 0.000 | 0.714 8.5 | 0.050 | 0.532 8.5 | 0.050 | 1.697 8.6 | 0.000 | 1.367
U[0.0C",5.0C") 8.6 | 0.000 | 0.728 8.6 | 0.000 | 0.513 8.5 | 0.050 | 1.699 8.6 | 0.000 | 1.356
U5.0C",10.0C"] 8.6 | 0.000 | 0.726 8.6 | 0.000 | 0.543 8.6 | 0.000 | 1.659 8.6 | 0.000 | 1.395
U[10.0C",20.0C"] || 8.6 | 0.000 | 0.787 8.9 | 0.050 | 0.533 8.8 | 0.000 | 1.675 8.9 | 0.050 | 1.262
U[0.0C",0.5C"] 9.0 | 0.000 | 1.156 8.7 | 0.050 | 1.065 8.7 | 0.050 | 2.217 8.8 | 0.100 | 1.829
U[0.5C",1.0C") 8.8 | 0.000 | 1.213 8.7 | 0.050 | 1.081 8.8 | 0.000 | 2.165 8.6 | 0.000 | 1.958
50 U[1.0C",4.0C"] 8.3 | 0.050 | 1.405 8.5 1 0.050 | 1.111 8.5 | 0.050 | 2.289 8.6 | 0.000 | 1.872
U[0.0C",5.0C") 8.6 | 0.000 | 1.282 8.5 | 0.050 | 1.154 8.6 | 0.000 | 2.169 8.6 | 0.000 | 1.928
U[5.0C’,10.0C"] 8.6 | 0.000 | 1.322 8.6 | 0.000 | 1.109 8.6 | 0.000 | 2.190 8.6 | 0.000 | 1.952
U[10.0C”,20.0C"] || 8.6 | 0.000 | 1.480 8.7 1 0.050 | 1.179 8.6 | 0.000 | 2.350 8.7 | 0.050 | 1.947
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Table 6.33: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.7

each.

Parameters OneStepCD ILP1 ILP2
RecoloredTT | TabuTenure obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C" 10.3 | 0.050 | 0.222 || 10.4 | 0.000 | 0.479 || 10.3 | 0.150 | 1.081
U[0.5C",1.0C") 10.1 | 0.050 | 0.141 || 10.1 | 0.050 | 0.432 || 10.0 | 0.000 | 1.102
0.0 U[1.0C",4.0C") 10.0 | 0.000 | 0.113 || 10.0 | 0.000 | 0.410 || 10.0 | 0.000 | 1.042
' U[0.0C’,5.0C") 10.0 | 0.000 | 0.114 || 10.0 | 0.000 | 0.414 || 10.0 | 0.000 | 1.056
U[5.0C",10.0C" 10.0 | 0.000 | 0.122 || 10.0 | 0.000 | 0.435 || 10.0 | 0.000 | 1.072
U[10.0C”,20.0C"] || 10.2 | 0.100 | 0.142 || 10.1 | 0.050 | 0.425 || 10.2 | 0.100 | 1.020
U[0.0C",0.5C") 10.4 | 0.000 | 0.126 || 10.7 | 0.150 | 0.359 || 10.5 | 0.150 | 0.940
U0.5C",1.0C" 10.0 | 0.000 | 0.122 || 10.2 | 0.000 | 0.410 || 10.2 | 0.100 | 1.032
03 U[1.0C",4.0C") 10.0 | 0.000 | 0.110 || 10.0 | 0.000 | 0.434 || 10.0 | 0.000 | 1.032
' Ul0.0C’,5.0C") 10.0 | 0.000 | 0.121 || 10.0 | 0.000 | 0.411 || 10.0 | 0.000 | 1.046
U[5.0C",10.0C" 10.1 | 0.050 | 0.124 || 10.0 | 0.000 | 0.440 || 10.0 | 0.000 | 1.053
U[10.0C”,20.0C"] || 10.2 | 0.100 | 0.133 || 10.0 | 0.000 | 0.446 || 10.0 | 0.000 | 1.070
U[0.0C",0.5C") 10.6 | 0.100 | 0.112 || 10.4 | 0.200 | 0.383 || 10.2 | 0.100 | 1.024
U[0.5C",1.0C") 10.2 | 0.000 | 0.119 || 10.0 | 0.000 | 0.419 || 10.3 | 0.050 | 0.983
05 U[1.0C",4.0C") 10.0 | 0.000 | 0.114 || 10.0 | 0.000 | 0.404 || 10.0 | 0.000 | 1.020
' U0.0C’,5.0C") 10.0 | 0.000 | 0.131 || 10.0 | 0.000 | 0.414 || 10.0 | 0.000 | 1.057
U[5.0C",10.0C" 10.0 | 0.000 | 0.118 || 10.0 | 0.000 | 0.430 || 10.0 | 0.000 | 1.058
U[10.0C”,20.0C"] || 10.2 | 0.100 | 0.134 || 10.1 | 0.050 | 0.416 || 10.2 | 0.000 | 1.009
U[0.0C",0.5C") 10.4 | 0.000 | 0.117 || 10.7 | 0.050 | 0.348 || 10.5 | 0.150 | 0.972
U0.5C",1.0C") 10.2 | 0.000 | 0.114 || 10.1 | 0.050 | 0.418 || 10.0 | 0.000 | 1.081
10 U[1.0C",4.0C") 10.0 | 0.000 | 0.113 || 10.0 | 0.000 | 0.413 || 10.0 | 0.000 | 1.050
' U0.0C’,5.0C") 10.0 | 0.000 | 0.112 || 10.0 | 0.000 | 0.400 || 10.0 | 0.000 | 1.058
U[5.0C",10.0C" 10.0 | 0.000 | 0.122 || 10.0 | 0.000 | 0.415 || 10.0 | 0.000 | 1.077
U[10.0C”,20.0C"] || 10.0 | 0.000 | 0.161 || 10.1 | 0.050 | 0.421 || 10.1 | 0.050 | 1.117
U[0.0C",0.5C") 10.6 | 0.000 | 0.117 || 10.6 | 0.100 | 0.367 || 10.1 | 0.050 | 1.088
U0.5C",1.0C") 10.1 | 0.050 | 0.132 || 10.1 | 0.050 | 0.407 || 10.3 | 0.050 | 0.997
20 U[1.0C",4.0C") 10.0 | 0.000 | 0.109 || 10.0 | 0.000 | 0.414 || 10.0 | 0.000 | 1.061
' Ul0.0C’,5.0C" 10.0 | 0.000 | 0.116 || 10.0 | 0.000 | 0.415 || 10.0 | 0.000 | 1.132
U[5.0C",10.0C" 10.0 | 0.000 | 0.123 || 10.0 | 0.000 | 0.425 || 10.0 | 0.000 | 1.095
U[10.0C”,20.0C"] || 10.0 | 0.000 | 0.140 || 10.2 | 0.100 | 0.394 || 10.2 | 0.100 | 1.013
U[0.0C",0.5C"] 10.5 | 0.050 | 0.120 || 10.4 | 0.100 | 0.397 || 10.5 | 0.150 | 0.934
U0.5C",1.0C" 10.0 | 0.000 | 0.112 || 10.1 | 0.050 | 0.414 || 10.2 | 0.100 | 1.031
50 U[1.0C",4.0C") 10.0 | 0.000 | 0.110 || 10.0 | 0.000 | 0.411 || 10.0 | 0.000 | 1.043
' Ul0.0C’,5.0C" 10.1 | 0.050 | 0.111 || 10.0 | 0.000 | 0.421 || 10.0 | 0.000 | 1.040
U[5.0C",10.0C" 10.0 | 0.000 | 0.127 || 10.0 | 0.000 | 0.420 || 10.0 | 0.000 | 1.044
U[10.0C”,20.0C"] || 10.0 | 0.000 | 0.137 || 10.1 | 0.050 | 0.431 || 10.0 | 0.000 | 1.088
U[0.0C",0.5C"] 10.2 | 0.000 | 0.146 || 10.5 | 0.150 | 0.395 || 10.6 | 0.100 | 0.905
U[0.5C",1.0C"] 10.1 | 0.050 | 0.128 || 10.1 | 0.050 | 0.439 || 10.2 | 0.100 | 1.027
100 U[1.0C",4.0C"] 10.0 | 0.000 | 0.114 || 10.0 | 0.000 | 0.416 || 10.0 | 0.000 | 1.060
' U[0.0C",5.0C"] 10.0 | 0.000 | 0.111 || 10.0 | 0.000 | 0.415 || 10.0 | 0.000 | 1.045
U[5.0C",10.0C"] 10.1 | 0.050 | 0.118 || 10.0 | 0.000 | 0.426 || 10.0 | 0.000 | 1.057
U[10.0C",20.0C’] || 10.0 | 0.000 | 0.145 || 10.2 | 0.100 | 0.414 || 10.1 | 0.050 | 1.053
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Table 6.34: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.8

