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Abstract

This thesis contains contributions to the theory of spherical convex bodies,
i.e., closed convex sets on the unit n-sphere.

On one hand projection covariant binary operations on the set of spherical
convex bodies are investigated. In Euclidean convexity Minkowski addition,
a projection covariant binary operation, together with the volume gives rise
to the Brunn—Minkowski theory. This theory lies at the very core of classical
Euclidean convexity and provides a unifying framework for various extremal
and uniqueness problems for convex bodies in R”. However, in spherical
convexity there is no known natural analogue to Minkowski addition.
Together with Franz Schuster, all projection covariant binary operations on
the set of spherical convex bodies contained in a fixed open hemisphere are
characterized and it is shown, that the convex hull is essentially the only
non-trivial projection covariant binary operations between pairs of convex
bodies contained in open hemispheres.

On the other hand a spherical analogue of the Fuclidean convex floating
body is introduced and investigated. Together with Elisabeth Werner, a
new notion of spherical convex floating bodies is defined and the volume
difference of a spherical convex body and its floating body is investigated.
Remarkably, this volume difference gives rise to a new spherical area
measure, the floating area. This floating area can be seen as a spherical
analogue of the classical affine surface area from affine differential geometry.
We start an investigation of the properties of this new spherical quantity.






Kurzfassung

Diese Abeit enthélt Beitrédge zur Theorie sphérisch konvexer Korper, das
sind abgeschlossene konvexe Teilmengen der n-dimensionalen Sphére.

Einerseits werden projektionskovariante bindre Operationen auf der Menge
der spharisch konvexen Korper untersucht. In der Euklidischen Konvexitat
fiihrt die Kombination von Minkowski Addition — eine projektionskova-
riante bindre Operation — und Volumen zur Brunn—Minkowski Theorie.
Diese zentrale Theorie liefert einen vereinheitlichenden Rahmen zur Lo-
sung verschiedenster Extremal und Eindeutigkeits Probleme im R™. In der
sphérischen Konvexgeometrie ist dagegen kein natiirliches Analogon zur
Minkowski Addition bekannt. Zusammen mit Franz Schuster, werden alle
projektionskovarianten bindren Operationen auf der Menge der sphérisch
konvexen Korper die in einer fixen offenen Halbsphére liegen charakterisiert
und es wird gezeigen, dass die konvexe Hiille im Wesentlichen die einzige
nicht-triviale projektionskovariante bindre Operationen ist, auf paaren von
spharisch konvexen Korpern die in offenen Halbsphére enthalten sind.

Andererseits wird in dieser Arbeit ein sphéarisches Analogon zum konvexen
Schwimmkorper aus der Euklidischen Konvexitét eingefithrt und untersucht.
Zusammen mit Elisabeth Werner, wird der neue Begriff eines sphéarisch kon-
vexen Schwimmkorpers eingefithrt und die Volumendifferenz eines spharisch
konvexen Korpers und seines Schwimmkorpers untersucht. Bemerkenswer-
terweise fithrt diese Volumendifferenz zu einem génzlich neuen sphérischen
Oberflichenmaf}, der Schwimmoberfliche, welches als ein Analogon zur
klassischen Affinoberfliche der affinen Differentialgeometrie gesehen werden
kann. Wir beginnen eine Untersuchung der Eigenschaften dieser neuen
spharischen Grofle.
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CHAPTER 1

Introduction

In Euclidean convex geometry the main object of interest are compact
convex subsets, i.e. convex bodies, of a Euclidean vector space. Convex
bodies have been studied since antiquity, for instance the Platonic solids,
and most likely long before then. Convexity has ever since been a prosperous
branch of mathematics and is still thriving and growing. Nowadays, we
see convexity connect to many fields in mathematics producing numerous
exciting and non-trivial results.

It is well known (see e.g. [70]) that the notion of convex bodies extends
well to spaces of constant sectional curvature (space forms). This includes
of course the n-sphere and hyperbolic n-space. However, the development
of the theory of spherical or hyperbolic convex bodies has lagged behind
the theory of Euclidean convex bodies.

In recent years the research on non-Euclidean convex geometry has picked
up momentum [4,8,21,24,29,30,64,66,76,89]. In particular the integral
geometry of spherical convex bodies has witnessed tremendous progress
[1-3,9,31,41,74,83|.

In this thesis we contribute to spherical convexity in two different ways.
First, we consider binary operations between spherical convex bodies that
are projection covariant. This is motivated of course by the classical
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and important notion of Minkowski addition in Euclidean convexity. The
combination of Minkowski addition and volume gives rise to the classical
Brunn—Minkowski theory, which is a fundamental part of classical convex
geometry and convex analysis. It provides a framework that unifies various
problems on convex bodies, see e.g. [28,34,75].

Recently, a new investigation into the fundamental characteristics of known
binary operations between sets in Euclidean convexity was started by
Gardner, Hug and Weil [25]. They were able to characterize Minkowski
addition as the only projection covariant binary operation between convex
bodies that also satisfies the identity property. In fact, they achieved
even more by eventually characterizing all projection covariant operations
between origin-symmetric convex bodies and establishing a relation to Orlicz
additions. Orlicz additions are an important generalization of Minkowski
addition which give rise to the Orlicz-Brunn-Minkowski theory [26].

Motivated by these developments and the fact that there is a natural notion
of projection on the n-sphere, in a joint work with Franz E. Schuster [10],
we consider binary operations between spherical convex bodies that are
projection covariant. We prove that the convex hull is essentially the only
non-trivial projection covariant operation on pairs of convex bodies that are
contained in open hemispheres. Furthermore, if one restricts the domain
to a fixed open hemisphere, then we show a one-to-one correspondence
between binary operations that are projection covariant in the spherical and
the Euclidean setting. Thus, we find a multitude of projection covariant
operations between convex bodies contained in a fixed open hemisphere,
which also prove to be continuous.

The other topic investigated in this thesis are spherical convex floating
bodies. The notion of floating bodies goes back to paper of Dupin from 1822
[19], but the principles trace back to antiquity: Consider a solid body in a
fluid. The body will float on the surface of the fluid when the weight of the
fluid that it displaced is equal to the weight of the solid. This is generally
known as principle of flotation and was already studied by Archimedes in
his series of books “On floating bodies”. Now if the solid is light enough
and we roll it around in the fluid then there is a core part which will always
stay above surface. If we picture the solid as a convex body, then this core
part will be the intersection of all half-spaces that cut off a set of constant
volume — the convex floating body.

Although the notion of floating body is very classical it seems all the more
surprising to see it appear as seminal new and fundamental tool in affine



convex geometry. Dupin’s floating body already appeared in 1923 when
Blaschke introduced affine surface area in (equi-)affine differential geometry
[12], a now classical and important notion [5,6,39,40,84,85]. Extending
affine surface area to general convex bodies in all dimensions proved to be
much more difficult compared to other notions from differential geometry,
like surface area measures and curvature measures. However, successively
such extensions were established [43,52]. One of the first extensions to all
convex bodies in all dimensions was achieved in 1990 by Schiitt and Werner
[81] who introduced the convex floating body and used it to extend affine
surface area.

Affine surface area and its generalizations (see e.g. [37,48,54,65]) have
been characterized in the setting of valuations [35,49,50] and applications
are manifold, see e.g. the best and random approximation of convex bodies
by convex polytopes [13,14,32-34,45,71, 78,80, 82|, concentration of
measure [23, 58], and information theory [7,17,59, 60, 62,67, 87, 88].
Furthermore, the fundamental affine isoperimetric inequality [12, 68, 73]
is related to many other inequalities [51,56] and implies the Blaschke—
Santal6 inequality [28]. Tt proved to be the key ingredient in the solution
of numerous problems, see e.g. [15,27,36,48,55,77,84].

In the second part of this thesis, in a joint work with Elisabeth M. Werner
[11], we introduce a new notion which seems natural in spherical convexity,
the spherical convex floating body. We are able to relate this floating body
to a curvature integral, which again seems natural, but has not yet appeared
in the literature. We call it floating area and it bears striking similarities
with affine surface area from Euclidean convexity. For example, the floating
area not only arises from the spherical convex floating body in a similar way
that the affine surface area arises from the convex floating body, but also
the properties of both notions are similar. For instance, the floating area
vanishes on spherical polytopes, is upper semicontinuous and a valuation.

This thesis is structured as follows: In the second and third chapter we
recall basic and classical results from Euclidean and spherical convexity
respectively. In the fourth chapter we state and prove our results on
spherical binary operations that are projection covariant and in the final
chapter we introduce and investigate the spherical convex floating body
and the floating area.






CHAPTER 2

Background Material from Euclidean Convex Geometry

In this chapter we collect basic material about convex bodies in R", n > 2.
As a general reference for the facts in this chapter we recommend [75].

A converx body is a non-empty compact convex subset of R” and the set of
convex bodies in R" is denoted by IC(R"). Let K.(R") be the set of origin
symmetric convex bodies and let K,(R") denote the set of convex bodies
containing the origin (not necessarily in the interior). We denote by Ko(R")
the set of convex bodies with non-empty interior.

The scalar product in R™ is denote by - and ||.|| denotes the Euclidean norm.
A convex body K € IC(R™) is uniquely determined by its support function
defined by

hg(z) =max{z-y:y € K}, ze&R"

Support functions are 1-homogeneous, that is, hx(Az) = Ahg(z) for all
x € R" and A > 0, and are therefore often regarded as functions on S"~!.
They are also subadditive, that is, hx(z +y) < hg(z) + hi(y) for all
x,y € R". Conversely, every 1-homogeneous and subadditive function on
R™ is the support function of a convex body [75, Theorem 1.7.1]. Clearly,
K € K.(R™) if and only if hg is even.
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The Minkowski sum of subsets X and Y of R” is defined by
X+Y={r+y:zeXyeY}

If K,L € K(R"), then K + L can be equivalently defined (see [75, Theorem
1.7.5]) as the convex body such that

higyr =hg +hr.

The Hausdorff distance §(X,Y’) between compact subsets X and Y of R"
is defined by

I(X,Y)=min{A>0: X CY+AB"0,1) and Y C X + AB"(0,1)"},

where B™(x,r) denotes a closed ball of radius r and center x € R™.

If K,L € K(R"), then §(K, L) can be alternatively defined by

where || - || denotes the L., norm on S"7!, see [75, Lemma 1.8.13].

2.1. M-Addition

In this section we recall the definition of the L, Minkowski addition and,
more generally, the M-addition of convex bodies as well as the characterizing
properties established in [25].

The standard orthonormal basis for R” will be {ey, ..., e,}. Otherwise, we
usually denote the coordinates of x € R™ by x1,...,z,. We call a subset
of R™ 1-unconditional if it is symmetric with respect to each coordinate
hyperplane.

For p € [1, 00], the L, Minkowski sum of convex bodies K, L € K,(R") was
first defined by Firey [22] by

h}IO(—s—pL = h}}( + hzzn
for p < 0o, and by

hK+ooL = max{hK, hL}
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Note that K +., L is just the usual convex hull in R" of K and L.

Lutwak [53, 54] showed that the L, Minkowski addition leads to a very
powerful extension of the classical Brunn—Minkowski theory. Since the
1990’s this L, Brunn-Minkowski theory has provided new tools for unsolved
problems and established new connections between convex geometry and
other fields (see, e.g., [16,47,56,57,59,72,84,86-88] and the references
therein). An extension of the L, Minkowski addition to arbitrary sets in
R™ was given only recently in [61].

An even more general way of combining two subsets of R" is the still more
recent M -addition: If M is an arbitrary subset of R?, then the M-sum of
X, Y C R" is defined by

XouY = |J aX+bY ={ax+by:(a,b) e M,z € X,y Y} (22)
(a,b)eM

Protasov [69] first introduced M-addition for centrally symmetric convex
bodies and a 1-unconditional convex body M in R?. He also proved that
Dt Ke(R™) x I (R™) — K (R™) for such M.

Gardner, Hug and Weil [25] rediscovered M-addition in the more general
form (2.2) in their investigation of projection covariant binary operations
between convex bodies in R™. Among several results on this seminal
operation, they proved the following:

Theorem 2.1 ([25]). Let M C R?%. Then @y K(R") x K(R") — K(R")
if and only if M € K(R?) and M is contained in one of the 4 quadrants of
R2. In this case, let e; = 1, i = 1,2, denote the sign of the ith coordinate
of a point in the interior of this quadrant and let

M* ={(e1a,eb) : (a,b) € M}
be the reflection of M contained in [0,00)?. If K, L € K(R"), then
hie,o(x) = hy+(he,k (), heyr (), x € R". (2.3)
Example 2.2. For some 1 < p < oo, let
M = {(a,b) € [0,1]* : a® + " <1},

where 1/p+1/p’ = 1. Then &y = +, is L, Minkowski addition on /C,(R™).
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The following basic properties of M-addition are of particular interest for
us. They are immediate consequences of either definition (2.2) or (2.3).

Proposition 2.3. Suppose that M € K(R?) is contained in [0,00)*. Then
@ KR™) x L(R™) — K(R™) has the following properties:

e Continuity
K, - K, L; — L implies K; ®y L; — K ®y L as i — oo in the
Hausdorff metric;

e GL(n) covariance
(AK) @n (AL) = A(K @ L) for all A € GL(n);

e Projection covariance
(K|V)@®um (LIV) = (K @ L)|V for every linear subspace V- of R™.

It is easy to show that continuity and GL(n) covariance imply projection
covariance. That the converse statement is also true, follows from a deep
result of Gardner, Hug, and Weil which states the following:

Theorem 2.4 ([25]). An operation x: KC(R™) xC(R™) — K(R") is projection
covariant if and only if there exists a nonempty closed convex set M in R*

such that, for all K, L € IC(R™),
hK*L(l’) = hﬁ(h,[((ﬂj), hK(l’), h,L(iﬂ), hL<x)): r eR". (24)

Consequently, every such operation is continuous and GL(n) covariant.

