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Kurzfassung

Tunnelbrände haben in der Vergangenheit gezeigt, welch erheblichen Schaden eine da-

raus resultierende Brandbelastung an der Betoninnenschale verursachen kann. Während

eines Brandes wird die Tragfähigkeit der Struktur durch die temperaturbedingte Ver-

minderung von Steifigkeit und Festigkeit des Betons und des Bewehrungsstahls sowie

das Abplatzen oberflächennaher Betonschichten reduziert, was im äußersten Fall zum

Versagen der Tragstruktur führen kann. In dieser Arbeit wird die Wirkung der Brand-

belastung auf Tunnelinnenschalenbeton mittels experimenteller Untersuchungen und nu-

merischer Simulationen studiert. Folgende Fragestellungen werden behandelt:

1. Welche Prozesse sind für das Abplatzen des Betons hauptverantwortlich und welchen

Einfluss haben sie?

Ausgehend von der experimentellen Untersuchung der Abplatzungen von Beton

ermöglichen Aufnahmen einer Hochgeschwindigkeitskamera die Bestimmung von

Größe, Form und Geschwindigkeit der abgeplatzten Betonfragmente. Darauf auf-

bauend kann die während des Abplatzens freiwerdende Energie abgeschätzt und mit

numerischen Ergebnissen verglichen werden. Letztere legen Abplatzungen aufgrund

des im Beton entstehenden Dampfdrucks sowie der behinderten thermischen Aus-

dehnung zugrunde. Dieser Vergleich gibt Aufschluss über den Einfluss verschiedener

mechanischer, thermischer und hygrischer Prozesse und lässt auf die Hauptein-

flussfaktoren für Abplatzungen schließen. Aufgrund des daraus abgeleiteten, großen

Einflusses der Permeabilität des Betons auf das Abplatzverhalten (übereinstimmend

mit Ergebnissen früherer Untersuchungen) werden Permeabilitätsexperimente unter

abfallendem oder konstantem Luftdruck an der druckbeaufschlagten Seite des Probe-

körpers vorgestellt. Es wurden sowohl unter Baustellenbedingungen (in-situ) ge-

fertigte Probekörper als auch Laborprobekörper, mit bzw. ohne Zugabe von Poly-

propylen-Fasern (PP-Fasern), bei Raumtemperatur getestet, nachdem sie unter-

schiedlichen Temperaturregimen unterzogen wurden. Die Ergebnisse werden mit

der Porenstruktur von thermisch geschädigtem Beton, welche mit Hilfe von Queck-

silberporosimetriemessungen untersucht wurde, in Beziehung gesetzt. Dadurch kann

der Einfluss der PP-Fasern sowie von Zusatzmitteln und des Fertigungsprozesses (in-

situ vs. Labor) auf die Transporteigenschaften und dadurch auf das Brandverhalten

von Beton bestimmt werden.

2. Die Berücksichtigung welcher Phänomene ist für eine realistische Abschätzung der

Temperaturverteilung im brandbelasteten Beton erforderlich?

Um den Einfluss der Permeabilität von Beton mit bzw. ohne PP-Fasern auf das

Abplatzverhalten zu untersuchen, werden Finite-Elemente-Analysen (FE-Analysen)

präsentiert, wobei die wesentlichen Kopplungen zwischen Wärme- und Massetrans-

port berücksichtigt werden. Im Vergleich zu Ergebnissen aus einer rein thermischen



Berechnung stimmen die Temperaturverteilungen aus der gekoppelten Analyse bes-

ser mit den experimentellen Werten überein. Zusätzlich geben die erhaltenen Gas-

druckverteilungen im Beton Aufschluss über das Abplatzrisiko von Beton mit unter-

schiedlichem Fasergehalt, die erhaltenen Trends stimmen mit experimentellen Beob-

achtungen überein. Die numerische Untersuchung unterschiedlicher Abplatzgeschich-

ten zeigt den Einfluss von Abplatzungen auf die Temperatur- und Gasdruckverteilung

im Querschnitt.

3. Wie wird das Tragverhalten von Tunnelinnenschalen aus Beton durch die Temperatur-

belastung während eines Brandes beeinflusst?

Der Einfluss von Abplatzungen und der Temperaturbelastung auf das Tragverhalten

von Tunnelinnenschalen wird mit Hilfe eines Strukturprogramms untersucht, das

sowohl Abplatzungen von Betonschichten als auch die Abnahme der Festigkeit des

Betons aufgrund von Temperatur- und Gasdruckbelastung berücksichtigt. Die zu-

vor bestimmten, numerischen Ergebnisse für Temperatur- und Gasdruckverteilung

dienen hierbei als Eingabewerte. Im Zuge der Strukturanalyse wird ein Querschnitt

des Lainzertunnels (Österreich) mit geringer Überdeckung (oberflächennaher Tun-

nel) untersucht.



Abstract

Tunnel fires of the past have demonstrated the severe impact of temperature loading on

concrete tunnel shells. During fire loading, the load-bearing capacity of the supporting

structure is reduced by temperature-induced degradation of stiffness and strength of con-

crete and reinforcing steel as well as by spalling of near-surface concrete layers, eventually

causing collapse of the tunnel. In this work, the effect of fire on concrete used for tun-

nel linings is studied by means of experimental investigations and numerical simulations,

addressing the following questions:

1. What are the main processes responsible for spalling and what is their individual

influence?

Starting with experimental investigation of spalling, high-speed camera images al-

low determination of the size, shape, and velocity of the spalled-off pieces. With this

information at hand, the released energy associated with spalling is computed and

compared to the energies associated with pore-pressure and thermal-stress spalling.

This comparison provides new insight into the impact of various thermal, mechan-

ical, and hydral processes as well as the main influencing parameters controlling

explosive spalling of concrete. Having identified the permeability of concrete as one

of the main parameters influencing spalling (which is in agreement with earlier-

reported experimental findings), permeability experiments are presented, consid-

ering two different experimental procedures, characterized by either a constant

or a decreasing pressure history at the pressurized side of the specimen. Speci-

mens made of in-situ as well as laboratory-cast concrete with or without additional

polypropylene (PP) fibers after cooling from high temperature were tested. The ob-

tained permeability values are related to the pore structure, accessible via mercury-

intrusion-porosimetry (MIP) tests, highlighting the effect of the PP-fibers as well as

of additives and the production process on transport properties and, thus, on the

performance of concrete under fire attack.

2. Which phenomena shall be considered for realistic predictions of temperature distri-

butions within heated concrete?

In order to illustrate the effect of the permeability of concrete with and without PP-

fibers on spalling, finite-element (FE) analyses, taking the coupling between heat

and mass transport into account, are presented. In contrast to consideration of heat

transport only, the results from the coupled thermo-hydro-chemical analysis show

better agreement with experimental values. In addition, the obtained gas-pressure

distributions within the tunnel lining provide insight into the risk of spalling of

concrete for varying amount of PP-fibers, agreeing well with experimental observa-

tions. Consideration of different spalling histories reveals the effect of spalling on

the temperature and gas-pressure distributions within the tunnel lining.



3. How is the structural behavior of concrete tunnel linings affected by fire loading?

The effect of spalling and temperature loading on the structural performance of

tunnel linings is investigated by a structural analysis tool, considering spalling of

near-surface concrete layers as well as the effect of temperature and gas pressure on

the mechanical properties of the heated lining concrete. Hereby, the temperature

and gas-pressure distributions obtained from the coupled FE-analysis serve as input

for the structural model. Within this structural safety assessment, a cross-section

of the Lainzer tunnel (Austria) characterized by low overburden (shallow tunnel) is

analyzed.
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Sw [–] degree of saturation

Sw0 [–] initial degree of saturation

Sr
w, Scr

w [–] residual and critical degree of saturation

t [s] time

T [◦C] temperature

T0 [◦C] initial temperature

T [◦C] prescribed temperature at inner surface of lining

Tcrit [◦C] critical temperature

Tm, ∆T [◦C], [◦C/m] equivalent temperature load



List of symbols vi

u, u [m] displacement of tunnel lining

up [m] movement of pressure piston in permeability experiments

U [J] elastic strain energy

v [m] vertical displacement at top of tunnel cross-section

v0 [m] vertical displacement at top of tunnel cross-section

at beginning of fire loading

vf , vp [m/s] velocity of spalling front and spalled-off piece

vexp
p [m/s] experimentally-obtained velocity of spalled-off piece

vth
p , vtm

p [m/s] vp associated with thermo-hydral

and thermo-mechanical processes

V [m3] volume

V0 [m3] pressurized pore volume

Vp [m3] pore volume of concrete

x [m] horizontal coordinate

xk, xk0 [m] actual and original coordinate of k-th node

y [m] vertical coordinate

ø [m] diameter of permeability specimen

α [–] reduction factor for strength of concrete

αT [◦C−1] thermal expansion coefficient

βs [◦C−1] cubic thermal expansion coefficient of concrete

βc [m/s] convective mass-transfer coefficient

εth, εlits [–] thermal and load-induced thermal strain

Θ [K] absolute temperature

ηg, η [Pa s] dynamic viscosity of gas

ηw, ηgw [Pa s] dynamic viscosity of water and water vapor

λ [kJ/(h m K)] thermal conductivity of concrete

λeff [kJ/(h m K)] effective thermal conductivity of concrete

ν [–] Poisson’s ratio

ξ [–] degree of hydration

ξdehydr [–] degree of dehydration

ρ, ρc [kg/m3] apparent density of concrete

ρs [kg/m3] solid-phase density

ρg [kg/m3] gas density

ρga, ρgw [kg/m3] density of dry air and water vapor

ρw [kg/m3] water density

(ρcp)eff [kJ/(m3 K)] effective thermal capacity of concrete

σ [MPa] stress

Σ [MPa] macroscopic stress

τdec, τadv [s] characteristic times associated with pressure decrease

and pressure-driven flow



Chapter1
Introduction

1.1 Motivation

In case of fire loading, concrete structures are affected by various physical (transport

processes, cracking, spalling etc.) and chemical (dehydration etc.) processes, leading to

degradation of the material parameters of concrete and spalling of near-surface concrete

layers. Especially in case of tunnel fires, with the thermal load characterized by a steep

temperature increase during the first minutes of the fire and a maximum temperature

exceeding 1200 ◦C, spalling can be significant (see Figure 1.1). The resulting loss of parts

of the cross-sectional area of the tunnel lining considerably reduces the load-carrying

capacity and may lead to collapse of the structure.

(a) (b)
Figure 1.1: Damage of tunnel lining showing severe spalling: (a) Channel Tun-

nel (1996) [18] and (b) Mont-Blanc Tunnel (1999) [51]
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In the literature, different types of concrete spalling due to fire loading are defined [53,

59, 60, 110]. Depending on its location of occurrence, spalling can be divided into

1. aggregate spalling (splitting of aggregates),

2. corner spalling (i.e., corners of columns or beams fall off), and

3. surface spalling (surface layers of concrete fall off or burst out of the structural

element).

Moreover, depending on its origin, spalling can be divided into

1. progressive spalling (or sloughing-off, where concrete pieces fall out of the structural

element) and

2. explosive spalling (violent burst-out of concrete pieces characterized by sudden re-

lease of energy).

Two phenomena are considered to be the main causes for spalling (see Figures 1.2 and 1.3).

On the one hand, the build-up of pore pressure in consequence of vaporization of water

(thermo-hydral processes) results in tensile loading of the microstructure of concrete [4,

26, 53, 59, 78, 110], which can be referred to as pore-pressure spalling [60, 61]. On the

other hand, restrained thermal dilation results in biaxial compressive stresses parallel to

the heated surface which lead to tensile stresses in the perpendicular direction [10, 123].

This type of spalling in consequence of thermo-mechanical processes can be referred to as

thermal-stress spalling [60, 61].

Recent fire experiments performed within a research project sponsored by the Aus-

trian Federal Ministry of Transport, Innovation, and Technology (bm.vit) and the ÖBB-

Infrastruktur Bau AG (formerly HL-AG, Austria) revealed that the spalling depth of

concrete subjected to fire decreases with increasing amount of polypropylene (PP) fibers

considered in the mix design (see Figure 1.4 and [67, 74]). According to the open lit-

erature (see, e.g., [58, 68, 110]), this can be explained by (i) the increased permeability

in consequence of melting (at T ≈ 170 ◦C) and, finally, vaporization (at T ≈ 340 ◦C)

of the PP-fibers and (ii) the introduction of additional interfacial transition zones (ITZ)

between the fibers and the cement paste. In contrast to the amount of PP-fibers, the

mode of reinforcement and the type of mechanical loading, also varied within the afore-

mentioned research project, showed marginal influence on the spalling depth. On basis

of these observations, the permeability of concrete can be considered as one of the main

parameters influencing spalling.

For the investigation of the structural performance of support structures under fire load-

ing, the temperature distribution within the reinforced-concrete member is determined by

means of numerical simulation tools. In case an uncoupled thermal analysis is performed,
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(a)

(d)

(b)

�dry� zone

nearlysaturatedporousvapor migrationtowards lowerpressure region vaporization zone

large pore pressuresspalling due to
Figure 1.2: Illustration of spalling caused by thermo-hydral processes [4, 26]

taking no mass transport into account, the temperature increase within the structure

is significantly overestimated, which can be illustrated when comparing numerical with

experimental results (see Chapter 3 and, e.g., [132]). This trend is explained by the

neglect of (i) heat sinks associated with physical and chemical processes and (ii) the

cooling effect in consequence of mass transport. The discrepancy between experimental

data and numerical results obtained from uncoupled thermal analyses led to the de-

velopment of more realistic models, considering heat and mass transport in a coupled

manner [1, 2, 10, 13, 14, 25, 26, 41, 43, 72, 73, 111, 112, 118, 134]. In engineering

practice, the highly non-linear temperature distributions in concrete members resulting

from fire loading are commonly converted into (and replaced by) linear temperature dis-

tributions (see, e.g., [98, 126], given by the temperature Tm [◦C] in the middle plane of

the lining and a constant temperature gradient ∆T [◦C/m] over the lining thickness). In

contrast to the non-linear temperature distribution, Tm and ∆T can be easily considered

in standard software tools developed for the (linear) analysis of beams and frames (see,

e.g., [98, 126]). The drawback of such simplified structural analyses is twofold. First,

the stress state within the tunnel lining resulting from mechanical loading prior to tem-

perature loading (i.e., self weight of the lining and load of the surrounding soil) is not
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spalling due tothermal stresses

parallel toompr. stressesheated surfaeheated surfaeperpendiular totensile stressesheat �owinto medium
expansionthermalrestrained

(b)

(a) −σ

Figure 1.3: Illustration of spalling caused by thermo-mechanical processes [10,

123]

(b)(a) ()
Figure 1.4: Spalling depth for concrete with (a) 0, (b) 1.5, and (c) 3.0 kg/m3

PP-fibers [67] (heated surface after 120 min of fire loading)

considered within the determination of Tm and ∆T . Second, a linear-elastic analysis of

the tunnel structure considering Tm and ∆T disregards stress redistribution due to the

development of plastic regions within the structure. In order to avoid these questionable

simplifications, analysis tools taking the non-linear temperature distributions as well as

plastic deformations of the lining material into account have been developed (see, e.g.,

[3, 33, 93, 101, 113]).
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1.2 Outline

In this work, the topic of concrete subjected to high temperature is treated in a hy-

brid manner, encompassing experimental investigations and numerical simulations of the

underlying physical and chemical processes. The following questions are addressed:

1. What are the main processes responsible for spalling and what is their individual

contribution?

Based on fire experiments, where spalling of concrete was recorded visually by means

of a high-speed camera, the velocity of the spalled-off pieces is determined in Sub-

section 2.1. This gives access to the released energy for every spalled-off piece. The

obtained results are compared with results from respective models describing the

underlying physical phenomena. The obtained results confirm the earlier-reported

identification of the permeability as one of the main parameters influencing spalling.

In Subsection 2.2, permeability experiments on in-situ as well as laboratory-cast

concrete specimens with or without polypropylene (PP) fibers subjected to different

pre-heating temperatures are presented. For conducting the experiments, a setup

applicable to a wide range of permeability (as found in case of concrete with and

without PP-fibers subjected to high temperatures) is presented. In addition, the

pore space of pre-heated concrete with and without PP-fibers is investigated by

means of mercury-intrusion porosimetry (MIP) experiments (see Subsection 2.3) in

order to relate changes of the pore structure to changes of the permeability.

2. Which phenomena shall be considered for realistic predictions of temperature distri-

butions within heated concrete?

Heat and mass transport within concrete subjected to temperature loading can be

simulated with different levels of complexity: (i) analyzing heat transport only (un-

coupled analysis) or (ii) taking thermo-hydro-chemical couplings into account (cou-

pled analysis). In addition, spalling of concrete layers influences the temperature

distribution within the remaining cross section. In Chapter 3, numerical results from

both uncoupled as well as coupled analyses are compared to experimentally-obtained

temperature histories. Moreover, the influence of an increased permeability in con-

sequence of addition of PP-fibers (observed during the permeability experiments

presented in Subsection 2.2) on the distributions of temperature and gas pressure

is investigated. Finally, different spalling histories are considered within the numer-

ical analyses, giving insight into the influence of spalling on the temperature and

gas-pressure distribution within the concrete lining.

3. How is the structural behavior of concrete tunnel linings affected by fire loading?

Implementation of realistic material models as well as consideration of the governing

processes is crucial for a realistic prediction of the response of support structures
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subjected to fire loading. In Chapter 4, a ”beam-spring” model is used for the struc-

tural safety assessment, employing layered finite elements which allow (i) implemen-

tation of spalling of concrete layers and (ii) layer-wise consideration of temperature-

dependent material parameters. The numerically-obtained temperature and gas-

pressure distributions (see Chapter 3) serve as input into the numerical model.

With the presented analysis tool, the structural performance of a cross-section of

the Lainzer tunnel (Austria) characterized by low overburden is investigated.



Chapter2
Concrete at high temperature –

experimental investigation of

selected phenomena

Departing from qualitative investigation of spalling of concrete employing fire experiments

on large-scale concrete blocks [67], selected phenomena taking place in heated concrete

are investigated in order to obtain deeper insight into the main governing processes. In

the following subsection, spalling experiments and the analysis of the governing processes

responsible for spalling are presented.

2.1 Experimental investigation of spalling

2.1.1 Spalling experiments

Within the performed fire experiments, reinforced concrete slabs with the dimensions

0.60 m × 0.50 m × 0.12 m made of concrete C30/37 and C60/75 according to [86]

(water/cement-ratios of w/c = 0.55 and 0.35, respectively; limestone aggregates) were

subjected to fire loading. In selected batches, air-entraining agents and/or polypropy-

lene (PP) fibers were added to the mix design. The PP-fibers (18 µm in diameter and 3

or 6 mm long, respectively) were introduced in order to investigate the earlier-reported

beneficial effect (see, e.g., [4, 53, 60, 110]) of PP-fibers, reducing the amount of spalling.

Two slabs were subjected simultaneously to a pre-specified temperature history, i.e., either

the ISO fire curve [96] or the HCI (hydrocarbon increased fire, Tmax = 1300 ◦C). In total,



Experiments 2.1: Experimental investigation of spalling 8

60 slabs were tested. Figure 2.1 shows the experimental setup as well as a representative

screen shot of the camera view. In order to improve visibility of the spalled-off pieces,

the oven walls were covered by steel plates. During the fire experiments, the temperature

history was recorded in the oven and at selected depths from the heated surface. For

selected fire experiments (for 7 experiments, i.e., for 14 slabs, most of them made of con-

crete without PP-fibers), spalling was recorded visually by (i) a video camera, producing

real-time movies, and (ii) a high-speed camera, recording selected spalling events at a rate

of 250 frames per second.
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Figure 2.1: Experimental setup for performed spalling experiments [6, 116]

2.1.2 Results

Within the experiments, the earlier-reported beneficial effect of PP-fibers on the spalling

behavior was observed [6, 116]. Moreover, concrete C60/75 proofed to be more prone to

spalling than concrete C30/37. During visual observation of selected fire experiments, all

previously mentioned types of spalling were observed. Whereas the most violent type of

spalling (explosive spalling) was observed mostly as surface spalling, corner spalling was

of explosive as well as progressive nature (with low velocity). The size (i.e., the volume

and, hence, the mass, with the thickness ranging from 5 mm to 20 mm) was found to be

inversely-proportional to the velocity of distinct pieces, with smaller velocities for bigger

pieces. Moreover, the size of some pieces associated with corner spalling was considerably
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bigger than the size of the pieces from surface spalling. Aggregate spalling was observed to

be of explosive as well as progressive type. In every event, a so-called spalling front could

be identified, which had the highest velocity within the respective spalling event. This

spalling front mainly consisted of dust and small concrete chips. In some spalling events,

only this cloud of concrete chips and no distinct spalled-off piece was visible. Moreover,

in a few other events, a cloud of vapor was visible shortly before or during the spalling

event, indicating a blow out of water vapor.

Figure 2.2 shows three screen shots of a selected spalling event (surface spalling). The

t = 16 ms
t = 8 ms

t = 0

Figure 2.2: High-speed camera images from spalling experiment (C60/75, no

PP-fibers): spalling front (dashed line) and spalled-off pieces (solid line)

characterized by different velocities
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t = 0 t = 80 ms
t = 120 mst = 12 ms

t = 24 ms
t = 36 ms t = 200 ms

t = 160 ms

Figure 2.3: High-speed camera images from spalling experiment (C30/37, no

PP-fibers): concrete pieces characterized by different size and velocity

(0 ≤ t ≤ 36 ms) and concrete pieces in free fall (80 ≤ t ≤ 200 ms)
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dashed lines mark the location of the aforementioned spalling front at selected time in-

stants, whereas the solid lines mark distinct spalled-off pieces. It can be seen that, as

already mentioned, the spalling front moves faster than the distinct spalled-off pieces. As

regards the latter, different pieces exhibit different velocities. For the spalling event shown

in Figure 2.2, the velocity of the spalling front was calculated as vf = 12 m/s, whereas

the velocity of the five distinct pieces ranged from vp = 5.6 m/s to vp = 12 m/s.

Figure 2.3 shows a spalling event associated with corner spalling. In the four screen shots

corresponding to 0 ≤ t ≤ 36 ms, the big plate-like piece is apparently much slower than

the small piece, with the respective velocities calculated as 2.8 and 6 m/s, respectively.

The marked concrete pieces in the four screen shots corresponding to 80 ≤ t ≤ 200 ms

move with an even lower velocity. Calculations showed that this velocity can be explained

exclusively by gravity acceleration1, meaning the pieces were simply detaching from the

specimen and fell downwards.

From visual evaluation of the slow-motion sequences, the spalling-front velocity vf [m/s]

as well as the velocities of distinct pieces, vp [m/s], were determined for each spalling

event (see Figure 2.4). Pieces with a velocity vp ≤ 1.5 m/s were considered as being

accelerated only by gravity forces, denoted as free-fall pieces. This event-wise evaluation

led to frequency plots for vf as well as the minimum and maximum piece velocity, min[vp]

and max[vp], respectively (see Figure 2.5). The bulk of values for vf is encountered within

the range of 7.5 ≤ vf ≤ 15 m/s. The peaks for min[vp] and max[vp] are found in the

range of 3 ≤ min[vp] ≤ 4.5 m/s and 6 ≤ max[vp] ≤ 7.5 m/s, respectively. As previously

indicated, the velocity of the spalling front is in general greater than the piece velocity.

2.1.3 Discussion

The origin of spalling is still a topic of ongoing discussion (see, e.g., [4, 10, 26, 53, 59, 60,

61, 78, 110, 123]). As already indicated in Section 1, two phenomena are considered to

cause spalling, namely thermo-hydral processes and thermo-mechanical processes.

In the past, different models were presented, investigating the governing processes and

their influence on spalling:

1The four screen shots in Figure 2.3 corresponding to 80 ≤ t ≤ 200 ms show three pieces in free fall.

The visible path in the slow-motion sequence is L = 13 cm. Assuming zero velocity after detaching from

the bottom surface of the specimen, the time span for a piece to move 13 cm in consequence of gravity

acceleration (g = 9.81 m/s2) is given by

t =

√

2L

g
=

√

2 · 0.13

9.81
= 0.16 s . (2.1)

The time span between the first and the last of the respective screen shots in Figure 2.3 is 0.12 s which –

considering that the pieces are already in the downward motion at t = 80 ms – corresponds well to the

situation of free fall.
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• In [45], spalling was investigated by determining the released energy at the time

instant when spalling takes place. This released energy was considered to be trans-

formed into kinetic energy of motion, accelerating the spalled-off piece. Hence, piece

0 1.5 3.0 4.5 6.0 7.5 9.0 10.5 12.0 13.5 15.005
1015
2025
3035
4045
5055

spalling event [�℄

C30/37

C60/75

min[vp℄
vf , vp [m/s℄

vfmax[vp℄
Figure 2.4: Spalling-front velocity vf and minimum and maximum velocity of

distinct spalled-off pieces (min[vp], max[vp]) determined for every recorded

spalling event (in case only one piece was visible within a spalling event,

minimum and maximum piece velocities are equal)
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0 02468
101214

3.0 6.0 9.0 12.0 15.01.5 4.5 7.5 10.5 13.5

0246
8101214
0 3.0 6.0 9.0 12.0 15.01.5 4.5 7.5 10.5 13.5

max[vp℄min[vp℄

frequeny [�℄
vf [m/s℄

(a)

(b) frequeny [�℄
vp [m/s℄

Figure 2.5: Frequency distribution of (a) velocity of spalling front and (b)

minimum/maximum velocity of distinct spalled-off pieces within recorded

spalling events

velocity vp [m/s] was linked to the respective kinetic energy Ekin [J] by

Ekin =
mv2

p

2
, (2.2)

with m [kg] as the mass of the spalled-off piece. In case of thermo-hydral processes,

Ekin was related to the work associated with the expansion of water vapor2 when the

concrete piece is detaching. In case of thermo-mechanical processes, on the other

hand, Ekin was set equal to the elastic strain energy stored in the piece prior to

spalling reduced by the fracture energy consumed during detaching of the spalled-off

piece. The numerical results presented in [45] showed that both the released elastic

energy and the performed work during vapor expansion can result in a piece velocity

in the range of 4 ≤ vp ≤ 5 m/s. When a combination of the two described processes

was considered, the resulting velocity became 7 m/s. Both thermo-mechanical and

thermo-hydral processes were considered to influence the stress state within the

2The previously built-up vapor pressure in consequence of vaporization of water was considered to be

released abruptly when the spalled-off piece is detaching. Hereby, a certain initial volume, related to an

initial crack width prior to dislocation of the spalled-off piece, was assigned to this vapor pressure.
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concrete member, whereas the former (thermo-mechanical processes) were regarded

to initiate cracking and, hence, trigger spalling. Thermo-hydral processes, on the

other hand, were considered to substantially contribute to the acceleration of the

spalled-off piece, depending on the magnitude of the water-vapor pressure within the

concrete member. The ratio between kinetic energies resulting from thermo-hydral

and thermo-mechanical processes was found within the range of 1 ≤ Eth
kin/E

tm
kin ≤ 6.

• In [11], thermo-hydral processes were not regarded as being the major source for ex-

plosive spalling. They, nevertheless, were considered to contribute to the triggering

of fracture and crack opening. Furthermore, after cracking and during crack open-

ing, the pore pressure in the crack was considered to drop to zero almost instantly

which was attributed to the increase of the available volume of the opening crack by

several orders of magnitude. Therefore, thermo-mechanical processes were regarded

as the major source for explosive spalling.

It is agreed upon the fact that in case of heating of concrete during fire loading, a com-

bination of thermo-hydral and thermo-mechanical processes causes spalling (see, e.g.,

[11, 45, 61]). Whether the former or the latter is the main driving process has not been

clarified yet. In any case, the effect of these two processes depends on numerous factors,

such as concrete strength, moisture content, heating rate, etc.

