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Kurzfassung

Der Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) Zustand ist ein réumlich inhomogener
supraleitender Zustand bei dem vermutet wird, daf} er in reinen Supraleitern mit rein para-
magnetischer Paarbrechung auftritt. Wir vergleichen die Berechnungen des oberen kritischen
Feldes mit experimentellen Ergebnissen des quasi-zwei-dimensionalen organischen Supraleit-
ers k-(BEDT—TTF)2Cu(NCS)2, die vermuten lassen, dal der FFLO Zustand in diesem Ma-
terial existiert. Die Ubereinstimmung zwischen Experiment und existierenden Theorien wur-
den erfolgreich sowohl in Bezug auf die Winkelabhangigkeit und das Temperaturverhalten

des oberen kritischen Feldes untersucht.

Danach veralgemeinern wir das gangige Modell der rein paramagnetischen Paarbrechung
flir einen Supraleiter endlicher Dicke in einem Magnetfeld, der in beliebigem Winkel zur
stromfiithrenden Ebene steht. Wir formulieren das Modell im Rahmen der quasiklassischen
Eilenberger Gleichungen und leiten thermodynamische Eigenschaften her. Diese neue Theorie
der konkurrierenden spin und orbitaler Paarbrechungsmechanismen in reinen supraleitenden
Filmen oder Schichten werden mit Hilfe von experimentellen Ergebnissen an YBasCuszO7 und
moglichen orbitalen paarbrechenden Einfliissen bei einem Magnetfeld in plan-paralleler Kon-
figuration diskutiert. Wir beriicksichtigen auch den Einflu von Verunreinigungen und ver-
gleichen die Ergebnisse von Tunnelmessungen an einem diinnen Al Film mit den numerischen
Berechnungen der oberen und unteren Stabilitdtsgrenze eines Systems mit endlicher Dicke.
Bei Temperaturen unterhalb der trikritischen Temperatur existieren zwei Phasengrenzen,

deren Verhalten den experimentellen Ergebnissen naherkommen.

Diese Arbeit wird mit Untersuchungen an den konventionellen s-Wellen Supraleiter RbOs2Og
und LasgNigBsN3_s abgeschlossen. Wir untersuchen das obere kritische Feld H.o(T') des
B-Pyrochlor Supraleiters RbOssOg im Rahmen der s-Wellen Eliashberg Theorie unter
Beriicksichtigung von Anisotropie und Streuzentren. Der Vergleich zwischen dem Experiment
und den theoretischen Berechnungen der thermodynamischen Eigenschaften bestatigt, daf
RbOs90g ein konventioneller s-Wellen Supraleiter ist. Neue Messungen an LagNisBoNg_s
zeigen eine Reduktion der kritischen Temperatur mit steigenden Stickstoff-Fehlstellen im
Gitter. Diese Fehlstellen kénnen als Streuzentren dienen, die die Ansiotropie der Elektron-
Phonon Kopplung verschmieren. Wir untersuchen den Zusammenhang zwischen der Reduk-
tion der kritischen Temperatur T, einerseits mit Hilfe von Streuung durch Verunreinigungen.
Andererseits verwenden wir ein Einstein-Spektrum als Elektron-Phonon Kopplungsspektrum,
mit dem wir die experimentelle kritische Temperatur durch Verschiebung des Mittelpunktes
reproduzieren. Unsere Ergebnisse zeigen, dass der Effekt von Verunreinigungen zu schwach
ist, um die T,-Reduktion zu erklaren. Die Verschiebung der Elektron-Phonon Kopplungsfre-

quenz liefert jedoch den ausschlaggebenden Beitrag zu diesem Phénomen.






Abstract

The Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state is a spatially inhomogeneous supercon-
ducting state predicted to occur in clean superconductors with purely paramagnetic limiting.
We calculated the upper critical field and compared the results with measurements in the
quasi-two-dimensional organic superconductor x-(BEDT—TTF)yCu(NCS)s, which strongly
suggest that a state of the FFLO type exists in this material. Agreement between experiment
and existing theories has been successfully checked both in view of the angle-dependence and

the temperature dependence of the upper critical field.

We then generalized the usual model of purely paramagnetic pair breaking for a supercon-
ducting film of finite thickness in a magnetic field with an arbitrary angle to the conducting
plane, taking into account the influence of a finite orbital pair breaking component on the
FFLO state. The model was formulated using the framework of the quasiclassical Eilenberger
equations, and thermodynamic properties were derived. This new theory of competing spin
and orbital pair breaking in clean superconducting films or layers was discussed with the help
of experimental results on YBasCu3zO7 and possible orbital pair breaking contributions in
the plane-parallel field configuration. We also included impurity scattering in our equations
and compared the tunneling measurements on a thin Al film with the numerical results on
the upper and lower stability limit of a system with finite thickness. At temperatures below
a triciritical temperature, the behaviour of the two boundary solutions for the critical field

improved to meet the characteristics of the experimental data.

This work was concluded with investigations on conventional s-wave superconductors
RbOs20¢ and LagNisBaN3_s5. We analyzed the upper critical field H.o(T') of the S-pyrochlore
superconductor RbOsyOg within the framework of s-wave Eliashberg theory including
anisotropy and scattering effects. Comparison between experiment and theory of thermo-
dynamic properties such as the specific-heat difference between superconducting and normal
states Cs — C),, and the thermodynamic critical field H.(T) confirms, that RbOs2Og is a
conventional s-wave superconductor. Results from our previous work already showed, that
LagNisBoN3_5 is a conventional s-wave superconductor, which properties can be very well
described with Eliashberg theory. Measurements on LagNiaBsN3_ s show a decrease in the
critical temperature with increasing vacancy on the nitrogen site. The nitrogen vacancies
may act as scattering centers, which smear out the electron-phonon coupling anisotropy. We
investigated the vacancy related T.-depression both with respect to impurity scattering and
with a model Einstein spectrum, by shifting the center of the J-peak to reproduce the ex-
perimental T,.-values. Our results show, that the effect of additional scattering centers on
anisotropy is too weak to explain the decrease in T,.. However, a shift of the electron-phonon

pairing frequency yields the important contribution to this phenomenon.
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Introduction

In the wake of classical papers by Clogston [1] and Chandrasekhar [2], where only spin pair
breaking was considered and the orbital component was assumed to be negligibly small,
most theoretical studies neglected paramagnetic pair breaking in superconductors. A notable
exception is the dirty limit theory developed by Maki [3], Fulde [4] and others. In several
experiments, on the other hand, both pair breaking components are present and the neglect
of the orbital contribution is not really justified. In the past years, ultra-thin films became
available and several new classes of layered superconducting compounds have been discovered.
For applied field parallel to the films [5] or conducting planes [6], Pauli paramagnetism can be
the dominating pair breaking effect, provided the conducting layers are sufficiently separated
from each other or the thickness of the films is sufficiently small. In many of these compounds,
including high-7, cuprates and organic superconductors, impurity scattering and spin-orbit
coupling is small and orbital pair breaking is - for an applied field parallel to the planes - the

most important second order effect, next to the spin effect, to be taken into account.

The focus of Chapter 1 is the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state [7, 8], which
is a spatially inhomogeneous superconducting state, predicted to occur in clean supercon-
ductors with purely paramagnetic limiting. Critical field measurements in the quasi-two- di-
mensional organic superconductor £-(BEDT—TTF),Cu(NCS), strongly suggest that a state
of the FFLO type exists in this material; agreement between experiment [9] and existing
theories has been successfully checked [10] both in view of the angle-dependence [11] and the
temperature dependence [12] of the upper critical field [13]. Apparently, this is the first time
since the original predictions in 1964 [7, 8] that quantitative agreement between theory and

experiment with regard to the FFLO phase boundary has been established.

Strong paramagnetic effects can also be expected for the high-T, cuprate superconductors at
low temperatures, when the conducting planes in adjacent unit cells are well separated from
each other. A measurement [6, 14] at 7' = 1.6 K in YBayCuzOy7 indicates rather clearly that
the superconducting state is paramagnetically limited but, on the other hand, the observed
transition is too broad to allow a decision between the FFLO state and the homogeneous

superconducting state. A measure of the relative strength of orbital and paramagnetic pair
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breaking is the ratio of the paramagnetic critical field H,, divided by the orbital upper critical
field Hqo of a type II superconductor. In a thin superconducting layer of thickness d < &,
where & is the coherence length of BCS theory, the orbital critical field H.(d) is increased
by a factor of £y/d and the corresponding ratio is given by [15]
H, d
He(d) ™ &t

A small transverse dimension d < &y of the film suppresses the orbital effect and enlarges the
spin effect drastically. However, this equation also shows, that the critical thickness which
separates the spin pair-breaking and orbital pair-breaking dominated regimes is still of the
order of an atomic distance. Thus, the above estimate, which is confirmed by more quantita-
tive calculations to be presented in this work, indicates that a nearly perfect two-dimensional
situation is required in order to justify the neglect of orbital pair breaking contribution in
clean superconductors. The situation in dirty superconductors is much more favorable for the

spin effect. The FFLO state, however, is suppressed by impurities.

In Chapter 2, we investigate a superconducting film of finite thickness in a magnetic field
parallel and with arbitrary angles 1 to the conducting plane. Thus, the usual model of purely
paramagnetic pair breaking is generalized in a different way, taking into account the influence
of a finite orbital pair breaking component on the FFLO state. The model is formulated in the
first part of this Chapter, using the framework of the quasiclassical Eilenberger equations, and
thermodynamic properties are derived. This new theory of competing spin and orbital pair
breaking in clean superconducting films or layers is discussed with the help of experimental
results on YBasCusO7 and possible orbital pair breaking contributions in the plane-parallel
field configuration [15]. To conclude this Chapter, we included impurity scattering in our
equations and compared the tunneling measurements of Ref. [5] on a thin Al film with the
numerical results on the upper and lower stability limit of a system with finite thickness. At
temperatures below a triciritical temperature, the behaviour of the two boundary solutions

for the critical field improves to meet the characteristics of the experimental data.

For a bulk superconductor in the clean limit, on the other hand, the ratio of the paramagnetic
critical field H,, divided by the orbital upper critical field H.» can be written as

Hy, &
Hc2 k‘;l

in terms of the Fermi wavelength kr. This relation implies that orbital pair breaking will
always be the dominating mechanism in bulk superconductors, no matter how large the
Ginzburg-Landau (GL) parameter x is. This holds in the framework of conventional BCS
and related theories. Conventional superconductors are well described by Eliashberg theory
[16] which treats superconductivity as a boson-exchange phenomenon. The dominant fea-

ture of this theory is the electron-phonon interaction spectral function o?F(w) which can



be determined from tunneling experiments [17] or theoretically from band structure calcu-
lations. Using such an o?F(w) within Eliashberg theory allows to reproduce the supercon-
ducting properties of a conventional superconductor within experimental accuracy and this
established the phonons as the exchange boson between the two charge carriers building the
Cooper pair in conventional superconductors. In Chapter 3, the upper critical field H.o(7T)
of the B-pyrochlore superconductor RbOssOg is analyzed within the framework of s-wave
Eliashberg theory including anisotropy and scattering effects. Experimental data on thermo-
dynamic properties such as the specific-heat difference between superconducting and normal
states Cs — C),, and the thermodynamic critical field H.(T") align with the results from the
upper critical field analysis [18, 19].

We already concluded from previous work, that LagNisBoN3_s is a conventional s-wave su-
perconductor, which properties can be very well described with Eliashberg theory [20, 21].
Measurements on LazNigBoN3_s show a decrease in the critical temperature with increasing
vacancy on the nitrogen site [22]. The nitrogen vacancies may act as scattering centers, which
reduce the effect of the electron-phonon coupling anisotropy. We investigated the vacancy
related T.-depression both with respect to impurity scattering and with a model Einstein
spectrum, by shifting the center of the d-peak. The consistency of our calculations were then
checked with the ability of the theory to describe the experimental data on the upper critical
field Hqo(T'), which is very sensitive to changes in anisotropy and impurity scattering. Our
results show, that the effect of the additional scattering centers on anisotropy is too weak
to explain the decrease in T,. However, a shift of the electron-phonon pairing frequency may
give the important contribution to this phenomenon. We achieved an excellent agreement
between theoretical predictions and experiment over the whole temperature range for Heo(T")

and for all investigated samples of LagNisBoN, with varying x.
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Chapter 1

Upper critical field H. of a 2d
superconductor

Superfluid phases with unequal numbers of particles forming Cooper pairs have been the focus
of interest for many years [23]. Of particular interest was the prediction of Fulde and Ferrell
[7] and by Larkin and Ovchinnikov [8] in 1964 (the FFLO state) that at low temperatures, su-
perfluid states with spontaneously broken translational symmetry should form. These FFLO
states have been under theoretical investigation including metals [24, 25|, ultra-cold atoms

[26], nuclear matter and dense quark systems [27, 28].

Due to the formation of Cooper pairs the susceptibility of the superconductor is reduced
compared to the normal state. For high differences in the chemical potentials the polarized
normal state has a lower energy than the superconducting phase. Qualitatively, the transition
from the paired superconducting to the polarized normal phase will occur when the polariza-
tion energy equals the condensation energy of the Cooper pairs. This condition defines the
limiting chemical potential mismatch du.(7") beyond which homogeneous superconductivity
will not exist. The low-temperature limit du.(0) for a conventional superconductor was first
given by Chandrasekhar [2] and Clogston [1] and the oy vs. T' phase diagram for homogeneous
superconductors was studied in detail by Sarma [29]. In addition to the normal phase and
the homogeneous superconductor, he considered a compromise state which embodies ‘phase
separation in momentum space’. The breached-pair (BP) states [30] are characterized by the
coexistence of paired superfluid and normal polarized components which reside in different
regions of momentum space. Unfortunately, these gapless states turn out to be unstable in the
‘classical’ situation of a superconductor in an external magnetic field acting on the spins of
the electrons. The interest in BP states, however, has been recently rekindled since they could
be realized in dense quark systems or ultra-cold atoms. FFLO predicted a spatially inhomo-
geneous partially gapped compromise state with both paired superfluid and normal polarized

regions to be the stable ground state in a (narrow) range above the Chandrasekhar-Clogston
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18 1. Upper critical field H.o of a 2d superconductor

limit.

The idea of forming a textured state with paired and normal regions closely parallels the con-
cept of the vortex phase which appears in type-II superconductors below the upper critical
field. This phase gains its stability from the fact that it allows magnetic flux to penetrate
into the superconductor. Like the FFLO state, it was predicted theoretically by Abrikosov
[31]. Shortly afterwards, it was confirmed by numerous experiments employing a variety
of techniques. Although the existence of inhomogeneous compromise states in imbalanced
superfluids seems plausible, despite intensive search, these states have not yet been identi-
fied unambiguously. There are, however, indications that they are realized in some highly

anisotropic materials.

There are several reasons for the difficulties in the experimental observation. First, the FFLO
state requires very stringent conditions which strongly restrict the appropriate classes of
superconducting materials. Soon after the FFLO phases were predicted, it became clear that
impurities act as pair breakers suppressing the corresponding tranistion temperatures [32]. A
necessary criterion for the realization of the FFLO state is a long mean-free path exceeding the
superconducting coherence length. An additional technical difficulty encountered in metals is
related to the fact that electrons are charged particles. An external magnetic field required
to create the imbalance in the conduction electron system will inevitably act on their orbits
and suppress superconductivity. To observe imbalance-induced high-field phases the orbital
pair-breaking must be strongly reduced as pointed out by Maki [32]. The early search for
the FFLO phases concentrated on thin superconducting films in parallel magnetic fields [4].
Although polarization effects were clearly seen, it was not possible to stabilize the FFLO state.
Promising candidates are recently discovered heavy-fermion compounds and layered organic
superconductors as we will discuss in this worl. Second, there are no simple criteria which
could help to identify the phases. The order parameter as such is a quantum mechanical object
and hence cannot be observed directly. The generally accepted procedure in this situation
is to calculate observable properties which depend on the order parameter and hence reflect
its structure. It turns out, however, that the properties of FFLO states are non-universal
depending sensitively on the normal state, i.e. the dispersion of quasiparticles and their
interactions. The latter strongly affect the transition line separating the normal and superfluid
phases as well as the order of phase transitions. In addition, the anisotropy of the order
parameter in the homogeneously balanced phase which is related to the presence of absence

of low-energy excitations plays an important role.

Favourable conditions for observing the FFLO state are found in clean superconductors with
orbital critical fields much larger than the Pauli limiting field H),. In practice, it seems always
necessary to reduce the orbital pair-breaking effect by using layered superconductors with

nearly decoupled planes or extremely thin films (quasi-two-dimensional superconductors) and
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applying the magnetic field in a direction parallel to the conducting planes. Several classes
of superconducting materials with favourable conditions for observing the FFLO state do
exist. These include the classical intercalated transition metal dichalcogenides as well as more
exotic materials like high-T, compounds and organic superconductors. Experimental data of
the organic d-wave superconductor xk-(BEDT—TTF),Cu(NCS)s with almost 2d electronic
structure show good agreement with the numerical results for the upper critical field H.o of
a two dimensional superconductor, derived from the linearized gap equation of Eilenberger’s
theory [33], as was done by Bulaevskii [34], Shimahara and Rainer [11]. This confirms the
previous assumptions, that this material could indeed be a FFLO superconductor [10]. For
TaSo-pyridine, which has s-wave pairing symmetry, the results of the theory for the upper

critical field as function of the off-plane field angle align well with the experimental data.

In the next section, the s- and d-wave linearized gap equations are derived from Eilenberger’s
[33] quasiclassical equations of superconductivity to calculate the upper critical field H.o in
Section 1.2. Phase diagrams are shown in Section 1.3 and are compared to experimental

results in Section 1.4.
1.1 Derivation of the linearized gap-equation

The microscopic theory of superconductivity by Bardeen, Cooper, and Schrieffer (BCS) is
established as one of the most popular theories in condensed matter physics. Even though
it is based on a simplified model and is used to describe weakly coupled homogeneous su-
perconductors in the clean limit, it gives surprisingly good description of many properties of
superconductors. With the formulation in terms of the Green functions by Gorkov, the BCS
model grew into a highly powerful theory of superconductivity. Eilenberger [33] generalized
the model by describing a weakly coupled superconductor in a spatially inhomogeneous state,
with a pairing potential A(r). As Anderson’s Theorem of negligible scattering effects is only
valid in the homogeneous state, Eilenberger also introduced a non-zero impurity potential

V(r) to account for effects due to impurity scattering.

To calculate the equations for the upper critical field, we must first derive the linearized gap
equation from the quasiclassical equations of superconductivity. We consider the isotropic,
weak-coupling and time-independent version of Eilenberger’s theory [33] without the ‘impu-
rity potentials’, consisting of three differential equations for the components f(,), f(_) and

9g(+) of the matrix Green’s function g
[2(wl — iMH) + thar} f(Jr) = 2Ag(+)
(20— ipH) = hvedy’| ) = 287

9+) = y/1- f(+)f(t) ; (1.1)

with the order parameter A, the Fermi velocity vg, the electron magnetic moment p =
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grpp/2 (g1, is Lande’s factor and pup = hle|/(2mc) Bohr’s magneton), and the magnetic field
strength H = |H|. Vectors are denoted in bold font. The differential operator 0, is given by

2e
Op =V — Z%A (1.2)
with the vector potential A. The Green’s functions f(4), f(_) and g(4) and the order parameter
A are functions of the spatial coordinate r, the unit vector k in the direction of the particle

momentum and the Matsubara frequency w;
w; = (214 1)wkgT I=0,+1,42, .... (1.3)

The Fermi surface is assumed to be cylindrical and to lie in zy-plane. In this case the Fermi

velocity v is given by
cos
vF =0vFp | sing | . (1.4)
0

The gap equation is linearized by giving the Green’s function g its normal-state solution

9(+) = sgnwy

instead of taking the full normalization condition in eq. (1.1). In order to calculate the gap

function A(r, k), the operator @ is introduced

Qfp)(r, k1) = 2A(x, k)sgnuw, . (1.5)

It follows from equation (1.1)

Q = Q(wl—iuH)—i-hVF@r

= sgnw [2(]@);] - z',uHsgnwl) + sgnwlthar} , (1.6)
and because no eigenvalues of Q are null, Q! exists
1 -1
Q'= [2(\@\ — z',uHsgnwl> + sgnwlthaR} . (1.7)
sgnw;

Therefore, with the application of Q! to eq. 1.5 we can write

fep (v k) = 2 | dvexp (—z[2(lwi| — ipHsgnw;) + sgnwihived]) Alr, k)

fo (v kl) = 2 | dvexp (—z[2(lwi| + ipHsgnw;) — sgnwAivedy]) A(r, k) (1.8)

0\80\8

as integration over an inverse energy spectrum for the formal solutions for the Green’s func-

tions fy and f_), and the gap-function is given by

N 27rd ,
A= W)\N(EF)k:BTZ / %(f(ﬂ + f)- (1.9)
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with N, the cutoff-index corresponding to the highest or Debye-frequency wp = mkpT (2N+1)
of the excitations and the coupling factor \. Eq. (1.8) and (1.9) yield the self-consistency

relation for the order parameter

A(r,k) = 2rnAN(Ep kBTZ / / dz e 22V (k, k') x
<exp (2izpH — xth '0y) + exp (—2izpH + :Uth'(?r)>A(r, k) (1.10)

which can be transformed further by using the sum of the geometric series

n 1_1

Z s (L11)

and approximating 7kpT (2N + 2) ~ 7kgT (2N + 1) = wp for large values of N. With the
substitutions s = 2z, h = pH and by replacing 0, with the canonical momentum II = /0, /i

the linearized gap-equation is obtained

n dSD A % —SUJD
A = N(E T
(r,k) = TAN(Ep)ks / Y e,k /ds — kaTs)X
0
VF H -,
cos[s( 5 >]A(r,k). (1.12)

1.2 Calculation of the H.-equations for different pairing sym-
metries

The magnetic field H is assumed to lie in the yz-plane

0 0
H=| H | =H | cos? |, (1.13)
HJ_ sin v
and the vector potential is given by
H”Z - HJ_y
A= 0 (1.14)
0

with an appropriate gauge. The components of the canonical momentum IT = £, /i are

h 0 h 0

I, =-— — d II,=—-— 1.15
T4 ox flYy an Yooy’ ( )
with k1 = 2|e[H | /c and x| = 2[|e|H|/c. Because of the commutation relation [II,II,] =
hry /i we are able to introduce annihilation and creation operators n and 7™
1 , n 1 ,
(I, — 4I1y) nt = (I 4 4I1L,) , (1.16)

= \V2hk | V2hK |
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which satisfy the relation [, n"] = 1. The components of the canonical momentum expressed

with these operators are

ki h |k h
Hx=\/%(n+v7+) I, =i %(n—nﬂ (1.17)

and the operator 777 is given by

1 1
tp = 12 H2>——. 1.18
nn 2hm( =) =5 (1.18)

The hamiltonian Hy = I12/2m = I1? /4m, is constructed out of n*n

1
Hy = hw<n+77 + 5) with w= (1.19)

271/@_’

which is equivalent to the hamilton operator of the harmonic oscillator. Therefore, the eigen-
functions of the hamiltonian ®,, are obtained from the eigenfunction ®y by applying the

creation operator n-times on the ground state

1®,,) = \/%(77+)n|<1>0>, (1.20)

while @ is calculated from the differential equation n|®g) = 0. As in the case of the harmonic

oscillator the application of the operators n and n™ on ®,, yield

77+|<1>n> =vVn+1|®,.1) and 7n|®,) = n|P,_1). (1.21)

The derivation of the eigenfunctions is given in Appendix D.1. To further simplify the lin-
earized gap-equation (1.12) the pairing interaction V (k, k') is approximated by V(k, k') =
—7a(k)ya (k). The gap-function is also assumed to be separable A(r, k) = Ay (r)v.(k) and
we obtain with eq. (1.17) the linearized gap-equation

oo 2
T B 1 de' 2na
—ln(Tc(O))Aa(r) N 7Tk;BT/dssimh(wk:BTs)/ 27 Yalk)" X [1_
0 0

cos (hs - %sva mTl(ew/n + efw/nJr))} A, (r), (1.22)

where k:BTc(O) = 271 L hwpe V/ANEF) {5 the zero-field transition temperature with Euler’s

constant v ~ 0.57721.

1.2.1 s-wave symmetry

The symmetry function 73(12:’)2 is 1 for s-wave superconductors. With the relation

cos(A £ B) = cos(A) cos(B) F sin(A) sin(B) (1.23)
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the cosine-term in eq.(1.22) translates to
1 h s Al s Al
cos <hs — 531}}:\/ %(ew n+e ¥ n+)) =
cos(hs) cos(ve n + ve ' n) — sin(hs) sin(ve’ n + ve ¥yt (1.24)

and v = vpsy/hk, /2/2. The sine-term on the right hand side of eq.(1.24) vanishes after
the ¢/-integration. Now the cosine of the creation and annihilation operators n and n* is

transformed into exponential functions
cos(vewln + Ue—i<p’n+) = %(ez‘v(ew/n—ke*i@/n*) + e—z‘v(ew/n—ke*w/n*)) (1.25)

and the Hausdorfl-formula
elatB) — qapBelaBl/2 (1.26)

is applied with the substitutions a = v iew/n and 8 = vie*ig"/n*. The commutation relation

[a, B] with [,77] = 1 results in
[, f] = —— (1.27)

27
dy/ . 2N [ AL () (=B
/?COS((WFWZ) - ¢ ZZ/?i(um! T )
0 m=0 =07}
2m
2 - dgpll [+m S\ I+m 1 I+m
= e 2 22/75(1 +(_Z) )Wv
m=0 l:00
X 77+l77mew,(mfl) (1.28)

after applying the sum-rule for the exponential functions. It can be clearly shown that

27
ng/ i (m—1) _ . 1 l=m
[ oo _g= ] (120

with the Kronecker-9, which is 1 for [ = m and null otherwise. Therefore, eq.(1.28) reduces

to
2

oo
Z T lenJrlnle T, (1.30)
=0

because all terms with unequal powers in 1 and n* were eliminated by the ¢’-integration.

The linearized gap-equation (1.22) becomes

o

i — —s2vZ kK, /16
ln<Tc(0)>A (r) = WkBT/dS Sinh( ﬂ'szTS) {1 cos(hs)e™ ¥ VF
0
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X i ‘ ( thm_> n*lnl}As(r). (1.31)

=0

For s-wave pairing the gap function As(r) has to be proportional to one of the eigenfunctions

®,,(r). The annihilation operators n' applied to |®,,) give

77l|(1) “ | n— l
n"'®n) = \/_|‘1>0
aleg) = 0 (1.32)

resulting in

lnll
Bt @,) = - Ot - 1.33
The eigenfunctions (®,/| and |®,) applied to the left and to the right of eq.(1.31) finally

results in the equation for the upper critical field

[e.e]

T _ ; —s2v%hr, /16
—1n<Tc(0)> = WkBT/dS Sh(hpTs) (1 — cos(hs)e™ ¥ F

8 Z 12 n—l .(S%ihm)l) ' (1.34)

For fixed temperatures T' and angles ¢, the upper critical field is the largest H given by

eq.(1.34) for a certain quantum nuber n. The corresponding equation in Eilenberger units

can be found in Appendix A, equation (A.29).

