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Short abstract in German, French,
and English

Kurzfassung

Im Jahre 1968 zeigte Gelfond erstmals Gleichverteilungsresultate der Ziffernsum-
me in allgemeinen arithmetischen Progressionen und stellte weiters drei Fragen. Die
erste handelt von der gemeinsamen Verteilung der Ziffernsummen beziiglich verschie-
dener Basen und wurde 1999 von Kim gel6st. Die zweite und dritte Frage beschéftigen
sich mit der Ziffernsumme von Primzahlen und polynomialen Teilfolgen. Mauduit und
Rivat 16sten vor kurzem diese Probleme fiir Prim- und Quadratzahlen.

Die vorliegende Dissertation beschéftigt sich mit allgemeinen Gelfondschen Zif-
fernproblemen und verwandten Fragestellungen. Der erste Teil befasst sich mit der
Losung der Entsprechung des Gelfondschen Problems fiir Primzahlen in den Gauf-
schen Zahlen, wobei ein Resultat von Drmota, Rivat und Stoll erweitert wird. Ferner
werden spezielle Fglner-Folgen (sogenannte x-Z[i] Folgen) in den Gaufschen Zahlen
eingefiihrt und Eigenschaften der Ziffernsumme von Quadraten gezeigt. Des Weite-
ren werden verallgemeinerte Thue-Morse-Folgen in kompakten Gruppen behandelt.
Insbesondere wird gezeigt, dass quadratische Teilfolgen solcher Folgen gleichverteilt
beziiglich eines Mafies sind, dessen Radon-Nikodym-Dichte mithilfe darstellungstheo-
retischer Methoden beschrieben werden kann. Als Anwendung werden Haufigkeiten
von Buchstaben in Teilfolgen von invertierbaren automatischen Folgen betrachtet.
Um das Studium von allgemeinen automatischen Folgen zu ermdoglichen, werden ma-
trizenwertige g-multiplikative Funktionen definiert und untersucht. Ferner wird ein
Gleichverteilungsresultat fiir die Ziffernsumme der Folge (|n¢|)pen fir ¢ € RT \ N
gezeigt, wobei beim Beweis bekannte Exponentialsummenabschatzungen und kiirz-
lich entwickelte Methoden der Fourier-Analyse vereint werden. Schlieflich wird eine
von Bassily und Katai ausgearbeitete und von Drmota, Mauduit und Rivat wei-
terentwickelte Methode verallgemeinert, um lokale Verteilungsresultate auf gewisse
Exponentialsummenabschétzungen zuriickzufiihren. Als Anwendung dieser Methode
wird gezeigt, dass die Ziffernsumme von Quadraten in den Gaufsschen Zahlen und die
Ziffernsumme der Folge (|n¢])pen fiir ¢ € RT \ N in den natiirlichen Zahlen einem
solchen lokalen Verteilungsresultat geniigen.

vii
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Résumé

En 1968, Gelfond a montré que la fonction somme des chiffres est équirépartie
dans les progressions arithmétiques et il a posé trois questions fondamentales. La pre-
miére concerne la distribution conjointe de la somme des chiffres par rapport & des
bases différentes et elle a été résolue par Kim en 1999. La deuxiéme et la troisiéme
question s’occupent des propriétés de la somme des chiffres pour les nombres pre-
miers et les suites polynomiales. Récemment, Mauduit et Rivat ont réussi a résoudre
complétement ces questions dans le cas des suites des nombres premiers et des carrés.

Cette thése s’occupe des problémes de Gelfond généralisés et des questions ap-
parentées concernant la somme des chiffres. La premiére partie de ce travail traite
la solution du probléme de Gelfond correspondant pour les nombres premiers dans
I’anneau des entiers de Gauss oul un résultat de Drmota, Rivat et Stoll est amé-
lioré. De plus, on introduit des suites de Folner spéciales (appelées suites de k-Z]i])
et on montre un résultat de la répartition de la somme des chiffres des carrés. Par
ailleurs on traite des suites de Thue-Morse généralisées dans un groupe topologique
compact. En particulier, on démontre que les sous-suites des carrés sont équirépar-
ties par rapport a une mesure, dont la dérivée de Radon-Nikodym peut étre décrite
par la théorie des représentations de groupes. Comme application, on considére des
fréquences de lettres dans certaines sous-suites des suites automatiques inversibles.
Pour faciliter ’étude des suites automatiques générales, on définit et analyse des
fonctions g-multiplicatives généralisées aux matrices complexes. De plus, un résultat
de la répartition pour la somme des chiffres de la suite (|n¢]),en avec ¢ € RT\ N
est montré en combinant des estimations des sommes d’exponentielles connues et des
méthodes de ’analyse harmonique développées récemment. Enfin, on généralise une
méthode développée par Bassily et Katai et perfectionnée par Drmota, Mauduit et
Rivat qui permet d’obtenir des résultats de la répartition locale en étudiant certaines
sommes d’exponentielles. Comme application de cette méthode on montre que la
somme des chiffres des carrés dans les entiers de Gauss et la somme des chiffres de
la suite (|n°|)nen avec ¢ € RT \ N dans les entiers naturels vérifient un tel résultat
local.
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Abstract

In 1968, Gelfond proved that the sum-of-digits function is uniformly distributed
in arithmetic progressions. This led him to pose three questions: The first asks
for the joint distribution of the sum-of-digits function for different bases and was
answered completely by Kim in 1999. The second and third question deal with the
sum-of-digits function of primes and polynomial subsequences. Mauduit and Rivat
recently solved these problems for prime numbers and squares.

This thesis deals with general Gelfond problems and related questions. The first
part of this work contains the solution of the corresponding problem of Gelfond for
primes in the ring of Gaussian integers. In particular, it includes an extension of a re-
sult of Drmota, Rivat, and Stoll. Furthermore, we introduce certain Fglner-sequences
(so-called k-Z][i] sequences) in the Gaussian integers and show distribution results for
the sum-of-digits function of squares. Next, we treat generalized Thue-Morse se-
quences in compact groups. We show that quadratic subsequences of such sequences
are uniformly distributed with respect to a measure v and we determine its Radon-
Nikodym derivative with respect to the Haar measure with the help of representation
theory. As an application, we consider the frequency of letters in subsequences of
invertible automatic sequences. In order to obtain results for subsequences of gen-
eral automatic sequences, we introduce and analyze matrix-valued g-multiplicative
functions. Furthermore, we show that the sum-of-digits function of the sequence
([n°])nen for ¢ € RT \ N is uniformly distributed by combining well-known exponen-
tial sum estimates and recently developed methods in harmonic analysis. Finally, we
generalize a method that was developed by Bassily and Katai and refined by Drmota,
Mauduit, and Rivat in order to trace the study of local distribution results back to
certain exponential sum estimates. As an application of this method, we show that
the sum-of-digits function of squares in the Gaussian integers and the sum-of-digits
function of the sequence (|n¢])nen for ¢ € RT \ N in the natural numbers obey a
local distribution result.






Chapter 1

Introduction in German, French,
and English

1.1 Deutsche Einleitung

Die Mathematik ist die Konigin
der Wissenschaft, und die Arithmetik ist
die Konigin der Mathematik.

Carl Friedrich Gauf$ (1777-1855)

Die Zahlentheorie, bei Gaufs die hohere Arithmetik genannt, ist eine der altesten
Teilgebiete der Mathematik. Euklid hat bereits vor circa 2300 Jahren gezeigt, dass
es unendlich viele Primzahlen gibt. Zahlen haben seit jeher auf Mathematikerinnen
und Mathematiker eine grofse Faszination ausgeiibt. Seit ein Grofsteil der modernen
Kryptographie auf zahlentheoretischen Uberlegungen beruht, hat die Lehre rund um
Prim- und Quadratzahlen einen festen Platz in unser aller Leben eingenommen. Vor
allem aber die Einfachheit ihrer Fragen und Schonheit ihrer Resultate hat sie zu
einem der blithendsten Gebiete der Mathematik gemacht.

Seit Euklids Zeit hat sich die gesamte Mathematik enorm weiterentwickelt. Vie-
le interessante Resultate konnten insbesondere im Bereich der Zahlentheorie gezeigt
werden. Die Zahlentheorie ist aber auch jener Bereich, in dem es noch viele offene
Fragen gibt. Die Goldbachsche Vermutung (jede gerade Zahl kann als Summe zweier
Primzahlen dargestellt werden) und die Frage, ob unendlich viele Primzahlzwillinge
existieren (Primzahlenpaare, deren Differenz 2 ergibt), gehoren zu den bekanntesten
ungelosten Problemen der Mathematik. Nicht unerwéhnt soll auch die Riemannsche
Vermutung bleiben, die eine zentrale Position in der analytischen Zahlentheorie ein-
nimmt. Ein offenes und mit meinem Dissertationsthema verwandtes, jedoch extrem
schwieriges Problem ist die Frage, ob es unendlich viele Primzahlen der Form 2" — 1
(sogenannte Mersennesche Primzahlen) oder der Form 22" + 1 (sogenannte Fermat-
sche Primzahlen) gibt.

Diese beiden Zahlentypen fithren mich zu einem anderen Gebiet der Zahlentheorie.
Im binéren Zahlensystem bestehen Mersennesche Zahlen nur aus Einser (zum Beispiel

1



2 1 Introduction in German, French, and English

23 — 1 = (111)) und Fermatsche Zahlen aus genau einem Einser am Beginn und
cinem am Ende (22° + 1 = (10001)3). Obwohl sich Menschen schon vor tausenden
Jahren iiber die Darstellung von Zahlen Gedanken machten, wurde unser heutzutage
iibliches Dezimalsystem (inklusive der Ziffer Null) erst im Mittelalter von Indien iiber
den Arabischen Raum nach Europa gebracht. Das im 20. Jahrhundert so wichtig
gewordene und bereits zitierte Bindrsystem wurde frithestens im 17. Jahrhundert
das erste Mal studiert (zur Geschichte der Zahlentheorie siehe [Rib96] und [Knu81,
Kapitel 4]). Es gibt wenig bekannte allgemeine Aussagen, die Zahlen und ihre Ziffern
in Beziehung setzen. Obwohl solche Probleme teilweise sehr schwierig sind, wurde in
den letzten Jahrzehnten einiges auf diesem Sektor geforscht (siche [MR10, Kapitel 1]).
Dazu beigetragen haben diirfte vor allem auch die Tatsache, dass im Zeitalter des
Computers Ziffern immens an Bedeutung gewonnen haben.

Von besonderem Stellenwert, sowohl historisch gesehen als auch bezogen auf meine
Dissertation, ist die Ziffernsumme einer Zahl n in Basis ¢ (in Zeichen sq4(n)). In
Basis 2, in der sie der Anzahl der Einser in binérer Schreibweise entspricht, wurde
sie indirekt erstmals von Prouhet (1851) studiert. Zu Beginn des 20. Jahrhunderts
verwendete Thue die Folge (s2(n) mod 2),>0, beginnend mit den Ziffern

011010011001011010010110...,

um ein kombinatorisches Problem zu l6sen. Diese Folge wurde von vielen Mathema-
tikern wiederentdeckt (unter anderem von Morse in differentialgeometrischen Uber-
legungen) und wird heutzutage meist Thue-Morse-Folge genannt (siche [Mau01]). In
der Mitte des 20. Jahrhunderts folgten erste allgemeine Resultate iiber die Ziffernsum-
me. Beteiligte Mathematiker waren unter anderem Bellman, Shapiro, Delange, Katai
und Gelfond (zur Geschichte der Ziffernsumme siehe zum Beispiel [AS03]). Letzterer,
der Russe Alexander Osipovich Gelfond (Anexcannp Ocunosuu ['enndonm, 1906 —
1968), trug Wesentliches zum Thema der Verteilung der Ziffernsumme bei.

Im Jahre 1968 zeigte er in seiner richtungsweisenden Arbeit Sur les nombres qui
ont des propriétés additives et multiplicatives données folgendes Resultat:

Satz (Gelfond, [Gel68]). Es seien q,m und r positive ganze Zahlen mit ¢ > 2 und
(m,q — 1) = 1. Fir alle ganze Zahlen ¢ und a gilt
N
#{l<n<N:n={lmodr, sq(n)=amodm} = %4—0(]\[)‘),

wobei A < 1 eine positive, nur von q und m abhdngige Konstante ist.

Am Ende seiner Abhandlung warf Gelfond drei Fragen auf, welche als Gelfondsche
Ziffernsummenprobleme bezeichnet werden. Als erstes vermutete Gelfond, dass fiir
q1, g2, m1,mo = 2 mit (q1,92) = 1, (m1,q1 — 1) = 1 und (m2,q2 — 1) = 1 eine Zahl
A < 1 existiert, sodass

+ O(N?).

#{1 <n < N:sg(n)=a; modmy und sq,(n) = ag mod mo} =
mi1mso

Bésineau konnte wenige Jahre spéter (1972) ein asymptotisches Resultat zeigen, je-
doch ohne Angabe einer Fehlertermabschitzung. Fast 30 Jahre spéter (1999) 16ste



1.1 Deutsche Einleitung 3

Kim Gelfonds erstes Problem, wobei ein allgemeingiiliger Beweis fiir ¢g-additive Funk-
tionen angegeben wurde (siehe [Bés72, Kim99)).

Gelfonds zweites Problem beschéftigt sich mit der Anzahl jener Primzahlen, deren
Ziffernsumme in einer vorgegebenen Restklasse liegt. Die digitale Beschaffenheit der
Ziffernsumme und die multiplikative Struktur von Primzahlen, welche keine offen-
sichtlichen Gemeinsamkeiten haben, machten dieses zu einem besonders interessan-
ten, bis vor kurzem ungelésten Problem. In ihrer Arbeit Sur un probléme de Gelfond:
la somme des chiffres des nombres premiers zeigten Mauduit und Rivat folgendes
Resultat:

Satz (Mauduit und Rivat, [MR10]). Es seien ¢ und m natirliche Zahlen > 2 und
d = (q—1,m). Dann existiert eine Konstante o4, > 0, sodass fir alle a € Z

#{p < x :p prim und s¢(p) = a mod m} = iﬂ(az; a,d) 4+ O(x1=%m),
m

wobei 7(x;a,d) die Anzahl der Primzahlen p < x mit p = a mod d bezeichnet. Ferner
ist die Folge (asq(p)), p prim, genau dann gleichverteilt modulo 1, wenn o € R\ Q.

Die Ziffernsumme polynomialer Folgen steht im Mittelpunkt Gelfonds dritter Fra-
ge. Sei P ein Polynom, welches P(N) C N erfiillt. Wie grof ist die Anzahl jener na-
tiirlichen Zahlen n, sodass s4(P(n)) = a mod m gilt? Interessanterweise scheint dies
Gelfonds schwierigstes Problem zu sein. Ein Grund hierfiir ist, dass Folgen, deren n-te
Folgenglieder viel grofer sind als n, die Arbeit wesentlich erschweren. Im Falle von
Quadratzahlen (P(n) = n?) konnten Mauduit und Rivat Gelfonds drittes Problem
vollstandig 16sen.

Satz (Mauduit und Rivat, [MRO09]). Es seien q und m ganze Zahlen > 2. Definiere
d=(qg—1,m) und Qa,d) = #{0 < n < d: n? = amod d}. Dann ezistiert eine
Konstante o4, > 0, sodass fir alle a € Z

#{n < :sy(n?) = amod m} = = Q(a,d) + O (z'~74m).
m
Ferner ist die Folge (asq(n?))nen genau dann gleichverteilt modulo 1, wenn o € R\Q.

Meine Arbeit, welche ich im Folgenden kurz vorstelle, beschéftigt sich mit all-
gemeinen Gelfondschen Ziffernproblemen und verwandten Fragestellungen. Um die
Notation in dieser Einleitung so einfach wie mdglich zu halten, werde ich einige Sétze
nicht in ihrer vollen Allgemeinheit anfiihren. Exakte Definitionen und ausfiihrliche
Resultate befinden sich in den erwdhnten Kapiteln. Da in verschiedenen Bereichen
der Arbeit die Notation geringfiigig variieren kann (s4(n) bezeichnet zum Beispiel
je nach zugrunde liegendem Zahlenbereich die Ziffernsumme in den natiirlichen oder
den Gaufsschen Zahlen), gehe ich zu Beginn jedes Kapitels kurz auf sie ein. Lediglich
die natiirlichen Zahlen N definiere ich hiermit inklusive der Zahl 0, da vor allem die
Null eine historische (wenn auch erst sehr spét akzeptierte) und fiir das Studium der
Ziffernsumme wichtige Ziffer beschreibt.
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In Kapitel 2 behandle ich die Ziffernsumme von Primzahlen in den Gaufischen
Zahlen. Inspiriert durch die Arbeit von Mauduit und Rivat iiber die Ziffernsumme
von Primzahlen in den natiirlichen Zahlen bewiesen Drmota, Rivat und Stoll unter
bestimmten Annahmen ein &hnliches Resultat in den Gaufischen Zahlen Z[i] (im
Folgenden bezeichnet s4( -) die komplexe Ziffernsumme):

Satz (Drmota, Rivat und Stoll, [DRS08|). Es sei ¢ = —a + i eine Primzahl in Z]i],
a>28 und b,g € Z, g > 2. Definiere d = (g,a> +2a +2) und § = (d,1 Fi(a+ 1)),
wobei die Wahl des Vorzeichens von der Wahl des Vorzeichens von ¢ = —a=1 abhdngt.
Dann existiert eine Konstante 044 > 0, sodass

#{p € Z[i] : p prim, ]p\2 < N, sq4(p) = bmod g} = gm(N;b, d/o) + O (Nl_”q’g)

mit m;(N;b,d/8) = #{|p|* < N : p prim, p = bmod d/&}. Ferner ist die Folge
(asq(p)), p prim, genau dann gleichverteilt modulo 1, wenn a € R\ Q.

In meiner Arbeit entledige ich mich den zusétzlichen, etwas unnatiirlichen Annah-
men von Drmota et al. um Gelfonds zweites Problem in Z[i] zu lésen. Insbesondere
behandle ich alle moglichen Basen, die eine direkte Verallgemeinerung der Ziffernsum-
me erlauben, und analysiere Primzahlen in Kreissektoren anstelle von Kreisscheiben.
In Anbetracht von Heckes Primzahlensatz (Anzahl der Gaufischen Primzahlen in ei-
nem Kreissektor) scheinen diese Primzahlbereiche eine natiirliche Wahl zu sein. Im
Folgenden bezeichnet 7, ,,(N;b,d’) die Anzahl der Gaufischen Primzahlen, welche
Ip|? < N, y1 < arg(p) < 2 und p = b mod d erfiillen.

Satz. Es seiq= —a+1 oder q = —a —1, a > 1 eine Gaufische Zahl und 0 < v1 <
ve < 2. Ferner seienb, g€ Z, g > 2, d = (9,a> +2a +2) und d = (9,q —1). Dann
existiert eine Konstante o4 4 > 0, sodass

#{|Ip]> < N :p prim, v1 < arg(p) < 72, s4(p) = b mod g}

d
= T (Nib.d) + O(N1=709).

Bezeichnet (pn)nen eine Folge aller Gaufschen Primzahlen mit |pny1| = |pn| und
11 < arg(pn) < 72, dann ist die Folge (asq(pn))nen genau dann gleichverteilt modulo
1, wenn o € R\ Q.

Die verwendeten Beweismethoden reichen unter anderem von einer verallgemeinerten
Vaughan-Identitiat in Z[i] iiber Approximationseigenschaften spezieller Funktionen
bis hin zu einer van der Corput &hnlichen Ungleichung in Z[i]. Ferner benétige ich
komplexe Exponentialsummenabschitzungen und L'- und L*-Normabschitzungen
der diskreten Fourier-Transformation der komplexen Ziffernsumme.

Die Ziffernsumme von Quadratzahlen in Z[i] behandle ich in Kapitel 3. Das
Hauptaugenmerk wird dabei auf die Wahl der Gaufsschen Zahlen gelegt, fiir die ich
eine Analyse des Gelfondschen Problems durchfiihre. Eine Folge (Dy)nen von Teil-
mengen der Gaufsschen Zahlen heifit x-Z[i]-Folge, wenn sie die nachstehenden vier
Eigenschaften erfiillt:
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(1 DN c DN+17

)
(i) Dy C {z € Z[i] : max (|R(2)],3(2)]) < VN },
(iii) es existiert eine Konstante ¢ > 0, sodass ¢N < #Dy, und
(iv) #{DNA (r + D)} < |r|N1F fiir alle r € Z]i).
Diese so definierten Folgen sind spezielle Fglner-Folgen. Beispiele fiir k = 1/2 sind
Gaufsche Zahlen, die in einem Quadrat mit Seitenlinge v/ N oder einer Kreisscheibe
mit Radius VN liegen (siehe Abbildung 1.1). Interessanterweise kann man zeigen,
dass tiber konvexe Mengen definierte Folgen, welche (i), (ii) und (iii) erfiillen, bereits
1/2-Z]i] Folgen sind. Das Hauptresultat dieses Kapitels lautet folgendermafen, wobei
Q(b,d) die Anzahl jener Gauftschen Zahlen z in einem vollstéindigen Restklassensys-
tem modulo d bezeichnet, deren Quadrate z? die Gleichung z? = b mod d erfiillen:

Satz. Es seiq = —a+1 oder ¢ = —a—1, a > 1 eine Gaufssche Zahl, sodass jeder
Primteiler von q einen Absolutbetrag > /689 hat. Ferner sei b,g € Z, g > 2 und
(DN)nen eine k-Z[i]-Folge mit 0 < k < 1/2. Definiere d = (g,q — 1). Dann existiert
eine Konstante 044, > 0, sodass

#{2 € Dy : 54(2*) =bmod g} = @ Q(b,d) + O (N'~79x) .

Bezeichnet (zp)nen eine geordnete Folge aller Gaufischen Zahlen mit |zn41| = |2nl,
dann ist die Folge (asy(22))nen genau dann gleichverteilt modulo 1, wenn o € R\ Q.

AR - -
NI

Abbildung 1.1: k-Z[i] Folgen mit k = 1/2

Ahnlich wie bei den Primzahlen verwende ich wieder eine van der Corput dhnliche
Ungleichung. Das besondere an dieser ist, dass sie das Studium der Ziffernsumme in x-
Z[i]-Folgen ermoglicht. Ferner gebe ich eine Formel fiir spezielle Gauk-Summen in Z[i]
an. Diese sowie die Tatsache, dass die Addition in Z[i] durch einen Automaten reali-
siert werden kann, ermdglicht die Verwendung der diskreten Fourier-Transformation
der Ziffernsumme. Exponentialsummenabschitzungen, wobei Resultate von Gitten-
berger und Thuswaldner verbessert werden, sowie die Anwendung der in Kapitel 2
gezeigten Ergebnisse iiber die Fourier-Transformation schlieffen den Beweis ab.

In Kapitel 4 verallgemeinere ich die Ziffernsumme zu einer gruppenwertigen
Funktion. Es seien go = e, ..., gqs—1 Elemente einer kompakten Gruppe, wobei ¢ > 2
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und e das neutrale Element bezeichnet. Ferner sei G der Abschluss der von den
Elementen go, ..., gq—1 erzeugten Untergruppe. Dann heifit die Folge

T(’I’L) = gao(n)gal (n) """ 98571(,1)

eine verallgemeinerte Thue-Morse-Folge. Hier bezeichnen ;_1 (), ..., €q(,) die Ziffern
der Zahl n in Basis ¢g. Sie entspricht einer vollstéandigen g-multiplikativen G-wertigen
Funktion. Wahlt man go = 0 und g3 = 1 in Z/2Z (mit der Addition als Operation),
dann entspricht dies genau der klassischen Thue-Morse-Folge.

Satz. Es sei (T'(n))nen eine verallgemeinerte Thue-Morse-Folge. Ferner seien a > 1
und b > 0 ganze Zahlen. Dann existieren absolut stetige Mafle v1 und v, sodass
T(an + b)pen vi-gleichverteilt in G sowie T(n?)nen vo-gleichverteilt in G ist.

Die Darstellungstheorie von kompakten Gruppen ermdoglicht es, diese Mafse eindeu-
tig zu bestimmen. Ferner konnen Kriterien angegeben werden, welche entscheiden, ob
die betrachteten Folgen gleichverteilt beziiglich des Haarmafses sind oder nicht. Dar-
stellungen nehmen auch einen bedeutenden Platz in der Beweisfiihrung ein. Es zeigt
sich, dass die Methode von Mauduit und Rivat fiir die Ziffernsumme von Quadraten
bestens an irreduzible und unitéare Darstellungen angepasst werden kann.

Automatische Folgen und Hé&ufigkeiten von Buchstaben in Teilfolgen werden in
Kapitel 5 behandelt. Als erstes zeige ich eine Anwendung des Resultats iiber verall-
gemeinerte Thue-Morse-Folgen. Wie sich herausstellt, gibt es einen Zusammenhang
zwischen endlichen Gruppen und sogenannten invertierbaren g-automatischen Folgen.

Satz. Es sei q > 2 und (un)nen eine invertierbare q-automatische Folge. Dann exis-
tiert die Haufigkeit eines jeden Buchstaben in der Teilfolge (t,2)neN-

Leider erlauben verallgemeinerte Thue-Morse-Folgen nicht, universelle automatische
Folgen zu betrachten. Folgender Satz lasst sich jedoch mithilfe einer von Mauduit und
Rivat entwickelten Methode und der automatischen Struktur der hier betrachteten
Folgen zeigen.

Satz. Esseic € (1,7/5) und q > 2. Ist (up)nen eine g-automatische Folge, dann exis-
tiert die logarithmische Hiufigkeit eines Buchstaben a in (u|pe|)nen und sie entspricht
der logarithmischen Hdaufigkeit von a in (up)nen. Ferner existiert die Héufigkeit von
a in (Up)neN genau dann, wenn sie in (u\_nCJ)neN existiert.

Um diesen Satz zu beweisen, verallgemeinere ich ein Resultat von Mauduit und Ri-
vat [MRO5, Satz 2] und definiere verallgemeinerte g-multiplikative Funktionen im
Raum der quadratischen komplexwertigen Matrizen. Einen zentralen Platz im Be-
weis nimmt ein von Bombieri und Iwaniec entwickeltes doppeltes grofses Sieb ein.

In Kapitel 6 betrachte ich die Ziffernsummenfunktion in den natiirlichen Zahlen
von |n¢|, wobei ¢ eine positive reelle Zahl ungleich einer natiirlichen Zahl ist. Diese
Problemstellung lehnt sich an Gelfonds dritter Frage an, wobei Polynome durch &hn-
lich stark wachsende Funktionen ersetzt werden. Mauduit und Rivat [MR95, MRO5]
studierten g-multiplikative Eigenschaften der Folge (|n¢|)nen fir ¢ € (1,7/5) und
konnten insbesondere folgendes Resultat zeigen:
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Satz (Mauduit und Rivat, [MRO5|). Es sei ¢ € (1,7/5) und q > 2. Fir alle natiirli-
chen Zahlen a und m mit m > 1 gilt

1 1
lim — <z: ) = d = —
minolox#{n z: 5q([n°]) = a mod m} —
Ferner ist die Folge (asq(|n®|))nen fir ¢ € (1,7/5) und q > 2 genau dann gleichver-
teilt modulo 1, wenn o € R\ Q.

Es scheint sehr schwierig zu sein, fiir grofere ¢ ein &dhnlich allgemeines Resultat zu
erhalten. Unter Verwendung der diskreten Fourier-Transformation kann ich jedoch
zeigen, dass fiir alle positiven reellen ¢ ungleich einer natiirlichen Zahl die Folge
sq(|n¢]) fiir geniigend grofe Basen Gleichverteilungseigenschaften besitzt.

Satz. Es seien ¢ € RT \ N und a,m € N mit m > 1. Dann existiert eine Konstante
qo(c) = 2, sodass fiir alle ¢ = qo(c)

#{n<a:s,(|n°)) =amodm} = = +0 (¢! ~70m)

mit einer Konstante 0g ;. > 0. Ferner ist die Folge (asq([n°])),,cy fir alle ¢ > qo(c)
genau dann gleichverteilt modulo 1, wenn o € R\ Q.

Mauduit [Mau01] hat die Vermutung aufgestellt, dass folgendes Resultat fiir fast alle
¢ > 1 und fiir alle ¢,m > 2 gilt:

mlingoi#{néx:sq(LnCJ)Eamodm}:%. (1.1)
Mein Resultat zeigt zwar nicht diese Behauptung, jedoch lasst es vermuten, dass (1.1)
genau dann richtig ist, wenn ¢ € N (es ist leicht zu sehen, dass fiir natiirliche Zah-
len ¢ > 1 Gleichung (1.1) nicht stimmen kann). Um das angefiihrte Resultat fir
moglichst viele Basen zu zeigen, verwende ich zwei verschiedene Beweismethoden.
Einerseits kann eine von Deshouillers (siehe [Des72] und [Des73a, Des73b]) verwen-
dete Idee beniitzt werden, welche fir alle ¢ > 1 funktioniert. Im Bereich zwischen
1 und 19/11 erlaubt andererseits eine Adaptierung der Methode von Mauduit und
Rivat [MRO5| ein stédrkeres Resultat. Neben der erwdhnten Fourier-Transformation
kommen in beiden Beweismethoden noch klassische Exponentialsummenabschatzun-
gen & la van der Corput und Vinogradov sowie Approximationseigenschaften der
Beurling-Selberg-Funktion zum Einsatz.

Kapitel 7 behandelt lokale Verteilungsresultate der natiirlichen und komplexen
Ziffernsummenfunktion. Drmota, Mauduit und Rivat konnten eine von Bassily und
Kéatai ausgearbeitete Methode weiterentwickeln und zeigten folgendes Resultat (y,
und o, sind definiert durch py = (¢ —1)/2 und o7 = (¢*> — 1)/12):

Satz (Drmota, Mauduit und Rivat, [DMR09|). Es sei ¢ = 2. Dann gilt gleichmdifig
ink >0 mit (k,qg—1) =1, dass #{p <z : p prim, sq(p) = k} gegeben ist durch

_ (k=g logg »)*
a-1_ __mlz) < T +O<(loga:)_1/2+€>>7

plg—1) \/2mo2log, x
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wobei € > 0 eine beliebige, aber feste positive Zahl ist, p(-) die Eulersche p-Funktion
bezeichnet und m(x) gleich der Anzahl der Primzahlen kleiner gleich x ist.

Ich verallgemeinere diese Arbeit von Drmota, Mauduit und Rivat, und zeige, dass
man unter gewissen Bedingungen eine asymptotische Entwicklung der Zahlen #{n <
x : sq(g(n)) = k} erhilt, wobei g(n) eine Funktion von N nach N ist. Weiters be-
handle ich eine analoge Fragestellung in den Gaufischen Zahlen, wobei ich Ideen von
Gittenberger und Thuswaldner weiterentwickle. Schliellich gebe ich einige Beispiele
an, welche die Niitzlichkeit dieser Uberlegungen unterstreichen. Insbesondere erlau-
ben mir die Ergebnisse aus Kapitel 6, folgenden Satz zu zeigen:

Satz. Es sei ¢ € RY \ N. Dann ezistiert eine Konstante qo(c) > 2, sodass fiir alle
q = qo(c) und gleichmdfig in k € N

< sg(n]) = k)

c— c 1o, x 2
@ ~Sdaats | o loslog )"
o\ T O )
2no2clog, x og T
Unter Verwendung der Resultate aus Kapitel 3 und unter neuerlichem Einsatz einer
van der Corput dhnlichen Ungleichung in Z[i] erhalte ich ebenfalls ein Resultat fiir

die asymptotische Entwicklung der Zahlen #{z € Dy : 5,(2%) = k}, wobei (Dn)nen
beliebige 1/2-Z[i] Folgen sein konnen.

Abschliefsend mochte ich noch einmal die wichtigsten Ergebnisse meiner Disser-
tation kurz zusammenfassen und Referenzen zu von mir in wissenschaftlichen Jour-
nalen eingereichten oder bereits vertffentlichen Arbeiten geben. Um das Gelfond-
sche Problem fiir Primzahlen in Z[i] vollstandig zu losen, behandle ich die diskrete
Fourier-Transformation der Ziffernsumme im Detail und verbessere einige bekannte
Exponentialsummenabschitzungen in Z[i] (Kapitel 2). In den Gaufsschen Zahlen
fithre ich spezielle Fglner-Folgen ein (sogenannte x-Z[i] Folgen) und entwickle eine
van der Corput dhnliche Ungleichung, um die Ziffernsumme von Quadratzahlen be-
handeln zu kénnen (Kapitel 3 und 7). Der Inhalt dieser Kapitel beruht auf meinem
im Journal of Number Theory veroffentlichten Artikel [Morl10a] und auf meiner einge-
reichten Arbeit [Morl0b]. Ferner studiere ich verallgemeinerte Thue-Morse-Folgen in
kompakten Gruppen, indem ich eine zur Arbeit von Mauduit und Rivat analoge Me-
thode fiir Darstellungen entwickle (Kapitel 4). Diese Uberlegungen beruhen auf der
mit Michael Drmota gemeinsam eingereichten und im Israel Journal of Mathematics
zur Publikation angenommenen Arbeit [DM10]. Als Anwendung berechne ich Haufig-
keiten von Buchstaben in quadratischen Teilfolgen von invertierbaren automatischen
Folgen. Um das Studium von gewissen Teilfolgen von allgemeinen automatischen Fol-
gen zu ermoglichen, definiere und untersuche ich verallgemeinerte matrizenwertige
g-multiplikative Funktionen (Kapitel 5). Teile dieser Resultate befinden sich eben-
falls in [DM10]. Schlieflich behandle ich noch die Ziffernsumme der Folge (|n¢|)nen
fiir c € RT \ N, wobei ich altbekannte Exponentialsummenabschéitzungen und kiirz-
lich entwickelte Methoden der Fourier-Analyse vereine (Kapitel 6 und 7). Diese
Resultate beruhen auf der von mir eingereichten Arbeit [Morl0c|.
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1.2 Introduction en francais

Les mathématiques sont la reine
des sciences, et l’arithmétique est
la reine des mathématiques.

Carl Friedrich Gauss (1777-1855)

La théorie des nombres (Iarithmétique) est 'une des branches mathématiques les
plus anciennes. Euclide a déja montré il y a plus de 2300 ans qu’il existe une infinité
de nombres premiers. De tout temps les mathématiciennes et les mathématiciens ont
été fascinés par les nombres entiers. Puisqu’une grande partie de la cryptographie est
basée sur des principes de la théorie des nombres, I’étude autour des nombres premiers
et des carrés a pris une place trés importante dans notre quotidien. La simplicité de
ses questions et la beauté de ses résultats ont fait de la théorie des nombres 'un des
domaines mathématiques les plus florissants.

Depuis le temps d’Euclide les mathématiques ont énormément évolué. Beaucoup
de résultats intéressants ont été montrés notamment dans le domaine de la théorie
des nombres. De plus, la théorie des nombres est un domaine ou il y a beaucoup de
questions ouvertes. La conjecture de Goldbach (chaque nombre pair est la somme
de deux nombres premiers) et la question de savoir s’il y a une infinité de nombres
premiers jumeaux (des couples de nombres premiers qui ne différent que de 2) font
partie des problémes non résolus et les plus connus. Je voudrais aussi mentionner I’hy-
pothése de Riemann qui joue un role capital dans la théorie analytique des nombres.
Un probléme ouvert trés proche du sujet de ma thése mais hors d’atteinte est de
déterminer §'il y a une infinité de nombres premiers de la forme 2" — 1 (nombres
premiers de Mersenne) ou de la forme 22" + 1 (nombres premiers de Fermat).

Ce deux types de nombres me conduisent & une branche de la théorie des nombres
qui est, dans un certain sens, moins vieille que 1’étude des nombres premiers. Bien
que les gens réfléchissent déja depuis plus de mille ans sur le systéme de numération,
notre systéme décimal commun (avec le chiffre zéro) n’a été apporté qu’au Moyen
Age de I'Inde a Europe via le monde arabe. Le systéme binaire qui est devenu trés
important dans le XXiéme siécle, n’a été développé qu’au XVIliéme siécle (au sujet
de P'histoire de la théorie des nombres et des chiffres voir par exemple [Rib96| et
[Knu81, Chapitre 4]).

Ce systéme me raméne aux nombres de Mersenne et de Fermat. En base 2,
I'écriture des nombres de Mersenne ne comporte que des chiffres 1 (par exemple
23 —1 = (111)3) et les nombres de Fermat ont exactement un 1 au début et un 1 a la
fin de la représentation binaire (par exemple 22° 41 = (10001)2). Il y a trés peu de
résultats généraux pour les nombres qui ont des propriétés spéciales données par leurs
chiffres. Bien que les problémes des chiffres soient en général trés difficiles, beaucoup
de personnes ont entrepris des recherches durant les derniéres décennies dans cette
branche (voir par exemple [MR10, Section 1]). C’est peut-étre parce que les chiffres
ont acquis une importance immense avec le développement des ordinateurs.

Dans ce travail je vais aborder des questions consacrées aux nombres et aux
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propriétés de leurs chiffres. La somme des chiffres de n en base ¢ (notée s4(n)) joue
un role trés important, non seulement historique, mais aussi pour le contenu de ma
thése. Par exemple, quand on écrit un entier n en base 2, on a besoin de s3(n)
fois le chiffre 1. Dans cette forme, la somme des chiffres est étudiée indirectement par
Prouhet en 1851. Au début du XXiéme siécle Thue a utilisé la suite (s2(n) mod 2),>0
qui commence par

011010011001011010010110...

pour résoudre un probléme de combinatoire. Cette suite a été redécouverte plusieurs
fois par des mathématiciens différents (entre autres Morse dans le domaine de la
géométrie différentielle) et aujourd’hui la plupart du temps elle s’appelle la suite de
Thue-Morse, voir [Mau01]. Au milieu du XXiéme siécle les premiers résultats plus
généraux ont été obtenus pour la fonction « la somme des chiffres ». Je voudrais
mentionner en particulier Bellman, Shapiro, Delange, Katai et Gelfond (au sujet
de I'histoire de la somme des chiffres voir par exemple [AS03|). Le dernier de cette
liste, le mathématicien russe Aleksandr Osipovich Gelfond (Anekcannp OcumoBuu
Teandorm, 1906 — 1968) a contribué beaucoup a I’étude de la répartition de la somme
des chiffres. En 1968 il a montré dans son travail novateur « Sur les nombres qui ont
des propriétés additives et multiplicatives données » le résultat suivant :

Théoréme (Gelfond, [Gel68|). Soient q,m et r des entiers positifs tels que q > 2 et
(m,q — 1) = 1. Alors pour tous entiers ¢ et a on a

N
card{1 <n < N:n=/{modr, sq(n)Eamodm}:%—FO(N)‘)

avec une constante A < 1 qui ne dépend que de q et m.

A la fin de son article, Gelfond a posé trois problémes qui sont liés & son théoréme.
Ensuite, j’aborderai ceux qui sont trés centraux dans ma thése et je citerai quelques
résultats connus. Tout d’abord il a conjecturé que pour tous les nombres entiers
q1, g2, m1 et mg avec (q1,q2) = 1, (m1,q1 —1) = 1 et (mg,q2 — 1) = 1 il existe une
constante A < 1 telle que

N
mima

card{1 <n < N : 54,(n) = a; mod my et s (n) = az mod ma} = + O(N?).
Bésineau a montré un peu plus tard (1972) un résultat asymptotique, mais sans
estimation du terme d’erreur. Presque 30 ans plus tard (1999) Kim a résolu le premier
probléme de Gelfond plus généralement pour des fonctions g-additives (voir [Bés72,
Kim99]).

Le deuxiéme probléme de Gelfond se consacre au nombre des nombres premiers
dont la somme des chiffres se trouve dans une certaine classe modulo m (ou m est
un entier positif). La propriété digitale de la somme des chiffres et la structure mul-
tiplicative des nombres premiers n’ont a priori pas de points communs. Ce probléme
est d’une difficulté extraordinaire et il n’a pu étre résolu que récemment. Dans leur
travail « Sur un probléeme de Gelfond : la somme des chiffres des nombres premiers »
Mauduit et Rivat ont donné une réponse compléte a la question de Gelfond et ils ont
montré le résultat suivant :
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Théoréme (Mauduit et Rivat, [MR10]). Soient g et m des entiers > 2 et posons
d = (q—1,m). Alors il existe une constante o4y, > 0 telle que pour tout a € Z,

card{p < x : p premier, s,(p) = a mod m} = %ﬂ'(ﬂj; a,d) + Oz} ~oom)

ot on désigne par w(x;a,d) le nombre des nombres premiers p < x tels que p = a mod
d. De plus, la suite (asq(p)), p premier, est équirépartie modulo 1 si et seulement si
acR\Q.

Le troisiéme probléme de Gelfond s’occupe des propriétés de la somme des chiffres
pour les sous-suites polynomiales. Soit P un polynoéme qui vérifie P(N) C N. Combien
existe-t-il d’entiers n tels que s,(P(n)) = a mod m? Curieusement, cette question
semble le probléme de Gelfond le plus difficile. Une raison pour cette circonstance est
le fait que I’étude des propriétés des suites éparses (le n-iéme terme de la suite est
beaucoup plus grand que n) est trés complexe en général. Dans le cas de la suite des
carrés (P(n) = n?), Mauduit et Rivat ont réussi a résoudre complétement le troisiéme
probléme de Gelfond :

Théoréme (Mauduit et Rivat, [MR09|). Soient ¢ et m des entiers avec ¢ > 2 et
posons d = (¢ — 1,m) et Q(a,d) = card{0 < n < d : n? = amod d}. Alors il existe
une constante o, > 0 telle que pour tout a € Z,

card{n < x : s4(n?) = a mod m} = % Q(a,d) + O (z'~7am) .

De plus, la suite (asq(n?))nen est équirépartie modulo 1 si et seulement si o € R\ Q.

Cette thése s’occupe des problémes de Gelfond généralisés. Afin de minimiser les
notations dans cette introduction qui a pour but de donner une idée d’ensemble de
mon travail, je ne citerai pas certains théorémes en pleine généralité. Des définitions
exactes et des résultats détaillés se trouvent dans les chapitres mentionnés. Puisque la
notation peut varier un peu dans des domaines différents (s,(n) dénote par exemple
a la fois la somme des chiffres dans les entiers naturels et celle des entiers de Gauss),
je vais introduire en détail la notation appropriée dans chaque chapitre. Seulement je
définis ici 'ensemble des entiers naturels N en incluant le nombre 0, parce que le zéro
est un chiffre historique (méme s’il n’est accepté que trés tard) et est trés important
pour I'étude de la somme des chiffres.

Dans le Chapitre 2 je traite la somme des chiffres dans 'anneau des entiers de
Gauss. Inspiré par le travail de Mauduit et Rivat concernant la somme des chiffres
commune, Drmota, Rivat et Stoll ont montré sous certaines hypothéses un résultat
similaire dans I’anneau des entiers de Gauss Z[i] (dans le théoréme suivant, sq(-)
dénote la somme des chiffres pour les entiers de Gauss) :

Théoréme (Drmota, Rivat et Stoll, [DRS08]). Soit —a+ i un nombre premier dans
Z[i] tel que a > 28 est un entier et soient b,g € Z, g > 2. Supposons que ¢ = —a + i
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ouq=—a—i Sid=(g,a®>+2a+2) etd=(d,1Fi(a+1)) (oule choir du signe
dépend du signe de ¢ = —a £ i), il existe une constante o445 > 0 telle que

card{p € Z[i] : p premier, |p|*> < N, s,(p) = bmod g}

_ gm(zv; b,d/8) + O (N'=ona)

ot on désigne par m;(N;b,d/5) le nombre des nombres premiers de Gauss |p|> < N
tels que p = bmod d/é. De plus, la suite (asq(p)), p premier, est équirépartie modulo
1 si et seulement si o € R\ Q.

Drmota, Rivat et Stoll ont montré ce résultat seulement pour certaines bases trés
spéciales et pour certains domaines des nombres premiers. Dans ce travail je peux
me débarrasser de ces hypothéses et réussis & résoudre complétement le deuxiéme
probléme de Gelfond dans Z[i|. En particulier, je traite toutes les bases qui permettent
une généralisation directe de la somme des chiffres dans Z[i] et j’analyse les nombres
premiers dans les secteurs circulaires au lieu des disques. Le théoréme des nombres
premiers de Hecke (qui s’occupe du nombre des nombres premiers de Gauss dans
un secteur circulaire) montre que ces domaines sont canoniques. Dans ce qui suit,
Ty o (N3 b, d') désigne le nombre des nombres premiers de Gauss qui vérifient [p|? <
N,y < arg(p) < y2 et p=bmod d'.

Théoréme. Soientq=—a+ioug=—a—i,a>1et0 <y <y < 27w Supposons
que b, g €7, g >2 et posons d = (g,a> +2a+2) et d = (g,q — 1). Alors, il existe
une constante oq.4 > 0 telle que

card{[p|* < N : p premier, v1 < arg(p) < 2, s4(p) = bmod g}

= gmﬂm(N; b,d) + O(N'~29),

Soit (pn)neN une suite des nombres premiers de Gauss avec 1 < arg(pn) < v et
|Drnt1| = |pnl. Alors la suite (asq(pn))nen est équirépartie modulo 1 si et seulement

sta € R\ Q.

Pour montrer ce résultat j'utilise et extrapole plusieurs méthodes différentes : en
particulier, j’applique une variante généralisée dans Z[i] de l'identité de Vaughan,
des approximations d’une fonction spéciale et une inégalité de type van der Corput
dans Z[i]. De plus, je traite des estimations des sommes d’exponentielles complexes
et des estimations des normes L! et L>® de la transformée de Fourier discréte de la
somme des chiffres.

Dans le chapitre suivant (Chapitre 3) je m’occupe de la somme des chiffres des
carrés dans Z[i|. Je précise le choix des entiers de Gauss que je vais analyser. Une
suite (Dn)nen de sous-ensembles de Z[i] est appelée suite de k-Z][i], si elle vérifie les
quatre propriétés suivantes :

(1) DN - DN+17
(ii) Dy C {z € Z[i] : max (|R(2)], |(2)|)

N

VN },
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(iii) il existe une constante ¢ > 0 telle que cN < card Dy, et

(iv) card{DyA (r +Dn)} < |r|N'=% pour tout r € Z[i].
Notons que ces suites sont des suites spéciales de Fglner. Les exemples les plus faciles
(pour k = 1/2) sont les entiers de Gauss qui sont situés dans un carré de coté VN
ou un disque de rayon v/N, voir Figure 1.2. Curieusement, si une suite de x-Z[i] est
définie par des ensembles convexes (qui vérifient (i), (ii) et (iii)), on peut montrer
facilement qu’elle est automatiquement une suite de 1/2-Z[i]. Le résultat principal
dans ce chapitre est le suivant (Q(b, d) dénote le nombre des entiers de Gauss z dans
une classe d’équivalence modulo d avec 2% = b mod d) :

Théoréme. Soit ¢ = —a+ i ou ¢q = —a — i, a = 1 un entier de Gauss tel que
chaque facteur premier de q posséde une valeur absolue > +/689. Supposons que
b,g €Z,g>2 et que (Dy)nen soit une suite de k-Z[i] avec 0 < k < 1/2. Posons
d=(g,q—1). Alors, il existe une constante 044, > 0 telle que

card Dy

card{z € Dy : 54(z%) = bmod g} = Q(b,d) + O (N1 =90ar) .

Soit (zn)nen une suite des entiers de Gauss avec |zp4+1| = |zn|. Alors la suite
(sq(22))nen est équirépartie modulo 1 si et seulement si o € R\ Q.

AR - -
NI

F1G. 1.2 — Suites de k-Z][i] avec k = 1/2

Par analogie avec les nombres premiers j’'utilise une inégalité de type van der Corput
généralisée. Mais cette fois, elle me permet de ramener 1’étude des suites de k-Z[i] a
I’étude d’une suite plus simple a utiliser. De plus, je traite les sommes de Gauss dans
Z[i]. Ces sommes et le fait que I’addition dans I'anneau des entiers de Gauss peut étre
réalisée par un automate fini, me permettent d’appliquer la transformée de Fourier.
Des estimations précises des sommes d’exponentielles (des résultats de Gittenberger
et Thuswaldner sont améliorés) et des résultats au sujet de la transformée de Fourier
montrés dans le Chapitre 2 terminent la démonstration du théoréme cité.

Ensuite, je généralise dans le Chapitre 4 la suite de Thue-Morse et je définis

une suite dans un groupe topologique compact H. Soit ¢ > 2 et soient go,...,g4—1
des éléments appartenant a H. Supposons que g est I’élément neutre et notons par
G l'adhérence du groupe engendré par les éléments go, ..., gg—1. On appelle

T(’I’L) = gao(n)gal (n) """ gngl(n)
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n 2> 0, la suite de Thue-Morse généralisée (0tt €y_1(n), - - -, E0(n) sont les chiffres de n
en base ¢). Elle est une suite complétement g-multiplicative et si on choisit gy = 0
et g1 = 1 dans Z/2Z (ou l'addition est 'opération du groupe), on obtient la suite de
Thue-Morse classique. Par ailleurs, on peut réaliser la suite (asq(n))nen, a réel, sur
le tore.

Théoréme. Soit (T'(n))pen une suite de Thue-Morse généralisée. Supposons que
a>1etb>0 sont des entiers. Alors il existe des mesures positives v1 et vy qui sont
absolument continues par rapport a la mesure de Haar telles que T(an + b)pen est
équarépartie par rapport a vy et T(nz)neN est équirépartie par rapport a vo.

La théorie des représentations des groupes topologiques permet de déterminer com-
plétement ces mesures. De plus, il existe un critére qui permet de décider si la suite
considérée est équirépartie par rapport a la mesure de Haar. La théorie des représen-
tations prend une grande place dans toute la démonstration. On peut constater que
la méthode de Mauduit et Rivat pour la somme des chiffres des carrés s’adapte trés
bien & I’étude des représentations irréductibles et unitaires.

Dans le Chapitre 5 je traite des suites automatiques. En particulier, je considére
des fréquences logarithmiques et naturelles des lettres d’une suite g-automatique sur
un alphabet A. Dans un premier temps, je montre une application des résultats
de la suite de Thue-Morse généralisée. Il y a un lien entre les groupes finis et les
suites g-automatiques spéciales (suites g-automatiques inversibles, voir Chapitre 5).
L’exemple le plus simple de telles suites est la suite de Thue-Morse classique.