each.

Parameters OneStepCD ILP1 1ILP2
RecoloredTT | TabuTenure obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C" 12.8 | 0.000 | 0.220 || 12.9 | 0.150 | 0.576 || 12.9 | 0.050 | 1.212
U0.5C",1.0C") 12.3 | 0.050 | 0.207 || 12.4 | 0.100 | 0.646 || 12.6 | 0.000 | 1.328
0.0 U[1.0C",4.0C" 12.3 1 0.050 | 0.195 || 12.2 | 0.100 | 0.623 || 12.4 | 0.000 | 1.362
' Ul0.0C’,5.0C") 12.1 | 0.050 | 0.224 || 12.3 | 0.050 | 0.616 || 12.3 | 0.050 | 1.386
U[5.0C",10.0C"] 12.5 1 0.050 | 0.199 || 12.5 | 0.050 | 0.601 || 12.4 | 0.100 | 1.413
U[10.0C”,20.0C"] || 12.8 | 0.000 | 0.182 || 12.6 | 0.100 | 0.610 || 12.7 | 0.050 | 1.284
U[0.0C”,0.5C") 12.8 | 0.000 | 0.201 || 12.8 | 0.000 | 0.563 || 13.0 | 0.100 | 1.201
U0.5C",1.0C" 12.7 1 0.050 | 0.184 || 12.6 | 0.000 | 0.588 || 12.6 | 0.100 | 1.319
03 U[1.0C",4.0C" 12.3 1 0.050 | 0.192 || 12.4 | 0.000 | 0.597 || 12.2 | 0.000 | 1.413
' Ul0.0C’,5.0C" 12.2 1 0.100 | 0.195 || 12.2 | 0.100 | 0.641 || 12.2 | 0.000 | 1.415
U[5.0C’,10.0C"] 12.3 | 0.050 | 0.201 || 12.6 | 0.100 | 0.601 || 12.2 | 0.000 | 1.417
U[10.0C”,20.0C"] || 12.6 | 0.100 | 0.194 || 12.4 | 0.100 | 0.651 || 12.5 | 0.050 | 1.332
U[0.0C”,0.5C") 13.0 | 0.100 | 0.189 || 13.0 | 0.100 | 0.559 || 12.9 | 0.050 | 1.225
U0.5C",1.0C") 12.5 1 0.150 | 0.200 || 12.5 | 0.050 | 0.609 || 12.5 | 0.050 | 1.329
05 U[1.0C",4.0C" 12.2 1 0.000 | 0.195 || 12.2 | 0.000 | 0.639 || 12.3 | 0.050 | 1.437
' U[0.0C’,5.0C") 12.3 1 0.050 | 0.202 || 12.2 | 0.100 | 0.632 || 12.3 | 0.050 | 1.396
U5.0C”,10.0C"] 12.6 | 0.100 | 0.195 || 12.4 | 0.100 | 0.649 || 12.4 | 0.100 | 1.372
U[10.0C",20.0C"] || 12.8 | 0.000 | 0.181 || 12.7 | 0.050 | 0.602 || 12.7 | 0.050 | 1.273
U[0.0C”,0.5C") 13.0 | 0.100 | 0.187 || 12.9 | 0.050 | 0.557 || 12.8 | 0.000 | 1.247
U0.5C",1.0C" 12.8 | 0.000 | 0.164 || 12.6 | 0.000 | 0.604 || 12.5 | 0.050 | 1.375
10 U[1.0C",4.0C" 12.3 | 0.050 | 0.185 || 12.2 | 0.100 | 0.628 || 12.4 | 0.000 | 1.368
' U[0.0C’,5.0C" 12.2 | 0.000 | 0.196 || 12.2 | 0.000 | 0.646 || 12.4 | 0.000 | 1.353
U[5.0C’,10.0C"] 12.5 1 0.050 | 0.210 || 12.4 | 0.100 | 0.628 || 12.6 | 0.100 | 1.299
U[10.0C",20.0C"] || 12.7 | 0.050 | 0.186 || 12.7 | 0.050 | 0.594 || 12.6 | 0.100 | 1.307
U[0.0C”,0.5C") 12.7 | 0.150 | 0.194 || 12.8 | 0.000 | 0.585 || 13.0 | 0.300 | 1.220
U0.5C",1.0C") 12.8 | 0.000 | 0.159 || 12.5 | 0.050 | 0.602 || 12.6 | 0.000 | 1.306
20 U[1.0C",4.0C" 12.3 | 0.050 | 0.179 || 12.2 | 0.100 | 0.662 || 12.4 | 0.000 | 1.364
' Ul0.0C’,5.0C" 12.1 | 0.050 | 0.198 || 12.2 | 0.100 | 0.645 || 12.4 | 0.000 | 1.375
U[5.0C’,10.0C"] 12.4 | 0.100 | 0.200 || 12.3 | 0.150 | 0.654 || 12.5 | 0.050 | 1.343
U[10.0C",20.0C"] || 12.6 | 0.100 | 0.187 || 12.6 | 0.100 | 0.597 || 12.7 | 0.050 | 1.267
U[0.0C",0.5C"] 13.0 | 0.000 | 0.171 || 12.8 | 0.100 | 0.582 || 12.7 | 0.050 | 1.278
U0.5C",1.0C" 12.4 | 0.000 | 0.187 || 12.8 | 0.000 | 0.564 || 12.6 | 0.100 | 1.288
50 U[1.0C",4.0C" 12.1 | 0.050 | 0.210 || 12.4 | 0.100 | 0.617 || 12.4 | 0.000 | 1.351
' U[0.0C’,5.0C" 12.3 1 0.050 | 0.196 || 12.3 | 0.050 | 0.637 || 12.4 | 0.000 | 1.359
U[5.0C’,10.0C"] 12.4 | 0.000 | 0.194 || 12.2 | 0.000 | 0.665 || 12.2 | 0.000 | 1.446
U[10.0C”,20.0C"] || 12.7 | 0.050 | 0.195 || 12.7 | 0.050 | 0.614 || 12.7 | 0.050 | 1.262
U[0.0C",0.5C"] 12.8 | 0.100 | 0.189 || 13.1 | 0.050 | 0.522 || 12.9 | 0.050 | 1.231
U[0.5C",1.0C"] 12.4 | 0.100 | 0.188 || 12.6 | 0.100 | 0.567 || 12.7 | 0.050 | 1.243
100 U[1.0C",4.0C"] 12.1 | 0.050 | 0.195 || 12.2 | 0.000 | 0.610 || 12.1 | 0.050 | 1.445
' U[0.0C",5.0C"] 12.3 | 0.050 | 0.204 || 12.3 | 0.050 | 0.574 || 12.3 | 0.050 | 1.403
U[5.0C",10.0C" 12.4 | 0.100 | 0.196 || 12.5 | 0.050 | 0.591 || 12.3 | 0.050 | 1.410
U[10.0C",20.0C"] || 12.7 | 0.050 | 0.182 || 12.7 | 0.050 | 0.575 || 12.6 | 0.100 | 1.355
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Table 6.35: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.9