Note that it is an open problem whether the binary operation on K(R™)
defined by (2.4) is M-addition for some (convex) subset M of R?. However,
Gardner, Hug, and Weil [25] proved that an operation between o-symmetric
convex bodies is projection covariant if and only if it is M-addition for some
I-unconditional convex body in R2

2.2. The Convex Floating Body and Affine Surface Area

In this section we recall well known results about the convex floating body
and its connection to affine surface area.
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Definition (Convex Floating Body [81]). Let K € Ko(R™). For 6 > 0 the
convez floating body K5 is defined as the intersection of all closed halfspaces
H~ such that the hyperplanes cut off a set of volume less or equal ¢, that is,

Ky = ({H™ : vol,(K N HY) < 5}

Basic properties of the convex floating body are collected in the following

Proposition 2.5 ([81]). Let K € Ko(R"™) and 6 > 0 such that K exists.

(i) Through every x € bd Kis) there exists at least one hyperplane H that
cuts off of K a set of volume 6.

(7i) A hyperplane H that cuts off of K a set of volume § touches K in
exactly one point, the barycenter of K N H.

(it) K is strictly convew.

iv) Let 09 = max{d : vol,(K5) > 0}. Then K, is only one point and
[0] [60]
for all 0 < 0 < by, K5 exists and has non-empty interior.

(v) For a linear transformation A € GL(R™) and a vector y € R™ we have
(AK +y)is) = AK|jdet aj9) + Y-

We can parametrize the halfspaces in the definition of the convex floating
body over S*7! in the following way:

Corollary 2.6. If K € Ko(R™), then for any veS"! there exists s(v,d) ER
such that

0= VOln(K NH" (v,ri))’

v,

where HF ws) =12 ER" 1z v > s(v,0)}. Moreover, we have

v,8

K[(;] = ﬂ H;s(v,é)' (25)
vesn—1
Proof. This follows from Proposition 2.5 (i). [

The generalized Gauss—Kronecker curvature of a convex body K € IC(R")
at a boundary point z is denoted by HX", (K, x) and exists for H"*-almost
all boundary points, see e.g. [37, Lemma 2.3].
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Definition (Affine Surface Area). Let K € ICo(R™). Then the affine surface
area as(K) of K is defined by

as(K) = / HY (K, )7 da. (2.6)
bd K

Affine surface area as(K) is finite for all convex bodies K. This can be seen
in the following way: For a convex body K € ICo(R™) and a boundary point
x € bd K we denote by rg(z) the maximal radius of a Euclidean ball that
is contained in K and touches the boundary of K in x, in other words,

ri(z) = sup{r > 0: Jy€ K such that B"(y,r) C K and = € bd B"(y,r)},

where B™(y,r) denotes the closed Euclidean ball of radius r and center y.

By Blaschke’s Rolling Theorem (see e.g. [75, Corollary 3.2.13]) we know
that rg > 0 for H" !-almost all boundary points. In fact Schiitt and
Werner proved in [81] the following:

Theorem 2.7 ([81]). Let K € KCo(R™). Then for all o € [0,1)

/ rr(x)”dr < oo. (2.7)

Since the Gauss—Kronecker curvature at a boundary point x of K is less or
equal to the curvature of any ball contained in K that touches the boundary
in x we have HX" (K, ) < rg(2)~"Y for H" '-almost all z € bd K. We
conclude

as(K) < / 'r’K(x)_Z%i dr < 0.
bd K

The limit of the volume difference of a convex body and its floating body
converges to the affine surface area of the body in the following way:

Theorem 2.8 ([81]). Let K € Ko(R™). Then

L(K) — vol, (K
as(K) = ~ Tim om0 = vol(Ky) (2.8)

where ¢, = %(—
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By (2.8) and the covariance of the floating body under affine transformations
that preserve volume we conclude that for all A € SL(R") and y € R",

as(AK +y) = as(K).
We see that, as the name suggests, affine surface area is invariant under
volume preserving affine transformations.

The proof of Theorem 2.8 is built on the following results. We choose to
include them here since we will need them to prove Theorem 5.1. Note that
the convex hull of two points x,y € R™ is denoted by conv(z,y).

Theorem 2.9 ([81]). Let K € ICy(R") and 0 € int K. For z € bd K and
6 >0, let {xs} = bd K5y N conv(0,z). Then there exists C >0 and 0y > 0
such that for all 6 < &y we have

for H" t-almost all z € bd K.

Theorem 2.10 ([81]). Let K € KCo(R™) with 0 € int K. For § > 0 small
enough, we have for H" *-almost all x € bd K,

1 * NK " n
lim — 2= <1 - <Hx5”> ) = e, H¥" (K, )™, (2.9)

]

where {x5} = bd Kj5 Nconv(0,z) and NX denotes the outer unit normal
vector at x € bd K.

Note that for the left hand side in (2.9) we have

1x-NE " —
i 22N (sl () =l g
6=0F M it [z 60+ \ ||| it







CHAPTER 3

Basic Facts from Spherical Convex Geometry

We denote the n-dimensional Fuclidean unit sphere by S*, n > 2. The
natural spherical distance between points u and v von S™ is given by
d(u,v) = arccos(u - v), where - denotes the Euclidean scalar product.

The Hausdorff distance between closed sets A, B C S™ is given by
ds(A,B) =min{0 < A<7:AC Byand B C A,},

where A, denotes the set of all points with distance at most A from A. A
closed spherical cap is denoted by C,(\) = {u}, for u € S™.

The interior of A C S™ is denoted by int A, the closure is cls A and the
boundary is bd A. The radial extension rad A is given by

rad A= {\z:\>0,r € A} CR"™.

A set A C S™ is called (spherical) conver if rad A is convex. We say K C S™
is a convex body if K is closed and convex and non-empty. Let K(S™) denote
the space of convex bodies in S™ with the Hausdorff distance. If a convex
body does not contain a pair of antipodal points, we call it proper. The
subspace of proper convex bodies is denoted by KP(S™). Furthermore, the

13
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subset of bodies with non-empty interior is denoted by Ko(S™) (resp. for
proper convex bodies by Kf(S™)).

A k-sphere S, 0 < k < n, is the intersection of a (k 4+ 1)-dimensional linear
subspace L of R*""! with S*. For u € S™ we denote by S, the hypersphere
that is given by S, = {v € S™ : w-v = 0}. The open hemisphere with center
in u is denoted by ST. We set S, = ST,. The closure of S} is a closed
hemisphere denoted by g;r. Obviously k-spheres and closed hemispheres
are examples for non-proper convex bodies.

For the following alternative definitions of proper convex bodies in S", we
refer to [18].

Proposition 3.1. The following statements about a closed set K C S™ are
equivalent:

(a) The set K is a proper convex body.
(b) The set K is an intersection of open hemispheres.
(c) There are no antipodal points in K and for every two points u,v € K,
the minimal geodesic connecting v and v is contained in K.
We remark, that a set K C S" is a convex body if and only if K is the
intersection of closed hemispheres.

The conver hull conv A of A C S"™ is the intersection of all convex sets
in S” that contain A. The convex hull of two sets A, B is denoted by
conv(A, B) = conv(A U B). Also the convex hull of two points u,v € S™ is
denoted by conv(u,v) = conv({u,v}).

Example 3.2. Let u € S* and consider a spherical cap K = C,(
v €S, weset 2= "2 €bdK and put L = {—z}. Then

). For

us
4

conv(K,L) =S} U {%z}.

Thus, the convex hull of two convex bodies is in general not closed and
therefore no convex body. However, if K and L are convex bodies such
that there is an open hemisphere S; O K U L, then conv(K, L) € K(S™).

For fixed u € S" we denote by KP(S™) the subspace of (proper) convex
bodies that are contained in the open hemisphere centered at u. Then

ke = U Kis).

u€esS”
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Note again that, for K, L € K2(S™), we have conv(K, L) € KP(S™).

The k-dimensional Hausdorff measure is denoted by H* and vol,, denotes
the usual volume measure on S”. Of course, the n-dimensional Hausdorff
measure restricted to S™ coincides with vol,,. The volume of the unit
ball B"(0,1) is denoted by k, = vol,(B™(0,1)) and the perimeter of
bd B"(0,1) = S"~! is given by w,,_; = H"1(S") = nk,.

The polar body K° of a convex body K € IC(S™) is defined by
Ke={veS":v-w<0forallwe K}

and is again a convex body. The following lemma collects well-known facts
about the polar body:

Lemma 3.3. Let K € K(S™). Then
(i) (K°)" = K.
(i1) We have
K°= ) S;:{veS":KQS;}.
weK

In particular,

ntK°= (1S, ={ves": KCS;}=8"\Kj,

weK
where Kz is the set of all points of distance at most § to K.
(iii) K € KB(S™) if and only if K° € KCh(S™).
(iv) (K NL)°=clsconv(K°, L°).
(v) If K € K§(S"), then int K Nint (—K°) # (0. In particular, for
K € K§(S™) there exists u € int K such that K C S .

Let S be a k-sphere for some k € {0,...,n} and let K € K(S™). Then the
spherical projection K|S is defined by

K|S = conv(K,S°)N S = (rad(K)|V) N S",

where S = VNS" and S° is the (n — k — 1)-sphere orthogonal to S, that is,
S° = VNS, In general the spherical projection of a convex body may not
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be closed (see Example 3.2). However, if K € K2(S™), then K|S € KE(S™)
for any k-sphere S such that u € S.

The spherical projection of a point w to a hypersphere S,, for some v # +w,
is given by

w — cos(d(v,w))v

sin(d(v,w))
We have w = cos(d(v,w))v + sin(d(v, w))(w|S,).

w|S, = (3.1)

Example 3.4 (k-Lunes). There are essentially three different types of
convex bodies: proper convex bodies, k-spheres and k-lunes. A k-lune is
the convex hull of a k-sphere S and proper convex body K C S°. A closed
hemisphere g;r is an (n — 1)-lune since g;r = conv(S,, {u}).

The space (K(S™),ds) is compact (see e.g. [31]) and the closure of P(S")
with respect to d5 is given by KP(S™) and all k-lunes.

3.1. Spherical Support Functions and the Gnomonic Projection

We introduce spherical support functions of proper convex sets contained in
a fixed hemisphere (cf. [44] for a related construction). For non-antipodal
u,v € S", we write Si’v for the unique great circle containing v and v.

Definition (Spherical Support Function). For u € S™ and a proper convex
body K € K2(S™), the spherical support function h,(K,-): S, — (—%, g)
of K is defined by

ha(K,v) = max{sgn(v - w) d(u,w|S, ,) : w € K}.

Recall that the (Euclidean) support function of a convex body L in R"
encodes the signed distances of the supporting planes to L from the origin.
In other words, we have for every v € S" 1,

Lispan{v} = {tv : t € [~hk(—v), hx(v)]}.

The intuitive meaning of the spherical support function of a proper convex
body K € KE(S™) is similar. It yields the oriented angle between u and the
supporting hyperspheres to K. More precisely, we have for every v € S,

K|S, = {cos(a@)u + sin(a)v : o € [—hy (K, —v), hy(K,v)]}.
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In particular, for K, L € K?(S"), K C L if and only if h, (K, ) < hy(L, ).

Let w € S*. Forv € S, and § € (—%, g), we set z = cos(d)v — sin(d)u and

Ss Sl ={weS":v-w>tan(é)(u- w)}. (3.2)

u,0,0

Let K € K(S™) such that K C S;. For v € S,, the supporting hyperspheres
of K are parametrized by S, pn, (k). In particular, we have that

2 = cos(hy (K, v))v — sin(h,(K,v))u € bd K°

and thus z is an outer unit normal vector for any point w € bd KNSy, 4, (K ,v)-
We note that v = z|S, and

—u -z = sin(hy, (K, 2|S,)). (3.3)

We conclude that K = Nyes, Sy no(rcw) = Neeva e S, -

In the following we denote by R? (instead of u*) the hyperplane in R"*!
orthogonal to u € S™.

Definition (Gnomonic Projection). For u € S™, the gnomonic projection
gu: S} — R is defined by

gu(v) = P U.

In the literature, the gnomonic projection is often considered as a map to
the tangent plane at u. However, for our purposes it is more convenient if
the range of g, contains the origin.

In the following lemma we collect a number of well-known properties of the
gnomonic projection which are immediate consequences of its definition.

Lemma 3.5. For u € S", the following statements hold:
(a) The gnomonic projection g,: S} — R is a bijection with inverse
T+ u

—1 n
g, () = —ri) r e R
|z + ull

b) If S C S"™ is a k-sphere, 0 < k < n—1, such that SNS; is non-empty,
( " Y

then g,(SNSY) is a k-dimensional affine subspace of R?. Conversely,

g, maps k-dimensional affine subspaces of R to k-spheres in S;}.

(¢c) The gnomonic projection maps KE(S™) bijectively to K(R).
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If K € KE(S™), then, by Lemma 3.5 (c), the set ¢, (K) is a convex body in
IC(R?). The next lemma relates the (Euclidean) support function of g, (K)
with the spherical support function of K.

Lemma 3.6. For u € S and every K € K2(S™), we have
hgu(K) = tan hu(K, ) (3.4)

In particular, K is uniquely determined by h,(K,-).

Proof. For v € S, and w € S}, an elementary calculation shows that

v-w

= tan(sgn(v -w) d(u, w|S}M)) .

u-w

Therefore, the definition of g, and the monotonicity of the tangent yield

v-w
h. () (V) = mggﬁ%{v -r} = rglg%{u : w} = tan h, (K, v).

]
By Lemma 3.6, a function h: S, — (—g, 5
of a convex body K € K2(S") if and only if the 1-homogeneous extension
of tan h to R? is the support function of a convex body in R.

