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Abstract

Nowadays, most wireless communication standards utilize Orthogonal Fre-
quency Division Multiplexing (OFDM) as their modulation technique. For
coherent detection, the performance of such systems depends strongly on the
accuracy of the channel estimation. One possible estimation technique is Pilot-
symbol-Aided Channel Estimation (PACE), which allows the reconstruction

of the channel by means of interpolation.

In this master thesis, I derive a closed-form expression for the Bit Error Prob-
ability (BEP) of an OFDM system that utilizes two-dimensional PACE. 1
assume Rayleigh fading, Gaussian noise and a linear, but other otherwise com-
pletely arbitrary, interpolation. For a Signal-to-Interference Ratio (SIR) larger
than the signal-to-noise ratio, simulations confirm the analytical results. How-
ever, for a lower SIR they exhibit small differences because the Inter-Carrier
Interference (ICI) is not Gaussian distributed, violating my assumption. In-
deed, analytical calculation of the ICI probability density function (pdf) verifies
that even for infinite many subcarriers, the pdf does not approach a Gaussian

distribution.

It is further shown that the well-known Minimum Mean Squared Error
(MMSE) estimation also minimizes the BEP and that, for certain assump-
tions, the optimal 2D interpolation can be performed in an equivalent way
by successively 1D-1D interpolations of the MMSE pilot-symbol estimates. A
numerical example then compares different interpolation methods (optimum,

linear!, spline, and natural neighbor) in terms of BEP.

Finally, the analytical BEP is validated by real world measurements, utilizing
the Vienna Wireless Testbed in combination with a Rotation Unit, allowing re-

peatable and controllable measurements at high velocities.

L in the sense of a straight line
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Kurzfassung

In den meisten Standards zur drahtlosen Kommunikation wird heutzutage Or-
thogonal Frequency Division Multiplexing (OFDM) als Modulationsverfahren
verwendet. Fiir den Fall der kohdrenten Detektion, hingt die Leistungsfihig-
keit entscheidend von der Kanalschidtzung (z.B.: Pilot-symbol-Aided Channel
Estimation (PACE)) ab. Bei PACE wird der Kanal unter Zuhilfenahme von

Interpolation rekonstruiert.

In dieser Diplomarbeit werde ich fiir ein OFDM System, welches PACE ver-
wendet, einen analytischen Ausdruck fiir die Bitfehlerwahrscheinlichkeit (BEP)
herleiten. Ich nehme hierzu Rayleigh Schwund, gaulsches Rauschen und ei-
ne lineare, sonst jedoch beliebige, Interpolation an. Falls das Signal-Inferenz-
Verhiltnis (SIR) groBer als das Signal-Rausch-Verhéltnis ist, bestdtigen Simu-
lationen die analytischen Berechnungen. Fiir ein niedrigeres SIR jedoch weisen
Simulation und Berechnung kleine Unterschiede auf, da die Inter-Carrier In-
terference (ICI) nicht Gauflverteilt ist und damit meine Annahme verletzt. Ei-
ne Berechnung der Wahrscheinlicheitsdiche der ICI bestétigt, dass diese nicht

GaufBverteilt ist, selbst fiir unendlich viele Subcarrier

Es wird weiters gezeigt, dass die “Minimum Mean Squared Error” Schétzung
ebenfalls die BEP minimiert und, dass, unter bestimmten Voraussetzungen, die
optimale 2D Interpolation in dquivalenter Weise durch zwei 1D Interpolatio-
nen realisiert werden kann. Anhand eines numerischen Beispiels wird die BEP
fiir verschiedene Interpolationsmethoden (Optimal, Linear?, Spline, natiirliche

Nachbarn) verglichen.
Zum Abschluss wird die Korrektheit der analytische BEP Gleichung durch

Messungen verifiziert, wobei dafiir das “Vienna Wireless Testbed” in Kombina-
tion mit einer Rotationseinheit verwendet wird. Dieses ermoglicht wiederholba-

re und kontrollierbare Messungen bei hohen Geschwindigkeiten.

2 im Sinne einer geraden Linie
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1. INTRODUCTION

1. Introduction

Orthogonal Frequency Division Multiplexing (OFDM) is the predominant
modulation technique in today’s wireless communication systems (e.g., Dig-
ital Video Broadcasting - Terrestrial (DVB-T), Wireless Local Area Net-
work (WLAN), and Long Term Evolution (LTE)). The main advantages of
OFDM are:

e the capability to deal with frequency-selective channels in an efficient way,
e the possibility to use simple equalizer, and
e a high spectral efficiency.

Although OFDM was already suggested in the 1960s[1], a widespread use has
been possible only since the early 1990s because the required digital signal

processors have become cheaper and more powerful.

For coherent OFDM detection, the channel has to be estimated. This becomes
quite challenging for mobile wireless communication systems due to time-
variant multipath propagation, which leads to doubly-selective channels, i.e.,
frequency-selective as well as time-selective, the latter causing Inter-Carrier
Interference (ICI). Authors of [2-4] model ICI as Gaussian noise, claiming
that the central limit theorem can be applied. This approximation is false, as
already shown in [5] for phase noise and [6] for Nakagami-m channels and a
linear channel variation. Based on the System model derived in Chapter 2,
I calculate the probability density function (pdf) of the ICI and show that it

does not approach a Gaussian distribution.




1. INTRODUCTION

In this thesis, the channel estimation is performed by Pilot-symbol-Aided
Channel Estimation (PACE). Here, in a first step, known symbols are used to
estimate the channel at pilot positions. In a second step, the channel at data

position is estimated by interpolation, such as:

optimal interpolation: minimizes the Bit Error Probability (BEP)
e linear interpolation: straight line (plane) between two (three) points

e spline interpolation: piecewise cubic polynomials that satisfy certain smooth-

ness conditions

e natural neighbor interpolation: based on the “stolen” area of a Voronoi

diagram

Authors of [7-10] compared different interpolation methods (e.g., linear, spline,
low-pass) in terms of Bit Error Ratio (BER). However, their comparison is
only based on simulations, not offering analytical insights. This motivates the
derivation of a closed-form expression for the BEP under PACE. Note that
the derivation assumes a Rayleigh channel and Gaussian noise. As already
mentioned above, the ICI is not Gaussian distributed, so that the calculated
BEP represents only an approximation if the ICI power is higher then the noise

power.

A theory is only useful if its prediction is supported by measurements in real
world scenarios. I thus utilize the Vienna Wireless Testbed in order to compare
the analytical BEP with the measured BER.

Chapter Overview

Chapter 2 describes the channel model and how it can be characterized by
second order statistics. Furthermore, the principle of OFDM is explained
and in particular, it is shown how to model an OFDM system by a matrix
multiplication. In Chapter 3, the effect of ICI is investigated. Equations for
the ICI-power as well as the ICI-pdf are provided. Chapter 4 illustrates the
concept of PACE and delivers a closed-form expression for the Mean Squared
Error (MSE) and the BEP. It is shown that the Minimum Mean Squared
Error (MMSE) estimation also minimizes the BEP!. The simulated BER is

then compared to the analytical solution. Finally, the closed-form expression

1 For 16-QAM, the MMSE estimation is only a close approximation of the optimal interpo-
lation




1. INTRODUCTION

of the BEP is used to compare different interpolation methods. Chapter 5
describes how the real world measurement was performed and compares the

measured BER with its theoretical prediction.
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2. System Model

2.1. Doubly-Selective Channels

Mobile wireless communication channels are characterized by time-varying
multipath propagation i.e. due to multiple scatterers, the electromagnetic
signal can propagate along several different paths[11]. Suppose as a simplified
example (time-invariant) that there are only two propagation path, attenuated
by hy and hs, and delayed by 7 and 5. Then, the received signal r(t) depends

on the transmitted signal s(t) as follows:
r(t) = his(t —71) + has(t — ). (2.1)

Taking the Fourier transform! leads to:

RO = 1S()\/13 + b3 + 2h1hg cos(2n (i — ) f). (2:2)

Equation (2.2) shows that different frequencies are attenuated differently,
which is called frequency-selectivity (71 # 75). On the other hand, the ef-
fect of time variation always implies some sort of movement. Assuming only

one path and a homogeneous plane wave, the received field strength E(t) can

VR(f) = ffcoo r(t)e 2 S dt
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be written as [12]:

E(t) o cos (27rfct — 2Tw(do + vt)) : (2.3)

whereas f. denotes the carrier frequency, A the wavelength, dy the initial dis-
tance between transmitter and receiver and v the relative velocity. Equa-
tion (2.3) shows that the received signal is frequency-shifted by the Doppler
shift:

V= _fcaa (24>

where ¢q denotes the speed of light (2.998 - 10®m/s). I now assume a second

path that has a different Doppler shift but equal delay?. The received signal

can then be written as®:

R(f) = hS(f —v1) + haS(f — 1), (2.5)

and, by taking the inverse Fourier transform

lr(t)| = ]s(t)|\/h% + h3 + 2hyhy cos(2m(vy — a)t), (2.6)

Equation (2.6) shows that different time positions are attenuated differently,

which is called time-selectivity.

Equation (2.2) and (2.6) are closely related: Multipath propagation causes
frequency-selectivity if the delays 7, are different and time-selectivity if the
Doppler shifts v, are different. If both of these effects apply at the same time,

the channel is called doubly-selective.