each.

Parameters OneStepCD ILP1 ILP2
RecoloredTT | TabuTenure obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C" 16.9 | 0.250 | 0.371 || 16.7 | 0.050 | 0.721 || 17.2 | 0.300 | 1.234
U[0.5C",1.0C") 16.3 | 0.050 | 0.309 || 16.1 | 0.050 | 0.731 || 16.3 | 0.050 | 1.365
0.0 U[1.0C",4.0C") 16.0 | 0.000 | 0.297 || 15.8 | 0.000 | 0.774 || 15.9 | 0.050 | 1.518
' U[0.0C’,5.0C") 16.0 | 0.100 | 0.294 || 15.9 | 0.050 | 0.737 || 16.0 | 0.100 | 1.482
U[5.0C",10.0C" 16.0 | 0.000 | 0.306 || 16.1 | 0.050 | 0.743 || 15.9 | 0.050 | 1.515
U[10.0C”,20.0C"] || 16.0 | 0.100 | 0.336 || 16.0 | 0.000 | 0.781 || 16.1 | 0.050 | 1.424
U[0.0C",0.5C") 16.6 | 0.100 | 0.365 || 16.8 | 0.100 | 0.700 || 17.2 | 0.100 | 1.226
U0.5C",1.0C" 16.5 | 0.050 | 0.296 || 16.3 | 0.050 | 0.683 || 16.2 | 0.000 | 1.387
03 U[1.0C",4.0C") 15.8 | 0.000 | 0.299 || 15.9 | 0.050 | 0.773 || 15.9 | 0.050 | 1.515
' Ul0.0C’,5.0C") 15.8 | 0.000 | 0.337 || 15.9 | 0.050 | 0.757 || 16.0 | 0.100 | 1.463
U[5.0C",10.0C" 16.0 | 0.100 | 0.337 || 15.9 | 0.050 | 0.814 || 16.0 | 0.000 | 1.449
U[10.0C”,20.0C"] || 16.1 | 0.050 | 0.330 || 16.1 | 0.050 | 0.836 || 16.0 | 0.100 | 1.477
U[0.0C",0.5C") 16.9 | 0.250 | 0.345 || 16.5 | 0.150 | 0.782 || 17.3 | 0.150 | 1.166
U[0.5C",1.0C") 16.2 | 0.100 | 0.310 || 16.1 | 0.050 | 0.721 || 16.2 | 0.100 | 1.402
05 U[1.0C",4.0C") 16.1 | 0.050 | 0.313 || 15.9 | 0.050 | 0.774 || 15.8 | 0.000 | 1.532
' U0.0C’,5.0C") 16.1 | 0.150 | 0.300 || 15.8 | 0.000 | 0.788 || 15.8 | 0.000 | 1.492
U[5.0C",10.0C" 16.0 | 0.000 | 0.311 || 16.1 | 0.050 | 0.733 || 15.9 | 0.050 | 1.493
U[10.0C”,20.0C"] || 16.2 | 0.000 | 0.332 || 16.1 | 0.050 | 0.784 || 16.1 | 0.050 | 1.450
U[0.0C",0.5C") 16.9 | 0.150 | 0.319 || 16.7 | 0.250 | 0.778 || 17.2 | 0.100 | 1.190
U0.5C",1.0C") 16.3 | 0.050 | 0.293 || 16.1 | 0.050 | 0.679 || 16.0 | 0.100 | 1.482
10 U[1.0C",4.0C") 15.9 | 0.050 | 0.339 || 16.0 | 0.100 | 0.756 || 16.0 | 0.000 | 1.422
' U0.0C’,5.0C") 16.0 | 0.100 | 0.302 || 15.9 | 0.050 | 0.809 | 15.8 | 0.000 | 1.533
U[5.0C",10.0C" 15.9 | 0.050 | 0.336 || 15.9 | 0.050 | 0.776 || 15.9 | 0.050 | 1.481
U[10.0C”,20.0C"] || 16.0 | 0.000 | 0.344 || 15.9 | 0.050 | 0.808 || 16.1 | 0.050 | 1.470
U[0.0C",0.5C") 16.9 | 0.150 | 0.327 || 17.0 | 0.100 | 0.659 | 16.7 | 0.050 | 1.357
U0.5C",1.0C") 16.3 | 0.050 | 0.310 || 16.3 | 0.050 | 0.696 || 16.4 | 0.100 | 1.359
20 U[1.0C",4.0C") 15.9 1 0.050 | 0.319 || 16.0 | 0.100 | 0.756 || 15.9 | 0.050 | 1.486
' Ul0.0C’,5.0C" 15.9 1 0.050 | 0.323 || 15.9 | 0.050 | 0.772 || 15.9 | 0.050 | 1.485
U[5.0C",10.0C" 16.0 | 0.000 | 0.303 || 15.8 | 0.000 | 0.840 || 16.0 | 0.000 | 1.443
U[10.0C”,20.0C"] || 16.0 | 0.000 | 0.329 || 16.1 | 0.050 | 0.752 || 16.0 | 0.100 | 1.519
U[0.0C",0.5C"] 16.9 | 0.150 | 0.299 || 16.6 | 0.100 | 0.725 || 17.2 | 0.100 | 1.157
U0.5C",1.0C" 16.1 | 0.050 | 0.295 || 16.2 | 0.000 | 0.676 || 16.3 | 0.050 | 1.311
50 U[1.0C",4.0C") 15.9 | 0.050 | 0.286 || 15.8 | 0.000 | 0.790 || 16.0 | 0.100 | 1.402
' Ul0.0C’,5.0C" 15.8 | 0.000 | 0.292 || 15.9 | 0.050 | 0.774 || 16.0 | 0.000 | 1.408
U[5.0C",10.0C" 16.0 | 0.100 | 0.333 || 15.9 | 0.050 | 0.797 || 16.0 | 0.000 | 1.424
U[10.0C”,20.0C"] || 16.1 | 0.050 | 0.311 || 16.0 | 0.000 | 0.775 || 16.0 | 0.000 | 1.444
U[0.0C",0.5C"] 16.8 | 0.100 | 0.314 || 16.5 | 0.250 | 0.790 || 17.1 | 0.150 | 1.161
U[0.5C",1.0C"] 16.2 | 0.000 | 0.289 || 16.3 | 0.050 | 0.719 || 16.5 | 0.050 | 1.269
100 U[1.0C",4.0C"] 16.0 | 0.100 | 0.279 || 15.9 | 0.050 | 0.779 || 15.8 | 0.000 | 1.469
' U[0.0C",5.0C"] 15.8 | 0.000 | 0.301 || 15.9 | 0.050 | 0.803 || 15.8 | 0.000 | 1.523
U[5.0C",10.0C"] 15.9 | 0.050 | 0.310 || 15.9 | 0.050 | 0.792 || 15.9 | 0.050 | 1.473
U[10.0C",20.0C7] || 16.1 | 0.050 | 0.319 || 15.9 | 0.050 | 0.820 || 16.0 | 0.100 | 1.450
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Table 6.36: ILP variants compared on a set of 5 instances with 90 nodes and a density of 0.5