Théoréme. Soient ¢ > 2 et (uy)nen une suite g-automatique inversible sur l’alphabet
A. Sia€ A, alors la lettre a admet une fréquence dans la sous-suite (U2 )nenN-

Malheureusement, la suite de Thue-Morse généralisée ne permet pas un traitement
des suites automatiques sans restrictions. Mais je peux montrer le théoréme suivant
avec une méthode développée par Mauduit et Rivat.

Théoréme. Soient c € (1,7/5), ¢ = 2 et (up)nen une suite q-automatique sur l’al-
phabet A. Supposons que a € A. Alors il existe la fréquence logarithmique de a dans
la sous-suite (ULnCJ)neN et elle est donnée par la fréquence logarithmique de a dans
(un)nen- De plus, il existe la fréquence de a dans (up)nen i et seulement s’il existe
la fréquence de a dans (u|pe|)nen-

En particulier, je généralise un résultat de Mauduit et Rivat (voir [MRO05, Théoréme
2]) concernant les fonctions g-multiplicatives que j'obtiens dans I'anneau des matrices
carrées. Dans le cadre de cette généralisation je définis des fonctions g-multiplicatives
dans C?*?. Le double grand crible de Bombieri et Iwaniec joue un role trés important
pour la démonstration.

Le Chapitre 6 s’occupe de la somme des chiffres de la suite (| n¢]),en, ot ¢ est un
réel positif et non entier. Ce probléme est inspiré par la troisiéme question de Gelfond
(il s’agit de remplacer les polynomes par des fonctions de croissance comparable).
Mauduit et Rivat [MR95, MRO5| ont étudié¢ des propriétés g-multiplicatives de la
suite ([n°|)nen pour ¢ € (1,7/5). En particulier, ils ont démontré le résultat suivant :
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Théoréme (Mauduit et Rivat, [MRO5|). Soient ¢ € (1,7/5) et ¢ = 2. Pour tous les
entiers a et m avec m =1 on a

1 1
lim — d{n < z: N = d = —.
Jim — car {n<z:54([n°]) = a mod m} -

De plus, la suite (asq(|n°|))nen est équirépartie modulo 1 si et seulement si a € R\Q.

Il semble trés difficile de montrer un résultat similaire pour un nombre ¢ plus grand.
Dans la suite je montre cependant avec l'utilisation de la transformée de Fourier
discréte de la somme des chiffres que pour ¢ assez grand et pour tout réel positif non
entier ¢ la suite s4(|n°|) est bien répartie dans les progressions arithmétiques.

Théoréme. Soient c € RY\N et a,m € N avec m > 1. Alors il existe une constante
qo(c) = 2 telle que pour tout q = qo(c) on a

card{n < z : 54 (|n°]) = a mod m} = % +0 (g;l_gq’mw) ,

avec une constante oqm.c > 0. De plus, pour ¢ = qo(c) la suite (asq([n°]))nen est
équirépartie modulo 1 si et seulement si o € R\ Q.

Mauduit a conjecturé dans [Mau01l], que le résultat suivant est valide pour presque
tous les réels ¢ > 1 et pour tous ¢, m > 2 :

xh_)ngoé card{n < z : 54(|n°|) = amod m} = % (1.2)
Mon résultat ne montre pas cette assertion, mais je conjecture que (1.2) est vrai si
est seulement si ¢ est non entier (on vérifie facilement que (1.2) n’est pas vrai pour
un entier ¢ > 1). Pour montrer le théoréme cité pour la plupart des bases, j'emploie
deux méthodes différentes. Deshouillers (voir [Des72] et [Des73a, Des73b]) utilise une
idée qui fonctionne pour tout ¢ > 1, mais entre 1 et 19/11 une adaptation de la
méthode de Mauduit et Rivat permet un meilleur résultat. A part la transformée de
Fourier j’utilise dans les deux méthodes des estimations des sommes d’exponentielles
classiques (établies par van der Corput et Vinogradov) ainsi que des approximations
d’une fonction & variation bornée utilisant la fonction de Beurling-Selberg.

Enfin, dans le Chapitre 7 je traite la répartition locale de la somme des chiffres
des entiers. Drmota, Mauduit et Rivat ont perfectionné une méthode développée par
Bassily et Katai et ils ont montré le théoréme suivant (p, et o, sont définis par

g =(q—1)/2 et o5 = (¢* —1)/12) :

Théoréme (Drmota, Mauduit et Rivat, [DMRO09]). Soit ¢ > 2. On a uniformément
pour k >0 avec (k,q—1) =1, que card{p < x : p premier, so(p) = k} est donné par

_ _ (k—pgqlogg )2
q 1 ﬂ-(x) <€ 20—3 long + O <(log$)—1/2+€>>

plg—1) \/2mo2log, x

ot € > 0 est un réel qui est arbitraire mais fixé, p(-) dénote l’indicatrice d’Euler et
m(x) désigne le nombre des nombres premiers n’excédant pas x.
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Je généralise ce résultat (qui unit des éléments probabilistes et analytiques) et je
montre que sous certaines conditions il y a un développement asymptotique des
nombres card{n < z : s4(g(n)) = k} pour des fonctions g : N — N. Les sommes d’ex-
ponentielles qui correspondent aux résultats d’autres chapitres, prennent une place
trés importante. De plus, je traite une question analogue par les entiers de Gauss.
En particulier, j'utilise des idées de Gittenberger et Thuswaldner qui ont généralisé
la méthode de Bassily et Katai pour 'anneau des entiers de Gauss et j’obtiens méme
une amélioration. Enfin, je donne quelques exemples pour montrer 'utilité de ces
considérations. Les résultats du Chapitre 6 me permettent de démontrer le théoréme
suivant :

Théoréme. Soit ¢ € RT \ N. Il existe une constante qo(c) > 2 telle que pour tout
q = qo(c) et uniformément en k € N,

%Card{n S :se(|nf]) =k}

(k—pgclo z)2
— 1 e_ 2:5‘: logg;zz + O < (log logf:)27> .
\/2mo2clog, x (logz)!/
J’obtiens un résultat similaire au développement asymptotique des nombres card{z €
Dy : 54(2%) = k}, ott (Dn)nen est un suite de 1/2-Z[i] arbitraire. Afin de montrer

ce développement, j’emploie un théoréme du Chapitre 3 et j’utilise une fois de plus
I'inégalité de type van der Corput dans Z[i].

Finalement, je voudrais résumer les résultats les plus importants de ma thése, et
indiquer les références de mes articles parus, acceptés et soumis. Pour résoudre com-
plétement le probléme de Gelfond pour les nombres premiers dans Z[i], je traite en dé-
tail la transformée de Fourier discréte de la somme des chiffres et j’améliore quelques
estimations des sommes d’exponentielles connues dans Z[i] (Chapitre 2). Dans les
entiers de Gauss je définis des suites de Folner spéciales (des suites de k-Z[i]) et dé-
veloppe une inégalité de type van der Corput pour traiter la somme des chiffres des
carrés (Chapitre 3 et 7). L'objet de ces chapitres réside dans mon article [Mor10a|
qui est paru dans le Journal of Number Theory et mon travail soumis [Morl0b|. De
plus, j’étudie des suites de Thue-Morse généralisées dans des groupes topologiques
compacts en développant une méthode pour des représentations des groupes par ana-
logie avec la méthode de Mauduit et Rivat (Chapitre 4). Ces considérations reposent
sur le travail [DM10| que j’ai soumis avec Michael Drmota et qui est accepté dans
le Israel Journal of Mathematics. Comme application, je calcule des fréquences de
lettres dans des sous-suites de carrés des suites automatiques spéciales (inversibles).
Pour faciliter I’étude des sous-suites pour les suites automatiques générales, je dé-
finis et analyse des fonctions g-multiplicatives généralisées aux matrices complexes
(Chapitre 5). Quelques résultats de ce chapitre se trouvent dans [DM10]. Enfin, je
traite la somme des chiffres de la suite (|n¢]),en pour tout ¢ € R* \ N en unissant
des estimations des sommes d’exponentielles connues et des méthodes de ’analyse
harmonique développées récemment (Chapitre 6 et 7). Ces résultats se trouvent
dans mon travail soumis [Mor10c].
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1.3 Introduction in English

Mathematics is the queen
of sciences and arithmetic is
the queen of mathematics.

Carl Friedrich Gauss (1777-1855)

Number theory or, as Gauss called it, arithmetic, is one of the oldest fields of
mathematics. Numbers have always fascinated mathematicians all over the world.
Euclid showed approximately 2003 years ago that the number of primes is infinite.
Since a great part of modern cryptography is based on number theoretic considera-
tions, the study of primes and squares occupy a firm place in our everyday life. First
and foremost, the simplicity of its questions and the beauty of its results have made
number theory to one of the most flourishing branches in mathematics.

Since the time of Euclid, mathematics has made a remarkable progress. A lot of
interesting results could be shown particularly in the theory of numbers. But this
theory is also known for various open questions. Goldbach’s conjecture (every even
integer can be written as a sum of two primes) and the question if there are infinitely
many twin primes (a pair of primes whose difference is two) belong to the most
famous unsolved problems in mathematics. Not unmentioned should be Riemann’s
hypothesis, which is a central problem in analytic number theory. An open and
unapproachable problem, which is related to this thesis, is the question whether
there are infinitely many primes of the form 2™ — 1 (so-called Mersenne primes) or of
the form 22" 4 1 (so-called Fermat primes).

These two types of numbers lead me to another branch of number theory. Using
the binary system, Mersenne numbers consist only of ones (for example 23 — 1 =
(111)3) and Fermat numbers of exactly one 1 at the beginning and one at the end
(for example 22° + 1 = (10001)3). Although humans already wondered about repre-
sentations of numbers thousands of years ago, our nowadays commonly used decimal
system (including the digit zero) was brought to Europe from India via the Arab
World in the Middle Ages. The previously mentioned binary system, which has be-
come so important during the 20th century, was studied in the 17th century for the
first time (for a history of number theory and representation systems see [Rib96] and
[Knu81, Chapter 4]. There are only few known general results that relate numbers
to their digits. Although such problems are often very difficult, there has been some
progress in the last decades (see for example [MR10, Chapter 1]). One reason for
that may be the fact that in the era of computers, digits have gained in importance.

A crucial role, historically as well as in my thesis, is played by the sum-of-digits
function of a number n in base ¢ (denoted by s4(n)). It was studied indirectly in base
2 (where it counts the number of ones in the binary system) by Prouhet in 1851. At
the beginning of the 20th century Thue used the sequence (s2(n) mod 2),,>0, which
begins with the digits

011010011001011010010110...,
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in order to solve a combinatorial problem. This sequence was rediscovered by several
different mathematicians (amongst others by Morse in differential geometric consid-
erations) and is nowadays known as the Thue-Morse sequence (see [Mau01]). First
general results concerning the sum-of-digits function where shown in the middle of
the 20th century, among others by Bellman, Shapiro, Delange, Katai and Gelfond.
The latter, the Russian mathematician Alexander Osipovich Gelfond (Anexcamap
Ocunosuu Tenndonrm, 1906 — 1968), contributed substantial achievements to the
distribution of the sum-of-digits function. In 1968, in his work Sur les nombres qui
ont des propriétés additives et multiplicatives données he showed the following result:

Theorem (Gelfond, [Gel68|). Let q,m and r be positive integers with ¢ > 2 and
(m,q — 1) = 1. Then, for all integers ¢ and a, we have

N
#{1<n<N:n=/{modr, sq(n)Eamodm}:%—i—O(N’\),

where X < 1 is a positive constant only depending on q and m.

At the end of his paper Gelfond stated three questions, which are called Gelfond’s
sum-of-digits problems. In the following, I will illuminate them and I will state known
results and solutions. First, Gelfond conjectured that for all q1, go, my1,me > 2 with
(q1,92) = 1, (m1,q1 — 1) = 1 and (mg,q2 — 1) = 1 there exists a positive constant
A < 1 such that

#{1 <n < N:sg(n)=a; mod my and sg,(n) = ag mod mo} = + O(NY).

my1ma

A few years later (1972), Bésineau could show an asymptotic result, yet without any
estimate of the error term. Almost 30 years later, in 1999, Kim solved Gelfond’s
first problem. In particular, he proved a more general result for g-additive functions
(see [Bés72, Kim99]).

Gelfond’s second problem asks for the number of primes p for which the sum-of-
digits function s,(p) lies in a fixed residue class modulo m. The digital nature of the
sum-of-digits function and the multiplicative properties of primes, which do not seem
to have anything in common, made this question to a highly interesting and until
recently unsolved problem. In their work Sur un probléeme de Gelfond: la somme des
chiffres des nombres premiers, Mauduit and Rivat showed the following result:

Theorem (Mauduit and Rivat, [MR10]). Let ¢ and m be integers > 2 and let d =
(g —1,m). Then there exists a constant o, > 0, such that for all a € Z,

d
#{p < x : p prime and s4(p) = a mod m} = Eﬂ'(%; a,d) + O(z'=70m),

where w(x;a,d) is equal to the number of primes p < x with p = a mod d. Moreover,
the sequence (asq(p)), p prime, is uniformly distributed modulo 1 if and only if o €

R\ Q.
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The consideration of the sum-of-digits function of polynomial subsequences is the
main objective of Gelfond’s third question. Let P be a polynomial which satisfies
P(N) € N. Then, what is the number of positive integers n such that s,(P(n)) =
a mod m? Interestingly, this seems to be Gelfond’s most difficult sum-of-digits prob-
lem. This is due to the fact that sparse sequences, i.e., the n-th term of the sequence
is much larger than n, make work more difficult. Mauduit and Rivat completely
solved Gelfond’s third problem in the case of squares (P(n) = n?):

Theorem (Mauduit and Rivat, [MRO09]). Let ¢ and m be integers > 2. Let d =
(g—1,m) and Q(a,d) = # {0 < n < d:n?=amodd}. Then there exists a constant
ogm > 0, such that for all a € Z,

#{n<x: Sq(n2) = a mod m} = % Q(a,d) + 0O ($1—aq,7,L) ]

Moreover, the sequence (asq(n2))neN s uniformly distributed modulo 1 if and only if

aecR\Q.

This thesis, which I will present in the following, deals with general Gelfond
problems and related questions. In order to keep the notation in the introduction
as simple as possible, at this point, I will sometimes not state my results in full
generality. Exact definitions and detailed results can be found in the cited chapters.
Since the notation slightly changes in different areas (for instance, s,(n) denotes the
ordinary or the complex sum-of-digits function depending on the underlying ring of
integers), I will introduce the specific notation in each chapter. In my thesis I will
use the convention that the natural numbers N include the number 0, since, most
notably, zero is a historically (even though a very late excepted) and for the study
of the sum-of-digits function crucial digit.

Chapter 2 covers the sum of digits of primes in the ring of Gaussian integers.
Inspired by the work of Mauduit and Rivat for the sum of digits of primes in the
natural numbers, Drmota, Rivat, and Stoll proved a similar result in the Gaussian
integers Z[i] under certain assumptions (in what follows, s,(-) denotes the complex
sum-of-digits function):

Theorem (Drmota, Rivat, and Stoll [DRS08|). Let ¢ = —a £ i be a prime in Z][i],
where a > 28 is a positive integer and b,g € Z, g = 2. Moreover, set d = (g,a2 +
2a+2) and 0 = (d,1 Fi(a+ 1)), where the choice of the sign depends on the sign of
q = —a=xi. Then there exists 044 > 0 such that

d
+# {p € Z[i| : p prime ,\p[2 < N, sq4(p) = bmod g} = gm(N; b,d/d) + O (Nl_"q'g),

where m;(N;b,d/8) denotes the number of Gaussian primes with |p|> < N and p =
bmod d/§. Furthermore, the sequence (asq(p)), running over all Gaussian primes p,
is uniformly distributed modulo 1 if and only if o € R\ Q.



20 1 Introduction in German, French, and English

In my work I show that one can get rid of the special, somewhat unnatural assump-
tions of Drmota et al. in order to solve Gelfond’s second problem in the Gaussian
integers. In particular, I treat all possible bases for which there exists a direct gen-
eralization of the sum-of-digits function to Z[i]. Moreover, I analyze primes lying in
circular sectors instead of discs. In view of Hecke’s prime number theorem, which
deals with the number of Gaussian primes lying in circular sectors, the consideration
of these regions seem to be a natural choice. In the following we denote the number
of Gaussian primes [p|?> < N that satisfy 71 < arg(p) < 72 and p = bmod d’ by
Ty (N30, d')

Theorem. Let ¢ = —a+1i or q = —a — i, a > 1 be a Gaussian integer and 0 <
11 < Y2 < 27. Furthermore, let b, g € Z, g > 2 and set d = (g,a® + 2a + 2) and
d = (g,q —1). Then there exists a constant oq4 > 0 such that

#{|p|> < N : p prime, 11 < Arg(p) < 72, s4(p) = b mod g}

— Ly (Nib ) + O(N'725),

Let (pn)nen be a sequence of all Gaussian primes with v < Arg(p,) < 2 ordered
such that |ppy1| = |pn|. Then the sequence (asq(pn))nen is uniformly distributed
modulo 1 if and only if « € R\ Q.

The methods used for the proof of this theorem range from a generalized Vaughan
identity in Z[i] to approximation properties of certain functions and a van der Corput-
type inequality in the ring of Gaussian integers. Moreover, I develop exponential sum
estimates and L'- and L>-norm estimates of the discrete Fourier transform of the
complex sum-of-digits function.

The sum-of-digits function of squares is treated in Chapter 3. The main focus
is placed on the choice of Gaussian integers which I analyze. A sequence (Dy)nen of
subsets of Z[i] is called a x-Z[i] sequence, if for all N € N the following four conditions
hold true:

(1 DN c DN+17

)
(it) Dy C {2 € Z[i] : max (|R(2)], [3(2)]) < VN },
(iii) there exists a constant ¢ > 0, such that ¢N < #Dy, and
(iv) #{DNA (r+Dn)} < |r|N1=F for all r € Z]i].

These sequences are special Fglner sequences where the rate of convergence comes into
play. The simplest examples of k-Z[i] sequences with k = 1/2 are Gaussian integers
lying in squares with side length v/N or discs with radius v N (see Figure 1.3).
Interestingly, one can show that every sequence of convex sets satisfying conditions
(1), (ii) and (iii) is a 1/2-Z[i] sequence. The main result of this chapter is the following,
where Q (b, d) denotes the number of Gaussian integers z in a complete residue system
modulo d with 22 = b mod d:
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Theorem. Let ¢ = —a +1¢ or ¢q = —a — i and a > 1 an integers, such that every
prime divisor p | q satisfies |p| > v/689. Moreover, let b,g € 7, g > 2 and (Dy)Nen
a Kk-Z[i] sequence with 0 < k < 1/2. Set d = (g,q — 1). Then there exists a constant
0q,9.x > 0 such that

#42 € Dy s (%) = bmod g} = T2X Qlbud) + O (N7

Furthermore, if (zn)nen 1S a sequence of all Gaussian integers ordered such that
|znt1] = |2ul, then the sequence (asy(22))nen is uniformly distributed modulo 1 if
and only if « is irrational.

AR - -
NI

Figure 1.3: k-Z][i] sequences with k = 1/2

Similarly to the case of prime numbers, I use a van der Corput-type inequality in
the Gaussian integers. However, the remarkable property of this inequality is, that it
allows the study of the complex sum-of-digits function in x-Z[i] sequences. Further-
more, I obtain estimates of Gauss sums in Z[i]. Together with the fact that addition
in the ring of Gaussian integers can be realized using an automaton, in the end these
sums make it possible to employ the discrete Fourier transform of the sum-of-digits
function. Exponential sum estimates (results of Gittenberger and Thuswaldner are
improved) as well as the Fourier theoretic results obtained in Chapter 2 complete the
proof.

Chapter 4 contains a generalization of the Thue-Morse sequence and the ordi-
nary sum-of-digits function to group-valued functions. Let ¢ > 2, H be a compact
group that satisfies the Hausdorff separation axiom, and go, g1,...,94—1 € H with
go = e the identity element. Furthermore, let G < H be the closure of the subgroup
generated by go,g1,...,94-1. Suppose that €y),...,€¢_1(n) are the digits of the
integer n in base ¢q. The sequence

T(’I’L) = gao(n)gal (n) """ 98571(,1)

n > 0, is called a generalized Thue-Morse sequence. It is a completely g-multiplicative
G-valued sequence and if G = Z/27Z (with + as the group operation), ¢ = 2, and
go = 0, g1 = 1, then T'(n) corresponds to the classical Thue-Morse sequence. The
sequence (asy(n))nen with a real number a can be realized on the torus.
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Theorem. Let (T'(n))nen be a generalized Thue-Morse sequence. Moreover, let a and
b be natural numbers with a > 1. Then there exist absolutely continuous measures vy
and v, such that T(an + b)nen is vi-distributed in G and T(n?)pen is vo-distributed
in G.

The theory of compact group representations allows to determine these measures in
a unique manner. Moreover, it is possible to state a criterion which decides whether
the considered sequences are uniformly distributed with respect to the Haar measure.
Irreducible and unitary representations occupy a firm place in the reasoning of the
given proof, which is based on a proper generalization of the Fourier-theoretic method
of Mauduit and Rivat.

Chapter 5 treats automatic sequences and frequencies of letters in subsequences.
First, I show an application of the result concerning the generalized Thue-Morse
sequence (T'(n))pen. As it turns out, there is a close relation between (T'(n))nen and
so-called invertible automatic sequences. In the case of finite groups, the distribution
properties of (T'(n?)),en imply the following result:

Theorem. Let ¢ > 2 and (uy)nen an invertible g-automatic sequence over an alpha-
bet A. Moreover, let a € A. Then there exists the frequency of a in the sequence

(un2 )TLEN'

Unfortunately, Thue-Morse sequences do not imply results for automatic sequences
without any constraints. However, with the help of a method worked out by Mauduit
and Rivat, the automatic structure of the given sequences makes it possible to estab-
lish a connection between the frequency of letters in general g-automatic sequences
(tn)nen and its subsequences (u|pe|)nen for 1 < c < 7/5:

Theorem. Let ¢ € (1,7/5), ¢ = 2 and (un)n>0 @ g-automatic sequence. Further-
more, let a be a letter occurring in (un)n>0. Then the logarithmic frequency of a
i (Une) Jnz0 exists and it is the same as the logarithmic frequency of a in (un)n>0-
Moreover, the frequency of a in (un)n>o exists if and only if the frequency of a in
(U|pe|)nz0 exists.

In order to prove this theorem I generalize a result of Mauduit and Rivat [MRO5,
Theorem 2| to g-multiplicative functions in the ring of complex square matrices. The
universal applicability of the double large sieve of Bombieri and Iwaniec is one of the
key points in the reasoning of the proof.

Chapter 6 deals with the sum-of-digits function in the natural numbers of the
sequence (|n¢|)nen, where c is a positive real number different from an integer. The
formulation of this problem is linked to Gelfond’s third question, where polynomials
are replaced by similarly increasing functions. It can be understood as an intermedi-
ate case between polynomials of different degree. Mauduit and Rivat [MR95, MRO5]
studied g-multiplicative properties of the sequence (|n¢|)nen for ¢ € (1,7/5). In
particular, they show the following result:
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Theorem (Mauduit and Rivat, [MRO5|). Let ¢ € (1,7/5) and q = 2. Then, for all
a, meN withm > 1,

lim l#;E{ngznzsq(mcj)Eamodm}:%.

r—00 I

Furthermore, the sequence (asq(|n°]))nen is uniformly distributed modulo 1 if and
only if « € R\ Q.

It seems to be difficult to show such a general result for big values of ¢. However,
using Fourier theoretic methods, I can show that for each positive real number ¢ that
is different from an integer the sequence s,(|n¢]) is well distributed for sufficiently
large bases q.

Theorem. Let ¢ € RT\ N and a,m € N with m > 1. Then there exists a constant
qo(c) = 2, such that for all ¢ = qo(c)

#{n<a:s,(|n°)) =amodm} = = +0 (¢! ~70m)

with a constant o4, > 0. Furthermore, the sequence (asq(|n¢]))nen is uniformly
distributed modulo 1 for all ¢ > qo(c) if and only if o € R\ Q.

Mauduit [Mau01] conjectured that for almost all ¢ > 1 and for all ¢, m > 2,

lim é#{néx:sq(LnCJ)Eamodm}:%. (1.3)

Tr— 00

My result does not solve this conjecture entirely, but it leads me to conjecture
that (1.3) is valid if and only if ¢ ¢ N, ¢ > 1. (It is easy to see that equation (1.3)
cannot hold true for integers ¢ > 1.) In order to show the cited result for as many
bases as possible, I use two different methods. On the one hand, I adapt a method
used by Deshouillers (see [Des72| and |[Des73a, Des73b]), which works for all real
numbers ¢ > 1 different from an integer. On the other hand, in the range (1,19/11)
I modify a method of Mauduit and Rivat [MRO05] and I obtain a stronger result in
this case. In addition to the mentioned Fourier transform, I use in both methods
classical exponential sum estimates & la van der Corput and Vinogradov as well as
approximation properties of the Beurling-Selberg function.

In Chapter 7 I consider local distribution results of the ordinary and the complex
sum-of-digits function. Drmota, Mauduit, and Rivat improved a method developed
by Bassily and Katai in order to show the following result (u, and o, are defined by

fg = (¢ —1)/2 and og = (¢* — 1)/12):
Theorem (Drmota, Mauduit, and Rivat, [DMRO09|). Let ¢ > 2. We then have
uniformly in k > 0 with (k,q—1) =1

#{p < x:p prim, sq(p) = k}

B -~ (k—pgq logq x)z
_g-1 @) <e i +o(<1ogx>-1/2+€)),

plg—1) \/2mo2log, x

where € > 0 is arbitrary but fized, ¢(-) denotes Euler’s totient function and mw(z) is
equal to the number of primes less than or equal to x.
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I generalize the work of Drmota, Mauduit, and Rivat and show that, under certain
assumptions on a function g : N — N, I get an asymptotic expansion of the numbers
#{n < z : s¢(g(n)) = k}. Furthermore, I discuss analog problems in the ring
of Gaussian integers. Developing ideas used by Gittenberger and Thuswaldner, I
obtain similar results in the complex setting. Finally, I give some examples in order
to emphasize the utility of the general considerations. In particular, exponential sum
estimates proved in Chapter 6 permit to show the following result:

Theorem. Let c € RT \ N. Then there exists a constant qo(c) > 2, such that for all
q = qo(c) and uniformly in k € N

S n <o (n]) = 1)

_ (kfuqclogq ac)2 7
_ x <e 203clogge 1 () < (E)g log);lzz;; >> ‘
\/2molclog, x og T

Moreover, results in Chapter 3 together with a van der Corput-type inequality in Z[i]
imply an asymptotic expansion of the numbers #{z € Dy : s,(2?) = k} for arbitrary
k-Z[i] sequences (D )nen with k = 1/2.

Finally, I would like to summarize the most important results of my thesis and
give references to my submitted, accepted, and published papers. In order to com-
pletely solve Gelfond’s problem for prime numbers in the Gaussian integers, I treat
the discrete Fourier transform of the complex sum-of-digits function in detail and
improve some known exponential sum estimates in Z[i] (Chapter 2). Furthermore,
I introduce special Fglner-sequences (so-called k-Z[i] sequences) in the Gaussian inte-
gers and prove a van der Corput-type inequality as to show distribution results for the
sum-of-digits function of squares (Chapters 3 and 7). The content of these chapters
is based on my work [Mor10a], which was published in the Journal of Number Theory,
and my submitted paper [Morl0Ob|. Next, I study generalized Thue-Morse sequences
in compact groups by developing a method for group representations analogous to
the Fourier based method of Mauduit and Rivat (Chapter 4). These considerations
are based on the paper [DM10], which is joint work with Michael Drmota and which
was accepted for publication in the Israel Journal of Mathematics. As an applica-
tion, I consider the frequency of letters in the subsequence of squares of invertible
g-automatic sequences. In order to obtain results for subsequences of general au-
tomatic sequences, I introduce and analyze matrix-valued g-multiplicative functions
(Chapter 5). Some parts of these results can be found in [DM10|. Finally, I show
that the sum-of-digits function of the sequence (|n¢|)nen for ¢ € RT \ N is uniformly
distributed by combining well-known exponential sum estimates and recently devel-
oped methods in harmonic analysis (Chapters 6 and 7). These results are based
on my submitted paper [Morl0c].



Chapter 2

The sum of digits of (Gaussian
primes

The mathematician’s patterns, like the painter’s

or the poet’s must be beautiful; the ideas, like the colors
or the words must fit together in a harmonious way.
Beauty is the first test: there is no

permanent place in this world for ugly mathematics.

Godfrey Harold Hardy (1877 - 1947)

In this chapter we consider the sum of digits of primes in the ring of Gaussian
integers. Let ¢ = —a 4 and denote by s, the complex sum-of-digits function with
respect to base ¢ (see Apendix A.1). We show that the sequence (asy(p)) running
over all Gaussian primes lying in a circular sector is uniformly distributed modulo
1 if and only if « is irrational. Moreover, we prove that the sum-of-digits function
of primes is well distributed in arithmetic progressions. In particular, we determine
the order of magnitude of the number of Gaussian primes lying in a disc whose sum-
of-digits evaluation lies in some fixed residue class mod m. This work generalizes a
theorem of Mauduit and Rivat that was the solution of a long standing conjecture by
Gelfond concerning the usual g-ary sum-of-digits function. It also improves a result
of Drmota, Rivat, and Stoll, who could only deal with sufficiently large prime bases
g = —a £ i and the full disc instead of circular sectors.

2.1 Introduction and main results

Before stating our main result, we recall the historical development of Gelfond’s
sum-of-digits problem for primes. Gelfond [Gel68| remarked in 1968, that it would
be interesting to find the number of primes p less than or equal to z, such that
s¢(p) = b mod m, where s4(n) denotes the g-ary sum-of-digits function in N. Based
on a Fourier theoretic method, Mauduit and Rivat [MR10] could recently show that

25
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the sum of digits of primes is well distributed in arithmetic progressions: Let m be
an integer > 2 and set! d = (m,q — 1). Then there exists a constant og,m > 0, such
that for every b € Z,

#{p < x : p prime and s4(p) = b mod m} = %7‘(’(1’; d,b) + Oy (xr~72m),

where m(x;d,b) denotes the number of primes p < x, such that p = b mod d. More-
over, they proved that the sequence (asy(p)), running over all primes, is uniformly
distributed modulo 1 if and only if « is irrational. Here and in what follows, the
symbol f = O, (g) means that |f| < cg, where the constant ¢ may depend on w.

Drmota, Rivat, and Stoll [DRS08| considered the same problem in the ring of
Gaussian integers. If ¢ = —a i (choose a sign), where a € Z™, then every z € Z][i]
has a unique finite representation of the form

Z:Zgj(z)qj, €j(z) € {0’17"'¢|Q|2_1}7

720

with €;(z) = 0, for j greater than some constant jo(z). The number ¢;(z) is called
the j-th digit of the number z in the base-q representation system. The Gaussian
integers ¢ = —a + 4, a > 1, are the only possible bases such that the digits are given
by {0,1,...,]q|?> — 1} (see Theorem A.2). The (complex) sum-of-digits function s,
is then defined by 2 — >_.~¢;(2) (see Appendix A.1 for further information on the
base-gq representation system in Z[i] and the sum-of-digits function s,).

Theorem DRS (Drmota, Rivat, and Stoll [DRS08|). Let ¢ = —a £ ¢ be a prime
in Z[i] with a > 28 a positive integer and let b,g € Z, g > 2. Moreover, set d =
(9,02 +2a+2) and § = (d,1 Fi(a+ 1)), where the choice of the sign depends on the
sign of ¢ = —a + 1. Then there exists 044 > 0 such that

# {p € Z[i] : p prime , |p|* < N, s4(p) = bmod g} = gw; b,d/8)+0qq (N'7707),

where m;(N;b,d/§) denotes the number of Gaussian primes with |p|> < N and p =
bmod d/d. Furthermore, the sequence (asq(p)), running over all Gaussian primes p,
is uniformly distributed modulo 1 if and only if a is irrational.

The assumptions on the base ¢ (¢ = —a=i is prime and a > 28) in Theorem DRS
arise from the method of the proof given in [DRS08|. In the end, the similarity to
the circle problem makes it impossible for Drmota et al. to treat composite bases and
small prime bases. Note, that it is not known if there exist infinitely many Gaussian
primes of the form ¢ = —a £ ¢ (since it is not known if there exist infinitely many
primes of the form a? + 1). The restriction in Theorem DRS to primes lying in a
disc {z € Z[i] : |z|*> < N} is also a drawback of the method used for the proof of the

1'We use throughout this thesis following standard notation: If a,b € N, then (a,b) denotes the
unique greatest common divisor of a and b. If a, b € Z[i], then the same symbol denotes an arbitrary
but fixed greatest common divisor in Z[i] of a and b.
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theorem. However, as it is remarked in [DRSO08| (see page 322), it would be natural
to consider the distribution of the sum-of-digits function of Gaussian primes lying
in angular regions. In view of Hecke’s prime number theorem (which deals with the
number of Gaussian primes lying in circular sectors, see below), the consideration of
these regions seem to be a natural choice.

In what follows, we show that we can get rid of these special assumptions in
Theorem DRS. In particular, we prove that Theorem DRS holds true for all possible
bases ¢ = —a £ ¢, a > 1 and for Gaussian primes lying in an circular sector of the
form?

{neZ[i]: [n]” <N,m < Arg(n) < 72},

where 0 < 71 < 72 < 1 (note, that v = 0 and 72 = 1 corresponds to the disc).
Most notably, improved Fourier transform and exponential sum estimates as well as
special approximation properties of certain functions permit to obtain a result in this
generality. The main focus is placed on the treatment of the exponential sum

> Ai(n)e(asg(n),
In|2<N
71 <Arg(n)<ve

where 0 < 71 < 72 < 1, A;(n) denotes the complex von Mangoldt function

Ay(n) = log|p|, if n =ep”, for some unit &, prime p and integer v > 0,
S0, otherwise,

and e(z) is defined by >,

Theorem 2.1. Let g = —a£i,a>21and 0 < v <y < 1. Then for any o € R
with (a® + 2a + 2)a & Z there exists a constant o4(a) > 0 such that®

> Ai(n)e(asg(n)) g N7,
[n2<N
v1 <Arg(n)<vy2

The following two corollaries are a direct consequence of Theorem 2.1. For the
proof of Corollary 2.2, we use in addition Hecke’s prime number theorem (see [HST91,
page 126] or [GL66, Chapter 4]), which states that the number of Gaussian primes
Ip|? < = with v; < Arg(p) < 72 is asymptotically given by 4(y2 — v1)z/log z.

Corollary 2.2. Let ¢ = —a+i, a 21 and 0 < 71 < 72 < 1. Furthermore, let
(Pn)nen be a sequence of all Gaussian primes with v1 < Arg(py) < 2 ordered such
that |pp+1| = |pnl. Then the sequence (asq(pn))nen is uniformly distributed modulo
1 if and only if « is irrational.

2If z # 0, we denote by Arg(z) the unique real number 0 < & < 1, such that z = |z|e*™**.
3The symbol f < g means that f = O(g) and f <. g means that f = O(g). If not otherwise
stated, this convention is used throughout the whole thesis.
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Corollary 2.3. Let ¢ = —a+i, a 21 and 0 < v1 < 72 < 1. Furthermore, let
b,g €Z,g>2 and set d = (g,a*> + 2a +2). Then there exists a constant o445 > 0
such that

#{|p|> < N : p prime, 71 < Arg(p) < 72, s4(p) = bmod g}

d Y
= ;77“/19{2(]\73 b,(g,9—1))+ Oq,g(N1 @),

where Ty, ~,(N; b, (g,q — 1)) denotes the number of Gaussian primes |p|> < N with
71 < Arg(p) <2 and p=bmod (9,9 — 1).

This chapter is organized as follows. The next Section deals with L'-norm and
L*°-norm estimates of the discrete Fourier transform of the sum-of-digits function in
Z[i]. The starting point of the proof of Theorem 2.1 is Vaughan’s identity in Z[i],
which allows to split up the problem in estimating so-called type I sums and type II
sums (see Section 2.3.1). We give a new proof of this identity in order to be able to
treat circular sectors (see also Remark 2.11). Since type I sums for discs are already
treated in [DRS08] (and since the reasoning for circular sectors is very similar), we
give in Section 2.3.2 just a short outline of the proof of the type I sum estimate. The
main task of this chapter is the proof of the type II sum estimate for general bases
and circular sectors (see Section 2.3.3).

We start with “removing” the multiplicative constraints of the indices of summa-
tion as well as the condition coming from the fact that we are dealing with circular
sectors (Lemma 2.14). In order to do this, we use special approximation proper-
ties related to Perron’s summation formula. Using approximation properties of the
Beurling-Selberg function together with the Koksma-Hlawka inequality, we give a sec-
ond proof of Lemma 2.14 (for the sake of understanding). We continue with showing
a van der Corput-type inequality and a “carry” lemma which allow us to truncate
the sum-of-digits function. (Comparable results can be found in [DRS08|. Since
there are some inconsistencies in the proofs, we give new ones, see also Remarks 2.16
and 2.18.) Next, we can avoid problems similar to the circle problem and Fourier
theoretic methods lead us to expressions that are related to linear exponential sums,
see Remark 2.19 and Lemmas 2.20 and 2.21. These two lemmas are of considerable
importance for the proof of the main theorem. In the end, together with the Fourier
transform estimates, they make it possible, that we can show the desired result in
its full generality. In this part of the proof we use also ideas developed by Martin,
Mauduit, and Rivat [MMR] in order to simplify the calculations. In Section 2.3.4 we
finish the proof of Theorem 2.1. Section 2.4 finally contains the proofs of Corollary 2.2
and Corollary 2.3.

2.2 Fourier analysis of F)

In what follows we denote by R,, a complete residue system modulo m (m € Z[i]).
Moreover, we set @ = |q|?> = a® + 1 and write ||| for the distance from = € R to
its nearest integer. Recall, that we use e(z) for the exponential function e*™*. Let
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Fy = {Z] 0 ciq’ €5 €4{0,1,...]g/* — 1}} be the finite (non-scaled) approximation
of the fundamental region of the number system. Note, that it is also a complete

system of residues mod ¢*. The discrete Fourier transform Fy(-,a) of the function
u — e(asq(u)) is defined for all h € Z[i] by

1
A Z <asq §tr(huq_)‘)> )
u€eFy

where tr(z) = z + Z denotes the trace of z. Since F)(-,a) is periodic with period ¢*
and |Fy(h,a)| =1, we have

A
_ 1 _j
i) =@ [T o (- gotha) 2.)
]:
where the function ¢y (t) is defined for all k > 2 by

(1) = |sin(wkt)|/| sin(wt)|, t € R/Z,
PE) = k, otherwise.

In order to find an upper bound of |F)\(h,«)|, we show the following lemma. It is
based on a thorough analysis of the proof of [MR09, Lemma 6] (with three adjacent
terms instead of two) and generalizes the cited lemma to the Gaussian integers.

Lemma 2.4. Leta > 1 and g = —a £ i. We have for a € R that

Ly L ir(q2) Lir(?2)
max ¢q | & 2 po (o= 5tr(az) ) vg | — Str(g

||(a2 + 2a + 2)a|
<@g a2+ 2a + 2 '

@ +20+2)a] 1

Proof. For readability, we set § Tz S agy U = (a® +2a + 2)a, v =

(= (1/2) tr(gz)) and w = (a — (1/2) tr(¢*z)). We have to show that at least one
of the factors is bounded by ¢g(d). Taking into account part (i) of Lemma A.6 it
suffices to study the case [jv]] < ¢ and |lw|| < d. Note, that there exist integers
ug,v1,wy and €y, €y, € {£1} such that u = uy + &, ||u|, v = v1 + & ||v]| and
w = wi + &y |w|. We use the identity

1
(1+a?) <a - §tr(z)> =u—2av — w,
to obtain (note that Q = a® + 1)

1
@ (- 55) | = llew hul - 20z, ol = ol

ofo- 1)

Next we claim that
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In order to prove this, it suffices to show that
§(a® +1) < leu [lull = 2aey [Jv]] - ew w]]| <1~ 68(a® +1).
Using the triangle inequality, we obtain

lew [|ul| — 2ae, [|v]| — ew ||w||| < 6(a® + 2a 4 2) +2ad + 6
=20(a®> +2a+2) —6(a® +1) <1—d(a® 4 1).

The last inequality follows from the fact that §(a® +2a +2) = ||(a® + 2a + 2)a/|. On
the other hand, the inverse triangle inequality gives us

lew Jul] — 2ag, ||v]| — ew [[w]|| = 0(a® + 2a + 2) — 2ad — & = &(a® + 1).

We finally obtain

a—ttr(z a— gtr(z
vQ <a—%t1‘(2)> = ¥Q <Q( ta : ))) <¢Q<HQ( QZt ( ))H> < 9Q(9)-

To show the last two inequalities we used parts (v) and (i) of Lemma A.6. O

Lemma 2.5. Let ¢g = 18{:;@ ((aﬁ;;img). Then we have for X > 3,
\Fa(h, )| < eﬂz/BGQ—éQ||(a2+2a+2)a||2)\.

Proof. First we note, that we have by the previous lemma and by part (ii) of
Lemma A.6

max pq (a - %tr(2)> vQ <a - %tr(q2)> ¢Q (a - %tr(q22)>

2 2_1)
< 03 _ m™(Q
sQ eXp< 6(a2 + 2a + 2

B H(a2 + 2a + 2)aH2> .

Let A > 3. Then we obtain

T Gt o ) L1 G L G B G R & 09),

3
j=1 @
Q% - 1) 2 2
< exp <_6(a2 90t 2P IA/3] ||(a® + 2a + 2)a| >
Since |A\/3] = (A —2)/3, this implies the desired result. O

Remark 2.6. A slightly weaker uniform upper bound of |F)(h,«)| can be obtained
by improving [DRS08, Corollary 6.4]: Let cg = ﬁ((@2 —1)/Q*). Then we have
for A > 3,

IFy(h, @)| < em/(34@7) g—cal|(@®+20+2)a " (2.2)
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Since 2/(3Q) < (6/(72(Q* —1)))/2, we obtain from point (i) and (ii) of Lemma A.6
that we have pq(t) < Qexp(—(Q* — 1)z ||t||* /6) if [|t]] < 2/(3Q) and that pg(t) <

0(2/(3Q)) < Qexp(—(Q® — )7 (2/(3Q))* /6 [1t|2) if 1]l > 2/(3Q). We obtain
that for all t € R the following estimate holds:

x2(02? —
M ||t||2> ]

calt) < Qexp (-2

Carrying out exactly the same steps as in the proof of [DRS08, Corollary 6.4], we get

A—2 273(Q* -1
|F\(h, )| < exp <— 7 W;?Cy )

< 67'('2/(54Q2)Q—CQ H (a2+2a+2)aH 2)\'

(a2 +2a+2)aH2>

This finally shows (2.2).

The next lemma of this section gives an L'-type upper bound of Fy. It is an
improvement of [DRS08, Lemma 6.6] and enables us to consider composite bases in
Theorem 2.1 instead of just prime bases. In view of an applications of this lemma
in Chapter 3, we prove it in a more general form than needed for the solution of
Gelfond’s problem of the sum of digits of primes.

Lemma 2.7. Leta > 1 and ¢ = —a +i. Furthermore, let b € Z[il,a e R, 0 < 6 < A
and k € Z[i] with k | ¢~ and q{ k. Then we have

S IE(ha)| < k2R QEAD|Fy(b, a).
hERqA
h=b mod kg¢°

If every prime divisor p of ¢ = —a £ satisfies |p|? > 689, then 15 can be replaced by
71689 -

Proof. The proof follows the lines of the proof of [MR10, Lemma 17]. We just give
a rough outline of those parts which are essentially the same as in the real case and
treat the steps which are crucial in the setting of Gaussian integers in detail. If § = A,
then the condition k | ¢*~ implies & = 1 and the statement holds trivially. If § < A,
then we define dy = (¢%,kq®) (where we choose one greatest common divisor) and
ug = q°/dy whenever 6 < 6 < \. If we set pg = dg/dp_1, then one can show as in
the real case that the following claim holds true: py is a Gaussian integer satisfying
po | ¢ and (g, pg) # q. Our main goal is to show that for § < 6 < A,

> BB <lpol QT Y [Fpoa(hia), (2.3)
hEng hERq9,1
h=b mod dy h=bmod dg_1
where 75 can be replaced by mggg if every prime divisor p of ¢ = —a + ¢ satisfies

Ip|? > 689. The statement of the lemma follows then the same way as in the proof
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of [MR10, Lemma 17]. In order to show the result, we start with rewriting the
left-hand side of (2.3). We have

o [Fp(ha)l= Y |[Fy(b+ udg, )

hEng ueRug
h=b mod dy

= > |F(b+vdg_q,0)

veun971
v=0 mod pyg

= Z Z |Fo(b+ (u + wup—1)dp—1, ).
ueRu971 ’LUERq

u+wug_1=0 mod py

Since ug_1dg_1 = ¢’ and Fy_1(.,«) is periodic of period ¢!

product representation of Fy (see (2.1)) that

, we obtain by the

> Bha)l= > [Fpa(b+udyy, @) E6), (2.4)
hEng ueRu971
h=b mod dy

where E(0) is defined by

w0y T sl be(t)1e(3)

weRy
u+twug_1=0 mod pg

Next we seek for an upper bound of E(6), which is the main part of this proof.
Since dg_1(po,ug—1) = (dg, ") = (¢°, kq®, ") = dg_1, we see that (pg,ug—1) = 1.
This implies that ug_; has an inverse modulo py (say tg_1) and we can rewrite the

condition u + wug_1 = 0 mod pg to w = —utig_1 mod pg. Since we have to consider
Gaussian integers w lying in a complete residue system modulo ¢, we can choose

w = —utg_1 —rpg, r € Ry/,,. We obtain
1 1 b+ udg_q 1 —Ully—1 — TPy
T‘ERq/p9
1 1 b+ Udg_l uﬁ9_1> 1 ( r >>
= — po | a— - tr ( + + -tr{ —/— .
Q 2. ( 2 q° q 2 \4/pe
TERCI/PQ

Set § = q/pg and d = (R(G),3(§)). Then d has to be a divisor of ¢ and thus of q.
But since ¢ = —a % i, this is only possible if d = 1. Hence, {0 < r < |§|?} forms a
complete residue system modulo §. We get

B0)= ] 5 sofa- bu (Pt vier) 2@

7|2
ocrs2 q q [

Note that
(R(9), 131*) = (R(), R(@)* + S(9)?) = (R(@),(9)?),
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and that the last expression is a divisor of
(R(@)*,3(0)*) = (R(@),3(9))* = 1.

Thus, we have (R(q), |§|?) = 1 and it follows that

1 1 /b+udy g
E(@):a 3 ¢Q<a—§tr< +2691+uu2 1>+ﬁ>.

0<r<|ql?

Using point (iv) of Lemma A.6 we obtain
=212 2152
E(9) < |pg| T2 Q" Mai?,

Since § = q/pp is a divisor of ¢ = —a i we have |§|> = 2 or |§|?> > 5. In both cases
point (iv) (in combination with point (iii)) of Lemma A.6 implies

E(6) < |pg| 2™ Q%™

If every prime divisor p of ¢ = —a 4 i satisfies |p|? > 689, then |G|? > 689 and we can
replace 75 by mgg9. Together with (2.4) this shows the desired result. [l

The last lemma of this section deals with the L'-norm of the special case ¢ =
—1=+14. Note, that the method of the proof of Lemma 2.7 also works in this case, but
then the exponent 75 (which is smaller than 1/2, see Remark 2.9) has to be replaced
by 1/2. This does not suffice for the proof of our main theorem (see for example the
end of Section 2.3.3).

Lemma 2.8. Forq=—-1+1i, beZ[i], « € R and 0 < d < \ we have

Y B a) <2-27070|F5(b,a)],

heF)y
h=b mod ¢°

where 1 is defined by n = % <1 + %)

Remark 2.9. Since 75 is also given by 5™ = %Eﬁ:o (sin Z (% + T))_l (see [IMR10,
Lemma 14]), we have 0.4272 < 15 < 0.4273. On the other hand, we have 0.4619 <
n < 0.462. Hence, Lemma 2.7 and Lemma 2.8 imply that for all ¢ = —a + ¢ with
a > 1 and for any d | ¢* we have

\|2n

Yo R )] <
hERqA
h=bmod d

’Fl/q(d) (b7 Oé)‘,

where v,(d) denotes the unique integer k such that ¢* | d but ¢**1 ¢ d.
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Proof of Lemma 2.8. In order to prove this, we develop an idea of Mauduit and Rivat
(IMR10, Lemma 18]). In the case ¢ = —1 % ¢ the set of digits is given by the set
{0,1} and the Fourier transform can be written as

cosm|a— =tr| — ,
2 ¢
for A > 1. Note next, that we have

1t 1 1 1t 1 0 q 1t 1 1 (2.5)
—tr{ =) =—= —tr| = | = an —tr| =) =-> )
2 q 2’ 2 q? ’ 2 q3 4’

for ¢ = —1 £ ¢ (independent of the chosen sign). We can write

Z |[Fxt3(h, )| = Z [Fxt3(h, )] + Z |Faps(h + 2, a)

A
|Fo(h,0)| =1, and  |Fy(h,a)| =[]
j=1

he}}% hE]:)\+2 he]'—A+2
h=b mod ¢° h=b mod ¢° h=b mod ¢°
1 h
= Z |F>\+2(h,oz)|< cos T (a— §tr e
h€.7:>\+2
h=b mod ¢°

+

L))}

Using the estimate | cos z| + | sin 2| < v/2, we obtain that

S B V23 [Bualha)l (26)

h€.7:>\+3 hE}—A+2
h=b mod ¢° h=b mod ¢°

This does not suffice to show the desired result and we have to iterate this recur-
rence relation another two times. In order to get a menagable notation, we use the
abbreviations

1 h 1 h 1 h
r=m oz—itr W ,Y=m a—itr W L, Z=T a_§tr W .

