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Abstract

One main aim of modern physics is the description of nature by models. These mod-
els, with the exception of gravity, are quantum theory models. A motivation for the
work in noncommutative spaces arises from the common opinion that gravity should
be quantized and that at very small scales continuous space-time will be noncommu-
tative. A possible representation of this noncommutative space-time is the so-called
Moyal-Weyl star product. The introduction of this star product goes hand in hand
with the main problem of any noncommutative quantum field theory: UV/IR mixing.
Basic quantum field theories suffer from ultraviolet (UV) divergences which can be
absorbed by a renormalization procedure while in noncommutative theories the UV
divergences are reflected by new singularities in the infrared (IR). The aim of this
diploma thesis under the inclusion of the IR divergences, is to compute Feynman
rules, results for the vacuum polarization and the one-loop renormalization of the
gauge boson propagator, based on a special gauge theory model.
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Kurzfassung

Eine wesentliche Hauptaufgabe der modernen Physik ist es, die physikalische Na-
tur der beobachtbaren Welt durch Modelle zu beschreiben. Diese Modelle sind mit
Ausnahme der Gravitation Quantenfeldtheorien (Eichfeldtheorien). Aus der im all-
gemeinen üblichen Vorstellung, dass die Gravitation quantisiert werden muss und
der Tatsache, dass bei kleinen Skalen die kontinuierliche Raumzeit in eine quanti-
sierte übergeht, kann die Motivation für eine Beschäftigung mit nichtkommutativen
Feldtheorien hergeleitet werden, wenn die Quantisierung als ein Nichtkommutieren
der Raumzeit interpretiert wird. Eine mögliche Darstellung bietet die Einführung des
sogenannten Moyal-Weyl Sternprodukts, bei welchem das Produkt von Funktionen
durch eben jenes Sternprodukt ersetzt wird und somit eine Implementierung im nicht-
kommutativen (verzerrten) Raum möglich wird. Diese nichtkommutative Behandlung
geht jedoch Hand in Hand mit einem Problem, innewohnend jeder nichtkommutativen
Feldtheorie: Das Mischen von ultravioletten mit infraroten Divergenzen. Klassische
Feldtheorien zeigen Divergenzen im ultravioletten Bereich, die jedoch durch geeig-
nete Regularisierungsmaßnahmen zu einer renormierbaren Theorie führen, während
in nichtkommutativen Theorien Divergenzen im ultravioletten Betreich von infraro-
ten begleitet werden. Das Ziel dieser Diplomarbeit, unter Einbeziehung eben jener
infraroten Divergenzen, ist die Berechnung von Korrekturen auf Einschleifen-Niveau
und die explizite Angabe eines renormierten Eichfeldpropagators im Rahmen eines
speziellen Eichmodelles.
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Chapter 1

Introduction

The first chapter of this diploma thesis brings light into the motivation for studying
noncommutative quantum field theories. We give a short overview of models from the
noncommutative ’universe’, leading over to the fundament of this work: The BRSW
model.

1.1 Motivation

For the description of the universe, as known up to now we have two basic theories:
Einstein’s theory of general relativity (GRT) for the macroscopic world and quantum
field theories (QFT) for the microscopic one.
It is assumed that at very small scales (or very high energy), the description of the
physical world will be a combination of GRT and QFT. At this small scale, QFT
with continuous space-time and Lorentz symmetry are considered inappropriate for
the description of the universe [1].
Four dimensional QFT suffers from infrared (IR), ultraviolet (UV) divergences and
from the divergence of the renormalized perturbation expansion. W. Heisenberg
suggested to introduce a fundamental length [2], to handle the UV divergences. In [3,
4] H. Snyder formulated these ideas mathematically and introduced noncommutative
geometry. Considering the quantization of gravity, the usual commutative space-time
seems inappropriate and therefore space-time has to be noncommutative [5].
According to the statements above, the ’road’ of gravity and the ’road’ of quantum
field theory intersect at the crosspoint of noncommutative geometry.

1.2 Models

In noncommutative quantum field theories, the algebra is defined by commutation
relations

[x̂i, x̂j ] = iΘij(x̂), (1.1)

where the coordinates are operators x̂i on some Hilbert space H and Θij(x̂) might
be any function of the generators with Θij = −Θji, satisfying the Jacobi identity.
Usually, the commutator relations (1.1) are chosen to be constant, linear or quadratic

1
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in the generators. The constant relations

[x̂i, x̂j ] = iΘij = constant, (1.2)

represent the canonical case. From (1.1) and (1.2), one can see the collapse of com-
mutative space concepts, hence leading to noncommutative space.

1.2.1 Scalar Models

The first models on deformed space were scalar models, where the pointwise product
of fields was replaced by the Groenewold-Moyal product [6, 7], corresponding to the
commutation relation (1.2).
A noncommutative extension to the scalar φ4 model is given by

S =
∫
d4x

(
∂µφ ? ∂

µφ+m2φ ? φ+
λ

4!
φ ? φ ? φ ? φ

)
. (1.3)

In noncommutative Euclidean space, the propagator is exactly the same as in com-
mutative space [8], while the vertex functions gain phase factors in the momenta. The
Feynman graphs, known from commutative space (called planar graphs), exhibit the
usual UV divergence, which can be handled by a renormalization procedure.
Explicit one-loop calculations [9, 10, 11, 12, 13], showed that in addition to the planar
graphs, so called non-planar graphs appear, which are regularized by phases in their
UV section but become singular for small external momenta.
For example, the two-point tadpole graph (in Euclidean space) is given by

Π̃(Λ, p) ∝ λ

∫
d4k

2 + cos(kp̃)
k2 +m2

≡ Π̃pl(Λ) + Π̃npl(p), (1.4)

where

p̃µ := Θµνpν . (1.5)

As mentioned above the planar part is quadratically divergent in the UV cutoff Λ,

Π̃pl(Λ) ∼ Λ2, (1.6)

while the non-planar part shows

Π̃npl(p) ∼ 1
p̃2
, (1.7)

presenting a new IR divergence when p̃ → 0. This effect, known as ’UV/IR mixing’
is the main problem of any noncommutative quantum field theory.
Singularities of arbitrary inverse power can be generated if we insert the non-planar
contributions into higher order graphs, hence the theory seems to be non-renormalizable
[14].
One of the main aims of noncommutative field theories is now to modify the La-
grangian in order to obtain a damping mechanism in the IR region. The first renor-
malizable noncommutative scalar field model (in Euclidean space) was introduced by
H. Grosse and R. Wulkenhaar [15] by adding an oscillator-like term with parameter
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Ω into the Lagrangian. This model suffers from a broken translation invariance.

Another renormalizable model, in the literature referred to as the 1
p2

model was
presented by the Orsay group around V. Rivasseau [16]. It preserves translation
invariance. A non-local term

Snloc = −
∫
d4xφ(x) ?

a2

Θ2�x
? φ(x), (1.8)

is added to the action (1.3), where a is a dimensionless constant. The addition of
such a term provides a counter term for the expected quadratic IR divergence in the
external momentum [17]. The interpretation of the operator 1

� in coordinate space is
difficult because one is confronted with the inverse of a derivative, while in momentum
space the operator represents the well known inverse of the scalar function k2. The
new operator is interpreted as the ’Green operator’ of � ≡ ∂µ∂µ. The propagator is
given by

G(k) =
1

k2 +m2 + a2

k̃2

, (1.9)

showing a finite behaviour in the IR region as well as in the UV:

lim
k→0

G(k) = lim
k→∞

G(k) = 0, ∀a 6= 0, (1.10)

approving the motivation for the added term (1.8).

Naturally a generalization of these models to noncommutative gauge models must be
done.

1.2.2 Gauge Models

For the the Grosse-Wulkenhaar model and its extension to gauge theories, we refer
to [18].

Different ways of implementing the damping behaviour from the 1
p2

model have been
advertised. The quadratic divergence of a noncommutative U(1) gauge theory is of
the form

Π̃IR
µν ∼ p̃µp̃ν

(p̃2)2
, (1.11)

where

p̃µ = Θµνkν .

One possible implementation of such a term as (1.11) in order to accommodate the
IR divergences in the vacuum polarization in a gauge invariant way, is given by [19]:

Snloc =
∫
d4xFµν ?

1
D̃2D2

? Fµν , (1.12)
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where Fµν represents the field strength and Dµ• = ∂µ • −ig[Aµ ?, •] denotes the
noncommutative covariant derivative. The introduction of the inverse of covariant
derivatives (including the gauge field) leads to a power counting non-renormalizable
theory, due to the fact that they can only be interpreted in terms of infinite series.
However, non-localized terms can be presented ’localized’ by coupling them to un-
physical auxiliary fields. One example is given by [19]

Snlocinv =
∫
d4x

{
1
4

(
Fµν ? Fµν + Fµν ?

a2

D̃2D2
? Fµν

)}
Snlocinv → Slocinv =

∫
d4x

{
1
4

(
Fµν ? Fµν + aB ? Fµν − B ? D̃2D2 ? B

)}
, (1.13)

where a is a dimensionless constant and B represents an auxiliary real-valued anti-
symmetric field.
It turned out that the auxiliary field has not been introduced in a physically invariant
way [20], hence additional ghosts are required to rebuild the original physical content.
Vilar et al [21] replaced the field B by two pairs of complex conjugated fields (B, B̃
and χ, χ̃), assigned to appropriate ghost fields. The localized term reads

Sloc = Sloc,0 + Sbreak, (1.14)

where Sloc,0 represents a BRST invariant part. Following the approaches of Zwanziger
[22], the additional degrees of freedom can be eliminated by adding a ghost field for
each auxiliary field. As a consequence, BRST doublet structures are formed, resulting
in a trivial BRST cohomology for Sloc,0:

sSloc,0 = 0, (1.15)

which means that the part of the action depending on the auxiliary fields and their
associated ghosts can be written as a BRST transformation itself.
The term Sbreak does not show this property but can be constructed in such a way
that the mass dimension of the part depending on the gauge field is smaller than the
dimension of the underlying Euclidean space, i.e. R4

θ with dim = 4. Constructed
as mentioned, the breaking term is referred to as ’soft’ [23] and does not destroy
renormalizability [24]. Moreover, the term Sbreak is able to suppress the UV/IR
mixing by modifying the IR sector while the UV part is not affected. This soft
breaking ’technique’ leads straight to the next model.

The BRSW Model

The following heavily relies on the work of [20, 25, 26].

To avoid the problems discussed above and achieve renormalizability, the action has
to be modified. The main ideas for modification are recapitulated from [20]. The
model should achieve the following properties:

• A counter term of the form of (1.11) should appear in the tree level action.

• All relevant propagators should be finite in the IR as well as in the UV.

• Auxiliary fields and related ghosts should be decoupled from the gauge sector.



1.2. MODELS 5

According to [27], it is desirable to remove any explicit appearance of parameters with
dimmass < 0 from the action to avoid (or restrict) the appearance of dimensionless
derivative operators. This is impossible, since the UV/IR mixing leads to divergences
(contracted with Θµν) which enter the action in the form of counter terms. One
possible solution to this problem is to split Θµν into a dimensionless tensor structure
θµν = −θνµ, and a dimensionful scalar parameter ε:

Θµν → εθµν , (1.16)

with

dimmass(θµν) = 0, dimmass(ε) = −2. (1.17)

Therefore, the appearance of the parameter ε in the tree level action is reduced by
modification of the contractions, given by

�̃ := θαβθαγ∂β∂γ , (1.18)

and

k̃µ := θµνkν . (1.19)

As a result, the dimensionful parameter ε only appears in the phase factors associated
with the star product, while the bilinear parts are unaffected. The field strength tensor
Fµν in the soft breaking term can be reduced to its bilinear part

fµν ≡ ∂µAν − ∂νAν , f̃ ≡ θµνfµν . (1.20)

The soft breaking term, implementing the IR damping mechanism, can now be writ-
ten with ordinary derivatives. The gauge field in the breaking term is completely
decoupled from new fields (B̄µν , Bµν and associated ghosts ψ̄µν , ψµν) which imple-
ment the IR damping and BRST invariance. In order to restore the BRST invariance
in the UV additional sources Q̄,Q, J̄ , J are needed. Those sources vanish or take
constant values in the IR. The breaking term is given by [20]

Sbreak =

=
∫
d4x

{
(J̄µναβ ? Bµν + Jµναβ ? B̄µν) ?

1
�̃

(fαβ + σ
θαβ
2
f̃)

− Q̄µναβ ? ψµν ?
1
�̃

(fαβ + σ
θαβ
2
f̃)

− (Q̄µναβ ? Bµν +Qµναβ ? B̄µν) ?
1
�̃
s(fαβ + σ

θαβ
2
f̃)

}
. (1.21)
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Chapter 2

Noncommutative Quantum Field
Theory (NCQFT)

In the second chapter, we try to show the principal points of constructing a noncom-
mutative field theory. Based on the hypothesis that at very short distances [1, 3, 5, 28],
the space coordinates do not commute any more and the aim to use fields which are
functions and not operator valued objects, we will introduce the star product.

2.1 Conventions

In this work, we consider an Euclidean space R4.

We use natural units which means

~ = c = 1, (2.1)

and use the Einstein summation convention

4∑
µ=1

VµWµ = VµWµ = V µWµ. (2.2)

Furthermore, whenever a vector Vµ is multiplied with another vector Wµ in an expo-
nential we will omit the indices

eVµWµ = eVW , {Vµ,Wµ} ∈ R4, (2.3)

as long as we will not underline the mathematical aspects.

2.2 The Algebra of NCQFT

There are three steps to create a satisfying base for NCQFT.

In the first step we replace the ordinary coordinates xµ by operators x̂µ which are
self-adjoint.

7
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The next step is to define the algebra (if we do this, R4 will be modified to R4
θ):

[x̂µ, x̂ν ] =: x̂µx̂ν − x̂ν x̂µ = iεθµν , (2.4)
[εθµν , x̂σ] = 0. (2.5)

Notice that we have εθµν constant: The antisymmetric matrix θµν of mass dimension
zero is multiplied with a real factor ε of mass dimension minus two. For our purpose,
we will use a θµν of the form:

(θµν) =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (2.6)

We must mention that there are many approaches to noncommutativity, leading to a
different variety of Eq. (2.4). For details the work of [29] is suggested.

The last step is to find a multiplication law for commutative functions because we
want to use fields and not operator valued objects.

2.3 The Star Product

This new multiplication law is deduced from (2.4) through the so called Moyal-Weyl
correspondence [6, 7]:

φ̂(x̂) ⇐⇒ φ(x), (2.7)

with φ̂(x̂) as an arbitrary operator valued object.1 To define the product of two
operator valued objects we use the Fourier-Integral theorem

φ̂(x̂) =
∫

d4k

(2π)4
eikx̂φ̃(k), (2.8)

φ̃(k) =
∫
d4xe−ikx̂φ̂(x̂),

where k is a four dimensional real variable2.

The product of two operator valued objects then reads

φ̂1(x̂)φ̂2(x̂) =
1

(2π)8

∫
d4k1

∫
d4k2e

ik1x̂eik2x̂φ̃1(k1)φ̃2(k2). (2.9)

Using the Baker-Campbell-Hausdorff-formula,

eAeB = eA+Be
1
2
[A,B], if [A, [A,B]] = [B, [A,B]] = 0, (2.10)

1In this work the operator valued objects are fields and sources.
2Equation (2.8) already represents the Moyal-Weyl correspondence.
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which is applicable due to (2.5):

[A, [A,B]] = [A, εθ] = [B, [A,B]] = [B, εθ] = 0,

we receive

φ̂1(x̂)φ̂2(x̂) =
1

(2π)8

∫
d4k1

∫
d4k2e

ik1x̂eik2x̂φ̃1(k1)φ̃2(k2)

=
1

(2π)8

∫
d4k1

∫
d4k2e

ik1,µx̂µeik2,ν x̂ν φ̃1(k1)φ̃2(k2)

=
1

(2π)8

∫
d4k1

∫
d4k2e

ik1,µx̂µ+ik2,ν x̂νe
1
2
[ik1,µx̂µ,ik2,ν x̂ν ]φ̃1(k1)φ̃2(k2)

=
1

(2π)8

∫
d4k1

∫
d4k2e

i(k1,µ+k2,µ)x̂µe−
1
2
k1,µ[x̂µ,x̂ν ]k2,ν φ̃1(k1)φ̃2(k2)

=
1

(2π)8

∫
d4k1

∫
d4k2e

i(k1+k2)x̂e−
i
2
k1,µεθµνk2,ν φ̃1(k1)φ̃2(k2).

Introducing the abbreviation

kiεθkj = ki,µεθµνkj,ν , i, j = 1, 2, 3, 4, ..., (2.11)

we get a compact representation of the product made up by two operator valued
objects:

φ̂1(x̂)φ̂2(x̂) =
1

(2π)8

∫
d4k1

∫
d4k2e

i(k1+k2)x̂e−
i
2
k1εθk2 φ̃1(k1)φ̃2(k2). (2.12)

If we now define the star product of two functions as:

φ1(x) ? φ2(x) := e
i
2
εθµν∂x

µ∂
y
νφ1(x)φ2(y)

∣∣∣∣
x=y

= e
i
2
εθµν∂x

µ∂
y
ν

1
(2π)8

∫
d4k1

∫
d4k2e

i(k1x+k2y)φ̃1(k1)φ̃2(k2)
∣∣∣∣
x=y

=
1

(2π)8

∫
d4k1

∫
d4k2

(
1 +

i

2
εθµν∂

x
µ∂

y
ν + ...

)
ei(k1x+k2y)φ̃1(k1)φ̃2(k2)

∣∣∣∣
x=y

=
1

(2π)8

∫
d4k1

∫
d4k2

(
1 − i

2
εθµνk1µk2,ν + ...

)
ei(k1x+k2y)φ̃1(k1)φ̃2(k2)

∣∣∣∣
x=y

=
1

(2π)8

∫
d4k1

∫
d4k2e

i(k1+k2)xe−
i
2
k1εθk2 φ̃1(k1)φ̃2(k2), (2.13)

we find an expression which looks very similar to Eq. (2.12). The only difference
is that (2.12) has operator valued space coordinates in the exponent and Eq. (2.13)
not, but the introduction of the star product ensures that the functions on the left
hand side of (2.13) are no longer operator valued objects, hence leading to the corre-
spondence (2.7).

To find a correspondence for (2.4) we use the definition of the star product (2.13)
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applied to the product of two vectors:

xµ ? xν = e
i
2
εθµ′ν′∂

x
µ′∂

y

ν′xµyν

∣∣∣∣
x=y

=
(

1 +
i

2
εθµ′ν′∂

x
µ′∂

y
ν′ + ...

)
xµyν

∣∣∣∣
x=y

= xµxν +
i

2
εθµ′ν′δµµ′δνν′

= xµxν +
i

2
εθµν . (2.14)

Interchanging indices (µ↔ ν):

xν ? xµ = xνxµ +
i

2
εθνµ

and combining the last two results will deliver our desired result:

xµ ? xν − xν ? xµ = xµxν +
i

2
εθµν − xνxµ −

i

2
εθνµ

=
i

2
ε(θµν + θµν) = iεθµν

= [xµ ?, xν ]. (2.15)

Summary of the Moyal-Weyl correspondence:

φ̂(x̂) ⇐⇒ φ(x),

φ̂1(x̂)φ̂2(x̂) ⇐⇒ φ1(x) ? φ2(x), (2.16)
[x̂µ, x̂ν ] ⇐⇒ [xµ ?, xν ],

with

φ̂1(x̂)φ̂2(x̂) =
1

(2π)8

∫
d4k1

∫
d4k2e

i(k1+k2)x̂e−
i
2
k1εθk2 φ̃1(k1)φ̃2(k2),

φ1(x) ? φ2(x) =
1

(2π)8

∫
d4k1

∫
d4k2e

i(k1+k2)xe−
i
2
k1εθk2 φ̃1(k1)φ̃2(k2).

The most important thing is that on the left side (2.16) we have noncommuting
operator valued objects while the right side shows non operator valued objects.
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2.3.1 Properties of the Star Product

For practical calculations it will prove wise to have some properties of the star prod-
uct at hand.

1. The Star Product of two Exponentials:

The definition of the star product (2.13) can be applied to the product of two expo-
nentials:

eikx ? eik
′x = e

i
2
εθµν∂x

µ∂
y
ν eikxeik

′y

∣∣∣∣
x=y

=
(

1 +
i

2
εθµν∂

x
µ∂

y
ν +

1
2
(
i

2
)2εθµν∂xµ∂

y
ν εθσρ∂

x
σ∂

y
ρ + ...

)
eikxeik

′y

∣∣∣∣
x=y

= ei(k+k
′)x − i

2
εθµνkµk

′
νe
i(k+k′)x +

1
2
(
i

2
)2εθµνkµk′νεθσρkσk

′
ρe
i(k+k′)x + ...

= ei(k+k
′)x

(
1 − i

2
kεθk′ +

1
2
(
i

2
)2(kεθk′)2...

)
= ei(k+k

′)xe−
i
2
kεθk′ . (2.17)

2. Integral of Bilinear Expressions:

We find an important feature of the star product, if we integrate a bilinear term, for
example ∫

d4xφ1(x) ? φ2(x),

and use Definition (2.13):∫
d4xφ1(x) ? φ2(x) =

=
1

(2π)8

∫
d4x

∫
d4k1

∫
d4k2e

i(k1+k2)xe−
i
2
k1εθk2 φ̃1(k1)φ̃2(k2)

=
1

(2π)4

∫
d4k1

∫
d4k2δ

4(k1 + k2)e−
i
2
k1εθk2 φ̃1(k1)φ̃2(k2)

=
1

(2π)4

∫
d4k1φ̃1(k1)φ̃2(−k1).

The inverse Fourier transformation of φ̃1(k1)φ̃2(−k1) shows disappearance of the star
product, which means that we can skip the star for bilinear expressions,∫

d4xφ1(x) ? φ2(x) =

=
1

(2π)4

∫
d4k1

∫
d4x

∫
d4x′e−ik1(x−x′)φ1(x)φ2(x′)

=
∫
d4x

∫
d4x′δ4(x− x′)φ1(x)φ2(x′)

=
∫
d4xφ1(x)φ2(x). (2.18)
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3. Associativity:

We will introduce the short notation:

dk ≡ 1
(2π)4

d4k,

execute the star product,

φ1(x) ? φ2(x) =
∫
dk

∫
dqφ̃1(k)φ̃2(q)eikx ? eiqx

=
∫
dk

∫
dqφ̃1(k)φ̃2(q)ei(k+q)x−

i
2
kεθq

and show associativity given by

[(φ1 ? φ2) ? φ3] = [φ1 ? (φ2 ? φ3)]. (2.19)

For the left hand side of the last equation we have:∫
dk

∫
dqφ̃1(k)φ̃2(q)ei(k+q)x−

i
2
kεθq ? φ3(x) =

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)e−

i
2
kεθq(ei(k+q)x ? eipx)

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)e−

i
2
kεθqei(k+q+p)xe−

i
2
(k+q)εθp

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)e−

i
2
kεθq− i

2
kεθp− i

2
qεθpei(k+q+p)x, (2.20)

while the right hand side shows the same result:

φ1(x)?
∫
dq

∫
dpφ̃2(q)φ̃3(p)ei(q+p)x−

i
2
qεθp =

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)eikx ? e−

i
2
qεθpei(q+p)x

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)e−

i
2
qεθp(eikx ? ei(q+p)x)

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)e−

i
2
qεθpei(k+q+p)xe−

i
2
kεθ(q+p)

=
∫
dk

∫
dq

∫
dpφ̃1(k)φ̃2(q)φ̃3(p)e−

i
2
kεθq− i

2
kεθp− i

2
qεθpei(k+q+p)x. (2.21)

4. Star Product of higher Orders:

The star product can be generalized to higher order if we keep the results of associa-
tivity (2.19-2.21) in mind,

φ1(x) ? φ2(x) ? ... ? φm(x) = (2.22)

=
1

(2π)4m

∫
d4k1

∫
d4k2...

∫
d4kme

i
m
P

i=1
ki,µxµ

e
− i

2

m
P

i<j
kiεθkj

φ̃1(k1)φ̃2(k2)...φ̃m(km).
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Additionally, we have to say that according to (2.18), we can skip one star under the
integral∫

d4xφ1(x) ? φ2(x) ? ... ? φm(x) =
∫
d4xφ1(x) ?

(
φ2(x) ? ... ? φm(x)

)
=

∫
d4xφ1(x)

(
φ2(x) ? ... ? φm(x)

)
. (2.23)

5. Cyclic Permutation under the Integral:

The property of cyclic permutation reads:

∫
d4xφ1(x) ? φ2(x) ? ... ? φm(x) =

∫
d4x

(
± φ2(x) ? ... ? φm(x) ? φ1(x)

)
. (2.24)

The plus or minus sign may occur if we permutate the fields or sources due to the
fact that fermions are Grassmann valued object which means:

AB = −BA, (2.25)

for two arbitrary Grassmann valued objects A and B. In Appendix A.1.1 is shown
the emergence of the plus or minus sign for our model.

However we will show the property of cyclic permutation for m = 3, while all other
cases follow through generalization:∫

d4xφ1(x) ? φ2(x) ? φ3(x) =

=
1

(2π)12

∫
d4x

∫
d4k1

∫
d4k2

∫
d4k3×

ei(k1+k2+k3)xe−
i
2
(k1εθk2+k1εθk3+k2εθk3)φ̃1(k1)φ̃2(k2)φ̃3(k3)

=
1

(2π)8

∫
d4k1

∫
d4k2

∫
d4k3δ

4(k1 + k2 + k3)×

e−
i
2
(k1εθk2+k1εθk3+k2εθk3)φ̃1(k1)φ̃2(k2)φ̃3(k3)

=
1

(2π)8

∫
d4k1

∫
d4k2

∫
d4k3δ

4(k1 + k2 + k3)

×
(
± e−

i
2
(k1εθk2+k1εθk3+k2εθk3)φ̃2(k2)φ̃3(k3)φ̃1(k1)

)
.

With a renaming of the k-indices:

k1 → k3,

k2 → k1,

k3 → k2,



14 CHAPTER 2. NCQFT

follows ∫
d4xφ1(x) ? φ2(x) ? φ3(x) =

=
1

(2π)8

∫
d4k3

∫
d4k1

∫
d4k2δ

4(k3 + k1 + k2)

×
(
± e−

i
2
(k3εθk1+k3εθk2+k1εθk2)φ̃2(k1)φ̃3(k2)φ̃1(k3)

)
.

If we keep in mind that we can use the following relations (based on the delta function
δ4(k1 + k2 + k3), which we will use to get the exponent in the right “star order”):

k1 = −k2 − k3, k2 = −k1 − k3, k3 = −k1 − k2,

we get ∫
d4xφ1(x) ? φ2(x) ? φ3(x) =

=
1

(2π)8

∫
d4k3

∫
d4k1

∫
d4k2δ

4(k1 + k2 + k3)

×
(
± e−

i
2
(k1εθk2+k1εθk3+k2εθk3)φ̃2(k1)φ̃3(k2)φ̃1(k3)

)
=

∫
d4x

(
± φ2(x) ? φ3(x) ? φ1(x)

)
,

which is what we wanted to show.

So we conclude that that every time we want to change the position of a field under
the integral (this is absolutely necessary for the functional derivative as we will see
later on), we must cyclicly permute and have an eye on the statistic nature of the
fields.



Chapter 3

BRSW Model

In this chapter we put forward an action for a noncommutative U?(1)-gauge theory,
introduce the BRST transformation and talk about symmetries which will arise from
the action. Especially the action and the following definitions are based on the work
of [20, 25, 26].

3.1 Definitions

We introduce definitions which are the base of our whole work.

The field strength tensor for U?(1)-gauge group:

Fµν = ∂µAν − ∂νAµ − ig[Aµ ?, Aν ]. (3.1)

The covariant derivative (the fat dot represents a placeholder):

Dµ• = ∂µ • −ig[Aµ ?, •]. (3.2)

The bilinear part of our field strength tensor:

fαβ = ∂αAβ − ∂βAα, (3.3)

and

f̃ = θαβ(∂αAβ − ∂βAα). (3.4)

The square of θµν1:

θ2 = θαβθαβ. (3.5)

The definition of �̃:

�̃ = ∂̃µ∂̃µ = θµα∂αθµβ∂β = θµαθµβ∂α∂β (3.6)
= −θαµθµβ∂α∂β = −(−δαβ)∂α∂β = δαβ∂α∂β = ∂α∂α = �.

1The special choice of θµν in the form of Eq. (2.6) will lead to θ2 = θαβθαβ = δαα = 4. This
result will not be inserted to keep calculations more general.

15
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Definitions (3.4) and (3.6) show the fact that every time a tilde object appears we
have our matrix θµν involved, in summary:

W̃µ = θµνWν , Wν ∈ {∂ν , Dν , Aν , kν}. (3.7)

3.2 Equivalences

Here we will show some important equivalences for our calculations.

The square of a tilde vector:

k̃2 = k̃µk̃µ = θµαkαθµβkβ = θµαθµβkαkβ = −θαµθµβkαkβ
= −(−δαβ)kαkβ = δαβkαkβ = kαkα = k2. (3.8)

Taking a closer look at (3.4) and renaming (α↔ β) the first term we receive:

f̃ = θαβ(∂αAβ − ∂βAα) = θβα∂βAα − θαβ∂βAα

= −θαβ∂βAα − θαβ∂βAα = −2θαβ∂βAα. (3.9)

The last equivalence is deduced from the abbreviation (2.11):

k1,µεθµνk2,ν = k1,νεθνµk2,µ = k1,νk2,µεθνµ

= k2,µk1,νεθνµ = k2,µεθνµk1,ν

= −k2,µεθµνk1,ν . (3.10)

For a fluent reading of the work some of the equivalences will be recapitulated for our
calculations without equation numbers.

The interval of an integral is defined by the following short notation:

∫
d4kI(k) ≡

+∞∫
−∞

dk0

+∞∫
−∞

dk1

+∞∫
−∞

dk2

+∞∫
−∞

dk3I(k) =:

+∞∫
−∞

d4kI(k). (3.11)

Last we have to mention that we use this notation (3.11) for integrals if we perform
a substitution k → −k:

∫
d4kI(k) k→−k=

−∞∫
+∞

(−dk0)...

−∞∫
+∞

(−dk3)I(−k0, ...,−k3)

≡ −
−∞∫

+∞

d4kI(−k) =
∫
d4kI(−k),

⇒
∫
d4kI(k) k→−k=

∫
d4kI(−k). (3.12)
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3.3 Functional Derivative

Next we will introduce the functional derivative defined by

δψα(x)
δψβ(y)

:= δαβδ
4(x− y), (3.13)

for two arbitrary fields ψα, ψβ . As we will see later on this definition will be extended
to sources associated with their fields.

If we use this definition we must also investigate the consequences of using the func-
tional derivative for our star product. For example, let us take a closer look at the
product of three arbitrary fields:

δ

δψµ(y)

∫
d4xφα(x) ? ψβ(x) ? ϕγ(x) = (3.14)

=
δ

δψµ(y)

∫
d4x

(
± ψβ(x) ? ϕγ(x) ? φα(x)

)
=

∫
d4x

(
± δβµδ

4(x− y)ϕγ(x) ? φα(x)
)

= ±δβµ
(
ϕγ(y) ? φα(y)

)
.

The occurring plus or minus sign generated through cyclic permutation depends on
the statistic nature of the fields.

We conclude that there are two steps for practical calculation: First cyclic permuta-
tion and after this execution of the functional derivative.

The proof of Eq. (3.14) is shown in Appendix B.1.1.

3.4 Partial Integration

In most cases, we use partial integration if we want to swap the derivative from one
field to another.

For bilinear expressions we have:∫
d4xA(x) ? ∂µBµ(x) = −

∫
d4x∂µA(x) ? Bµ(x). (3.15)

Clearly the star can be skipped and so no problems are expected. But now the
question arises: What consequences has the star product or expressions like 1

�̃ for
partial integration? The answer is we can use partial integration without restrictions∫

d4xA(x) ?
1
�̃
B(x) =

∫
d4x

1
�̃
A(x) ? B(x), (3.16)

and ∫
d4xA(x) ? B(x) ? ∂µCµ(x) = −

∫
d4x∂µ(A(x) ? B(x)) ? Cµ(x). (3.17)

Note that all surface terms are assumed to disappear in coordinate space (natural
boundary conditions).

The proof of Eqs. (3.15)-(3.17) can be found in Appendix B.2.1.
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3.5 The Action

The action of the BRSW Model is given by:

S = Sinv + Sghost + Sgf + Saux + Sbreak + Sext. (3.18)

Each term has the detailed expression [20]:

Sinv =
∫
d4x

1
4
Fµν ? Fµν ,

Sghost =
∫
d4x(−c̄ ? ∂µDµc),

Sgf =
∫
d4x(b ? ∂µAµ −

α

2
b ? b),

Saux = −
∫
d4xs(ψ̄µν ? Bµν) =

∫
d4x(−B̄µν ? Bµν + ψ̄µν ? ψµν), (3.19)

Sbreak =
∫
d4xs

{
(Q̄µναβ ? Bµν +Qµναβ ? B̄µν) ?

1
�̃

(fαβ + σ
θαβ
2
f̃)

}
=

∫
d4x

{
(J̄µναβ ? Bµν + Jµναβ ? B̄µν) ?

1
�̃

(fαβ + σ
θαβ
2
f̃)

− Q̄µναβ ? ψµν ?
1
�̃

(fαβ + σ
θαβ
2
f̃)

− (Q̄µναβ ? Bµν +Qµναβ ? B̄µν) ?
1
�̃
s(fαβ + σ

θαβ
2
f̃)

}
,

Sext =
∫
d4xs(−ΩA

µ ? Aµ + Ωc ? c) =
∫
d4x(ΩA

µ ? sAµ + Ωc ? sc).

The noncommutative generalization of a U?(1) gauge field is denoted by Aµ, c̄ and c
are the (anti-)ghosts and the multiplier field b implements the Landau gauge fixing
∂µAµ = 0, with α denoted as a real gauge fixing parameter and σ is a new real
parameter. Both parameters are dimensionless. ΩA

µ and Ωc are external sources
introduced for the non-linear BRST transformations sAµ and sc (with the BRST
operator s2), which will be defined in the next sections. The complex field Bµν and
its conjugate B̄µν as well as associated ghosts ψµν and ψ̄µν have been introduced
into the bilinear part of the action in order to implement the infrared (IR) damping.
These new unphysical fields do not interact with the gauge field Aµ.

The additional sources Q̄,Q, J̄ , J are needed in order to ensure BRST transformation
invariance of Sbreak in the ultraviolet (UV).

In the infrared, these sources take their “physical values”

Q̄µναβ

∣∣∣∣
phys

= 0, Qµναβ

∣∣∣∣
phys

= 0, (3.20)

and

J̄µναβ

∣∣∣∣
phys

=
γ2

4
(δµαδνβ − δµβδνα), Jµναβ

∣∣∣∣
phys

=
γ2

4
(δµαδνβ − δµβδνα), (3.21)

2The BRST operator s and transformations will be introduced in the Section 3.5.2, Eqs. (3.27)
and (3.28).
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implementing a ’soft breaking’ [30, 22, 24], of BRST transformation, where γ is a new
real parameter of the theory of mass dimension one.

The following table (3.1) shows all appearing fields and sources of this work.

Fields: Aµ c̄ c b B̄µν Bµν ψ̄µν ψµν
Sources: ΩA

µ Ωc Q̄µναβ Qµναβ J̄µναβ Jµναβ

Table 3.1: Fields and sources.

3.5.1 The Landau Gauge

After defining the action let us concentrate on the gauge fixing. The sum of Sghost
and Sgf may be combined to Sgf ′ (from now on we will use this notation for the rest
of our work):

Sghost + Sgf = Sgf ′ (3.22)

which leads to

Sgf ′ =
∫
d4x(b ? ∂µAµ − c̄ ? ∂µDµc−

α

2
b ? b)

=
∫
d4xs(c̄ ? (∂µAµ −

α

2
b)). (3.23)

Finally we take a closer look at the equation of motion for the field b by using the
functional derivative:

δ

δb(y)
Sgf ′ =

δ

δb(y)

∫
d4x(b ? ∂µAµ − c̄ ? ∂µDµc−

α

2
b ? b)

=
∫
d4x

(
∂µAµ − αb

)
δ4(x− y) =

(
∂µAµ − αb

)
(y) = 0,

⇒ b =
1
α
∂µAµ. (3.24)

Note that the field b represents an unphysical field and so it is allowed to set the
external source3 jb equal zero and use the free equation of motion.

If we now take the limit

α→ 0, (3.25)

we get the Landau gauge:

∂µAµ = 0. (3.26)

3The external source jb will become clear in the next sections.
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3.5.2 BRST Transformation

From now on we will omit the stars between the product of fields/fields or fields/sources4,
but keep always in mind that the star product is still present.

The obvious gauge invariance of the gauge theory is lost by the introduction of the
gauge-fixing term. However, a symmetry of the Lagrangian can be defined again by
an extension of the gauge transformation to the ghost fields. The extended gauge
transformation is the Becchi-Rouet-Stora-Tyutin (BRST) or BRST transformation
[31].

The product rule with s as the fermionic BRST operator reads:

s(AB) = (sA)B ±AsB, (3.27)

where the minus sign occurs if A is a fermionic field or source.

In our work the transformations are given by [20]:

sAµ = Dµc, sc = igcc,

sc̄ = b, sb = 0,
sψ̄µν = B̄µν , sB̄µν = 0,
sBµν = ψµν , sψµν = 0, (3.28)
sQ̄µναβ = J̄µναβ , sJ̄µναβ = 0,
sQµναβ = Jµναβ , sJµναβ = 0,

sΩA
µ = 0, sΩc = 0.

Dimensions, statistic behaviour and ghost numbers g] of our fields and sources are
summarised in the following tables.

Field Statistic g] Mass dim.

Aµ b 0 1
c̄ f −1 1
c f 1 0
b b 0 2
B̄µν b 0 2
Bµν b 0 2
ψ̄µν f −1 2
ψµν f 1 2

Table 3.2: Statistic behaviour of fields. Fermions are denoted by f while bosons are
denoted by b.

The BRST operator s is nilpotent:

s(sA) = s2A = 0, (3.29)

A ∈ {Aµ, c, c̄, b, B̄µν , Bµν , ψ̄µν , ψµν ,ΩA
µ ,Ω

c, Q̄µναβ , Qµναβ , J̄µναβ , Jµναβ}.
4Sometimes the star will be written to emphasise the noncommutativity.
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Source Statistic g] Mass dim.