each.

Parameters OneStepCD ILP1 ILP2
RecoloredTT | TabuTenure obj | sd time || obj | sd time || obj | sd time
U1[0.0C",0.5C"] 8.2 | 0.027 | 0.095 || 8.3 | 0.055 | 0.247 || 8.2 | 0.027 | 0.678
U[0.5C",1.0C"] 8.2 | 0.055 | 0.080 || 8.1 | 0.083 | 0.269 || 8.1 | 0.027 | 0.717
0.0 U[1.0C",4.0C"] 7.8 | 0.000 | 0.098 || 7.8 | 0.000 | 0.317 || 7.9 | 0.027 | 0.785
’ U10.0C",5.0C"] 7.9 1 0.027 | 0.091 || 7.8 | 0.000 | 0.318 || 8.0 | 0.055 | 0.750
U[5.0C",10.0C"] 8.0 | 0.000 | 0.092 || 8.0 | 0.055 | 0.300 || 7.9 | 0.027 | 0.771
U[10.0C,20.0C"] || 8.2 | 0.000 | 0.082 || 8.1 | 0.027 | 0.276 || 8.1 | 0.000 | 0.743
U[0.0C",0.5C"] 8.2 | 0.055 | 0.083 || 8.2 | 0.027 | 0.259 || 8.2 | 0.083 | 0.677
U[0.5C",1.0C"] 8.2 | 0.083 | 0.078 || 8.1 | 0.000 | 0.274 || 8.2 | 0.000 | 0.679
03 U[1.0C",4.0C"] 8.0 | 0.055 | 0.082 [| 7.9 | 0.027 | 0.289 || 7.8 | 0.000 | 0.802
’ U[0.0C’,5.0C"] 7.9 | 0.027 | 0.091 || 7.9 | 0.027 | 0.292 || 8.0 | 0.000 | 0.749
U[5.0C",10.0C"] 8.0 | 0.027 | 0.090 || 8.0 | 0.027 | 0.286 || 8.0 | 0.083 | 0.762
U[10.0C",20.0C"] || 8.2 | 0.055 | 0.083 || 8.2 | 0.027 | 0.261 || 8.2 | 0.055 | 0.682
U1[0.0C",0.5C"] 8.2 | 0.027 | 0.080 || 8.2 | 0.083 | 0.273 || 8.3 | 0.027 | 0.667
U[0.5C",1.0C"] 8.1 | 0.055 | 0.083 || 8.0 | 0.027 | 0.280 || 8.1 | 0.027 | 0.700
05 U[1.0C",4.0C"] 7.8 | 0.000 | 0.081 || 7.8 | 0.000 | 0.312 || 7.9 | 0.027 | 0.771
’ U10.0C",5.0C"] 7.9 | 0.027 | 0.093 || 7.9 | 0.027 | 0.293 || 7.9 | 0.027 | 0.772
U[5.0C",10.0C"] 8.0 | 0.055 | 0.094 || 8.0 | 0.055 | 0.289 || 8.1 | 0.055 | 0.717
U[10.0C",20.0C"] || 8.2 | 0.027 | 0.084 || 8.0 | 0.027 | 0.299 || 8.2 | 0.055 | 0.687
U[0.0C",0.5C"] 8.2 | 0.027 | 0.081 || 8.3 | 0.000 | 0.261 || 8.2 | 0.027 | 0.675
U[0.5C",1.0C"] 8.2 | 0.000 | 0.076 || 8.2 | 0.055 | 0.269 || 8.1 | 0.000 | 0.727
1.0 U[1.0C",4.0C"] 7.8 | 0.000 | 0.093 || 7.9 | 0.027 | 0.297 || 8.0 | 0.027 | 0.731
’ U0.0C",5.0C"] 7.9 | 0.027 | 0.090 || 7.9 | 0.027 | 0.300 || 7.9 | 0.027 | 0.786
U[5.0C",10.0C"] 7.8 | 0.000 | 0.097 || 7.9 | 0.027 | 0.310 || 8.0 | 0.000 | 0.738
U[10.0C",20.0C"] || 8.1 | 0.027 | 0.088 || 8.1 | 0.055 | 0.288 || 8.1 | 0.027 | 0.718
U10.0C",0.5C"] 8.2 | 0.027 | 0.079 || 8.3 | 0.055 | 0.251 || 8.3 | 0.055 | 0.666
U[0.5C",1.0C"] 8.1 | 0.027 | 0.078 || 8.0 | 0.027 | 0.272 || 8.2 | 0.027 | 0.669
20 U[1.0C",4.0C"] 7.9 10.027 | 0.084 || 7.9 | 0.027 | 0.298 || 7.9 | 0.027 | 0.776
’ U[0.0C’,5.0C"] 7.8 | 0.000 | 0.089 || 7.9 | 0.027 | 0.294 || 7.9 | 0.027 | 0.767
U[5.0C",10.0C"] 7.9 1 0.027 | 0.092 || 7.9 | 0.027 | 0.310 || 8.1 | 0.055 | 0.735
U[10.0C",20.0C"] || 8.1 | 0.027 | 0.097 || 8.0 | 0.000 | 0.317 || 8.1 | 0.000 | 0.740
U[0.0C",0.5C"] 8.2 | 0.055 | 0.083 || 8.3 | 0.055 | 0.247 || 8.2 | 0.027 | 0.685
U[0.5C",1.0C"] 8.1 | 0.027 | 0.075 || 8.1 | 0.083 | 0.270 || 8.2 | 0.055 | 0.695
50 U[1.0C",4.0C"] 7.8 | 0.000 | 0.093 || 7.8 | 0.000 | 0.305 || 8.1 | 0.055 | 0.724
’ U10.0C",5.0C"] 7.9 | 0.027 | 0.091 || 7.8 | 0.000 | 0.318 || 8.0 | 0.055 | 0.760
U[5.0C",10.0C"] 8.0 | 0.055 | 0.093 || 8.1 | 0.055 | 0.289 || 7.8 | 0.000 | 0.785
U[10.0C7,20.0C"] || 8.2 | 0.055 | 0.094 || 8.1 | 0.000 | 0.293 || 8.2 | 0.055 | 0.683
U1[0.0C",0.5C"] 8.2 | 0.083 | 0.080 || 8.2 | 0.055 | 0.271 || 8.2 | 0.083 | 0.700
U[0.5C",1.0C"] 8.1 | 0.027 | 0.079 || 8.1 | 0.055 | 0.268 || 8.1 | 0.055 | 0.726
100 U[1.0C",4.0C"] 7.8 | 0.000 | 0.093 || 8.0 | 0.083 | 0.285 || 8.0 | 0.055 | 0.767
’ U[0.0C’,5.0C"] 7.9 | 0.027 | 0.104 || 7.8 | 0.000 | 0.302 || 8.0 | 0.055 | 0.770
U[5.0C",10.0C"] 8.0 | 0.027 | 0.086 || 8.0 | 0.055 | 0.293 || 7.9 | 0.027 | 0.758
U[10.0C",20.0C"] || 8.2 | 0.055 | 0.083 || 8.1 | 0.027 | 0.282 || 8.1 | 0.027 | 0.723
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Table 6.37: ILP variants compared on a set of 5 instances with 100 nodes and a density of 0.5