Observing (2.5), we get

> |Fas(h,a)

hE€Fry3
h=b mod ¢°

= Y R0 <| cos z|(| cos y| + | sin y)(
heFy
h=b mod ¢°

cos z| + | sin z|)

+ | sinz|(| cosy| + | siny|)(| cos(z — w/4)| + | sin(z — 7T/4)|)>
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Using (| cosz| + |sinz|)? = 1 + |sin 22|, |cos x| + | sinz| < v/2 as well as
(| cos fa + | sin0]b)? < a® + b2,
we obtain

S Buastha) <v2V2+vE Y Rk

he}}% heFy
h=b mod ¢° h=b mod ¢°
Applying this inequality L%J -times (and estimate (2.6) one or two times, if needed)
yields the desired result. O

2.3 Proof of Theorem 2.1

In this section we prove Theorem 2.1, that is, we give an upper bound of the expo-
nential sum

> Ai(n)e(asg(n). (2.7)

In|2<N
71 <Arg(n)<ve

2.3.1 Vaughan’s identity

In order to handle the sum (2.7), we decompose the von Mangoldt function into a
sum of other functions. In particular, we use a variant of Vaughan’s identity in the
Gaussian integers (similar to [DRS08, Lemma 3.1]).

Lemma 2.10. Let Q > 2 be an integer, 0 < (B1 < %, % < (B2 < 1 real numbers and g
an arithmetic function. Suppose that uniformly for all real numbers M < x and all
complex numbers ap,, by, with |an|,|b,| < 1, we have

. max Z glmn)| < U for M <z (type I), (2.8)
%<|m|2<MWQ<W itz <Inl<t
Y1 <Arg(mn) <7z
Z Z ambng(mn)| < U for 2% < M < 2% (type II).
Y mP<M %y <InP<; 5
71 SArg(mn) <2
(2.9)

Then

> Ai(n)g(n) <, U(log x)?.
%<\n|2<x
71 <Arg(mn)<va
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Remark 2.11. Drmota et al. used Dirichlet series and Dedekind’s zeta function of Q(7)
for proving the decomposition of >, A;(n)g(n) into three different sums (cf. (2.10)).
Without further reasonings this seems not to be justified since two Dirichlet series

n bn
O P VI

neZ[i\{0} n€eZ[i]\{0}

can be equal even if a,, # by, for some n € Z[i]. (Take for example the Dirichlet series
defined by a1 = 1 and a, = 0 for n # 1 and b; = 1 and b, = 0 for n # i. Both
series are given by the constant function 1.) In particular, one cannot deduce the
coefficients aj,, from the corresponding Dirichlet series Y, a,/|n|?*. Thus, we give a
proof of the performed decomposition without using Dirichlet series in the Gaussian
integers (compare with [IK04, Chapter 13.4]).

Proof of Lemma 2.10. Let 1 <u < 2/Q < |n|?> < 2. Then we have

1
3 Y. Ai(n)g(n) = S1— S2+ S, (2.10)
2 <Inf2<a
11 <ATg(n)<72

where

Sp=2- > > pi(m)log(|n|)g(mn),
Im|2<u ﬁﬂngﬁ
71 <Arg(mn)<va

Sy = 3—12 3 > pi(ma)Ai(mz)g(miman),

2 2
K
Im1]2,Jm2|?<u

T 2 x
n|*<
Q\mlmz\2<‘ I S mymagl?

v1<Arg(mimean)<vyz
1
S3= 55 ) ) pi(m)Ai(n1)g(mning),
2 2 T 2 x
|m| "nl‘ u Q\mnl\2<|n2‘ g\mnl\2
v1 <Arg(mning)<vyz2

and u; denotes the complex Mdbius function

1, if n e {£1, +i},
wi(n) =< (=1)¥, if nis a product of v distinct primes (times some unit),
0, otherwise.

In order to show this, we need the following formulas (which are slightly different
from the appropriate formulas of the common von Mangoldt and Mé&bius function).

We have

> " Ai(m) = 4log|n| (2.11)

mln
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and

[ 4, ifne {£1,+i},
zl:'ul(m) N { 0, otherwise. (2.12)

Let us fix some Gaussian integer n. We start with the relation
16A;(n) = > Ay(b)s(c).
b,c
be|n

It is a direct consequence of (2.12) and the fact that A;(n) = Aj(—n) = Ai(in) =
A;(—in). Next, we split the sum up according to the size of b and ¢ to obtain

16Mi(n) = > A@ui+ DY A(d)pilo)

1612 <u, [e]* <u 1612 <u, [e]*>u
beln beln
+ > MO+ D AGb)mi(e).
b2, e]2<u b2, [e2>u
be|n be|n

Moreover, we have

o MmO+ D Ml = > Ad)d mile),

|b|2<u7‘|0\2<u |b|2<u7‘\0|2>u |b|2‘<u c|2
be|n beln bln

which is equal to zero, since by assumption |n|?> > u (see formula (2.12)). Further-
more, we obtain (using (2.11))

S MO+ D M) = D pile) > Ai(b)

6] <, [c]? <u 6] >, [c]*<u lc]*<u b2
be|n be|n c|n

=4y m(C)log(%‘.

le]*<u
c|n

Hence, taking these facts into account, we get (|n|? > u)

16A(n) =4 Y w(@log|Z| = 3 Abum+ D A®m(e).
\

P <u b2 <, el2<u b2, e2>u
c|n be|n be|n

Weighting by g(n), dividing by 32 and summing over all n with 2/Q < |n|?> < x and
v1 < Arg(n) < 2 we finally get (2.10).
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The rest of the proof is similar to the rest of the proof of [DRS08, Lemma 3.1].
We choose u = 2%, In order to bound S;, we use partial summation to obtain

si<z Y| X tos(uhg(mn)

2L T 2 z
Im|?<u QmZ <In g‘mp

71 <Arg(mn)<v2

< (log z) g _max g g(mn)|.
|m|2<u QImI2 STz L <|n|?<t
= Q[m|? =
Y1 <Arg(mn)<vyz

Splitting the summation over m gives

S; < (log z)? max g _max E g(mn)|.
B <|mf2<m @I T G <ini<t
v1 <Arg(mn)<vyz2

The type I estimate (2.8) implies that S <, U(log x)?. For the estimation of Sy we
use (see (2.11))

Y milm)Ai(ma)| < Y Ai(d) = 4log |m],
dlm

[ma|2,|m2|?<u
m=mima

to obtain

S log )2 .
z < (log)? max, > > glmn)
Y 2 | g <IP<Es

71 <Arg(mn) <72
Let My be a value of M for which the maximum is attained. If My < u (= )

or u < My < 2 we can employ (2.8) in the first case or (2.9) in the second case

to derive Sy < U(logr)?. In the case that 27 < My < u? we can choose complex
numbers a,, such that

Z Z g(mn)| = Z Z amg(mn).

M, x 2 z M, T 2 x
?0<‘m‘2<M0 Q\m\2<‘n| g‘m‘Q ?0<\m\2<M0 Q\77L\2<|n‘ g‘m‘Q
71 <Arg(mn)<vye 11 <Arg(mn)<v2
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Setting a,, = 0 if |[m|?> > My or |m|?> < My/Q, we are able to change the order of
summation and get

> > glmn)

M, T 2 x
?O<‘m‘2<M() Q\'m\2 <|n‘ < \m\Q

Y1 <Arg(mn)<vy2
= E E amg(mn) + E E amg(mn).
2 2 2
M@ <M S3fg Gz <IMIPSG2 T <SSR Ginz <<
71 <Arg(mn)<vya 1 <Arg(mn)<vyz
If we define M, = Mio and My = xﬁ%, we have for sufficiently large = that 27 <

M; < 27 and 2% < My < 2. Thus we can employ the type II estimation (2.9)
to the first sum with M = M; and to the second sum with M = My and we obtain
Sy <4 U(log )% in this case, too. To bound S3 we write

S3 = 21§2gx Z Z ambng(mn)7

u<|mP<E 52 5 <2<t

Su Qm|2 Im|?
71 <Arg(mn)<v2
where ]
A, = pi(m) and b, = STog g Ai(nq).
u<|n1|?, [n2|*<|n|?
n=nins

. 41
These numbers satisfy |an,| < 1 and 0 < b, < @de/\i(d) = %g‘:l < L
Splitting up the summation according to the powers of ), we obtain

S3 < (logz)? max E E ambrg(mn)| .
HSMSE M 2 x 2< x
@ <ImP<M G <Inf S

11 <Arg(mn)<vyz

We carry out a similar procedure as before. If the maximum Mj is attained between
% and z'/2, we can directly use the type II sum estimate. Otherwise we have to
change the order of summation and use then the type II sum estimate. We finally
obtain S3 <, U(log z)?, which implies the desired result. O

2.3.2 Sums of type I

The type I sums for “discs” (that is, for 41 = 0 and 9 = 1) are treated by Drmota et
al. in [DRS08, Chapter 8| for a > 2. Note, that the assumption a # 1 is not needed
in their reasoning so that they actually proved the type I sum estimate for all a > 1.
In what follows we show that this estimate is also valid for general angles v and ~s.
Since the proof is very similar to the proof of Drmota et al., we give just an outline
and refer at appropriate places to their work.
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Proposition 2.12. Leta € Z7, g = —a=+1i, 0 <y <72 < 1 and a a real number
such that (a* + 2a + 2)a € R\ Z. Then there exists a positive constant ol (c), such
that for all M with 1 < M < 2110 we have

Z max Z e (asq(mn))| <g.a 2! 7o)

M 2 Q\fn\? <\7:\2 x 2
11 <Arg(mn)<vyz

Proof. In order to prove this proposition it suffices to show that

> S elasy(mn)| g a7 (2.13)
G <Iml2<M In|?<t
Y1 <Arg(mn)<v2

for all Q 7 St <z M If R, is a complete residue system modulo m (whose elements
k satisfy |k| < (v/2/2)|m]), then we have

> e (asy(mn))| = |2Z > e<asq(€)+%tr%€>.

In|?<t k€Rm  [°<|m|?t
Y1<ATg(mn) <72 Y1 <Arg(£)<v2
Note, that 2/Q? < |m|*t < @ and that the sum-of-digits function is completely
g-additive (that is, we have s,(kg® + €) = s,(k) + s,(¢) for all A € Z*, k € Z[{]
and ¢ € Fy). We tessellate the domain {¢ € Z[i] : [(|* < |m|?t, 1 < Arg({) < 72}

3logx
10log @ |

in [DRS08] since they consider the whole disc {¢ € Z[i] : |{|> < |m|*t} instead of a
circular sector. However, the reasoning is quite similar and we obtain

by translates of Fy, where A = Here is a difference to the treatment

> e<asq(€)+;tr%> c; Ze<asq(€)+%tr%> +0(z'|q]).

€12 <|m|>t LeFX
71 <Arg(6)<v2
(2.14)
Using a two-dimensional large sieve based on the Sobolev-Gallagher inequality, it is
shown in [DRS08, Lemma 8.1 and Proposition 8.2] that

1 / /
Z Z Z (asq(€)+§tr %) <, M2QA/2+QWQ(a)AM3—2wQ(a)’

‘2<M kERm |LEF)

where 0 < 7&2(@) < 1. One can now prove (exactly the same way as at the end
of [DRS08, Section 8]) that this result together with (2.14) implies the existence of a
constant o¢(a) with og(a) < 1/20min(1,2 — 275 («)) such that (2.13) holds true for

all oo <t <42 O
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2.3.3 Sums of type II

Proposition 2.13. Leta € Z", g = —a+i, 0 <y <72 <1 and o a real number
such that (a® +2a+2)oc € R\ Z. Then there exists a positive constant o)/(cr) and real
numbers 0 < /1 < 1/10 and 1/2 < o < 2/3 such that the following holds true: For
any complexr numbers apm,, by with |am|, |ba| < 1 and for all M with £ < M < 2
we have

> > ambug(mn)| g (logz)’a! =), (2.15)
Y<lmpP<M g <<t
Y1 <Arg(mn)<vy2

In the next lemma, we “remove” the dependency of m in the domain of summation
over n. In contrast to [DRS08|, we also have to deal with the fact that mn lies in an
circular sector.

Lemma 2.14. Suppose that there exist real numbers B1 € (0, %), B € (%,2/3) and
0 < &(’l’(a) < 1, only depending on « and q, such that for any complexr numbers by,
with |b,| < 1 and for all M with 2% < M < 2”2 we have

) S bag(mn)| g a0, (2.16)

M
G <ImPP<M | 5 <Inf2< 57

Then the type II sum estimate (2.15) holds true with oy (a) = min(6y (), 1/6).

First Proof of Lemma 2.14. In what follows, we show that Lemma 2.14 holds true
with oy (o) = min(&y (), (1= B2)/2) = min(dy (), 1/6). We start with removing the
condition that mn lies in a circular sector. Since Arg(mn) = Arg(m)+ Arg(n) mod 1
and 0 < Arg(m),Arg(n) < 1, we have 73 < Arg(mn) < 72 if and only if 3 <
Arg(m)+Arg(n) < y2 or 1 < Arg(m)+Arg(n) —1 < y2 (where both conditions can-
not be satisfied simultaneously). This is equivalent to the fact that v1 < Arg(mn) <
Y2 lf and Only lf 6_71 2 e~ Arg(m)_Arg(n) > 6_72 or e_'\ﬂ 2 e Arg(m)—Arg(n)—l—l > 6_72
(again, both conditions cannot be satisfied simultaneously). We have

> S bl <Y > bug(mn)

M 2 M 2
G <ImlP<M |G << g<imPM | GrE<inPSEE
v1 <Arg(mn)<vys2 e~ 71 e~ Arg(m)—Arg(n) 5 0 =72

+ Y > bng(mn)|. (2.17)

M 2 x 2 x
g <Iml><M qrz SIS
e~ 2e~ Arg(m)—Arg(n)+15 =72
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In the following, we show that the first term on the right-hand side of (2.17) is
bounded above by (log a:)2m1_":1/(°‘). In almost the same way one can show that the
second term is also bounded by the same value which then implies the desired result.
Set f(t) := 1(g-n2 ¢—(t), where 14 denotes the characteristic function of the set A.
We can write

Z bng(mn)| = Z bpg(mn) f (e‘Arg(m)_Arg(")> )

_z 24 @ _ @ 24z
QimZ <M ST Qimz <<
=71 S Ara(m)—Ara(n) 5 o~

It follows from Perron’s formula (see for example [Ten08, Section 2.1] and [FI89,
Lemma 6]), that

1 L TS ,—Y21s
‘ £t — — / e P P o Ve (2.18)

211 L S

for all t > 0 with min(|t — e |, |t —e™72|) > L™1/2. If e~ Argm)—Are(n) 5 not too

close to e 7 and e~ 72, we will apply this approximation with L = z. For all other

Gaussian integers we use a trivial estimate to bound the considered sum. Let I(m,x)
T T

be the set of Gaussian integers n with Zrtms < In|? < rarz and

min <‘e— Arg(m)~Arg(n) _ 1

7 ‘e— Arg(m)—Arg(n) _ ,—

) <272
Elementary transformations show that if n € I(m,z), then
v — Arg(m) — a2 < Arg(n) < v — Arg(m) + 3eMz1/2

or

vy — Arg(m) — 2271% < Arg(n) < y2 — Arg(m) + 37227 1/2,

This implies that for % < |m|? < M we have #I(m,z) < 2'/?/|m| <, x'/2 /M2
Indeed, this follows from the fact that I(m,z) is contained in a narrow circular sector
and that |n| < 2'/2/|m| for all n € I(m,z). We obtain

Z bpg(mn) f (e_ Arg(m)—Arg(n))

_z 2
n
gtz <SR

21/2

)

“ gt (o)
iz <<z
ngI(m,z)
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Using relation (2.18) with L = z, the sum on the right-hand side of (2.19) can be
bounded by

1 ‘ is Arg(m) is Arg(n) eI — Tl Q) -1/2
2—7”'/—906 ] Zz ] bpg(mn)e fds —I—Mx .
gz <M<
n&I(m,z)
This yields
3 bug(mn) f (e— Arg(m)—Arg(n)>
g <P S
—V1is _ p 218 1/2
- s Arg(n)| 1© | r
<q¢ 5. /_x byg(mmn)e' e 5] ds + A
7‘2<|"\2\‘ 1‘2
ngI(m,z)

Including the Gaussian integers n € I(m,z) in the last formula yields an additional
error term

i r Z bng(mn)e is Arg(n |e Yis _ e—“/zis|
2m

T |nel(m,x)

ds

s
x l‘l/2 |e—'ylis _ e—’yzis‘
L, M2 5]

<4 ds.

Since (e771% — e772%%) /5 is bounded in a neighborhood of zero, we see that

|e Mis _ o ’YziS‘
/ ds < log . (2.20)
—2 5]

Hence, this error term is <, (logz) z'/2/M'/2. We obtain

> > bng(mn)

M 2 x 2 T
o <Iml*<M Qrmpz <M<
e~ 2e— Arg(m)—Arg(n) 5 =72

is Arg(n eI — e
<<q/ Z bpg(mn)e’ A8 | A ‘ds—i—E(m,M),

ZB]VI<|m|2<M <‘ |2\

Im|2

Q\ 12
(2.21)
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where E(z, M) = (log z)z'/2M'/? < (log z)2z'~77(®) . Hence, it remains to bound the
considered integral. In order to be able to apply (2.16), we use the same method
as in [DRS08, Proposition 3.2] to eliminate the dependence of m in the domain of
summation over n. We have

Z bng(mn)eis Arg(n)

x 2 T
gr? <IMPSTE

1/2 .
:/ Z bpg(mn)e™ A8 e(|n|2¢) | - Z e(—n'€) | d¢.
e a7 <InlP<5E Qim? <" St
neZlq n'€z

Estimating the geometric series and taking the absolute value yields an upper bound
of the form

1/2 .
[ mingesinag | Y beenPe)glmne 0| dg,
—1/2

ghr <In?<53

Since f_1{32 min(z, |sin 7| 71)d¢ < logx (see for example [MR10, Lemma 2|) and
since estimate (2.16) is uniform in b, (take b, e(|n|?¢)e 28" instead of b,), we

obtain

2 D buglmn)e M| < (log )t 1) <, (log )t 7.

B <ImP<M | gz <InPP<m
This together with (2.20) and (2.21) finally implies the desired result. O

Second Proof of Lemma 2.14. As in the first proof, we start with removing the con-
dition that mn lies in a circular sector. This time, we define the function f in a
slightly different way, namely f(t) := 1}, ,,)({}), where 14 again denotes the char-
acteristic function of the set A. The function f is periodic and we approximate it
by trigonometric polynomials. Let H > 1 be an integer chosen later on. Then there
exist coefficients ag(h) with |ag(h)| < 2, such that

Fil)) = o)+ o 3 M o

and

ru(t) =Y <1 - HLJJ e(ht)

Ih|<H
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verify

1

£0) = Fir(®)] < gy (o (=) + v (= 72) ).

This follows from Vaaler’s approximation method using the Beurling-Selberg function
(see CorollaryA.22). We get

ST bgmm)|=| S bug(mn)f(Arg(mn))

Qi <IMP <z ez IS
v1 <Arg(mn)<vys2
1 ar(h
< Z bng(mn) | (v2 —m) + %in Z H}E ) e(h Arg(mn))
L n|2<—2 1<|h<H
Q|m|? |m|2
+ Z ! (ﬁH(Arg(mn) — 1) + ku(Arg(mn) — "}/2)).
2H + 2

T 2 x
armZ <SS

Note, that Arg(mn) = Arg(m) + Arg(n) mod 1. Thus, if we additionally sum over
m, we obtain

Z Z bpg(mn)| < Do + Z ﬁDh + E, (2.22)

B <ImP<M | 5z <Inl*< 5z NN

[m|

v1 <Arg(mn)<vys2

where Dy, is defined for all h > 0 by

Dy, = Z Z bp e(h Arg(n))g(mn)|,

M _x 2T
G <ImP<M | Gz <InP<e

and F is defined by

E = Z Z 2H1+ . (ﬁ;H(Arg(mn) — 1) + kg (Arg(mn) — ’Yz)).

M _x _ 2T
@ <ImiP<M gpp <InP<p e

In order to deal with Dy, we use the same considerations as in the first proof of
Lemma 2.14. We get that Dj, can be bounded by

1/2
[ minGfsinag S| baelhArg(n) e(nPe)glmn) d.

1/2
G <ImPP<M | 57 <Inf2<53
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and estimate (2.16) with b, e(h Arg(n)) e(|n|?¢) instead of b, implies
Dy, € g0 (logz)z! =%, (2.23)

As to obtain the desired result, we have to bound the error term FE. First, we can
extend the summation over m and n to a bigger domain since we are summing up
only positive numbers (note, that kp is the positive Fejer kernel). Thus we get

E< ) 2 2H1+2Z<1_H‘L+’1>

IImPPEM 1|n 229 |h|<H

- ((e(h(Arg(mn) — 7)) + e(h(Arg(mn) — 12)) ).

Now we can use again that Arg(mn) = Arg(m) + Arg(n) mod 1. We obtain

E < 2H2—|— 5 Z Z e(h Arg(m) Z e(h Arg(n))

|h|<H |1<|m[2 <M 1<|n[2< %9
< 4 S ‘E E
Y R s
T 2H +2 : S vl
0<h<H

where Ej,  is defined for all h > 0 and K > 1 by
Enk = Z e(h Arg(m)).
1<|m|2<K

We trivially have Eypx < K. If h > 0, we use the Koksma-Hlawka inequality
(see [DT97, Theorem 1.14]) in order to obtain

| Eni| < Nk (V(gn) +V(97) Divye s

where V(g}) is the total variation (in the interval [0,1]) of the function gi(z) =
cos(2whx), V(g?) is the total variation of the function g7 (x) = sin(2whz), the number
N is given by Ni = #{z € Z[] : |z|* < K} and Dy, denotes the star discrepancy

. #{|2]2 < K : 0 < Arg(z) <
Dy, = sup {l=] v se) <yt
y€[0,1] K

We have N = nK + O(K'/?). Geometric considerations show that Dy, <K -1/2,
Since V(gi) = V(g?) = 4h, we obtain

| By x| < hK'/?

for h > 1. Hence, we get

1
2H + 2

E < v+ Y WPl <<%+H2x1/2.

1<h<H

Choosing H = z!/6, we finally obtain that E < 2% This estimate together
with (2.22) and (2.23) yields the desired result. O
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Lemma 2.15. Let z, € C with n € Z[i] and A, B,R € R with 1 < A < B and
R > 1. Then we have
2
(B— A+ R+ min(A4, R))(B + max(A4, R))
Z ZTL < Ol R2

A<|n|<B

' Z (2];0(%)1)2 Z Zn4rZn; (2.24)

|r|<2R A<|n],|n+r|<B
where Cy = ¥r(1+ v2) and
w(r) =#{(r1,72),0 < |r],|re] K R:rp—ra=7r} < 2R+ 1)2R+ 1 —|r)).

Remark 2.16. This result is a van der Corput-type inequality in Z[i] and a proof can
be found in [DRS08, Lemma 3.4]. Since there is a small mistake in the statement
of the cited lemma, we prove Lemma 2.15 for the sake of clearness. In particular, it
is stated in [DRS08, Lemma 3.4| (under the same assumptions and with the same
constant C7) that

Z Zn| S Cl (B — A+ R+ min(A’R))(B + maX(A, R))

R2
A<|n|<B

> (1" 2f¥1_1> Yo (2.25)

Ir|<2R A<|n],Int+|<B

In what follows, we show that is false in general. We construct a family of examples
for which the left-hand side of (2.25) is zero and the right-hand side tends to minus
infinity.

Let 0 < 0 < 1/2 and take R = 3/2 — § and A = 3/2. Moreover, let the complex
numbers a, z € Z[i] be defined by

1, if z=3k+ 2,k €N,
a, =4 -1, ifz=3k+3,keN,

0, otherwise.

If we take B = 3K for some positive integer K > 1, then the left-hand side of (2.25)
is zero while some tedious calculations show that the right-hand side is given by

(3K +3/2 — 20)(3K +3/2) <_K1_25 1-5)

(32— o) 4

= 2-6 2.5

If K goes to infinity, this value is not only negative but goes to minus infinity (in
fact, for small values of § it is negative if K > 5).

Nevertheless, if one takes the absolute value in (2.24) and uses the triangle in-
equality (which we actually do in (2.29) after changing an order of summation), we
can apply the upper bound for w(r).
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Proof of Lemma 2.15. Set z, = 0 for |n| ¢ (A, B] and put T(R) = # {0 < |r| < R}.
Then we have,

R D =3, D, amr= D D e

neZi n og|r|<R A—R<|n|<B+R 0<|r|<R
By the classical Gauss estimate for the number of lattice points in a disk we have
#{nelZlil]:A-—R<|n|< B+ R} <

where V = (1++/2)7(B — A+ R+min(4, R))(B +max(A4, R)) (cf.[DRS08, p. 325]).
Applying the Cauchy-Schwarz inequality yields

2 2
TR | D za| SV I | D zuge
neZli] neZli] [0<|r|<R
<V Z Z Zndr Zntre

0<|r1],|r2| <R neZli]

=V Z Z Zn+ren,

0<|r|<2R nezli]

where w(r) is equal to the number of pairs (r1,72), such that 0 < |rq],|r2| < R and
r1 — 1o = 7. Using 16T(R)?/9 > R%(2R + 1)?, we get the desired estimate. O

In order to employ Lemma 2.14, we need an estimate of the form (2.16). We set
f(n) = asqg(n) and define for every real positive number B the set = C Z[i] by

Ep = {n € Z[i] : max (|R(n)],|3(n)]) < BY?}.

Let
log M log %
= 1 d = 1. 2.26
LOgQJ—i_ an v {logQ + (2.26)
Furthermore, assume that p is an integers satisfying
1<p<y/3. (2.27)

We set

s= Y ST bue(f(mn))|.

M
& <Im2<M | g5 <Inf2<52

First of all, we trivially bound this double sum by

S< Y > bae(f(mn))]. (2.28)

mez, x
QH )
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We want to remark, that this inconspicuous looking step is of great importance for the
proof of Theorem 2.1 (compare with Remark 2.19). The Cauchy-Schwarz inequality
implies

2

< | bee(fmn)

mEZQr | Sar<In?<E2

Set A = (z/(QM))'/?, B = (xQ/M)1/2, R = (1/3)|q|” and z, = by e(f(mn)). Since

ﬁ ((xQ/M)1/2 - (a;/(QM))l/Z + gm,p) ((xQ/M)1/2 + (a;/(QM))l/2> < Qlf—p7

we get

2 +v—
S 33 \qrﬂ+1>

meSqn |rl<3qle

Y. bawbee(f(m(n+r)) = f(mn)).

<|n2<29
zQ

€T
oM
o <In+r?<57

Changing the order of summation, taking the absolute value and using that {n €
Zli] - g < In|?|n +r? < %} C Egv, we obtain

ST Qrtrr <1—ﬂ> DY elf(mn+r) — flmn))|.  (2.29)

p
r|<lale 91°) 1é25s |mezan

If we separate the case r = 0 and r # 0, we get (note, that p < v/3, see (2.27))

2 2(v4p)— +v
52 <« Q2vtm—r 4 QK 1<]|n7}|1}\(q\ﬂ Z Z e(f(m(n+r)) — f(mn))|.
neZqgr (meEgu
In a next step, we use the fact that we are now dealing with expressions of the form
fim(n+ 7)) — f(mn). If r is small (in comparison to n), the higher placed digits
of m(n + r) and mn do not differ in “most” of the cases. In order to show this, we
define a “truncated” sum-of-digits function (times the constant «), namely,

where €;(z), j > 0 are the digits of z in the base-q representation. The advantage of
this function is that it is periodic with period ¢*, i.e., for any d,z € Z[i], we have

i <z n qu) — A\(2). (2.30)
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For a proof of this statement, see [DRS08, Proposition 4.1]. Next, we briefly re-
call that the addition in the Gaussian integers can be realized by an automaton
(see [GKP9S8]). For our further explanations we restrict ourselves to base ¢ = —a +1,
the case ¢ = —a — i is similar. The addition automaton in base ¢ = —a + ¢ is drawn
in Figure 2.1. The digits of the sum are associated to a walk which finishes in one
of the two accepting states [e]. Starting at node P, it performs addition by 1 and
starting at node R it performs addition by —a — i. The labeling j|k means that the
automaton reads a digit j and has k as output.

The following result (“carry lemma”) allows us to replace the sum-of-digits func-
tion by its truncated version.

Figure 2.1: Addition automaton in base ¢ = —a + ¢

Lemma 2.17. For all integers p > 0, v > 0 and 0 < p < v/3 and r € Z[i] with
7|2 < QP, we denote by E(r, i, v, p) the set of pairs of Gaussian integers (m,n) such
that m € Zgu, n € ZEgv and

fm(n+r)) = f(mn) # furo(m(n+7)) = futroe(mn).
Then we have for any e > 0,
HE(r, u, v, p) <o QUVIUFe)—e,
where 0 < v < 1 is a constant only depending on q.

Remark 2.18. This lemma is similar to [DRS08, Lemma 4.2|. Since there seem to be
some mistakes at the end of the proof of [DRS08, Lemma 4.2], we give a new proof
of Lemma 2.17. Note, that our statement is a little bit weaker than the statement
of Drmota et al., but it suffices for our purposes and it would also suffice for their
further reasoning.
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Proof of Lemma 2.17. 1t follows from Proposition A.5 that there exists a constant ¢
(only depending on g) such that for all m € Zgu, n € Zgv and |r|*> < Q the number
mn has < p + v + c significant digits, i.e., mn € F 4,4 (see Section 2.2 for the
definition of F)) and mr has < u + p + ¢ significant digits (mr € Fyuyptc). We can
assume that p > ¢ (the statement is trivial in the converse case). The main idea of
the proof of this lemma is the fact that every Gaussian integer z with < p+ v + ¢
digits can be uniquely written as

z = wo(2) + ¢" TP (2) + ¢ TP ws(2),
where wo(2) € Fispte, wi(2) € Fp—e and wa(z) € Fyye—2,. We set
T={teFy_c: t=wi(mn) for some (m,n) € E(r,pu,v,p)},

and
Ny = {(m,n) € E(r,u,v,p) : wi(mn) = t}.

In what follows we show that
4T < QY7 (2.31)
where ¢/ is a positive constant satisfying / < 1 and
# N, <. Q(u+V)(1+6)—p (2.32)

for any ¢ > 0. The statement of the lemma is then a direct consequence of these two
estimates since

#E(rpv,p) = D Ny e 3 QUAIITI™ « Umiza=lizie,
teT teT

Indeed, setting ¢ =1 — ¢/ > 0 proves the desired result.

First we show (2.31), i.e., we bound the number of possible numbers ¢ which lead
to a carry propagation. Let (m,n) € E(r, u,v, p). We can write

mn +mr = (wo(mn) + mr) + (¢ w (mn) + ¢ wa(mn)) .

If we consider only the first part of the sum, we obtain that

,u—l—p—i-C(

wo(mn) +mr =w+q x +iy),

where w € F, 4,4 is some Gaussian integer depending on m, n and r and z,y € Z
with z = O(1) and y = O(1) (this is a consequence of Proposition A.5). Next we
claim that

flwi(mn) +z +dy) — f(wi(mn)) # fp—c(wi(mn) + z +iy) — fp—c(wi(mn)).
(2.33)
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First note that f(wi(mn)) = fy—c(wi(mn)). If we assume equality in (2.33), we
conclude that wy(mn) + = + iy has at most p — ¢ digits. It follows that

f(mn+mr) — f(mn) = f(0+ ¢"""" (z + iy + wi(mn)) + q“+2pw2(mn))
— [ (wo(mn) + ¢"+7*wi (mn) + ¢*+*Pws(mn))

= f(@+ "7 ( + iy + wi(mn)))

— f (wo(mn) 4+ ¢* 77wy (mn)) .

mn

The integers in the last expression have at most p + 2p digits and we obtain

F -t ) — ) = fusap (@ + 0 o+ iy + oy (mn)
= fut+2p (wo(mn) + qu+p+cw1(mn))

= fu+2p (mn +mr) — Ju+2p (mn).

This contradicts (m,n) € E(r,u,v, p) and (2.33) holds true, indeed. From now on
we assume that 41y = —y(—a—1i)+ (x —ay) with y > 0 and = < ay (all other cases
are similar). Using an idea developed in [GKP98, Proposition 2.4], the left-hand side
of (2.33) can be written as

flwi(mn) +z +iy) — f(wi(mn)) =

f(wi(mn) + x4+ iy) — f (wi(mn) + (—a — i) + = + iy)
+f(wi(mn) 4+ (—a—1i) +z+1iy) — f(wi(mn) +2(—a — i)+ +iy) + ...
+f(wi(mn)+ (y—1)(—a — i) +z +iy) — f (w1 (mn) + y(—a — i) + x + iy)
f

y(—a—i)+z+iy+1)— f(wi(mn)+y(—a—i)+x+iy+2)+...

(w1 (mn) +

(w1 (mn) +

(wi(mn) +y(—a —i) +x +iy) — f (wi(mn) +y(—a —i) + x +iy + 1)

+f (wi(mn) +

£ (wn(mm) - y(—a— i) + o+ iy + (24 ay — 1) — f (w(mn)

The number of differences is O(1). Since one can write the right-hand side of (2.33)
in the same way (replacing f by f,—.), we deduce that (2.33) can be only fulfilled if
one of the differences is not equal to the corresponding one with f replaced by f,_..
Furthermore each of them is of the form f(x) — f(z 4 u), where u is either —a — i or
1. Thus we are interested in the number of cases where the addition x — x + u gives
rise to a carry propagation.

Recall, that the addition in the Gaussian integers can be realized by an automa-
ton. There is a carry propagation if the addition automaton does not end in one of
the two accepting states after reading the first p — ¢ digits. The same reasoning as
in [DRS08, bottom of page 329| shows (cf. [GL99, Proposition 1|) that the number
of possible inputs such that this occurs is bounded by O (|£|°), where |¢] = Q* with
// < 1. Tt finally follows that # T < Q*?. In order to complete the proof, it remains
to show that (2.32) holds true. We have

4N, = Z #{(m,n) € E(r,pu,v,p) : mn =a} < Z 7(a),
aEF‘L+D+C aef,u,+u+c
w1 (a)=t wi(a)=t
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where 7(a) denotes the number of divisors of a. But since 7(a) <. |a|*® and since
the number of Gaussian integers a satisfying a € F4 4. and wi(a) =t is QHtv+2e=p
(note, that p — ¢ digits are fixed), we are done. 0

We set
A=+ 2p. (2.34)
Replacing f by fy gives a total error of O(Q*(#+¥)(1+e)=t) to |S|2. Thus, we have

5% <. QAT L QR max  |Sy(r, v, p)l, (2.35)
1<Irl<lgl?

where

So(ripv,p) = > | D elfalm(n+r)) = falmn))],

nEEQV mEEQM
and ¢ > 0. The inverse of the Fourier transform (defined in Section 2.2) is given by
1 zh
e(h() = Y B (5 (5)).
heF

Hence, we obtain

S e(falm(n+ 7)) - fa(mn))

meEqu ) Z FEpp— Z . <% o (hm(n +q7:\) + kmn>> ‘

h,keFy meZgu

Remark 2.19. At this point we use the fact that the domain of summation over m
is equal to Zgu (compare with (2.28)). In contrast to [DRS08|, we do not have to
deal with the classical circle problem (cf. [DRS08, Lemma 5.1 and the subsequent
remark (p.332)]). Indeed, calculating two times (independently) a geometric series,
we obtain

d e <%tr((7‘ + is)m)) < min <M1/2, H?l"—H> - min <M1/2, ﬁ) .

meZ

If we set 7(2) = (max([|R(2)], |S(2)|)) " and &(2) = (R(2)]] - |S(2)[[)~*, this can
be also written in the form

Z e <% tr (zm)> < min <M,M1/2T(z),£(z)> .

mezZ

In the end, the additional term £(z) on the right-hand side of the last inequality
makes it possible for us to show Theorem 2.1 in its full generality. In particular,
we will use that ¢(z) = min (M, M*'Y27(2),£(2)) if 2 is a complex number such that
|R(2)|| and ||S(z)|| are not too small (see Lemma 2.20 and Lemma 2.21).
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The last remark implies

Sy < Z |Fx(h, @) Fx(—Fk, o)

h,kEFy
S min (@, quier (Wbt i) ¢ (cbpehryy

HEEQV q

If z € C we denote by |z] the Gaussian integer wq + iwe, such that w; = |R(z2)]
and we = [(z)|. Recall that R,, denotes a complete residue system modulo m
(see Section 2.2). The next lemma is a refinement of [GT00, Lemma 2.6, see also
Lemma 3.14 and Remark 3.15.

2

—_
~

M

YL LLLAN

3|
=

L %

Figure 2.2: The domain R* in R?

Lemma 2.20. Let m,b, c € Z[i] with m # 0 and M > 0. Set d = (¢c,m). Then

. 12 _[entb cn—l—b>>
me(M,M 7‘( - >,£< -

TLeRm

< |d|? Z min <M, M2 T<mL/d +t> ’§<mL/ci +t>> + |m|*(log |m|)?,

neR+

where t = (b— |b/d] d)/m, RT = Z[i|Nn{(a+i8)m/d : (a, 3) € RT} and R equals

[_%v%>2ﬁ ({(a,ﬁ) : _% <a< %}U{(a,ﬁ)i—% <B< %})

Proof. Let us denote the considered sum with 7. If |d| = |m| then

(EORIOR RS
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for all n € Z[i] (note, that 7(¢z) = 7(2) for every unit ¢ € {£1,+i} and for every
z € C). The same holds for £ and the result of the lemma follows trivially. Let
|d| # |m|, then we have 1 < |d| < |m|/v/2. Set

d=c/d and m' =m/d.

Note that P = Z[i]| N {(a + i8)m’ : =1/2 < o, < 1/2} is a complete residue
system modulo m’ and that the summands of T' are periodic with period m’. We
can completely tessellate (a proper chosen residue system) R,, with at most O(|d|?)
translates of P. Since ¢'n + |b/d] covers also all residue classes modulo m/, we can

write
2 - 2, (" n
T < |d| ;mln (M,M T<m/ +t> € <m’ +t>> ,
where t = (b — |b/d] d)/m. In order to prove the desired result, it remains to show
that
> > min (M, M2 r(a+if+1),&(a+if+ t)) < |m|*(log [m|)?,
(,B)eR
where R is defined by R = {(a,8) € [-1/2, 1/2)? : (a+iB)m' € P\ R*}. In a first

step, we tessellate the domain R with small squares of side length 2/|m’|. Therefore,

we set
A 2h 2(h + 1) 2k 2(/<: + 1)
Rh k= 5 X 5 5
’ [m/|" /| 'l

and
Rpp =Ry UR_p_ 1 UR_p_1, g1 URp _j_1.

Using this notation, we can write

d* )" min <M, MY r(a+iB+1t),&(a+if+ t))
(.B)eR
Lim/1J/4 [Im'|]/4
:‘d‘z Z Z Z min<M,M1/27'(a—|—i5+t),f(a‘f‘iﬂ"‘t))-
h=1 k=1 (a,ﬁ)eRmiM
If (v, B) € ﬁhJﬁ then
1
h/lm!| - k/m/|
for all h,k > 1 (note, that |t| < v/2/|m/|). Furthermore, we have #(R N 7A2h7k) <1
and we get
Lim/1J/4 [Im'|]/4
a2y > > min(MMYPr(a+if+1).¢(a+iB+1))

h=1 k=1 (a,8)€RNRp 1

Ela+if+t) <

2
Um/l]/4,
m
<l [ Y ) < a2 tog [ml)? = m(1og Im])?
h=1

As noticed above, this finally shows the desired result. O
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In order to apply Lemma 2.20, we tessellate Zg» by translates of an appropriate
complete residue system R . If A > v, the number of translates is < 1, otherwise it
is < Q. We obtain

S < (14Q ) (S8 +58), (2.36)
where
S$V=3" N IA(ha)Fa(—k )
dlg*  hk€Fy
(htk,q*)=d
hr— || d hr— || d
Jap Zmin(@%@ﬂ/%@HiT ] )@(%Hir i) ))
q q q q
neRt
and

S = (1og @N?Q* Y |Fa(h,a)Fa(—k,a)l.
h,keF

The sum S§2) can be bounded above with the help of Lemma 2.7 and Lemma 2.8
(see Remark 2.9). We get

S < (log @)?QUHM, (2.37)

Next, we treat the expression S?()l). First, we replace (h + k,¢") = d by the less

restrictive condition h + k = 0 mod d. We can separate this condition into h =
bmod d and k = —b mod d, where b covers all residue classes modulo d. We obtain

2

SP<STARY. S Y Bk

d|g> beRyneR+ heF)y
h=bmod d

br— | %] d br— || d
() 20

Hence we get (see Remark 2.9)

S < QNPT Y By @ (b,

d‘qA bERd
. nd br—|Z|d nd br—|Z|d
. Z mln(quQ“/27—<q_>\+_ q|}\dJ >7£<q_)\+ q|}\dJ >>7
neR+

where v,(d) denotes the unique integer k such that ¢* | d but ¢! { d. Next, we use
the L°°-norm estimate of the Fourier transform. Note that Drmota et al. applied
this estimate at a different place in their proof (which forced them to use a new
parameter A, see |[DRS08, Section 7]). But similar to [MMR], we can simplify our
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further considerations if we use it right now. The notation of this part of the proof
is also inspired by [MMR]. Lemma 2.5 implies

2
Sél) < Q217>\ Z |d|2—477Q—2CQ|’(a2+2a+2)a” vq(d)
dlg*

| d br—|%]d d br—|%]d
> Zmm(@ﬂ@””f(%+%),£<Z—A+7quJ ))
neR*T bER,

where cq is defined in Remark 2.6. We use once more the fact that the term £(z)
is small (in comparison to the other considered terms) in “most” of the cases (cf.

Remark 2.19).

Lemma 2.21. Let m,d,r € Z[i]| with m # 0 and d | m. Furthermore, let M > 0 and
RT be defined as in Lemma 2.20. Set e = (d,r). Then

5 3 i (a0 (20 = 1) (514

neR+ bER,
< M]e\2 + M1/2\6Hml log |m| + \m!Q(log \m!)2

Proof. Set # = r/e, d = d/e and m = m/e. Furthermore, let RT be defined as in
Lemma 2.20 (see Figure 2.2) and set ¢(b) = (bf - L%J cZ) /m. Then we have that

min (M, M2 r(a+iB+t(b)), &(a+ib + t(b))>

is periodic with period d in b. We set R = {(a, 3) : (o 4+ i8)m/d € R*} and denote
the considered sum in the statement of Lemma 2.21 by 7. Then we can write

T=l? Y min <M, MY2 r(a +iB + (b)), E(a +if + t(b))) .
(a,B)ER, bER;

Next, we tessellate a neighborhood of the domain R* with small squares of side
length 1/|m|. Following the notion of Lemma 2.20, we set

B [ BRI TR k41
A TR A

Rpg:=RprUR p 1 UR p 1 k-1URp 1.

and

We obtain
|| 4[ld]]

T<el> >
h=0 k=0

S0 min (MM (a4 iB +1(0) € (0 +i0 +1(1)).
(a.B)ER,bER;
atiB+t(b)ERp k URk 1
(2.38)
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Next, we show that the inner sum in (2.38) has < 1 summands. This follows from
the fact the sets {4+ i3 : (a,3) € R} and {t(b) : b € Rj;} are well-spaced (that is,
a1 +if1—(ag+ifa)| = |d]/|m| = |d|/|m]| for all (a1, B1) # (a2, B2) and [¢(b1)—t(b2)| >
1/|m| for all by # be). If we fix h and k, then the number of possible pairs («, 3) such
that there exists a number b € R; with a + i3 + t(b) € Ry, is bounded above by
some absolute constant (note, that |t(b)| < v/2|d|/|/m|). But for each fixed pair (a, 3)
there are < 4 numbers b € Ry with a4 i3 +1t(b) € Ry, 1. Hence, we have indeed that

#{(a,8) ER,bER;: a+if+t(b) € Rpp URpp} < 1.

In order to estimate the sum 7', we distinguish between three different cases. If
z € Rop, we use

min <M,M1/2T(Z) ,f(z)) < M.

If z € ﬁh@ with A > 0, we have

1/2
min (M, MY2 7(z) ,f(z)) < l]z\§|rh|

A corresponding result holds for z € ﬁo,k with & > 0. If finally z € ﬁh,k with h > 0

and k > 0, we have

1 1
; 1/2 <
min (M, M2 7(2) € (2)) < TRy

Thus, we obtain

Uml) Ljrml]
T < el | M+M2H
h=1

1
T~ 1 + T~
w2 i
< [e*M + |e]* M || log | + |e[*|ri|* (log |])?,
which determines the proof of Lemma 2.21. O

Recall that we have |(r,d)| < |r| < |¢|” and A = p+ 2p (see (2.34) and (2.35)).
Since

QQ" +Q"PQMP 105 Q* + QM (log @) < QM (log @)%,

we obtain

Sél) < (log Q)\)2Q(1+2n))\ Z ’d’2—4nQ—2CQH(a2+2a+2)aH2uq(d)

d|q*
2
<<(logQ)\)2Q(1+277))\ Z Q(1—2T]—2CQH(¢12+2CL+2)QH )& Z ’k‘z(l_%)_
0<5<A e

afk
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We have for every k | ¢* % with ¢t k that
M =10 )] < I(ha) < <M>H = 0502,
’ S S \WV2
Recall, that 7(m) denotes the number of divisors of m. We get
Sél) < 7(¢")(log Q)2QU+20> Z Q(1—2n—2CQ”(a2+2a+2)o¢”2)5+()\—5)(1—27])(1—10gQ 2)
0<I<A

2
< T(q)‘)(log Q)\)2Q(2—(1—277) logg, 2)A Z Q((1‘2") logg 2—2¢q || (a2 +2a+2)a|| )5
0<E<A

We have (see Section 2.2 for the definition of 7 and cq)

(1 —2n)logg 2 — 2cq [|(a® + 2a + 2)aH2 > (1 —2n)logg 2 —cq/2

1 ™ Q% -1
=120 ((1—277)log2—5—4< oL >>

1 72 (22 -1
> 1—2n)log2 — — ( ——
g (20225 (57))
0.01428

log @

Essentially, we use the fact that n < 1/2. If n were closer to 1/2 (but still smaller
than 1/2), then we just would have to scale down cg by a constant factor (here we

have cg < 72/(1441log Q) < 0.099). We get

2
S8 <y 7(¢") (log Q)2 QU eall(* 2052l (2.40)

and (cf. (2.36), (2.37) and (2.40))
2
$2 <y 7(a")10g Q)2(1 + Q™) (QUH2 . QE-2ealj w22 DY)

Exactly the same way as in [MR09, Lemma 20|, one can show that 7(¢*) < A@7(q),
where w(q) denotes the number of distinct prime divisors of ¢. Similar to (2.39), we

see that 2—2c¢q ||(a® + 2a + 2)04“2 > 1429 (actually, here we use again that n < 1/2).
This allows us to write

So <4 /\w(q)+2(1+QV—)\)Q(2—2CQ||(a2+2a+2)a||2))\
<4 (,U + V)w(q)+2 <Q(2—2CQH(az-i-2a+2)ocH2)u+4p + Q(1—2CQ”(a2+2a+2)a”2)u+u+2p> )
(2.41)

If the conditions

_ 5o
1 3p < P < T (2.42)

v 2 (@ +2a+2)al* T Bt T 2—2cq ||(a? + 2a + 2)a?
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hold, we obtain
Sy <4 ( + v)@DF2QrtV=r,
Together with (2.35) this yields
S <. QUu(te)=wp/2

whenever (2.27) and (2.42) are satisfied. Finally, we set 6,(c) = 2@ §§a+2 of , 0=

2cq||(a>+2a+2)a’ 30, () _ 150 (a) B
10-2eql(@ 2012a)’ 1 = 2egitart2ar2al T P2 = T acg e taarza 0 A0
p=[0g(c)(p+v)].

If M satisfies 2™ < M < 272, then (see (2.26) for the definition of y and v)

3 log logM < logM <3 loga;
ogQ STogQ@ “" S Tog@ T S Pl
and
logx logﬂ log& log x
(1 - Bo) e <—H M <=8y &

X <v <X
log Q log @ log Q Q

Moreover, we have zQ < QMt” < zQ3. It is easy to verify that 0 < 3, < 1/10,
1/2 < B2 < 2/3 (recall that cg < 1/10). Furthermore, we have that for sufficiently
large = the conditions (2.27) and (2.42) are satisfied and we get

S <. Q(u+u)(1—€q(a)b/2+a)‘ (243)

Now we can choose € appropriately to obtain S <, o 21797(®) with 0 < A”(a) <
04()e/2. Employing Lemma 2.14, this finally proves Proposition 2.13.

2.3.4 Final steps in the proof of Theorem 2.1

Theorem 2.1 is a direct consequence of Vaughan’s identity (Lemma 2.10) and the
estimates for the type I and type II sums (Propositions 2.12 and 2.13). Indeed, we

have for o4(a) < min(og(a), oy (),

Y Ai(n)e(asy(n Z Z Ai(n) e(asq(n))

In|2<N

Estimating the geometric series yields the desired result.
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2.4 Proofs of Corollary 2.2 and Corollary 2.3

Since the two corollaries follow in a straightforward manner, we only provide sketches
of the proofs (compare with [DRS08, Theorems 2.2 and 2.3]). Before we give them,
we show an auxiliary lemma concerning congruences in the Gaussian integers.

Lemma 2.22. Let ¢ = —a+1i, a € ZT and m € Z satisfying m | a® + 2a + 2.
Furthermore let b € Z, z = z1 +iz2 € Z[i] and set d = (m,q — 1). Then we have

z1t(a+1)zg =bmodm  if and only if 2z = b mod d.
Here the choice of the sign depends on the sign for ¢ = —a + 1.

Proof. First, we prove the claim that

z1£(a+1)zg =bmodm if and only if 23 F (a+ 1)z = Fb(a + 1) mod m.
(2.44)

We have that (F(a+1),m) | (a+1,a*> +2a+2) = (a+1,(a +1)? + 1) = 1. Thus
the left-hand side of (2.44) is equivalent to

F(z1 £ (a+1)z2)(a+ 1) = Fb(a + 1) mod m.