ΩA
µ f −1 3

Ωc b −2 4
Q̄µν f −1 2
Qµν f −1 2
J̄µναβ b 0 2
Jµναβ b 0 2

Table 3.3: Statistic behaviour of sources.

Taking a closer look at Eqs. (3.19) and (3.23) we see that all action terms are
BRST transformations except the Sinv term. Nilpotency is not fulfilled for the whole
Lagrangian (sS 6=

∫
d4xs2A, S =

∫
d4xL =

∫
d4xsA) because of the term Sinv,

but we must point out that we can nevertheless receive sS = 0, which means BRST
invariance for the given action. For details take a closer look at Appendix B.3.1.

For the sake of completeness we give the expression of the term s(fαβ + σ
θαβ

2 f̃) from
Sbreak:

s(fαβ + σ
θαβ
2
f̃) = (3.30)

= (+ig){[c, (fαβ + σ
θαβ
2
f̃)] + [∂αc, Aβ ] − [∂βc, Aα] − σθαβθµν [∂νc, Aµ]}.

This term plays an important role in the calculation of the symmetries.

The detailed calculation of (3.30) can be found in Appendix B.3.2.

3.5.3 Symmetries

There are relations between a symmetry of the classical Lagrangian, currents and
charge conservation. If we extend these considerations to the path-integral repre-
sentation of quantum field theory the results will be the so called Ward identities
for Green functions. These identities are relations between Green functions resulting
from a symmetry of the action [32]. Transferring these considerations to BRST sym-
metry gives the Ward identities for the generating functional of the Green functions
of a non-abelian gauge theory, the so called Slavnov-Taylor identities [33], which are
essential for the proof of the renormalizability of gauge theories.

The Slavnov-Taylor identity describing the BRST symmetry content of the model is
given by [20]

B(S) =
∫
d4x

[
δS

δΩA
µ

δS

δAµ
+

δS

δΩc

δS

δc
+ b

δS

δc
+ J̄µναβ

δS

δQ̄µναβ
(3.31)

+ Jµναβ
δS

δQµναβ
+ ψµν

δS

δBµν
+ B̄µν

δS

δψ̄µν

]
= 0,
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from which one derives the linearized Slavnov-Taylor operator [20]:

BS =
∫
d4x

[
δS

δΩA
µ

δ

δAµ
+

δS

δAµ

δ

δΩA
µ

+
δS

δΩc

δ

δc
+
δS

δc

δ

δΩc
+ b

δ

δc

]
. (3.32)

Furthermore we have the gauge fixing condition (α→ 0)

δS

δb
= ∂µAµ = 0, (3.33)

the ghost equation

G(S) = ∂µ
δS

δΩA
µ

+
δS

δc
= 0, (3.34)

with the ghost operator

G := ∂µ
δ

δΩA
µ

+
δ

δc
. (3.35)

The antighost equation

G(S) =
∫
d4x

δS

δc(x)
= 0. (3.36)

with the antighost operator

G :=
∫
d4x

δ

δc(x)
. (3.37)

We also have the symmetry U(S):

Uαβµν(S) = 0, (3.38)

with the symmetry operator U given by

Uαβµν =
∫
d4

[
Bαβ

δ

δBµν
− B̄µν

δ

δB̄αβ
+ Jαβσρ

δ

δJµνρσ
− J̄µνρσ

δ

δJ̄αβρσ
(3.39)

+ ψαβ
δ

δψµν
− ψ̄µν

δ

δψ̄αβ
+Qαβρσ

δ

δQµνρσ
− Q̄µνρσ

δ

δQ̄αβρσ

]
.

The trace of U is connected to the reality of the action, and is hence denoted ‘reality
charge‘ Q [21]:

Q ≡ δαµδβνUαβµν = (3.40)

=
∫
d4

[
Bαβ

δ

δBαβ
− B̄αβ

δ

δB̄αβ
+ Jαβσρ

δ

δJαβρσ
− J̄αβρσ

δ

δJ̄αβρσ

+ ψαβ
δ

δψαβ
− ψ̄αβ

δ

δψ̄αβ
+Qαβρσ

δ

δQαβρσ
− Q̄µνρσ

δ

δQ̄αβρσ

]
.

Obviously Q(S) also generates a symmetry of the action (3.18):

Uαβµν(S) = 0 ⇒ Q(S) = 0. (3.41)
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Having defined the operators BS , Ḡ and Q we may derive the following graded com-
mutators and anticommutators:

{Ḡ, Ḡ} = 0, {BS ,BS} = 0, {Ḡ,BS} = 0, (3.42)
[Ḡ,Q] = 0, [Q,Q] = 0, [BS ,Q] = 0.

which means that these symmetry operators form a closed algebra.

The detailed calculation of all (anti-)commutators (except the ones involving the
linearized Slavnov Taylor operator BS) and the proof of Eqs. (3.34, 3.36) and (3.38)
can be found in Appendix B.4.
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Chapter 4

Feynman Rules

After having introduced the action (3.18), we want to find out which parts give rise to
propagators and which to vertices. In a first step we divide the action S into a bilinear
part S′ containing only products of two fields and a part which consists of products of
more than two fields. The bilinear of the action describes the free propagation of the
fields without any interaction and therefore produces propagators. The non-bilinear
terms contain interactions of the fields and will therefore be the source for vertices.

4.1 Propagators

The content of the following section represents a summary of [34, 35] .

4.1.1 Technical Remarks on the Calculation of Propagators

The free propagator in Minkowski space is defined as the time ordered expectation
value of the free fields

∆ab(x− y) = 〈0|TΨa(x)Ψb(y)|0〉(0). (4.1)

Arbitrary fields are denoted by Ψa,Ψb. The index (0) denotes that we are looking at
free fields and T stands for the time ordering operator. This operator is defined by

TΨa(x)Ψb(y) = Θ(tx − ty)Ψa(x)Ψb(y) + Θ(ty − tx)Ψb(y)Ψa(x). (4.2)

In contrast to Minkowski space the propagator in Euclidean space reads

∆ab(x− y) = 〈0|Ψa(x)Ψb(y)|0〉(0). (4.3)

Next we introduce the generating functional for all Green functions in an Euclidean
space as the vacuum to vacuum transition amplitude

Z[J ] = 〈0|e−
R

d4xJa(x)Ψa(x)|0〉 =
∫
D[ψ]e−

R

d4xL[ψ]−
R

d4xJa(x)ψa(x)∫
D[ψ]e−

R

d4xL[ψ]
. (4.4)

The field Ψa(x) represents the full field operator with all quantum corrections while
ψa(x) represents the classical field.

25
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Z[J ] can be expanded as a power series in the sources Ja(x),

Z[J ] = 1 +
∞∑
n=1

(−1)n

n!

∫
d4x1...

∫
d4xnJa1(x1)...Jan(xn)Ga1...an(x1, ..., xn) (4.5)

At this point we have introduced the classical sources (i.e. not quantized) J(x) =
{Ja(x); a = 1, .., n} of the field ψ(x) = {ψa(x); a = 1, .., n}. The correspondence is
shown in Tab. 4.1. Note that all fields and their sources commute, except of the

Fields: ψa ∈ Aµ c̄ c b B̄µν Bµν ψ̄µν ψµν

Sources: Ja ∈ jAµ jc j c̄ jb jB̄µν jBµν jψµν jψ̄µν

Table 4.1: Correspondence of fields and sources.

ghost fields c̄, c and their sources j c̄, jc and the associated ghosts ψµν , ψ̄µν and their
sources jψµν , j

ψ̄
µν .

A general n-point Green function Ga1...an(x1, ..., xn) is then obtained from Z[J ] by
functional derivation with respect to the sources Ja(x),

Ga1...an(x1, ..., xn) = (−1)n
δnZ[J ]

δJa1(x1)...δJan(xn)

∣∣∣∣
J=0

. (4.6)

The contribution of a connected graph to a Green function is called a connected Green
function. The generating functional Zc[J ] of connected Green functions Gc is related
to Z[J ] via

Z[J ] = e−Z
c[J ]. (4.7)

Its expansion with respect to the sources Ja(x) reads

Zc[J ] =
∞∑
n=1

(−1)n−1

n!

∫
d4x1...

∫
d4xnJa1(x1)...Jan(xn)〈0|ψa1(x1)...ψan(xn)|0〉c.

(4.8)

The connected n-point Green functions are given by functional derivation of Zc[J ]
with respect to the sources Ja(x),

Gca1...an
(x1, ..., xn) = (−1)n−1 δnZc[J ]

δJa1(x1)...δJan(xn)

∣∣∣∣
J=0

. (4.9)

A connected graph with amputated external legs which remains connected after cut-
ting an arbitrary internal line is called an one-particle irreducible (1PI) graph. The
contribution of an 1PI graph to an amputated connected Green function is called a
n-point vertex function,

Γa1...an(x1, ..., xn) = − δnΓ[ψcl.]
δψcl.a1

(x1)...δψcl.an
(xn)

∣∣∣∣
J=J [ψcl.]

(4.10)

= 〈0|ψa1(x1)...ψan(xn)|0〉1PI ,
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where the classical field ψcl.a (x) is defined as

ψcl.a (x) = ψcl.a [J ](x) =
δZc[J ]
δJa(x)

, (4.11)

with

Ja(x) = Ja[ψcl.](x) = ±f
b

δΓ[ψcl.]
δψcl.a (x)

, (4.12)

where the minus sign occurs for bosons (denoted by the index b) and the plus sign
for fermions (denoted by the index f).

The generating functional of the n-point vertex functions, the vertex functional is
defined by the Legendre transformation

Γ[ψcl.] = Zc[J ] −
∫
d4xJa(x)ψcl.a (x)

∣∣∣∣
Ja=Ja[ψcl.](x)

. (4.13)

With the definition of the vertex functional Γ[ψcl.], the proof of (4.12) can be shown:

δΓ[ψcl.]
δψcl.a (x)

=
∫
d4y

δZc[J ]
δJb(y)

δJb(y)
δψcl.a (x)

−
∫
d4y

(
δJb(y)
δψcl.a (x)

ψcl.b (y) ∓f
b δabδ

4(y − x)Jb(y)
)

(4.14)

=
∫
d4y

(
δZc[J ]
δJb(y)

− ψcl.b (y)
)
δJb(y)
δψcl.a (x)

±f
b Ja(x).

With the help of (4.11), the integrand vanishes and in the end we get Eq. (4.12):

δΓ[ψcl.]
δψcl.a (x)

= ±f
bJa(x).

Additionally, we have to say that the two point vertex functions represent the in-
verse of the two-point connected Green functions in the following sense (for bosonic
statistic)∫

d4yΓac(x, y)Gccb(y, z) =
∫
d4y

δ2Γ[ψcl.]
δψcl.a (x)δψcl.c (y)

δ2Zc[J ]
δJc(y)δJb(z)

(4.15)

= −
∫
d4y

δJc(y)
δψcl.a (x)

δψcl.b (z)
δJc(y)

= −δabδ4(z − x).

The pertubative expansion of the Green functions can be ordered according to the
number of loops of the corresponding Feynman graphs which correspond to a formal
power series in ~

Γ[ψcl.] =
∞∑
n=0

~nΓ(n)[ψcl.], (4.16)

where Γ(n) is the contribution of the n-loop 1PI graphs to the vertex functional.
S[ψcl.] equals the zeroth order vertex functional Γ(0)[ψcl.],

Γ(0)[ψcl.] = S[ψcl.]. (4.17)
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The explicit calculation of the propagators read

∆ab(x− y) := Gab(x, y) = Gcab(x, y) = − δ2Zc[J ]
δJa(x)δJb(y)

∣∣∣∣
Ja=Jb=0

= −
δψcl.b [J ](y)
δJa(x)

, (4.18)

which means that we first have to find an expression for the field ψcl.b (y) in terms of
sources by using Eq. (4.12),

δΓ[ψcl.]
δψcl.a (x)

= ±Ja(x)
tree level−−−−−→ δS[ψcl.]

δψcl.a (x)
= ±Ja(x), (4.19)

and then differentiate the field ψcl.b (y) with respect to the source Ja(x).

The proof of (4.18) can be found in Appendix C.1.1.

For the model of this work, Eqs. (4.11) and (4.12) have the appearance

δZc

δjµ(x)
= Aµ(x),

δΓ(0)

δAµ(x)
= −jAµ (x),

δZc

δj c̄(x)
= c(x),

δΓ(0)

δc(x)
= +j c̄(x),

δZc

δjc(x)
= c̄(x),

δΓ(0)

δc̄(x)
= +jc(x),

δZc

δjb(x)
= b(x),

δΓ(0)

δb(x)
= −jb(x),

δZc

δjB̄(x)
= B̄µν(x),

δΓ(0)

δB̄µν
= −jB̄(x), (4.20)

δZc

δjB(x)
= Bµν(x),

δΓ(0)

δBµν
= −jB(x),

δZc

δjψ̄(x)
= ψµν(x),

δΓ(0)

δψµν
= +jψ̄(x),

δZc

δjψ(x)
= ψ̄µν(x),

δΓ(0)

δψ̄µν
= +jψ(x).

Note that if we calculate propagators we only look at bilinear terms of the action and
insert the ’physical values’ given from (3.20, 3.21) for our additional sources.

Next we will introduce the following abbreviation for the bilinear part of the action

Sbilineari ≡ S′
i, (4.21)

with

i = inv, gf ′, aux, break, ext.
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Due to bilinearity our star product disappears under the integral (2.18), which means
in our mathematical formalism (for two arbitrary fields A and B):

δ

δB(y)

∫
d4x(A ? B) =

δ

δB(y)

∫
d4x(AB) =

δ

δB(y)

∫
d4x

(
± (BA)

)
(4.22)

=
∫
d4x

(
± δ4(x− y)A(x)

)
=

∫
d4x

(
±A(x)δ4(x− y)

)
= ±A(y).

Before we start with the calculation of the propagators we must say a few words
about notation. The formal notation in this work is given by:

G12
ab(x, y) = − δ

δJ1
a (x)

δ

δJ2
b (y)

Zc. (4.23)

4.1.2 The Photon Propagator G̃AA

The first propagator will be calculated in detail to show the mathematical techniques.

According to Eqs. (4.18) and (4.19), the photon propagator has the general form of:

GAAσε (x, y) = − δ2Zc

δjAσ (x)δjAε (y)
= −δAε(y)

δjAσ (x)

= −δAε[j
A
ε (y)]

δjAσ (x)
. (4.24)

Looking at this expression we see that we have to express the field Aε(y) in terms of
sources. Therefore we must eliminate all other remaining fields.

First we try to find the functional derivative of the whole bilinear action by using Eq.
(4.19):

δ

δAε
Sbilinear =

δ

δAε
(S′
inv + S′

gf + S′
aux + S′

break + S′
ext) = −jAε , (4.25)

and next we take a closer look at each term.

For S′
inv we have:

Sinv =
∫
d4x

1
4
FµνFµν ,

⇒ S′
inv =

∫
d4x

1
4
(∂µAν − ∂νAµ)(∂µAν − ∂νAµ)

=
∫
d4x

1
4
(∂µAν − ∂νAµ)∂µAν −

1
4
(∂µAν − ∂νAµ)∂νAµ

=
∫
d4x

1
2
(∂µAν − ∂νAµ)(∂µAν).

Using partial integration we receive a more compact representation

S′
inv = −

∫
d4x

1
2
∂µ(∂µAν − ∂νAµ)Aν = −

∫
d4x

1
2

(
(∂α∂αδµν − ∂µ∂ν)Aµ

)
Aν

=
∫
d4x

1
2

(
(∂µ∂ν − �δµν)Aµ

)
Aν . (4.26)
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The functional derivative yields:

δS′
inv

δAε(y)
=

δ

δAε(y)

∫
d4x

{
1
2

(
(∂µ∂ν − �δµν)Aµ

)
Aν

}
(x)

=
∫
d4x

(
1
2
(∂µ∂ν − �δµν)δµεδ4(x− y)Aν +

1
2
(∂µ∂ν − �δµν)Aµδνεδ4(x− y)

)
=

1
2

(
(∂µ∂ν − �δµν)δµεAν + (∂µ∂ν − �δµν)Aµδνε

)
(y).

If we now rename the first term (µ↔ ν) we get:

δS′
inv

δAε(y)
= [(∂ε∂µ − �δεµ)Aµ](y). (4.27)

For a fluent reading, we will omit the space coordinates as long as we will not point
out the mathematical techniques.

Next we look at the term Sgf ′ .

Sgf ′ =
∫
d4x(b∂µAµ −

α

2
b2 − c̄∂µDµc) =

∫
d4x(−∂µbAµ −

α

2
b2 − c̄∂µDµc).

The bilinear parts reads:

S′
gf ′ =

∫
d4x

(
− ∂µbAµ −

α

2
b2 − c�c

)
(x). (4.28)

Executing the functional derivative gives:

δS′
gf ′

δAε(y)
=

∫
d4x

(
− ∂µbδµεδ

4(x− y)
)

=
(
− ∂µbδµε

)
(y) = −∂εb(y). (4.29)

For the other action terms we receive

δS′
aux

δAε
= 0, S′

ext = 0, (4.30)

and finally Sbreak gives:

S′
break


phys

=
∫
d4x

(
(J̄µναβ


phys

Bµν + Jµναβ


phys

B̄µν)
1
�̃

(fαβ + σ
θαβ
2
f̃)

)
=

∫
d4x

(
γ2

4
((δµαδνβ − δµβδνα)Bµν + (δµαδνβ − δµβδνα)B̄µν)

× 1
�̃

(fαβ + σ
θαβ
2
f̃)

)
=

∫
d4x

(
γ2

2
(B̄αβ +Bαβ)

1
�̃

(fαβ + σ
θαβ
2
f̃)

)
=

=
∫
d4x

(
γ2

2
(B̄αβ +Bαβ)

1
�̃

(∂αAβ − ∂βAα − σθαβθµν∂νAµ)
)
. (4.31)



4.1. PROPAGATORS 31

If we keep in mind that the following equations (remember the Section B.2.1) are
valid, ∫

d4xA
1
�̃
B =

∫
d4x

1
�̃
AB; ∂α

1
�̃

=
1
�̃
∂α,

we get

δS′
break

δAε(y)
=

=
γ2

2

∫
d4x

(
− ∂α

1
�̃

(Bαβ + B̄αβ)δεβδ4(x− y) + ∂β
1
�̃

(Bαβ + B̄αβ)δεαδ4(x− y)

+ σθαβθµνδεµδ
4(x− y)∂ν

1
�̃

(Bαβ + B̄αβ)
)

=
γ2

2

(
− ∂α

1
�̃

(Bαβ + B̄αβ)δεβ + ∂β
1
�̃

(Bαβ + B̄αβ)δεα

+ σθαβθµνδεµ∂ν
1
�̃

(Bαβ + B̄αβ)
)

(y)

= γ2

(
− ∂α

1
�̃

(Bαε + B̄αε) + σ
θαβ
2
∂̃ε

1
�̃

(Bαβ + B̄αβ)
)

(y). (4.32)

Therefore, follows for the bilinear part of the action (3.18):

δS′

δAε
= (∂ε∂µ − �δεµ)Aµ − ∂ε

1
α
b

+ γ2[−∂α
1
�̃

(Bαε + B̄αε) + σ
θαβ
2
∂̃ε

1
�̃

(Bαβ + B̄αβ)] = −jAε . (4.33)

Next step is to find an expression for the fields b, Bµν and B̄µν in terms of Aµ.

We start with the field b,

δS′
gf ′

δb
=

∫
d4x

(
∂µAµ − αb

)
δ4(x− y) =

(
∂µAµ − αb

)
(y) = −jb(y),

⇒ b =
1
α

(jb + ∂µAµ). (4.34)

The fields Bµν and B̄µν are antisymmetric (Bµν = −Bνµ), which influences the func-
tional derivative in the following sense:

δBαβ(x)
δBµν(y)

=
1
2
(δαµδβν − δανδβµ)δ4(x− y), (4.35a)

δB̄αβ(x)
δB̄µν(y)

=
1
2
(δαµδβν − δανδβµ)δ4(x− y). (4.35b)
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Again we try to find the functional derivative for each action term (3.19), involving
those fields:

δS′
break

δBσρ(y)
=
γ2

2

∫
d4x

(
1
2
(δασδβρ − δαρδβσ)δ4(x− y)

1
�̃

(fαβ + σ
θαβ
2
f̃)

)
=
γ2

2

(
1
2
(δασδβρ − δαρδβσ)

1
�̃

(fαβ + σ
θαβ
2
f̃)

)
(y)

=
γ2

2
1
�̃

(
fσρ + σ

θσρ
2
f̃

)
(y),

and

δS′
aux

δBσρ(y)
= −

∫
d4x

(
B̄µν

1
2
(δµσδνρ − δµρδνσ)δ4(x− y)

)
= −B̄σρ(y).

The sum of the last two equations leads to:

δS′

δBσρ(y)
= −B̄σρ +

γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃) = −jBσρ(y).

Due to the same structure of B̄µν given in the action (3.19) we calculate the source
jB̄σρ in the same way,

δS′

δB̄σρ
= −Bσρ +

γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃) = −jB̄σρ.

So we arrive at:

B̄σρ = [jBσρ +
γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃)], (4.36a)

Bσρ = [jB̄σρ +
γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃)]. (4.36b)

Inserting Eq. (4.34) and the last two equations in (4.33) using the known identities:

f̃ = θµνfµν = θµν(∂µAν − ∂νAµ) = −2θµν∂νAµ,

∂̃µ = θµν∂ν ,

leads to the following expression for the source jAε :

−jAε = (∂ε∂µ − �δεµ)Aµ − ∂ε
1
α

(jb + ∂µAµ) (4.37)

+ γ2

{
− ∂α

1
�̃

(
[jB̄αε +

γ2

2
1
�̃

(fαε + σ
θαε
2
f̃)] + [jBαε +

γ2

2
1
�̃

(fαε + σ
θαε
2
f̃)]

)
+ σ

θαβ
2
∂̃ε

1
�̃

(
[jB̄αβ +

γ2

2
1
�̃

(fαβ + σ
θαβ
2
f̃)] + [jBαβ +

γ2

2
1
�̃

(fαβ + σ
θαβ
2
f̃)]

)}
.
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Algebraic manipulation gives:

−jAε = (∂ε∂µ − �δεµ)Aµ − ∂ε
1
α

(jb + ∂µAµ)

− γ2∂α
1
�̃

(jBαε + jB̄αε) + γ2σ
θαβ
2
∂̃ε

1
�̃

(jBαβ + jB̄αβ)

− γ4∂α
1

�̃2
(fαε − σθαεθµν∂νAµ) + γ4σ

θαβ
2
∂̃ε

1
�̃2

(fαβ − σθαβθµν∂νAµ)

= (∂ε∂µ − �δεµ)Aµ − ∂ε
1
α

(jb + ∂µAµ) − γ2[∂αδεβ − σ
θαβ
2
∂̃ε]

1
�̃

(jBαβ + jBαβ)

− γ4∂α
1

�̃2
(∂αAε − ∂εAα − σθαεθµν∂νAµ)

+ γ4σ
θαβ
2
∂̃ε

1
�̃2

(∂αAβ − ∂βAα − σθαβθµν∂νAµ).

The next step is to use the identities:

θαε∂α = −θεα∂α = −∂̃ε,
θµν∂ν = ∂̃µ,

θαβ(∂αAβ − ∂βAα) = −2θαβ∂βAα = −2∂̃αAα,

in order to obtain

−jAε = (∂ε∂µ − �δεµ)Aµ − ∂ε
1
α

(jb + ∂µAµ)

− γ2[∂αδεβ − σ
θαβ
2
∂̃ε]

1
�̃

(jB̄αβ + jBαβ)

− γ4 1
�̃2

(�Aε − ∂ε∂αAα − σθαε∂αθµν∂νAµ)

+ γ4σ
θαβ
2
∂̃ε

1
�̃2

(∂αAβ − ∂βAα − σθαβθµν∂νAµ)

= (∂ε∂µ − �δεµ)Aµ − ∂ε
1
α

(jb + ∂µAµ)

− γ2[∂αδεβ − σ
θαβ
2
∂̃ε]

1
�̃

(jB̄αβ + jBαβ)

− γ4 1
�̃2

(�Aε − ∂ε∂µAµ + σ∂̃ε∂̃µAµ)

+ γ4 1
�̃2

(−σ∂̃ε∂̃αAα − σ2 θ
2

2
∂̃ε∂̃µAµ)

= (1 +
γ4

�̃2
)(∂ε∂µ − �δεµ)Aµ − ∂ε(

1
α

(jb + ∂µAµ))

− γ2[∂αδεβ − σ
θαβ
2
∂̃ε]

1
�̃

(jB̄αβ + jBαβ)

− γ4[2σ + 2(
σ

2
)2θ2]

1
�̃2

∂̃ε∂̃µAµ. (4.38)

Looking at the last equation we see that we have to express:

∂µAµ, ∂̃αAα,
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in terms of the sources.

Keeping in mind

∂α∂̃α = θαβ∂α∂β = 0, (4.39)

we start with the calculation of ∂µAµ by differentiating the source jAε :

−∂εjAε = (1 +
γ4

�̃2
)(�∂µ − �∂µ)Aµ −

1
α

�jb − 1
α

�∂µAµ − γ2 1
�̃
∂α∂β(jBαβ + jB̄αβ).

Rearranging gives

∂µAµ =
α

�∂εj
A
ε − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ). (4.40)

The following expression ∂̃αAα will be calculated in the same way,

−∂̃εjAε = (1 +
γ4

�̃2
)(−�∂̃εAε) − γ2[∂α∂̃β − σ

θαβ
2

�̃]
1
�̃

(jBαβ + jB̄αβ)

− γ4[2σ + 2(
σ

2
)2θ2]

1
�̃
∂̃αAα.

We rearrange and obtain1:

∂̃αAα =
[−∂̃εjAε + γ2(∂α∂̃β − σ

θαβ

2 �̃) 1
�̃(jB̄αβ + jBαβ)]

[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

. (4.41)

Inserting Eqs. (4.40) and (4.41) into (4.38) leads to:

−jAε = (1 +
γ4

�̃2
)
(
∂ε[

α

�∂βj
A
β − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jB̄αβ)]

)
− (1 +

γ4

�̃2
)�Aε −

1
α
∂εj

b

− 1
α
∂ε[

α

�∂βj
A
β − jb − γ2 α

�
1
�̃
∂α∂β(jB̄αβ + jBαβ)]

− γ2[∂αδεβ − σ
θαβ
2
∂̃ε]

1
�̃

(jB̄αβ + jBαβ)

− γ4[2σ + 2(
σ

2
)2θ2]

1
�̃2

∂̃ε

{ [−∂̃βjAβ + γ2(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃(jB̄αβ + jBαβ)]

[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}
,

1To shorten expressions we introduce (...�)−1A ≡ A
(...�)

.
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which means for the field Aε:

Aε(y) =
(

1

[1 + γ4

�̃2
]�

){
jAε + (1 +

γ4

�̃2
)
(
∂ε[

α

�∂βj
A
β − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ)]

)
(4.42)

− 1
α
∂εj

b

− 1
α
∂ε[

α

�∂βj
A
β − jb − γ2 α

�
1
�̃
∂α∂β(jB̄αβ + jBαβ)]

− γ2[∂αδεβ − σ
θαβ
2
∂̃ε]

1
�̃

(jB̄αβ + jBαβ)

− γ4[2σ + 2(
σ2

4
)θ2]∂̃ε

1
�̃2

{ [−∂̃βjAβ + γ2(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃(jB̄αβ + jBαβ)]

[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}
(y).

The functional derivative of Aε with respect to the source jAσ (4.24) finally leads to
GAAσε :

GAAσε (x, y) = −
(

1

[1 + γ4

�̃2
]�

){
δσε −

(
1 − α(1 +

γ4

�̃2
)
)

1
�∂ε∂βδβσ

− γ4 1
�̃2

{
[2σ + 2(σ

2

4 )θ2](−∂̃ε∂̃βδβσ)
[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}
δ4(y − x)

= −
(

1

[1 + γ4

�̃2
]�

){
δσε −

(
1 − α(1 +

γ4

�̃2
)
)

1
�∂σ∂ε (4.43)

− γ4 1
�̃2

{
[2σ + 2(σ

2

4 )θ2](−∂̃σ∂̃ε)
[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}
δ4(y − x).

To get a more descriptive illustration of this propagator we perform a Fourier trans-
formation while using:

δ4(y − x) =
1

(2π)4

∫
d4peip(y−x). (4.44)

This leads to (keep in mind: � ≡ �y and ∂ε ≡ ∂
∂yε

):

GAAσε (x, y) = −
(

1

[1 + γ4

�̃2
]�

){
δσε −

(
1 − α(1 +

γ4

�̃2
)
)

1
�∂σ∂ε

− γ4 1
�̃2

{
[2σ + 2(σ

2

4 )θ2](−∂̃σ∂̃ε)
[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}
1

(2π)4

∫
d4peip(y−x)

= − 1
(2π)4

∫
d4p

(
1

[1 + γ4

p̃4
](−p2)

){
δσε +

(
1 − α(1 +

γ4

p̃4
)

1
p2

)
(ipσ)(ipε) (4.45)

− γ4 1
p̃4

{
[2σ + 2(σ

2

4 )θ2](−(ip̃ε)(ip̃σ))

[(1 + γ4

p̃4
)p2 − γ4(2σ + 2(σ2

4 )θ2)(− 1
p̃2

)]

}}
eip(y−x).
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The propagator GAAσε has now already the presentation of a Fourier transformation.
The factor (1/2π)4 in front of the integral and the exponent are already chosen. So
the factor and exponent for the inverse Fourier transformation is fixed.
Due to the fact that our propagator only depends on the difference of (y − x), GAAσε
is translation invariant, thus we can write:

GAAσε (x, y) = GAAσε (z), z = y − x. (4.46)

The proof of this equation can be found in Appendix C.1.2.

Hence we have:

GAAσε (z) =
1

(2π)4

∫
d4p

(
1

[1 + γ4

p̃4
]p2

)
×

{
δσε −

(
1 − α(1 +

γ4

p̃4
)
)
pσpε
p2

− γ4 1
p̃4

{
[2σ + 2(σ

2

4 )θ2]p̃εp̃σ
[(1 + γ4

p̃4
)p2 + γ4(2σ + 2(σ2

4 )θ2) 1
p̃2

]

}}
eipz.

The Fourier transform G̃AAσε is now given by:

G̃AAσε (k) =
∫
d4ze−ikzGAAσε (z) (4.47)

=
1

(2π)4

∫
d4z

∫
d4p

(
1

[1 + γ4

p̃4
]p2

)
×

{
δσε −

(
1 − α(1 +

γ4

p̃4
)
)
pεpσ
p2

− γ4

{
[2σ + 2(σ

2

4 )θ2]p̃εp̃σ
p̃4[(1 + γ4

p̃4
)p2 + γ4(2σ + 2(σ2

4 )θ2) 1
p̃2

]

}}
eiz(p−k)

=
∫
d4p

(
1

[1 + γ4

p̃4
]p2

)
×

{
δσε −

(
1 − α(1 +

γ4

p̃4
)
)
pεpσ
p2

− γ4

{
[2σ + 2(σ

2

4 )θ2]p̃εp̃σ
p̃4[(1 + γ4

p̃4
)p2 + γ4(2σ + 2(σ2

4 )θ2) 1
p̃2

]

}}
δ4(p− k)

=
1

[1 + γ4

k̃4
]k2

[
δσε − (1 − α(1 +

γ4

k̃4
))
kσkε
k2

− γ4

{
[2σ + 2(σ

2

4 )θ2]k̃σk̃ε
k̃4[(1 + γ4

k̃4
)k2 + γ4(2σ + 2(σ2

4 )θ2) 1
k̃2

]

}]
.

If we now introduce the abbreviation:

σ̄4 ≡ 2[σ +
σ2

4
θ2]γ4, (4.48)

and use the Landau gauge (α→ 0) we receive:

G̃AAσε (k) =
1

[1 + γ4

k̃4
]k2

[
δσε −

kσkε
k2

− σ̄4

[(k̃2 + γ4

k̃2
)k2 + σ̄4]

k̃σk̃ε

k̃2

]
. (4.49)

Behaviour of G̃AAσε in the IR/UV-Limit

Of special interest is the behaviour of G̃AAσε in the IR-and UV-limit precisely because
divergences will arise from these limits.
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We start with the IR-limit (given by k̃2 → 0) and take a closer look at the overall
factor outside the big square brackets and the factor of the third term inside the big
brackets of Eq. (4.49). Both factors involve the variable k in the denominator and
hence possibly influence the nature of divergence.

The first one leads to

(4.50)

1

[1 + γ4

k̃4
]k2

=
1

[k2 + γ4

k̃2
]
≈ k̃2

γ4
, k̃2 → 0,

the second one can be approximated by

(4.51)

σ̄4

[(k̃2 + γ4

k̃2
)k2 + σ̄4]

≈ σ̄4

[γ4 + σ̄4]
, k̃2 → 0.

Therefore, in the IR-limit the propagator reads

G̃AAσε (k) ≈ k̃2

γ4

[
δσε −

kεkσ
k2

− σ̄4

[γ4 + σ̄4]
k̃εk̃σ

k̃2

]
. (4.52)

The UV-limit (given by k2 → ∞) shows for the first factor

1

[1 + γ4

k̃4
]k2

≈ 1
k2
, k̃2 → ∞, (4.53)

for the second one

σ̄4

[(k̃2 + γ4

k̃2
)k2 + σ̄4]

≈ 0, k̃2 → ∞, (4.54)

and finally leads to

G̃AAσε (k) ≈ 1
k2

[
δεσ −

kεkσ
k2

]
. (4.55)

The last approximation will play an important role in this work. As we will discuss
sufficiently in the next chapters all divergences at one-loop arise from the limit k → ∞
and therefore (4.55) represents the adequate candidate for calculations involving the
photon propagator.

4.1.3 The Ghost Propagators G̃c̄c and G̃cc̄

The ghost fields c̄ und c are fermionic.

The bilinear part of the action term

Sgf =
∫
d4x(b∂µAµ − c̄∂µDµc−

α

2
b2),
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reads

S′
gf = −

∫
d4x(c̄�c− α

2
b2). (4.56)

The source jc is given by:

δS′
gf

δc̄(y)
= −

∫
d4x

δc̄(x)
δc̄(y)

�c = −
∫
d4xδ4(x− y)�c = [−�c](y)

= +jc(y)

⇒ c = − 1
�j

c (4.57)

The propagator Gc̄c is now calculated in the typical way

Gc̄c(x, y) = − δ2Zc

δjc(x)δj c̄(y)
= − δc(y)

δjc(x)
=

1
�δ

4(y − x) (4.58)

=
1

(2π)4

∫
d4p

1
�e

ip(y−x) =
1

(2π)4

∫
d4p(− 1

p2
)eip(y−x).

Introducing z = y − x gives:

Gc̄c(z) =
1

(2π)4

∫
d4p(− 1

p2
)eipz.

Hence the Fourier transform reads

G̃c̄c(k) =
1

(2π)4

∫
d4z

∫
d4p(− 1

p2
)eiz(p−k) =

∫
d4p(− 1

p2
)δ4(p− k)

= − 1
k2
. (4.59)

The calculation of G̃cc̄ is done in the same way but we have to pay attention to the
fermionic character of the fields which shows a special property of propagators derived
by fermionic fields,

δS′
gf

δc(y)
=

∫
d4x

δc(x)
δc(y)

�c̄ =
∫
d4xδ4(x− y)�c̄ = �c̄(y)

= +j c̄(y)

⇒ c̄ =
1
�j

c̄ (4.60)

The functional derivative of c̄(y) gives the propagator,

Gcc̄(x, y) = − δ2Zc

δj c̄(x)δjc(y)
= − δc̄(y)

δj c̄(x)
= − 1

�δ
4(y − x)

= − 1
(2π)4

∫
d4p

1
�e

ip(y−x)

= − 1
(2π)4

∫
d4p(− 1

p2
)eip(y−x). (4.61)
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Introducing z = y − x leads to

Gcc̄(z) =
1

(2π)4

∫
d4p

1
p2
eipz,

and the Fourier transform finally reads

G̃cc̄(k) =
1

(2π)4

∫
d4z

∫
d4p

1
p2
eiz(p−k) =

∫
d4p

1
p2
δ4(k − p)

=
1
k2
. (4.62)

Therefore, the fermionic character leads to a minus sign for the propagator generated
through the interchange of the sources (they obey the same statistic as their assigned
fields) in Eq. (4.58), i.e.

G̃c̄c(k) = −G̃cc̄(k). (4.63)

Note that G̃c̄c(k) and G̃cc̄(k) are quadratically divergent in the IR.

4.1.4 Remaining Propagators

This section is intended to state the remaining propagators which can be deduced
from the action (3.18, 3.19), but will not contribute to physical results. As we will
see from the next section non bilinear terms of the given action give rise to vertices.
The non bilinear terms involve only the fields Aµ, c̄ and c.
However, for the sake of completeness, we give the respective expressions for the
remaining propagators and their relatives. Relatives means that for example if the
propagator GAB exists, obviously GBA exists too and therefore is a relative of GAB .