1.2.2 d-wave symmetry

BecAause of v4(k') = V2(k? — ki?), with k}, = cos(¢') and k;, = sin(¢'), the symmetry function
va(K')? is given by 1+cos(4¢’) for d-wave superconductors. The linearized gap-equation (1.22)
can be split into two parts, one containing the ¢’-dependence of the symmetry function Wd(l%’)Q

o0

1
kpT | ds ———————
B / Ssinh(wk:BTs)x
0
27rd , 1 3
2 ’ |: ( K1 i i+ >i|
- 4 1-— S — 1.
/277 cos(4¢") cos( hs 55VF\| = (e’ n+enT) (1.35)
0

and the other part is the same as in the s-wave case

o0

1

kT | ds—————
B / Ssinh(7ﬂ7<:BTs) %
0
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Cé_i/ [1 s (hs - %S”F\/@(ew'n + e’“‘“n*))} : (1.36)

which solution is a diagonal matrix in the quantum number n. This part will be denoted

o\";\‘?

as D,, , in the following calculations. The ¢'-integration in eq. (1.35) contains the following

contributions if the cosine-rule (1.23) is applied to it:

/ 1 v v
/ a7 cos(4¢’) sin(hs) sin(—sva M—J‘(ew n+e "’ 77+)> (1.37)
2 2 2
0
and

7 1 h

SO o - /fJ_ i(p/ —i<,0/ +
/—2 1 cos(hs) COS<281}F - e¥n+e ))] . (1.38)
0

Eq. (1.37) contains an integration over even and odd functions of ¢'. Therefore, the only

remaining contribution to be determined is

2

1 h o o
/ os(4¢’) Cos(ztvF\/ %(ew n+e '’ 77+)> , (1.39)
0

because of

/Z—/cos(élap) 0. (1.40)
0

As in the case of s-wave symmetry the cosine-term containing the annihilation and creation

operators are substituted by exponential functions (see egs. (1.25-1.28))

2 2m
5 00 00 l m
2 © 1 (=)' (=8)
/ os(4¢') cos((a+ B) /i) = e 2 22/2—5 Tl + I >
0 m=0 =0 o
2
2 o o d 1
_ -5 i_ H—m l+m
= TS [
m=01=0 {
l+m77+lnm cos(4¢)e? (m=0 | (1.41)
With the integration over ¢’
27rd ,
T 1
[ 5 costae ) D = St + i) (1.42)
0

eq. (1.39) becomes

00 !
1 (-1 v2
Z 5['(( ) )'U2l+4 <77+l+4nl 77+l77l+4>e_7 ’ (1.43)
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and we obtain for the linearized gap-equation

oo
T
_ln<@>Ad(r) = [eq.(1.36)]A4(r) — _WkBT/dSsmh (ehpTs) cos(hs)x
= (=1 I+4 ’
2 (A L l+4> - A
;l'l+4) (" T Ag(r)

(1.44)
with v = %SUF h'“ . For d-wave pairing symmetry the gap-function Ay4(r) is expanded in
terms of the eigenfunctlons ®,(r)

o
= A,Pu(r). (1.45)
n=0
Therefore, the operators 77+l77l+4 and 77+l+4771 are applied to the eigenfunctions ®,,(r), which
results in
1+4 n’In!
(bl ) = \/(n’ Sy T oy RGN (1.46)
and
! n'In!
() = \/(n ST D) = o (1.47)

The matrix equation for H.s in case of d-wave symmetry is therefore

—ln(T(O ) ZDWA (1.48)

with

4
Do = Ot D + (Opgsd + Ongan) DS (1.49)

and the matrices

e}

1
Dn,n = Wk?BT/dS m{l—COS(hS)X
oS v2 hxy /16 8 thI{l
3 () (1.50)
1 r 1
DY, = —gmbaT [ds o
o 27rk3 ds b (ThnTs) cos(hs)x
0
min(n,n’)

— 1 nIn 2021 )
—S U2 FLHL/16 ( 1) nns: S UF K/l 1 51
¢ ; (1 + 4)!(min(n,n’) —l)!< 8 > - (151
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FIGURE 1.1: Direction of the magnetic field and angles ¥ between H and the a-b plane and
 between H and a.

One can see from eq. (1.49) that the coefficients A,, are mixed with A, 14 in eq. (1.45) for
any n. Thus, the coefficients A,, with n = ng,ng+4,ng+8... are all mixed, with ng =0, 1,2
and 3. Inserting eq. (1.49) into (1.48) results in

(0) n,n—4
c

—m(i)An = Dy + DO Ay + DA, (1.52)
T b

The corresponding equations in Eilenberger units can be found in Appendix A, equations
(A.30-A.33).

Rotation of the magnetic field in the a-b plane

We have derived equations for the upper critical field H.o considering the angle ¥ between
the magnetic field H and the c-axis or the a-b plane. In this section, a rotation of the fermi
velocity vy by an angle ¢ with respect to the coordinate system (l%;,/%g’/) is considered to
be equivalent to a rotation of H by ¢ with respect to the a-b plane and equations for the

p-dependence of Hy are derived (see Fig. 1.1).

The transformation matrix

0
T = | —sin(p) cos(p) 0O (1.53)
1
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FIGURE 1.2: Symmetry function 'yd(l%)2 and transformation of the Fermi velocity v to V.

rotates the Fermi velocity v by ¢
cos(¢) cos(y’ — ¢)
Vi =Tvp =Toup | sin(¢’) | =vp | sin(¢’ — @) (1.54)
0 0
Therefore the linearized gap-equation (1.22) is modified by replacing ¢’ with ¢’ — ¢ in the
exponential functions without altering the other ¢/’-dependencies. The calculation of the equa-
tions for H. is completely analogous to those of the previous d-wave case and the results are

the same except for the matrix

Dn,n’ = 6n,n’Dn,n + (5n,n’+4eii4ip + 5n+4,n’ei4¢)D7(L4) ’ - (155)

s

Because of
et — cos(4¢) £ sin(4y) (1.56)

the matrix D), , is complex and can be split into its real and imaginary parts

R 4
Dn,n’ = D:z,n’ + ZDTZLW/ - 5n,n’Dn,n + (5n,n/+4 + 5n+4,n/)D£L,Zﬂ 008(490)"’_
. 4 .
i(Ongan — 6n7n/+4)D£M)1/ sin(4¢p) . (1.57)

The same can be done with the gap-coefficients A,
A, = Al AL (1.58)

and the results for H. consist of two coupled equations

—m(%)A; - ;;(A;; ho = ALD} )
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e}

_m(%)Nﬁ = TLZO(AZDZW + AZDZ,H (1.59)
giving
_ln<%) An = Dpnly+(D 1(1%%+4A2+4 + DS?H;ALD cos(4p)—
c ( 1(32&4 e — DS?@% n_4)sin(4yp)
—ln<%) A, = Dunld,+ (D£%2L+4Aiz+4 + DSL% n—4) cos(4p)+
c (DS 4 pa = DS,y AT ) sin(4g). (1.60)

1.3 Phase diagrams

In the previous section equations for the upper critical field, which is determined by
the first appearance of a high-n vortex state for magnetic fields not strictly parallel
to the conducting plane, were derived. In this section, the phase diagrams in the H — T

plane for the s- and d-wave cases and for various tilt angles of the magnetic field are examined.

Below the stability limit of the normal-conducting state, a series of different inhomogeneous
superconducting states, depending on 1, appear. For s-wave superconductors each one of
these states relates to a particular value of Landaus quantum number n, which takes integer

values n = 0,1,2, .... These states are (for the s-wave) the following:

e The vortex state for ¥ near 7/2 relating to n = 0.

e A series of inhomogeneous states for ¢ near 0, each one characterized by a single value

of n > 0, with n increasing with decreasing .

e The FFLO state for ¥ = 0, which may be characterized by n — oco.

The structure of the higher Landau level states, for n > 0, has been calculated for s-wave
superconductors by minimizing the quasiclassical free energy [35]. For d-wave superconductors
[11] a state below H.o(¢,T) is characterized no longer by a single value of n but rather by
an infinite subset {ng,ng = 4,n9 £8,...}. However, the dominant contribution may still be
characterized by a single number n, which increases again with decreasing ¥ and approaches
infinity in the FFLO limit. Thus, basically the above classification scheme remains valid for
d-wave symmetry. The phase boundary of the pure FFLO state for d-wave superconductors
(the curve H.2(0,T")) has been calculated by Maki and Won [12].

Prior to showing the numerical results, reduced units are introduced, such as the parameter

Tm, which characterizes the strength of the orbital magnetic effect relative to that of the spin
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T'm sint | ¥ (deg)
05° | 0.15 8.63

0.2 0.06 3.44

0.1 0.03 1.72
0.08¢ | 0.24 1.38
0.05 | 0.015 | 0.86
0.025 | 0.0075 | 0.43

Table 1.1: Parameter r,, and corresponding tilt angles of the magnetic field

magnetic effect
H,

= 1.61
m=_g (1.61)
with
k] - G
oy = ——2mkeTe” _TALEBTe (1.62)
M( vp > H 4 mvg
¢ \onkpT"

The parameter z,, can be expressed in terms of the effective mass m* = pr/vp and the BCS

coherence length &y = hvp/mAg as

; _g_LkBTc(O)m* h
"4 Ny moppé]

(1.63)

where kBTc(O) /Ay = €7 /7 in the present weak-coupling theory and Aj is the zero-field gap.
The equations for s- and d-wave symmetry in these units can be found in Appendix A, (A.8-
A.12). For high-T, superconductors, if we assume &, ~ 20 A, a lattice constant a ~ 10 A,
an effective mass m* ~ 2m, and g1, ~ 2, wpr/(47%/a®) ~ 0.5 for nearly half filling, as an
example, then z,, is estimated to be z, ~ 0.3. With this value, the tilt angles ¥ obtained
from the equation sin ¥ = r,,z,,, are shown in the following table for certain values of r,, used
in the numerical calculations. The superscripts ®¢ indicate that these values were only used

in the given symmetry. The phase diagrams are shown as h.o/Ag vs. T/T plots.

1.3.1 s-wave

The tilt angle dependence of the critical field in the ground state of the s-wave case was
already obtained by Bulaevskii [34] and the temperature dependence of the critical field for
various values of r,, > 0.05 was shown by Shimahara and Rainer [11]. The results obtained
for the s-wave case for r,, > 0.05 are the same as in Ref. [11], additionally the temperature

dependence of the critical field for r,, = 0.025 is shown in this work.

Figure 1.3 depicts the results for r,, = 0.5. At each temperature the line with the highest

critical field corresponds to the upper critical field. One can see clearly that at high temper-
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atures, the vortex state with n = 0 occurs and at low temperatures, the vortex state with
n = 1 is favoured in accordance with eq. (4.3) of Ref. [11]. The resulting critical field is larger
than the thermodynamic critical field of the BCS-state for r,, = 0.

The phase diagrams for r,, = 0.2 is also shown in Fig. 1.3. With r,, = 0.2, vortex states
with higher n occur, and the critical field of the FFLO (Fulde Ferell Larkin Ovchinnikov,
Refs. [7] and [8]) state for magnetic fields parallel to the conducting planes is approached.
As discussed above, the optimum value of the quantum number n of the vortex state in-

creases as the temperature decreases. The vortex state with the largest n is n = 3 in this case.

The temperature dependence of the upper critical field shows kinks due to the discrete
changes of the optimum n for these values of r,,, which become less pronounced as 7,
decreases. Fig. 1.4 shows the results for r,;, = 0.1 and r,; = 0.05. The upper critical field
becomes nearly smooth despite of the discrete changes of n from n = 0 to the highest vortex
state at low temperatures with n = 6. For r,,, = 0.05 the upper critical field h.o/A¢ is almost
indistinguishable from the FFLO critical field, which is drawn with points in these diagrams
in order to allow a better comparison. For low temperatures, however, one can see that the
linear temperature dependence of the FFLO critical field is not yet recovered for these values

of ry,.

The aggreement beween the upper critical field h.o/Ap and the FFLO critical field at low
temperatures improves even more with 7, = 0.025, which is shown in Fig. 1.5. The vortex

state with the highest critical field at low temperatures is n = 24.

1.3.2 d-wave

In the case of d wave pairing symmetry, mixing between all n and n+4 occurs in the solution
linearized gap equation (1.52). The solutions are classified by ng, which is the smallest value
of n in each solution. However, the dominant contribution may still be characterized by
a single number n, which increases with decreasing temperature and angle ¢ between the
field and the conducting planes and reaches infinity in the FFLO-limit. Thus, the above
classification scheme remains valid for d-wave symmetry. When solving the linearized gap
equation numerically a cut-off n. has to be set, which is the automatically the dimension of
the matrices D, ,, and Dﬁfizizl- The cut-off is set to n, = ng + 4. with [. = 5 for r,, > 0.025
and [, = 6 for r,, = 0.025, because the vortex state with n = 24 gave the highest critical

field at low temperatures for r,,, = 0.025.
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s-wave: r,, = 0.5
1 N T T T T
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s-wave: r,, = 0.2
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FIGURE 1.3: Temperature dependence of the upper critical field for r,,;, = 0.5 and 0.2 in the
s-wave case. The thick lines are the solutions of eq. (1.34) for fixed n. The thin, broken lines
show the thermodynamic critical field of the BCS-state and the critical field of the FFLO
state, respectively, in the absence of the orbital effect, i.e., for r,, = 0.
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s-wave: r,, = 0.1
1 T T T T

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

7.0

s-wave: r, = 0.05

FFLO ——

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

7.0

FIGURE 1.4: Temperature dependence of the upper critical field for r,, = 0.1 and r,,, = 0.05
in the s-wave case. The thick lines are the solutions of eq. (1.34) for fixed n. Points were
added to the thin, broken line showing the critical field of the FFLO state for clarity.
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s-wave: r,, = 0.025
1 T T T

FFLO ——

heolBg

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

7T

FIGURE 1.5: Temperature dependence of the upper critical field for r,,, = 0.025 in the s-wave
case. The thick lines are the solutions of eq. (1.34) for fixed n. Points were added to the thin,
broken line showing the critical field of the FFLO state for clarity.

Fig. 1.6 shows the results for r,,, = 0.2. As in the s-wave case, the critical field is already
higher than the thermodynamic critical field. With this value of 7, it is not clear yet, which
of the two FFLO-cases whith different angles of q is approached. The FFLO critical field was
obtained by Won and Maki in Ref. [36]. The thick solid line shows the upper critical field in
the whole temperature range, where ng changes from 0 at high to 3 at low temperatures.
Whenever ng changes, kinks show up in the upper critical field as in the s-wave case. The
mixing of n and n + 4 due to the anisotropy of the d-wave order parameter does not smear
out the kinks in the temperature dependence of the upper critical field. The figure also
shows the result for r,, = 0.1. Compared to the s-wave case the convergence with respect
to 7., is rather slow due to the mixing of n caused by the anisotropy of the d-wave order
parameter. The FFLO upper critical field with r,,, = 0 and ¢, = 7/4 is approached at higher
temperatures, but at low temperatures the solution for r, = 0.1 is still remarkably lower
than the FFLO-case with ¢, = 0.

Fig. 1.7 shows the solutions for r,, = 0.08 and r,, = 0.05. The agreement between the
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d-wave: r, =0.2
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d-wave: r,, = 0.1
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FIGURE 1.6: Temperature dependence of the upper critical field for r,,, = 0.2 and r,,, = 0.1
in the d-wave case. The thin lines are the solutions of eq. (1.52) for fixed n. The thick solid
line is the largest hco. The critical field of the FFLO state for ¢, = 0 and ¢, = 7/4, in the
absence of the orbital effect, ¢.e., for r,, = 0 are shown for comparison.
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d-wave: r, = 0.08

0 | | I I
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d-wave: rp, = 0.05
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FIGURE 1.7: Temperature dependence of the upper critical field for r,, = 0.2 and r,,, = 0.1
in the d-wave case. The thin lines are the solutions of eq. (1.52) for fixed n. The thick solid
line is the largest hco. The critical field of the FFLO state for ¢, = 0 and ¢, = 7/4, in the
absence of the orbital effect, i.e., for r,, = 0 are shown for comparison.
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d-wave: r,, = 0.025
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FIGURE 1.8: Temperature dependence of the upper critical field for r,, = 0.025 in the d-wave
case. The thin lines are the solutions of eq. (1.52) for fixed n. The thick solid line is the
largest hco. The critical field of the FFLO state for ¢, = 0 and ¢, = 7/4, in the absence of
the orbital effect, i.e., for r,, = 0 are shown for comparison.

solutions and the FFLO critical field with ¢, = 7/4 improves, and the upper critical field
at low temperatures increases towards the case with ¢, = 0, but is not yet recovered at
these values of r,,. The kinks in the upper critical field due to the changes in ng become
less pronounced as 1, decreases, however, for r,, = 0.025 (Fig. 1.8) a remarkable kink shows
up at low temperatures as h.o increases towards the FFLO critical field with ¢, = 0. In the
FFLO-case, the wavevector q is optimized in order to obtain the upper critical field. As the
direction of q changes discretely from ¢, = 7/4 to ¢, = 0, the slope of the FFLO critical
field becomes very steep and there is a discontinuity in the derivative of the upper critical
field at ¢ ~ 0.06. The solution for r,, = 0.025 shows a similar behavior. The evolution of the
upper critical field with r,, is depicted in Fig. 1.9.

In-plane angle dependence of the upper critical field

The numerical solutions of eq. (1.60) with the same set of parameters as in ¢ = 0 show no
change in the upper critical field with respect to . In the case ¢ = 0 (1.52) there are two

solutions that give different values for the upper critical field, one in which the initial value
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FIGURE 1.9: Behavior of the temperature-dependent upper critical field with 7,,. Points were
added to the FFLO critical fields for clarity.

for A,1+4/A, is negative and the other with a positive initial value. The upper critical field

is then given by the highest solution of the equation

B T 1) Angsa 4 Ap_g
0= ln(Tc(O)) + Dn,n + Dn,n+4 An Dn,n74 An

(1.64)

which is the one with the negative initial value for A,14/A,. The largest change in Ho
should be seen for ¢ = 7/4, where the Fermi velocity lies in between the maximal values of

the symmetry fuction 74 = 1 + cos(4¢). The equation to be solved in this case is

B T @  Ania @ Anpg
0= ln(@) + Dn’n — Dn7n+4A—n — Dn7n_4A—n (165)
because of cos(m) = —1 and sin(w) = 0. Again, there are two solutions for H.o depending

on the sign of the initial value for A,4/A,. Only in the case of ¢ = 7/4 the situation is
reversed because of the negative sign in the above equation. The highest critical field is then

obtained with a positive initial value for Ay, 4/A,,.

Let us discuss another example with ¢ = 7/8, where cos(n/2) = 0 and sin(7/2) = 1. The
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FIGURE 1.10: Numerical results of egs. (1.64-1.66) which give the critical field from the
solution of the equation f(h) = 0 with different signs of the initial values indicated by a +

or —.
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equations to be solved are given by

T @ Ahia @ Aua
= 1 Dy, — D D,
0 D(TC(O)) T Pnn = Pnnka7n g T Py
T @ Dhia @ Bry
0 = 1n(@) + D+ Dyl a3t = Dl (1.66)

which give fully equivalent solutions for the same set of parameters and initial values. There
are two sets of initial values in this case because of the mixing of the real and imaginary
parts A7, and Al If the signs of the initial values for A? /A7 and A% /AL are the same,
eq. (1.66) gives the lower numerical results of egs. (1.64-1.65). With mixed initial values, the
highest solution is obtained, which is the same upper critical field obtained in the previous

cases with ¢ = 0 and 7/4.

The numerical results of egs. (1.64-1.66) which give the critical field from the solution of the
equation f(h) = 0 with different signs of the initial values indicated by a + or — are shown in
Fig. 1.10 for r,, = 0.1, t = 0.29, ng = 0 and r,,, = 0.05, t = 0.1, ng = 2. Please note that f(h)
is an arbitrary choice for the name of the numerical evaluation of the egs. (1.64-1.66) and
does not indicate a physical property. The solutions giving the lower critical field are plotted
with a thick line, whereas those giving the resultant upper critical field are plotted with a
thin line. There is a discontinuity of f(h) near the solution in both cases. The oscillations on
the right end of the plots are the initial oscillations before converging to the solution given
by f(h) with decreasing h.

1.4 Comparison with experiment

To round up this Chapter we refer to the measurement of the upper critical field H.o of
the organic superconductor k-(BEDT-TTF);Cu(NCS)2 in Ref. [9]. This layered material
shows strong anisotropy of the superconducting properties regarding out-of-plane directions.
In addition, a number of experiments listed in reference [9] are interpreted in terms of a
strong in-plane anisotropy of the gap parameter of the d-wave type. The coherence length
&) perpendicular to the layers of this clean material is smaller than the interlayer spacing
d and one expects an extreme reduction of orbital pair breaking for plane-parallel applied
field. The angular dependence of H.y was measured both with respect to the angle ¢ between
applied magnetic field and the direction normal to the conducting planes and with respect
to the azimutal angle ¢, which denotes the direction of magnetic field lying within the plane.
The results showed, as expected, a strong variation of H.o with 9. On the other hand, no
dependence on ¢ was observed. The maximal value of H. at the plane-parallel position 9 = 0
was of the order of, but 50% higher than, the Pauli paramagnetic limit ugHp = 1.837, in

Tesla. These facts led the authors of reference [9] to propose that their in-plane critical field
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FIGURE 1.11: Square of upper critical field, normalized to its value at 9 = 90°, as a function
of ¥. Full squares: data of reference [3] at t = T'/T. = 0.14. Full line: theoretical result for the
Bulaevskii-Shimahara-Rainer phase boundary for ¢t = 0.14.

is the phase boundary between the normal-conducting state and the FFLO state of a d-wave

superconductor.

Assuming that the coupling between the conducting planes of k-(BEDT-TTF)2Cu(NCS)
can be neglected, the problem is effectively two-dimensional. Then, if the field has both a
perpendicular and a parallel component, the superconducting state is limited by both orbital
and paramagnetic pair breaking. For an exactly plane-parallel magnetic field the FFLO
phase should be realized below a reduced temperature (t = T'/T;) of t ~ 0.4 (Ref. [36]). The
present model requires only one single parameter kgT,./Er (1.62) to be fitted. In the present
anisotropic model the actual ratio of spin and orbital pair-breaking depends on ¥ and may
be written in the form kpT./(EFsind) (1.61). The best fit to the ¥-dependence of H.o at
T = 145K (see Fig. 4 of Ref. [9]) has been obtained for kgT./Er = 0.058. This value of
kpT./EF is consistent with a critical temperature T, = 10.4 K of the sample studied in Ref.
[9], and a Fermi energy of the order of 100K as estimated from several experiments [37].
Using this value the agreement between present model and the data of Ref. [9] is very good,

as shown in Fig. 1.11. The theoretical curves in figure 1.11 have been calculated assuming
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K-(BEDT-TTF),Cu(NCS),  kgTJ/E=0.058, t=0.4
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FIGURE 1.12: The branches ng = 0, 1, 2 of the upper critical field, as calculated from equation
(1.52), are plotted in more detail at the temperature ¢t = 0.4.

d-wave symmetry; the difference between d-wave and s-wave was found to be small except
very close to T = 0K and ¢ = 0 deg. The H., data show a small but clearly visible kink
near the plane-parallel orientation, at ¥ =~ 3deg. A similar feature is also found in the
theoretical phase boundary H.(¥), as shown in Fig. 1.11. The square of the critical fields
has been plotted in order to improve the visibility of the discontinuous change in slope.
This kink indicates the transition from the vortex state, with n = 0, to the first of the
FFLO-precursor states, with n = 1. Still closer to ¥ ~ 0 deg equation (1) yields additional
transitions corresponding to n = 2,3, which are still visible in figure 1 in the theoretical
curve but not in the data points. The H.o-curves describing the n = 0,1,2 transitions, for
the same material but higher T, are shown on a larger scale in figure 1.12. The shape of
the H.() curve depends distinctively on temperature, as shown by the plot of Ho(1)?
at t = 0.8 and ¢t = 0.4 in figure 1.13. The reason for this enhancement at higher T is, of
course, that paramagnetic pair breaking becomes less effective at higher temperature. Data
at higher T' have not been reported in Ref. [9] but would be useful in order to check the

present interpretation.
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FIGURE 1.13: Square of upper critical field, normalized to its value at 9 = 90, as a function
of 9. Full line: theoretical result for the Bulaevskii-Shimahara-Rainer phase boundary for
t = 0.14. Dashed lines: theoretical results for the phase boundary for ¢ = 0.4 and ¢t = 0.8.

Finally, the measured temperature-dependence of H.o for the plane-parallel field orientation
(Fig. 3 of Ref. [9]) with H.o(T') and 9 = 0. This phase boundary has been calculated first by
Won and Maki [36] and the phase boundary with r,, = 0.025 (Fig. 1.8) agrees with reference
[36] in the limit ¥ — 0 except for the steep rise of Hqo(T') and ¥ = 0 below 0.057,. The
comparison between theory [36] and experiment [9] depicted in figure 1.14 shows again fairly
good agreement. No new parameter, except T., must be adjusted to obtain the absolute

scale of the magnetic field in Tesla.

Similar measurements can be found in the old data by Morris and Coleman [38] for inter-
calated transition metal dichalcogenide T'aSy — (pyridine) samples. In this material, which
represents a nearly perfect realization of two-dimensional superconductivity, an unexplained
anomaly regarding the behavior of the upper critical field at different 1" has been reported
(Fig. 10 of Ref. [38]). The agreement is excellent (Fig. 1.15) comparing the experimental
data with the highest solutions of equation (1.34) for an s-wave superconductor. Again, a

single parameter has been adjusted (kgT./Er = 0.024) to obtain both of the theoretical
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FIGURE 1.14: Comparison of the temperature dependence of the plane-parallel upper critical
field reported in reference [9] with the theoretical result reported in reference [36].

curves shown in figure 1.15. The resistance data reported in reference show a non-monotonic
behaviour near the plane-parallel field orientation (Fig. 3 of Ref. [38]), which may be due to

transitions to the n > 0 states.

Summarizing, the proposal of Nam et al [9], that upper critical field data for a plane-parallel
field orientation in the layered organic superconductor x-(BEDT-TTF)Cu(NCS)q should be
interpreted in terms of a FFLO state, has been supported by our calculations. The data agree
with the predictions of a model of a quasi-two-dimensional superconductor as regards both
the angular and the temperature dependence of the critical field. Further confirmation of this
interpretation could be obtained by means of measurements at higher temperatures, where
paramagnetic pair breaking is strongly reduced. If this interpretation is correct, precursor
states with interesting properties should appear for applied fields close to the plane-parallel

orientation.
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FIGURE 1.15: Comparison of the ¥-dependence of the upper critical field of T'aSe— (pyridine),

as reported in reference [38], with the solutions of equation (1.34) for s-wave superconductivity
at t =2.86 and t = 1.4.
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Chapter 2

Layered superconductors with finite
thickness d

In the previous chapter we have derived the H.s-equations of a 2-dimensional superconductor
for a variable angle 9 of the external magnetic field and compared the numerical results
with experimental data on the organic superconductor x-(BEDT—TTF),Cu(NCS), and on
TaSy-pyridine. The Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state [7, 8], which is a spatially
inhomogeneous superconducting state, is predicted to occur in clean superconductors with
purely paramagnetic limiting. Agreement between experiment [9] and existing theories has
been successfully checked [10] both in view of the angle-dependence [11] and the temperature

dependence [12] of the upper critical field.