Since m | (a® + 2a + 2), this is equivalent to the right-hand side of (2.44) and the
claim is shown. Next we show that

UL (2.45)

when § is defined by 6 = (m,q — 1). Indeed, we can write

m_(m,a2+2a+2) (m,(q—l)(m))_(m,q—l)'(m,q—l)‘

5 (mg—-1)  (mgqg-1) (m,q—1)

We obtain the last inequality from the fact that

1, if a is odd,

1+, otherwise.

This can be easily shown using the identity
(g—1,g—1)=(—ati—1,—aFi—1)=(—axti—1,F2i) = (—aLti—1,1+1).

As a last preparation note that ¢ — 1 = Fi(1 Fi(a + 1)). Now we can prove the
stated result. Let us assume that z = b mod d. Using (2.45), this is equivalent to
z = bmod m/§, where 0 is defined as above. Since (m/d, (1 Fi(a+1))/d) = 1 this
is equivalent to

(z1+i22)(1Fi(a+1)) =b(1 Fi(a+ 1)) mod m,
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i.e., it is equivalent to
(z1£(a+1)z) +i(z2 F(a+1)z1) = b+ i(Fb(a+ 1)) mod m.

Recall that d,b € Z. Thus, we get by our first claim that the last statement is
equivalent to
21+ (a+ 1)z9 = b mod m. O

Proof of Corollary 2.2. Partial summation yields (here we use the convention, that
whenever the index of summation is p, we just sum over Gaussian primes p)

Z e(asq(p))| < i max Z e (asq(p))log |p|| + O(Vx).

log x \/z<t<z
S
Ip|* <z Ip<t

71 <Arg(p) <72 11 <Arg(p) <72

Using the von Mangoldt function, we obtain

D> elasg(p)) <lo;rglg;< > Ai(n)e(asy(n)| +O(). (2.46)
<z h Inl?<t

11 <Arg(p) <72 7 <Arg(n)<ve

Let (pp)nen be the sequence of all Gaussian primes with v < Arg(p,,) < 72 ordered
such that |pnt1| = |pn| (note, that at most eight different primes can have the
same absolute value). If o is rational then the sequence (asq(pn))nen is clearly not
uniformly distributed. If « is irrational, Theorem 2.1, Hecke’s prime number theorem
and Weyl’s criterion (see Theorem A.18) yield uniform distribution modulo 1. 0

Proof of Corollary 2.3. Using Theorem 2.1 (together with (2.46)), one can show ex-
actly the same way as in [DRSO08] that

#{p|* < N : p prime, 1 < Arg(p) < 72, Sq(p) = bmod g}
d —0
- ;77:/1,72(]\73 b, g) + Oqg(N'1~729),
where 7, (N;b,g) = {Ip|* < N : p prime, 71 < Arg(p) < Yo,p = 21 +i20, 21 £ (a+

1)z = bmod d}. Here, the choice of the sign depends on the sign of ¢ = —a +i. It

follows from Lemma 2.22 that 7/, . (N;b,9) = {|p|* < N : p prime, 7 < Arg(p) <

v2,p = bmod (d,q — 1)}. But since

we are done. O



Chapter 3

The sum of digits of squares in the
(Gaussian integers

The essence of mathematics
lies in its freedom.

Georg Cantor (1845-1918)

In this chapter, we consider the complex sum-of-digits function s, for squares
with respect to special bases ¢ of a canonical number system in the Gaussian integers
Z[i]. In particular, we show that the sequence (as,(2?)) zezq] 1s uniformly distributed
modulo 1 if and only if « is irrational. Furthermore we introduce special sets of
Gaussian integers (related to Fglner sequences) for which we can determine the order
of magnitude of the number of integers z for which s,(2?) lies in a fixed residue class
modm. This extends a recent result of Mauduit and Rivat to Z[i]. The Fourier
theoretic results that we obtained in Chapter 2 play again an important role.

3.1 Introduction and main results

The main motivation of the work presented in this chapter is to extend a recent
result of Mauduit and Rivat [MRO09] on the usual sum-of-digits function s,, where ¢
denotes an integer > 2. As already discussed in Chapter 1, they answered an open
question posed by Gelfond [Gel68] concerning the distribution of s;(n?) in arithmetic
progressions. Furthermore, they studied the sequence (asq(n2))n N and they showed
that it is uniformly distributed modulo 1 if and only if « € R\ Q. One can now ask
whether or not these (and similar) results are valid in the case of Gaussian integers.

The specific notation in this chapter is as in the previous one, that is, we write
e(x) for the exponential function €™, if ¢ = —a £ i (choose a sign) for a positive
integer a, then Q = |g|*> = a? + 1, we denote by R, (C Z[i]) a complete residue
system modulo m and write ||z|| for the distance from = € R to its nearest integer.
Additionally, we denote by A A B the symmetric difference of two sets A and B.

63
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The symbol f < g again means that f = O(g). However, this time, if not otherwise
stated, the implied constant in the big O-term may depend on ¢. Recall that if
q=—a+iand a € Z", then every z € Z[i] has a unique finite representation of the
form
z = Zsj(z)q], ei(z) € {0,1,...,|q|* — 1},
Jj=0

with €;(2) = 0 for j greater than or equal to some constant jo(z). In what follows,
we denote again by s, the complex sum-of-digits function (see Appendix A.1).

In Chapter 2 we considered the sum of digits of Gaussian primes. In particular,
we showed that the sequence (as,(p)) running over all Gaussian primes lying in a
circular sector is uniformly distributed modulo 1 if and only if « is irrational and
we studied the distributional behavior of the sum-of-digits function of primes in
arithmetic progressions.

Concerning squares in Z[i], Gittenberger and Thuswaldner [GT00] dealt with the
asymptotic normality of the sum-of-digits function. In particular, they showed that

1 sq(2%) — pology N2
# |Z|2 < N: Q( ) MQ gQ <

Yy
#{z:[2]> <N} 1/crg?logQN2

as N goes to infinity, where @ is the normal distribution function, z runs through
the Gaussian integers, pg = (Q — 1)/2 and 022 = (Q* — 1)/12. For an precise
analysis of this statement see Chapter 7, where we show a local distribution result.
Local results of the sum-of-digits function in Z[i] were treated by Drmota, Grabner
and Liardet [DGLOS8| (again, see Chapter 7 for further information on this subject).
In their paper they also used an approach based on ergodic Z[i]-actions and skew
products to extend distributional results with respect to so-called Fglner sequences
(Bn)nen- The crucial property of such a sequence is that for all g € Z[i] one has
#(BpA(g+ By,)) = o(#B,,) (for a complete definition see [DGLO08, Section 5]). They
showed for example that

1 1
#{zeBn:sq(z—ky)EmmodM}:M’

— ©(y)

with respect to any Fglner sequence (Bj)nen. In what follows, we define k-Z[i
sequences which are special Fglner sequences where the rate of convergence comes
into play.

Definition 3.1. Let x be a real number satisfying 0 < x < 1/2. A sequence (Dn)nen

of subsets of Z[i] is called a k-Z[i] sequence, if for all N € N,

(i) Dn € D41,

(it) Dy € {z € Z[i] : max (|R(2)],|3(2))) < VN },

(iii) there exists a constant ¢ > 0, such that ¢N < #Dy, and
)

(iv) #{DNA (r +Dn)} < |r|N17F for all r € Z]i].
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The simplest examples of 1/2-Z[i] sequences are Gaussian integers lying in squares
with side length v/ N or discs with radius v N. It turns out that every sequence of
convex sets satisfying conditions (i), (ii) and (iii) is a 1/2-Z[i] sequence (see Sec-
tion 3.2).

In this work we show distributional results of the sum-of-digits function of squares
with respect to k-Z[i] sequences. Our main objective is to obtain information on the
exponential sum ) e(asqy(22)).

In what follows we have to assume that ¢ = —azi has not too small prime divisors,
that is, every divisor p | ¢ has to satisfy |p| > v/689. This restriction comes into play
when considering the Fourier transform of the sum-of-digits function. In contrast
to the real case, there arise some technical problems which makes it impossible to
cover general ¢q. In particular, it is not possible to use two van der Corput-type
inequalities in the same way as Mauduit and Rivat did in the case of squares in
N. See the introduction of Section 3.4.3 for a more precise analysis of this problem.
Nevertheless, we conjecture that the theorem stated below holds true for all possible
bases similar to the results of Chapter 2. We set

A:={aeN: if p|g=—a=xi, then |p| > v689}
— {36, 40, 54, 56, 66, 74, 84, 90, 94, ...}.

From the proof of a result of Iwaniec [Iwa78] concerning the representation of a? 4 1
as almost-primes, it turns out that this set is infinite.

Theorem 3.2. Let a € A and o € R. Furthermore let k be a real number satisfying
0 <k <1/2 and (Dn)nen o k-Z[i] sequence. Then there exists a constant cq, > 0,
such that

3 e (asy(z2) <4 (log V)22 yI=easlla® 422l
2€D N

where w(q) denotes the number of distinct prime divisors of q.

We can derive from this theorem the order of magnitude of the number of squares
whose sum-of-digits function evaluation lies in a fixed residue class modulo some
integer m. Furthermore we get that the sequence asq(z2) is uniformly distributed

modulo 1 (if and only if @ € R\ Q). We set Q(b,s) = # {2z € Ry : 2> = bmod s}.

Corollary 3.3. Leta € A and b,g € Z, g > 2. Set d = (g9,q — 1). Furthermore
let (Dn)nen be a k-Z[i] sequence (with 0 < k < 1/2). Then there exists a constant
0q.9,x > 0 such that

# {z€Dn: 54(2%) = b mod g} = % (b,d) + Og 4 (Nl_gq’gv") . (3.1)

Corollary 3.4. Leta € A and (z,)nen be a sequence of all Gaussian integers ordered
such that |zny1| = |2n|. Then the sequence (asy(22))nen is uniformly distributed
modulo 1 if and only if o is irrational.
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The chapter is organized as follows. In the next section we discuss properties of
k-Z[i] sequences defined by convex sets. In Section 3.3 we give a complete treatment
of Gauss sums in Z[i]. We prove the main result of this work in Section 3.4, i.e., we
derive an estimate of the exponential sum

Z e (asq(2%)). (3.2)

z€DyN

The underlying method which we use is based on the work of Mauduit and Ri-
vat [MRO09| on the real sum-of-digits function of squares. In a first step (Section 3.4.1)
we transform the problem in such a way that we are able to work with differences of
the form

asy((z +1)%) — asy(22). (3.3)

In order to do so, we prove a van der Corput-type inequality which is the key lemma
for working with k-Z[i] sequences. It turns out that this lemma is also of great
importance for local distribution results proved in Chapter 7.

The advantage of expressions of the form (3.3) is that the higher placed digits
of z do not contribute to the exact value in the most cases. With the help of the
addition automaton, we show that we can replace the sum-of-digits function with a
truncated version of it (“carry lemma”). In Section 3.4.2 we evaluate sums containing
linear exponential sums. These results enable us to find an upper bound of (3.2)
which only depends on the discrete Fourier transform of the truncated sum-of-digits
function. Section 3.4.3 finally contains the last steps of the proof of Theorem 3.2.

In Section 3.5 we first prove a basic property of k-Z[i] sequences. With help of
this result and Theorem 3.2 we give (for the sake of completeness) straightforward
proofs of Corollary 3.3 and Corollary 3.4.

3.2 Convex sets and x-Z[i| sequences
In this section we shed some light on k-Z[i] sequences.! Let us recall that a x-Z][i]

sequence (Dy)nyen (with 0 < k < 1/2) satisfies for all N € N the following four
conditions:

(i) DN c DN+1,
(ii) Dy C {z € Z[i] : max (|R(2)], |3(2)]) < VN },
(iii) there exists a constant ¢ > 0, such that ¢cN < #Dy, and

(iv) #{DNA (r +Dn)} < |r|N17F for all r € Z]i].

IThe author wants to thank Christoph Haberl and Christian Steineder for ideas presented in this
section.
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The implied constant in condition (iv) may depend on the sequence but not on r and
N. If |r| = N*, then we have

H{DNA (r +Dy)} < #{Dn} + #{r + Dy} < N < |r|N'7".

Thus, one can additionally assume in condition (iv) that |[r| < N*. In the definition
of a k-Z][i] sequence we asked k to be less or equal to 1/2. The reason for this demand
is the fact that there do not exist k-Z[i] sequences with x > 1/2. In order to see
this, take r = 1. If #{DnA (1 + Dn)} < N'7%, then the number of Gaussian
integers lying in Dy is trivially bounded above by N¥/2. N1=# = N1=(s=1/2)  Thjg
contradicts condition (iii). It is clear that every x-Z[i] sequence (Dy)nen is also a k'~
Z[i] sequence if k' < k. Although the value k = 1/2 yields the most restrictive case,
there exist a big family of 1/2-Z][i] sequences. In what follows, we show that every
sequence of convex sets satisfying conditions (i), (ii) and (iii) is a 1/2-Z][i] sequence.
More precisely, let (Cn)nyen be a sequence of convex subsets of C with Cy C Cny1,
Cy C {z € C: max(|R(2)|,|3(2)|) < V'N} and such that the volume of Cy is greater
than ¢N for all N € N and for a positive constant ¢ > 0. (If we speak about the
volume, we mean the 2-dimensional Lebesgue measure of Cy considered as a subset
of R2.) Let (Cn)nen be defined by

Cyn=CpnnN Z[Z]
Proposition 3.5. The sequence (Cn)nen 1S a k-Z[i] sequence with k = 1/2.

Conditions (i) and (ii) are trivially satisfied. In order to see that Condition (iii)
holds, one only has to use the fact that the number of points lying in Cy is equal to the
volume of C'n (which we denote by V(Cyx)) plus an error term coming from Gaussian
integers lying near the boundary of C'y. This error term can be bounded above by
some constant times the Minkowski surface area S(Cy) (see [Gru07, Section 6.4]
for the notion of the Minkowski surface area). Since this surface area is monotone,
condition (ii) implies that it is bounded by 8N'/2 and condition (iii) holds true for
(CN)Nen. Moreover, the same argument shows that we can assume that the sets Cy
are compact and that it suffices to verify that

VCnvA(r+Cpy)) < |7‘|N1/2

in order to confirm condition (iv). We give two different proofs of Proposition 3.5.
The first one uses geometric considerations and the second one Steiner’s formula for
parallel bodies.

First Proof of Proposition 3.5. Without loss of generality, we can assume that r = ir’
with 7 € N. We can translate the convex body Cy in such a way that

Cny C{zeC:0<R(2),3(2) <2VN L.

Then there exists two real numbers a and b and two function fi(z) < fa(z), such
that the points
z+ifi(z) and x4 ifs(x)
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fa(z) + |r|
PR TN /

' ~

Figure 3.1: The convex sets Cn and Cy + 7

for « € [a,b] lie on the boundary of Cy and Cy C {z € C:a < R(z) < b} (see the
left-hand side of Figure 3.1). The two functions are almost everywhere differentiable
(see |Gru07, Theorem 5.4]) and the volume of CnyA(r + C) is bounded above by

< / (@) + e — / fl(a:)da:> T ( / o) + Irl)de — / fg(a:)da:> i / '] d.

Thus, we obtain
b
V(CNA(r+Chn)) < 2/ Ir|de = 2|7 (b — a) < 4|r| N2

As remarked above, this proves the desired result. O

Second Proof of Proposition 3.5. We can assume that the sets Cn are contained in
R? and that 7 is a vector in R2. If C' and D are two convex bodies, we denote by
C + D the Minkowski sum C + D = {u+v : u € C,v € D}. Let B? be the closed
unit ball B? = {z € R? : ||z||, < 1}, where |||, denotes the Euclidean norm. Then
we have

CNO(r+Cn) € ((Cn + 1B\ O ) U ((Cx 1) + 1B (O +7)).

The gray region on the right-hand side of Figure 3.1 denotes the set (Cn +|r|B?)\Cx.
We get

V(CNA(r +Cn)) < V((Cx + |r|B*)\ Cn) + V(((Cx +7) +|r|B*)\ (Cy + 1))
=2V (Cy + |r|B?) — 2V (Cy).

Next, we use Steiner’s formula for parallel bodies (see [Gru07, Theorem 6.6]) together
with the notion of Minkowski’s surface area S(C'). We get

V(Cn + |r|B?) = V(C) 4 S(O)|r| + V(B?)|r|?.

As we can assume |r| < N'/2, this proves the desired result. 0
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3.3 Gauss sums in Z][i]

In this section we treat Gauss sums in Z[i] of the form
1 bn? + (n

where b, ¢, m € Z[i] with m # 0 and R, is a complete residue system modulo m
(tr(z) = z 4+ z = 2R(z) denotes again the trace of z € C). Appendix A.3 contains
information on classical Gauss sums. The proof of the main result in this section is
based on a thorough analysis of the treatment of Gauss sums in the integers given in

the book of Graham and Kolesnik [GK91, Chapter 7.4].
Proposition 3.6. Let b, ¢, m € Z[i] satisfying m # 0 and (b,m) = 1. Then we have
|G(b, ¢;m)| < 2|m].
This result implies the following (equivalent) result.

Proposition 3.7. Let b, ¢, m € Z[i] satisfying m # 0 and set d = (b,m). Then we
have

G(b,&;m)| =0 ifdte,

and

G(b, :m)| < 2dm| ifd | ¢.

Proof of Proposition 3.7. Set 1 = m/d, b = b/d and ¢ = ¢/d. Then {kin+r : k €

Ry, 7 € Ry} forms a complete residue system modulo m. Thus we can write

5 e(étr (WT+€71>> RS e(%tr(Bd(karr);ﬁjE(kﬁerr)))

n€Rm k€ERyr€ERp
1 br? + Or 1 lk
= Ze(itr< e )) Ze(itr<g>>.
r€Ryp kERd

In the case that d { ¢, the inner sum is zero. Otherwise, this sum is equal to |d|? and
we get (using Proposition 3.6)

|G (b, 6;m)| = |d*|G(b, &;m)| < 2|df*|in| = 2|dm]. m

In order to prove Proposition 3.6, we show some general properties of Gauss sums.
The next two lemmas are straightforward (as in the real case).

Lemma 3.8. If (my,mo) = 1, then we have

G(b, £;mima) = G(bmq,£;m2)G(bma, l;my).
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Proof. Note, that if the numbers j and k run through a complete residue system
modulo my, resp. ma, then the numbers j mg + kmy run through a complete residue
system modulo mims. We obtain

(1 <bn2+€n>>
Y oe(su(EE
2 mimeso

nElemQ

— Z Z o <%tr (b(jm2 + kmlq);;i(jm2 + km1)>> 7

j€Rm, k€Rmy

which implies our desired result. [l

Lemma 3.9. Suppose that (b,m) =1 and (m,—1+1i) =1 or (¢,2) = 2. Then we
have

|G(b,6;m)| = |G(b,0;m)].

Proof. First we consider the case (m,—1+4) = 1. Then we have (4b,m) = 1 and
4b has an inverse element modulo m, say b. Replacing n by n 4+ 2bf in the index of
summation yields

G(b,t;m) = Z o (% 7 (b(n — 25@)27: O(n — 256)))

n€Rm
1 (b2 1 (bn?
n€Rm

In the second case we denote the inverse element of b modulo m by b. Replacing n
by n + bl/2, we can write

Gb,tm)= > e (%tr <b(n = 55/2)2;; f(n — 64/2)))

’fLERm
1 (b 1. (bn?
TLeRm
Thus, we also have |G (b, £;m)| = |G(b,0;m)| in this case. O

In view of Lemma 3.8, it suffices to consider Gauss sums where m € Z[i] is a prime
power. The set {z+iy: 0 < x < |[d+ie|?/(d,e),0 <y < (d,e)} is a complete residue
system modulo d + ie (see e.g. [AS03, Theorem 3.10.4|). If ¢ = a + ib is a Gaussian
prime with @ # 0, b # 0 and |p|? > 2, then we have that {n: 0 < n < |q|*"} already
forms a complete residue system modulo ¢". Indeed, if § = (R(q¢"),Z(q")) # 1, then
0 | ¢" and therefore § = ¢" for some ' < r. But since ¢ = a + ib is a prime with
lg|? > 2, it is impossible that q" €.

Lemma 3.10. Suppose that p is a prime with |p|?> > 2, and (b,p) = 1. Then we have
forr>1
[G(b,0:p")| = |p["-
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Proof. First we consider the case that p is a Gaussian prime such that |p|? is a prime
number in Z. Then we have

o= £ (o(5))- 5 ()

0<n<|p|" 0<n<|p|?r

- = ()

0<n<|p|?r

where ¢ = R(p"b). Next we show that ¢ and |p|?> are coprime. Set d = 3(p"b). If
(c,|p|?) # 1, then (c,|p|?) = |p|*>. This implies that p | ¢, p | ¢ and p | d, which in
turn implies that p | d and thus p | (¢ + id). It follows that p | p, which is impossible
since |p|? > 2. This allows us to use well-known results for quadratic Gauss sums in
Z. Employing [GK91, Lemmas 7.12, 7.13 and 7.15|, we obtain

G0 = ¥ (i> _ VI

2r
0<n<|p|?" P

In the second case (|p| is as well a prime in Z[i] as in Z), the set {z +iy : 0 < z <
Ip|",0 < y < |p|"} forms a complete residue system modulo p”". First, we consider
only primes p, such that p = |p|. Put b = by + iby. If (by,p) = 1, we have

S ()L esm
=0 y=0 =0 y=0
p"—1 2\ P'—1 2
B bix > <—b1y —2b2wy>
= e el ——————=) .

Using [GK91, Lemma 7.11], we obtain

S E )

z=0 =0

|G(b,0;p")] =

Next we deal with the case (by,p) # 1. We get (setting p* = (by,p") and by = byp~)

owor- 55 ( (5 >>

s T
2=0 p m=0 k=0 p
T_1 s_1 r—s_1 —~
pz <b1x2> 5 <—2bga:k> P <—blm2 — 2b2xmp_s)
= e e e )
T S r—S
=0 p k=0 p m=0 p
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If p® 1 x, then the sum over k equals zero. If p* | x, then it is equal to p®. Indeed, we
have (p,2) = 1 and (p,by) = 1 (note, that otherwise (b,p) # 1) which implies that
(2b9, ) = 1. We obtain

p'rfs_l o~ 25 9 prfs_l ~ 2
— -2
G(b,0;p") = p° E e <b1p ° > E e ( bim b2xm> .

r—S rT—S
=0 p m=0 p

Since p is an odd prime satisfying p = 3 mod 4 we have for A > 1

pl <an2 + En) e (—%2) P2, if \ is even,
el ——— ) =
A . *(2 /2 .
n—=0 p i (%) e (—‘;—A) pM2, otherwise,

if (a,p) = 1. Here, (%) denotes the Legendre symbol and a is the inverse element

of 4a modulo p*. This fact follows from [GK91, Lemmas 7.11, 7.12, 7.13 and 7.15].
Thus we get

Pl 1225 AT1H2Y..2
Gb,0:97)] = p+92| 3 e((blp Tibbz)x>
p

=0

— p(r+s)/2p(r—s)/2 — pr.

The numberz) denotes the inverse of —41;1 modulo p"~*. Since (5, p) =1 and (by,p) =
1, we have (b1p®® — 45()%, p) = 1 which verifies the last calculation. Since the obtained
result holds for all b € Z[i] satisfying (b, p) = 1, we have shown that |G(b,0,p")| = [p|"
for all Gaussian primes p with p = |p|. O

Next we consider the case |p|> = 2. In what follows we fix p = —1 +4. Recall,
that F) = {Z;‘;& gj(—1+41i) :¢j € {0,1}} forms a complete residue system modulo
p*. In the case where we consider small powers of p, one can easily check following
results: Setting b = by +iby and ¢ = {1 +ily, we have for (b,p) = 1 (this is equivalent
to by # by mod 2)

[ 2, if4 # 43 mod 2,
|G(b,4;p)| = { 0, if ¢4 =¥ mod 2,

0, if 61 5_'5 62 mod 2,
0, if {4 =43=1mod 2 and by =1 mod 2 or
|G(b, £;p?)] = ¢y =02 =0 mod 2 and b; = 0 mod 2,
4, if 41 =49 =1mod 2 and by = 0 mod 2 or
{1 =0, =0mod 2 and b; = 1 mod 2,

and

0, if 61 5_’3 62 mod 2,
IG(b,4;p3)| =< V2.4, if 41 =0, =1mod 2,
0, if /1 =/¢5 =0 mod 2.
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Thus we have |G(b,¢;p"| < 2|p|" for r = 1,2,3 and all b, ¢ € Z[i], (b,p) = 1. In
general, we get the same kind of estimate. The following lemma implies |G (b, £;p")| <
2|p|" for r > 1 and b, £ € Z[i] with (b,p) = 1:

Lemma 3.11. Let p € Z[i] be prime, with |p|*> =2 and b, ¢ € Z[i] satisfying (b, p) =
1. Then we have for r > 4

/0, if £1 or £y is odd,
|G(b,4;p")| = { 2-2"/2 otherwise.
Proof. First we show the result for p = —1 + i. We can write
, 1 bn® + In
ono1- 5 (e (22)
neFr
D3 < ( (jp"t + k)% + ((jp “+k)>>
JjeEF1 k€eF 1 pr

1 (b2 40k < (1 [{pj
> (o (5)) 2 +(3)
keFr_1 7=0
Since the inner sum is 0 if /; and ¢5 are from different parity, we have the desired
result in this case. If £; and ¢> have the same parity, then the internal sum is 2 and

Gb, 6 p) =2 Z e (% tr (bk{;if%» . (3.4)

keFr_1

we derive

Suppose first, that ¢; and ¢ are both odd. Then we obtain

R )

j=0 keF, _o

1 (b2 + 0\ — (1. ()
=2 3 (e (57)) e (o ()
keF, —2 2 p Jj=0 2 p

and the inner sum is 0. Finally, we focus on the case where ¢; and {5 are both even.
It follows from Lemma 3.9 that we can assume that ¢; = ¢, = 0. Using (3.4), we
obtain

GO =2] Y e <%“ (lf))

keF, —1

-2 2 (G (55) G (45)

=2|G(b,0,p" %) + e <%tr <3>> G(b,bp,p"?)|.
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If » = 4 we have to use the already calculated values for G(b, £; p?), where the parity
of by is important. However, in both cases (b; equal or odd) one of the sums above is
zero and the other one has absolute value 4. If r = 5, we use the values of G(b, ¢;p?)
and for r > 6 a simple induction argument works. In any case, we obtain that

|G(b, & (=1 +1i)")] = { 0, if £1 or £5 is odd,

2.2"/2 otherwise.

If p# —1+i but |p|* = 2, we use that F, = {Z;;é gi(—=1+i) 1 g5 € {0,1}} is a
complete residue system modulo p”, too. Thus we have

1 e™hn2 + £"in
G(b,t;p") = Z e <— tr <7r>>

=G(e"b,e"t; (=1 +14)"),

where ¢ is the appropriate unity e € {£1, £i}, such that ep = (=1 +4). This finally
shows the desired result. [l

Proof of Proposition 8.6. Employing Lemmas 3.9, 3.10 and 3.11, we finally get for
an arbitrary prime number p € Z[i] and for b, ¢ € Z[i] with (b,p) = 1 the estimate

G0, 6p7)] < 2[pl"

Using this fact combined with Lemma 3.8 finishes the proof of Proposition 3.6. O

3.4 Proof of Theorem 3.2

Recall that we have ¢ = —a + i with a € ZT and o € R. We set f(n) = asy(n) and
define (as in Chapter 2) for every real positive number B the set =Zp C Z[i] by

Ep = {n € Z[i] : max (|R(n)],|3(n)]) < BY?}.
Let v € Z* be defined by Q"~! < N < QV. Then we will show that
Si= 3 e(f(n?) <q v @3 QUcanllle? 2t el (3.5)
n€Dn
where ¢, is a positive constant and w(g) denotes the number of distinct prime
divisors of ¢q. Of course, this proves Theorem 3.2.
3.4.1 Van der Corput-type inequality and “carry lemma”

We begin with a van der Corput-type inequality for Gaussian integers (different to
the one given in Chapter 2). It allows us to work with differences of the form as,((z+
7)%) — asy(2?), which is important for the further steps of the proof. Moreover, it
has the remarkable property that we can enlarge the domain of summation without
producing a too big error term. On the left-hand side of inequality (3.6) we sum
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up over Gaussian integers lying in Dy, while on the right-hand side we sum up over
all Gaussian integers lying in a square which contains Dy. It permits to calculate
special exponential sums that appear in later parts of the proof (see Lemma 3.14).
The idea of the Lemma and the proof of it is inspired by [MR09, Lemma 15].

Lemma 3.12. Let B be a real number and N a positive integer satisfying N <
B. Furthermore let z, (n € Z[i]) be complex numbers with absolute value < 1 and
(Dar)men be a k-Z[i] sequence. Then we have for any real number R > 1,

1/2

Yo < % > (1—2];711) > +NY*R. (3.6

n€DN |r|<2R nn+re=p

Proof. Before we start the main part of the proof, we observe that #Dy < #Z2ny <
N. Next we take for convenience z, = 0 forn ¢ Zp and put T'(R) = # {0 < |r| < R}.
Since the absolute values of the considered complex numbers are < 1, we obtain (using
the properties of the x-Z[i] sequence)

T(R)Zzn_z Zzn—l—rgz Zzn_zzn—l—r

n€DN |r|<RTL€'DN ‘r‘gR n€DN n€DN
< Y #{DnA(r+Dn)}
Ir|<R
< Y IPIN'"F < T(R)RN'".
Ir|<R

Thus, we have

S s < ﬁ SIS |+ NRR,

n€Dn ne€Dn ||r|<R
Using the Cauchy-Schwarz inequality, we obtain
2 2

Z Z Zn+r < (#Dn) - Z Z Zn+r

neDy ||r|<R neDy ||r|<R

S N Z Z Zn—i—rlm

0| |r2| <R neZfi]
=N D wlr) ) e
0<|r|<2R ne”li]
where w(r) = # {(r1,72),0 < |rif,|r2] K R:r —re=r} < 2R+ 1) 2R+ 1—|r).
Since T(R) > R?, we finally get
1/2
N | — 1-
YOI EAS <1_ 2R+1) > || +NR
neDn |r|<2R n,n+reZp

This shows the desired result. O
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We employ Lemma 3.12 with B = Q¥ and R = |q|’/2, where p is an integer
satisfying

2<p<y/3, (37)

and get
1/2
N r .
s<|3 X ()| 2 e - sey] | e
Ir|<lql? ar+ nn+reZgy
1/2
<l@rar ma | enrn? - gty | Qe
SIS nn+reZgr

In the last step, we separated the case r = 0 and r # 0. Additionally, we get an error
term O(Q®¥*+P)/2) (inside the square root) when removing the summation condition
n+r € Zgv. But since we have assumed p < v/3, this term can be neglected. Hence,
we obtain

1/2
S« Qu—p/2 + Qu—(un—p/2) + Q max Z ((n+m) ) f(nz))

1<Irl<lal? |

(3.8)

In a next step, we want to use the fact that we are now dealing with expressions
of the form f((n+7)2?) — f(n?) (similar to the reasoning in Chapter 2). If r is small
in comparison to n, the higher placed digits of (n+7)2 and n? do not differ in “most”
of the cases. In order to show this, we use the same truncated sum-of-digits function
already defined in (2.30), namely,

where €;(z), j > 0 are the digits of z in the base-q representation. Recall, that this
function is periodic with period ¢*. The next lemma gives an upper bound of the
number of cases, where it makes a difference if we use the normal or the truncated
sum-of-digits function. The reasoning of the first part of its proof is very similar to
the reasoning of the proof of Lemma 2.17. Nevertheless, we also give a detailed proof
of this part for the sake of understanding and completeness.

Lemma 3.13. Let r € Z[i] with [r|* < Q°. We denote by E(r,v,p) the set of
Gaussian integers z such that z € Egv and

F((z47)) = F(2%) # forop((z + 7)) = foyap(27). (3.9)

Then we have
#E(rv,p) < Q"7

where 0 < v < 1 s a constant only depending on q.
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Proof. By Propostion A.5 we know that there exists a constant ¢ (only depending
on ¢) such that for all z € Zg» the number 2% has < 2v + c digits, 2zr + r2 has
< v+ p + c digits and if w has ¢ digits, then we have that |¢|'~¢ < |w| < |¢|F¢. We
can assume that p > 4c (the statement is trivial in the converse case).
Similar to Lemma 2.17, every Gaussian integer 2% € Zgv can be uniquely written
as
22 — m0(22) + qu+p+cm1(z2) + qzx+2p7n2(22)7

where mg(2?%) € Fotptes mi(2?) € Fp—c and ma(2?) € Foge—2p. We set
T={teF,_.: t=m(z?) for some z € E(r,v,p)},
and
Ny={z€ Zgv: mi(z?) =tand z € E(r,v,p)}.

As in the proof of Lemma 2.17, one can show that # 7T < Q7'?, where 4/ is a positive
constant satisfying 4/ < 1. In what follows we show

# N < Q7. (3.10)
This implies

#E(r,v.p) = Z # Ny < Z Q' r < 1=,

teT teT

which implies the desired result with v =1 —+' > 0.
First, we fix some ¢t € F,_. and set

S i= {2z 2% =mo + ¢" TP+ ¢"T2Pm, mg € Fuiprc)

This allows us to write N; C UmE e Sm, and hence

v+c—2p

HN < D #5m (3.11)

meF 1c—2p

If m = 0, we have Sy C {z : |2]? < |g|""?}, and we obtain that #Sy < |g|**?°. For
m # 0, we can bound the cardinality of S, by

vtp

gV P lg| ="

+ +1
t+q°=m| /[t + ¢>~°m)|

To see this, consider Figure 3.2. The dashed domain in the first drawing contains
the set of all possible squares (the solid circle has radius |g|***+2¢) and the checkered
domain contains the set S;,,. One possibility to find an upper bound of the cardinality
of Sy, is to calculate the area of the checkered domain plus an additional area (if the
Gaussian integers lie on the “border”). The second drawing shows this region. For
readability, we denote the angle by ¢ and write

#Sm <

(3.12)

a=+/|gl"tPte(jt+ 7 °m| — |q°) and b= +/|g]"TPTe (|t + gP—m]| + |q|°).
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l/+p+c t+qp °m

\ / ] / IV
@\ // /
s/ i
N B /
~ - / /

—

Figure 3.2: Calculation of S,

First we calculate the area of the circular ring segment. The inner radius is a —1/v/2
and the outer radius is b+ 1/v/2. We get the area

(b2—a2+\/§(b+a))§ (b2 — a® + 2v/2b)ep. (3.13)

The remaining domain (thickness 1/v/2) has area

b2 — a2

2(b—a+\/§)% <

Furthermore we have ¢ < [t + ¢?~°m|”" (note that |t + ¢?~°m| > |¢|P~2¢ > |q|2).
Adding the expressions (3.13) and (3.14) together and using the estimates above, we
finally obtain (3.12).

In order to avoid problems arising from the denominators, we split the sum
in (3.11) up into two parts. The first one contains all integers m satisfying |m|? <
lg|" =3 (they are all in F,_g,1.). From (3.12) follows, that #S,, < |g|*™ for all
m # 0. Using this crude upper bound, we obtain

Z Sm < Z |q|u+p < |q|2u—2p _ Ql/—p.

0<|m|?><[q|¥ 3¢ 0<|m|2<|q[¥ 3¢

+1. (3.14)

Now, we evaluate the remaining part in (3.11). Since |m|? > |¢|*~3F, we have that
|t + g~ °m| > |q|°|m|. Using (3.12), we get

v+p -
> #s< Y <|t L +1>,
mEeF, 2ptc MEFy—2p+4c +qPmm V ’t +q° m‘

Im|*>[q|*~% [m|?>[q|" %

and hence
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g | |q]"?
Yo #Sm< > LI +1
Im|  |m[1/?
mE]:u72p+c me]:u72p+c
[m|?>[q| =3¢ |m|2>|q|~ 3¢

lql” | gl
< > <‘m’+’m‘l/2+1 .

0<m|?<[gl? 4o+

Thus we have to deal with sums of the form 3, <x #, where o € {1/2,1}. A
first crude estimation shows that

1 |N]
l—a
> [ <)
0<|m|<N r=1
Calculating the sum on the right-hand side, we get

|m|e N3/2 ifa=1/2.
0<|m|<N

Hence we obtain

2 <% o 1)
0<|m|2<|q|? 4o F2e
<lal"lal" ™+ lalal 7 g < Q7
This shows estimate (3.10) and the proof of Lemma 3.13 is finished. g
For further considerations, we set
A=v+2p. (3.15)
Replacing f by fy gives a total error of O(Q"~??/2). Thus, by (3.8) we have

S« QP4 Qurlnmrl2) 4 QU2 max |Sy(r,v,p)|'/?, (3.16)
1<]r|<lql?

where

Silrov,p) = Y e(fal(n+1)%) = fr(n?)).

HEEQV

3.4.2 Calculations leading to the Fourier transform

Next we estimate some special exponential sums in order to obtain expressions con-
taining Gauss sums and the Fourier transform. In Remark 2.19, we noted that

1 . : VN VN 1
Z e <§ tr ((r +zs)2)> < min <N, s HT”HSH) .

zZEEN

(3.17)

The following lemma is similar to Lemma 2.20.
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Lemma 3.14. Let m € Z[i] \ {0} and R,, be a complete residue system modulo m.
Moreover, let N € N. Then we have

Z min \/N \/N L
N TRl TS TR IS e/

< 16N + 64V N|m|log |m| + 64|m|?(log |m])2.

Remark 3.15. This lemma is an improvement of [GT00, Lemma 2.6], where Git-
tenberger and Thuswaldner dealt with similar sums. They use the Koksma-Hlawka
inequality to obtain an error term of the form O (N|m| + |m|?(log N')?), which suf-
fices for the proof of their main result. In our case, the term N|m/| is too big and we
have to use other ideas in order to succeed.

Proof of Lemma 3.14. Since the summands are periodic with period m, it does not
matter over which residue system we sum. Let us denote the considered sum with 7.
Note that R =Z[i]| N {(a +if)m : —1/2 < o, 5 < 1/2} is a complete residue system
modulo m and set R = {(a, 3) € [-1/2,1/2)% : (a +i)m € R}. Then, we can write

_ : VN VN 1
T= 2 mm( Tl T8I HallHﬁH)'

In a next step, we tessellate the square [—1/2,1/2)? with small squares of side length
1/(2[|m|]). Therefore, we set

A= 80 [ g ) < (e 2 )

and
Rpg:=RpprUR p 1 UR 1 k-1URp 1.

We obtain

LIm|]—1[|m|]-1
(VR VE
=2 2 > mm( Tl TAT HaHHﬁH)'

h=0 " k=0 (a,B)eRy

Note, that the inner sum has less or equal 4(jm|/(2||m|]) + 1)?> < 16 summands.
We distinguish between three different cases. If h = k = 0, we use N as an upper
bound of the summands. If & # 0 and k = 0, we use VN - (h/(2||m|]))™" (resp.
V- (k/(2 || ]))~" when h = 0 and k £ 0) and (b/(2 |jm|}))" (k/(2 [[m] )" in
the remaining case. Thus we have

[[m])—1 Lml]—1 2

4im/|? 1 1
T<aimp e \ MY X maman T\ & megmn

< 16N + 64V N|m|log |m| + 64|m|?(log |m)|)?,

and the desired result follows. O
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Lemma 3.16. Let ¢ = —a=+i witha € ZT, XA > 0 and z,, (n € Z[i]) complex numbers
of period ¢*. Then we have for 1 < N < Q*,

1 h
E zn K v? max E zne<—tr (—?)) .
heFy 2 q
neFy

neEN

Proof. Using the periodicity of the considered complex numbers, we can write

Soa= X a X g 2 e(5u (M)

neSN neFy zZEEN heF) 1
1 1 hz 1 hn
~o X Xe(50(F)) S (e (F))
heFy\ z€EN neFy

Recall that A = v42p and p < /3 (see (3.7) and (3.15)). Thus we have (log |¢|*)? <
v2. Applying (3.17) and the previous lemma yields the desired result. O

As indicated above, f)(z) is periodic with period ¢*. Using the Fourier transform
F\(h,a) (compare with Section 2.2), we obtain

R =y e<%tr<h1(n+r)j+h2n2>>‘

hi,ho€F HEEQV q

Employing Lemma 3.16 with N = Q" yields

S < 12 E |F)\(h1, a) Fx(—ha, )| - max
lEF
hi,h2€F)

G(hl + hs,2rhi + 1; q)‘)‘ ,

where we used the notion of the quadratic Gauss sums (see Section 3.3). Proposi-
tion 3.7 gives

S1 < QM max Y "|d| > |Fa(h1,a)Fa(=hg,q),
LEF
d|g* hi,ha€F)
(h1+ha,q*)=d
d|2rhy+1

where we only sum over one of the four possible associated elements of a divisor d.

3.4.3 Final estimates for the proof of Theorem 3.2

For further calculations, we only consider the case where ¢ = —a + i with a € A.
This results from the fact that we employ Lemma 2.7 (a Fourier transform estimate),
which is not sufficient if ¢ has small prime divisors. In particular, the constant
7 has to be smaller than 1/4 (several considerations in the following steps of the
proof need this assumption). Mauduit and Rivat used two different van der Corput-
type inequalities and some further calculations, which allowed them to employ a
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weaker Fourier transform estimate than the corresponding one we need in our case.
Unfortunately, their considerations do not work in our case.

First we replace the summation condition (h; + hg, k) = d by the less restrictive
one hi + hg = 0 mod d. The condition

2rh; +1=0mod d (3.18)

can be rewritten as follows: Set d= (2r,d) = (r,d) (since d | ¢*, we have (d,1+1) =
1). Then d | I, since otherwise (3.18) cannot hold. If we set ' = 2r/d and ' = 1/d,
then (3.18) is equivalent to

r'hy 41 = 0mod d/d.

The integer 7/ has an inverse element modulo d/d which we call r”. If we finally set
I =7"l', then we can write the last equation as

hi 41" =0mod d/d.

We proceed with separating the sum according to the value of v,(d), where v,(d) is
the unique integer §, such that ¢° | d but ¢°*' { d. Set

plog @
= . 3.19
re Log 689J (3.19)
Then we can write
Sy < 2QM? max(Ss + S3), (3.20)
LeF
where
So= > D |kd| > IFa(h1, o) Pa(—ha, ),
0<8<pq k|g* 9 hi,ha€F)
afk hi1+h2=0 mod kq°
h14+1"=0 mod kq® /(kq®,r)
and
Sa= Y Y |k ) [Fx(h1, 0) Fx(=hs, ).
PQ <O k|gh—? h1,ha€Fy
atk h1+h2=0 mod kq°

h1+1"=0 mod kq®/(kq®,r)

In order to find an upper bound of Sy, we replace the condition hy + I = 0 mod
kq®/(kq®,r) by the weaker condition

hy +1" = 0mod k/(k,r).
This is allowed since k/(k,r) is a divisor of

ko (kd®,rq°) kq®

(k,r) (kg% r) — (kqd,r)
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We can write

< Y Y k| Y Bl XY B

0<6<pq k|g* 9 h1€F) ha€Fx
atk h1=—1" mod k/(k,r) ho=—h1 mod kq¢°

Since the Fourier transform is periodic with period ¢* in its first argument and since
the moduli occurring in the summation conditions are divisors of ¢*, we can sum
over an arbitrary complete congruence system modulo ¢*. Using Lemma 2.7 (twice)
yields

5 AL (A=5) [1.|—2
Sy < Z Z ‘]{;q ‘Q%sg Q1689 || ~2Mos9

0<0<0@ Kighot |(k, )]

qtk
— Q277689>\ Z Q(1/2—77689)5 Z ‘k’1_477689 ’(k‘,?‘)‘%“g.
0<0<pq k|g* 9

afk

Note, that |(k,7)| < |r| < |q|°. Furthermore, we have for every k | ¢*=° with ¢ 1 k
that

)
P
k] = |k )] < |(k, q) < Q%) _ 5 (1-lomq 689). (3.21)

Now we need the first time that nggg < 1/4. If we denote by 7(m) the number of
divisors of m, then we obtain

2n689 A 5(1/2— A=8yH258 (1-1 1—4
Sy < Q2168 Z Q 1/ 77689)7-(q Q72 (1-log, 689)( 77689)@[)7’]689
0<6<pQ
A A (L — 1221689 166 0 689 )+ preso 5 (m6s0+-—21689 1og ., 689
:T(q)Q(a 2 ) > Q( 2 Q%)
0<0<pq

Since p < pg and (log 689)(1 — 4nes9)/2 < (1 — 4n689)/2 < 0.00002, we get

1—4
— 1247689 1og, 689) +po

5y < (@2 (3.22)

Next we estimate S3. Since § > pg, we have that (kq®,7) | ¢°? | kq®. This follows
from the fact that || < |g|” and that every prime divisor p of ¢ satisfies

log @
v <(kq5,r)) < {piJ < pg,
: log p? ] ~ "¢
(cf. [IMR09, Section 5.5]). Hence, we are allowed to replace the summation condition

hi+1" = 0 mod kq’/(kq’®, ) by the less restrictive condition hy 41" = 0 mod kq®~re.
We have

i< Y Y |k X Bt Y IRl

Q<O k|g—3 hieFy ha€ Fy
atk hi=—1" mod kq’~PQ ha=—h1 mod kq’
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Using Lemma 2.7 in combination with Lemma 2.5, we get

> [F(h,0)] > |Fa(=hg,q)|
h1E€Fy ho€F)
hi=—1" mod k¢’ ~PQ ho=—h1 mod kq’

< |k —4nesg Q(/\—5+pQ)n689—(5—pQ)cQ Il(@2+2a+2)a| ® 4 (A=5)m689 —0cq [ (a2+2a+2)a||2’

where cg is the positive constant defined in Remark 2.6 (we use this constant rather
than the constant defined in Lemma 2.5 since it simplifies further calculations). It
follows that

Ss < Q277689)\+PQ(77689+CQ”(CL2+2G+2)01”2)
. Z Q5(1/2—217589—20QH(a2+2a+2)aH2) Z ‘k‘1_4n689.

PQ<6<A kg0
afk

By (3.21) and the fact that g9 < 1/4, we have
Sy < (g Qs ra s o (@2 2a+2)a] )

2 _
) Z Q5(1/2—277689—2CQ||(a2+2a+2)a|| )+252 (1-log, 689)(1—47n6s0 )

PQ <A

_ T(q’\)QAO/z_% logy 689) +pq (oso+eq || (a2+2a+2)a|*)

. Z Q&(%1ogQ689—2CQ\|(a2+2a+2)a\|2)
PQ <A

Since

L 1 — 47689

<
54 - 6892 log Q 2

—_

2¢q ||(a® + 2a + 2)(1“2 < —cg <

5 log 689,  (3.23)

we obtain

Sy < T(q)\)Q)\<1/2—26Q”(a2+2a+2)a”2>+pQ‘ 20
Thus we get (see (3.20), (3.22), (3.23) and (3.24)),

Sy < v27(g") Q1= 2eqll(@® +2a+2)al*)+pg

Since 7(¢*) < X9 7(q) (where w(q) denotes the number of distinct prime divisors of
q, cf. (2.41)), we obtain (compare also with (3.15) and (3.19))

S < Vw(q)+2QV(1—2CQ\\(a2+2a+2)all2)+3plogssg Q

By (3.16) we have

S < QU2 4 QU L QY2 max  |Si(r,v, p)|Y?
1<l <lql?

< Ql/—’yp/2 + QV—(Vﬁ—p/2) + Vw(q)/2+1Ql/(1—cQ\\(a2+2a+2)a\\2)+(3/2)plog689 Q.
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Until now, we only used that 2 < p < v/3. If we impose the condition

2¢cq
v + 3logggg @

2
I(a? + 2a + 2)a?, 22 )

< vmin
P < I+~

then we have
S < ,/w(q)/2+1Qv—w/2‘

We set

2k 2cq >
1+77y+3loggey Q)

and choose p := v - ch,,@ H(a2 + 2a + Q)QHJ. If p > 2, then we just have shown the
desired result (cf. (3.5)). If p < 2, then the estimate (3.5) holds trivially and we are
done.

Cq,x = Min <

3.5 Proofs of Corollary 3.3 and Corollary 3.4

Corollary 3.3 and Corollary 3.4 can be deduced from Theorem 3.2. Before we prove
them, we show an auxiliary lemma concerning x-Z[i] sequences.

Lemma 3.17. Let b,d € Z[i] and (Dn)nen be a k-Z[i] sequence. Then we have

#DnN
|d|?

Proof. We define for z € Z[i] the numbers w, to be 1 if 22 = b mod d and 0 otherwise.
Then we can write

1
#{ZEDNizzEmedd}:W Z szw

#{ZGDN:zQEbmodd}: #{zGRd:z2Ebmodd}—l—Od(Nl_“).

2€DN reERy
1
+W |d|2zw2_z sz+r s
z2€DpN r€ERy z€DN

where we choose R to be a complete residue system modulo d with |r| < |d| for all
r € Ryq. The first term is equal to

#Dn

Tk #{zGRd:zzzbmodd}.

It remains to estimate the error term. We have

Y - Y <« Y e Y e

z€DyN reRy 2€DN reRy |2€DN 2€DN

< Z # {DnA(r+Dn)}

reRy

< >IN < |dPPNTE O
|r|<Rq
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Proof of Corollary 3.3. We have

# {2 €Dy :54(2*) =bmod g} = Z ; Z e <§(sq(z2) — b)> .

z€Dpn ~ 0<j<g
Set d = (g,a% 4 2a + 2). From Proposition A.4 follows that
54(2%) = s4((21 +i22)%) = 22 — 25 £ 2(a + 1)z 22 mod d.