First of all we have

G̃ψψαβ,µν(k) = −1
2
(δµαδνβ − δµβδνα) = −G̃ψψ̄αβ,µν(k). (4.64)

For the next propagator GB̄B it will be wise to think about the general structure
which leads to this propagator. If we recall Eqs. (4.36a) and (4.36b):

B̄σρ = [jBσρ +
γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃)],

Bσρ = [jB̄σρ +
γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃)],

the detailed calculation given in Appendix C.1.4 shows that the general structure will
consist of

B̄σρ = [jBσρ + (...)σρ,αβ(jBαβ + jB̄αβ)], (4.65a)

Bσρ = [jB̄σρ + (...)σρ,αβ(jBαβ + jB̄αβ)]. (4.65b)

Due to the fact that the term (...)σρ,αβ in front of (jBαβ + jB̄αβ) is the same for the field
B̄σρ and Bσρ, the derivation of B̄σρ with respect to the source jB̄αβ will be equal to the
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derivation of Bσρ with respect to the source jBαβ. Additionally, we have to mention
that the structure of Bσρ and B̄σρ will lead to two new propagators GBB and GB̄,B̄

which are not obvious at first sight from the action (3.19). These new propagators
are given by

GBBγδ,σρ(x, y) = − δ2Zc

δjBγδ(x)δj
B
σρ(y)

= −δBσρ(y)
δjBγδ(x)

= − δ

δjBγδ(x)
[(...)σρ,αβjBαβ)](y), (4.66)

GB̄B̄γδ,σρ(x, y) = − δ2Zc

δjB̄γδ(x)δj
B̄
σρ(y)

= −δB̄σρ(y)
δjB̄γδ(x)

= − δ

δjB̄γδ(x)
[(...)σρ,αβjB̄αβ)](y), (4.67)

⇒ GBBγδ,σρ(x, y) = GB̄B̄γδ,σρ(x, y). (4.68)

Knowing these propagators, GB̄B and GBB̄ read

GB̄Bγδ,σρ(x, y) = − δ2Zc

δjB̄γδ(x)δj
B
σρ(y)

= −δBσρ(y)
δjB̄γδ(x)

= − δ

δjB̄γδ(x)
[jB̄σρ + (...)σρ,αβjB̄αβ](y)

= −
δjB̄σρ(y)

δjB̄γδ(x)
+GB̄B̄γδ,σρ(x, y), (4.69)

and

GBB̄γδ,σρ(x, y) = − δ2Zc

δjBγδ(x)δj
B̄
σρ(y)

= −δB̄σρ(y)
δjBγδ(x)

= − δ

δjBγδ(x)
[jBσρ + (...)σρ,αβjBαβ](y)

= −
δjBσρ(y)
δjBγδ(x)

+GBBγδ,σρ(x, y), (4.70)

⇒ GB̄Bγδ,σρ(x, y) = GBB̄γδ,σρ(x, y). (4.71)

The explicit expression of the Fourier transform is given by

G̃BBγδ,σρ(k) =
γ4

4

[
1

k̃2(k̃2 + γ4

k̃2
)k2

]
× (4.72){

kσkγδρδ − kσkδδργ − kρkγδσδ + kρkδδσγ

+ σθγδ(kρk̃σ − kσk̃ρ) + σθσρ(kδk̃γ − kγ k̃δ) + σ2θσρθγδk̃
2

+
σ̄4

k̃2[(k̃2 + γ4

k̃2
)k2 + σ̄4]

(
kρkγ k̃σk̃δ − kρkδk̃σk̃γ + kσkδk̃ρk̃γ − kσkγ k̃ρk̃δ

+ σθγδ(kσk̃ρ − kρk̃σ)k̃2 + σθσρ(kγ k̃δ − kδk̃γ)k̃2 − σ2θσρθγδk̃
4

)}
= G̃B̄B̄γδ,σρ(k).

The calculation of G̃BB finally leads to the expression of G̃B̄B

G̃B̄Bγδ,σρ(k) = −1
2
(δγσδδρ − δδσδγρ) + G̃B̄B̄γδ,σρ(k) = G̃BB̄γδ,σρ(k), (4.73)

where we have used the analogon of Eqs. (4.35a) and (4.35b) applied to the sources
jB, jB̄:

jYσρ(x)
jYγδ(y)

=
1
2
(δγσδδρ − δδσδγρ)δ4(x− y), Y ∈ {B, B̄}. (4.74)
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Finally G̃BAρσ,ε reads

G̃BAρσ,ε(k) = iγ2

(
1

2[k̃2 + γ4

k̃2
]k2

)
× (4.75)

{
[kρδεσ − kσδερ − σθρσk̃ε] +

σ̄4[kσk̃εk̃ρ − kρk̃εk̃σ + σθρσk̃εk̃
2]

k̃2[(k̃2 + γ4

k̃2
)k2 + σ̄4]

}
= G̃B̄Aρσ,ε(k) = −G̃ABε,ρσ(k) = −G̃AB̄ε,ρσ(k).

At the very end we state, that the calculation of Gbb will lead to zero and therefore
matches the unphysical character of the field b. The calculation of Gbb shows

G̃bb = 0. (4.76)

The detailed calculations can be found in Appendix (C.1.3,C.1.4,C.1.5,C.1.6,C.1.7
and C.1.8).

4.2 Vertices

4.2.1 Technical Remarks on the Calculation of Vertices

As we have mentioned in the previous sections only non bilinear terms contain inter-
actions of the fields and will therefore be the source for vertices. We will recapitulate
from Section 4.1.1 that the n-point vertex function is given by Eq. (4.10):

Γa1...an(x1, ..., xn) = − δnΓ[ψcl.]
δψcl.a1

(x1)...δψcl.an
(xn)

∣∣∣∣
J=J [ψcl.]

.

Looking at our action (3.18) we see that only Sgf ′ and Sinv will give rise to three,
respectively four-point vertex functions.

The formal notation of this section is given by:

Sabc... := Sonly non bilinear terms made up by abc.., a, b, c ∈ {c̄, c, Aµ}

and (for example a three-point vertex function):

V ABC
αβγ (x1, x2, x3) = − δ3S[ψ]

δAα(x1)δBβ(x2)δCγ(x3)
. (4.77)

The last equation shows the consequence that at zeroth order the vertex functional
Γ[ψcl.] equals S[ψcl.].

Now the procedure of calculation is clear: First find the relevant part of the given
action, use the definition of the star product and then perform the functional deriva-
tive of S with respect to the considered fields.
Note that if we will transform the vertex function (again we will look at a three-point
vertex function) into momentum space2, given by:

Ṽ ABC
αβγ (k1, k2, k3) = −(2π)12 δ3S[ψ̃]

δÃα(−k1)δB̃β(−k2)δC̃γ(−k3)
, (4.78)

2The transformation into momentum space implies the transformation of S[ψ] → S[ψ̃] which is
automatically ensured by the definition of the star product (2.13).
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a factor (2π)4 for each field arises. The minus sign in front of the variable k in the
denominator of the functional derivative ensures that the momentum at each vertex
points inwards. We must underline that this is only a convention.

4.2.2 The Two-Ghost One-Photon Vertex Ṽ cAc̄
µ

The first vertex will be calculated in detail and is made up by the fields c̄, Aµ, c
represented by Ṽ cAc̄

µ (q1, k2, q3). The part of the action, which will give rise to this
Vertex is given by (α→ 0)

Sgf ′ =
∫
d4x(b∂µAµ − c̄∂µDµc),

⇒ S c̄Acgf ′ =
∫
d4x{+igc̄∂µ[Aµ, c]} =

∫
d4x{−ig∂µc̄[Aµ, c]}

=
∫
d4x{−ig∂µc̄ ? Aµ ? c+ ig∂µc̄ ? c ? Aµ}. (4.79)

Inserting the definition of the star product (2.13), the last expression reads

S c̄Acgf ′ =
1

(2π)12

∫
d4x

∫
d4q′1

∫
d4k′2

∫
d4q′3×

{(−ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)e−
i
2
q′1εθk

′
2−

i
2
k′2εθq

′
3−

i
2
q′1εθq

′
3ei(q

′
1+k′2+q′3)x

+ (ig)iq′µ′,1˜̄c(q
′
1)c̃(q

′
3)Ãµ′(k

′
2)e

− i
2
q′1εθq

′
3−

i
2
q′3εθk

′
2−

i
2
q′1εθk

′
2ei(q

′
1+k′2+q′3)x}

=
1

(2π)12

∫
d4x

∫
d4q′1

∫
d4k′2

∫
d4q′3[e

− i
2
k′2εθq

′
3 − e−

i
2
q′3εθk

′
2 ]

× {(−ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)e−
i
2
q′1εθk

′
2−

i
2
q′1εθq

′
3ei(q

′
1+k′2+q′3)x}.

The use of the identity

kiεθkj = −kjεθki,

leads to

S c̄Acgf ′ =
1

(2π)12

∫
d4x

∫
d4q′1

∫
d4k′2

∫
d4q′3[e

+ i
2
k′2εθq

′
3 − e−

i
2
k′2εθq

′
3 ]

× {(+ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)e−
i
2
q′1εθk

′
2−

i
2
q′1εθq

′
3ei(q

′
1+k′2+q′3)x}

=
1

(2π)12

∫
d4x

∫
d4q′1

∫
d4k′2

∫
d4q′32i sin[

1
2
k′2εθq

′
3]

× {(+ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)e−
i
2
q′1εθk

′
2−

i
2
q′1εθq

′
3ei(q

′
1+k′2+q′3)x}. (4.80)

The integration over the space coordinate brings

S c̄Acgf ′ =
1

(2π)8

∫
d4q′1

∫
d4k′2

∫
d4q′3δ

4(q′1 + k′2 + q′3)

× {(+ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)e−
i
2
q′1εθk

′
2−

i
2
q′1εθq

′
32i sin[

1
2
k′2εθq

′
3]}.
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As usual we use the delta function, pick out k′2
3, (k′2 = −q′1 − q′3) and hence get for

the exponential function

e−
i
2
q′1εθk

′
2−

i
2
q′1εθq

′
3δ4(q′1 + k′2 + q′3) = e−

i
2
q′1εθ(−q′1−q′3)− i

2
q′1εθq

′
3δ4(q′1 + k′2 + q′3)

= e−
i
2
q′1εθ(−q′3)− i

2
q′1εθq

′
3δ4(q′1 + k′2 + q′3)

= e+
i
2
q′1εθq

′
3−

i
2
q′1εθq

′
3δ4(q′1 + k′2 + q′3) = δ4(q′1 + k′2 + q′3),

and for the sine function

sin[
1
2
k′2εθq

′
3] = sin[

1
2
(−q′1 − q′3)εθq

′
3] = − sin[

1
2
q′1εθq

′
3].

Therefore we have

S c̄Acgf ′ =
1

(2π)8

∫
d4q′1

∫
d4k′2

∫
d4q′3δ

4(q′1 + k′2 + q′3) (4.81)

× {(−ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)2i sin[
1
2
q′1εθq

′
3]}.

The expression of the vertex is now given by

Ṽ cAc̄
µ (q1, k2, q3) = −(2π)12 δ

δc̃(−q1)
δ

δÃµ(−k2)
δ

δ˜̄c(−q3)
S c̄Ac

= −(2π)12
δ

δc̃(−q1)
δ

δÃµ(−k2)
δ

δ˜̄c(−q3)
×(

1
(2π)8

∫
d4q′1

∫
d4k′2

∫
d4q′3δ

4(q′1 + k′2 + q′3)

× {(−ig)iq′µ′,1˜̄c(q′1)Ãµ′(k′2)c̃(q′3)2i sin[
1
2
q′1εθq

′
3]}

)
= −(2π)4

δ

δc̃(−q1)
δ

δÃµ(−k2)

∫
d4q′1

∫
d4k′2

∫
d4q′3δ

4(q′1 + k′2 + q′3)

×
(

(−ig)iq′µ′,1δ4(q′1 + q3)Ãµ′(k′2)c̃(q
′
3)2i sin[

1
2
q′1εθq

′
3]

)

3In this case the selection of k′2 is arbitrary.
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= −(2π)4
δ

δc̃(−q1)

∫
d4q′1

∫
d4k′2

∫
d4q′3δ

4(q′1 + k′2 + q′3)2i sin[
1
2
q′1εθq

′
3]

×
(

(−ig)iq′µ′,1δ4(q′1 + q3)δµµ′δ4(k′2 + k2)c̃(q′3)
)

= −(2π)4
∫
d4q′1

∫
d4k′2

∫
d4q′3δ

4(q′1 + k′2 + q′3)2i sin[
1
2
q′1εθq

′
3]

×
(

(−ig)iq′µ′,1δ4(q′1 + q3)δµµ′δ4(k′2 + k2)δ4(q′3 + q1)
)

= −(2π)4
∫
d4q′1

∫
d4k′2δ

4(q′1 + k′2 − q1)2i sin[
1
2
q′1εθ(−q1)]

×
(

(−ig)iq′µ′,1δ4(q′1 + q3)δµµ′δ4(k′2 + k2)
)

= −(2π)4
∫
d4q′1δ

4(q′1 − k2 − q1)2i sin[
1
2
q′1εθ(−q1)]

×
(

(−ig)ig′µ′,1δ4(q′1 + q3)δµµ′
)

= −(2π)4δ4(−q3 − k2 − q1)2i sin[
1
2
(−q3)εθ(−q1)](−ig)(−iqµ,3).

Algebraic manipulation finally leads to

Ṽ cAc̄
µ (q1, k2, q3) = −2ig(2π)4δ4(q1 + k2 + q3)qµ,3 sin[

1
2
q1εθq3]. (4.82)

4.2.3 The Three-Photon Vertex Ṽ 3A
αβγ

The next vertex we have to calculate arises from

Sinv =
∫
d4x

1
4
FµνFµν

=
∫
d4x

1
4
{(∂µAν − ∂νAµ − ig[Aµ, Aν ])(∂µAν − ∂νAµ − ig[Aµ, Aν ])}

=
∫
d4x

1
4
{(∂µAν − ∂νAµ − igAµAν + igAνAµ)(∂µAν − ∂νAµ − igAµAν + igAνAµ)}.

The part which contains the product of three Aµ fields reads

S3A
inv =

∫
d4x

1
4
ig{−AµAν∂µAν +AνAµ∂µAν +AµAν∂νAµ −AνAµ∂νAµ

− ∂µAνAµAν + ∂νAµAµAν + ∂µAνAνAµ − ∂νAµAνAµ}

=
∫
d4x

1
4
ig{(AνAµ −AµAν)∂µAν + (AµAν −AνAµ)∂νAµ

+ ∂νAµ(AµAν −AνAµ) + ∂µAν(AνAµ −AµAν)}.

If we use the property of cyclic rotation we get

S3A
inv =

∫
d4x

1
2
ig{(AνAµ −AµAν)∂µAν + (AµAν −AνAµ)∂νAµ}.



4.2. VERTICES 45

The second term will be renamed (µ↔ ν) and therefore we have

S3A
inv =

∫
d4xig{(AνAµ −AµAν)∂µAν}. (4.83)

The definition of the star product (2.13) yields

S3A
inv =

1
(2π)12

ig

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4xei(k

′
1+k′2+k′3)x

× {Ãν(k′1)Ãµ(k′2)ik′µ,3Ãν(k′3)e−
i
2
k′1εθk

′
2−

i
2
k′2εθk

′
3−

i
2
k′1εθk

′
3

− Ãµ(k′2)Ãν(k
′
1)ik

′
µ,3Ãν(k

′
3)e

− i
2
k′2εθk

′
1−

i
2
k′1εθk

′
3−

i
2
k′2εθk

′
3}

=
1

(2π)12
ig

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4xei(k

′
1+k′2+k′3)xÃν(k′1)Ãµ(k

′
2)ik

′
µ,3Ãν(k

′
3)

× e−
i
2
k′2εθk

′
3−

i
2
k′1εθk

′
3 [e−

i
2
k′1εθk

′
2 − e−

i
2
k′2εθk

′
1 ].

The square brackets will give a sine function

[e−
i
2
k′1εθk

′
2 − e−

i
2
k′2εθk

′
1 ] = +[e−

i
2
k′1εθk

′
2 − e+

i
2
k′1εθk

′
2 ] = −[e

i
2
k′1εθk

′
2 − e−

i
2
k′1εθk

′
2 ]

= −2i sin[
1
2
k′1εθk

′
2].

This means for S3A
inv

S3A
inv =

2
(2π)12

g

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4xei(k

′
1+k′2+k′3)x (4.84)

× Ãν(k′1)Ãµ(k
′
2)ik

′
µ,3Ãν(k

′
3)e

− i
2
k′2εθk

′
3−

i
2
k′1εθk

′
3 sin[

1
2
k′1εθk

′
2].

The evaluation of the coordinate space integral leads to the delta function which we
can use to modify the exponential function

δ4(k′1 + k′2 + k′3) → k′2 = −k′1 − k′3,

e−
i
2
k′2εθk

′
3−

i
2
k′1εθk

′
3δ4(k′1 + k′2 + k′3) = e−

i
2
(−k′1−k′3)εθk′3−

i
2
k′1εθk

′
3δ4(k′1 + k′2 + k′3)

= e+
i
2
k′1εθk

′
3−

i
2
k′1εθk

′
3δ4(k′1 + k′2 + k′3) = δ4(k′1 + k′2 + k′3).

Therefore we have

S3A
inv =

2
(2π)8

g

∫
d4k′1

∫
d4k′2

∫
d4k′3δ

4(k′1 + k′2 + k′3) (4.85)

× Ãν(k′1)Ãµ(k
′
2)ik

′
µ,3Ãν(k

′
3) sin[

1
2
k′1εθk

′
2].

The Fourier transform Ṽ 3A
αβγ(k1, k2, k3) is now given by

Ṽ 3A
αβγ(k1, k2, k3) = −(2π)12 δ

δÃα(−k1)
δ

δÃβ(−k2)
δ

δÃγ(−k3)
S3A
inv

= −2ig(2π)4δ4(k1 + k2 + k3) sin[
1
2
k1εθk2]×

{δαγ(k1 − k3)β + δαβ(k2 − k1)γ + δβγ(k3 − k2)α}. (4.86)

The detailed calculation can be found in Appendix C.2.1.
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4.2.4 The Four-Photon Vertex Ṽ 4A
αβγδ

The vertex Ṽ 4A
αβγδ comes from

S4A
inv =

∫
d4x

1
4
(−ig)2[Aµ, Aν ][Aµ, Aν ] =

∫
d4x

1
4
(−ig)2(AµAν −AνAµ)[Aµ, Aν ].

The second term will be renamed (µ↔ ν):

−AνAµ[Aµ, Aν ] = −AµAν [Aν , Aµ] = +AµAν [Aµ, Aν ].

This leads to

S4A
inv =

∫
d4x

1
2
(−ig)2{AµAν [Aµ, Aν ]} =

∫
d4x

1
2
(−ig)2{AµAν(AµAν −AνAµ)}

=
∫
d4x

1
2
(−ig)2{AµAνAµAν −AµAνAνAµ}. (4.87)

The star product (2.13) gives

S4A
inv =

1
2(2π)16

(−ig)2
∫
d4x

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4e

i(k′1+k′2+k′3+k′4)x

× {Ãµ(k′1)Ãν(k′2)Ãµ(k′3)Ãν(k′4)e−
i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4−

i
2
k′3εθk

′
4

− Ãµ(k′1)Ãν(k
′
2)Ãν(k

′
4)Ãµ(k

′
3)e

− i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4−

i
2
k′4εθk

′
3}

=
1

2(2π)16
(−ig)2

∫
d4x

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4e

i(k′1+k′2+k′3+k′4)x

×
(
Ãµ(k′1)Ãν(k

′
2)Ãµ(k

′
3)Ãν(k

′
4)e

− i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4

{e−
i
2
k′3εθk

′
4 − e−

i
2
k′4εθk

′
3}

)
.

With

{e−
i
2
k′3εθk

′
4 − e−

i
2
k′4εθk

′
3} = −{e+

i
2
k′3εθk

′
4 − e−

i
2
k′3εθk

′
4} = −2i sin[

1
2
k′3εθk

′
4],

we get

S4A
inv =

1
2(2π)16

(−ig)2
∫
d4x

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4×

× Ãµ(k′1)Ãν(k
′
2)Ãµ(k

′
3)Ãν(k

′
4)e

i(k′1+k′2+k′3+k′4)xe−
i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4

× (−2i) sin[
1
2
k′3εθk

′
4]

=
1

(2π)16
ig2

∫
d4x

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4×

× Ãµ(k′1)Ãν(k
′
2)Ãµ(k

′
3)Ãν(k

′
4)e

i(k′1+k′2+k′3+k′4)xe−
i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4

× sin[
1
2
k′3εθk

′
4].
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Integration of the space coordinate leads to

S4A
inv =

1
(2π)12

ig2

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4δ

4(k′1 + k′2 + k′3 + k′4)

× Ãµ(k′1)Ãν(k
′
2)Ãµ(k

′
3)Ãν(k

′
4)e

− i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4

× sin[
1
2
k′3εθk

′
4]. (4.88)

Next we use the delta function to eliminate k′3

k′3 = −k′1 − k′2 − k′4,

and hence get for the exponential function

e−
i
2
k′1εθk

′
2−

i
2
k′1εθk

′
3−

i
2
k′1εθk

′
4−

i
2
k′2εθk

′
3−

i
2
k′2εθk

′
4δ4(k′1 + k′2 + k′3 + k′4) =

= e−
i
2
k′1εθk

′
2−

i
2
k′1εθ(−k′1−k′2−k′4)− i

2
k′1εθk

′
4−

i
2
k′2εθ(−k′1−k′2−k′4)− i

2
k′2εθk

′
4δ4(k′1 + k′2 + k′3 + k′4)

= e−
i
2
k′1εθk

′
2+ i

2
k′1εθk

′
2+ i

2
k′1εθk

′
4−

i
2
k′1εθk

′
4+ i

2
k′2εθk

′
1+ i

2
k′2εθk

′
4−

i
2
k′2εθk

′
4δ4(k′1 + k′2 + k′3 + k′4)

= e−
i
2
k′1εθk

′
2δ4(k′1 + k′2 + k′3 + k′4).

Finally we have

S4A
inv =

1
(2π)12

ig2

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4δ

4(k′1 + k′2 + k′3 + k′4)

× Ãµ(k′1)Ãν(k
′
2)Ãµ(k

′
3)Ãν(k

′
4)e

− i
2
k′1εθk

′
2 sin[

1
2
k′3εθk

′
4]. (4.89)

The calculation of Ṽ 4A
αβγδ gives

Ṽ 4A
αβγδ(k1, k2, k3, k4) = −(2π)16 δ

δÃα(−k1)
δ

δÃβ(−k2)
δ

δÃγ(−k3)
δ

δÃδ(−k4)
S4A
inv

= (2π)44g2δ4(k1 + k2 + k3 + k4)×{
(δαγδβδ − δαβδγδ) sin[

1
2
k1εθk4] sin[

1
2
k2εθk3]

+ (δαδδβγ − δαγδβδ) sin[
1
2
k1εθk2] sin[

1
2
k3εθk4]

+ (δαδδβγ − δαβδγδ) sin[
1
2
k2εθk4] sin[

1
2
k1εθk3]

}
. (4.90)

The detailed calculation can be found in Appendix C.2.2.

4.3 Superficial Degree of Divergence dγ

Before we start to calculate one-loop corrections to the propagators we must discuss
the question whether the algebraic expression of a Feynman graph will diverge or not.
Several factors need to be considered. Every integral over four dimensional space
coordinates gives a contribution of four powers of k in the numerator and therefore
raises the degree of divergence. Additionally, the two-ghost one-photon vertex and
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the three-photon vertex each rise the degree of divergence by one. On the contrary,
propagators reduce the degree of divergence. The photon propagator and the ghost
propagator each give a contribution of two powers of k to the denominator. In other
words we only count the powers (=power counting) of k.

Table 3.2 shows the superficial degree of divergence for the relevant factors4 of a

Factor in Graph Divergence d

Loop integration +4
Ṽ 3A +1
Ṽ 4A 0
Ṽ cAc̄ +1
G̃AA −2
G̃c̄c −2

Table 4.2: Superficial degree of divergence.

given Feynman graph5. Therefore we can derive the so-called superficial degree of
divergence dγ for an amputated Feynman graph:

dγ = 4L− 2IA − 2Ic̄c + V3A + VcAc̄, (4.91)

where L denotes the number of loop integrations, IA, Ic̄c are the numbers of internal
photon and ghost lines and V3A, V4A, VcAc̄ are the number of 3-photon, 4-photon and
ghost-photon vertices, respectively. Since there is overall momentum conservation
and momentum conservation at each vertex and I internal momenta, the number of
independent momenta (represented by L) is given by

L = IA + Ic̄c − (VcAc̄ + V3A + V4A − 1). (4.92)

Finally we need a relation between the number of vertices and the number of external
lines. External legs are denoted by Ec̄c, EA for the external ghost and photon lines,
respectively. External lines count once whereas internal lines count twice because
internal lines are always connected to two vertices. Therefore we have the relations

Ec̄c + 2Ic̄c = 2VcAc̄, (4.93)
EA + 2IA = 3V3A + 4V4A + VcAc̄.

In order to get an expression for dγ without internal lines we eliminate those internal
lines.

dγ = 4L− 2IA − 2Ic̄c + V3A + VcAc̄

= 4(IA + Ic̄c − (VcAc̄ + V3A + V4A − 1)) − 2IA − 2Ic̄c + V3A + VcAc̄

= 2Ia + 2Ic̄c − 3VcAc̄ − 3V3A − 4V4A + 4
= (3V3A + 4V4A + VcAc̄ − EA) + (2VcAc̄ − Ec̄c) − 3VcAc̄ − 3V3A − 4V4A + 4
= 4 − EA − Ec̄c. (4.94)

4The relavant factors are algebraic expressions of propagators and vertices, usually stated as
Feynman rules.

5Feynman graphs are explained in the next chapter.
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Note that dγ is an upper limit for the strength of the divergence. The real divergence
of a graph can at most be dγ . The following table shows dγ for our arising graphs
(only one-loop graphs). Feynman graphs with dγ = 0, 1, 2, , ... are called logarithmic,

Graph EA Ec̄c Divergence dγ

Ghost-tadpole 1 0 3
Photon-tadpole 1 0 3

Ghost-loop 2 0 2
Photon-loop 2 0 2

2pt.-Photon-tadpole 2 0 2

Table 4.3: Superficial degree of divergence for Feynman graphs.

linear, quadratic, ... UV divergent.
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Chapter 5

One-loop Calculations

This chapter is dedicated to the one-loop correction in the Feynman gauge. We have
all the ingredients to do loop calculations. The main difference of the Feynman rules
in noncommutative field theory compared to the ones of classical field theory is the
existence of additional phases. In this work (BRSW model), the additional phases
are sine terms. These terms will only appear in vertices and naturally will enter the
Feynman amplitudes of the one-loop graphs. As we will see the sine terms can be
written as exponentials and divided into a so called planar and non planar part.

The rules for associating analytic expressions to pieces of diagrams are called Feyn-
man rules. These rules are now the building blocks for Feynman graphs. Since
G(x, y) = G(y, x), the following propagators are translation invariant, the direction
of the momentum is arbitrary while the momentum at each vertex is drawn inwards
according to the momentum conservation represented by positive arguments of the
delta functions.

The BRSW model gives rise to two one-point one-loop and three two-point one-loop
graphs. Figure 5.1 at the next page shows schematically all possible graphs which
contribute to the self-energy of the photon propagator.

51
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a) Ghost − loop b) Photon − loop

d) Ghost − tadpole

e) Photon − tadpole

c) Two − point

photon − tadpole

Figure 5.1: One-loop Feynman graphs of the BRSW model.
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5.1 Feynman Rules

This section will list all necessary Feynman rules and their corresponding analytic
expressions. We start in order of appearance up to now1.

The photon propagator G̃AAσε :

σ ǫk

= G̃
AA
σǫ (k)

Figure 5.2: Photon propagator.

with (α→ 0)

G̃AAσε (k) =
1

[1 + γ4

k̃4
]k2

[
δσε −

kσkε
k2

− σ̄4

[(k̃2 + γ4

k̃2
)k2 + σ̄4]

k̃σk̃ε

k̃2

]
. (5.1)

The ghost propagator G̃c̄c:

c̄ c

k

= G̃c̄c(k)

Figure 5.3: Ghost propagator.

with

G̃c̄c(k) = − 1
k2
. (5.2)

The ghost propagator G̃cc̄:

c c̄

k

= G̃cc̄(k)

Figure 5.4: Ghost propagator.

with

G̃cc̄(k) =
1
k2
. (5.3)

1The following expressions equal Eqs. (4.49, 4.59, 4.62, 4.82, 4.86) and (4.90) from the previous
chapter.
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The two-ghost one-photon vertex Ṽ cAc̄
µ :

q1

q3

k2,µ

= Ṽ cAc̄

µ
(q1, k2, q3)

c̄

c

Figure 5.5: Two-ghost one-photon vertex.

with

Ṽ cAc̄
µ (q1, k2, q3) = −2ig(2π)4δ4(q1 + k2 + q3)qµ,3 sin

[1
2
q1εθq3

]
. (5.4)

The three-photon vertex Ṽ 3A
αβγ :

k1,α

k3,γ

k2,β

= Ṽ 3A
αβγ(k1, k2, k3)

Figure 5.6: Three-photon vertex.

with

Ṽ 3A
αβγ(k1, k2, k3) = −2ig(2π)4δ4(k1 + k2 + k3) sin

[1
2
k1εθk2

]
× (5.5)

×
{
δαγ(k1 − k3)β + δαβ(k2 − k1)γ + δβγ(k3 − k2)α

}
.
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The four-photon vertex Ṽ 4A
αβγδ:

k4,δ

k3,γ

= Ṽ 4A
αβγδ(k1, k2, k3, k4)

k1,α

k2,β

Figure 5.7: Four-photon vertex.

with

Ṽ 4A
αβγδ(k1, k2, k3, k4) = (2π)44g2δ4(k1 + k2 + k3 + k4)× (5.6)

×
{

(δαγδβδ − δαβδγδ) sin
[1
2
k1εθk4

]
sin

[1
2
k2εθk3

]
+ (δαδδβγ − δαγδβδ) sin

[1
2
k1εθk2] sin

[1
2
k3εθk4

]
+ (δαδδβγ − δαβδγδ) sin

[1
2
k2εθk4] sin

[1
2
k1εθk3

]}
.

All Feynman graphs given by Fig. 5.1 can be generated through those rules.

5.2 Combinatoric Factor C

There are several possibilities to combine the Feynman rules which all should lead to
a given Feynman graph. For example we could have calculated the Vertex Ṽ c̄Ac in
the way of

Ṽ c̄Ac = −(2π)12 δ3ScAc̄

δ˜̄c(−k1)δÃµ(−k2)δc̃(−k3)

= −2ig(2π)4δ4(q1 + k2 + q3)qµ,1 sin[
1
2
q1εθq3],

differentiate the vertex Ṽ 4A
αβγδ(k1, k2, k3, k4) in such a way that we get a vertex denoted

by Ṽ 4A
βδαγ(k1, k4, k3, k2) or use the propagator G̃cc̄(k) instead of G̃c̄c(k), let the momen-

tum point outwards/inwards and connect the propagator to the vertex in multiple
ways.

We pick out one vertex and one propagator, draw the Feynman graph and multiply it
with the combinatoric factor C. This factor pays attention to the way of connecting
vertices with propagators and is defined as:

Ci :=
Mi

Si
, i = a, b, c, d, e, (5.7)
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where a, b, c, d, e denotes the possible Feynman graphs given in the introduction of
this chapter, M the multiplicity factor and S the symmetry factor. In order to get
the multiplicity factor and the symmetry factor, we give the procedure which leads
to the right combinatoric factor.

Step 1:

Start with a given graph. Separate all elements of this graph and draw them in the
right position with respect to the graph we started from. This leads to a so called
pre-graph.

Step 2:

Count the number of ways the first vertex (we start from the left side) can be con-
nected to the external legs. Now one external leg is connected to the first vertex.

Step 3:

Count the number of ways the next external leg can be connected to the remaining
vertices. Connect this leg to the vertex and change to the next external leg. Repeat
this until all external legs are connected to vertices.

Step 4:

Take a free leg of a vertex and count the ways to connect it to other vertices. Do this
until all internal legs are connected.

The product of all possibilities from step one up to step four gives the multiplicity
M .

To get the symmetry factor S we take a closer look at the inner symmetry of the
Vertices.

Step 5:

For s identical vertices, we get a factor s! for S.

Step 6:

For a given vertex denoted by the number of sψ1 , sψ2 , ..., sψn different fields ψ1, ψ2, ..., ψn
we have a factor sψ1 !sψ2 !...sψn ! for each vertex.

The product of step five and step six gives the symmetry factor S.

The formal notation of Eq. (5.7) can now be written as

Ci =
Mi

Si
=

Mi

[(s!) × (sψ1 !sψ2 !...sψn !)]i
.

To demonstrate this procedure we use the photon-loop as an example. The Feynman
graph is given by Fig. 5.8.
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Figure 5.8: Photon-loop with external legs.

Step 1:

Figure 5.9: Pre-photon-loop.

Step 2:

Figure 5.10: All possible connections for the left external line.
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Step 3:

Figure 5.11: All possible connections for the right external line.

Step four is now divided into step 4a and step 4b to make things more transparent.

Step 4a:

Figure 5.12: All possible connections for one of the left internal lines.

Step 4b:

Figure 5.13: All possible connections for the last left internal line.

Step 5:

We have two identical vertices which give a factor 2! for the symmetry factor S.

Step 6:

Each vertex is made up by three identical fields and hence leads to a factor 3!× 3! for
S.
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Therefore we get

Cb =
Mb

Sb
=

(6 × 3)P × (2 × 1)V

(2!) × (3! × 3!)
=

1
2
,

where the superscript P, V shall denote the relevant propagator to vertex and vertex
to vertex connection.

This procedure is valid for all Feynman graphs in this work. The following table shows
each combinatoric factor for a given graph. Before we start the explicit calculation a

Feynman Graph M S C

Ghost-tadpole 1P × 1V 1! Cd = 1
Photon-tadpole 3P × 1V 3! Ce = 1

2

Ghost-loop (2 × 1)P × (1 × 1)V 2! Ca = 1
Photon-loop (6 × 3)P × (2 × 1)V 2! × 3! × 3! Cb = 1

2

2pt.-Photon-tadpole (4 × 3)P × 1V 1! × 4! Cc = 1
2

Table 5.1: Combinatoric factors.

few words about the notation concerning Feynman graphs. The figure representing
a Feynman graph is drawn with the incoming external momentum from the right
side, the inner momentum is drawn clockwise and finally the external momentum
goes out at the left side2. Contrary the explicit propagator and vertex calculations
which represent the factors of a given Feynman graph start from the left side, follow
the external momentum until it arrives at the left vertex and follow the internal
momentum via propagator clockwise to the right vertex3 and close the internal loop
via propagator clockwise. We must underline that this notation is only convention.

Three important points are left to mention:

i) Feynman graphs with a closed ghost loop line will receive an extra overall minus
sign.

ii) The following calculations are done with amputated external legs.

iii) It will turn out to be wise not to insert the full analytical expressions for the
needed photon-propagators.

5.3 One-Point Loops

We start with the calculation of the one-point tadpoles. As we will see, all those tad-
poles will vanish due to momentum conservation. Note that the external momentum
is drawn inwards.

2A special case are the one-point tadpoles, where the external momentum is drawn from the left
side.

3Obviously the one-point tadpoles have no second vertex. The internal momentum goes straight
back via propagator to the first vertex.
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5.3.1 Ghost-Tadpole

The first one-point tadpole we consider is the ghost-tadpole.

c̄

c

k

G̃c̄c

Ṽ cAc̄

µ

pµ

Figure 5.14: Ghost-tadpole.

Refering to Fig. 5.14 the expression for Π̃d
µ(p) is given by:

Π̃d
µ(p) = −Cd

1
(2π)4

∫
d4kṼ cAc̄

µ (k, p)G̃c̄c(k). (5.8)

The building blocks for the depicted graph are given by Eqs. (5.2, 5.4) and denoted
with the right momentum description4:

Ṽ cAc̄
µ (k, p) = −2ig(2π)4δ4(k + p− k)(−kµ) sin

[1
2
kεθ(−k)

]
,

and

G̃c̄c(k) = − 1
(−k)2

= − 1
k2
.

Therefore we have

Π̃d
µ(p) =

= −Cd
1

(2π)4

∫
d4k

{
− 2ig(2π)4δ4(k + p− k)(−kµ) sin

[1
2
kεθ(−k)

](
− 1
k2

)}
= −Cd(2ig)

∫
d4k

{
δ4(k + p− k)kµ sin

[1
2
kεθk

] 1
k2

}
. (5.9)

The last equation shows the correlation of external and internal momentum in the
sense of:

δ4(k + p− k) ⇒ p = k − k = 0, sin[
1
2
kεθk] = 0,

4The direction of the momentum will not change G̃AA(k) and G̃c̄c(k).
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hence the momentum conservation is the reason of a vanishing ghost-tadpole

Π̃d
µ(p) = 0. (5.10)

5.3.2 Photon-Tadpole

The calculation of the photon tadpole is done in the same way as the previous tadpole.

kβ

G̃AA
βα

Ṽ 3A
αµβ

pµ

kα

Figure 5.15: Photon-tadpole.

The required Feynman rules are represented by Eqs. (5.1) and (5.5). We connect the
first leg k1,α and third leg k3,β , hence receive k1 = k3 ≡ k according to momentum
conservation. Considering Fig. 5.15, the vertex and propagator are given by

Ṽ 3A
αµβ(k, p) = − 2ig(2π)4δ4(k + p− k) sin

[1
2
kεθp

]
×

×
{
δαγ(k + k)β + δαβ(p− k)γ + δβγ(−k − p)α

}
,

and

G̃AAβα (−k) = G̃AAβα (k),

where we use the fact that the photon propagator, represented by Eq. (5.1) is sym-
metric.

This leads to

Π̃e
µ(p) = Ce

1
(2π)4

∫
d4kṼ 3A

αµβ(k, p)G̃
AA
βα (k)×

= −Ce(2ig)
∫
d4k

{
δ4(k + p− k) sin

[1
2
kεθp

]
G̃AAβα (k) (5.11)

×
(
δαγ(2k)β + δαβ(p− k)γ + δβγ(−k − p)α

)}
.
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The last equation implies

δ4(k + p− k) ⇒ p = k − k = 0, sin
[1
2
kεθp

]
= 0,

which gives

Π̃e
µ(p) = 0. (5.12)

We conclude:

All tadpoles of our model vanish due to momentum conservation.

5.4 Two-Point Loops

5.4.1 Ghost-Loop

As usual, the first two-point loop will be calculated in detail. To get rid of the
delta functions inherent in the vertex expressions we introduce a so-called auxiliary5

Feynman graph.

c̄

c

k′

4G̃c̄c(k)

1Ṽ cAc̄

µ
(k, p′, k′)

p′
µ

c̄̄c

c̄

c

pν

k

3Ṽ cAc̄

ν
(k′, p, k)

2G̃c̄c(k′)

Figure 5.16: Auxiliary ghost-loop graph.

5The descriptions auxiliary and final stand for explicit expressions with/without delta functions
(auxiliary/final) representing the Feynman graphs.
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According to Fig. 5.16, the necessary building blocks arise from Eqs. (5.2) and (5.4):

1Ṽ cAc̄
µ (k, p′, k′) = (−2ig)(2π)4δ4(k − p′ − k′)(−k′µ) sin

[1
2
kεθ(−k′)

]
,

2G̃c̄c(k′) = − 1
(−k′)2

= − 1
k′2

,

3Ṽ cAc̄
ν (k′, p, k) = (−2ig)(2π)4δ4(k′ + p− k)(−kν) sin

[1
2
k′εθ(−k)

]
,

4G̃c̄c(k) = − 1
(−k)2

= − 1
k2
.