each.

Parameters OneStepCD ILP1 ILP2
RecoloredTT | TabuTenure obj | sd time || obj | sd time || obj | sd time
U[0.0C",0.5C") 7.6 | 0.100 | 0.059 || 7.5 | 0.050 | 0.291 || 7.9 | 0.050 | 0.837
U[0.5C",1.0C"] 7.6 | 0.100 | 0.062 || 7.7 | 0.050 | 0.273 || 7.7 | 0.150 | 0.880
0.0 U[1.0C",4.0C"] 7.1 | 0.050 | 0.073 || 7.1 | 0.050 | 0.326 || 7.2 | 0.000 | 0.958
’ U[0.0C’,5.0C") 7.1 | 0.050 | 0.070 || 7.2 | 0.100 | 0.310 || 7.3 | 0.150 | 0.955
U[5.0C",10.0C") 7.7 | 0.050 | 0.061 || 7.7 | 0.050 | 0.283 || 7.6 | 0.000 | 0.883
U[10.0C",20.0C"] || 7.8 | 0.000 | 0.059 || 7.8 | 0.000 | 0.263 || 7.8 | 0.000 | 0.840
U[0.0C",0.5C"] 7.8 | 0.000 | 0.054 || 7.8 | 0.100 | 0.268 || 7.5 | 0.150 | 0.905
U0.5C",1.0C" 7.4 | 0.100 | 0.065 || 7.6 | 0.100 | 0.289 || 7.8 | 0.000 | 0.836
03 U[1.0C",4.0C") 7.2 | 0.100 | 0.080 || 7.2 | 0.100 | 0.307 || 7.3 | 0.050 | 1.002
’ U10.0C",5.0C"] 7.4 | 0.100 | 0.064 || 7.4 | 0.100 | 0.298 || 7.4 | 0.100 | 0.945
U[5.0C",10.0C"] 7.8 | 0.000 | 0.061 || 7.7 | 0.050 | 0.275 || 7.6 | 0.000 | 0.882
U[10.0C",20.0C"] || 7.8 | 0.000 | 0.059 || 7.7 | 0.050 | 0.279 || 7.8 | 0.000 | 0.811
U[0.0C”,0.5C") 7.8 | 0.000 | 0.056 || 7.5 | 0.050 | 0.301 || 7.5 | 0.150 | 0.900
U[0.5C",1.0C"] 7.6 | 0.100 | 0.058 || 7.5 | 0.150 | 0.291 || 7.6 | 0.100 | 0.854
05 U[1.0C",4.0C"] 7.4 | 0.100 | 0.071 || 7.5 | 0.050 | 0.293 || 7.2 | 0.000 | 0.993
’ Ul0.0C’,5.0C" 7.2 | 0.100 | 0.067 || 7.2 | 0.000 | 0.317 || 7.2 | 0.100 | 0.975
U[5.0C",10.0C") 7.6 | 0.100 | 0.062 || 7.6 | 0.100 | 0.289 || 7.6 | 0.000 | 0.901
U[10.0C",20.0C"] || 7.8 | 0.000 | 0.062 || 7.8 | 0.000 | 0.280 || 7.8 | 0.000 | 0.881
U[0.0C",0.5C"] 7.5 | 0.150 | 0.063 || 7.5 | 0.050 | 0.300 || 7.6 | 0.100 | 0.891
U[0.5C",1.0C" 7.6 | 0.100 | 0.060 || 7.5 | 0.150 | 0.290 || 7.6 | 0.100 | 0.880
10 U[1.0C",4.0C") 7.3 1 0.050 | 0.072 || 7.3 | 0.050 | 0.311 || 7.2 | 0.100 | 0.974
’ U[0.0C’,5.0C") 7.3 | 0.050 | 0.069 || 7.3 | 0.050 | 0.309 || 7.3 | 0.050 | 0.952
U[5.0C",10.0C"] 7.6 | 0.000 | 0.067 || 7.6 | 0.100 | 0.282 || 7.8 | 0.000 | 0.813
U[10.0C",20.0C"] || 7.8 | 0.000 | 0.062 || 7.8 | 0.000 | 0.276 || 7.8 | 0.100 | 0.822
U[0.0C",0.5C") 7.4 | 0.200 | 0.063 || 7.8 | 0.000 | 0.262 || 7.3 | 0.050 | 0.964
U[0.5C",1.0C") 7.6 | 0.100 | 0.061 || 7.5 | 0.150 | 0.295 || 7.7 | 0.050 | 0.900
20 U[1.0C",4.0C"] 7.3 1 0.050 | 0.069 || 7.2 | 0.000 | 0.331 || 7.3 | 0.050 | 0.931
’ U[0.0C",5.0C"] 7.1 | 0.050 | 0.073 || 7.4 | 0.100 | 0.295 || 7.1 | 0.050 | 1.017
U[5.0C",10.0C") 7.5 | 0.150 | 0.068 || 7.3 | 0.150 | 0.309 || 7.7 | 0.050 | 0.858
U[10.0C",20.0C"] || 7.8 | 0.000 | 0.062 || 7.8 | 0.000 | 0.259 || 7.7 | 0.050 | 0.857
U[0.0C",0.5C"] 7.5 1 0.050 | 0.066 || 7.6 | 0.100 | 0.280 || 7.8 | 0.000 | 0.844
U[0.5C",1.0C"] 7.6 | 0.100 | 0.060 || 7.5 | 0.150 | 0.287 || 7.5 | 0.150 | 0.931
50 U[1.0C",4.0C" 7.2 1 0.100 | 0.068 || 7.4 | 0.100 | 0.293 || 7.2 | 0.000 | 0.946
’ U[0.0C’,5.0C") 7.6 | 0.000 | 0.062 || 7.4 | 0.100 | 0.302 || 7.2 | 0.100 | 0.959
U[5.0C",10.0C"] 7.5 | 0.050 | 0.070 || 7.8 | 0.000 | 0.262 || 7.6 | 0.100 | 0.875
U[10.0C",20.0C"] || 7.8 | 0.000 | 0.063 || 7.8 | 0.000 | 0.275 || 7.7 | 0.050 | 0.863
U[0.0C",0.5C" 7.7 | 0.050 | 0.056 || 7.7 | 0.050 | 0.280 || 7.8 | 0.000 | 0.838
Ul0.5C",1.0C") 7.7 | 0.050 | 0.055 || 7.6 | 0.100 | 0.286 || 7.6 | 0.100 | 0.888
10.0 U[1.0C",4.0C" 7.5 | 0.050 | 0.063 || 7.3 | 0.150 | 0.306 || 7.3 | 0.050 | 0.963
’ U[0.0C",5.0C"] 7.2 | 0.100 | 0.070 || 7.3 | 0.050 | 0.321 || 7.0 | 0.000 | 1.008
U[5.0C’",10.0C") 7.8 | 0.000 | 0.059 || 7.7 | 0.050 | 0.277 || 7.5 | 0.050 | 0.899
U[10.0C",20.0C"] || 7.9 | 0.050 | 0.061 || 7.6 | 0.100 | 0.288 || 7.9 | 0.050 | 0.822
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Table 6.38: ILP variants compared on a set of 5 instances with 120 nodes and a density of 0.5