) is the spherical support function

For K € K§(S") and u € S™ such that u € int K, the radial function
pu(K,-): S, — [0, 7] is defined by

pu(K,v) = max{«a € [0, 7] : cos(a)u + sin(a)v € K}. (3.5)
If K CS;, then the Euclidean radial function pg, (xy: R =R is given by
tan(p(K.v)) = py(v), v €S,

The Euclidean polar body g,(K)* ={y € Rl :z-y <1 for all z € ¢,(K)}
is related to K° by ¢,(K)* = g_,(K°). Moreover,

tan(u(K,0) = o o(e) = s = cotlp-u(K7,v),

or, equivalently,

ho(K,v) + p_o(K°,v) = g, v ES,. (3.6)
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Using spherical support functions, we define a metric 7, on KE(S") by

oK, L) = mas |y (K, 0) — b (L)
Since for K € K2(S"™) and € > 0, the set K. of all points with distance at
most € from K is not necessarily convex, it is not difficult to see that the
restriction of 5 to KP(S™) does not coincide with ~, (in contrast to the
Euclidean setting). However, our next result shows that v, and d, induce
the same topology on KP(S™). Since we could not find a reference for this
basic result, we include a proof for the readers convenience.

Proposition 3.7. For u € S", the metrics v, and 0, induce the same

topology on KP(S™).

Proof. Let K € KP(S"™) and ¢ > 0 sufficiently small. We denote by B, (K ¢)
the metric ball with respect to 7, of radius € and center K and Bs, (K ¢)
is defined similarly. We first show that there exists (K, e) > 0 such that

Bs.(K,r(K,e)) C B, (K, ). (3.7)

To this end, let w € S7. Since C,,(¢) is a spherical cap of radius ¢, it is not
difficult to show that

max(hy(Cy(e), v) — ho({w}, v)) = arCSin(Sina)’

VES, u-w

where this maximum is attained for v € S, N'S,,. Therefore, if we define
c(w,e) = arcsin(u - w sine),
then
hu(Cuw(c(w, €)),v) < hu({w},v) + ¢ (3.8)
for all v € S,. We now define

r(K,e) = glé% c(w,e/2).

Note that, by the compactness of K, we have (K, e) > 0. Since (3.8) holds
for all w € S}, we obtain

max hy(Cw(r(K,e)),v) < max hy(Cy(c(w, g/2)),v)

g £
< c_ €
< max h,({w}h,v) + 5 = h(K,v) + 3
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for all v € S,. Using
max ho(Cuw(r(K,€)),v) = hy(conv(K, (k) v), vES,,
we conclude that
ha(conv(Kyx.0)), v) < ha(K,v) + g (3.9)
for all v € S,. Moreover,

r({w}r(fute), 26) = min{c(w’,e) : w' € Cy(c(w,e/2))} > c(w,e/2).
(3.10)

This follows from an elementary calculation and the fact, that c(w’,¢)
attains its minimum in Cy(c(w,e/2)) when d(w', u) = d(w,u) + c(w,e/2).

Now, let L € K2(S™) such that 65(K, L) < r(K,e). Then, from
L g Kr(K,s) g COHV(KMK’E)) (3.11)

and (3.9), we obtain on the one hand
ha(L,v) < hy(conv(Kx.0), v) < ha(K,v) + g < ha(K,0) + ¢

for all v € S,. On the other hand, from (3.11) and (3.10) we deduce that
r(L,2e) > we%lfg(,s) c(w,e) > glelg r(Cy(r({w}, e)), 2¢e)
> wmelﬁ c(w,e/2) =r(K,e)
and, thus, K C Ly(x.c) C Lyr2:) € conv(Ly(p20)). Consequently, by (3.9),
ho (K, v) < hy(conv(Lyr20)),v) < hy(L,v) +¢
for all v € S,, which concludes the proof of (3.7).
It remains to show that there also exists 7(K, ) > 0 such that
B, ,(K,7(K,e)) C Bs,(K,¢). (3.12)

To this end, let again w € S}. By our definition of spherical support
functions, we have for sufficiently small A > 0,

min(h (Cu(N), ) — hu({w}, v)) = A,

’UESu
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where this minimum is attained for v € S, NS}, . Consequently, we obtain
ha({w}, v) + A < hy(Cu(N), v)
for all v € S,. Since this holds for all w € S;, we conclude that
hy(K,v)+\ = max ho({w},v)+A < max hu(Cy(N),v) = hy(conv(K)),v)
for all v € S,. Therefore, if L € KP(S™) such that ~,(K, L) < A, then
L C conv(K)) and K C conv(Ly). (3.13)
We want to choose A = 7(K,¢) in such a way that
conv(Krke)) C K- and conv(Lyk ) C Le. (3.14)

In order to compute 7(K, ¢) let v,w € S} and denote by J¥ € KP(S™) the
spherical segment connecting v and w. An elementary calculation shows
that

conv(J)etag ) € (). (3.15)

d
¢(Jy, €) = arcsin <sin € oS ( (U2,w) ) ) :

where

We define

7(K,e) = min ¢(JY,e/2).

v,weK

Then, by (3.15),

conv(Krk o) = |J conv((J)rke) € |J conv((J)am,e2)  (3.16)

vweK v,weK
v,weK

This proves the first inclusion of (3.14). To see the second inclusion, note
that

7((Jy)ej2,26) =  min ¢ ;’f/,s) >c(Jy,e/2).

v w (Y )e 2
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which follows from an elementary calculation and the fact, that (J%', ¢)
attains its minimum in (J).2 when d(v',w’) = d(v,w) 4+ €. Thus, for
L € KP(S™) such that 7, (K, L) < 7(K,¢), it follows from (3.13), (3.16),
(3.17) that L C conv(KFk,)) € K./2 and we conclude

_ > . —/ TW — PR— w
T(L,2¢) > U’J)Ié%lg/g c(J),e) vnlgle% T((Jy)e/2, 2¢)

> min ¢(J,},e/2) =T(K,¢).

v,weK
Hence, using again (3.16) and (3.17), where K is replaced by L,
conv(Lz(k e)) € conv(Lzr2:)) C Le.
This proves the second inclusion of (3.14) and, thus, (3.12). O

Note that if K, L € KE(S"), then, by (2.1) and Lemma 3.6,
3(gu(K), gu(L)) = max | tan h, (K, v) — tan h, (L, v)].

Thus, from Proposition 3.7 and the continuity of the tangent we obtain the
following.

Corollary 3.8. The gnomonic projection is a homeomorphism between
(KRL(S"), 05) and (K(R7),d).

3.2. Boundary Structure of Spherical Convex Bodies

In this section we develop the technical framework to transform integrals on
S™ and the boundary of spherical convex bodies via the gnomonic projection
or the Gauss map. We will consider subsets of the sphere as subsets in R"*!
and use the area formula on rectifiable sets, where we explicitly calculate
the (approximate) tangential Jacobian. For a reference on the area formula
and tangential Jacobian we refer to F. Maggi [63] or S. G. Krantz and H.
R. Parks [42], which will provide sufficient background for the tools we use
(for a more extensive exposition see, e.g., H. Federer [20]).

We begin with an outline of what follows: Using the area formula (see
Theorem 11.6 in [63]) we show for the diffeomorphism g,: S} — R?, that
for measurable w C S7 and measurable f: R? — R we have

/ fogudHet = / I (gu) dzs .

gu(w)
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Here J5u (g.) denotes the tangential Jacobian of g, on S} which is defined by

= \/det(d(g.):d(9.)0),

where d(g,), denotes the tangential derivative (differential) in v and d(g,):
denotes the adjoint. In the following proposition we will explicitly calculate
this expression.

Proposition 3.9. Let u € S*. Then g, is a diffeomorphism between S} and
R2. Forv € S} we identify the tangent space T,S} with R} and Ty, R}

with RY. Then the differential d(g,),: T,S;, — Ty, Ry is given by
1 u- X
d(g)o(Xy) = — X, — ———, 1
(00u(X0) = K= 0 (3.15)
for all X, € R?. The tangential Jacobian of g, is given by
S+ i 1
and the tangential Jacobian of the inverse g;' in v € R” is
1 1
TE (g, ) () = (3.20)

T (g (g (@) (1 + =)

Proof. An elementary calculation leads to formula (3.18). Also the inverse
can be explicitly calculated. Thus g, is a diffeomorphism. In order to prove
(3.19), we first note that d(g,), can be expressed as a matrix on R"*! of
rank n by

1

1
0 = o (e = v )

where v ® u denotes the matrix determined by (v ® u)X, = (u- X,)v. Thus,

(u-
_ (u-lv)2 <1dR3+u—lE?f2-)v) u( : v)v )

Using the well known formula det(Id + 2z ® 2z) = 1 + ||2]|?, we conclude

JHHu—(u-v)vHQ_ !

(d(gu)v) d(gu)o

st v) = .
S (gu) (V) (u-v)? (u-v)n+!

(u-v)
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The analytic properties of the boundary of a spherical convex body K are
similar to the properties of the boundary of a Euclidean convex body. This
is obvious when considering the gnomonic projection around a boundary
point w € bd K, that is, for an arbitrary but fixed ¢ € (0, 5) we consider
L = g,(KNCy(€)). Then L is a Euclidean convex body with g, (w) = 0
and bd L = bd ¢,,(K N Cy(g)). Since g, is a diffeomorphism on Cy,(g) we
conclude that all regularity results of bd L in 0 from Euclidean convex
geometry hold for w € bd K.

Proposition 3.10. Let K € K(S").
(i) The boundary of K is an H" -rectifiable set.

(i7) If K has non-empty interior, then for H" '-almost all boundary points
w there exists a unique outer unit normal NX € S,,, where we identify
the tangent space T,,S™ with R}.

Note that the gnomonic projection is not conformal and thus d(g, ). (NX)
is in general not the outer normal vector /N j:((f)) of bd g,(K). The relation

between the outer normal vector of bd K and bd g, (K) is given by

No:l8) = NEIS... (3.21)

Now let u € S" and K € K{(S") such that K C S}. Then there is
B € (0,%) such that K C int Cy(3). Since g, is differentiable and therefore
Lipschitz on C,(3) and because bd K is H"!-rectifiable, we conclude that
the approximate tangential derivative d”d%g, exists H"~“almost everywhere.
Furthermore, since g, maps tangential hypersphere to w to the affine
hyperplane tangent to g,(w), we have d(gy)w(Twbd K) = Ty, (w)bd g, (K)
and conclude

dbdK(QU)U)(Xw) = d(gu)w(Xw)a
for all X,, € T,bd K. We can write d*4¥(g,),, as a matrix on R"*! of rank

n — 1 in the form

1 1
P (g) = —— (Idn+1 - ® u) — d(gu)w(NE) @ NE.

u-w

Thus,
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u—(u-w)w—(u- NE)NE

where Z = — . Hence, the tangential Jacobian
TP () (w) = /et (@K (g,),) "™ (g,)o)
is given by
1= (u- Ng)? h (K, NEIS
deK(gu>(w) — ( ) . COS( u( ) w| U)) (322)

(u - w)" — cos(d(u,w))r

for H" '-almost all w € bd K, where the last equation used (3.3) for
z = NEK|S,. For the inverse g, we obtain

w(K))?
bd gu(K) (1) (1) — 1 _ \/1 + (w + Nz )
T = R @) T (e ePE

for H" -almost all z € bd g, (K).

(3.23)

The radial map Ry : bd K — S, is defined by Rg(w) = w|S,. Since the
Euclidean radial map Ry : bd L — S"! is defined by Rp(z) = II%H The
Ny hp(Ny)

el l=l™

tangential Jacobian of Ry, is given by J**(Rp)(z) = for

H™ 1-almost all z € bd L.

The radial maps Rx and Ry, (k) are related by Ry, (k)(gu(w)) = Rg(w).
We conclude for the approximate tangential Jacobian of Ry,

TP (R ) (w) = TP Ry, 1)) (gu (w)) T (gu) (w)

sin(h(KNEIS)) _ —u NE
~ sin(d(u,w))r  sin(d(u, w))"’ (3:24)

where we used the fact that hg, () (Ng:((f))) = tan(h, (K, NX|S,)) (see (3.4),
(3.3) and (3.21)).

A boundary point w € bd K is called regular if it has a unique outer unit
normal NX. The set of regular boundary points of K is denoted by reg K.
As in the Euclidean setting, the Gauss map N : reg K — S" is in general
not Lipschitz, see e.g. [37]. However, as was pointed out in [37], if, for
a > 0, one restricts N¥ to (bd K),, defined by

(bd K)o, = {w € bd K : v € S" such that w € C,(«a) C K},

then NK|(bd K)o is Lipschitz.
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Furthermore, for

(bd K), = | J (bd K)

neN

)

3=

we have H" 1 (bd K\(bd K)) = 0, see [37, Lemma 2.2]. It follows that for
H" l-almost all boundary points the approximate Jacobian of N¥ exists
and is therefore given by JP4X(NX)(w) = HS" (K, w), where HS" | (K, w)
denotes the Gauss—Kronecker curvature. Again this can be seen easily when
considering the gnomonic projection around a boundary point w € bd K,
since

deK(NK)(w) — degw(Kma(s))(Ngw(Kma(s)))(O)deK<gw>(w)
= H," (9u(K N Cy(€)),0)
and the fact that Hqﬂfz’l(gw(K N Cy(€)),0) = HS" (K,w). The latter is
obvious since d(gy)w = Idgn.

In particular, for a proper convex body with non-empty interior there exists

u € int K such that K C S} (see Lemma 3.3(v)) and we may express
n R™

HS—I(K7 ) by Hnﬁl(QU(K% )

Lemma 3.11. Let K € K§(S") and u € S™ such that K CS}. Then

cos(hy (K, NX[S,)\"
cos(d(u, w)) ) (3:25)

ﬁmﬁmzm%@mmmm(
for H*" t-almost all w € bd K.