Therefore, we have

Π̃a
µν(p) =

= −Ca
1

(2π)12

∫
d4k

∫
d4k′

∫
d4p′×

×
{

1Ṽ cAc̄
µ (k, p′, k′)2G̃c̄c(k′)3Ṽ cAc̄

ν (k′, p, k)4G̃c̄c(k)
}

= −Ca
1

(2π)12

∫
d4k

∫
d4k′

∫
d4p′×{

(−2ig)(2π)4δ4(k − p′ − k′)(−k′µ) sin
[1
2
kεθ(−k′)

]
(− 1
k′2

)

× (−2ig)(2π)4δ4(k′ + p− k)(−kν) sin
[1
2
k′εθ(−k)

]
(− 1
k2

)
}

= −Ca
1

(2π)4

∫
d4k

∫
d4k′

∫
d4p′×{

(2ig)2δ4(k − p′ − k′)δ4(k′ + p− k)
k′µkν

k′2k2
sin

[1
2
kεθk′

]
sin[

1
2
k′εθk

]}
= −Ca

1
(2π)4

∫
d4k

∫
d4k′δ4(k′ + p− k)

{
− (2ig)2

k′µkν

k′2k2
sin2

[1
2
kεθk′

]}
= −Ca

4g2

(2π)4

∫
d4k

{
(k − p)µkν
(k − p)2k2

sin2
[1
2
kεθp

]}
. (5.13)

If we now perform the variable shift

k → k +
p

2
,

it will not bother the sine function since

sin2
[1
2
(k +

p

2
)εθp

]
= sin2

[1
2
kεθp

]
,

and hence we get a symmetric expression given by

Π̃a
µν(p) = −Ca

4g2

(2π)4

∫
d4k

{
(k − p

2)µ(k + p
2)ν

(k − p
2)2(k + p

2)2
sin2

[1
2
kεθp

]}
. (5.14)

The last equation may be interpreted as the following so-called final ghost-loop graph
(Fig. 5.17).
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c̄

c

(k −

p

2
)µ

pµ

c̄̄c

c̄

c

pν

(k + p

2
)ν

Figure 5.17: Final ghost-loop graph.

5.4.2 Photon-Loop

The following calculations belong to the photon-loop.

kα

4G̃AA
ρα (k)

1Ṽ 3A
αµγ(k, p′, k′)

p′µ
kρ

k′

ǫ

pν

3Ṽ cAc̄
ǫνρ (k′, p, k)

2G̃AA
γǫ (k′)

k′

γ

Figure 5.18: Auxiliary photon-loop graph.

Figure 5.18 equals the analytic expression given by

Π̃b
µν(p) = Cb

1
(2π)12

∫
d4k

∫
d4k′

∫
d4p′× (5.15)

×
{

1Ṽ 3A
αµγ(k, p

′, k′)2G̃AAγε (k′)3Ṽ 3A
ενρ(k

′, p, k)4G̃AAρα (k)
}
,
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which is with the right modification of (5.1, 5.5):

1Ṽ 3A
αµγ(k, p

′, k′) = −2ig(2π)4δ4(k − p′ − k′) sin
[1
2
kεθ(−p′)

]
×

×
(
δαγ(k + k′)µ + δαµ(−p′ − k)γ + δµγ(−k′ + p′)α

)
,

2G̃AAγε (k′),

3Ṽ 3A
ενρ(k

′, p, k) = −2ig(2π)4δ4(k′ + p− k) sin
[1
2
k′εθp

]
×

×
(
δερ(k′ + k)ν + δεν(p− k′)ρ + δνρ(−k − p)ε

)
,

4G̃AAρα (k).

If we now use the last two vertex identities and use the delta functions, we receive:

Π̃b
µν(p) = Cb

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
G̃AAγε (k − p)G̃AAρα (k) (5.16)

×
{(
δαγ(2k − p)µ + δαµ(−k − p)γ + δµγ(2p− k)α

)
×

(
δερ(2k − p)ν + δεν(2p− k)ρ + δνρ(−k − p)ε

)}
.

With a variable shift k → k + p
2 , we get the expression

Π̃b
µν(p) = Cb

4g2

(2π)4

∫
d4kAb

µν,γερα(k, p)G̃γε(k −
p

2
)G̃ρα(k +

p

2
), (5.17)

where Ab
µν,γερα(k, p) is given by

Ab
µν,γερα(k, p) ≡ (5.18)

≡ sin2
[1
2
kεθp

]{(
2δαγkµ + δαµ(−

3
2
p− k)γ + δµγ(

3
2
p− k)α

)
×

(
2δερkν + δεν(

3
2
p− k)ρ + δνρ(−

3
2
p− k)ε

)}
.
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The following graph may be interpreted as the graphical expression of Eq. (5.17):

(k + p

2
)

pµ
pν

(k −

p

2
)

Figure 5.19: Final photon-loop graph.

5.4.3 Two-Point Photon-Tadpole

The next graph is the two-point photon-tadpole.

p′µ

Ṽ 4A
µβγν(p

′, k, p)

kγ

pν

G̃AA
βγ (k)

kβ

Figure 5.20: Auxiliary two-point photon-tadpole graph.

The Feynman rules (5.1, 5.6), modified according to the depicted graph given by Fig.
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5.20 read:

Ṽ 4A
µβγν(p

′, k, p) = 4g2(2π)4δ4(−p′ − k + k + p)×

×
{

(δµγδβν − δµβδγν) sin
[1
2
(−p′)εθp

]
sin

[1
2
(−k)εθk

]
+ (δµνδβγ − δµγδβν) sin

[1
2
(−p′)εθ(−k)

]
sin

[1
2
kεθp

]
+ (δµνδβγ − δµβδγν) sin

[1
2
(−k)εθp

]
sin

[1
2
(−p′)εθk

]}
,

and

G̃AAβγ (k).

Therefore, we have

Π̃c
µν(p) = Cc

1
(2π)8

∫
d4k

∫
d4p′

{
Ṽ 4A
µβγν(p

′, k, p)G̃AAβγ (k)
}

= Cc
1

(2π)4

∫
d4k

∫
d4p′4g2δ4(−p′ − k + k + p)G̃AAβγ (k)×

×
{

(δµνδβγ − δµγδβν) sin
[1
2
p′εθk

]
sin

[1
2
kεθp

]
+ (δµνδβγ − δµβδγν) sin

[1
2
kεθp

]
sin

[1
2
p′εθk

]}
.

The delta function δ4(−p′ − k + k + p) with p′ = p solves the integral over p′ and
hence we have

Π̃c
µν(p) = −Cc

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
× (5.19)

×
{

(δµνδβγ − δµγδβν) + (δµνδβγ − δµβδγν)
}
G̃AAβγ (k)

= −Cc
4g2

(2π)4

∫
d4kAc

µν,βγ(k, p)G̃
AA
βγ (k),

while Ac
µν,βγ(k, p) is given by

Ac
µν,βγ(k, p) ≡ sin2

[1
2
kεθp

]{
(δµνδβγ − δµγδβν) + (δµνδβγ − δµβδγν)

}
. (5.20)
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The final Feynman graph may look like Fig. 5.21.

pµ pν

k

Figure 5.21: Final two-point photon-tadpole graph.
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5.5 General Structure of the Remaining Integrals

5.5.1 Introduction to the UV/IR Mixing-Problem

We give a short recapitulation about the findings so far.

The explicit analytic expressions of one-loop level, representing the Feynman graphs
of the BRSW model, read (the following expressions equal Eqs. (5.14, 5.16, 5.19, 5.9)
and (5.11) from Sections 5.3 and 5.4):

Π̃a
µν(p) = −Ca

4g2

(2π)4

∫
d4k

{
(k − p)µkν
(k − p)2k2

sin2
[1
2
kεθp

]}
, (5.21a)

Π̃b
µν(p) = Cb

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
G̃AAγε (k − p)G̃AAρα (k) (5.21b)

×
{(
δαγ(2k − p)µ + δαµ(−k − p)γ + δµγ(2p− k)α

)
×

(
δερ(2k − p)ν + δεν(2p− k)ρ + δνρ(−k − p)ε

)}
,

Π̃c
µν(p) = −Cc

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
× (5.21c)

×
{

(δµνδβγ − δµγδβν) + (δµνδβγ − δµβδγν)
}
G̃AAβγ (k),

Π̃d = 0, (5.21d)

Π̃e = 0, (5.21e)

where Tab. 5.2 depicts the Feynman graph. The main aim is now to solve the

Graph Π̃n

Ghost-loop Π̃a

Photon-loop Π̃b

2pt.-Photon-tadpole Π̃c

Ghost-tadpole Π̃d

Photon-tadpole Π̃e

Table 5.2: Summary of Feynman graphs.

remaining integral over k. Obviously the given expressions are complicated functions
of internal and external momentum k and p and can not be evaluated in a straight
forward way. To get some information about the behaviour of divergence we use
power counting as a possibility of information.

Referring to Section 4.3, all Feynman graphs show a divergent behaviour for the region
of large momentum (k → ±∞). As we have mentioned in the previous sections, the
sine term (often called phase factor) will lead to a damping mechanism for this region
but leads to a divergence for the region of small external momentum p. This effect
inherent in all noncommutative theories with the star product introduced in Section
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2.3, Eq. (2.13) is known as the UV/IR mixing-problem [36, 37, 38].

For details we give a short introduction to this problem.

To bring light into the UV/IR mixing-problem we use the easiest possible expression
occurring in our work. Therefore we will work with the two-point photon-tadpole
expression given by Eq. (5.21c):

Π̃c
µν(p) = −Cc

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
×

×
{

(δµνδβγ − δµγδβν) + (δµνδβγ − δµβδγν)
}
G̃AAβγ (k)

= −Cc
4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
×

×
{

(δµνG̃AAββ (k) − G̃AAνµ (k)) + (δµνG̃AAββ (k) − G̃AAµν (k))
}

= −Cc
8g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]{
δµνG̃

AA
ββ (k) − G̃AAµν (k)

}
, (5.22)

where we have used

G̃AAµν (k) = G̃AAνµ (k).

Keeping in mind that all divergences arise from the limit of large internal momenta
k [9, 17], it will be wise to use the expression of the propagator G̃AAβγ (k) in the limit
k → ∞, given by Eq. (4.55):

G̃AAβγ (k) ≈ 1
k2

[δβγ −
kβkγ
k2

], α→ 0, k → ∞

Therefore we get

Π̃c
µν(p) ≈

≈ −Cc
8g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]{
δµν

1
k2

[
δββ −

kβkβ
k2

]
− 1
k2

[
δµν −

kµkν
k2

]}
= −Cc

8g2

(2π)2

∫
d4k sin2

[1
2
kεθp

]{ 1
k2

[
δµνδββ − δµν

]
− 1
k2

[
δµν −

kµkν
k2

]}
= −Cc

8g2

(2π)2

∫
d4k sin2

[1
2
kεθp

]{ 1
k2

[
2δµν +

kµkν
k2

]}
= −Cc

8g2

(2π)2

∫
d4k sin2

[1
2
kεθp

]{
2δµν

1
k2

+
kµkν
k4

}
, (5.23)

where we have used the representation of the Kronecker delta in four dimensions

(δµν) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ⇒ δββ = 4. (5.24)
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The first term of this expression is now used as a concrete example (the pre-factors
and Kronecker delta are omitted to avoid confusion) for the mixing-problem and
hence denoted by:

Π̃ex(p) :=
∫
d4k

1
k2

sin2
[1
2
kεθp

]
, Π̃ex ≡ Π̃example. (5.25)

Before we start the explicit calculation of Π̃ex(p) we must admit that we are only
interested in the final results which show satisfactorily the occurring problems in a
noncommutative theory. The detailed method of evaluation of such integrals (includ-
ing new concepts like parametrization of integrals, cutoffs, etc.) will be the topic of
Section 5.6.

We obtain

Π̃ex(p) =
∫
d4k

1
k2

sin2
[1
2
kεθp

]
=

∫
d4k

1
k2

(
1
2
[
1 − e+ikεθp

])
. (5.26)

The analytic expression Π̃ex(p) is now divided into a so-called planar and non-planar
part:

Π̃ex(p) = Π̃ex,pl + Π̃ex,npl(p), (5.27)

where Π̃ex,pl and Π̃ex,npl(p) are given by

Π̃ex,pl =
1
2

∫
d4k

1
k2
, (5.28a)

Π̃ex,npl(p) = −1
2

∫
d4k

1
k2
e+ikεθp. (5.28b)

Note that from now on the occurring parameter α is introduced to solve parameter
integrals and must not be mixed with the gauge fixing parameter α from the previous
chapters. As long as we work till the end of this chapter with the photon propagator
(4.55), there should not be any confusion.

The detailed calculation of both parts shows:

1) The planar part:

For the planar part, we obtain

Π̃ex,pl =
π2

2

∞∫
0

dα
1
α2
. (5.29)

Obviously the last expression will cause problems because of the divergent structure
given in the limit of α→ 0. Therefore we introduce an ultaviolet cutoff Λ which leads
to

Π̃ex,pl =
π2

2
Λ2. (5.30)
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The planar part shows the usual divergent structure in the limit of large Λ:

Π̃ex,pl =
π2

2
Λ2. (5.31)

2) The non-planar part:

The non-planar part reads

Π̃ex,npl(p) = − 2π2

(εθp)2
. (5.32)

The last equation shows the main problem:

Although, all divergences arise from large internal momenta k, the non-planar part
generated through the noncommutative treatment shows divergence in the limit of
small external momenta p,

Π̃ex,npl(p) = − 2π2

(εθp)2
→ −∞, p→ 0. (5.33)

However, we will show in the next chapter that we can treat this problem in a satis-
fying way.

After this introduction into the UV/IR mixing-problem, the observation of the ex-
pressions given by Eqs. (5.21a, 5.21b) and (5.21c) shows that the general structure
is given by

Π̃a
µν(p) = Ma

∫
d4kΠa

µν(k, p) sin2
[1
2
kεθp

]
,

Π̃b
µν(p) = Mb

∫
d4kΠb

µν(k, p) sin2
[1
2
kεθp

]
, (5.34)

Π̃c
µν(p) = Mc

∫
d4kΠc

µν(k) sin2
[1
2
kεθp

]
,

with

Mj = −Cj
4g2

(2π)4
, j = a, c,

Mb = +Cb
4g2

(2π)4
,

and

Πa
µν(k, p) =

(k − p)µkν
(k − p)2k2

, (5.35a)

Πb
µν(k, p) = G̃AAγε (k − p)G̃AAρα (k) (5.35b)

×
{(
δαγ(2k − p)µ + δαµ(−k − p)γ + δµγ(2p− k)α

)
×

(
δερ(2k − p)ν + δεν(2p− k)ρ + δνρ(−k − p)ε

)}
,

Πc
µν(k) =

{
(δµνδβγ − δµγδβν) + (δµνδβγ − δµβδγν)

}
G̃AAβγ (k). (5.35c)
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5.5.2 Expansion of Π̃i
µν(p)

As mentioned above we are mainly interested in the divergence structure of these
expressions in the limit of small external momenta p→ 0. Therefore the analytic ex-
pressions Π̃a

µν(p) and Π̃b
µν(p) are expanded for small momenta p according to (i=a,b):

Π̃i
µν(p) = Mi

∫
d4kΠ i

µν(k, p) sin2
[1
2
kεθp

]
= Mi

∫
d4k sin2

[1
2
kεθp

]
× (5.36)

×
[
Π i
µν(k, 0) + pσ

[
∂pσΠ

i
µν(k, p)

]
p→0

+
pδpσ

2
[
∂pδ

∂pσΠ
i
µν(k, p)

]
p→0

+ O(p3)
]
,

while (5.35c) stays unmodified according to the p independence of Πc(k). The phase
factors are not expanded in order to loose not the damping effect of the highly oscil-
lating functions at large momenta k6.

First of all we introduce the abbreviations:

Π i
µν(k, 0) ≡ Π i,(0)

µν (k, 0), (5.37a)

pσ
[
∂pσΠ

i
µν(k, p)

]
p→0

≡ Π i,(1)
µν (k, p), (5.37b)

pδpσ
2

[
∂pδ

∂pσΠ
i
µν(k, p)

]
p→0

≡ Π i,(2)
µν (k, p), (5.37c)

representing the zeroth, first and second order ((0), (1) and (2)) of the expansion
(5.36). Secondly if any Π̃i

µν(k, p) contains the the propagator G̃AA we will use the
Landau gauge and the expression of G̃AA in the limits of large momentum k given by
Eq. (4.55):

G̃AAαβ (k) ≈ 1
k2

[
δµν −

kµkν
k2

]
, α→ 0, k → ∞.

Therefore (5.35a) reads

Πa
µν(k, p) =

(k − p)µkν
(k − p)2k2

≈ Πa,(0)
µν (k, 0) +Πa,(2)

µν (k, p) + O(p3)

=
kµkν
k4

+
{
− 2pµpδ

kδkν
k6

− p2kµkν
k6

+ 4pδpσ
kσkδkµkν

k8

}
+ O(p3), (5.38)

6This point we be discussed in detail in the next section.
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for the ghost-loop, while (5.35b) related to the photon-loop gives

Πb
µν(k, p) = G̃AAγε (k − p)G̃AAρα (k)×

×
{(
δαγ(2k − p)µ + δαµ(−k − p)γ + δµγ(2p− k)α

)
×

(
δερ(2k − p)ν + δεν(2p− k)ρ + δνρ(−k − p)ε

)}
≈ Πb,(0)

µν (k, 0) +Πb,(2)
µν (k, p) + O(p3)

= 12
kµkν
k4

+
{
− 5pµpν

1
k4

− 8pαpν
kαkµ
k6

− 8pαpµ
kαkν
k6

− 16p2kµkν
k6

+ 52pαpβ
kαkβkµkν

k8

+ 8p2δµν
1
k4

− 8pαpβδµν
kαkβ
k6

}
+ O(p3). (5.39)

Note that the first order always contains an odd number of the variable k and therefore
the symmetric integral over the variable k leads to zero,∫

d4kΠ i,(1)(k, p) = 0, i = a, b. (5.40)

For the two-point photon-tadpole we use the calculations already derived from Section
5.5.1, Eqs. (5.22) and (5.23):

Πc
µν(k) =

{
δµνG̃

AA
ββ (k) − G̃AAµν (k)

}
≈

{
2δµν

1
k2

+
kµkν
k4

}
. (5.41)

The full analytic expressions for the Feynman graphs are now given by

Π̃a
µν(p) ≈ −Ca

4g2

(2π)4

∫
d4k sin2[

1
2
kεθp] (5.42a)

×
{
kµkν
k4

+
[
− 2pµpδ

kδkν
k6

− p2kµkν
k6

+ 4pδpσ
kσkδkµkν

k8

]
+ O(p3)

}
,

Π̃b
µν(p) ≈ +Cb

4g2

(2π)4

∫
d4k sin2[

1
2
kεθp] (5.42b)

×
{

12
kµkν
k4

+
[
− 5pµpν

1
k4

− 8pαpν
kαkµ
k6

− 8pαpµ
kαkν
k6

− 16p2kµkν
k6

+ 52pαpβ
kαkβkµkν

k8

+ 8p2δµν
1
k4

− 8pαpβδµν
kαkβ
k6

]
+ O(p3)

}
,

Π̃c
µν(p) ≈ −Cc

8g2

(2π)4

∫
d4k sin2[

1
2
kεθp]

{
2δµν

1
k2

+
kµkν
k4

}
, (5.42c)

where the first term inside the curly brackets of Π̃i
µν , i = a, b represents the zeroth

order of the expansion, while the second order is inside the square brackets.

The detailed calculations of Π̃i
µν can be found in Appendix E.
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5.6 Evaluation of the Remaining Integrals

5.6.1 General Structure

Taking a closer look at the expressions of Eq. (5.42a, 5.42b) and (5.42c), we can
conclude that the remaining integrals have the general form of:

A)

Ĩ1(p) =
∫
d4k

1
k2

sin2
[1
2
kεp̃

]
, (5.43a)

Ĩ2(p) =
∫
d4k

1
k4

sin2
[1
2
kεp̃

]
, (5.43b)

B)

Ĩ3
µν(p) =

∫
d4k

kµkν
k4

sin2
[1
2
kεp̃

]
, (5.43c)

Ĩ4
µν(p) =

∫
d4k

kµkν
k6

sin2
[1
2
kεp̃

]
, (5.43d)

Ĩ5
αβµν(p) =

∫
d4k

kαkβkµkν
k8

sin2
[1
2
kεp̃

]
, (5.43e)

where we have omitted the prefactors and used the abbreviation:

p̃ ≡ θp.

Those expressions are divided into a part A and part B because the two integrals of
part A will cover all arising solutions: The ones with modified Bessel functions and
the ones without.

Obviously the integrals show the same structure:

Ĩ l(p) =
∫
d4skil(k) sin2

[1
2
kεp̃

]
, l = 1, 2, 3, 4, 5. (5.44)

The sine function can be decomposited in the following way:

sin2
[1
2
kεp̃

]
=

1
2
[
1 − cos(kεp̃)

]
=

1
2
[
1 − 1

2
(
e+ikεp̃ + e−ikεp̃

)]
, (5.45)

leading to

Ĩ l(p) =
∫
d4kI l(k)

1
2
[
1 − 1

2
(
e+ikεp̃ + e−ikεp̃

)]
. (5.46)

The second exponential function can be written as (remember the short notation
3.12):

+∞∫
−∞

d4kI l(k)e−ikεp̃ k→−k= −
−∞∫

+∞

d4kI l(−k)e+ikεp̃, (5.47)

=

+∞∫
−∞

d4kI l(k)e+ikεp̃, I l(k) = I l(−k).
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Therefore we have

Ĩ l(p) =
∫
d4kI l(k)

1
2
[
1 − e+ikεp̃

]
. (5.48)

The whole expression can be divided into a so-called planar and non-planar part.

Ĩ l(p) = Ĩ l,pl + Ĩ l,npl(p) (5.49)

=
1
2

+∞∫
−∞

d4I l(k) − 1
2

∫
d4kI l(k)e+ikεp̃.

A.1):

We start with the first expression of part A given by Eq. (5.43a):

Ĩ1(p) =
∫
d4k

1
k2

sin2
[1
2
kεp̃

]
=

∫
d4k

1
k2

(
1
2
[
1 − e+ikεp̃

])
. (5.50)

The analytic expression Ĩ1(p) is now divided into the planar and non-planar part:

Ĩ1(p) = Ĩ1,pl + Ĩ1,npl(p), (5.51)

where Ĩ1,pl and Ĩ1,npl(p) are given by

Ĩ1,pl =
1
2

∫
d4k

1
k2
, (5.52a)

Ĩ1,npl(p) = −1
2

∫
d4k

1
k2
e+ikεp̃. (5.52b)

The parametrization and integration formulae used in the following context can be
found in Appendix D.

1) The planar part:

The Schwinger parametrization of 1/k2 is now given by Formula (D.2):

1
k2

=
1

Γ(1)

∞∫
0

dαe−αk
2

=

∞∫
0

dαe−αk
2
,

which leads to

Ĩ1,pl =
1
2

∫
d4k

1
k2

=
1
2

∫
d4k

∞∫
0

dαe−αk
2

=
1
2

∞∫
0

dα

∫
d4ke−αk

2
=

1
2

∞∫
0

dα
π2

α2

=
π2

2

∞∫
0

dα
1
α2
. (5.53)
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where we have evaluated the integral over the variable k with Formula (D.6).

As we have discussed in Section 5.5.1, the last expression will cause problems because
of the divergent structure given in the limit of α → 0. Therefore we introduce an
ultaviolet cutoff Λ to regularize the integral, evaluate this parameter integral with
Formula (D.7b) and use the definition of the gamma function Γ(N) given by Formula
(D.1), which together lead to

Ĩ1,pl =
π2

2

∞∫
0

dα
1
α2
e−

1
Λ2α =

π2

2
Γ(1)

(
1
Λ2

)−1

=
π2

2
Λ2. (5.54)

The planar part shows the usual divergent structure in the limit of large Λ

Ĩ1,pl =
π2

2
Λ2 → ∞, Λ → ∞. (5.55)

2) The non-planar part:

The non-planar part reads

Ĩ1,npl(p) = −1
2

∫
d4k

1
k2
e+ikεp̃ = −1

2

∫
d4k

∞∫
0

dαe−αk
2+ikεp̃.

First of all we bring the exponent into quadratic form:

−αk2 + ikεp̃ = α

(
ik +

εp̃

2α

)2

− (εp̃)2

4α
. (5.56)

This leads to

Ĩ1,npl(p) = −1
2

∞∫
0

dα

∫
d4k

[
eα(ik+ εp̃

2α
)2

]
e−

(εp̃)2

4α . (5.57)

Next, we try to bring the following expression∫
d4k

[
eα(ik+ εp̃

2α
)2

]
=

∫
d4k

[
eα(−k2+ik εp̃

α
+( εp̃

2α
)2)

]
=

∫
d4k

[
e−α(k2−ik εp̃

α
−( εp̃

2α
)2

]
=

∫
d4k

[
e−α(k−i εp̃

2α
)2

]
,

into the form of a Gaussian integral∫
d4k′e−ak

′2
=
π2

a2
.

We substitute with new variables:

α := a, k′ := k − i
εp̃

2α
,



78 CHAPTER 5. ONE-LOOP CALCULATIONS

thus we have

d4k = d4k′,

and now the integral has the desired form and can be evaluated with Formula (D.6):

∫
d4k

[
eα(ik+ εp̃

2α
)2

]
=

∫
d4k′e−ak

′2
=
π2

a2
=
π2

α2
. (5.58)

Therefore only the integral over the parameter α is still left and leads to (evaluation
with (D.7b))

Ĩ1,npl(p) = −π
2

2

∞∫
0

dα
1
α2
e−

(εp̃)2

4α = −π
2

2
Γ(1)

[
(εp̃)2

4

]−1

= − 2π2

(εp̃)2
. (5.59)

Note that there is no need for a ultraviolet cutoff Λ because the exponential function
(=phase factor) leads to a natural damping mechanism for values of small α.

As discussed in the previous section the noncommutative treatment shows divergence
for the limit of small external momenta p.

Ĩ1,npl(p) = − 2π2

(εp̃)2
→ −∞, p→ 0. (5.60)

A.2):

The second part of A given by Eq. (5.43b) can be written as

Ĩ2(p) =
∫
d4k

1
k4

sin2
[1
2
kεp̃

]
= Ĩ2,pl + Ĩ2,npl(p)

=
1
2

{ ∫
d4k

1
k4

−
∫
d4k

1
k4
e+ikεp̃

}
. (5.61)

The parametrization and integration formulae used in the following context can be
found in Appendix D.

1) The planar part:

The Schwinger parametrization of 1/k4 is now given by

1
k4

=
1

Γ(2)

∞∫
0

dααe−αk
2

=

∞∫
0

dααe−αk
2
, (5.62)
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which leads to

Ĩ2,pl =
1
2

∫
d4k

1
k4

=
1
2

∫
d4k

∞∫
0

dααe−αk
2

=
1
2

∞∫
0

dαα

∫
d4ke−αk

2
=

1
2

∞∫
0

dα
π2

α

=
π2

2

∞∫
0

dα
1
α
. (5.63)

As distinguished from the planar part of A.1 (5.54), the second one shows a divergent
structure not only for the limit of α → 0 but also for the limit α → ∞. Therefore
we introduce an ultaviolet cutoff Λ and an infrared cutoff µ to regularize the integral
and evaluate this parameter integral with Formula (D.7a):

Ĩ2,pl =
π2

2

∞∫
0

dα
1
α
e−

1
Λ2α

−µ2α =
π2

2
K0

(
2

√
µ2

Λ2

)
, (5.64)

where K0 represents the modified Bessel function of second kind (D.9b).

2) The non-planar part:

The non-planar part reads

Ĩ2,npl(p) = −1
2

∫
d4k

1
k4
e+ikεp̃ = −1

2

∫
d4k

∞∫
0

dααe−αk
2+ikεp̃

= −1
2

∞∫
0

dαα

∫
d4k

[
eα(ik+ εp̃

2α
)2

]
e−

(εp̃)2

4α . (5.65)

The evaluation of the Gaussian integral (5.58) leaves us with the integral over the
parameter α and hence leads to

Ĩ2,npl(p) = −π
2

2

∞∫
0

dα
1
α
e−

(εp̃)2

4α
−µ2α = −π2K0

(
2

√
(εp̃)2

4
µ2

)

= −π2K0

(√
(εp̃)2µ2

)
, (5.66)

where we have used Formula (D.7a). Again we have a damping mechanism for small
α.

The noncommutative treatment also shows divergence in the limit of small external
momenta p.

Ĩ2,npl(p) = −π2K0

(√
(εp̃)2µ2

)
→ −∞, p→ 0. (5.67)
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B:

In the following we will give a methodology for calculating the integrals appearing in
part B.

1.

The integrals are of the general form

Ĩη1...ηm(p) =
∫
d4k

kη1 ...kηm

k2N
sin2

[1
2
kεp̃

]
=

1
2

∫
d4k

kη1 ...kηm

k2N

[
1 − e+ikεp̃

]
, (5.68)

where we have splitted the integral explicitly into the planar and non-planar part.
The given integrals of part B (5.43c, 5.43d) and (5.43e) generate the following possible
combinations, given in Tab. 5.3.

Integral N m

Ĩ3
µν 2 2

Ĩ4
µν 3 2

Ĩ5
αβµν 4 4

Table 5.3: Possible combinations of N and m.

2.

For the momenta in the numerator we can write

kη =
[
− i∂zηe

ikz
]
z=0

⇒ kη1 ...kηm = (−i)m∂zη1
...∂zηm

eikz
∣∣
z=0

, (5.69)

while the Schwinger parametrization of the denominator is given by

1
k2N

=
1

Γ(N)

∞∫
0

dαα(N−1)e−αk
2
,

together leading to

Ĩη1...ηm(p) =
(−i)m

2Γ(N)

∞∫
0

dαα(N−1)∂zη1
...∂zηm

∫
d4k

(
e−αk

2+ikz − e−αk
2+ik(εp̃+z)

)∣∣∣∣
z=0

.

(5.70)
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3.

The quadratic form of the exponential is given by

−αk2 + ikz = α

(
ik +

z

2α

)2

− z2

4α
, planar, (5.71a)

−αk2 + ik(εp̃+ z) = α

(
ik +

εp̃+ z

2α

)2

− (εp̃+ z)2

4α
, non-planar. (5.71b)

With application of Formula (D.6), the evaluation of the integral over k leads to a
factor π2/α2 for the planar and non-planar part (the detailed procedure can be seen
in Eqs. (5.56, 5.57) and (5.58)). Therefore we have

Ĩη1...ηm(p) =
(−i)mπ2

2Γ(N)

∞∫
0

dαα(N−3)∂zη1
...∂zηm

(
e−

z2

4α − e−
(εp̃+z)2

4α

)∣∣∣∣
z=0

. (5.72)

4.

The derivations for the non-planar part are given by (according to Tab. 5.3, we have
m=2, 4)7:

∂zµ∂zνe
− (εp̃+z)2

4α =
{
− δµν

2α
+

(εp̃+ z)µ(εp̃+ z)ν
(2α)2

}
e−

(εp̃+z)2

4α , m = 2

(5.73a)

∂zα∂zβ
∂zµ∂zνe

− (εp̃+z)2

4α =

=
{
δαβδµν + δαµδβν + δβµδαν

(2α)2

−
δαβ(εp̃+ z)µ(εp̃+ z)ν + δαµ(εp̃+ z)β(εp̃+ z)ν + δβµ(εp̃+ z)α(εp̃+ z)ν

(2α)3

−
δαν(εp̃+ z)β(εp̃+ z)µ + δβν(εp̃+ z)α(εp̃+ z)µ + δµν(εp̃+ z)α(εp̃+ z)β

(2α)3

+
(εp̃+ z)α(εp̃+ z)β(εp̃+ z)µ(εp̃+ z)ν

(2α)4

}
e−

(εp̃+z)2

4α , m = 4 (5.73b)

while the derivations for the planar part can be found similar if we set p = 0.

5.

The integrals Ĩ3, Ĩ4 (5.43c, 5.43d) can now be written in the form of

Ĩ(p) = Ĩpl + Ĩnpl(p) (5.74)

=
(−i)mπ2

2Γ(N)

{
Am−1

∞∫
0

dαα(N−3−(m−1)) −
∑

k=m−1,m

Ak

∞∫
0

dαα(N−3−k)e−
(εp̃)2

4α

}
,

7In the following context we use the notation (εp̃+ z)µ ≡ εp̃µ + zµ.
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while the integral Ĩ5 (5.43e) reads

Ĩ(p) = Ĩpl + Ĩnpl(p) (5.75)

=
(−i)mπ2

2Γ(N)

{
Am−2

∞∫
0

dαα(N−3−(m−2)) −
∑

k=m−2,m−1,m

Ak

∞∫
0

dαα(N−3−k)e−
(εp̃)2

4α

}
,

where the prefactors Am, representing expressions not involving the parameter α can
be deduced from Eqs. (5.73a) and (5.73b).

6.

Evaluation of the integrals: Insertion of N,m given from Tab. 5.3 and deducing the
right prefactors leads to four types of integrals:

Ĩi,pl ∼
∞∫
0

dα
1
α
e−

1
Λ2α

−µ2α, i = 4, 5, (5.76a)

Ĩi,pl ∼
∞∫
0

dα
1
α2
e−

1
Λ2α , i = 3, (5.76b)

Ĩi,npl ∼
∞∫
0

dα
1
α
e−

(εp̃)2

4α
−µ2α, i = 4, 5, (5.76c)

Ĩi,npl ∼
∞∫
0

dα
1
αj
e−

(εp̃)2

4α , j = 2, i = 3, 4, 5, (5.76d)

j = 3 i = 3, 5,

where Λ and µ represent the already introduced UV-and IR-cutoff. The integrals
(5.76a -5.76d) can be evaluated with Formula (D.7a) and (D.7b). In Appendix E.2.1,
we give the explicit calculation of Ĩ3(p) as an example.

The analytic expressions for the Feynman graphs are now given by

Π̃a
µν(p) ≈ −Ca

4g2

(2π)4
× (5.77a)

×
{
Ĩ3
µν(p) +

[
− 2pµpδĨ4

δν(p) − p2Ĩ4
µν(p) + 4pδpσĨ5

σδµν(p)
]

+ O(p3)
}
,
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Π̃b
µν(p) ≈ +Cb

4g2

(2π)4
× (5.77b)

×
{

12Ĩ3
µν(p) +

[
− 5pµpν Ĩ2(p) − 8pαpν Ĩ4

αµ(p) − 8pαpµĨ4
αν(p)

− 16p2Ĩ4
µν(p) + 52pαpβ Ĩ5

αβµν(p)

+ 8p2δµν Ĩ2(p) − 8pαpβδµν Ĩ4
αβ(p)

]
+ O(p3)

}
,

Π̃c
µν(p) ≈ −Cc

8g2

(2π)4

{
2δµν Ĩ1(p) + Ĩ3

µν(p)
}
. (5.77c)

5.6.2 Explicit Evaluation

The detailed outcome of each Integral Ĩi can be found in Appendix E.2.2, and inserted
into (5.77a-5.77c) leads to:

Π̃a
µν(p) ≈ −Cag2× (5.78)

×
{[(

1
16π2

δµνΛ2

)(0)

−
(

1
48π2

p2δµνK0

(
2

√
µ2

Λ2

)
+

1
24π2

pµpνK0

(
2

√
µ2

Λ2

))(2)]pl
+

[(
− 1

4π2

δµν
(εp̃)2

+
1

2π2

p̃µp̃ν
(εp̃2)2

)(0)

+
(

(finite terms)′
)(2)

+
(

1
24π2

pµpνK0

(√
µ2(εp̃2)2

)
+

1
48π2

p2δµνK0

(√
µ2(εp̃)2

))(2)]npl
+ O(p3)

}
,

Π̃b
µν(p) ≈ +Cbg2× (5.79)

×
{[(

3
4π2

δµνΛ2

)(0)

+
(

50
48π2

K0

(
2

√
µ2

Λ2

)
p2δµν −

56
48π2

K0

(
2

√
µ2

Λ2

)
pµpν

)(2)]pl
+

[(
6
π2

p̃µp̃ν
(εp̃2)2

− 3
π2

δµν
(εp̃)2

)(0)

+
(

(finite terms)′′
)(2)

−
(

50
48π2

K0

(√
µ2(εp̃)2

)
p2δµν −

56
48π2

K0

(√
µ2(εp̃)2

)
pµpν

)(2)]npl
+ O(p3)

}
,

Π̃c
µν(p) ≈ −Ccg2

{[
5

8π2
δµνΛ2

]pl
−

[
5

2π2

δµν
(εp̃)2

− 1
π2

p̃µp̃ν
(εp̃2)2

]npl}
. (5.80)

Note that the superscript (0), (2) represents the order of our expansion and that we
have devided each Π̃i

µν(p) into the planar and non-planar part. The expression finite
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terms refers to all finite terms which will not contribute to the divergent structure in
the limit of small p. They are given by

(finite terms)′ =

= −
[

1
8π2

pµpδp̃δp̃ν
p̃2

+
1

16π2

p2p̃µp̃ν
p̃2

+
1

12π2

pδpσp̃µp̃ν p̃δp̃σ
p̃4

− 1
24π2

(δµνpδpσp̃δp̃σ + pµpσp̃ν p̃σ + pσpν p̃µp̃σ

+ pδpµp̃ν p̃δ + pδpν p̃µp̃δ + p2p̃µp̃ν)
1
p̃2

]
, (5.81)

(finite terms)′′ =

= −
[

1
2π2

pαpβ p̃αp̃β
p̃2

δµν +
1
π2

p2p̃µp̃ν
p̃2

+
1

2π2

pαpµp̃αp̃ν
p̃2

+
1

2π2

pαpν p̃αp̃µ
p̃2

− 26
48π2

(p2p̃µp̃ν + pµpβ p̃β p̃ν + pαpµp̃αp̃ν + pνpβ p̃β p̃µ

+ pαpµp̃αp̃ν + δµνpαpβ p̃αp̃β)
1
p̃2

+
52

48π2

pαpβ p̃µp̃ν
p̃4

]
. (5.82)

The detailed calculations can be found in Appendix E.2.3.

5.7 One-Loop Correction

The full one-loop correction of the photon propagator is now given by the sum of all
analytic expressions Π̃j

µν(p), representing the particular Feynman graph,

Π̃′(p) = Π̃a
µν(p) + Π̃b

µν(p) + Π̃c
µν(p) + Π̃d

µ(p) + Π̃e
µ(p) (5.83)

= Π̃j(p), j = a, b, c, d, e.