In the following, the effect of the two mentioned processes involved in spalling of heated

concrete is investigated. For this purpose, the kinetic energies as well as the velocities

associated with thermo-hydral and thermo-mechanical processes (i.e., Eth
kin, vth

p , Etm
kin, and

vtm
p , respectively) are determined [45], giving access to the resulting kinetic energy Ekin

and the corresponding piece velocity vp:

Ekin = Eth
kin + Etm

kin − EF and vp =

√

2Ekin

m
. (2.3)

In Equation (2.3), EF [J] is the fracture energy which is consumed during dislocation of

the spalled-off piece, reading

EF = GFA , (2.4)

with GF [J/m2] as the specific fracture energy of concrete and A [m2] as the fracture

surface.

2.1.3.1 Determination of Eth
kin

In case of thermo-hydral processes, the effect of vapor expansion is considered by the

equilibrium condition formulated for the spalled-off piece (see Figure 2.6), reading for

time instant t:

F (t) = [p(t) − patm] A′ = m ap(t) , (2.5)
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patm p
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m

AA′

A′

p0

patm p0

m

p

(a)

(b)
t=0

dmax

vth
p

xp

V0

V

Figure 2.6: Modeling spalling in consequence of thermo-hydral processes (a)

before and (b) after dislocation of spalled-off piece

where p [Pa] and patm [Pa] are the pressure within the concrete member and the atmo-

spheric pressure, respectively, and A′ [m2] is the cross-sectional area of the spalled-off

piece. In Equation (2.5), m [kg] and ap [m/s2] are mass and acceleration, respectively, of

the concrete piece. By application of the ideal-gas law, the pressure in the pore system

can be linked to the corresponding volume V [m3] by

p(t) = p0

(
V0

V (t)

)n

, (2.6)

with p0 [Pa] and V0 [m3] as pressure and available volume right before spalling (see

Figure 2.6(a) and Appendix A) and n [–] as the polytropic exponent (see, e.g. [19];

n = 1 refers to isothermal expansion; n = k = cp/cv refers to adiabatic expansion, with

cp [kJ/(kg K)] and cv [kJ/(kg K)] as the isobaric and isochoric heat capacity, respectively,

of the expanding medium). In Equation (2.6), the pore volume V (t) increases during

crack opening as (see Figure 2.6(b))

V [xp(t)] = V0 + A′ xp(t) , (2.7)

with xp [m] as the actual location of the spalled-off piece. Inserting Equations (2.6) and

(2.7) into Equation (2.5) yields
[

p0

(
V0

V0 + A′ xp(t)

)n

− patm

]

A′ = m ap[xp(t)] , (2.8)
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tmax tmaxtime t time t

tmax tmaxtime t time t

dmax onsidereddmax not onsidered

aeleration ap(t) pressure p(t)

ap,0 p0

position xp(t)max[xp℄max[vth
p ℄ veloity vth

p (t)

patm

Figure 2.7: Acceleration process during spalling caused by thermo-hydral pro-

cesses (input parameters: p0 = 12 bar, patm = 1 bar, A′ = 4.9×10−4 m2,

m = 5.7×10−3 kg, V0 = 4.9×10−5 m3, n = 0.165)

dmax

pressure p

p0

patm depth d

t=0

tmaxopening rakloation of
Figure 2.8: Numerical analysis of vapor transport for 0 ≤ t ≤ tmax with

pressure drop at d = 0 serving as prescribed boundary condition (for

employed input parameters, see Chapter 3 and [131])

which gives access to the acceleration and, finally, the velocity vth
p (t) [m/s] and the loca-

tion xp(t) [m] of the spalled-off piece (see Figure 2.7).

In addition to the water vapor in the pore volume directly connected to the opening

crack, V0, the vapor located close to this opening gap also contributes to acceleration of

the spalled-off piece (see Figure 2.6(b)). In order to quantify this contribution, a numerical

simulation of water-vapor transport is performed (see Figure 2.8 and Chapter 3). Hereby,

the previously-determined pressure history in the opening gap, p(t) [Pa] (see Figure 2.7),

serves as boundary condition. The performed simulation gives access to dmax [m], i.e.,

the size of the domain around the crack contributing to the inflow of water vapor into
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the opening crack and, thus, to acceleration of the spalled-off piece. Finally, the increase

of the pore volume contributing to acceleration of the spalled-off piece is obtained by3

2 A′ dmax n, where n [–] is the temperature-dependent porosity of concrete. The influence

of dmax and, hence, the increased initial pore volume is also contained in Figure 2.7, show-

ing an increase of max[vth
p ] and4 tmax. Based on max[vth

p ], the kinetic energy associated

with thermo-hydral processes, Eth
kin [J], is determined from Equation (2.2).

2.1.3.2 Determination of Etm
kin

In case of thermo-mechanical processes, the kinetic energy Etm
kin [J] is given by

Etm
kin = U =

∫

V

(
1

2
σ : ε

e

)

dV , (2.9)

where U [J] is the elastic strain energy, V [m3] is the volume of the spalled-off piece

and σ [MPa] and ε
e [-] are stress and elastic strain tensor, respectively, resulting from

restrained thermal dilation. Assuming plane-stress conditions and fully-restrained bound-

ary conditions, the absolute values of the in-plane normal-stress components σ1 = σ2 =

σ(T ) – which are limited by the (temperature-dependent) biaxial compressive strength,

fb(T ) [MPa] – are determined by

| σ(T ) | = min

{
E(T )

1 − ν

{
εth(T ) + εlits[T, σ(T )]

}
, fb(T )

}

, (2.10)

where E(T ) [MPa] is the temperature-dependent Young’s modulus of concrete (see, e.g.,

[22]) and ν [–] is Poisson’s ratio. In Equation (2.10), the free thermal strain εth(T ) [–]

is determined according to [87] (see Figure 2.9) and the so-called load-induced thermal

strain εlits[T, σ(T )] [–] (see Figure 2.10 and, e.g., [5, 62, 63, 106, 107]) is obtained from

the empirical relation presented in [107]. Finally, using

Etm
kin =

1

2

∫

V

(
1 − ν

E(T )
σ2(T )

)

dV , (2.11)

the velocity of the spalled-off piece in consequence of thermo-mechanical processes, vtm
p [m/s],

can be determined from Equation (2.2).

2.1.3.3 Parameter studies

In order to identify the main parameters influencing spalling of heated concrete and to

determine their individual contribution to the kinetic energy, parameter studies were

3dmax is set to the location where (p0 − p)/p0 < tol at t = tmax (see Figure 2.8), with tmax [s] as the

time instant at which p = patm and ap = 0.
4Since the considered increase of the initial pore volume causes an increase of tmax, max[vth

p ] is

determined in an iterative manner.
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Figure 2.9: Free thermal strain εth(T ) according to [87]

T [◦C℄200 400 600 800 1000 120020-2-4-6-8-10-12-14-16-18
εlits [10−3℄0

s = 0.20
s = 0.30s = 0.10 s = 0.30

s = 0.45s = 0.15
s =

σ

fc,0

normal-weight concretes, 51 ≤ fc,0 ≤ 61 MPa [62, 63]

light-weight concretes, 23 ≤ fc,0 ≤ 35 MPa [106, 107]

Figure 2.10: Load-induced thermal strain εlits(T, s) extracted from experiments

outlined in [5, 62, 63, 106, 107] (s: degree of loading; fc,0: 28-day cube

compressive strength)

performed. Hereby, isothermal expansion5 of vapor was considered in case of thermo-

hydral processes, thus n = 1. In case of thermo-mechanical processes, the elastic strain

energy was determined from Equation (2.11) by assuming constant temperature and a

uniform stress state within the spalled-off piece, yielding Etm
kin = 1/2 ( σ1 εe

1 + σ2 εe
2) V

= [(1 − ν)/E] σ2 V . The geometric properties of the spalled-off piece were approximated

by an oblate spheroid, with (see Figure 2.11)

V =
l2d

6
π and A ≈ A′ =

l2

4
π for

d

l
≪ 1 . (2.12)

5Adiabatic and isothermal conditions represent the two limiting cases regarding expansion of vapor.

Parameter studies showed that the assumption of adiabatic expansion results in a considerable tempera-

ture drop, resulting in very low and even negative temperatures. Therefore, isothermal conditions were

assumed.
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Figure 2.11: Approximation of geometric properties of spalled-off piece by

oblate spheroid

Based on the results from the performed parameter studies, the following conclusions were

drawn:

• The kinetic energy associated with thermo-hydral processes, Eth
kin, is almost indepen-

dent of the thickness d [m] of the spalled-off piece6 and shows an increasing behavior

for increasing vapor pressure right before spalling, p0 [Pa] (see Figure 2.12). The

corresponding piece velocity, max[vth
p ], decreases with increasing thickness (see Fig-

ure 2.13), since the kinetic energy remains almost constant for different values of d

and the mass to be accelerated increases linearly with the thickness. In addition,

the velocity increases for increasing p0 and for increasing temperature, whereas the

latter is caused by an increase of the influencing region dmax via an increase of the

permeability of concrete and, therefore, an increase of the vapor volume available

for acceleration of the spalled-off piece.

• The kinetic energy associated with thermo-mechanical processes, Etm
kin, increases

linearly for increasing thickness d (see Figure 2.14). With respect to temperature T ,

Etm
kin shows an increasing behavior for increasing temperatures up to T ≈ 550 ◦C and

decreases for higher temperatures, whereas the latter is explained by the restrained

thermal stresses approaching the temperature-dependent compressive strength of

concrete. The corresponding piece velocity vtm
p is independent of thickness d (see

Figure 2.15), which is explained by d canceling out in

vtm
p =

√

2Etm
kin[V (l2, d)]

m[V (l2, d)]
. (2.13)

• The size l of the spalled-off piece (see Figure 2.11) influences neither max[vth
p ] nor

vtm
p , canceling out in Equations (2.8) and (2.13).

6Obviously, the energy released during expansion of vapor is independent of the thickness of the

spalled-off piece. The rather moderate dependence of Eth
kin is caused by the influencing region dmax

increasing for larger values of d.
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Figure 2.12: Kinetic energy associated with thermo-hydral processes (obtained

from Equations (2.8) and (2.2)) as a function of thickness d of spalled-

off piece and vapor pressure right before spalling, p0, for three different

concrete temperatures T

max[vth
p ℄ [m/s℄

d [m℄ p0 [Pa℄

T = 300◦C
T = 250◦C
T = 200◦C

Figure 2.13: Velocity associated with thermo-hydral processes (obtained from

Equation (2.8)) as a function of thickness d of spalled-off piece and vapor

pressure right before spalling, p0, for three different concrete tempera-

tures T
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Figure 2.14: Kinetic energy associated with thermo-mechanical processes (ob-

tained from Equation (2.11)) as a function of thickness d of spalled-off

piece and concrete temperature T

vtm
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d [m℄ T [◦C℄
Figure 2.15: Velocity associated with thermo-mechanical processes (obtained

from Equations (2.11) and (2.2)) as a function of thickness d of spalled-off

piece and concrete temperature T
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From the results of the performed parameter studies, the resulting piece velocities vp

were determined from Ekin (see Equation (2.3)), with the latter obtained as the sum of

Eth
kin (see Equations (2.8) and (2.2)) and Etm

kin (see Equation (2.11)) reduced by EF =

GF A (see Equation (2.4), with the specific fracture energy obtained as GF = 90 J/m2,

see Appendix B). As depicted in Figure 2.16, zero velocity (i.e., no spalling) is indicated

for small thickness and small pressure because of EF ≥ Eth
kin + Etm

kin.

The described evaluation was performed for typical dimensions of the spalled-off piece

as observed during the fire experiments (see Figures 2.2 and 2.3). Hereby, the vapor

pressure right before spalling, p0, was determined for three selected temperatures from

comparison of the numerical results for vp (see Figure 2.16) with the measured piece

velocity, vexp
p (see Table 2.1). The solution corresponding to typical values of p0 and T

observed during experiments (see, e.g., [26, 59]) and numerical studies (see, e.g., [10, 26,

45, 131]) – see bold values for p0 in Table 2.1 – was then chosen for determination of the

energies associated with the respective spalling event (see Table 2.1). Hereby, the ratio

Eth
kin/Etm

kin (kinetic energy associated with thermo-hydral processes over kinetic energy

associated with thermo-mechanical processes) decreased for increasing thickness of the

spalled-off piece and increased for increasing piece velocities (see Figure 2.17). Moreover,

this ratio increased for increasing gas pressure as well as for increasing temperature.

Table 2.1: Kinetic energies for selected concrete pieces (see Figure 2.3) com-
puted from Equations (2.2), (2.3), (2.4), (2.8), and (2.11)

Piece no. 1 2 3 4 5 6 7
l [m] 0.015 0.025 0.055 0.030 0.050 0.060 0.105
d [m] 0.005 0.007 0.010 0.011 0.017 0.020 0.020
vexp

p [m/s] 4.1 6.0 3.1 4.9 3.8 2.7 2.6

p0 [bar] at+

T = 200 ◦C 10 – 9 – 12 8 7.5
T = 250 ◦C 7 10 6 9 7.5 5 4.5
T = 300 ◦C 5.5 7.5 4.5 6.5 5 2 2

Eth
kin [J] 0.020 0.117 0.282 0.162 0.328 0.296 0.811

Etm
kin [J] 0.007 0.035 0.133 0.061 0.260 0.316 0.968

Eth
kin + Etm

kin [J] 0.027 0.152 0.415 0.223 0.588 0.612 1.779
EF [J] 0.016 0.044 0.214 0.064 0.177 0.254 0.779
Ekin [J] ∗ 0.011 0.108 0.201 0.159 0.411 0.358 1.000
Eth

kin/Etm
kin [–] 2.9 3.3 2.1 2.7 1.3 0.9 0.8

+ Values for p0 for different T giving vp = vexp
p ;

bold values are used for determination of energies;
no value for p0 corresponds to vp < vexp

p even for p0 = pgws,
with pgws as the saturation vapor pressure

∗Ekin = Eth
kin + Etm

kin − EF
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Figure 2.16: Resulting piece velocities as a function of thickness d of spalled-

off piece and vapor pressure right before spalling, p0, for three different

concrete temperatures T
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Figure 2.17: Eth
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kin as a function of (a) thickness d and (b) velocity vp of
spalled-off piece



Experiments 2.2: Permeability of pre-heated in-situ and laboratory-cast concrete 25

2.2 Permeability of pre-heated in-situ and laboratory-

cast concrete

Based on identification of the permeability as one of the main parameters influencing

spalling of concrete subjected to fire loading, results from permeability experiments per-

formed on in-situ as well as laboratory-cast concrete are presented.

2.2.1 Literature review

The permeability of cement-based materials (cement mortar or concrete) can be deter-

mined by using incompressible (liquids) and/or compressible media (gases). A wide range

of experimental techniques, employed either on site (in-situ tests) or in the laboratory (lab-

oratory tests) were proposed in the literature:

1. Using liquids as measurement medium:

• in-situ tests, such as the Initial Surface Absorption Test (ISAT) [24, 37] or the

Covercrete Absorption Test (CAT) [28];

• laboratory tests, such as constant-head or falling-head experiments [7, 76],

the beam-bending method [103, 125], or tests employing dynamic pressuriza-

tion [48, 104].

2. Using gases as measurement medium:

• in-situ tests, such as the Figg’s test [21, 37] or the Air Permeability of Near

Surface (APNS) test [24, 27];

• laboratory tests, such as the CEM-Bureau method [58, 65, 79], the Hassler

method [39, 58], or tests under changing thermal conditions [109].

So far, the application of these test methods for determination of the influence of temper-

ature loading on the permeability of cement-based materials was restricted to laboratory-

cast specimens. E.g., the influence of the amount of polypropylene fibers (PP-fibers) on

the intrinsic permeability7 kint [m2] for certain pre-heating temperatures was investigated

in [58] (see Figure 2.18). Whereas kint of concrete without fibers varied two orders of mag-

nitude (caused by dehydration of the cement paste, microcracking due to temperature-

induced stresses, etc.), a variation of kint of four orders of magnitude was observed for

concrete with fibers within a temperature range from 80 to 400 ◦C. In [58], the more pro-

nounced increase of the intrinsic permeability for concrete with PP-fibers was explained

7kint is an intrinsic parameter, describing the pore space of the material. It is independent of the
medium flowing through the material. For compressible media (e.g., air or water vapor), the intrinsic
permeability is defined as the permeability at infinite pressure, with 1/p = 0 [57, 64].
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Figure 2.18: Intrinsic permeability of high-performance concrete as a function

of pre-heating temperature [58]

by melting of the fibers. Whereas the experiments presented in [58] were performed on

pre-heated concrete specimens which were cooled down and tested at room temperature,

the permeability experiments presented in [109] were conducted under changing thermal

conditions (see Figure 2.19). Hereby, the temperature was increased to the target temper-

ature and the permeability test was conducted at that temperature after the temperature

was kept constant for 10 hours. Subsequently, the temperature was increased to the next

temperature level and the procedure was repeated. The results exhibit a dent between

temperatures of 100 and 200 ◦C. When the time span the temperature was kept constant

at every temperature level was increased to 50 hours, the observed dent vanished (see

Figure 2.19). This indicates that the increased holding time is sufficient to assure that

vapor transport, which was considered to cause the aforementioned dent [109], does not

disturb the permeability experiments. In [39, 57], the influence of the degree of saturation

on the effective permeability keff (defined as kint for partially-saturated concrete) of ce-

ment paste and concrete was studied using the Hassler [39] and CEM-Bureau method [57].

Hereby, keff decreased by two orders of magnitude for an increase of the degree of sat-

uration from 0 to 80% (see Figure 2.20). The same effect was reported in [77], where

the permeability was related to the mass loss of capillary water during air drying. As

reported in [57], the permeability of concrete is higher than the permeability of cement

mortar. Moreover, the permeability increases with increasing water/cement-ratio, which
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Figure 2.19: Permeability of concrete (water/cement-ratio: 0.5) tested at ele-
vated temperatures [109]
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Figure 2.20: Effective permeability of two-year-old normal-weight concrete
(water/cement-ratio: 0.45) as a function of the water saturation [57]

is explained by the increased pore space that develops during curing [57].

2.2.2 Experimental setup

The experimental device used for identification of the gas-transport properties of concrete

is shown in Figures 2.21 and 2.22. Hereby, the pressure is applied via two pressure pistons

with given volume. As the displacement of the pressure pistons is monitored, the amount
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reservoiradditionalproessingdata
Figure 2.21: Experimental setup used for permeability tests

of pressurized air provided is known. In order to cover the wide range of the permeability

of concrete subjected to temperature loading, an additional air reservoir was employed,

which was added to the pressurized volume in case of concrete specimens characterized

by a high permeability.

With the experimental setup shown in Figures 2.21 and 2.22, two different types of ex-

periment may be conducted:

1. Decreasing-pressure experiment (DPE): Hereby, the pressure pistons are used to

increase the pressure in the system. Then, the pumping speed of the pressure

pistons (controlled by u(t), see Figure 2.22) is adjusted in order to provide stationary

air flow through the specimen at the target pressure of 8 bar (= 0.8 MPa). As

stationary flow is established, the air supply is closed and the decrease of pressure

by air flow through the specimen is recorded as a function of time, pt(t).

2. Constant-pressure experiment (CPE): Hereby, the pressure pistons (see Figure 2.22)

are used to maintain an almost-constant pressure at certain target pressures (ranging

from 5 to 8 bar). The air flow through the specimen is determined on basis of the

monitored displacement history of the pressure pistons, u(t).

2.2.3 Evaluation methods

Pressure-driven flow (i.e, advection) through porous media is described by Darcy’s law,

giving the flux Q [m3/s] for the one-dimensional case as

Q = −k
A

η

dp

dx
, (2.14)
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Figure 2.22: Schematic illustration of experimental device used for permeability
tests

where k [m2] is the permeability of the porous medium, A [m2] is the cross-sectional area,

η [Pa s] is the dynamic viscosity of the transported fluid, and dp/dx [Pa/m] is the pressure

gradient. In case an incompressible fluid is advected through the porous structure, the

permeability k in Equation (2.14) is equal to the intrinsic permeability, with k = kint.

In case of advection of compressible fluids, the so-called slip-flow phenomenon [64] (see

Appendix C for details) is considered by

Q = −k
A

η

dp

dx
= −kint

(

1 +
b

p

)
A

η

dp

dx
, (2.15)

where the pressure-dependent permeability k is given by

k = kint

(

1 +
b

p

)

, (2.16)

with b [Pa] as the so-called slip-flow constant.
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2.2.3.1 Determination of permeability parameters kint and b by means of
stationary analysis

For the case of one-dimensional flow as given in the experimental setup, Equation (2.15)

is multiplied by pressure p and, thereafter, integrated over the specimen height H . Ac-

counting for Qp = constant8 in case of stationary conditions yields

Qp

∫ H

0

dx = −kint
A

η

∫ pb

pt

(p + b)dp , (2.18)

and (after evaluation of the integrals)

QpH = −kint
A

η

[
p2

b − p2
t

2
+ b(pb − pt)

]

, (2.19)

where pb = p0 ≈ 1 bar (atmospheric pressure) represents the pressure at the bottom of

the specimen. During the experiments, Q and p at the top of the specimen (denoted as Qt

and pt), which are accessible through the monitored pressure history pt(t) and the history

of the piston displacement u(t), are determined for selected time intervals t1 ≤ t ≤ t2.

Within each time interval, an averaged pressure at the top of the specimen is introduced

as pt = [pt(t1) + pt(t2)]/2. Considering the given values for Qp at the top surface of the

specimen and considering k = kint(1 + b/p) in Equation (2.19), where p is set equal to

(pt + p0)/2, one gets

k =
2Hη

A(p2
t − p2

0)
Qtpt , (2.20)

where pt is replaced by pt. Equation (2.20) is solved for different time intervals t1 ≤ t ≤ t2
and the obtained values for the permeability k are plotted as a function of 1/p, where p is

again set equal to (pt + p0)/2. The permeability parameters kint and b are obtained from

linear regression as illustrated in Figure 2.23. The parameters used for determination of k

from the experimental data are summarized in Table 2.2 (additionally, η = 18·10−6 Pa s).

In the following, the determination of Qtpt required in Equation (2.20) will be described

for both DPE and CPE.

Determination of Qtpt for DPE

During a DPE, the pressure at the top of the specimen continuously decreases in conse-

quence of air flow through the specimen (see Figure 2.24). Considering a time interval

8In contrast to the volumetric flux Q [m3/s], which is not constant along the direction of flow in case
of compressible (stationary) flow through porous media, the molar flux dn/dt [mol/s] is constant. Hence,
under isothermal conditions (Θ = constant), Clapeyron’s law for ideal gases yields

nRΘ = V p →
dn

dt
RΘ =

dV

dt
p = Qp = constant . (2.17)
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Figure 2.24: Decrease of pressure pt at top of specimen recorded during DPE

t1 ≤ t ≤ t2, the amount of moles present within the pressurized volume at time ti is

n(ti) =
pt(ti)V (ti)

RΘ(ti)
, (2.21)

where V (ti) = V [m3] is the constant pressurized volume (see Figure 2.25 and Tables 2.2

and 2.3) and Θ(ti) = Θ [K] is the constant temperature (considering isothermal con-

ditions). The amount of moles that pass through the specimen within time interval

t1 ≤ t ≤ t2, given by n(t1) − n(t2), yields the molar flux within the considered time

interval as

n(t1) − n(t2) =
[pt(t1) − pt(t2)] V

RΘ
→

∆n

∆t
=

∆ptV

∆tRΘ
, (2.22)

where ∆n = n(t1)− n(t2), ∆t = t2 − t1, and ∆pt = pt(t1)− pt(t2). Rewriting Clapeyron’s

law for ideal gases (Equation (2.17)) for the time interval t1 ≤ t ≤ t2 and replacing Q

by Qt and p by pt, one gets
∆n

∆t
≈ Qtpt

1

RΘ
. (2.23)
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Figure 2.25: Pressurized volume in experimental setup

Table 2.2: Specimen dimensions and pressurized volume in experimental setup
Parameter In-situ concrete Laboratory-cast concrete
Specimen diameter ø [m] 0.143 0.150
Specimen area A [m2] 1.606·10−2 1.767·10−2

Specimen height H [m] 0.05 0.05
L [m] – 0.132
Ap [m2] 5.027·10−3 5.027·10−3

Vchamber [l] 4.953 4.942
Vpipe,1 [l] 0.0176 0.0176
Vpipe,2 [l] 0.0251 0.0144
Vreservoir [l] 20.8 20.8
Vpipe,3 [l] 0.2637 0.2637
Vrem,I [l] 0.1392 0.1392
Vrem,II [l] 0.1078 0.1078

Obviously, the quality of approximation (2.23) depends on the difference between pt(t1)

and pt(t2) and improves for smaller differences, i.e., for small time intervals t1 ≤ t ≤ t2.
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Table 2.3: Pressurized volume V during permeability experiments
Experiment type Pressurized volume V [l]
DPE – in-situ – no reservoir 4.97 (V = Vchamber + Vpipe,1)
DPE – in-situ – incl. reservoir 25.80 (V = Vchamber + Vpipe,1 + Vpipe,2 + Vreservoir)
DPE – lab-cast – incl. reservoir 25.77 (V = Vchamber + Vpipe,1 + Vpipe,2 + Vreservoir)
CPE – lab-cast – incl. reservoir 26.04 (V = Vchamber + Vpipe,1 + Vpipe,2 + Vreservoir

+Vpipe,3)

Combining Equations (2.22) and (2.23) gives access to Qtpt for the considered time inter-

val:

Qtpt =
∆ptV

∆t
. (2.24)

Determination of Qtpt for CPE

Within a CPE, the pumping mechanism (consisting of two pressure pistons and one driving

piston) supplies air to the pressurized system (with the corresponding volume V given

in Table 2.3) in an alternate manner (see Figure 2.26). One cycle of a piston consists of

three phases:

1. Phase I (backwards movement): Air flows from the gas supply to the considered

pressure piston whereas the other piston supplies air to the pressurized system.

2. Phase II (first part of piston stroke): The shift mechanism changes the pumping di-

rection and the considered pressure piston becomes active. Since the filling pressure

is chosen to be lower than the pressure in the pressurized system, the air must be

compressed in Phase II before the one-way valve opens and the piston supplies air

to the pressurized system.

3. Phase III (second part of piston stroke): The pressure in the piston exceeds the

pressure in the pressurized system (the pressure difference needs to overcome the

resistance of the one-way valve) and the piston supplies air to the pressurized system.