As these systems almost have 2-dimensional electronic properties, we obtained very good
agreement with the experimental results. A small transverse dimension d < &y of the film
suppresses the orbital effect and enlarges the spin effect rigorously. Strong paramagnetic
effects can also be expected for the High-T,. cuprate superconductors at low temperatures,
when the conducting planes in adjacent unit cells are well separated from each other. This is
due to the fact that the critical thickness, which separates the spin pair-breaking and orbital
pair-breaking dominated regimes, is still of the order of an atomic distance. Thus, a nearly
perfect two-dimensional situation is required in order to justify the neglect of orbital pair

breaking contribution in clean superconductors.

In this Chapter we investigate a superconducting film of finite thickness in a magnetic field
with a certain angle 9 to the conducting plane. Thus, the usual model of purely paramagnetic
pair breaking is generalized in a different way, taking into account the influence of a finite
orbital pair breaking component on the FFLO state. The model is formulated in Section
2.1, using the framework of the quasiclassical Eilenberger equations. We assume that the

film thickness is smaller than the coherence length and use a cylindrical Fermi surface. This

47
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shape of the Fermi surface allows us to study the influence of orbital pair breaking without
any additional complications, like scattering of quasiparticles at the film boundaries. Such
boundary effects seem less important in the present context, but may, nevertheless, be present
in many materials and should be taken into account in future work. In addition, the cylindrical
shape of the Fermi surface, which corresponds to a truly 2-dimensional situation, allows us to
extend our investigations to superconducting layers of atomic dimension. The phase diagrams,
obtained by solving numerically the relevant phase boundary and stability equations, are
reported in Section 2.2. Thermodynamic properties are calculated with the help of the free
energy difference between normal and superconducting states, and a discussion of possible
orbital pair breaking contributions in the plane-parallel field configuration of YBayCuzO7 is

conducted in Section 2.3.

Results of the critical field calculations show, that at temperatures below a triciritical tem-
perature there are two boundary solutions for the critical field: the upper stability limit,
which is of first order and at which the gap is still finite, and the lower stability limit, which
is a second order phase transition. Impurity scattering is accounted for in Section 2.4 and the
tunneling measurements of Ref. [5] on a thin Al film is compared with the numerical results

on the upper and lower stability limit of a system with finite thickness.

2.1 Derivation of the Gap-equation

With a complete set of orthogonal eigenfunctions @, (r), the gap-function can be expressed

as

Alr)=>" / d3ry ®F (r1) @, (r) A(ry), (2.1)

where n is the discrete index of the eigenfunctions, which can also be degenerate and contin-

uous. In the latter case the summation is transformed into an integration
d®p
- [ =L 2.2
>~ [ G 22)
n

The differential equation for the Green’s function f((r) is given by (eq. (1.1) with g4y =

sgnwp)

. 1
(|wi| — isgnwipH) + §sgnwlth8r} f(r) = Alr).

The operator O, is given in eq. (1.2). The Fermi velocity vg can be written as vp = UFR,

with the unit vector k = vr/vp and

vp = \/v%m + v%’y +vE, . (2.3)

If the Fermi surface is cylindrical (vp, = 0 or k, = 0), vp is given by eq. (1.4), with vp as
the radius of the cylinder. In general, the z-component has to be taken into account and vg

is calculated from eq. (2.3).
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In the following the complete set of orthogonal eigenfunctions of the operator kd; are denoted

by fi p(r) with the eigenvalues ikp:

~ 2e N A~
k (Vr - Z%A> Jip(®) =Ko fi ,(r) = ikpf; (r). (2.4)
The eigenfunctions fi p(r) have the property

d3p
(2m)3

Using the above completeness relation explicitly, and the summation over the index n in eq.

F(r) = /d37“1 O(r —r1)F(r1) = / /d37°1 fip(l‘l)ff(,p(r)F(ﬁ)- (2.5)

(2.1) transformed into an integral (2.2), the Green’s function f((r) can be expressed as

e Ji () i)
f(+)(r) - / (27:))3 /dsrl Wa %k:zsgnwllf(izpph Alry), (2.6)

with w, = |w;| — isgnw;uH and by replacing vpkdy with its eigenvalue ivpkp = ivpp (2.4).

The finite thickness of the superconducting film is accounted for by restricting the integration

over the spatial coordinate z to an interval [—d/2,d/2]

fovo(deo(d-)- [w [ Z o

without imposing the disappearance of the eigenfunctions at the film boundary

d
fip <~’U,y, i§> =0. (2.8)

Heavyside’s function ©(x) is defined to be 1 for > 0 and null otherwise.

2.1.1 Eigenfunctions f; (r)

One needs a complete set of eigenfunctions ff(p(r) of the operator kd,:

fip(r) =exp (—1%(121')((H x r)k) + ig(r) + ipr) : (2.9)

The function g(r) is determined by solving the differential equation (2.4) for the present
gauge (1.14). With the gradient of the eigenfunctions Vrff{p(r) given by

12|e| ~
Vifip®) = i —§|—C|k H x r)k
/{?FLH—/{? K|

liJ_k +Vy(r)+p| frp(r), (2.10)
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with x| = 2|e|H | /c, k) = 2|e|H)/c, and

2e] .1 ) ) )
%(H xr)k = 7 [(H”z — k1Y)ky + K1 Tky — n”xkz] , (2.11)
equation (2.4) yields
R<Vr+i%A—ip> — 0
he
1, - A )
= Z{_%[_kw(f”z — my) + kym_m — ]{:Z[{”x]_i_
kVg(r) + 55 (kr) [;;x;;z,{“ ikt
kukyrs = bukory ]} (2.12)

The expression in the large square brackets at the end of the equation gives { . } = 0, which

results in the following differential equation for g(r)

~ A A 1 ~ ~ A
(kgOy + kyOy + k.0, )g(r) = o <—/<:$(/£||z — k1Y) + kyr o — kzn”x) . (2.13)
One finds for its components:
1
O:g(r) = ~3 (k)2 — k1Y)
1
Oyg(r) = R LT
1
d.9(r) = TR EE (2.14)
which give the function
1
g(r) = —ﬁ(n”z —K1Y)x. (2.15)
Therefore, the complete set of orthogonal eigenfunctions fg p(r) is obtained as
= 120 ey (1 oK) o+ 2 : 2.16
ff(’p(r) =exp | —3 %( r) (( X 1) > + 7 (k)2 — k1y) | +ipr (2.16)

for the chosen gauge.

2.1.2 Calculation of the Green’s function f((r)

With the help of the identity

o0

- / dse (2.17)

0

S| =

the Green’s function f(4)(r) (2.6) can be written as

o = [0 [
0

]
/d3 TleP(Fl)ff(,p(r) exp (—s [wa + gsgnwlthp}> X
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o(£4-)o(4-2) ot

00 0o d/2
_ / ds o / i, / dz1
0 —00 —d/2

i2le]

exp <—§§ [(f{r) <(H X r)ﬁ) — (kry) ((H X rl)l;ﬂ) X
exp (—% (k)2 — k1y)z) — (K21 — f@lyl)xl)]> X

/ %exp <z’p [r —r] — thsgnw%D A(ry).

2
(2.18)
The integration over p results in a d-function
d3
/ —(27:))3 exp <ip [r —r1 — thsgnwlgb =4 (r —r] — hVFsgnwl§> , (2.19)

with =1 and y; replaced by z — hvplg:xsgnwl% and y — thl;:ysgnwlg in the integration over x;
and y; in eq. (2.18), because all these coordinates are defined in the range between —oo and

oo, respectively. For z; the range is restricted to —%l <z < %l which leads to the condition

d

d .
3 <z-— thk:ngnwlg < 5 (2.20)

After performing the ri-integration the following terms in the exponential function of eq.
(2.18) are determined:

(Rr){ <H X r>f<} {f{(r - thsgnwlg) }{H X (r — hvpsgnw; = )E}

(Rr){ <H X r)l;} (Rr){H X <r — hVFsgnwl%)f{}+
hvpsgnwlg{H X (r - thsgnwlg)R} =

(ko) { (B v )i | — (ko) { (Fx x ) f o+ s (k) { (B x hve )k f+
hopsgnw; > {(H X r) } hop {(H X th)R} _

sgnw;— {(H X r) } (2.21)
which results in
%sgnwl 5 { (H X r) hVF} = sgnwlvpg{(n”z — lij_y)/%x + m_xl%y — /f”xl%z} . (2.22)
The second contribution is
1

i [(KHZ — K1Y)T — <I<LH <Z — thSgnwlkzg) — KL (y _ thSgnwl/%y%))} o
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(x — thsgnwll%xg) =
S ~ ~ ~ ~
Sgnwl§vp(—/<kay + Ii||$]€z + IiHZk‘x — /@lykx)—l—
2
%fw% (;-; Lhy— 5y k) s . (2.23)
Equations (2.22) and (2.23) yield

2

~ S ~ ~ \ A
sgnwlsvp(n”z — Kk1Y)ky + Zhv% (m_k:y — /<;||kz) ke, (2.24)
resulting in the the Green’s function
—SWq i 7. 82 2 7, 7.\ 1.
f(+)(r) = dse exp | —5 sgnwsvp (k)2 — Kk1y)ks + Z?)Fh(lﬁ_/{?y — Kk )k | ) ¥

© <g + 2z — prsgnwll;:z§> © (g —z+ hvpsgnwll%zg> X
A <r — sgnwlghVF) , (2.25)
which is given only if restriction (2.20) applies, otherwise f;)(r) = 0.

If the z;-integration is carried out first, the same result for the Green’s function is obtained,
which is shown in appendix B.1 in the case of k, = 0. The p.-integration results in Heavyside
©-functions corresponding to the condition (2.20). The same result for f(1)(r) also applies,
if the p,-component is taken to be periodic with a period 27 /d, transforming the integration

over p, into an infinite summation over a discrete index. See appendix B.2 for details.

2.1.3 Equivalence to the z-independent formalism

The z- and k.-independent part of eq (2.25) is denoted as f()(z,y):

f(l)(x,y) = /ds e *“eexp <% [sgnwlsvpﬂlykw — Szv%hm_kwky}> A (r — sgnwlgth> ,

(2.26)
with r = (z,y). As it is the same differential equation (1.1) leading to this result and to
fi)(r) of eq. (1.8) (now written as f@(z,v)), the two functions are equivalent, which is

shown below.

The z-independent Green’s function was written as
(2) — 5w, 1
fz,y) = dse *“aexp —§sgnwlsth(9r A(r)

1 2
dse *“rexp <—§sgnwlsth [Vr + i%A}) A(r)
c

0\80\8
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00 ] A 9 5 X )
= /ds e *Yaexp <% {sgnwlsvpﬁlykx + %%hv% {kvr,kA] }) X

exp <—gsgnwlthVr> A(r), (2.27)
with the commutation relation
KV RA| = (ko + Iy, + by~ gk | = —H ok (2.28)

Therefore f)(z,y) is given by
(2) T —SWwq i 7. 52 2 7. 1
f Nz, y) = dse exp | 5 Sgnwsvpk | Yky — vahm_k:wky X

exp <—§sgnwlthVr> A(r). (2.29)
We now develop A(r — sgnw;5hvy) in eq. (2.26) into an infinite Taylor-series

(—sgnw;shvp)™
nl2n

s o
A(r — sgnwlihVF) = Z

It is obvious by comparing egs. (2.26), (2.29), and (2.30) that
FO(a,y) = 1D (e,y) (2.31)

2.1.4 Green’s function f_(r)

VRA(r) = exp (—%sgnwlthVr> A(r). (2.30)

As in the case of f(4(r), the differential equation for the Green’s function f(_)(r) is given by
eq. (1.1) with g4y = sgnw;. The function f(_)(r) is then determined by
By [ S )
() = d P ’ A(ry). 2.32
Jo(®) / (2m)3 / n wq — isgnwhvpp/2 (r1) (2.32)

After following the same steps as in the calculation of f,)(r), one finds

R i .82 - I
fo(r) = /dse Saexp (5 [sgnwlsvp(/f”z — K1Y)ks — Zv%h(fuky - /<;||kz)kx]> X

2 2
A (r + sgnwlgth> (2.33)

© (g —z— thsgnwll;:Z§> © <§ +z+ thsgnwllAcZ§> X

which is given for
d A s _d
—3 <z+ hvpkzsgnwl§ < 5 (2.34)
and is zero if this inequality relation is not fulfilled. As with f(+)(r), it can be easily shown

that the z and k,-independent part of f(=)(r) is given by

r .
fo(z,y) = /ds e *aexp <§sgnwlshVF3r> A(r), (2.35)

with a z-independent gap function, which corresponds to f(_(r) of eq. (1.8).
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2.1.5 Averaged functions

Still, the Green’s functions f.) depend on the spatial coordinate z. To account for the
thickness d of the film, the functions are averaged in the interval [—d/2,d/2]

/2

fo@n =g [ ) (2.36)

—d/2

before applying eq. (1.9) to calculate the gap-function, in order to obtain a z-independent
A(r). For very thin films, such that d < &, the gap-function A(r) is assumed to be in-
dependent of z. This simple method works only for a cylindrical Fermi surface, where the
momentum of the quasiparticles is always parallel to the film boundaries. Otherwise, quasi-
particle scattering at the film boundaries leads, for small d < &, to a modification of the
integral kernel which has to be calculated by solving this equation in a finite volume, with

appropriate boundary conditions.

Assuming that the Fermi surface is circular (l%z = 0), the average over the z-dependent part
of egs. (2.25) and (2.33) gives

d/2
1 i ~ 1 i d-
5 dz exp jF—SgnwlSUFFv”ka = . = <exp JF—sgmwlst/-c”—lem —
d 2 F5sgnwsvpk| dky 2 2
—d/2
i d
exp iisgnwlsvpnuikx >
1 yat A
= 17Asm<—svpn||dkx). (2.37)
ZSUFH:”dkx 4

Because sin(z) is an odd function, sin(sgnw;A)/(sgnw;A) = sin(A)/A applies. Therefore, the
averaged Green’s functions f(i)(az, y) with k. =0 are given by

f(i)(%Q) = /dsexp(—s(!wl]:Fngnwl,uH)) X
0

. 2
exp (% [:I:sgnwlsvpmlykzm — Szv%h/{kaky]> X

1 1 - S
———sin( —-svpk dkw)A <r:Fs nw; = v > . 2.38
%S’Uplindk?m (4 i B IvE ( )

2.1.6 Gap-equation

As the z,y-dependence of the Green’s function f(,)(r) is the same as in the former situation

with d = 0 (See sec. 2.1.3), the z and k.-independent part can be written as

. 2
exp (% [sgnwlstﬁLyka: - %hU%Kkaky]> A (I' - sgnwl%th) =
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exp <—%sgnwlsth8r> A(r). (2.39)

Analogous to the derivation of the linearized gap-equation in section 1.2 the operator IT =
Or/i is expressed in terms of creation and annihilation operators, and as the gap-function

A(r) is assumed to be z-independent, the same relations apply for the present situation.

The same procedure applies for the derivation of the gap-equation as in eqs. (1.8-1.22), where

the functions f;)(r) and f(_y(r) are replaced by the z-averaged functions f(+) (z,y) and
f(*)(x7y)

oo

1 1 “

feo) (. y) /dse |wl|$zsgnw’“H)7sm< svp/indkm)ejF%Sgn“’StharA(r), (2.40)
0 4SUFI<L||d/€ 4

resulting in the gap-equation

e}

T
“In [ == | Au(r) = wkpT [d
H<Tc(o>> () = mhs /SsmhkaTs/
0

1 1 .
1-— T Sin(—S’L)FIﬂ'ko;) X
ZSUFFLHd/{?,m 4

1 h s Al s Al
0s <hs — 531}}:\/ %(ew n+e ¥ 77+)>

2.1.7 Gap equation for sswave symmetry

Ay (r).

(2.41)

As in the previous chapter, the cosine-term in eq. (2.41) is split into cosine and sine functions

of ¢’ (eq. (1.24)), in which the cosine term results in eq. (1.28). Now the function

1
—stm”dk’

1
sm<4svpn||dk ) - sin(Acos ¢'), (2.42)

Acosp

with A = isvpn”d, is expanded into the series

1 i : (-1) (Acos )5+

Acos ¢! = (2] +1)!
B iik, 2;—k'2g+1><A)2jeW“’“” (2.43)

7=0 k=0
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which leads to

T Zz/ii K1(2) —(;)1!)(]2]‘—1—1) (§>2j

It i "(I—m+2(j—Fk)) (244)

> _(Z-l-i-m + (_i)l-i-m) n n'e

!'m!

with the use of eq. (1.28). The ¢'-integration gives

2w
d@/ i’ (I—m j—
/ﬁew(l 2R = O +2(j—k) (2.45)
0
resulting in
2 X ()t 1 AN :
2 2(1+j—k) SN2 (946
¢ 2;%;05'”2( —E)" k!(2j—k)!(2j+1)<2> ! v

for eq. (2.44). The condition
1+2(— k) >0 (2.47)

must be fulfilled, because m > 0. Applying the wavefunctions (®,,| to the left and |®,) to

the right side of the creation and annihilation operators in eq. (2.46) gives

f 2R 1 nin'l , 2.4
<n ’77 n ’n> \/(n — l)'(n’ — [l + 2(] — k)])'(sn n+2(j—k) > ( : 8)

where the conditions I < n and I < n' — 2(j — k) must be fulfilled. The summation over n’

and the gap-coefficients A,/ yields

27
_ 02 n_ oo 2) ( 1)l+k 2j \/n'(n—i-Q(j—]{:))'
IZ;JZOkZO e —k)! (2J+1)< ) (n—l)!l!(l+2(j_k;))!A"Jr?(j*k)a
(2.49)

and we obtain the gap-equation for a superconductor with s-wave symmetry and finite thick-

ness d

o0

T _ 1 ) —s2p2 hk, /16
ln<Tco)) = ﬂ'szT/ds b (ThpTs) <1 cos(hs)e™*VF X
0
L& s2v%hr ) \ ik (—1)i+F
2 Zgﬂ ) K2 —k)N(2j + 1)

n+2(J — k) Apgoi-

(n - l)!l!(l 12—k A,

Notice that coupling between gap-coefficients of different Landau levels occur. In the limit

d — 0 the same solution as in d = 0 is obtained (1.34).
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2.1.8 Gap equation for d-wave symmetry

Analogous to the previous calculation of the gap equation for d = 0 (Sec. 1.3.2) and following

the steps outlined in the previous section, we obtain for the part with cos(4¢’)

N [ ()’
e 2 — —) x
@)
=0 120 =0 k=0 ) 2 kN2j — k)25 + 1)\ 2
1 1 ., )
§(il+m + (_i)ler)“m!vlernernleup (I—m+2(j—k)) COS(4tp/) ) (2.51)
The ¢'-integration gives
2m
ng/ - 11 . 1
/ﬁew (=m 420 =KD) cos(4¢') = 5(5m,z+2(j_k)+4+5m,z+2(j_k)_4>, (2.52)
0
resulting in
2 & X 1)i+k AN 2
¢ ZZZM T (2)

!
. k+2) +42(- )+4771+

U2(l+j*k72)77+l+2(j_k)_477l> (253)
for eq. (2.51). The conditions
I+2(j—k)+£4>0 (2.54)

must be fulfilled, because m > 0. Application of the wavefunctions (®/,| to the left and |®,,)

to the right side of the creation and annihilation operators in eq. (2.46) gives

. L2 —k)+4 g nln'! ‘
(Z) < ’77 ’n> \/(TL — l)'(n’ — [l + 2(] — ki) T 4])' 5n’,n+2(jfk)+4

nln'|
(’LZ) ( |77+l+2 R l| > \/(TL _ l)'(n’ _ [l n 2(] — ]C) — 4])' 5n’,n+2(j*k)*4a
(2.55)

where the conditions [ < n applies for the first (i) and for the second (ii) case. Multiplying
(2.53) with the gap-coefficient A,, and the sum over n’ yields

o0 2] 2 oo 27 n )H—k
7=0 k=0 7=0 k=0 =0
21 1

A
(5) 200 +2 k) 14~
L20+i—k+2) Vnl(n +2(j — k) +4)!
(n—1)!
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Apyo(i—k)44

x 2 2 X M ¢ (_1)l+k

D A ; = e_% X
2 :2 : n n+2(] —4,5,k=n+2(j—k)—4 E 1097 _ I\I(95
=0 k=0 - =0 1=0 k(2] ]{?)(2] + 1)

N

AN 1

(5) 200 +2( — k) —4) "
(k2 V(0 +2(] — k) — 4)!
(n—=10)!

X

02

Apyo(j—k)—4 -

We obtain the equation for the upper critical field in case of d-wave symmetry

T
_m(_))An = DypnA, + D;%L+4An+4 + DSZL—4AH—4

70
oo 27
+ Z Z D”v"+2(j*k)7j,k‘An+2(jfk)
j= 1k 0
(4 1)
+ ZZ n,n+2(j— k+4,]kAn+2( —k)+4
] 1k 0
(42
+ ZZ n,n+2(j k)_47j7kAn+2(jfk)f4
j=1 k=0

i)

where the matrices Dy, ;4 o(j—k),j,1 and D( ni gk Are functions of d and are given by

cos(hs)  _, 202 iy /16 (S 202 By \ ik
Dy ntai—k) ik = _TrkBTlZ/ sinh Wk:BTS)e H < 8 >
=00
() W+ 3G — R
X T — ( SQU%“H‘F) \i 7 AN
k27 —k)!(25 + 1) \64 (n =0T+ 2(5 — k))!
and
(4,1) _ = COS hS —s v2 hk, /16
Dn,n+2(j*k‘)+4,jvk - 7TkBTZ/ smh ﬂkBTs)e B
(— 1)l+k L 22242’ 1
d
8 H2j = 1) (2j+1)<64 VER] ) N0+ 20 — k) + 4)]
" <s thfﬂ)lﬂ k+2/nl(n +2(j — k) + 4)!
8 (n—1)!
(4,2) _ et COS hS —s?vihk, /16
Dn,n+2(j—k)—4,j7k - WkBTZ;/ sinh WkBTS)e B
CO™ 1y 1
2d
8 k!(2j—k)!(2j+1)<64 V] >l'(l+2(j—k)—4)!
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s202hwy \Hi—k=2y/nl(n +2(j — k) — 4)!
< 8 ) (n—10)!
(2.59)

As in the s-wave case, the condition [ + 2(j — k) > 0 applies for eq. (2.58).
2.2 Phase boundaries for s~s-wave symmetry

Equation (2.50) was solved numerically for various values of the thickness parameter s,,,

which can be written as the film thickness normalized by the inverse Fermi wave vector kg

mugd d
= _ ’ 2.60
S h kj;l ( )

Zm = wglkBTc(O)/ 4mv% and tilt angles ¥ of the magnetic field with respect to the zy-plane.
The critical field heo/A¢ for a finite thickness d of the conducting plane (s,, > 0) as a
function of reduced temperature and vortex state n does not depend on the single parameter
Tm = H, [zmH = sint/z, (eq. (1.61)) alone as in the previous case with d = 0, but is now
calculated with fixed values of z,,, ¥ and s;,. As k| appears in eq. (2.50), 2, and ¥ have
to be given explicitly in the numerical calculations. In Section 1.3 the equivalence of r,, and
¥ for a fixed z,, = 0.3 was shown in a table for various parameters r,,. In order to allow
comparison with the previous results, z,, was fixed to 0.3 and the ¥-values in the table were
used, giving the same 7,,-values used in the previous calculations. The relation between s,
and Eilenbereger’s dimensionless parameter d* (A.28) is given by d* = 4z,,s,,, which results
in

gio >~ 1.06 s, (zm = 0.3), (2.61)

if we consider z,, = 0.3, and with the BCS coherence length &.

The infinite sum over j in eq. (2.50) was cut off at a certain index jy,q., where the difference
between the critical fields heo j,,.. /Ao and hea j,...—1/A0 was smaller than a given tolerance

limit. As the order j of s2, increases, the convergence of heaj to heo improves over the

)

yJmax

whole temperature range, starting at temperatures near Tc(0 . It is not sufficient to neglect
higher orders other than s2, o d?, especially at low temperatures. The cut-off j,q, does
not only increase with s, and decreasing temperature, but also with the vortex state n
and decreasing 7,,. A tolerance limit of 10~ was employed in the calculation of the phase

diagrams.

For z,, = 0.3 and a tilt angle ¢ = 8.63, corresponding to r,, = 0.5, the critical field is reduced
with increasing thickness d in the whole temperature range for the vortex states n = 0 and
1, and for the chosen values of s,,, = 0.3,0.5,0.8 and 1 as can be seen in Fig. 2.1. Thus, the
transition of the vortex state from n = 0 to n = 1 is shifted to lower temperatures. At higher

tilt angles, where the vortex state n = 1 does not yet appear, the critical field is lowered at
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s-wave: r, = 0.5 (z,, = 0.3, 9 = 8.63 deg)

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

7T
s-wave: r, = 0.5 (z,, = 0.3, 9 = 8.63 deg)
08 T T T T

O | | | |

0 0.2 0.4 0.6 0.8 1
7T

FIGURE 2.1: Critical fields as a function of reduced temperature for parameters z,,, = 0.3,9 =
8.63 corresponding to 7, = 0.5, and at vortex states n = 0 and 1 for various s,,, = mvpd/h =
d/kpt.
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s-wave: r,, = 0.5 (z,, = 0.3, 9 = 8.63 deg)

heolBg

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

7T

FIGURE 2.2: Upper critical field as a function of reduced temperature for various parameters
Sm- Note that the vortex state n = 1 is shifted to lower temperatures with increasing s,.

all temperatures, as can be seen in Fig. 2.3. The highest cut-off for this case is jne = 6 for

Sm=1and n=1.

Fig. 2.4 shows the critical fields for z, = 0.3 and ¥ = 3.44 (r,, = 0.2) at the vortex states
n =0 and 1. Compared to the case with r,, = 0.5, where the critical field was reduced at all
temperatures for the the vortex states n = 0, one can see that the critical fields are enhanced
at low temperatures for this tilt angle. As the vortex state increases, h.o decreases compared
to the two-dimensional case, as can be seen in this figure and Fig. 2.5, where the critical
fields for various s,, at the vortex states n = 2 and 3 are depicted. It results in the upper
critical field shown in Fig. 2.6 as a function of temperature for various values of s,,. The
vortex state n = 3 is shifted to lower temperatures with increasing s,, and has disappeared
for s, = 0.5. A cut-off of j,,.. = 9 had to be employed in the low temperature range of the
case with s, = 1 and n = 1. The s,,-dependence of the upper critical field is shown for a
few reduced temperatures t = T'/ TC(O) in Fig 2.7. As with the dependence on r,,, the upper
critical field as a function of s,, shows kinks as the transition between vortex states occur. At
high temperatures, only the vortex state n = 0 appears (top frame), and as the temperature

decreases higher vortex states show up, like n =1 at ¢t = 0.4, and n = 2,3 at ¢ = 0.1 in the
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s-wave: r,, = 1 (z,,= 0.3, 9 = 17.46 deg)
0.7 T T T T

heolBg
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0 0.2 0.4 0.6 0.8 1
7T

FIGURE 2.3: Upper critical field for r,, = 1 at s, = 0 and s, > 0 for r,, = 1 as a function
of temperature.

case of r,, = 0.2.