We have approximated the photon propagator in the limit of large momenta k. Since
the one-point tadpoles vanished (Π̃d

µ(p) = Π̃e
µ(p) = 0), and each Π̃a,b,c

µν (p) contains
a planar and non-planar part which are expanded up to the second order (except
Π̃c
µν(p)), we may write

Π̃µν(p) ≈
∑

i=pl,npl

[ ∑
j=a,b

∑
k=(0),(2)

Π̃i,j,k
µν (p) + Π̃c,i

µν(p)
]

+ finite terms, (5.84)

where finite terms will contain all finite expressions which appear in our calculations
and is explained later on in detail.

Aside from this formal expression it will be wise to take a closer look at each part,
collect all (non)-planar parts, seperate each order and bring together the prefactors.
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Therefore we get for the planar part of Π̃µν(p):

Π̃(0),pl
µν (p) ≈ − g2

(4π)2
Λ2δµν(Ca − 12Cb + 10Cc) = 0, (5.85)

Π̃(2),pl
µν (p) ≈

≈ g2

3(4π)2
K0

(
2

√
µ2

Λ2

){
(Ca + 50Cb)p2δµν + 2(Ca − 28Cb)pµpν

}
=

26g2

3(4π)2
K0

(
2

√
µ2

Λ2

)
(p2δµν − pµpν), (5.86)

and for the non-planar part:

Π̃(0),npl
µν (p) ≈

≈ g2

(2π)2
1

(εp̃2)2

{
(Ca − 12Cb + 10Cc)p̃2δµν − 2(Ca − 12Cb + 2Cc)p̃µp̃ν

}
=

2g2p̃µp̃ν
π2(εp̃2)2

, (5.87)

Π̃(2),npl
µν (p) ≈

≈ − g2

3(4π)2
K0

(√
(εp̃)2µ2

){
(Ca + 50Cb)p2δµν + 2(Ca − 28Cb)pµpν

}
+ (finite terms)′ + (finite terms)′′ + O(p3)

= − 26g2

3(4π)2
K0

(√
(εp̃)2µ2

)
(p2δµν − pµpν) + (finite terms)′′′ + O(p3), (5.88)

where we have used

(finite terms)′′′ = (finite terms)′ + (finite terms)′′,

and the expressions of higher orders caused by the expansion added to the term
Π̃(2),npl
µν (p). In the face of calculating a sum the final expression will not be affected.

The sum of all expressions with the combinatoric factors Ca = 1, Cb = 1
2 , Cc = 1

2
given from Section 5.2, Tab. 5.1 leads to:

Π̃µν(p) ≈

≈ 2g2

π2

p̃µp̃ν
(εp̃2)2

+
26g2

3(4π)2

{
K0

(
2

√
µ2

Λ2

)
−K0

(√
(εp̃)2µ2

)}
(p2δµν − pµpν)

+ (finite terms)′′′ + O(p3)

≈ 2g2

π2

p̃µp̃ν
(εp̃2)2

+
13g2

24π2
ln(Λ)(p2δµν − pµpν) + finite terms. (5.89)

This result exhibits a quadratic IR divergence.

In the last expression we have used the expansion of the modified Bessel function
of second kind given by Eq. (D.11a). The expression finite terms now contains all
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non-relevant terms which will not contribute to the divergent structure in the limits
of µ→ 0,Λ → ∞ and in the light of small external momenta p:

finite terms ≡ (finite terms)′′′ + (finite terms)IV (5.90)

+ {O(a4) + O(b4)}(p2δµν − pµpν) + O(p3),

a ≡ 2

√
µ2

Λ2
,

b ≡
√

(εp̃)2µ2,

while the term (finite terms)IV contains finite expressions for small p caused by the
expansion of the Bessel function K0(

√
(εp̃)2µ2). For the sake of completeness we give

the analytic expression of this term

(finite terms)IV =
{(

1 +
((εp̃)2)2µ2

4

)
ln(εp̃) − ln(2)

}
(p2δµν − pµpν). (5.91)

We also have to mention that each expansion of K0(a) and K0(b) leads to a term
1/2 ln(µ2) which cancel each other. For details take a closer look at Appendix E.3.1.

Finally, the Feynman graph which represents the analytic expression Π̃µν(p) may look
like the following figure (Fig. 5.22).

= Π̃µν(p)
pµ pν

Figure 5.22: Feynman graph representing the sum of one-loop corrections to the
photon propagator.



Chapter 6

Renormalization

The last chapter is dedicated to the topic of Renormalization. In general renormal-
ization means that the parameters of a given theory will be replaced by renormalized
parameters which can absorb the occurring divergences. In the special case of this
work, the parameters γ, σ will be replaced by the renormalized parameters γr, σr.
The procedure of renormalization will be discussed step by step.

We start with the one-loop correction (5.89), given by1

Π̃µν(k) ≈
2g2

π2

k̃µk̃ν

(εk̃2)2
+

13g2

24π2
ln(Λ)(k2δµν − kµkν) + finite terms,

and analyse each term separately.

Before we start the renormalization procedure we underline that the limit Λ → ∞
must be considered at the very end.

a) Limit of small momenta k:

As we have mentioned in the previous chapter, the first term is quadratic IR divergent
while the second one is finite. The Lagrangian of our BRSW model was constructed
in such a way that the soft breaking term will lead to a damping mechanism in the
IR region. This can be understood if we take a closer look at the complete or in other
words ’dressed’ propagator G̃AA,dressµν . This dressed propagator represents all possible
combinations of propagators and one-loop corrections Π̃µν . The essential part of the
dressed propagator will be the expression (we give schematic statements, the detailed
ones can be found in the next section):

G̃Π̃G̃ ∼ k2 1
k2
k2, (6.1)

which is finite in the limit of small momenta k.

b) Limit of Λ → ∞:

The second term of Eq. (5.89) shows a logarithmic divergence in the limit of Λ → ∞.
1The external momenta p is now denoted by k.

87
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This can be treated satisfyingly if we introduce the renormalized parameter γr which
absorbs the divergences.

c) Limit ε→ 0:

The predication ‘Limit of ε→ 0‘ makes only sense we if consider that ε can not reach
the value ε = 0, since ε represents the deformation parameter. This parameter must
be understood in the way that it can be arbitrarily close to zero and therefore exhibits
a quadratic divergence. To underline this aspect we recall Eq. (2.4):[

x̂µ, x̂ν
]

= iεθµν ,

where the noncommutativity is only given for ε 6= 0.
As we will see in the next sections this parameter will be included in the renormalized
σr.

A few words about notation: In the following renormalized quantities are denoted by
the the index r or the superscript ren. Any occurring propagator without explicit
superscript denotation represents the tree-level two point Green function

G̃AAµν (k) ≡ G̃AA,treeµν (k). (6.2)

Any expansion in terms of the coupling constant g is done under the assumption
g2 < 1.

6.1 Renormalization of the Photon Propagator

6.1.1 General Remarks

For the dressed propagator G̃AA,dressµν , we can give a representation in terms of Feyn-
man graphs (Fig. 6.1) while the analytic expression reads:

= + +O(g4)

G̃AA,dress(k)

G̃AA(k) G̃AA(k)

Π̃(k)

G̃AA(k)

Figure 6.1: Dressed Photon Propagator at one-loop level.

G̃AA,dressµν (k) = G̃AAµν (k) + G̃AAµρ (k)Π̃ρσ(k)G̃AAσν (k) + O(g4). (6.3)

Since the dressed propagator represents a sum of tree-level photon propagators G̃AAµν
in combination with the one-loop correction Π̃µν , we try to show that G̃AA,dress can be
written as a geometric series in the way of (the indices, superscript and the argument
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k are omitted to avoid confusion):

G̃dress = G̃+ G̃Π̃G̃+ G̃ΠG̃ΠG̃+ O(g6)

= G̃

{
1 + Π̃G̃+ Π̃G̃Π̃G̃+ O(g6)

}
= G̃

∞∑
n=0

(Π̃G̃)n = G̃
1

1 − Π̃G̃
=

1
1
G̃
− Π̃

, (6.4)

⇒ G̃AA,dressµν (k) =
1(

G̃AAµν (k)
)−1 − Π̃µν(k)

. (6.5)

To apply this series we must imply two important requirements:

1.

The expansion of this series is only valid for g2 < 1 which is obviously fulfilled since
we have postulated this requirement in the introduction. Nevertheless in the light
of vanishing momenta k (at this time the parameter Λ must be treated as a finite
quantity) the expression Π̃G̃ will not diverge. Due to the fact that we were mainly
interested in expressions depending on small k, we approximated Π̃µν(k) for small
values of k and therefore the occurring quadratic IR divergence can now be absorbed
by G̃AAµν (k) in the limit of small k:

Π̃ρσ(k)G̃AAσν (k) = finite expression,

Π̃first term
ρσ (k) ∝ 2g2

π2

k̃ρk̃σ

(εk̃2)2
, dominant for small k

G̃AAσν (k) ≈ k̃2

γ4

[
δσν −

kσkν
k2

− σ̄4

(σ̄4 + γ4)
k̃σk̃ν

k̃2

]
, for small k .

However the dressed propagator should cover the full range from IR to UV. The next
section shows that we must use a more generalized propagator to find an inverse.

2.

The inverse of the propagator G̃AAµν must be understood in the way of

G̃AAµρ (G̃AAρν )−1 = (G̃AAµρ )−1G̃AAρν = δµν . (6.6)

If we now recall that the inverse of the connected two-point Green function which
represents the photon propagator G̃AAµν (k) at tree level, equals the two-point vertex
function Γ̃AA,treeµν (k)2, then Eq. (6.5) becomes

Γ̃AA,dressµν (k) = Γ̃AA,treeµν (k) − Π̃µν(k), (6.7)

2The superscript tree emphasises the fact that the two-point vertex function represents the
inverse of the tree-level two-point Green function in the way of (G̃AA,tree

µν )−1 = Γ̃AA,tree
µν with

G̃AA
µν ≡ G̃AA,tree

µν . For details take a closer look in Chapter 4, Section 4.1.1 and especially Eq.
(4.15).
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with
1

Γ̃AA,dressµν (k)
= G̃AA,dressµν (k),

1

Γ̃AA,treeµν (k)
= G̃AAµν (k), (6.8)

1(
G̃AAµν (k)

)−1 − Π̃µν(k)
=

1

Γ̃AA,treeµν (k) − Π̃µν(k)
.

The inverse of the last expression also has an interpretation in the sense of Eq. (6.6):(
(Γ̃AA,tree − Π̃)µρ

)−1(
Γ̃AA,tree − Π̃)ρν

)
= δµν . (6.9)

6.1.2 The Inverse Propagator

The task is now to find the inverse of G̃AAµν (k), subtract it from the one-loop correction
Π̃µν(k) to obtain the expression Γ̃AA,dressµν (k) and invert the latter once again to get
the dressed propagator G̃AA,dressµν (k).

So far we have worked with the propagator given by Eq. (5.1), where we have used the
Landau gauge (α → 0). Since the inverse of this propagator does not exist [25, 26],
we will use the more generalized form (α 6= 0) given by:

G̃AAµν (k) =
1
k2D

[
δµν − (1 − αD)

kµkν
k2

−F k̃µk̃ν
k̃2

]
, (6.10)

where we have introduced the abbreviations

D(k) ≡
(

1 +
γ4

(k̃2)2

)
, (6.11)

F(k) ≡ 1
k̃2

σ̄4(
k2 + (σ̄4 + γ4) 1

k̃2

) . (6.12)

Note that Eq. (6.10) equals (4.47). It has to be remarked that the quadratic IR
divergence and the result of the renormalization must be independent of the gauge
fixing [39, 40]. In the end we will consider the Landau gauge again.

To get our inverse propagator we make the following ansatz according to Eq. (6.6):

δµν =
(
G̃AAµρ (k)

)−1
G̃AAρν (k) (6.13)

= k2D
[
δµρ + a1

kµkρ
k2

+ a2
k̃µk̃ρ

k̃2

]
1
k2D

[
δρν − (1 − αD)

kρkν
k2

−F k̃ρk̃ν
k̃2

]
,

from which we obtain the coefficients a1, a2 by comparison

a1 =
1
αD

− 1, (6.14)

a2 =
F

1 −F
. (6.15)
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Therefore the two-point vertex function at tree level reads

Γ̃AA,treeµν (k) =
(
G̃AAµν (k)

)−1 =

= k2D
[
δµν +

(
1
αD

− 1
)
kµkν
k2

+
σ̄4

k2k̃2D
k̃µk̃ν

k̃2

]
. (6.16)

The detailed calculation of the inverse of the tree level propagator can be found in
Appendix F.1.1.

Before we insert the last equation in Eq. (6.7), we once again stress that we are
mainly interested in expressions depending on small values of k and hence introduce
the following abbreviation:

Γ̃AA.corrµν (k) ≡ Π̃µν(k)
∣∣∣∣
without finite terms

, (6.17)

leading to

Γ̃AA.corrµν (k) = Πa
k̃µk̃ν

(k̃2)2
+Πb(k2δµν − kµkν), (6.18)

with

Πa =
2g2

π2ε2
, (6.19)

Πb =
13g2

24π2
ln(Λ), (6.20)

involving the parameters ε and Λ.

6.1.3 Explicit Renormalization

Using the findings so far, the dressed vertex function can now be written as3

Γ̃AA,dressµν (k) = Γ̃AA,treeµν (k) − Γ̃AA.corrµν (k)

= k2(D −Πb)
[
δµν +

(
1

α(D −Πb)
− 1

)
kµkν
k2

+
σ̄4 −Πa

k2k̃2(D −Πb)
k̃µk̃ν

k̃2

]
. (6.21)

The detailed calculation can be found in Appendix F.1.2.

Before we try to find the inverse Γ̃AA,dressµν (k), representing the dressed propagator
which will lead in rapid succession to the renormalized propagator, we must mention
some fundamental aspects of renormalization.

i)
The comparison of the tree level two-point vertex function (6.16) with the dressed

vertex function (6.21) shows that the latter one differs from the first one by additional

3At this point the two point vertex function (6.16) diverges for the Landau gauge (α → 0) but
firstly the propagator represents the inverse of this expression and secondly the limit α → 0 will
considered at the end.
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terms. These terms contain the divergent structure.

ii)
The task is now to renormalize the given parameters (γ, σ̄) in such a way that the

renormalized parameters (which must be independent of the variable k) absorb the
divergences and that finally the now renormalized vertex function can be rewritten
in the same form as the tree level expression.

iii)
If this can be achieved, the rewritten renormalized vertex function (and propa-

gator!) shows stability of the theory with respect to the one-loop corrections. The
postulated stability means that the renormalized propagator must have the same
form as the dressed propagator. This allows us to compare the factors of the dressed
propagator and of the renormalized one.

Once again we take a closer look at Eq. (6.21) and find that the first term of the
dressed vertex function is given by4:

Γ̃AA,dressµν (k)first term = k2(D −Πb)δµν .

At first sight the expression D−Πb looks like a candidate for a renormalized Df (γ4
f )

in the way of

Df (γ4
f ) = D(γ4) −Πb,

but as we will see the renormalized parameter equals the non renormalized one under
the constraint Πb=0:

Df (γ4
f ) =

(
1 +

γ4
f

k2k̃2

)
=

(
1 +

γ4

k2k̃2

)
−Πb = D −Πb,

⇒ γ4
f = γ4.

Obviously the last expression makes no sense. A way out of this dilemma is to in-
troduce a wave function renormalization Aµ → Aµ = ZAA

r
µ. This implies for the

renormalized propagator, already modified with renormalized parameters a multi-
plication with Z2

A. The square represents the fact that in general a propagator is
represented by a quadratic term in the Langrangian. Therefore we multiply (6.21)
with the wave function parameter Z−2

A (which should incorporate Πb). According to
the announcements ii) and iii) we demand that the renormalized vertex function is
cast into the same form as the tree level one:

Γ̃AA,treeµν (k)first term = k2(D −Πb)δµν = Γ̃AA,renµν (k)first term = k2 Dr

Z2
A

δµν (6.22)

Under the aspect of stability, we define

Dr(γ4
r ) :=

(
1 +

γ4
r

k2k̃2

)
, (6.23)

4The superscript f emphasises the fact that this renormalized propagator will no be the final
result (f stands for false).
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and inserting the explicit expressions, we obtain

Dr(γ4
r ) = (D −Πb)Z2

A,

⇒
(

1 +
γ4
r

k2k̃2

)
=

{(
1 +

γ4

k2k̃2

)
−Πb

}
Z2
A

= (1 −Πb)Z2
A +

γ4

k2k̃2
Z2
A. (6.24)

Comparing the coefficients we get

γ4
r = γ4Z2

A, (6.25)

while the wave function parameter reads

ZA =
1√

1 −Πb
. (6.26)

Now the conditional equation (6.25) for γ4
r reads

γ4
r = γ4Z2

A = γ4
(
1 +

1
2
Πb + O(g4)

)
= γ4

(
1 +

13g2

48π2
ln(Λ) + O(g4)

)
. (6.27)

The treatment of the first term determines the second one under the assumption of
the Landau gauge. The approach to renormalize the parameter σ in the third term
of Eq. (6.21) proceeds in the same way as the first term:

Γ̃AA,treeµν (k)third term = (σ̄4 −Πa)
k̃µk̃ν

k̃4
= Γ̃AA,renµν (k)third term =

σ̄4
r

Z2
a

k̃µk̃ν

k̃4
, (6.28)

⇒ (σ̄4 −Πa)Z2
A = σ̄4

r .

If we define

σ̄4
r := 2

(
σr +

θ2

4
σ2
r

)
γ4
r , (6.29)

we get with the help of Eq. (6.25):

2
(
σr +

θ2

4
σ2
r

)
γ4Z2

A = (σ̄4 −Πa)Z2
A, (6.30)

leading to the conditional equation for σr:

σr =
2
θ2

{
− 1 ±

√(
1 +

θ

2
σ

)2

− g2θ2

π2γ4ε2

}
. (6.31)

The detailed calculation of the last equation can be found in Appendix F.1.3.

The renormalized vertex function is now given by

Γ̃AA,renµν (k) =
k2Dr

Z2
A

[
δµν +

(
Z2
A

αDr
− 1

)
kµkν
k2

+
σ̄4
r

k2k̃2Dr

k̃µk̃ν

k̃2

]
. (6.32)
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To get the renormalized propagator we apply the same ansatz as in Eq. (6.13):

δµν =
(
Γ̃AA,renµρ (k)

)−1Γ̃AA,renρν (k) (6.33)

=
Z2
A

k2Dr

[
δµρ + b1

kµkρ
k2

+ b2
k̃µk̃ρ

k̃2

]
k2Dr

Z2
A

[
δρν +

(
Z2
A

αDr
− 1

)
kρkν
k2

+
σ̄4
r

k2k̃2Dr

k̃ρk̃ν

k̃2

]
,

from which we obtain the coefficients b1, b2 by comparison

b1 = −
(

B1

1 +B1

)
, (6.34)

b2 = −
(

B2

1 +B2

)
, (6.35)

where we have introduced the abbreviations

B1 =
Z2
A

αDr
− 1, (6.36)

B2 =
σ̄4
r

k2k̃2Dr

.

After recasting the coefficients, the renormalized propagator in Landau gauge (α→ 0)
becomes

G̃AA,renµν (k) =
Z2
A

k2Dr

[
δµν −

kµkν
k2

−Fr
k̃µk̃ν

k̃2

]
, (6.37)

with the abbreviation Fr

Fr(k) ≡
1
k̃2

σ̄4
r(

k2 + (σ̄4
r + γ4

r )
1
k̃2

) , (6.38)

and the following already named quantities:

Z2
A =

1
1 −Πb

,

γ4
r = γ4Z2

A,

Dr =
(

1 +
γ4
r

k2k̃2

)
,

σ̄4
r = 2

(
σr +

θ2

4
σ2
r

)
γ4
r .

The detailed calculation of the renormalized propagator (6.37) is shown in Appendix
F.1.4.

6.1.4 Renormalization Conditions

In the last section of this work, we provide renormalization conditions for the tree
level two-point vertex function given by Eq. (6.16):

Γ̃AA,treeµν (k) = k2D
(
δµν −

kµkν
k2

)
+
k2

α

kµkν
k2

+
σ̄4

k̃2

k̃µk̃ν

k̃2
.
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The last equation can be divided into a transversal (T ), longitudinal (L) and non-
commutative part (NC). The motivation for the following separation can be seen if
we multiply (6.16) with a vector kµ. The first part gives

k2D
(
δµν −

kµkν
k2

)
kµ = k2D(kν − kν) = 0, (6.39)

leading to the identification

Γ̃AA,T = k2D. (6.40)

The second term (
k2

α

kµkν
k2

)
kµ =

k2

α
kν , (6.41)

motivates

Γ̃AA,L =
k2

α
. (6.42)

The last term involves the matrix θµν in the way of(
σ̄4

k̃2

k̃µk̃ν

k̃2

)
kµ = 0, kµk̃µ = kµθµνkν = 0, (6.43)

and hence explains the superscript NC in the identification

Γ̃AA,NC =
σ̄4

k̃2
. (6.44)

With respect to the introduced identifications, the tree level two-point vertex function
reads

Γ̃AA,treeµν (k) = Γ̃AA,T
(
δµν −

kµkν
k2

)
+ Γ̃AA,L

kµkν
k2

+ Γ̃AA,NC
k̃µk̃ν

k̃2
, (6.45)

and allows us to formulate renormalization conditions given by

(k̃2)2

k2
Γ̃AA,T

∣∣∣∣
k2=0

= γ4, (6.46a)

1
2k2

∂(k2Γ̃AA,T )
∂k2

∣∣∣∣
k2=0

= 1, (6.46b)

k̃2ΓAA,NC
∣∣∣∣
k2=0

= σ̄4, (6.46c)

Γ̃AA,L
∣∣∣∣
k2=0

= 0, (6.46d)

∂ΓAA,L

∂k2

∣∣∣∣
k2=0

=
1
α
. (6.46e)

With these renormalization conditions, one can in principle determine the qualitative
form of the propagator to all loop orders (provided the theory is renormalizable).
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Chapter 7

Conclusion

7.1 Summary

The main aim of this work, which is based on the BRSW model, was to compute
Feynman rules, results for the vacuum polarization and the one-loop renormaliza-
tion of the gauge boson propagator. In the first chapter (1), a short overview about
the motivation for noncommutative space and a brief review about the main models
was presented. The following chapter (2) was dedicated to the algebra and the star
product. In the next chapter (3), the action of the gauge field model was stated.
The complex fields, as well as the ghost fields, introduced into the bilinear part of
the action implement the IR damping. In order to ensure BRST transformations in
the UV, additional sources are needed. Those sources implement a soft breaking of
BRST in the IR. The computation of the Feynman rules was the main part of chapter
four (4). According to the Section 4.1.4, only the photon propagator and the ghost
propagator contribute to physical results. In the IR limit, the photon propagator
shows the appearance of a term of the same type as the appearing divergent terms in
one-loop results. The noncommutativity of the theory entered the vertex functions
via phase factors, while the propagators showed the same form as the commutative
ones. One-loop calculations of the next chapter (5) showed that from five one-loop
Feynman graphs (Fig. 5.1) only three graphs were non-vanishing: The ghost-tadpole
and the photon-tadpole vanished due to momentum conservation, pointing out one
advantage of the 1

p2
model. Explicit calculations under the premise that one-loop

corrections to the ghost-loop and photon-loop could be expanded in the limit of small
external momenta, exhibited the known quadratic IR divergence in the external mo-
mentum and a logarithmic UV divergence in the cutoff Λ of the one-loop corrections
of the vacuum polarization. The last chapter (6) pointed straight to the heart of any
quantum field theory: Renormalization. Since the dressed propagator contains the
product of the tree-level propagator and the one-loop correction, it was shown that as
postulated by construction of the action, the inherent quadratic IR divergence could
be cured. In the end, the renormalized propagator shows the same form as the tree
level expression providing stability of the theory. The renormalized parameters are
able to absorb the logarithmic UV divergence given by the cutoff Λ.

97



98 CHAPTER 7. CONCLUSION

7.2 Outlook

The BRSW model may be the first renormalizable noncommutative gauge theory
model. Although, only renormalization up to one-loop level was proven, there are
strong indications [20] that this can be achieved up to all orders by using Multiscale
Analysis. However, aside from this model the soft breaking ’technique’ promises to
be a powerful tool for other noncommutative quantum field theory models.



Appendix A

Noncommutative Quantum Field
Theory

A.1 The Star Product

A.1.1 Cyclic Permutation

First of all we will omit the stars because we only want to show which algebraic sign
will occur.
We only look at the product of fermions/bosons and fermions/fermions with the
abbreviation f for fermions and b for bosons.

1) Two Fields:

Permutations of 12 are 21; we have∫
d4x(b1f2) = +

∫
d4x(f2b1), (A.1)∫

d4x(f1f2) = −
∫
d4x(f2f1).

2) Three Fields:

Permutations of 123 are 312 and 231; we have∫
d4x(f1f2f3) = +

∫
d4x(f3f1f2) = +

∫
d4x(f2f3f1),∫

d4x(f1f2b3) = +
∫
d4x(b3f1f2) = −

∫
d4x(f2b3f1), (A.2)∫

d4x(f1b2f3) = −
∫
d4x(f3f1b2) = −

∫
d4x(b2f3f1),∫

d4x(b1f2f3) = −
∫
d4x(f3b1f2) = +

∫
d4x(f2f3b1).
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3) Four Fields:

Permutations of 1234 are 4123, 3412 and 2341; we have∫
d4x(f1b2f3b4) = +

∫
d4x(b4f1b2f3)

= −
∫
d4x(f3b4f1b2) (A.3)

= −
∫
d4x(b2f3b4f1),

and ∫
d4x(f1b2b3f4) = −

∫
d4x(f4f1b2f3)

= −
∫
d4x(b3f4f1b2) (A.4)

= −
∫
d4x(b2b3f4f1).

All those combinations will arise in our work.



Appendix B

BRSW Model

B.1 Functional Derivative

B.1.1 Functional Derivative and Star Product

We want to calculate

δ

δψµ(y)

∫
d4x[φα(x) ? ψβ(x) ? ϕγ(x)]

=
δ

δψµ(y)

∫
d4x(±)[ψβ(x) ? ϕγ(x) ? φα(x)]

=
δ

δψµ(y)
1

(2π)12

∫
d4x

∫
d4k1

∫
d4k2

∫
d4k3e

i(k1+k2+k3)xe−
i
2
k1εθk2− i

2
k2εθk3− i

2
k1εθk3

×
(
± ψ̃β(k1)ϕ̃γ(k2)φ̃α(k3)

)
.

where we have a plus sign for bosons and a minus sign for fermions.

The derivation gives

δ

δψµ(y)

∫
d4x[φα(x) ? ψβ(x) ? ϕγ(x)] =

=
1

(2π)12

∫
d4x

∫
d4k1

∫
d4k2

∫
d4k3e

i(k1+k2+k3)xe−
i
2
k1εθk2− i

2
k2εθk3− i

2
k1εθk3

×
(
±
δψ̃β(k1)
δψµ(y)

ϕ̃γ(k2)φ̃α(k3)
)

=
1

(2π)8

∫
d4k1

∫
d4k2

∫
d4k3δ

4(k1 + k2 + k3)e−
i
2
k1εθk2− i

2
k2εθk3− i

2
k1εθk3

×
(
±
δψ̃β(k1)
δψµ(y)

ϕ̃γ(k2)φ̃α(k3)
)
. (B.1)

The calculation of the term including a variation leads to:

δψ̃β(k1)
δψµ(y)

=
∫
d4xe−ik1x

δψβ(x)
δψµ(y)

=
∫
d4xe−k1xδβµδ

4(x− y) = δβµe
−ik1y. (B.2)
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Inserting the last expression into (B.1) leads to

δ

δψµ(y)

∫
d4x[φα(x) ? ψβ(x) ? ϕγ(x)] =

=
1

(2π)8

∫
d4k1

∫
d4k2

∫
d4k3δ

4(k1 + k2 + k3)e−
i
2
k1εθk2− i

2
k2εθk3− i

2
k1εθk3

×
(
± δβµe

−ik1yϕ̃γ(k2)φ̃α(k3)
)
.

The use of δ4(k1 + k2 + k3) for elimination of k1 (k1 = −k2 − k3) brings

δ

δψµ(y)

∫
d4x[φα(x) ? ψβ(x) ? ϕγ(x)] =

=
1

(2π)8

∫
d4k2

∫
d4k3

(
± δβµe

i(k2+k3)ye−
i
2
k2εθk3ϕ̃γ(k2)φ̃α(k3)

)
= ±δβµ

(
ϕγ(y) ? φα(y)

)
, (B.3)

which was the desired result.

B.2 Partial Integration

B.2.1 Partial Integration and Star Product

The first expression is given by (3.15) from the main text. Since it represents a
bilinear expression, we can omit the star and have∫

d4xA(x) ? ∂µBµ(x) =
∫
d4xA(x)∂µBµ(x)

=
∫
d4x∂µ

(
A(x)Bµ(x)

)
−

∫
d4x∂µA(x)Bµ(x).

Due to the fact that the first term of the last expression represents a surface term,
we get ∫

d4xA(x) ? ∂µBµ(x) = −
∫
d4x∂µA(x)∂µBµ(x)

= −
∫
d4x∂µA(x) ? ∂µBµ(x). (B.4)

The second expression is given by Eq. (3.16):∫
d4xA(x) ?

1
�̃
B(x) =

∫
d4x

1
�̃
A(x) ? B(x).

At this point we will stop and restart using new definitions

A′(x) :=
1
�̃
A(x), B′(x) :=

1
�̃
B(x). (B.5)
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and

�
� ≡ 1. (B.6)

Therefore, we write for Eq. (3.16):∫
d4xA(x) ?

1
�̃
B(x) =

=
∫
d4x�̃A′(x)B′(x) =

∫
d4x∂̃α∂̃αA

′(x)B′(x)

=
∫
d4x∂̃α

(
∂̃αA

′(x)B′(x)
)
−

∫
d4x

(
∂̃αA

′(x)∂̃αB′(x)
)
.

The first term of the last expression represents a surface term and hence vanishes.
The second one reads

−
∫
d4x

(
∂̃αA

′(x)∂̃αB′(x)
)

=

= −
∫
d4x∂̃α

(
A′(x)∂̃αB′(x)

)
+

∫
d4xA′(x)∂̃α∂̃αB′(x).

The surface term vanishes and the insertion of (B.5) leads to∫
d4xA(x) ?

1
�̃
B(x) =

=
∫
d4xA′(x)∂̃α∂̃αB′(x)) =

∫
d4xA′(x)�̃B′(x)

=
∫
d4x

1
�̃
A(x)B(x) =

∫
d4x

1
�̃
A(x) ? B(x)

And finally the last expression is given by Eq. (3.17):∫
d4xA(x) ? B(x) ? ∂µCµ(x) =

∫
d4x

(
A(x) ? B(x)

)
∂µCµ(x)

= −
∫
d4x∂µ

(
A(x) ? B(x)

)
Cµ(x) = −

∫
d4x∂µ

(
A(x) ? B(x)

)
? Cµ(x).

B.3 BRST Transformation

B.3.1 BRST Transformation and Invariance

We want to show the BRST invariance for our action S. If we can show that our
action can be written like:

sS = s

∫
d4xL = s

∫
d4xsA =

∫
d4xs2A = 0, (B.7)
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it is easy to show invariance by nilpotency (s2 = 0):

sS = s(Sinv + Sghost + Sgf + Saux + Sbreak + Sext)
= s(Sinv + Sgf ′ + Saux + Sbreak + Sext)
= sSinv + sSgf ′ + sSaux + sSbreak + sSext. (B.8)

Taking a closer look at each term of (3.19), we will see that only the term Sinv remains

sSinv =
∫
d4x

1
4
s(Fµν ? Fµν),

sSgf ′ =
∫
d4xs2(c̄ ? (∂µAµ −

α

2
b)) = 0,

sSaux = −
∫
d4xs2(ψ̄µν ? Bµν) = 0, (B.9)

sSbreak =
∫
d4xs2

{
(Q̄µναβ ? Bµν +Qµναβ ? B̄µν) ?

1
�̃

(fαβ + σ
θαβ
2
f̃)

}
= 0,

sSext =
∫
d4xs2(−ΩA

µ ? Aµ + Ωc ? c) = 0.

As we have mentioned above, we must act with the BRST operator s on the term
Sinv to make sure that this transformation leads to zero,

sSinv = s

∫
d4x

1
4
FµνFµν

=
∫
d4x

1
4
(sFµνFµν + FµνsFµν). (B.10)

First of all we calculate the expression:

sFµν =
= s(∂µAν − ∂νAµ − ig[Aµ, Aν ])
= ∂µsAν − ∂νsAµ − ig[sAµ, Aν ] − ig[Aµ, sAν ]
= ∂µDνc− ∂νDµc− ig[Dµc, Aν ] − ig[Aµ, Dνc]
= ∂µ(∂ν − ig[Aν , c]) − ∂ν(∂µ − ig[Aµ, c])

− ig[(∂µc− ig[Aµ, c]), Aν ] − ig[Aµ, (∂νc− ig[Aν , c])]
= −ig∂µ[Aν , c] + ig∂ν [Aµ, c]

− ig([∂µc, Aν ] − ig[[Aµ, c], Aν ]) − ig([Aµ, ∂νc] − ig[Aµ, [Aν , c]])
= −ig∂µ[Aν , c] + ig∂ν [Aµ, c] − ig[∂µc, Aν ] − ig[Aµ, ∂νc]

− g2[[Aµ, c], Aν ] − g2[Aµ, [Aν , c]]

= −ig[∂µAν , c] + ig[∂νAµ, c] − g2[[Aµ, c], Aν ] − g2[Aµ, [Aν , c]],

introduce the Jacobi-identity:

[[A,B], C] + [[B,C], A] + [[C,A], B] = (B.11)
= [AB −BA,C] + [BC − CB,A] + [CA−AC,B]
= [AB,C] − [BA,C] + [BC,A] − [CB,A] + [CA,B] − [AC,B]
= ABC − CAB −BAC + CBA+BCA−ABC − CBA+ACB

+ CAB −BCA−ACB +BAC = 0,
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use this identity for the term

−g2[[Aµ, c], Aν ] = g2[[c, Aν ], Aµ] + g2[[Aν , Aµ], c].

Therefore we have

sFµν =

= −ig[∂µAν , c] + ig[∂νAµ, c] + g2[[c, Aν ], Aµ] + g2[[Aν , Aµ], c] − g2[A, [Aν , c]]

= −ig[∂µAν , c] + ig[∂νAµ, c] + g2[[Aν , Aµ], c]

= −ig[∂µAν − ∂νAµ, c] + g2[[Aν , Aµ], c]

= −ig[∂µAν − ∂νAµ +
g2

(−ig)
[Aν , Aµ], c]

= −ig[∂µAν − ∂νAµ + ig[Aν , Aµ], c]
= −ig[∂µAν − ∂νAµ − ig[Aµ, Aν ], c]
= −ig[Fµν , c]. (B.12)

Inserting the last expression into Eq. (B.10) we get

sSinv =
∫
d4x

1
4
(sFµνFµν + FµνsFµν)

=
∫
d4x

1
4
(−ig[Fµν , c]Fµν − igFµν [Fµν , c])

=
∫
d4x

1
4
(−ig)(FµνcFµν − cFµνFµν + FµνFµνc− FµνcFµν)

= 0, (B.13)

which shows that the BRST invariance is fulfilled for the whole action.
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B.3.2 Calculation of s(fαβ + σ
θαβ

2
f̃)

s(fαβ + σ
θαβ
2
f̃) =

= s(∂αAβ − ∂βAα + σ
θαβ
2
θµν(∂µAν − ∂νAµ))

= s(∂αAβ − ∂βAα + σ
θαβ
2

(θνµ∂νAµ − θµν∂νAµ)) =

= s(∂αAβ − ∂βAα − σθαβθµν∂νAµ) =
= ∂αsAβ − ∂βsAα − σθαβθµν∂νsAµ =
= ∂αDβc− ∂βDαc− σθαβθµν∂νDµc =
= ∂α(∂βc− ig[Aβ , c]) − ∂β(∂αc− ig[Aα, c]) − σθαβθµν∂ν(∂µc− ig[Aµ, c]) =
= (−ig)∂α(Aβc− cAβ) + (ig)∂β(Aαc− cAα) + (ig)σθαβθµν∂ν(Aµc− cAµ) =
= (+ig){(c∂αAβ − ∂αAβc− c∂βAα + ∂βAαc) + (∂αcAβ −Aβ∂αc− ∂βcAα +Aα∂βc)

− σθαβθµν(c∂νAµ − ∂νAµc+ ∂νcAµ −Aµ∂νc)}
= (+ig)[c, ∂αAβ ] + (−ig)[c, ∂βAα] + (+ig)[∂αc, Aβ ] + (−ig)[∂βc, Aα]

+ (−ig)σθαβθµν{[c, ∂νAµ] + [∂νc, Aµ]} =

= (+ig)[c, ∂αAβ − ∂βAα] + (+ig)σ
θαβ
2
θµν [c, ∂µAν − ∂νAµ]

+ (+ig)[∂αc, Aβ ] + (−ig)[∂βc, Aα] + (−ig)σθαβθµν [∂νc, Aµ] =

= (+ig)[c, (fαβ + σ
θαβ
2
f̃)]

+ (+ig)[∂αc, Aβ ] + (−ig)[∂βc, Aα] + (−ig)σθαβθµν [∂νc, Aµ] =

= (+ig){[c, (fαβ + σ
θαβ
2
f̃)]

+ [∂αc, Aβ ] − [∂βc, Aα] − σθαβθµν [∂νc, Aµ]}. (B.14)

B.4 Symmetries

At first we introduce the definitions:

Sa :=Sonly terms with a, Sab := Sonly terms including the product of ab, (B.15)

where

a, b ∈{A, b, c, c̄, ψ, ψ̄, B, B̄, J, J̄ , Q, Q̄, (sA),ΩA
µ ,Ω

c}.

B.4.1 Calculation of the Ghost Equation

We start with (3.34) and insert Eq. (3.18). In the next step it will be wise to use
only the relevant part of the action under the use of (B.15).

G(S) = ∂µ
δS

δΩA
µ

+
δS

δc
= ∂µ

δSΩA

δΩA
µ

+
δS c̄

δc

= ∂µ(sAµ) + (−∂µDµc) = ∂µDµc− ∂µDµc = 0. (B.16)
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B.4.2 Calculation of the Antighost Equation

The antighost equation is given by Eq. (3.36) from the main text:

G(S) =
∫
d4x

δS

δc(x)
= 0.