To determine the molar and, hence, the volumetric flux through the specimen, a mass

balance is conducted over the piston stroke (Phases II and III). At the beginning of

Phase II (corresponding to time instant t1 in Figure 2.26), the piston is filled with air at

filling pressure pp(t1) and the pressurized volume V is at pressure pt(t1), with pt(t1) >

pp(t1). Hence, the total amount of moles within the system (see Figure 2.25 and Table 2.3)

at beginning of Phase II can be determined as

t = t1 : n(t1) =
1

RΘ
[pp(t1)(Vp + Vrem) + pt(t1)V ] , (2.25)
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Figure 2.26: Representative plot of pressure and displacement history during
CPE (pt: pressure at top of specimen; pI

p and pII
p : pressure in Piston I and

II, respectively; u: monitored piston displacement)

where Vp = ApL, with Ap [m2] as the cross-sectional area of the piston and L [m] as the

length that the piston moves within one stroke (see Figure 2.26). In Equation (2.25),

Vrem [l] is the volume of the part of the piston that remains filled with air at the end of

Phase III. Thus, Vrem is not provided to the pressurized system. In Equation (2.25), V [l]

corresponds to the pressurized volume given in Table 2.3 (see Figure 2.25). At the end

of Phase III, when the pumping direction is reversed (corresponding to time instant t2
in Figure 2.26), the pressures in the piston and the pressurized volume are almost equal,

with pp(t2) ≈ pt(t2). Therefore, the amount of moles within the system at the end of

the piston stroke is

t = t2 : n(t2) =
1

RΘ
[pp(t2)Vrem + pt(t2)V ] . (2.26)

Equations (2.25) and (2.26) yield the molar flux provided to the pressurized system within

t1 ≤ t ≤ t2 as

∆n

∆t
=

n(t1) − n(t2)

∆t
=

1

RΘ

pp(t1)Vp + ∆ppVrem + ∆ptV

∆t
, (2.27)

where ∆pt = pt(t1) − pt(t2) 6= 0 even in case of CPE, caused by slight variations of

the pressure in the pressurized volume. In Equation (2.27), ∆pp = pp(t1) − pp(t2) and

∆t = t2 − t1. Considering again Clapeyron’s law for ideal gases (Equation (2.17)) gives

Qtpt for the considered time interval t1 ≤ t ≤ t2 as

Qtpt =
pp(t1)Vp + ∆ppVrem + ∆ptV

∆t
, (2.28)

with pt = [pt(t1) + pt(t2)] /2.
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2.2.3.2 Determination of permeability parameters kint and b from DPE by
means of transient analysis

Within the identification procedure presented in the previous subsection, stationary con-

ditions were assumed within the considered time interval t1 ≤ t ≤ t2. During the DPE,

the pressure in the pressurized volume decreases, approaching the atmospheric pressure as

asymptotic limit. The characteristic time associated with this pressure decrease, τdec [s],

is defined by (see Figure 2.27(a))

τdec(t) :=
p0 − pt(t)

dpt/dt
, (2.29)

where dpt/dt [Pa/s] is determined from the experimentally-obtained history of pressure pt.

The characteristic time associated with pressure-driven flow (advection) through the spec-

imen, on the other hand, is given by (see, e.g., [75])

τadv(t) =
l

v
=

H

−
k

η

dp

dx

, (2.30)

with l = H [m] as the characteristic length of advection (which is set equal to the

specimen height in case of one-dimensional flow in the permeability experiments) and

v = −k/η · dp/dx [m/s] as the velocity of Darcian flow (compare to Equation (2.14)).

Since the permeability k and the pressure gradient dp/dx vary over the specimen height,

τadv is determined (considering a stationary pressure distribution as approximation of the

real transient pressure distribution) at the upper and lower surface of the specimen (with

x = 0 and x = H , respectively, see Figure 2.27(b)), giving the upper and lower bound of

τadv for a certain time instant.

Figure 2.28 illustrates the evolution of the characteristic times τdec and τadv for a selected

DPE. For the calculation of τadv, the permeability k was determined from Equation (2.16)

using intrinsic permeability kint and slip-flow constant b determined from the stationary

dp

dx

∣
∣
∣
x=0

0 H

pt(t)

t(a) (b) dp

dx

∣
∣
∣
x=H

p

xτdec τdec

p0 p0

dpt

dt
experimental result pt

Figure 2.27: (a) τdec from history of pressure pt and (b) (stationary) pressure
distribution for two time instants characterized by different values of pt
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0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
τdec, τadv [h℄

0
τdecmax{τadv} min{τadv}

t [h℄0.51.01.52.02.5

Figure 2.28: Characteristic times τdec and τadv for a selected DPE (parameters
used: H = 0.0495 m; kint = 1.22·10−16 m2; b = 1.34 bar; η = 18·10−6 Pa s)

analysis presented in Subsection 2.2.3.1. As the pressure in the pressurized system de-

creases in the course of the DPE (see Figure 2.27(a)), both τdec and τadv increase. The

ratio of the two time scales, τdec/τadv, obtained for experiments on specimens heated to

different temperatures is given in Figure 2.29, ranging from 1 to 5 in case the additional

reservoir is not included in the pressurized volume. When the additional reservoir is in-

cluded in the experiment, the time scale of pressure decrease at the pressurized side of

the specimen, τdec, increases by one order of magnitude, resulting in an increase of the

ratio τdec/τadv (see Figure 2.29). Based on the obtained results, τdec/τadv was found to

mainly depend on the amount of pressurized gas rather than the permeability of the tested

material (controlled by temperature loading of the investigated concrete).

For τdec/τadv ≫ 1, the transport through the specimen is significantly faster than the

pressure decrease in the pressurized volume. Thus, for any pressure in the pressurized vol-

0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
DPE (no reservoir)DPE (inl. reservoir)τdec/max{τadv} [�℄

0510
152025
30

t [h℄600◦C400◦C400◦C 300◦C
20◦C80◦C200◦C400◦C600◦C

Figure 2.29: τdec/τadv obtained from testing of concrete heated to different
temperature levels
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Table 2.4: Initial and boundary conditions used within transient analysis
Location Value

Initial conditions: x = x1 p = pt(t = 0)
x = xne+1 p = p0

Boundary conditions: x = x1 Q = 0
x = xne+1 p = p0

ume, a stationary pressure distribution is present within the specimen. For τdec/τadv 6≫ 1,

on the other hand, the pressure decrease in the pressurized volume affects the pressure

distribution over the specimen height, thus, making a transient analysis necessary. For

this analysis, the one-dimensional mass-balance equation (see Appendix E.3), reading

n
∂p

∂t
−

kint

η

∂

∂x

[

(p + b)
∂p

∂x

]

= 0 (2.31)

is solved numerically for the unknown pressure p(x, t). In Equation (2.31), n [–] repre-

sents the porosity of concrete. In the analysis, the pressurized volume is included in the

numerical model (see Figure 2.30), with the permeability of this part of the model as

k = 1·10−3 m2. The initial pressure distribution at t = 0 is set equal to the stationary

solution, with p = pt(t = 0) at x = x1 and p = p0 at x = xne+1 (see Table 2.4). For a given

set of permeability parameters kint and b, the transient analysis gives access to the history

of the pressure decrease at the top surface of the specimen, pnum
t (t). This numerically-

obtained history is compared with the experimental history of pt (i.e. pexp
t (t)) for various

pairs of kint and b. The pair of kint and b that minimizes the error between the numerically

and experimentally-obtained pressure history represents the set of parameters identified

from the transient analysis. surfaetop surfaebottom
x1

Q = 0 pt ne1 2 ... �nite elements ...
HLequ

volume V speimenpressurized permeability
pb = p0

xne+1

ne ne+11 2 ... FE nodes ...
Figure 2.30: Finite element (FE) model used within transient analysis

(Lequ: length of part of model representing pressurized volume; ne: number
of finite elements)
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2.2.4 Materials and specimen preparation

Specimens made of concrete C25/30 (which is commonly used for tunnel linings in Austria)

with/without addition of 1.5 kg/m3 PP-fibers were subjected to the presented permeabil-

ity tests. Large-scale concrete blocks of the same concrete were tested within the fire

experiments described in [67]. The mix design consists of cement CEM I 42.5 R (C3A-

free) and fly ash as binder, various other additives, and siliceous aggregates (see Table 2.5).

Table 2.5: Mix design of concrete B30/300(56)/SA/WU/LST/FB/PB/WDI∗

[equivalent to C25/30(56)/WDI] [67, 132]
Cement CEM I 42.5 R (C3A-free) [kg/m3] 260
Additive (fly ash) [kg/m3] 60
Liquefier P1 [kg/m3] 3.10
Superplasticizer SP [kg/m3] 3.49
Air-entrainer Readyair [kg/m3] 0.90
Aggregates∗∗ [kg/m3] 1909

Aggregate fraction 0–4 mm [mass-%] 45
Aggregate fraction 4–16 mm [mass-%] 36
Aggregate fraction 16–32 mm [mass-%] 19

Aggregate mineralogy:
Quartz [mass-%] 90
Feldspar [mass-%] 5
Carbonate [mass-%] 5

∗ Definitions according to [85]:
SA ... Sichtbeton, außen [exposed concrete, exterior]
WU ... wasserundurchlässig [water-proof]
LST ... stark lösender Angriff [severe leaching attack]
FB ... frostbeständig [frost resistant]
PB ... Pumpbeton [pumpable concrete]
WDI ... wasserdichte Innenschale [water-proof tunnel lining]

∗∗ Aggregate content of concrete without PP-fibers,
see Table 2.6 for details on concrete with PP-fibers.

In order to assure workability, the water/binder-ratio was varied during preparation

of the laboratory-cast concrete (see Table 2.6). In case of in-situ concrete, the same

water/binder-ratio was used for concrete with and without PP-fibers, resulting in a re-

duction of the slump by 2 cm. The air content of in-situ concrete with 1.5 kg/m3 PP-fibers

was back-calculated from the measurements of in-situ concrete without PP-fibers (see Ta-

ble 2.6 and Appendix D).

The used PP-fibers were monofilament fibers with a diameter of approximately 18 µm

and 6 mm length (see Figure 2.31). Monofilament PP-fibers are extruded from the molten
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Table 2.6: Parameters at mixing and 28-day strength of in-situ and laboratory-
cast concrete with/without PP-fibers

In-situ concrete [67] Laboratory-cast concrete
PP-fiber content [kg/m3] 0 1.5 0 1.5
Aggregates [kg/m3] 1909 1874+ 1909 1776
Water [kg/m3] 157 157∗ 152.1 165.7
Water/cement-ratio [–] 0.60 0.60 0.59 0.64
Water/binder-ratio [–] 0.49 0.49 0.48 0.52
Air content [%] 3.5 4.6∗∗ 4.0 6.5
Slump [cm] 45.0 43.0 44.8 45.5
Initial density [kg/m3] 2386 2352 2381 2263
28d-concrete density ρc [kg/m3] 2362 2355.6 2243.8
28d-cube compressive strength [MPa] 52.2 42.0 30.0
28d-bending strength [MPa] 6.41 6.25
+ Back-calculated from initial density (see Equation (D.3) in Appendix D).
∗ Presumably same water content for both in-situ concretes.
∗∗ Calculated value (see Equation (D.4) in Appendix D).

(a) (b)
Figure 2.31: Scanning-electron-microscope image showing PP-fibers (a) before

casting and (b) in broken-off piece of mature concrete

mass and drawn/elongated to reach the final diameter. Subsequently, they are cut to their

final length [89]. The parameters of the fibers are listed in Table 2.7. The density of 100%-

crystalline polypropylene is ρc = 950 kg/m3, whereas 100%-amorphous polypropylene has

a density of ρa = 850 kg/m3 [89]. Considering the density of the used PP-fibers as

ρ = 910 kg/m3 yields a crystallinity of 60%.

The in-situ specimens were obtained from the large-scale concrete blocks (1.80 m × 1.40 m

× 0.50 m) used within the fire experiments described in [67], which were cast under on-site

conditions (see Figure 2.32). After casting, the large-scale specimens were dried at 50 ◦C
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Table 2.7: Parameters of PP-fibers used within the concrete mix [70]
Parameter Value
Diameter [m] 18·10−6

Length [m] 6·10−3

Density (solid) [kg/m3] 910
Density (liquid) [kg/m3] 850
Crystallinity [%] 60
Melting temperature [◦C] 165
Vaporization temperature [◦C] 350
Tensile strength [MPa] 400
Young’s modulus [MPa] 3500 - 3900
Poisson’s ratio [–] 0.40

using a heating mat placed at the center of the concrete block. Due to the rather short

storage time of 15 weeks, however, the moisture content still ranged from 4.3 to 7.0 mass-%

with an average value of 5.5 mass-%. After the fire experiments (see Figure 2.33(a)), cores

143 mm in diameter were taken from parts of the concrete blocks not affected by the fire

load (see Figure 2.33(b)). Thereafter, the cores were cut into discs of 50 mm height,

giving the in-situ permeability specimens (see Figure 2.33(c)).

The laboratory-cast specimens were produced in a similar manner. Hereby, concrete

blocks with the dimensions 0.75 m × 0.30 m × 0.30 m were cast and stored under water

for four weeks, together with cubes used to determine the compressive strength. The

moisture content after storage ranged between 5.6 mass-% for concrete without PP-fibers

and 6.4 mass-% for concrete with fibers. After curing, cores 150 mm in diameter were

taken from the concrete blocks, which were then cut into 50 mm thick discs.

Figure 2.32: Casting of large-scale specimens for fire experiments under on-site
conditions [67]
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Figure 2.33: Extraction of specimens for permeability testing from large-scale

concrete blocks: (a) fire experiments [67]; (b) extraction of cores [67];
(c) cutting of cores into discs of 50 mm height

In-situ as well as laboratory-cast specimens were stored at similar pre-heating tempera-

tures. In case of in-situ concrete, each specimen was subjected to two permeability tests:

one without heat treatment (referred to as T = 20 ◦C in the following) or after heating

to 80 ◦C and another test after heating to 105, 140, 200, 300, 400, or 600 ◦C. In case

of laboratory-cast specimens, up to three experiments were performed on one specimen:

one after heating to 80 ◦C and one or two more after heating to 105, 169, 224, 329, or

423 ◦C. The target temperature was reached with a heating rate of 1 ◦C/min. The rather

slow temperature increase was chosen to avoid large temperature gradients in the speci-

men and, hence, severe microcracking, which would have altered the experimental results.

In order to ensure that the pre-heating temperature was reached everywhere within the

specimen, the samples were stored at the respective target temperature for time spans up

to 90 h. Thereafter, the temperature was reduced with a cooling rate of 1 ◦C/min.(b)(a) ()
(e)(d)

arylisteel ring pressure hamberwaxspeimen
Figure 2.34: Specimen preparation: (a) sealing of lateral surface, (b) placement

of specimen in steel ring, (c) sealing of gap, (d) specimen plus steel ring
before placement in pressure chamber, (e) pressure chamber containing
permeability specimen
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After heat treatment, the lateral surfaces of the cylindrical specimen were sealed with wax

in order to assure one-dimensional air flow through the specimen (see Figure 2.34(a)).

Then the specimen was placed in a steel ring (Figure 2.34(b)) and the gap between

specimen and ring was sealed with acrylic (see Figure 2.34(c)). The specimen together

with the steel ring (Figure 2.34(d)) was fixed in the pressure chamber (see Figures 2.21

and 2.34(e)) and the permeability experiment was conducted at room temperature.

2.2.5 Results

2.2.5.1 kint and b for in-situ concrete

Figures 2.35 and 2.36 show the permeability parameters kint and b as a function of tem-

perature for in-situ concrete with 0 and 1.5 kg/m3 PP-fibers, respectively. The trend for

the intrinsic permeability is the same for concrete with and without PP-fibers, namely

an increase of kint for increasing temperature. The slip-flow constant b, on the other

hand, decreases until temperatures of 200 – 300 ◦C, and increases thereafter. In case of

concrete without fibers, the results for pre-heating temperatures of 20 and 80 ◦C show

large variations irrespective of the chosen evaluation method, which could be explained by

evaporable water still present at these temperatures. This trend is also observed in case of

concrete with PP-fibers, although the scatter is significantly smaller and the permeability

values are higher. The obtained permeability parameters for both types of concrete show

larger scatter in case the parameters were identified assuming stationary conditions.

1E-131E-141E-151E-161E-17 T [◦C℄T [◦C℄
T [◦C℄ T [◦C℄(a)

(b) b [bar℄
0.11101001000

0.010 100 200 300 400 500 600
kint [m2℄
0 100 200 300 400 500 600

kint [m2℄1E-131E-141E-151E-161E-170 100 200 300 400 500 600
b [bar℄

0.11101001000
0.010 100 200 300 400 500 600

Figure 2.35: kint and b obtained from DPE as a function of temperature for
in-situ concrete with 0 kg/m3 PP-fibers and different modes of parameter
identification: (a) stationary and (b) transient analysis (each symbol refers
to one specimen which was tested at different temperatures)
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0.010 100 200 300 400 500 600
kint [m2℄1E-131E-141E-151E-161E-170 100 200 300 400 500 600

b [bar℄
0.11101001000

0.010 100 200 300 400 500 600
Figure 2.36: kint and b obtained from DPE as a function of temperature for in-

situ concrete with 1.5 kg/m3 PP-fibers and different modes of parameter
identification: (a) stationary and (b) transient analysis (each symbol refers
to one specimen which was tested at different temperatures)

2.2.5.2 kint and b for laboratory-cast concrete

Figures 2.37 to 2.40 show the permeability parameters kint and b as a function of temper-

ature for laboratory-cast concrete with 0 and 1.5 kg/m3 PP-fibers. Hereby, parameters

identified from DPE and CPE are depicted separately. The same general trend as found

T [◦C℄T [◦C℄
T [◦C℄ T [◦C℄(a)

(b)
kint [m2℄1E-131E-141E-151E-161E-17 100 200 300 4000

b [bar℄
0.11101001000

0.01 100 200 300 4000
0.11100.01

b [bar℄1001000
100 200 300 4000

kint [m2℄1E-131E-141E-151E-161E-17 100 200 300 4000
Figure 2.37: kint and b obtained from DPE as a function of temperature for

laboratory-cast concrete with 0 kg/m3 PP-fibers and different modes of
parameter identification: (a) stationary and (b) transient analysis (each
symbol refers to one specimen which was tested at different temperatures)
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(a) b [bar℄
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kint [m2℄1E-131E-141E-151E-161E-17 100 200 300 4000

Figure 2.38: kint and b obtained from CPE as a function of temperature for
laboratory-cast concrete with 0 kg/m3 PP-fibers (stationary analysis, each
symbol refers to one specimen which was tested at different temperatures)
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kint [m2℄1E-131E-141E-151E-161E-17 100 200 300 4000
Figure 2.39: kint and b obtained from DPE as a function of temperature for

laboratory-cast concrete with 1.5 kg/m3 PP-fibers and different modes of
parameter identification: (a) stationary and (b) transient analysis (each
symbol refers to one specimen which was tested at different temperatures)

for in-situ concrete, namely an increasing intrinsic permeability kint with increasing tem-

perature, is observed for laboratory-cast concrete. As regards the slip-flow constant b,

again a similar trend as for in-situ concrete is observed. Up to temperatures of 200 –

300 ◦C, b decreases for increasing pre-heating temperature. Thereafter it shows an in-

creasing behavior. Comparing the different modes of parameter identification using results

from DPE, the earlier (for in-situ concrete) observed deviation introduced by the assump-

tion of stationary conditions is less pronounced. For this test series, the scatter of the

identified parameters is larger when using experimental data from CPE (see Figures 2.38

and 2.40), which is explained by the larger number of CPE performed.
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Figure 2.40: kint and b obtained from CPE as a function of temperature for
laboratory-cast concrete with 1.5 kg/m3 PP-fibers (stationary analysis,
each symbol refers to one specimen which was tested at different temper-
atures)

2.2.6 Discussion

2.2.6.1 Stationary versus transient analysis for parameter identification

The stationary analysis provides several permeability values k for different time intervals

of the pressure history, giving access to kint and b by linear approximation of the obtained

permeability values and extrapolation towards 1/p = 0 (see Figure 2.41). Since both DPE

and CPE are conducted at pressures p < 10 bar, the variation of the permeability values k

gives different possibilities for kint and b, as illustrated in Figure 2.41. Therefore, the

parameters identified from stationary analysis provide the correct permeability k (with

k = kint(1 + b/p)) in the pressure range considered in the experiment. Nevertheless,

the identified values for kint and b might show considerable scatter, especially in case

of DPE (see, e.g., Figures 2.35(a) and 2.36(a)). The scatter of the experimental results

may be reduced by increasing the pressure range considered in the experiments, which

would result in k-values closer to 1/p = 0. In this case, however, the pressurized volume

must be increased in order to avoid transient effects at higher pressures as indicated in

Figure 2.41. On the other hand, the increase of the pressurized volume results in an

increased scatter at low pressures when the pressure decrease approaches the accuracy

range of the pressure gauge. Figures 2.38 and 2.40 show that the scatter of the identified

parameters from the stationary analysis is considerably smaller for CPE compared to the

parameters obtained from the DPE (compare to Figures 2.35 and 2.36). This is explained

by the almost constant pressure in the pressurized volume (see Figure 2.26). Thus, no

pressure deviations alter the experimental results of the CPE and stationary conditions

are guaranteed.

Compared to the stationary analysis, the transient analysis leads to less scatter for the

permeability parameters identified from DPE (see, e.g., Figures 2.35(b) and 2.36(b)),

which is explained by capturing transient effects when solving the one-dimensional mass-

balance equation for the gas phase (see Equation (2.31)). Figure 2.42(a) shows the error

between the numerically and experimentally-obtained pressure decrease for different val-

ues of kint and b. Whereas the parameter identified from stationary analysis is located in
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Figure 2.41: Parameter identification for selected DPE using stationary analysis

(comparison with result from respective transient analysis)

the ”valley” characterized by a lower error, the result of the transient analysis coincides

with the global minimum of R (see Figure 2.42). The error between the numerically

and experimentally-obtained pressure history is illustrated in Figure 2.43, showing pt(t)

obtained from the transient analysis (i.e., pnum
t (t)) related to the respective experimen-

tal pressure history (i.e., pexp
t (t)). As already indicated in Figure 2.42, the permeability

parameters from the transient analysis give better agreement between the computed and

measured pressure history obtained during DPE.

2.2.6.2 Are both kint and b required to define gas-transport properties of
concrete?

Figures 2.41 and 2.42 highlight the fact that different (kint, b)-pairs give similar permeabil-

ity values k measured during both DPE and CPE. In case of the stationary analysis, the

same range of permeability values may be obtained in the pressure range the permeability

experiment was performed using significantly different values for the intrinsic permeability

kint and the slip-flow constant b (see Figure 2.41). As indicated in Figure 2.42, kint might

vary over several orders of magnitude. Hereby, an increase of kint is accompanied by a

decrease of b until a certain value of kint is reached. Thereafter, the ”valley” observed in

Figure 2.42 turns and kint becomes independent of b, indicating pressure-independence for

the permeability. As a consequence, the identification of kint from gas-permeability tests

is not unique. In fact, an infinite number of (kint, b)-pairs would give proper permeability

values in the pressure range considered in the experiment. Thus, both kint and b must

be provided in order to properly define the gas-transport properties of concrete. Among

the different possibilities, the (kint, b)-pair representing the measured k-values best corre-



Experiments 2.2: Permeability of pre-heated in-situ and laboratory-cast concrete 47

sponds to the global minimum of the error encountered in the aforementioned ”valley”.
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Figure 2.42: Results from transient analysis of selected DPE: (a) distribution of

error R as a function of kint and b; plot of error ”valley” as a function of (b)
b and (c) kint (nt: number of time instants considered during minimization
of R; pnum

t : numerical pressure history; pexp
t : measured pressure history)
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Figure 2.43: Ratio pnum
t /pexp

t for two (kint, b)-pairs during transient analysis of
selected DPE

2.2.6.3 Influence of PP-fibers and the production process on the permeability

In this subsection, differences (i) between concrete with and without PP-fibers and (ii) be-

tween in-situ and laboratory-cast concrete are highlighted. Comparing the results for

in-situ concrete with and without PP-fibers (see Figures 2.44 and 2.45), the following

differences within certain temperature ranges are observed:

1. At room temperature (20 ◦C), a big difference in kint is observed (see Figure 2.44(a)),

whereas b is practically the same for concrete with and without PP-fibers (see Fig-

ure 2.44(b)). Thus, the permeability k (with k = kint(1 + b/p), see Equation (2.16))

has the same difference as kint (see Figure 2.45).

2. For a pre-heating temperature of 80 ◦C, the difference of kint between concrete with

and without PP-fibers decreases, whereas the opposite is the case for b (b increases

considerably for concrete without PP-fibers and it decreases for concrete with fibers,

causing an increase of the difference in b). Consequently, the permeability k increases

in case of concrete without PP-fibers, whereas a decrease in case of concrete with

fibers is observed (see Figure 2.45). The observed behavior of the permeability k

illustrates the importance of considering both permeability parameters (kint and b)

to represent the gas permeability of concrete.

3. For temperatures between 80 and 140 ◦C, an oscillating behavior of the permeability

parameters is observed with opposite trends for kint and b (see Figure 2.44), giving

almost constant values for k within this temperature range.
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Figure 2.44: Permeability parameters kint and b for in-situ concrete with 0
and 1.5 kg/m3 PP-fibers (values taken from DPE/transient analysis, see
Figures 2.35(b) and 2.36(b); squares represent average values, lines mark
minimum and maximum value)

4. For pre-heating temperatures between 140 and 200 ◦C, the difference in kint be-

tween in-situ concrete with and without PP-fibers increases considerably, reach-

ing the same magnitude as observed for the low-temperature permeabilities (for

T = 20 ◦C). The difference in b decreases, yielding an increase of the difference

in k (see Figure 2.45). This increase is explained by melting of the PP-fibers. In

contrast to the results obtained for laboratory-cast concrete [58], showing the max-

imum difference at a pre-heating temperature of 200 ◦C, this ”fiber effect” was at

the most of equal importance as the aforementioned difference in low-temperature

permeability, with the latter considered to be mainly affected by the construction

process of the concrete members.

5. Above 200 ◦C, the difference in kint decreases again whereas the difference in b

between concrete with and without PP-fibers remains almost constant. This leads
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Figure 2.45: Permeability k at p = 5 bar (with k = kint(1 + b/p)) for in-
situ concrete with 0 and 1.5 kg/m3 PP-fibers (kint and b identified from
DPE/transient analysis, see Figures 2.35(b) and 2.36(b); squares represent
average values, lines mark minimum and maximum value)

to a decreasing difference of the permeability k (see Figure 2.45), indicating that

temperature-induced damage overshadows the effect of melting of the PP-fibers on

the permeability.

Comparing laboratory-cast concrete with and without PP-fibers (Figures 2.46 and 2.47),

the following observations are made:

1. In contrast to in-situ concrete, laboratory-cast concrete shows no distinct difference

in low-temperature permeabilities between concrete with and without fibers. Up to

a pre-heating temperature of 105 ◦C, the intrinsic permeability kint is practically

the same (see Figure 2.46(a)). As regards the value of b, only small differences are

observed, yielding almost equal values for the permeability k for concrete with and

without PP-fibers (see Figure 2.47). This is in agreement with experimental results

obtained for laboratory-cast concrete presented in [58].

2. The observed ”fiber effect” is also found in laboratory-cast concrete with 1.5 kg/m3

PP-fibers. Whereas kint increases continuously in case of concrete without PP-fibers

between pre-heating temperatures of 105 and 170 ◦C, a jump of almost one order of

magnitude is observed for kint of concrete with fibers. The slip-flow constant b, on

the other hand, shows no jump. In case of concrete with PP-fibers, b decreases and

becomes lower than the value of b of concrete without fibers. The observed changes

in kint and b lead to a sudden increase of the difference of the permeability k (see

Figure 2.47) which is considered to be caused by melting of the fibers, as in case of

in-situ concrete.
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Figure 2.46: Permeability parameters kint and b for laboratory-cast concrete
with 0 and 1.5 kg/m3 PP-fibers (values taken from CPE/stationary anal-
ysis, see Figures 2.38 and 2.40; squares represent average values, lines
mark minimum and maximum value)

3. For pre-heating temperatures above 170 ◦C, the difference in kint between concrete

with and without PP-fibers decreases as observed in case of in-situ concrete. The

difference in b remains almost constant, yielding a continuous decrease of the differ-

ence in k. This indicates again that temperature-induced damage reduces the effect

of melting of the PP-fibers.

The differences between concrete with and without PP-fibers may be explained by:

• For low temperatures, this difference was only observed in case of in-situ concrete,

whereas similar permeability parameters were observed for laboratory-cast concrete.