According to the considerations above, a Linear Time Variant (LTV) channel

can be characterized by a time-variant impulse response h(t, 7):

M
hit,7) = hy@®™m06(7 — 7,,), (2.7)

m=1

or, in an equivalent way, by a time-variant transfer function H (¢, f):

H(t, f) = /_ h h(t, T)e *7dr, (2.8)

o0

2 is set to zero
3 signal bandwidth<< f.
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In reality, however, a complete deterministic characterization of h(¢,7) is not
feasible, which motivates the use of a stochastic description (second-order).
These autocorrelation functions generally depend on four variables but by
assuming Wide-Sense Stationary Uncorrelated Scattering (WSSUS) [13], the
number of variables reduces to two so that the time-frequency correlation func-

tion becomes:
E{H(t, HH(E, )} = Ru(t — ', f — ). (2.9)

Such a WSSUS channel can be modeled as [14]:

H(t, f) = lim —ZeJ (Ot 2t —2mm ), (2.10)

m=1

where v, is a random Doppler shift, distributed according to a Doppler spec-
tral density and 7, a random delay, distributed according to a power delay
profile. The uniform distributed random phase 6,, ensures circularly sym-
metry. Note that H(t, f) is a complex Gaussian process due to the cen-
tral limit theorem. I further assume that the random variables v,, and 7,
are independent, so that the time-frequency correlation function can be sepa-
rated:

Ryt =1, f = f) =ru,@—1)ru,(f = f) (2.11)

The time correlation ry, can be obtained as the inverse Fourier transformation
of the Doppler spectral density while the frequency correlation rg, is given as
the Fourier transformation of the power delay profile. A Jakes spectrum?

therefore leads to the following correlation function [15]:
ra,(t— 1) = Jo(2mVmax (t — 1)), (2.12)

where Jj is the zeroth-order Bessel function. For a uniform distributed power

delay profile®, the frequency correlation becomes:

SIn(7m Tmax (f — f7))
TTmax(f — ['))

Note that the formulas derived in Chapter 3 and 4 do not need the as-

ra(f—f)= (2.13)

4 pdf, (v) = !
P V(V) ﬂvmax\/lf(l//l/max)z
5 _Tmax/2 S T S 7—max/2
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sumptions of WSSUS and separability, but using them, makes the charac-
terization of the channel easier (i.e., finding the required correlation matri-

ces).

For numerical evaluations I assume a uniform distributed power delay profile
and a Jakes Doppler spectrum so that Equation (2.12) and (2.13) can be
used. The required WSSUS channel for the simulation can be approximated by
applying Equation (2.10) to a finite, sufficient large, number of summations M.
Matlab already provides a build in method for obtaining the delay realizations
T.m Whereas the Doppler shifts v, have to be generated by applying the cos-
function to an uniformly distributed® random variable and multiplying this

result with v ax.

2.2. Orthogonal Frequency Division Multiplexing

The basic principle of OFDM][12; 16] is to split a single high-data-rate stream
into more mutually orthogonal low-data-rate streams, the so-called subcarri-
ers. The basic pulse of subcarrier [ can be interpreted as a frequency-shifted

rectangular pulse:

1 _j2nlAft s

@i(t) = (2.14)

0 otherwise

The function ¢;(¢) builds an orthonormal basis” if the subcarrier spacing A f
multiplied by the OFDM symbol time T} is a positive integer, whereby the most
efficient time-bandwidth allocation can be obtained by choosing this integer
number to one (AfTs = 1). Figure 2.1 shows the frequency spectrum of three
basic pulses which are sinc-shaped® functions due to the rectangular pulse
in the time domain. The received symbols can be obtained by sampling this
spectrum in the frequency domain whereas the sampled spectrum of subcarrier

[1 shows spectral-nulls at all other positions [ # ;.

Orthogonality allows the transmission of several subcarriers at once while at

the receiver side each subcarrier can be detected separately. The transmit

6 between 0 and 27

T, N
Ty e (t)er, (t)dt = 8]l — 1]
8 sin(}rf)
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[ F{eu®)}

Figure 2.1: Frequency spectrum of three different basic pulses, sinc-shaped due to
the rectangular pulse in the time domain, sampled spectrum of subcarrier
l1 shows spectral-nulls at all other positions I # I; = orthogonal

signal can thus be written as:
S(t) = SEl’kgOl(t — kTs> (215)

The complex data symbol z;; is usually chosen from a signal constellation
such as Quadrature Amplitude Modulation (QAM). The inner sum represents
one OFDM symbol at time-position k£ and consists of L individual subcarri-
ers while the outer sum represents the successively transmission of K OFDM

symbols.

If the transmit signal is corrupted by a frequency-selective channel, symbol
k affects symbol k+1. This is called Inter Symbol Interference (ISI). To
avoid ISI and to keep equalization simple, a special type of guard interval is
used, the so-called cyclic prefix[17]. The basic pulse with cyclic prefix changes
to:

\/Lﬁei%mft if —T,<t<T,

Gi(t) = (2.16)

0 otherwise
It is similar to Equation (2.14) but the pulse in (2.16) is extended by the length
of the cyclic prefix T, so that the new OFDM symbol time with cyclic prefix
becomes T5 = T + T¢,.

The received signal r(t) can be obtained as a convolution of the transmit signal

s(t) and the channel impulse response h(t, T):

K-1 L-1

r(t) = /0 7). wadlt — KT — )dr (2.17)

k=0 =0
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[ assume that the impulse response is limited between 0 < h(t,7) < Ty,
so that the received OFDM symbol k is time-limited by kT — T, < t <
ET; 4 Ts+ Tyae- In order to avoid ISI, the minimum length of the cyclic prefix
T, therefore has to be 7,4, For the useful time interval k75 <t < kT + T

and for 1., > 7,40, Equation (2.17) can be written as:

L—-1
1 . Tmazx .
r(t) =Y app—mme?mA ) / h(t, T)e AT dr, (2.18)
1=0 Vv Ts 0

J

H(LIAS)

where H(t,IAf) is a time-variant transfer function. Note that this is only
true because of the special structure of the cyclic prefix. For example if zero

padding instead of a cyclic prefix is used, the integral boundaries | e would

0
t . . . .
become fo for t < 7,42 so that the receiver would experience a time-variant

transfer function even if h(t, 7) is constant over time.

The receiver removes the cyclic prefix and the demodulation is performed as

follows: .
Yo = / F(t 4+ kT3l (B)dt, (2.19)
0

and by including Equation (2.18)

L—-1 T
Yik = Z Tk H(t 4 kT, dAf)pa(t)e; (t)dt. (2.20)
d=0 0

If the channel is time-invariant, Equation (2.20) becomes a multiplication of the
transfer function with the transmitted data symbol (v, = H (kTs, IAf)x 1), so
that the channel equalization can be performed by a simple one-tap equalizer.
The cyclic prefix therefore preserves the orthogonality of the basic pulses in a
frequency-selective channel but has the drawback that the spectral efficiency
is reduced (only T /(Ts + T,,) of the time is effectively used to transmit data).
On the other hand, if the channel is time-variant, different subcarrier are no

longer orthogonal.

The receiver can be implemented in the discrete-time domain. By sampling
Equation (2.19) at t = nAt = nT,/N, the integral is replaced by a sum and

can be rewritten as:

=

At

Yk = r(nAt + kTg)e’jQ’Tlﬁn, (2.21)

3

S
Il
o
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which can be implemented in an efficient way by a Fast Fourier Transform
(FFT). Similar Equation (2.20) becomes

L1 N-1
1 o i
Yk = g Tk g H(nAt—l—kTg,dAf)e’J%%”. (2.22)
d=0 n=0

If the channel is time-invariant and N > L, different subcarriers remain orthog-
onal’ so that the discrete-time receiver (Equation (2.21)) and the continuous-
time receiver (Equation (2.19)) are equivalent (y;x is independent of N). In a
time-variant channel this is not the case because sampling generates copies in

the frequency domain, causing additional interference.

The sampled transmit signal (Equation (2.15) for kT < t < kT;+T}) can also

be calculated in an efficient way:

L—-1

1 o

s(nAt + kTy) = WE 22N (2.23)
S 1=0

This is usually implemented by a N-point Inverse Fast Fourier Transform
(IFFT) where the missing N-L values are set to zero. However, because the ba-
sic pulses are not band limited the continuous signal s(¢) can not be constructed
by the samples s(n). This means there is an error in Equation (2.22) which can
be made arbitrary small by increasing the number of samples N. On the other
hand, if the bandwidth of s(n) and h(t, 7) is limited, the continuous-time con-
volution in (2.17) becomes a discrete-time convolution so that Equation (2.22)
remains true but H(n,l) is now the DFT: H(n,l) = S0 h(n, m)e 2% .
The problem with this approach is that a band-limited signal is no longer
time-limited and therefore resulting in an error because of ISI. Throughout

this thesis I assume that these errors can be neglected.

Figure 2.2 shows a block diagram of the OFDM system discussed so far. By us-
ing Equation (2.22), the relationship between the received data symbols y; =
[ y1ix ... yox | and the transmitted data symbols x, = [ x1, ... xp; |©
can by summarized by a matrix multiplication. Additionally, a random addi-

tive noise vector z; is included:

Yi = DXy + 2z, (2.24)

N—-1 _jorl=d
9% nzoe‘]Qﬂ—Nn:(S[l_d]

10
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L1,k /[ \
Binary QAM Serial ik Add Parallel
Data Mapper to - IFFT
Parallel : Ser1al
TL.k s(t)
J \

Xk
j

L r(t)
Equa- | yik Remove Senal
X

ADC

lizer Parallel

Bi QAM Parallel
mary Demap- to
Data .
per Serial

YL.k

Yk

Figure 2.2: Block diagram of an OFDM system, the relationship between the re-
ceived symbols and the transmitted symbols can be summarized by a
matrix multiplication

with
(Di),q Z Hin+ k(N + N,), dje 25", (2.25)

The notation (Dy),, denotes the matrix entry in the [-th row and d-th col-
umn, while the variable N, is the length of the cyclic prefix in the discrete-

time domain (TA;’) Note that Dj can be interpreted as a rearranged ver-
sion of the discrete-Doppler-variant transfer function and that the diago-
nal elements are simply the piecewise time averages of H[n,l]. Further-
more if the channel is time-invariant, D; becomes a diagonal matrix. The

noise vector is assumed to be jointly complex Gaussian with zero mean:

Zj ~ CN(O, R’Zk)

11
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3. Inter-Carrier Interference

The effect of ICI can be best understood by examining the basic pulses in
the frequency domain, see Figure 2.1. Suppose the channel induces a single
frequency-shift. The basic pulses are then shifted in the frequency domain
which, sampled at the original subcarrier positions, causes two effects: First,
the signal power is reduced and second, subcarriers interfere each other whereas
this interference becomes smaller the farther away the subcarriers are. In
reality, however, the channel consists of not only one frequency-shift but many
frequency-shifts simultaneously whose statistic is determined by the Doppler-
spectral density.