This means for our action (3.19) that we have to look at

Sc =
∫
d4y

[
− c̄∂µDµc+ ΩA

µDµc+ igΩccc− (Q̄µναβBµν +QµναβB̄µν) (B.17)

×
(

(+ig){[c, (fαβ + σ
θαβ
2
f̃)] + [∂αc, Aβ ] − [∂βc, Aα] − σθαβθµν [∂νc, Aµ]}

)]
,

where we have used Eq. (B.14).
Therefore we have

Sc =

=
∫
d4y

[
− c̄∂µ(∂µc− ig[Aµ, c]) + ΩA

µ (∂µc− ig[Aµ, c]) + igΩccc

− (Q̄µναβBµν +QµναβB̄µν)

×
(

(+ig){c(fαβ + σ
θαβ
2
f̃) − (fαβ + σ

θαβ
2
f̃)c+ ∂αcAβ −Aβ∂αc

− ∂βcAα +Aα∂βc− σθαβθµν(∂νcAµ −Aµ∂νc)}
)]

=
∫
d4y

[
− c̄∂µ(∂µc− ig(Aµc− cAµ)) + ΩA

µ (∂µc− ig(Aµc− cAµ)) + igΩccc

− (Q̄µναβBµν +QµναβB̄µν)

×
(

(+ig){c(fαβ + σ
θαβ
2
f̃) − (fαβ + σ

θαβ
2
f̃)c+ ∂αcAβ −Aβ∂αc

− ∂βcAα +Aα∂βc− σθαβθµν(∂νcAµ −Aµ∂νc)}
)]

=
∫
d4y

[
− c̄�c+ igc̄∂µ(Aµc− cAµ) + ΩA

µ ∂µc− igΩA
µ (Aµc− cAµ) + igΩccc

− (Q̄µναβBµν +QµναβB̄µν)

×
(

(+ig){c(fαβ + σ
θαβ
2
f̃) − (fαβ + σ

θαβ
2
f̃)c+ ∂αcAβ −Aβ∂αc

− ∂βcAα +Aα∂βc− σθαβθµν(∂νcAµ −Aµ∂νc)}
)]
.
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The next step involves partial integration and cyclic permutation:

Sc =

=
∫
d4y

[
c�c̄− igcc̄∂µAµ + igc∂µ(c̄Aµ) − igc∂µ(Aµc̄) + igc∂µAµc̄

+ c∂µΩA
µ + igcΩA

µAµ − igcAµΩA
µ + igccΩc

+ (ig) ×
(
c(fαβ + σ

θαβ
2
f̃)(Q̄µναβBµν +QµναβB̄µν)

− c(Q̄µναβBµν +QµναβB̄µν)(fαβ + σ
θαβ
2
f̃)

− c∂α(Aβ(Q̄µναβBµν +QµναβB̄µν)) + c∂α((Q̄µναβBµν +QµναβB̄µν)Aβ)
+ c∂β(Aα(Q̄µναβBµν +QµναβB̄µν)) − c∂β((Q̄µναβBµν +QµναβB̄µν)Aα)
+ σθαβθµνc∂ν(Aµ(Q̄µναβBµν +QµναβB̄µν))

− σθαβθµνc∂ν((Q̄µναβBµν +QµναβB̄µν)Aµ)
)]
. (B.18)

So we will get for the functional derivative

δSc

δc(x)
=

∫
d4y

(
�c̄+ ∂µΩA

µ

)
δ4(y − x) =

(
∂µ(∂µc̄+ ΩA

µ )
)

(x), (B.19)

and finally have for the antighost equation

G(S) =
∫
d4x

(
∂µ(∂µc̄+ ΩA

µ )
)
. (B.20)

To make sure the last equation leads to zero we must find an expression for ΩA
µ . Due

to the fact that ΩA
µ is the external source for sAµ we will make the ansatz:

δS

δ(sAε)
= 0, (B.21)

which is the equation of motion for the “field“ (sAµ) and shows the unphysical char-
acter of (sAµ), given by

s(sAµ) = s2Aµ = 0. (B.22)
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With

SsA =
∫
d4y[ − c̄∂µ(sAµ) + ΩA

µ (sAµ)

− (Q̄µναβBµν +QµναβB̄µν)
1
�̃

(∂αsAβ − ∂βsAα − σθαβθγδ∂δ(sAγ))]

=
∫
d4y[∂µc̄(sAµ) + ΩA

µ (sAµ) + ∂α
1
�̃

(Q̄µναβBµν +QµναβB̄µν)(sAβ)

− ∂β
1
�̃

(Q̄µναβBµν +QµναβB̄µν)(sAα)

− σθαβθγδ∂δ
1
�̃

(Q̄µναβBµν +QµναβB̄µν)(sAγ)]

=
∫
d4y[ − (sAµ)∂µc̄− (sAµ)ΩA

µ − (sAµ)∂α
1
�̃

(Q̄µναβBµν +QµναβB̄µν)

+ (sAµ)∂β
1
�̃

(Q̄µναβBµν +QµναβB̄µν)

+ σθαβθγδ(sAγ)∂δ
1
�̃

(Q̄µναβBµν +QµναβB̄µν)]. (B.23)

The functional derivative gives

δSsA

δ(sAε)
= [ − ∂εc̄− ΩA

ε − ∂α
1
�̃

(Q̄µναεBµν +QµναεB̄µν)

+ ∂β
1
�̃

(Q̄µνεβBµν +QµνεβB̄µν)

+ σθαβθεδ∂δ
1
�̃

(Q̄µναβBµν +QµναβB̄µν)](x) = 0. (B.24)

This leads to

ΩA
ε = −∂εc̄− ∂α

1
�̃

(Q̄µναεBµν +QµναεB̄µν)

+ ∂β
1
�̃

(Q̄µνεβBµν +QµνεβB̄µν) + σθαβθεδ∂δ
1
�̃

(Q̄µναβBµν +QµναβB̄µν). (B.25)

The antighost equation can now be written as

G(S) =
∫
d4x

(
∂ε(∂εc̄+ ΩA

ε )
)

=
∫
d4x

(
�c̄− �c̄

)
= 01. (B.26)

B.4.3 Calculation of the Symmetry U(S)

The symmetry Uαβµν(S) is given by Eq. (3.38) from the main text:

Uαβµν(S) =
∫
d4x

[
Bαβ

δS

δBµν
− B̄µν

δS

δB̄αβ
+ Jαβσρ

δS

δJµνρσ
− J̄µνρσ

δS

δJ̄αβρσ

+ ψαβ
δS

δψµν
− ψ̄µν

δS

δψ̄αβ
+Qαβρσ

δS

δQµνρσ
− Q̄µνρσ

δS

δQ̄αβρσ

]
= 0.

1∂ε∂αMµναε = 0,Mµναε ∈ {Q̄µναε, Qµναε} and θεδ∂δ∂ε = 0.



110 APPENDIX B. BRSW MODEL

We look at a renamed action, with the renamed terms given by Eq. (3.19), use the
Landau gauge (α→ 0):

S =
∫
d4y

[
1
4
FγδFγδ + b∂γAγ − c̄∂γDγc− B̄γδBγδ + ψ̄γδψγδ)

+ (J̄γδελBγδ + JγδελB̄γδ)
1
�̃

(fελ + σ
θελ
2
f̃)

− Q̄γδελψγδ
1
�̃

(fελ + σ
θελ
2
f̃)

− (Q̄γδελBµν +QγδελB̄γδ)
1
�̃
s(fελ + σ

θελ
2
f̃)

+ ΩA
γ sAγ + Ωcsc

]
,

and insert the following expression into (3.38).

The explicit calculation starts with a closer look at each term of Eq. (3.38).

1)

δSB

δBµν(x)
=

δ

δBµν(x)
×∫

d4y

[
− B̄γδBγδ + J̄γδελBγδ

1
�̃

(fελ + σ
θελ
2
f̃) − Q̄γδελBγδ

1
�̃
s(fελ + σ

θελ
2
f̃)

]
(y)

=
δ

δBµν(x)
×∫

d4y

[
−BγδB̄γδ +Bγδ

1
�̃

(fελ + σ
θελ
2
f̃)J̄γδελ +Bγδ

1
�̃
s(fελ + σ

θελ
2
f̃)Q̄γδελ

]
(y)

=
∫
d4y

[
− 1

2
(δγµδδν − δγνδδµ)B̄γδ +

1
2
(δγµδδν − δγνδδµ)

1
�̃

(fελ + σ
θελ
2
f̃)J̄γδελ

+
1
2
(δγµδδν − δγνδδµ)

1
�̃
s(fελ + σ

θελ
2
f̃)Q̄γδελ

]
δ4(y − x)

= [−B̄µν +
1
�̃

(fελ + σ
θελ
2
f̃)J̄µνελ +

1
�̃
s(fελ + σ

θελ
2
f̃)Q̄µνελ](x). (B.27)
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2)

δSB̄

δB̄αβ(x)
=

δ

δB̄αβ(x)
×∫

d4y

[
− B̄γδBγδ + JγδελB̄γδ

1
�̃

(fελ + σ
θελ
2
f̃) −QγδελB̄γδ

1
�̃
s(fελ + σ

θελ
2
f̃)

]
(y)

=
δ

δBαβ(x)
×∫

d4y

[
−BγδB̄γδ + B̄γδ

1
�̃

(fελ + σ
θελ
2
f̃)Jγδελ + B̄γδ

1
�̃
s(fελ + σ

θελ
2
f̃)Qγδελ

]
(y)

=
∫
d4y

[
− 1

2
(δγµδδν − δγνδδµ)Bγδ +

1
2
(δγµδδν − δγνδδµ)

1
�̃

(fελ + σ
θελ
2
f̃)Jγδελ

+
1
2
(δγµδδν − δγνδδµ)

1
�̃
s(fελ + σ

θελ
2
f̃)Qγδελ

]
δ4(y − x)

= [−Bαβ +
1
�̃

(fελ + σ
θελ
2
f̃)Jαβελ +

1
�̃
s(fελ + σ

θελ
2
f̃)Qαβελ](x). (B.28)

3)

For the third term

δSJ

δJµνρσ(x)
=

δ

δJµνρσ(x)

∫
d4y

[
JγδελB̄γδ

1
�̃

(fελ + σ
θελ
2
f̃)

]
, (B.29)

Jµνρσ must be viewed accuratly due to the fact that the source Jµνρσ is antisymmetric
in two indices, which means

Jµνρσ = −Jνµρσ = +Jνµσρ = −Jµνσρ, (B.30)

and influences the functional derivative in the following sense

δJγδελ(y)
δJµνρσ(x)

=
1
2
(δγµδδν − δγνδδµ)

1
2
(δερδλσ − δεσδλρ)δ4(y − x). (B.31)

This leads to

δSJ

δJµνρσ(x)
=

=
∫
d4y

[
1
4
(δγµδδν − δγνδδµ)(δερδλσ − δεσδλρ)δ4(y − x)B̄γδ

1
�̃

((fελ + σ
θελ
2
f̃)

]
=

[
B̄µν

1
2�̃

[(fρσ + σ
θρσ
2
f̃) − (fσρ + σ

θσρ
2
f̃)]

]
(x)

= [B̄µν
1
�̃

(fρσ + σ
θρσ
2
f̃)](x). (B.32)
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4)

δSJ̄

δJ̄αβρσ(x)
=

δ

δJ̄αβρσ

∫
d4y

[
J̄γδελBγδ

1
�̃

(fελ + σ
θελ
2
f̃)

]
=

∫
d4y

[
1
4
(δγαδδβ − δγβδδα)(δερδλσ − δεσδλρ)δ4(y − x)Bγδ

1
�̃

((fελ + σ
θελ
2
f̃)

]
= [Bαβ

1
�̃

(fρσ + σ
θρσ
2
f̃)](x). (B.33)

5)

δSψ

δψµν(x)
=

δ

δψµν(x)

∫
d4y

[
ψ̄γδψγδ − Q̄γδελψγδ

1
�̃

(fελ + σ
θελ
2
f̃)

]
=

δ

δψµν(x)

∫
d4y

[
− ψγδψ̄γδ + ψγδ

1
�̃

(fελ + σ
θελ
2
f̃)Q̄γδελ

]
=

∫
d4y

[
− 1

2
(δγµδδν − δγνδδµ)ψ̄γδ +

1
2
(δγµδδν − δγνδδµ)

1
�̃

(fελ + σ
θελ
2
f̃)Q̄γδελ

]
× δ4(y − x)

= [−ψ̄µν +
1
�̃

(fελ + σ
θελ
2
f̃)Q̄µνελ](x). (B.34)

6)

δSψ̄

ψ̄αβ(x)
=

δ

ψ̄αβ(x)

∫
d4yψ̄γδψγδ = ψαβ(x). (B.35)

7)

δSQ

δQµνρσ
=

δ

δQµνρσ

∫
d4y

[
−QγδελB̄γδ

1
�̃
s(fελ + σ

θελ
2
f̃)

]
=

∫
d4y

[
− 1

4
(δγµδδν − δγνδδµ)(δερδλσ − δεσδλρ)δ4(y − x)B̄γδ

1
�̃
s(fελ + σ

θελ
2
f̃)

]
= [−B̄µν

1
�̃
s(fρσ + σ

θρσ
2
f̃)](x). (B.36)

8)

δSQ̄

δQ̄αβρσ
=

δ

δQ̄αβρσ

∫
d4y

[
− Q̄γδελψγδ

1
�̃

(fελ + σ
θελ
2
f̃) − Q̄γδελB̄γδ

1
�̃
s(fελ + σ

θελ
2
f̃)

]
= [−ψαβ

1
�̃

(fρσ + σ
θρσ
2
f̃) −Bαβ

1
�̃
s(fρσ + σ

θρσ
2
f̃)](x). (B.37)
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According to (3.38) and (B.27, B.28, B.32, B.33, B.34, B.35, B.36, B.37), we get

Uαβµν(S) =

=
∫
d4x

[
Bαβ [−B̄µν +

1
�̃

(fελ + σ
θελ
2
f̃)J̄µνελ +

1
�̃
s(fελ + σ

θελ
2
f̃)Q̄µνελ]

− B̄µν [−Bαβ +
1
�̃

(fελ + σ
θελ
2
f̃)Jαβελ +

1
�̃
s(fελ + σ

θελ
2
f̃)Qαβελ]

+ Jαβρσ[B̄µν
1
�̃

(fρσ + σ
θρσ
2
f̃)] − J̄µνρσ[Bαβ

1
�̃

(fρσ + σ
θρσ
2
f̃)]

+ ψαβ [−ψ̄µν +
1
�̃

(fελ + σ
θελ
2
f̃)Q̄µνελ] − ψ̄µνψαβ

+Qαβρσ[−B̄µν
1
�̃
s(fρσ + σ

θρσ
2
f̃)]

− Q̄µνρσ[−ψαβ
1
�̃

(fρσ + σ
θρσ
2
f̃) −Bαβ

1
�̃
s(fρσ + σ

θρσ
2
f̃)]

]
(B.38)

= 0.

For the last expression we have used the property of cyclic permutation.

Obviously follows from the last result (B.38) that

Q(S) = δαβδβνUαβµν(S) = 0, (B.39)

which is equal to (3.41) from the main text.

B.4.4 Anticommutator {Ḡ, Ḡ}

First of all a few words about the calculation of terms like {A,B}, where A,B are
some (symmetric) operators. Such a term makes only sense if {A,B} can act on the
action S

{A,B}(S) = AB(S) +BA(S). (B.40)

If the operators fulfil the symmetry:

A(S) = 0, B(S) = 0, (B.41)

we get for the anticommutator

{A,B}(S) = AB(S) +BA(S) = A(0) +B(0) = 0. (B.42)

With the help of Eq. (3.36), the calculation of {Ḡ, Ḡ} shows

{Ḡ, Ḡ}S =
{ ∫

d4x
δ

δc(x)
,

∫
d4y

δ

δc(y)

}
S =

=
∫
d4x

∫
d4y

δ

δc(x)
δ

δc(y)
S +

∫
d4x

∫
d4y

δ

δc(y)
δ

δc(x)
S

=
∫
d4x

∫
d4y

(
δ

δc(x)
δ

δc(y)
− δ

δc(x)
δ

δc(y)

)
S

= ḠḠ(S) + ḠḠ(S) = 0. (B.43)
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B.4.5 Commutators [Ḡ,Q], [Q,Q]

We start with the commutator [Ḡ,Q] and use the already known results (3.36) and
(3.41). Therefore we have

[Ḡ,Q]S = ḠQ(S) −QḠ(S) = 0. (B.44)

The next commutator will give the same result

[Q,Q](S) = QQ(S) −QQ(S) = 0. (B.45)



Appendix C

Feynman Rules

C.1 Propagators

C.1.1 Variation of the Transition Amplitude

We try to show that Eq. (4.18) is fulfilled if we use

δ2Z[J ]
δJa(x)δJb(y)

∣∣∣∣
J→0

= 〈0|ψa(x)ψb(y)|0〉(0),

in which we will insert

Z[J ] = e−Z
c[J ]. (C.1)

This leads to

∆ab(x− y) =
δ2Z[J ]

δJa(x)δJb(y)

∣∣∣∣
J→0

(C.2)

=
δ2e−Z

c[J ]

δJa(x)δJb(y)

∣∣∣∣
J→0

=
δ

δJa(x)

(
− δZc[J ]
δJb(y)

e−Z
c[J ]

)∣∣∣∣
J→0

= − δ2Zc

δJa(x)δJb(y)
e−Z

c[J ]

∣∣∣∣
J→0

+
δZc[J ]
δJa(x)

δZc[J ]
δJb(y)

e−Z
c[J ]

∣∣∣∣
J→0

.

The last term in this expression would correspond to one-point Green functions, which
are called tadpoles. These unphysical parts are dropped at this point. The first factor
reduces due to the normalisation of Zc to

∆c
ab(x− y) = − δ2Zc

δJa(x)δJb(y)

∣∣∣∣
J→0

. (C.3)

C.1.2 Translation Invariance of Propagators

We want to show that an arbitrary Propagator G(x, y) can be presented translation
invariant. A typical propagator of this work looks like

G(x, y) ≈ − 1
�y

δ4(y − x), G(x, y) ≈ −∂α,yδ4(y − x).
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Two representatives of these propagators are defined by (we will omit the minus sign
to avoid confusion):

G1(x, y) =
1

�y
δ4(y − x), G2(x, y) = ∂α,yδ

4(y − x) (C.4)

Now the question arises what G(x, y) means. To solve this question we will omit the
space coordinate dependency and introduce possible combinations of (C.4).

Will

G′
1 =

1
�y

δ4(x− y), G′
2 = ∂α,yδ

4(x− y), (C.5)

G′′
1 =

1
�x

δ4(x− y), G′′
2 = ∂α,xδ

4(x− y), (C.6)

or

G′′′
1 =

1
�x

δ4(y − x), G′′′
2 = ∂α,xδ

4(y − x), (C.7)

give the same results as in Eq. (C.4)?

To solve this problem we start with G1(x, y):

G1(x, y) =
1

�y
δ4(y − x) =

1
(2π)4

∫
d4k(− 1

k2
)eik(y−x). (C.8)

On the other hand G′
1, with the use of (3.12) shows

G′
1 =

1
�y

δ4(x− y) =
1

(2π)4

+∞∫
−∞

d4k(− 1
k2

)eik(x−y)

k→−k= − 1
(2π)4

−∞∫
+∞

d4k(− 1
k2

)e−ik(x−y)

=
1

(2π)4

∫
d4k(− 1

k2
)eik(y−x) = G1(x, y) (C.9)

We do the same procedure for G2(x, y):

G2(x, y) = ∂α,yδ
4(y − x) =

1
(2π)4

∫
d4k(ikα)eik(y−x), (C.10)

and G′
2

G′
2 = ∂α,yδ

4(x− y) =
1

(2π)4

∫
d4k(−ikα)eik(x−y)

k→−k= − 1
(2π)4

−∞∫
+∞

d4k(ikα)e−ik(x−y)

=
1

(2π)4

∫
d4k(ikα)eik(y−x) = G2(x, y). (C.11)
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The remaining propagators are calculated in the same way and show:

G′′
1 = +G1(x, y), G′′′

1 = +G1(x, y) (C.12)
G′′

2 = −G2(x, y), G′′′
2 = −G2(x, y).

At the end we can conclude that the notation G(x, y) only means that the coordinates
x and y are involved and is therefore only the notation and nothing more. We must
look at the right side of the equation where we discover that the propagator will only
depend on the difference of (x− y) and therefore is translation invariant.

C.1.3 Calculation of the Propagator G̃ψ̄ψ
αβ,µν

We start with the propagator Gψ̄ψαβ,µν(x, y). The fields ψµν and ψ̄µν are antisymmetric
(ψµν = −ψνµ) and fermionic. The relevant part of the action (3.19) reads

Saux =
∫
d4x(−B̄µνBµν + ψ̄µνψµν), (C.13)

Saux = S′
aux.

As usual we start our procedure for calculating of the propagators.

δS′
aux

δψ̄µν(y)
=

∫
d4x

δψ̄αβ(x)
δψ̄µν(y)

ψαβ

=
∫
d4x

1
2
(δµαδνβ − δµβδνα)δ4(x− y)ψαβ = ψµν(y)

= +jψµν(y),

⇒ ψµν = +jψµν . (C.14)

The calculation of the propagator leads to

Gψψαβ,µν(x, y) = − δ2Zc

δjψαβ(x)δj
ψ̄
µν(y)

= −δψµν(y)
δjψαβ(x)

= −1
2
(δµαδνβ − δµβδνα)δ4(y − x). (C.15)

With the transformation:

z = y − x,

we get

Gψψαβ,µν(z) = − 1
2(2π)4

∫
d4p(δµαδνβ − δµβδνα)eipz.

So the Fourier transform reads

G̃ψψαβ,µν(k) = − 1
2(2π)4

∫
d4z

∫
d4p(δµαδνβ − δµβδνα)eiz(p−k)

= −1
2

∫
d4p(δµαδνβ − δµβδνα)δ4(p− k)

= −1
2
(δµαδνβ − δµβδνα). (C.16)
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The next propagator to calculate is Gψψ̄αβ,µν(x, y):

δS′
aux

δψµν(y)
= −

∫
d4xψ̄αβ

δψαβ(x)
δψµν(y)

= −
∫
d4xψ̄αβ

1
2
(δµαδνβ − δµβδνα)δ4(x− y) = −ψ̄µν(y),

= +jψ̄µν(y),

⇒ ψ̄µν = −jψµν . (C.17)

The calculation of the propagator shows

Gψψ̄αβ,µν(x, y) = − δ2Zc

δjψ̄αβ(x)δj
ψ
µν(y)

= −δψ̄µν(y)
δjψ̄αβ(x)

=
1
2
(δµαδνβ − δµβδνα)δ4(y − x),

Gψψ̄αβ,µν(z) =
1

2(2π)4

∫
d4p(δµαδνβ − δµβδνα)eipz,

G̃ψψ̄αβ,µν(k) =
1

2(2π)4

∫
d4z

∫
d4p(δµαδνβ − δµβδνα)eiz(p−k)

=
1
2

∫
d4p(δµαδνβ − δµβδνα)δ4(p− k)

=
1
2
(δµαδνβ − δµβδνα). (C.18)

Therefore we have

G̃ψψαβ,µν(k) = −G̃ψψ̄αβ,µν(k). (C.19)

C.1.4 Calculation of the Propagator G̃BB
γδ,σρ

The calculation of GBBγδ,σρ(x, y) is given by

GBBγδ,σρ(x, y) = −δBσρ(y)
δjBγδ(x)

= −
δ[(...)σρ,αβjBαβ...]

δjBγδ(x)
(C.20)

= −[(...)σρ,αβ
1
2
(δαγδβδ − δαδδβγ)...]δ4(y − x).

The field Bσρ reads

Bσρ = [jB̄σρ +
γ2

2
1
�̃

(fσρ + σ
θσρ
2
f̃)]

= [jB̄σρ +
γ2

2
1
�̃

(∂σAρ − ∂ρAσ − σθσρθµν∂νAµ)]. (C.21)
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Looking at the last equation we see that we must find expressions for the terms ∂σAρ,
∂ρAσ und ∂νAµ. We start with ∂σAρ. The derivative of Eq. (4.42) leads to

∂σAρ(y) =
(

1

[1 + γ4

�̃2
]�

){
∂σj

A
ρ + (1 +

γ4

�̃2
)(∂σ∂ρ[

α

�∂βj
A
β − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ)])

(C.22)

− 1
α
∂σ∂ρjb −

1
α
∂σ∂ρ[

α

�∂βj
A
β − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ)]

− γ2∂σ[∂αδρβ − σ
θαβ
2
∂̃ρ]

1
�̃

(jBαβ + jBαβ)

− γ4[2σ + 2(
σ2

4
)θ2]∂σ∂̃ρ

1
�̃2

{ [−∂̃βjAβ + γ2(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃(jBαβ + jBαβ)]

[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}
(y).

Furthermore we keep an eye only on the sources jBαβ of the field Aρ(y), use the Landau
Gauge (α→ 0) and introduce the abbreviation X to shorten calculations:

X−1 ≡ [(1 +
γ4

�̃2
)(−�) − γ4(2σ + 2(

σ2

4
)θ2)

1
�̃

]−1, (C.23a)

X ′−1 ≡ [(1 +
γ4

�̃2
)(−�) − γ4(2σ + 2(

σ2

4
)θ2)

1
�̃

]−1 1
(2π)4

∫
d4peip(y−x)

=
1

(2π)4

∫
d4p[(1 +

γ4

p̃4
)p2 + γ4(2σ + 2(

σ2

4
)θ2)

1
p̃2

]−1eip(y−x), (C.23b)

X̃ ≡ [(1 +
γ4

p̃4
)p2 + γ4(2σ + 2(

σ2

4
)θ2)

1
p̃2

]. (C.23c)

Therefore we have

∂σAρ =
(

1

[1 + γ4

�̃2
]�

){
γ2 1

��̃
∂σ∂ρ∂α∂βj

B
αβ − γ2∂σ[∂αδρβ − σ

θαβ
2
∂̃ρ]

1
�̃
jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂σ∂̃ρ

1
�̃2

γ2

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ ]

[(1 + γ4

µ2�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}

=
(

1

[1 + γ4

�̃2
]�

)
γ2 1

�̃

{
1
�∂σ∂ρ∂α∂βj

B
αβ − ∂σ[∂αδρβ − σ

θαβ
2
∂̃ρ]jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂σ∂̃ρ

1
�̃

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ]

X

}}
. (C.24)

The other terms can be found by renaming: σ → ρ, ρ→ σ

∂ρAσ =
(

1

[1 + γ4

�̃2
]�

)
γ2 1

�̃

{
1
�∂ρ∂σ∂α∂βj

B
αβ − ∂ρ[∂αδσβ − σ

θαβ
2
∂̃σ]jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂ρ∂̃σ

1
�̃

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ ]

X

}}
, (C.25)
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and via σ → ν, ρ→ µ:

∂νAµ =
(

1

[1 + γ4

�̃2
]�

)
γ2 1

�̃

{
1
�∂ν∂µ∂α∂βj

B
αβ − ∂ν [∂αδµβ − σ

θαβ
2
∂̃µ]jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂ν ∂̃µ

1
�̃

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ ]

X

}}
(C.26)

Inserting these terms, we get for (C.21):

Bσρ =
[
jB̄σρ +

γ4

2

(
1

[1 + γ4

µ2�̃2
]�

)
1

�̃2
×

[{
1
�∂σ∂ρ∂α∂βj

B
αβ − ∂σ[∂αδρβ − σ

θαβ
2
∂̃ρ]jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂σ∂̃ρ

1
�̃

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ ]

X

}}
−

{
1
�∂ρ∂σ∂α∂βj

B
αβ − ∂ρ[∂αδσβ − σ

θαβ
2
∂̃σ]jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂ρ∂̃σ

1
�̃

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ ]

X

}}
− σθσρθµν

{
1
�∂ν∂µ∂α∂βj

B
αβ − ∂ν [∂αδµβ − σ

θαβ
2
∂̃µ]jBαβ

− γ4[2σ + 2(
σ2

4
)θ2]∂ν ∂̃µ

1
�̃

{ [(∂α∂̃β − σ
θαβ

2 �̃) 1
�̃j

B
αβ]

X

}}]]
. (C.27)

Next we introduce

A ≡ γ4

2

(
1

[1 + γ4

�̃2
]�

)
1

�̃2
, (C.28a)

A′ ≡ Aδ4(y − x)

=
γ4

2

(
1

[1 + γ4

�̃2
]�

)
1

�̃2

1
(2π)4

∫
d4peip(y−x)

= − γ4

2(2π)4

∫
d4p

1

p̃2(p̃2 + γ4

p̃2
)p2

eip(y−x), (C.28b)

Ã = −γ
4

2

[
1

p̃2(p̃2 + γ4

p̃2
)p2

]
, (C.28c)
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and σ̄4 given by (4.48) and insert them into (C.27):

Bσρ(y) =
[
jB̄σρ +A

[{
− ∂σ[∂αδρβ − σ

θαβ
2
∂̃ρ]jBαβ

− σ̄4∂σ∂̃ρ
1

�̃2

{ [(∂α∂̃β − σ
θαβ

2 �̃)jBαβ ]
X

}}
−

{
− ∂ρ[∂αδσβ − σ

θαβ
2
∂̃σ]jBαβ

− σ̄4∂ρ∂̃σ
1

�̃2

{ [(∂α∂̃β − σ
θαβ

2 �̃)jBαβ ]
X

}}
− σθσρθµν

{
1
�∂ν∂µ∂α∂βj

B
αβ − ∂ν [∂αδµβ − σ

θαβ
2
∂̃µ]jBαβ

− σ̄4∂ν ∂̃µ
1

�̃2

{ [(∂α∂̃β − σ
θαβ

2 �̃)jBαβ ]
X

}}]]
(y).

If we collect the source jBαβ , we get

Bσρ(y) =

=
[
jB̄σρ +A

[
− ∂σ∂αδρβ + σ

θαβ
2
∂σ∂̃ρ − σ̄4∂σ∂̃ρ

1
�̃2

{
(∂α∂̃β − σ

θαβ

2 �̃)
X

}
+ ∂ρ∂αδσβ − σ

θαβ
2
∂ρ∂̃σ + σ̄4∂ρ∂̃σ

1
�̃2

{
(∂α∂̃β − σ

θαβ

2 �̃)
X

}
− σθσρθµν

{
1
�∂ν∂µ∂α∂β − ∂ν∂αδµβ + σ

θαβ
2
∂ν ∂̃µ

− σ̄4∂ν ∂̃µ
1

�̃2

{
(∂α∂̃β − σ

θαβ

2 �̃)
X

}}]
jBαβ(y)

]
. (C.29)
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According to (C.20), the calculation of GBBσρ,γδ(x, y) can be started

GBBγδ,σρ(x, y) =

= −A
[
− ∂σ∂αδρβ + σ

θαβ
2
∂σ∂̃ρ − σ̄4∂σ∂̃ρ

1
�̃2

{
(∂α∂̃β − σ

θαβ

2 �̃)
X

}
+ ∂ρ∂αδσβ − σ

θαβ
2
∂ρ∂̃σ + σ̄4∂ρ∂̃σ

1
�̃2

{
(∂α∂̃β − σ

θαβ

2 �̃)
X

}
− σθσρθµν

{
1
�∂ν∂µ∂α∂β − ∂ν∂αδµβ + σ

θαβ
2
∂ν ∂̃µ

− σ̄4∂ν ∂̃µ
1

�̃2

{
(∂α∂̃β − σ

θαβ

2 �̃)
X

}}]
1
2
(δαγδβδ − δαδδβγ)δ4(y − x)

= −A
2

[
− ∂σ∂γδρδ + ∂σ∂δδργ + σθγδ∂σ∂̃ρ

− σ̄4

�̃2X
(∂σ∂̃ρ∂γ ∂̃δ − ∂σ∂̃ρ∂δ∂̃γ − σθγδ∂σ∂̃ρ�̃)

+ ∂ρ∂γδσδ − ∂ρ∂δδσγ − σθγδ∂ρ∂̃σ

+
σ̄4

�̃2X
(∂ρ∂̃σ∂γ ∂̃δ − ∂ρ∂̃σ∂δ∂̃γ − σθγδ∂ρ∂̃σ�̃)

− σθσρθµν [∂ν∂δδµγ − ∂ν∂γδµδ + σθγδ∂ν ∂̃µ

− σ̄4

�̃2X
(∂ν ∂̃µ∂γ ∂̃δ − ∂ν ∂̃µ∂δ∂̃γ − σθγδ∂ν ∂̃µ�̃)]

]
δ4(y − x).

The Fourier transformation of the delta function leads to

GBBγδ,σρ(x, y) =

= −A
2

[
− ∂σ∂γδρδ + ∂σ∂δδργ + σθγδ∂σ∂̃ρ

− σ̄4

�̃2X
(∂σ∂̃ρ∂γ ∂̃δ − ∂σ∂̃ρ∂δ∂̃γ − σθγδ∂σ∂̃ρ�̃)

+ ∂ρ∂γδσδ − ∂ρ∂δδσγ − σθγδ∂ρ∂̃σ

+
σ̄4

�̃2X
(∂ρ∂̃σ∂γ ∂̃δ − ∂ρ∂̃σ∂δ∂̃γ − σθγδ∂ρ∂̃σ�̃)

− σθσρθµν [∂ν∂δδµγ − ∂ν∂γδµδ + σθγδ∂ν ∂̃µ

− σ̄4

�̃2X
(∂ν ∂̃µ∂γ ∂̃δ − ∂ν ∂̃µ∂δ∂̃γ − σθγδ∂ν ∂̃µ�̃)]

]
1

(2π)4

∫
d4peip(y−x).
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Executing the derivatives brings

GBBγδ,σρ(x, y) =

= − 1
2(2π)4

∫
d4pÃ×[

pσpγδρδ − pσpδδργ − σθγδpσp̃ρ

− σ̄4

p̃4X̃
(pσp̃ρpγ p̃δ − pσp̃ρpδp̃γ − σθγδpσp̃ρp̃

2)

− pρpγδσδ + pρpδδσγ + σθγδpρp̃σ

+
σ̄4

p̃4X̃
(pρp̃σpγ p̃δ − pρp̃σpδp̃γ − σθγδpρp̃σp̃

2)

− σθσρθµν [pνpγδµδ − pνpδδµγ − σθγδpν p̃µ

− σ̄4

p̃4X̃
(pν p̃µpγ p̃δ − pν p̃µpδp̃γ − σθγδpν p̃µp̃

2)]
]
eip(y−x). (C.30)

As we have mentioned in the Section 4.1.4, the propagator GB̄B̄ gives the same result:

GBBγδ,σρ(x, y) = GB̄B̄γδ,σρ(x, y) = −δB̄σρ(y)
δjB̄γδ(x)

. (C.31)

Finally the Fourier transform reads

G̃BBγδ,σρ(k) = − 1
2(2π)4

∫
d4z

∫
d4pÃ(k)×[

pσpγδρδ − pσpδδργ − σθγδpσp̃ρ

− σ̄4

p̃4X̃
(pσp̃ρpγ p̃δ − pσp̃ρpδp̃γ − σθγδpσp̃ρp̃

2)

− pρpγδσδ + pρpδδσγ + σθγδpρp̃σ

+
σ̄4

p̃4X̃
(pρp̃σpγ p̃δ − pρp̃σpδp̃γ − σθγδpρp̃σp̃

2)

− σθσρθµν [pνpγδµδ − pνpδδµγ − σθγδpν p̃µ

− σ̄4

p̃4X̃
(pν p̃µpγ p̃δ − pν p̃µpδp̃γ − σθγδpν p̃µp̃

2)]
]
eiz(p−k).
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The integration brings an expression equal to (4.72) from the main text

= −Ã(k)
2

[
kσkγδρδ − kσkδδργ − σθγδkσk̃ρ

− σ̄4

k̃4X̃(k)
(kσk̃ρkγ k̃δ − kσk̃ρkδk̃γ − σθγδkσk̃ρk̃

2)

− kρkγδσδ + kρkδδσγ + σθγδkρk̃σ

+
σ̄4

k̃4X̃(k)
(kρk̃σkγ k̃δ − kρk̃σkδk̃γ − σθγδkρk̃σk̃

2)

− σθσρθµν [kνkγδµδ − kνkδδµγ − σθγδkν k̃µ

− σ̄4

k̃4X̃(k)
(kν k̃µkγ k̃δ − kν k̃µkδk̃γ − σθγδkν k̃µk̃

2)]
]

=
γ4

4

[
1

k̃2(k̃2 + γ4

k̃2
)k2

]
×{

kσkγδρδ − kσkδδργ − kρkγδσδ + kρkδδσγ

+ σθγδ(kρk̃σ − kσk̃ρ) + σθσρ(kδk̃γ − kγ k̃δ) + σ2θσρθγδk̃
2

+
σ̄4

k̃2[(k̃2 + γ4

k̃2
)k2 + σ̄4]

(
kρkγ k̃σk̃δ − kρkδk̃σk̃γ + kσkδk̃ρk̃γ − kσkγ k̃ρk̃δ

+ σθγδ(kσk̃ρ − kρk̃σ)k̃2 + σθσρ(kγ k̃δ − kδk̃γ)k̃2 − σ2θσρθγδk̃
4

)}
, (C.32)

leading to

G̃BBγδ,σρ(k) = G̃B̄B̄γδ,σρ(k). (C.33)

C.1.5 Calculation of the Propagator GB̄B
γδ,σρ

The calculation of this propagator is given by

GB̄Bγδ,σρ(x, y) = −Bσρ(y)
δjB̄γδ(x)

. (C.34)

According to Eq. (4.70) we have

GB̄Bγδ,σρ(x, y) = −1
2
(δγσδδρ − δδσδγρ)δ4(y − x) +GB̄B̄γδ,σρ(x, y). (C.35)

Finally the Fourier transform reads

G̃B̄Bγδ,σρ(k) = −1
2
(δγσδδρ − δδσδγρ) + G̃B̄B̄γδ,σρ(k) = G̃BB̄γδ,σρ(k). (C.36)
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C.1.6 Calculation of the Propagator G̃BA
ρσ,ε

The calculation of G̃BAρσ,ε(x, y) proceeds along the usual way:

GBAρσ,ε(x, y) = − δAε(y)
δjBρσ(x)

= −
δ[(...)ε,αβjBαβ(y)]

δjBρσ(x)
(C.37)

= −[(...)ε,αβ
1
2
(δαρδβσ − δασδβρ)]δ4(y − x).