each.

Parameters OneStepCD ILP1 ILP2
RecoloredTT | TabuTenure obj | sd time || obj | sd time || obj | sd time
U1[0.0C",0.5C"] 8.8 | 0.000 | 0.119 || 8.6 | 0.000 | 0.462 || 8.9 | 0.050 | 1.328
U[0.5C",1.0C"] 8.7 | 0.050 | 0.119 || 8.8 | 0.100 | 0.435 || 8.7 | 0.050 | 1.392
0.0 U[1.0C",4.0C"] 8.6 | 0.000 | 0.115 || 8.6 | 0.000 | 0.453 || 8.6 | 0.000 | 1.438
’ U10.0C",5.0C"] 8.6 | 0.000 | 0.112 || 8.6 | 0.000 | 0.450 || 8.6 | 0.000 | 1.387
U[5.0C",10.0C"] 8.8 | 0.000 | 0.116 || 8.7 | 0.050 | 0.448 || 8.7 | 0.050 | 1.400
U[10.0C,20.0C"] || 8.8 | 0.000 | 0.131 || 9.0 | 0.000 | 0.410 || 9.0 | 0.000 | 1.306
U[0.0C",0.5C"] 8.7 | 0.050 | 0.113 || 8.8 | 0.100 | 0.432 || 8.6 | 0.000 | 1.440
U[0.5C",1.0C"] 8.7 | 0.050 | 0.119 || 8.7 | 0.050 | 0.446 || 8.7 | 0.050 | 1.395
03 U[1.0C",4.0C"] 8.6 | 0.000 | 0.114 || 8.6 | 0.000 | 0.442 || 8.6 | 0.000 | 1.436
’ U[0.0C’,5.0C"] 8.6 | 0.000 | 0.119 || 8.6 | 0.000 | 0.446 || 8.6 | 0.000 | 1.434
U[5.0C",10.0C"] 8.7 | 0.050 | 0.127 || 8.7 | 0.050 | 0.452 || 8.6 | 0.000 | 1.438
U[10.0C",20.0C’] || 9.0 | 0.000 | 0.112 || 8.9 | 0.050 | 0.428 || 9.0 | 0.000 | 1.338
U1[0.0C",0.5C"] 9.0 | 0.000 | 0.105 || 8.7 | 0.050 | 0.445 || 8.7 | 0.050 | 1.371
U[0.5C",1.0C"] 8.7 | 0.050 | 0.117 || 8.6 | 0.000 | 0.442 || 8.7 | 0.050 | 1.407
05 U[1.0C",4.0C"] 8.6 | 0.000 | 0.118 || 8.6 | 0.000 | 0.440 || 8.6 | 0.000 | 1.472
’ U10.0C",5.0C"] 8.6 | 0.000 | 0.117 || 8.6 | 0.000 | 0.441 || 8.6 | 0.000 | 1.470
U[5.0C",10.0C"] 8.7 | 0.050 | 0.125 || 8.7 | 0.050 | 0.442 || 8.7 | 0.050 | 1.421
U[10.0C",20.0C"] || 9.0 | 0.000 | 0.115 || 9.0 | 0.000 | 0.413 || 8.8 | 0.000 | 1.365
U[0.0C",0.5C"] 8.8 | 0.000 | 0.113 || 8.6 | 0.000 | 0.466 || 8.8 | 0.000 | 1.356
U[0.5C",1.0C"] 8.5 | 0.050 | 0.136 || 8.6 | 0.000 | 0.453 || 8.8 | 0.100 | 1.353
1.0 U[1.0C",4.0C"] 8.6 | 0.000 | 0.116 || 8.6 | 0.000 | 0.441 || 8.6 | 0.000 | 1.449
’ U0.0C",5.0C"] 8.7 | 0.050 | 0.114 || 8.6 | 0.000 | 0.455 || 8.6 | 0.000 | 1.465
U[5.0C",10.0C"] 8.6 | 0.000 | 0.126 || 8.8 | 0.100 | 0.436 || 8.6 | 0.000 | 1.417
U[10.0C”,20.0C"] || 9.0 | 0.000 | 0.115 || 9.0 | 0.000 | 0.419 || 8.9 | 0.050 | 1.358
U10.0C",0.5C"] 8.6 | 0.000 | 0.127 || 8.8 | 0.100 | 0.430 || 8.9 | 0.050 | 1.318
U[0.5C",1.0C"] 8.6 | 0.000 | 0.120 || 8.9 | 0.050 | 0.408 || 8.5 | 0.050 | 1.443
20 U[1.0C",4.0C"] 8.6 | 0.000 | 0.117 || 8.6 | 0.000 | 0.451 || 8.6 | 0.000 | 1.425
’ U[0.0C’,5.0C"] 8.6 | 0.000 | 0.118 || 8.6 | 0.000 | 0.445 || 8.6 | 0.000 | 1.455
U[5.0C",10.0C"] 8.7 | 0.050 | 0.121 || 8.8 | 0.100 | 0.428 || 8.8 | 0.000 | 1.349
U[10.0C",20.0C"] || 9.0 | 0.000 | 0.116 || 9.0 | 0.000 | 0.412 || 8.9 | 0.050 | 1.339
U[0.0C",0.5C"] 8.7 | 0.050 | 0.117 || 8.8 | 0.100 | 0.437 || 8.7 | 0.050 | 1.421
U[0.5C",1.0C"] 8.7 | 0.050 | 0.116 || 8.7 | 0.050 | 0.442 || 8.6 | 0.000 | 1.410
50 U[1.0C",4.0C"] 8.6 | 0.100 | 0.119 || 8.6 | 0.000 | 0.455 || 8.6 | 0.000 | 1.444
’ U10.0C",5.0C"] 8.6 | 0.000 | 0.120 || 8.6 | 0.000 | 0.452 || 8.6 | 0.000 | 1.429
U[5.0C",10.0C"] 8.6 | 0.000 | 0.125 || 8.6 | 0.000 | 0.464 || 8.8 | 0.100 | 1.394
U[10.0C”,20.0C"] || 9.0 | 0.000 | 0.113 || 9.0 | 0.000 | 0.420 || 8.9 | 0.050 | 1.332
U1[0.0C",0.5C"] 8.7 | 0.050 | 0.115 || 8.8 | 0.100 | 0.423 || 8.8 | 0.000 | 1.343
U[0.5C",1.0C"] 8.7 | 0.050 | 0.117 || 8.7 | 0.050 | 0.429 || 8.6 | 0.000 | 1.410
10.0 U[1.0C",4.0C"] 8.6 | 0.000 | 0.115 || 8.6 | 0.000 | 0.452 || 8.6 | 0.000 | 1.426
’ U[0.0C’,5.0C"] 8.6 | 0.000 | 0.115 || 8.6 | 0.000 | 0.455 || 8.6 | 0.000 | 1.430
U[5.0C",10.0C"] 8.6 | 0.000 | 0.132 || 8.8 | 0.000 | 0.434 || 8.6 | 0.000 | 1.439
U[10.0C",20.0C"] || 9.0 | 0.000 | 0.114 || 9.0 | 0.000 | 0.419 || 9.0 | 0.000 | 1.284
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Comparison to previous works