For z,, = 0.3 and ¢ = 1.72 (Fig. 2.8), corresponding to r,,, = 0.1, the vortex state n = 6 has
already disappeared for s, = 0.3. As the slopes of the critical fields at high vortex states lessen
with increasing s,,, the kinks originating from the transition between vortex states become
less pronounced in the temperature dependence of h.o, which appears smoother compared to
the two-dimensional case. As s,, increases, the strong rise of the upper critical field at low
temperatures is lessened, and heo of s, = 1 becomes almost flat as a consequence. A cut-off
of jmaz = 20 had to be employed in the low temperature range of the case with s,, = 1 and

n = 4.

Finally, the dependence of the upper critical field on the out of plane angle ¥ for a fixed
zm = 0.3 and for two values of s,, is depicted in Fig. 2.9. The transitions between vortex
states can be observed in the significant kinks of the curves, starting from n = 0 at ¢ > 15

up to n — oo for ¥ — 0.
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s-wave: r, = 0.2 (z,, = 0.3, 9 = 3.44 deg)

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

770

s-wave: r,, = 0.2 (z,, = 0.3, 9 = 3.44 deg)

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

77,0

FIGURE 2.4: Critical field as a function of reduced temperature at the vortex states n = 0
and 1 for various s, = d/kz".
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s-wave: r, = 0.2 (z,, = 0.3, 9 = 3.44 deg)
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s-wave: r,, = 0.2 (z,, = 0.3, 9 = 3.44 deg)

0.9 T T T T
o
|
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<
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0 0.2 0.4 0.6 0.8 1

77,0

FIGURE 2.5: Critical field as a function of reduced temperature at the vortex states n = 2
and 3 for various s, = d/kz".
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s-wave: r,, = 0.2 (z,, = 0.3, 9 = 3.44 deg)
0.9 T T T T
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FIGURE 2.6: Upper critical field as a function of reduced temperature for z, = 0.3 and
¥ = 3.44, corresponding to r,, = 0.2 for various s,,.

2.2.1 Limit of a plane-parallel magnetic field

In the limit x; — 0 the averaged Green’s functions take the form

o0

0

1 ~
sm( SUFFLHdk$>e$%8gnw18thvA(r), (2.62)
st/i”dk: 4

which results in the gap-equation

00 21
T 1 dy’ 1
—In| — | Aa = kT [ ds —————— | == a(p)? —_
1 <Tc(0)> (r) B / 5 sinh(wkpT's) / 2 YalP) %SUF,«;”dk:;C
0 0
. (1 -, h
X SIH(ZSUFHHd/{?m) cos( (h - ZVFV))] Ay (r). (2.63)

If the gap-function A,(r) is replaced by /9, the equation for critical field is results in

T 7 deo’ D 1
n (TC(O)> B / ® sinh(rkgTs) sinh( WkBTS) / or ) %svpn”dk;

0
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s-wave: r,, = 0.2 (z,, = 0.3, 9 = 3.44 deg)
0470 T T T T T T T T

0.550 1 1 1 1 1 1 1 1

FIGURE 2.7: Dependence of the upper critical field on s,, for various reduced temperatures
t.
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s-wave: r,, = 0.1 (z,, = 0.3, 9 = 1.72 deg)
1 T T T T

0 | | | |

0 0.2 0.4 0.6 0.8 1
7T

FIGURE 2.8: Upper critical field as a function of reduced temperature for z, = 0.3 and
¥ = 1.72, corresponding to r,, = 0.1 for various s,,.

X sin(isvpn”dl%fv) cos <s <h - ngq>>] , (2.64)

which gives the FFLO critical field for d = 0. The vector q is optimized to obtain the largest
critical field. Shimahara and Rainer [11] have shown in the case of d = 0, that the FFLO
critical field and the order parameter are recovered for s- and d-wave superconductors (egs.
(1.34) and (1.52)) in the limit of n — oo and x; — 0, with the FFLO state expressed in this

limit as
la| =q= lergo 2k1n(kL). (2.65)

Therefore, if a solution with nonzero ¢ is the optimum solution in the FFLO critical field

equation, the optimized n = n(k,) diverges when x; — 0.

Supposing that x; = 0 and that there is no Pauli limiting field, which corresponds to the

limit g — 0, we obtain for s-wave symmetry and with the substitution s’ = skaTc(O),

| < T ) T 70 1

—In _ g S
(0) (0) : T
1 1 ] sinh (s’—)

T
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s-wave: z,, = 0.3, t=0.01
l T T T
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FIGURE 2.9: Upper critical field as a function of the out of plane angle 9 for the two dimen-
sional case and s, = 0.3. The solid and dashed lines point out the transitions between vortex
states and are guides to the eye.

21
dy’ 1 . 1 ~
/2i 1-— I . - sin < o) S/UFIi|dk3/m> ,
, ™ ms ’UFl‘ink$ 47TkBTC
(2.66)

because of

H
lim cos <s’,u7|> =1, (2.67)

p—0 7T]€BTC(O)

where h was set to h = u/H| = pH, and for fixed H|, s, and TC(O). The s’-dependent

(0)
1—
cos(s’%))/sinh(s’%) lies in the range 0 < S,Tj(;)) < 10, if we consider temperatures 0 <

c

function in the integrand decreases quite fast with increasing s’, because of the sinh (s’ TT )
in the denominator. If uH /kaTC(O) ~ 1, the significant contribution of the function (

T < TC(O). Now, the sine is expanded into its series

1 . 1 , -,
—sin | ————=s'vpkdk., | =
ms/vlflﬁudk; <47T]€BTC(O) | m)
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FiGUrE 2.10: FFLO critical field as a function of reduced temperature for various sy,.

2
- m 1 / d / "
g s'vprdcos
2m+1 )7 E ¥ ’

= AnkpT"
with k!, = cos ¢/, giving

| < T ) T 70 /dtp/
—In I — R R
(0) (0) 2
Te e smh T(0)> 5 T
(=1

[

Ak T

m:l

/ dssizi:s) - <2 221m>(2m)'g(2m +1),
0

where ((z) is Riemann’s zeta-function. With the result of the ¢’-integration

1
dicow w_ D(mtd)  om
27 \/_F(m+1) T 2mp2

00 m+1 1 2m
E s'vpn”dcos o' .
(2m —|— 1)! )

(2.68)

(2.69)

(2.70)

(2.71)
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the gap-equation (2.66) becomes

T\ & (-t 1\ (2m)!I¢(2m + 1) 1 2m

This equation for H)| = r)c/2[e| is valid in the temperature range 0 < T' < T

In the case of (1 — T/TC(O)) < 1, the logarithm on the left side of eq. (2.66) can be replaced
by —(1-T/ TC(O)) and the temperature on the right side can be set to TC(O)7 which results in

2
T 7¢(3
1- =55 = CB) (le] __vr G HId| (2.73)
T, 24\ ¢ 2nkpT:
if the term with d* (m = 2) is neglected, giving the H, |-équation near T( )
(0)
c 2nT:" 1
H 1 —. 2.74
= 0) ‘e, vp d (2.74)

With the BCS coherence length & = 0.18th/k:BTc(0) = 0.181)p/Tc(0), o = &1 —
T/Tc(o))*l/Q7 the flux quantum ¢y = hc/2e = wc/e, and ((3) ~ 1.2, eq. (2.74) can be ex-

pressed as

P
Sord’

in aggreement with the Ginzburg-Landau (GL) result for very thin films (d < \). However,

Hy=0.61—- (2.75)

the experiments show H)| o d—3/2 for thin films such that d < &. Assuming specular reflexion,
Toxen [39] (phenomenological approach), Casella and Miller [40] (Gor’kov equations), and
Shapoval [41] (quasiclassical trajectory method), found a d—3/?-dependence of the critical
field parallel to the conducting plane. The same applies for calculations of Shapoval [42],
and De Gennes and Tinkham [43] in the case of diffuse scattering on the boundary of the
superconducting film. In our calculations the same Kernel as in the three-dimensional case
was used (2.6) and specular boundary conditions were not imposed on the eigenfunctions,
which was not necessary as we have considered a circular Fermi surface. That may explain
why the dependence of H|| on d is the same as in the GL result or the calculations (Gor’kov
equations) of [40] in the regime d > &, where & = 1.75¢0T,./T.

For d-wave symmetry the right side of eq. (2.66) is multiplied with the symmetry function

1+ cos(4¢’). For temperatures near T, the same results as in the s-wave case apply.

The limit x; — 0 and Ginzburg-Landau approximation

The upper critical field without pramagnetic limiting and in the limit x; — 0 is shown

in reduced units poH|/Ag = hey /Ao in figures 2.11 and 2.12 as a function of reduced
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FIGURE 2.11: The upper critical field hey /Ao as a function of reduced temperature 7'/ TC(O)

without paramagnetic limiting and x; — 0 for various values of s, = d/ k;l for s- and d-wave
symmetry. The results of eq. (2.75) are shown for comparison in two cases.

temperature t = T/TC(O) and 1/s,, with s,, = mvpd/h. In Fig. 2.11 the d-wave case is shown

for comparison. For the approximation of 1" near TC(O) eq. (2.75) yields

hea)| 24 1 3
=VI—t/ T~ 1Tt 2.76
Ao 7((3)e Sm Sm ( )

If vp is ~ 10° m/s, and the thickness of the film d ~ 1071%m or ~ 1A, s, would be ~ 1 as
m/h ~ 0.86 10° kg/Js.

The GL-approximation aggrees well with the numerical results of eq. (2.66) for s- and d-wave

symmetry up to t ~ 0.9 as can be seen in Figure 2.12.

2.2.2  hg in the limit ¢ — 0: FFLO critical field

The FFLO critical field for various values of s, (Fig. 2.10) was calculated by optimizing the
wavevector ¢ to obtain the largest critical field of eq. (2.64). With increasing thickness of the
film, one can clearly see that the steep rise and positive curvature of the two-dimensional case

at very low temperatures is replaced by a decreasing slope and negative curvature. As layered
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FIGURE 2.12: The upper critical field h.y)/Ag as a function of 1/s,, for various reduced

temperatures T/ T ”. The results of eq. (2.75) are shown for comparison.

superconductors or films have a finite thickness, it may be an indication to why the steep
rise at low temperatures is not so easily found by experiment. It should be pointed out that
we continue to use here the term FFLO state, even if this term denotes, strictly speaking, a

state without any orbital pair breaking contribution.

We want to examine the behavior of the upper critical field and the parameter ¢ with in-
creasing thickness of the superconducting film. As v,(p')? = 1 for s-wave superconductors,
eq. (2.64) reads

00 27
T 1 dy' 1
m (L :wkT/ds, / - _
(TC(O) ) B sinh(wkpT's) 2 [ %SUFH”dk;IL«

0 0
sin(%svpm”dl%;) cos <5 (h — Ew_:q))] , (2.77)

2

with

q=gq (COS (Pq> : (2.78)

sin g

It is sufficient to choose a fixed angle ¢, = 0, as there is no dependence on ¢, in the s-wave
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FIGURE 2.13: Parameter ¢ as a function of temperature for various s,.

case. Therefore, the product vgq yields vpqcos ¢’ and eq. (2.77) results in

[e'e] 2T
/ 1
—In ﬂ'szT/ds /dtp 1—71 — X
T ) sinh kaTs) 2 stpn”dkz’v

0

1
sin (4S’UFI£||CH€ > (CO&(hS) cos(smkpT.qcos ') + sin(hs) sin(stkpT,.G cos go/)>
(2.79)

with the dimensionless parameter § = hvpq/27kpT, to be optimized in order to obtain the
largest critical field. Figure 2.13 depicts the numerical results on the temperature dependence
of ¢ for various thickness parameters s,,. For s, = 0 the pair momentum ¢ agrees with the
numerical result obtained in Ref. [44]. At high temperatures ¢ is null, giving a critical field

identical to that of the homogeneous case

0 2T
T 1 dy/ 1
() = ket s [ e
<T§°)> b sinh(rkpTs) 27r[ Lsvprdk,

0 0

1 .
sin(zsvpﬂ”dk/m> cos(hs)] ) (2.80)
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FIGURE 2.14: Solution of eq. (2.79) for the dimensionless field h/Aq at ¢ = 0.01 as a function
of g for various thickness parameters s,,. The absolute maximum of each plot corresponds to
the FFLO critical field, while the maximum at § = 0 is the critical field of the homogeneous
case (2.80).
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FIGURE 2.15: Critical fields as functions of the thickness paramter s,, at ¢ = 0.01.

where the gap-function A is spatially constant over the whole superconducting plane. In case
of d = 0, this critical field is identical to the instable solution of the BCS equations given by
Sarma [29]. The critical fields are identical for ¢t > 0.56.

The solution of eq. (2.79) at t = 0.01 as a function of ¢ for various thickness parameters s,
has two maxima, one of which is the critical field of the homogeneous case 2.80 at ¢ = 0.
At low values of s,,, the maximum at finite ¢ is greater than that of the homogeneous case,
but at thickness parameters greater than s, ~ 1.15, the maximum at § = 0 exceeds the
other at finite g (Fig. 2.14). As the FFLO critical field is given by the maximal field which
is a solution of eq. (2.79), it coincides with the homogeneous solution for these s,,. Note the
disappearance of the maximum at finite ¢ for higher values of the thickness parameter. The
bottom frame of Fig. 2.14 shows the critical field as a function of g at s, = 1.1511, where the
critical field of the homogeneous case and the FFLO critical field match. At s, = 1.207, the
maximum at finite ¢ has disappeared. Fig. 2.15 shows the critical fields of the FFLO and of
the homogeneous case as functions of the thickness parameter s,,. At the point of intersection
(sm = 1.1511), the curve of the FFLO critical field continues on that of the homogeneous

case.
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FIGURE 2.16: Upper critical fields of the FFLO- and the homogeneous case as a function of
reduced temperature and for various s,,. The FFLO critical fields are labeled by solid lines
and decrease as s, increases. At low temperatures, h.o of the homogeneous case (dashed
lines) increases with the film thickness for these s,,-values.

Finally, the temperature dependence of both fields are compared in Fig. 2.16. The critical
field of the homogeneous case increases for these s,,-values, while the FFLO critical field
decreases (compare Fig. 2.15) and the characteristic temperature to (to|q—g = 0.56), at which

both fields match for ¢ > ¢, shifts towards lower temperatures.

2.3 Thermodynamic properties

In the previous sections of this chapter, the upper critical field was analyzed with respect
to the thickness of the superconducting film. It was shown that especially the FFLO critical
field is sensitive to changes in d and converges towards the critical field of the homogeneous
case or the d-dependent instable solution of the BCS equations. Another property of interest
is the thermodynamic critical field, at which the free energy of the normal state equals that
of the superconducting state. It was also calculated by Sarma [29] as the stable solution of
the BCS equations. In case of d = 0, the FFLO critical field lies above the thermodynamic
critical field for ¢ < 0.56, but it was shown that h. rrro is sensitive to changes in the film
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thickness. It would be possible for the thermodynamic critical field to exceed heo rrro for
certain values of d. As a consequence, the system will undergo a transition analogous to the

one from type II to type I superconductivity.

In this section, the quasiclassical equations are solved for a spatially constant gap function.
At first, the numerical solutions for the gap function and the free energy in the case of d =0
previously shown by Sarma [29] in the framework of BCS theory are reviewed. Afterwards, the
quasiclassical equations are solved with respect to a finite thickness of the superconducting
film. The gap function and free energy are analyzed as functions of the thickness parameter

and the thermodynamic critical field is calculated and compared to the FFLO critical field.

2.3.1 Quasiclassical equations in the limit d — 0 or the BCS state

For an infinitely thin film, the free energy of the FFLO state is only slightly lower than
the free energy of the homogeneous (paramagnetically limited) superconducting state. The
presence of an orbital pair breaking component, realized by a vector potential, in our film of
thickness d may change the free energy balance in a decisive way. To clarify this point, we
calculate the free energies of the homogeneous superconducting and normal-conducting states
and compare the resulting phase boundaries and stability limits with the FFLO transition

line.

We start with Eilenberger’s transport equations given in Chapter 1 and substitute f for f(),
fT for f(‘t) and g for g¢;:

{2(»5 + thar}f(l%,ws) = 2Ag(l§:,ws)
(20, = hvEd, | [ (hws) = 20%g(k,w,)

g = V1I-ff*, (2.81)

with ws = w; — iuH. The self consistency equation for the gap is given by

1 T SN \
_ *
2kale£ R E kaleg / = (f(k:,ws) + f(k:,ws)> , (2.82)
and the free energy difference Fs — F,, [33] per unit area A between the superconducting and
normal state without considering demagnetization effects and for a spatially constant order

parameter A

F, - F,

— = N(Ep)

T <1
In— +27kgT Y — | |A]? —
<nTc+ KB Zw;)’ \

=0

[e’¢) 27
ﬂkBTZ/i—f([(l%,ws)Jr[*(/;,ws))]
I = AFFAAf 4 (gD
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E (ws th >f+ f+( B hvpka )fﬂ (2.83)

Now the equations are transformed using Eilenberger units denoted by the symbol © and given
by equations (A.16-A.23). The corresponding equations for the critical fields of the previous

chapter are given in Appendix A, section 3. The transport equations are transformed into
W kO f = A%
g = vy

g = V1—ff*t. (2.84)

With these units the self-consistency equation for the gap function and the free energy dif-

ference are given by

<2t Z — + 1nt> A° = tZ/ d’k )+ f(k, m*)) (2.85)

and

(FSAF"Y = <lnt+2t§:io> |A°]2—
tZ / W)+ 17 ()

o= A<>f+ A% f 4 (g 1)

H (ws + l%aﬁ)f 5 <w - ka°) fﬂ : (2.86)

The transport (2.84) and self-consistency (2.85) equations can be used to transform the free

energy difference into

I
(9— )<7A°g+ f—+A°* g) +ccl} (2.87)

In the further calculations we keep in mind that the equations are expressed in Eilenberger

units and omit the symbol ©.

Derivation of the gap-equation

In case of a constant gap function d,A = 0 and the transport equations (2.84) yield for the

Green’s functions

A
f= =
VIAT o7
A
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T ViarTe

Therefore, the self consistency equation for the gap function (2.85) results in

2tzwl+1nt—tz<\/m+ c.> , (2.89)

which gives the gap as a function of temperature and external magnetic field.

(2.88)

The free-energy equation

We make use of the self-consistency (2.85) and transport equations (2.84) to transform the

free energy equation (2.86) into

F,— F,

v tZ| (\/ﬁ—i—cc.)
tZ(I+I*)

I = (]A\Z w2 — we /AR

(2.90)

2
w2) —_—
VAP + w2
which results in

2
= o ti (ws_ Wﬂjg) + (2.91)
= — CC. . .
4 = VIAP +3

2.3.2 Equations in the d-wave case
As in chapter one, the gap-function A(r, E) is assumed to be separable

A(r, k) = A(r)y(k) (2.92)
and on the right side of the gap-equation (2.85) we insert the function V (k, k') = ~(k)v(k').
Gap-equation

Therefore, the gap-equation (2.85) can be expressed as

~

<2tz +1nt> Avy(k) = Z/dzk/ V (kK 2o(k) + ce. (2.93)
wi \/’A‘z Ik

k)2 + w?

and get

) 1 0 d2]2:’ ,Y(R/)Q
<2t > ot 11175) = tZ/ - - +ce. | . (2.94)
=0 =0 \/

APy (R)? + 02
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Inserting the symmetry function (k)2 = 1 + cos(4¢) leads to

(14 cos(4¢p))
<2tzwl +lnt> tgo/ ( NN AT +cc.> . (2.95)

Free-energy difference

Assuming separability of the gap-function and inserting V(R, Kk’ ) will lead to the free-energy

difference of

F, - F, a2k
y = /47T <1nt+2tzwl>|A k)[>—

tZ/ /ko/

. A<k>f+<k’,ws>+A*<12>f<f<',ws>+<g<12',ws>—1)”(3‘,)x
v(k’)

1 ~ N 1 N ~
g (o RO g o) o)
(2.96)

W‘)

12 I(k, Kw,) + I* (k, R',ws))

The disappearance of the derivative of the free-energy difference with respect to A* gives the
gap-equation. Inserting the value of the symmetry function and further simplification of the

equation analogous to eq. (2.91) gives

2
F,— F, dy
= — [ 2@ 4
- [ 5E1+ costaa)
0
2
tfj/ dg [ (w0~ VIAPO + eos(d)) + 3 B
=y " VIAP(L + cos(4e)) + w3 |

2

o0 2ﬂ-d()0/ <ws — /IAPR(1 + cos(4¢')) +w§>

= —t /— 5 = 5 +ece. | . (297)
) 2 | AP T ena) + o

2.3.3 Phase boundary diagrams

The numerical solution of eq. (2.89) for a certain temperature and external field gives the
gap function, which is used to calculate the free energy difference (2.91). A temperature
dependent cutoff Np = Max(uH, Ag)/t — 1 was introduced to calculate the sum over the
Matsubara index [. Both properties are depicted in figure 2.17 as functions of external field
for various reduced temperatures. For ¢t = 0 the solution for the gap function consists of two

branches

< <
A= { ( Ao, 0 pH < Bo (2.98)

QIU,H — Ao)AO % < MH < AO ’
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FIGURE 2.17: Gap function A (top) and free energy difference AF/A (bottom) as functions
of external field for various temperatures. Only the stable branch of the gap function was

used in the calculation of the free energy.
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of reduced temperature for various external fields. Only the stable solution is shown in both

cases.
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homogeneous case
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FI1GURE 2.19: Second derivative of the free energy difference with respect to A* and A as a
function of external field for various reduced temperatures. The gap as a function of field for
t = 0.1 is depicted to show that the upper stability point corresponds to the highest possible
field which gives the gap as a solution of (2.85).

where Ag = e™7, and « is Euler’s constant v ~ 0.57721. The gap function is smoothened
as the temperature increases and its ambiguity disappears for ¢ > 0.56, corresponding to
the disappearance of the FFLO state. The stable branch of the free energy difference (Fy —
F,)/A = AF/A at t = 0 is given by

— = ’H? - =/, (2.99)

with the first branch of eq. (2.98) A = Ay. Only the stable branch of the free energy is
depicted in the bottom frame of Fig. 2.17. At temperatures ¢ < 0.56, the transition from the
superconducting to the normal state already has taken place for a given pH, even though
the gap function still has finite values. The temperature dependent gap function and the

corresponding free energy diagram are shown in Fig. 2.18 for various external fields puH.

If one treats f, f* and A* (or A) as arbitrary functions and calculates the variation of the
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FIGURE 2.20: Critical fields in dimensionless Eilenberger units (A.26) as functions of re-
duced temperature. The solid line shows the FFLO critical field (2.79) for d = 0. The long
dashed line shows the thermodynamic critical field, calculated from the free energy difference
AF(pH:)/A = 0. The short dashed line is the solution of eq. (2.102).

free energy difference under these functions, which is in our case the first derivative

_ 0/0A* _
Vy Bofn_ d/0f Fs = P : (2.100)
A 801+ A

it gives the self-consistency (2.85) and the transport equations (2.84) as Euler-Lagrange
equations if one requires stationarity of the free energy difference under variation of these
functions. However, it has no extremum for the correct solutions of (2.85) and (2.84). But a
weaker statement holds: If one inserts the solutions of (2.84) into (Fs — F},)/A, so that it is
solely a function of A (or A*), it consequently has its minimum (stable solution) or maximum
(instable solution) for certain values of A which satisfy (2.85). Fig. 2.19 depicts the second

derivative of the free energy difference

o = Z __1AF + (2.101)
3A8A* (A2 + w23z~ '

with respect to A and A* at the stationary point. For the upper branch of the gap-function,

the second derivative is positive, meaning that (Fs— F},)/A is minimized and giving the stable
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solution, while for the other branch it is maximized (instable solution). The stability point of
the normal state (lower stability point), which is the lower value of the external field at which
the second derivative (2.101) disappears, corresponds to the critical field given by eq. (2.102),
while the upper stability point coincides with the FFLO critical field. This calculation shows
(see the curves for T'/T, = 0.1 in Fig. 2.19) that the homogeneous superconducting state may
be superheated up to the highest field, where the two branches cross. The lowest field where
the lower branch exists defines, on the other hand, the supercooling limit of the normal-
conducting state. Thus, the region of the lower branch corresponds, as expected, exactly to
the metastable region of the first order transition. In this way, three transition lines, the phase
transition line where the free energies coincide, the superheating line, and the supercooling
line, are determined by solving equations (2.89) and (2.101). For finite d the same method is

used to determine the metastable region.

Note that the equations (2.89) and (2.91) for the gap function and free energy do not depend
on the the out of plane angle ¥ of the external field as a consequence of the spatially constant
gap function. Another property which does not depend on ¢ for the same reason is the
equation for critical field (2.80), which results in

00

—Int =t / ds@ <1 - Cos(,uHs)) , (2.102)

0
in case of d = 0 and in Eilenberger units, and which is the instable solution of the free
energy equation for the critical field as was shown by Sarma [29]. The superheating and
supercooling critical fields, the thermodynamic critical field obtained from the free energy
difference AF(uH.:)/A = 0, and the FFLO critical field are depicted in Fig. 2.20. Eilenberger
units were used in this plot, which can be reverted to the previous unit system by multiplying
the critical field data with e” (A.26). These four transition lines were calculated in the purely
paramagnetic limit. For T > T;.; = 0.56 7, all four lines merge into a single second order
transition line. Below the tricritical point T}.; only three different lines are visible in Fig. 2.20
since, interestingly, the FFLO critical field and the superheating field exactly coincide. This
coincidence occurs, however, only for a circular Fermi surface. Only the FFLO critical field
is physically significant for d = 0, the other lines are meaningless. At the FFLO critical field,

a second order phase transition to the FFLO state takes place.