We use our well known abbreviations (C.23a-C.23c), the Landau gauge (α→ 0) and
derive the field Aε(y) given by Eq. (4.42) with respect to the source jBρσ. This leads
to

GBAρσ,ε(x, y) = −
(

1

[1 + γ4

�̃2
]�

)
×

{
− γ2

2
[∂αδεβ − σ

θαβ
2
∂̃ε]

1
�̃

(δαρδβσ − δασδβρ)

− γ4

2
[2σ + 2(

σ2

4
)θ2]∂̃ε

1
�̃2

1
X

[γ2(∂α∂̃β − σ
θαβ
2

�̃)
1
�̃

(δαρδβσ − δασδβρ)]
}
δ4(y − x)

= −
(

1

[1 + γ4

�̃2
]�

)
×

{
− γ2

2
[∂ρδεσ − σ

θρσ
2
∂̃ε]

1
�̃

− γ2

2
[−∂σδερ + σ

θσρ
2
∂̃ε]

1
�̃

− γ4

2
[2σ + 2(

σ2

4
)θ2)]∂̃ε

1
�̃3X

[γ2(∂ρ∂̃σ − σ
θρσ
2

�̃)]

+
γ4

2
[2σ + 2(

σ2

4
)θ2)]∂̃ε

1
�̃3X

[γ2(∂σ∂̃ρ − σ
θσρ
2

�̃)]
}
δ4(y − x)

= −
(

1

[1 + γ4

�̃2
]�

)
×

γ2

{
[
1
2
(∂σδερ − ∂ρδεσ) + σ

θρσ
2
∂̃ε]

1
�̃

− γ4[2σ + 2(
σ2

4
)θ2]∂̃ε

1
�̃3X

[
1
2
(∂ρ∂̃σ − ∂σ∂̃ρ) − σ

θρσ
2

�̃]
}
δ4(y − x).
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The Fourier transformation brings

= −
(

1

[1 + γ4

�̃2
]�

)
×

γ2

{
[
1
2
(∂σδερ − ∂ρδεσ) + σ

θρσ
2
∂̃ε]

1
�̃

− γ4[2σ + 2(
σ2

4
)θ2]∂̃ε

1
�̃3X

[
1
2
(∂ρ∂̃σ − ∂σ∂̃ρ) − σ

θρσ
2

�̃]
}

1
(2π)4

∫
d4peip(y−x)

=
1

(2π)4

∫
d4p

(
1

[1 + γ4

p̃4
]p2

)
×

γ2i

{
[
1
2
(pρδεσ − pσδερ) − σ

θρσ
2
p̃ε]

1
p̃2

− γ4[2σ + 2(
σ2

4
)θ2]p̃ε

1
p̃6X̃

[
1
2
(pρp̃σ − pσp̃ρ) − σ

θρσ
2
p̃2]

}
eip(y−x).

Introducing z = y − x gives

GBAρσ,ε(z) =
i

(2π)4

∫
d4p

(
1

2[1 + γ4

p̃4
]p2

)
×

γ2

{
[pρδεσ − pσδερ − σθρσp̃ε]

1
p̃2

− γ4[2σ + 2(
σ2

4
)θ2]p̃ε

1
p̃6X̃

[(pρp̃σ − pσp̃ρ) − σθρσp̃
2]

}
eipz.

Therefore the Fourier transform reads

G̃BAρσ,ε(k) =
i

(2π)4

∫
d4z

∫
d4p

(
1

2[1 + γ4

p̃4
]p2

)
×

γ2

{
[pρδεσ − pσδερ − σθρσp̃ε]

1
p̃2

− γ4[2σ + 2(
σ2

4
)θ2]p̃ε

1
p̃6X̃

[(pρp̃σ − pσp̃ρ) − σθρσp̃
2]

}
eiz(p−k)

= iγ2

∫
d4p

(
1

2[1 + γ4

p̃4
]p2

)
×{

[pρδεσ − pσδερ − σθρσp̃ε]
1
p̃2

− γ4[2σ + 2(
σ2

4
)θ2]p̃ε

1
p̃6X̃

[(pρp̃σ − pσp̃ρ) − σθρσp̃
2]

}
δ4(p− k)

= iγ2

(
1

2[k̃2 + γ4

k̃2
]k2

)
× (C.38)

{
[kρδεσ − kσδερ − σθρσk̃ε] +

σ̄4[kσk̃εk̃ρ − kρk̃εk̃σ + σθρσk̃εk̃
2]

k̃2[(k̃2 + γ4

k̃2
)k2 + σ̄4]

}
.

The last expression equals (4.75) from the main text.



C.1. PROPAGATORS 127

C.1.7 Calculation of the Propagator G̃AB
ε,ρσ

At first sight we may think that the calculation of the propagator G̃ABε,ρσ will give the
same result as G̃BAρσ,ε but as we will see afterwards the difference will be a minus sign.
The two-point Green function is given by

GABε,ρσ(x, y) = − δ2Zc

δjAε (x)δjBρσ(y)
= −δBρσ(y)

δjAε (x)
. (C.39)

The expression of Bρσ reads (C.21):

Bρσ(y) = [jB̄ρσ +
γ2

2
1
�̃

(∂ρAσ − ∂σAρ − σθρσθµν∂νAµ)](y).

Obviously we must find an expression for terms like ∂ρAσ. We have already calculated
such terms in the Section C.1.4. Naturally we only concentrate on terms involving
the source jA. The explicit expression is deduced from Eq. (C.22) with α→ 0:

∂ρAσ(y) =
(

1

[1 + γ4

�̃2
]�

){
∂ρj

A
σ − 1

α
∂ρ∂σ(

α

�∂βj
A
β ) (C.40)

− γ4[2σ + 2(
σ2

4
)θ2]∂ρ∂̃σ

1
�̃2

{ (−∂̃βjAβ )

[(1 + γ4

�̃2
)(−�) − γ4(2σ + 2(σ2

4 )θ2) 1
�̃ ]

}}
(y)

=
(

1

[1 + γ4

�̃2
]�

){
∂ρj

A
σ − 1

�∂ρ∂σ∂βj
A
β + σ̄4 1

�̃2
∂ρ∂̃σ∂̃β

jAβ
X

}
(y).

Therefore we get

GABε,ρσ(x, y) = −γ
2

2
1
�̃

(
1

[1 + γ4

�̃2
]�

)
×

{
∂ρδεσ − ∂σδερ − σθρσ∂̃µδεµ +

σ̄4

�̃2X
(∂ρ∂̃σ∂̃ε − ∂σ∂̃ρ∂̃ε − σθρσ∂̃µ∂̃µ∂̃ε)

}
δ4(y − x).

The Fourier transform then gives

G̃ABε,ρσ(k) = −iγ2

(
1

2[k̃2 + γ4

k̃2
]k2

)
× (C.41)

{
[kρδεσ − kσδερ − σθρσk̃ε] +

σ̄4[kσk̃εk̃ρ − kρk̃εk̃σ + σθρσk̃εk̃
2]

k̃2[(k̃2 + γ4

k̃2
)k2 + σ̄4]

}
.

It is important to say that if we would have calculated the propagator in the way of

GABε,ρσ(y, x) = − δ2Zc

δjAε (y)δjBρσ(x)
= −δBρσ(x)

δjAε (y)
,

the final calculation would read

GABε,ρσ(y, x) = −GABε,ρσ(x, y), (C.42)
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because the propagator GAB(x, y) shows the structure of

GAB(x, y) ≈ ∂α,yδ
4(y − x), (C.43)

while the propagator GAB(y, x) shows

GAB(y, x) ≈ ∂α,xδ
4(x− y), (C.44)

and therefore the plus or minus sign will depend on how we perform the functional
derivative. For more details take a closer look in Appendix C.1.2.

C.1.8 Calculation of the Propagator G̃bb

The calculation of Gbb(x, y) is given by

Gbb(x, y) = − δ2Zc

δjb(x)δjb(y)
= − δb(y)

δjb(x)
. (C.45)

The expression of b is known from the main text (4.34):

b =
1
α

(∂µAµ + jb).

Obviously we must find an expression for ∂µAµ in terms of the source jb. Equation
(4.40) containing the sources of jb reads

∂µAµ =
α

�∂εj
A
ε − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ). (C.46)

Therefore we have

b =
1
α

(
α

�∂εj
A
ε − jb − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ) + jb)

=
1
α

(
α

�∂εj
A
ε − γ2 α

�
1
�̃
∂α∂β(jBαβ + jBαβ)),

⇒ Gbb(x, y) = − δb(y)
δjb(x)

= 0. (C.47)

The outcome shows the unphysical character of b.
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C.2 Vertices

C.2.1 Calculation of Ṽ 3A
αβγ

We start with (4.86) from the main text, where we insert (4.85):

Ṽ 3A
αβγ(k1, k2, k3) = −(2π)12 δ

δÃα(−k1)
δ

δÃβ(−k2)
δ

δÃγ(−k3)
S3A
inv

= −(2π)12 δ

δÃα(−k1)
δ

δÃβ(−k2)
δ

δÃγ(−k3)
2

(2π)8
g

∫
d4k′1

∫
d4k′2

∫
d4k′3×

× δ4(k′1 + k′2 + k′3)Ãν(k
′
1)Ãµ(k

′
2)ik

′
µ,3Ãν(k

′
3) sin[

1
2
k′1εθk

′
2]

Ãν(k′1)Ãµ(k
′
2)ik

′
µ,3Ãν(k

′
3) sin[

1
2
k′1εθk

′
2]

= −2(2π)4
δ

δÃα(−k1)
δ

δÃβ(−k2)
g

∫
d4k′1

∫
d4k′2

∫
d4k′3δ

4(k′1 + k′2 + k′3)

{δγνδ(k′1 + k3)Ãµ(k′2)ik
′
µ,3Ãν(k

′
3) + Ãν(k′1)δγµδ(k

′
2 + k3)ik′µ,3Ãν(k

′
3)+

Ãν(k′1)Ãµ(k
′
2)ik

′
µ,3δγνδ(k

′
3 + k3)} sin[

1
2
k′1εθk

′
2].

The last derivative leads to

Ṽ 3A
αβγ(k1, k2, k3) =

= −2(2π)4
δ

δÃα(−k1)
g

∫
d4k′1

∫
d4k′2

∫
d4k′3δ

4(k′1 + k′2 + k′3) sin[
1
2
k′1εθk

′
2]

{δγνδ(k′1 + k3)δβµδ(k′2 + k2)ik′µ,3Ãν(k
′
3) + δγνδ(k′1 + k3)Ãµ(k′2)ik

′
µ,3δβνδ(k

′
3 + k2)

+ δβνδ(k′1 + k2)δγµδ(k′2 + k3)ik′µ,3Ãν(k
′
3) + Ãν(k′1)δγµδ(k

′
2 + k3)ik′µ,3δβνδ(k

′
3 + k2)

+ δβνδ(k′1 + k2)Ãµ(k′2)ik
′
µ,3δγνδ(k

′
3 + k3) + Ãν(k′1)δβµδ(k

′
2 + k2)ik′µ,3δγνδ(k

′
3 + k3)}

= −2(2π)4g
∫
d4k′1

∫
d4k′2

∫
d4k′3δ

4(k′1 + k′2 + k′3) sin[
1
2
k′1εθk

′
2]

{δγνδ(k′1 + k3)δβµδ(k′2 + k2)ik′µ,3δανδ(k
′
3 + k1)

+ δγνδ(k′1 + k3)δαµδ(k′2 + k1)ik′µ,3δβνδ(k
′
3 + k2)

+ δβνδ(k′1 + k2)δγµδ(k′2 + k3)ik′µ,3δανδ(k
′
3 + k1)

+ δανδ(k′1 + k1)δγµδ(k′2 + k3)ik′µ,3δβνδ(k
′
3 + k2)

+ δβνδ(k′1 + k2)δαµδ(k′2 + k1)ik′µ,3δγνδ(k
′
3 + k3)

+ δανδ(k′1 + k1)δβµδ(k′2 + k2)ik′µ,3δγνδ(k
′
3 + k3)}.
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The integration brings

Ṽ 3A
αβγ(k1, k2, k3) =

= −2(2π)4g
∫
d4k′1

∫
d4k′2 sin[

1
2
k′1εθk

′
2]

{δαγδ(k′1 + k3)δ(k′2 + k2)(−ikβ,1)δ4(k′1 + k′2 − k1)

+ δβγδ(k′1 + k3)δ(k′2 + k1)(−ikα,2)δ4(k′1 + k′2 − k2)

+ δαβδ(k′1 + k2)δ(k′2 + k3)(−ikγ,1)δ4(k′1 + k′2 − k1)

+ δαβδ(k′1 + k1)δ(k′2 + k3)(−ikγ,2)δ4(k′1 + k′2 − k2)

+ δβγδ(k1 + k2)δ(k′2 + k1)(−ikα,3)δ4(k′1 + k′2 − k3)

+ δαγδ(k′1 + k1)δ(k′2 + k2)(−ikβ,3)δ4(k′1 + k′2 − k3)}
= −2(2π)4gδ4(−k1 − k2 − k3) (C.48)

{δαγ(−ikβ,1) sin[
1
2
k3εθk2] + δβγ(−ikα,2) sin[

1
2
k3εθk1]

+ δαβ(−ikγ,1) sin[
1
2
k2εθk3] + δαβ(−ikγ,2) sin[

1
2
k1εθk3]

+ δβγ(−ikα,3) sin[
1
2
k2εθk1] + δαγ(−ikβ,3) sin[

1
2
k1εθk2]}.

Elimination of k3, k3 = −k1 − k2 gives for each of the above terms (1-6):

1. sin[
1
2
k3εθk2] = − sin[

1
2
k1εθk2],

2. sin[
1
2
k3εθk1] = + sin[

1
2
k1εθk2],

3. sin[
1
2
k2εθk3] = + sin[

1
2
k1εθk2], (C.49)

4. sin[
1
2
k1εθk3] = − sin[

1
2
k1εθk2],

5. sin[
1
2
k2εθk1] = − sin[

1
2
k1εθk2],

6. sin[
1
2
k1εθk2] = + sin[

1
2
k1εθk2].

Therefore, we have

Ṽ 3A
αβγ(k1, k2, k3) = −2g(2π)4δ4(−k1 − k2 − k3) sin[

1
2
k1εθk2]

{δαγ(+ikβ,1) + δβγ(−ikα,2) + δαβ(−ikγ,1) + δαβ(+ikγ,2) + δβγ(+ikα,3) + δαγ(−ikβ,3)}

= −2gi(2π)4δ4(k1 + k2 + k3) sin[
1
2
k1εθk2] (C.50)

{δαγ(k1 − k3)β + δαβ(k2 − k1)γ + δβγ(k3 − k2)α}.

The last expression equals the second line of (4.86) from the main text.
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C.2.2 Calculation of Ṽ 4A
αβγδ

The calculation of the Fourier transform Ṽ 4A
αβγδ starts with

Ṽ 4A
αβγδ(k1, k2, k3, k4) = −(2π)16 δ

δÃα(−k1)
δ

δÃβ(−k2)
δ

δÃγ(−k3)
δ

δÃδ(−k4)
S4A
inv. (C.51)

The structure of Ṽ 4A
αβγδ(k1, k2, k3, k4) shows that the functional derivative will lead to

4! permutations.

If we now insert Eq. (4.89) we get for the first derivative:

Ṽ 4A
αβγδ(k1, k2, k3, k4) = (C.52)

= −(2π)4ig2

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4δ

4(k′1 + k′2 + k′3 + k′4)

e−
i
2
k′1εθk

′
2 sin[

1
2
k′3εθk

′
4]

δ

δÃα(−k1)
δ

δÃβ(−k2)
δ

δÃγ(−k3)

{δδµδ4(k′1 + k4)Ãν(k′2)Ãµ(k
′
3)Ãν(k

′
4) + Ãµ(k′1)δδνδ

4(k′2 + k4)Ãµ(k′3)Ãν(k
′
4)

+ Ãµ(k′1)Ãν(k
′
2)δδµδ

4(k′3 + k4)Ãν(k′4) + Ãµ(k′1)Ãν(k
′
2)Ãµ(k

′
3)δδνδ

4(k′4 + k4)}.

The second one leads to

Ṽ 4A
αβγδ(k1, k2, k3, k4) =

= −(2π)4ig2

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4δ

4(k′1 + k′2 + k′3 + k′4)

e−
i
2
k′1εθk

′
2 sin[

1
2
k′3εθk

′
4]

δ

δÃα(−k1)
δ

δÃβ(−k2)

{δδµδ4(k′1 + k4)δγνδ4(k′2 + k3)Ãµ(k′3)Ãν(k
′
4) + δδµδ

4(k′1 + k4)Ãν(k′2)δγµδ
4(k′3 + k3)Ãν(k′4)

+ δδµδ
4(k′1 + k4)Ãν(k′2)Ãµ(k

′
3)δγνδ

4(k′4 + k3) + δγµδ
4(k′1 + k3)δδνδ4(k′2 + k4)Ãµ(k′3)Ãν(k

′
4)

+ Ãµ(k′1)δδνδ
4(k′2 + k4)δγµδ4(k′3 + k3)Ãν(k′4) + Ãµ(k′1)δδνδ

4(k′2 + k4)Ãµ(k′3)δγνδ
4(k′4 + k3)

+ δγµδ
4(k′1 + k3)Ãν(k′2)δδµδ

4(k′3 + k4)Ãν(k′4) + Ãµ(k′1)δγνδ
4(k′2 + k3)δδµδ4(k′3 + k4)Ãν(k′4)

+ Ãµ(k′1)Ãν(k
′
2)δδµδ

4(k′3 + k4)δγνδ4(k′4 + k3) + δγµδ
4(k′1 + k3)Ãν(k′2)Ãµ(k

′
3)δδνδ

4(k′4 + k4)

+ Ãµ(k′1)δγνδ
4(k′2 + k3)Ãµ(k′3)δδνδ

4(k′4 + k4) + Ãµ(k′1)Ãν(k
′
2)δγµδ

4(k′3 + k3)δδνδ4(k′4 + k4)}.
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The third to

Ṽ 4A
αβγδ(k1, k2, k3, k4) =

= −(2π)4ig2

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4δ

4(k′1 + k′2 + k′3 + k′4)

e−
i
2
k′1εθk

′
2 sin[

1
2
k′3εθk

′
4]

δ

δÃα(−k1)

{δδµδ4(k′1 + k4)δγνδ4(k′2 + k3)δβµδ4(k′3 + k2)Ãν(k′4)

+ δδµδ
4(k′1 + k4)δγνδ4(k′2 + k3)Ãµ(k′3)δβνδ

4(k′4 + k2)

+ δδµδ
4(k′1 + k4)δβνδ4(k′2 + k2)δγµδ4(k′3 + k3)Ãν(k′4)

+ δδµδ
4(k′1 + k4)Ãν(k′2)δγµδ

4(k′3 + k3)δβνδ4(k′4 + k2)

+ δδµδ
4(k′1 + k4)δβνδ4(k′2 + k2)Ãµ(k′3)δγνδ

4(k′4 + k3)

+ δδµδ
4(k′1 + k4)Ãν(k′2)δβµδ

4(k′3 + k2)δγνδ4(k′4 + k3)

δγµδ
4(k′1 + k3)δδνδ4(k′2 + k4)δβµδ4(k′3 + k2)Ãν(k′4)

+ δγµδ
4(k′1 + k3)δδνδ4(k′2 + k4)Ãµ(k′3)δβνδ

4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δδνδ4(k′2 + k4)δγµδ4(k′3 + k3)Ãν(k′4)

+ Ãµ(k′1)δδνδ
4(k′2 + k4)δγµδ4(k′3 + k3)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δδνδ4(k′2 + k4)Ãµ(k′3)δγνδ

4(k′4 + k3)

+ Ãµ(k′1)δδνδ
4(k′2 + k4)δβµδ4(k′3 + k2)δγνδ4(k′4 + k3)

δγµδ
4(k′1 + k3)δβνδ4(k′2 + k2)δδµδ4(k′3 + k4)Ãν(k′4)

+ δγµδ
4(k′1 + k3)Ãν(k′2)δδµδ

4(k′3 + k4)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δγνδ4(k′2 + k3)δδµδ4(k′3 + k4)Ãν(k′4)

+ Ãµ(k′1)δγνδ
4(k′2 + k3)δδµδ4(k′3 + k4)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)Ãν(k′2)δδµδ

4(k′3 + k4)δγνδ4(k′4 + k3)

+ Ãµ(k′1)δβνδ
4(k′2 + k2)δδµδ4(k′3 + k4)δγνδ4(k′4 + k3)

δγµδ
4(k′1 + k3)δβνδ4(k′2 + k2)Ãµ(k′3)δδνδ

4(k′4 + k4)

+ δγµδ
4(k′1 + k3)Ãν(k′2)δβµδ

4(k′3 + k2)δδνδ4(k′4 + k4)

+ δβµδ
4(k′1 + k2)δγνδ4(k′2 + k3)Ãµ(k′3)δδνδ

4(k′4 + k4)

+ Ãµ(k′1)δγνδ
4(k′2 + k3)δβµδ4(k′3 + k2)δδνδ4(k′4 + k4)

+ δβµδ
4(k′1 + k2)Ãν(k′2)δγµδ

4(k′3 + k3)δδνδ4(k′4 + k4)

+ Ãµ(k′1)δβνδ
4(k′2 + k2)δγµδ4(k′3 + k3)δδνδ4(k′4 + k4)},
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The last derivative brings

Ṽ 4A
αβγδ(k1, k2, k3, k4) =

= −(2π)4ig2

∫
d4k′1

∫
d4k′2

∫
d4k′3

∫
d4k′4δ

4(k′1 + k′2 + k′3 + k′4)

e−
i
2
k′1εθk

′
2 sin[

1
2
k′3εθk

′
4]

{δδµδ4(k′1 + k4)δγνδ4(k′2 + k3)δβµδ4(k′3 + k2)δανδ4(k′4 + k1)

+ δδµδ
4(k′1 + k4)δγνδ4(k′2 + k3)δαµδ4(k′3 + k1)δβνδ4(k′4 + k2)

+ δδµδ
4(k′1 + k4)δβνδ4(k′2 + k2)δγµδ4(k′3 + k3)δανδ4(k′4 + k1)

+ δδµδ
4(k′1 + k4)δανδ4(k′2 + k1)δγµδ4(k′3 + k3)δβνδ4(k′4 + k2)

+ δδµδ
4(k′1 + k4)δβνδ4(k′2 + k2)δαµδ4(k′3 + k1)δγνδ4(k′4 + k3)

+ δδµδ
4(k′1 + k4)δανδ4(k′2 + k1)δβµδ4(k′3 + k2)δγνδ4(k′4 + k3)

δγµδ
4(k′1 + k3)δδνδ4(k′2 + k4)δβµδ4(k′3 + k2)δανδ4(k′4 + k1)

+ δγµδ
4(k′1 + k3)δδνδ4(k′2 + k4)δαµδ4(k′3 + k1)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δδνδ4(k′2 + k4)δγµδ4(k′3 + k3)δανδ4(k′4 + k1)

+ δαµδ
4(k′1 + k1)δδνδ4(k′2 + k4)δγµδ4(k′3 + k3)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δδνδ4(k′2 + k4)δαµδ4(k′3 + k1)δγνδ4(k′4 + k3)

+ δαµδ
4(k′1 + k1)δδνδ4(k′2 + k4)δβµδ4(k′3 + k2)δγνδ4(k′4 + k3)

δγµδ
4(k′1 + k3)δβνδ4(k′2 + k2)δδµδ4(k′3 + k4)δανδ4(k′4 + k1)

+ δγµδ
4(k′1 + k3)δανδ4(k′2 + k1)δδµδ4(k′3 + k4)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δγνδ4(k′2 + k3)δδµδ4(k′3 + k4)δανδ4(k′4 + k1)

+ δαµδ
4(k′1 + k1)δγνδ4(k′2 + k3)δδµδ4(k′3 + k4)δβνδ4(k′4 + k2)

+ δβµδ
4(k′1 + k2)δανδ4(k′2 + k1)δδµδ4(k′3 + k4)δγνδ4(k′4 + k3)

+ δαµδ
4(k′1 + k1)δβνδ4(k′2 + k2)δδµδ4(k′3 + k4)δγνδ4(k′4 + k3)

δγµδ
4(k′1 + k3)δβνδ4(k′2 + k2)δαµδ4(k′3 + k1)δδνδ4(k′4 + k4)

+ δγµδ
4(k′1 + k3)δανδ4(k′2 + k1)δβµδ4(k′3 + k2)δδνδ4(k′4 + k4)

+ δβµδ
4(k′1 + k2)δγνδ4(k′2 + k3)δαµδ4(k′3 + k1)δδνδ4(k′4 + k4)

+ δαµδ
4(k′1 + k1)δγνδ4(k′2 + k3)δβµδ4(k′3 + k2)δδνδ4(k′4 + k4)

+ δβµδ
4(k′1 + k2)δανδ4(k′2 + k1)δγµδ4(k′3 + k3)δδνδ4(k′4 + k4)

+ δαµδ
4(k′1 + k1)δβνδ4(k′2 + k2)δγµδ4(k′3 + k3)δδνδ4(k′4 + k4)}. (C.53)

Next step is to solve the integrals with the help of the delta functions under the
following relations:

e−
i
2
(−ki)εθ(−kj) = e−

i
2
kiεθkj , i, j = 1, 2, 3,

and

sin[
1
2
(−ki)εθ(−kj)] = sin[

1
2
kiεθkj ] = sin[−1

2
kjεθki] = − sin[

1
2
kjεθki].
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Therefore, we get

Ṽ 4A
δγβα(k1, k2, k3, k4) =

= −(2π)4ig2δ4(−k1 − k2 − k3 − k4)

{δαγδβδe+
i
2
k3εθk4(−1 sin[

1
2
k1εθk2]) + δαδδβγe

+ i
2
k3εθk4(+1 sin[

1
2
k1εθk2])

+ δαβδγδe
+ i

2
k2εθk4(−1 sin[

1
2
k1εθk3]) + δαβδγδe

+ i
2
k1εθk4(−1 sin[

1
2
k2εθk3])

+ δαδδβγe
+ i

2
k2εθk4(+1 sin[

1
2
k1εθk3]) + δαγδβδe

+ i
2
k1εθk4(+1 sin[

1
2
k2εθk3])

+ δαδδβγe
− i

2
k3εθk4(−1 sin[

1
2
k1εθk2]) + δαγδβδe

− i
2
k3εθk4(+1 sin[

1
2
k1εθk2])

+ δαδδβγe
− i

2
k2εθk4(−1 sin[

1
2
k1εθk3]) + δαγδβδe

− i
2
k1εθk4(−1 sin[

1
2
k2εθk3])

+ δαβδδγe
− i

2
k2εθk4(+1 sin[

1
2
k1εθk3]) + δαβδδγe

− i
2
k1εθk4(+1 sin[

1
2
k2εθk3])

+ δαβδγδe
+ i

2
k2εθk3(−1 sin[

1
2
k1εθk4]) + δαβδγδe

+ i
2
k1εθk3(−1 sin[

1
2
k2εθk4])

+ δαγδβδe
− i

2
k2εθk3(−1 sin[

1
2
k1εθk4]) + δαδδβγe

− i
2
k1εθk3(−1 sin[

1
2
k2εθk4])

+ δαγδβδe
+ i

2
k1εθk2(−1 sin[

1
2
k3εθk4]) + δαδδβγe

− i
2
k1εθk2(−1 sin[

1
2
k3εθk4])

+ δαγδβδe
+ i

2
k2εθk3(+1 sin[

1
2
k1εθk4]) + δαδδβγe

+ i
2
k1εθk3(+1 sin[

1
2
k2εθk4])

+ δαβδγδe
− i

2
k2εθk3(+1 sin[

1
2
k1εθk4]) + δαβδγδe

− i
2
k1εθk3(+1 sin[

1
2
k2εθk4])

+ δαδδβγe
+ i

2
k1εθk2(+1 sin[

1
2
k3εθk4]) + δαγδβδe

− i
2
k1εθk2(+1 sin[

1
2
k3εθk4])}. (C.54)
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Next we sum up the Kronecker deltas

Ṽ 4A
αβγδ(k1, k2, k3, k4) = −(2π)4ig2δ4(k1 + k2 + k3 + k4)

{δαγδβδ(e+
i
2
k1εθk4 sin[

1
2
k2εθk3] − e+

i
2
k3εθk4 sin[

1
2
k1εθk2]

+ e−
i
2
k3εθk4 sin[

1
2
k1εθk2] − e−

i
2
k1εθk4 sin[

1
2
k2εθk3]

− e−
i
2
k2εθk3 sin[

1
2
k1εθk4] − e+

i
2
k1εθk2 sin[

1
2
k3εθk4]

+ e+
i
2
k2εθk3 sin[

1
2
k1εθk4] + e−

i
2
k1εθk2 sin[

1
2
k3εθk4])

+ δαδδβγ(+e+
i
2
k3εθk4 sin[

1
2
k1εθk2] + e+

i
2
k2εθk4 sin[

1
2
k1εθk3]

− e−
i
2
k3εθk4 sin[

1
2
k1εθk2] − e−

i
2
k2εθk4 sin[

1
2
k1εθk3]

− e−
i
2
k1εθk3 sin[

1
2
k2εθk4] − e−

i
2
k1εθk2 sin[

1
2
k3εθk4]

+ e−
i
2
k1εθk3 sin[

1
2
k2εθk4] + e+

i
2
k1εθk2 sin[

1
2
k3εθk4])

+ δαβδγδ(−e+
i
2
k2εθk4 sin[

1
2
k1εθk3] − e+

i
2
k1εθk4 sin[

1
2
k2εθk3]

+ e−
i
2
k2εθk4 sin[

1
2
k1εθk3] + e−

i
2
k1εθk4 sin[

1
2
k2εθk3]

− e+
i
2
k2εθk3 sin[

1
2
k1εθk4] − e+

i
2
k1εθk3 sin[

1
2
k2εθk4]

+ e−
i
2
k2εθk3 sin[

1
2
k1εθk2] + e−

i
2
k1εθk3 sin[

1
2
k2εθk4]}. (C.55)
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Collecting the sine functions leads to

Ṽ 4A
αβγδ(k1, k2, k3, k4) =

= −(2π)4ig2δ4(k1 + k2 + k3 + k4){
δαγδβδ

{
(e+

i
2
k1εθk4 − e−

i
2
k1εθk4) sin[

1
2
k2εθk3]

+ (e−
i
2
k3εθk4 − e+

i
2
k3εθk4) sin[

1
2
k1εθk2]

+ (e+
i
2
k2εθk3 − e−

i
2
k2εθk3) sin[

1
2
k1εθk4]

+ (e−
i
2
k1εθk2 − e+

i
2
k1εθk2) sin[

1
2
k3εθk4]

}
+ δαδδβγ

{
(e+

i
2
k3εθk4 − e−

i
2
k3εθk4) sin[

1
2
k1εθk2]

+ (e
i
2
k2εθk4 − e−

i
2
k2εθk4) sin[

1
2
k1εθk3]

+ (e+
i
2
k1εθk3 − e−

i
2
k1εθk3) sin[

1
2
k2εθk4]

+ (e+
i
2
k1εθk2 − e−

i
2
k1εθk2) sin[

1
2
k3εθk4]

}
+ δαβδγδ

{
(e−

i
2
k2εθk4 − e+

i
2
k2εθk4) sin[

1
2
k1εθk3]

+ (e−
i
2
k1εθk4 − e+

i
2
k1εθk4) sin[

1
2
k2εθk3]

+ (e
i
2
k2εθk3 − e+

i
2
k2εθk3) sin[

1
2
k1εθk4]

+ (e−
i
2
k1εθk3 − e+

i
2
k1εθk3) sin[

1
2
k2εθk4]

}}
.



C.2. VERTICES 137

Again we sum up the exponential function and therefore find a sine function. Each
sine function gives a factor (2i) but we have each sinus function twice. Hence we have
an overall factor (4i):

Ṽ 4A
αβγδ(k1, k2, k3, k4) = −(2π)4(4i)ig2δ4(k1 + k2 + k3 + k4) (C.56){
δαγδβδ

{
+ sin[

1
2
k1εθk4] sin[

1
2
k2εθk3] − sin[

1
2
k1εθk2] sin[

1
2
k3εθk4]

}
+ δαδδβγ

{
+ sin[

1
2
k1εθk2] sin[

1
2
k3εθk4] + sin[

1
2
k2εθk4] sin[

1
2
k1εθk3]

}
+ δαβδγδ

{
− sin[

1
2
k1εθk3] sin[

1
2
k2εθk4] − sin[

1
2
k1εθk4] sin[

1
2
k2εθk3]

}}
= (2π)44g2δ4(k1 + k2 + k3 + k4){

(δαγδβδ − δαβδγδ) sin[
1
2
k1εθk4] sin[

1
2
k2εθk3]

+ (δαδδβγ − δαγδβδ) sin[
1
2
k1εθk2] sin[

1
2
k3εθk4]

+ (δαδδβγ − δαβδγδ) sin[
1
2
k2εθk4] sin[

1
2
k1εθk3]

}
.

The last expression represents (4.90).



138 APPENDIX C. FEYNMAN RULES



Appendix D

Useful Formulae

D.1 Schwinger Parametrization

With the Gamma function Γ(N):

Γ(N) = (N − 1)!, N > 0, n ∈ N (D.1)

one gets

1
k2N

=
1

Γ(N)

∞∫
0

dααN−1e−αk
2
, ∀N ∈ N, Re(k2) > 0. (D.2)

The general form reads

1
(k2 + β)N

=
1

Γ(N)

∞∫
0

dααN−1e−α(k2+β), ∀N ∈ N, Re(k2 + β) > 0. (D.3)

D.2 Integration Formulae

D.2.1 Quadratic Form and Gaussian Integral

The integration of quadratic forms ([35], p.179 (5A.3)) is given by:

+∞∫
−∞

dxe(−αx
2+βx+γ) =

(π
α

) 1
2 e

(
β2

4α
+γ

)
, (D.4)

leading to the Gaussian integral with β = γ = 0
+∞∫

−∞

dxe(−αx
2) =

(π
α

) 1
2 , α > 0, (D.5)

in one dimension and ∫
d4xe(−αx

2) =
π2

α2
, (D.6)

for four dimensions.
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D.2.2 Parameter Integrals

Parameter integrals ([41] 3.471; Kν are the modified Bessel functions of second kind):

∞∫
0

dxxν−1e−
β
x
−γx = 2

(
β

γ

) ν
2

Kν(2
√
βγ

)
, (D.7a)

∞∫
0

dx
1
xν
e−

α2

x = Γ(ν − 1)(α2)(1−ν), ν > 1, α2 > 0. (D.7b)

D.2.3 Modified Bessel Functions

The modified Bessel differential equation is given by

x2d
2y(x)
dx2

+ x
dy(x)
dx

− (x2 + α2)y(x) = 0, α, x ∈ C, (D.8)

where α defines the order of the equation. Two linearly independent solutions of this
equation deliver the modified Bessel functions of first kind Iα(x) and second kind
Kα(x):

Iα(x) =
∞∑
m=0

1
m!Γ(m+ α+ 1)

(x
2
)2m+α

, (D.9a)

Kα(x) =
π

2
I−α(x) − Iα(x)

sin(απ)
. (D.9b)

In this work only the second kind with α, beeing an integer will be of interest, i.e.
Kn(x), n ∈ Z. These functions are exponentially decaying and singular at the origin.

From equation (D.9b) follows:

Kn(x) = K−n(x). (D.10)

D.2.4 Expansion of the modified Bessel Function

The modified Bessel functions of second kind can be expanded for small arguments
in the following form:

K0(x) ≈ ln
2
x
− γE − x2

4

(
γE − 1 + ln

x

2

)
+ O(x4), (D.11a)

K1(x) ≈
1
x

+
x

2

(
γE − 1

2
+ ln

x

2

)
+
x3

16

(
γE − 5

4
+ ln

x

2

)
+ O(x4), (D.11b)

K2(x) ≈
2
x2

− 1
2
− x2

8

(
γE − 3

4
+ ln

x

2

)
+O(x4), (D.11c)

K3(x) ≈
8
x3

− 1
x

+
x

8
+
x3

48

(
γE − 11

12
+ ln

x

2

)
+ O(x4), (D.11d)

K4(x) ≈
48
x4

− 4
x2

+
1
4
− x2

48
+ O(x4), (D.11e)

where γE = 0, 57721... represents the Euler-Mascheroni constant.



Appendix E

One-Loop Calculations

E.1 Expansion of Π̃i
µν(p)

Before we start the explicit calculations, we have to mention that the expansion of
Π̃i
µν(p) must be understood in the way of (5.36), together with the abbreviations

(5.37a-5.37c).