3.1. Inter-Carrier Interference Power

For the analytical derivation of the ICI effects I use the following assump-

tions:

e Channel, noise, and data symbols are statistically independent from each
other

e The mean channel power is normalized to one: E {|H|[n, l]|2} =1

e The data symbols are statistically independent, have zero mean, and are

normalized to have mean power one: [E {xll,klaﬁ‘%,@} = 0[l; — ls]d[k1 — ko

12
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Equation (2.24) can be split into a signal-part ys,,, an ICI-part yicy, ,, and a

noise-part 2 :

L
k= (Dy)y zir + Z (D&)yg Tak 21k (3.1)
YS) d£l

YICI; 4

Because of the assumptions stated above, the received data symbol power
E {ylykyl*’k} is given as a summation of the signal power Py, ,, the ICI power
Picy, ., and the noise power Poise; ;. :

E{ylkyl*kz} :E{‘ (Dg) ll‘ }+ZE{’ (Dr) ld‘ }+E{’Zl,k|2}7 (3.2)
—_—
d;él

Pnoisel k

By,

v~

Prer

with

. {’(Dk%,dr} Nzl Nzl E{H[ny, d|H" [y, d]} e 25 (m=m2) - (33)

n1=0n2=0

The signal and ICI powers depend only on the autocorrelation function
E{H(ni,d)H*(ns,d)}, the number of subcarriers L, and the number of sam-
ples N. For infinite many subcarriers and a given time autocorrelation

function, a closed form solution for the signal power can be found as [2]:

P oS82 VmaxTs) + 2V TSI (20 ma Ts) — 1
Suniform 2(7TVmaXTS)2 )

13
PSJakcs - 1F2 <_7 a0 2) _(ﬂ-VmaXTs>2> . (34b>

(3.4a)

22

A uniform distributed Doppler spectral density is assumed for the signal power
Ps

1 F5(+) are the sine integral function respectively the generalized hypergeometric

e, @nd & Jakes Doppler spectrum for Pg, . The functions Si(-) and
function. Note that the signal power depends only on the normalized maximum
Doppler shift vy, Ts = ”‘A“—}X. Because infinite many subcarriers are assumed,
the law of conservation of energy (Ps + Pic; = 1) can be applied, so that the

13
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number of subcarriers: oo Jakes Spectrum
S50 L number of subcarriers: 41 50+ Uniform Spectrum
=) =)
=, .
9 40n 9 40t
=2 )
Jav] Jav}
— =
g g
§ 30t q§ 30t
= =
& &
Z 20} = 20}
=T e — )
- )
E E
o0 107 &0 107
n n
0 : 0 :
0 20 40 0 0.05 0.1

subcarrier index [ normalized maximum
Doppler shift vy Ts

Figure 3.1: Signal-to-Interference Ratio as a function of subcarrier index respectively
Doppler shift: SIR is relatively high so that in most cases ICI can be
neglected, SIR of the first and last subcarrier is approximately 3dB
higher

ICI power is finally given as:

PICI = Psuniform - 1’ (35&)
PICIJakes = PSJakes - 1 (35b>

uniform

The right part of Figure 3.1 shows the Signal-to-Interference Ratio (SIR) for
infinite many subcarriers (Equation (3.4) and (3.5)). This ratio is usually very
high so that in most cases the ICI can be neglected compared to the noise.
Consider for example LTE (Af =15kHz) at 2.5 GHz. For a SIR smaller than
20 dB, the velocity has to be larger than 500 km/h ( vpaxTs = 0.08). The left
figure compares the case of finite (Equation (3.2), L = 41,N = 410) to infinite
many subcarriers. Since the first and last subcarriers have interferers only at
one side, the SIR is approximately 3 dB higher compared to the closed form so-
lution. Furthermore, it can be seen that the SIR ratio at the middle subcarrier
coincide with the closed form solution because only the few nearest neighboring

subcarriers have a significant effect on the ICI.

14
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3.2. L-Dimensional Probability Density Function

I now calculate the pdf of the ICI. As a first step, Equation (2.24) has to
be rewritten in a form that is more suitable for a statistical analysis. For

this, I need two new variables, the transfer-function matrix Hj, defined for
n=0...N—1landd=0...L—1 as follows:

(Hk)n,d = Hn+ k(N + Ngp), d], (3.6)
and a new data symbol matrix Xy
X, = Xg, + Xier, = xi @1, (3.7)

where I, is the identity matrix of size L. The data symbols that affect the ICI
part are represented by XICIk which can be obtained from X, by setting the
columns i(L 4 1) for i = 0... L — 1 to zero. On the other hand, Xg, consist of
the data symbols that affects only the signal part.

It is then possible to find a non-square block diagonal matrix W (see Appendix
A) so that vec{D;} = Wvec{H;}. Including Xs, and Xci,, Equation (2.24)

can be rewritten as:

Y. = XSkWVeC{Hk} + XICIkWVeC{Hk} +Zk, (38)

VS, yicr,

whereas yg, represents the signal part of the received symbol and yicg, the ICI

part.

The next step consists of calculating the ICI pdf conditioned on xj;. Be-
cause the elements of the transfer-function matrix H are assumed to be jointly
complex Gaussian: vec{H} ~ CN(0,Rvyecin,}) and a linear transforma-
tion of such a distribution remains jointly complex Gaussian [18], the con-

ditional ICI given xj is also a jointly complex Gaussian variable: yicr, [Xx ~

CN (0, R‘YICI|xk)' The required ICI correlation matrix conditioned on x; can be
found as:
RYICIk\Xk = XICIk \WRveC{HkJ}WI{/ XII{JIW (3.9)
Ryec(n, )

whereas Appendix B provides an expression for the correlation matrix Rvecs,}-

Finally, the unconditional joint pdf of yicy, can be found by applying the law
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3. INTER-CARRIER INTERFERENCE

of total probability. Since the data symbols are statistically independent and
equally likely, the unconditional pdf can be obtained as the mean of every

possible conditional pdf:

H -1
) CXp <_yICIkRYICIk\XkyICIk> ’

(3.10)
where X represents the set of possible transmit data symbols and |X| its
cardinality (e.q. for m-QAM, |X| = m?%).

yict|Xk

1 1
Xk

3.3. One-Dimensional Probability Density Function

Next, I reduce the L-dimensional pdf (Equation (3.10)) to one-dimension.
For subcarrier [, the conditional ICI part given some data symbol! x;, is also

Gaussian distributed yic,, Xk ~ CN(0, o? The conditional variance

2
OQICIM\XJC

correlation matrix R

yicy, |Xk )

can be found either as the [-th dlagonal element of the conditional
yior, [ OF by direct calculation using an appropriate (cor-

relation) matrix Mgy, , :

2
O-yICIl’k 1%

= XzMICIl,kXZ- (311)

The matrix Miqy, , can be obtained by setting the [-th column and [-th row of

the correlation matrix Ryecymp,),,. .} to zero.

Similar to Equation (3.10), the one dimensional unconditional pdf of the ICI

part can then be found as:

lyicr,, |2
pdfyICIl k (YICIUC X Z eXp _% . (3.12)
7 ’ ‘ yICIl Xk o

Xz eX yicr, g, Xk

According to Equation (3.12), the ICI part becomes Gaussian distributed only

2
yicr, g, Xk

variance of ay - has to be zero. Using the assumption? E {zarxar} =0, the

if the variance o is constant over different data symbols x; i.e. the

! for consistency, I use xj even if the ICI part of subcarrier [ is independent of z;
2 fullfilled e.g. for m-QAM

16



3. INTER-CARRIER INTERFERENCE

variance can be written as:

L-1 9
var {o2 =37 | (Micn,)| (B {ranrimai} 1) +
d=0
L-1 L-1 ) (3.13)
(Micn) 0|
d1=0 d2=0
do#d;

and gives, together with the ICI power Pycy, , = E{c2  }, arough estimation

ICI,;
of how much the pdf of the ICI differs from a Gaus;an distribution. If every
possible data symbol z;; has energy one (e.g. 4-QAM), the expected value
E {xd,kxt’;,kxd,kx;k} becomes also one. For higher modulation orders this value
is higher. Therefore, the ICI becomes Gaussian distributed only if every data
symbol has energy one and the non-diagonal elements of Mjcy, , are zero, i.e.
the transfer function for different subcarrier positions has to be uncorrelated,

which is highly unrealistic.

The ICT power can also be calculated using the matrix Micy, , :

PICIl,k - { yICIl k} Z MICIZ k (314)

For infinite many subcarriers, the ICI becomes Gaussian distributed if:

Var { T, k}

lim = 0. (3.15)
—00
E{o%, . }

Because the ICI power is limited (Equation (3.5)) and an additional subcarrier

can only increase the variance (Equation (3.13)), Equation (3.15) does not
approach to zero, i.e. the ICI is not Gaussian distributed even in the case of

infinite many subcarriers.