Proof. Since g, is a geodesic diffeomorphism we have HS" | (K, w) = 0 if and
only if Hy (g (K), go(w)) = 0. Thus, in this case, (3.25) holds. So assume

HS" (K, w) > 0. By (3.21), we have NX|S, = N*(") which implies that

Ry o N = N5 0 g, (w),

where N9:(5): bd g,(K) — S, is the Euclidean Gauss map of g,(K). For
the outer unit normal N9:5) of a Euclidean convex body L and a regular
boundary point z of L, we have JP4L(NE)(z) = Ha* (L, x) (see [37, Lemma
2.3]). Thus, we conclude

T (Rico) (N JHy -y (K w) = JP4a B (N9 (g, (w)) S (g,) (w),
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and, by (3.24) and (3.22),

sin(h_u(Ko,Nf\g%lSu)) sn w) = & w COS(hU(K>N5|SU))
sin(d(—u, Nyt = S ) 0y

Since H" (K, w) > 0, we have that NX is the unique outer unit normal to
w and this also implies that w is the unique outer unit normal to NX € K°,
thus, (NX° o N¥)(w) = w. By the duality formula (3.6), we obtain (3.25).
We note that p_,(K°, NX|S,) = d(—u, NX). O

Remark 3.12. This theorem relates to [38, Theorem 2.2] in the following
way: If w € bd K such that HS" (K, w) > 0, then

L= H," (K,w)H,", (K°,N;)

:< (i AT )Hﬁ‘f"mgu(fo,gu(w))H531<9—u<K°>79—u<N5>>

tan(h, (K, NKIS,))

thus,

B tan(d(w,u)) nH 1
Hn—l(gu(K)agU(w)> - (tan(hu(K, Nf]&ﬂ)) Hn71<gu(K>*7g*u(N5))

- (nﬁ TR )MID"*%(K)" (n%;n)

where for the second equality we used [37, Lemma 2.5].

The following lemma can be considered as a spherical version of the splitting
of Lebesgue integrals by orthogonal subspaces.

Lemma 3.13 ([76]). Let S be a k-sphere, 0 < k <n—1, and let f: S* - R
be a non-negative measurable function. Then

/f dw—/ / sin(d(S°,u))* f(u) du dv.

S conv(S°,v

For a hypersphere S,, we derive

/f ) dw = //sm )" f(cos(t)u + sin(t)v) dt dv.

Sn
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Furthermore, for K € K2(S") and v € S, we have

ho (K,)

vol,(K) = / /

—hu(K,—U) KNSu,v,t

cos(d(u,w)) .
st

This follows by (3.19), (3.20) and (3.22), from

volo(K) = [ 7% (g7 ) ) d
gu(K)
tan(hu (K,v)) S
=(s)
e AT
— tan(hu (K,—v)) KNS, () 5 (gu) (w)
ho (K
_ (/K ) / cos(d(w, u))" " cos(t)
a cos(t)? cos(d(w, u))"

dw dt,
—hu(K,—v) K NSuus

where we put z(s) = cos(arctan(s))v — sin(arctan(s))u.

For a Euclidean convex body L € Ky(R") with 0 € int L we can express

the volume of L by integrating the cone volume measure over the boundary
of L, i.e.,

vol, (L) =

S|
8
h
8
S
Il
8
o
=
3
L
Q
3
Q
8

bd L bd L

The following proposition is a spherical version of this for K € K}(S™),
where we fix a reference point u € int K.

Proposition 3.14. Let K € K§(S™) and u € int K such that K C S}.

Then
d(u,w)
—u- NE
(K :/—w / in(t)" dt duw.
voln(K) sn(d(aw) | SR v
bd K 0

In particular, for K, L € K{(S™) such that u € int L and L C K C S},

d(u,w)

—u- NJ){ : n—1
VOln(K) — VOln(L) = / W Sln(t) dt dw,
bd K ’

d(u,wr,)

where we set {wr} = bd L N conv(u,w) for w € bd K.
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Proof. Using Lemma 3.13 and the fact that for the hypersphere S, we have
S? = {—wu,u}, we obtain

vol, (K) = | / sin(d(z,S)" iclz) dH! () A (w). (3)

Su conv(SS,,v

Now for any z € conv(S?,v) we can write z = cos(t)u + sin(t)v where t is
determined by t = d(S}, z) = d(u, z). From definition (3.5) of p,(K,v), we
conclude
pu(K,v) pu(K, Rk (w))
(%) = / / sin(t)"L dt dv = / TP (R (w) / sin(t)""L dt dw,
S. 0 bd K 0

where we used the area formula for the spherical radial map Rg: bd K — S,
defined by Rk (w) = w|S,. By (3.24) and since, for any w € bd K, we have
pu(K, R (w)) = d(u, w), we are done.

The second statement of the proposition follows easily. [






CHAPTER 4

Binary Operations in Spherical Convexity

Abstract. Characterizations of binary operations between convex bodies
on the Euclidean unit sphere are established. The main result shows
that the convex hull is essentially the only non-trivial projection covariant
operation between pairs of convex bodies contained in open hemispheres.
Moreover, it is proved that any continuous and projection covariant binary
operation between all proper spherical convex bodies must be trivial. The
results in this chapter are published in a joint work with Franz E. Schuster
in [10].

For fixed u € S™ we call a binary operation x: KP(S") x KP(S") — KP(S™)
u-projection covariant if for all k-spheres S, 0 < k < n —1, with v € S and
for all K, L € KP(S™), we have

(K|S) * (L|S) = (K * L)|S.
We call x projection covariant if * is u-projection covariant for all u € S™.

The main objective of this chapter is to characterize projection covariant
operations between spherical convex bodies. Our first result shows that
such operations between all proper convex bodies in S™ are of a very simple
form.

31
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Theorem 4.1. An operation x: KP(S™) x KP(S"™) — KP(S™) between proper
convex bodies is projection covariant and continuous with respect to the
Hausdorff metric if and only if either K x L = K, or K x L = —K, or
K«L=1L,or K«L=—L forall K,L € KP(S").

We call the binary operations from Theorem 4.1 trivial. The following
example shows, that the continuity assumption in Theorem 4.1 cannot be
omitted.

Example 4.2. Consider the set C C KP(S") x KP(S") of all pairs (K, L)
such that both K and L are contained in some open hemisphere, that is,

¢ = U (KL(S") x Ki(S™)).

u€eS™

Define an operation *: KP(S™) x KP(S™) — KP(S"™) by

W JK (KL eC
L if (K,L)¢C.

Clearly, * is not continuous but by our definition it is projection covariant.

The proof of Theorem 4.1 relies on ideas of Gardner, Hug, and Weil [25].
The critical tool to transfer their techniques to the sphere is the gnomonic
projection (see Section 3.1) which establishes the following correspondence
between projection covariant operations on K(R"), the space of compact,
convex sets in R™, and u-projection covariant operations on K2(S"):

Theorem 4.3. For every fized u € S™, there is a one-to-one correspondence
between u-projection covariant operations x: KP(S™) x KE(S") — K2(S™)
and projection covariant operations ¥: KK(R™) x IC(R™) — IC(R™). Moreover,
every such u-projection covariant operation * is continuous in the Hausdorff
metric.

Note that by Theorem 4.3 every projection covariant operation * on C is
also automatically continuous.

Finally, as our main result, we prove that the only non-trivial projection
covariant operation on the set C is essentially the spherical convex hull.

Theorem 4.4. An operation *: C — KP(S™) is non-trivial and projection
covariant if and only if either K+ L = conv(KUL) or KxL = —conv(KUL)
for all (K,L) €C.
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We prove Theorem 4.3 in the next section. Sections 4.2 and 4.3 contain the
proofs of Theorems 4.1 and 4.4. Motivated by investigations of Gardner,
Hug, and Weil [25] in R™, we discuss section covariant operations between
spherical star sets in the concluding section of this chapter.

4.1. Proof of Theorem 4.3

Using Proposition 3.8 and other basic properties of the gnomonic projection,
we can prove the following refinement of Theorem 4.3.

Theorem 4.5. For every fivxed uw € S™, the gnomonic projection g, induces a
one-to-one correspondence between operations x: KP(S™) x KP(S™) — KP(S")
which are u-projection covariant and operations *: IC(RY) x IC(R?) — IC(RY)
which are projection covariant. Moreover, every such u-projection covariant
operation x 1S continuous.

Proof. First assume that * is u-projection covariant and define an operation
*: K(R?) x L(R") — K(R”) by

K*L = g,(g9, (K) % g, ' (L))

for K, L € K(R}). Since for every k-sphere S containing u, there exists a
linear subspace V' in R7 such that

9. (KIV) = g, (K)IS
for all K € IC(R}), we obtain
(K[V)#(LIV) = gulgy (K|V) g, (LIV)) = gu((ga (K)]S) (g, (L)]S))

= gu((g;, ' (K) % g, (1))|S) = gu(g, ' (K) x g, (L) [V
=(K*L)|V.

for all K, L € KC(R?). Thus, ¥ is projection covariant.

Now, let *: IC(R?) x K(R?) — K(R?) be projection covariant and define
% KCP(S™) x KCP(S™) — KP(S™) by

KL =g, (gu(K)*%gu(L))

for K, L € KP(S™). Using a similar argument as before, it is easy to show
that * is u-projection covariant.
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The continuity of an operation *: K2(S™) x KE(S") — KP(S™) which is
u-projection covariant is now a direct consequence of Theorem 2.4 and
Proposition 3.8. 0

Recall that the set C C KP(S™) x P(S") is defined by
¢ = {J (KL(S") x KL(S™)).

ueS™

By Theorem 4.5, the restriction of an operation *: C — K?(S™) which is
projection covariant to convex bodies contained in a fixed open hemisphere
is continuous. Therefore, we obtain:

Corollary 4.6. Every projection covariant operation x: C — KP(S") is
continuous.

4.2. Auxiliary results

We continue in this section with our preparations for the proofs of Theorems
4.1 and 4.4. We prove three auxiliary results which will be used at different
stages in Section 4.3. We begin by establishing first constraints on projection
covariant operations * on C.

Lemma 4.7. If x: C — KP(S™) is projection covariant, then either
KL Cconv(KUL) (4.1)
for all (K,L) €C or
KL C —conv(K UL) (4.2)

for all (K,L) €C.

Proof. For v € S", the O-sphere S is just {—u,u}. By the projection
covariance of *, we have

({u} = {u})IS; = ({u}[Sy) * ({u}[Sy) = {u} * {u}.

Thus, {u} * {u} C {—u,u}. However, since {u} * {u} € KP(S™), we must
have either {u} * {u} = {u} or {u} * {u} = {—u}. Let

P={ueS": {u}+{u} ={u}} and N ={uweS":{u}*x{u}={-u}}.
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Clearly, PN N =( and PUN = S".

Since, by Corollary 4.6, * is continuous, we obtain for every sequence u; € P
with limit v € S™,

{u} * {u} = {limu;} * {limwu;} = lim({w;} * {w;}) = im{w;} = {u}.

Thus, v € P which shows that P is closed. In the same way, we see that N
is closed. Consequently, we have either P = S™ or N = S".

First assume that P = S™ and let (K, L) € C. Then there exists u € S”
such that K, L C S} or, equivalently, conv(K UL) C S;. By the projection
covariance of *, we have

(K x L)[S, = (K[S;) * (LIS;) = {u} * {u} = {u}.
Thus, K * L C'S] and we conclude that
K« L C[){S; : ueS" such that conv(K UL) CS}} = conv(K UL)

for all (K, L) eC.

Conversely, if N = S", then we obtain (K x L)|S? = {—u} and, therefore,
K « L C'S, whenever conv(K U L) CS;. This yields

KL C({S, : u€S" such that conv(K UL) CS}} = —conv(K UL)
for all (K, L) € C. O

Our next lemma concerns spherical support functions of a spherical segment
contained in an open hemisphere.

Lemma 4.8. ForueS", ve S’

u

wES,NS,, and —5 <a < B <7 let
IV (a, B) = {cos(N)u +sin(AN)w : X € [a, (]}
Then,

tan h, (1 (o, B),w) = tan § and  tanh, (I} (o, B), —w) = _tana

u- v w-v

Proof. First note that by our definition of the spherical support function

ho(I) (o, B),w) = and  h, (I} (o, B), —w) = —a.
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Let
A= i) = HEETEERE
B = g,(I*(8,8)) = COS((i)gUTCs;:(Bﬁ)w .

By Lemma 3.5 (b), ¢,(I¥(c,3)) is the line segment in R? in direction
w with endpoints A and B. Thus, by Lemma 3.6 and the definition of
(Euclidean) support functions, we obtain

_ tanp

w-v’
tan o

tan h, (1 (v, B8), w) = h(g, (I (e, B)),w) = w - B

tan b, (I, (o, B), —w) = h(go (I (v, B)), —w) = —w - A = —

u-v

]

In view of Lemma 4.7, Theorem 4.5, and Theorem 2.4, the following result
will be useful in the proof of Theorem 4.4.

Lemma 4.9. Let M C R* be closed and convex. If for all a,b,c,d € R
such that —a < b and —c < d,

har(a, b, ¢, d) < max{b,d}, (4.3)
then

M C{( Do, A1+ A, Az, 1= A+ Xd3) € R\ €[0,1], 00 < 0,03 <0}

Proof. For z = (—1,1,—1,1), we obtain from (4.3) that
h(M,z) <1 and h(M,—z) < —1.

Since —h(M, —z) < h(M, z), we conclude that —h(M,—z) = h(M,z) =1
or, equivalently,

MC{x eR*: —zy + 29 — 23+ 74 = 1}. (4.4)

By (4.3), we also have hy;(1,0,0,0) < 0 and hy(0,0,1,0) < 0. Thus,

MC{recR*: 2, <0,23 <0} (4.5)
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Finally, we deduce from (4.3) that

har(=1,1,0,0) <1 and  hy(1,—1,0,0) <0,

as well as

har(0,0,—1,1) <1 and  ha(0,0,1,—1) < 0.
Consequently,

MC{reR*:0<zy—2,<land 0<my—ax3<1}. (4.6)
Combining (4.4), (4.5), and (4.6), completes the proof. O

The importance for us of the set
E = {()\2,/\1 —|—>\2,>\3,1 -\ —|—)\3) € R* . A E [0,1],)\2 < 0,)\3 < 0}
follows from

hp(h_k(x), hi(z), h-r(2), hr (7)) = heonv(rcur) ().