E.1.1 Expansion of Π̃a
µν(p)

The analytic expression for the ghost-loop is given by (5.21a) from the main text

Π̃a
µν(p) = −Ca

4g2

(2π)4

∫
d4k

{
(k − p)µkν
(k − p)2k2

sin2
[1
2
kεθp

]}
= −Ca

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
Πa
µν

≈ −Ca
4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]{
Πa,(0)
µν (k, 0) +Πa,(2)

µν (k, p) + O(p3)
}
,

with

Πa
µν(k, p) =

(k − p)µkν
(k − p)2k2

. (E.1)

The zeroth order Πa,(0)(k, 0)

According to (5.37a), the zeroth order reads

Πa,(0)(k, 0) =
kµkν
k4

. (E.2)

The second order Πa,(2)
µν (k, p)
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With (5.37c), The second order reads

Πa,(2)
µν (k, p) =

pδpσ
2

[
∂pδ

∂pσΠ
a
µν(k, p)

]
p→0

=
pδpσ

2

[
∂pδ

∂pσ

(k − p)µkν
(k − p)2k2

]
p→0

=
pδpσ

2

[
∂pδ

(
−δσµkν(k − p)2k2 + 2(k − p)µkν(k − p)σk2

(k − p)4k4

)]
p→0

=
pδpσ

2

[
∂pδ

(
−δσµkν(k − p)2 + 2(k − p)µkν(k − p)σ

(k − p)4k2

)]
p→0

=
pδpσ

2

[
2δσµkν(k − p)δ(k − p)4k2 − 2δδµ(k − p)σkν(k − p)4k2

(k − p)8k4

+
−2δδσkν(k − p)µ(k − p)4k2 − 4δσµkν(k − p)4(k − p)δk2

(k − p)8k4

+
8(k − p)µ(k − p)σkν(k − p)2(k − p)δk2

(k − p)8k4

]
p→0

=
pδpσ

2

[
2δσµkν(k − p)δ − 2δδµ(k − p)σkν

(k − p)4k2

+
−2δδσkν(k − p)µ − 4δσµkν(k − p)δ

(k − p)4k2

+
8(k − p)µ(k − p)σkν(k − p)δk2

(k − p)6k2

]
p→0

=
pδpσ

2

[
2δσµ

kνkδ
k6

− 2δδµ
kσkν
k6

− 2δδσ
kµkν
k6

− 4δσµ
kνkδ
k6

+ 8
kµkσkνkδ

k8

]
=

[
�����
pµpδ

kνkδ
k6

−
�����
pσpµ

kσkν
k6

− pσpσ
kµkν
k6

− 2pδpµ
kνkδ
k6

+ 4pδpσ
kµkσkνkδ

k8

]
=

[
− p2kµkν

k6
− 2pδpµ

kνkδ
k6

+ 4pδpσ
kµkσkνkδ

k8

]
. (E.3)

Therefore we have

Π̃a
µν(p) = −Ca

4g2

(2π)4

∫
d4k sin2[

1
2
kεθp]× (E.4)

×
{
kµkν
k4

+
[
− 2pµpδ

kδkν
k6

− p2kµkν
k6

+ 4pδpσ
kσkδkµkν

k8

]
+ O(p3)

}
,

equal to (5.42a).
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E.1.2 Expansion of Π̃b
µν(p)

Before we start with the expansion of Πb
µν(p) given by Eq. (5.15) we have to insert

expressions for propagators and vertices,

Π̃b
µν(p) = Cb

1
(2π)12

∫
d4k

∫
d4k′

∫
d4p′×

×
{

1Ṽ 3A
αµγ(k, p

′, k′)2G̃AAγε (k′)3Ṽ 3A
ενρ(k

′, p, k)4G̃AAρα (k)
}
,

with

1Ṽ 3A
αµγ(k, p

′, k′) = −2ig(2π)4δ4(k − p′ − k′) sin
[1
2
kεθ(−p′)

]
× (E.5)

×
(

(δαγ(k + k′)µ + δαµ(−p′ − k)γ + δµγ(−k′ + p′)α

)
,

2G̃AAγε (k′),

3Ṽ 3A
ενρ(k

′, p, k) = −2ig(2π)4δ4(k′ + p− k) sin
[1
2
k′εθp

]
×

×
(

(δερ(k′ + k)ν + δεν(p− k′)ρ + δνρ(−k − p)ε

)
,

4G̃AAρα (k).

If we now insert (E.5) into Π̃b
µν(p), we get

Π̃b
µν(p) = Cb

1
(2π)12

∫
d4k

∫
d4k′

∫
d4p′× (E.6)

×
[
− 2ig(2π)4δ4(k − p′ − k′) sin

[1
2
kεθ(−p′)

]
×

(
(δαγ(k + k′)µ + δαµ(−p′ − k)γ + δµγ(−k′ + p′)α

)
2G̃AAγε (k′)

]
×

[
− 2ig(2π)4δ4(k′ + p− k) sin

[1
2
k′εθp

]
×

(
(δερ(k′ + k)ν + δεν(p− k′)ρ + δνρ(−k − p)ε

)
4G̃AAρα (k)

]
.

The delta functions imply the correlation of p and p′ in the following sense

δ4(k − p′ − k′) → p′ = k − k′,

δ4(k′ + p− k) → p = k − k′,

leading to

p′ = k − k′ = p.
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Next we solve the integral over p′ and receive

Π̃b
µν(p) = Cb

(−2ig)2

(2π)4

∫
d4k

∫
d4k′δ4(k′ + p− k)G̃AAγε (k′)G̃AAρα (k)×

×
[

sin
[1
2
kεθ(−k + k′)

]
×

(
(δαγ(k + k′)µ + δαµ(−2k + k′)γ + δµγ(−2k′ + k)α

)]
×

[
− 2ig(2π)4δ4(k′ + p− k) sin

[1
2
k′εθp

]
×

(
(δερ(k′ + k)ν + δεν(p− k′)ρ + δνρ(−k − p)ε

)]
,

while the delta function δ4(k′ + p− k) leads to k′ = k − p for the integral over k′

= Cb
(−2ig)2

(2π)4

∫
d4kG̃AAγε (k − p)G̃AAρα (k)×

×
[

sin
[1
2
kεθ(−p)

]
×

(
(δαγ(k + k − p)µ + δαµ(−2k + k − p)γ + δµγ(−2k + 2p+ k)α

)]
×

[
sin

[1
2
(k − p)εθp

]
×

(
(δερ(k − p+ k)ν + δεν(p− k + p)ρ + δνρ(−k − p)ε

)]
= Cb

(−2ig)2

(2π)4

∫
d4kG̃AAγε (k − p)G̃AAρα (k)×

×
[

sin
[1
2
kεθ(−p)

](
(δαγ(2k − p)µ + δαµ(−k − p)γ + δµγ(−k + 2p)α

)]
×

[
sin

[1
2
kεθp

](
(δερ(2k − p)ν + δεν(2p− k)ρ + δνρ(−k − p)ε

)]
= Cb

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
G̃AAγε (k − p)G̃AAρα (k)×

×
{(
δαγ(2k − p)µ + δαµ(−k − p)γ + δµγ(2p− k)α

)
×

(
δερ(2k − p)ν + δεν(2p− k)ρ + δνρ(−k − p)ε

)}
. (E.7)

The last result represents (5.21b).

The expansion of Πb(k, p) reads

Π̃b
µν(p) = Cb

4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]
Πb
µν(k, p) (E.8)

= Cb
4g2

(2π)4

∫
d4k sin2

[1
2
kεθp

]{
Πa,(0)
µν (k, 0) +Πa,(2)

µν (k, p) + O(p3)
}
,
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with Πb
µν(k, p) given by

Πb
µν(k, p) = G̃AAγε (k − p)G̃AAρα (k)×

×
{
δαγδερ(2k − p)µ(2k − p)ν + δαγδεν(2k − p)µ(2p− k)ρ

+ δαγδνρ(2k − p)µ(−k − p)ε + δαµδερ(−k − p)γ(2k − p)ν
+ δαµδεν(−k − p)γ(2p− k)ρ + δαµδνρ(−k − p)γ(−k − p)ε
+ δµγδερ(2p− k)α(2k − p)ν + δµγδεν(2p− k)α(2p− k)ρ

+ δµγδνρ(2p− k)α(−k − p)ε

}
=

{
G̃AAαρ (k − p)G̃AAρα (k)(2k − p)µ(2k − p)ν

+ G̃AAαν (k − p)G̃AAρα (k)(2k − p)µ(2p− k)ρ

+ G̃AAαε (k − p)G̃AAνα (k)(2k − p)µ(−k − p)ε
+ G̃AAγρ (k − p)G̃AAρµ (k)(−k − p)γ(2k − p)ν

+ G̃AAγν (k − p)G̃AAρµ (k)(−k − p)γ(2p− k)ρ

+ G̃AAγε (k − p)G̃AAνµ (k)(−k − p)γ(−k − p)ε

+ G̃AAµρ (k − p)G̃AAρα (k)(2p− k)α(2k − p)ν

+ G̃AAµν (k − p)G̃AAρα (k)(2p− k)α(2p− k)ρ

+ G̃AAµε (k − p)G̃AAνα (k)(2p− k)α(−k − p)ε

}
(E.9)

The zeroth order Πb,(0)
µν (k, 0)

If we look at p = 0 in Eq. (E.9), we get

Πb,(0)
µν (k, 0) = (E.10)

=
{

4kµkνG̃AAαρ (k)G̃AAρα (k) − 2kµkρG̃AAαν (k)G̃AAρα − 2kµkεG̃AAαε (k)G̃AAνα (k)

− 2kγkνG̃AAγρ (k)G̃AAρµ (k) + kγkρG̃
AA
γν (k)G̃AAρµ (k) + kγkεG̃

AA
γε (k)G̃AAνµ (k)

− 2kαkνG̃AAµρ (k)G̃AAρα (k) + kαkρG̃
AA
µν (k)G̃AAρα (k) + kαkεG̃

AA
µε (k)G̃AAνα (k)

}
.

As we have discussed in the main text, we insert in the last equation the expression
of G̃AA(k) in the limit of large internal momenta k and use the Landau gauge:

G̃AAαβ (k) ≈ 1
k2

[
δαβ −

kαkβ
k2

]
, k → ∞, α→ 0.

The expression of Πb,(0)
µν (k, 0) is made up by nine terms and we look at each term

separately.
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The first term:

The first one reads

4kµkνG̃AAαρ (k)G̃AAρα (k) =

= 4
{
kµkν

1
k2

[
δαρ −

kαkρ
k2

]
1
k2

[
δαρ −

kρkα
k2

]}
= 4

{
1
k4

[
4 − kαkα

k2
− kαkα

k2
+
kαkαkρkρ

k4

]}
= 4

{
kµkν

1
k4

[
4 − 1 − 1 + 1

]}
= 12

kµkν
k4

. (E.11)

As we will see the remaining eight terms will disappear because of their given struc-
ture. However, we will show this for the fourth term as an example.

The fourth term:

The fourth one reads

−2kγkνG̃AAγρ (k)G̃AAρµ (k) =

= −2kγkν

{
1
k2

[
δγρ −

kγkρ
k2

]
1
k2

[
δρµ −

kρkµ
k2

]}
= −2kγkν

{
1
k4

[
δγρδρµ −

kγkµ
k2

− kγkµ
k2

+
kγkρkρkµ

k4

]}
= −2

1
k4

[
���kµkν −���kµkν −���kµkν +���kµkν

]
= 0. (E.12)

At the end we can give the zeroth order expansion:

Πb,(0)
µν (k, 0) = 12

kµkν
k4

. (E.13)
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The second order Πb,(2)
µν (k, p)

The second order reads

Πb,(2)
µν (k, p) =

pδpσ
2

[
∂pδ

∂pσΠ
b
µν(k, p)

]
p→0

=
pδpσ

2

{
∂pδ

∂pσ

[
G̃AAαρ (k − p)G̃AAρα (k)(2k − p)µ(2k − p)ν (E.14)

+ G̃AAαν (k − p)G̃AAρα (k)(2k − p)µ(2p− k)ρ

+ G̃AAαε (k − p)G̃AAνα (k)(2k − p)µ(−k − p)ε
+ G̃AAγρ (k − p)G̃AAρµ (k)(−k − p)γ(2k − p)ν

+ G̃AAγν (k − p)G̃AAρµ (k)(−k − p)γ(2p− k)ρ

+ G̃AAγε (k − p)G̃AAνµ (k)(−k − p)γ(−k − p)ε

+ G̃AAµρ (k − p)G̃AAρα (k)(2p− k)α(2k − p)ν

+ G̃AAµν (k − p)G̃AAρα (k)(2p− k)α(2p− k)ρ

+ G̃AAµε (k − p)G̃AAνα (k)(2p− k)α(−k − p)ε

]}
p→0

.

The first term of the last expression is used to bring light into the structure of the
calculation.

The first term:

The first one reads

pδpσ
2

{
∂pδ

∂pσ

[
G̃AAαρ (k − p)G̃AAρα (k)(2k − p)µ(2k − p)ν

]}
p→0

=
pδpσ

2

{
∂pδ

∂pσG̃
AA
αρ (k − p)G̃AAρα (k)(2k − p)µ(2k − p)ν (E.15)

− δσµ∂pδ
G̃AAαρ (k − p)G̃AAρα (k)(2k − p)ν

− δσν∂pδ
G̃AAαρ (k − p)G̃AAρα (k)(2k − p)µ

− δδµ∂pσG̃
AA
αρ (k − p)G̃AAρα (k)(2k − p)ν

− δδν∂pσG̃
AA
αρ (k − p)G̃AAρα (k)(2k − p)µ

+ δδνδσµG̃
AA
αρ (k − p)G̃AAρα

+ δδµδσνG̃
AA
αρ (k − p)G̃AAρα

}
p→0

.

We conclude that each term produces seven new terms and therefore we have as
whole an expression containing 63 terms. The best approach to calculate such terms
which show the same structure but only differ in the indices, is to use a calculation
programm like MATHEMATICAR©.
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The detailed outcome shows

Πb,(2)
µν (k, p) =

=
{
− 5pµpν

1
k4

− 8pαpν
kαkµ
k6

− 8pαpµ
kαkν
k6

− 16p2kµkν
k6

(E.16)

+ 52pαpβ
kαkβkµkν

k8
+ 8p2δµν

1
k4

− 8pαpβδµν
kαkβ
k6

}
.

Therefore we have

Π̃b
µν(p) ≈ −Cb

4g2

(2π)4

∫
d4k sin2[

1
2
kεθp] (E.17)

×
{

12
kµkν
k4

+
[
− 5pµpν

1
k4

− 8pαpν
kαkµ
k6

− 8pαpµ
kαkν
k6

− 16p2kµkν
k6

+ 52pαpβ
kαkβkµkν

k8

+ 8p2δµν
1
k4

− 8pαpβδµν
kαkβ
k6

]
+ O(p3)

}
equal to (5.42b).

E.2 Evaluation of the remaining Integrals

E.2.1 Calculation of the Example Ĩ3(p)

The integral Ĩ3(p) is given by Eq. (5.43c) from the main text

Ĩ3(p) =
∫
d4k

kµkν
k4

sin2
[1
2
kεp̃

]
. (E.18)

The use of expression (5.74) with the correct prefactors deduced from (5.73a) and
N = 2,m = 2 gives

Ĩ3(p) =
(−i)2π2

2Γ(2)

{
− 1

2

∞∫
0

dαα−2δµν +
1
2

∞∫
0

dαα−2δµνe
− (εp̃)2

4α (E.19)

− (εp̃)µ(εp̃)ν
4

∞∫
0

dαα−3e−
(εp̃)2

4α

}
.

The planar part reads

Ĩ3,pl =
(−i)2π2

2Γ(2)

{
− 1

2

∞∫
0

dαα−2δµν

}

=
π2

4Γ(2)
δµν

{ ∞∫
0

dαα−2e−
1

Λ2α

}
,
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where we have introduced a UV-cutoff Λ to regularize the integral. Evaluation of the
last expression by using Formula (D.7b) leads to

Ĩ3,pl =
π2

4Γ(2)
δµνΓ(1)

(
1
Λ2

)−1

=
1
4
π2δµνΛ2. (E.20)

The non-planar part yields (evaluation with Formula (D.7b):

Ĩ3,npl(p) =
(−i)2π2

2Γ(2)

{
1
2

∞∫
0

dαα−2δµνe
− (εp̃)2

4α − ε2p̃µp̃ν
4

∞∫
0

dαα−3e−
(εp̃)2

4α

}

=
(−i)2π2

4Γ(2)
Γ(1)δµν

(
(εp̃)2

4

)−1

− (−i)2π2

8Γ(2)
Γ(2)ε2p̃µp̃ν

(
(εp̃)2

4

)−2

= π2

{
− δµν

(εp̃)2
+ 2

p̃µp̃ν
(εp̃2)2

}
. (E.21)
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E.2.2 Detailed Outcome of the Integrals Ĩ i

We give a list of the detailed outcome of the integrals appearing in Section 5.6.1, Eqs.
(5.43a-5.43e). The outcome is divided into the planar and non-planar part.

A)

Ĩ1(p) =
∫
d4k

1
k2

sin2
[1
2
kεp̃

]
= +

π2

2
Λ2, planar (E.22a)

= −2
π2

(εp̃)2
, non− planar (E.22b)

Ĩ2(p) =
∫
d4k

1
k4

sin2
[1
2
kεp̃

]
= +π2K0

(
2

√
µ2

Λ2

)
, planar (E.22c)

= −π2K0

(√
µ2(εp̃)2

)
, non− planar (E.22d)

B)

Ĩ3
µν(p) =

∫
d4k

kµkν
k4

sin2
[1
2
kεp̃

]
= +

π2

4
δµνΛ2, planar (E.22e)

= −π2

{
δµν

(εp̃)2
− 2

p̃µp̃ν
(εp̃2)2

}
, non− planar (E.22f)

Ĩ4
µν(p) =

∫
d4k

kµkν
k6

sin2
[1
2
kεp̃

]
= +

π2

4
δµνK0

(√
µ2

Λ2

)
, planar (E.22g)

= −π
2

4

{
δµνK0

(√
µ2(εp̃)2

)
− p̃µp̃ν

p̃2

}
, non− planar (E.22h)



E.2. EVALUATION OF THE REMAINING INTEGRALS 151

Ĩ5
αβµν(p) =

∫
d4k

kαkβkµkν
k8

sin2
[1
2
kεp̃

]
= +

π2

24
K0

(
2

√
µ2

Λ2

)[
δαβδµν + δαµδβν + δβµδαν

]
, planar (E.22i)

= −π
2

24

{
K0

(√
µ2(εp̃)2

)[
δαβδµν + δαµδβν + δβµδαν

]
(E.22j)

− 1
p̃2

[
δαβ p̃µp̃ν + δαµp̃β p̃ν + δβµp̃αp̃ν + δαν p̃β p̃µ

+ δβν p̃αp̃µ + δµν p̃αp̃β

]
+ 2

p̃αp̃β p̃µp̃ν
p̃4

}
, non− planar.

E.2.3 Explicit Evaluation of Π̃i
µν(p)

Evaluation of Π̃a
µν(p)

We start with Eq. (5.77a) from the main text

Π̃a
µν(p) ≈ −Ca

4g2

(2π)4
×

×
{
Ĩ3
µν(p) +

[
− 2pµpδĨ4

δν(p) − p2Ĩ4
µν(p) + 4pδpσĨ5

σδµν(p)
]

+ O(p3)
}
,

insert the outcome for each Ĩj(p), j = 3, 4, 5 (the list can be found in Appendix E.2.2),
divide into the (non)-planar part and get

Π̃a,pl
µν (p) = −Cag2× (E.23)

×
{

1
16π2

Λ2δµν +
[(

(
1

12π2
− 1

8π2
)pµpν + (

1
24π2

− 1
16π2

)p2δµν

)
K0

(
2

√
µ2

Λ2

)]}
,

Π̃a,npl
µν (p) ≈ −Cag2×

×
{
− 1

4π2

1
(εp̃)2

δµν +
1

2π2

p̃µp̃ν
(εp̃2)2

+
[(

(
1

8π2
− 1

12π2
)pµpν + (

1
16π2

− 1
24π2

)p2δµν

)
K0

(√
µ2(εp̃)2

)]
(E.24)

−
[

1
8π2

pµpδp̃δp̃ν
p̃2

+
1

16π2

p2p̃µp̃ν
p̃2

+
1

12π2

pδpσp̃µp̃ν p̃δp̃σ
p̃4

− 1
24π2

(δµνpδpσp̃δp̃σ + pµpσp̃ν p̃σ + pσpν p̃µp̃σ

+ pδpµp̃ν p̃δ + pδpν p̃µp̃δ + p2p̃µp̃ν)
1
p̃2

]finite
+ O(p3)

}
,

where the first term inside the curly brackets represents the zeroth (0) order, while
the second order (2) is represented by the square brackets. Additionally we have a
so-called finite term which was generated by the second order but will give a finite
expression in the limit of small external momenta p. If we split explicitly into the
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(non)-planar terms and the order of expansion we find

Π̃a
µν(p) ≈ −Cag2× (E.25)

×
{[(

1
16π2

δµνΛ2

)(0)

−
(

1
48π2

p2δµνK0

(
2

√
µ2

Λ2

)
+

1
24π2

pµpνK0

(
2

√
µ2

Λ2

))(2)]pl
+

[(
− 1

4π2

δµν
(εp̃)2

+
1

2π2

p̃µp̃ν
(εp̃2)2

)(0)

+
(

(finite terms)′
)(2)

+
(

1
24π2

pµpνK0

(√
µ2(εp̃2)2

)
+

1
48π2

p2δµνK0

(√
µ2(εp̃)2

))(2)]npl
+ O(p3)

}
,

where we have

(finite terms)′ = −
[

1
8π2

pµpδp̃δp̃ν
p̃2

+
1

16π2

p2p̃µp̃ν
p̃2

+
1

12π2

pδpσp̃µp̃ν p̃δp̃σ
p̃4

(E.26)

− 1
24π2

(δµνpδpσp̃δp̃σ + pµpσp̃ν p̃σ + pσpν p̃µp̃σ

+ pδpµp̃ν p̃δ + pδpν p̃µp̃δ + p2p̃µp̃ν)
1
p̃2

]finite
,

equal to (5.78) and (5.81).

Evaluation of Π̃b
µν(p)

In order to start our calculation, we require Eq. (5.77b) from the main text:

Π̃b
µν(p) ≈ Cb

4g2

(2π)4
×

×
{

12Ĩ3
µν(p) +

[
− 5pµpν Ĩ2(p) − 8pαpν Ĩ4

αµ(p) − 8pαpµĨ4
αν(p)

− 16p2Ĩ4
µν(p) + 52pαpβ Ĩ5

αβµν(p)

+ 8p2δµν Ĩ2(p) − 8pαpβδµν Ĩ4
αβ(p)

]
+ O(p3)

}
,
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insert the outcome for each integral Ĩj(p), j = 2, 3, 4, 5 (Appendix E.2.2), divide into
the (non)-planar part and get

Π̃b,pl
µν (p) = Cbg

2

{
3

4π2
Λ2δµν (E.27)

+
[(

(
2
π2

+
26

48π2
− 1

2π2
− 1
π2

)p2δµν + (
52

48π2
− 9

4π2
)pµpν

)
K0

(
2

√
µ2

Λ2

)}
,

Π̃b,npl
µν (p) ≈ Cbg

2× (E.28)

×
{
− 3
π2

1
(εp̃)2

δµν +
6
π2

p̃µp̃ν
(εp̃2)2

+
[(

(
1

2π2
− 2
π2

− 26
48π2

+
1
π2

)p2δµν + (
1
π2

+
5

4π2
− 52

48π2
)pµpν

)
K0

(√
µ2(εp̃)2

)]
−

[
1

2π2

pαpβ p̃αp̃β
p̃2

δµν +
1
π2

p2p̃µp̃ν
p̃2

+
1

2π2

pαpµp̃αp̃ν
p̃2

+
1

2π2

pαpν p̃αp̃µ
p̃2

− 26
48π2

(p2p̃µp̃ν + pµpβ p̃β p̃ν + pαpµp̃αp̃ν + pνpβ p̃β p̃µ

+ pαpµp̃αp̃ν + δµνpαpβ p̃αp̃β)
1
p̃2

+
52

48π2

pαpβ p̃µp̃ν
p̃4

]finite
+ O(p3)

}
.

The explicit (non)-planar parts depending on the order of expansion reads

Π̃b
µν(p) ≈ +Cbg2× (E.29)

×
{[(

3
4π2

δµνΛ2

)(0)

+
(

50
48π2

K0

(
2

√
µ2

Λ2

)
p2δµν −

56
48π2

K0

(
2

√
µ2

Λ2

)
pµpν

)(2)]pl
+

[(
6
π2

p̃µp̃ν
(εp̃2)2

− 3
π2

δµν
(εp̃)2

)(0)

+
(

(finite terms)′′
)(2)

−
(

50
48π2

K0

(√
µ2(εp̃)2

)
p2δµν −

56
48π2

K0

(√
µ2(εp̃)2

)
pµpν

)(2)]npl
+ O(p3)

}
,

where we have

(finite terms)′′ = (E.30)

= −
[

1
2π2

pαpβ p̃αp̃β
p̃2

δµν +
1
π2

p2p̃µp̃ν
p̃2

+
1

2π2

pαpµp̃αp̃ν
p̃2

+
1

2π2

pαpν p̃αp̃µ
p̃2

− 26
48π2

(p2p̃µp̃ν + pµpβ p̃β p̃ν + pαpµp̃αp̃ν + pνpβ p̃β p̃µ

+ pαpµp̃αp̃ν + δµνpαpβ p̃αp̃β)
1
p̃2

+
52

48π2

pαpβ p̃µp̃ν
p̃4

]finite
.

which equal expressions (5.79) and (5.82).
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Evaluation of Π̃c
µν(p)

We start with Eq. (5.77c) from the main text

Π̃c
µν(p) ≈ −Cc

8g2

(2π)4

{
2δµν Ĩ1(p) + Ĩ3

µν(p)
}
,

insert Ĩj(p), j = 1, 3 (Appendix E.2.2) and get

Π̃c,pl
µν (p) ≈ −Ccg2

{
5

8π2
Λ2δµν

}
, (E.31)

Π̃c,npl
µν (p) ≈ −Ccg2

{
1
π2

p̃µp̃ν
(εp̃2)2

− 5
2π2

δµν
(εp̃)2

}
,

leading to

Π̃c
µν(p) ≈ −Ccg2

{[
5

8π2
δµνΛ2

]pl
−

[
5

2π2

δµν
(εp̃)2

− 1
π2

p̃µp̃ν
(εp̃2)2

]npl}
, (E.32)

which is equal to expression (5.80).

E.3 One-Loop Correction

E.3.1 Calculation of Π̃µν(p)

The calculation of Π̃µν(p) starts with the first line of expression (5.89) given by:

Π̃µν(p) ≈

≈ 2g2p̃µp̃ν
π2(εp̃2)2

+
26g2

3(4π)2

{
K0

(
2

√
µ2

Λ2

)
−K0

(√
(εp̃)2µ2

)}
(p2δµν − pµpν)

+ (finite terms)′′′ + O(p3). (E.33)

Keeping in mind that we can expand the Bessel function of second kind for small
arguments in the way of:

K0(x) ≈ ln
2
x
− γE − x2

4

(
γE − 1 + ln

x

2

)
+ O(x4), (E.34)

which equals Eq. (D.11a), we have to observe each relevant K0 from Π̃µν and define
primarily

a ≡ 2

√
µ2

Λ2
, (E.35)

b ≡
√

(εp̃)2µ2. (E.36)
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1. K0(a):

If we now apply (E.34) we receive

K0

(
2

√
µ2

Λ2

)
≈

≈ ln
(

2

2
√

µ2

Λ2

)
− γE − µ2

Λ2

{
γE − 1 + ln

(2
√

µ2

Λ2

2

)}
+ O(a4)

= ln
(√

Λ2

µ2

)
− γE − µ2

Λ2

{
γE − 1 + ln

(√
µ2

Λ2

)}
+ O(a4)

=
1
2

ln(Λ2) − 1
2

ln(µ2) − (1 +
µ2

Λ2
)γE +

µ2

Λ2
− 1

2
µ2

Λ2
ln(µ2) +

1
2
µ2

Λ2
ln(Λ2) (E.37)

+ O(a4).

In the limits: µ2 → 0,Λ2 → ∞, K0(a) reads

K0

(
2

√
µ2

Λ2

)
≈ 1

2
ln(Λ2) − 1

2
ln(µ2) − γE + O(a4). (E.38)

2. K0(b):

We apply (E.34) and get

K0

(√
(εp̃)2µ2

)
≈

≈ ln
(

2√
(εp̃)2µ2

)
− γE − ((εp̃)2µ2)2

4

{
γE − 1 + ln

(√
(εp̃)2µ2

2

)}
+ O(b4)

Π̃b
µν(p) = ln(2) − 1

2
ln((εp̃)2µ2) − γE − ((εp̃)2µ2)2

4
γE +

((εp̃)2µ2)2

4

− ((εp̃)2µ2)2

8
ln((εp̃)2µ2) +

((εp̃)2µ2)2

4
ln(2) + O(b4)

= ln(2) − ln(εp̃) − 1
2

ln(µ2) − γE − ((εp̃)2µ2)2

4
γE +

((εp̃)2µ2)2

4

− ((εp̃)2µ2)2

4
ln(εp̃) − ((εp̃)2µ2)2

4
ln(µ2) +

((εp̃)2µ2)2

4
+ O(b4). (E.39)

In the limit: µ2 → 0, K0(b) reads

K0

(√
(εp̃)2µ2

)
≈ ln(2) − 1

2
ln(µ2) − γE −

(
1 +

((εp̃)2µ2)2

4

)
ln(εp̃) + O(b4). (E.40)
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Therefore we have{
K0

(
2

√
µ2

Λ2

)
−K0

(√
(εp̃)2µ2

)}
(p2δµν − pµpν) ≈

≈
{

1
2

ln(Λ2) −
�����1
2

ln(µ2) −��γE − ln(2) +
�����1
2

ln(µ2) +��γE

+
(

1 +
((εp̃)2µ2)2

4

)
ln(εp̃) + O(a4) + O(b4)

}
(p2δµν − pµpν)

≈
{

1
2

ln(Λ2) + O(a4) + O(b4)
}

(p2δµν − pµpν) + (finite terms)IV, (E.41)

where the IR-cutoff µ cancels, and the expression (finite terms)IV represents finite
terms in the limit of small external momenta p:

(finite terms)IV ≡
{(

1 +
((εp̃)2µ2)2

4

)
ln(εp̃) − ln(2)

}
(p2δµν − pµpν)

At the end we have the final expression which represents Eq. (5.89) from the main
text:

Π̃µν(p) ≈
2g2p̃µp̃ν
π2(εp̃2)2

+
13g2

24π2
ln(Λ)(p2δµν − pµpν) + finite terms,

where

finite terms ≡ (finite terms)′′′ + (finite terms)IV (E.42)

+ {O(a4) + O(b4)}(p2δµν − pµpν) + O(p3),

contains all finite expressions.



Appendix F

Renormalization

F.1 Renormalization of the Photon Propagator

F.1.1 Calculation of Γ̃AAµν

Before we start the explicit calculations, we once again must mention that the two-
point vertex function at tree level Γ̃AA,treeµν (k) represents the inverse of the two-point
Green function at tree level G̃AAµν (k) in the way of:

Γ̃AA,treeµν (k) =
(
G̃AAµν (k)

)−1
,

which is explained in detail in the main text (see (4.15) and (6.7)).

The calculation of this inverse starts with the photon propagator in the form of (6.10)
with α 6= 0:

G̃AAµν (k) =
1
k2D

[
δµν − (1 − αD)

kµkν
k2

−F k̃µk̃ν
k̃2

]
,

where we have introduced the abbreviations:

D(k) ≡
(

1 +
γ4

(k̃2)2

)
,

F(k) ≡ 1
k̃2

σ̄4(
k2 + (σ̄4 + γ4) 1

k̃2

) .
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To get the inverse we make the ansatz (6.13):

δµν =
(
G̃AAµρ (k)

)−1
G̃AAρν (k)

= k2D
[
δµρ + a1

kµkρ
k2

+ a2
k̃µk̃ρ

k̃2

]
1
k2D

[
δρν − (1 − αD)

kρkν
k2

−F k̃ρk̃ν
k̃2

]
= δµρ

[
δρν − (1 − αD)

kρkν
k2

−F k̃ρk̃ν
k̃2

]
+ a1

kµkρ
k2

[
δρν − (1 − αD)

kρkν
k2

−F k̃ρk̃ν
k̃2

]
+ a2

k̃µk̃ρ

k̃2

[
δρν − (1 − αD)

kρkν
k2

−F k̃ρk̃ν
k̃2

]
= δµν − (1 − αD)

kµkν
k2

−F k̃µk̃ν
k̃2

+ a1
kµkν
k2

− a1(1 − αD)
kµkν
k2

− a1F
�����kµkρk̃ρk̃ν

k2k̃2

+ a2
k̃µk̃ν

k̃2
− a2(1 − αD)

�����kνkρk̃ρk̃µ

k2k̃2
− a2F

k̃µk̃ρk̃ρk̃ν

k̃4
,

(F.1)

where the marked terms vanish through the following fact:

kρk̃ρ = kρθραkα = kαθαρkρ = kρθαρkα = −kρθραkα = −kρk̃ρ,
⇒ kρk̃ρ = 0.

This leads to

δµν = δµν +
{
a1 − a1(1 − αD) − (1 − αD)

}kµkν
k2

+
{
a2(1 −F) −F

} k̃µk̃ν
k̃2

,

where the expressions inside the curly brackets must obey the equation

{
a1 − a1(1 − αD) − (1 − αD)

}
= 0,

⇒ a1 =
1
αD

− 1, (F.2)

and

{
a2(1 −F) −F

}
= 0,

⇒ a2 =
F

1 −F
(F.3)
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The inverse now reads

Γ̃AA,treeµν (k) =
(
G̃AAµν (k)

)−1 =

= k2D
[
δµρ + a1

kµkρ
k2

+ a2
k̃µk̃ρ

k̃2

]
= k2D

[
δµν +

(
1
αD

− 1
)
kµkν
k2

+
(

F
1 −F

)
k̃µk̃ν

k̃2

]
= k2D

[
δµν +

(
1
αD

− 1
)
kµkν
k2

+
(

σ̄4

k2k̃2D

)
k̃µk̃ν

k̃2

]
, (F.4)

where we have written F/(1 −F) in a term depending on D:

F
1 −F

=
σ̄4

k4+(σ̄4+γ4)

1 − σ̄4

k4+(σ̄4+γ4)

=
σ̄4

k4 + γ4
=

σ̄4

k2k̃2D
. (F.5)

The inverse propagator (F.4) equals Eq. (6.16).

F.1.2 Calculation of Γ̃AA,dressµν

The dressed vertex function is given by the first line of Eq. (6.21), where we insert
Eqs. (6.17-6.20) from the main text

Γ̃AA,dressµν (k) = Γ̃AA,treeµν (k) − Γ̃AA.corrµν (k) (F.6)

= k2D
[
δµν +

(
1
αD

− 1
)
kµkν
k2

+
(

σ̄4

k2k̃2D

)
k̃µk̃ν

k̃2

]
−Πa

k̃µk̃ν

(k̃2)2
−Πbk

2δµν +Πbkµkν

= k2(D −Πb)δµν +
{
D

(
1
αD

− 1
)

+Πb

}
kµkν +

{
σ̄4 −Πa

}
k̃µk̃ν

(k̃2)2

= k2(D −Πb)
[
δµν +

(
1

α(D −Πb)
− 1

)
kµkν
k2

+
σ̄4 −Πa

k2k̃2(D −Πb)
k̃µk̃ν

k̃2

]
.

The last expression equals the second line from Eq. (6.21).

F.1.3 Calculation of σr

The calculation of σr starts with Eq. (6.29) from the main text:

2
(
σr +

θ2

4
σ2
r

)
γ4Z2

A = (σ̄4 −Πa)Z2
A,
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where we insert Eq. (6.19) leading to(
σr +

θ2

4
σ2
r

)
=

{(
σ +

θ2

4
σ2

)
− g2

π2γ4ε2

}
,

→ σ2
r +

4
θ2
σr −

4
θ2

{(
σ +

θ2

4
σ2

)
− g2

π2γ4ε2

}
= 0,

⇒ σr = − 2
θ2

±

√(
2
θ2

)2

+
4
θ2

{(
σ +

θ2

4
σ2

)
− g2

π2γ4ε2

}

=
2
θ2

{
− 1 ±

√(
1 +

θ

2
σ

)2

− g2θ2

π2γ4ε2

}
, (F.7)

which equals Eq. (6.31).

F.1.4 Calculation of G̃AA,ren
µν

We start with Eq. (6.33):

δµν =
(
Γ̃AA,renµρ (k)

)−1Γ̃AA,renρν (k)

=
Z2
A

k2Dr

[
δµρ + b1

kµkρ
k2

+ b2
k̃µk̃ρ

k̃2

]
k2Dr

Z2
A

[
δρν +

(
Z2
A

αDr
− 1

)
kρkν
k2

+
σ̄4
r

k2k̃2Dr

k̃ρk̃ν

k̃2

]
= δµν +

(
Z2
A

αDr
− 1

)
kµkν
k2

+
σ̄4
r

k2k̃2Dr

k̃µk̃ν

k̃2

+ b1
kµkρ
k2

[
δρν +

(
Z2
A

αDr
− 1

)
kρkν
k2

+
σ̄4
r

k2k̃2Dr

k̃ρk̃ν

k̃2

]
+ b2

kµkρ
k2

[
δρν +

(
Z2
A

αDr
− 1

)
kρkν
k2

+
σ̄4
r

k2k̃2Dr

k̃ρk̃ν

k̃2

]
= δµν +

(
Z2
A

αDr
− 1

)
kµkν
k2

+
σ̄4
r

k2k̃2Dr

k̃µk̃ν

k̃2

+ b1
kµkν
k2

+ b1

(
Z2
A

αDr
− 1

)
kµkν
k2

+ b2
kµkν
k2

+ b2
σ̄4
r

k2k̃2Dr

k̃µk̃ν

k̃2

= δµν +
[(

Z2
A

αDr
− 1

)
+ b1

(
1 +

(
Z2
A

αDr
− 1

))]
kµkν
k2

+
[

σ̄4
r

k2k̃2Dr

+ b2

(
1 +

σ̄4
r

k2k̃2Dr

)]
k̃µk̃ν

k̃2
. (F.8)

By comparison, we obtain for the coefficients b1, b2

b1 = −
( Z2

A
αDr

− 1

1 + Z2
A

αDr
− 1

)
, (F.9a)

b2 = −
( σ̄4

r

k2k̃2Dr

1 + σ̄4
r

k2k̃2Dr

)
. (F.9b)
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For the first coefficient b1 we consider the Landau gauge (α→ 0) and get

b1 = −
( Z2

A
αDr

− 1

1 + Z2
A

αDr
− 1

)∣∣∣∣
α→0

= −
(
αDr(Z2

A − αDr)
αDrZ2

A

)∣∣∣∣
α→0

= −1. (F.10)

The second one b2 can be written as

b2 = −
( σ̄4

r

k2k̃2Dr

1 + σ̄4
r

k2k̃2Dr

)
= − σ̄4

r

(k2k̃2Dr + σ̄4
r )
. (F.11)

With the help of Dr, given by Eq. (6.23):

Dr =
(

1 +
γ4
r

k2k̃2

)
,

the coefficient reads

b2 = − σ̄4
r

(k2k̃2 + γ4
r + σ̄4

r )
= − 1

k̃2

σ̄4
r(

k2 + (σ̄4
r + γ4

r )
1
k̃2

) . (F.12)

Therefore the renormalized propagator has the form of

G̃AA,renµν (k) =
(
Γ̃AA,renµν (k)

)−1

=
Z2
A

k2Dr

[
δµρ + b1

kµkρ
k2

+ b2
k̃µk̃ρ

k̃2

]
=

Z2
A

k2Dr

[
δµν −

kµkν
k2

−Fr
k̃µk̃ν

k̃2

]
, (F.13)

with the abbreviation Fr

Fr(k) ≡
1
k̃2

σ̄4
r(

k2 + (σ̄4
r + γ4

r )
1
k̃2

) . (F.14)

The last two equations equal (6.37) and (6.38), respectively.
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