Ifweputg’:%, J:{kg’:0<k<£lv}, J={0,....,9—1}\J={kd+r:0< k<
d,1 <r < g'}, then we have for j = kg’ € J,

e <isq(z2)> —e <%Sq(z2)> —e (%(zf 24 %at 1)z1z2)> .

d ~
:—#{z:z1+izgGDN:z%—z%:l:Z(a—l—l)zl@Ebmodd}.
g

Since (d,q — 1) = ((g,|g — 1]),¢ — 1) = (9,q¢ — 1) = d, we get by Lemma 2.22 and
Lemma 3.17 that the last quantity is the same as

d Dy d
5# {zeDn: 22 = b mod d} = ?WQ(Z), d) + Oy g(N'F).
Using the same considerations as in Lemma 2.22, we see that d/|d|> = 1. The

remaining sum (which comes from the set J’) can be treated with Theorem 3.2
and one finally obtains Corollary 3.3 (see the proof of Theorem 3 in [MRO09| for
details). O

Proof of Corollary 3.4. If o € Q, then the sequence (asq(zz))zez[i] takes modulo 1
only a finite number of values and is therefore not uniformly distributed modulo 1.
If in return o € R\ Q, then for every h € Z with h # 0 we have (a? + 2a + 2)ha €
R\ Q and according to Theorem 3.2 (take for Dy the Gaussian integers lying in a
disc with radius v/N), the statement follows from Weyl’s criterion (Theorem A.18).
Note, that the specific ordering (if only the absolute value of the numbers increases
monotonically) of the Gaussian integers is negligible. O



Chapter 4

Generalized Thue-Morse sequence
in compact groups

The Thue-Morse sequence
(tn)nen = (01101001100101101001011001101001 .. .)

has the property that the digits 0 and 1 appear with asymptotic frequency 1/2. As
shown by Gelfond, this property persists for subsequences like linear progressions.
It follows from Mauduit’s and Rivat’s solution of Gelfond’s sum-of-digits problem of
squares that the sequence (t,2)nen has the same property.

In this chapter we consider compact group generalizations T'(n) of the Thue-Morse
sequence and prove that the subsequence T'(n?) is uniformly distributed with respect
to a measure v that is absolutely continuous with respect to the Haar measure. The
proof is based on a proper generalization of the Fourier based method of Mauduit
and Rivat to group representations.

4.1 Introduction and main results

The Thue-Morse sequence (t)nen has been rediscovered several times in the lit-
erature and there are various different definitions (see [Mau0l|). For example, we
have

tn, = s2(n) mod 2,

where s3(n) denotes the number of 1’s in the binary expansion of n. Alternatively,
we can use recursive definitions like tg = 0, tor, = ti, topr1 = 1 — tx or identify it

87
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with a fixed point of the morphism g : {0,1}* — {0,1}* induced by p(0) = 01 and
(1) =10 (see |[Fog02]). Another quite non-standard definition is the following one:
Define ug = 0, and for j > 0 set

RN
. 2i41 V2
0, if Hogigj (2:'+2> > 5

1, otherwise.

Uj+1 =

Then the sequence (up)nen is the Thue-Morse sequence (t,)nen (see [AC85|). This
sequence has many interesting properties. For example, it is cube-free (that is, there
is no subword of the form www) and every subword w that occurs once appears in-
finitely often with bounded gaps (although it is non-periodic). It is also an automatic
sequence (see [AS03] and Chapter 5). In any case, the binary expansion of n governs
the behavior of ¢,.

The purpose of this chapter is to establish a distribution result for the quadratic
subsequence T'(n?), where T'(n) is a generalized Thue-Morse sequence of the following
type: Let H be a compact group that satisfies the Hausdorff separation axiom, ¢ > 2,
and go,91,--.,9¢—1 € H with go = e the identity element. Furthermore, let G < H
be the closure of the subgroup generated by go, g1, .., gq—1. Suppose that

n=ce_1(n)g" L +er_o(n)g" 2+ +e1(n)g +eo(n)
= (ee-1(n)er—2(n) ... e1(n)eo(n))q

denotes the g-ary digital expansion of n and define

T(n) = gso(n)gel(n) U gagfl(n) . (41)

If G = Z/2Z (with + as the group operation), ¢ = 2, and gy = 0, g1 = 1, then
T(n) = sa(n) mod 2 = t,,. Thus, T'(n) is a proper generalization of the Thue-Morse
sequence. Alternatively T'(n) can be seen as a completely g-multiplicative G-valued
function which is defined by the property

T(j+qn) =T()T(n)

forn > 0 and 0 < j < g. The sequence T'(n) is also an example of a chained sequence
with a transition matrix that is not contractive (see [AL91] and [AL09]).

It is relatively easy to show (see Theorem 4.10) that the sequence (T'(n))p>0 is
uniformly distributed in G, that is, the normalized counting measure induced by
T(n), n < N, converges weakly to the (normalized) Haar measure y on G:!

1 N-—1
~ 2 1) = 1o
n=0

Our main result deals with the question whether this remains true if 7'(n) is re-
placed by the subsequence of squares T'(n?). Actually, this sequence is not necessarily
uniformly distributed. Nevertheless, there is always a measure v such that 7'(n?) is
v-uniformly distributed.

!The symbol é, denotes the point measure concentrated at .
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Theorem 4.1. Let T'(n) be defined by (4.1). Then there exists a positive integer m
depending on go = e, g1, ..,9q—1 and ¢ with m | ¢ — 1 such that the following holds.

The group? U = cl({T'(mn) : n > 0}) is a normal subgroup of G of index m with
cosets g,U = cl({T(mn+u) : n = 0}), 0 < u < m. With the help of these cosets we
define

m—1
dv = Z 15,0 - Q(u,m)dp,
u=0
where Q(u,m) = #{0 < n < m :n? =umodm} and u denotes the Haar measure
on G. Then the sequence (T'(n?))n>0 is v-uniformly distributed in G, that is,

1 N-1
N Z 5T(n2) — V.

n=0
Remark 4.2. The integer m that we will call characteristic integer of go, . .., gq—1 and
q (see Section 4.2) is defined as the largest integer such that m | ¢ — 1 and such that
there exists a one-dimensional representation D of G with

D(gu) :e<—%) for all w € {0,1,...,q—1}.

Note also that if m = 1 or m = 2 then v = u. Hence, if m < 2 then (T'(n?))n>0 is
uniformly distributed in G. In particular if ¢ = 2 or ¢ = 3 then m < 2. Furthermore
it is easy to observe that v # p for m > 2, that is, T'(n?) is not uniformly distributed
in these cases.

Remark 4.3. Theorem 4.1 is a generalization of the results of Mauduit and Rivat
[MRO9|. Suppose first that H = Z/rZ and g; = jmodr, 0 < j < ¢q. Then T'(n) =
sq(n) mod r (sq(n) = e4—1(n) +€¢—2(n) + - - +e1(n) + eo(n) denotes the g-ary sum-
of-digits function) and Theorem 4.1 translates into Theorem 3 from [MR09| on the
distribution of s,(n?) modulo r (the characteristic integer is given by (¢ — 1,7), see
also Chapter 5).

Similarly, if H = R/Z and g; = «j mod 1, 0 < j < ¢ for some irrational number o
then T'(n) = asy(n) mod 1. In this case we have G = H = R/Z. Hence, Theorem 4.1
implies that (as,(n?))nen is uniformly distributed modulo 1 (for example, one can
use the fact that H is connected, see Remark 4.5); this is Theorem 2 from [MR09].

Remark 4.4. It is easy to derive some corollaries from Theorem 4.1. For example we
have for all 0 < u < ¢
1

Jim =#{0<n < N T(n? € g U} =

Q(um)

A similar idea applies to compact homogeneous spaces X. Let H be the group acting
on X and suppose that go, ..., gs—1 are chosen in a way that G = H. Then it follows
that for every xzy € X the sequence x,, = T'(n) - z¢ is uniformly distributed on X and
the distribution behavior of z,2 can be determined, too. For example, with the help
of this approach one can construct uniformly distributed sequences on the sphere S¢.

*If A C G, then cl(A) denotes the topological closure of A in G
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Remark 4.5. Tt follows from the proof of Theorem 4.1 that the Radon-Nikodym
derivative f(g) = Q(u,m) (for g € ¢,U) is continuous, which implies that G cannot
be connected if (T'(n?)),>0 is not uniformly distributed. Conversely if G is connected
then (T(n?))n>0 is definitely uniformly distributed. Similarly, if the commutator
subgroup of G coincides with G (i.e., G is a perfect group), then (T'(n?)),>¢ is also
uniformly distributed. Note that the commutator subgroup (the subgroup generated
by the elements zyz~'y~!) is always a subgroup of U.

Remark 4.6. It would be also of interest to consider the subsequence (T'(p)), where
p runs over all primes. For example, an equidistribution result holds for ¢, (see
[MR10]). In order to handle this case one would need estimates of the form

> IRMm)I < g™ (4.2)

0<h<g?

for some 7 < 1/2, where F)\(h) is the Fourier term defined in Section 4.2. By using the
Cauchy-Schwarz inequality it follows directly that (4.2) holds for n = 1/2. However,
it is not clear how to derive such a general estimate for n < 1/2. Actually, this is
one of the key estimates in [MR10], where the sum-of-digits function of primes is
discussed.

Remark 4.7. If go # e, then the sequence (T'(n)), >0 is not g-multiplicative any more.
This would not be essential for the proof of the main theorem since it is possible
to reduce the function T'(n) to the function T)(n) defined in Section 4.3.2, which is
“almost” completely g-multiplicative even if gy # e (it satisfies T)\(j+qn) = g;Th—1(n)
forall 0 < j < g and n > 0).

However, the condition gy = e is important for the proof of Lemma 4.9 and
Lemma 4.13. It is only possible to avoid this condition if one assumes instead that
the group G is equal to the closure of the subgroup generated by g;- ! 9;,0< 14,5 <q
and that there exists no one-dimensional representation D satisfying

D(gu) = e(—tu)D(go)

for all 0 < u < ¢ with (¢ — 1) € Z and D(gp) # 1. However, for the sake of brevity
we use the assumption gy = e in the main theorem, since this yields a considerably
simpler presentation of the proof.

The proof of Theorem 4.1 is based on a proper generalization of the Fourier-
based method of Mauduit and Rivat [MR10, MR09| to group representations. In
Section 4.2 we use representation theory to prove uniform distribution of the sequence
(T'(n))n>0 and develop the theory to discuss the case of linear subsequences (T'(an +
b))n>0 (see Theorem 4.15). Although linear subsequences are not the main focus
of this work the analysis of them is also useful for the analysis of the quadratic
subsequence (T'(n?)),>o0. Interestingly, the characteristic integer m appears there in
a quite natural way. The technical part of the proof of Theorem 4.1 is presented
in Sections 4.3 and 4.4, where we first establish some auxiliary results (like matrix
generalizations of the techniques used in [MR09]) and then collect all necessary facts
to complete the proof.
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We will see in Chapter 5 an application of Theorem 4.1. In particular, we will
deal with finite groups G in more detail and also show that there is a close relation
of T'(n) to so-called automatic sequences. Actually, this kind of application was the
main motivation of the present study.

4.2 Group representations

A unitary group representation D of a compact group is a continuous homomorphism
D : G — Uy for some d > 1, where U; denotes the group of unitary d x d matrices
(over C). A representation is irreducible if there is no proper subspace W of C% with
D(x)W C W for all x € G. The trivial representation that maps all elements to 1 is
denoted by Dy and the dimension d is called the dimension (or degree) of D.

Irreducible and unitary group representations can be used to prove uniform dis-
tribution of a sequence (z,) in a compact group.

Lemma 4.8. Let G be a compact group and v a regular normed Borel measure in G.
Then a sequence (xyn)n>0 is v-uniformly distributed in G if and only if

1 N-1
i, 2 Dlon) = fpav

holds for all irreducible and unitary representations D of G. In particular, (Zn)n>0
is uniformly distributed in G (with respect to the Haar measure p) if and only if

1 N—1
i, 2 Dloa) =0

holds for all irreducible and unitary representations D # Dy.

Proof. A proof of this lemma can be found for example in [KN74, Theorem 1.3 and
Section 4.3]. O

We will first present a proof that a sequence T'(n) of the form (4.1) is uniformly
distributed in G. Let D be a representation of G and let

Up = Z D(gu)

0<u<q

denote the sum of the matrices D(go), ..., D(gq—1)-

We use the following notations for matrices. If A is a matrix, then A" is the
Hermitian transpose, p(A) denotes the spectral radius and tr(A) the trace of A. We
use? ||. ||, for the spectral norm (||All, = /p(AAH)) and ||Al|p for the Frobenius
norm (i.e., |A|2 = Y la; |2 = tr(AAH)).

$We want to remark, that in this chapter ||-| does not denote the function that maps z € R to
the distance to its nearest integer.
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Lemma 4.9. Let G be a compact group that is the closure of the subgroup generated
by the elements go, g1, - - ., gq—1, where gy = e. Suppose that D # Dy is an irreducible
and unitary representation of G. Then

Vpllz < g (4.3)

Proof. Suppose that y € C? is a non-zero vector. Then || D(2)y|, = |lyll, for all
x € G, and consequently

oyl = > Dly| < 3 1Dyl =a lyl,- (4.4)

0<u<q 9 0<u<q

Hence ||¥pll, < ¢. Suppose now that ||¥pll, = ¢, that is, there exists a non-zero
vector y with [|[¥pyll, = ¢ |ly|ly- We have

1pylls= Y (D(g)y. D(go)y) = ¢ (y.y)-

0<u,v<q

The Cauchy-Schwarz inequality implies

(D (gu)y. D(9)¥)] < [ D(g)¥ 15 1D (g0)¥1l> = Iyl (4.5)

Since (D(go)y, D(g0)y) = (y.¥y), we have that (D(gu)y,D(g0)y) = (y,y) for all
0 < u,v < ¢ and there has to be equality in (4.5). It follows that D(g,)y and D(g,)y

have to be linear dependent. Since D(gg)y =y, we obtain

D(gu)y =y (4.6)

for all u = 0,1,...,qg — 1. Consequently the one-dimensional space W = span(y)
satisfies D(x)W C W for all z € G. (Recall that G is the closure of the subgroup
generated by go,...,gq—1.) This contradicts the assumption that D is irreducible
provided that the dimension of D is greater than or equal to two. Thus, for all
irreducible representations of dimension d > 2 we actually have [|[¥p]|, < gq.

Finally suppose that d = 1, that is, we are considering characters. Then (4.6)
says that D(g,) =1 for allu =0,1,...,g—1. Since G is the closure of the subgroup
generated by the elements go, g1, ..., gq—1 this would imply D(z) =1 for all z € G
which contradicts the assumption D # Dy. O

With the help of Lemma 4.9 it is easy to prove that the sequence (T'(n))n>0 is
uniformly distributed in G:

Theorem 4.10. Let ¢ > 2 and go,g1,--.,9q—1 with go = e be elements of a com-
pact group and G the closure of the subgroup generated by go,g1,-..,94—1. Then the
sequence (T'(n))n>0 defined by (4.1) is uniformly distributed in G with respect to its
Haar measure p.
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Proof. Let D # Dg be an irreducible and unitary representation of G and recall that
T(n) = geoGe, "+~ Je,_,, Where g/_164_o...c160 denotes the g-ary digital expansion
of n. Let N > 1 be defined by N = zl)j‘zo n,q” with ny # 0. We begin with the
following identity

A ¢"—1n,—1

Z D Z Z Z D T(n+e,q” + nl/+1qy+1 +eee nAqA))

o<n<N v=0 n=0 £,=0
ny—1
-3 (S o) (5 2 oDl
v=0 e,=0
Since D is a unitary representation and the 2-norm is submultiplicative, we obtain
A ny—1 q¥—1
> DTm)| <D IDTEN, | Y D(T(n)
o<n< N v=0 e,=0 n=0 2

q;) ZD

By induction it follows from the definition of T'(n) that Y 7 7 “ID(T(n)) = (¥p)”.
Lemma 4.9 implies that we have ||¥pl|, = ¢7, where o < 1. We finally get*

2

A gl
q v 4
> DIm)|| < £33l <t —0
o<n<N 9 v=0
as IV goes to infinity. Applying Lemma 4.8, this proves the theorem. O

It is an interesting problem to generalize Theorem 4.10 to special subsequences
of T'(n), for example to linear subsequences T'(an + b) or (as it is the main goal of
this chapter) to the subsequence T'(n?) of squares. First we present a result for linear
subsequences. Let D be an irreducible representation of G with degree d. In what
follows, we need the function

Up(t) = Y e(tu)D(g).

0u<q

and the Fourier terms (defined for A > 0)
Fx(h) =

ol ol ) o)

“In this chapter, the implied constant in f < g may at most depend on the base g, i.e., there
exists a constant ¢ only depending on ¢ such that |f| < cg.
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The product representation follows from the fact that

Fy(h) = = >y ( M) D(T (ug + j))

0<J<q 0<u<gr 1

TP Z ( > D(g;) Z e(—%)D(T(u))

0<j<q 0<u<gr 1

_ %qu (‘%) F(h), (4.7)

and that Fy(h) = I4, where I; is the identity matrix of dimension d. (Note, that
T(ug+j) = g;T(u) for all 0 < j < g and that go is the identity element.)

If the representation D is one-dimensional and satisfies

Do) e (-;)

for 0 < u < ¢, then we see that D acts on the set {T'(n) : n > 0} in a special way.
Indeed, since s4(n) = n mod g — 1, we have

oo (425) ()

Actually, these kinds of representations are crucial for the description of the distri-
bution of T'(an + b) and T'(n?).

Definition 4.11. Let m be the largest integer such that m | ¢ — 1 and such that
there exists a one-dimensional representation D of G with

D(ga) = e (-%) for all w € {0,1,...,q—1}. (4.8)

We will call this integer characteristic integer of go, ..., gq—1 and q.

Observe that this characteristic integer m always exists since the trivial repre-
sentation fulfills (4.8) with m = 1. The next Lemma collects some facts of this
characteristic integer.

Lemma 4.12. Let m be the characteristic integer of go,...,gq—1 and q. Then there
exist m representations Dy, ..., Dy,—1 of G with the following properties:

(i) Let 0 < k <m. Then
k
Dy(gu) :e<—Eu> for allu € {0,1,...,q —1}.

(ii) All other representations of G do not satisfy D(g1) = e(—t) and D(g,) =
D(g1)" for all 0 < u < q with (g — 1)t € Z.
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(iii) The kernel ker D1 = {g € G : D1(g) = 1} is a normal subgroup of G and the
index of ker Dy in G is equal to m.

(iv) The m cosets of ker Dy are given by
guker Dy = cl({T'(mn +v) : n > 0}) for allv e {0,1,...,m —1}.

Proof. Let D be a one-dimensional representation of G that satisfies (4.8) and set

Di(g) = D(g)*

for all g € G and for all 0 < & < m. Then Dy (consistent with the already defined
notation) is the trivial representation and the representations Dy, satisfy the relation
stated in (i) for all 0 < k < m. (Note, that the functions Dy are indeed representa-
tions coming from the (iterated) tensor product of the representation D.) Next, we
show that there are no other representations of G with this property. Assume, that
there exists a representation D # Dy, for all 0 < k < m such that

B(gu) =e <—%h> forall 0<u<yg,

and for some integers m’ > 1, r > 0 with (r,m’) = 1 and m’ | ¢ — 1. Then
(m,m') < m’ and there exist non-negative integers = and y such that xm’ + yrm =
(m,m') mod mm’ (note, that (rm,m’) = (m,m’)). If we set

x(9) = Di(9)D¥(g),

then y is a representation satisfying

T yr m'x + yrm u
oG+ ) () ()
m  m mm m
for all 0 < u < ¢, where m = lem(m,m’). Since m = mm//(m,m’) > m, this is
impossible by the definition of m. Thus, we have shown (ii). The kernel of a repre-

sentation is clearly a normal subgroup and the factor group G/ ker D; is isomorph to
the image of Dy. Let 0 < v < m. Then we have

Di(T(mn +v)) = e <—M> —e <—m”+”> —e(-2).

m m m

We see that

Dy (cl({T(mn+wv):n>0})) =e (—%) .

Since D; is continuous and (7'(n))n>o is dense in G (recall, that (T'(n)),>o is uni-
formly distributed in G), the family cl({T'(mn-+v) : n > 0}), 0 < v < m is a partition
of G. We obtain that G/ker D; is isomorph to the m-th roots of unity (and hence
to Z/mZ). Moreover, we see that ker D; = cl({T'(mn) : n > 0}) and m is the index
of ker Dq in GG. Since

Di(g, {T(mn +v) :n>0}) =1,

we finally have that g, ker D1 = cl({T'(mn +v) : n > 0}), v =0,...,m — 1 are the
m different cosets of ker D;. O
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Lemma 4.13. Let G be a compact group that is the closure of the subgroup gener-
ated by the elements go = €,91,...,9q—1. Suppose that D & {Dy,...,Dy_1} is an
irreducible and unitary representation of G. Then there exists a constant ¢ > 0 such
that

Fy(W)|ls < ¢ .
I}gggl! ARz < g

Remark 4.14. If D = Dy, for some 0 < k < m, then [F\(h)| = ¢ ¢ (h/¢* — k/m).
(For the definition and the properties of ¢, » see Lemma A.6.) In particular, this
implies that

lim max |F3(h)[ # 0,

A—00

and Lemma 4.13 cannot hold true in this case.

Proof. The proof is very similar to the proof of Lemma 4.9. We begin with considering
the function W p(¢) for a fixed real number ¢. Let us first assume that D has dimension
d greater than 1. It is clear that | Up(t)|l, < g. Moreover, if ||Up(t)||, = g then
there exists a non-zero vector y with ||¥p(t)y|l, = ¢ ||y|l,- By the same reasoning as
in Lemma 4.9, we obtain that

e(ut)D(gu)y = D(g0)y =y (4.9)

for all u=0,1,...,q — 1. This contradicts the assumption that D is irreducible (we
assumed that d > 2). Thus, for all irreducible representations of dimension d > 2 we
have |Up(t)|ly < ¢. If the dimension of D is equal to 1, then |[[¥p(t)|, = ¢ means
e(ut)D(gy) = 1 for all u = 0,1,...,¢ — 1 which is equivalent to D(g1) = e(—t) and
D(gu) = D(g1)". Hence, if this is not true, then we also get [|[¥p(t)||, < g. If D(g1) =
e(—t) and D(g,) = D(g1)", then (¢ — 1)t &€ Z (recall that D & {Dy,...,Dy,—1}) and

we obtain

() n(at)l, < o*.

Indeed, as in the considerations above, the condition ||V p(t)¥p(qt)|, = ¢* would
imply D(g1) = e(—t) = e(—qt) which contradicts the assumption (¢ — 1)t & Z.

Now we can finish the proof of Lemma 4.13. Since the spectral norm [|¥p(t)]|2
is a submultiplicative norm and a continuous function in ¢, we obtain

sup || Up(t)¥p(qt)|e < q>.
teR

Using the product representation of F (see (4.7)), this implies that there exists a
constant ¢ > 0 such that

max || Fx(h) ]2 < ¢~
heZ

0

Theorem 4.15. Let ¢ > 2, a > 1 and b > 0 be integers and m the characteristic
integer of go,...,gq—1 and q. The sequence (T'(an + b)),>0 is uniformly distributed
in G (with respect to the Haar measure) if and only if (a,m) = 1.
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If (a,m) > 1, then there exists a mnormal subgroup U (with index (a,m) in G)
such that (T'(an + b))n>0 is v-uniformly distributed on a coset of U, where v is the
(translated) Haar measure of U.

Proof. Let D be an irreducible and unitary representation of G with D # Dy, for all
0 < k < m. Furthermore, let the integers A and § be defined by ¢*~' < N < ¢* and
a < ¢°~1. Then we have (for sufficiently large N) that aN +b < ¢***. We can write

> D(T(an+1))

0<n<N
h(an + b~
- Y Y qw 3 e(%)

0<u<gy+8 0<n< N 0<h<gMth
h(an + b)
- szwzekmr.
0<h<g B 0<n<N q

The exponential sum can be easily calculated and we obtain

) 1
> DTan+0)|| < > IBsh)l, - min | N, —
0<n<N 9 0<h<gr B8 SN O5F5

Since D # Dy, Lemma 4.13 implies that || Fyys(h)|l2 < ¢~¢*+#) for some ¢ > 0. We
get

1
—c(A5) i —_—
E D(T(an+0))|| < q E min | N, —
0<n<N

9 0<h<q)‘+ﬁ ‘Sln PG

For the sum in the last expression, one can apply [MR10, Lemma 6] to obtain

> D(T(an+b)| < g O (N + (3 +B)gP)

o<n< N 9

< AN « N1

with an appropriately chosen constant ¢ > 0. Thus, we have

lim —ZD (an+ b)) = 0.

N—ooco N

Next, we consider the representations Dy, 0 < k < m. We can use the fact that
D(T'(n)) = e(—nk/m) for all n > 0 and obtain
N-1

5 X D)= 3o (KDY (L) LB (),

n=0
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Set d =m/(a,m). If k =0 mod d (this is equivalent to m | ak), then we have

1 V= < kan)
R e —_—— pr—
N m

If k£ # 0 mod d, we obtain

1

N

sin(mtNka/m)

T(an+0))| = sin(mka/m)

()

- N
n=0

-0

as n goes to infinity. Thus we obtain for 0 < k < m that

e(—%), if £ =0 mod d,
]\}gnoo N Z Di(T(an+5)) = {0, otherwise.
Note, that d = m if and only if (a,m) = 1. Thus, we just have shown that all
irreducible and unitary representations satisfy the necessary and sufficient condition
for (T'(an + b)),>0 to be uniformly distributed in G if and only if (a,m) = 1 (see
Lemma 4.8).

In order to complete the proof of Theorem 4.15, we have to deal with the case
(a,m) > 1. We define the function f for all g € G by

1@ =1+e (L) Data) +e (22) Dastg) ++o (P) byt

m

It is a real-valued positive function on G. To see this, choose an element g €
{T((m,a)n+b):n >0} where 0 <V < (m,a). We can write

¢db
=% o) Duto
£=0
(m,a)—1 ,
B (db td((m,an + V)
N —0 ¢ m m
(a,m)—1

<€(b - )>

e .

2 Tam)

Since (T'(n))n>o is uniformly distributed in G with respect to the Haar measure,
we have that (T'(n))n>0 is dense in G. Set Uy = cl({T'((m,a)n +b') : n > 0,0 <

b < (a,m), ¥ = bmod (m,a)}) and Uy = cl({T((m,a)n +V) :n > 0,0 <V <
(a,m), b/ £ bmod (m,a)}). Then we have G = Uy U U, and

flg) = {(a,m), if g € Uy,

0, otherwise.
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This proves the claim that f is positive. (Moreover, since f is continuous, we see that
the group has to have more than one component in this case.) Using this function,
we define the measure v by®

dv = fdu.

In what follows, we show that the sequence (T'(an+0b)),>0 is v-uniformly distributed
in G. Let us consider a complete set of pairwise inequivalent irreducible unitary
representations D% « € A, where A is some index set. Put e%(g) = \/%d%(g),
where D% = (dij)1<i,j<na- It follows from representation theory that the set {ef:}
forms a complete orthonormal system in the Hilbert space L?(G) with the scalar

product (f,g) = fG fgdu. We obtain for Dy, k = 0 mod d that

(m,a)—1
Ldb — kb
/GDkfd,u = Z (§ (E) <Dk,ng> =€ <_E> .

(=0

For all other representations D = (df})1<i,j<na. We get

£db S
e <—> <d%—,ng> =0.

m

(m,a)—1

/Gd%fdu = >

=0

Lemma 4.8 implies that (T'(an + b)),>0 is v-uniformly distributed in G. If we set
U :=ker Dy, then U is a normal subgroup of G (with index (m,a) in G). Similar to
the proof of Lemma 4.12, one can show that

U=c{T((m,a)n):n > 0})

and Uy = T'(b)~'U, that is, Uj is a coset of U. Since the support of v is Uy, we have
that (T'(an + b))p>o is dense in U;. If we define the measure 7 on U; by

(B) :/31 dv

for all Borel-sets B in U;, we have that (T'(an + b)), >0 is P-uniformly distributed in
U;. Moreover, v is the translated normed Haar measure on U. Indeed, if we set

fi(A) = / 1do
T(b)-1A

for all Borel-sets A in U, then [i is translation invariant on U. This finishes the proof
of Theorem 4.15. [l

4.3 Auxiliary results

4.3.1 Van der Corput-type inequalities

We begin with two van der Corput-type inequality for matrices which enable us to
“truncate” the sequence T'(n) twice (see Section 4.3.2 and Section 4.4). The presented

°That is, v(A) = [, fdu for all Borel-sets A.
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lemmas are inspired by [MR09, Lemme 15 and 17]. We want to remark that van der
Corput-type inequalities for matrices have been already considered by Hlawka [Hla55]
(see also [KNT74, Chapter 4.2]).

Lemma 4.16. Let N and B be positive integers satisfying N < B. Furthermore
let Z(n) € C™4 for all n € Z satisfying || Z(n)|lp < f. Then we have for any real
number R > 1,

1/2

Y zw)| < @ > <1—%> > Zn+r)Zm)" +§R.

o<n<N F [r|<R on,n+r<B F

Proof. We take for convenience Z(n) =0 (the d x d matrix consisting only of zeros)

if n ¢ [0, B]. We can write

R Z Z(n) — Z Z Z(n+r)

0<n<N —R/2<r<R/2 0Sn<N F
< Y | Tz Y zmen
—R/2<r<R/2 ||0<n<N o<n<N F
f o
< 2 < SR
D, 2Alr<3
—R/2<r<R/2

Thus, we have

1 f
> Zn) <% > > Zn+r) + 3R

0<n<N F 0<n<N ||-R/2<r<R/2 F

Using the Cauchy-Schwarz inequality, we get

2 2

Z Z Z(n+r) <N Z Z Z(n+nr)| . (4.10)

0<n<N ||—R/2<r<R/2 P 0<n<N ||—R/2<r<R/2 F

Using the definition of the Frobenius norm and the fact that the trace is linear, the
right-hand side of (4.10) is the same as

N Z Z tr Z Z(n+r)Zn+ry)?

—R/2<ri<R/2 —R/2<rs<R/2  \0<n<B

Changing the index of summation, we obtain that the last expression equals

N Y R-Ihte| DY Zn+r)Zn)"

—R<r<R 0<n<B
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We have for all matrices A = (ai;)1<i j<d (using the Cauchy-Schwarz inequality)

[tr(A) < D Jal < VA | Y0 laal? <Vd [ Y Jayl? = V| Alg,  (411)

1<i<d 1<i<d 1<6,j<d
and the statement of the lemma follows. O

Lemma 4.17. Let N be a positive integer and Z(n) € C™? for all 0 < n < N.
Then we have for any real number S > 1 and any integer k > 1 the estimate

2

Z Z(n)|| < N+k(SS_ D+1 Z ( —%) Z tr(Z(n—l—k:S)Z(n)H).

o<nEN F [s|<S on,n+ks<N

Proof. Again, we take for convenience Z(n) = 0 (the d x d matrix consisting only of
zeros) if n & [0, N]. Then we can write

Sy Zm)=>_ Y Z(n+ks)

nez n€eZ 0<s<S

If the last sum is not zero, then n satisfies —k(S — 1) < n < N and there are at most
N + k(S — 1) + 1 such values for n. Hence, applying the Cauchy-Schwarz inequality
and changing the summation index yields (cf. Lemma 4.16)

2
SPIdZm)|| S(N+ES-1)+1D)D | Y. Z(n+ks)
nez F neZ ||0<s<S
SINFRS-D+1) > Y > tr(z n+k31)Z(n+k32)H)
0<51<S 0<s2<S nEZ
SINHES=1)+1) > (S—1s) > tr(Z(n+ks)Z(n)7).
[s|<S nez
This proves the desired result. [l

4.3.2 Fourier transform

Before we consider the Fourier transform, we recall the general setting. The compact
group G is the closure of the subgroup generated by the elements go, g1, ..., gg—1 with
go = e and D is an irreducible and unitary representation of G.

We start with defining truncated versions of the sequence T'(n). Let A > 1 and
1 < A be positive integers. Set

T)\(n) = Geo(n)Ge1(n) """ Yex_1(n)»

and

Tun (M) = Gep(m)Gepa(m) * * Yera(n)>
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where g¢(n),...,ex_1(n) are the X\ lower placed digits in the g-ary digital expansion
(with possibly leading zeros) of n. Recall, that the function F) (which depends on
D) equals

R0 =5 X o) pr)

Additionally, we set

1
Fﬂy)\(h) = _>\

. Ae (—%) D(Tyx\(u)).

0<u<q

Before we start our treatment on these Fourier terms, we recall some definitions which
we have already seen in the previous chapters or which are given in the appendix.
The function ¢, is defined for all ¢ > 2 by

| sin wqt|

pq(t) = Z e(ut) :{ S0 Ut ER\Z

0Susy q, if t € Z.

Furthermore, the function

1 r
®(q) = max - Z ©Pq <t+ —) ,
q 0<r<q q

satisfies ®(q) < loggq.

We start with showing a result on the second order average of ||F)\(h)||r before
we discuss the function F), y(h) in detail. The results we obtain here are very similar
to the results in [MR09, Section 4.2|. Nevertheless, the proofs use many techniques
from matrix theory. In what follows, the representation D has dimension d > 1.

Lemma 4.18. Let ¢ > 2, a € Z and 0 < 6§ < A. Then we have

Y IBMIE=F@]E (4.12)

ogh<g?
h=a mod ¢°

Proof. If § = A, the assertion is trivial. Hence, we assume that § < A. Let us denote
the left-hand side of (4.12) by S. Then we can write

s= ¥ X% B (e

0<h<g? 1 0sr<q
h=a mod ¢°

H
= Z Z tr <F)\ <h + rqA_l) Py (h + rq)‘_1> > ,
0gh<gr 1 0sr<q
h=a mod ¢°
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which follows from the definition of the Frobenius norm. Using the recursive descrip-
tion of Fy (see (4.7)), we obtain that this is the same as

Z Z tr ( (—%) Ey_1(h)Fa_1 ()"0 p (—%)Iv -

0<h<gr 1 0<r<q
h=a mod ¢°

The trace is a linear operator with the property, that tr(AB) = tr(BA) for two
matrices A and B. Thus, we get that S is given by

1 h+rg1\ " h+rg*!
Sou(5 Y WD(‘TS) \I'D<—q73> Fy_1(h)Fx-1(h)"

0<h<g? ! q 0<r<q
h=a mod ¢°
(4.13)
Next we claim that for every ¢t € R we have
H r
q2 > \IJD< t— —> \IJD<—t— 5) = I, (4.14)

0<r<q

Indeed, this holds true since the left-hand side of (4.14) is equal to

2 X () e 2 e<—w—%> e

q 0<7’<q0<u<q 0<v<q
1 U—v
LY ¥ el ) D) Dl); 3 ()
0<u<q0<v<q 0<r<q q
-1 b
O<u<q

and D(g,)" D(g,) = I for every 0 < u < q. Using this result in (4.13), we obtain

S= > tr(FBoamFa(h))
0gh<g? !
hEamodq‘S

= Y IBamIE

0<h<g? !
h=a mod ¢°

Applying this relation A — ¢ times finally yields the desired result. O

Lemma 4.19. Let ¢ > 2 and 1 < p < A be integers. Then we have
|Eur (W) = 1Ml a g (ha™). (4.15)

where ||-|| is an arbitrary norm on C4*4.
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Proof. Since T}, \(ug" +v) = Th—,(u) for 0 <u < ¢ and 0 < v < ¢, we get

Fom=¢* Y % <M> D(T,x(ug? +v))

0<u<gr—+ 0<v<gH

S () 5 ().

Ou<gr—# O<v<gH

This already implies the desired result. O

Lemma 4.20. Let ¢ > 2 and 1 < p < X be integers. Then we have

ST EAD), < D(¢")g (4.16)

0<h<g?

Proof. In a first step, we can write

Z I Eux(P)]ly = Z Z HFA—“(U—FUQ)\_M)qu_M%H (%)

0<h<g? 0<Lu<gr—+ 0<u<gh
u v
_ —H - N
= E ”F)\—H«(U)HQQ § Pqr (q)\ + q“> .
O<u<gr—H Ov<gt

Next, note that ||Fy(h)|l2 < 1 since D is a unitary representation. This observation
finally implies the result. O

Lemma 4.21. Let ¢ > 2, a € Z and 1 < X\ — p < § < A be positive integers. Then
we have

> 1Ea®I <@ (@) e s (a070) [Bayla)l]

0<h<g?
h=a mod ¢°

where ||-|| is an arbitrary norm on C4*4.
Proof. Since by assumption A — u < &, we have Fy_,(a+£q°) = Fy_,(a). We obtain

S MM = Y [P (ot ta)||a e <a+fq5>

0<h<g? 0<l<g? =9 1

h=a mod q5
_ a 4
IRl Y e (54 o).
0<l<gr—9

A short calculation shows (cf. [MR09, Proof of Lemma 12]), that
u a ! A=) —ut A5 -5
D R e e e S L A (A pgrss (ag?) .
0<l<gr—9 q q

This proves Lemma 4.21. [l
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Lemma 4.22. Letq>2,a€Z, L €Z, 1 <pu<Aand0<d < A—pu. Then we have
> EaMg P+ O)lly < @ (¢") |Fs(@)llg | Fs(a+ Ol (4.17)
0<h<g?
h=a mod ¢°

Proof. If we write h = ug®* + v, where 0 < u < ¢* and 0 < v < ¢ ¥, then
h = amod ¢° is equivalent to v = amod ¢° (we have § < A — u). Denote the
left-hand side of (4.17) by S. Then we obtain

R o) L P

0w~ Ou<gh
v=a mod ¢°

A—p
_ uq + v
= X IRk IR Ol 3 e ()
oo<grH Ou<gqH q
v=a mod ¢°
< DY Bl 1FPa—u(v + O)llp @ (¢
0w+
v=a mod ¢°
Applying the Cauchy-Schwarz inequality yields
1/2 1/2
2 2
S <@ (q") DI P 1 I S B+ 0lE ]
0<v<gr M 0<o<grH
v=a mod ¢° v=a mod ¢°
and Lemma 4.18 implies the desired result. [l

Lemma 4.23. Let ¢ >2, a €Z, 1 <pu<Xand A—u <6 <A Then we have

> 1Ep () g [1Eun (—ha)llp < d®(¢77°) @(g"). (4.18)

0<ha,ha<q?
hi1+ha=a mod ¢°

Proof. We have
> [Eux(hi)llg 1 Epux (=he)llg

0<h1,he<g?
hi1+ho=a mod q‘s

= Y FaCm) Y [ Fpux (h) |l

0<ha<g? 0<h<g?
hi=—ho+a mod q‘s

<O D IFua(=h)llg | Fxpu(—h2 + a)l5 -
0<ha<g?

To obtain the last inequality, we employed Lemma 4.21 (note, that ¢ u-s+s(-) <
q"~**9). Since we have

1Eo (g = [ ally = Vd
for all u € Z, Lemma 4.22 (with 6 = 0) yields the desired result. O
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4.4 Proof of Theorem 4.1

In the next two sections we show that
Z D(T(n?
o<n< N
converges for every irreducible and unitary representation D (as N goes to infinity).
With the help of this result, we will finish the proof of Theorem 4.1 in Section 4.4.3.
4.4.1 Irreducible representations of the form D,

In this section we consider the m representations Dy, ..., Dp,—1. Recall that these

satisfy Dy (T (v)) = e(—kv/m) for all v > 0. We have

1= 131/ kn?
. 2230 DUt = 5 3 e (<)

It follows that
lim — > D(T(n?) = lG(—k m) (4.19)
k - m ) ) .
where G(a, c) = G(a,0;¢) and G(a,b;c) denotes the quadratic Gauss sum
c—1 2
G(a,b;c) = Ze <M> , (4.20)

C
n=0

see Appendix A.3.

4.4.2 Irreducible representations different from D,

Let D be an irreducible and unitary representation of degree d > 1 such that D # Dy,
for all 0 < k < m. Furthermore, let v € Z* be defined by ¢ ' < N < ¢” and set

> D(T(n?). (4.21)

0<n<N

Then we will show that there exists a constant o > 0, such that |||y < 1=, In
particular, this implies that

lim —ZD

N—ooco N
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We begin with applying Lemma 4.16 with B = ¢V, R = ¢* and Z(n) = D(T(n?)),
where p is an integer satisfying 1 < p < v/2 (note, that | D(T'(n?))||r = v/d for all
n > 0). We can write

1/2
N r
11l < ?Z(l—g—p‘) S D@+ ENDE@)| | e
[r|<gqP 0<n,n+r<g? F
1/2

< | P +¢” max > D@((n+1)*)D(T(n?)" + ¢
1<|r|<g? O<n i <q”

F

In the last step, we separated the case r = 0 and r # 0. Additionally, we get an
error term O(g”"*) (inside the square root) when removing the summation condition
0 < n+r<qg”. Since we have assumed p < v/2, this term can be neglected. Hence,
we obtain

1/2
IS1llg < ¢ 7+ ¢ max || 3" D(T((n+7)*)D(T(n*)"
1<rl<qg? o<neq
AN IF
We set
Ai=v+2p+1.
Recall that we have (using the fact that gy = e)
TA(1) = Geg(n)Ger(n) " Jer_1(n)s
where g¢(n),...,ex_1(n) are the X\ lower placed digits in the g-ary digital expansion

(with possibly leading zeros) of n.

Lemma 4.24. For all integers v and p withv > 2 and 1 < p < v/2 and for allr € Z
with |r| < ¢P, we denote by E(r,v, p) the number of integers n such that 0 < n < ¢”
and

D(Tx((n+ 1)) D(Ta(n*))" # D(T((n +1)*))D(T(n*))".

Then we have
E(r,v,p) < ¢"°.

Proof. In order to prove this lemma we recall what Mauduit and Rivat actually
proved in [MR09, Lemme 16]. Let us fix an integer r satisfying |r| < ¢” and denote
by F(r,v,p) the number of integers 0 < n < ¢” such that not all digits of n? and
(n + 7)? which are higher placed than A\ — 1 are equal. Then it follows from their
reasoning that F(r,v,p) < ¢“~”. (Note, that the additional condition ¢*~! < n
in their statement is not needed.) Using this fact, we can complete our proof. Let
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n? = e/_16¢—2...€x...€0, where £ > )\ and with possibly leading zeros. If all digits

of n? and (n + r)? which are higher placed than A — 1 are equal, we have
D(T((n +7)*)D(T(n*))"
(Th((n + T)2))D(Q€A T gsg,l)D(gsA T gsg,l)HD(T)\(n2))H
(Ta((n +7)*)D(Tx(n*))".
Here we used that D is a unitary representation. All matrices that come from the

higher placed digits “cancel” out. We can bound E(r,v, p) by F(r,v, p) which proves
the desired result. O

= D(Ty,
= D(T),

This lemma enables us to replace D(T(u?)) by D(Ty(u?)). We obtain

_ 1/2
IS1llg < ¢“7/2 + g% max || Syl|lt/?, (4.22)
1<|r[<q?

where

Syi= Y D(Ta((n+r7)*)D(Ta(n*)".

0<n<g”

In view of Lemma 4.17, we set Z(n) = D(Tx((n+7)%))D(Ta(n?))#, N = ¢, S = ¢*
and k = ¢, where p is an integer satisfying

I1<pu<rv—-—2p—-1.
Then we have to consider expressions of the form

tr (D(Th((n + 7 + s¢")%))D(Ta((n + s¢)*))" D(T\(n?)) D(T((n + T)2))H)(. |
4.23

Using that tr(AB) = tr(BA) for two matrices A and B, this is the same as
tr (D(T((n+ 7)) D(Ta((n + 7 + s¢*)*)) D(Ta((n + s¢*)*)) " D(Ta(n?))) -

Next, we recall that
Tun (1) = 9o,y (m)9e 1 (n) * * Yer1(n)-
Since
(n+r+s¢")? = (n+7)2+ ¢*(2s(n +r) + s%¢"),

we see that (n + 7 + s¢*)? and (n + r)? have the same u lower placed digits. Using
that D is a unitary representation (compare also with the proof of Lemma 4.24), we
get

D(Ty((n+1)*) D(Ta((n+7+5¢")%)) = D(Tpa((n+1)*) " D(Tua((n+r+5¢")%)),

since the terms coming from the p lower placed digits cancel out. The same argument
works for (n + sq#)? and n? and we have

D(Tx((n + sq")*))" D(Tx(n)) = D(Tp((n+ s¢*)*) " D(TyA(n?)).
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Thus, we obtain that (4.23) can be written as
o (D(Tpa (0 + 1)) D(Tua((n + 1+ 5¢*)°)) D(Tya((n + 5¢")%)) T D(Ty (1)) -
We set 1,5, :={0<n<¢”:0<n+s¢" <¢”}. Then we finally have (cf. (4.11))

Yt (DD + )T DTA((n + 7+ 56)*) D(Ta((n + 5¢*)*) " D(Tx(n?)))

nelu,s,u

tr( 2 <D<TM,A<<n+r>2>>HD<Tu,A<<n+r+sq“>2>>

TLEIV,S,,U,

- D(Tua((n + SQ“)z))HD(Tu,A(nz))> ) '

<Vl Y D(Tualtn+ 1)) D(Tual(n + 7+ 5¢")))

TLEIV,S,,U,

- D(Tpa((n + 5¢"))) " D(Ty (%))

F
Hence Lemma 4.17 gives
2 -2 sl
Il <= 3 (1= B isal
s|<q?¢
<@ 4" max S|, (4.24)

1<]s<q%

where S3 denotes the sum

> D(Tual(n+ )N D(Tpa((n + 7+ 56)*) D(Tun((n + s¢*)*) " D(T A (n?)).

TLGIV,S,/,L
The inverse of the Fourier term F), 5 (defined in Section 4.3.2) is given by
uh
D(Tya(w) = Y Fua(h)e )
0<h<g?

Hence we obtain

Ss= > Fu(—h)TEua(he) Fua(~hs) Fu(ha)
0<hi1,h2,h3,ha<g*

Z . <h1(n +7)2 4+ hao(n+1r+ 3;1)‘\‘)2 + hs(n + sq")? + h4n2>  (w25)

TLGII_/,S,[J.
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Assume that ¢ > 2 is an integer and (z,)nez is a sequence of complex numbers
that is periodic of period c. It is shown in [MR09, Lemme 18|, that one has for all
My, My € Z with 1 < My < c the estimate

2 4e™/%¢ In
< -1 — .

Mi<n< M1+ Mo on<c

Next we apply this to (4.25) with ¢ = ¢* and M; and M, chosen appropriately. We
then get

2 4ew/2qA
S <-lo max
ISslly < = g( e 2
q

> [ Fpn (R g [[Epx () [l g | Epx (B3) [ ([ Fpun (ha) |
0<ha,h2,h3,ha<q
(h1+ha+hs+ha,q)=d

|G(hy + ha + hg + ha, 2r(hy + ho) + 25¢* (ha + h3) + 1;¢%)],

where G(a, b; ¢) denotes the quadratic Gauss sum defined in (4.20). Proposition A.11
implies

2v/2 4 T/2 A
\Mﬁimtqywm d\/? (4.26)
™ s 0<l<g?
dlg?
> [ Ex (R 1 x (h2) g 1 Eux (ha) g 1 Fux (Ra) [ -

0<h1,ho,hs,ha<g?
(h1+ha+h3+ha,q*)=d
d|2r(h1+hz)+2sqH (ha+hs)+L

The same way as in the work of Mauduit and Rivat [MR09, Section 5.5 - 5.8|, one
can now show that the integer p can be chosen in such a way that

1S3 < v@F0g" =20, (4.27)

whenever p is an integer smaller than v times some constant only depending on the
chosen representation D. (The constant w(q) denotes the number of distinct prime
divisors of ¢). In the following, we give a short overview of the reasoning how the
estimates of the Fourier transform proved in Section 4.3.2 imply (4.27). Compare
also with Chapter 3 (especially Section 3.4.3), where the corresponding estimates are
simpler than the one given below, since we only used once a van der Corput-type
inequality. Since the method of the proof of (4.27) is exactly the same as in [MRO09],
we omit most of the details and just show where the Fourier transform estimates
come into play.

First, we replace the condition (hy 4+ ha + hs + hy, ¢*) = d by the less restrictive
one hi + hs + hg + hy = 0 mod d. Next, we consider the sum over d separately for
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ve(d) < A, A < vy(d) < pand p < vg(d) < A, where A is an integer satisfying
1 <A < p. We write

1S3]|p <q AgM? max (Sy+ S5+ S),
0<l<g?

where Sy is equal to

>, a2 > 1Eux (B 1Fn (h2) g 1 Fn ()l | Epn ()|
dlg® 0<ha,ha,h3,ha<g?
vg(d)<A hi14h2+h3+hs=0 mod d

2r(h1+h2)+2sg* (h2+h3)+£¢=0 mod d

S5 is equal to

>oooa? > [ Eux (h) g 1 Fx (o)l [1Fx ()l [1Fx ()|
d|g* 0<hi,ha,h3,ha<g®
Aguq(d)<y, hi1+ha+h3+hs=0 mod d

2r(h1+h2)+2sq* (ho+h3)+£=0 mod d

and Sg is equal to

> dl? > 1 Fux (h) g 1 Fx (ho) g [1Fx () g 1 Fn ()| -
djg* 0<hi1,ha,h3,ha<q®
ve(d)=2p h1+h2+h3+hs=0 mod d

2r(h1+h2)+2s¢* (ha+h3)+£=0 mod d

In order to find an upper bound of Sy, we ignore the additional conditions for the
indices hq,...,hs. Lemma 4.20 and some simple calculations show that this sum is
negligible if A is not too large (for the exact value of the chosen integer A see [MR09,
Equation (51)]).

As to bound S5, one has to rewrite the summation conditions and an application
of Lemma 4.23 shows that this sum is negligible, too. Here we use that 0 = v,(d) is
not too small, but also not too large.

The estimation of the sum Sg is the most difficult part of the verification of (4.27).