4.3. Proofs of Theorem 4.1 and 4.4

After these preparations, we are now in a position to first proof Theorem
4.4 and then complete the proof of Theorem 4.1. In order to enhance the
readability of several formulas below, we write tan(xy, ..., z) for the vector
(tanzy,...,tanxy) and arctan(xy, ..., ) is defined similarly.

Theorem 4.10. An operation x: C — KP(S™) is projection covariant if
and only if it is either K * L = conv(K U L) or K * L = —conv(K U L)
for all (K, L) € C or it is trivial, that is, K« L =K, or K« L = —K, or
K«L=1L,or K«L=—L forall (K,L)eC.

Proof. By Lemma 4.7, we may assume that
K x L Cconv(K UL) (4.7)

holds for all (K, L) € C (otherwise, replace * by *~: C — KP(S™) defined
by K =~ L = —(K % L)). In particular, for every u € S", the range of the
restriction of * to IC2(S™) x KE(S™) lies in KCP(S™).
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In the proof of Theorem 4.5 we have seen that, for every u € S™, there exists
a (unique) projection covariant operation %,: IC(R") x IC(R") — K(R™)
such that

K %, L = gu(9, " (K) * g, ' (L))

for all K, L € K(R?). Thus, by Theorem 2.4, there exists a nonempty
closed convex set M, € R* such that

hx 5,2(v) = ha, (g (=), hg(v), hp(—v), hg(v))
for all v € S,. Therefore, Lemma 3.6 yields

tan hu<K * L, U) = hgu(K*L) (’U) = hgu(K);u gu (L) (’U) (48)

= har (g, (5) (=), Ry, () (V) Pg, () (=), hg, () (V)
= hy(tan(h, (K, —v), hy (K, v), hy (L, —v

~
>=
<
—~
\.b
4
~
~—
~—

(4.9)

for all K, L € K2(S™). Thus, since —hz(—v) < h(v) for every K € K(R?)
and every v € S,, the restriction of * to KP(S™) x K2(S") is completely
determined by the values hyy, (a,b, c,d), where —a < b and —c < d. Next,
we want to show that for such a, b, c,d € R,

har, (a, b, c,d) = hy,(a,b, c,d) (4.10)

whenever v € Sf. To this end, let = <a < B < Fand —F < <9 < 7.
For every u € S™ and w € S,, the u-projection covariance of * implies that
there exist o, 7 such that -5 <o <7 < 7 and

I/ (e, B) * 1) (0, 00) = 1}/ (0, 7), (4.11)
where we have used the notation from Lemma 4.8 for spherical segments

IY. Since, for =3 < § < ¢ < 5, we have h,(I})(&,(), —w) = —¢ and

2

hy(I¥(€,C), w) = C, we obtain on the one hand from (4.11), (4.8), and (4.9),

tan7 = tan h, (I (o, 7),w) = tan h, (I (o, B) * I (o, 1), w)
= hMu (tan(_aa 67 —¥, ¢)>

For v € S§ and w € S, N'S,, we obtain from Lemma 4.8 and again (4.11),
(4.8), and (4.9),

tan7 = (u - v) tan by (1, (0, 7), w) = (u - v) tan ho (1 (o, B) * 17 (0, 1)), w)

= (u-v)hy, <tan(—o¢,5, —go,zﬁ)) = h, (tan(—a, B, —p, 1))

u-v
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which proves (4.10). Since u € S", v € S}, and «, 3, ¢, 1) were arbitrary, we
conclude from (4.8), (4.9), and (4.10) that there exists a nonempty closed
convex set M C R*, independent of v € S", such that

tan hy, (K % L,v) = hy(tan(h, (K, —v), hy (K, v), hy(L, —v), hy (L, v)))
for all K, L € KE(S™) and v € S,.

To complete the proof, we have to show that for —a < b and —c¢ < d, the
support function hj, satisfies one of the following three conditions:

(i) har(a,b,c,d) =b, that is, K« L = K for (K, L) € C;

(ii) har(a,b,c,d) =d, that is, K «x L = L for (K, L) € C;

(iii) hp(a,b,c,d) = max{b,d}, that is, K*L = conv(KUL) for (K, L) € C.
From (4.7) and (4.12), we deduce that

ha(a, b, c,d) < max{b,d} (4.13)
whenever —a < b and —c < d. Moreover, since
—hy(K * L, —v) < hy (K * L,v)
for all K, L € KE(S™) and v € S, we deduce from (4.12) that

—hpy(bya,d, c) < hyl(a,b,c,d). (4.14)

Next, we want to show that for all -5 <a < B < 7, =5 <p < < 7,
and —F +max{f,¢} <n < § +min{a, ¢}, we have

arctan hys(tan A) = arctan hy (tan(A + 0)) +n, (4.15)

where A = (—a, 8, —¢, 1) and © = (n, —n,n, —n). In order to prove (4.15),
let uw € S, v € S, and define

u =cos(n)u —sin(n)v  and v = cos(n)v + sin(n)u.

Note that u" and v" are rotations of u and v in the plane span{u,v} by an
angle —n. Therefore, for every A € [0, 27),

cos(A\)u' + sin(A)v" = cos(A — n)u + sin(A — n)wv.
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Hence,
(e, B) = Ii(a —n,8—n) CS;. (4.16)
Now, let
o =—hy(Ij(a—n,B—=n)x1,(¢—n¢—n),—-v),
7= h,(I;(a —n,B —n)*L,(¢ —n,¢ —n),v),
and

OJ = _hu’([?u)’/ (a7 B) * I:L},/ (907 ¢)7 _vl)7
T = hy (I (o, B) * 15 (9, 9),0').

By the u-projection covariance and the u’-projection covariance of * and
(4.16), we obtain

I5(a',7') = I (o, B) % I (0, 00) = T (e — 1, B —n) * I(¢ — 0,0 — )
=TI(0,7) =I%(0 +n.7+1n).

Thus, 7/ = 7 +n. Using (4.12) and the definitions of 7 and 7/, we obtain
(4.15).

From applications of (4.15) with A = +(—a, a, a, —a) and n = +«, where
a € [0, %), we obtain

arctan(hy(—1,1,1,—1) tan o) = arctan(hy(0,0,1,—1) tan(2)) + o, (4.17)
arctan(hp(—1,1,1,—1) tan o) = arctan(hp(—1,1,0,0) tan(2a)) — o, (4.18)

and
arctan(hp(1,—1,—1,1) tan o) = arctan(hp(0,0,—1,1) tan(2a)) — o, (4.19)
arctan(hp(1,—1,—1,1) tan o) = arctan(hp(1,—1,0,0) tan(2«a)) + a. (4.20)

On the one hand, using (4.17) and (4.18), it is not difficult to show that
either

har(=1,1,1,-1) =1, hp(0,0,1,-1) =0, hp(—1,1,0,0)=1, (4.21)
or

har(=1,1,1,—1) = =1, hy(0,0,1,—1) = =1, hy(—1,1,0,0) = 0. (4.22)
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On the other hand, by (4.19) and (4.20), we have either
har(L,—1,-1,1) =1, hp(0,0,—1,1) =1, har(1,—1,0,0) =0, (4.23)

or

har(L,—1,—1,1) = —1, hp(0,0,—1,1) =0, hy(1,—1,0,0) = —1. (4.24)

Note that, since —hp (1, —1,—1,1) < hp(—1,1,1,—1), (4.22) and (4.24)
cannot both be satisfied. Also recall that by Lemma 4.9, we have

M CE={(A, A\ + A2, A3, 1 — Ay + X3) : Ay € [0, 1], Mg, A3 < 0}
and let
Eo={(A2, A2, A3, 14+ A3) 1 A2 <0, A3 < 0},
Er = {(A2, 1+ A2, A3, A3) 1 Ay <0, A3 < 0}.
If (4.21) holds, then hy(—1,1,0,0) = 1 and, since M C E, we have
I =max{A\; €[0,1]: (Ao, A1 + Ao, A3, 1 — Ay + A3) € M }.

Thus, there are Ay, A3 < 0, such that (Ag, 1+ A2, A3, A3) € M or, equivalently,
M N E; is nonempty. Similarly, it follows from (4.23) that M N Ej is
nonempty.

If (4.22) holds, we have hp/(—1,1,0,0) = 0 and we deduce that
0= max{)\l € [0, 1] : ()\2, )\1 + )\2, )\37 1— )\1 + )\3) € M}

which yields M C Ey. Analogously, (4.24) implies M C Ej.

Next, an application of (4.15) with A = (0, a, 0, ) and n = «, where again
a € [0,7), yields

arctan(hys(0,1,0, 1) tan ) = arctan(h(1,0,1,0) tan o) + «
Clearly, this is possible if and only if either
har(0,1,0,1) = 1, har(1,0,1,0) = 0, (4.25)
or

ha(0,1,0,1) =0, ha(1,0,1,0) = —1. (4.26)
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However, (4.26) contradicts (4.14) and is therefore not possible.
From (4.25) and the fact that M C E, we infer

0= maX{/\2 +/\3 . )\2,)\3 S 0 and ()\2,)\1 +)\2,/\3,1 - /\1 +)\3) € M}
which implies

MAO{(0,M,0,1—A): A €[0,1]} # 0. (4.27)

For the final part of the proof, we distinguish three cases:
(i) (4.21) and (4.24) hold, in particular, M C E;
(ii) (4.22) and (4.23) hold, in particular, M C Ejy;

(iii) (4.21) and (4.23) hold.

In case (i), M C E; and (4.27) imply that e; € M. Using (4.13), we
conclude that hys(a,b,c,d) = b, that is, K « L = K for (K, L) € C.

Similarly, in case (ii), M C Ey and (4.27) imply that e4, € M. Using again
(4.13), we obtain hy(a,b, c,d) = d, that is, K « L = L for (K, L) € C.

[t remains to show that in case (iii), we have eq, e, € M which implies that
ha(a, b, c,d) = max{b,d} or K * L = conv(K UL) for (K, L) € C by (4.13).
To this end, we apply again (4.15) with A = (0, a,0,0) and n = «, where
a € [0, 7) to obtain

arctan(hys(0,1,0,0) tan ) = arctan(ha(1,0,1, —1) tan o) + «
This is possible if and only if either
ha(0,1,0,0) =1, ha(1,0,1,—1) =0, (4.28)
or

h(0,1,0,0) =0, hy(1,0,1,—1) = —1. (4.29)

Assume that (4.29) holds. Then, by (4.13), (4.14), and the subadditivity of
hyr, we obtain

—1 < hy(1,1,1,—1) < hpr(1,0,1,—1) + hps(0,1,0,0) = =1 (4.30)

Hence, hp(1,1,1,—1) = —1.
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Now, consider the convex bodies K = [—ey, es] and L = {e;} in R™. Then,
hi(x) = |ez - x| and hy(x) = e; - x for x € R", and we obtain from (4.21)
and hp(1,1,1,-1) = —1,

hM(h?(el)’ h?(_el)’ hf(el)a hf(_el)) = hM(O>O>17_1) :07
ha(hg(ertez),hg(—ei—ea),hp(ertez),hip(—e1i—e2)) = hay(1,1,1,-1)=—1,
hM(hf(el—eg), h?(€2—61), hf(@l—eg), hf(eg— 61)) = hM(l,l,l,—l) =—1.

Since har(h_%, hiz, h_1, hy) defines a support function of a convex body Z
in R", we infer

0 = hz(—2e1) > hz(—e1 — e2) + hz(—e1 +ez) = —2

which contradicts the subadditivity of h. Thus, (4.29) cannot hold.

Another application of (4.15) with A = (0,a,a,0) and n = —a, where
a € [0,7), yields

arctan(hys(0,1,1,0) tan ) = arctan(hy(tan(—a, 2a, 0, @))) — .

Consequently,
tan o tana \  tan(arctan(hp(0,1,1,0)tana) + a)
M\ tan(20) 7 tan(2a) ) tan(2«)

By letting o — 7 and using (4.28), we deduce that h,(0,1,1,0) = 1. Since
M C FE, this yields

1= max{)\l +)\2+/\3 . ()\2,)\1 —f-)\g,)\g,(l - /\1) +/\3) € M}

which, in turn, implies that e; € M.

The proof that e4 € M is now very similar. We first use (4.15) with
A =1(0,0,0,) and n = « to deduce that

har(0,0,0,1) =1, ha(1,—1,1,0) = 0.

Using this and another application of (4.15) with A = (a,0,0,«) and
n = —a, finally leads to hj/(1,0,0,1) = 1. From this and M C E, follows
es € M which completes the proof. [

Using Theorem 4.10, we can now also complete the proof of Theorem 4.1:
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Theorem 4.11. An operation x: KP(S™) x ICP(S™) — KP(S™) is projection
covariant and continuous if and only if either K« L =K, or K « L = — K,
or K« L=L, or K« L=—L forall K,L € KP(S").

Proof. By Theorem 4.10, it is sufficient to prove that the convex hull does
not admit a continuous extension from C to a map from KP(S") x P(S")
to KP(S™). In order to show this, let u € S", v € S,, and consider the
spherical segments K = I)(—75,0) and L. = I;(0, 5 —¢), where ¢ > 0. Then
(K, L.) € C converges in the Hausdorff metric to (K, Lg) € KP(S™) x KP(S™)
as ¢ — 07. However,
. o T (T -

Elir(% conv(KUL,) = 61_1}1(1)1+ I (—2, 5~ 5) =1 <—2, 2) & KP(S™). -
We remark, that the convex hull on K?(S™) x KP(S™) in general does not
map to K(S™), see Example 3.2. Furthermore, it is not difficult to see that
the closure of the convex hull clsconv: KP(S™) x KP(S") — IC(S™) is not

continuous.