If not stated explicitly, the stable branch of the thermodynamic critical field will from now on
be refered to as the thermodynamic critical field. While the transition from the FFLO to the
normal state is of second order, the transition at puH. of the thermodynamic critical field to
the normal state is of first order. Maki and Tsuneto [45] obtained the same result as Sarma
[29] with the Gor’kov equations including the Pauli limiting term and discussed the order of
transition of the critical field for the thermodynamic critical field and for the instable branch,

which is of second order.
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2.3.4 Finite thickness equations

In the previous chapter the finite thickness of the superconducting film was expressed by
averaging the Green’s functions f() = f and f(t) = fT over z (2.40), assuming that the gap
function is constant in z for d < &;. We consider the finite thickness of the film in a similar
way by first starting with the z-dependent Green’s functions derived in Chapter 2

—SWwg

dse *¥se™ " F A sgnw

flz) =

ds 5= "% A* sgny (2.103)

ffz) =

0\80\8

where oo = ﬁ’l)pli”d]%m, and consider the full Green’s function

9(z) = V1= f(2)f*(2) (2.104)

in the theory, instead of simply taking the linearization g = sgnw; as in the previous chapter:

flz) = dse™5@WseIZ A g(2)

ffz) = ds e 55l A% g(2) . (2.105)

0\8 0\8

The Green’s functions f and fT are expanded in a z-independent and to the first order in a

z-dependent part

f(z) = F+6f(2)
ffz) = fT+6f7(2), (2.106)

where f is the mean value of f in the z-direction

d/2 d/2
f= é / dz f(z) = f + é / dzdf(z2), (2.107)
—d/2 —d/2

which means that the integration over ¢ f vanishes
/2
é / d25f(2) = 0. (2.108)
—d/2

The same applies for f+. We further assume that the Green’s function only has a small

variation in z, so that terms of quadratic and higher order in § f

5f()) ~0 Vn>2 (2.109)
(65)
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can be neglected. As for the Green’s function g, it is also assumed that

9(2) = g+ d9(2), (2.110)

and f in eq. (2.105) can be expressed as

flz) = /ds e SWseTIWEA g 4 /ds e SWse T A §g(2). (2.111)
0 0

Now, the mean value of g in z-direction is calculated

/2

1
g = p / dz+/1— f(2)f*(2) (2.112)
—d/2
by first transforming the square root into its sum equivalent
2

T IO @ =1- /)~ (107:) < (Fr =) ., @y

and by making use of egs. (2.106), (2.108) and (2.109), terms of higher order in §f and

integrations over single order terms in 0 f disappear, so that the equation for g (2.112) finally

%f‘+_é<ff+>2_%(ff+)3 o= yJ1-fFt. (2.114)

In Chapter 2, it was assumed that the thickness of the film d is much smaller than the
coherence length & (d < &), so that the gap function on the left side of eq. (2.111) could be

yields
-1

QI

expressed as

A(z) = A+ 0A(z), (2.115)

where dA(z) ~ 0. If one makes the same approximation for g, namely dg(z) ~ 0, which
applies if f(z) < f and §f7(2) < f because of

g:\/l—ff+ <1+5f}2)+5f;£2)>2\/1—ff+:g (2.116)

the Green’s function f (eq. 2.111) yields

f(z) = /ds e Wi TISEN g (2.117)
0
and it’s mean value is given by
9 d/2 19
r —Ssw _ 1 —iasz —Ssw = 1 .
f:/dse SAg = / dze :/dse *Ag +— sin(zdas). (2.118)
d sdas 2

0 —d/2 0
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We now have the set of equations

. T 1 1
f = /dses‘”SAg T sin(das)
sdas 2
0
+ —SWs A * = 1 : 1
f dse A" g 7 sin(=das)
sdas 2
0

g = \1-ff*, (2.119)

to solve and use in the derivation of the gap and free energy functions. Starting with the

Green’s function f

oo
_ 1 1
f= /ds e e sin(—HdS cos 1 cos go) Ag, (2.120)
5Hds cos 1 cos ¢ 2
0
with the expression
svpkydky = 1Hodos cos Y cos p = By(p)s (2.121)
dckpT, 1T T ¢ ‘

transformed into Eilenberger units, the integration over s can be carried out, as f, ft, g

and A are independent of s

o0

, 1. 1 Ba(p)
dse s sin (Bd 5) = atan < , 2.122
O/ Balo)s M\ P9) = ) o (2122)
which results in the mean Green’s function
- 1 Bd(@)) _
= atan Ag. 2.123
In the limit d — 0 eq. (2.122) yields
B 1
lim atan ( 24PV} _ L (2.124)
d—0 By(p) We Wg

and the Green’s function f takes its original form f = Ag/ws. With

; 1 Ba(@) \ ax-
+ = atan ( d > A* 2.125
5 e N R (2:125)
and the normalization condition § = \/1 — ff* we obtain
- A
f =

VA2 Z:‘ld,l(@Q

ro=

VIAPR + Agi(p)?
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Agi(e)

, (2.126)
VIAPR + Agi(p)?
with the substitution ) ) Ba(o)
d\p
= atan | ———= 2.127
T = w52 (2127)
which gives
lim Ag(p) = ws (2.128)
d—0 ’

in the limit d — 0. The Green’s functions (2.126) take the same form as eq. (2.88), if A4;(p)

is replaced by ws.
Gap equation

With eqgs. (2.126), the self consistency equation for the gap function (2.85) results in

27
1 = [dyp 1
2t — +Int =t /— +ce. |, (2.129)
;wl ;0 27 (\/|A|2+Ad,l(80)2 )

which gives the gap as a function of temperature and external magnetic field.

Free energy difference

The free energy difference is derived the same way as its two dimensional counterpart (2.91),

and the thickness dependent expression for AF/A is given by

2m 2
Fo=Fu = [de [ (Aai(e) = VIAP+ Adqi(9)?) e
PR | < VAP Ay ) o

Note that the equations for the gap function and the free energy difference can be obtained

by simply replacing w, by Ag4;(p) before integrating over the Fermi surface.
2.3.5 Phase boundary analysis and numerical results for d > 0

The numerical results shown in this section will be restricted to s-wave superconductors, with
an isotropic gap. A few calculations have also been performed for d-wave superconductors,
with results which generally confirm the behavior found for s-wave superconductors. An inter-
esting peculiarity of d-wave superconductors without any orbital pair-breaking is a steep rise
of Heo prio with decreasing T below T'/Tc = 0.1 (See Fig. 4 of Ref. [10]). This peak belongs
to the ¢ = 0 portion of the critical field [12] and is much steeper than the corresponding part
of the critical field curve for s-wave superconductors. Our calculations show that this peak
can be effectively suppressed by a very small (d/ kil ~ 0.2) amount of orbital pair breaking.
The absence of this peak in measurements [9] on k-(BEDT—TTF);Cu(NCS)y may be an

indication of a very small residual orbital pair-breaking contribution in this material.
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As in the previous Chapter the summation over [ was cut off at the temperature dependent
index Np. The phase diagrams now depend on the parameter
d

54 = oM cos v, (2.131)
expressing the thickness of the film relative to the BCS coherence length &y, the parameter
u = mkpT./2FEF and the angle 9 of the external magnetic field relative to the superconducting
film. The dimensionality of the system does not show up in the framework of BCS theory as
the quasiclassical propagator is isotropic. Therefore, there is no dependence on the angle of the
external field with respect to the two dimensional superconducting plane in the corresponding
equations. If the film is assumed to have a finite thickness, the Green’s functions become
dependent on k (or on ), and as in the case of the FFLO equations, one can expect the

dimensionality of the system to affect its properties.

Fig. 2.21 shows the gap function and the free energy difference as functions of external field
at ¢ = 0.5 for various thickness parameters. One can clearly see that the ambiguity of the
gap function disappears at a certain value of s;. For H = 0 there is no dependence on s4, as
the limit sin(z)/z converges to 1 for z — 0 in eq. 2.120. The gap function and free energy
difference as functions of reduced temperature at pH = 0.1 for various sg4 are depicted in Fig.
2.22.

The dependence of the critical field resulting from the equality of the free energies in the su-
perconducting and normal state on s4 are shown in Fig. 2.23 for various reduced temperatures
t. For t = 0.9, which is greater than the characteristic temperature ¢t = 0.56, a continuous

decrease in uH, for increasing sg is observed.

The paramagnetic pair-breaking effect dominates for very small d while the orbital effect
dominates for large d. Thus, it should be possible to define a critical thickness d which
roughly separates the two regimes. This crossover behavior is shown in Fig. 2.23 (above)
for the thermodynamic critical field H.. The value of d is of the order of k}l in the region
of low temperatures, in agreement with the estimate of section 2.1. Fig. 2.23 shows also
the decreasing importance of paramagnetic pair breaking with increasing T'. Generally, the
additional orbital pair-breaking effect brought about by the finite thickness of the conducting

layer, leads to a depression of all four fields.

By comparing the thickness paramter of the previous chapter s,, with sg (eq. (A.28)) it can

be easily shown that they have the following relation

d
54 = Smcost¥ = — cosV. (2.132)

kp
A detailed plot of the T-dependence of the FFLO, thermodynamic, and supercooling
(H¢ instable) critical fields for sq = 0.5,1.0,2.5 as shown in Fig. 2.24 reveals, however, sig-

nificant differences. The superheating field lies above the FFLO critical field for d > 0 and
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FIGURE 2.21: Gap function A (top) and free energy difference AF/A (bottom) as functions
of external field at ¢ = 0.5 for various thickness parameters sg.
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AF/A

FIGURE 2.22: Gap function A (top) and free energy difference AF/A (bottom) as functions
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FIGURE 2.23: Thermodynamic critical field (stable branch) as a function of thickness param-
eter sy for reduced temperatures t = 0.5, 0.9 (top) and ¢ = 0.3 (bottom).
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has been omitted for clarity. We have already shown in the previous section, that the su-
perheating field coincides with the FFLO critical field in the 2-dimensional case. The FFLO
transition field is much stronger suppressed than the line H. where the free energies of the
homogeneous states coincide. As a consequence, for s; = 0.5 and consequently d = 0.5k}1
(see top of Fig. 2.24) the FFLO transition vanishes (Hs prr,0 becomes the supercooling field
of the normal state) and is replaced by a first order transition at H. to the homogeneous
superconducting state. For these values of s; and for low temperatures, the Ginzburg-Landau

parameter defined by
1 Heo

K =
V2 He

is smaller than 1/4/2 and the system would theoretically become a type I superconductor.

(2.133)

But this transition is not induced by surface boundary conditions as in bulk superconductors.
We can only state the analogy of this transition to the original one, which results from the
preference of the superconductor to build surface boundaries between normal and supercon-
ducting regions to minimize its energy. One can observe an analogous transition of the system

from seemingly type II to I for s; = 0.5 at the temperature ¢ ~ 0.31 (Fig. 2.24 top).

Note that a conducting layer of atomic thickness, the dimension of one unit cell in the plane,
yields enough orbital pair breaking to produce this suppression of H. rrr0 in favor of H. .
This behavior is not unreasonable, as spatially varying states are known to be much more
sensitive to perturbations than homogeneous states (recall in this context Andersons theorem
[46]). With further increasing orbital pair breaking (see middle and bottom of Fig. 2.24) the
lines Heo prr.o and H instable tend to merge and the metastable region shrinks; for d > 3k}1

orbital pair-breaking dominates.

The critical fields as functions of the thickness parameter at ¢ = 0.01 are shown in Fig. 2.25,
where paramagnetic effects are most pronounced. This figure gives an overview of the cross-
over from the paramagnetically dominated regime at very small d to the orbitally dominated
regime at large d. If the thickness where H.o rrr,0 and H, cross is denoted by dy, then the
FFLO state is only realized in the small range d < dy ~ 0.5l<:_1, for d > dy a first order
transition to the homogeneous (mainly) paramagnetically limited state occurs. The FFLO
line plays the role of a supercooling limit of the normal state until it falls (at d ~ 1.21@1)
below the line H_ jnstaple; Where the normal-conducting state is limited by spatially constant
superconducting fluctuations. The wavenumber q of the FFLO state decreases with increasing
d until it jumps to ¢ = 0 at the line H jnstable (at the crossing point two degenerate solutions
exist for ¢). We continue to use the term FFLO state here, even if this term denotes, strictly
speaking, a state without any orbital pair breaking contribution. With increasing d the lines
all depicted fields approach each other and the transition becomes identical to the well-
known second order transition of a thin film in a parallel field, which is entirely due to orbital

pair breaking. The region of really large d where the difference between type I and type II
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FIGURE 2.24: Critical fields in dimensionless Eilenberger units (A.26) as functions of reduced
temperature for sq = 0.5 (top), sq = 1 (middle) and s; = 2.5 (bottom).
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FIGURE 2.25: Critical fields in dimensionless Eilenberger units (A.26) as functions of s4 for
t =0.01.

superconductivity becomes important is clearly outside the range of validity of the present

model.

We already mentioned in previous discussions that the upper stability limit of the supercon-

ducting state (dotted line), which is obtained from the second derivative of the free energy

2
92 (Fs—F,) < [dyp A2
== — . 2.134
A ON A 2%/277 (B + A (922 ) (2.134)
-0

equals the FFLO critical field at d = 0. This does not hold for finite thickness parameters as

difference

can be seen in figure 2.25. As in the two dimensional case, the upper stability limit corresponds
to the highest possible field, where there is a solution for the gap (2.85) for a given temperature
and thickness parameter, and at which the transition to the normal state is of first order.
The lower stability limit of the normal phase corresponds to the instable solution and is the
field with vanishing gap A and second derivative of the free energy difference. Again, one of
the two branches of the gap as a function of external field A(uH) gives a positive second
derivative, meaning that the free energy is mimimized for these solutions, while for the other

branch it is negative (see Fig. 2.19).
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2.3.6 Discussion on pair-breaking effects in YBa;Cu30O;,

Let us investigate the consequences of the fact that the FFLO state can be suppressed in
favor of the homogeneous superconducting state by a very small admixture of orbital pair-
breaking (see Figure 2.25). We have not mapped out a complete phase diagram like figure
2.25 for d-wave superconductors (where H.o prro becomes anisotropic as a consequence of
the finite d) but instead performed a few calculations in order to get an overview of what
happens. The results confirm qualitatively the main feature visible in figure 2.25, namely a
much stronger suppression of H.o rrr,0, as compared to the upper stability limit of H., by
orbital pair-breaking. For YBay,Cu3zO7 we have two conducting CuO» layers per unit cell with
a distance of ~ 3.94 while the c-axis zero-temperature coherence length is estimated [47] to
be 2-4 A. The coupling between bilayers in adjacent unit cells may obviously be neglected, as
a consequence of the large length ¢ ~ 11.7 A of the unit cell in this direction. The coupling
between the two layers in one unit cell, on the other hand, remains an open question, and

the following two possibilities should be taken into consideration.

The first possibility is, that the two superconducting layers decouple at low T', below some
crossover temperature 7. As is well known, the orbital critical field of weakly coupled layers
diverges [48] below some crossover temperature 7%, which means that paramagnetic pair-
breaking is the only remaining mechanism to limit the superconducting state. This requires
a two-dimensional, in-plane mechanism of superconductivity. The amount of orbital pair-
breaking would be negligibly small in this case and the superconducting state below the
critical field should be the FFLO state.

The second possibility is that the superconducting state keeps its finite extension for arbitrary
T. This requires an inter-plane mechanism where the bilayer structure is essential for the
superconducting pairing process. In this case, the bilayer may be approximately replaced by
a single layer of finite thickness d ~ 2-4 A. Taking a value of vp ~ 107 cm/s for the Fermi
velocity in the a — b plane, as measured by Andreev reflections [49], we estimate a value
between 1 and 4 for our dimensionless thickness parameter d/ k:;l, which measures the amount
of orbital pair-breaking. Thus in this case, if the bilayer structure can be approximated by
a finite slab, the amount of intrinsic orbital pair-breaking in YBCO, brought about by the
finite thickness of this slab, will be by far large enough to suppress the FFLO state. The
second order FFLO transiton will be replaced by a first order transition to a homogeneous
superconducting state; this transition is due to the combined action of both pair breaking
mechanisms rather than a single one. For a typical value of sq = d/ k;l ~ 2, the critical field
would be still of the same order of magnitude as the purely paramagnetically limited, (Pauli

limiting) field at d = 0 but with a strongly reduced metastability region (see Fig. 2.25).

The transport measurement of Dzurak et al.[6] of the critical field of YBayCusO7 at 1.6 K
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led to a result of the order of the Pauli limiting field H, = H.(d = 0). The transition seems,
however, too broad to distinguish between the FFLO and Pauli limiting fields. Further, more
accurate experiments are required to settle this question, which concerns fundamental aspects
of the superconducting state in High-T,. cuprates. Observation of the FFLO state in the plane-
parallel field configuration of YBaoCuzO7 would be a strong argument in favor of an in-plane

mechanism of superconductivity in this material.

The relevance of this question has also been discussed by Yang and Sondhi [50], using the
framework of the Lawrence-Doniach model, which is in a sense complementary to the present
approach. The orbital pair-breaking effect due to the finite thickness of the conducting layers
has previously been taken into account in a theory by Schneider and Schmidt [51]. This
theory may be used successfully to fit the experimental data [14] near T, but neglects all
paramagnetic effects. The purely paramagnetic limit, on the other hand, has been studied
by Maki and Won [12] and by Yang and Sondhi [52]. The present results show that both
effects should be taken into account for a detailed description of the transition. The orbital
effect cannot be neglected even if the orbital critical field is several times higher than the

paramagnetic limiting field.

Finally, as our results point out in the previous chapter, that single atomic (molecu-
lar) layers are responsible for the superconducting state in the organic compound k-
(BEDT—TTF)2Cu(NCS)2 where phase boundaries compatible with a d-wave version of the
FFLO state have recently been observed. Thus, a considerable influence of orbital pair-
breaking, which would suppress the FFLO state in favor of the homogeneous superconducting
state, does not exist in this material. Measurements of the detailed temperature-dependence
of Heorrro close to T' = 0 could reveal even small admixtures of an orbital pair-breaking

component.

2.4 System with impurities

In this section, the equations for the Green’s functions and the gap equation are derived for
a system with finite thickness including impurity scattering in first Born approximation. The
Eilenberger equations (2.84) are modified such that impurity scattering is included in the
system (see Ref. [33]),

[wsw%ar}f — Ag+Fg-Gf
[ws—/%ar*]ﬁ — A'g+ Ftg—Gft

g = V1-fft, (2.135)
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with the potentials

d
Fw) = tr [ 556w
0
27rd
Frw) =t [ 521 o)
0
27rd
Gl = tr [ Shotow). (2.136)
0
The dimensionless impurity parameter ¢ is
1 1
t, = 2.137
+ 27T kT ( )
where 74, is the mean transport relaxation time given by
1 ds2
— =27N(0) [ ——|u(8) 2.138
— —2aeN() [ Do), (2.138)

in first Born approximation, with the scattering potential u, the density of states at the Fermi

level N(0), and the angle 6 between incoming and outgoing wavevectors k and q.

The modification of the finite thickness equations is analogous to the two dimensional case,

if we again consider a system with thickness d < £. Eq. (2.106) is applied to the potential F’

21 27
_ do - d
F=F+6F(z) =t %f +t, / ﬁéf(z) (2.139)
0 0

and the same is done for F*. For the potential G, one can simply write G = G because
of Eq. (2.114). For thin (d < ) and not too dirty systems, such that t; — oo, one can
approximate dF'(z) ~ 0 and the potentials are represented by their mean values. The mean
Green’s function f can be written as (2.120-2.122)

_ b - _ 1
= dse *@stC) (A + F) g sin(B s
i 0/ (A+F) 3 g5 sn(Bu))
1 Ba(p) = -
= t = A F .
e () @+ P
_ (A;J, (2.140)
Adl(‘P)
where the limit
lim AS,(p) = ws + G (2.141)

d—0 ’
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holds. In this limit, Anderson’s theorem [46] holds as there is no dependence of the Green’s
functions on ¢. The terms with the potentials on the right side of the transport equations

2.135 disappear, because of

Fg= tifg =Gf
Ftg= tygft =Gf". (2.142)

We now continue with the derivation of the mean Green’s functions. Equations (2.123) and

(2.125) and the normalization condition are then given by
FAG(e) = (a+F)g

FraGile) = (a7 +F)g

g = \J1-[f+, (2.143)

with the mean impurity potentials

2T
Flo) = tr [ 527(ow)
0
2T
Frw) = o [ )
0
2T
Gws) = / 9(p, ws) (2.144)

Again, the transport equations (2.143) are solved to obtain the expressions for the mean

Green’s functions

P A+F
V(B + F)(Ar + F4) + 4G (p)?
oo A* 4 FT
V(B4 F)(Ar + F4) + 4G (p)?
G
g = Ad () . (2.145)

V(B4 F)(Ar + F+) + 4G ()
2.4.1 Gap equation

The Green’s functions are inserted in the self-consistency equation (2.85) giving the gap
function, which together with the equations for the potentials (2.144) have to be solved
consistently. One can take advantage of the property of the Green’s functions f and f+

£ = i—t , (2.146)
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which also holds for the mean functions

N 1+ F'
7= £ _ % _ " — (2.147)
V(L4 F)2AR 4+ A (o)2
where P F*

F = AT A (2.148)
to lessen the number of potentials to be solved. Now there are only two potentials to be
considered

2 _
F' = t, / dp L+ F
2+ F2IAR + A (0)?
0 d\P
_ A
G = t, / dy a1l¥) , (2.149)

) _ :
)2+ FRIAR + 4G ()2

and the gap-function (2.85) can be written as

o] [e%e) =
1 dp 1+ F
2t lE - Jl + ll’lt =t lE - / % = — + CC. . (2150)

V(1 + F)2AR 4+ A (o)

Equations (2.149-2.150) are then solved consistently for given thickness parameter s4, impu-

rity parameter ¢, temperature ¢ and external field uH to obtain the gap A.

2.4.2 Stability limits

The upper stability limit of the superconducting phase and the lower stability limit of the
normal phase are obtained from the second derivative of the free energy diffrence (Fs— F,,)/A.
The stationarity of the first derivative with respect to A* results in the self-consistency

equation for the gap (2.85)

[e o]

o F,— F
AT = 2tz +lnt—tZ/ f+cc =0, (2.151)
which gives
0? af’
8A*6A — ——Z/ <—+cc> (2.152)

for the second derivative of the free energy difference. For simplicity we set
a(p) = (1+ F)2|APR + AG () (2.153)

and calculate the derivative of f’

of' o 1+F 1 OF' 1 _ .« Oay(p)
AL AT - (14 F)ATEE,

N T TN Ja(p)  Jalp) 08 2a(p)?

(2.154)
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which also gives the derivative of F’

2
OF’ dp 1 OF' 1 _, . 0ai(p)
ALy, / @ ( AL (14 A . (2.155)
0A 2 N/ oA 2 3/2 0A
s AT a(p) ai(p)

With the equations

Jay(p) _ 2 i\ 2 Tl OF G 8AdG,l((p)
A A A (1+F)"+2(1+ F)A A + 2Ad’l(@)A78A (2.156)
and G G 2
0A A g
d,z(‘P) _ d,l(SO) A@G (2.157)

OA  Ba(p)?+ (ws +G)2 T 0A7

where the derivative of G is given by

_ 2m ~
N /d£< NG 1) L4 (Lp)Aa‘”(SD)» (2.158)

aA:t+0 21 \ Jai(p) 0N 2a(p)32TH oA

the basis is set for the calculation of the second derivative of the free energy difference and
the stability limits, where the second derivative disappears. First, the gap function (2.150)
and the potentials (2.149) are obtained self consistently. The values obtained for |A|? and
the potentials are subsequently used in the iteration of the derivatives (2.155) and (2.158)
with the help of egs. (2.156) and (2.157). With the self consistently obtained derivatives, the

second derivative of the free energy (2.152) is obtained.

2.4.3 Comparison of numerical results with Al experimental data

As the thickness of a thin superconducting film in an external magnetic field parallel to
the plane increases, the critical fields decrease because of the effect of orbital pair-breaking.
Furthermore, the tricritical temperature t;; = Ty;/Tco, which is the temperature at which
the critical fields match (¢4.; ~ 0.56 in the two-dimensional case) is shifted to lower values. At
temperatures below the triciritical temperature we have shown that there are two boundary
solutions for the critical field: the upper stability limit, which is of first order and at which
the gap is still finite, and the lower stability limit, which is a second order phase transition.
Above the tricritical temperature there is only one solution given by a second order phase
transition. The order of the phase transitions was discussed in Ref. [45] in the framework of the
generalized GL-equations and the possibility of determining the second order phase transition
because of reentrant behavior in resistivity measurements as a function of temperature or
field was discussed by Fulde [4]. Tunneling conductance measurements on a thin Al film in a
parallel external field of Butko et al. [5] and later by Wu et al. [53] showed such reentrance
behavior and a strongly hysteretic density of states. They have ruled out possibilities of the
hysteretic behavior to be dependent on the film morphology and confirmed, that it is indeed
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an intrinsic effect. In this section, the tunneling measurements of Ref. [5] on a thin Al film
is compared with the numerical results on the upper and lower stability limit of a system
with finite thickness. Note that Wu et al. [53] also show experimental results for a d~6nm
thin film, which is two to three times thicker than that examined in Ref. [5]. The behaviour
of the critical fields with increasing film thickness corresponds to our findings, that the low-
temperature branch decreases to be even lower than a corresponding critical field at higher
temperature. Such behaviour is already reflected in our clean-limit calculations (Fig. 2.16),
and the curvature at low temperatures become even more pronounced as we add impurities

to our calculations.

d [nm] 225 | sq~35—43
7O K] | ~27
Ttri [HlK] ~ 650 ttm’ ~ 0.25

ITom] | ~16 || t; ~350
08, [m/s] | 2% 106
E% [eV] | 11.6

Table 2.1: Data on the Al sample, where d is the film thickness, TC(O) is the critical temperature
at zero external field, T3,; is the tricritical temperature, [ is the mean free path, v% is the
bulk value of the Fermi velocity and E% is the corresponding Fermi energy. The parameters
sq and t4 obtained using v% is shown on the right side.

In a first test we begin with varying the film thickness of a clean system (¢4 = 0) to obtain
a tricritical temperature similar to that of the experiment t4.; ~ 0.25 and a good agreement
on the opening of the branches at low temperatures. The data on the Al sample are given
in Tab. 2.1. However, it was necessary to introduce a rescaling factor ¢, in order to enable
comparison with the experimental data. This discrepancy may be explained by the difference
in the value of the Fermi velocity in the a-b plane of a thin Al film compared to its bulk value.
At this time, we cannot confirm the Fermi velocity value needed to describe the experimental

data, but it cannot be completely ruled out (see also [49]).

The relation of the rescaling factor ¢, to the bulk Fermi energy in eq. 2.161 is given by
El = ¢, EY% | (2.159)

which gives a Fermi velocity of v} = \/Ev%. One would obtain the same absolute values as
the rescaled results, because H°(E},) = ¢, H® holds. For the parameters of the theory such
as sq = mupd/h = d/kp' and t, = hvp/(k:BTc(O)l) to remain unchanged, this means that one
also has to modify d and [ according to the change in the Fermi velocity

d

d =
Ve
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FIGURE 2.26: Upper and lower stability limit for s; = 2.5 and a rescaling factor of ¢, = 17.3
compared with the superheating and supercooling field obtained from tunneling measure-
ments on a thin Al film in a parallel magnetic field [5].

NV (2.160)

Agreeable results for the general behaviour was found for a thickness parameter sy = 2.5
(Fig. 2.26), corresponding to d ~ 0.145 nm, which is clearly too small compared to the given
thickness of the film d ~ 2-2.5nm. The tricritical temperature of the numerical results is
tyi >~ 0.3, which is slightly above the experimental one. Furthermore, the curvature of the
lower branch showing a maximum at ¢ ~ 0.1 is not reproduced as the theory predicts a nearly
horizontal behavior at low temperatures. For the upper stability limit it predicts a nearly
linear behavior, which as in the case of the lower branch does not meet the experimental

features.