Based on mercury-intrusion-porosimetry (MIP) test results (see Subsection 2.3), the

observed difference was assigned to the considerably higher pore volume for in-situ

concrete containing PP-fibers. This higher amount of pore volume was encountered

in the pore-size range corresponding to the thickness of the interfacial transition
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Figure 2.47: Permeability k at p = 5 bar (with k = kint(1+b/p)) for laboratory-
cast concrete with 0 and 1.5 kg/m3 PP-fibers (kint and b identified from
CPE/stationary analysis, see Figures 2.38 and 2.40; squares represent av-
erage values, lines mark minimum and maximum value)

zones (ITZ) [132], which is in agreement with theories presented in [16, 67, 110],

stating that the PP-fibers introduce additional ITZ at casting. As found by means

of numerical simulations of the formation of the concrete microstructure [16], the

introduction of additional ITZ by PP-fibers connects locally-percolated ITZ clusters,

leading to percolation of the overall pore structure. The effect of PP-fibers on the

low-temperature permeability, which was found only for in-situ concrete, is explained

by the reduced on-site workability and the lower effect of densification of concrete

containing PP-fibers [67], eventually influencing the pore structure of the in-situ

concrete and/or the characteristics of the ITZ [132]. Moreover, internal bleeding in

consequence of a higher amount of liquefier influences the formation of ITZ [67].

• The sharp increase of the permeability of concrete with PP-fibers at a temperature

of T ≈ 170 ◦C was observed for in-situ as well as laboratory-cast concrete. Ac-

cording to [58], this permeability jump is caused by melting of the polypropylene

fibers followed by the partial or complete absorption of the molten polypropylene

by the cement matrix [58], leaving additional pathways for gas to flow through

the porous matrix. In fact, an increase in pore volume of in-situ concrete contain-

ing PP-fibers was observed in the pore-size range corresponding to the diameter of

the employed fibers (see Subsection 2.3). In addition, the different microcracking

behavior could have an influence on the considerably different permeability. Experi-

ments [58] revealed a much higher crack density in case fiber-reinforced concrete was

heated to temperatures above 170 ◦C compared to concrete without fibers, whereas

larger crack widths were observed for the latter. This difference in cracking behav-

ior might be caused by (i) the fibers acting as discontinuities within the cement
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matrix and therefore favoring nucleation of local cracks [58] and (ii) the expansion

of polypropylene during melting [58, 108]. As regards the latter, the crystalline

part of polypropylene (amounting to 60 vol-% of the employed polypropylene) is

transformed into amorphous polypropylene, with the overall density dropping from

910 kg/m3 to 850 kg/m3 [89], giving an increase in volume of approximately 7%. In

any case, the better-developed network in case of fiber-reinforced concrete increases

the permeability via a higher number of pathways for the vapor to move towards

the heated surface.
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2.3 Pore structure of pre-heated in-situ concrete – re-

sults from mercury-intrusion porosimetry

In order to explain the observed characteristics of the intrinsic permeability, which strongly

depend on the actual pore structure of concrete, results from mercury-intrusion-poro-

simetry (MIP) experiments performed on small samples of in-situ concrete subjected to

the same pre-heating temperatures as the permeability specimens (i.e., T = 20, 80, 105,

140, 200, 300, 400, and 600 ◦C) are presented. Since the mercury pressure of the employed

MIP device is limited, only a specific range of pore radii (1.9 nm ≤ r ≤ 75 µm) can be

detected. Moreover, because of the rather small sample size, only the presence of low-

size aggregates is taken into account, disregarding the influence of the ITZ of larger-size

aggregates.

Considering the total pore volume obtained from MIP testing, which shows an increas-

ing behavior with increasing temperature (see Figure 2.48), the rather small difference

between concrete with and without fibers cannot explain the higher permeability of fiber-

reinforced concrete obtained from the permeability tests. As regards the obtained pore-

size distributions, an almost similar development for concrete with and without PP-fibers

is observed (see Figures 2.49 and 2.50). In both cases, the peak within the pore-size range

of 10 ≤ r ≤ 100 nm is shifted towards larger radii for increasing pre-heating temperature.

In case of concrete with 1.5 kg/m3 PP-fibers, this peak is less pronounced for T = 20 and

80 ◦C and the largest shift of this peak towards larger pore radii is observed between pre-

heating temperatures of 80 and 105 ◦C. Within the pore-size range of 6 ≤ r ≤ 10 µm, the

pore volume of concrete with 1.5 kg/m3 PP-fibers increases (see Figure 2.50), originating

from melting and, finally, evaporation of PP-fibers (ø≈ 18 µm, see Figures 2.31 and 2.51).

0 100 200 300 400 500 600 temperature T [◦C℄pre-heating
pore volume [mm3/g℄total umulative

02040
6080100 0 kg/m3 PP-�bers1.5 kg/m3 PP-�bers

Figure 2.48: Total cumulative pore volume of concrete after exposure to differ-
ent temperatures [71] (squares represent average values, lines mark mini-
mum and maximum value)
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Figure 2.49: dV/d(log r) of samples of concrete with 0 kg/m3 PP-fibers after
exposure to different temperatures [71]
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Figure 2.50: dV/d(log r) of samples of concrete with 1.5 kg/m3 PP-fibers after

exposure to different temperatures [71]

The respective peak in the pore-size distribution starts to develop between pre-heating

temperatures of T = 140 and 200 ◦C, which corresponds to the melting temperature of

the fibers at T ≈ 170 ◦C [71].
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Figure 2.51: Electron-microscope image of concrete pre-heated to a temperature
above the vaporization temperature of polypropylene showing an empty
fiber channel [67]

The difference between concrete with and without PP-fibers at lower temperatures is

highlighted by considering the change of certain pore-size ranges with temperature. As

shown in Figures 2.52(a) and (b), the low-temperature values of the pore volume for fiber-

reinforced concrete are almost twice as large as the respective values for concrete without

fibers for pore radii within9 103–104 and 104–105 nm (the maximum value for concrete

with PP-fibers for pore radii within 104–105 nm being even three times as large as the

average value for concrete without fibers). This pore-size range includes the thickness of

the interfacial transition zones (ITZ) which, according to [40], is controlled by the median

size of the cement grains (typically 10 – 20 µm [20]). Because of the rather small sample

size, only small aggregates are considered during MIP testing, disregarding the larger

porosity of the ITZ of larger-size aggregates.

The effect of melting and evaporation of PP-fibers can be observed in the volume of pores

with 103 ≤ r ≤ 104 nm. Whereas the pore volume in this range remains almost constant

until 200 ◦C for concrete without fibers, the pore volume of concrete with 1.5 kg/m3

PP-fibers is continuously increasing (see Figure 2.52(a)). For T > 200 ◦C, both types

of concrete show an increase in the pore volume of this pore-size range with increasing

temperature, with no pronounced difference.

9No distinct differences were observed for smaller-size pores [71].
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Figure 2.52: Pore volume for certain ranges of pore radii after exposure to

different temperatures [71] (squares represent average values, lines mark
minimum and maximum value)



Chapter3
Coupled analysis of governing
transport processes in heated
concrete

In order to assess the impact of fire loading on concrete structures, the distributions of

temperature, saturation, gas pressure etc. are determined by means of coupled analyses

simulating heat and mass transport in heated concrete.

3.1 Literature review

In the past, numerous models were developed solving the governing equations of heat and

mass transport in a coupled manner [1, 2, 10, 13, 14, 25, 26, 41, 43, 72, 73, 111, 112, 118,

134], giving access to more realistic temperature distributions compared to an uncoupled

thermal analysis. Hereby, the governing equations are discretized in space by means of

finite elements [1, 2, 10, 13, 14, 41, 43, 72, 111, 112, 118] or finite volumes [25, 26, 73, 134]

and are solved with respect to the primary state variables1, i.e.,

1. the temperature T ,

2. the gas pressure pg, and

3. the capillary pressure2 pc [41, 43, 72, 111, 112].

1The number of primary state variables is equal to the number of governing balance equations.
2The capillary pressure may be replaced by the saturation Sw [25, 26, 73], the vapor density ρgw [118],

or the molar mass fraction of water vapor in gas [1, 2].
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In [41, 43, 72, 111, 112], the displacement field u is added to the list of primary state vari-

ables, allowing consideration of thermo-hydro-chemo-mechanical couplings. In contrast to

the models formulated in [1, 2, 25, 26, 41, 43, 72, 73, 111, 112, 118], only temperature T

and gas pressure pg are used as primary state variables in [10, 13, 14, 134].

3.2 Finite element (FE) formulation

Within the presented analyses, concrete is treated as a multi-phase medium, consisting

of solid, liquid (water), and gaseous (water vapor and dry air) phases. The governing

macroscopic balance equations3 are solved in a fully-coupled manner with respect to the

main state variables, i.e., capillary pressure pc [Pa], gas pressure pg [Pa], and tempera-

ture T [◦C] (see Appendix E.1 and, e.g., [41, 43, 72, 111, 112]):

1. Mass balance equation for the water phase (water vapor and liquid water, involving

the solid mass balance equation):

n(ρw − ρgw)
∂Sw

∂t
+ n(1 − Sw)

∂ρgw

∂t
+ nSw

∂ρw

∂t

−(1 − n)βs [ρgw + (ρw − ρgw)Sw]
∂T

∂t

− div

(

ρgw kkrg

ηg
grad pg

)

− div

(

ρw kkrw

ηw
grad pw

)

− div

[

ρg MaMw

M2
g

Deff grad

(
pgw

pg

)]

= −
(1 − n) [ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂ξ

∂ξ

∂t

− [ρgw(1 − Sw) + ρwSw]
ṁdehydr

ρs
+ ṁdehydr ; (3.1)

3In contrast to [41, 43, 72, 111, 112] (i) gravitational effects were not considered, (ii) the sign of the
mass source term associated with dehydration of the cement paste, ṁdehydr [kg/(s m3)], was changed,
and (iii) the dehydration process was described by the hydration degree ξ [–] instead of the degree of
dehydration ξdehydr [–].
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2. Mass balance equation for the dry air phase (involving the solid mass balance equa-

tion):

−nρga ∂Sw

∂t
+ n(1 − Sw)

∂ρga

∂t
− ρga(1 − n)(1 − Sw)βs

∂T

∂t

− div

(

ρgakkrg

ηg
grad pg

)

− div

[

ρg MaMw

M2
g

Deff grad

(
pga

pg

)]

= −
(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂ξ

∂ξ

∂t
− ρga(1 − Sw)

ṁdehydr

ρs
; (3.2)

3. Enthalpy balance equation:

(ρcp)eff
∂T

∂t
−

(

ρgcg
p

kkrg

ηg
grad pg + ρwcw

p

kkrw

ηw
grad pw

)

grad T

− div (λeff grad T ) = −ṁvaph − ṁdehydrl
w
ξ , (3.3)

with

ṁvap = −nρw ∂Sw

∂t
− nSw

∂ρw

∂t
+ ρw(1 − n)Swβs

∂T

∂t

+ div

(

ρw kkrw

ηw
grad pw

)

−
(1 − n)ρwSw

ρs

∂ρs

∂ξ

∂ξ

∂t

−ρwSw
ṁdehydr

ρs
+ ṁdehydr . (3.4)

Equations (3.1) to (3.4) were obtained by introducing Darcy’s law for pressure-driven flow

of water and vapor, Fick’s law for diffusional flow, and Fourier’s law for heat conduction.

Moreover, the following constitutive relations were employed:

• Kelvin-Laplace law (definition of the relative humidity RH [–]),

• Clausius-Clapeyron equation or Hyland-Wexler formula, relating the saturation va-

por pressure pgws [Pa] to the temperature T [◦C],

• Young-Laplace equation, relating the capillary pressure pc [Pa] to the pore radius

r [m],

• Clapeyron equation (ideal gas law), and

• Dalton’s law (definition of partial pressures of water vapor, pgw [Pa], and of dry air,

pga [Pa]).

Additionally, the following relationships were determined from experimental data (for

details, see Subsection 3.4):
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• Degree of hydration ξ [–] versus temperature T [◦C], with ξ̇ < 0 during heating,

extracted from thermogravimetric measurements (see, e.g., [52]).

• Saturation Sw [–] versus capillary pressure pc [Pa] and temperature T [◦C] [9, 46,

79, 90, 124], which can be deduced from MIP or sorption-isotherm experiments.

• Intrinsic permeability kint [m2] versus temperature T [◦C], determined from perme-

ability experiments (see Subsection 2.2 and [129, 132]).

• Relative permeabilities to water and gas (krw [–] and krg [–]) versus saturation Sw [–]

[15, 41, 102, 122], extracted from permeability experiments.

The boundary conditions (BC) within the employed FE formulation are defined by (i) pre-

scribed values for the temperature (T ) and for the pressures (pg and pc) (Dirichlet’s BC),

(ii) prescribed heat fluxes qT and mass fluxes (qga, qgw, and qw) (Neumann’s BC), or

(iii) heat and mass transfer fluxes (Cauchy’s BC) introducing heat and mass-transfer pa-

rameters (yielding convective and radiative heat flux, qT
c and qT

r , respectively, and convec-

tive water-vapor flux qgw
c ). The resulting set of governing equations is discretized in space

and time and solved by means of a Newton-Raphson iteration scheme (see Appendix E.1).

3.3 Consideration of spalling

In order to simulate heat and mass-transport processes in case of spalling of the tunnel

lining, the one-dimensional model4 of the coupled FE formulation presented in the previ-

ous subsection is extended towards a moving boundary, representing the actual location

of the spalling front, denoted as ds(t) [m] (see Figure 3.1). Hereby, the FE nodes charac-

terized by xi < ds(t) are deactivated except for the closest node to the spalling front. This

node (k-th node in Figure 3.1) is shifted to the actual location of the spalling front, with

xk = ds(t), allowing consideration of prescribed spalling histories. It is worth mentioning

that, since spalling depends on numerous parameters (such as moisture content, heat-

ing rate, mechanical loading etc.), the prediction of the risk and the amount of spalling

is a very complex task and presently subject of intensive research. Within this work,

prescribed spalling histories are considered which were derived on basis of experimental

observations/data collected within the fire experiments presented in [67].

3.4 Material properties

Table 3.1 contains the input parameters for the coupled analysis (details on the mix design

of the considered concrete can be found in Subsection 2.2 and [129, 132]).

4Based on the geometrical properties and the loading conditions found during tunnel fires, a one-
dimensional FE model is employed.
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xne+1
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Figure 3.1: One-dimensional FE model taking moving spalling front into ac-

count (ne: number of finite elements, ds(t) [m]: spalling depth, xk0 [m]:
original location of k-th node)

Table 3.1: Properties of lining concrete for the coupled analysis

Input parameter Initial value Temperature dependence Source
(T0 = 20 ◦C)

Thermal conductivity λ [kJ/(h m K)] 6.72 λ = λ0 − 0.006(T − T0) [90]
for T < 800 ◦C

Density ρc (ρs) [kg/m3] 2362 ρ = ρ0 + 0.3(T − T0) [67]
Specific heat capacity cp [kJ/(kg K)] 0.90 cp = cp0 + 0.0005(T − T0) [90]

for T < Tcrit = 374.15 ◦C
Porosity n [–] 0.142 n = n0 + 0.0001(T − T0) [59]
Intrinsic permeability kint of concrete

with 0 kg/m3 PP-fibers [m2] 1.22·10−16 see Figures 2.44 and 3.4 [132]
Intrinsic permeability kint of concrete

with 1.5 kg/m3 PP-fibers [m2] 4.58·10−16 see Figures 2.44 and 3.4 [132]
Specific enthalpy

of vaporization h [kJ/kg] 2486 h = 267.2(Tcrit − T )0.38 [17]
for T < Tcrit = 374.15 ◦C

Specific enthalpy
of dehydration lwξ [kJ/kg] 796 – [128]

3.4.1 Dehydration of heated concrete

The degree of hydration ξ [–], with ξ = mh/mh0 (where mh [kg/m3] is the actual amount

of chemically-bound water and mh0 [kg/m3] is the initial amount of chemically-bound

water due to hydration that is present prior to heating), is defined as a function of tem-

perature (see Figure 3.2). This function, which can be extracted from thermogravimetric

measurements (see, e.g., [52]), is used for determination of the rate of weight loss of water
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due to dehydration ṁdehydr [kg/(s m3)] (see Equations (3.1) to (3.4)), defined as

ṁdehydr = −mh0
∂ξ

∂t
. (3.5)

It is worth mentioning that hydration of concrete is temperature-dependent and, in ad-

dition, also dependent on the relative humidity (i.e., the vapor pressure). However, the

inversion of the hydration process in order to obtain the constitutive relation for de-

hydration is not straightforward. Because of lack of experimental data concerning the

dependence of the dehydration process on the relative humidity, the dehydration process

was described as a function of temperature only.

T [◦C℄0 200 400 600 800 1000
ξ [�℄

00.20.40.60.81.0
0.10.30.50.70.9

Figure 3.2: Degree of hydration versus temperature [90]

3.4.2 Saturation in heated concrete

According to [124], the saturation Sw [–] is related to the capillary pressure pc [Pa] by

Sw =

[

1 +

(
pc

pc
b

)( 1
1−m)

]−m

, (3.6)

the applicability to concrete of which was shown in [9, 79]. In Equation (3.6), pc
b [Pa] is the

so-called bubbling pressure (defined as the minimum value of pc on a drainage capillary

pressure curve, at which a continuous gas phase exists in the void space) and m (with

0 ≤ m ≤ 1) is a constant parameter. In order to implement the above described model into

the finite element code simulating concrete at elevated temperatures, Relation (3.6) was

extended by replacing the (constant) bubbling pressure pc
b by a temperature-dependent
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polynomial function [46, 90], yielding (see Figure 3.3)5

Sw =

[

1 +

(
Es

As
pc

)( 1
1−m)

]−m

. (3.7)

Sw [�℄
00.20.40.60.81.0

Tcrit = 374.15◦Cpc = 0.1 MPa
0.10.30.50.70.9

T [◦C℄0 100 200 300 400pc = 1000 MPa
Figure 3.3: Degree of saturation versus temperature for different values for the

capillary pressure pc = 0.1, 1, 5, 10, 20, 50, 100, 1000 MPa according
to Equation (3.7) [46, 90] (parameters: pc

b = 18.624 MPa, m = 0.44,
Bs = 30 MPa, Ns = 1.2, Zs = 0.5 ◦C)

5The temperature-dependent parameters in Equation (3.7) are defined as

As = pc
b for T ≤ 100◦C and

As = Bs + (pc
b − Bs)

[

2

(
T − 100

Tcrit − 100

)3

− 3

(
T − 100

Tcrit − 100

)2

+ 1

]

for T > 100◦C ,

and

Es =

(
Tcrit − T0

Tcrit − T

)Ns

for T ≤ (Tcrit − Zs) and

Es = Es,0

[
Ns

Zs

T + 1 −
Ns

Zs

(Tcrit − Zs)

]

for T > (Tcrit − Zs) ,

with

Es,0 =

(
Tcrit − T0

Zs

)Ns

.

Hereby, Bs [Pa], Ns [–], and Zs [◦C] are constant parameters, with the latter governing the transition
over the critical temperature Tcrit = 374.15 ◦C.
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3.4.3 Permeability of heated concrete

The dependence of the intrinsic permeability kint [m2] on temperature was derived from the

experimental results presented in Subsection 2.2 [129, 132] (see Figure 3.4). As already

indicated in Subsection 2.2, the absolute permeability k [m2] (see Equations (3.1) to

(3.4)) is – in case of (compressible) gas flow due to the so-called slip-flow phenomenon –

dependent on the gas pressure, reading [64]

k = kint

(

1 +
b

pg

)

, (3.8)

with b [Pa] as the slip-flow constant. Within the analyses, b = 1·105 Pa is considered. In

case of (incompressible) water flow, no slip-flow effect exists. Hence, k = kint.

As regards the relative permeability of partially-saturated porous media, various models

exist. In [15, 102], the relative permeability to water is given by [15, 41, 102]

krw =

(
Sw − Sr

w

1 − Sr
w

)Aw

, (3.9)

where Sr
w [–] is the residual saturation (the porous medium cannot be dewatered further)

and Aw [–] is a constant parameter. The relative permeability to gas is given by [15, 41,

122]

krg = 1 −

(
Sw

Scr
w

)Ag

, (3.10)

kint = a10b(T−140), with
a = 1 · 10−15 m2

b = 7.72 · 10−3 ◦C−1

kint = a10bT , with
a = 4 · 10−16 m2

b = 2.94 · 10−3 ◦C−1

kint = a10b(T−200), with
a = 3 · 10−15 m2

b = 2.94 · 10−3 ◦C−1

kint = a10bT , with
b = 4.26 · 10−3 ◦C−1
a = 1 · 10−16 m220

1E-141E-151E-161E-17

1E-13 intrinsi permeability kint [m2℄

pre-heating temperature T [◦C℄0 100 200 300 400 500 600
4.58E-161.22E-16

1.5 kg/m3 PP-�bers 0 kg/m3 PP-�bers
Figure 3.4: Approximation of experimental permeability results for in-situ con-

crete with 0 and 1.5 kg/m3 PP-fibers (see Figure 2.44 and [129, 132])
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Figure 3.5: Relative permeabilities to water and gas as a function of satura-
tion [41]

where Scr
w [–] is the critical saturation (above which no gas flow exists in the porous

medium) and Ag [–] is a constant parameter. Within the numerical analyses, Sr
w = 0,

Aw = 6.0, Scr
w = 1.0, and Ag = 1.0 (see Figure 3.5).

3.5 Application

The presented coupled model is used to (i) re-analyze the fire experiments presented

in [67] (see Subsection 3.5.2) and (ii) investigate the performance of a cross-section of the

Lainzer tunnel (Austria) (see Subsection 3.5.3).

3.5.1 Initial and loading conditions

Within all analyses, the following initial conditions are employed: T0 = 20 ◦C, pg
0 =

101325 Pa, pc
0 = 55·106 Pa (giving, according to Equation (3.7), an initial degree of satu-

ration of Sw0 = 0.40). The boundary conditions (BC) at the heated surface are: (i) direct

prescription of temperature T (see Figure 3.6), (ii) direct prescription of the atmospheric

pressure patm = 101325 Pa, and (iii) convective mass transfer (with prescribed vapor

pressure of the surroundings, pgw
∞

= 1020 Pa, and a convective mass-transfer parameter

βc = 0.025 m/s).

The history of the prescribed surface temperature T [◦C] was extracted from large-scale fire

experiments [54, 55, 67, 84], characterized by exposure of the specimens to temperature

loading typical for tunnel fires (see Figure 3.6).
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time [min℄0 30 60 90 120 150 1800200400600800100012001400 T [◦C℄

temperature urve�Lainz180�temperature fromexperiments reported inextrapolated surfae surfae temperatureused in FE anlaysisextrapolated surfaetemperature fromexperiments reported infurnae temperature
[67]

[67] [54]

Figure 3.6: History of the surface temperature extracted from large-scale fire
experiments [54, 67]

3.5.2 Re-analysis of results from large-scale fire experiments [67]

Figure 3.7 shows comparison of numerical results obtained from the analyses with exper-

imental temperature measurements [67] after 30 minutes of fire loading (only the results

for the first 20 cm of the 50 cm thick specimen are shown). Whereas the results from the

thermal analysis (dash-dotted line in Figure 3.7, disregarding dehydration, vaporization

depth [m℄0 0.05 0.10 0.15 0.20
T [◦C℄

020040060080010001200 oupled analysis: 0 kg/m3 PP-�bersoupled analysis: 1.5 kg/m3 PP-�bersexperimental results
thermal analysis: surfae temperatureaording to �Lainz180�thermal analysis

[67]

Figure 3.7: Comparison of temperature distributions at t = 30 min (PP-fibers
are affecting the transport properties only. Hence, the amount of fibers
has no effect on the results of the thermal analyses)
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of evaporable water, and mass transport, see Appendix E.2) agree well with temperature

measurements at depths of 5 and 6 cm, they overestimate the experimental results in

2 and 4 cm depth from the heated surface. The coupled analyses, on the other hand,

give the best agreement with the experimental measurements in shallow regions. More-

over, they capture the curvature of the experimentally-observed temperature distributions.

According to the numerical results, disregarding dehydration, vaporization of evaporable

water, and mass transport results in an overestimation of the temperatures of up to 80%

(see Figure 3.8, the differences in temperatures are up to 156 ◦C). The larger impact,

however, had the prescription of the surface temperature: Figure 3.8 shows that prescrib-

ing the furnace temperature (referred to as ”Lainz180”, see Figure 3.6) directly at the

heated surface results in an overestimation of the temperatures of up to 240% (dotted line

in Figure 3.8, temperature differences are up to 520 ◦C). Comparison of the results from

the coupled analyses reflects the increased mass transport in concrete with 1.5 kg/m3

PP-fibers, resulting in increased cooling of shallow regions (with, however, rather small

deviations of up to 8 ◦C or, equivalently, up to 5%).

In addition to temperature distributions given in Figure 3.7, the coupled analyses provide

also access to gas pressure and saturation distributions within the concrete block. The

latter are depicted in Figure 3.9 (again, only the results for the first 20 cm of the 50 cm

thick specimen are shown). Whereas the saturation exceeds the initial value of 0.40

in case of concrete without PP-fibers, indicating the formation of a moisture clog, the

depth [m℄0 0.05 0.10 0.15 0.20
deviation [%℄

050100150200250
80% 240%5%

oupled analysis: 0 kg/m3 PP-�bersoupled analysis: 1.5 kg/m3 PP-�bers
thermal analysis: surfae temperatureaording to �Lainz180�thermal analysis

Figure 3.8: Deviation between numerically-obtained temperature distributions
at t = 30 min (temperature distribution obtained from the coupled anal-
ysis of concrete with 1.5 kg/m3 PP-fibers is used as reference)
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0 0.05 0.10 0.15 0.2000.10.20.30.4 Sw [�℄

depth [m℄
t = 180 min

t = 0 min

0 kg/m3 PP-�bers 1.5 kg/m3 PP-�bers
Figure 3.9: Saturation distributions for concrete with 0 and 1.5 kg/m3 PP-fibers

(results for t = 0, 2, 10, 30, 90, 180 min)

0 0.05 0.10 0.15 0.20 depth [m℄

pg [bar℄
t = 180 min

t = 0 min012
34

0 kg/m3 PP-�bers 1.5 kg/m3 PP-�bers
Figure 3.10: Gas-pressure distributions for concrete with 0 and 1.5 kg/m3 PP-

fibers (results for t = 0, 2, 10, 30, 90, 180 min)

permeability is sufficient to avoid this phenomenon in case of fiber-reinforced concrete.