Set .
0g q
= 1.
Pq \‘plogZ + J

First one shows that there exist integers s” and ¢”, which depend on r, s, d and ¢,
such that (we use the notation ¢ = v,(d))

Se< Y dY*(Sr+ Sy),

dlg*
vq(d)2p
where
S7 = > [ Epx (h) g [ Fx (h) g 1 Eux (ha) g 1 Eux (ha) [l

0<hi,ha,hs,ha<q?
hi4ha+s" g*=Pa(hy+h3)+€"=0 mod ¢°—Pa
ha4hg—s" q*Pa(hy+h3)—¢"=0 mod ¢°Pa
hy+s"q" P4 (hy+hg)+e”’
P~ Pa

’>q*"+A*5+ﬂq+4ﬂ
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and

Sg = > [ Fpu A (ha) | [[Epux (P2 )Ml M| Epx (B3 [ n () [l -
0<hi,h2,h3,ha<g?
hi4ha+s" g*=Pa(hy+h3)+€"=0 mod ¢°—Pa
h3+hg—s"q*= P4 (h1+h3)—£"=0 mod ¢®~Pa

h1+S”q"”;‘1(h1+h3)+f” ’<q*ﬁ+A76+Pq+4P
~hq
q

The sum S7 can be estimated by employing Lemma 4.21 twice and Lemma 4.22 once.
The crucial part of this estimation is the fact that the summation conditions of the
sum Sy imply that

h " p—pq h h E” —4p
q_“+)\_5+pq90qufx+5—pq < Loy U+ ) > < q2 )

q5—Pq

which finally shows that the part of Sg coming from S7 is negligible. For the calcu-

lation of Sg we set
log q
f =12 1.
P { plog2 * J

Ifd—p—pg— pfl < 0, then we can employ again Lemma 4.21 twice and Lemma 4.22
once. However, this time these steps work since the summation interval of § is very
short and away from A (if we sum up the part in Sg coming from Sg with the additional
condition & — p — pg — pj, < 0).

Ifo—p—pg— ,ofl > 0, some nontrivial considerations using congruence relations
also yield an negligible upper bound for the rest of the sum Sg (see [MR09, Section
5.7]). One has to employ Lemma 4.21 twice with different parameters in the stated
lemma and Lemma 4.22 once. Furthermore, one has to use the L*°-norm estimate of
|Ex( )| proved in Section 4.2 (see Lemma 4.13).

Combining (4.22), (4.24) and (4.27), we are done since we can choose p such that
151]lp < "=

for some constant o > 0.

Finally, we want to remark that the L°°-norm estimate is only used in the last
step of the proof. Note, that except for this step the presented method works also
for the representations Dy, 0 < k < m (the L*-norm estimate does not hold true
for them, see Remark 4.14). Interestingly, it is proved in Section 4.4.1 that for these
representations the statement of this section is false in general.

4.4.3 Final steps in the proof of Theorem 4.1

Let m be the characteristic integer of go,...,gs—1 and ¢. Lemma 4.12 implies that
the set U := cl({T'(mn) : n > 0}) is a normal subgroup of G (of index m) with cosets
g U =cl({T(mn+u) :n >0}), 0 <u < m. Let us define the function f by

F(9) =1+ - GmDi(g) + -+~ Glm — 1,m) D1 (9).
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Since the representations are continuous, f is a continuous function. Moreover, it is
a positive function and it satisfies

m—1
Fo) =" 15,0(v) - Qu,m). (4.28)
u=0

In order to see this, we state and prove the following lemma:

Lemma 4.25. Let ¢ > 1, a € Z and set Q(a,c) = #{0 < n < ¢: n? = amod c}.

Then we have
12 ka
Q(a,c) = - ,;:0 G(k,c)e <—?> .

Proof. Let us consider the group Z/cZ (with + as the group operation). The repre-
sentations of Z/cZ are given by
ku
u)=e| —

for all w € Z/cZ and all 0 < k < ¢. For any n € N let x,, be the element of Z/cZ
defined by n = z, mod c¢. Then we obtain

1 1
im — < : = = — .
A}gn N#{O <n<N:z,2 =amod c} cQ(a, c)

Thus, the sequence (z,,2)n>0 is v7/.z-uniformly distributed in Z/cZ, where the mea-
sure vz,.z is defined by
1
VZ/CZ(U) = EQ(U7C)‘

It follows from Lemma 4.8 that for every 0 < k < ¢,

. 1
Jim > Xk(wn2) = /Z . Xkdvzz.- (4.29)

N-1 1
Jim ;::0 Xi(2p2) = —G(k,c).

On the other hand, we have

c—1
1 vk
Xkdvz o7 = — e(——)Qv,c.
/Z/CZ kAVz/cz CE c (v,c)

v=0

Summing up the left and right-hand side of (4.29) from k = 0 to k = ¢ — 1 (weighted
with e(—ka/c)), we obtain

c—1

%ZG(k‘,c)e (—’%“) = %ie <—k—:> Cie <%> Q(v,¢). (4.30)

k=0
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The right-hand side of (4.30) is equal to

c—1 c

1 v—a
;a; k:0e< >:Q(a,c).

This shows the desired result. O

(‘:I»i

If n and v are integers > 0, then

S

m—

G(k,m)Dp(T(nm +v)) =
k=0

% G(k,m)e (-%) .

1
f(T(nm+v)) = p”

e
Il

0

Employing Lemma 4.25, we obtain that
f(T(nm+v)) = Q(v,m).

Since (T'(n))n>o is dense in G, Equation (4.28) holds true, indeed. This allows us to
define the measure
dv = fdpu.

We proceed as in the linear case and show that (T'(n?)),,>0 is v-uniformly distributed
in G. Let {D%, o € A} be again a complete set of pairwise inequivalent irreducible
unitary representations and set ef;(g) = \/nad;(g), where D = (d;;)1<i j<n, (vecall,
that the set {ef;} forms a complete orthonormal system in the Hilbert space L3(@)).
We obtain for Dy, k =0,...,m — 1 that

— 1 — 1
Dy fdp = _G(_£>m) Dy, Dy) = _G(_k>m)
/. > iGitm) (DY) =
For all other representations D = (d%)lgi,jgnw we get

/d fd,u- G (—£,m) (d%, D¢) = 0.

Finally, this proves Theorem 4.1 and completes the treatment of the generalized
Thue-Morse sequence.



Chapter 5

Density properties of automatic
sequences

An old French mathematician said:

“A mathematical theory is not to be considered complete
until you have made it so clear that you can explain it
to the first man whom you meet on the street.”

David Hilbert (1862-1943)

Let (un)nen be a g-automatic sequence with letters in an alphabet A. It is well-
known that for every letter ¢ in (up)nen the logarithmic frequency

) 1 1
xli»n;o log Z n

osn<z
Unp=C

exists. However, the ordinary frequency

lim l#{0<n<:ﬂ:un:c}

T—00 I
does not exist in general. (For the definition of g-automatic sequences and these
facts see Section 5.1). What can we say about the frequency of a letter in a subse-
quence of (un)nen? Since linear subsequences (Ug,+p)nen of automatic sequences are
again automatic (see [AS03, Theorem 6.8.1]), the logarithmic frequency of a letter
in (Ugnap)nen exists. Polynomial subsequences of higher order need not to be auto-
matic any more. This makes the study of density properties in such subsequences
much more difficult. Using the machinery of the generalized Thue-Morse sequence,
we show that for invertible g-automatic sequences the frequency of each letter of the
subsequence (u,2)nen exist. Moreover, we establish a connection between the fre-
quency of letters in the g-automatic sequence (u,)nen and its subsequence (u|ye|)nen
for 1 < ¢ < 7/5. For example, we show that the frequency of a letter a in (uy)nen
exists if and only if the frequency of a exists in (u,e|)nen-

115
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5.1 Some facts concerning automatic sequences

Automatic sequences (up)n>0 can be seen as the output sequence (or the image of
the output sequence in an alphabet A) of a finite automaton when the input is the
g-ary digital expansion of n (see for example [AS03, Lia90]). More precisely, a finite
automaton has finitely many states. One starts in an initial state and then moves
around the states depending on the input sequence (the g-ary digits of n). The moves
are deterministic and can be encoded with the help of so-called transition matrices
My, k=0,...,q—1, which have the property that the entry mf] (the i-th row and j-th
column of the matrix My) is 1 if there is a move from state j to state ¢ when the input
digit equals k. All other entries are zero. (Note that the dimension of the matrices
M, is equal to the number of states.) Such a finite automaton can be represented
by a directed graph, where a directed edge is labeled with a number &k (between 0
and ¢ — 1) which indicates the new state if the input digit equals k. For every n, the
automaton terminates at some state s(n). Automatic sequences are now computed
with the help of an output function that is defined on the states: s(n) — u,. In

0 ] 0

oy oy

Figure 5.1: Automaton of the Thue-Morse sequence

Figure 5.1 we see the automaton that creates the Thue-Morse sequence. The two
states of the automaton are s; (initial state) and so, the output function maps s; to
0 and s to 1 and the transition matrices are given by

10 0 1
M0—<0 1> and M1—<1 0>

The automaton defined in Figure 5.2 has three states and the output function maps
s1 and s9 to the letter a and s3 to b. The transition matrices are given by

1 00 010 0 01
My=10 1 0], Mi={|1 0 0 and My=11 0 O
0 01 0 01 010

The sequence starts with aaaaabaabaabaaabba ..., and, as we will see later, it is
related to the symmetric group S3. There are several equivalent ways to describe
automatic sequences (see [AS03|, in particular Definition 5.1.1 and Theorem 5.2.1).
For example, one can also describe g-automatic sequences in terms of morphisms
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Figure 5.2: Automaton related to the S3

(substitutions). Alternatively, by a theorem of Cobham a sequence (up)n>0 is g-
automatic if and only if it is the image, under a coding, of a fixed point of a g-uniform
morphism (compare with [AS03, Theorem 6.3.2]).
However, we will use the approach as described above. Let Ay be the set of all
d x d matrices with the property that in each column there is exactly one entry equal
to 1 and all other entries are 0. If the automaton has d states, then M, € A, for
every 0 < k < ¢. Set S(0) = My and
S(n) = Meo(n)Msl(n) M,

ee—1(n)

(5.1)

for n > 1, where (g/—1(n)es—2(n) ...e1(n)eo(n)), denotes the g-ary digital expansion
of n. Then we have that the last state reached is s; (if the input is n) if and only if

S(n)e; = e;.

Thus, a sequence (upn)n>0 is a g-automatic sequence if and only if there exists ¢
matrices in 4,4 (for some d > 2), such that w, is given by the image of an output
function (acting on eq,...,eq) of S(n)e;. Additionally, if a letter a occurs in the
automatic sequence (up)n>0, then there exists a vector z = z, € C? which entries 0
and 1 such that

1, ifu,=a
LS(n)ey =<7 A (5.2)
0, otherwise.
Indeed, if a occurs in (uy,)n>0, then there exist some states sy, ..., sg, such that the
output function maps these states to a. The vector z = (z1, ... ,zd)T with

0, otherwise,

Z‘_{l’ if’iE{fl,...,Ek},

does the job. At the end of this section we shortly recall the definition of the log-
arithmic and natural frequencies of letters. Let A be an alphabet and (u,)nen a
sequence in A. Furthermore, let a € A. If the limit

1
1 < cw, =
A}l_l}éoN#{O\n<Nu a}
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exists, then it is called the frequency of a in (u,)pen. A weaker version of density is
the following one: If the limit

- g osn<z n
Un=a
exists, then it is called the logarithmic frequency of a in (uy)n>0. If the frequency
of a exists, then it is the same as the logarithmic frequency. As already mentioned,
for arbitrary automatic sequences (uy)nen there need not exist the frequency of each
letter. Take for example

100 00 0
My=1|0 0 1 and Mi=|10 1],
010 01 0

(cf. [ASO3, Example 8.1.2]). Nevertheless, if (up)nen is primitive (that is, the cor-
responding graph is strongly connected), then it is known that the frequencies of
all letters exist. Moreover, one can calculated them effectively (see [AS03, Theorem
8.4.7]). Cobham showed, that the logarithmic frequency of each letter in an auto-
matic sequence exists and Peter [Pet03] gave a necessary and sufficient condition
for the existence of the ordinary frequency. Using our notation, he showed that the
frequency of a letter a equals d, if and only if

mk
Za (klim <MO+”;]+Mq‘1> )ei:d

for every 1 < i < d, where z, is the vector defined in (5.2) and m is a positive integer
such that the limit exists (note, that such an integer m always exists).

Furthermore, it is known that a subsequence of an automatic sequence of the
form (ugn+p)n>0 is again an automatic sequence (see [AS03, Theorem 6.8.1]). If we
consider the subsequence (u,2)nen, then it is of a completely different nature. If one
takes for example the Thue-Morse sequence (t,),>1, then it follows by a Theorem of
Allouche and Salon [AS93] that (¢,,2 )nen is not 2-automatic. Moshe [Mos07] showed in
a recent work the stronger result that the subword complexity of (¢,,2)nen is maximal,
that is, every finite word appears as a subword. (Note, that the subword complexity
of an automatic sequence is O(n), see [AS03, Theorem 10.3.1]).

5.2 Automatic sequences and squares

The main result of this section is an application of Theorem 4.1 to so-called invertible
automatic sequences (see Theorem 5.2). It turns out that there is a close relation
between sequences (T'(n))nen of the form (4.1) and automatic sequences. In partic-
ular, generalized Thue-Morse sequences in the special case of finite groups are linked
to matrices defined in (5.1).
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Let G be a finite group of order |G|. Then G is also a compact topological group
with respect to the discrete topology on G (every element is an open set). The Haar
measure on G is the (normed) counting measure, that is

W(B) = = #{g:ge B}

|G|
for every B C G. Since one-dimensional representations of a finite group have to be
|G|-th roots of unity, we see that the characteristic integer m has to divide (|G|, ¢—1).
If we take for example G = Z/rZ and g; = jmodr, 0 < j < ¢, then we have
m = (r,q — 1) and T'(n) = s4(n) mod r, where s, denotes the g-ary sum-of-digits
function. As already mentioned, this is exactly the case considered by Mauduit and
Rivat in [MRO09| (see Remark 4.3).

It is convenient to work with permutation matrices instead of abstract group el-
ements. If G is a finite group, then G is isomorphic to a subgroup of the symmetric
group S| (Cayley’s Theorem). Thus, we can assume that go,...,g—1 are permu-
tations in Sy for some integer d > 1 and G is a subgroup of Sg. The group G has a
natural d-dimensional representation Y, the so-called permutation representation. It
is defined as follows: Let m € Sy, then

X(ﬂ—) = (ew(l)7 s 7e7r(d)) ’

where e; denotes the j-th standard vector in 74 (that is, all entries are 0 except the
j-th, which is equal to 1). By definition it is clear that x(7) is a permutation matrix,
that is, (v1,...,24) X(7) = (Tx(1),---,Tr(@))- Obviously, permutation matrices are
orthogonal (and unitary) matrices.

Definition 5.1. Let (u,)nen be a g-automatic sequence. Then we call (up)nen an
invertible q-automatic sequence if there exists an automaton such that all transition
matrices are invertible and such that the transition matrix of zero is given by the
identity matrix.

SV
2R

Figure 5.3: 2-adic valuation mod?2

The set A4 is a monoid with respect to the matrix multiplication and all invertible
matrices form a group (which is isomorphic to Sg). Taking this group as our group
H, the matrices My, ..., M,_1 generate a subgroup G and we can use Theorem 4.1 to
analyze the subsequence (u,2),en of such invertible automatic sequences. As already
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indicated above, these matrices can be also seen as the permutation representation
of the symmetric group S;. Note, that the Thue-Morse sequence is an invertible
2-automatic sequence. The sequence induced by the automaton given in Figure 5.2
is an invertible 3-automatic sequence. (The transition matrices can be seen as the
permutation representation of the identity element, the 2-cycle (12) and the 3-cycle
(123) in S3). If the matrices are interpreted as elements of the S3, then they generate
the whole group (that is, G = H is isomorphic to Ss).
The following Theorem is a direct consequence of Theorem 4.1.

Theorem 5.2. Let ¢ > 2 and (uy)nen be an invertible g-automatic sequence. Then
the frequency of each letter of the subsequence (u,2)neN exists.

Remark 5.3. If the output function and the corresponding group generated by the
transition matrices are known, then the exact frequencies of all letters can be given.
Furthermore, one can show that if the output function is trivial (i.e., every state is
mapped to a different letter in A) and the graph is strongly connected, then the
frequencies are all equal if the characteristic number of the underlying group is < 2.

Remark 5.4. Tt follows from the last remark that if (u, )nen is a primitive 2-automatic
or 3-automatic invertible sequence, then all the frequencies exist and they are strictly
positive (since in this case m < 2). Actually, it is not hard to see that the frequencies
are the same as for the original sequence. If the automatic sequence is not invertible
this needs not to be true anymore: For instance, consider the sequence (a,)nen
defined by the automaton given in Figure 5.3. We have ag = 1 and a, is equal to
vo(n) mod 2 for n > 1, where v5(n) denotes the 2-adic valuation of n. Although the
frequencies of 0 and 1 are strictly positive (2/3 and 1/3), we have a,2 = 0 for all
n > 1.

Remark 5.5. Let (up)nen be a invertible g-automatic sequence such that the cor-
responding graph is strongly connected. Suppose that this graph has d states. We
then know that each state is an output state with frequency 1/d (see [AS03, Theorem
8.4.7]). On the other hand, a similar argumentation as in the proof of Theorem 5.2
(for the sequence (up )nen instead of (u,2)nen) shows that this frequency is also given
by p/s, where p is some positive integer and s is the cardinality of the group gener-
ated by the transition matrices. Thus, it follows that d has to be a divisor of s. On
the other hand, s is for sure a divisor of d! since the group generated by the transition
matrices is isomorph to a subgroup of the permutation group with d elements.

Remark 5.6. If we take for example the automatic sequence generated by the automa-
ton given in Figure 5.2, then we obtain that the underlying group is the symmetric
group S3 and m = 2. Thus, taking into account the special output function, the sub-
sequence generated by the squares has the property, that the letter a has frequency
2/3 and the letter b has frequency 1/3.

Remark 5.7. It would be interesting to show a similar result for a wider range of
automatic sequences. For special sequences like the Rudin-Shapiro sequence gener-
ated by the automaton given in Figure 5.4 this can be done, but a more general
result seems to be difficult to prove (one cannot use the group theoretic structure of
invertible sequences as presented in the previous chapter).
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@)

1 1 0 0

el ERe,

Figure 5.4: The Rudin-Shapiro sequence

Proof. We can assume that there exists an automaton with d states and with invert-
ible transition matrices My, for k = 0,...,k — 1 such that My = I;. The matrix
sequence (S(n))nen defined above coincides with the sequence (T'(n))pen defined
n (4.1) (if we set g, = My, for 0 < k < q). Let the different elements in the subgroup
generated by My, ..., M,_1 be denoted by Np,..., Ny_;. Then

N-1 s—1
> T =) #{0<n<N:T(n?) =NIN,.
n=0 r=0

Let a be a letter that occurs in (u,2)nen. By (5.2) there exists a vector z depending

on a such that
1 if u, =
ZTT(’U)61 — { 9 1 uz) a?

0, otherwise,

for every v € N. Thus, we obtain

1
lim —#{0<n <N :u, =a}

N—oco N
s—1 1
= lim —#{0<n < N:T(n?) =N}z Nye.
N—oco N
r=0
Theorem 4.1 implies that all limits exist, which in turn proves Theorem 5.2. [l

5.3 Automatic sequences and the sequence |[n‘|, n >0

In this section, we show that the frequency of letters in the g-automatic sequence
(un)nen are linked to the frequency of letters in the subsequence (u|pe|)nen for 1 <
¢ < 7/5. Contrary to the case of subsequences of squares, the frequencies in (uy,)nen
and the one in its subsequence (u|e|)nen cannot be different.

Theorem 5.8. Let ¢ € (1,7/5), ¢ > 2 and (un)n>0 be a g-automatic sequence.
Furthermore, let a be a letter occurring in (up)n>0. Then we have that the logarithmic
frequency of a in (u|ne|)nz0 exvists and it is the same as the logarithmic frequency of a
in (un)n>0. Moreover, the frequency of a in (u,)n>0 exists if and only if the frequency
of a in (U|pe|)n>0 exists.
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In order to show this theorem, we generalize a result of Mauduit and Rivat [MR05,
Theorem 1] (see also [MR95]) to multidimensional g-multiplicative functions. They
have shown that for all g-multiplicative functions f the following result holds true:
If ce(1,7/5), v =1/c and ¢ > 2, then for all § € (0, (7 — 5¢)/9)

S fnh = 3D amm)| < o',

1<ne 1<m<ae s

where the implied constant may depend on ¢, 6 and d. Recall that a g-multiplicative
function f : N — C is defined by the property that for every triple (a,b, k) € N® with
b < ¢* we have

f(d"a+1b) = f(d"a) £ (b).
We need the following definition:

Definition 5.9. Let d > 1. We call a function F : N — C%? a generalized g¢-
multiplicative function in C%*¢, if for every triple (a,b,k) € N® with @ > 0 and

b < ¢* we have
Flga+b) = FO)F(0)*O F(a),

where £(b) = |log,(b)| + 1 for b > 1 and £(0) = 1.

The expression £(b) is equal to the number of digits of b in the base-g representa-
tion system. If d =1 and F'(0) = 1, then F' is a completely g-multiplicative function
(in the classical sense). The function S(n) defined in (5.1) is an important example
of a generalized g-multiplicative function. Note, that we do not ask F'(0) to be the
identity element in C?*? (and indeed, S(0) also needs not to be the identity element).

Theorem 5.10. Let c € (1,7/5), ¢ > 2, d > 1 and assume that F is a generalized
g-multiplicative function in C™*? and there exists a submultiplicative norm || - ||, such
that ||F(k)||s < 1 for all 0 < k < q. Set v = 1/c. Then we have for all 6 €
(0, (7 — 5¢)/9) that

Z F(|n°]) — Z Am LR (m)|| < 2'7°,

1<n<Le 1<m<ae s

where the implied constant may depend on ¢, § and d.

5.3.1 Proof of Theorem 5.10

The proof of this theorem goes along the line of Mauduit’s and Rivat’s proof of [MRO05,
Theorem 1]. In particular, many steps of their method work also in our setting.
Nevertheless, we give a detailed proof for the readers convenience and refer only in
few places to the work of Mauduit and Rivat.

Let || - ||s be the norm mentioned in Theorem 5.10. We denote by || - ||max the
maximum norm (i.e., if A = (a;;) € C™9, then ||A| = max; j |a;j|) that is not
submultiplicative.

max
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The first steps of the proof are analog to [MRO05]. The only difference is the fact
that we use the triangle inequality for arbitrary norms in C?*¢ instead of the triangle
inequality for the absolute value in C. Recall that ¢ > 1. A short calculation shows
that m has the form m = |n¢] if and only if

[=m™] = [=(m+1)7] =1,

where v = 1/c (otherwise, this difference is zero). If we set W(u) = u — |u] — 1/2,
then we obtain

Yo E(ln))= Y Fm)(l-m"] - [~(m+1)"])

1<n<e 1<m<ze
= 3 FOm)((m+ 1) —m) (53)
1<m<ze
+ > F (m+1)7) = U(—m")).
1<m<ze
Next, we recall a result which can be found in [MR05, Lemma 2|. If 6 € [0, 1], then
1
Z ‘(m + 1) —m? —om?1| < 7 (5.4)
m2>=1
Note, that we have
[Em)]l, <1 (5.5)

for all m € N. This follows from the fact that F' is a generalized g-multiplicative func-
tion in C?*4, |- ||, is submultiplicative and || F(k)||, < 1 for 0 < k < g. Using (5.4)
and (5.5), we get

]

> F(m)((m+1) — Y )| <
1<m<ae 1<m<ae s

Together with (5.3), this implies that in order to prove Theorem 5.10 it suffices to
show that for all 0 € (0, (7 — 5¢)/9) and for all M > 1 we have

Su=| > Fm)(¥(=(m+1))—¥(-m")| <M, (5.6)

M<m<2M .

where the implied constant depends on ¢, § and d. Indeed, setting My = z¢/ 2k we
have

Y F(nh)— Y ym’'F(m)

1<n<Le 1<m<ae s

<SS e @) - v g
k>0 || Myy 1 <m<M,,

é) —
< S MY <« g1d
k>0

s



124 5 Density properties of automatic sequences

We start with approximating the function ¥ by trigonometric polynomials. Let
H > 1 be an integer. Then it follows from Proposition A.20 (Vaaler’s method) that
the following holds true: There exist coefficients ap(h) with 0 < ag(h) < 1 such
that the trigonometric polynomials

qu(t):—% 3 “H}fh) o(ht)

and
Al
Kkg(t) = — ——— | e(ht 5.7
u(t) |h§<H< H+1> (ht) (5.7)

verify
1
o 2 )

Recall, that we used the function kg (t) already in Chapter 2. We have

(W(t) — W (t)] <

1 9 1 1/2 3 76/2 —1/24,1-6/2
ST 13 > ku(m®) <o H'M + H'PM°? + H2M'02, (5.8)
M<m<2M

for every 0 < 6 < 1 and for every M > 1 (this is [MR05, Lemma 5| and follows easily
from Theorem A.13). We set Hy := LMI_“/U_‘S)J, where we choose § > 0 later on
and obtain

Su<| Do Fm)(Va(—(m+1)7) =Yg (—m"))

M<m<2M 5

LY i cmt ) e S gy (—m).

_|_
2Ho +2 M<m<2M 2Ho + 2 M<m<2M

The last two sums can be handled by (5.8). This yields

Su<e || Y F(m)(Tg,(—(m+1)7) — Uyy(—m))
M<m<2M

+ Hy'M + HY2 M2 4 | P02,

s

For our special choice of Hy we have that

H01/2M»y/2 — MY2E0/2 > Ap1/2=78/2 H()—1/2M1—'y/2_

Thus we get

Su e | D Fm) (Vi (—(m+1)7) = Uy, (—m7))

M<m<2M 5

+ M’y(l—&) + M1/2+’Y(5/2. (59)
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Next, we treat the sum that arises in (5.9). Replacing Wg, by its expression, this
sum is bounded above by

>l X Fem) e him e+ 1)) e ()

1<|h|<Ho M<m<2M .

-y ¥ ﬁ S F(m)(e(h(m +1)) —e(hm)| . (5.10)

£20 Hyy1<|h|<H, M<m<2M .

where H, = Hy/2°. Putting on(t) = e(h(t +1)Y — ht?) — 1, we get by partial
summation?

Y F(m)(e(h(m+1)7) —e(hm"))

M<m<2M
oM

—an@M) Y Fmietm®) - [ Y Fme ()t
M<m<2M M M<m<t
If |h| < M7 we have @(t) < |h| M1 and ¢} (t) < |h|M7=2 on the interval
[M,2M]. Thus we obtain for Hy < M7 (note, that || [ A(t) dt|lmax < [ [|A(t)]Imaxdt
which implies || [ A(¢) dt||s <q [ || A(2)]|sd?)

>l X e hm 1)~ e )

Hg+1<‘h|<Hg M<m<2M s

< max M1 F(m)e (hm”
5 T | S rwem
He+1<‘h|<He M<m<M!

Moreover, we trivially get for ¢ > 0,

Sl X Fm)(ehtm 1))~ e ()

He+1<‘h|<He | | M<m<2M s

< max
ue{0,1} Hyyq

Z Z F(m)e (h(m+u)7)

Hg+1<|h‘<Hg M<m<2M s

Since the sum over ¢ in (5.10) has < log(H() summands, we obtain

Y F(m) (Ur(—(m+1)7) = Uy (—m7))

M<m<2M s

Kcd (log H)) max max max min (Ml_“/, H_l) S(H, M, M’ u),
’ 0<H<Ho ue{0,1} ME[M72M}

(5.11)

f A(t) € €4, we denote by [ A(t)dt the matrix (Bj;) with Bi; = [ Ay;(¢)dt.
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where S(H, M, M ,u) is defined by

S(H,M,M',u) =) > Fm)e(h(m+u))| . (5.12)

H<h<2H || M<m<M’ 5

Proposition 5.11. Lety € (1/2,1), ¢ > 2,d > 1 and F be given as in Theorem 5.10.
Then we have for all 1/2 < H < M < M' < 2M and u € [0,1] that

Sl Femetim+u)

H<h<2H ||M<m<M’ 5

< HB M 4 g2 0=/2) Nlog(3M),
where the implied constant depends on v and d.

As in [MRO5, page 195| one can now show that this result implies (5.6). This in
turn (as already noted) proves Theorem 5.10. Thus, we omit the details and continue
with proving Proposition 5.11. It turns out that it is possible to proceed similar to
Mauduit and Rivat. Since the next few steps are of particular importance, we treat
them in detail. The final steps are again as in [MR05, Section 4|, see the comments
at the end of the proof of Proposition 5.11.

Proof of Proposition 5.11. Let k be a positive integer such that? B =< H~1/4\1-7/2
with B = ¢*. We can assume that k > 1 (otherwise, the statement holds trivially).
Then there exist integers A, R, A’ and R’ such that

M =AB+ R with 0<R< B, and M =AB+ R with 0< R < B.
We have A < A’ <24+ 1 and AB =< M. This allows us to write

SH,M, M u)= > ) F(Ba+b)e(h(Ba+b+u))| +O(HB).

H<h<2H || A<a<A’ 0<b<B 5

Next, Taylor’s theorem implies that
e(h(Ba+b+u)y) = e(hBYa") e(x(a, h) - y(b)) + Oy (HB'M ™),
where
x(a,h) = (ha”™ ', ha?™2 ha?™3),
y(0) = (B b+ u), 1B b+ u)?, 3B 3 (b +u)?),
with 71 =, 72 =v(y —1)/2 and 73 = y(y — 1)y — 2)/6. Thus, we have

SH,M, M u)= Y > Y F(Ba+b)e(hB"a")e(x(a,h) - y(b))

H<h<2H |[|A<a<A’ 0<b<B
+O(HB + H*B*M"73),

s

2The symbol f =< ¢ means that f < g < f.
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Let us define the function F : N — C4*4 by

) = {F(n)F(o)k—W, if n < g,

odxd, otherwise,

where 09¢? is the zero matrix in C?*?. Recall, that £(n) denotes the number of digits
of n. The generalized g-multiplicity of F' implies that we have for all A < a < A’
and 0 < b < B that

F(Ba+b) = F(b)F(a).

We obtain

SHMMw= > | S Y F e(hBYa”)e(x(a, h) - y(b))

H<h<2H |[|A<a<A’ 0<b<B
+O(HB + H’B*M"73)

< Y>> Fyex(ah)-y(b)

H<h<2H A<a<A’ ||0<b<B
+ HB + H?>B*M" 3,

s

S

where we used the submultiplicity of ||-[|;. Note, that [|All; <4 Y°1«; j<qlaijl for
any matrix A = (a;;). Hence we get

SH, MM u)<q > > > | > Fjb)elx(a,h)-y(b)

1<i,j<d H<h<2H A<a<A’ |0<b<B
+HB+ H?B*M7 3,
where F' = (Fij)i<ij<a- Set X = {x(a,h) : A < a < A,H < h < 2H} and
y(b) : 0 < b < B}. Note, that x(a,h) # x(a’,1) if (a,h) # (d/,h') and
v.

We obtain that there exist complex numbers «;;(x(a, h)) and
Bij(y (b)) with |ayj(x(a,h))] =1 and |5;;(y(b))| <4 1 such that

SN Y By ex(a,h) - y(0)

H<h<2H A<a<A’ |0<b<B

= D ay(x(a,h)B;(y (b)) e(x(a, h) - y(b)).

x(a,h)eX
y(b)e

(As in (5.5) we see that |F(n)||s < 1 for all n € N. This implies that |F;;(b)| <
IE O maxe <a [[F ()]s <a 1.) We set
ALt =y HB M
Xy =7, AP BTY
Yy, = AT H AR
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for k =1,...,3. Then we have that the k-th component of x(a, h) € X has absolute
value less than or equal to Xj. A similar result holds for the points in ) (with
Xy, replaced by Yy). Hence, we can apply Theorem A.17 (the double large sieve of
Bombieri and Iwaniec) with x = 3 and obtain

2

3
SO | Y Ri®etxtan yo)| | < [[0+A7NBE, (513)

H<h<2H A<a<A’ |0<b<B k=1

where B; represents the number of quadruples (hq, ha,a1,a2) with H < hy,hy < 2H
and A < ay,as < A’ such that

(hla’{"“ - hQa’g"“‘ <@L, k=1,....3
and Bs represents the number of pairs (by, by) with 0 < by, by < B such that
\wB’Y—’“(bl +u)* — 7B F(by + u)’“( <Xy, k=1,....3

Note, that the right-hand side of (5.13) is independent of i and j, since the sets X
and ) as well as the numbers X and Yj for £k = 1,...,3 are independent of ¢ and j.
Mauduit and Rivat have shown (see [MR05, Sections 3 and 4]) that

3
[T+ 2818y < HYAM™2(1 4+ H- M) log(3M).
k=1

Thus, we obtain

S(H, M, M u) < q HEMEN/AQ 4+ g2 0/2) /log(3M)
+ HB + H*B*M =3, (5.14)
Exactly the same way as at the end of [MR05, Sections 4], we obtain the the last two

terms on the right-hand side of (5.14) are smaller than the first term. Finally, this
completes the proof of Proposition 5.11. O

5.3.2 Proof of Theorem 5.8

Before we start with proving Theorem 5.8, we show that Theorem 5.10 implies the
following result.

Lemma 5.12. Let ¢ € (1,7/5), ¢ > 2, d > 1 and assume that F is a generalized
g-multiplicative function in C?*? and there exists a submultiplicative norm || - ||, such
that ||F(k)||, <1 for all0 < k < q. Sety=1/c. Then we have

> Fln)) > 7@ e l, (5.15)

n
1<ne 1<m<ze s
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and for all 6 € (0,(7 —5¢)/9),

Yo et F([Inf]) = Y F(m)| <esaar (5.16)
1<n<aY 1<m<z s

Proof. We start with proving inequality (5.15). By partial summation we obtain

F(|n¢ F(m
p oy

1<n<Le 1<m<ze
1 1
=— > F(n]) == > am"'F(m)+ I(x),
xT xT
1<n<Le 1<m<ze
where
@)= | F(lnt) | —at " R Lt
(z) = . Z (Ln°]) 2 - . Z ym (m) s
1<nt 1<m<t

Changing the variable in the last integral yields

xr
1
I(x):/ SC O E() 3w R | e
L\ igngt 1<m<te
Thus we obtain
F(|nf F(m
> ALy T
1<n<e 1<m<ze s
1 c v—1
<ar | S Fn - Y Am T Em)
1<n<Le 1<m<ze s
+/ Z F(|n°]) — Z ym"F(m) t—2dt.
Lolligngt 1<m<te

s

We can use Theorem 5.10 with some fixed 6 < (7 — 5¢)/9 and obtain

F(|n¢ F(m 1 T

Z % — Z ’y% <L d E +/ mdt <Le,d 1.
1<n<a 1<m<ae . 1

The proof of (5.16) uses the same ideas. Partial summation yields

Yo 0 TE(nf)) = Y AF(m)

1<nLaY 1<m<z

D DA Bl S A (ORI O}

1<ngaY 1<m<z
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where

@) == [ | X P | gt

1<n<t

+(1—7) /lr Z ym " F(m) 7%dt.

1<m<t

Integration by substitution implies

Y nTE(nf]) — ) AF(m)

1<n<aY 1<m<z s

g2 Y0 F(Inf)) = > Am T F(m)

1<n<aY 1<m<z B

sy [ X ey X )|

1<n<ty 1<m<t .

and we finally obtain (again using Theorem 5.10)

x
_ _ 1
S w () = 3 )| Cosan 0 [ st <ga s,

1<nLaY 1<m<z s

for any ¢ € (0,(7 — 5¢)/9). O

Proof of Theorem 5.8. Recall that we have 1 < ¢ < 7/5 and ¢ > 2. Let a be a
letter occurring in the g-automatic sequence (uy,)n,>0 (realized by a finite automaton
with d states). As we have seen in Section 5.1, there exist ¢ transition matrices
My, ..., My € C%4 corresponding to the automatic sequence and a vector z =
2, € C% such that

1, ifu,=a,
ZTS(TI)elz{ s I U a

0, otherwise,

where S(n) is given by (5.1). Recall, that S(n) is a generalized g-multiplicative
function in C99. Let ||-||; denote the submultiplicative norm induced by the 1-
norm in C%. Alternatively, if A = (a;j)1<i j<a, then ||A], is also given by ||A||, =
max; y . |a;;| (maximum absolute column sum norm). Since for each n there is
exactly one entry equal to 1 in each column of S(n), we have ||S(n)||; = 1.

We start with showing that the logarithmic frequency of a in (u|pe|)n>0 exists

(a)

and that it is the same as the logarithmic frequency J1og of a in (up)p>o (Which exists
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since this sequence is g-automatic). We have

1 1 1 s
A = Tim Y —=lm Yy 2 (n)er
z—oco log x e n  z—oologx Vs n
Un=a

In what follows, we show that

Lo~ Z5U e @y

log x
& 1<n<Lz

which implies the desired result. We can write

1 Z ZTS(LnCJ)el (a) E(l)

log x n o8 o8
& 1<nLe

(2)
+ Elog’

with

g _ 1 7 3 S(n)) _ 3 ,3m)

log ™ Jog x ’

n
1<n<Le 1<m<ae

E(Q) _ 1 Z ZTS(m)el —j(a).
o IOg e 1<m<ze m o

The Cauchy-Schwarz inequality yields

Szl || © PR X S e

1<n<Le 1<m<ae

Eiy

2

Vd 3 S(n°)) 3 Vs(m)
lOg:E 1<n<z 1<m<ze m 9
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(5.17)

where |- ||, denotes the norm induced by the 2-norm in C%. Inequality (5.15) of
Lemma 5.12 implies that El(olg) = o(1). Since El(ozg) = 0(1) holds trivially, we are done.

Nest, we assume that the frequency of a in (uy,)n>0 exists (and we denote it by

the symbol j (“)). Then we have to show that

3 <zTS(LnC e — j(“)) = o(x).

1<nLe

Again, we split up the occurring sum in different parts. We write

S ("SI her - 4@) = BV 4 B®) 4+ BO,
1<n<e

(5.18)
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with

EW =T Z S(|n°)) — Z ymY~ES(m) | e,

1<nLe 1<m<ze

E® = Z ym7™ 1(2 S(m )el—j(“))

1<m<ze

E®) = jla) Z AmY T — Z 1

1<m<ze 1<nLz

Similar to (5.17) we get

‘ ‘ Z S(|n°]) — Z Am LS (m

1<ne 1<m<ze 9

Theorem 5.10 implies that EM) = o(z). In order to treat () note that there exists
a continuous, positive and monotonic function ¢(t) with g(t) — 0 for ¢ — oo such
that

Z <zTS(m)61 - j(“)) < tg(t).

1<m<t

(This easily follows from the fact that the frequency of a exists.) By partial summa-
tion we obtain

E® = ygl=e Z (zTS(m)el — j(“)>

1<m<ae

_ /lx Z <zTS(m)61 — j(“)) y(y — 1)t7_2dt.

1<m<t

Hence we have

zc/2 ¢

B9 <qateaty@) + [ glon-eder [ gon-eiar

1 /2

< zg(z®) + 2% + g(z/?)x. (5.19)

This implies E? = o(z). That E®) = o(z) is a simply consequence of Euler-
Maclaurin’s summation formula (see for example |[Ten08, Theorem 0.7]). We finally
obtain that (5.18) holds true.

In oder to finish the proof of Theorem 5.8 it remains to show that existence of
the frequency of @ in (u|pe|)n>0 implies existence of the frequency of @ in (up)n>o. If

(a 1 c
G0 = lim — > AS(|ne) e,

1<nLe
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we have to show that

1<m<z
We get
> (78w i) = BO + BR + O,
1<m<z
with
EM =T Z S(m) — Z entS(|nc)) | e1,
1<m<e 1<y
ED = % et (TS ((nJer — ).
1<nLaY
EO =@ [ Y me o Y1
1<n<eY 1<n<e
Similar to the considerations we have done before, we see that Eél) = o(z) (by

Lemma 5.12, Inequality (5.16)). As in (5.19) we obtain B = o(z) and Euler-
Maclaurin’s summation formula yields again EY = o(z). This finishes the proof of
Theorem 5.8. U
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Chapter 6

The sum of digits of |n°|

If numbers aren’t beautiful,
I don’t know what is.

Paul Erdds (1913 - 1996)

Let s, be the sum-of-digits function in base ¢ > 2 and let ¢ > 0 be a real number
different from an integer. As we have seen in the previous chapter, there is a strong
relation between the sequence (sq(|[n]))nen and its subsequence (sq([n°|))nen for ¢
slightly bigger than 1. The study of distribution properties becomes more involved if
the subsequence gets sparser and sparser as the value c gets bigger. This problem is
linked to Gelfond’s third question and polynomials are replaced by similarly increas-
ing functions. Additionally, it can be understood as an intermediate case between
polynomials of different degree.

In this chapter we show that if ¢ > ¢o(c), where go(c) is a constant depending on
¢, then the sequence (asq([n°]))nen is uniformly distributed modulo 1 if and only if
« is irrational. Furthermore, we show that for ¢ > go(c) the sequence (s4(|n¢]))nen
is well distributed in arithmetic progressions.

6.1 Introduction and main results

In this chapter ¢ denotes an integer > 2 and c¢ is a positive real number different
from an integer. We use the usual notation e(r) = > and ||z| = min,ez |z — /.
Furthermore, we denote by {x} the fractional part of x (i.e., {x} =z — |z|) and by
54(n) the ordinary sum-of-digits function of n in base g.

Recall that Gelfond [Gel68| showed that if ¢,m,r > 1 and ¢, a are integers with
(m,q —1) =1, then

#{n<zx:n=C¢modr, sq(n)Eamodm}:i—FO(x)‘), (6.1)
mr

where A < 1 is a positive constant depending only on ¢ and m. If one replaces
the arithmetic progression {n > 0 : n = ¢ mod r} by another sequence, then the

135



136 6 The sum of digits of [n°]

corresponding question is in general much harder to answer. For instance, Gelfond’s
second problem on the sum of digits of primes was unsolved for a long time until
Mauduit and Rivat [MR10] proved that (s,(p)), where p ranges over all primes, is well
distributed in arithmetic progressions. The treatment of the sequence (s4(P(n)))nen,
where P(n) is a polynomial with P(N) C N, seems to be even more complex. Dartyge
and Tenenbaum [DTO06| showed that if (m,q — 1) = 1, then

#{n < :5,(P(n)) = amod m} > Cgmin(h2/d),

where d is the degree of the polynomial P and C' is a positive constant depend-
ing on P, ¢ and m. Drmota, Mauduit, and Rivat [DMR] considered the sequence
(sq(P(n)))nen for sufficiently large bases ¢ and Mauduit and Rivat solved the problem
in the quadratic case for general ¢ > 2 (see Chapter 1).

A related question is whether a Gelfond type result also holds true for the sequence
(sq([n°]))nen, where ¢ is a real number different from an integer. It can be understood
as an intermediate case between polynomials of different degree. Mauduit and Rivat
gave a positive answer for ¢ € (1,4/3) in 1995 (see [MR95]) and for ¢ € (1,7/5) in
2005 (see [MRO5]). They considered more generally g-multiplicative functions and
used, among other tools, the double large sieve of Bombieri and Iwaniec to solve this
problem (compare with Chapter 5). Their last result reads as follows:

Theorem MR. Let ¢ € (1,7/5) and q > 2. If a and m are integers with m > 1,
then

xli_)noloé#{nga;:sq(mcj)Eamodm}:%. (6.2)

Furthermore, the sequence (asq(|n°]))nen is uniformly distributed modulo 1 if and
only if « is irrational.

As pointed out by Mauduit (see [Mau01, Section II.4]), one can deduce from a
result of Harman and Rivat [HR95| that (6.2) holds for almost all ¢ € [1,2). Indeed,
if A is an infinite set of positive integers such that #{n < x : n € A} > =z, then it
follows from [HR95, Theorem 3| that for almost all ¢ € (1,2) we have

#{n<a:|nleAt=7> n +o(x), (6.3)
n<x®
neA
where v = 1/c. Setting A = {n € N : s4(n) = amod m}, a refined version of
Gelfond’s work (cf. (6.1)) implies that #{n < = : n € A} > x. Elementary discrete
Fourier analysis and partial summation (similar to Section 6.4.1) allow to evaluate
the occurring sum in (6.3) and we finally obtain that (6.2) holds true for almost all
¢ € (1,2) and for every triple of integers (a,p,m) with ¢ > 2 and m > 1. This leads
to the following conjecture which can be found in [Mau01, Conjecture 1]:

Conjecture 6.1 (Mauduit). For almost all ¢ > 1 we have for every integer q and m
greater than 1 and 0 < a < m, that

lim l#{71<:v:sq(LnCJ)Eamodm}:%. (6.4)

r—00 I
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The main objective of this chapter is to enlarge the range of possible real numbers
¢ in Theorem MR for which we can show uniform distribution results (Corollary 6.4
and 6.6). We are able to deal with all positive real numbers ¢ which are not integers
but we restrict us to bases ¢ which are not too small. It turns out that the case
¢ € N is of completely different nature. This makes it finally impossible to treat
general numbers ¢ with the methods presented in this work. In Section 6.3 we will
provide a precise analysis of this problem. (See also [DMR], where Drmota, Mauduit,
and Rivat use different methods to show that (sq(P(n)))nen is well distributed in
arithmetic progressions if P is a polynomial with P(N) C N and if ¢ is big enough.)
In our main theorem we study the exponential sum ), e(asq(|n¢])):

Theorem 6.2. Let ¢ > 0 be a real number different from an integer and o € R.
Then there exists a constant qo(c) such that for all ¢ > qo(c) we have

N e(asg([n])) <ogq (loga) at-oeal@ Dl (6.5)

1<nLe

where 0.4 > 0 is a computable positive constant. In the case 0 < ¢ < 1 we have

go(c) = 2 and the exponent in the right-hand side of (6.5) can be replaced by (1 —
2

e ll”)-

Remark 6.3. It follows from the reasoning of our proof that an admissible value of
qo(c) is explicitly computable and that this value is bounded by K cc4, where K is an
absolute constant. We use different methods to show the result for different values
of ¢ in order to optimize go(c) (see Sections 6.2 and 6.3 and the end of Section 6.4).
If 1 < ¢ < 7/5, then [MRO5, Theorem 1] and partial summation ensures that we
can choose ¢p(c) = 2. The case 0 < ¢ < 1 can be seen as trivial but for the sake of
completeness we give a short proof in Section 6.4.

Corollary 6.4. Let ¢ > 0 be a real number different from an integer. There exists a
constant qo(c) = 2 such that for all ¢ > qo(c) the following holds: If a,m € Z with
m = 1, then there ewists a constant ogm . > 0, such that

#{n<x:5([n°]) =amodm} = % + Oc.qm (ml_aq’m*c) .

Remark 6.5. Corollary 6.4 does not solve Conjecture 6.1 entirely, but it leads us to
conjecture that (6.4) is valid for every ¢ > 1 (¢ € N). If ¢ > 1 is an integer, then
elementary arithmetic calculations may yield a different asymptotic formula which
depends on a, m and ¢ (cf. [DMR]).

Corollary 6.6. Let ¢ > 0 be a real number different from an integer. Then there
exists a constant qo(c), such that for all ¢ = qo(c) the sequence (asq([n°])), ey i
uniform distributed modulo 1 if and only if « is irrational.

Remark 6.7. Since the estimate (6.5) is uniform in «, Theorem 6.2 (together with
results from Sections 6.2 and 6.3) allows to derive a local limit theorem, see Chapter 7.
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The main idea of showing Theorem 6.2 is to divide the proof up into a Fourier
theory part and an exponential sums part (where no sum-of-digits function occurs).
Let ¢ > 2, a € R and A € N. The discrete Fourier transform Fy(., «) of the function
u — e(asq(u)) is defined for all h € Z by

1
Fy(h,a) = — Z e (asq(u) - huq_)‘) . (6.6)

q 0<u<g?

See Appendix A.2 for properties of this and related functions proved by Fouvry,
Mauduit, and Rivat.

In the next two sections we discuss the sum ) e(3[n°|). In particular, we
present a method which works for 1 < ¢ < 2 in Section 6.2 and a method for general
real numbers ¢ ¢ N in Section 6.3. In Section 6.4 we prove Theorem 6.2. Finally,
Section 6.5 is devoted to the proofs of Corollary 6.4 and Corollary 6.6.

6.2 Exponential sums for 1 < ¢ < 2

In this section we treat the exponential sum ) e(3 [n¢]) for 1 < ¢ < 2.

Proposition 6.8. Let 1 < ¢ < 2 and z,v € N with ¢~ < x < ¢”. Furthermore, let
B €R\Z. Then we have
1

3 e(B1n%)) Kegvg? " 4 unu—q

¢"1<n<z

The method for the proof of this proposition is based on a work of Mauduit and
Rivat [MRO5]. The first steps are similar to the one presented in the previous chapter
(see Section 5.3.1). We use the fact that an integer m has the form m = |n¢| if and
only if

[=m"] = [=(m+1)"] =1,

where v = 1/c. If we set U(u) = u — |u| — 1/2, then we obtain

Yo oe@Blnth= Y eBm)([-m] —[~(m+1)7))

qV*1<n<x q(u—l)c<m<xc

=Y e(Bm)(m+ 1) —mY) (6.7)

q(ufl)c <m<ac

+ Y e(Bm) (U(—(m+1)7) = ¥(=m")).

q(Vfl)c<m<mc

The first sum that appears on the right-hand side of (6.7) can be estimated by partial
summation (see Lemma 6.9). This leads us to consider the double sum

S(K,Mu)= > > fm)e(k(m +u))], (6.8)

K<|k|<2K | M<m<M
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where f(m) = e(fm) (compare with (5.12)). The main difference to the work of
Mauduit and Rivat is the fact that they have to deal with ¢-multiplicative functions
f(m) instead of e (Sm). Using van der Corput’s method of estimating exponential
sums finally enables us to obtain the desired result (see Lemma 6.10).