If we include impurity scattering into our calculations, the general behaviour of the critical
fields improves to meet the experimental results. Including impurity scattering in the system
enlarges the critical fields and the effect of the thickness on the the tricritical temperature is
reversed, i.e., it is shifted to higher temperatures as the impurity parameter ¢4 increases for
a constant thickness parameter s4. As the effect of increasing thickness is to raise orbital pair

breaking, it is diminished with impurity scattering as the mean free path of the electrons is
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Sq=3, t,=0.25, res=18.05
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FIGURE 2.27: Upper and lower stability limit for s; = 3, t; = 0.25 and a rescaling factor of
¢, = 18.05 compared with the experimental data [5].

lessened. In a system with impurity scattering, the thickness parameter is shifted to higher
values while the tricritical temperature remains constant. The critical fields for an arbitrary
impurity parameter ty = 0.25 are shown in Fig. 2.27. In a clean system, the critical fields
with sq = 3 did not agree with the experiment, as the opening of the branches at low
temperatures was too small. The agreement with the experimental data is improved with an
appearing curvature of the upper and lower stability limits at low temperatures, compared
to the previously linear behavior in the clean system. Furthermore, the lower stability limit
decreases and a broad maximum emerges at low temperatures. Nevertheless, the thickness
d ~ 0.174 nm obtained with sg = 3 is still to small. We still need to describe the experimental

data with the given dimensions.

We put the theory to test by setting the thickness parameter to the value of the real film
sq = 43, which corresponds to d ~ 2.5nm (Tab. 2.1). The impurity parameter was varied to
obtain the experimental tricritical temperature of t;.; ~ 0.25, which concluded in an impurity

parameter of t; = 110. The experimental data were converted into Eilenberger units (denoted
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FIGURE 2.28: Upper and lower stability limit for s4 = 43, ¢, = 110 and a rescaling factor
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of ¢, = 1.894 (top) and sg = 77, t; = 350 and a rescaling factor of ¢, = 1.905 (bottom)
compared with the experimental data [5] in Eilenberger units.
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with a symbol ©, see eqs. (A.16-A.23)) with the relation

Hreal 2Eb
_ — _=triB ~H™[T], (2.161)

H<>
HO (ﬂ'kBTC(O))

where H"*4[T] corresponds to the experimental data in Tesla. As before, the numerical results
lie below the experimental data, and it is necessary to introduce a rescaling factor ¢, = 1.894
to enable comparison between experiment and theory (Fig. 2.28, top). This rescaling factor
could be attributed to a higher Fermi velocity needed to describe the critical fields, but
this assumption still has to be confirmed by either band-structure calculations on Al with a
quasi two-dimensional fermi surface or by experiment. Nevertheless, it cannot be completely
ruled out that the Fermi velocity in the a-b plane is higher than the given bulk value in
the thin Al slab. The curvature of the lower and upper stability limit agrees well with the
experimental results, but at higher temperatures the critical field is slightly overestimated
by our analysis. As the resulting mean free path I ~ 51.4 is still higher than the mean free
path of the experiment | ~ 16 and the theory predicts a 1/d-dependence without taking
paramagnetic limiting into account (see Sec. 2.2.1 for details) instead of 1/ d3/? if specular
reflection on the boundary of the film is considered, it would be more accurate to take the
real impurity parameter resulting from the mean free path of the experiment (¢, = 350) and
fit the thickness parameter to obtain the tricritical temperature of t;.; ~ 0.25. One can see
from Fig. 2.28 (bottom) that the behaviour of the critical fields is as good as the previous
one, with d ~ 4.5nm and a rescaling factor of ¢, = 1.905. The results for the two data sets
with sy = 43 and sg = 77 are shown in Tab. 2.2.

To summarize this section, we compared the tunneling measurements of Ref. [5] on a thin
Al film with the numerical results on the upper and lower stability limit of a system with
finite thickness. At temperatures below the triciritical temperature, the behaviour of the two
boundary solutions for the critical field improves to meet the characteristics of the experimen-
tal data when impurity scattering is considered. However, there are still some discrepancies
in the parameters needed to fit the experiment. One of the discrepancies lies in the mean

free path and the film thickness, which slightly differ from the experimental specifications in

set 1: s5q =43 ty =110 ¢ = 1.894
d>~2.5nm [~51l.4nm vE :v%
d~18nm [!'~70.7nm v} ~ 1.3762}%
set 2: sq =17 ty = 350 cr = 1.905
d~4.5nm [ ~ 16 nm UF:U%
d~32nm ['~222nm v~ 1.3802}%

Table 2.2: Data sets of the fit to the experimental data and the modified values according to
the change in the Fermi velocity E%. = ¢, % Ep.
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either cases described above. The other is the higer Fermi velocity needed to describe the
critical fields. It cannot be completely ruled out that the Fermi velocity in the a-b plane is
higher than the given bulk value in the thin Al slab. But this assumption still has to be

confirmed by experiment.



Chapter 3

Bulk superconductivity

Conventional superconductors are well described by Eliashberg theory [16] which treats su-
perconductivity as a boson-exchange phenomenon. The dominant feature of this theory is the
electron-phonon interaction spectral function o® F(w) which can be determined from tunnel-
ing experiments [17] or theoretically from band structure calculations. Using such an o F(w)
within Eliashberg theory allows to reproduce the superconducting properties of a conven-
tional superconductor within experimental accuracy and this established the phonons as the
exchange boson between the two charge carriers building the Cooper pair in conventional

superconductors.

3.1 Eliashberg Theory

The theoretical approach towards a theory of anisotropic polycrystalline superconductors
within the framework of Eliashberg theory is based on the separable model for the anisotropic
electron-phonon interaction introduced by Markovitz and Kadanoff [54] which was extended
by Daams and Carbotte [55] to describe an anisotropic electron-phonon interaction spectral

function:

a2F(w)k7k/ = (1 + ak)a2F(w)(1 + ak/), (3.1)

where k and k/ are the incoming and outgoing quasi-particle momentum vectors in the
electron-phonon scattering process and ay is an anisotropy function with the important
feature (ax) = 0, where (---) denotes the Fermi surface average. As anisotropy effects are
generally assumed to be rather small, it is sufficient to keep the mean square anisotropy (a?)
as the important anisotropy parameter. Finally, a?F(w) is the electron-phonon interaction

spectral density of the equivalent isotropic system.

109
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3.1.1 Thermodynamic properties

Thermodynamic properties of a superconductor are calculated from the free energy difference

AF between the normal and superconducting state [56]:

Wc

AF = T N(0) <<\/wk wn) + Al (wn) — |k (wn ) \/ Sl )A‘ - >7
(3.2)

with the quasiparticle density of states N(0) at the Fermi level, the renormalized quasiparticle

frequencies @y (w,) and the Matsubara gaps Ay (w,) which are the solutions of the nonlinear

s-wave Eliashberg equations:

) b re (W) ’
Wk(wn) = Wwp+ WTZ < <)\k Kk’ — n) + 5m,n kK ) k m~ > (33)
T \/ WL (wm) + AL (wim)

Ak(wn) = WTZ < <)\k k(m—mn)— Mi,kf + Omon t%?) A (wm} >/ (3.4)
VO (wm) + AL (wm)

The wg(wn) are the normal state quasiparticle frequencies determined by

- - e\
O (wn) = wn + WTZ <)\k,k/(m —n) + mn T ) senwm. (3.5)
m

In these equations w,, the cutoff frequency, is usually an integer multiple of the Debye fre-
quency of the system, w, = 7T(2n + 1),n = 0,+£1,£2,..., t, = 1/(27(7 )k x’) is the
anisotropic scattering rate due to inelastic impurity scattering with (7. )ik’ as the anisotropic

transport relaxation time, pj ., is the anisotropic Coulomb pseudopotential, and

T QO[QF(Q)k Kk’
(m—n)=2 [dQ : .
>\k,k (m ’I’L) / 02 + (Wm — Wn)2
0

(3.6)

In case of weak anisotropy effects the k, k' dependence of the Coulomb pseudopotential and
of the impurity scattering is neglected and the anisotropy of the Matsubara gaps is described
by the ansatz

Ax(wn) = Ag(wyn) + axAi(wy), (3.7)
with Ag1(w,) being isotropic functions. In applying equation (3.7) to Eqs. (3.4) only terms
of the order of (a?) are kept.

3.1.2 Upper critical field

The upper critical field H.o(T') of an anisotropic polycrystalline superconductor employs, in

addition, a separable ansatz to describe the anisotropy of the Fermi velocity vpk [57]

vpk = (14 bk)(vr), (3.8)
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with (vp) the isotropic Fermi velocity. by is an anisotropy function defined in the same way
as ay. Again, only terms of the order (b?) are kept in case of small anisotropy effects. The
upper critical field in its temperature dependence is then described by the following set of

equations [57]:

Bulwn) = 7T S+ mAm —n) {1+ ax) Ao (wm)xae(m) )

+ . /
AT Y (1 = b ) (Baomhuae(m) (39)
= i i 2 e~ tan ™! 7\/@56
Xk(n) = = O/d t (!&k(wn)\>’ (3.10)
and
e = < Hoo(T)(1 + i) (vp) . (3.11)

2
N-band models have been extensively studied as a tool to describe anisotropic features of
superconductors. The separable model employed in this work can be described in its simplest

form by a Fermi surface split into two half-spheres of equal weight
P(a) =06(—a)/2+(a)/2, (3.12)

with radii r £a, if r is the radius of the equivalent isotropic Fermi sphere [58]. Using the Fermi
surface harmonics (FSH) notation introduced by Allen [59], Daams [60] observed that this
separable model was equivalently described by a restriction to zeroth-order FSH in each of
the two subregions of the Fermi surface. According to her work, the separable model applied
in further calculations of this work corresponds to a two-band model in which the two Fermi
surface regions have equal weight. It is of course also possible to define different weights for
the two regions, thus changing the distribution function (3.12), but Daams [60] demonstrated
that in the case of weak anisotropy the influence of different weights in a separable model is

of negligible significance for the thermodynamics of anisotropic superconductors.

In the case of the upper critical field any deviation from the equal weight configuration
causes H.o(T) to approach the isotropic case (Fig. 3.1). The deviation function in the insert

of Fig. 3.1
Hega(t)
Heo4(t)

demonstrates the deviation of the upper critical field of an anisotropic system Ho o(T") from

DHc2 (T/Tc) = DHc2 (t) = -1 (3'13)

the upper critical field of an isotropic, equivalent system H.s;(7"). The numerical result for
equal weights (1:1) was fitted to the upper critical field of LuNiyB2C to fix the parameters
(a2), (), and (vr). The mean Fermi velocity (vp) and its anisotropy parameter (bi) were
used to fit the experimental data near T., and (ai) was changed to describe H.o(T) at

lower temperatures. With these parameters, we calculated the upper critical field for different
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poH o [T]

T [K]

FIGURE 3.1: Influence of different weights for the two Fermi-surface sheets on the upper
critical field H.o(T') [21]. The numerical result in the case of equal weights (1:1) is a fit to the
upper critical field of LuNigBoC with (a?) = 0.02, (b?) = 0.25, and (vr) = 0.280 x 105m/s.
Dy, (t) is depicted in the small insert.

weights of the Fermi sheets (1:n) to investigate the change in the behavior of H.o. Obviously,
H. o approaches H.; as one of the two sheets becomes dominant in weight and this is

indicated by a flattening of Dy, (t).

The relative signs of ay and by in the same Fermi-surface sheet is also of importance to the
analysis of H.o. With same signs of ax and by in same sheets, He (T) is reduced compared
to Heoi(T') (Fig. 3.2). Opposite signs within same sheets give rise to an enhancement of Heo g
over Heo ;. In this case, the reduction of Hep o(T") due to the influence of <b12{> is compensated
by the electron-phonon interaction anisotropy. Bandstructure calculations can give a good
estimate for the weight and the relative signs of ax and by in the corresponding regions of

the Fermi surface.
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FIGURE 3.2: Influence of different signs of ay and by on the upper critical field H.o(T). Both
Fermi-surface sheets were weighed with the same factor (1:1).

3.1.3 Impurity scattering

Impurities are treated in Born’s limit [61] which assumes the impurities to be randomly
distributed and to be of dilute concentration. In such a limit impurities are characterized
by a scattering rate ¢ which is proportional to the impurities’ concentration. Their main
effect is the smearing out of the electron-phonon interaction anisotropy resulting in a slight
reduction of T, [54], an enhancement of H.s at low temperatures, and a reduction of the high

temperature upward curvature of H.o as was demonstrated by Weber et al. [62] for Nb.

3.1.4 Optimal spectrum

Concentrating on isotropic systems Carbotte [63] developed the concept of an optimum spec-
trum based on earlier work of Leavens [64] and Mitrovi¢ and Carbotte [65]. Such a spectrum
can be developed from a theorem which states that for a given strength A = fooo dw o®F(w)
of the spectral density o2 F(w) the best shape that will maximize the critical temperature 7,

is a delta function spectrum

A2 F(W)opt = Ad[w — w* (u¥)], (3.14)
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with the delta function placed at the frequency w*(ux*) at which the functional deriva-
tive 07./6a®F(w) displays its maximum for a fixed value of the Coulomb pseudopoten-
tial p*. Carbotte[63] extended this concept to encompass other physical properties such as
2A(0)/kpTe, the zero temperature gap A(0) to T, ratio, and a number of others. This concept
establishes that a relation

X = Ax(ur) (3.15)

always exists, where X stands for T, 2A(0)/kpT,, etc. and x(u*) is a universal number

determined from Eliashberg theory for each property X and which varies only slightly with

*

wr.

In essence the optimum spectrum gives information about the phonon frequency important
to maximize a certain physical property (such as T;) of a conventional superconductor. Such a
concept is very appealing and it suggests an expansion to the concept of an optimal spectrum
which is again a delta peak spectrum with a delta peak of strength A at some position
w*(u*) both chosen to reproduce all known properties of a superconductor optimally. Such
a spectrum will then provide information on the phonon mode most important for a specific
superconductor if an a? F(w) cannot be derived from experiment. It can also help to develop

an o?F(w) in all cases where the phonon density of states G(w) is known.

We put this concept to test [66] by using the borocarbides LuNisBoC and YNigBoC for which
extensive experimental data exist [20] and for which G(w) is known from theoretical work
[67, 68]. From experimental data of the upper critical field H.o which displays a pronounced
upward curvature close to T, in single crystal [69] and polycrystalline [20] samples we also
assume these systems to be anisotropic [21] as in the sense of [57]. Shulga et al. [70] explained
this upward curvature of H.o(T") close to T, by considering two bands, one of which being more
deeply involved in the transport properties of the compound. The authors utilized an s-wave
electron-phonon Eliashberg formalism and there is strong evidence that the order parameter
in YNigB,C is indeed of s-wave symmetry [71, 72]. It is interesting to note in passing that
this concept introduced by Prohammer and Schachinger [57] is effectively a two-band model

described by an anisotropic electron-phonon interaction spectral density [73, 74].
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FIGURE 3.3: The pyrochlore sublattice formed by Os tetrahedra and truncated-tetrahedral
cavities containing Rb ions is highlighted. Blue atoms: Rb, Red spheres: O, Gray atoms: Os
(Structure Figure taken from [93])

3.2 Thermodynamic properties of RbOs;0O¢ analyzed within
Eliashberg theory

Thermodynamic properties such as the specific-heat difference between superconducting and
normal states Cy — C,, the thermodynamic critical field H.(T), and the upper critical field
H5(T) of the beta-pyrochlore superconductor RbOs2Og were analyzed within Eliashberg the-
ory including anisotropy effects, yielding A, ~ 1, a small electron-phonon coupling anisotropy
parameter of about (af) ~ 0.005, and a Fermi velocity anisotropy parameter (b2) ~ 0.23.
Excellent agreement between theory and experiment was achieved for these parameters, the
Sommerfeld constant v, and model phonon spectra consisting of a debye spectrum and two
Einstein peaks. The results indicate that RbOs2Og is a conventional electron-phonon super-

conductor with s-wave symmetry.
3.2.1 Introduction

Pyrochlore oxides constitute a large family of transition-metal (TM) oxides like perovskites
and have the general chemical formula A3;BsO7 or AsBoOgO where A is a larger cation
and B is a smaller TM cation. The first superconductor in the family of pyrochlore oxides
was discovered in CdaReoO7 at T, = 1.0 K [75, 76, 77]. Yonezawa et al. found another
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type of pyrochlore oxides with the general formula AB2Og called the S-pyrochlore oxide [78],
where A is a large monovalent alkaline metal cation. Soon, superconductivity was reported
in KOs2Og [79, 80], with a T, of 9.6 K, and more reports of superconductivity in the same
family of compounds have followed at a rapid pace, with superconductivity being observed
in RbOs20¢ with T, = 6.3 K [78, 81] and in CsOsy0¢ with T, = 3.3 K [82].

The discovery of superconductivity in the S-pyrochlores raises the question of the underlying
mechanism. While the mechanism in the a-pyrochlore CdaResO7 can be understood within
the weak-coupling Bardeen, Cooper, and Schrieffer (BCS) theory of superconductivity [83],
Hiroi and co-workers have suggested [80] that KOs2Og is an unconventional superconduc-
tor, with the pairing mediated by spin fluctuations [84]. On the other hand, Briithwiler et
al. suggested that RbOs2Og could be a conventional BCS-type superconductor [81, 91], and
recent pressure effects [85] and NMR [86] measurements appear to substantiate their conclu-
sions [85]. Our analysis of the thermodynamic and superconducting properties of RbOs2Og
within Eliashberg theory [18] and recent work on the investigation of rattling and anhar-
monic phonons in KOsyOg [87, 88] give further support to this suggestion, indicating that
RbOs20s is a conventional electron-phonon superconductor with s-wave symmetry. It seems
rather unlikely that the underlying mechanism of superconductivity has a different origin

between these two similar compounds.
3.2.2 Spectral function

As there are no data available which would allow to determine the electron-phonon interac-
tion spectral density o F(w) directly by inversion, we have to start our analysis with a model
spectrum. The concept of an optimal electron-phonon interaction spectral density as an Ein-
stein spectrum which allows to describe all physical properties of a superconductor in an
optimal way was developed from Carbotte’s original definition of an optimum spectrum[63].
We have shown, using the borocarbides YNisBoC and LuNisBoC as examples, that such a
concept is meaningful even for anisotropic systems [66]. An Einstein spectrum is sufficient
for clean-limit systems, a 20-peak spectrum is better suited for anisotropic systems with

impurities.

We follow this approach and model a phonon spectrum consisting of two Einstein peaks given
by Hiroi et al. [89] at 5.3 meV and 11.9 meV with an amplitude ratio of 1:2 (for the Rb and
Cs atoms) and a Debye spectrum for the O atoms. As an arbitrary choice, the contributions
to the phonon spectrum area were weighed with the number of atoms per formula unit 1:9,
2:9 for the 5.3, 11.9 meV peaks and 6:9 for the debye spectrum (Fig. 3.4).

As a first test, this model phonon spectrum was used to calculate the thermodynamic proper-
ties. In the isotropic case with (a?) = 0 it showed good agreement with the experimental data,

and a Coulomb pseudopotential pu* slightly greater than 0.2 if A ~ 1.0. For most common
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FIGURE 3.4: Model phonon spectrum G(w) and electron phonon spectral function o F(w),
with a?(w) = 1/4/w, used in the analysis of RbOs30g. The functions were rescaled to obtain
a coupling parameter of A = 1.0.

superconductors, u* usually lies in the range 0.1 — 0.2. Comparison of the numerical results
with the experimental data showed that it is possible to consider the phonon spectrum to de-
scribe the thermodynamic properties in the isotropic case. However, adding small anisotropy

values of (a?) resulted in worse agreement between experiment and numerical results.

A usual method in obtaining a?F(w) is to rescale the phonon spectrum with 1/y/w as was
done in the description of the A15 [90] and borocarbide superconductors [21, 66]. We apply
this method and find the resulting spectral function o®F(w) to be suitable in describing
the thermodynamic properties of RbOs2Og in the superconducting regime. It enhances the
results of the calculations to the stronger coupling regime, which can be compensated by
(a®) to reproduce the experimental data within experimental accuracy. With this spectral

function (Fig. 3.4) and in the isotropic case, the Coulomb pseudopotential is p* = 0.1647, a
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7 [mJ/mol K2 44
a [A] 10.114
N (Number of atoms) [10%2 / cm? | 6.96
T. [K] 6.37
Op K] 240
H vp [cm/s] ‘ 1.48 107 H

Table 3.1: Input parameters for the theoretical analysis of RbOs,0g

value which lies well within the usual range.

3.2.3 Results

The input parameters used to obtain the numerical results are given in Table 3.1. The y-value
of 44 mJ/mol K2, vp = 1.47 107 cm/s (which is only needed for H.) for KOs2Og, and the
lattice parameter were taken from [91, 92, 93]. This Fermi velocity was multiplied by the
ratio N(Er)/a® of the K and Rb-samples to give an estimated value of about vy = 1.48 107
cm/s for RbOs2Og.

Comparison of the numerical results for Cs — Cy,, H.(T') (Fig. 3.5) and the deviation function
D(T/T,) (Fig. 3.6) with experimental data provided by Markus Brithwiler (ETH Ziirich)
already show fairly good results for the isotropic case, which improves with increasing an-
isotropy values (a?), especially in the case of the deviation function where one can see an
observable change. The experimental data was rescaled with a factor ~ 1.3, as a result of
considering that the superconducting volume fraction is not 100 % and a second metallic com-
ponent is present. The data for the thermodynamic critical field H.(T")/H.(0) was multiplied
with H.(0) = 124.9 mT given in [91].

In reality, the sample develops some residual resistivity at low temperatures which is an
indication of some impurity content. Thus, a clean limit analysis of experimental data can
only be a first step which allows to put some margins on the various anisotropy parameters. It
would then be standard procedure [62] to load the sample under investigation in a controlled
way with some impurities and to measure the change in 7, and in the residual resistivity
pn as a function of impurity concentration. This gives another, rather reliable estimate for
the anisotropy parameter (a?) [54] and allows to calculate the impurity parameter ¢+ which
enters Egs. (3.4) and (3.10) from the Drude relation

+_ prlip

t ;
872

(3.16)

with the plasma frequency of a free electron gas w, = 47ne? /m, where n, m and e are the
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{a%) = 0.001,0.005 in the clean limit, and with an impurity parameter ¢, = 2.25 meV for
(a®) = 0.005 [19].
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of (a?) = 0.001,0.005 in the clean limit, and with an impurity parameter ¢, = 2.25 meV for
{a®) = 0.005 [19].

density, mass and charge of an electron. Such data is not available for RbOsyOg and we have

to rely on another strategy to obtain the anisotropy parameters including ¢ .

The upper critical field H.o (Fig. 3.7,top) of this sample can not be described in the clean
limit with ¢; = 0. We have to keep in mind that adding impurities increases H.o(T') even in
isotropic systems [57, 95]. Moreover, adding impurities ‘smears out’ the anisotropy[54] which
results in increasing values of H.(T) and an additional increase of H.o(T), and, furthermore,
in a less pronounced upward curvature of Heo(T) close to T, [62] if (a?) and (b?) are kept
constant in the calculations. In order to to cause an increase of H.o(T') obtained in the clean-
limit calculations, it is therefore necessary to take impurity scattering into account, resulting

in aty; = 2.25 meV and a Fermi velocity anisotropy parameter of (b?) = 0.23 for the best fit.
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Aep 1

w* 0.16606

(a?) 0.005

(b%) 0.23
ty [meV] | 2.25 (I =43.3 nm)
H.(0) [mT] 126.5

Table 3.2: Results of the analysis of RbOssOg

With this value for ¢, and an anisotropy parameter (a?) = 0.005, the deviation function is
even closer to the experimental data (Fig. 3.6). The results of the analysis are given in Table
3.2.

The scattering rate is related to the transport relaxation time via
t, = —. (3.17)

With vgp = 1/7,, we can calculate the mean free path of cooper pairs

i hUF

1= (3.18)
ty

resulting in a mean free path of [ ~ 43.3 nm, which could be explained by defects at the
oxygen sites. For comparison, the mean free path for a KOseOg-sample estimated by Saniz et
al. [92] is about [ = 3.5 nm, meaning that the sample measured by Hiroi et al. [89] is in the
dirty limit. Note, that in the description with Eliashberg theory the «-value obtained from
the specific heat of RbOssOg, and not =, from band structure calculations, was used. The

Sommerfeld coefficient and density of states at the Fermi energy are related by

N = %Qk%N(EF)(l +A). (3.19)

The density of states obtained from band structure calculations is N(Er)ys = 4.9 states/eV
fu. [93, 92], which results in ;s = 11.56 mJ/mole K2, whereas the value from specific heat
measurements v = 44 mJ/mole K? gives N(Er) = 18.7 states/eV f.u. It is about three
to four times larger than the value obtained from band structure calculations, which would
result in a renormalisation constant 1+ A ranging from 3 to 4. The analysis of experimental
data with Eliashberg theory confirms A., ~ 1 obtained from the specific heat jump at T,
[91], and the value obtained using the McMillan-Hopfield equation and a ©p = 240 K (20
meV) to estimate Ay [93], but it does not give an explanation for the additional factor Aggq
with unknown source. Of course, there is always the possiblity of some discrepancies between
structure models and real structures as it has been e.g. revealed for RNisBoC with intrinsic
defects (7-11% of B-C interchanged) [94].
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parameter of (a?) = 0.005 and various Fermi velocity anisotropy (b?) and impurity scattering
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An enhancement of the Fermi velocity due to the above-mentioned unknown effects could
be obtained from an analysis of H.o if we assume that imputity scattering in the sample is
smaller. The effective Fermi velocity is given by

U

3.20
1+ N ( )

ol =

where vp is the bare Fermi velocity obtained from band structure calculations and A\ =
Aep + Aaaa- We have to keep in mind that electron-phonon coupling is already included in
Eliashberg theory via the spectral function. Therefore, renormalizing the bare Fermi velocity

v
1+ Ay

vp = (3.21)
as an input parameter to account for additional electron-phonon coupling does not apply.
However, it is possible to analyze the behavior of H.o(T') with various Fermi velocity input

values and calculate an additional enhancement factor A,qq from

1+ Aep + Aadd

3.22
1+ Xp ( )

where one obtains the relation
v VF

v} = ?F or Vi =, (3.23)
and vr; is the Fermi velocity input parameter of the theory. As an approximation, we sub-
stitute the electron-phonon renormalized value of the Fermi velocity for the bare Fermi ve-
locity leading to properties including electron-phonon coupling in the following H.o(T)-fits.
At first, the upper critical field in the clean limit ¢, = 0 is calculated with various input
Fermi velocities vg; until the theoretical curve is below the experimental data. In the sec-
ond step, anisotropy and impurity scattering are added to obtain a good H.o-fit (Fig 3.7).
If the RbOsy0g-sample is assumed to be near the clean limit, with a scattering parameter
of t; = 0.05 meV corresponding to a mean free-path of about [ ~ 2 um, the Fermi velocity
anisotropy parameter is (b%) = 0.09, with (a?) = 0.005 and ¢ = 1.5. This c-value corresponds
to an additional enhancement factor of \,4q = 1. This value is near the minimal value for
Aadd, which ranges from 0.8 to 2.1. Adding impurity scattering in the calculations leads to
a further reduction of \,q4. We emphasize that oxygen defects are common in these systems
and the analysis of H.o(T') to obtain an additional enhancement factor would be more reliable
if the residual resistivity of the sample is known. It is more likely that H.o(7T) is described by
the bare Fermi velocity including anisotropy and scattering effects, as was done in the case

of the borocarbide superconductors [21].