This different behavior regarding mass transport affects also the pressure distribution

within the concrete block (see Figure 3.10). The smaller permeability of concrete with

0 kg/m3 PP-fibers results in a pressure rise of 3.3 bar above atmospheric pressure, which

is almost twice as large as in case of concrete with 1.5 kg/m3 PP-fibers, where the gas

pressure exceeds the atmospheric pressure by about 1.7 bar. This indicates an increased

spalling risk of concrete without PP-fibers [132], which is in agreement with observations

during fire experiments presented in [54, 67].
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3.5.3 Analysis of cross-section of Lainzer tunnel (Austria)

The investigated cross-section is depicted in Figure 3.11. The plastic mat (made of a

layer of polyethylene laminated to a polypropylene mat) was installed prior to casting of

the tunnel lining in order to ensure unrestrained movement of the tunnel lining along the

shotcrete shell. During fire loading, this mat may act as an impermeable layer to water

and vapor. On the other hand, gaps between the shotcrete shell and the concrete tunnel

lining may allow the water and vapor to expand in the circumferential and/or longitudinal

direction. In the numerical analysis, these two limiting cases are considered by prescribing

the respective boundary conditions at the outside of the tunnel lining, i.e., (i) sealed and

(ii) unsealed conditions. 0.4 m 0.3 m
onrete tunnel liningplasti mat, d = 3 mmshotrete lining

surrounding soil

Figure 3.11: Cross-section of the considered tunnel lining of the Lainzer tun-
nel (Austria)

Within the analyses, the influence of spalling is investigated by prescribing different

spalling scenarios (see Figure 3.12) which were derived from the fire experiments pre-

sented in [67] (spalling was monitored acoustically as well as by means of dynamic ac-

celeration sensors). Three analyses were performed (see Table 3.2), characterized by

temperature distributions obtained from different analysis schemes (uncoupled analysis,

see Appendix E.2 and, e.g., [128, 130], or coupled analysis, see Subsection 3.2). The

uncoupled as well as the coupled analyses give access to temperature distributions for the

Table 3.2: Analyses performed
Temperature distribution

Analysis obtained from . . .
A Uncoupled thermal analysis
B Uncoupled analysis incl. heat sinks
C Coupled analysis
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time [min℄

Figure 3.12: Considered spalling scenarios (derived from experimental observa-
tions/data [67])

considered spalling scenarios (see Figure 3.13 for d∞

s = 0.2 m). Spalling results in a faster

propagation of the heating front and, therefore, in an increased thermal loading of the

remaining tunnel lining, finally giving higher thermal degradation of the cross-section as

compared to the analysis with d∞

s = 0. Comparison of different analyses (Analyses A, B,

and C) shows that consideration of heat sinks within the uncoupled analysis (Analysis B)

results in lower temperatures compared to the uncoupled thermal analysis (Analysis A).

Furthermore, consideration of mass transport within the concrete structure results in

cooling of shallow regions, leading to a further decrease of the temperature. In addition,

consideration of mass transport results in heating (to a smaller extent) of deeper concrete

regions, indicated by a kink in the distribution obtained from Analysis C. Comparison

of numerical results with temperature measurements has shown that, even though the

prescribed surface temperature follows the experimental temperature history in case of

the uncoupled as well as the coupled analysis, the coupled analysis gives more realistic

temperature distributions (see Subsection 3.5.2 and [132]).

In contrast to numerical results from the uncoupled analyses (Analyses A and B), the

coupled analysis (Analysis C) gives information on quantities related to mass transport.

Figure 3.14 shows gas-pressure distributions for a final spalling depth of d∞

s = 0.2 m.

Hereby, the plastic mat located between tunnel lining and shotcrete shell (see Figure 3.11)

is considered either as impermeable layer for water and vapor transport or not (sealed and

unsealed conditions, respectively), representing the upper and lower limit, respectively, for

the gas pressure. The maximum pressure is apparently not (or only little) affected by the

plastic mat at the outer surface of the tunnel lining. The pressure distribution between

the location of the maximum pressure and the outer surface, however, varies significantly

for t ≥ 30 min, where the gas pressure at the outer surface rises in case the plastic mat

is considered as impermeable layer since water and vapor are hindered from escaping at

that interface. In case the plastic mat is disregarded, the gas pressure at the interface
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between tunnel lining and shotcrete shell remains equal to the atmospheric pressure.

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
T [◦C℄

0200400600800
depth [m℄

d∞

s Analysis BAnalysis CAnalysis A
Figure 3.13: Temperature distributions for different analyses (d∞

s = 0.2 m,
t = 10, 20, 30, 180 min)

0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40123
45 pg [bar℄
0 d∞

s depth [m℄
impermeable layerno impermeable layer

Figure 3.14: Gas-pressure distributions obtained from Analysis C with or with-
out consideration of impermeable layer (d∞

s = 0.2 m, t = 0, 10, 20, 30, 40,
90, 180 min)



Chapter4
Structural safety assessment of
tunnel linings under fire

4.1 Structural model

The numerical model that is used to analyze tunnel structures mainly depends on the

type of the surrounding soil and the depth of the tunnel [31]. E.g., in case of tunnels

with high overburden and/or in hard/medium-hard rock or highly cohesive soil, pre-

deformations during excavation result in stress release within the surrounding soil, hence,

the soil pressure acting on the tunnel structure is reduced. The load-carrying capacity of

the surrounding soil is taken into account by plane-strain and 3D-finite element models.

In case of tunnels with low overburden and/or in soft soil (which are subject of this work),

the load-carrying capacity of the surrounding soil is neglected and the full overburden is

considered as load. Hereby, the tunnel lining is discretized either by finite elements or

by using a ”beam-spring” model [127]. During fire loading, the soil loads the weakening

tunnel support structure which can cause its collapse.

Within the structural analysis, temperature loading can be considered by (i) direct imple-

mentation of the non-linear temperature distributions as well as consideration of plasticity

of the lining material (see, e.g., [3, 33, 93, 101, 113]) or (ii) prescribing a linear tempera-

ture distribution (Tm and ∆T , equivalent to the non-linear temperature distribution, see

Chapter 1 and, e.g., [98, 126]).

Within the employed ”beam-spring” model [101], the tunnel lining is represented by lay-

ered finite beam elements (see Figure 4.1(a)). The layer concept enables (i) consideration

of spalling of the tunnel lining by deactivation of the respective layers and (ii) assignment

of temperature-dependent material parameters of concrete and reinforcement steel to the
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remaining layers. The beam elements are supported at the nodes by spring elements (see

Figure 4.1(b)). The stiffness K̄ [N/m] of these springs is related to the specific subarea of

the tunnel wall associated to the node, the Young’s modulus E [MPa] of the surrounding

soil, and its Poisson’s ratio ν [–] (for details, see [101]). In order to account for the zero

load-carrying capacity of the soil under tensile loading, the stiffness of the spring elements

is only activated when the spring is subjected to compressive loading. In case of tensile

loading, K̄ is set equal to zero. This enables for a realistic description of the behavior

of the surrounding soil in case of low overburden and soft soil. The external load of the

surrounding soil is applied at the FE nodes.

(b)(a)
y

x

σy

σx

ground surfae
steellayers middlesurfaeonretelayers

Figure 4.1: Illustration of (a) layered finite beam element (containing concrete
and steel layers) and (b) beam-spring model [101]

The mechanical behavior of concrete and steel is modeled by plane-stress elasto-plastic

material models1. In case of concrete, a multi-surface plasticity model is used, with

the Drucker-Prager and the Rankine criterion describing compressive and tensile failure,

respectively (for details, see [101]). For description of the mechanical behavior of steel, a

1D model is used, referring to the strain component in the direction of the steel bars. In

both cases, associative hardening plasticity is employed. Details on the employed failure

criteria, the hardening laws and the temperature dependence of the material parameters

can be found in [101]. The temperature dependence of strength and Young’s moduli of

concrete and steel are described by design curves according to international or national

standards [22, 87], giving, e.g., the compressive strength of concrete as

fc(T ) = fc × α(T ) , (4.1)

where α(T ) [–] is a temperature-dependent coefficient, with 0 ≤ α(T ) ≤ 1. Hereby,

the reduction factor α(T ) is correlated with the maximum temperature reached in a cer-

1Because of the rather small thickness of the tunnel lining compared to the radius of the tunnel, the
normal stress component perpendicular to the lining surface is set equal to zero.
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(a) (b)

Σ(p)

σ1

fb(T )
fc(T )

ft(T )

σ2

σ1

Σ(p)

fc(T, Σ(p))

fc(T, Σ(p) = 0)

ft(T )

Figure 4.2: (a) Consideration of out-of-plane tensile stress Σ(p) within Drucker-
Prager failure criterion for concrete, (b) linear decrease of fc with increas-
ing out-of-plane loading

tain point of the structure during fire loading, hence, fc(T ) = fc(Tmax). In contrast

to the safety-assessment tool presented in [101], tensile loading in the out-of-plane direc-

tion resulting from gas pressure within the pore space is considered within the plane-stress

elasto-plastic material model for concrete (see Figure 4.2). Taking into account the mainly

biaxial compressive state of loading of the tunnel lining close to the heated surface, the ef-

fect of the out-of-plane loading by the gas pressure on the strength properties is considered

by

fc(T, p) = fc × α(T ) ×

(

1 −
Σ(p)

ft(T )

)

, (4.2)

where Σ(p) [MPa] is the macroscopic tensile stress perpendicular to the heated surface,

representing the overpressure p = pg − patm [MPa] acting on the porous network, and

ft(T ) [MPa] is the temperature-dependent tensile strength of concrete (see, e.g., [22, 87]).

The macroscopic tensile stress Σ(p) is related to p by the continuum-micromechanics

approach outlined in [23], giving

Σ(p) = fg p 〈A〉p , (4.3)

where fg = (1 − Sw)n [–] is the volume fraction of the gas phase subjected to pressure

p [MPa] (with Sw [–] as the liquid saturation and n [–] as the porosity). 〈A〉p [–] represents

the so-called localization tensor, reading for the case of spherical inclusions

〈A〉p =







(1 − S)
∑

r

fr

1 + S
kr − km

km







−1

, (4.4)

where fr [–] and kr [MPa] are the volume fraction and the bulk modulus of the r-th phase,

respectively, with r ∈ {m . . . cement matrix, a . . . aggregates, l . . . liquid phase, g . . . gas
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phase}. In Equation (4.4), S [–] represents the Eshelby tensor specialized for spherical

inclusions, with S = 1/3 (1 + νm)/(1 − νm), where νm [–] denotes Poisson’s ratio of the

cement matrix.

4.2 Application

The structural safety assessment tool for tunnels subjected to fire loading is used to inves-

tigate the performance of a cross-section of the Lainzer tunnel (Austria) (see Figure 4.3 for

the geometry). The mechanical parameters of concrete and reinforcing steel used within

the structural analysis are listed in Table 4.1. The applied mechanical loading consists of

(i) self-weight of the lining, with ρ = 2500 kg/m3, and (ii) soil pressure according to the

geological situation at the considered cross-section of the tunnel, acting in both vertical

and horizontal direction (see [101] for details).

In order to investigate the influence of spalling on the results from the structural analy-

ses, the same spalling scenarios as in Chapter 3 (see Figure 3.12) were considered. Three

analyses were performed (see Table 4.2), characterized by temperature distributions ob-

tained from different analysis schemes (uncoupled analysis, see Appendix E.2 and, e.g.,

[128, 130], or coupled analysis, see Subsection 3.2) and by disregard/consideration of the

effect of the gas pressure on the compressive strength of concrete (see Figure 4.2).

Within the structural analysis, the tunnel safety is monitored by the vertical displacement

at the top of the tunnel as well as the level of loading of the circumferential reinforce-

R3
= 3.8

5 m
R

1 = 3.85 m
R2

= 5.5
5 m

M1

M2

M3

y

x

d = 0.4 m
±0.00-0.35

R
2 = 5.55 m

Figure 4.3: Dimensions of the considered cross-section of the Lainzer tunnel
(Austria)
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Table 4.1: Properties of lining concrete and reinforcement for the structural
safety assessment

Input parameter Value
Concrete:

Young’s modulus E [MPa] 30000
Poisson’s ratio ν [–] 0.2
Compressive strength fc [MPa] 30
Tensile strength ft [MPa] 3
Thermal expansion coefficient αT [◦C−1] 1·10−5

Reinforcing steel:
Young’s modulus E [MPa] 210000
Yield strength fy [MPa] 500
Thermal expansion coefficient αT [◦C−1] 1.2·10−5

Table 4.2: Analyses performed
Temperature distribution Compressive strength

Analysis obtained from . . . of concrete
A Uncoupled thermal analysis fc = fc(T ), see Equation (4.1)
B Uncoupled analysis incl. heat sinks fc = fc(T ), see Equation (4.1)
C Coupled analysis fc = fc(T, p), see Equation (4.2)

ment. Figure 4.4 shows the vertical displacement v [cm] at the top of the tunnel for

different spalling scenarios (see Figure 3.12). Hereby, the vertical displacement due to self

weight of the tunnel lining and soil pressure is indicated by v0. For d∞

s = 0, v increases

gradually until t = 52 min resulting from the heat-induced decrease of strength and stiff-

252015
5010 30 90 120 150 1800 60 t [min℄

d∞

s = 0.2 m
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Figure 4.4: History of vertical displacement at top of tunnel obtained from
Analysis C considering different spalling scenarios (vertical displacement
due to self weight and soil pressure: v0 = 6.5 cm)
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Figure 4.5: History of level of loading of the outer circumferential reinforcement

at top of tunnel obtained from Analysis C considering different spalling
scenarios

ness of the lining materials, i.e., concrete and steel. With continuation of temperature

loading, thermal dilation associated with the continuous heating of the lining results in

partial compensation of the temperature-induced displacement. According to Figure 4.4,

an increasing spalling depth results in an increased compliance of the tunnel structure.

During spalling, v increases rapidly, with the maximum displacement observed after the

final spalling depth d∞

s is reached. With continuation of temperature loading, again parts

of the displacement are compensated by thermal dilation of the remaining lining. In no

case, collapse of the tunnel is observed, which would be indicated by a sharp increase of v.

Figure 4.5 shows the level of loading in the outer circumferential reinforcement at the top

of the tunnel, defined as [101]

L =
|σ|

max{ζRF (T )}
=

|σ|

1.1 fy(T )
, (4.5)

where σ [MPa] is the actual stress in the reinforcement and fy [MPa] is the yield strength

of the reinforcing steel. Hereby, concrete cracking is modeled by the smeared-crack ap-

proach. L equals zero in case of unloaded reinforcement and amounts to 100% when the

stress in the reinforcement reaches the maximum possible loading, given by 1.1fy(T ) [101].

Application of self weight and soil pressure on the tunnel structure results in compressive

loading of the outer reinforcement due to bending with L ≈ 10%. During temperature

loading, thermal dilation results in compressive stresses at the heated surface and, there-

fore in tensile loading of the outer reinforcement, leading to a reduction of the compressive

loading and, thus, of the level of loading. When the loading of the reinforcement changes

to tensile loading, L increases again. With increasing spalling depth, this shift from com-

pressive to tensile loading occurs earlier in time. Yielding of the reinforcement (starting

at L = 73.6% [101]) is observed for the analysis with d∞

s = 0.3 m. As opposed to the other

spalling scenarios, unloading of the outer reinforcement is observed after t = 36 min in case
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of d∞

s = 0.3 m, which corresponds to the time instant at which the maximum displacement

is reached (see Figure 4.4). This unloading is associated with thermal dilation (causing

compensation of parts of the vertical displacement), resulting in compressive stresses close

to the heated surface and tensile stresses at the outside. In case of d∞

s = 0.3 m, the outer

reinforcement is located closer to the middle surface of the remaining lining after spalling

has finished compared to the other considered spalling scenarios, explaining the observed

unloading of the reinforcement. As temperature loading continues, L increases in conse-

quence of the continuous reduction of fy(T ) (see Equation (4.5)). Until the end of fire

loading, however, no further yielding is observed for d∞

s = 0.3 m. For all spalling scenar-

ios (see Figure 3.12) and considering the fire loading depicted in Figure 3.6, the level of

loading never reached 100%, indicating some remaining load-carrying capacity.30 90 120 150 1800 6068101214
v [m℄

time [min℄Analysis BAnalysis AAnalysis C
Figure 4.6: History of vertical displacement at top of tunnel for d∞

s = 0.2 m
(Analyses A to C)

The results obtained from Analyses A to C are compared in Figures 4.6 and 4.7, showing

little difference until the end of spalling. Thereafter, the higher temperatures within the

tunnel lining in case of Analyses A and B result in more thermal degradation of the cross

section and, therefore, in larger displacements (see Figure 4.6). The lower (more realistic)

temperature loading considered in Analysis C leads to smaller maximum displacements.

With continuation of fire loading, the compensation of displacement by the continuous

heating of the remaining part of the lining is the highest for Analysis A. As regards the

level of loading L (see Figure 4.7), yielding of the outer circumferential reinforcement is

observed only for Analyses A and B. As the temperature loading continues, L decreases

and plastic loading of the reinforcement, characterized by L > 73.6%, stops. For Anal-

ysis C, the lower temperature loading results in L < 73.6%, hence, no yielding of the

reinforcement is observed.
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Chapter5
Concluding remarks

5.1 Conclusions

Tunnel fire accidents in the 1990s as well as observations during fire experiments rep-

resented the starting point for the research presented in this thesis. The impact of fire

loading on concrete used for tunnel linings was investigated by experimental work and

numerical simulations. Hereby, the following tasks were tackled:

1. Experimental investigation of spalling mechanisms and transport parameters of heated

concrete:

Within the presented spalling experiments, different types of spalling with different

piece velocities were observed, ranging from (i) explosive spalling with velocities of

up to 14 m/s and (ii) progressive spalling with smaller velocities to (iii) fall-off of

concrete pieces with the gravity as the only source of acceleration. In general, vol-

ume (mass) and velocity of the spalled-off pieces were inversely-proportional. Based

on the experimental observations and considering both thermo-hydral and thermo-

mechanical processes to be responsible for spalling, the velocities and kinetic ener-

gies associated with these processes were estimated by means of simplified models,

giving good agreement between the model-based results and experimental piece ve-

locities for typical values of the vapor pressure right before spalling and concrete

temperature. Furthermore, the model-based results gave insight into the influence

of various parameters and their individual contribution to the kinetic energy. As the

permeability was identified as one of the main parameters responsible for spalling

(agreeing with earlier-reported experimental observations), identification of the per-

meability parameters (intrinsic permeability and slip-flow constant) of pre-heated
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in-situ and laboratory-cast concrete with and without polypropylene (PP) fibers

was performed, employing (i) constant pressure experiments (stationary conditions)

and (ii) decreasing pressure experiments (transient conditions). The obtained re-

sults were related to temperature-dependent changes of the pore structure of heated

concrete, revealing:

• For low temperatures, a difference between concrete with and without PP-fibers

was observed in case of in-situ concrete, whereas similar permeability parame-

ters were observed for laboratory-cast concrete. While the values for the total

pore volume, which showed no distinct difference between concrete with and

without PP-fibers, could not explain the observed difference, the pore volume

within pore radii of 1 ≤ r ≤ 100 µm was considerably larger (twice as large) for

concrete with PP-fibers compared to concrete without fibers. Since this pore-

size range corresponds to the thickness of interfacial transition zones (ITZ), the

PP-fibers apparently introduce additional ITZ, resulting in a higher permeabil-

ity for fiber-reinforced concrete. This effect is amplified for the considered in-

situ concrete. On-site conditions, characterized by the reduced workability and

the lower effect of densification in case of PP-fiber reinforced concrete, seem

to influence the pore structure of in-situ concrete and/or the characteristics of

the ITZ.

• The permeability jump in case of concrete including PP-fibers was observed at

the melting temperature of polypropylene for in-situ as well as laboratory-cast

concrete. In case of the tested in-situ concrete, the effect of melting of PP-fibers

had equal impact as the difference in the low-temperature permeability. This

permeability increase may be explained by (i) melting of polypropylene followed

by its partial absorption by the surrounding cement matrix providing additional

pore space and (ii) a different microcracking behavior of concrete with PP-

fibers with the fibers acting as discontinuities and/or introducing additional

microcracks in consequence of expansion of polypropylene during melting. The

investigation of the pore-size distributions of concrete with and without fibers

revealed the development of pores with radii within 6 ≤ r ≤ 10 µm, which

supported the theory of increased permeability in consequence of melting of

the PP-fibers (ø ≈ 18 µm) at T ≈ 170 ◦C.

2. Numerical simulation of governing transport processes in heated concrete:

Finite-element (FE) analyses with different grade of complexity were performed,

leading to the following conclusions:

• Temperature measurements from large-scale fire experiments [67] were com-

pared to numerical results from different FE analyses. In general, the agree-

ment between numerical and experimental results improved with increasing

grade of complexity of the simulation. Disregard of mass transport in the anal-
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ysis (uncoupled analysis) resulted in an overestimation of the experimentally-

obtained temperatures in regions close to the heated surface. Consideration of

mass transport within the coupled analysis led to lower thermal loading of the

tunnel lining and, therefore, to less thermal degradation of the cross-section.

• The mode of prescribing the surface temperature had considerable impact on

the numerical temperature distributions within the concrete member. Pre-

scribing the furnace temperature applied within the experiments directly at

the heated surface resulted in large overestimation of the experimental results,

whereas prescription of the experimentally-obtained surface temperature at

the heated surface led to numerical results with better agreement with the

experimentally-obtained temperatures.

• Comparing the gas-pressure distributions for concrete with and without PP-

fibers indicates that the lower (experimentally-observed) permeability in case

of concrete without PP-fibers results in sufficiently higher gas pressures and an

increase of the saturation (exceeding the initial value), indicating the formation

of a moisture clog. Therefore, concrete without PP-fibers exhibits an increased

spalling risk which is in agreement with observations during fire experiments

presented in [54, 67].

• Investigation of different spalling scenarios within the analyses showed that

thermal loading and, therefore, thermal degradation of the remaining lining is

higher for increasing spalling depths which further increases the compliance of

the tunnel, eventually causing collapse of the structure.

3. Structural safety assessment of tunnel linings subjected to fire loading:

For determination of the structural response of tunnel linings under fire loading, a

”beam-spring” model was employed, using the previously-determined temperature

and gas pressure as input data. The analysis tool was used to investigate the

structural performance of a tunnel cross-section characterized by low overburden

(Lainzer tunnel, Austria) subjected to fire loading and different spalling scenarios,

showing:

• With increasing spalling depth, the compliance of the tunnel structure as well

as the level of loading in the outer circumferential reinforcement increased.

This resulted in increased vertical displacement at the top of the tunnel with

increasing spalling depth.

• The different analyses showed that the lower (and more realistic) temperature

distributions obtained from the coupled analyses led to a smaller compliance

of the tunnel structure and, therefore, to smaller displacements. With contin-

uation of temperature loading, on the other hand, the lower thermal loading

yielded less compensation of vertical displacement due to thermal dilation.
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• None of the considered spalling scenarios led to collapse of the tunnel structure

for the considered temperature loading, even though a reduction of the lining

thickness by 75% due to spalling was considered. In case no collapse of the

tunnel is indicated by the numerical analysis, the results allow:

(a) estimation of the safety level of the tunnel structure during as well as after

fire loading, which is important for rescue forces as well as the engineer or

the tunnel owner, and

(b) determination of the necessary amount of repair measures (e.g., lining

thickness that has to be replaced), leading to an estimation of the repair

time and costs after a tunnel fire.

5.2 Ongoing research and outlook on future work

Based on the observations made during experimental as well as theoretical work, the

following items were identified as areas with need for further research work, part of which

is currently under way:

• Multiscale material modeling:

The observed differences in permeability are considered to originate from tempera-

ture-dependent changes of the material microstructure (e.g., introduction of ad-

ditional ITZ by PP-fibers and the corresponding percolation threshold, different

microcracking behavior of concrete containing fibers). Future work will be devoted

to linking macroscopic transport properties to the material microstructure. This

link will be established by appropriate upscaling/homogenization techniques within

the multiscale framework of material description.

• Modeling of restrained thermal dilation of concrete:

In the past, the behavior of concrete under combined thermal and mechanical load-

ing was modeled by introducing the so-called ”load-induced thermal strain (LITS)”

(see, e.g., [44, 83, 107, 119, 120]). In Appendix F, a two-phase model is presented,

consisting of aggregates embedded in a cement-paste matrix, explaining this be-

havior by means of micromechanics. This approach is currently extended towards

more realistic morphologies (consideration of distributed aggregate diameters) and

the influence of interface properties.

• Extension of structural safety assessment tool:

Within the structural model employed in this thesis, a tunnel of 1 m length was

considered. The extension of this model towards the longitudinal direction of the

tunnel will allow consideration of 3D structural effects and the varying temperature

loading. Moreover, the gas pressure determined from the coupled analysis shall be

combined with the actual stress state in the lining, enabling determination of the
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spalling history as a function of gas-pressure, state of loading, and temperature

distribution, finally linking the yet-separated parts of the two-step analysis scheme

for the safety assessment of structures subjected to fire load (Chapters 3 and 4).
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material parameters], volume 1. Springer, Berlin, 1989. In German.

[18] G. Brux. Brand im Eurotunnel, Ursachen, Schäden und Sanierung [Fire in the
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AppendixA
Determination of pressurized pore
volume V0

For determination of the pore volume right before spalling, V0 [m3] – containing water

vapor at pressure p0 [Pa] – the ratio between pore volume Vp [m3] and total concrete

volume (i.e., the porosity n [–]) is assumed to be equal to the area ratio of an arbitrary

plane section cut through the porous medium, giving

Vp

V
= n =

Ap

A
, (A.1)

with Ap [m2] as the cumulative area of the pore sections cut by this plane. In addition,

the following is assumed:

1. Pores cut by an arbitrary plane section have different diameters, with the distri-

bution of these diameters following the pore-size distribution obtained from, e.g.,

mercury-intrusion porosimetry (MIP) and/or image analysis. According to [29, 30,

94], a combination of the two mentioned techniques is appropriate for identification

of the pore structure of concrete. For the underlying evaluation, the real pore-

size distribution is approximated by a straight line in the log(D)-Vp-diagram (see

Figure A.1(a)).

2. Assuming spherical pores, an arbitrary section through concrete does not cut all

pores at mid section but rather cuts them in a distributed manner (see Figures 2.6

and A.2). Hence, pores of equal diameter contribute differently to the total area Ap.

This is taken into account by evenly distributing the location of the intersecting

plane over the sphere diameter (see Figure A.2).
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Figure A.1: Illustration of (a) approximation of the pore-size distribution by

[−k log(D/Dmax)] [94] and (b) division of employed pore-size distribution
into sub-pore ranges
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Figure A.2: Illustration of different contribution of spheres with equal diameter
to the total area of cut pores

Based on Assumption (1), the employed pore-size distribution is divided into a finite

number of sub-pore ranges (see Figure A.1(b)) and the number of pores corresponding to

the i-th sub-pore range, Ni [–], is determined from Ap,i [m2] and Di [m]. Subsequently,

the corresponding sub-pore volume, V0,i [m3], and the total corresponding pore volume

right before spalling, V0 [m3], are determined as

V0,i = NiVi = Ni
π

6
D3

i giving V0 =
∑

i

V0,i . (A.2)



AppendixB
Experimental determination of
specific fracture energy of concrete
by three-point bending tests

The fracture energy of concrete can be determined by (i) direct tension or (ii) bending

tests (see Figure B.1). Regarding the latter, the fracture energy may be determined

according to [99]. Hereby, (i) weight-compensated tests (where the self weight of the beam

is eliminated by a counter-weight system) and (ii) tests without weight compensation

are distinguished. In case of no self-weight compensation, the specific fracture energy

GF [J/m2] is given by (see Figure B.1(b))

GF =
W0 + W1 + W2 + W3

Alig

, (B.1)

with Alig [m2] as the area of the ligament (with Alig = b(h − a), where b [m] is the beam

width, h [m] is the beam height, and a [m] is the notch height). In Equation (B.1),

W0 =

∫ δ0

0

Pexp dδ (B.2)

is the external work W0 [J] (area under the experimentally-obtained load-deflection curve)

and

W1 =
(m1

2
+ m2

)

gδ0 (B.3)

is the work performed by the mass of the beam between the supports, m1 [kg], and the

mass of the part of the loading device not attached to the machine, m2 [kg] (following the

beam until failure), g = 9.81 m/s is the gravity acceleration, and δ0 [m] is the mid-span

beam deflection at failure. According to [50, 91], W3 can be neglected.
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Figure B.1: Three-point bending test: (a) test setup and (b) load-deflection
curve in case of no weight compensation [50]

According to [34, 35, 49, 95], the so-obtained fracture energy changes with sample size

which is attributed to the following characteristics of the experimental setup:

1. At the supports, friction1 between support and beam leads to an overestimation of

the fracture energy by 2 % to 5 % [49].

2. Dissipation of energy in the bulk material results in an overestimation of the fracture

energy by 5 % to 10 % due to damage at central support and 1 % to 2% due to

damage in regions of high tensile stresses, respectively [95].