For a high number of subcarriers, the sum in Equation (3.12) can be replaced

by an integral:

= 1 Ivicn, |°
pdfyICIl‘k (vien,) = /0 ( df, ZICIl . (02)> o exp (_% do?.  (3.16)

Figure 3.2 gives a numerical example of the ICI pdf for the middle sub-

17
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' 15
Timaz D f =0
TmazAf = 0.1
TYYL(LL'A.f =05
TmaeAf =1
—~ 10 i
S
>
LH% Gaussian pdf
e,
o} 5t
. 0 L L L
0.01 -0.1 0 0.1

Yict

Figure 3.2: pdf of the ICI-power o2 and the pdf of the ICI yicy,,, only for

YICI, 4,

Tmaz A f = 1 Gaussian distributed

carrier, 4-QAM, 600 subcarriers, 1024 samples, Jakes Doppler spectrum
(VmaxTs = 0.05) and a uniform power delay profile. The exact calculation
of the one-dimensional ICI pdf, according to Equation (3.12), would require
4909 summations which is not feasible. I therefore approximate the function by
the method of Monte Carlo. The high number of subcarriers allows an approx-
imation of the probability mass function of aimhk by a pdf (Equation (3.16)).
Note that every curve in the left figure has the same expected value. The vari-
ances of the curves in the right figure are therefore also equal. Furthermore it
can be seen that the higher the correlation of the transfer function for different
subcarrier positions, the more the ICI pdf differs from a Gaussian distribution
(extreme case: flat fading, 7,,.,.Af = 0). For the case of uncorrelatedness

(TmaeAf = 1) the ICT is indeed Gaussian distributed?.

3 for 4-QAM
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4. PILOT-SYMBOL-AIDED CHANNEL ESTIMATION

4. Pilot-Symbol-Aided Channel
Estimation

Recovering the transmitted bit-stream is the ultimate goal of every telecom-
munication system. In the absence of noise and if the channel is perfectly
known, the transmitted data symbol x; can be perfectly estimated by mul-
tiplication of the received data symbol y; with the inverse of the matrix
D,.:

Xp = X = D,;lyk,. (4.1)

Equation (4.1) has two practical problems: First, for each received OFDM
symbol a matrix inversion has to be performed and second, the channel is
not perfectly known and has to be estimated. I therefore consider the ICI
part as an additional noise term so that Equation (2.24) can be written
as:

Yk = @ik + yicy, ,, + 20k (4.2)

The channel h;) can be found as the [-th diagonal element of the OFDM
matrix Dy. Dividing Equation (4.2) by h;y leads to the zero forcing equal-
ization of y;;, and delivers an estimate of the transmitted data symbol

HAN™S
A Yi.k yict, , + 2k
Tik = 3 = Tik +

4.3
Lk hi (4:3)
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LS estimation

interpolation
1500 00/ 000000 odata-symbol
< c®@o0o0oooo000o0 epilot-symbol
5 0000000 @00O0
— 0000000000 {1,0}
Q | 000000000 O0O0 ’
g 00000000000 {6,1}
= 0CO0O®@00000000 {14, 1}
= 0O0O0O0O@00000e {972}
© 00000000000 (8,4}
oceoooo0oo0o0000 P= )
00000000000 {12,5}
0000000000 {4,6}
000000000 @0 {13,7}
00000000000 {3,9}
0000000000 8,10}
000000000000 {’
0 10
4)16
subcarrier 0 0 OFDM
index [ symbol index k

Figure 4.1: Pilot-Symbol-Aided Channel Estimation, known symbols are used to
estimate the channel at pilot position, the channel at data position is
estimated through interpolation

In reality, however, the channel h;j, is not known and has to be estimated, so
that Equation (4.3) becomes:

. Yl k hig  Yion, + 2k
LTk = = =T k7 + — . (44)
hi g hi hi

In this thesis, the channel estimation is performed by “pilot-symbol-aided chan-
nel estimation” where, in a first step, known symbols are used to estimate the
channel at pilot position. In a second step, the channel at data position is

estimated through interpolation (see Figure 4.1).

The estimates at pilot position are obtained by a Least Squares (LS)-estimation
which minimizes the error of the L? norm and requires no statistical knowl-

edge:

A . = Yk
hiy = argmin||y,, — hupziel3 = o

hu i Lk

(4.5)

Equation (4.5) shows that the transmitted data-symbol x; ; needs to be known
at the receiver and can not be used to transmit information. The channel

estimates at data position can then be obtained as a weighted average of the
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4. PILOT-SYMBOL-AIDED CHANNEL ESTIMATION

known LS estimates:

=Y (Wiy) Aoty (4.6)

{IP 7kp} €T ’
{lp;kp}€P ook

The set P is a collection of the two-Dimensional (2D) pilot position indexes
and |P| represents the overall number of pilot symbols. Equation (4.6) can

also be written in vector notation:
hl,k = Wl{{kh%s (47)

The vector 1A17L>S consists of the vectorized LS estimates at pilot positions and
the weighting vector Wﬂ depends on the interpolation method (e.g., MMSE,

linear, spline, low-pass).

In order to compare different interpolation methods (Wl{i), I derive the MSE
as well as the BEP for arbitrary weighting vectors. I make the following

assumptions regarding the pilot-symbols:

e Every pilot-symbol has unit magnitude: |a:lp7kp’ =1 for {l,,k,} € P

e The pilot-symbols are random, statistically independent and of zero mean.
e Known pilot-symbols have no significant effect on the statistic of the ICI.

The last assumption guarantees that the MMSE channel estimation is inde-

pendent of concrete pilots symbols.

4.1. Mean Squared Error

The MSE of the channel estimate ﬁl’k can be found as:

MSE,(wit) =B { s = husllf} (4.8)
:Psz,k — WﬁﬂRhHl,k,fl%S — Rhl’mﬁ%swl’k + WlI,{kRﬁ%,SWl,k (49)

_ H _ . -1 - —RIlRH .
_<Wl,k Rh,,k,hngﬁ%s) Rh;;S (Wl,k RH%SRhl,k,hI;;S

). (4.10)

—1 H
+ Psz,k - Rhlﬂk,ﬁ%,SRﬁ%sR

hik ,h;‘;s

In Equation (4.10) the method of “completing the square” was used which gives

immediately the MMSE channel estimation because the correlation matrix
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4. PILOT-SYMBOL-AIDED CHANNEL ESTIMATION

R}"]I’[J)S is positive definite! (and therefore nonsingular). The MMSE weighting

vector can thus be written as:

(wﬂ)MMSE = argmin MSE; k(Wl ) = Rhl’hﬁ%st_l;S, (4.11)

Wuc

and was already derived in [19] who used the orthogonal projection theorem

instead of the “completing the square” approach.

The calculation of the MSE requires the correlation matrix Rﬁ%s whose ele-

ments are given by:
E{hll kl(hlz kQ)*} =
i o
Sy Y [(Du)y g (D)0} B {W_’fﬂ} +E{M}

xllykl xl27k‘2 xllvkl xlg,kz

di=1da=1
(4.12)
=E {(Dkl)zl,ll (Ds,)y, 52} + (Picty g1 + Puoiser, 1, 011 — lo]0[k1 — ko],
(4.13)
so that the correlation matrix becomes:
RE%S = th + dlag (pICIp + pnoisep) ’ (414)

The vectors picip; Pnoisep € RIPIX1 consists of the vectorized ICI- respectively
noise-powers at pilot position and the diag(:) operator creates a diagonal ma-
trix out of a vector. Equation (4.14) shows that even if the noise correlation
matrices Rymk

LS channel estimates are uncorrelated.

and R, are non-diagonal matrices, the noise terms of different

In a similar way the elements of the cross-correlation matrix R, s can be
SRR

found as:

E { o (h15,)"}

l2,/€2

L
d ,k’ *
Z { Dkl)ll lh (DkQ)lz,dz} E { = } +E {(Dkl)h,h le,kz}

=E {(D/ﬂ)ll,ll (Dk2);;7l2} ) (4-16)

L if the elements of flI;)S are linearly independent
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4. PILOT-SYMBOL-AIDED CHANNEL ESTIMATION

and again in matrix notation
Rhl,k,fllﬁs - Rhl,kth' (417)

Appendix B provides a compact method of calculating the correlation matrix
Ry,

separable time-frequency correlation function. Note that, due to vectoriza-

and the cross-correlation matrix Ry, , nh, for the case of WSSUS and a

tion of the LS estimates, these matrices do not show a “clear” time-frequency

structure.

4.2. Bit Error Probability

Although the MSE (Equation (4.8)) allows a comparison of different interpo-
lation methods, the BEP is a more intuitive measure. I therefore calculate the
BEP for an arbitrary weighting vector w/’. This calculation is based on [20]

where in particular I make use of the following lemma:

Lemma 1. Let X and Y be zero mean, correlated complex-valued Gaussian

random variables, then

. 1 RHE{XY"}}
ProfayTy <0 =3 _1 VEXXJE{YY*} - (S{E{XY"}})? (4.18)
N S{E{XY"}} “
Pr®XY7y <0 =5 _1 VEXXJE{YY"} — (R{E{XY"}})?| (4.19)

For the calculation of the BEP I further assume that:

e The channel h;j and the noise 2, are Gaussian random variable (Rayleigh
fading)

e The noise power Pise,, is much larger than the ICI power Picy,

The last assumption ensures that the non-Gaussian ICI (see Chapter 3) can

be neglect and therefore Lemma 1 applied.

Figure 4.2 shows the signal constellation for 4-QAM and 16-QAM. The map-
ping of the estimated data symbol Z; ; to the unknown bit stream (demapping)
is performed by minimizing the euclidean distance. The decision boundaries
for 4-QAM are therefore the real and imaginary axis and for 16-QAM the real
and imaginary axis shifted by 0 and :i:\/%.
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@ik}
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Figure 4.2: 4-QAM and 16-QAM, Gray code
4.2.1. 4-QAM

For 4-QAM, the absolute value of the channel estimates does not affect the
demapping so that a division by ﬁhk is equivalent to a multiplication with fLZ‘ &

Equation (4.4) can thus be written as:
Ty = ylkiﬁk (4.20)

Because the received symbol y; ,, as well as the channel estimate fALLk are Gaus-
sian variables (conditioned on the transmitted data symbol z; ), the BEP can

be calculated by applying Lemma 1 in Equation (4.20).