There are still open questions when considering the closed convex hull
conv = clsconv as a binary operation on K(S™). This operation is closed
projection covariant, that is, for any k-sphere S, we have

cls(conv(K, L)|S) = conv(cls(K|S), cls(L|S))

for all K, L € K(S™), where one admits the empty set as a convex body
(this is necessary since the projection of a spherical convex body may be
empty in general). Of course, on C the closed convex hull is the same as the
ordinary convex hull. Characterizing all closed projection covariant binary
operations on K(S™) is still an open problem.

4.4. Section covariant operations

In this final section of the chapter, first we briefly recall a characterization
of rotation and section covariant operations between Euclidean star sets
established in [25]. Then, we discuss basic properties of spherical star sets
in order to eventually prove a corresponding result to Theorem 4.3 for
rotation and section covariant operations between them.

A subset L of R™ is called star-shaped with respect to o if every line through
the origin intersects L in a (possibly degenerate) closed line segment. A
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star set in R™ is a compact set that is star-shaped with respect to 0. The
radial function pr: R™\{o} — [0,00) of a star set L is defined by

pr(x) =max{\ >0: \x € L}, x € R"\{o}.

Radial functions are —1-homogeneous, that is, pr,(Ax) = A !pr(z) for all
z € R"\{o} and A > 0, and are therefore often regarded as functions on
S If py, is positive and continuous, we call L a star body. If K € K(R")
contains the origin in its interior, then K is a star body and we have

1 1
Prx = — and his = —,
hx PK

where K™ denotes the polar body of K defined by

(4.31)

Kr={zeR':z-y<lforallye K}.

The radial distance & (K, L) between two star sets K and L in R" is defined by

5K, L) = lpic — pull: (4.32)

We denote by S(R™) the space of all star sets in R™ endowed with the radial
distance. The radial sum K + L of K, L € S(R"™) is defined as the star set
such that

Pkir=PKtPL
More generally, for any p > 0, the L, radial sum K +, L of K, L € S(R")
is defined by

Lutwak [54] showed that in the same way as the L, Minkowski addition
leads to the L, Brunn-Minkowski theory, L, radial addition leads to a dual
L, Brunn-Minkowski theory (see also [28] and the references therein).

While L, radial addition is not projection covariant, the L, radial sum of
star sets is section covariant, that is,

(KNV)+,(LNV)=(K+,L)NV

for every linear subspace V' of R". It is also GL(n) covariant and therefore,
in particular, covariant with respect to rotations.

A complete classification of all binary operations between star sets in R”
that are rotation and section covariant was established by Gardner, Hug,
and Weil and can be stated as follows:
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Theorem 4.12 ([25]). An operation x: S(R™) x S(R™) — S(R™) is rotation
and section covariant if and only if there exists a function f: [0,00)* — R

such that, for all K, L € S(R"),

prer(v) = f(p-r(v), prc(v), p-r(v), pr(v)), v eSS

We turn now to star sets in S". We call a subset L of S* a (spherical)
star set with respect to w € L if L N S}w is a (possibly degenerate) closed
spherical segment for all v € S,. We denote by S,(S") the class of all
spherical star sets with respect to u and we write S?(S") for the subclass
of proper star sets with respect to u, that is, star sets with respect to u
contained in SF.

Note that, by the definition of the spherical radial function p,(L, ), see
(3.5), for every v € S,, we have

cos(py(L,v))u + sin(p,(L,v))v € OL.

The counterparts to Lemma 3.5 (c¢) and Lemma 3.6 in the setting of spherical
star sets are the contents of our next lemma.

Lemma 4.13. For u € S", the following statements hold:
(a) The gnomonic projection maps SE(S™) bijectively to S(RI).
(b) For every L € SP(S"), we have

pgu(L)(U> = tan pu<L7 U)? v e Su

Proof. Statement (a) is an immediate consequence of Lemma 3.5 (a) and (b).
From Lemma 3.5 (a) and the definitions of radial and spherical radial
functions, we obtain

Pg.(r)(v) = max{A > 0: v € g,(L)}
ut+ v 1 wt A vel
lut Mol VI+XR T VIR

= tanmax{a € [0, §) : cos(a)u + sin(a)v € L}

—max{)\z():

= tan p, (L, v)

which proves (b). O
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A function p: S, — [0, 7) is the spherical radial function of a star set

L € 8§¢(S") if and only if the —1-homogeneous extension of tan p to R} is
the radial function of a star set in R, see Lemma 4.13 (b).

We call a proper star set L € SP(S") a (spherical) star body with respect to
u € S" if pu(L,-) is positive and continuous. Clearly, every proper convex
body K € KP(S"™) containing u in its interior is a star body with respect to .
In order to establish a counterpart to (4.31), we recall that, for K € KP(S™)
with non-empty interior, the (spherical) polar body K° € KP(S") is defined
by

Ke={veS":v-w<O0forallwe K}.

Note that if K € KP(S™) contains u in its interior, then K° € K, (S")
contains —u in its interior.

Proposition 4.14. If u € S" and K € K2(S™) contains u in its interior,
then

9u(K)" = g_u(K°) (4.33)

and

hu<K7 ) + p—u(KO7 ) = (434)

™
B .

Proof. By the definitions of the Euclidean and spherical polar bodies and
the gnomonic projection, we have

Gu(K) ' ={zeR}:z-y<lforalye g, (K)}
={zeR}: 2 g,(w) <1forall we K}
={zeR:w-z<w-uforalwe K}
:{xERZ:w-

=]
=g ,({veS":v-w<0forallwe K}) =g_,(K°).

T —Uu

SOforallweK}

which proves (4.33). Lemma 3.6, (4.31), (4.33), and Lemma 4.13 (b), now
yield
1 1 1

tanhu(K,'):huK = = =
9u5) Pou() Py (o) tanp_,(K%:)

which is equivalent to (4.34). O
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Using spherical radial functions, we define a metric 7, on S2(S") by

,71‘(](, L) = sup |pu(K, U) - pu<L,U)‘.

UGSu

Note that if K, L € SP(S"), then by (4.32) and Lemma 4.13 (b),

0(gu(K), gu(L)) = sup | tan p, (K, v) — tan pu(L, v)|.

VESy
Thus, from the continuity of the tangent we obtain the following.

Theorem 4.15. The gnomonic projection is a homeomorphism between

(SE(S™),7u) and (S(RY), ).

For fixed u € S™ we call a binary operation *: S?(S") x SP(S") — SF(S™)
u-section covariant if for all k-spheres S, 1 < k <n — 1, with v € § and
for all K, L € SP(S™), we have

(KNS)*(LNS)=(K*xL)NS.

The operation * is called u-rotation covariant if (9K) x (VL) = 9(K * L)
for all ¥ € SO(n + 1) which fix u. Our next result is a version of Theorem
4.3 (or Theorem 4.5, respectively) in the setting of star sets.

Theorem 4.16. For u € S”, the gnomonic projection g, induces a one-to-
one correspondence between operations *: SP(S™) x SP(S") — SP(S™) which
are u-rotation and u-section covariant and rotation and section covariant
operations ¥: S(R?) x S(RY) — S(R?). Moreover, any such operation x is
continuous if and only if % is continuous.

Proof. First assume that * is u-rotation and u-section covariant and define
an operation *: S(R?) x S(R}) — S(RY) by

K%L = gu(g;,"(K) * g, (L))

for K, L € S(R?). As in the proof of Theorem 4.5, it follows that * is section
covariant. The rotation covariance of % is a consequence of the u-rotation
covariance of x and the fact that ¥¢g,(L) = ¢, (VL) for all L € SP(S™) and
¥ € SO(n + 1) which fix w.

Conversely, if *: S(R) x S(R?) — S(R?) is rotation and section covariant,
then define x: SP(S™) x SP(S") — SP(S™) by K *x L = g, (gu(K) * gu(L))
for K, L € S(S™).
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As before, it is easy to show that * is u-rotation and wu-section covariant
and, by Theorem 4.15, the operation % is continuous if and only if * is
continuous. 0]

We conclude with a corollary to Theorem 4.12 of Gardner, Hug, and Weil
and Theorem 4.16.

Corollary 4.17. For fized ueS™, an operation x: SP(S™)xSP(S™) — SE(S™)
is u-rotation and u-section covariant if and only if there exists a function
f:00,2)t = [0,2) such that, for all K,L € SP(S") and v € S,,,

) ’2

pu(K * L?”) = f(pu(K7 _U)vpu(K7U)7pu(La —U),pu(L,’U)).






CHAPTER b

Floating Bodies in Spherical Convexity

Abstract. For a convex body on the Euclidean unit sphere the spherical
convex floating body is introduced. The asymptotic behavior of the volume
difference of a spherical convex body and its spherical floating body is
investigated. This gives rise to a new spherical area measure, the floating
area. Remarkably, this floating area turns out to be a spherical analogue
to the classical affine surface area from affine differential geometry. Several
properties of the floating area are established. The results in this chapter
are published in a joint work with Elisabeth M. Werner in [11].

In Euclidean convex geometry the convex floating body is defined by the
intersection of all halfspaces such that the hyperplanes cut off a set of
constant volume. This motivates the following

Definition (Spherical Convex Floating Body). Let K € Ko(S™), K # S™.
For § > 0 small enough we define the (spherical) convexr floating body Ki

as the intersection of all closed hemispheres S such that the hyperspheres
cut off a set of volume less or equal d, that is,

K[(s] = ﬂ{g_ :VOln(Kﬂ§+) < 5}, (5.1)

where S is the complementary closed hemisphere to S, that is, St=-§".

51



52 5 Floating Bodies in Spherical Convexity

In our main theorem of this chapter we consider the volume difference of a
spherical convex body K and its floating body. We show that the limit, as
d goes to zero, converges to the total curvature over the boundary bd K of
K when integrating the spherical Gauss—Kronecker curvature HS" (K, -)
raised to the power —— (see Section 3.2 for details on the spherical Gauss—

n+1
Kronecker curvature).

Theorem 5.1. If K € K§(S™) is a proper convex body with non-empty
interior, then

1,(K) — vol,,(K n 1 _
lim 2 (%) QVO (Kjs) =cp / HY" (K, w)o 1 dH" H(w),  (5.2)
6—0t O ntl
bd K
2
where ¢, = %(:ﬂ—i) " and k,_y is the volume of the (n — 1)-dimensional
FEuclidean unit ball.

We will prove Theorem 5.1 in Section 5.2.

The curvature integral appearing on the right-hand side of (5.2) shares
striking similarities with the affine surface area from affine differential
geometry, see (2.6). Since, to our knowledge, there is no property similar to
the affine invariance of Euclidean affine surface area in the spherical setting,
we are reluctant to call this new spherical area measure a spherical affine
surface area.

Definition (Floating Area). For a convex body K € Ky(S") with non-
empty interior the floating area Q(K) is defined by

K) = [ B ()7
bd K

if K is proper and by (K) = 0 otherwise.

In Section 5.3 we investigate properties of the floating area.

5.1. The Spherical Convex Floating Body

In this section we collect results about the spherical convex floating body
which we will need in Section 5.2 to prove Theorem 5.1.
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The definition of K[s), see (5.1), immediately yields K75 to be convex, since
it is an intersection of closed hemispheres. Furthermore, as we will show, it
exists if ¢ is small enough. First, we show that for a proper convex body
the intersection can be parametrized with respect to a fixed hypersphere.

Lemma 5.2. Let K € K{(S™), § € (0,vol,(K)) and u € int K such that
K CS}. Forv €S, there exists a unique s(v,0) € (=%,%) determined by

vol,, (K NS, ) =4,

u,v,5(v,d)

+

u,v,8

where S, , sp.5) = {w €S™ v - w > tan(s(v,0))(u - w)}. Moreover,

K[5] = ﬂ g;v,s(v,é) (53)

’L)GSu

and s(v,0) is continuous in both arguments and strictly decreasing in .

Proof. We consider the function f defined by f(v,s) = vol,(K N S;w),
Then f is continuous in both arguments and strictly decreasing in s.
By (3.3), we have, for z = cos(h,(K,v))v — sin(h,(K,v))u, that S, is
a supporting hypersphere to K. Therefore f(v,h,(K,v)) = 0. Similarly,
we have that f(v, —h,(K,—v)) = vol,(K). We therefore conclude that
there exists a unique s(v, d) € (—hy (K, —v), h,(K,v)) C (=7, 5) such that
f(v,s(v,9)) = 9. Thus s(v,d) is continuous in both arguments and strictly

decreasing in 9.

To prove (5.3) we only have to show that

(5.4)

u7U7S(U76) '

Let 2 € S™ such that vol,(K N'S
Then there is a unique s" € (—
conclude

f(s') = vol, (K NS, ) = vol, (K NS.) <6 = f(s(v,9)).

u,v,s’

Thus, s’ > s(v, ), and therefore,

S, NS, :SIHS;W, ={weS":u-w>0and v-w < tan(s')(u-w)}

>S'NS;

u u,v,8(v,0)"
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Since S, D K D K, we obtain

K[(;] = g: N K[g] = ﬂ{gj ﬂgz_ : VOln(ng:) < 5}

D ﬂ{gz NSy psws) PV € Su} = S: n ( f S;,v,s(vﬁ))'

VESy

Since S, , w5 NS, ) C ST, we conclude (5.4). O

u,—v,s(—

The following theorem relates the Euclidean floating body of the gnomonic

projection of a proper spherical convex body to the spherical convex floating
body.

Theorem 5.3. Let K € K{(S™) such that Cy(«) C int K and K C Cy(5)
for some w € S" and o, B € [0, 5). Then, for 6 > 0 small enough, we have

UK 5 guK(S guK s .
9()[ } 9u(Kps)) 9()[ ]

cos(g)n+1 cos(a)nt1

In particular, this shows that K5 exists if 0 is small enough.