The results of Hybrid — PCP are compared to those of [13] and [41]] in tables and [6.40]
MA2 denotes one of the memetic algorithm variants by [41]], described in chapter [4] It can
be seen that the strategy presented in this theses performs better in both runtime and solution
quality. These results and those of Noronha et al. [36] lead to the assumption, that for solving
the PCP local search based metaheuristics are superior to population based approaches.

In table @ results are compared to results presented in [36]. The table shows, that for

instances of smaller size and for a smaller local search iteration limit the strategy of this theses
is superior. The largest instance with 2000 nodes is solved better by the strategy of Noronha et.al.

Table 6.39: Instances of different node size compared to the results presented in [41]].

Instance set B&C HYBRID-PCP MA2

nodes | density || LB | UB || obj | sd | time(s) || obj | sd | time(s)
20 0.5 3 3 3.00 | 0.00 | 0.01 3.00 | 0.00 | 0.14

40 0.5 4 4 4.00 | 0.00 | 0.01 4.00 | 0.00 | 0.60

60 0.5 5 5 5.00 | 0.00 | 0.10 5.63 | 0.49 | 2.00

70 0.5 6 6 6.00 | 0.00 | 0.03 6.06 | 0.24 | 3.33

80 0.5 6 |6 6.44 | 0.13 | 0.26 6.94 | 0.29 | 4.90

90 0.5 6 |7 7.95 | 0.04 | 0.72 7.55 | 0.50 | 7.49
100 | 0.5 6 |7 7.12 | 0.01 | 1.39 7.93 | 0.30 | 11.04
120 |05 7 |8 8.60 | 0.00 | 0.89 9.22 | 0.43 | 21.05

Table 6.40: Instances with 90 nodes and of different density compared to the results presented

in [41]].
Instance set B&C HYRBID-PCP MA2
nodes | density || LB | UB || obj sd | time(s) || obj sd | time(s)
90 0.1 2 3 3.00 | 0.00 | 0.01 3.09 |0.29 | 1.37
90 0.2 3 4 4.00 | 0.00 | 0.01 441 | 049 | 3.24
90 0.3 4 5 5.00 | 0.00 | 0.01 5.52 | 0.56 | 4.90
90 0.4 5 6 6.00 | 0.00 | 0.02 6.79 | 0.83 | 6.54
90 0.5 6 7 7.00 | 0.00 | 0.02 7.55 | 050 | 7.49
90 0.6 8 8 836 | 0.08 | 0.08 10.50 | 0.87 | 11.95
90 0.7 10 | 10 10.00 | 0.00 | 0.5 12.39 | 1.12 | 14.83
90 0.8 12 | 12 12.24 | 0.03 | 2.24 15.18 | 0.80 | 20.98
90 0.9 15 | 16 15.80 | 0.00 | 4.06 17.27 | 0.98 | 45.75
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Table 6.41: The four large instances and compared to the results presented in [36].