Lemma 6.9. Let ¢ > 1 and v = 1/c. Furthermore, let x,v € N with ¢* ™1 < x < ¢”
and € R\ Z. Then we have

Y eBm)((m+ 1) —mY) < gD (2 gl ¢ %

S
qv—Deamae ‘Sln ﬂ—ﬁ’

Loy vie=1) 4 q, (6.9)

1
B

Proof. Let S denote the considered sum. Using (5.4), we obtain

1
< E v-1 .
|S] < ym7 e (fm)| + 1

q(ufl)c<m<xc
Partial summation yields

S amr e (Bm) =420 3 e(gm)

q("*l)c<m<mc q(ufl)c<m<xc

C

—7(7—1)/( : > e(Bm)u P du
qu—lc

q(”*1)0<m<u

Since 8 ¢ Z, we have for all ¢*~1¢ < u < z¢ that

1
Z e(pm) gm-

q»—De<m<u

We get (note, that z < ¢¥)

c

0 | w-Detr-1) _ / * )12 1
<
S = ’Sln W/B‘ <q q(ufl)c(fy 1)“ du + 4

Y w=1)(1—c) 1mey , 1
< _ z
= Jsin 7| e @-a7)+ 4’

and the result follows. O

Lemma 6.10. Let ¢ € (1,2) and f € R. Furthermore, let x and v be integers with
¢*~ ' < x < ¢”. Then we have

D e(Bm) (T(—(m+1)7) = ¥(—m")) <4 vg"1E3),

q(ufl)c<m<xc
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Proof. We can write

Y. e(Bm)((~(m+1)7) = ¥(-m"))

q(zzfl)c<n<wc

= 2 > e (Bm) (¥(—(m+1)7) — ¥(-m7))
0<j<c% q(ufl)c%jfggq(ufl)c2j+1
gV~ He<n<x

_ Yy Y
€ mex omas ST e(m) ((=(m 1))~ w(m)).
M<n<M'

In order to prove Lemma 6.10, it suffices to show that for M > ¢“~D¢ we have

Su:=| D> e(Bm)(¥(~(m+1)7) - ¥(-m"))

M<m<M'!
< (log M)MY1=(2=)/3), (6.10)

Approximating the function ¥ by trigonometric polynomials, we obtain exactly the
same way as in Section 5.3.1 that

Su<| D e(Bm) (Wi, (—(m+1)7) = g, (=m"))

M<m<M’
1 1
_ 1) —mY
+2K0—|—2 Z KK, (—(m+ ))+2KO+2 Z KK, (—m"),
M<m<M! M<m<M!
where Ky := |M'=70=9] with a constant § > 0 that we choose later on. The

polynomials kg (t) and Vg, are given by (5.7), where kgi(t) is the periodic and
positive Fejer kernel (see also Proposition A.20). Recall that

1
3 > kx(m?) <o KM + K'VPMOP 4 KTV M0
0 M<m<2M
for every 0 < 0 < 1 and for every M > 1 (see (5.8)). We obtain

Su<| D e(Bm) (Viy(—(m+1)7) = U (—m”))

M<m<M!
K M+ KM 4 kYA,
For our special choice of Ky we have that
Ké/2M’y/2 — MY/ 5 pp1/2=76/2 K(]—1/2M1—~,/2‘

Thus we get

Su<| D e(Bm)(Tiy(—(m+1)7) = Vg, (—m7))
M<m<M’

+ M’y(l—&) + M1/2+’Y(5/2. (611)
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Next we treat the sum that arises in (6.11). Replacing Wi, by its expression and
following exactly the same steps as in [MRO05, Section 2.3| (we omit the details, since
these steps are also similar to the ones in Section 5.3.1), we obtain

Yo e(Bm) (Vi (—(m+1)7) = U, (—m"))

M<m<M'

< (log Kp) max max _max min (M7, K1) S(K,M,u), (6.12)
0<K <Ko ue{0,1} Me[M,2M]

where S(K, M, u) is defined by (6.8). In the considered interval [M, 2M] we have the

estimate

d* (By + k(y +w)7)
dy?

|k|M ™% <

‘ < |k| M2,
It follows from Theorem A.13 that
S M) < > (KM 4 122
K<k<2K
< K32 M2 4 KY2 02,
If K< MY we have
MYYS(K, M, u) < K32 M2 4 KV2 072 « M2,
whereas
K7YS(K, M, u) < KY2M? 4 K=V2 002 « V202 4 pt/2

if K > M'~7. With (6.12) and the definition of Ky we get

> e(Bm) (Tiy(—(m+1)7) = Ty, (—m7))
M<m<M’
< (log Ko) <K3/2M“1/2 n M1/2) < (log M)MY2H9/2.
Finally, we have (see (6.11))

Sm < (log M) (MV(l_‘S) + M1/2+75/2) ]

Now we choose 6 > 0 such that the upper bound is as small as possible. This is
apparently the case if § = (2 — ¢)/3 and we are done. O

Proof of Proposition 6.8. The Proposition now follows immediately from equation
(6.7) and the previous two lemmas. O



142 6 The sum of digits of [n°]

6.3 Exponential sums for ¢ > 1, c ¢ N

In this section we give a nontrivial upper bound of the sum ) e (3 [n¢]) for all real
numbers ¢ > 1 which are different from an integer. If 1 < ¢ < 19/11, then it turns
out that the method based on Mauduit’s and Rivat’s work gives a better result (see
Remark 6.13).

If ||3|| is relatively small, then the estimation of ) e (8 |n¢]) can be reduced
to a similar problem where e (3|n¢]) is replaced by e (8n¢). This leads to a simple
application of the Kusmin-Landau Theorem (Theorem A.12). In the other case, we
enhance a method of Deshouillers to obtain a nontrivial upper bound.

Proposition 6.11. Let ¢ be a real number > 1 and x and v be integers such that
¢"~! < x < ¢”. Furthermore, let B € R with 0 < ||B| < 5 ¢"11=¢). Then we have

(& 1 vil—c viZz—c
Y e(BIn)) <eq AT (1=0) 4 =), (6.13)
g~ 1<n<z

Proof. Let S be the sum considered in (6.13). Without loss of generality, we can
assume that 0 < § < % ¢"(=9). Since

e(B[n°]) = e(Bn®)e(=p{n}) = e(Bn®) (1 + 0 (B)),

we obtain

151 = Z e(Bn)e(—B{n‘})| < Z e(Bn®) _i_%qu@—c)'

¢—l<n<z ¢ l<n<z
Thus, it suffices to consider the sum > -1, . e(Bn°). If we set f(y) = By, then
we have for y € [¢" !, ¢”] the estimate

B < f(y)] < eBg Y < 1/2.

Furthermore, f”(y) # 0 on the considered interval. Hence, we can use Theorem A.12
and get

1 —c
Z e(fn’) <cyq Bq”(l ),

g~ l<n<z

This proves the desired result. O
In order to state the next proposition, we define the constant p = p(c) by

p = max (P17P27p3ap4)7 (614)
_ — 2 -1
where p; = 72%;11_01 . po = %Eﬁg_i , p3 = (3 lc+ 30| log (125 [c + %J)) and
— -2
o= (e k)
See Figure 6.1 for the considered terms in the definition of p in the interval [1, 4] and
Figure 6.2 in the interval [9,12]. If ¢ < 12 — 1365/(121log 1375) ~ 10.4388, then p;

and py contribute to the size of p. If ¢ > 12 — 1365/(121 log 1375) then p = p3 until
p4 is significant.
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Figure 6.1: p in the interval [1, 4]

Proposition 6.12. Let ¢ > 1 be a real number different from an integer. Further-
more, let x and v be integers with ¢~ ! < x < ¢V and B € R such that ||3| >
% ¢"1=9 . Then we have

S e(BIn°]) Koqrg”tY, (6.15)

g"—1<n<z
where p is defined by (6.14).

Remark 6.13. If 1 < ¢ < 19/11, then Proposition 6.8 implies Proposition 6.12.
Indeed, 2(2 — ¢)/3 is greater than p in this case (see Figure 6.1) and the method of
Mauduit and Rivat gives a better upper bound.

Remark 6.14. Let ¢ > 1 be a real number different from an integer and x and v be
integers with ¢"~1 < z < ¢¥. If we set j := max(2(2 — ¢)/3, p), then Proposition 6.8
implies together with Propositions 6.11 and 6.12

Z e (5 anj) Leg un(l—ﬁ/2) + v(l—c)

¢ l<n<z

mq

for every g € R\ Z.

As already pointed out, the method given in this section goes back to Deshouillers
[Des73a|. He showed that if ¢ > 12 (¢ ¢ N) and ||3|| is not too small, then the
considered sum (6.15) is of order O(z~), where p = (6¢%(log c+14))~t. We improve
this result by enhancing two main tools of his method. On the one hand, we use
van der Corput’s method on exponential sums for small ¢ and a refined version
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Figure 6.2: p in the interval [9, 12]

of Vinogradov’s method on exponential sums for big ¢ (see Lemma 6.15). On the
other hand, we use the approximation properties of the Beurling-Selberg function
summarized in Appendix A.5.

The method presented in this section cannot be applied for ¢ € N. Note that
Lemma 6.15 is false for integer exponents (take for example £ = 1). The main
difference for ¢ € N is that the m-th derivative of z¢ is zero if m > ¢+ 1 (cf.
(6.17)). This makes it impossible to use van der Corput’s and Vinogradov’s method
on exponential sums (even for £ < 1).

Lemma 6.15. Let ¢ > 1 be a real number different from an integer and p defined
by (6.14). Furthermore, let x and v be integers satisfying ¢*~' < x < ¢ and let
¢ € R such that % =9 < |€] < ¢@=VP. Then we have

Z e(€n®) Leg ¢V,

¢v~l<n<z

Proof. We can write

doeén) = > > e(énc)

¢/t <n<z 0<2g /712 <nggV YT
¢’ 1<n<z

<g  max max g e(&n’).
vI<M<qr M<M'<2M
q <M <q < X M<n<M’

Since we have for any ¢*~! < M < ¢” that
1
2c

i 1—c

50 MO ¢’ < gl < TP < e,
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it suffices to show that for M > 1, M < M’ < 2M and & ¢'~°M'~¢ < |¢| < M? we
have

> e(dn®) Keq M (6.16)

M<n<M'

We set f(y) = €y°. Then we derive for every m > 1,

] =a|()]

A short calculation shows that

Hence, there exists a constant A = A(c,q) > 1, such that

m
AmE < |

L) < anE (6.17)

for every y € [M,2M] and m > 1, where F' = |{|M°€. In order to get a manageable
notation, we set £ = (log|¢])/(log M) Then we have

M < 2iql—C]\41—CJ\4C < |£|MC — F — Mé-i—c < Mp-i—c‘
c
We can apply Theorem A.14 (a van der Corput estimate) and obtain that for every

r =0,

1_7‘+2 {—c

1 __r+2
N e(6n) Kogp FFTa M TS = D (6.18)
M<n<M’

Let us fix ¢. Then we have that p is equal to one of the four possible choices
P1, P2, p3 or py (see (6.14)). Recall that p can be equal to p3 or ps only if ¢ >
12 — 1365/(121 log 1375).

First, we assume that p = p; = (|¢] +1—¢)/(2l9+1 —1). Using inequality (6.18)
with r = [¢| — 1, we obtain

1 lel+1—t—c
Z e(én®) oq M 2l0H 2 < MITPL
M<n<M'

The last inequality follows from the fact that

LCJ+1—€—C> le]+1—p1—c

Next we consider the case p = ps = (|c] +2 — ¢)/(2L9*2 — 1). We apply inequal-
ity (6.18) with » = |[¢| and obtain
1— le]|4+2—4—c
5 elent) g M ST o
M<n<M’
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The same calculation as above (see (6.19)) verifies the last inequality. Note, that we
cannot improve these estimates by employing (6.18) with other values of r. Indeed,
it is easy to show that for ¢ > 1,

r+2—c\ le]+1—c¢ |e]+2—c
iglg or+2 _1 ) max oleJ+1 _ 17 9leJ+2 _1 )~
If ¢ is big (and p is small), then we use van der Corput’s method in combination with

Vinogradov’s method. Let us assume that p = p3. As already noticed, ¢ must be
bigger than 10 in this case. For ¢ < 10 — ¢ we use (6.18) with » = |¢+ ¢] and obtain

1o 1
Z e(gnC) <eq M aletiTzy
M<n<M/

Note, that |¢ + ¢] <9 and that we have for ¢ > 10,
1
3[10 + 308 |*10g (125 |10 + 301 )

5 > 0,000488 > 0,000382 >

911 _ = p3.

Hence, we get

Z e(€n) < q M1,

M<n<M’
If 10 — ¢ < £ < p, then we have
M g M—Z—C+\_Z+C+1J+l — F—lMLZ+C+1J+1 < M2

and [£+c+ 1] > 11. This allows us to use Theorem A.15 (a Vinogradov type
estimate). We get

1— L _
Z e(gnc) <<c,q M~ 3lt+ct1]Zlog(125[£+ct1]) <<c,q Ml P3
M<n<M’

in this case too. It remains to consider the case p = py = 2718 (c + ﬁ)_% Again,
this is only possible if ¢ > 10 > 4 and we employ (6.18) if / < 4 — ¢ with r = [{ + ¢].
We get

1 S _
Z e(fn’) <oq M~ 2ot < M T Log MPP1
M<n<M’
On the contrary, if 4 — ¢ < £ < py4, then we can write
M4 — M4—CMC < M£+C —F < Mp4+c'
Using this fact and (6.17), we can employ Theorem A.16 (again a Vinogradov type
estimate) and obtain
RN S 1— 1
D e(lnt) Kog M T Log M 20T o g MITPL
M<n<M’

This finally shows (6.16) and finishes the proof of Lemma 6.15. O
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Proof of Proposition 6.12. We can assume that % 179 < B < 1/2. Let k be a
positive integer (which we choose later) and set

Ni) 0 k1,

Iy, =
¢ kT k

We start with the following correlation:

dooe@Bnh= > D e@n).

g~ 1<n<z 0<U<k ¢ l<n<a
{”c} =)

If {n°} € I, then there exists a real number 0 < 6 < 1, such that

e(B|n]) =e <ﬂnc — 5% —5%> =e (5710 —ﬂé) (1 +0 <%>> .

Thus, we obtain

dooe@hl< Yo | D e(pn) +%. (6.20)

¢ l<n<z 0<U<k |g"~1<n<a
{n}el,

If we set fy(x) := 17,({z}), where 14 denotes the characteristic function of the set
A, then inequality (6.20) reads as follows:

S @< S| S e i) +%. (6.21)

gv~1<n<z 0<U<k [qv—1<n<a

Next, we approximate the function f;, by trigonometric polynomials. Let H > 1
be an integer. Then there exist coefficients ag(h) with |ag(h)| < 2, such that the
trigonometric polynomial

fiat) =1+ g S W e

1<|h<H

1 P S P
o +2 \*# g) T % ’

where kg is the Fejer kernel defined by (5.7) (see Corollary A.22). We obtain (the
integer H is chosen in the last step of the proof)

verifies

[fe(t) = fiu()] <

ST B fen)| < | YD e(Bn) g (n)| + R(H), (6.22)

¢~ l<n<z g~ l<n<z
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R = gty X (o (- £) o (- ).

g~ 1<n<z

where

The error term R(H) can be estimated by

e X5 (1) (vee(E)) e () e

g~ l<n<z 0<|h|<H

2
S 2 12 D | D elm).

0<|h|<H g~ 1<n<x

We separate the case h = 0 from h # 0 and apply Lemma 6.15. This is admissible
as long as H < ¢“~V?_ where p is defined by (6.14). We obtain

R(H) < yq H+q v(1=p),

Next, we use the definition of f;;; to deal with the first expression in the right-hand
side of (6.22). We can write

> elBn)fip(n)

g~ l1<n<z
o [ 1 1 arg(h ¢
v~ l<n<e 1<|h|<H
1 C 1 C
SEl D0 e+ X o Do el(B+hne).
gv~t<n<e I<|hIKH  |gv—1<nge

Applying Lemma 6.15 again (if H < ¢“~1?), this is bounded by
qV(l_p)
k

+ "0 log(H).
We obtain
D e(Bn) fuln) Keg E + ¢ log(H).
g~ l1<n<z
Together with inequality (6.21) this yields
(& k v v(l—
Z e(f|n]) <cq % + kq"0 P log(H) +

g~ l<n<z

7
o

If we set k = [¢?)/2] and H = |¢"~Y?] (which actually verifies that we were
allowed to use Lemma 6.15), we obtain

Z e(f|n]) <cq vg" P2,
¢ l<n<z

Finally, this implies the desired result. [l
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6.4 Proof of Theorem 6.2

In this section we prove Theorem 6.2. At first we shortly treat the (trivial) case
0 < ¢ < 1. The second part of the proof deals with the case ¢ > 1 (¢ € N) and it is
based on methods coming from harmonic analysis (Appendix A.2) and on exponential
sum estimates (Section 6.2 and 6.3).

6.4.1 Case: 0<c<1

We set v = 1/c and ay, := #{n < z: [n°] = m}. Then we can write

Y elas(n)) = Y elasy(m))an.

1<n<Le 1<m<ze
If m = |z¢|, we have that a,, = z — (|z¢])Y + O(1) = O(:El_c). If m < |z€], then
we have a,, = (m + 1) —m? + O(1) = ym?~1 + O(m?~2 + 1). Since

Z (m'y_2 +1) < 17+ 2,

1<m<ae

we obtain

Z e (asq(|n])) < Z e (asy(m))m’™ ! + 217¢ + 2°.

1<n<Le 1<m<ze

By partial summation we can write the occurring sum as

Y elasy(m)m!

1<m<ae

=gl=¢ Z e(asq(m)) — (v — 1) /1:0 Z e(asy(m))u 2 du.

1<m<ze 1<m<u
Thus, we get
c 1—c 1—c c
Z e (asq(|n])) < x max Z e(asq(m))| + 2 "+ 2°. (6.23)

1<N<ze
1<n<e ST l1<mgN

A simple calculation shows that
> elasy(m))| <, Nos#ale), (6:24)
0<m<N

where ¢, (t) is defined for all t € R by

|sinmt|

lsinmal] if 4 e R\ Z
t) = ’
#alt) { q, ift € Z.
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(See Appendix A.2.) Indeed, if N = Z;\:o n;q’ with ny # 0, then we can write

A ny—1

> elasym) =30 Y0 3 e (asy (m b gt ).

o<m<N v=0 j,=0 0<m<q¥

Since the sum-of-digits function is g-additive (that is, s,(a + bg’) = sq4(a) + s,4(b) for
a < ¢/), we obtain

A A
3 e(asy(m)) <<qz D elasg(m))| =" |F(0,0)| =Y gyla)”,
v=0 v=0

o<m<N v=0|0<m<q”

where F), is defined by (6.6). Hence, we obtain the desired inequality (6.24). By local
expansion (see for example Lemma A.6) we have

R 2
Pq(t) < g7l

where a(’l is a positive computable constant only depending on ¢. Together with (6.23)

and (6.24) this implies Theorem 6.2 for 0 < ¢ < 1.

6.4.2 Case: ¢ >1

For the following part we assume that 2 and v are integers such that ¢*~! < 2 < ¢”.

We set
S = Z e(asq ([n°]),

¢ l<n<z

and use the abbreviation
A= |ve] + 1. (6.25)

Then we can write

DS e(asq(u))-qiA 3 %W)

o<u<g ql’*1<n<x 0<h<g?
(&
A h [n°]
E Z (asq — huq™ > Z e < o .
0<h<g? 0<u<q v~ l<n<z

Using the Fourier transform defined in (6.6), we have

1S1< Y0 IBama)l-| > e<h5zcj>. (6.26)

0<h<g? ¢~ l<n<z

It follows from Lemma, A.7 that the contribution of the term, where A = 0, is bounded
above by

IFA(0,q)|q” < gv~callla=Dal®x,
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with a constant ¢, > 0. If 0 < h < ¢, Remark 6.14 implies

h [n¢] v(1—p5/2) q”
X () st Sty

g~ 1<n<z

where p := max(2(2 — ¢)/3, p). We obtain (using Lemma A.7 and A.8)

v(1-p/2) L
S Bk o) <”q " min(h, ¢ - h)>

0<h<g?
< VqV(l—f’/2)+>‘77q + ]Og(q)‘)ql’_c’q”(q—l)a”2>“

Thus, we can bound the sum S by

S <<c,q 1% (qV(1—0q|l(q—1)al|2C) + qV(l—ﬁ/Q—l-cr]q)) )
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If ¢ is big enough (bigger than some constant ¢g(c)), then it follows from Remark A.9

that
p/2 —cng > 0.

Setting 0., = min (o4¢, p/2 — ngc) > 0, we have for every g > go(c) that

Z e(asq ([n°]) <eq uq”(l—crc,qll(q—l)a||2)'

g"—1<n<z

(6.27)

The proof of Theorem 6.2 is a direct consequence of this fact. Let vy be the

integer such that ¢*0~! < 2 < ¢*°. Then we can write
Y elasy([n))
1<n<e
= > Do elasg(In))+ DY elasy([n))

Osv<wo  g¥—l<n<g¥ ¢¥0l<n<z
Z 1— —1)a? 1— —1)a|?
<<c,q Vq’/( ocqll(a )a||)<<c’q VOqVO( Te,qll(g—1D)e|] )
o<r<io

Since vy < |log z/log g+ 1], we obtain

3" e(asy(|n%)))) <eyq (logz)z!—oeall@=al,

1<nLe

Finally, note that we can see from equation (6.27) that the constant p determines
the size of an admissible (and computable) value go(c). Equation (6.27) is satisfied
if loglog q/log q < p/(2¢). This implies for example that such an admissible value is

4

given by Kc¢ , where K is an absolute constant.
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6.5 Proofs of Corollary 6.4 and Corollary 6.6

In order to show Corollary 6.4 we need information on the distribution of |n¢| in
arithmetic progressions. For 1 < ¢ < 2 this has been studied for example in [Des73b]
(see also |Rie67, War74]) and for ¢ > 12 (not an integer) in [Des73b|. For the
convenience of the reader we state and prove the following lemma which holds true
for all non-integral reals ¢ > 1. It confirms the already known result for 1 < ¢ < 2
and slightly improves the known results in the other cases. Note that a shorter proof
can be obtained by using Proposition 6.12 directly. However, then the exponent 1—p
in equation (6.28) has to be replaced by 1 — p/2.

Lemma 6.16. Let ¢ > 1 be a real number different from an integer and a and d be
integers with d > 1. Then we have

#{n<x:|nl =amodd} = —|— Oc,q ((log :E)l‘l_p) , (6.28)

where p is defined by (6.14).

Proof. We begin with the following observation: The integer n satisfies [n°| = a mod
d if and only if a/d < {n¢/d} < (a+1)/d. In order to prove this lemma, it suffices to
show that the discrepancy D of (n¢/d), where n ranges from 1 to x, can be bounded
above by D <4 (logxz)x™". We use the Erdés-Turan inequality (see Theorem A.19

and Inequality (A.25)) saying that
H
1)1 ho,
gl 2 (3") ’

1<n<Le

where the integer H > 0 can be chosen arbitrarily. Let 1y be the smallest positive in-
teger such that 1/d > 2_10 2v0(1=¢) and let A be defined by 2*~! < z < 2*. Lemma 6.15
implies

h c vo—1 h c
E e<3n><20 + E g e En
VoSVSA 2V~ langv
n<e

A
Cea P 2070 <P,

v=urg
where p is defined by (6.14). If we set H := |23~1?| then the Erdss-Turan inequal-
ity yields
P(Afl)pJ

1 1 h
1=XN)p - - e
D <2 —1—3j E N E e(dn>

h=1 1<n<Lz
(

Leq 207VP L 1og (23 V)P <y (log )z ™.

As indicated above, this shows the desired result. [l
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Proof of Corollary 6.4. We can write

#{néx:sq(mcj)zamodm}:z% 3 e<€M>.

m
n<x ot<m

Let us first consider the case 0 < ¢ < 1. The main term comes from ¢ = 0 and equals
x/m. Due to Theorem 6.2 there exists a constant o, a.0/m for every 1 < ¢ < m , such
that -

I o
Z e <Esq (Lnﬂ)) Leq (log x)xl c,q,t/m |

n<e

The result follows by setting oc g m = minlgkm(aéqg/m). If ¢ > 1, then we put
d=(m,q—1), m =m/d, J={km' :0<k<d}and J'={0,..., m—1}\J =
{km/ +r:0<k<d,1<r<m'}. For { =km’ € J we have,

e (ma(lnD) =e (o lneh) =e (§ 101

Hence, applying Lemma 6.16 leads us to

SrE(eie) Ly

leJ n<zx n<x
[n¢]=a mod d

= % + O, ((log )z 7). (6.29)

If J' = (), Lemma 6.16 already implies Corollary 6.4 (we can choose oc g, = (9/10)p).
It J' 0, we set ¢ = (¢ —1)/d. Since (¢’,m’) = 1, we obtain for £ = km' +r € J',

-1 / / /
(q )f:dq(km/+7“):q/k+Q_7:¢Z_
m dm m

Theorem 6.2 implies that there exists a constant o, a.0/m for every ¢ € J' | such that

/ »
Z ¢ <Esq ({nﬂ)) Le,qm (log x)xl cal/m.

n<e
Put
9 . . ,
Ogm,c = 0 min 1?6151} <Uc,q,£/m> ,p| >0.
Together with (6.29) this proves Corollary 6.4. O

Proof of Corollary 6.6. If o € Q, then the sequence (asq ([n°]))nen takes modulo
1 only a finite number of values and is therefore not uniformly distributed modulo
1. If « € R\ Q, then Theorem 6.2 and Weyl’s criterion (Theorem A.18) imply the
result. 0
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Chapter 7

Local results

It’s a thing that non-mathematicians
don’t realize. Mathematics is actually
an esthetic subject almost entirely.

John Horton Conway (*1937)

In this chapter we discuss local distribution results for the sum-of-digits function.
In particular, we show that under certain assumptions on a function ¢ : N — N
we get an asymptotic expansion of the numbers #{n < z : s,(g(n)) = k}, where
54 denotes the ordinary sum-of-digits function in N. The main idea in determining
these numbers is the fact that we can write them in the form

1
#{n <z :s4(9(n)) =k} = /0 S(a) e(—ak)da,

where S(a) is given by S(a) = >, ., e(asq(g(n))). Such exponential sums (for
special functions g(n)) already appear\ed in previous chapters. In particular, we can
use estimates that we have already proved in order to obtain a local result for the
function g(n) = [n]. An analog problem is treated in the ring of Gaussian integers
and we provide for example an asymptotic expansion of the numbers #{z € Dy :
sg(z2) = k} for arbitrary x-Z[i] sequences (Dn)nen With x = 1/2, where sg: denotes
the complex sum-of-digits function in Z[i].

7.1 Introduction and main results

Let ¢ > 2 and s, be the sum-of-digits function in N. We use e(z) for ™ and ||z ||

denotes the distance of the real number = to its nearest integer. It is well-known
that the distribution of the sum-of-digits function can be approximated by a normal
distribution. In particular we have

1
;# {n <z 8¢(n) < pglog, x +yy /o2 logqx} =®(y) + o(1), (7.1)

155
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where p, and oy, are defined for all k > 2 by!
1

k — 5 k?—1

A — = 2
1225 9 O 12 (7 )

and ®(y) denotes the normal distribution function (see [KM68]). The sum-of-digits
function of primes and polynomial subsequences also satisfy such a distribution result
(see [Kat86] and [BK95]).

A local version of (7.1) can be found in [MS97] and in [FMO05]. In the second
cited work it is proved that

uniformly for any z > 2 and any b : N — R such that |b(v)| < Kv'/* and p,v+b(v) €
N for any n > 1.

Drmota, Mauduit, and Rivat recently enhanced a method developed by Bassily
and Katai [BK95] (see also [BK96|) in order to show the following result:

Theorem DMR (Drmota, Mauduit, and Rivat [DMRO09]). Let g > 2. We then have
uniformly in k > 0 with (k,q—1) =1

#{p <z :p prim, sq(p) = k}

_ _ (k—pq logg @)*
= g1 7T(3;‘) <€ 207 logg @ + O: <(log 117)_1/2+6>> ’

plg—1) \/2mo2log, x

where € > 0 is arbitrary but fized, ©(-) denotes Euler’s totient function and 7(z) is
equal to the number of primes less than or equal to x.

In this chapter we improve the error term given in this theorem and we generalize
it to other subsequences than primes. Let g : N — N satisfy the following conditions:

(C1) There exist real numbers 0 < v <4, >0and g, >0, k=0,...,¢— 1 (only
depending on ¢ and ¢) such that 27 < g(z) < 2% for all > 2, the integers
g(n) have less than or equal to (log, g(z)) + ¢ digits? in base ¢ for all n < x

and
(log log x)5+5>

1
Lt < gn) = kmod g = 1) = g+ 0, (LS

for all k > 0 and all € > 0.

(C2) There exist constants ¢; > 0 and d; > 0 such that

> elas, (g(n) < a'=el@Del (1og )

n<e

uniformly for real a.

'We use this notation in the whole Chapter 7.

. ] )
2That is, for every n < & we can write g(n) in the form P o8 g9(@)+¢

denotes the unique j-th digit of g(n) in base g.

ej(g(n))q’, where ;(g(n))
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(C3) Let k > 0 and o > 1. Then there exist constants ¢ > 0 and dy > 0 such that
for all A and B with (A, B) = 1 we have

A o
Z e <Eg(n)> < $1—02(loglogm) /logx(log l‘)d2,

n<x
whenever ¢®(1081082)7 <« B <« g(z)e~r(loglog)”,

Theorem 7.1. Let ¢ > 2 and g : N — N satisfy Conditions (C1)-(C3). Then we
have uniformly for all k > 0

< s sglg(n) = K)

g—1 log log )7+
g la=) Az + 0y ((oglzgi) ) (73)
2mo2log, g(x) g

Ap = k—pqlog, g(x)

and € > 0 1s arbitrary but fized.
03 log, g(z) Y ﬁ

where

Remark 7.2. Conditions (C2) and (C3) are essential in the proof of Theorem 7.1 but
Condition (C1) could be relaxed in different directions. However, we use Condition
(C1) in this way since most of the examples we are interested in satisfy this condition.
Furthermore, it simplifies the proof of Theorem 7.1 and make it more readable.

Next we treat local results of the complex sum-of-digits function. Let ¢ = —a +1,
a > 1 and set Q = |q|?. In this chapter we denote the complex sum-of-digits function
by SS (we will suppress the superfix C if there is no danger of confusion with the
ordinary sum-of-digits function).

First local results of sg (and more generally of block additive functions) on the
Gaussian integers were obtained by Drmota, Grabner and Liardet [DGLO08|. They
proved that if [k — uglogg N| < C'\/logg N (for some C' > 0) one has

(k—pg logg N)*

TN T 262 lognp N 1
sl e N E ) =k} = N[ +O<7\/—>
{ ! } 277022 logg N log N

In what follows we prove a result in Z[i] analog to Theorem 7.1. Let (Cn)nen be a
sequence of subsets of Gaussian integers with

e Cn CCny1,
o Cn C{z € Zi] : max (|R(2)],[S(2)]) < \/N}, and
e there exists a constant ¢ > 0, such that ¢N < #Cy.

Furthermore let g : Z[i] — Z[i] satisty the following conditions:
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(C1) There exist real numbers 0 <y < §, ¢ >0and g, >0, k =0,...,a% + 2a + 2
(only depending on g and ¢) such that |z|7 < |g(z)| < |2|° for all z with |2| > 2,
the integers g(z) have less than or equal to (logg |g(| VN ])[*)+¢ digits® in base
q for all z € Cy and

1
#CN
for all £k > 0.

(loglog N)! >

#{zECN:g(z)Ekmodq—l}:gk+0< Tog N

(C2) There exist constants ¢; > 0 and d; > 0 such that
3 e asf (g(a)) < el s2eel gog oyt
zeCnN

uniformly for real a.

(C3) Let k > 0 and o > 1. There exist constants ca > 0 and dy > 0 such that for all
A and B with (A, B) =1 we have

Z e <%g(z)> < ]Vl—cz(loglogN)"/logN(log N)d2,
zeCn
whenever (108108 N)” | B|2 « |g(|V/N|)|?e#lloglog N)7

Theorem 7.3. Let ¢ = —a+1i, a > 1 and (Cn)nen be a sequence of subsets of
Gaussian integers as stated above. Moreover, let g : Z[i] — Z[i| satisfy Conditions
(C1)-(C83). Then we have uniformly for all integers k = 0,

L# {z eCn: sg(g(z)) = k‘}

#Cn
? 11
= gr - (a® +2a +2) ,e—A§/2+O<(loglle\];f)>,
V2703 logg lg([VN )2 oz
where A, = F=1@1080 l9(VN)I?

V/od logq lg(LVN 2

Remark 7.4. One can obtain an error term in Theorem 7.3 similar to the one in
Theorem 7.1. In order to improve the readability of the proof we just show the
stated version.

In Section 7.2 we prove Theorem 7.1. Our considerations are inspired by the work
of Drmota et al. [DMRO09]. Section 7.3 deals with Theorem 7.3. Parts of the reasoning
in the Gaussian integers are very similar to the real case but the approximation of
the fundamental domain in C is much more difficult than in R (compare Lemma 7.6
and Lemma 7.13). In order to deal with this problem we use ideas worked out by
Gittenberger and Thuswaldner [GT00]. In Section 7.4 we give some examples of
functions ¢ that satisfy the conditions stated above and we obtain corollaries from
Theorem 7.1 and Theorem 7.3.

#We denote in the complex case the j-th digit of g(z) as in the integers case by £;(g(2)).
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7.2 The sum of digits in N
Let us fix an integer k£ > 0 and set I(x, k) = {n <z : g(n) = k mod ¢ — 1}. Since
{n <x:s4(9(n)) =k} CI(z,k),

we see that (7.3) holds trivially true if gy = 0. Thus we can assume that g > 0. In
this case, Condition (C1) implies that it suffices to show

n < sglgn) = by = AR (oage (loglog 1)+
{n < x sy(g(n) = k) mglogqg@)( #0,e (TEEDT)),

where R(z,k) = #I(z,k). In what follows, the implied constants in the O-terms
may depend on the function g and on the base ¢, and we omit the dependence in the
notation. As already mentioned in the preface, we can write

1
#{n <z :s4(g9(n)) =k} = /0 S(a) e(—ak)da, (7.4)
where

Sa):= ) e(asy(g(n))).

on<e

We will split the integral in (7.4) up into two different domains. The main term of the
integral arises from the domain where « is near to ¢/(g—1), £ = 0, .., q—1. To calculate
this part, we use probabilistic methods in order to succeed (see Section 7.2.1). The
remaining part can be treated with help of Condition (C2) and we give a proof of
Theorem 7.1 in Section 7.2.2.

7.2.1 A probabilistic method

The following property, which can be interpreted as a generalization of a central limit
theorem, is the main result of this section.

Proposition 7.5. Let ¢ > 2 and € > 0. Then we have for every integer k > 0,

> elasg(9(n) = R(x, k) e (apqlog, g(x))

nel(x,k)

) <e—27r2a2cr§ logg9(=) 4 O, (|a|(log log ZE)3+€) ) (7.5)

uniformly for real o with |a| < (loglog z)(log 2)~1/2.
Condition (C1) implies that there exists a constant £ such that the integers g(n)
have less than or equal to

L := (log, g(x)) + £
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digits for all n < z. In what follows, we will prove that

Y elasq(9(n) = Riz,k)e (apgL)

nel(x,k)

. <e_27r20‘2"§L + O (| (log L)**9) ) (7.6)

uniformly for real a with |a| < (log L)L~'/2. This implies Proposition 7.5.

Equation (7.6) can be translated into a probabilistic language. If we assume that
every number in the set I(x,k) is equally likely, then the function which assigns
each number its j-th digit is a random variable. Hence, the sum-of-digits function
Sz(n) := s4(g(n)) for n < z also can be interpreted as a random variable. Using this
model, formula (7.6) is equivalent to the relation (set a = t/(2wo,L'/?))

. 3+e
o1 (t) 1= Beil(Se—Lua) [(LoD)'V? — o=12/2 1 O, <Itl—(logLL) > (7.7)

1
2

that is uniform for [t| < LY? < (loglogz). Note, that ¢;(t) is the characteristic
function of (S, — L,uq)/(LJg)l/Q.

In order to prove this, we approximate the sum-of-digits function with a sum of
uniformly and independently distributed random variables (at the level of moments).
Therefore we need some information on the joint distribution of their summands. If
o > 1 (and x is big enough), we set

L'=#1{j€Z:(loglogz)’ <j<L-—(loglogz)’} =L —2(loglogx)? + O(1).

Lemma 7.6. Let 1 <d< L', o >1and 0 < e < o. Furthermore, let j1,jo,...,j4
and l1,0s, ..., 0 be integers with

(loglogz)? < j1 < jo2 < -+ < ja < L — (loglog z)”

and b1, 0o, ..., 03 €1{0,1,...,q— 1}. Then there exists a constant ¢ > 0 such that we
have uniformly for d < (loglog x)°~1

#{n S I(xak) “Eh (g(n)) ={,... €44 (g(n)) = gd}

—¢%+o0, (e—é(loglogm)") ‘

1
R(z, k)

Drmota et al. used Fourier theoretic tools in order to prove a similar result (see
[DMRO09, Lemma 4.5]). In what follows we will make use of the approximation
properties of the Beurling-Selberg function (Vaaler’s method), which are summarized
in Appendix A.5.

Proof of Lemma 7.6. The j-th digit of m is equal to ¢ if and only if

et <=0
qf—l—l - q’ q :
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Let fi(xz) := 11,({z}), where 14 denotes the characteristic function of the set A.
Then we have

#{n e l@.k) e, (g(n) = b, e, (g(n) = La} = 3 Hffr (Wl)

nel(z,k) r=1

Next, we approximate the function f, by trigonometric polynomials exactly the
same way as in Chapter 6 (see the proof of Proposition 6.12). Let H > 1 be an integer.
Then there exist coefficients ay g (h) with |ag i (h)| < 2, such that the trigonometric

polynomial
% 1 1 ag’H(h)
fou(t)=—+ o Z — e(ht)
4 1<|hl<H

e®) = (0] < 57— (w (t - 2) R (’f B HTl>> |

where kg is the Fejer kernel defined by (5.7) (see Corollary A.22). We obtain
#{n e I(x, k) : e (9(n )) =L, 85, (9(n)) = La}

Z Hfgr, <q]’r+l> + E(x

nel(x,k)r=1

verifies

where

Z Hfgr <qgr+1> Z Hfgr, <q]’r+l>

nel(z,k) r=1 nel(z,k) r=1

The error term can be written as

nelz;k);< <q’r+1> Jion (qﬂ(ﬂ))
H fe. <q]u+1> H from <q]v+)1>

r<u<d 1<v<r

Using the trivial estimate f, < 1 and |f;| < 3, we obtain

T (qj(’+ )1> Jivn (qj(ﬂ)‘
Hence we have

1 gln) ¢ gn) (+1
< d - A A
E(Z',k') = 1127?%(dd3 Z 2H + 2 <HH <q]7‘+1 k> + KH <q]7‘+1 k

nel(x,k)

2d 34 h
< .
< o S S e o)

\h|<H |nel(z,k)
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Thus we have to treat the sum - ;. e (#g(n)) If h = 0 this sum equals
R(z, k). Otherwise we have

2« <qJTh“g(n)> B q—L1 q;ze <_qs—kl> n%,e <<qj?“ " q—il> gm)) '

nel(x,k)

Let A and B be defined in such a way that qu% +0= % and (A, B) = 1. We set

o= Lel"gqaoglogm) J , (7.9)

and obtain
ek’%(loglogw)” < qu/H < B« g(:E)e—(logq)(loglogm)"‘

(See the assumptions of Lemma 7.6). Condition (C3) implies that for all 1 < r < d
Z e h + S (n) < xl—cz(loglogx)"/logm(log $)d2
nel(x,k)
Since we have © < R(x, k) and d < (loglog x)7~¢, we get
1 -
E(x, k) < d3%R(z, k) <ﬁ + e~ c2loglog2)” (150 :E)d2>
< R(m, k)e—é(loglog:c)"’

for an appropriate constant ¢ > 0. Now we calculate the main term. We have

> Hfzh <q]r+1> > ﬁ é 5 O aér’g(h)e@;ﬂg(n))

nel(z,k) r=1 nel(z,k) r=1 1<|h|<H
This is the same as

R:E,k‘ d 1 ak17 (h) akr7 (hT’)
(d)+ZW Yooy s dah)

q =1 1<k <. <kp<d 1<|hy|<H 1 1<|ho | <H r

ha hy
Z ¢ grtt Tt +qjkr+1 g(n) ).

nel(z,k)

o—1

If we can show that for d < (loglog x)

hl hr —c2(loglogx)? /logx
S o (e ) ol ) <t gyt (7.10)

nel(x,k)
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independently of the chosen integers r, k1, ..., k., h1,..., h,, then we have (see (7.9))

1
S s (29) -2

nel(z,k) r=1
< d(log H)dxl—cg(log log:c)"/log:c(log x)dz

log ¢
< d( 9

R(j)

d
(log log :E)") e—c2(l0glog2)(15g 1) d2

This yields

1 —é(log log )7
S T () L e

nEIka’ 1

for an appropriate constant ¢ > 0 (which we assume without loss of generality to be
the same as above). Hence, it remains to show (7.10). If we write

hq hy s A
e S U -

with (A", B’) =1 and 0 < s < ¢ — 1, then we have
elc’%(loglogw)" < qjkl/(dH) < B« g(aj)e—(logq)(loglogw)"_

Thus, Condition (C3) implies (7.10) (compare with (7.8)), which proves the desired
result. O

In order to prove Proposition 7.5, we truncate the sum-of-digits function and
approximate it appropriately. Let o be a real number greater than 1 (which we
choose at the end of the proof). Furthermore, let Z; be a sequence of independent

random variables with range {0,1,...,¢ — 1} and uniform probability distribution,
and set
T, = Z i(g(n)), T, := Z Z;.
(loglog )7 <j<L—(loglog x)” (log log )7 <j<L—(log log )

Define the random variables X and Y by X := (T, — L’,uq)/(L’crg)l/2 and Y :=
(Ty — L'ug) /(L 02)1/ 2 and let po(t) be the characteristic function of X and (3(t)
the characteristic function of Y.

Lemma 7.7. We have uniformly for all real t

lp1(t) — p2(t)| < |75|T
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Proof. From the definition of L, L', S, and T, it follows that |L — L'| < (loglog x)?,
1Sz — Tyllo < (loglogx)? and that ||Ty|lcc < L. Thus, we obtain (using the
elementary estimate |e — e%| < [t — s|)

Sy —Lpg Ty —L'ug
(Lag)l/Q (L/Ug)1/2

lo1(t) — @a(t)] < HE

Sy =Ty (L—L)y, , 1 1
< [tE T2 i T (To = L'ptg) T2 )2
ISe ~Telle VL= (1 1
< |t iz iz T 2 iz )
and the result follows. O

Lemma 7.8. We have

4
Ee?Y = v/ <1 +0 <_\w\ >>
log

uniformly for |w| < (log x)i

Proof. See for example Lemma 4.2 of [DMRO09], which is a slight variant of this
statement (the proof is actually the same). O

In particular, the characteristic function of the normalized random variable T, is

o3(t) = e /2 (1 +0 <%>>

uniformly for |t| < loglogx. We need two more auxiliary results before we can prove
Proposition 7.5.

given by

Lemma 7.9. Let D be an even number with D = o((log x)'/?). Then we have

D!

D .
EY" < DD/2 o—DJ2 p1/2°

Remark 7.10. If one carries out a more thorough analysis as in the proof given below,
one can obtain an asymptotic expansion of EY? (see [DMRO09, Section 4.3]).

Proof of Lemma 7.9. Lemma 7.8 and Cauchy’s formula imply

D! 2 wt dw
D _ M- w?/2
EY” = o /w|:w06 <1+O<10g$>> ’UJD+17
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whenever wy is a positive real number satisfying wg = o ((log z)Y/ 2). We (crudely)
employ the saddle point method and choose wy = DY/2. We get

D! g i _Di D?
]EYD = m/ 6%62 ¥—Dip <1 + O <T>> dQO

D! /2
<57 /0 e7 cos(20)

D! w/2
<o [ RO

« 2 /7r/2 e D¢ (1+0(Dp")) d
DD2¢—D/J2 v)) e

Next we change variables (vV2Dy = 1) and split the integral up into two parts. We
can write

D D! m(D/2)'/? w22 ,
EY™ < DD/2e—D/2D1/2/0 e (1+O(1/) /D)) dey

D! D1/4 w2/2 ﬂ-(D/2)1/2 (D1/2)/2
< DD/2, DDI)2 /0 e dw—i—/ De dy |,

D1/4

and we get the desired result, since both integrals are bounded above by some absolute
constant. O

Lemma 7.11. We have for 1 < d < (loglogz)°~! that

d d
T, — L'y

2 d
F(aj, d) = OJ <<q_L1/2> e—é(loglogw)") .
204

Proof. Using the definition of T, and T, we get

E

with

E (T, - L,Nq)d ~E (T - L,Nq)d
= Z E((Dh,m — tiq) + (Dja — Hq)
(loglog ) <j1,...,ja<L—(loglog )7
~ (Zyy = pa) - (Zia = 1a)),

where Dj, denotes the random variable defined by D;.(m) = ¢j(m). A standard
change of variables argument (see for example [Bil86, Theorem 16.12]) shows that
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this is the same as

Z Z (4, = 1q) -+~ (g — Hg)

(loglog ) <j1,...,ja<L—(loglog z)° 0Ly, 7...,ﬁjd<q

: (Pr(Djl :€j1,...,Djd :gjd) _Pr(Zjl :€j1,...,Zjd :gjd))7

where Pr denotes our probability measure on I(z,k). It follows from Lemma 7.6
that Pr (Dj, » = ¢;,,...,D;, » = {;,) is the same as

Pr(Zj, =4;,...,Zj, =4;,) + Os <6_5(10g1°gx)0>
for (loglogx)? < j1,...,ja < L — (loglog x)?. This shows the desired result. O

Proof of Proposition 7.5. In what follows, we will show that T, is a good approxi-
mation of the (truncated) sum-of-digits function. In order to prove (7.7), it suffices
to verify that

|p2(t) — @3(t)| < Igé%; (7.11)

uniformly for real ¢ with |t| < loglogz. Using Taylor’s theorem we have for every
even integer D > 0,

EtX _ | ity — Z (dl) <EXd Eyd)
d<D

+0<DJMXP Mwﬂ+ﬂ‘Eww>
]EXd _Eyd [t] ‘ ‘ ]EYD
<M%§| e + —r

Let € > 0 and set 0 = 34¢. If we choose D = | (log log )?*%/2] (and assume without

loss of generality that D is even), then Lemma 7.9 implies that
i ’DEYD<< |t|/log x.
DI e 2

As to complete the proof of Proposition 7.5, it remains to compare the moments of

X and Y. Lemma 7.11 yields
2 d
’EXd —EYd’ <. <2q_L1/2> e—é(loglogm)3+5 <. e—c(loglogw)27
9q

with an appropriate constant ¢ > 0. This implies (7.11) and Proposition 7.5 is finally
shown. O
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7.2.2 Proof of Theorem 7.1

Since the integrand in (7.4) is periodic of period 1, we can shift the integral to the
interval [—1/(2(¢ —1)),1—1/(2(¢ —1))]. This allows us to reduce the integral to the

interval [—1/(2(q —1)),1/(2(¢ — 1))]:

ey
#{n < x:s4(9(n)) =k} = ) S(a) e(—ak)da
T 2(¢-D)
q=
Z/Q(q ! (oz—l——g > <—<a+—€ >k‘>da
-1 qg—1
=0 2(g— 1)
2(!1*1)
=(¢g—1) Si(a) e(—ak)da,
“2-1)

where

Sk(@) =Y elasy(g(n))).

nel(z,k)

Now we consider the last integral separately whether « is small or big, namely

(7.12)

2(¢—1) / /
/—; || <(log log =) (log ) ~1/2 (loglog z)(log ©)~1/2 <[ <1/(2(g—1))

2(q—1)

The second integral (where « is big), can be bounded above using Condition (C2).
Indeed, it also implies the upper bound

Sp(a) < gieilla=Dal® (1o6 7y

and we obtain for the second integral in (7.12) the estimate

/Sk —ak)do <z 1? OOglng)z(logx)il(log; )M« ——.
log

This expression is bounded by the error term stated in the theorem. For the upper
bound of the first integral in (7.12), we use Proposition 7.5. We have

/ Sk(a) e(—ak) da
|| <log log z(log =) ~1/2

= R(z,k) / e(a(fiq logq g(z) — k) 6_2ﬂ2a203 log, 9(2)
|a|<loglog z(log =) 1/2

+R(:c,k:)/ O(|a|(log log 2)*+¢) da.
|| <log log z(log ) ~1/2
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Next, we use the substitution a = t/(270,(log, g(x))"/?) and obtain

R(x, k) /00 N R(x, k) / 122
e’ dt+0 | ————= e dt
27T0-f1(10gq g(m))1/2 —oo (log g(m))1/2 [t| >log log =

5+¢
L0 <R(m, k) (log log ) >
log =
. R(m, k‘) <6_A%/2 I 0 (6_(10g log x)2/2> + 1) ( (log log x)5+s ) )
= 1 )
2ro2log, g(x) (logz)?

qug%. Since the first O-term is bounded by the second one,
oq(logg g(x))

Theorem 7.1 follows.

where A, =

7.3 The sum of digits in Z]i]

In this section we prove Theorem 7.3. Let ¢ = —a =17 for some a > 1. In what follows,
we write s, for the complex sum-of-digits function sC since we are only dealing with
Gaussian integers. Let k£ > 0 and set I(N,k) = {z € Cn : g(z) = k mod ¢—1}. Asin
the real case we have {z € Cn : s4(g(2)) = k} C I(N, k) and the desired result holds
trivially if g = 0. Thus we can assume that g > 0. In this case, we have to show

(a2+2a+2)R(N, k) o—A2/2 0 (log]og]\f)11
V270 logg lg(LVN)) 2 < " ( (log N)1/2 >>

#{z € Cn : 54(9(2)) = k} =

where R(N,k) = #I(N, k). The implied constant in the O-term may depend on the
function g and on the base ¢, and we omit the dependence in the notation.