At data position ({{,k} ¢ P), the required conditional correlation of y; , with
ﬁfk can be found as:

L L "
5, Tdy kT, K
E {yl,khz7k‘$l,k} = Z Z E{ (Dx) ld1 ka)lp,d2 o = } <Wl’k){lpvkp}
{lp,kp}EP d2=1d1=1 lp -k
4.21)
= Rhlyk,fl%,swl»kxlvk' (422>

The mean power of the channel estimate fAlek and the received symbol y; ; is

given as:
E {iLujL;‘k} = WﬁgRﬁ%SWl,ky (4'23)
K {?ﬂ,klﬁiﬂﬂ,k} = Ps, 211771, + Picy,,, + Phoise, - (4.24)
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The probability that the second bit is wrongfully detected as a “0”, while a
“1” was sent (see Figure 4.2), is given by the law of total probability as the
average of Pr (%{ylkfﬁk} < 0‘%) and Pr (%{ylkfﬁk} < 0‘1—\/_5) Because of
symmetry, this probability represents also the case for all other bit errors (they
can be rotated to the above described case), so that the BEP can be written

as:

1 . 1+3\ 1 R 1—j
BEP*¥M(w, ) = Z Pr (éR RV <0 —)+— Pr (éR B < o‘—) .
Lk ( l,k) 5 {yl,k l,k} \/§ 5 {yl,k l,k} \/5
(4.25)

By applying Lemma 1 and including Equation (4.22) to (4.24), the BEP for
4-QAM can be simplified to:

1
BEPi‘,?AM(ka) =3

%{Rhl’k’ﬁlﬁswl’k} B g{Rhl,k,ﬁIﬁswl,k}

2
4\/2 (P Pren + Puose) Wi Rggawis — (R{Ry,  guswind + S (R, yswie))
%{Rhlvk’ﬁ%swl’k} + %{Rhl,kfl%swlvk}

2
4\/2 (Psl,k + Pey,,, + Pnoisel,k> W{ngﬁI;)SWl,k — (ﬁ{Rhl’kyﬁ%st,k} — %{Rhl’kyfllﬁswl,k}>
(4.26)

Clearly, the interpolation vector w;; has to compensate average phase shifts
in order to minimize the BEP. This condition implies that the imaginary part
of the scalar Rhl’k’ﬁ%swhk has to be zero. The real part on the other hand
has to be larger than zero so that the interpolation becomes better than a
random guess. I therefore define a new BEP (tilde) in which I assume that
?R{Rhl’k’ﬁ%swl’k} > 0 and g{Rhl,kfl%SWl’k} = 0. Equation (4.26) then simplifies
to:

—~——4QAM 1 1
EPz,k (Wl,k) = 2

. (4.27)

H
Wl7kRﬁ%SWl,k

R LswWi k)2
By o RS 1k)

2\/2<Psl’k + PICIl’k + Pnoiselyk>(

In order to minimize Equation 4.27, the generalized Rayleigh quotient[21] in-

side the square root has to be minimized, or equivalently, the inverse quotient
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maximized:
. —~—4QAM ' W Riswi g
argmin BEP,,  (w]}) = argmin P 5 (4.28)
WlI,Jk wﬁk (ha,k,ﬁlﬁswlvk)

HRH
wikR,  pisRe,  mLs Wik
’ hl,}mhp L,k>sp
= arg max 7 (4.29)
Wik RaLs Wik

Because the matrices in the nominator and denominator are positive-definite,
the maximization in Equation (4.29) becomes a generalized eigenvalue prob-
lem:

H f— ~
Rhl,k,ﬁ%SRhl,mh%swl’k = )\Rh%swhk. (430)

The unique solution for Equation (4.30) can be found by inserting the MMSE

estimation as:

hiks h Ry hkS
J/

R, s R s Rips Ry, s = ARy, (431)
b

Thus, the MMSE estimation also minimizes the BEP.

H \4QAM,minBEP _ : AQAM_ H\ _ -1
(wih) QAM.minBEP __ ;.0 IV{II{I{? BEP, " (w;},) = Rhl,k,B%SRﬁ%S' (4.32)

Because the MSE has to be larger than zero, Equation (4.10) delivers the

following inequality for (W{i)‘*QAM’minBEP;

Ps, 2 Ry, jusRysRy) (4.33)

hu e kS
Inserting the minimum value of the Rayleigh quotient (1/)) in Equation (4.27)
and applying the Inequality (4.33), it follows immediately that:
——4QAM
0<BEP,, (wi)<1/2 (4.34)
Not that this BEP is upper bounded by 1/2 due to the assumption of
%{Rhl’hfllﬁswl,k} > 0.

Equation (4.27) can also be used to calculate the BEP for perfect channel
knowledge (Equation (4.3)) by inserting the MMSE interpolation and setting
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the MSE to zero (Equation (4.10)), which leads to:

1 1
BEPi(]?AM,perfect _ - _ . (435)

2\/1 _|_ 2PICIl,k+PnOisel,k

Py,

4.2.2. 16-QAM

I now calculate the BEP for 16-QAM. For the second and fourth bit it can be
found very similar to the case of 4-QAM (see Figure 4.2):

i ]‘ 7 %
BEPi?ﬂQAM,B t2&4(Wl,k> = g Z Z PI“ <%{yl7kh’l,k} < 0

7€ g;€{-3,
{1,3} —1,1,3}

‘-’T\/%‘ﬁ) . (4.36)

Equation (C.1) gives the result of applying Lemma 1 to (4.36) and Equa-
tion (C.2) provides an expression for the case of %{Rhl,k,ﬁ%ﬁwl,k} > 0 and
%{Rhl,k,ﬁgswl,k} = 0. Similar to 4-QAM, the MMSE interpolation also mini-
mizes the BEP for 16-QAM (bit 2 and 4).

The BEP for the first an third bit has a different structure compared to the
second and fourth. Figure 4.2 shows that the decision region is limited between
_\/LTO and \/% , so that the BEP conditioned on a “1” is no longer equal to that

of a “0”. The unconditional BEP can then be found as:

16QAM,Bit1&3 _
BEPl,k (Wig) =

)

1 Yik 2 |1+ g Yik =2 1+ jg
- 1—|Pr RSS2 <« — —Pr| RS <« —
8 q_;g ( [ ( {hl,k} V10| V10 ) ( {hl,k} V10| V10 )

S1,1,3)

1 Yik 2 |3+]g Yl k =2 3+ jg
+ = Pr{R<{ = < — —Pr| RS = < —

“113)
(4.37)

Lemma 1 can no longer be applied directly in Equation (4.37) but the proba-

bilities Pr () can be rewritten:

Pr R ‘?Aﬂ’k <a
hai g

ajl,k) = Pr (% {yhkﬁzk’} < aiLl,kiLik’xl,k> (438)

— Pr (3% { (y,,k - aﬁl,k) l%;ik} < o‘xl,k> L (4.39)

27



4. PILOT-SYMBOL-AIDED CHANNEL ESTIMATION

so that Lemma 1 can again be used. The required conditional correlation and

mean power can be calculated as:

E { <yl,k - &ﬁz,k) (yl,k - ailm)

*
xl,k} :Psl,kxl,k‘xl’k + PICIZJC + Pnoisel’k_
2 H ’
2aR {Rhl,k,ﬁ%,swhkxl,k} +a Wl7kR1f1%SWl’k

(4.40)

7 7 % H
E { (yl,k — (th,k> hl,k‘zl,k} :Rhl,kﬁ}ﬁswl,kxl,k — CLW”CRI‘I%SW”C.

(4.41)

Applying Lemma 1 and including Equation (4.41) and (4.40) into (4.38), gives

a closed form solution for the probability Pr (R 2L b < a

" x| and can be
found in Appendix C (Equation (C.3)). ‘

Finally, the overall BEP can be obtained as:

1 i i

(4.42)
Note that Equation (4.36), (4.37) and (C.3) can be used in order to get a
numerical result of the BEP (Equation (4.42)).

Examining Equation (4.42), one can naturally ask what interpolation method
minimizes the BEP. Numerical evaluations suggest that a scaled MMSE in-
terpolation performs this task?. This result is, to some extend, intuitive: the
MMSE interpolation minimizes the BEP for the second and fourth bit which
is, in contrast to the BEP of the first and third bit, independent of a scaling
factor. Therefore the factor can be chosen so that the BEP of the first and
third bit is minimized. The interpolation method that minimizes the BEP for
16-QAM can thus be written as:

H \16QAM,minBEP __ . 16QAM,_ Hy _ -l
(W) = argmin BEP;, (Wik) = ozlkahWh%sRﬁ%s, (4.43)
Wik

where the real valued scaling factor a; ; can be found numerically.

Figure 4.3 gives a numerical example for the case of 73 subcarriers, 5 OFDM
symbols, 146 samples, a Jakes Doppler spectrum (vya.Ts = 0.002), a uni-
form power delay profile (Tm.xAf = 1), and a rectangular pilot grid (time

2 a formal proof is beyond the scope of this thesis

28



4. PILOT-SYMBOL-AIDED CHANNEL ESTIMATION
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Figure 4.3: MMSE vs. Minimum BEP Interpolation for 16-QAM, potential improve-
ment by scaling factor is low

frequency spacing of 4 respectively 6). The left figure shows the BEP? of the
MMSE interpolation (w/},)"™ relative to the BEP of the minimum BEP
interpolation (w/%)!0QAMmBER —This ratio is usually below 1% so that po-
tential improvements by using (w/},)!6@AMmnBER are small. Also, there exists
a Signal-to-Noise Ratio (SNR) where both interpolation methods are equal.
The right figure gives the BEP as well as the MSE as a function of the scaling
factor ay;?. A factor one minimizes the MSE while a scaling of two results
in an MSE equal to the signal power (MSE;(2(w/},)"™F) = Py, ). For low
SNR, the optimal scaling is larger then one while for large ratios it has to be

smaller.