3. W2 is determined by assuming rigid-body motion of the two parts of the beam [34,

1In addition to friction, crushing of the beam at the supports is mentioned in [49]. This effect is elimi-
nated by determining the net displacement of the beam (mid-span deflection minus vertical displacement
of the beam above the supports).



Determination of specific fracture energy of concrete 102

35], giving

M = b

∫ zc

0

σ [w(z)] zdz =
b

θ2

∫ w(zc)

0

σ (w) wdw =
ζb

θ2
, (B.4)

where θ [rad] is the opening angle and z was substituted by w/θ (see Figure B.1(a)).

Inserting

M =
[

Pexp +
(m1

2
+ m2

)

g
] l

4
=

P l

4
and θ =

4δ

l
(B.5)

into Equation (B.4) leads to [34, 35]

M

b
=

1

θ2
ζ and P =

ζbl

4δ2
, (B.6)

allowing extrapolation of the experimental P -δ curve as indicated in Figure B.1(b).

Hereby, the unknown parameter ζ [N] (introduced in Equation (B.4)) is obtained

from linear regression of the experimental results (see Figure B.2).

0 30000 40000 50000 6000010000 20000 1/θ2

M/b300250200150100500 ζ
1

experimental resultsregressionlinear failure
Figure B.2: Determination of parameter ζ from linear regression of the part of

the bending experiment close to failure of the beam, i.e., for large values
of θ [34]

Accordingly, the specific fracture energy GF , determined from application of Equations (B.1)

and (B.6) to the results of the three-point bending experiments, was reduced by 10 %,

accounting for the abovementioned dissipative processes. Moreover, aging of concrete was

considered by the empirical relation2 [12, 81]

GF (28days) = GF (t)
1

1 + 0.277 · log(t/28)
. (B.7)

2The empirical relation is obtained in [81] from compressive-strength data. It is assumed that this
relation holds for the increase of GF in consequence of aging.
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Concerning the temperature dependence of the fracture energy, contradictory experimen-

tal results are reported in the open literature:

• In [12], the fracture energy of concrete was determined at elevated temperatures up

to 200 ◦C, showing a decrease of GF with temperature.

• In [82, 133], the residual fracture energy continuously increased up to a tempera-

ture of 300 to 400 ◦C and decreased thereafter. The fracture energy obtained on

hot concrete specimens, on the other hand, showed a decreasing behavior up to a

temperature of 150 ◦C followed by a continuous increase. It is, however, stated

in [82, 133] that transient effects at temperatures up to 150 ◦C may have altered

the experimental results for GF at the respective temperatures.

• In [8, 36], no clear trend for the residual fracture energy was obtained and it was

therefore concluded that GF may be assumed to be independent of temperature.

Considering these contradictory conclusions regarding the temperature dependence of the

specific fracture energy of concrete, GF was assumed to be temperature-independent, with

a mean value for the fracture energy obtained from 46 experiments given by GF = 90 J/m2

(see Table B.1).

Table B.1: Adjusting the experimental result for GF [J/m2]
Mean value from experimental results 145
Correction, taking into account . . .

dissipative processes -10% -15
age of specimens (≈ 580 days) -27% -40

Adjusted value of GF [J/m2] 90



AppendixC
Klinkenberg’s formulation for the
slip-flow phenomenon [64]

C.1 Gas flow through a circular tube

The equilibrium condition in the direction of flow formulated for a tube of length dx and

inner and outer radius of r and r + dr, respectively, reads (see Figure C.1)

r 2 π dr [−σxx(x) + σxx(x + dx)]

−r 2 π dx τrx(r) + (r + dr) 2 π dx τrx(r + dr) = 0, (C.1)

where σxx [Pa] is related to the pressure in the tube, with σxx = −p, and τrx [Pa] is the

shear stress. The latter is a function of the dynamic viscosity η [Pa s] and the velocity

dx

r 0
r

d
r σxx(x + dx)σxx(x) �ow diretionτrx(r)

τrx(r + dr)

x

z

Figure C.1: Stresses acting on an infinitesimal volume element for the gas flow
through a circular tube [71]
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gradient ∂v/∂r, reading

τrx = η
∂v

∂r
. (C.2)

Expressing σxx(x + dx) and τrx(r + dr) in Equation (C.1) by means of Taylor series and

considering Equation (C.2) gives

p 2πr dr −

[

p +
∂p

∂x
dx +

∂2p

∂x2
dx2 + . . .

]

2πr dr

−η
∂v

∂r
2πr dx + r

[

η
∂v

∂r
+

∂

∂r

(

η
∂v

∂r

)

dr +
∂2

∂r2

(

η
∂v

∂r

)

dr2 + . . .

]

2π dx

+dr

[

η
∂v

∂r
+

∂

∂r

(

η
∂v

∂r

)

dr +
∂2

∂r2

(

η
∂v

∂r

)

dr2 + . . .

]

2π dx = 0. (C.3)

Dividing Equation (C.3) by 2π η dx dr, followed by dr → 0 and dx → 0, yields

−
r

η

∂p

∂x
+ r

∂

∂r

(
∂v

∂r

)

+
∂v

∂r
= 0 →

r

η

∂p

∂x
=

∂

∂r

(

r
∂v

∂r

)

. (C.4)

Integrating Equation (C.4) with respect to the radius r, one gets

r
∂v

∂r
=

r2

2η

∂p

∂x
+ A giving

∂v

∂r
=

r

2 η

∂p

∂x
+ A

1

r
, (C.5)

where A is an integration constant. Finally, integration of Equation (C.5) yields the

velocity field as

v(r) =
r2

4 η

∂p

∂x
+ A ln r + B, (C.6)

where the integration constants A and B in Equation (C.6) need to be specified by the

boundary conditions at r = 0 and r = r0:

• The condition v < ∞ at r = 0 leads to A = 0.

• According to [64], one half of the gas molecules in the layer next to the boundary

of the tube, i.e., next to r = r0 is moving towards the wall, whereas the other half

moves in the opposite direction. The gas molecules moving towards the wall had

their last collision with another molecule somewhere in the flowing mass and, hence,

have an average velocity component in the direction of the flow. Based on a finite

velocity v0 near the wall at r = r0 and a constant velocity gradient perpendicular

to the wall dv/dz, with z = r0 − r, the velocity next to r = r0 can be approximated

as (see Figure C.2)

v(z) = v0 + z
dv

dz
. (C.7)

Assuming that the average velocity component of the molecules moving towards the

wall is equal to the velocity at the location of their last collision, i.e., at λ c, where
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z

r = r0

dv/dz1
λc

v(r)

v0

r0

r

boundary layer ollidemoleules
Figure C.2: Distribution of velocity component in the direction of flow and

boundary layer λc according to [64]

λ [m] is the mean free path of the gas molecules and c is a proportionality factor,

the average velocity of this half of molecules is obtained from Equation (C.7) as

v = v0 + c λ
dv

dz
= v0 − c λ

dv

dr
. (C.8)

Assuming that the molecules moving away from the wall, i.e., after having had

contact with the wall, have zero velocity in the direction of the flow, the average

velocity component of all molecules in the boundary layer, v0, equals

v0 =
1

2
v = −c λ

∂v

∂r
. (C.9)

Expressing Equations (C.9) and (C.6) for r = r0, one gets

− c λ
∂v

∂r

∣
∣
∣
∣
r=r0

=
r2
0

4 η

∂p

∂x
+ B, (C.10)

finally giving access to the integration constant B in the form

B = − c λ
∂v

∂r

∣
∣
∣
∣
r=r0

−
r2
0

4 η

∂p

∂x
. (C.11)

Considering Equation (C.5) in Equation (C.11) and inserting the result into the expression

for the velocity (Equation (C.6)), the velocity field v(r) is obtained in the form

v(r) = −
1

4 η

∂p

∂x
(−r2 + 2 c λ r0 + r2

0) . (C.12)
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The flux through the tube, Q [m3/s], is obtained from integration of the velocity v (Equa-

tion (C.12)) over the cross-sectional area, reading

Q =

∫

A

v dA =

∫ r0

0

2πr v dr = −
π

2 η

∂p

∂x

∫ r0

0

(−r3 + 2 c λ r0 r + r2
0 r) dr

= −
π r4

0

8 η

∂p

∂x

(

1 +
4 c λ

r0

)

. (C.13)

Considering that the mean free path λ is inversely proportional to the pressure p, as

mentioned in [64], 4cλ/r0 can be replaced by b/p, giving

Q = −
π r4

0

8 η

∂p

∂x

(

1 +
b

p

)

, (C.14)

where b [Pa] is a constant.

C.2 Identification of the slip-flow phenomenon

For the Hagen-Poiseuille law for incompressible fluids, v = 0 at the boundary of the tube

at r = r0, giving B from Equation (C.6) as

B = −
r2
0

4η

∂p

∂x
. (C.15)

Based on the velocity field v, obtained from specification of Equation (C.12) for the case

of incompressible flow, reading

v(r) = −
1

4η

∂p

∂x
(−r2 + r2

0) , (C.16)

integration over the cross-sectional area of the tube yields the flux Q in the form

Q =

∫

A

v dA =

∫ r0

0

2πr v dr = −
π

2 η

∂p

∂x

∫ r0

0

(
−r3 + r2

0 r
)
dr

= −
π r4

0

8 η

∂p

∂x
. (C.17)

Comparison of Equation (C.14) with Equation (C.17) shows that the slip-flow phenomenon

is represented by the term (1 + b/p). Considering this slip-flow term in Darcy’s equation,

reading for incompressible flow (where k = kint)

Q = −kint
A

η

dp

dx
, (C.18)

the flux of a compressible fluid through porous media is obtained as

Q = −k
A

η

dp

dx
= −kint

(

1 +
b

p

)
A

η

dp

dx
, (C.19)
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with the permeability k given by

k = kint

(

1 +
b

p

)

. (C.20)



AppendixD
Back-calculation of material
parameters for in-situ concrete

Considering the recorded mixing parameters of in-situ concrete without PP-fibers and

fi = mi/ρi, with i ∈ {agg . . . aggregates, cem . . . cement, fa . . . fly ash, w . . . water,

a . . . air}, where fi [–] and mi [kg/m3] are the specific volume fraction and the mass of

the respective constituent per m3 of fresh concrete and ρi [kg/m3] is the respective specific

density, yields the volume fraction of aggregates as

fagg = 1 − fa − fw − ffa − fcem

= 1 − 0.035 −
157

1000
−

60

2300
−

260

3150
= 0.70 . (D.1)

This leads to the specific aggregate density as

ρagg =
magg

fagg

=
1909

0.70
= 2730 kg/m3. (D.2)

In case of in-situ concrete with 1.5 kg/m3 PP-fibers, the aggregate mass can be determined

from the concrete density as

ρ = magg + mcem + mfa + mw + mPP = 2352 kg/m3 →

magg = ρ − mPP − mw − mfa − mcem

= 2352 − 1.5 − 157 − 60 − 260 = 1873.5 kg/m3, (D.3)
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where mPP = 1.5 kg/m3 is the mass of the PP-fibers. With all specific densities at hand,

the air content for in-situ concrete with 1.5 kg/m3 PP-fibers can be determined from

fa = 1 − fPP − fw − ffa − fcem − fagg

= 1 −
1.5

910
−

157

1000
−

60

2300
−

260

3150
−

1873.5

2730
= 0.046 . (D.4)



AppendixE
Finite-element (FE) formulation of
governing equations for heat and
mass transport in heated concrete

E.1 Coupled FE-formulation of governing equations

E.1.1 Mass and energy balance equations [72, 90]

When the macroscopic mass balance equations for a porous medium (e.g., soil, concrete,

etc.) are derived, all considerations are based on a multi-scale approach, starting at

the microscopic level. By applying averaging techniques, the macroscopic mass balance

equations can be determined from the respective microscopic balance equations [72], yield-

ing1 [72, 90]:

1. Solid phase (superscript s):

(1 − n)

ρs

Dsρs

Dt
−

Dsn

Dt
+ (1 − n) div vs =

ṁdehydr

ρs
; (E.1)

1The above depicted equations were derived for soils [72]. In case of concrete, the dehydration of the
cement matrix during heating has to be considered additionally [90]. This results in (i) an additional
source/sink term on the right-hand side of Equation (E.1) (affecting all other equations since they are
obtained by summation with the solid mass balance equation) and Equation (E.2) and (ii) extension of
the time derivative of the solid density.
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2. Water phase (superscript w, involving the solid mass balance equation):

nρw DsSw

Dt
+ nSw

Dsρw

Dt
− ρw(1 − n)Swβs

DsT

Dt
+ ρwSw div vs

+ div

[

ρw kkrw

ηw
(−grad pw + ρwg)

]

−
(1 − n)ρwSw

ρs

∂ρs

∂ξdehydr

Dsξdehydr

Dt

= −ṁvap − ṁdehydr + ρwSw
ṁdehydr

ρs
; (E.2)

3. Vapor phase (superscript gw, involving the solid mass balance equation):

−nρgw DsSw

Dt
+ n(1 − Sw)

Dsρgw

Dt
− ρgw(1 − n)(1 − Sw)βs

DsT

Dt

+ρgw(1 − Sw) div vs + div

[

ρgw kkrg

ηg
(−grad pg + ρgg)

]

− div

[

ρg MaMw

M2
g

Deff grad

(
pgw

pg

)]

−
(1 − n)ρgw(1 − Sw)

ρs

∂ρs

∂ξdehydr

Dsξdehydr

Dt

= ṁvap + ρgw(1 − Sw)
ṁdehydr

ρs
; (E.3)

4. Air phase (superscript ga, involving the solid mass balance equation):

−nρga DsSw

Dt
+ n(1 − Sw)

Dsρga

Dt
− ρga(1 − n)(1 − Sw)βs

DsT

Dt

+ρga(1 − Sw) div vs + div

[

ρgakkrg

ηg
(−grad pg + ρgg)

]

− div

[

ρg MaMw

M2
g

Deff grad

(
pga

pg

)]

−
(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂ξdehydr

Dsξdehydr

Dt

= ρga(1 − Sw)
ṁdehydr

ρs
. (E.4)

Finally, combination of Equations (E.1), (E.2), and (E.3) (in order to eliminate the mass

source term associated with vaporization, ṁvap) yields the governing mass balance equa-

tion for the water phase (comprising both liquid water and water vapor), reading2 (see

2For the case of concrete under fire loading (fast heating), several assumptions lead to the following
simplifications:

• No movement of the solid phase is considered, therefore the terms including the solid velocity
vanish;

• Gravitational effects are considered negligible, therefore the corresponding terms in the advectional
flux terms vanish;
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Equation (3.1))

n(ρw − ρgw)
DsSw

Dt
︸ ︷︷ ︸

1

+ n(1 − Sw)
Dsρgw

Dt
︸ ︷︷ ︸

2

+ nSw
Dsρw

Dt
︸ ︷︷ ︸

3

− (1 − n)βs [ρgw + (ρw − ρgw)Sw]
DsT

Dt
︸ ︷︷ ︸

4

− div

(

ρgw kkrg

ηg
grad pg

)

︸ ︷︷ ︸

5

− div

(

ρw kkrw

ηw
grad pw

)

︸ ︷︷ ︸

6

− div

[

ρg MaMw

M2
g

Deff grad

(
pgw

pg

)]

︸ ︷︷ ︸

7

= −
(1 − n) [ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂ξ

Dsξ

Dt
︸ ︷︷ ︸

8

− [ρgw(1 − Sw) + ρwSw]
ṁdehydr

ρs

︸ ︷︷ ︸

9

+ ṁdehydr
︸ ︷︷ ︸

10

. (E.5)

In Equation (E.5), terms 1, 2, 3, and 4 are time derivatives and represent accumulation or

capacity terms. Part of term 1 and term 2 are associated with the water-vapor density ρgw,

whereas the other part of term 1 and term 3 are associated with the density of water, ρw.

Term 4 originates from the time derivative of the solid density ρs and is associated with

the volume expansion. Terms 5, 6, and 7 are space derivatives and represent flux terms.

Whereas terms 5 and 6 account for Darcian (pressure-driven) flow, associated with water

vapor and liquid water, respectively, term 7 accounts for Fick’s flow (concentration gra-

dient as driving force) of water vapor in the gaseous mixture. On the RHS, source and

sink terms are collected, term 8 originates from the time derivative of the solid density

ρs and is associated with the change in solid density in consequence of dehydration of

the cement paste. Terms 9 and 10 are source terms associated with dehydration, whereas

term 9 originates from the mass balance equation of the solid phase, which is included in

Equation (E.5). Term 10 originates from the mass balance equation of the liquid water

• The term ṁdehydr is considered to be the amount of water that is liberated during dehydration,
therefore it needs to be negative in the solid mass balance equation and positive in the water mass
balance equation.

• The dehydration process is from now on described by the degree of hydration ξ rather than by the
degree of dehydration ξdehydr, therefore the sign changes in the respective derivatives (because of
ξdehydr = 1 − ξ).
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phase and corresponds to the water that is liberated during dehydration.

Combination of Equations (E.1) and (E.4) yields the governing mass balance equation for

the dry-air phase, reading (see Equation (3.2))

−nρga DsSw

Dt
︸ ︷︷ ︸

1

+ n(1 − Sw)
Dsρga

Dt
︸ ︷︷ ︸

2

− ρga(1 − n)(1 − Sw)βs
DsT

Dt
︸ ︷︷ ︸

3

− div

(

ρgakkrg

ηg
grad pg

)

︸ ︷︷ ︸

4

− div

[

ρg MaMw

M2
g

Deff grad

(
pga

pg

)]

︸ ︷︷ ︸

5

= −
(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂ξ

Dsξ

Dt
︸ ︷︷ ︸

6

− ρga(1 − Sw)
ṁdehydr

ρs

︸ ︷︷ ︸

7

. (E.6)

In Equation (E.6), terms 1, 2, 3 are time derivatives and represent accumulation or

capacity terms. Terms 1 and 2 are associated with the dry-air density ρga, whereas term 3

originates from the time derivative of the solid density ρs and is associated with the volume

expansion. Terms 4 and 5 are space derivatives and represent flux terms. Whereas term 4

accounts for Darcian (pressure-driven) flow of dry air, term 5 accounts for Fick’s flow

(concentration gradient as driving force) of dry air in the gaseous mixture. On the RHS,

source and sink terms are collected, term 6 originates from the time derivative of the solid

density ρs and is associated with the change in solid density in consequence of dehydration

of the cement paste. Term 7 is a source term associated with dehydration and originates

from the solid mass balance equation, which is included in Equation (E.6).

In the same manner as for the mass balance equations, the microscopic energy balance

equation is derived and transformed (by using the second law of thermodynamics, i.e.,

entropy inequality) into a macroscopic energy (enthalpy) balance equation (see [72, 90]

for details), which is valid for all phases (solid, water, gas). For derivation of the enthalpy

balance equation for the multiphase medium, it is assumed that the phases are locally

in thermodynamic equilibrium, meaning that the averaged temperatures of the different

phases are equal at each point. The macroscopic energy balance equations for the different

phases, including dehydration of the cement paste read (under consideration of Fourier’s

law for heat conduction, giving the heat flux, see [90] for details):

1. Solid phase (superscript s):

ρsc
s
p

∂T

∂t
+ ρsc

s
pv

s grad T − div (λs grad T ) = ρsh
s + ρsR

s
H − ṁdehydrH

ws(E.7)

2. Water phase (superscript w):

ρwcw
p

∂T

∂t
+ ρwcw

p vws grad T − div (λw grad T )

= ρwhw + ρwRw
H + ṁvapH

w + ṁdehydrH
w (E.8)
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3. Gas phase (water and dry air, superscript g):

ρgc
g
p

∂T

∂t
+ ρgc

g
pv

gs grad T − div (λg grad T ) = ρgh
g + ρgR

g
H − ṁvapH

gw (E.9)

Summing up Equations (E.7) to (E.9) results in elimination of the heat exchange terms

(ρπR
π
H). Neglecting further the density heat source terms (ρπh

π) and convective heat

fluxes within the solid phase yields [41, 42, 43, 90, 112, 115]:

(ρcp)eff
∂T

∂t
+ ρgcg

p

[
kkrg

ηg
(−grad pg + ρgg)

]

grad T

+ρwcw
p

[
kkrw

ηw
(−grad pw + ρwg)

]

grad T − div (λeff grad T )

= −ṁvaph + ṁdehydrl
w
ξ , (E.10)

where the mass flux terms are introduced by using Darcy’s law and the mass source term

for vaporization, ṁvap, is obtained from the mass balance equation for the water phase

(Equation (E.2)), yielding

ṁvap = −nρw DsSw

Dt
− nSw

Dsρw

Dt
+ ρw(1 − n)Swβs

DsT

Dt
− ρwSw div vs

− div

[

ρw kkrw

ηw
(−grad pw + ρwg)

]

+
(1 − n)ρwSw

ρs

∂ρs

∂ξdehydr

Dsξdehydr

Dt

+ρwSw
ṁdehydr

ρs
− ṁdehydr . (E.11)

Introduction of the same assumptions as for the mass balance equations ((i) no movement

of the solid phase takes place, (ii) gravitational effects are negligible, (iii) opposite sign

notation of ṁdehydr, (iv) replacing ξdehydr by ξ), yields the final form of Equation (E.10),

reading (see Equation (3.3))

(ρcp)eff
∂T

∂t
︸ ︷︷ ︸

1

−







ρgcg
p

kkrg

ηg
grad pg

︸ ︷︷ ︸

2

+ ρwcw
p

kkrw

ηw
grad pw

︸ ︷︷ ︸

3







grad T

− div (λeff grad T )
︸ ︷︷ ︸

4

= − ṁvaph
︸ ︷︷ ︸

5

− ṁdehydrl
w
ξ

︸ ︷︷ ︸

6

, (E.12)
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with (see Equation (3.4))

ṁvap = −nρw DsSw

Dt
︸ ︷︷ ︸

1

−nSw
Dsρw

Dt
︸ ︷︷ ︸

2

+ ρw(1 − n)Swβs
DsT

Dt
︸ ︷︷ ︸

3

+ div

(

ρw kkrw

ηw
grad pw

)

︸ ︷︷ ︸

4

−
(1 − n)ρwSw

ρs

∂ρs

∂ξ

Dsξ

Dt
︸ ︷︷ ︸

5

− ρwSw
ṁdehydr

ρs

︸ ︷︷ ︸

6

+ ṁdehydr
︸ ︷︷ ︸

7

. (E.13)

In Equation (E.12), term 1 represents the heat capacity of the multi-phase continuum,

whereas terms 2, 3, and 4 are space derivatives or flux terms. Terms 2 and 3 account

for heat advection caused by mass transport associated with the gas mixture and with

the liquid water, respectively. Term 4 represents energy transport in consequence of heat

conduction (Fourier’s law). On the RHS, source and sink terms are collected. Term 5

accounts for consumption or release of energy due to vaporization or condensation of

water, respectively, the corresponding mass source term, ṁvap, is given in Equation (E.13).

Term 6 represents energy consumption in consequence of dehydration of the cement paste.

Equation (E.13) results, as mentioned before, from rearranging the water mass balance

equation (Equation (E.2)) and has a similar structure as Equation (E.5).

E.1.2 Primary state variables, constitutive relations

In this analysis, the primary state variables are chosen to be the capillary pressure pc [Pa],

the gas pressure pg [Pa], and the temperature T [◦C].

The capillary pressure pc [Pa] is defined as the difference between gas pressure pg and

water pressure pw, reading

pc = pg − pw . (E.14)

For a detailed definition and the derivation of the capillary pressure, see [88].

For definition of the gas pressure pg [Pa], Dalton’s law is employed, defining pg as the sum

of the partial pressures of water vapor and dry air, respectively, hence

pg = pgw + pga . (E.15)

In the following, the variables are defined in the order they appear in Equations (E.5),

(E.6), and (E.12). For details on selected empirical functions, see [41, 90].

• The porosity of concrete n [–] is considered to be temperature-dependent, thus

n = n(T ) = n0 + An(T − T0) , (E.16)
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with An [1/◦C] as an empirical parameter depending on the concrete mix design

and n0 [–] as reference porosity at reference temperature T0 [◦C].

• The water density ρw [(kg water)/(m3 water)] depends on temperature T [◦C] and

water pressure pw [Pa]. Since ρw increases by 0.4 % for a pressure increase of 10 MPa,

the compressibility of liquid water is neglected. For capturing the temperature

dependence of ρw, an empirical formula (Furbish formula [38]) is introduced, reading

(for T ≤ 374.15 ◦C)

ρw = ρw(T )

= (b0 + b1T + b2T
2 + b3T

3 + b4T
4 + b5T

5)

+(pw1 − pwrif)(a0 + a1T + a2T
2 + a3T

3 + a4T
4 + a5T

5) , (E.17)

with b0 = 1.0213 · 103, b1 = −7.7377 · 10−1, b2 = 8.7696 · 10−3, b3 = −9.2118 · 10−5

b4 = 3.3534 · 10−7 b5 = −4.4034 · 10−10, pw1 = 1.0 · 107 Pa, pwrif = 2.0 · 107 Pa,

a0 = 4.8863 · 10−7, a1 = −1.6528 · 10−9, a2 = 1.8621 · 10−12, a3 = 2.4266 · 10−13,

a4 = −1.5996 · 10−15, and a5 = 3.3703 · 10−18.

• The water-vapor density ρgw [(kg vapor)/(m3 gas)] is expressed by the partial pres-

sure of water vapor via Clapeyron’s law for ideal gases, yielding

ρgw = ρgw(T, pgw) =
Mw

RΘ
pgw , (E.18)

where Mw [kg/mol] is the molar mass of water, R [J/(mol K)] is the gas constant,

and Θ [K] is the absolute temperature. In Equation (E.18), the partial pressure of

water vapor, pgw [Pa], is given as the product of saturation vapor pressure pgws [Pa]

and relative humidity RH [–], whereas the latter is defined by the Kelvin-Laplace

law. pgws can be expressed by the primary state variables as

pgw = pgws(T ) · RH(T, pc, ρw(T )) = pgws(T ) exp

(

−
pcMw

ρwRΘ

)

. (E.19)

The saturation vapor pressure, pgws [Pa], is defined by an empirical relation (Hyland-

Wexler formula [56]), reading

pgws = pgws(T ) = exp
[c1

Θ
+ c2 + c3Θ + c4Θ

2 + c5Θ
3 + c6ln(Θ)

]

, (E.20)

with c1 = − 5.8002206 · 103, c2 = 1.3914993, c3 = − 4.8640239 · 10−2,

c4 = 4.1764768 · 10−5, c5 = − 1.4452093 · 10−8, and c6 = 6.5459673.

• The saturation Sw [–] is considered to be a function of temperature T [◦C] and

capillary pressure pc [Pa], reading (see Subsection 3.4.2 for details)

Sw = Sw(T, pc) . (E.21)
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• The thermal expansion coefficient for concrete (solid phase), βs [1/◦C], is consid-

ered to be constant with an average value for βs for the temperature range under

consideration.

• The intrinsic permeability coefficient k [m2] is defined by an isotropic temperature-

dependent parameter determined from permeability experiments, giving the rela-

tionship (see Subsection 3.4.3 for details)

k = k(T ) 1 . (E.22)

• The relative permeabilities with respect to the gas mixture and the water phase,

krg [–] and krw [–], respectively, take into account multi-phase flow and, hence, the

reduction of the permeability to one phase in case a second phase is present in the

pore structure. Therefore,

krg = krg (Sw (T, pc)) (E.23)

and

krw = krw (Sw (T, pc)) (E.24)

need to be taken into account (see Subsection 3.4.3 for details).