Proof. Set L = g,(K). By (5.3), we have K5 = Nyes, S,

s(v,9) is determined by ¢ = vol,, (K N Su 0,5(0,0) ) The gnomonic projection
Gu MAPS Sy 4 s(v,5) to the hyperplane

Hy tan(s(w)) = {2 € R - @ - v = tan(s(v,d))}.

0,0,5(0,8) where

For 0 small enough, we have, for v € S, that

0= gu((K N Supsws) NCula)) = (LNH,

v,tan(s(v,9))

) N B(0, tan(c)).
By (3.20), we conclude

dx
I (K0Swe) = [
LNH"

v,tan(s(v,6))

< cos(a)" vol, (L NH; stan(s(v, 6)))

Now let 5(v,d) such that § = cos(a)"** vol, (L N H+ )) Then obviously

§(v,0) > tan(s(v,0)) and H . o5 © H + S BY (2 5), we deduce

gu(K[a]) N Hotangswey € () Hozs) =

5 .
VESy vESy [COS(Q)"+1}
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For the converse, since g,(K) C ¢,(Cyu(8)) = B(0, tan(f)), we first note that

dx
0 =vol, (KNS = / T
VO ( uvsvd)) X (1+H$H2)n;rl
LNH

v,tan(s(v,6))

> cos(B)" ! vol, (L n Htan(s(v,é)))'

Now let S(v,6) such that § = cos(3)"*! vol, <L N ng(v 6)>. Then we have
S(v,8) < tan(s(v,d)) and therefore H y 2 H - . We conclude

v tan s v,0)) = 'L},S(v,é)

gu(K[5]> ﬂ Hvtansv5 ﬂ HvSv5 { 5 }

VESy VES,, cos(B)nt1

]

In the following three lemmas we establish properties of the spherical convex
floating body as d goes to 0. First we show that the boundary points of
the floating body converge to boundary points of the convex body.

Lemma 5.4. If K € Ko(S™) and 0, < 02, then K51 2 Kis,). In particular,
we have int K = Us~o KJg).

Furthermore, let K € K{(S") and u € int K such that K C St. For
w € bd K, put {ws} = bd K5 N conv(u,w). Then lims_ows = w.

Proof. The monotonicity of the floating body is obvious from its definition.

First we prove int K = s~ KJ5. Let 0 > 0 small enough such that K is
non-empty. If w € K5, then every hypersphere through w cuts off a set
of K of volume greater or equal to d. Thus K5 C int K" and we conclude
Us>o K[é] Cint K.

In order to prove the converse, we assume that there is w € int K such that
w ¢ Ns>o Ks). For every v € S, we have

vol, (K n§S,) > 0. (5.5)

Since w & Ns=o K5 we conclude that for every 6 > 0 there exists v(d) € S,
such that vol,, <K N g;r((;)) < 9. By compactness of S,, and continuity there

exists vg € S, such that vol, (K ﬂSﬁ)) = 0. This is a contradiction to
(5.5).
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Finally, let K € K{(S™) and u € int K such that K CS;. We have

U conv(u, ws) = U K5 N conv(u, w) = conv(u, w)\{w}.
6>0 0>0

We conclude limg_,o d(ws, w) = 0. H

In the next lemma we show that the outer normals of the spherical convex
floating body converge to the outer normals of the convex body.

Lemma 5.5. Let K € K5(S™), u€int K and webd K be a regular boundary
point. For § > 0 such that K # 0, we set {ws} = bd K N conv(u,w).
Then

lim N = NX, (5.6)

6—0+

where Nqﬁ[‘s] is an outer unit normal to Kjs in ws such that

5 = vol, (K NSk, )
N,

ws
In particular, for all € > 0 there exists §(¢) such that
NE . No > 1—e¢, (5.7)
for all § < 6(e) and, if K C intS}, then for all 6 < §(¢e)

(NEIS,) - (Nw,”[S,) > 1 —e. (5.8)

Proof. Suppose (5.6) is not true. Then, by compactness, there exists
Kis,)

a subsequence (d;);eny such that lim; ., 0; = 0, lim;_,oo Nuws,” = vp and

i

vo # NX. By the choice of Nqﬁf"], we have vol, (K OS;K[5“> = 0;. We

conclude that vol, (K N gz—o) = 0. By Lemma 5.4, we have lim;_,., ws, = w,
thus vg is a normal to bd K in w. This contradicts the assumption that w
is a regular boundary point and therefore has a unique outer unit normal

Nf 7é Vo.

The other statements, (5.7) and (5.8), follow directly from (5.6). O



5.1 The Spherical Convex Floating Body 57

Let w € bd K be a boundary point such that HS",(K,w) > 0. Then
KN g:;,NJfﬁA is decreasing in A and for A = 0 equals just {w}. Thus
for A small enough, K N g;; N —a Is contained in some arbitrarily small
cap around w. By continuity this will still be true if we allow directions
v €S, close to NE. Let ws be a boundary point of the floating body Kl
that converges to a boundary point w € bd K. Then, by Lemma 5.5, the
normals to ws converge to NX. Thus, if we consider directions v € S,, close
to NX then, for  small enough, w; will already be determined by these
directions. Hence, if we replace K by K’ = K N C,(¢) for arbitrarily small
e, then for § small enough, we will have wX = wl. We will prove this
rigorously in the following lemma.

Lemma 5.6. Let K € K5(S") and w € bd K such that HS" | (K,w) > 0.
Fore >0 set K' = K NCyle).

(i) There exists A. such that for all A < A, we have
K/ ﬂgzﬂf’_& =Kn SI,NHI,{,—A'
(ii) There exists & and n. such that, for all v € S,, with d(v, NX) < &
and A < 1., we have

K'NS,, A=KNS,, a.

(i1i) Let u € int K'. There exists 0. such that, for all 0 < ., we have
K5 N conv(u, w) = K N conv(u, w).

In particular, we have wX = wk for all § < ..

Proof. (i) Assume this does not hold. Then there exists an € > 0 such that
for all A > 0, we have

0#KnN gju—,Nf,fA\(K, n SI,Ng,fA)
= (K\Cu(2)) NSy ngr —a € (K\int Cu(€) NS, v —a-

For Ay< Ay, we have (K\int C,(€))NS,, v _a, S (K\int Cyy(€)) NS, yie _n,.
and, by compactness, we conclude that () # (K\int C’w(g))ﬂgxg. Since Syx
is a supporting hyperplane at w, this implies that there exists v € K NSy

such that d(v,w) > . Since K is convex, the whole segment conv(v,w) is
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contained in K. Considering L = g,,(K NCy(¢)), we see that the boundary
of L contains the segment g, (C\(¢) N conv(w,v)), and we conclude that
H (L,0) = 0. This implies, by Lemma 3.11, that HS", (K, w) = 0 which
is a contradiction.

1) We may assume £ < Z. By (i), there exists A, /5 such that A,/ < £ and
3 / / 2

(K\Cy(g/2)) N Sw NE AL, = = (. (5.9)
We set 1, = AE/Q < £ and
sin(€) = taH(Aa/z) tan(n.) -0
\/tan — tan(n.)?
We show that, for all v € S,, such that d(v, NX) < £, we have
(K\Cy(2)) N Swv e =0 (5.10)

This implies K’ N SLHA =Kn S;vﬁA for all A < ..

Assume (5.10) is not true. Then there exists z € (K\Cy(g)) N Swv .y
Since K is convex, the whole segment conv(z, w) is contained in K. Since
d(z,w) > ¢, there exists {2’} = bd C,(¢) N conv(z,w). We will show that
Z' e g;; NE ALy This will be a contradiction to (5.9), since by construction
2 € K\Cy(g/2). We have to show that
/ K
Z.iﬁgtmmAdg. (5.11)

Since 2’ € bd C,(¢), we have 2z’ = cos(e)w + sin(e)(Z|S,) and conclude

_ /.NK
ﬁ = tan(e) sin<d(z’|8w, NEY - 72r>7
and, since 2’ € Swv _,.» We obtain
—_ /_
tan(n:) > e wv = tan(e) Sin<d(2’|8w, v) — 72T>

Thus d(2'[Sy,v) < § + arc&n(tan(("E ) ) and the triangle inequality yields

_ (tan(n.)
/ NK < / NK < E ’
d(2'|Sy, NE) < d(2'[Sw,v) +d(v, NF) < 5 —i—arcsm(tan(g)) +&
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Finally, we obtain (5.11) from

ﬂ < tan(e) sin <arcsin<tan( )> + §e>

2w (€)
\/tan (¢) ()% 4 cos(&.) tan(n.)
(n:)? + tan(n.) < tan(A.)2).

(iii) Since K" C Cy(e), by (5.3), we can write K'ls) = Nyes, Suasi’ (v.5):
Here s (v, ) is uniquely determined by § = vol,, (K N S:Z’v,sw (v,é)) and is

continuous in both arguments. By (ii), there exists . and 7. such that, for
all v € S, with d(v, NX) < £, we have

35 (v, =A) = Vol (K' NS, _a) = vol,(K NS}, _A) = 6% (v, —A),

for all A < n.. Hence s%(v,0) exists for v € S,, such that d(v, N¥) < &
and 0 small. Thus, there exist d; such that for all 6 < é; and v € S, such
that d(v, NX') = d(v, NX) < &, we have s (v, ) = s% (v, 6).

Claim: There exists 6y such that, for all 6 < oo, we have

K Nconv(u, w) = (S, 4 sx(0s) : ¥ € Su, d(v, NX) < &} nconv(u, w).

Assume that this is not true. Then, for all 6 > 0, we have
conv(u, wf) = K5 N conv(u, w)
- m{g;,v,sK(v,(S) : d(U, Nz{}() < 58} A CODV(“’? w)

Thus, for any normal z to K5 in wg*, we have d(z[S,,, N) > & > 0 for all
0 > 0. This is a contradiction to Lemma 5.5.

With a similar argument for K’ we also find a d3 such that, for all § < ds,
K5 N conv(u, w) ﬂ{Swww ) - U € Sy, d(v, NEY < €.} N conv(u, w).

Setting d. = min{dy, d2, 43}, we conclude, for all § < o,

K5 N conv(u, w) = ﬂ{§w7v7_sz</(v75) cd(v, NK') < fl} N conv(u, w)
— ﬂ{g;w,_sx(v,é) cd(v, N¥) < 51} N conv(u, w)
= K5 N conv(u, w).

The second statement of (iii) is obvious since K[sNconv(u, w) = conv(u, wj')
and K5 N conv(u, w) = conv(u, wk. O
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5.2. Proof of Theorem 5.1

We are now ready to proof Theorem 5.1. By Lemma 3.3, there exists
u € int K such that K C S7. Using Proposition 3.14, we may write the left
hand side of (5.2) as

d(w,u)
»  —u-NK
= / § T —— W a7 / sin(t)" ' dt dw.
sin(d(w, u))"

bd K d(ws ,u)

f(w,0)

VOln(K) — VOln(K[(;])
2

St

(5.12)

The proof of Theorem 5.1 will now be completed in two steps. We will
first show that the integrand f(w,d) in the integral on the right hand side
of (5.12) is bounded from above uniformly in § almost everywhere by an
integrable function.

Lemma 5.7. Let K € K5(S™) and u € int K such that K CS; . There ex-
ists 09 > 0 and an integrable function g: bd K — R such that, for all § < 0y,

. NE d(w,u)
(57%—11} / in(t)"tdt < 1
iy J SO gto 1)
Ws,u

for H"'-almost every w € bd K, where {ws} = bd K5 N conv(u, w).

Proof. Since u € int K and K C S}, there is 0 < a < <
that Cy(a) C int K and K C C,(B). Therefore, sin(d(u,w)) >
—u - NE <1 and we conclude

d(w,u)
—u- NE
P LA / sin(t)" 1 dt <
sin(d(w, u))™

d(w57u)

d(w, w(;).

sin(a)  §wir

We will show that there exists C' > 0 and dy such that, for all § < o,

< n+1 .
sin(a) §amr T Crg, () (gu(w)) 77 (5.14)

for H" '-almost all w € bd K. Then the right hand side of (5.14) is
integrable: By (3.23), the fact that 1+ (x - N9«())2 < 1 + ||z||> and
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1+ [|z]|* > 1, we have

_n—1 _n—1 1 + (:C * Nmu(K)>2
[ o) o= [ () n+l\/(1+|!:v|\2)75 "
bd K bd g, (K)
n—1
< / Tgu (k) () ¥ dz,

bd gu (K)
which is finite by Theorem 2.7.

In order to prove (5.14), we set L = g,(K), = g,(w). By (3.4), we have
tan(d(u, w)) = ||gu(w)| and tan(d(u,ws)) = || gu(ws))||. We derive

d(w, ws) _ arctan(lz|)) — arctan(|lg,(ws)ll) _ |z = gu(ws)l|

2 2 — 2
St St St

By Theorem 5.3 and as g, (ws) is on the line g, (conv(u, w)) = conv(0, z), we
have g, (K5)) C L[g], where § = W. Setting {x;} = bd L[g]ﬁconv(o, x),
we conclude that ||g,(ws)|| > ||zz||. Therefore,

1 d(w,ws) 1 |z — ;]|

sin(a) g§arr ~ cos(a)?sin(a)  §wit
By Theorem 2.9, there exists o and C' > 0 such that, for all § < &y,
||a7~_72$5|| < CN'TL(x)f%,
St

for H"'-almost all 2 € bd L. Thus, for all § < d; cos(a)"t!, we have

L dlw ) < () (gu(w))

sin(a) g§arr ~ cos(a)?sin(a)
for H" -almost all w € bd K. O

Using this lemma and the dominated convergence theorem, we can express
the limit as d tends to zero of the right hand side of (5.12) by the integral
over the point-wise limit of the integrand.