Similar to the case of 4-QAM, Equation (4.42) can also be used to calculate
the BEP for perfect channel knowledge. By assuming a MMSE interpolation
and a MSE of zero, Equation (C.3) becomes:

Yk a ¢ +]4 1 qr —a
pe(n{se) < focio) 1
h 2 noise ’
Lk V10| V10 5 \/(qr a2+ 10(PICI“§::Z )

(4.44)

3 averaged over all data positions
4 assumed to be constant over all positions
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Figure 4.4: BER vs. BEP as a function of the time-frequency position, influence of
interpolation, simulation and calculation coincide (left), simulation and
calculation differ due to non-Gaussian ICI (right)

and, by inserting this probability in (4.36) and (4.37), leads to the BEP for a

perfectly known channel:

BEP16QAM,perfect o 1 _ 3 _ 6
N -

’ (PICIl’k +Pn0isel’k) (PICIl,k +Pnoiselyk)

8\/1 L0y P 8\/9 R
5

* (Pior, , +P, )

ICIl,k noisel’k

8\/ 25+ 10— et

(4.45)

4.2.3. Simulations

As already derived in Chapter 3, the ICI is not Gaussian distributed so that the
calculated BEP (Equation (4.26) and (4.42)) represents only an approximation
if the ICI power is larger than the noise power. I thus compare the calculated
BEP with simulations (1 million realization), whereas for the latter, Equation
(2.10) and (2.24) are used. For the numerical example I assume 16-QAM, 13
subcarriers, 3 OFDM symbols, 26 samples, flat fading, and a rectangular pilot
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Figure 4.5: BER vs. BEP as a function of SNR, influence of interpolation, simula-
tions and calculations coincide for SNR<SIR

grid (time-, frequency-spacing of 2 respectively 6). Furthermore I assume a
Jakes Doppler spectrum (vpmaxTs = 0.08) which gives a SIR of 20 dB. The left
part of Figure 4.4 shows that simulation and calculation coincides since the
noise power is larger then the ICI power. Note also, that linear interpolation
act as a smoother which explains why the BEP between two pilot-symbols
is better then the BEP near one of them. In the right figure on the other
hand the simulation differs from the calculation but the principal shapes are
similar. So even if the calculation overestimates the BEP, comparing different

interpolation methods still gives reasonable results.

Figure 4.5 gives another example for 19 subcarriers, 13 OFDM symbols and a
rectangular pilot grid (time-, frequency-spacing of 4 respectively 6). In contrast
to Figure 4.4, the BER is averaged over time and frequency, and plotted as a
function of the SNR. Again, simulations confirm the analytical BEP expression
if the noise power is larger than the ICI-power. However, even for higher ICI-
power, the error of the closed-form solution remains relatively low (smaller
than 3%).
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LS estimate Smoothing Interpolation

Figure 4.6: Separated Smoothing and Interpolation,
4.3. Interpolation

At the beginning of this Section I will state some general properties of the
investigated interpolation methods while the next Subsections provide a closer

look at specific methods.

As explained at the beginning of this Chapter, the channel estimate fALLk can
be obtained as:
iLle; = W{ifl;‘;s, (446)

where w;  represents the interpolation vector. Equation (4.46) shows immedi-

ately that such a channel estimation is linear in the following sense:
hup = wit (aBlS + 0R5S ) = awfiRES +owfiBE,,  (447)

where a and b are some arbitrary scalars. Linearity allows the separation of
the weighting vector w;; into a smoothing- and an interpolation part (see
Figure 4.6), as suggested in [22]. The smoothing part filters out noise at
pilot positions only while the interpolation part can be designed to be in-
dependent of noise. Such a separation provides the opportunity to identify
whether some improvements are caused by interpolation or by more accurate
estimates at pilot positions. The vectorized channel estimate can then be
written as

h = VSh:® (4.48)

whereby S describes the smoothing and V the interpolation matrix. Linearity
also simplifies finding the matrix V' because it can be interpreted as a shift-
variant “impulse response”: The i-th column vector of the matrix V' can be
found by applying the interpolation method to a vector that consist mainly of

zeros except the i-th position, which is a one.

Figure 4.7 shows the pilot patterns I use for numerical evaluation. The pilot

spacing in the time domain Ap, and in the frequency domain Ap; are chosen
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Figure 4.7: Rectangular- and diamond-shaped pilot pattern

Number of subcarriers 145

Number of OFDM symbols 49

Number of samples 290

frequency pilot spacing 6

time pilot spacing 4

power delay profile uniform

Doppler spectral density Jakes

“high doubly-selective” Tmax A f = 0.1, VpaxTs = 0.055
“low doubly-selective” Tmax A f = 0.029, v Ty = 0.016

Table 4.1.: Parameter used for evaluation of different interpolation methods

similar to the LTE standard® i.e., Ap, = 4 and Ap, = 6.

As already mentioned in Section 2.1, I assume a Jakes Doppler spectrum and
a uniform power delay profile. The channel parameters are chosen so that the
autocorrelation function between two pilot-symbols is 0.5 for a “high doubly-
selective” channel (TpaxAf = 0.1, VpaxTs = 0.055 = SIR=23dB) and 0.95
for a “low doubly-selective” channel (7,.xAf = 0.029, vp.Ts = 0.016 =
SIR=34dB). Furthermore I assume 145 subcarriers, 49 OFDM symbols and
290 samples.

Table 4.1 summarizes the parameters, used for numerical evaluation of dif-
ferent interpolation methods. In order to calculate the BEP, Equation
(4.26) and Equation (4.42) can be applied. I further compare each inter-
polation method for no-smoothing (LS) and MMSE-smoothing (Equation
4.50).

5 LTE uses only a diamond shaped pattern and Ap, alternates between 3 and 4
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4.3.1. Optimal Interpolation

The optimal interpolation was already derived in Section 4.2.1 and 4.2.2,
were it was found that the MMSE channel estimation also minimizes the

BEP. The optimal smoothing and interpolation matrix can thus be written

as:
H . _
(WLMMSE) = Runp (Ruyp + diag (Picty + Puoisep)) (4.49)
= Rh,h’PRE; B‘hp (RhP + diag (pICIP + pHOiSQP))_l : (45())
VLMMSE SLMMSE

Equation (4.50) shows that the optimal channel estimation can be obtained
as a noise-independent interpolation of the MMSE channel estimates at pilot

positions:
HLMMSE _ VLMMSEB%MMSE (4.51)

For the special case of
e WSSUS,
e rectangular-shaped pilot-symbol pattern, and

e separable time-frequency correlation,

VIMMSE g equivalent to suc-

I will show that the optimal 2D interpolation
cessively applying two independent one-Dimensional (1D) interpolations. The
correlation matrix Ry, and the cross-correlation matrix Rpnn, can be ob-

tained as the Kronecker product of the corresponding “1D” correlation matri-

ces:
Ri, = Rirp, © Ry, (4.52)
Rihp = Rivhp, @ Riphgp, s (4.53)
so that the optimal interpolation VIMMSE can also be written as the Kronecker

product of “1D” interpolation matrices VEMMSE and VIfMMSE:

~1
VIMMSE _ (Rht,hpt &® Rhf7h'pf> (tht X thf> (4.54)
1 -1
~Runp, (Rir,) " @Ry, (Rip, ) (4.55)
V%MMSE V%m/ISE
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Figure 4.8: Optimal Interpolation, BEP as a function of SNR, influence of MMSE
interpolation, pilot-symbol pattern and modulation order

Finally, inserting Equation (4.55) in (4.51) gives:

HILMMSE _ VLMMSEB%MMSE (4.56)
_ (V%MMSE ® V]I;MMSE) vec {I:I;BMMSE} (4.57)
— vec {VI;MMSEI:I%MMSE (V%MMSE)T} : (4.58)

where HEPMMSE represents the |P;| x |P;| matrix of the MMSE estimates at
pilot position. Equation (4.58) performs interpolation first in one direction,
and then again in the other direction which turns out to be equivalent to the
2D interpolation. Note however, that this is only true for the interpolation-

and not the smoothing-part.

Whether some interpolation methods (e.g., linear, spline) are optimal depends
only on the correlation matrices. Even linear interpolation can be optimal.
For that, as a necessary condition, the correlation function must exhibit a

triangular shape.

Figure 4.8 compares the optimal interpolation with perfect channel knowl-
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edge. The rectangular-shaped pilot pattern exhibits a lower SNR-threshold
for a pure interpolation error (the SNR value where lowering the ICI-plus-
noise power does not reduce the BEP) compared to a diamonded-shape pi-
lot pattern. However, for the parameters given in Table 4.1, the Signal-to-
Interference-plus-Noise Ratio (SINR) is relatively low so that the BEP for
rectangular- and diamond-shaped pilot pattern are almost equal. For the “low
doubly-selective” channel, the MMSE interpolation comes very close to perfect
channel knowledge (BEP of MMSE is approximately 7 % higher). The SIR
limits the BEP performance whereas for a “high doubly-selective” channel,
this happens already at a SNR of 23 dB.

4.3.2. Linear Interpolation

The 1D linear® interpolation can be found as a weighted average of two points
whereas the weights are given by the distance to each point. As shown in
Section 4.3.1, under certain conditions, the optimal 2D interpolation can be
performed by successively 1D interpolations. This fact motivates the use of
bilinear interpolation, i.e., linear interpolation first in the frequency-domain,
and then in the time-domain. Note that for a rectangular-shaped pilot-symbol

pattern, the order of interpolation does not matter.

Another possible 2D linear interpolation was described in [23] and is based
on the Delaunay triangulation”: a plane that is spanned by the three closest

pilot-symbols, is sampled at data-symbol position.

Figure 4.10 shows how the BEP of these two linear interpolation methods
perform relative to the MMSE interpolation (its concrete values are given in
Figure 4.8). Clearly, the MMSE interpolation represents the optimal solution,
so that every point in the figure has to be larger than one. For diamond-shaped
pilot-symbol pattern, two successively 1D linear interpolations perform slightly
better than triangle based 2D linear interpolation. The latter is especially bad

for rectangular-shaped pilot-symbol pattern.