The relative permeabilities of soils to water have been under sufficient investigation

regarding ground water flow (see, e.g., [80, 88]). More recent research on the perme-

ability of partially-saturated concrete showed that the developed relations are also

applicable to concrete [79, 100], reading (see Figure E.1)

krw = Sp
w

[

1 −
(
1 − S(1/m)

w

)m
]2

(E.25)

and

krg = (1 − Sw)p
(
1 − S(1/m)

w

)2m
. (E.26)

Another model for the relative permeability to water, krw, is proposed in [15, 102],

where krw is defined proportionally to the solid-liquid interface, yielding [15, 41, 102]

krw =

(
Sw − Sr

w

1 − Sr
w

)Aw

, (E.27)

where Sr
w [–] is the residual saturation (the porous medium cannot be dewatered

further) and Aw [–] is an empirical parameter. According to [15, 41, 122], the relative

permeability to gas can be defined as

krg = 1 −

(
Sw

Scr
w

)Ag

, (E.28)

where Scr
w [–] is the critical saturation (above which there is no gas flow in the porous

medium) and Ag [–] is an empirical parameter. Plots of Equations (E.27) and (E.28)

are depicted in Figure E.1.
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Figure E.1: Relative permeabilities of concrete to water and gas versus degree of
saturation (parameters: p = 5.5, m = 0.56, Sr

w = 0, Aw = 6.0, Scr
w = 1.0,

and Ag = 1.0)

• The dynamic viscosity for the gas mixture, ηg [Pa s], can be expressed by an em-

pirical relationship, depending on the dynamic viscosities of its constituents, i.e.,

water vapor and dry air, and the pressures of the gas mixture and the dry air

pressure [41, 90]:

ηg = ηg(ηgw, ηga, pg, pga) . (E.29)

The dynamic viscosities of water vapor and dry air, ηgw [Pa s] and ηga [Pa s],

respectively, are functions of temperature T [◦C]:

ηgw = ηgw(T ) and ηga = ηga(T ) . (E.30)

Using Equation (E.15), the partial pressure of the dry air phase, pga[Pa], can be

expressed by the pressure of the gas mixture, pg [Pa], and the partial pressure of

the water-vapor phase, pgw [Pa]. This yields

ηg = ηg (ηgw(T ), ηga(T ), pg, pg − pgw(T, pc, ρw(T )))

= ηgw + (ηga − ηgw)

(
pga

pg

)bg

, (E.31)

with

ηgw = ηgw(T ) = ηgw0 + agw(T − T0) (E.32)

and

ηga = ηga(T ) = ηga0 + aga(T − T0) + bga(T − T0)
2 . (E.33)

In Equation (E.31), bg = 0.608. In Equations (E.32) and (E.33), ηgw0 = 8.85·10−6

Pa s, agw = 3.633 · 10−8 (Pa s)/◦C, ηga0 = 17.17 · 10−6 Pa s, aga = 4.733·10−8

(Pa s)/◦C, and bga = − 2.222 · 10−11 (Pa s)/(◦C)2.
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• The dynamic viscosity for the water phase, ηw [Pa s], is expressed by a temperature-

dependent empirical function, reading

ηw = ηw(T ) = aw(T + 44.15)bw , (E.34)

with aw = 6.612 · 10−1 and bw = −1.562.

• The gas density ρg [(kg gas)/(m3 gas)], which is defined considering Equation (E.15)

as the density of the mixture of water vapor and dry air, can be written as

ρg = ρg[ρgw(T, pgw), ρga(T, pga)] = ρgw + ρga , (E.35)

where ρgw [(kg vapor)/(m3 gas)] is the water-vapor density and ρga [(kg air)/(m3 gas)]

is the dry-air density.

• The molar mass of water and air, Mw and Ma [kg/mol], respectively, are constants,

with Mw = 18.0152 · 10−3 kg/mol and Ma = 28.95 · 10−3 kg/mol (see, e.g., [17]).

• The molar mass of the gas mixture Mg [kg/mol] is determined by application of

Clapeyron’s law for ideal gases to Equation (E.35), yielding, under consideration of

Equation (E.15) for description of the dry-air pressure pga,

ρg = ρg(T, pg) =
Mg

RΘ
pg =

Mw

RΘ
pgw +

Ma

RΘ
pga

→ Mg = Mg(pgw(pgws(T ), RH(T, pc, ρw(T ))), pg)

=
1

pg
(Mwpgw + Map

ga) = Ma + (Mw − Ma)
pgw

pg
. (E.36)

• According to [90], the effective diffusivity of concrete, Deff [m2/s], is isotropic and

dependent on the diffusivity of water vapor in dry air of concrete, Dva [m2/s], the

tortuosity of the pore system, τ [–], and the pore-structure factor fs [–], thus

Deff = Deff(Dva(T, pg), τ(n(T ), Sw(T, pc)), fs(T )) 1 . (E.37)

Deff depends on the diffusivity and the pore structure of the porous medium as

well as the degree of saturation, reading

Deff = τn(1 − Sw)fsDva . (E.38)

In the presented numerical, model the tortuosity is defined as

τ = n1/3(1 − Sw)7/3 . (E.39)

The pore structure factor fs [–] accounts for the form of the pores within the porous

medium and lies within the range 0 ≤ fs ≤ 1. The diffusivity of the porous medium

depends on temperature Θ and gas pressure pg, thus

Dva = Dva0

(
Θ

Θ0

)ADva patm

pg
, (E.40)
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where Dva0 [m2/s] is the reference diffusivity at reference temperature Θ0 [K], ADva

is an empirical parameter depending on the mix design under consideration, and

patm [Pa] is the atmospheric pressure.

• The solid skeleton density ρs [(kg solid)/(m3 solid)] is temperature dependent, read-

ing

ρs = ρs(T ) = ρs0 + Aρs(T − T0) , (E.41)

with Aρs [(kg solid)/(m3 solid ◦C)] as an empirical parameter depending on the

concrete mix design and ρs0 [(kg solid)/(m3 solid)] as reference density at reference

temperature T0 [◦C] (see [90] for details).

• The degree of hydration ξ [–] is defined as the ratio between the current and the ini-

tial amount of chemically-bound water (water that was consumed during hydration

of the cement paste), mh and mh0, respectively, thus

ξ =
mh

mh0

. (E.42)

During dehydration, ξ decreases with increasing temperature (therefore, ξ̇ < 0) as

chemical reactions take place and water is liberated (which is accounted for by the

source term ṁdehydr [(kg water)/(s m3)], see Equation (E.47)). Hence, the hydration

degree is considered to be a function of the maximum temperature reached in the

respective region of the structure (see Subsection 3.4.1 for details):

ξ = ξ(Tmax) . (E.43)

In the numerical model, one of the empirical functions depicted in Figure E.2 can

be considered:

1. Relation on basis of thermogravimetric measurements I:

Hereby, the experimental results presented in [52] are fit by an empirical func-

tion, reading [90]

ξ = 1 for T < 105◦C and

ξ = 1 −
1

2

{

1 + sin
[π

2
(1 − 2exp [−0.004(T − 105)])

]}

for T ≥ 105◦C . (E.44)

2. Relation on basis of mechanical properties:

Hereby, the linear dependence of the Young’s modulus on the degree of hy-

dration during cement hydration is extended to dehydration in consequence of

temperature loading [123]. On basis of design curves for E(T )/E0(T0) (see,

e.g., [22]), a curve fit was found for ξ = ξ(T ), reading [92]

ξ =
√

exp
[
− (T/345.4285)2

]
. (E.45)
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3. Relation on basis of thermogravimetric measurements II:

On basis of experimental results presented in [117], the empirical function

depicted in Figure E.2(c) is introduced within the numerical model, reading

ξ = 1 for T < 80◦C and

ξ =
1

2

{

1 + cos
[ π

1010
(T − 80)

]}

for 80 ≤ T ≤ 1090◦C and

ξ = 0 for T > 1090◦C . (E.46)

• The liberated mass during dehydration is defined as ṁdehydr [(kg water)/(s m3 porous

material)]. As dehydration of the cement paste results in liberation of water, ṁdehydr

is considered to be a function of the degree of hydration ξ [–], yielding

ṁdehydr = ṁdehydr(ξ(T )) = −mcfh
mw

mc

∂ξ

∂t
, (E.47)

where mw/mc [(kg water)/(kg binder)] is the water-cement (binder) ratio with

mw [(kg water)/m3] as the water content and mc [(kg binder)/m3] as the cement

(binder) content and fh [(kg hydrated binder)/(kg binder)] is the aging coefficient

which describes the degree of hydration that is reached during hardening of the

concrete, with 0 ≤ fh ≤ 1 and fh = 1 only for full hydration.

• The dry-air density ρga [(kg air)/(m3 gas)] can be expressed by the pressure of

the dry-air phase, pga [Pa], under consideration of Clapeyron’s law for ideal gases,

yielding

ρga = ρga(T, pga) =
Ma

RΘ
pga . (E.48)

By application of Equation (E.15), the dry-air pressure can be expressed by the

pressure of the gas mixture and the partial pressure of the water-vapor phase (see

Equation (E.19)), yielding

pga = pg − pgw(pgws(T ), RH(T, pc, ρw(T )))

= pg − pgws(T ) exp

(

−
pcMw

ρwRΘ

)

. (E.49)

• The effective thermal capacity of concrete as a partially-saturated porous material,

(ρcp)eff [J/(m3 K)], is defined as the sum of the thermal capacities of the solid,

water, and gas phase, respectively, reading

(ρcp)eff = ρsc
s
p + ρwcw

p + ρgc
g
p , (E.50)

where cs
p [J/((kg solid) K)], cw

p [J/((kg water) K)], and cg
p [J/((kg gas) K)] are the

heat capacities of the respective phases.
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Figure E.2: Empirical functions for describing the degree of hydration with
respect to temperature: (a) [90]; (b) [92]; (c) [117]

The temperature-dependent specific heat capacity of the solid phase, cs
p [J/((kg

solid) K)] is given by

cs
p = cs

p(T ) = cs0
p + Acs

p
(T − T0) , (E.51)

with Acs
p

[J/((kg solid) K ◦C] as an empirical parameter depending on the type of

concrete and cs0
p [J/((kg solid) K)] as reference specific heat capacity at reference

temperature T0 [◦C].
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The thermal capacity of the gas phase (ρgcg
p) is a function of the thermal capacities

of water vapor and dry air, reading

ρgcg
p = ρgcg

p

(
ρg[ρgw(T, pc), ρga(T, pg, pc)], cga

p (T ), ρgw(T, pc), cgw
p (T )

)

= ρgcga
p + ρgw(cgw

p − cga
p ) . (E.52)

with cgw
p = 1880.0 J/(kg K) and cga

p = 1007.0 J/(kg K), which are the respective

values for a reference temperature of 20 ◦C (see, e.g., [17]).

The specific heat capacity of the water phase is set to cw
p = 4180.0 J/(kg K) (see,

e.g. [17]).

Introducing the expressions for the densities per unit volume of the porous medium,

reading ρs = (1 − n)ρs [(kg solid)/m3], ρw = nSwρw [(kg water)/m3], and ρg =

n(1 − Sw)ρg [(kg gas)/m3] finally yields [41, 90]

(ρcp)eff = (ρcp)eff

(
n(T ), ρs(T ), cs

p(T ), Sw(T, pc), ρw(T ), cw
p (T ),

ρg[ρgw(T, pc), ρga(T, pg, pc)], cga
p (T ), ρgw(T, pc), cgw

p (T )
)

= (1 − n)ρscs
p

+n
{
Swρwcw

p + (1 − Sw)
[
ρgcga

p + ρgw(cgw
p − cga

p )
]}

. (E.53)

• The effective thermal conductivity of concrete, λeff [W/(m K)], can be defined

as the sum of the thermal conductivities of the solid, water, and gas constituent,

respectively, reading

λeff = λs + λw + λg = (1 − n)λs + nSwλw + n(1 − Sw)λg . (E.54)

Another method to account for the dependence of λeff upon the three constituents

is to introduce porosity n [–] and saturation Sw [–], yielding

λeff = λeff (λs(T ), n(T ), ρw(T ), Sw(T, pc), ρs(T ))

= λs

[

1 +
4nρwSw

(1 − n)ρs

]

, (E.55)

where λs [W/(m K)] is the thermal conductivity of the dry material, which can be

expressed by an empirical relationship [52, 90], reading

λs = λs(T ) = λs0 + Aλ(T − T0) , (E.56)

with Aλ [W/(m K ◦C)] as an empirical parameter depending on the type of concrete

and λs0 [W/(m K)] as reference solid thermal conductivity at reference tempera-

ture T0 [◦C].
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• The specific enthalpy of vaporization, h [J/(kg water)], which describes the phase

change of water into vapor, is defined as the difference between the enthalpy of water

and the enthalpy of vapor, both being a function of temperature. A temperature-

dependent empirical relation for h is introduced, reading

h = h(T ) = ah (Tcr − T )bh , (E.57)

with ah = 2.672·105 J/kg, bh = 0.38, and Tcr = 374.15 ◦C as the critical temperature

of water.

• The specific enthalpy of dehydration with respect to the water phase, lwξ [J/(kg wa-

ter)], is deduced from the specific enthalpy of dehydration for the hydration prod-

ucts, lξ [J/(kg binder)], reading

lwξ = lξ
mc

mw
, (E.58)

which is constant. In Equation (E.58), the expression mc/mw is the inverse of the

water-cement (binder) ratio. lξ is determined on basis of the chemical composition

of the cement under consideration, reading

lξ =

∑

i

lξ,imi

∑

i

mi

, (E.59)

where lξ,i [J/kg] and mi [kg] are the specific enthalpy of dehydration and the mass

of the i-th cementitious compound, respectively.
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E.1.3 Weak formulation and discretization

The complete description of the mass and heat transport problem is achieved by introduc-

ing corresponding initial conditions (pc(t=0) = pc
0, pg(t=0) = pg

0, and T (t=0) = T0) and

boundary conditions at the surface of the concrete structure (FE-nodes ”1” and ”ne+1”,

see Figure 3.1). The latter are either prescribed pressures and temperatures (Dirichlet’s

boundary conditions, first kind according to [114]), reading

pc
1 = pc

1 on S1
c or pg

1 = pg
1 on S1

g or T1 = T 1 on S1
T ; (a)

pc
ne+1 = pc

ne+1 on S1
c or pg

ne+1 = pg
ne+1 on S1

g or Tne+1 = T ne+1 on S1
T ; (b)

(E.60)

or prescribed mass and heat fluxes (Neumann’s boundary conditions, second kind accord-

ing to [114]), reading (for the one-dimensional case)

(

ρgw kkrg

ηg

Dspg

Dx
+ ρw kkrw

ηw

Dspw

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))∣
∣
∣
∣
x1

= qw
1 + qgw

1

on S2
c

or

(

ρga kkrg

ηg

Dspg

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

))∣
∣
∣
∣
x1

= qga
1 on S2

g

or

(

λeff
DsT

Dx
− ρw kkrw

ηw

Dspw

Dx
h

)∣
∣
∣
∣
x1

= qT
1 on S2

T ;

(a)

−

(

ρgw kkrg

ηg

Dspg

Dx
+ ρw kkrw

ηw

Dspw

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))∣
∣
∣
∣
xne+1

= qw
ne+1 + qgw

ne+1

on S2
c

or −

(

ρga kkrg

ηg

Dspg

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

))∣
∣
∣
∣
xne+1

= qga
ne+1 on S2

g

or −

(

λeff
DsT

Dx
− ρw kkrw

ηw

Dspw

Dx
h

)∣
∣
∣
∣
xne+1

= qT
ne+1 on S2

T ;

(b)
(E.61)

where the unit normal vector at the front and rear surface is n1 = −1 and nne+1 = 1,

respectively.
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The third kind of boundary conditions (Cauchy’s boundary conditions according to [114]),

which is of a mixed type, reads

(

ρgw kkrg

ηg

Dspg

Dx
+ ρw kkrw

ηw

Dspw

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))∣
∣
∣
∣
x1

=

β1(ρ
gw
1 − ρgw

1,∞) on S3
c

or

(

ρga kkrg

ηg

Dspg

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

))∣
∣
∣
∣
x1

= 0 on S3
g

or

(

λeff
DsT

Dx
− ρw kkrw

ηw

Dspw

Dx
h

)∣
∣
∣
∣
x1

=

α1 (T1 − T1,∞) + ε1σ ((T1)
4 − (T1,∞)4) on S3

T ; (a)

−

(

ρgw kkrg

ηg

Dspg

Dx
+ ρw kkrw

ηw

Dspw

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))∣
∣
∣
∣
xne+1

=

βne+1(ρ
gw
ne+1 − ρgw

ne+1,∞) on S3
c

or −

(

ρga kkrg

ηg

Dspg

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

))∣
∣
∣
∣
xne+1

= 0 on S3
g

or −

(

λeff
DsT

Dx
− ρw kkrw

ηw

Dspw

Dx
h

)∣
∣
∣
∣
xne+1

=

αne+1 (Tne+1 − Tne+1,∞) + εne+1σ ((Tne+1)
4 − (Tne+1,∞)4) on S3

T ; (b)
(E.62)

where the vapor densities of the surroundings (ρgw
1,∞, ρgw

ne+1,∞) are prescribed and trans-

fer parameters (β1, βne+1) are used. Regarding heat transfer, the temperature of the

surroundings (T1,∞, Tne+1,∞) are prescribed and (α1, αne+1) and (ε1, εne+1) account for

convective and radiative heat transfer fluxes, respectively, where σ = 5.67 ·10−8 W/(m2

K4) is the Stefan-Boltzmann constant.
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The mass and energy balance equations (Equations (E.5), (E.6), and (E.12)) are trans-

formed into weak formulations by introducing arbitrary pressure fields δpc and δpg and

an arbitrary temperature field δT . Combination of Equation (E.5) with Equations (E.60)

to (E.62) yields the weak formulation for the one-dimensional mass balance equation for

the water species, reading3

∫ xne+1

x1

δpc

[

n(ρw − ρgw)
DsSw

Dt
+ n (1 − Sw)

Dsρgw

Dt
+ nSw

Dsρw

Dt
− βswg

DsT

Dt

−
Ds

Dx

(

ρgw kkrg

ηg

Dspg

Dx

)

−
Ds

Dx

(

ρw kkrw

ηw

Dspw

Dx

)

−
Ds

Dx

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)]

+
(1 − n) [ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂T

DsT

Dt

+ [ρgw(1 − Sw) + ρwSw]
ṁdehydr

ρs
− ṁdehydr

]

dx

+δpc
1

[

−

(

ρgw kkrg

ηg

Dspg

Dx
+ ρw kkrw

ηw

Dspw

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))∣
∣
∣
∣
x1

+qw
1 + qgw

1 + β1(ρ
gw
1 − ρgw

1,∞)
]

+δpc
ne+1

[(

ρgw kkrg

ηg

Dspg

Dx
+ ρw kkrw

ηw

Dspw

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))∣
∣
∣
∣
xne+1

+qw
ne+1 + qgw

ne+1 + βne+1(ρgw
ne+1 − ρgw

ne+1,∞)
]

= 0 , (E.64)

where

βswg = (1 − n)βs [ρgw + (ρw − ρgw)Sw] . (E.65)

3As depicted in Equation (E.41), the solid skeleton density ρs [(kg solid)/(m3 solid)] is defined as a
function of temperature T . Therefore, the derivative with respect to the hydration degree ξ (occurring
in term 8 of Equation (E.5), in term 6 of Equation (E.6), and in term 9 of Equation (E.12)) can be
transformed in the following manner:

∂ρs

∂ξ

Dsξ

Dt
=

∂ρs

∂ξ

∂ξ

∂T

DsT

Dt
=

∂ρs

∂T

DsT

Dt
. (E.63)
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Combination of Equation (E.6) with Equations (E.60) to (E.62) yields the weak formula-

tion for the one-dimensional mass balance equation for the air phase, reading

∫ xne+1

x1

δpg

[

−nρga DsSw

Dt
+ n(1 − Sw)

Dsρga

Dt
− βsaρ

ga DsT

Dt

−
Ds

Dx

(

ρga kkrg

ηg

Dspg

Dx

)

−
Ds

Dx

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

)]

+
(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂T

DsT

Dt
+ ρga(1 − Sw)

ṁdehydr

ρs

]

dx

+δpg
1

[

−

(

ρgakkrg

ηg

Dspg

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

))∣
∣
∣
∣
x1

+ qga
1

]

+δpg
ne+1

[(

ρgakkrg

ηg

Dspg

Dx
+ ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

))∣
∣
∣
∣
xne+1

+ qga
ne+1

]

= 0 , (E.66)

where

βsa = (1 − n)(1 − Sw)βs . (E.67)

Combination of Equations (E.12) and (E.13) with Equations (E.60) to (E.62) yields the

weak formulation for the one-dimensional enthalpy balance equation, reading

∫ xne+1

x1

δT

[

(ρcp)eff

∂T

∂t
−

(

ρgcg
p

kkrg

ηg

Dspg

Dx
+ ρwcw

p

kkrw

ηw

Dspw

Dx

)
DsT

Dx
−

Ds

Dx

(

λeff
DsT

Dx

)

−nρw DsSw

Dt
h − nSw

Dsρw

Dt
h + βswρw DsT

Dt
h +

Ds

Dx

(

ρw kkrw

ηw

Dspw

Dx

)

h

−
(1 − n)ρwSw

ρs

∂ρs

∂T

DsT

Dt
h − ρwSw

ṁdehydr

ρs
h + ṁdehydrh + ṁdehydrl

w
ξ

]

dx

+δT1

[

−

(

λeff
DsT

Dx
− ρw kkrw

ηw

Dspw

Dx
h

)∣
∣
∣
∣
x1

+qT
1 + α1 (T1 − T1,∞) + ε1σ ((T1)

4 − (T1,∞)4)
]

+δTne+1

[(

λeff
DsT

Dx
− ρw kkrw

ηw

Dspw

Dx
h

)∣
∣
∣
∣
xne+1

+qT
ne+1 + αne+1 (Tne+1 − Tne+1,∞) + εne+1σ ((Tne+1)

4 − (Tne+1,∞)4)
]

= 0 , (E.68)

where

βsw = (1 − n)Swβs . (E.69)
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In Equations (E.64), (E.66), and (E.68), the dependent functions are introduced in their

final form, reading (see Appendix E.1.2)

n = n0 + An(T − T0) ; (1)

ρw = (b0 + b1T + b2T
2 + b3T

3 + b4T
4 + b5T

5)

+(pw1 − pwrif)(a0 + a1T + a2T
2 + a3T

3 + a4T
4 + a5T

5)

(for T ≤ Tcrit) ; (2)

ρgw =
Mw

RΘ
pgw , (3)

with pgw = pgwsRH

and pgws = exp
[c1

Θ
+ c2 + c3Θ + c4Θ2 + c5Θ3 + c6ln(Θ)

]

and RH = exp

(

−
pcMw

ρwRΘ

)

;

Sw =

[

1 +

(
Es

As

pc

)( 1
1−m)

]−m

; (4)

βswg = (1 − n)βs [ρgw + (ρw − ρgw)Sw] ; (5)

k = kint

(

1 +
b

pg

)

for gas flow and k = kint for water flow , (6)

with kint = kint,010Ak(T−T0)

krg = (1 − Sw)p
(

1 − S
1/m
w

)2m

or krg = 1 −

(
Sw

Scr
w

)Ag

; (7)

krw = Sp
w

[

1 − (1 − S
1/m
w )m

]2

or krw =

(
Sw − Sr

w

1 − Sr
w

)Aw

; (8)

ηg = ηgw + (ηga − ηgw)

(
pga

pg

)bg

(for pga ≥ 0) , (9)

with ηgw = ηgw0 + agw(T − T0)

and ηga = ηga0 + aga(T − T0) + bga(T − T0)2 ;

ηw = aw(T + 44.15)bw ; (10)

ρg = ρgw + ρga ; (11)

Mg = Ma + (Mw − Ma)
pgw

pg
; (12)

Deff = τn(1 − Sw)fsDva , (13)

with τ = n1/3(1 − Sw)7/3

and Dva = Dva0

(
Θ

Θ0

)ADva patm

pg
(for T ≤ Tcrit and pga ≥ 0) ;

ρs = ρs0 + Aρs(T − T0) ; (14)

ṁdehydr = −mcfh
mw

mc

∂ξ

∂t
, (15)

with ξ according to Figure E.2
(E.70)
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and

ρga =
Ma

RΘ
pga , (1)

with pga = pg − pgwsRH ;

βsa = (1 − n)(1 − Sw)βs ; (2)

(ρcp)eff = (1 − n)ρscs
p + n

[
Swρwcw

p + (1 − Sw)ρgcg
p

]
, (3)

with cs
p = cs0

p + Acs
p
(T − T0) (for T ≤ Tcrit) ;

ρgcg
p = ρgcga

p + ρgw(cgw
p − cga

p ) (= ρgwcgw
p + ρgacga

p ) ; (4)

ρwcw
p = ρwcw

p ; (5)

λeff = λs

[

1 +
4nρwSw

(1 − n)ρs

]

, (6)

with λs = λs0 + Aλ(T − T0) (for T ≤ 800◦C) ;

βsw = (1 − n)Swβs ; (7)

h = ah (Tcr − T )bh (for T ≤ Tcrit) ; (8)

(E.71)
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Integration by parts of the 5th term in Equation (E.64) gives

∫ xne+1

x1

δpc Ds

Dx

(

ρgw kkrg

ηg

Dspg

Dx

)

dx = δpc
ne+1

(

ρgw kkrg

ηg

Dspg

Dx

)∣
∣
∣
∣
xne+1

−δpc
1

(

ρgw kkrg

ηg

Dspg

Dx

)∣
∣
∣
∣
x1

−

∫ xne+1

x1

Dsδpc

Dx
ρgw kkrg

ηg

Dspg

Dx
dx . (E.72)

The same procedure is performed on the 6th and the 7th term in Equation (E.64), the 4th

and the 5th term in Equation (E.66), and the 4th and the 8th term in Equation (E.68),

yielding

∫ xne+1

x1

δpc Ds

Dx

(

ρw kkrw

ηw

Dspw

Dx

)

dx = δpc
ne+1

(

ρw kkrw

ηw

Dspw

Dx

)∣
∣
∣
∣
xne+1

−δpc
1

(

ρw kkrw

ηw

Dspw

Dx

)∣
∣
∣
∣
x1

−

∫ xne+1

x1

Dsδpc

Dx
ρw kkrw

ηw

Dspw

Dx
dx , (E.73)

∫ xne+1

x1

δpc Ds

Dx

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)]

dx = δpc
ne+1

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)]∣
∣
∣
∣
xne+1

−δpc
1

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)]∣
∣
∣
∣
x1

−

∫ xne+1

x1

Dsδpc

Dx
ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

dx ,(E.74)

∫ xne+1

x1

δpg Ds

Dx

(

ρgakkrg

ηg

Dspg

Dx

)

dx = δpg
ne+1

(

ρga kkrg

ηg

Dspg

Dx

)∣
∣
∣
∣
xne+1

−δpg
1

(

ρga kkrg

ηg

Dspg

Dx

)∣
∣
∣
∣
x1

−

∫ xne+1

x1

Dsδpg

Dx
ρga kkrg

ηg

Dspg

Dx
dx , (E.75)

∫ xne+1

x1

δpc Ds

Dx

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

)]

dx = δpc
ne+1

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

)]∣
∣
∣
∣
xne+1

−δpc
1

[

ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

)]∣
∣
∣
∣
x1

−

∫ xne+1

x1

Dsδpc

Dx
ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

)

dx ,(E.76)

∫ xne+1

x1

δT
Ds

Dx

(

λeff
DsT

Dx

)

dx = δTne+1

(

λeff
DsT

Dx

)∣
∣
∣
∣
xne+1

−δT1

(

λeff
DsT

Dx

)∣
∣
∣
∣
x1

−

∫ xne+1

x1

DsδT

Dx
λeff

DsT

Dx
dx , (E.77)
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and
∫ xne+1

x1

δT
Ds

Dx

(

ρw kkrw

ηw

Dspw

Dx

)

hdx = δTne+1

(

ρw kkrw

ηw

Dspw

Dx

)

h

∣
∣
∣
∣
xne+1

−δT1

(

ρw kkrw

ηw

Dspw

Dx

)

h

∣
∣
∣
∣
x1

−

∫ xne+1

x1

DsδT

Dx
ρw kkrw

ηw

Dspw

Dx
hdx , (E.78)

respectively.