To summarize, the spectral function used in order to describe the thermodynamic propertiers
of RbOs20O¢ with Eliashberg theory is suitable to obtain good agreement with the experi-

mental data. With a Coulomb pseudopotential of 0.166, which lies well in the range of usual
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FI1GURE 3.8: The crystal structure of LagNiaBoNg_g

values, the coupling parameter )., of previous publications are confirmed. Adding a small
anisotropy parameter of the electron phonon interaction of (a?) = 0.005 and non-magnetic
scattering impurity of ¢; = 2.25 meV, and a mean squared anisotropy of the Fermi veloc-
ity (b?) = 0.23, which is quite large compared to other systems, very well describes all the
provided experimental data [18, 19].

3.3 Analysis of the T, reduction in LasNisByNj3_ 5

The transition-metal borocarbide superconductors RNisBoC with transition temperatures
comparable to those of the A-15 compounds (e.g. R = Lu with 7. ~ 16.5 K, NbsGe with T, ~
23 K) are a subject of broad interest for research on intermetallic superconductors. Siegrist
and others [96] reported the crystal structure of the RNigByC superconductors to be a filled
version of the ThCraSis-type structure stabilized by the incorporation of carbon, where NisBo
layers are separated by RC layers. In the related LagNisBsoN3_g, three LaN-planes separate
the NiyBs layers. Despite of the layered structure reminiscent of the cuprate superconductors,
the electronic structure of the triple LaN-layer boronitride is three-dimensional [97]. Nickel-
site substitutions revealed similar electronic properties of the bands related to the 3d-electrons

[98]. At a first glance, the thermodynamic properties of LagNigBaN3_5 seem to be close to
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FIGURE 3.9: Model spectral function o?F(w) derived by weighing the calculated phonon
spectrum of LagNigBoNy g75 [100] with 1/y/w.

the weak coupling BCS-predictions [99] but standard single-band BCS-theory cannot explain
the pronounced upward curvature of the upper critical field H.o(T) close to T.. An isotropic
single band model cannot reproduce the positive curvature near T, apparently, because of

the dominant role of anisotropy effects in this system.

In a previous analysis [21], we achieved excellent agreement between Eliashberg theory and
experimental data on LagNisBoN3_ 5 by using a model phonon spectrum, which yielded A =
1.02. It was of importance to include anisotropy in order to describe its upper critical field and
its thermodynamic properties. Both properties were well described with an electron-phonon
anisotropy parameter (a?) ~ 0.08 and a Fermi velocity anisotropy parameter (b?) ~ 0.245.
In order to stay within the constraints of the known experimental data, t* had to be rather

small and therefore we then regarded the clean limit to be an acceptable approximation.
3.3.1 Do N site vacancies act as scattering centers?

In the thesis of Tahir Ali [22], he prepared various compositions of LagNigBoN3_s5 with the

aim to achieve a systematic variation of the N site occupancy. One of the results of this
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work was the decrease of critical temperature of the LagNisBoN, samples with a nominal
nitrogen content z, which ranges from 2.9 to 2.6. At a first glance, this could be an indication
that the vacancies at the nitrogen site may act as scattering centers. In such a case, the
critical temperature of LagNioBoN, would be correlated to increasing N vacancies and, if this
speculation is valid, to an increase of the scattering parameter ¢4 with decreasing x. We put
this theory to test by calculating T, as a function of ¢, with constant A = 1 and p* = 0.1,
consistent to the previous results. We used a model spectral function o?F(w) derived by
weighing the calculated phonon spectrum of LagNigBoNs g75 [100] with 1/4/w. Furthermore,
the sample with the highest x = 2.9 and T, = 13.8 K was assumed to be in the clean limit
t, = 0 and (a?) = 0.09 to be slightly higher than the previous calculations. The results
are shown in Figures 3.10 and suggest higher impurity concentrations as the 7, vs. t1 slope
becomes flat (Fig. 3.10, top). With such ¢;-values, the upper critical field curvature near
T, disappears and is clearly higher than in the clean limit calculations (Fig. 3.10, bottom)
at lower temperatures. However, experimental results show similar H.o(7T')-behaviour with
varying nitrogen content. Therefore, we conclude that the decrease in T, cannot be fully
attributed to increased impurity scattering in the samples but rather to a shift in phonon

modes as discussed below.

3.3.2 Shift in phonon modes: Analysis with an Einstein spectrum

A possible reason for the behaviour of T, in LagNisBsN,, could be a shift in electron-phonon
coupling modes with increasing nitrogen vacancies. This would result in a different electron-
phonon spectral function o F'(w), which may lead to a change in T,. To test this assumption,
we simplify the analysis by using a d-function as electron-phonon spectral function. We have
shown in a previous analysis [66], that the concept of an optimal electron phonon interaction
spectral density as an Einstein spectrum allows to describe all physical properties of a super-
conductor in an optimal way. Such a concept is meaningful even for anisotropic systems. An
Einstein spectrum is sufficient for clean-limit systems, a 24-peak spectrum is better suited
for anisotropic systems with impurities. We could conclude from the results of describing the
experimental H.o(T')-data with Eliashberg theory, that the effect of impurity scattering is
rather small in the samples. Therefore, to minimize the number of unknown parameters, we

assume the samples to be in the clean limit.

In the analysis presented here, the actual energy dependence of the o F(w) spectrum is of no
importance as we are going to replace the a?F(w) by an Einstein spectrum with its 6-peak

of strength A at some fixed frequency w* and fixed p*
’F(w) = AS(w — w*), (3.24)

with A, p* and w* initially chosen to give the measured T, the appropriate value for A\, and

the best possible fit to experiment. Nevertheless, these o® F(w) spectra already give a pretty
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H X ‘ T. K] ‘ w* [meV] ‘ A [1/meV] H

2.62 12.1 11.80 5.90
2.65a | 128 12.47 6.24
2.65b | 13.0 12.70 6.35
2.70 13.1 12.80 6.40
2.80 13.4 13.10 6.55
2.85 13.8 13.50 6.75

Table 3.3: LagNisBoN, and corresponding critical temperatures T, obtained from the specific
heat jump. The centers w* and strength A of the model spectrum J-function peaks are
obtained with constant A = 1.0, z* = 0.109, (a?) = 0.09, and t, = 0

good idea where to place the §-peak because a quite natural choice is to place the J-peak
near the center of the area under the respective a?F(w) spectrum at low frequencies. In a
first step we used p* = 0.109, the anisotropy parameter (a?) = 0.09, and a fixed A = 1.0 to
calculate the critical temperature for different centers w* of the model spectrum §-function
peaks. The results are listed in table 3.3.

In the next step we wanted to test if the upper critical field can be described with the ¢-
spectrum and the anisotropy parameters (a?) = 0.09, (b?) = 0.205, and mean Fermi velocity
vp = 0.222 105 m/s obtained by describing the experimental data by using the model phonon
spectrum (Fig. 3.9). The results of the calculations fit the experimental data surprisingly
well for every sample, and we have taken the data for x = 2.65 and = = 2.85 as examples
in Fig. 3.11. Experimental data from resistivity measurements are shown as open circles and
the results of the calculations by using Eliashberg theory as a solid line. This concept to use
an Einstein spectrum with its peak placed near the center of the area under a model phonon
spectrum proved sufficient to obtain a reasonable agreement between theoretical predictions
and experiment over the whole temperature range for H.o(7"), which is particularly sensitive

to anisotropy effects and details in a?F(w).

In our simplified analysis, we used a d-function as electron-phonon coupling spectrum with
constant parameters p* = 0.109, A = 1.0 and (a?) = 0.09 to model the T,-depression and
experimental data. However, it would be more realistic to introduce a change in the electron-
phonon coupling strength A, which in turn will have an influence in our choice for w*. Ali et
al. [22, 101] measured the resistivity of LagNisByNy ¢ with increasing pressure and obtained
a decrease of T,, an increase of Debye frequencies wp and a decrease of the coupling factor
AMwp) by applying a Bloch Griineisen fit to the normal state resistivity. The analysis of
thermal factors measured via powder neutron diffractometry on the samples LagNisBoNs g5

and LagNisBsNs g suggests a similar trend for T, vs wp. Note that within the framework of
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FIGURE 3.11: Results for the upper critical field H.o with w* = 12.8 and 13.5 meV compared
to experimental resistivity data of LagNiaBoN, with x = 2.65,T, = 13.0K and z = 2.85,T, =
13.8 K.
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Eliashberg theory, the relation of the coupling frequency w* to the coupling factor A is

Azz/de:Q/de:%. (3.25)

w w w*
0 0

If we allow A to decrease and hold the coupling strength A constant, it would clearly lead to
a higher electron-phonon coupling frequency w*. The effect of A on the critical temperature
should be stronger than that of w* for it to show the experimentally observed behaviour
(see high pressure studies in [22, 99, 101]): T, decreases with an increase of w* and decrease
of A. To substantiate this trend within Eliashberg theory, we performed calculations with
constant p* = 0.109 and (a?) = 0.09, and by tuning w* and A to obtain the same strength
A of the reference sample with T, = 13.8. The results are shown in table 3.4. A decrease of
A. d.e. from 1.0 to 0.965 would need a higher coupling frequency w* of 14 meV compared to
13.5meV, in order to obtain the same coupling strength A = 6.75meV~! of the reference
sample. This decrease of A (increase of w*) corresponds to a decrease of T, from 13.8K to
13.6 K. Therefore, we can model the effect of pressure on LagNioBoN3_s, which stiffens the

lattice and results in higher Debye frequencies (equivalent to higher coupling frequencies),
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H A ‘ T. K] ‘ w* [meV] H
1.0 13.8 13.50
0.965 | 13.61 | 14.00
0.913 | 13.24 | 14.79
0.871 | 12.88 | 15.50
0.818 | 12.35 | 16.50
0.789 | 12.01 17.11

Table 3.4: Calculation of T, with u* = 0.109, (a?) = 0.09, and ¢, = 0. A\ was decreased and
w* increased to obtain the strength A = 6.75meV ! of a reference sample with 7, = 13.8 K.

provided that A decreases and the coupling strength A is held constant (Fig. 3.12). This
reverses the trend indicated in table 3.3 for the center w* of the electron-phonon coupling

d-function to decrease with increasing 7.
3.3.3 Conclusion

Measurements on LagNisBoN3_ s reveal a decrease in the critical temperature with increasing
vacancy on the nitrogen site [22]. We investigated the vacancy related T,-depression with re-
spect to impurity scattering at a given electron-phonon coupling anisotropy (a?) and obtained
high ¢, -values, which would result in rather big and unrealistic values for the anisotropy and
Fermi velocity parameters to reproduce H.o(T') on an absolute scale. However, experimental
results show similar H.o(T')-behaviour with varying nominal nitrogen content. Therefore, we
conclude that the decrease in T, cannot be only attributed to increased impurity scattering
in the samples. However, a shift of the electron-phonon coupling pairing frequency yields an
important contribution to this phenomenon. We used an Einstein spectrum and shifted the
center of the J-peak to reproduce the experimental critical temperatures. The consistency of
our calculations was then checked with the ability of the theory to describe the experimental
data on the upper critical field H.o(T'), which is very sensitive to changes in anisotropy and
impurity scattering. We achieved reasonable agreement between theoretical predictions and
experiment over the whole temperature range for H.o(7T) and for all investigated samples
of LagNisBoN, with varying x. In our simplified analysis, we used a d-function as electron-
phonon coupling spectrum with variable w*, while keeping other parameters constant, to
model the T.-depression and experimental data. The analysis of thermal factors measured
via powder neutron diffractometry done by Tahir Ali [22] resulted in an increase of Debye fre-
quencies wp from 22.06 meV to 22.83 meV (Awp = 0.77meV) for the samples LagNiaBaNs g
and LagNiaBoNy g5 with critical temperatures of T, = 14 K and 13K (AT, = —1.0K), respec-
tively. We were able to model this effect on LagNisBoN3_s5 with a stiffening of the lattice,
which results in higher Debye frequencies (and therefore higher coupling frequencies), pro-

vided that A\ decreases and the coupling strength A is held constant. In our calculations of
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A and w* vs. T, in Fig. 3.12, an increase of Aw* = 0.77meV can account for a decrease of
the critical temperature AT, = —0.4. Another major contribution to the T.-decrease may
also be attributed to increased impurity scattering caused by nitrogen vacancies. As we have
discussed before, it cannot be solely responsible for the T.-behaviour, but in combination with
phonon effects the samples do not have to be in the dirty limit to achieve the experimental
critical temperatures. In the clean limit range (near ¢, = 0), an impurity concentration of
about ¢4 ~ 1.3meV can cause T, to drop from 13.8 K to 13.4 K (see also Fig. 3.10), which can
result in an additional |AT,| < 0.4K. As we cannot rule out initial impurities in the sample
with the highest T¢, the contribution of impurity scattering is assumed to be less or equal
0.4 K. With these combined effects of a change of the coupling frequency and an increase of
impurity scattering, a difference in T, of approximately 0.8 K is consistent with our Eliashberg
model calculations. The remaining 20% may be attributed to electronic effects such as minor
modifications of the complex Fermi surface topology of this quaternary borocarbide, which
could also give an additional contribution to the T.-reduction in LagNisBoN, with increasing

nitrogen vacancies.



Summary

The focus of Chapter 1 was the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state [7, 8], which is
a spatially inhomogeneous superconducting state predicted to occur in clean superconductors
with purely paramagnetic limiting. Critical field measurements in the quasi-two-dimensional
organic superconductor k-(BEDT—TTF),Cu(NCS)y strongly suggest that a state of the
FFLO type exists in this material. Agreement between experiment [9] and existing theo-
ries has been successfully checked [10] both in view of the angle-dependence [11] and the
temperature dependence [12] of the upper critical field [13]. This was the first time since the
original predictions [7, 8] that quantitative agreement between theory and experiment with
regard to the FFLO phase boundary has been established.

For an applied magnetic field parallel to the films [5] or conducting planes [6], Pauli para-
magnetism can be the dominating pair breaking effect, provided the conducting layers are
sufficiently separated from each other or the thickness of the films is sufficiently small. In many
of these compounds, including High-T,. cuprates and organic superconductors, impurity scat-
tering and spin-orbit coupling is small and orbital pair breaking is the most important second
order effect next to the spin effect to be taken into account. In Chapter 2, we investigated
a superconducting film of finite thickness in a magnetic field with an arbitrary angle to the
conducting plane. The usual model of purely paramagnetic pair breaking was generalized in
a different way, taking into account the influence of a finite orbital pair breaking component
on the FFLO state. The model was formulated in the first part of this Chapter, using the
framework of the quasiclassical Eilenberger equations, and thermodynamic properties were
derived. This new theory of competing spin and orbital pair breaking in clean superconduct-
ing films or layers was discussed with the help of experimental results on YBasCuszO7 and
possible orbital pair breaking contributions in the plane-parallel field configuration [15]. To
conclude this Chapter, we included impurity scattering in our equations and compared the
tunneling measurements of Ref. [5] on a thin Al film with the numerical results on the upper
and lower stability limit of a system with finite thickness. At temperatures below a triciritical
temperature, the behaviour of the two boundary solutions for the critical field improved to

meet the characteristics of the experimental data.

133
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Orbital pair breaking will always be the dominating mechanism in bulk superconductors,
which holds in the framework of conventional BCS and related theories. Conventional super-
conductors are well described by Eliashberg theory [16] which treats superconductivity as a
boson-exchange phenomenon. In Chapter 3, the upper critical field H.o(T') of the S-pyrochlore
superconductor RbOsyOg was analyzed within the framework of s-wave Eliashberg theory
including anisotropy and scattering effects. Comparison between experiment and theory of
thermodynamic properties such as the specific-heat difference between superconducting and
normal states Cs — C),, and the thermodynamic critical field H.(T') are well aligned with the
results from the upper critical field analysis [18, 19].

Measurements on LazNigBoN3_s show a decrease in the critical temperature with increasing
vacancy on the nitrogen site [22] and the nitrogen vacancies may act as scattering centers,
which smear out the effect of the electron-phonon coupling anisotropy. We investigated the
vacancy related T,.-depression both with respect to impurity scattering and with a model
Einstein spectrum, by shifting the center of the J-peak. The consistency of our calculations
was then checked with the ability of the theory to describe the experimental data on the
upper critical field Ho(T), which is very sensitive to changes in anisotropy and impurity
scattering. Our results show, that the effect of the additional scattering centers on anisotropy
is too weak to explain the decrease in T.. However, the shift of the electron-phonon pairing
frequency yields an important contribution to this phenomenon. We achieved an excellent
agreement between theoretical predictions and experiment over the whole temperature range

for Heo(T') and for all investigated samples of LagNisBoN, with varying x.
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Appendix A

Units and summary of equations

A.1 Equations in units used in the numerical calculations

The magnetic field energy h is positive and has the dimension [J] in SI-units:

gL hle|
h=uH =Z= 17 Al
puH] 5 2me (A1)
For d = 0 the dimensionless upper critical field h/Ag, using the zero-field gap
Ao =kpT®e™ 4 ~0.57721, (A.2)
as a function of the reduced temperature
T
t=— (A.3)
7"

depends on the dimensionless parameter 7, alone, which is a function of z,, and the tilt angle

vV

(0)

H, sin ¢ gr, kTt
= Zm = —72 .

zmH Zm, 4 mug

Tm =

(A.4)

After the substitution s’ = swkgT, with the condition 7' > 0 and subsequently setting s’ = s,
the k-dependent argument of the exponential function and in the sum of the previous
equations (1.34), (1.49-1.52) reads
hv%n L 2 h
— = —r,—e 7. A5
(tkpT)2 2 ™Ay~ (A-5)

In the case of d > 0 the additional r|-dependent argument appears,

2,2 72
vF/in 16, . ho\2
m = t_2 S, COS 19(6 A_O> 5 (A6)
with the dimensionless parameter s,,
d
Sm = m’l]}:LF . (A.?)
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142 A. Units and summary of equations

A.1.1 Upper critical field at d =0

s-wave symmetry

(e}

—In(t) = O/dssinl}l(s) (1 - cos(AiOe—Vi)

LR (—=D)in! /82 h l
AR N ) (2 AT
X e mmR ZZ!Q(n—l)!(zlt?rone ))
=0

d-wave symmetry

Gap-equation:

—ln(t)An = Z Dn7n/An/
n=0

4
Dn,n’ - 5n,n’Dn,n + (5n,n’+4 + 5n+47n’)D7(17)

n/
Diagonal matrix D, ,,:
T h
1 s
R
mn /Ssinh(s) o8 Aoe t
0

_ 2 h o7 e (—1)ln! s? h !
5Tm € R A
X e s Zl!Q(n—l)!(zlt?rone ))
=0

Matrix DS)

/-
Nk

oo
1 1 h S\ 2y b
D(4)/ = ——/d ‘<— 7’\/—) StQTmA
i 2 Ssinh(s) o8 Aoe )¢ ’
0

mirfjn/) (_1)[ /n!n/ <32 h 7’\{)1
(I + ) (min(n, n') — 1)! ¢

=0

A.1.2 Upper critical field at d > 0

s-wave symmetry

2 .
s® sind Le——y

T 1 h S\ —=s2
_ — - _ a7 t2 zm A
In(t) /dssinh(s) <1 cos(AOe t)e 8 0
© 2 2 i _1\l+k
Z (3 sind h e—v)lﬂ k (-1)
42 2z, A k(25 — k)25 + 1)

=0 j=0 k=0

(A.9)

(A.10)

(A.11)

(A.12)
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2 ! 205 — k) Aiomi—
X S_sgn 008279<—e_7) ] Vo + 27 . k) 20 k))
4¢2 Ag (mn=DW{I+2(—k) A,
(A.13)
Condition: I +2(j — k) >0
d-wave symmetry
Gap-equation: See (2.57-2.59).
Matrix Dy, 5 yo(j—k).jk"
n 7 605 A € 7?) _s? sind ooy /5% sind b \IHi—k
Dn,n+2(j—k)7j7k = ds——————= smh e 8% Fm 2o (4t2 > AO )
1=0 mn
I+k 2
(=1) [S—sfncos 19(—6 “’) }]
k\(25 — k)!(27 + 1) L4¢2 Ay
Vnl(n+2( — k))!
(n =D+ 2(5 —k))! (A1)
(4,1)
Matrices Dn Wk
n | hoo—rs
(4,1) ‘ ‘ _ _1 /dSCOS<AOe 7t>e_;t_22%ALoe“f ( 1)l+k
nont2(j—k)+4.5k 2 & sinh(s) EY2j — k)!(25 + 1)
=079
2 2
2 2o o(Le V)’ !
. [41523”008 N&© N0 +2(j — k) +4)!
" ( 52 sind h _7>l+j*k‘+2 Vrl(n+2(j — k) +4)!
A2 2 Aot (n—=1)!
(42) 1 n 7 COS(ALO677§> s2 sind h e
) _ _ ]2 zZm
Dn7n+2(jik)747j,k = 5 lzo:/ds—sinh(s) e st 20°
=09
_1\l+k 2 217
X ( 1) . [S—sfn 008219<ie*“’) }]
k(25 —E)(2] + 1) 4t2 Ag
1 s% sind h o I4+j—k—2
x e )
Nl42(j — k) —HI\482 2z, AO
! 2(j — k) —4)!

(n—1)!

Conditions: | +2(j — k) £4 >0 (A.15) and I +2(j — k) > 0 (A.14)
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A.2 Equations in Eilenberger units

The equations are now transformed using Eilenberger units, with the relations for the space

coordinates "
r—= R(]I'<> RO = L(O) s (A16)
2wkl
the magnetic field strength
he
H = HyH* Hy=—-— A7
0 0 2le| R’ ( )
the vector potential
A = AgA° Ag = HygRy, (A.18)
the gapfunction
A = mkpTOA°, (A.19)
the Matsubara frequencies
wy = wkpTwy  wi =t(2041), (A.20)
the magnetic moment
wkpT,
p=pop®  po=—fF—, (A.21)
0
with the dimensionless magnetic moment of the electron
ﬂkBT(O)
F
and the free energy
F = F°(rkgT.)>N(Er)R} . (A.23)

After the substitution s’ = swkgT, with the condition 7' > 0 and subsequently setting s’ = s,
the k,-dependent argument of the exponential function and in the sum of the previous
equations (1.34), (1.49-1.52) is given by

fw%mL 4 4 sin 9 2
(kT BT e =i (A2
with - .
25120 =Tm % = Zm - (A.25)

In general the relation between the Eilenberger dimensionless magnetic field u®H® and the

dimensionless field obtained in the numerical calculations h/Ag is

uH® = Aie”’. (A.26)
0
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In the case of d > 0 we have
vhK2d? 16
(WF];B”T) t—2d°2 cos? 9H®? = 2 — 52 cos? O (uH®)?, (A.27)
with
1d°
A.2.1 Upper critical field at d =0
s-wave symmetry
oo
_ _ ~cos(u® Of)
In(t) /dssmh 1 Cos <,u H ;
0
®sind o
: > e (5 n9) )
o
1 s
e
/ Ssinh(s) M\ t
0
2 n l 2
— ST O HOr,, (—1) n' S !
X e s2H T Zm<EMOHorm> > (A.29)
=0
d-wave symmetry
Gap-equation:
—In(t ZD° A, (A.30)
4
D?L,n/ = 6n,n’DZ,n + (5n,n/+4 + 5n+4,n/)D0,(172L/ (A'31)
Diagonal matrix Dy, ,,
roo
D, = [d 7<1— ( o)
o / Ssinh(s) oS
0
9 2
Sln o
. Z 12 n—l <2t2H 5”“9> )
o0
1 s
- oo e
/ Ssinh(s) OSH t
0
52 Lol & 59 n —1 l ' 2 l
x e szh HTTm Z %(S—uoHorm) ) (A.32)
!
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Matrix DOSL/ :

D<>(4), _ _l/dsl;cos(MOHo )e_4t_2H sin ¥
i 2 sinh(s)
0
min(n,n’) ——
X Z (—D)'Vnl! <iH°sin19>l
— (1 + 4)!(min(n,n’) — 1)! \2¢2
_ 1 7 1 orr0S —S—ZMQHorm
B 2/dssinh(s) COS(” " t)e ”
0
min(n,n’) I 9
(=1)"vnln/ 57 oo\
S eHO, A.33
. ZZ; u(z+4)!(min(n,n/)—Z)1<4t2“ " ) (A-33)

A.2.2 Upper critical field at d > 0

s-wave symmetry

1 S _iHO in?
_1 — 1 _ OHO_ 5 Sin
n(t) /dssmh(s)( 08 (,u t)e "

n XX I+j—k (=1)H+d

X H?sinv - -
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smh(s
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o H
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(A.34)
Condition: | +2(j — k) >0

d-wave symmetry

Gap-equation: See (2.57-2.59).

Matrix Dn,n—l—Z(j—k) gk

n 0 2
t f—Hosmﬂ .
Dyny2ii—k)jk = — /dsjsinh(s) e 42 <2t2H°sm79>
0
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Conditions: | +2(j7 — k) £4 >0 (A.36) and I +2(j — k) > 0 (A.35)
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Appendix B

Detailed calculations to chapter 2

B.1 A different way to calculate f(r)

In this section it is shown that the solution for the Green’s function f((r) (2.25) for k. =0
is also obtained by first carrying out the z;-integration in the limits between +d/2, instead
of the p-integration in eq. (2.19) leading to the condition (2.20). For simplicity, and as it is

not important in these calculations, & was set to 1.

In order to calculate the integral

00 0 d/2
fy(®) = / s =5 / &2, / dzy o= 22 (k) (Bxr) i) — (kra) (Hxra ) )
0 —00 —d/2
i dp .
% e slEz—riy)r)— (K 21—k Ly1)21)] / Welp(r—rl—VFsgnwza)A(rl) 7
m
(B.1)
the terms containing z; are separated from the rest:
2le| ~ “ PO
%(krﬂ(H X rl)k = 21 [IiH(xlk’i + ylk’mkjy)]
+ mil(@d = yDkoky + 2y (k7 — k)] (B.2)
and
2le| ~ A
T(kr1)<H X rl)k + (:‘i”Zl — K1Y1)x1
= zlky(@1 (k2 + 1) + yikoky)] + 61 [(27 — 9 kaky — 2191K7)] (B.3)

give the integral over z;
/2
/ dzy eiale @ 24D+ koky)—ps]

—d/2
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1 .4 .4
_ id(B(w1,y1)—p=) _ —z—(B(xl,yn—pz))
e’ 2 e ‘2
) pz) < ’

B i(B(xhyl -

with

1 A A
B(xy1,1) = §’f||[$1(k‘§ + 1) + yrkaky] .

Now the p-integration is carried out, yielding d-functions

/ d2p ipe (T —11—vp Ssgnw kz)+i —Yy1—vp s k
e'Pz 3 SgNW Ky Dy (Y—1y1 VF 5Sgnw; y)
(2m)?