6 in the sense of a straight line
7 see Section 4.3.4
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Figure 4.9: Natural Neighbor Interpolation: Voronoi diagram is based on Delaunay
triangulation, weights are determined by the “stolen” area of the Voronoi
diagam

4.3.3. Spline Interpolation

Splines are, in general, piecewise polynomials with pieces that are smoothly
connected together. However, in this thesis, only cubic splines are considered
because of their minimum curvature property [24]. Similar to Section 4.3.2,
spline interpolation is first performed in the frequency-domain, and then in
the time-domain whereas I utilize the MATLAB built-in spline function. Note
that MATLAB uses other boundary condition compared to “natural splines”
[25].

For MMSE smoothing, Figure 4.11 shows that spline interpolation outperforms
1D-1D linear interpolation and, in particular, for a “low doubly-selective”
channel, spline performs as good as optimal interpolation. If no smoother is
used, spline also outperform linear interpolation for a “high doubly-selective”
channel and high SNR, while for a “low doubly-selective” channel it performs
worse. Furthermore, there is almost no difference between rectangular- and

diamond-shaped pilot-symbol pattern.
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4.3.4. Natural Neighbor Interpolation

The natural neighbor interpolation [26] operates in two dimensions and is based
on Voronoi diagrams. The left part of Figure 4.9 shows how such a diagram
can be constructed: three points (pilots-positions) are connected by a circle so
that no other point is inside this circle (Delaunay triangulation). Connecting
the center of these circles then gives the Voronoi diagram. The right part of
Figure 4.9 illustrates how this Voronoi tessellation can be used to obtain the
interpolation weights: First, the Voronoi diagram of the pilot-position set is
constructed and servers as a reference (blue). Second, a data-position is added
and the Voronoi diagram of this new set is again created (red). The weights
for the interpolation vector are then determined by the area that is “stolen”

from this new Voronoi diagram.

Figure 4.12 shows the performance of natural neighbor interpolation. For
“high doubly-selective” channels, successively 1D-1D linear interpolation per-
forms slightly better than natural neighbor interpolation. This is also true for a
“low doubly-selective” channel and MMSE smoothing, while in the absence of
smoothing, natural neighbor interpolation delivers better results. Note also
that rectangular-shaped pilot-symbol pattern outperforms diamond-shaped
pilot-symbol pattern, except for MMSE smoothing in a “low doubly-selective”

channel.
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5. Measurements

In Chapter 4, I derived the BEP for arbitrary interpolation methods whereby
simulations confirmed the analytical results. However, simulations are use-
ful but represent only a simplified abstraction and in the end, only the per-
formance in real world scenarios matters. [ thus utilize the Vienna Wire-
less Testbed in order to compare the theoretical BEP to the measured
BER.

5.1. Overview of the Measurement Set-Up

The Vienna Wireless Testbed performs quasi real-time measurements [27], i.e.,
the signal is generated off-line, transmitted over a wireless channel in real-time
and then again evaluated off-line. For the comparison, I utilize one transmit
and two receive antennas! out of a total number of four RX and four TX
antennas, supported by the testbed. The main parts of the transmitter TX
[28] are:

e Digital-to-Analog Converter (DAC): The 16-bit Innovative Integration X5-
TX DAC is connected to a personal computer and operates at a sampling
frequency f; of 200 MHz

e Radio Frequency (RF) front end: It upconverts the signal to 2.5 GHz and

consists of an upconverter, a step attenuator, a 20 MHz bandpass filter, and

1 using two RX antennas delivers two measurements at the same time, the system remains

single-input and single-output
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oving
RX antenna

TX antenna

rotary joint

rail to
move the whole

Figure 5.1: Transmit antenna (on the rooftop) and Rotation Unit (indoor, on the
5-th floor)

a power amplifier. The front end is designed for an intermediate frequency
fir of 70 MHz so that, prior the measurement, the transmit signal has to be

digitally upconverted.
e Antenna: The Kathrein Scala Division 60° XX-pol panel antenna (800

10543) is located on the rooftop of our university, as shown in Figure 5.1.
The receiver RX [29] consists of similar elements:

e moving Antenna: The custom build antenna is mounted on a Rotation Unit
(see Figure 5.1) and rotates around a central pivot which allows repeatable
and controllable measurements at high velocities of up to 560km/h [30].
The Rotation Unit consists of an electric motor, two rotary joints which
connect the rotating cables to the static ones outside the arm, and a laser
barrier which is required to determine the position of the antenna. In order
to increase the number of independent measurement realizations, the whole

setup is placed on a rail so that it can be moved within a range of 0.82 m.

e RF front end: It downconverts the 2.5 GHz signal to 70 MHz and consists

of several filters and a low-noise amplifier.
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Figure 5.2: Testbed set-up for measuring at high velocities [30]. Note that only two
antennas can be used simultaneously (limited by the rotary joint)

e Analog-to-Digital Converter (ADC): The 16-bit Innovative Integration X5-
RX ADC is connected to a personal computer and operates also at 200 MHz

Additionally, transmitter and receiver are connected to their own Sync Units
[31] which use a Global Positioning System (GPS) module to derive a common
time base. Figure 5.2 shows the whole measurement setup. When the antenna
passes the laser barrier, a trigger is sent to the Sync Unit, which in turn
sends a User Datagram Protocol (UDP) packet over the dedicated Local Area
Network (LAN), containing the starting time instance of the transmission.
Because the velocity is known, the exact measurement position of the antenna
can be determined by a specific delay. In a synchronous way, the TX then
starts to transmit the pre-generated signal while at the same time, the RX

saves the received samples on a hard drive.

5.2. Measurement Methodology

As explained in Section 5.1, the testbed operates at a sampling frequency of
200 MHz and the signal has to be digitally up-converted. OFDM provides an
easy method of performing this task in the frequency domain, by rearranging
the data symbols x;; and appropriate zero padding. I define a new signal

vector s; that contains the transmit signal samples for k75 < t < kT; + Ty, as
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described in Section 2.2. The transmit signal vector s; can then be calculated

by:

s = [FFT

—N—

O rsr 21 Tike - ZTrk O jp-2r i 0 i 0 s o
[ 1417?,5} ; ; 1XLST”IF7LJ Lk 1,k 1%17?,5 )

(5.1)

and delivers immediately the proper sampled, up-converted OFDM signal in
the time domain. Then, for the cyclic prefix, the last | f;T%, | samples have to be
copied and placed in front. The last step consists of up-scaling the signal and
storing it as 16-bit integer on a hard disc. This signal can then be transmitted

over a real wireless channel by utilizing the Testbed.

The received data symbols y; ;, can be obtained similar to the signal generation,
but in reverse order, i.e., removing the cyclic prefix, FFT, and then choosing
the appropriate elements in the frequency domain. Thus, the whole measure-
ment setup can be viewed as a black box where z;, represents the input and
Y, its output. However, one must always keep in mind the limitations im-
posed by real world hardware and in particular the saturation of the power

amplifiers.

The measurement realization {i,a} corresponds to position 7, composed of rail
position and angle positions, and to the attenuation? index a. For each re-
alization, K + 2 OFDM symbols are sent over the wireless channel whereas
each OFDM symbol consists of L + 2 subcarriers. The time-frequency struc-

ture of such a transmission can be written by the transmit symbol matrix X

as: ) )
0 0 0 0
o sl ol o
Xftah — | : - : s (5.2)
oA
0o 0 - 0 0

whereas the received symbol matrix Y i} exhibits the same structure as X {4},
The measured BER, as a function of SNR, can then be obtained by averag-

ing the bit error of y&’a} over all subcarriers, OFDM symbols, and positions.

2 attenuation of the TX-RF front end
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Figure 5.3: Signal Power and Noise Power as a function of the frequency, over
20 MHz, influence of RX antenna

The theoretical BEP, on the other hand, requires the second order channel

statistics, which have to be estimated.

The first and last column of Y{4@ can be used to estimate the noise power,
while the first and last row give an estimation of the ICI-plus-noise power.
Measurements have shown that the main source of ICI is caused by saturation
of the power amplifier. I thus reduce the signal power level so that no ICI
occurs and calculate the estimated noise power by averaging over all edge-

symbols.

Because the absolute value of the received symbols do not matter, I normalize
them to have a mean signal power of one. Note that this also implies that the
noise power, which was previously constant for different attenuation levels, now

depends on a. The signal power can be calculated as:

2
Hia}
- Pnoise7

I
Hia 1 7,0
Rl = 13l

=1

(5.3)

whereas, due to normalization, the time-frequency average of this power has

to be one.
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: {0} :
and the noise power P, as a function

Figure 5.3 shows the signal power? ]55{[05
of the frequency (subcarrier). At 2.5 GHz, a strong interferer can be identified.
I therefore shift the signal to a higher frequency so that the signal- and noise
power are relatively constant over the useful bandwidth. This leads to a new

intermediate frequency of fip = 74 MHz.

Figure 5.4 shows the signal power, averaged over [ and k, as a function of the
angle position* whereas each color represents a specific rail position. The black
line illustrates the same power, but averaged over 10-degree. The analytical
BEP was derived under the condition that the channel coefficients are Gaussian
distributed. For that, as a necessary condition, the average signal power has
to be constant. According to Figure 5.4, the average normalized power ranges
from -5dB to 5dB which clearly violates this condition. The physical reason
for such a behavior lies in different antenna-polarization, caused by the rotation
around a central pivot. I thus use only an angle between 25° and 105°, where

the average power is approximately constant.

3 averaged over k for the lowest attenuation a=0

4 the laser barrier is the reference point
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Modulation order 4-QAM
Number of subcarriers 145
Number of OFDM symbols 49
Pilot pattern rectangular
frequency pilot spacing 6
time pilot spacing 4
Carrier frequency 2.507 GHz
Subcarrier spacing 15kHz
CP duration 4.67 us
Velocity 50km/h
Angle position range 25°...105°
Rail position range 0...0.82m
Number of random positions 464
Number of attenuation levels | 9, in five dB steps

Table 5.1.: Measurement parameters in order to compare the measured BER with
the theoretical BEP

The LS channel estimates are given by:

S LS, {i,a} ?Jl{;a}
h’l,k7 " = {71 a}’ (54)
T

so that the required correlation matrices can be estimated as:

1
R, = 7 > b 00 (B0 — Pl ding (11.1) (5.5)
i=1
1 i
= » i LS, {7,
ha,imhw - T ZhLS’{ o (hPS{ 0}> ) (56>
i=1

whereas Equation (5.6) is valid only at data positions.