Parameters DSJC500.5-1 DSJC500.5-2 DSJC500.5-3 DSJC500.5-4
ItMax | TabuTenure Hybrid | Noronha || Hybrid | Noronha || Hybrid | Noronha || Hybrid | Noronha
U[0.25C",0.75C"] || 53.0 535 47.6 47.8 45.0 44.8 434 43.5
U0.0C",1.0C"] 53.0 53.7 47.0 47.5 45.0 45.4 43.2 43.6
1 U0.0C",0.5C"] 52.0 53.1 47.0 473 45.0 44.6 44.0 42.8
U[0.5C",1.0C"] 52.6 54.2 47.2 48.1 45.0 45.8 43.0 43.9
U[0.25C",1.0C"] 53.0 53.8 47.2 479 45.0 45.5 43.6 43.6
U0.0C”,0.75C" 524 533 47.6 475 45.0 44.8 43.6 43.0
U[0.25C",0.75C"] || 52.0 52.7 47.0 46.8 44.0 44.4 43.0 42.8
Ul[0.0C’,1.0C"] 514 52.9 47.0 46.8 44.0 44.7 42.4 4.7
5 U[0.0C",0.5C"] 514 52.2 47.0 46.1 44.0 43.7 43.0 42.0
U0.5C",1.0C"] 52.0 53.3 47.0 47.7 444 44.9 43.0 43.0
U0.25C",1.0C") 514 53.0 47.0 473 44.8 4.7 43.0 42.9
U0.0C",0.75C") 52.0 52.5 47.0 46.6 44.6 44.0 43.0 424
U0.25C",0.75C"] || 51.0 52.5 47.0 46.7 44.0 44.0 43.0 424
U0.0C",1.0C"] 51.0 523 46.4 46.7 44.0 44.2 43.0 42.7
10 U[0.0C",0.5C"] 51.0 51.3 47.0 45.9 44.0 43.3 43.0 42.0
U[0.5C",1.0C"] 51.0 53.0 47.0 47.3 44.6 44.8 42.8 43.0
U[0.25C",1.0C"] 51.8 52.8 46.4 46.9 44.0 442 43.0 42.8
U0.0C",0.75C") 51.0 522 47.0 46.2 44.0 43.9 43.0 42.2
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CHAPTER

Summary

The PCP is a quite recently proposed COP which generalizes the classical VCP by considering
the possiblity to select subsets of nodes. While for the VCP much research has been done, only
a few papers about the PCP has been published so far. In this work a strategy is presented that
creates an initial solution by a heuristical algorithm and improves the solution quality by recol-
oring sets of nodes of same color before eliminating the resulting conflicts by applying a tabu
search. It has been tried to enhance the algorithm presented in [36] by substituting the process of
random recoloring by more sophisticated algorithms in order to minimize the number of result-
ing conflicts. Therefor a variation of the OneStepCD algorithm [28] and two ILPs were used.
A local search algorithm then tries to eliminate all these conflicting nodes to create a feasible
solution. Furthermore experiments with variations of the ILPs and a mechanism that puts the
most recently recolored subgraph on the tabulist for an amount of iteration in order to protect
the coloring of that subgraph from being overwritten have been done.

The results have shown that more sophisticated recoloring algorithms can reduce the number
of conflicts dramatically. For the instances used, a random recoloring produces an amount of
conflicting nodes up to 7.5 times higher than an optimized recoloring does. The fact that this
gap is not reflected significantly in the final results leads to the conclusion that for the presented
strategy the tabu search is much more relevant than the recoloring process. Finally an alternative
strategy, that is suspected by the author to be more suitable for sophisticated recoloring methods
is proposed.
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CHAPTER

Critical Reflection and Outlook

8.1 Ciritical Reflection

Selecting and optimizing the coloring of a subset of clusters regardless of their location in the
graph does not tackle the problem in an efficient way. The selection does not take into account
any features of the graph like regional density, although dense subgraphs involve the biggest
danger of increasing the chromatic number by being colored with a suboptimal coloring. Con-
sidering graph features being crucial for a good selection of clusters, the selection presented
in this thesis is done in a random way and therefore an optimal, partial recoloring can not be
integrated in the solution by the tabu search more probably than any random coloring.

8.2 Future Works

Future works could consider a more suggestive selection of the clusters to be recolored. Rather
than selecting all clusters of the same color, the set could be chosen by criteria of regional
density. Putting effort in optimizing the coloring of these regions — e.g. by the use of exact
methods — could lead to results of higher quality.

On finding dense subgraphs

Finding dense subgraphs is a intensively studied problem in graph theory and became more
relevant in recent years because of its application to social network graphs. As long as there are
no boundaries set on the size of the densest subgraph, it can be found in polynomial time, despite
the fact that there are exponentially many subgraphs to consider [2, 26]. Additionaly, Charikar
[8]] showed a 2 approximation to the densest subgraph problem in linear time using a very simple
greedy algorithm which was previously studied by Asahiro et. al. [13]). The densest k-subgraph
problem (DkS), which finds the densest subgraph of size k is shown to be AN/P-hard [2, [12].
For the densest at-most-k-subgraph problem (DamkS), which searches for the densest subgraph
of maximum size k (and therefore is a relaxation of DkS), Andersen et.al. [1]] showed that if
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there exists a o approximation for DamkS, then there exists a O(a?) approximisation for DkS,
indicating that this problem is quite hard as well. Khuller and Saha showed that approximating
DamksS is as hard as DkS within a constant factor [24], specifically an « approximation for
DamkS, implies a 4a approximation for DkS. A number of polynomial time greedy heuristics
for DkS are proposed in Asahiro et.al. [3]].

Algorithm proposal

Algorithm [9] proposes a procedure for the discussed approach. The graph G, a recoloring al-
gorithm Recolor like those presented in and two integers used to parameterize the search
for dense subgraphs are taken as input. In line 1 an initial solution is calculated and its chro-
matic number is assigned to cmaz in line 2. In line 3 an algorithm is called that returns up to
maxSubgraphs subgraphs with a maximum size of denseMazSize. Line 4 to line 6 recolor all
found subgraphs by applying Recolor and all remaining nodes colored with colors cmax ran-
domly, all with emax — 1 colors. In line 8 the tabusearch tries to eliminate all resulting conflicts
and puts the recolored regions on the tabulist for a number of iterations as presented in[5.4] Line
9 to 11 accept the new solution in case of feasablity and starts searching for dense regions again.

Algorithm 9: PCP HYBRID DENSERECOLORING

Input: An uncolored Graph G = (V, E), a recoloring-algorithm Recolor, two integers
maxSubgraphs and denseMaxSize

Output: A feasible Solution s

Set S «— OneStepCD(G);

Set emax < the chromatic number of s;

Set D <+ FindDenseSubgraphs(s, mazSubgraphs, denseMazSize);

Let s’ be the solution after recoloring all subgraphs in D with Recolor and cmax — 1

colors;

Let R be the set of all remaining nodes in V' colored with cmaz;

Let s’ be the solution after recoloring R randomly with cmaz — 1 colors;

Let C' be the set of nodes involved into color conflicts in s';

s« Tabusearch(s', DU R, C");

if S’ is free of conflicts then

10 5+ s';

11 goto line 2;

AW N =

N=J-CHEE N B N |

12 return s;
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