= 9 (x —x1 — vpgsgnwll%m> 1) (y -y — vpgsgnwlfcy> ,

leading to
s .\ 2 . IR
K ([(x—vpisgnwlkx> — < —Vp— sgnwk ) } kyky +
<x —Vvp— sgnwlk ) < —Vp— sgnwlk 12: >
(( — Pk, —i—ﬂcy (k2 - )
~ 52 ~A A
= K <vpssgnwlykgC — v Zk =k >
for the contributions with ;. With the function

A(z,y) = B (w — vpgsgnwll%w, Yy — vpgsgnwll%y) )

the p, integration is given by

i Apz ip.- L i2(A(x,y)—pz) _ o~ S(Azy)—p2) ) _

_/ 2r ~ i(Az,y) - ps) <€2 ¢ >_

oiA@y)z / %%(eim(w)—p»(%—z) o—(A@y)—p:)(4 +z>) _
21 i(A(x,y) — p2)

—0o0
o0 —
oiA(zy)z / dpx 1 <ez’ﬁz(%fz) _ e*ﬁz(%Jrz)) ‘
21 ip,

—00

(B.4)

(B.5)

(B.6)

(B.7)

(B.9)

If A(x,y) — p. is substituted by p,, one can see with the definition of the Theta-function

T d
1 .
Ox) = lim [ =i
e—0 2w T + €
— 0

that eq. (B.9) gives the solution

. i dp. 1 . d _d . d d
iA(z,y)z APz 1 ([ ipa(S—2) _ —P:(E+2)) _ SiA(zy)z z_ ol
e / 27Tiﬁz<e 2 e 2 ) e <@<2 Z>+@<2—|—Z

— 00

(B.10)

>> . (B.11)
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Summing up the other terms with

A(x,y)z — zK) {x(l%i +1)+y
ZK)| [(x - vpgsgnwll%m> (]%925 +1)+ (y - vpgsgnwll%y> l%ml%y] —
ZK)| [x(fcz +1)+ yl%ml;:y] =

—vpssgnwzk| Ky (B.12)
we obtain
o
. ~ 2 ~A A
f(+)(r) _ /dS e—Swae—%[SgnwlS’UF(HHZ—HLZ/)k‘x‘f’%U%Hkakx} A (I‘ _ Sgnwlng) ’ (B.13)
0

which corresponds to eq. (2.25) with k. = 0.
B.2 Periodicity in the p.-direction

If the p,-component is periodic with a period 27/d

P=| py =|py | + 0 =p®@ + o m €., (B.14)
%rm 0 %rm
with the whole number m = 0,41,42..., the integration transforms into
d3p dp =
— = . B.15
/ (27()3 / (27()2 Z ( )
m=—o00o

First, it must be shown that eq. (2.5) still applies:

F(r) = /d3r16(r—r1)F(r1)

d2
= ;/(277];2/d3r1f£7p(2)7m(h)fl;p(z)’m(r)F(rl), (B.16)

The p-integration is evaluated first, which gives

2 ) o .on
/ (;i ])72 ezp(2)(r(2)_r1(2)) Zez%m(z—zl) — 5($ _ $1)5(y _ y1) Zez%m(z—zl) ) (B.l?)
s

m m
According to the Sturm-Liouville expansion theorem for finite intervals (a,b) the function
d(xz — &) can be expanded into

2 2tm

ba—€) = Y el (B.18)

b—

if the relations x > a and £ < b are valid. Hence, if x is renamed to z, £ to z1, b = d/2, and
a = —d/2, z is indeed smaller than or equals to d/2, as well as z is greater than or equals to

—d/2. Eq. (B.17) gives
gé(m—xl)é(y—yl)é(z —21). (B.19)
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Further on, the eigenfunctions ff{ e m(r) are normalized with \/g and it can be easily
shown, that eq. (B.16) is fulfilled. 7

The p-integration/summation corresponding to eq. (2.19) is

2 N
/ d°p eip(2)(r(2)7r1(2)7vp(2)%)3 Zei%‘m(zlefvpkzsgnwl%)
m

(2m)?
S ~ S
= 9 (r(Z) — r1(2) — VF(Q;sgnwl§> 0 <z — 21— kazsgnwl§>
= 0 (r —r1 — stgnwla) , (B.20)

giving the same result as with a continuous p,-component as the restriction (2.20) applies.
The same equations and conditions (2.20-2.25) for the Green’s function f;)(r) apply after

the calculation of this integral.

B.3 Critcal field for x;, — 0

To further simplify eq. (2.72), it is transformed by using the representation of the zeta function

as the series

() =3 — (B.21)

)
nx
n=1

and with the relations

(B.22)

where (a),, is defined as

m = 0 1 2 3 4...
(a),, = 1 a ala+1) ala+1)(a+2) ala+1)(a+2)(a+3)... ~’

(1) - (),

we obtain for eq. (2.72) with x = ﬁvwi”d

—In <i> = i% i(—l)’”“%@ - 22%)%(%)”” (B.24)

T

and

This equation can be transformed with the help of the hypergeometric function 9 Fj(a, b; ¢; 2),

which is defined as

oFi(a,b;c;z) = Z T (B.25)



B. Detailed calculations to chapter 2 153

The sums over m yield

2 i(—l)m“i(%)m (%)’”i@)m =2 [1 —2F (% %; g; —%)] (B.26)

Z (), "
and o] (1) (1) 2
_1\ym+1 2)m \2 mi(i)Qm_ _ 1 l%_x_
S (-1 (2) ~ ml\2n =1-2F (555773 ) (B.27)
m=1 2/m
giving

: g AT L (B.28)
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Appendix C

Notes on the equations in Chapter

3

C.1 Ad 2.3.1, Derivation of the gap-equation for d =0

The gap as a function of temperature and external magnetic field (2.89) is obtained from

2tzw—|—lnt tZ(\/W—i— c.),

with
ws =w; —iuH .

Concentrating on the right side of the equation, the real term

1 1 1

—— + cc. = +
VIAP +w? VIAP +w? - VAR 4w

is simplified by introducing

= AP +w?=w}+|A? - pPH? — 2wpH

with the properties
= AP +wi?,

Va = |al|2 <cos— + 4 sin %) )
and
Vap = lal? (cos T —isin ) = (va)*,
with the angle of a¢; in the complex plane
wo = (P, iwn) (@),

155

(C.1)

(C.2)

(C.5)

(C.6)

(C.7)
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which gives

B Im(al) +7 Re(al) < O,Im(al) >0
o = atan (Re(al)> { -1 Re(a;) < 0,Im(a;) <0 (C.9)
Eq. (C.1) is then transformed into
Re(y/a;) 1 >
Int = 2t —_— . C.10
; ( |t wi R
C.2 Ad 2.3.1, The free-energy equation for d = 0
The free energy equation (2.91)
2
o= ti ( _ |A|2+w§> + (C.11)
—— =— ce. |, .
4 = VIAR +

is transformed by applying eq. (C.4) into

u = —ti ( ) + cc.) , (C.12)

which further gives

Fs;F" = 2t Y"[(Refuwn)? ~ Im(w)? | Re(y/ar) + Re(a)Re(/a)
=0

+ 2Im(a))Im(v/a7) — 2Re(ws)|al|] (C.13)

lag|

C.3 Ad 2.3.4, gap equation for d > 0

We start with the gap equation for d > 0 given in eq (2.129)

QtZwl —Hnt—tlzgo/ < \A!2+Ad( E —|—cc.> : (C.14)

and investigate the properties of the term

) = — ). (C.15)

1
= atan
Ada(p)  Bale) ( ws
The complex expansion of atan(z + iy) yields

1 ]1—zm+y!

. (C.16
|1—z:c+y| (C.16)

2 (.01 + iz — ) — (pien) (1~ +9)) + 5

atan(z + iy) = 5
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Therefore, the real and imaginary parts of the complex term A/(¢) are given by
1
! _ - . . _ _ . _ .
Re(A)(¢) = 5 ((0riwn)(1 i = y) = (picn) (1~ iz 1)
1 (1 —y)?+ 22
m(A = In , C.17
(4a(2)) 2Ba(¢) /(1 +y)? + 2?2 (G.17)
where
wy
= Bylo)—t
x d(SD) le + ,U'2H2
uwH
= _ . 1
Yy d(SD)WIQ T 2H? (C.18)
This results in
Ad(p) = Re(Aq(p)) + ilm(Aq(p)) , (C.19)
with
Re(45(¢))
Re(A —d
Im %)
m(A = —— 4o C.20
(Ad()) Fc (C:20)
As in section C.1, an expression similar to a; of eq. (C.4) is introduced
ap) = |AP+ Aalp)
AR + Re(Aa(9))? — Im(Ag(9))? — i2Re(Aa(e)Im(Aa(e)) . (C.21)
and the gap function is finally given by
ip) 1
Int = 2t / _——— ] . C.22
>[5 (M- L) 2
C.4 Ad 2.3.4, free energy difference for d > 0
The free energy difference (2.130)
2 D) D) 2
Fy — F dip <Ad(<ﬂ) — VIAPZ+ Aa(p) )
t — 5 E +cc. |, (C.23)
l:O / 2 ‘A’ —I—Ad(go)
is transformed into
2
Fs — Fn o - d_SO 2 2
B =y [ ] (Re(al))? — tnAa(e)?)Re (Vi)
+ Re(a(g)Re (Va(9)) + 2im(a(e)in (Vailp))
1
— 2Re(Au(9)) () | (C.24)

|ai()]
by simply replacing ws by Ag(p) in eq. (C.13) before integrating over ¢.
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Appendix D

Eigenfunctions of the Hamiltonian

D.1 Landau gauge

Eigenfunctions of the Hamiltonian with a Landau gauge for the vector potential A are derived.

The magnetic field H lies in the y-z plane and is given by

0 0
H=H | cos?d |=| H| |- (D.1)
sin ¢ H,
The vector potential in the Landau gauge is
HHZ - Hly
A= 0 , (D.2)
0

which satisfies the equation V x A = H, and as we are investigating a z-independent problem,
z is set to z = 0. The kinetic part of the Hamiltonian is then given by

. 1 2

H=_—— <p - QA) . (D.3)
c
Actually the z-component of the momentum can also be neglected, but for the sake of com-

pleteness, it will still be considered in the calculations. We now set

_glHL k1
wp = ———

——— D4
Me M ( )
and obtain the Hamiltonian
.1 2 By PP
H=— (p,— M —L Z D.
onf Pe woy)" + 50t ong (D.5)

As the operators p, and p, do not commute, we have to look for another set of operators

commuting with each other and with H. We introduce!

[P

ID. Grau, Ubungsaufgaben zur Quantentheorie, Carl Hanser Verlag Miinchen Wien, 3. Auflage
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and obtain

1
UyU' = b D.7
y Yt b (D.7)
Because of Up;UT = p;, i = x,y we get the transformed Hamiltonian
. . 1 . T
H =UHU' = 7 (92 + MPwiy®) + mpz. (D.8)
The self-adjoint operators
.
Hosc,y = m (P?, + MQWSyQ) ) (Dg)

Pz, and p, now build a complete set of commuting operators, which also commute with the
Hamiltonian H’. Thus, the eigenfunction 1 of the Hamiltonian H' can now be built from the

eigenfunctions of these operators:

¢/ = ¢osc,y¢kx¢kz (D.lO)

1
Hosed' = hwy (n + 5) ' n=0,1,2,... (Landau levels)
ﬁaﬂb/ = kxw/
ﬁzw, = kzw, ) (D.ll)

with the normalized and orthogonal eigenfunctions

Ip! y> y o Muwy KL
osc = ST ]in — l = = —
Gosey \ 2nn!ﬁeXp< 212 lh) ° h h

1 ,
Pk, = —===CxXp <£kmx>

V2mh h
1 )
bp, = \/ﬁexp <%kzzz>, (D.12)

where H,,(x) are the common Hermite polynomials and [y is the Larmor radius. If the inte-

gration in z-direction is restricted to a length L., the orthogonality relation is given by

La/2 La/2
1 1 ) <
(¢k;7¢k1) = . / dx ¢Z;¢km = I / dx exp <ﬁ(kx — k:/m)x> =06(kl, — kz), (D.13)
—Ly/2 —Ly/2

where ¢ indicates that the é-function is not given by an infinite integration over x. In this case

the normalization constant for ¢y, is L, Y2 instead of —2

as in eq. (D.12). The eigenfunction

V2rh
1 of the former Hamiltonian, however, is given by
_ 1 i
v =U"1 =exp <—mpxpy> V' = exp <—ﬁyopy> Y, (D.14)
with ) )
Y= — = —. (D.15)
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We can write down the eigenfunction (D.14) at once, considering that the operator

7

exp < hyoﬁy> = 7y(%0) (D.16)

is a translational operator
r' =7, (yo)r = (2,9 — y0,2), (D.17)

finally giving

o' (y — w0)? y—yo\ 1 i i
n = WP ) g, —exp ( 2k, lk.2z) . (D18
v 2nn!ﬁeXp< 212 o) 2P (phew ) exp | phez ) - (D-18)

As the eigenvalues which constitute Landau levels

B, = fiwo [0+~ Jrkg (D.19)
A Y '

of H do not depend on k,, the eigenfunctions are infinitely degenerate with respect to the

continuous eigenvalue k..

D.1.1 Quasi-periodic solutions

We now want to construct a quasi-periodic solution in two dimensions, which is periodic up
to a phase factor. First, the unit cell in the x—y plane must be defined, with the lattice axes
denoted by X and Y, where X coincides with the x-axis. The period in x or X-direction is
denoted by a, the angle between the lattice axes X and Y by «, and the period in Y-direction
by b. The corresponding coordinates r = (x,y) for a point R = (X,Y) in lattice coordinates

are given by

r = X+Ycosa
= Ysina. (D.20)

We now transform the continuous eigenvalue k, in a discrete quantum number, which reflects

the periodicity in X-direction,

oh

by — k=0 1 =0,41,+2,. ..
a
2mh

v — y=—1, (D.21)
aK |

and the eigenfunctions (D.18) can be written as a linear combination of eigenfunctions be-

longing to the infinitely degenerate state, giving

Yo=Y Chpiexp <%k1x> ha(y —y1) (D.22)

l=—00
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if we consider z = 0, and with

ho(z) = anf. e <—§—;> H, (%) . (D.23)

The coefficients (), ; are determined such, that the eigenfunctions fulfill the requirement

[n (X, Y)] = [¢n(X,Y +D)]. (D.24)

Inserting egs. (D.20) in (D.22) gives

S &

Z Ch,1exp < ki [X +Y cos a]) b, <sina (Y - >) , (D.25)

l=—00

and transforming Y to Y + b

(X, Y +b) = Z Cnlexp< k; [X—i—Ycosa]) exp (%kﬁcosa) X

I=—oc0 n <Sina (Y_ { Y _bD) . (D.26)

Sin &«

As the total flux per unit cell, which is a positive (> 0) integer p times the flux quantum ¢y,
is given by the area F' of the cell times the perpendicular field H |

FH, =absinaH, = ppg = p% , (D.27)
e
we can write for b —
p= - T, (D.28)
sina ak,
We set I =1 — p in eq. (D.26) and get
(X, Y +b) =exp <h/<: [X+Ycosa> Z Ch,1exp < k:lbcosa> X
I'=—o00
exp <£kl/ [X 4+ Y cos a]) ho, (sina (Y - )) , (D.29)
h sin «
which fulfills the condition eq. (D.24) if
Chpy=Cpi—p=Chiexp <%klb cos a> . (D.30)

It can be easily shown that from C),;|i = 0,...,p — 1 all other C,, ; can be generated. The
complete set of coefficients are given by {Cy j4mplj =0,...,p —1;m = 0,%£1,£2,...}, and

Ch,j+mp can be generated from C,, ; by means of

2mb

1
Ch,j+mp = €Xp (z— cos « [—mj - M
a

Coj=g ™50, .. (D31
9 p ng — 9 n,j s .
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which can be constructed from eq. (D.30) by setting [ = j 4+ p and by consequently adding p
to [ up to I = j + mp and recursively setting the C), ;| (n_1), on the right side to the former
coefficients up to the first, C, ;:

Cpg = g 'Cryp Ll=j+p
Crjip = g7 PCnj
Cn,j+2p = gijizpcn,jﬂ)
Cojtzp = 97 PCnjiap
Crjtmp = g_j_mpcmj-l-(m—l)p:g_j_mpg_j_(m_l)pcmj-l-(m—Q)p
g—j—mpg—j—(m—l)p o g_j_anJ — g—mj—mmglﬂ)p Chj - (D.32)

The same can be done for negative m leading to the same result. Setting | = j + mp in
eq. D.25 finally gives

o0

p—1 . .
(X, Y) = Z Ch,j €xp <%kj(X +7Y cos a)> Z exp <%kmp(X + Y cos a)) X
7=0 m=—00

oo (s [-ms - D]V, (s 52 -] ) 09

For the case of one flux quantum per unit cell (p = 1) the eigenfunctions

Y (X,Y) = Chp Z exp <%km(X +7Y cos a)) exp <22_7Tb oS 1 [_m(m + 1)}) y

a 2
m=—oQ

hy, (sina [Y — mb]) . (D.34)

are obtained.
D.2 Symmetric gauge

In this section two representations of the solution of the Hamilton operator for a symmetric
gauge are presented. The orbit center representation results from a simple gauge transforma-
tion from the Landau gauge, for which the eigenfunctions were obtained in the last chapter.
As the resulting eigenfunctions in the orbit center representation do not show the symmetry
between the two coordinates x and y explicitly, the solution for the eigenfunctions in the

angular momentum representation is also shown.

Asin eq. (D.1), the magnetic field H lies in the y-z plane. From the magnetic field the vector
potential in the symmetric gauge, which is symmetric in z and y, is obtained
H”Z’l— %Hly
0
It satisfies the relation V x A = H.
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D.2.1 Orbit center representation

It is widely known that a transformation of the kind
A=A+ V,f(r) (D.36)

is not of importance for the resulting one-particle eigenfunctions of the Hamiltonian, as it

only changes the eigenfunctions v by means of a phase factor

o = exp (i f(x) (D.37)

which does not influence, e.g. [¢)|?>. We now transform the Landau gauge (D.2) into the

symmetric one (D.35) with the function

1
F)= S Hymy (D.38)
and obtain
r_ 4 — B ) = Yy
Y = exp <z2hCHny> 1 exp ( i 2hxy> 1) exp ( ZQl%) . (D.39)

With ¢ provided by eq. (D.18) and the change resulting from the gauge transformation (D.39)

the eigenfunctions are given by

lO_1 (y — y0)2 Y—1Yo 1 .TYo .TY
n = ) Hn — — —i—= ). (D.40
v only/m ¥ ( 212 o Jorn P\ )P\ T (D-40)

in the orbit center representation and for z = 0.

D.2.2 Angular momentum representation

Eigenfunctions of the Hamiltonian with a symmetric gauge for A, which explicitly express
the symmetry between the coordinates x and y, are calculated by separating the Hamiltonian
into three parts: a Hamiltonian for the two dimensional harmonic oscillator, one proportional

to the angular Momentum, and the Hamiltonian for a free movement in z-direction.

As we are describing superconductors with two dimensional electronic properties, which
means that the system is z-independent, we can simply write z = 0 and the Hamiltonian

is given by

N 1 q 2 1
=57 (p=2A) =55 (D-41)

2 2
. qHy . qHL 2
<pm + 9% y) + (py - % CU> + D

As in the previous section, the z-component of the momentum will still be considered in the
calculations. We now introduce w; = wp/2 (see eq. (D.4)) and obtain the Hamiltonian

~ R 1 R R R
H=— ()2 + M°wiz?) + — (p5 + M*wiy?) + w1 (zpy — yha) + =

oI (D.42)
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which with the angular Momentum in z-direction L,= TPy — YyP, can be written as

H=HY +H; +H;,. (D.43)
If H 2d | L. and p, are all commuting operators, the eigenfunction of the Hamiltonian can be
written as
V¥ = G35 0L. Ok (D.44)
which satisfies the differential equation
Hiy = Ev, (D.45)
with
E=FE% +E; +E. . (D.46)

Calculation of the commutators

As L, = Py — Ypy is z-independent, it is obvious that

and for the same reason we can write

[ﬁz,fﬁd] =0. (D.48)

0osz

The only non-vanishing commutators when calculating [ﬁz, H ggz} are given by

2h 2h
[]5$7 1,2] = 7'7; and [ﬁgﬁ y2] = 7y7 (D49)
which results in
s Aog Muw? o o
|:LZ’ Hosz] = 2 (_y [P:c,ﬂ? ] +x [py,y ]) =0, (D50)

meaning that the eigenfunctions can be calculated as proposed above.

Calculation of the eigenfunctions

The eigenfunction of p, can be directly given as

Ok (2) = efif=2 (D.51)
with energy-eigenvalues
k2
Ey, = 2]\} . (D.52)

We now transform the cartesian into polar coordinates

x T COS ¢
y | =1\ rsing |, (D.53)
z z
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so that L, is given by

A h 0
L,=—-—, D.54
=1 (D.54)
with orthonormal eigenfunctions
1 —imep
= = ——e m=0+14+2... D.55
(bLz ¢m(‘10) \/ﬂ ( )
and eigenvalue
Lz¢m(“P) - —hm¢m(<p), (D'56)
resulting in the eigenvlue of H i.
Ep, =E, =—hwm. (D.57)
Now the differential equation for the two dimensional harmonic oscillator
Hyla = Byl (D.58)

is solved. Unlike the one dimensional harmonic oscillator, the solution for the eigenfunctions
of eq. (D.58) is very scarce in literature. Actually there are many publications giving the
solution for $22 | but not the way of solving eq. (D.58), and not even with the conditions for
the quantum numbers n and m, except for Rajagopal and Ryan. 2 Nevertheless, the way of
solving the differential equation (D.58) can be hardly found, but there were some sites on
the internet, one of which was the work of a finnish physicist®, giving useful hints of how to
solve it. And with the help of a very useful book? it was only a matter of time to be able to

calculate the eigenfunctions thoroughly.

The Laplace operator V2 = A in polar coordinates is

10 (9 19
A= ror <T6r> * 72 02 (D-59)
and eq. (D.58) can be written as
—m2 (10 ([ 0 1 02 Mw? , od
A (SR N I I} — B2y D.
{QM <7" or <T(97°> T 3902> T }¢ o5 (D-60)

Because the two variables r and ¢ are not coupled, ¥ can be assumed to be separable

= (b(r)(bm(@) ) (D'61)

2A.K. Rajagopal and J.C. Ryan, Phys. Rev. B 44 10280 (1991)

38. Sahrakorpi, Physics Department Tampere, University of Technology Tampere, Finland,
http://alpha.cc.tut.fi/~sahrakor/research/teksti/teksti.html (unpublished)

4H. Dirschmid, W. Kummer and M. Schweda, Einfiihrung in die mathematischen Methoden der theoretis-
chen Physik, Vieweg, Braunschweig ISBN 3-528-03319-3 (1976)
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of which one solution we already know from the differential equation of the angular momentum

(D.55). As

0? 9
8—802¢m(()0) =—-m ¢m(‘10)7 (D'62)
only the differential equation in 7 is left to be solved
~n? /10 0 m? Mw? 2d
— = (r= ) - — — =F . D.
{QM <7a or <T37°> 7f.2 ) + 2 r }Qb(’l") osz¢(r) ( 63)
With the Ansatz for the eigenfunction
Ccr?
o(r) = rme="2 F(r). (D.64)

which could be found in a book on quantum mechanics®, eq. D.63 can be simplified further.
But before doing that, the substitution

t=Cr?  dt=2Crdr, (D.65)
is applied to egs. (D.63-D.64), with C = Mw; /h = r, /2h = 1/2I3. Equation (D.64) becomes
o(t) = CIml/2gIml/2e=5 p(y) (D.66)

and eq. (D.63) is transformed into

o ([ 0 m2C 2M E%d,
(102 (:2) -1 0 MYy o er
The first derivative of ¢(t) is
0 —ml/2ydml/2—t (1M 1 :

which further derivative

9 tqu(t) = CIml2gml2e=2 L¢P (8) + F/(¢) (Im| + 1 — 1)
ot \ ot
1 Im|? ¢
F —— N+ ——+- D.
+ P (—3 (ml+ 1)+ +4)}, (D.69)
is inserted into eq. (D.67), giving the differential equation for F(t)
1 E2d
tE"(t) + F'(t) (|m| +1 —t) — F(t) (—(ym\ +1) — ﬂ) =0. (D.70)
2 2hwy

This equation is identical to the confluent hypergeometric or Kummer’s differential equation

2w (2) + (¢ — 2)w'(2) —aw(z) =0, (D.71)

°S. Fliigge, Practical Quantum Mechanics, Springer International, Berlin Heidelberg (1971)
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which solution is the confluent hypergeometric function
S(a,c;2) =1F1(a,¢z2). (D.72)

For arbitrary a and c it has a regular singularity at z = 0 and an irregular singularity at

infinite z. For square integrability
o
/]@(a, ¢ 2)]? dz < oo (D.73)
0

a has to negative or zero and c has to be positive because of the behavior of Kummer’s

function for large z

s . _ F(C) zZ.a—cC 1
xlgrgo O(a,c;2) = me z 1+0 2| (D.74)
By comparing egs. D.70 and D.71 a and ¢ can be set to
1 E2d
a = Sml+1)- 32 —n =012
c = ‘m’ +1>0 (D'75)

with the radial quantum number n. The unnormalized eigenfunctions are therefore given by
7‘2
Gn,m (1) = rimle=5" @ (=n,|m| +1;Cr?) . (D.76)

With the relation between Kummer’s function and the associated Laguerre polynomials

nla!
the unnormalized eigenfunctions become
_cr2 nlim]!
Snm(r) = rmle=% mﬂ;ﬂ' (cr?) . (D.78)

Conditions for the quantum numbers

Now the conditions for the quantum numbers n and m should be set. As the following relation
for the energies holds

En =hn(2N+1)=E,+ Enm, (D.79)
with

B2 = B, = hwi (204 |m| + 1), (D.80)

osc —
which is calculated from eq. (D.75) and E,,, = —hwim (eq. D.57), the radial quantum number
is given by

n:N+%(m—|m|), (D.81)

and as n > 0, it means that the quantum number of the angular momentum has to follow
the condition
m>—N m=—-N,—N+1,...,0,...,00. (D.82)
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Normalization and orthogonality

With the use of the orthogonality relation

oo

/ dtt*e 'Le(t) L (t) =

0

(a+n)!
n!

St (D.83)

the radial eigenfunction (D.78) is normalized. Again, the substitution ¢ = Cr? is made, which

gives
llm]!

)= A, C-lmli2gml/2g=5 I pim] g D.84
(bnm( ) n,m € (n+ ’m‘)' n ( )7 ( )

so that the square integration is given by

i lm]?
lml! 1
dt ()2 =1 = |Ap |2t Iml — D.85
[ at16,0F = 1= 4, PR o (D.8)
0

resulting in

(n +|m| [ml!”

The normalized radial eigenfunctions are therefore

A —\/200|m|/2< n )1/2 1 D.86
nm = CESEL (D.86)

1/2 )
oae = Gnm(r) = V2C <(n+|'m|),> (CTQ)‘m‘/z e Lml (cr?) (D.87)

with C = Mw; /h = |q|H 1 /(2hc). Because of eq. (D.83) it is obvious that

o0

[ G Yonm(s) = G (D.88)
0
and with
21
/ dp 850 ()b () = S (D.89)
0

the whole z-independent (we have set z = 0 before, so erksz = 1) eigenfunction is normalized

and orthogonal.

For the orthonormal eigenfunctions of the Hamiltonian H = H. 2d.

+ﬁf12 —|—f[1§z with 2z =0

we therefore get

1/2 )
Unm = Om(©)Pnm(r) = eim“’\/g <(L')'> (C’?"Q)‘m‘/2 e % L (Cr?), (D.90)

n+ |m|

with C' = (2[0)71.
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