Equation (5.5), (5.6) and (5.3) can then be used to calculate the theo-
retical BEP for 4-QAM (Equation (4.26)) respectively 16-QAM (Equation
(4.42)).

5.3. Results

Table 5.1 summarizes the measurement parameters while Figure 5.5 shows the
measured BER and the theoretical BEP as a function of the SNR. Both curves

coincide quite well whereas any deviation is within the 95% confidence inter-
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Figure 5.5: measured BER vs. estimated BEP as a function of SNR, influence of
different interpolation methods, 4-QAM, 50km/h, measurements and
theory coincide

6” can be identified, because

val®. However, for the highest SNR a severe “error
the estimates of the correlation matrices are corrupted by noise. The MMSE
estimation then treats the noise as part of the channel, so that the equalizer
compensates also a fraction of the noise. Note that the Inequality (4.33) is vi-
olated for high SNR, implying a MSE smaller than zero. Nonetheless, further
investigation is necessary in order to obtain a more detailed description of this

behavior.

Similar to Figure 4.8, the MMSE interpolation performs almost equal to perfect
channel knowledge. On the other hand, the BEP for linear interpolation is
20% to 40% higher than the MMSE solution, while for spline interpolation
it ranges from 40% to 70%, similar to Figure 4.11. Indeed, the measured
channel can be interpreted as “low doubly-selective”, as shown in Figure 5.6.
For the calculation of the correlation functions, the LS channel estimates are
equalized to have a mean power of one, and a WSSUS channel is assumed.
By comparing the autocorrelation functions to the case of a uniform power

delay profile and a Jakes Doppler spectrum, a rough approximation of the

5

obtained by bootstrapping
6 it actually gives a better BER
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Figure 5.6: Frequency and time autocorrelation

maximum delay and maximum Doppler shift can be found as 7, A f = 0.0025
and vy 1s = 0.0045. Note however, that the measured frequency correlation
function severely differentiate from an autocorrelation function obtained by a

uniform power delay profile”.

7 corresponds to a sinc-shaped frequency autocorrelation function
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6. Conclusion and Outlook

In this master thesis, I derived a closed-form expression for the BEP of an
LS channel estimator utilizing arbitrary two-dimensional linear interpolation.
For 4-QAM, the MMSE interpolation also minimizes the BEP, while for 16-
QAM this is accomplished by a scaled MMSE interpolation. However, the
potential improvement compared to the unscaled MMSE interpolation is so
low, that the scaling factor can be neglected. I separated the channel estima-
tion in a smoothing-part and an interpolation-part. Under the condition of a
WSSUS channel, a rectangular-shaped pilot-symbol pattern, and a separable
time-frequency correlation function, the optimal two-dimensional interpolation
of the MMSE pilot-symbol estimates, can be performed equivalently by suc-
cessively applying two independent one-dimensional interpolations. For the
investigated channel model, one-dimensional linear interpolation first in one
direction, and then again in the other direction, slightly outperforms trian-
gular based two-dimensional linear interpolation and, in most cases, natural
neighbor interpolation. Spline interpolation, on the other hand, performs com-
pletely different. It requires either an MMSE smoother, or a “highly doubly-
selective” channel to perform better than linear interpolation. In LTE, the
pilot-symbols are so dense together, that diamond-shaped pilot pattern and
rectangular-shaped pilot pattern exhibits almost the same performance for

practically relevant SINR ranges.

It was shown that the ICI is not Gaussian distributed, so that the closed-form
expression of the BEP represents only a close approximation of the true BEP,

if the ICI power is larger than the noise power.
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6. CONCLUSION AND OUTLOOK

Real world measurements, performed with the Vienna Wireless Testbed, con-

firm the analytical calculations.

For future works, the closed-form expression of the BEP could be straight-
forwardly extended to higher modulation orders. Additionally, the influence
of different interpolation methods for other channel models, like ITU VehA,
PedA, or PedB, could be investigated. Finally, more real world measure-
ments for 16-QAM, different velocities, or other TX and RX locations, would

strengthen the theoretical results.
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A. OFDM MATRIX OF A VECTORIZED CHANNEL

A. OFDM Matrix of a vectorized
Channel

By an abuse of notation, W can be written as:

1 1 0 0
WZNexp =1Ll =10 . 0| ®1lp1 | ®|0 -+ N—-1
L 0O 0 L

(@] (IL ® 1L><N) .
(A1)

Here, exp(+) denotes the exponential function, applied on each element in the
matrix. The Kronecker product I ® 1,4y together with the Hadamard prod-
uct o (entry-wise multiplication) is needed to set the non-diagonal blocks to

Z€ero.
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B. CORRELATION MATRICES FOR A 2D SEPARABLE WSSUS CHANNEL

B. Correlation Matrices for a 2D
separable WSSUS Channel

For the derivation of the correlation matrices I make the following assump-

tions:
e WSSUS channel
e separable time-frequency correlation

The time correlation matrix for OFDM symbol time k; and k3, can then be

found as:
0 -1 -+ —=(N-=-1)
Ry, [k1—ks] =g, . ' + (k1 — k2)(N + N,,) | At

(N=1) - - 0
(B.1)
The time correlation function 7, (+) (see Section 2.1) is applied on each element
of the matrix and the variable At = T, /N represents the sampling time. In a

similar way the frequency correlation matrix becomes:

0 -1 - —(L-1)

1 0o . :
RHf - er . A Af Y (B2>

Ly
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B. CORRELATION MATRICES FOR A 2D SEPARABLE WSSUS CHANNEL

so that the correlation matrix of the vectorized transfer-function matrix can

be written as:

Rvecn,; = Ry, [0] ® Ry, (B.3)

The correlation between elements of the OFDM matrix Dy, (see Equation
(2.25)) can be found as:

27 (ly — dy) [O

B{(Du) 0 (D)} = o0 (270 N 1] ) R~

0
27T(l2 — dg)

(RHf)dl,dg exp | +] N

N-1
(B.4)

For the calculation of the BEP, only the diagonal elements of D, are of interests
i.e. the piecewise time average of the channel. The correlation function of
theses piecewise time averages 7z, can be calculated by using Equation (B.4)
and setting [; = d; and Iy = ds, so that:

1
rgt[kl—kg]:m[o N —1|Ru bk — k]| ... (B.5)
N-1

I now define a pilot index vector i, that gives the row index of the pilot

1

symbols in a vectorized form®. Similar, the index vector i, gives the col-

umn index. For example a pilot structure as given in Figure 4.1 leads to: i, =

T T
[1614981241338]andipc:[01124567910.

Using these pilot index vectors, the correlation matrix Ry, can be found
as:

th = er ((ipr11><|7)| - (ip711><|7>|)T)Af) org, [ipcllxlp\ - (ipcllx\m)T]: (B'6>

where the correlation functions 7y, (-) and rg,[-] are again applied for each

matrix element.

1in Matlab [ip,,ip,] = find(pilotmatrix) can be used , whereas the pilotmatrix is a L x K
matrix that consists of zeros at data position and ones at pilot position
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C. BEP rFor 16-QAM

Similar to the pilot index vectors, I define all index vectors 1i,, and i, , which
give the index of every symbol in a vectorized form.The correlation matrix

Rin, can then be obtained as:
Ruhpy = 7u; ((iarllx\P\ — (iprlleK)T>Af) org, [ia611><|73\_(ipc]-1><LK)T] (B.7)

Another way of calculating the correlation matrices Ry, and Ry n, can be

found by taking the right elements? of the large correlation matrix
Ry =Rp, ® Ry, . (B.8)

However, Equation (B.6) and (B.7) have the advantage that they can be easily
extended to the case of non-WSSUS and non-separability.

C. BEP for 16-QAM

The BEP for 16-QAM was derived in Section 4.2.2, but due to the length of
the equations, the closed-form expressions were omitted. Equation (C.1) gives
a general formula for the second and forth bit, while Equation (C.2) gives the
BEP under the assumption that %{Rh,,k,ﬁggswl,k} > 0 and %{Rhl’mﬁ%swl,k} =
0.

Equation (C.3) delivers a closed-form expression for the conditional probability

that the real part of Z;;, is smaller than a given constant.

2 in Matlab Ry, = Ry, (pilotmatrix(:), pilotmatrix(:)) and Ry n, = Rn (:, pilotmatrix(:))
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C. BEP rFor 16-QAM
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Acronyms

1D one-Dimensional

2D two-Dimensional

ADC Analog-to-Digital Converter

BEP Bit Error Probability

BER Bit Error Ratio

DAC Digital-to-Analog Converter

DVB-T Digital Video Broadcasting - Terrestrial
FFT Fast Fourier Transform

GPS Global Positioning System

ICI Inter-Carrier Interference

IFFT Inverse Fast Fourier Transform

ISI Inter Symbol Interference

LAN Local Area Network

LS Least Squares

LTE Long Term Evolution

LTV Linear Time Variant

MMSE Minimum Mean Squared Error

MSE Mean Squared Error

OFDM Orthogonal Frequency Division Multiplexing
PACE Pilot-symbol-Aided Channel Estimation
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pdf probability density function

QAM Quadrature Amplitude Modulation

RF Radio Frequency

SINR Signal-to-Interference-plus-Noise Ratio

SIR Signal-to-Interference Ratio

SNR Signal-to-Noise Ratio

UDP User Datagram Protocol

WLAN Wireless Local Area Network

WSSUS Wide-Sense Stationary Uncorrelated Scattering
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