Theorem 5.8. Let K € Kj(S™) and u € int K such that K C S}. Then,
for H"L-almost all w € bd K, we have

Loy 1

2 - . n

I —ﬁ—W/ in(t)" " dt =, HS" (K, w)"1,  (5.15

im0 +sm<d<u,w))nd( )sm() cnHS (K, w)™7,  (5.15)
U, Wg

2

where {ws} = bd K5 N conv(u,w) and c, = %(m)m

Kn—1
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Proof. For t € [d(u,ws), d(u,w)], we have
(

sin(d(u, ws)) sin(t)
sin(d(u,w)) ~ sin(d(u,w)) =1

Furthermore, lims_,q d(u, ws) = d(u, w) and d(u, w) — d(u, ws) = d(w, ws).
We therefore conclude

2 50+ sin(d(u,w)) §wi

d(u,w
] — Nf 1 (1) ] _ ] — - Nf d(w, wy)
lim — / sin(t)" =1 :
5—0+ sin(d(u, w))™ §we :
u,Wg

(o,
(5.16)

We first show that for a regular boundary point w of K with positive
curvature, the right hand side of (5.16) only depends on the local structure
of bd K at w.

Claim: Let ¢ € (0, g) and w € bd K such that HS" (K, w) > 0. If we
set K' = KN Cy(e) and let u' € int K’ N conv(u,w) be such that K' C S},
then, for 0 small enough, we have

—u - NE  d(w, wk) —u' - NE  d(w,wk")

sin(d(w, w)) gz sin(d(,w)) gz (5.17)

By (3.1), we have

uw — cos(d(w,u’))w

WISe = — w0

Thus, we can write v’ = cos(d(w, u’))w + sin(d(w, uv’))(v'|S,,) and, similarly,
u = cos(d(w,u))w + sin(d(w, u))(u|S,). Hence, since S, = {£w}, we have
w'|S,, = conv(u/, {+w}) NS, = ulS,. Therefore,

u- NEK

o w (S ) NE = e
sin(d(u, w)) (ulSw) - N
Using Lemma 5.6 (iii) we conclude (5.17).

Now we can prove (5.15) for regular boundary points with positive curvature.

Claim: Let w € bd K such that HS" (K, w) > 0. Then

- —u - NE d(w,ws)
s—0t sin(d(u, w)) §wix

= ¢, HY" (K, w)" .
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By the previous claim, we may assume that K C C(¢) for arbitrarily small

e>0and u € int K such that K CS}. Set L = g,,(K), and § = — 2=t

Since limgs_o+ g, (ws) = 0, we obtain

im ._U'Nf d(w,2w5) — lim (5 ) Nf) arctan(||gw(w5)||)
s—0+ sin(d(u,w)) swit 50+ St
L iy 9w (ws) ||
N 615(% (5 N ) o)

Using a = 0, f = ¢ and u = w in Theorem 5.3, we conclude

x 2 [|gw(ws)| = (]l

5
cos(e)nt1

for § small (note that the origin 0 = g,,(w) is a boundary point of L). Since
NE = NE, Theorem 2.10 implies

lim (- NX) losl _ . 5=, (2,0

5—)0+ 5n+1

and, by Lemma 3.11, we have H,* (L,0) = HS" (K, w). We conclude

n - * NK d n 1
¢ S (K, w)T > lim 4w (w;wé) > e, HE" (K, w)w+.
cos(e)? s—0t sin(d(u, w))  §urr

Since € > 0 can be chosen arbitrarily small the claim follows.

To finish the proof we only need to consider regular boundary points with
vanishing curvature.

Claim: Let K C C,(f) for some f§ € <0, g) and u € int K. Then, for
w € bd K such that HS" (K, w) = 0,

—u - NE  d(w, ws)

50+ sin(d(u,w)) gt -0

We consider L = g,(K) and z = g,(w). Then

—u- NE al(11),u)5)_1 x NE arctan(||x||) —arctan(||g. (ws)]|)
s—0+ sin(d(u,w)) §ait S0+ ||

2
it

<hm< NL> I = gulws)ll
e =

§—0t n+1
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By Theorem 5.3, we deduce

r — X s
cos(B)FT

[ = gu(ws)]| <

As before, with Theorem 2.10 and Lemma 3.11, we conclude

r— 5

—u- NE 5
0 S hm . u Nw d(w72w5) S hm i . NJ;L c;s(ﬁ)n-!— _ 0
s—0+ sin(d(u, w))  §ar1 50+ \ || 2| S

This concludes the proof of Theorem 5.1.

5.3. The Floating Area

In this final section we will investigate some of the properties of the floating
area. First we note that we may localize the floating area to a measure on
the Borel o-algebra B(S™) on S™ in the following way.

Definition (The Floating Measure). For K € K(S™) and w € B(S") we
define the floating measure Q(K,w) by

O(K,w) = / HS" (K, w)™T duw.
whbd K
The floating area Q(K) of K is given by Q(K) = Q(K,S").
This notion is well defined since, by Theorem 5.1, the floating measure

exists for all proper spherical convex bodies and is finite. For non-proper
convex bodies the floating measure is identically zero. This is shown next.

Theorem 5.9. The floating measure of a spherical polytope or a non-proper
spherical convex body C' is trivial, that is, Q(C,-) = 0.

Proof. This is obvious since in both cases the Gauss—Kronecker curvature
of C' is zero for H" -almost all boundary points. Note that for K = S
the floating measure is also trivial since bd S = §). O]

As is the case for the affine surface area, the floating measure is a valuation.
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Theorem 5.10. Let K, L € K(S") such that K UL € K(S™). Then, for
all w € B(S"), we have

QK,w)+QL,w) =UKULw)+QKNL,w).

Proof. This can be proven similar to the Euclidean case by C. Schiitt [79].
We will give a short outline of the argument. We decompose

bd(KUL)= (bdK NbdL)U (bd KN L) U(K*NbdL),

bd(KNL)=(bdKNbdL)U (bd K Nint L) U (int L N'bd L),
bd K = (bd KNbdL)U (bd K Nint L) U (bd K N L),
bdL = (bd KNbdL)U (int K Nbd L) U (K°Nbd L),

where K¢ = §"\K and L¢ = S"\ L. Thus the integrals cancel for all sets
but bd K Nbd L. So we are done, once we show that

(K U L w) e dw + / HS" (K N L,w)"dw

bd KNbd L bd KNbd L
. sn _1 sn _1
= [ EKw de+ [ HT(Lw) Edw,
bd KNbd L bd KNbd L

This follows from the fact that for H" !-almost all w € bd K Nbd L we
have

HY (KU L,w) =min{H>" (K,w), HS" (L, w)},
HSL(K ﬂ L? ’lU) = maX{HrSLil(Ka U}), HEiI(Lv ’LU)}

This local result follows from the Euclidean case by applying the gnomonic
projection in w. O

Next, we will show that the floating area is upper semicontinuous with
respect to the spherical Hausdorff metric d,. It is easy to see, that the
floating area 2 cannot be continuous. We may consider a sequence of
spherical polytopes (P;);en that converges to a spherical cap C, (7). Then

QCu(T)) = w, 127" > 0, but for all j € N we have Q(P;,S") = 0.

Theorem 5.11. The floating area is upper semicontinuous. Thus, for any
sequence (K;)jen of convex bodies converging to a conver body K in the
spherical Hausdorff distance, we have limsup,_, . Q(K;,S") < Q(K,S").
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Proof. The proof of this theorem is along the lines of the proof of the
upper semicontinuity of curvature integrals in the Euclidean setting by
M. Ludwig [46]. Again, we will only give an outline. We denote the
m-th support measure of a spherical convex body K by 6,,(K,-). It is a
uniquely determined finite Borel measure on S™ x S™ (see e.g. [76] for precise
definitions). Furthermore it is weakly continuous in the first argument, that
is, K; — K in the Hausdorff metric implies ©,,(Kj, ) — ©,,(K,-).

The m-th curvature measure C,,(K,-) of K € K(S™) is defined, for w € B(S™),
by Cpn(K,w) = 0,,(K,w x S"). C,(K,w) is concentrated on bd K. The
Hausdorff measure restricted to bd K is denoted by Hj;} and is a Radon
measure. Thus we may split C,,(K,-) = C%(K,") + Cs (K, -) such that
C¢ (K, ) is absolutely continuous Wlth respect to Hbd x and C? (K, -) is the
singular part. Moreover, for the absolutely continuous part we have

/ Hyo1 (K, w) duw,
wnNbd K

for all w € B(S™), and the singular part is concentrated on a null set, that
is, there exists wy € B(S™) such that C? (K,w\wy) = 0 for all w € B(S™).

Since ©,, is weakly continuous in the first argument, so is C,, and we
conclude for m = 0,

lim sup / HY" (K, w) dw < limsup Co(K;,w) < Co(K,w)
I7 b K jmo0

for all w € B(S™). Using the arguments from [46, Section 4] and adapting
the terminology, upper semicontinuity of the floating area follows. O]

Using the Gauss map NX, we find an equivalent expression for the floating
area of K as a curvature integral over the boundary of the polar of K.
Theorem 5.12. Let K € K(S™). Then

O(K) = / HE" (K°, w)™T duw.

bd K°

Proof. The proof is similar to the proof of Theorem 2.8 in [37] by D. Hug.
Even more can be said: Let w € B(S") and denote by o(K,w) the set
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of v € S” such that v is an outer unit normal to some boundary point
w € bd K Nw. Clearly, o(K,w) C bd K°. It follows that

O(K,w) = / HS (K, w) 7 duw.
o(K,w)

Since o(K,S"™) = bd K°, this implies the statement. O

5.3.1. Isoperimetric Inequality

By Theorem 5.11, the floating area is upper semicontinuous on K(S™).
Since K(S™) with the Hausdorff metric is compact (see, e.g., [31]), we may
immediately conclude the existence of maximizers C' € K(S™) such that

sup{Q(K) : K € K(S™) such that vol,,(K) = ¢} < Q(C)
for a fixed ¢ € [0, %] and vol,,(C) = c.
We believe that the only maximizers of the floating area are geodesic balls:
Conjecture 5.13. Let K € K(S"). Then
Q(K) < Q(Ch), (5.18)
where C¥ is a spherical cap such that vol,(C¥) = vol,, (K). Equality holds
if and only if K is spherical cap.

This conjecture is still open, but we are able to prove the following inequality.
Theorem 5.14. Let K € K(S™). Then

O(K) < P(K°)w1 P(K)#, (5.19)
where P(K) denotes the perimeter of K. Equality holds if and only if K is

a spherical cap.

Proof. Using Holder’s inequality, we obtain

o o
/ " (K w) n+1 dw < ( / HY (K, w) dw) ( dw) .
bd K

bd K bd K

Since N¥(bd K) C bd K° and JPE(NE)(w) = HS",(K,w) for H" -
almost all w € bd K, this implies (5.19).

That equality holds precisely for spherical caps follows from the fact, that
equality holds in Holder’s inequality if and only if HS" (K, .) is constant. [
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Another inequality for the floating area can be derived using the gnomonic
projection and the affine isoperimetric inequality.

Theorem 5.15. Let K € K{(S™). Then, foru € int K and0 <a <3 <%
such that Cy(a) € K C Cy (), we have

UK) _ (COS(O‘)Zt"m(”B)n P(m)n_l- (5.20)

tan(a)" 1w,

Equality holds for spherical caps for which o = 5.

Proof. Using the gnomonic projection in w, (3.23) and (3.25), we obtain

AK) = [ (g ) 7 (g ) () d
bdQU(K)

n 1
= HY (gu(K), x [ R S—;
gy 1 OB 2V

Since tan(a) < ||z|| < tan(pB) for all = € bd ¢,(K), we conclude
cos(B)" " as(g.(K)) < Q(K) < cos(@)" as(gu(K)).

Using the classical affine isoperimetric inequality for L € ICo(R™),

as(L) < (nvoln(L))Z;}

Wn—1 o Wn—1

gives

nvoln<gu<f<)>> t

Wn—1

< (cos(a)

For the volume of the gnomonic projection we derive the inequality

d(u,w
(3 19) —u - NK ( )tan(t)”_1
i g [ e
cos(d(v, u))n+1 sin(d(u, w))" / cos(t)?
< / 1 tan(d(u,w))" dw < P(K) tan(3)" |
- sin(d(u, w))"1 n ~— n  sin(a)!

bd K

where we used the fact that —u - Ny = sin(d(u, Syx)) < sin(d(u,w)). This
concludes the prove of (5.20). It is easy to check that equality holds for
spherical caps of radius a = . O
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Inequality (5.20) is weaker than our conjectured inequality (5.18): For any

K € K§(S™) and u € int K such that C,(«) € K C C,(8) we have

vol,(Cy(a)) < vol,,(K) < vol,(Cyu(B)).

Thus, for the spherical cap C* = C,(ax) such that vol,(C¥) = vol,(K),
we have a < axg < 3. We therefore conclude for the right hand side of

inequality (5.20) that

s

3

<cos(aK) sin(ax)

Wh—1 tan(a)™ ' w,

Our conjectured inequality (5.18) would imply

n—1 n—1

Q(K) < Q(CF) = cos(ag) 1 sin(ag) " 1w,_1,

P(K)> it . <cos(a)2tan(ﬁ)n P(K)) w

(5.21)

which in turn would imply (5.20) by (5.21) and the isoperimetric inequality

P(K) > P(C*) = sin(ag)" w1
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binary operation
GL(n) covariant, 8
projection covariant, 8
rotation invariant, 45
section covariant, 45
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regular, 25

convex body, 5
spherical; 13
spherical proper, 13
convex hull, 7
spherical, 14
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spherical; 13
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GL(n), 8
Euclidean projection, 8
rotation, 45
sphere, u-projection, 31
sphere, projection, 31
sphere, section, 45
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curvature measure, spherical, 66

distance
Euclidean Hausdorff, 6
radial, 45
spherical, 13
spherical Hausdorff, 13

floating area, 52
floating body, 9
spherical convex, 51

Gauss—Kronecker curvature, 9
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homogeneous, 5
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