We have s4(z) = R(2) £ (a +1)J(2) mod (a* 4 2a + 2) (see Proposition A.4) and
s¢(2) = z mod (¢—1). With Lemma 2.22 we can characterize I(N, k) in two different
ways, namely,

I(N,k) ={z€Cn :54(9(2)) = k mod (a2 +2a+2)}
={zeCn:R(g(2) £ (a+ 1) (g9(2)) = k mod (a® + 2a + 2)}.

Proposition 7.12. Let ¢ = —a £ i, where a > 1. Then we have for every non-
negative integer k,

> elas,(9(=) = RN k)e (apqlogq lg( VN )

z€I(N,k)
) (e—27r2a2oé logg lg(LVN])I? +0 (|a|(log log N)g)) (713)

uniformly for real o with || < (loglog N)(log N)~1/2.
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We translate again this statement into a probabilistic language. Condition (C1)
implies that there exists a constant ¢ such that the Gaussian integers g(z) have less
than or equal to

L := (logg lg(IVN])P) + ¢

digits for all z € C. In what follows, we will prove that

D elasg(9(2) = R(N, k) e (apql)
z€I(N,k)

: (e_QWQO‘QJéL + O (|Je|(log L)) )

uniformly for real o with || < 2(log L)L~'/2. This implies Proposition 7.12. If

we assume that every number in the set I(N, k) is equally likely, then the function
which assigns each number its j-th digit is a random variable. Hence, the sum-
of-digits function Sy (z) := s4(g(z)) can also be interpreted as a random variable.
Thus we have to show (compare with (7.7)) that the characteristic function ¢1(t) of
(Sny — LNQ)/(LUé)1/2 satisfies

%mzeﬁﬂ+oQ¢%%f> (7.14)

2

uniform for |t| < 4wogL/2.

7.3.1 Joint distribution and fundamental domain

As in Section 7.2, we truncate the sum-of-digits function and approximate it ap-
propriately. Let Z; be a sequence of independent random variables with range
{0,1,...,Q — 1} and uniform probability distribution, and set

Ty = > gil9(2)),  Tn= > Z;.

(log L)? <j<L—(log L)? (log L)*<j<L—(log L)®
Furthermore, set
L'=#{jeZ:(logl)’ <j<L-(logL)’} =L—2(ogL)?+ O(1).

Define the random variables X and Y by X := (Ty — L’,uQ)/(L’crg?)l/2 and Y :=

(Tn — L'ug)/ (L' aé)l/ 2 and let @o(t) be the characteristic function of X and ¢3(t)
the characteristic function of Y.

In this section we compare the joint distribution of the summands of Ty and Ty .
Although the result of the following lemma is quite similar to the corresponding result
in the real case (compare with Lemma 7.6), the given proof is completely different
since we have to deal with the special structure of the fundamental domain of the
base-q representation system in C.
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Lemma 7.13. Let 1 <d < L' and j1,jo,...,7q and £1,0s, ..., Lq integers with
(log L)? < ji <jo <+ <ja< L—(logL)’

and l1,0a, ..., bg € {0,1,...,Q — 1}. Then we have uniformly

ﬁ # 4z € I(N.K) 5, (9(2)) = 1,254 (9(2)) = La)

—d — d—~1 (log L)?
=Q +O<de 72y gysrd—m(log L) ),
where v1, v2 and 3 are positive constants and r > 0 is an arbitrary integer.

We adopt the notion of Gittenberger and Thuswaldner [GT00, Chapter 3| (see
also Appendix A.1) and define the fundamental domain of the base-q representation
system by

F = ZGC:Z:Z€j(Z)q_j,€j eN
=1

Figure 7.1 shows the fundamental domain in base —1 4 ¢ and it is called the twin-

Figure 7.1: Twindragon

dragon fractal (see [Knu81]). Different colors correspond to numbers with different
leading digits. For example, the base g-representation of complex numbers lying in
the black region start with 0.1..., while in the region with the darkest gray color-
ing the numbers start with 0.01.... Every complex number z can be represented as
z = ag + a1q with unique real numbers ag and «y. Thus, the mapping

gp:(C—>]R2, z=ag+ a1q — (ag,ar)
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is well defined and it is called the @-embedding of F’ in R%. We set

Fi=p(F)={2cR?: 2= ZE‘jsj(z),ej € pWN) p,
j=1

0 —1—a?
E= <1 —2a > ’
Note that ¢(gz) = Ep(z). It m € N, we will have to deal with the domain containing
all the numbers whose fractional parts start with the digit m (for example, the gray

regions in Figure 7.1 for m = 0 and the black region for m = 1). We denote the
embedded version by

with

Fm=EYF+¢(m)).

Since this region has a rather complicated shape, we have to approximate it. There-
fore we use the following lemma which is proved in [GT00, Lemma 3.1].

Lemma 7.14. For allm € N and all v € N there exists an azially parallel tube B
(a union of axially parallel rectangles) with the following properties:

(i) 0Fm C Pryy, for all r € N.
(i) A2(Prm) = O"/Q").

(iii) Py, consists of O(u¥) axially parallel rectangles, each of which has Lebesgue
measure O(Q™").

The constant p satisfies 1 < p < Q.

In the proof of the lemma Gittenberger and Thuswaldner constructed a polygon
IL, ,, with axes-parallel sides such that

Pr,m = {Z € R2 : ”Z - HT’,WHOO < aq‘—r}’

where ¢ is an absolute constant that can be chosen > 1. For the remaining part of
this section we fix to each pair (r,m) the polygon II, ,,, the corresponding tube P, ,,
and denote by I, ,,, the set of all points inside II,.,,,. We define

1 A2 A2
fm(z,y) = F/ / U, (2 4 21,y + y1)dadys,
NCW N

where A = ¢|q|™" and

17 if (:an) € Ir,m,
Um(z,y) = 4 1/2, if (2,y) € I,

0, otherwise.

The function fy, is a so-called Urysohn function which equals 1 for (x,y) € I\ Prm.,
0 for (z,y) € R?\ (I, U Pr,,) and is an interpolation of these values in between.
The next lemma gives estimates for the Fourier coefficients of this function and can
be found in [GT00, Lemma 3.2 and Lemma 3.3].
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Lemma 7.15. Let f(7,y) = >, n,e7 Cni,ne €17 +n2y) be the Fourier expansion
of fm- Then for the Fourier coefficients cp, n, we get the estimates

cnl,nz - O <'u7> (n17n2 7é 0)7

2, 2.2
A2ning

i
w0 =0(Zm) 20,

"
%m:O<Eg> (n2 #0),
1
€00 = 0
Furthermore we have for ny,ng # 0 that ¢y, n, = 0 if ¢ | (Gn1 — ng).
Before we start proving Lemma 7.13, we need an auxiliary result. We set
Fj=# {z e I(Nk): ¢ <%> € |J Pommod Z2} .
meN
Lemma 7.16. We have uniformly for (log L)° < j < L — (log L)?,
where 1 1s a positive constant.

Proof. From Lemma 7.14 it follows that we can subdivide each tube P, ,, into a family
of O(u") rectangles (which have Lebesgue measure O(Q ")) such that we have

1 1
< Fi(Go), (7.15)
R(N, k)"’ R(va)nge;\/c;m;r,m ’

where Fj(G,,) is defined by

Fj(Gm) = # {z e I(N,k): ¢ <%> € G, mod Zz})

and the second sum in (7.15) runs over all rectangles G,, in which we subdivide
P,,,. In what follows we show that there exists a positive constant y; such that
the discrepancy D of the sequence ¢ ( ;-(f)l) where z € I(N, k) is bounded by D <«
e~ (e L)”  This then implies
1 1 9
—— F(G Ao (G D < — 4 ¢ mlogl)
R(N,k‘) J( m)<< 2( m)+ <<Q7«+e ’

and the result of the lemma follows (see Lemma 7.14). This leads us to the 2-
dimensional Erdgs-Turan-Koksma inequality (see Theorem A.19). We have

D<<Hil+ > %R(;f’k) > e(h-gp<%>>, (7.16)

0<||hllc<H zeI(N,k)
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where r(h) = [[; ;< max(1, |h;]) for b = (hq,..., ) € 7ZF. Tt is easy to see that

—a a°—1

(2) = <%tr(z),%tr(qz)>T ~ Xp(x) with X = ( L~ )

Then we have

h-o <%> =n'X s (%) = %tr <<% + %) g(Z)) :
X 1

where (h1,hs) := KT X~ Note furthermore, that 2(R(g(2)) + (a + 1)S(g(2))) =
tr((1 —i(a+1))g(z)). Using the definition of I(N, k) one easily obtains for the inner
sum in (7.16),

Z . g(z) B 1 a2+2a+1e - Ll
P\GT) ) T 21 2a+2 a2+ 24 +2

z€I(N,k)

We set ~ ~
A h hy U(1—i(a+1))
B @t g a? +2a +2
with (A, B) = 1. Then |qJ/~2/H < |B| < |q/t* (note, that hi,hy < Q¥2H). If we
set H = LQS(IOgL |, we have

Y

Q581" <« |B? < |g(|[VN])[PQ ™38 L),

Condition (C3) implies

D < l + N N—cz(loglogN)g/logN(log N)d2 Z 1

H " R(N,k)

- % + e e2(loglog N)? (160 N2 (10g )2

<« e~ nllog D)’

where 7 is a suitable positive constant. Here we used that N/R(N, k) < 1, which
follows from Condition (C1) and the properties of the sets Cy, N > 0. This concludes
the proof of Lemma 7.16. O

Proof of Lemma 7.13. We set

o (o (s50))
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where 1 = (¢4,...,44) and j = (j1,-..,74). The following fundamental relation allows
us to use our just obtained results. We have

# {2 € I(NE) ey (9(2) = b1, v, (9(2) = La} = D 15 (9(2))

z€I(N,k)
<Fj +--+ Fj,

< dR(N, k) <<%> + Iure—*yl(logL)9> ‘

Thus it remains to study the sum > ;v 1y t1j (9(2)). It is easy to see that

o) = X e (e (45))

MeM h=1

where M = {M = (u1,...,1q) : o, = (Mp1, mp2) with mp1,mpe € Z;h =1,...,d},
d .
and Ty = Hh:l Cimy,y,my,- Hence we can write

S )= X 1w 3 o Sme (45))

2€I(N,k) MeM  zeI(N,k) \h=1

If M =0, then Tyy = Q=% (by Lemma 7.15). If M = (u1,...,uq) # 0 such that
there exists an integer h with ¢ | gmp1 — mp2 then Ty = 0 (again by Lemma 7.15).
In all other cases we have (using the same notation as in the proof of Lemma 7.16)

S () =3t (42)
<q: qu’;ﬁf’”‘” <z>>,

where the choice of the sign depends on the sign of ¢ = —a 4. If we set

2 _x Z qmp1 — Mp2
q]}L+1 ’

where (A’, B') = 1, we see that there exists a constant ¢ such that |¢|¢7 < |B/| <
|g/4t1 (compare with [DMRO09, Proof of Lemma 4.5] and note, that q { gmp; — mp2).
Furthermore we have

1 a?42a+1 rk
t. = — 07 T 9 . 9. 1 o
S )= gy 2 (i)

(e (e )

MeM zeCn
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If we write the inner sum as ) .. e (3 tr (49(2))), we see that |B| < |B| < |B/|
since (q,a% 4 2a +2) = 1. Thus we have Q¢ (8L’ <« |B|2 <« |g(|VN])|2Q (o8 L)’
and Condition (C3) yields

R(N, Kk
S tglate)) < T 0 Wiestosko s N 1o Nyt 3 1y )

2€I(N,k) M#0

where we assume without loss of generality that the constants ¢ and dsy are the same
Nd

as in the proof of the last lemma. It is easy to see that >, |Tu| < (%) <

(1"Q")?. Thus we have

D> hyle(2) < 0 +0(R(N,k)e—czﬂoglogN>‘“‘+1°g<MQ>7“d(1ogN)dz).

Finally, we set 75 = —log (1/Q), v3 = log (1Q) and we obtain the desired result. O

7.3.2 Proofs of Proposition 7.12 and Theorem 7.3

The proof of Proposition 7.12 as well as the final steps in the proof of Theorem 7.3
are similar to the real case. Hence, we give here only a rough outline.

Proof of Proposition 7.12. Recall that

Ty = > ej(g(n),  Tn= > Zj,

(log )2 <j<L—(log L)® (log L)?<j<L—(log L)Y

L' =#{jeZ:(logL)?<j<L-(logL)’}, and X and Y are defined by X =
(Tn — L/MQ)/(L/O'2Q)1/2 and Y := (T — L’,uQ)/(L’aé)l/2. Note furthermore, that
2(t) is the characteristic function of X and ¢3(t) the characteristic function of Y.
It is easy to see that the statement of Lemma 7.7 holds also true in the Gaussian
integers. We have

1
1) = o)) < 15

Furthermore, ¢3(t) can be approximated by

o3(t) = e /2 (1 +0 <%>>

whenever [t] < Li (this is Lemma 7.8 with ¢ replaced by Q). Hence, in order to
prove (7.14) it suffices to show that we have uniformly for real ¢ with |t| < log L ,

jeat) = a0l =0 (1) (.17
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As in the real case, Taylor’s theorem implies for every even integer D > 0,

. . t|P
Ee'X —Ee? < |t|max(|EX? —EYY))ell + g yp.
d<D D!

We have (see Lemma 7.9)

D!

D .
EY” < DD/2e-D/21/2°

whenever D = o((log z)/?). If we choose D = |(log L)?] (and assume without loss
of generality that D is even), then we get

t”

SrE VP < Jt|/L.

In order to complete the proof of Proposition 7.12, it remains to compare the moments
of X and Y. Lemma 7.13 implies (the reasoning is the same as in the proof of
Lemma 7.11)

2 d
|EXd _ Eyd| < (%L1/2> (de‘”’" + evard—w(logL)g) ]
Q

We choose 7 = |(log L)?] and obtain

max [E XY - EYY| <., e~ (logL)?,
d<D

This shows (7.17) and the desired result follows. O

Proof of Theorem 7.3. With the help of the already proved results, the last steps
of the proof of Theorem 7.3 work exactly the same way as the steps shown in Sec-
tion 7.2.2. First, we use the periodicity of the integrand to obtain

1 1
/ S(a) e(—ak)da = (a® + 2a + 2) Aot Sk(a) e(—ak)da,
0

_ 1
Z(a2 +2a+2)

where

Sil@) = D elasy(g(2)).

z€I(N,k)

We consider the last integral separately whether « is small or big, namely

1
2(a2+2a+2)

+ / .

N S
2(a242a+2)

Condition (C2) implies

Sp(a) < N'-ell@+2e2al? 150 pyd
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and we obtain for the second integral in (7.18) the estimate

S —ak)d ]\[1—01||(a2—i-2a-‘,-2)oc||2 loe N di ]
/ w(a) e(—ak) da < (log N < o
Since #Cxn ~ N, this expression is bounded by the error term stated in the theorem.
For the first integral in (7.18), we use Proposition 7.12 and the same calculations as
in Section 7.2.2 show that

/ Sk(a) e(—ak) da
|a|<loglog N (log N)—1/2

— R(N7 k) (e—A%/2_i_O<e—(loglogN)2/2>_’_O<(10g10g]\[1)11>>7
V2703 logg lg(LVN)) 2 (log N)?

—_ 2
k=g 108q lg(LVN) . This proves Theorem 7.3. O

here Ay, =
TR ST o (logg 19N )P

7.4 Examples

We start with an example that can be easily deduced from the results presented in
this chapter. Recall that Fouvry and Mauduit proved that

#{n <2 sq(n) = pglloggn| +b([log,n))} = w<q26— 1) \/ljg—x O <@>

uniformly for any = > 2 and any b : N — R such that [b(v)| < Kv/* and p,v+b(v) €
N for any n > 1. The following slightly weaker result is an immediate consequence
of Theorem 7.1:

Lemma 7.17. We have, as x — o0,

| - - 6 x (log log z)°>+¢
#in < sqln) = Luglogy nl} = [y 5= + O (T ’

where € > 0 is arbitrary but fized.

Proof. The function g(n) = n clearly satisfies Condition (C1) and the real numbers
gr are equal to 1/(¢ —1). Condition (C2) is a consequence of Gelfond’s treatment of
the sum-of-digits function (see |Gel68]) and the sums considered in Condition (C3)
are geometric sums and it is easy to show that this condition holds also true. Thus
we get

#in<zisyln)=k}=—o <e—%% +0. (M» . (7.19)

\/2mo2log, x (log z)!/2
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kopglogge o Ap(z) = #{n < x : s4(n) = m} and note that

where A, =
k y/o2log, =

|11qlog,n] = m if and only if ¢™Ha < n < ¢/t Hence

o <xsgn) = lnglogynly = Y (Anla ) A ()
m<|uq log, ]
glHalogqzl/nay,

(7.20)

+ Al log,, x| () = ALy, log,, x| (

Equation (7.19) implies that for j € {0,1} we have

. 1 (m+37)/pq 1 5+&
A (gD 110y — d (1 +0. (M)) ‘

\/ 2702 (m/pq)? ml/?

For the first sum in (7.20), partial summation leads to (see for example [FMO5,
Lemma 2.3])

m—+1 m
1 g g 1 54-¢
- > () (o (M)
2MOG m<|juq log, ] ™ Hq
1 m
e — 1 Hq 1 5+¢
Ety R (g ()
/ m m
2m07 < Lpg log, x] \/ g
{1qlogg =} 5+
_ 1 x <q_“qﬂng Lo, <(loglogocl)/2 5)) .
/27703 Vlog, x (log x)

The second summand in (7.20) is

Alpgrog, 2] (@) = Ay log, ) (glratosq @) /ua)

Lig logg @

1 x g <1+O <(loglogx)5+5>>
\/27“,3 Viog,z  \/log, x “\ (logz)l/?

Summing these two equations up, we see that the periodic factor cancels out and
Lemma 7.17 is shown. O

Remark 7.18. In the case of primes (that is, the function g(n) assigns each n the
n-th prime number), Condition (C1) is an immediate consequence of the prime num-
ber theorem and Condition (C3) is a well-known exponential sum estimate (see for
example [IK04, Theorem 13.6]). Drmota, Mauduit, and Rivat [DMRO09] proved that
Condition (C2) is also valid. This shows that Theorem DMR (see Section 7.1) holds
true even if we replace the error term O((log z)~'/2*¢) by O((loglog x)°*¢/log(x)).
The function g(n) = n? also satisfies Conditions (C1)-(C3). Condition (C1) holds
trivially. A thorough analysis of the proof of [MR09, Theorem 1] shows that Con-
dition (C2) holds true and Condition (C3) is again a well-known exponential sum
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estimate (see for example Appendix A.4 or [IK04, Theorem 8.1]). Furthermore, it
is not hard to obtain a result similar to Lemma 7.17 for the sum of digits of primes
(this was done by Drmota et al.) and of squares. However, in this case a periodic
factor comes into play (compare with Corollary 7.23).

In the next section we show that the function g(n) = |[n¢| also satisfies these
conditions if ¢ is not an integer and if the base ¢ is big enough. In the subsequent
section we treat the sum of digits of squares in the Gaussian integers.

7.4.1 A local result for the sum of digits of [n°|

Using the original method of Bassily and Katai [BK95], it is relatively easy to show
that s,(|n¢]) satisfies a central limit theorem. More precisely, we have

%# {n <z s¢([n°]) < epglog, @ +yy/o2clog, x} = ®(y) + o(1), (7.21)

where
q—1 s ¢ -1
= o=
,uq 2 ) q 12 9

and ®(y) denotes the normal distribution function (see [DGJ). In what follows we
show a local version of this result if the base ¢ is big enough.

Theorem 7.19. Let ¢ > 0 be a real number different from an integer. There exists a
constant qo(c) = 2 such that for all ¢ > qo(c) the following holds: We have uniformly
for all integers k = 0 and for any fized ¢ > 0,

%#{TL Sz Sq(LnCJ) =k} = ; <6_Az/2 + Oc,q,€<M>>7

1 1/2
\/2mo2clog, x (log )

_ k—pgclog, x
where Ay = Joreons

Remark 7.20. As in the linear case one can deduce from this theorem a result analog
to Lemma 7.17.

Proof. We have to show that Conditions (C1)—(C3) hold true for the function g(n) =
|n¢|. Condition (C1) is a consequence of Lemma 6.16. The validity of Condition (C2)
is the content of Theorem 6.2. In order to prove Theorem 7.19 it remains to verify
Condition (C3). Let ¢ > 0 be a real number different from an integer. Furthermore,
let A,B € Z* with (A, B) = 1 and o > 1 such that 1 < B < 2%~ (1°81982°)7 ' Then
we will show that

A / c\o
> e (E WJ) e (logz)zeclosloa s,

1<n<z

where ¢ = min (1, %) Let S be the considered sum. We start with the following
estimate:
All!
H—‘ < B < x%e(oglogz®)” (7.22)
B
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If 0 < ¢ < 1, then we obtain (using the same calculations as in Section 6.4.1) that
1—c A 1—c c
S <. x max Z el=m]||+x " +=z

<, xl—c . + xl—c + 2.

Using (7.22), this yields the desired result. Next, we treat the case ¢ > 1. Let v be
the integer defined by 2! < o < 2¥. If z is sufficiently large, then

1 c\Oo
vy =V — Llogz(loglogx ) J

is positive. Remark 6.14 implies

S <ot 4 Z > e(% WJ)

K=V 2/@71 <n<2ﬁ
n<e

Lo 2VO_1 + Z <H2H(l—ﬁ/2) + 1 2&(1—0)) )

I

ol

K=L0

We finally obtain
S <.y oro—1 + un(l—ﬁ/2) + V$Ce—(10g10gxc)02uo(1—c)

- xe—%(loglogwc)o + (10g x):ne_%(log logﬂcc)o'

Thus, Condition (C3) holds also true and Theorem 7.1 implies the desired result. O

7.4.2 A local result for the sum of digits of Gaussian squares

As already mentioned in Chapter 3, Gittenberger and Thuswaldner [GT00| dealt
with the asymptotic normality of the sum-of-digits function of squares in the ring
of Gaussian integers. (Actually, they considered polynomial subsequences.) They
showed that

1 s8(2?) — log, N?

Yy
#{z: 2> <N} 1/crg?logQN2

as N goes to infinity and where ® is the normal distribution function.

The next theorem provides asymptotic expansions for # {z € Dy : sg(zz) =k}
whenever Dy is a k-Z[i] sequence with k = 1/2 (see Chapter 3 for the definition of
a k-Z[i] sequence). If Dy is a disc with radius v/N, it can be seen as a local version
of (7.23). Recall that

A={aeN: ifp|qg=—a=£i, then |p| > V689},

and that Q(b,s) = # {z € R, : 22 = bmod s}, where R, denotes a complete residue
system modulo s.

S B(y)  (7.23)
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Theorem 7.21. Let a € A and (Dn)nen be a 1/2-Z[i] sequence. Then we have
uniformly for all integers k > 0 with Q(k,q — 1) # 0,
11
C(:2) = k} __Qkg-1)  _azp L0 <(loglogN) >’

1
——#2€Dn s
#Dn { q /2770629 logg N2 log N

k—pqlogg N2

’/U% logg N2

Remark 7.22. It would be interesting to obtain a corresponding local result for the
sum of digits of primes in the Gaussian integers. Unfortunately, the exponential sum
estimate shown in Chapter 2 (see Theorem 2.1) does not imply Condition (C2) since
this estimate is not uniform in «. This circumstance results from the fact that the
implied constant of the symbol < in the carry lemma (Lemma 2.17) depends upon
the fixed constant € > 0.

where Ay =

If we consider the disc with radius v /N and count the number of squares whose
sum-of-digits function sg(z2) equals the “expected value” |uqlogg |2|*], we get the
following corollary:

Corollary 7.23. Let a € A. We have, as N — o,
# {1 <zl < VN : sf (2%) = |1 logg \z]ﬂ}

_ N p(reloggN®\ [ (oglog N)!!
(logg N?)z  \ @ +2a+2 (logN)z ) )’

where R(t) denotes a positive periodic function with period 1.

In order to show that Condition (C3) holds true for the function g(z) = 22, we
have to deal with special exponential sum estimates. Gittenberger and Thuswaldner
showed in [GT00, Chapter 2|, that

1 A
Z el=tr(=2?]) < N(logN)™“,
2 B
|2|2<N
whenever (4,B) = 1 and (log N)° < |B|?> < N?(log N)~°. This estimate is too
weak for us and it is only proved for discs with radius v/N. In what follows, we use
the van der Corput-type inequality Lemma 3.12 to treat such exponential sums. This

enables us to improve the error term on the one hand and it allows us to consider
1/2-Z]i] sequences instead of discs on the other hand.

Lemma 7.24. Let A, B € Z[i| with (A,B) = 1 and let (Dn)nen be a 1/2-Z][i]

sequence. Furthermore let ¢ > 0 be real and o > 1 such that
Q4c(loglogN)" < |B|2 < N2Q—4c(loglogN)".
Then we have

Z e <% tr <%z2>> < NQ_C(loglogN)a(log N),

z€DnN

where the implied constant is absolute.
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Proof. Let S be the considered sum. Using Lemma 3.12 with R = |B|1/2 yields

sel s (et ) 2 (u(feer-))

|r|<2|B|1/2 z,24T€EEN
+ N1/2 |B|1/2

1/2

1/2
N1/2 1 (A
<<|m—1/2 Z Z e<§tr <EQTZ>> + NY2|B|/2,
r€ERp |z,24+r€EEN

where = is defined at the beginning of Section 3.4.1. Hence we have to estimate
linear exponential sums in Z[i]. The important property is that we are summing over
rectangles (with side length smaller than 2v/N). Thus we obtain

> e<%tr <%27‘z>> < min (N VN VN ! )

Y 9y Y
riresy lsall” lls2ll™ lsall - lls2l

where s1 + is9 = 27"%. We therefore get

S N2 Zmin<N’|m\/N | VN 1 )

L 5775 ’
B\ &, Gl IS GO T Gl -T1s Gl

1/2

+ N1/2|B|1/2.

If (24,B) = 1, then 2Ar also runs through a complete residue system modulo B.
Employing Lemma 3.14 yields

N1/2 1/2
1] < oy (N + IBINY2log | B + [B*(0g | BI)?) © + N'/2|B|'/2

< (log |B|) <N|B|—1/2 + N1/2|B|1/2) .

Using the bounds on |B|? brings the desired result. If (24, B) # 1 we write % = %;
with (A’, B’) = 1 and we can do similar calculations as above. Since B and B’ are
comparable (note that (A, B) = 1) we obtain the same result in this case, too. O

Proof of Theorem 7.21. A k-Z[i] sequence satisfies the desired properties stated in
Theorem 7.3. Thus, we only have to verify Conditions (C1)—(C3) for the function
g(z) = z2. We know from Proposition A.5 that there exists a constant & > 0, such
that the Gaussian integer 22 has less than or equal to logg N 2 4 ¢ digits whenever
z € Dy. Lemma 3.17 implies that

1
#DnN

Hence Condition (C1) holds true. Condition (C2) also holds true (see Theorem 3.2)
and Condition (C3) follows from the previous lemma. O

#{zGDN:z2Ekzmodq—l}:Q(k‘,q—l)+0<N—1/2).



7.4 Examples 183

Proof of Corollary 7.23. Corollary 7.23 follows immediately from Theorem 7.21. The
proof is analog to the proofs of Lemma 7.17 and [DMRO09, Theorem 1.2|. Due to the
fact that we are dealing with Gaussian squares we carry out all necessary steps. The
most important property is that an integer m € 7Z satisfies m = U‘Q logg |z|4J if and
only if Qe < |22 < Qm+1/2te | We define A,,(N) = #{|z| < VN : s (%) =

= logg N2 . .
m} and set £ = L%J . This allows us to write

#{|2| < VN : 55 (2%) = [pglogg |2|*]} = S1 + S2 + S35,

where
Si= 3 (An(QUe) - 4,(@"9)),
m<l(a?+2a+2)
lug logg N2|—1
o= Y (An(@UHI/e) - 4,(Q))
m=£0(a2+2a+2)
and

5= Ao N1 (N) ~ Al gy (QU21950 N*120)

Theorem 7.21 implies that for j € {0,1} we have

m+j

mij -1 2nQ 1 1
(@) Q=) Q5 (o (et
1/27‘('0'2@ (m/,uQ)E m?2
(Note that this is also true if Q(m,q — 1) = 0.) Since Q(.,q — 1) is periodic with
period a? + 2a + 2, we get

0(a?+2a+2)
2rQ 1
S = T Z Qi <Q2uQ _ 1>
o2 _ /4(a®+2a+2)
\/ Qi<<i\ =™ ng
ko
> Qg —1)Q™e <1 +0 ((1og£)11£—%) >
0<k<a?42a+2
Setting
1
Q2“Q -1 _k
= —mes Z Q(k, g —1)Q*<,
Q e —1 O0<k<a®+2a+2

we obtain by using partial summation

Qi(a22:25+2)
me ~115_1
" \/27:022 \/Z(a2+2a+2) <1 e ((log o 2))

HQ

_{ MQ210gQ N2 } a?42a+2
aZ+2a+2 21Q (1 +0 ((log log N)11 (log N)~

=
N—
N—

_ c1 TN 0
N \/27T0'2Q \/logQ N2
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To calculate S, we set

1 _k_
@@=<¢w‘9 2 Qk,q—1)g™2
0<k<t(a2+2a+2)—{t(a2+2a+2)}
Then we get
1 logg N? }) logg N2\ 42424
S, = €2 ({ a2+2a+2 TN _{H§2+2§+2 } ;riQH

1/277022 \/logg N?

: (1 +0 ((1og log N)! (log N)™

D=

)

Similar we have
Q(lpglogg N?],q—1) N (1 Q_M>

2,u,Q
,/Zwaé \/logg N2

Sy =

. (1 +0 ((loglogN)11 (logN)_%>> :

2
Note, that | pglogg N?| = H%} (a® + 2a + 2)J mod (a? +2a+2). Defining
the function R(t) by

2 42a+2

R(t) = Qq+@wnm*”2m

+Q(l{tH@® +20+2)] g - 1) (1—Q‘““5u7?5m> )

implies the desired result. [l



Appendix

In this appendix we collect important and well-known results, which we used through-
out this thesis. In particular, we give a short overview of the base-q representation
in the ring of Gaussian integers, we state Fourier transform estimates of the sum-of-
digits function in the natural numbers and we cite classical Gauss sums. Moreover,
we state some established exponential sum estimates and consider approximation
properties of the Beurling-Selberg function.

A.1 Digital expansion in the ring of Gaussian integers

Recall that every positive integer has a unique expansion in base ¢ > 2. A natural
extension of the g-ary representation system to the ring of Gaussian integers provides
the following definition (see for example [GT00, Definition 1.1]):

Definition A.1. A pair (¢,N) with ¢ € Z[i] and V' = {0,1,...,|q|? — 1} is called

canonical number system if every z € Z[i] has a representation of the form

z=c¢co(z)+er1(z)g+ -+ eo_1qt"

with £ € Z* and €;(z) € NV for all 0 < j < ¢. The Gaussian integer ¢ is called the
base and N is called the set of digits.

Since N is a complete residue system modulo ¢, the representation is unique.
Katai and Szabd [KS75| characterized all posible canonical number systems (also
called base-q representation systems) in the Gaussian integers.

Theorem A.2. The only canonical number systems are given by the bases ¢ = —a+1
and ¢ = —a — i with a > 1.

In order to find the digits of a given Gaussian integer z, Gilbert |Gil] described
two methods. The Standard Base Conversion Algorithm works just as in the real
case (chain of divisions) and the Clearing Algorithm uses the minimal polynom of ¢ =
—a=+i. Based on this clearing algorithm, Grabner, Kirschenhofer and Prodinger gave
in [GKP98, Proposition 2.2, Corollary 2.3] an explicit recursion for the digits which
allowed them to prove an interesting representation of the sum-of-digits function.

185
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Lemma A.3. Let ¢ = —a+i. For z = z1 + izy € Z[i| let ox(z) € Z be defined
by the recurrence (the choice of the initial values depends on the choice of the bases
g=—-a=t1i)

o1 (2) = (a — 1) {Uk(z) J + (2a — 1) rk_l(z)J + rk_z(z)J ,

a?+1 a?+1 a?+1

with
o_o(2) = £(a? + 1) 2y, o_1(z) =0, 00(z) = 21 £ az.

Then we have z =} .~ e;i(2)¢’ with
£j(2) = oj(2) mod (a* +1).

The sum-of-digits function is defined in the following way: Recall that if z € Z[],
then it has a unique expansion of the form z = Zﬁ;é ei(2)¢’, €j(z) € N. The
(complex) sum-of-digits function sg: is given by z — .5 €;(2)

Proposition A.4. Let ¢ = —a £i. For z = z1 + izy € Z[i] the sequence (ok(2))
from Lemma A.3 is ultimately constant. Denoting the limit by o (2), this value is
divisible by a® + 1, and the sum-of-digits function satisfies

00 (2)

35(2) =z1+(a+1)z — (a2 +92q + 2)a2—+1’

where the choice of the sign depends on the choice of the sign in ¢ = —a £ i.

The following lemma provides information about the number of digits of a given
Gaussian integer z. Roughly speaking, z has logQ(|z|2) + O(1) digits in its base-q
representation system. A proof can be found in [GKP98, Proposition 2.6].

Proposition A.5. Let { be the smallest number satisfying z = 20<j<€ ;(2)¢’ with
e;j(2) € N. Then we have (setting Q = |q|*)

ava? +4

logg |2|? — 2logg PR

ava? +4
—4 <L 21 1—— 4.
0gg |2| ogQ< 219 )—i—

Next, we give a short overview on the radix expansion of complex numbers. Katai
and Szab6 [KS75] not only characterized the valid bases for representing Gaussian
integers, but also proved that for ¢ = —a £, a € Z* every complex number z can
be written in the form

¢ €1 E_2
p=egi et —
q q
where ¢; € N. This (possibly) infinite expansion is denoted by

EPEP—-1.--E0-E—1E—2...
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and the number left to the radix point is called the integer part of the expansion.
The set of complex numbers with integer part zero

o
Fl={zeC:z2= Zej(z)q_j,sj eN

j=1
is called the fundamental domain of the base-q representation system. It is a compact
set of unit area and it forms a tiling of the complex plain. The boundary of F’ in
any base ¢ = —a %+ ¢ has Hausdorff dimension > 1 and thus is a fractal. Points on it
are complex numbers that have (at least) two representations with different integer
parts (one of them being zero). Interestingly, if ¢ # —2 =+ i, then there are precisely
six numbers which have three different radix expansions. For example, we have in
base ¢ = —1 4+ ¢ that

(1 —2¢)/5 =0.001001001... = 1.100100100. .. = 111.010010010... . ,

where the expansions are all periodic of period three. In the case ¢ = —2 &£ ¢ the
fundamental domain has a much more jagged reentrant form and there are a countable
number of such points. In any case, no complex number has four different radix
expansions. Another interesting fact is that F’ is arcwise connected and that every
point in F’ with finite base-q representation is an inner point of F’. For these
results and the connection of fractal geometry and complex bases see for example
Gilbert [Gil82, Gil87], Akiyama and Thuswaldner [AT00] and Miiller, Thuswaldner
and Tichy [MTTO1].

A.2 The Fourier transform of the sum-of-digits function

Let ¢ > 2, a € Rand A G N. The discrete Fourier transform F)(., ) of the function
U e(asq( ), 0 < u < ¢ is defined for all h € Z by

A 0) = Z (asq — hug~ A)7

o<u<gr
where e(z) = €™ and s, denotes the sum-of-digits function in N. This function is
periodic with period ¢* in the first component and can be represented by a trigono-

metric product. In particular, we have for the absolute value
Byl =g T] g (0= ha™),
VA

where ¢ is defined by

| sin wqt| .
(,Dq(t) = [sin7t] ifteR \ Z,
q, ifteZ.

For a thorough analysis of ¢, and F) see [MR10, MR09| and [FM96|. The following
lemma collects some basic facts of ¢y (t). Proofs can be found in [MR10, Lemmas 14,

15] and [MR09, Lemmas 3, 5].
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Lemma A.6. Let k be an integer > 2. Then, the following claims hold true:

(i) The function i (t) is periodic of period 1, monotonically decreasing on [0,1/k]
and we have for 6 € [0,2/(3k)],

t) < pr(d) < k.
W;@%() ©r(9)

(ii) If ||t]| < ,/%, then we have

2
vr(t) < kexp <_w> ‘

(ili) Let ®(k) be defined by ®(k) = maxer (+ > o<r<k Pk (t+7%)). Then

2 2 2k
P(k) < ——— + —log —.
ksmﬂ T T

Assume that k > 3 and that ny, is given by k™ = ®(k). Then we have 0.24998 <
Neso < 0.24999 and ni < nggg for k > 689.

(iv) Let k > 3. If 3< R <k and R | k, then

1 T

—_ t _> < RR
max | g 3 e (th g
0<r<R

If R = 2 and R | k, then the right-hand side of the given estimate can be
replaced by /3/2 < 1.23 < 1.34 < 2.

(v) We have for allt € R the inequality

()< ()

The following lemma deals with an L>-norm of F and can be found in [MR09,
Lemma 9].

Lemma A.7. Letq>2, a € R, heZ, A >1 andaq:#qu(l—q%) Then we

have
IF\(h,a)| < e /48g=allla=Dall®x,

We distinguish two different cases when considering the L'-norm of the Fourier
transform F). The first one gives an upper bound of the norm if ¢ > 3 (7, is defined
in Lemma A.6), see [MR10, Lemmas 16 and 17].
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Lemma A.8. For¢>3, a €R, ac€Z, 0<I<\ k| ¢ and k tq, we have

Yo IR <k TRgBA)|Fy(a,a)).

ogh<g?
h=a mod kq®

Moreover, we have
S IR 0)] < g
0<h<g?

Remark A.9. The Cauchy-Schwarz inequality together with Parseval’s identity im-
plies that

S R a)] < ¢
0<h<g?

holds true for sure with n, < 1/2. Interestingly, the lemma stated above gives a
much better estimate if ¢ is big. In particular, part (iii) of Lemma A.6 implies that
ng < loglog q/log q for ¢ > 15 and hence 7, is arbitrary small if ¢ is big enough.

For the sake of completeness, we also state the L'-norm estimate in the case of
g =2 (see [IMR10, Lemma 18|):
Lemma A.10. For q = 2 we define 1o by the equation
2 = (24 V2)Y4  (in particular 0.4428 < 9y < 0.4429).
Then we have for alla e R, a € Z and 0 < d < A

Y. IR a) <22 F(a,a)).

0<h<2?
h=a mod 2%

A.3 Gauss sums

Gauss introduced in 1801 (Disquisitiones Arithmeticae) the sum Zz;loe (an?/c).
Until nowadays, a lot of different generalizations have been introduced (see for ex-
ample [BEW98, GK91] and [IK04, Chapter 3.4]). It is well studied in the literature

and in particular, if (¢,a) = 1, we have
() (14i%)y/¢, if c=0mod 4,
cz_ie(a_n2>: (2) Ve, if c =1 mod 4,
e c 0, if ¢ =2 mod 4,
i(2) e, if ¢ = 3 mod 4,

C

where (£) denotes the Jacobi symbol (see for example [BEW98, Chapter 1]). If we
set more generally

c—1 2
G(a,l;c) = Ze <M> .

n=0



190 Appendix

then the following proposition holds true (this is a consequence of [GK91, Inequality
(7.4.2)]):

Proposition A.11. Let a,l,c € Z with ¢ > 1 and set d = (a,c). Then we have
G(a, 4;c)| < V2de,

and

|G(a,l;c)| =0 ifdtd.

A.4 Exponential sum estimates

Exponential sums, that is, sums of the form

> elf(n),

a<n<b

play an important role in analytic number theory. Here, and throughout this section,
f is a real-valued function and e(x) = >, Since exponential sums are in general
hard to compute, one is typically interested in estimates of such sums. These esti-
mates mostly depend on the length of the summation interval and on the growth of
the derivatives of the function f. We denote the summation interval (a,b] by I and
the length of it by |I]. In what follows, we state several well-known results which use
different assumptions on f. For a thorough and up-to-date treatment of exponential
sums see for example Graham and Kolesnik [GK91] and Iwaniec and Kowalski [IK04,
Chapter 8|.

The first theorem (see [GK91, Theorem 2.1]) is named after Kusmin and Landau
and just uses the first derivative of f (||-|| denotes the distance to the nearest integer):

Theorem A.12. If f is continuously differentiable, f’ is monotonic, and ||f'|| = X >
0 on I, then
> elsm) < At

nel

If f is linear, then this result is sharp. The following theorem (attributed to van
der Corput) also uses the second derivative and gives much better results if f is “far
away” from being linear (see [GK91, Theorem 2.2]). The idea of the proof consists
of replacing the sum by integrals and using the van der Corput inequality in order
to obtain the desired estimate.

Theorem A.13. Suppose that f has two continuous derivatives on I. Suppose also
that there is some A > 0 and some o« > 1 such that

A | (@)] < aX

on I. Then we have
> e(f(n) < alI|AV? 4 A7,
nel
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The idea of using ever higher derivatives is contained in the following theorem

(see [GK91, Theorem 2.9]):

Theorem A.14. Let ¢ > 0 be an integer. Suppose that f has q + 2 continuous
derivatives on I and that I C (N,2N]. Assume also that there is some constant F
such that

FN7" < |f"(z)| < FN7T (A.24)
forr=1,...,q+2 on 1. Let Q = 2. Then we have

Y e(f(n)) < FY/UQ-DNI-(@+D/6Q=2) 4 p-ly,
nel

The implied constant depends only upon the implied constants in (A.24).

The results presented so long are obtained by using the so-called van der Corput
method of exponential sums. They give rise to the method of exponential pairs which
we do not treat here but which is of particular interest (see for example [GK91, Chap-
ter 3] and [IK04, Section 8.4]). The next two theorems can be proved by Vinogradov’s
method, which is very strong for sums of large amplitude relative to the length of the
summation interval. Theorem A.15 is due to Vinogradov himself (see [Vin04, Theo-
rem 2a, p. 109]), Theorem A.16 is an improvement for large values of the amplitude
of Vinogradov’s theorem (see [IK04, Theorem 8.25]).

Theorem A.15. Suppose that f has a (n+1)-th continuous derivative on I and that
I C (N,2N]. Assume also that there is a constant F' such that
P (n+1)
F<t ( n ‘ F,
(n+ 1! / (@)] <

and
N < F—an+1 < N2+2/n.

Then we have
Ze(f(n)) < Nl—l/(i’m2 log(125n))
nel

Theorem A.16. Let f be a smooth function on (N,2N] which satisfies for all j > 1
A A ‘f(j)(x)‘ <o’F
on (N,2N], where F > N* and o > 1. Let I C (N,2N]. Then we have

Ze(f(n)) < aN exp(—27¥(log N)3(log F)~?),
nel

where the implied constant is absolute.
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Although the following theorem does not fit perfectly to the previous results, it
can be used ot estimate certain sums, which are often related to exponential sums.
It is due to Bombieri and Iwaniec (see [BI86, Lemma 2.4]) and it is called a “double
large sieve”.

Theorem A.17. Let X and ) be two sets in R*, k > 1 and let a(zx) for z =
(x1,...,25) € X and B(y) for y = (y1,...,yx) € Y be arbitrary complex numbers.

Furthermore, let X1,..., X, and Y1,...,Y, be positive numbers and set
By (o) = > la(z)a(z")|,  Ba(B) = > 1B)BHY|,
z,2'eX v,y €Y
|2~} | <(2Y3) vk —v | <(2X5) 71
k=1,...,k k=1,...,k
and

B(a,b) = > a(z)B(y) ez - y).
zeX,yey
|2k | <Xk, Yk | <Yk
k=1,...,k

Then we have

’B(Oé,ﬂ)P < (2732)H H(l + XkYk)Bl(a)Bg(ﬂ)
k=1

In the last part we shortly discuss the theory of uniform distribution modulo 1.
As we will see, exponential sum estimates play an important role in this field of
study. Let x = (z,,)nen be a sequence of points in the k-dimensional space RE. If
I =lay,by) X --- X [ag, by,) is an interval on the torus R¥/Z*, then A(I, N,x) denotes
the number of points x,, 0 < n < N — 1, for which {z,} € I, where the fractional
part {z} = x — |x] is taken componentwise. The sequence x = (2, )nen is said to be
uniformly distributed modulo 1 if for every interval I C R¥/Z* we have
A(I, N,x)
lim ———= = M\({
Ngnoo N k( )7
where A\ (I) denotes the k-dimensional Lebesgue measure of I. A sequence x =
(5 )nen is uniformly distributed modulo 1 if and only if the discrepancy
A(I,N,x
Dy(x) = sup % — (1)
TCRE/Zk
satisfies Dy (x) = o(1). The next theorem is due to Weyl and establishes a connection
between the theory of uniform distribution modulo 1 and the theory of exponential
sum estimates (see for example [DT97, Theorem 1.19]).

Theorem A.18 (Weyl’s criterion). A sequence x = (zp)nen of points in the k-
dimensional space R¥ is uniformly distributed modulo 1 if and only if

1
iy 2 el =0
o<n< N

holds for all non-zero integral lattice points h € ZF\ {(0,...,0)}.
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Finally, we state a result that shows how exponential sums can be used to estimate
the discrepancy.

Theorem A.19 (Erdés-Turan-Koksma inequality). Let x = (z,,)nen be a sequence
of points in the k-dimensional space RF and H an arbitrary positive integer. Then
we have

Dy (x) <

1 1 |1

0<[Ihlloo <H 0<n<N
where r(h) = [[;<icp max(1, [hi]) for b = (h1,...,hy) € 7k

There are some admissible values known for the implied constant in the last
theorem (see [DT97, Theorem 1.21]). For k£ = 1 (in this case the above result is
called Erdgs-Turan inequality) Mauduit, Rivat, and Sarkozy [MRS02, Lemma 1]
showed that

1 79011 h
< — | = — . .
DN(X)\H+1+hZ::1h 5 2 e(m) (A.25)

o<n<N

For a further discussion of the implied constant in dimension 1 see [RT05].

A.5 Extremal functions in Fourier analysis

In the late 1930’s Beurling observed that the entire function of exponential type 27

B(z) = (Sinﬂm>2 {i(z —n)? — i:j(z +m)® + 22_1}

n=0 m=1

satisfies a simple and useful extremal property. If sgn(z) denotes the sign of z (with
the usual convention sgn(0) = 0), then

sgn(x) < B(x)

for real z and

o0
/ B(z) —sgn(z)dx = 1.
—00

Moreover, he showed that if F'(z) is any entire function of exponential type 27 satis-
fying sgn(z) < F(z) for real @, then [* F(z) —sgn(x)dz > 1 where equality holds
if and only if F(z) = B(z). In 1974, Selberg used this function to obtain a sharp
form of the large sieve inequality. Nowadays, the function B(z) is therefore often
called Beurling-Selberg function. In 1985, Vaaler used B(z) in order to approximate
special functions with trigonometric polynomials. In the following, we present some
of his results (taken from [Vaa85]). For many other interesting properties of the
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Beurling-Selberg function and related functions we refer to the original work [Vaa85|
and to [GK91, Appendix] for a short discussion of Vaaler’s results. Set

x—|z]—-1/2, ifzxdgZ,
0, if x € Z,

J@)::%-éz{lﬂz)—-<$ijz>2}.

The function J(z) has the remarkable property that its Fourier transform J(t) has
compact support. In particular, it is given by

and

1, if t =0,
J(t) = wt(1 — |t cotmt + |t], if 0 < |t| <1,
0, if ¢ > 1.

Set Jn(z) = NJ(Nz) and let jy(x) be defined by jn(x) = Do Inyi1(x +m).
Using Poisson’s summation formula we get

N
in(@) =Y JIngi(n)e(na), (A.26)
n=—N

where Jy(t) = J(t/N). Finally, let xy(z) be defined by

vt = 35 (1- L o

n=—N

This function is known as the the periodic Fejer kernel and it is positive for real
numbers z. (This can be easily seen since rky(z) is also given by ky(z) = (N +
1)~ Y(sinm(N + 1)x)?/(sin 7z)2.) Vaaler showed among other things the following
connection between these functions (see [Vaa85, Theorem 18|):

Proposition A.20. The trigonometric polynomial

Unle) = =5 Y vl e(na)
1<|n|<N
satisfies
1
[Uv(a) = 0 (@) < gr—gn(o).

We want to remark that by continuity this result holds also true if ¥°(x) is
replaced by ¢¥(x) = © — |z| — 1/2. The following proposition is a generalization
of this result, see [Vaa85, Theorem 19]. Let f be a function of period 1 which has
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bounded variation on each closed interval of length 1. Suppose furthermore that f
satisfies the normalizing condition

.1
Tim S(f@+h) + (@ = b)) = f(2) (A27)

for every x € R. Denote by V¢(x) the total variation of f on [-1/2,z] and let
(dVy) * Ky (x) be the convolution

1/2
(@) < rv(o) = | e =)
Furthermore, if f and g are two functions, let f x g(z) denote the convolution
1/2
frg(x) = flz—§)g(§)dE.

Proposition A.21. The trigonometric polynomial f+jn(x) and (dVy)*kn(x) satisfy

£(@) = fix @) < 55

Equation (A.26) shows that the function ¢y (z) of Proposition A.20 is given by
the convolution ¥y (z) = ¢ * jy(z). More generally, if f(n) denotes the Fourier
coefficient

(dVy) * kn ().

1/2

f(n) = f(@) e(=nz)dz,

~1/2
then f x jy(x) is given by
N

f*in(z Z n)Jny1(n)e(nz).

Take for example x(t) = 14({t}), where 14 denotes the characteristic function of an
open, half-open or closed interval A with end points 0 < a < # < 1. Then we have

7(0) = (5 — ) and 1
£(n) = 5= e(=nB) — e(~na)).
Moreover, we have Jy41(0) =1 and 0 < Jy41(n) < 1forn=1,...,N. By Proposi-

tion A.21 and a simple continuity argument (x(¢) does not satlsfy condition (A.27))
we obtain the following corollary:

Corollary A.22. Let x(t) be defined as above. Then there exist coefficients ay(n) €
C with lay(n)| < 2, such that the trigonometric polynomial

WO = -0t S W ey

1<|n|<N

verifies

() = (0] < 5 (s (¢ = 8) e (6= ) ).
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