Introduction of Equations (E.72), (E.73), and (E.74) into Equation (E.64) yields the final

form of the weak formulation of the mass balance equation for the water species, reading

∫ xne+1

x1

[

δpcn(ρw − ρgw)
DsSw

Dt
+ δpcn (1 − Sw)

Dsρgw

Dt
+ δpcnSw

Dsρw

Dt
− δpcβswg

DsT

Dt

+
Dsδpc

Dx
ρgw kkrg

ηg

Dspg

Dx
+

Dsδpc

Dx
ρw kkrw

ηw

Dspw

Dx
+

Dsδpc

Dx
ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

+δpc (1 − n) [ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂T

DsT

Dt

+δpc [ρgw(1 − Sw) + ρwSw]
ṁdehydr

ρs
− δpcṁdehydr

]

dx

+δpc
1

[
qw
1 + qgw

1 + β1(ρgw
1 − ρgw

1,∞)
]

+δpc
ne+1

[
qw

ne+1 + qgw
ne+1 + βne+1(ρ

gw
ne+1 − ρgw

ne+1,∞)
]

= 0 . (E.79)

Introduction of Equations (E.75) and (E.76) into Equation (E.66) yields the final form of

the weak formulation of the mass balance equation for air, reading

∫ xne+1

x1

[

−δpgnρga DsSw

Dt
+ δpgn(1 − Sw)

Dsρga

Dt
− δpgβsaρ

gaDsT

Dt

+
Dsδpg

Dx
ρga kkrg

ηg

Dspg

Dx
+

Dsδpg

Dx
ρg MaMw

M2
g

Deff
Ds

Dx

(
pga

pg

)

+δpg (1 − n)ρga(1 − Sw)

ρs

∂ρs

∂T

DsT

Dt
+ δpgρga(1 − Sw)

ṁdehydr

ρs

]

dx

+δpg
1q

ga
1 + δpg

ne+1q
ga
ne+1 = 0 . (E.80)
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Introduction of Equations (E.77) and (E.78) into Equation (E.68) yields the final form of

the weak formulation of the enthalpy balance equation, reading

∫ xne+1

x1

[

δT (ρcp)eff

∂T

∂t
− δT

(

ρgcg
p

kkrg

ηg

Dspg

Dx

)
DsT

Dx
− δT

(

ρwcw
p

kkrw

ηw

Dspw

Dx

)
DsT

Dx

+DsδT
Dx

λeff
DsT
Dx

− δTnρw DsSw

Dt
h − δTnSw

Dsρw

Dt
h + δTβswρw DsT

Dt
h −

DsδT

Dx
ρw kkrw

ηw

Dspw

Dx
h

−δT
(1 − n)ρwSw

ρs

∂ρs

∂T

DsT

Dt
h − δTρwSw

ṁdehydr

ρs
h + δTṁdehydrh + δTṁdehydrl

w
ξ

]

dx

+δT1

[
qT
1 + α1 (T1 − T1,∞) + ε1σ ((T1)4 − (T1,∞)4)

]
(E.81)

+δTne+1

[
qT

ne+1 + αne+1 (Tne+1 − Tne+1,∞) + εne+1σ ((Tne+1)
4 − (Tne+1,∞)4)

]
= 0 .

After obtaining the weak formulations, the capillary pressure, gas pressure, and tempera-

ture fields are discretized in space, yielding time-dependent nodal values (vc, vg, and vt,

respectively) and space-dependent shape functions (Nc, Ng, and Nt, respectively). This

yields
pc = Ncvc and δpc = Ncδvc = δvT

c NT
c ; (a)

pg = Ngvg and δpg = Ngδvg = δvT
g NT

g ; (b)

T = Ntvt and δT = Ntδvt = δvT
t NT

t ; (c)

(E.82)

with

Nc = ⌊Nc,1, Nc,2⌋ , Ng = ⌊Ng,1, Ng,2⌋ and Nt = ⌊Nt,1, Nt,2⌋ (E.83)

as the linear element shape functions. Discretization in time yields

Dspc

Dt
→

∆pc

∆t
= Nc

∆vc

∆t
;

Dspg

Dt
→

∆pg

∆t
= Ng

∆vg

∆t
;

DsT

Dt
→

∆T

∆t
= Nt

∆vt

∆t
;

∂T

∂t
→

∆T

∆t
= Nt

∆vt

∆t
.

(E.84)
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Introduction of Equations (E.82) and (E.84) into Equation (E.79) yields

δvT
c (Rc

s + Rc
ρgw + Rc

ρw + Rc
t + Rc

kg + Rc
kw + Rc

d + Rc
ρs + Rc

ξ + Rc
b) = 0 , (E.85)

with

Rc
s =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
c n(ρw − ρgw)

∆Sw

∆t

)

dx

]

, (E.86)

Rc
ρgw =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
c n (1 − Sw)

∆ρgw

∆t

)

dx

]

, (E.87)

Rc
ρw =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
c nSw

∆ρw

∆t

)

dx

]

, (E.88)

Rc
t =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
c βswg

∆T

∆t

)

dx

]

, (E.89)

Rc
kg =

[

e = 1

ne

AA
∫ xe+1

xe

(
DsNT

c

Dx
ρgw kkrg

ηg

Dspg

Dx
+

DsNT
c

Dx
ρw kkrw

ηw

Dspg

Dx

)

dx

]

, (E.90)

Rc
kw =

[

e = 1

ne

AA
∫ xe+1

xe

(

−
DsNT

c

Dx
ρw kkrw

ηw

Dspc

Dx

)

dx

]

, (E.91)

Rc
d =

[

e = 1

ne

AA
∫ xe+1

xe

(
DsNT

c

Dx
ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))

dx

]

, (E.92)

Rc
ρs =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
c

(1 − n) [ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂T

∆T

∆t

)

dx

]

, (E.93)

Rc
ξ =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
c [ρgw(1 − Sw) + ρwSw]

mcfh

ρs

mw

mc

∆ξ

∆t

+NT
c mcfh

mw

mc

∆ξ

∆t

)

dx

]

, (E.94)

Rc
b = 11

[
qw
1 + qgw

1 + β1(ρgw
1 − ρgw

1,∞)
]

+1ne+1

[
qw

ne+1 + qgw
ne+1 + βne+1(ρ

gw
ne+1 − ρgw

ne+1,∞)
]

, (E.95)

where pw = pg − pc and ṁdehydr = −mcfh(mw/mc)(∂ξ/∂t) (including consideration of

∂ξ/∂t → ∆ξ/∆t) was taken into account. In Equation (E.95), 11 and 1ne+1 are auxiliary

vectors with ne+1 components, given by 1T
1 = ⌊1, 0, 0, . . . ⌋ and 1T

ne+1 = ⌊. . . , 0, 0, 1⌋,

respectively.
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Introduction of Equations (E.82) and (E.84) into Equation (E.80) yields

δvT
g (Rg

s + Rg
ρga + Rg

t + Rg
kg + Rg

d + Rg
ρs + Rg

ξ + Rg
b) = 0 , (E.96)

with

Rg
s =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
g nρga ∆Sw

∆t

)

dx

]

, (E.97)

Rg
ρga =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
g n(1 − Sw)

∆ρga

∆t

)

dx

]

, (E.98)

Rg
t =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
g βsaρ

ga ∆T

∆t

)

dx

]

, (E.99)

Rg
kg =

[

e = 1

ne

AA
∫ xe+1

xe

(

DsNT
g

Dx
ρgakkrg

ηg

Dspg

Dx

)

dx

]

, (E.100)

Rg
d =

[

e = 1

ne

AA
∫ xe+1

xe

(

−
DsNT

g

Dx
ρg MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

))

dx

]

, (E.101)

Rg
ρs =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
g

(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂T

∆T

∆t

)

dx

]

, (E.102)

Rg
ξ =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
g ρga(1 − Sw)

mcfh

ρs

mw

mc

∆ξ

∆t

)

dx

]

, (E.103)

Rg
b = 11q

ga
1 + 1ne+1q

ga
ne+1 , (E.104)

where ṁdehydr = −mcfh(mw/mc)(∂ξ/∂t) (including consideration of ∂ξ/∂t → ∆ξ/∆t)

was taken into account. In Equation (E.101),

Ds

Dx

(
pga

pg

)

=
Ds

Dx

(
pg − pgw

pg

)

= −
Ds

Dx

(
pgw

pg

)

(E.105)

was considered.
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Introduction of Equations (E.82) and (E.84) into Equation (E.81) yields

δvT
t (Rt

c +Rt
g +Rt

w +Rt
λ +Rt

s +Rt
t +Rt

kg +Rt
kw +Rt

ρs +Rt
ξ +Rt

dehydr +Rt
b) = 0 , (E.106)

with

Rt
c =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
t (ρcp)eff

∆T

∆t

)

dx

]

, (E.107)

Rt
g =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
t

(

ρgcg
p

kkrg

ηg

Dspg

Dx

)
DsT

Dx

−NT
t

(

ρwcw
p

kkrw

ηw

Dspg

Dx

)
DsT

Dx

)

dx

]

, (E.108)

Rt
w =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
t

(

ρwcw
p

kkrw

ηw

Dspc

Dx

)
DsT

Dx

)

dx

]

, (E.109)

Rt
λ =

[

e = 1

ne

AA
∫ xe+1

xe

(
DsNT

t

Dx
λeff

DsT

Dx

)

dx

]

, (E.110)

Rt
s =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
t hnρw ∆Sw

∆t

)

dx

]

, (E.111)

Rt
ρw =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
t hnSw

∆ρw

∆t

)

dx

]

, (E.112)

Rt
t =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
t hβswρw ∆T

∆t

)

dx

]

, (E.113)

Rt
kg =

[

e = 1

ne

AA
∫ xe+1

xe

(

−
DsNT

t

Dx
hρw kkrw

ηw

Dspg

Dx

)

dx

]

, (E.114)

Rt
kw =

[

e = 1

ne

AA
∫ xe+1

xe

(
DsNT

t

Dx
hρw kkrw

ηw

Dspc

Dx

)

dx

]

, (E.115)

Rt
ρs =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
t h

(1 − n)ρwSw

ρs

∂ρs

∂T

∆T

∆t

)

dx

]

, (E.116)

Rt
ξ =

[

e = 1

ne

AA
∫ xe+1

xe

(

NT
t hρwSw

mcfh

ρs

mw

mc

∆ξ

∆t

−NT
t hmcfh

mw

mc

∆ξ

∆t

)

dx

]

, (E.117)

Rt
dehydr =

[

e = 1

ne

AA
∫ xe+1

xe

(

−NT
t lξmcfh

∆ξ

∆t

)

dx

]

, (E.118)
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Rt
b = 11

[
qT
1 + α1 (T1 − T1,∞) + ε1σ

(
(T1)

4 − (T1,∞)4
)]

+1ne+1

[
qT

ne+1 + αne+1 (Tne+1 − Tne+1,∞)

+ εne+1σ
(
(Tne+1)

4 − (Tne+1,∞)4
)]

, (E.119)

where pw = pg−pc, ṁdehydr = −mcfh(mw/mc)(∂ξ/∂t) (including consideration of ∂ξ/∂t →

∆ξ/∆t), and lwξ = lξ(mc/mw) was taken into account.

Since Equations (E.85), (E.96),and (E.106) must hold for arbitrary δvT
c , δvT

g , and δvT
T ,

respectively, the following equations have to be fulfilled:

Rc = Rc
s + Rc

ρgw + Rc
ρw + Rc

t + Rc
kg + Rc

kw + Rc
d + Rc

ρs + Rc
ξ + Rc

b = 0 , (E.120)

Rg = Rg
s + Rg

ρga + Rg
t + Rg

kg + Rg
d + Rg

ρs + Rg
ξ + Rg

b = 0 , (E.121)

and

Rt = Rt
c+Rt

g+Rt
w+Rt

λ+Rt
s+Rt

ρw+Rt
t+Rt

kg+Rt
kw+Rt

ρs+Rt
ξ+Rt

dehydr+Rt
b = 0 . (E.122)
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E.1.4 Solution – Newton-Raphson iteration

Determination of the nodal values for vc, vg, and vt, respectively, is achieved by employing

the Newton-Raphson iteration scheme (see Figure E.3 for illustration), which leads to a

system of linear equations, reading4

R
(k)
i+1 + K

(k)
T,i+1∆(∆vi+1)(k+1) = 0 , (E.123)

with

K
(k)
T,i+1 =

dRi+1

d(∆vi+1)

∣
∣
∣
∆v

(k)
i+1

, (E.124)

where Ri+1 is the residuum vector as depicted in Equations (E.120), (E.121), and (E.122).

Accordingly, the derivation of the residuum R (which comprises Rc, Rg, and Rt) has to

be performed with respect to every state variable.

∆(∆vi+1)
(1) ∆(∆vi+1)(2) ...

R(vi + ∆vi+1)R(0)
i+1 = Ri+1(vi), starting point�rst iteration step: K(0)

T,i+1 =
dRi+1

d(∆vi+1)

∣
∣
∣
∆v(0)

i+1R(1)
i+1 = Ri+1(vi + ∆v(1)

i+1)seond iteration step: K(1)
T,i+1 =

dRi+1

d(∆vi+1)

∣
∣
∣
∆v(1)

i+1

∆vi+1∆v(2)
i+1∆v(1)

i+1∆v(0)
i+1 = 0

∆v(k+1)
i+1 = ∆v(k)

i+1 + ∆(∆vi+1)
(k+1)

Figure E.3: Illustration of Newton-Raphson iteration for the solution
of R(∆vi+1) = 0

4It is worth mentioning that, at a given time step (e.g., ”i+1”) during the first Newton-Raphson itera-
tion step, the residuum and, hence, the nodal pressures and temperatures are determined with dependent
functions which were calculated with pressures and temperatures from time step ”i”. At the end of the
first iteration step, the dependent functions are updated (calculated with the new nodal pressures and
temperatures), resulting in a modified residuum. Because of this updating scheme, quadratic convergence
is no longer achieved, however the solution for time step ”i+1” is determined with linear convergence of
the residuum vector.

For illustration purposes, Equation (E.123) is depicted in detail in Appendix E.1.5. In the form of Equa-
tion (E.229) in Appendix E.1.5, Equation (E.123) can be solved using a forward-elimination/backward-
substitution scheme (see Appendix E.1.6 and, e.g., [47]).
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The residuum vector Rc derived with respect to state variable vc reads

∂Rc

∂vc
=

∂Rc
s

∂vc
+

∂Rc
ρgw

∂vc
+

∂Rc
ρw

∂vc
+

∂Rc
t

∂vc
+

∂Rc
kg

∂vc
+

∂Rc
kw

∂vc
+

∂Rc
d

∂vc
+

∂Rc
ρs

∂vc
+

∂Rc
ξ

∂vc
+

∂Rc
b

∂vc
, (E.125)

with

∂Rc
s

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(

−n
∂ρgw

∂pc

∆Sw

∆t

+n(ρw − ρgw)
1

∆t

∂Sw

∂pc

)

Nc

]

dx

}

, (E.126)

∂Rc
ρgw

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(

−n
∂Sw

∂pc

∆ρgw

∆t

+n(1 − Sw)
1

∆t

∂ρgw

∂pc

)

Nc

]

dx

}

, (E.127)

∂Rc
ρw

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c n

∂Sw

∂pc

∆ρw

∆t
Nc

]

dx

}

, (E.128)

∂Rc
t

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
c

∂βswg

∂pc

∆T

∆t
Nc

]

dx

}

, (E.129)

∂Rc
kg

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

c

Dx

(
∂ρgw

∂pc

kkrg

ηg

Dspg

Dx

+ρgwk
∂

∂pc

(
krg

ηg

)
Dspg

Dx
+ ρwk

∂

∂pc

(
krw

ηw

)
Dspg

Dx

)

Nc

]

dx

}

, (E.130)

∂Rc
kw

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

c

Dx

(

ρwk
∂

∂pc

(
krw

ηw

)
Dspc

Dx
Nc

+ρw kkrw

ηw

DsNc

Dx

)]

dx

}

, (E.131)

∂Rc
d

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

c

Dx

(
∂ρg

∂pc

MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

Nc

−ρg 2MaMw

M3
g

∂Mg

∂pc
Deff

Ds

Dx

(
pgw

pg

)

Nc + ρg MaMw

M2
g

∂Deff

∂pc

Ds

Dx

(
pgw

pg

)

Nc

+ρg MaMw

M2
g

Deff
1

pg

∂pgw

∂pc

DsNc

Dx

)]

dx

}

, (E.132)
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∂Rc
ρs

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(
(1 − n)(1 − Sw)

ρs

∂ρgw

∂pc

∂ρs

∂T

∆T

∆t

+
(1 − n)(ρw − ρgw)

ρs

∂Sw

∂pc

∂ρs

∂T

∆T

∆t

)

Nc

]

dx

}

, (E.133)

∂Rc
ξ

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
c

(
∂ρgw

∂pc
(1 − Sw)

+(ρw − ρgw)
∂Sw

∂pc

)
mcfh

ρs

mw

mc

∆ξ

∆t
Nc

]

dx

}

, (E.134)

∂Rc
b

∂vc

= 11β1
∂ρgw

∂pc
1T

1 + 1ne+1βne+1
∂ρgw

∂pc
1T

ne+1 , (E.135)

and
∂βswg

∂pc
= (1 − n)βs

[

(1 − Sw)
∂ρgw

∂pc
+

∂Sw

∂pc
(ρw − ρgw)

]

. (E.136)

In Equation (E.126),
∂

∂vc

ρgw =
∂ρgw

∂pc

∂pc

∂vc

=
∂ρgw

∂pc
Nc (E.137)

and
∂

∂vc

(
∆Sw

∆t

)

=
1

∆t

(
∂Sw

∂pc

∂pc

∂vc

)

=
1

∆t

∂Sw

∂pc
Nc (E.138)

were considered, which is generally valid for all dependent functions. In Equation (E.131),

∂

∂vc

(
Dspc

Dx

)

=
∂

∂vc

(
DsNc

Dx
vc

)

=
DsNc

Dx
(E.139)

was taken into account. In Equation (E.132),

∂

∂vc

(
Ds

Dx

(
pgw

pg

))

=
1

pg

Ds

Dx

(
∂pgw

∂pc

∂pc

∂vc

)

=
1

pg

∂pgw

∂pc

DsNc

Dx
(E.140)

was considered.
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The residuum vector Rc derived with respect to state variable vg reads

∂Rc

∂vg

=
∂Rc

s

∂vg

+
∂Rc

ρgw

∂vg

+
∂Rc

ρw

∂vg

+
∂Rc

t

∂vg

+
∂Rc

kg

∂vg

+
∂Rc

kw

∂vg

+
∂Rc

d

∂vg

+
∂Rc

ρs

∂vg

+
∂Rc

ξ

∂vg

+
∂Rc

b

∂vg

, (E.141)

with

∂Rc
s

∂vg

=
∂Rc

ρgw

∂vg

=
∂Rc

ρw

∂vg

=
∂Rc

t

∂vg

= 0 , (E.142)

∂Rc
kg

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

c

Dx

(

ρgw ∂k

∂pg

krg

ηg

Dspg

Dx
Ng + ρgwk

∂

∂pg

(
krg

ηg

)
Dspg

Dx
Ng

+ρgw kkrg

ηg

DsNg

Dx
+ ρw kkrw

ηw

DsNg

Dx

)]

dx

}

, (E.143)

∂Rc
kw

∂vg

= 0 , (E.144)

∂Rc
d

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

c

Dx

(
∂ρg

∂pg

MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

Ng

−ρg 2MaMw

M3
g

∂Mg

∂pg
Deff

Ds

Dx

(
pgw

pg

)

Ng + ρg MaMw

M2
g

∂Deff

∂pg

Ds

Dx

(
pgw

pg

)

Ng

−ρg MaMw

M2
g

Deff
pgw

(pg)2

DsNg

Dx

)]

dx

}

, (E.145)

∂Rc
ρs

∂vg

=
∂Rc

ξ

∂vg

=
∂Rc

b

∂vg

= 0 . (E.146)

In Equation (E.143),

∂

∂vg

(
Dspg

Dx

)

=
∂

∂vg

(
DsNg

Dx
vg

)

=
DsNg

Dx
(E.147)

was taken into account, whereas in Equation (E.145),

∂

∂vg

(
Ds

Dx

(
pgw

pg

))

= pgw

(

−
1

(pg)2

∂

∂vg

(
Dspg

Dx

))

= pgw

(

−
1

(pg)2

)
DsNg

Dx
(E.148)

was considered.
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The residuum vector Rc derived with respect to state variable vt reads

∂Rc

∂vt
=

∂Rc
s

∂vt
+

∂Rc
ρgw

∂vt
+

∂Rc
ρw

∂vt
+

∂Rc
t

∂vt
+

∂Rc
kg

∂vt
+

∂Rc
kw

∂vt
+

∂Rc
d

∂vt
+

∂Rc
ρs

∂vt
+

∂Rc
ξ

∂vt
+

∂Rc
b

∂vt
, (E.149)

with

∂Rc
s

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(
∂n

∂T
(ρw − ρgw)

∆Sw

∆t
+ n(

∂ρw

∂T
−

∂ρgw

∂T
)
∆Sw

∆t

+n(ρw − ρgw)
1

∆t

∂Sw

∂T

)

Nt

]

dx

}

, (E.150)

∂Rc
ρgw

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(
∂n

∂T
(1 − Sw)

∆ρgw

∆t
− n

∂Sw

∂T

∆ρgw

∆t

+n(1 − Sw)
1

∆t

∂ρgw

∂T

)

Nt

]

dx

}

, (E.151)

∂Rc
ρw

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(
∂n

∂T
Sw

∆ρw

∆t
+ n

∂Sw

∂T

∆ρw

∆t

+nSw
1

∆t

∂ρw

∂T

)

Nc

]

dx

}

, (E.152)

∂Rc
t

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
c

(
∂βswg

∂T

∆T

∆t
+ βswg

1

∆t

)

Nt

]

dx

}

, (E.153)

∂Rc
kg

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

c

Dx

(
∂ρgw

∂T

kkrg

ηg

Dspg

Dx
+

∂ρw

∂T

kkrw

ηw

Dspg

Dx

+ρgw ∂k

∂T

krg

ηg

Dspg

Dx
+ ρw ∂k

∂T

krw

ηw

Dspg

Dx

+ρgwk
∂

∂T

(
krg

ηg

)
Dspg

Dx
+ ρwk

∂

∂T

(
krw

ηw

)
Dspg

Dx

)

Nt

]

dx

}

, (E.154)

∂Rc
kw

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

c

Dx

(
∂ρw

∂T

kkrw

ηw

Dspc

Dx
+ ρw ∂k

∂T

krw

ηw

Dspc

Dx

+ρwk
∂

∂T

(
krw

ηw

)
Dspc

Dx

)

Nt

]

dx

}

, (E.155)
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∂Rc
d

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

c

Dx

(
∂ρg

∂T

MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

Nt

−ρg 2MaMw

M3
g

∂Mg

∂T
Deff

Ds

Dx

(
pgw

pg

)

Nt + ρg MaMw

M2
g

∂Deff

∂T

Ds

Dx

(
pgw

pg

)

Nt

+ρg MaMw

M2
g

Deff
1

pg

∂pgw

∂T

DsNt

Dx

)]

dx

}

, (E.156)

∂Rc
ρs

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
c

(

−
∂n

∂T

ρgw(1 − Sw) + ρwSw

ρs

∂ρs

∂T

∆T

∆t

+
(1 − n)

ρs

[
∂ρgw

∂T
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∂ρw

∂T
Sw

]
∂ρs

∂T
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∆t

+
(1 − n)(ρw − ρgw)

ρs

∂Sw

∂T

∂ρs

∂T

∆T

∆t

−(1 − n) [ρgw(1 − Sw) + ρwSw]
1

(ρs)2

(
∂ρs

∂T

)2
∆T

∆t

+
(1 − n) [ρgw(1 − Sw) + ρwSw]

ρs

∂ρs

∂T

1

∆t

)

Nt

]
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}

, (E.157)

∂Rc
ξ

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
c

([
∂ρgw

∂T
(1 − Sw) +

∂ρw

∂T
Sw

]
1

ρs
+ (ρw − ρgw)

∂Sw

∂T

1

ρs

− [ρgw(1 − Sw) + ρwSw]
1

(ρs)2

∂ρs

∂T

)

mcfh
mw

mc

∆ξ

∆t
Nt

+NT
c

(

[−ρgw(1 − Sw) − ρwSw]
mcfh

ρs

mw

mc

+mcfh
mw

mc

)
1

∆t

∂ξ

∂T
Nt

]

dx

}

, (E.158)

∂Rc
b

∂vt
= 11β1

∂ρgw

∂T
1T

1 + 1ne+1βne+1
∂ρgw

∂T
1T

ne+1 , (E.159)

and

∂βswg

∂T
= −

∂n

∂T
βs [ρgw + (ρw − ρgw)Sw]

+(1 − n)βs

[

(1 − Sw)
∂ρgw

∂T
+ Sw

∂ρw

∂T
+

∂Sw

∂T
(ρw − ρgw)

]

. (E.160)

In Equation (E.157), the derivation of the solid density ρs with respect to temperature

was performed following the product rule, yielding (for illustration purposes, constants
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are not displayed here)

∂

∂vt

(

NT
c

∂ρs

∂T

∆T

∆t

)

= NT
c

∂2ρs

∂T 2

∆T

∆t
Nt + NT

c

∂ρs

∂T

1

∆t
Nt , (E.161)

where
∂

∂vt

(
∂ρs

∂T

)

=
∂2ρs

∂T 2

∂T

∂vt

=
∂2ρs

∂T 2
Nt (E.162)

and
∂

∂vt

(
∆T

∆t

)

=
∂

∂vt

(

Nt
∆vt

∆t

)

=
1

∆t
Nt (E.163)

were taken into account. As depicted in Equation (E.70-(14)), ρs(T ) is a linear function,

resulting in ∂2ρs/∂T 2 = 0. Therefore, the first term of Equation (E.161) vanishes in

Equation (E.157).
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The residuum vector Rg derived with respect to state variable vc reads

∂Rg

∂vc

=
∂Rg

s

∂vc

+
∂Rg

ρga

∂vc

+
∂Rg

t

∂vc

+
∂Rg
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+
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d

∂vc

+
∂Rg
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∂vc

+
∂Rg

ξ
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+
∂Rg

b
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, (E.164)

with

∂Rg
s

∂vc

=
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e = 1

ne
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−NT
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n
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∂pc

∆Sw

∆t
+ nρga 1

∆t
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)
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, (E.165)

∂Rg
ρga
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, (E.166)
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, (E.167)
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∂pc

kkrg

ηg

Dspg

Dx

+ρgak
∂

∂pc

(
krg

ηg

)
Dspg

Dx

)

Nc

]

dx

}

, (E.168)
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, (E.169)

∂Rg
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(1 − n)ρga

ρs

∂Sw

∂pc

∂ρs

∂T

∆T

∆t

)

Nc

]

dx

}

, (E.170)

∂Rg
ξ

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g

(
∂ρga

∂pc
(1 − Sw) − ρga∂Sw

∂pc

)
mcfh

ρs

mw

mc

∆ξ

∆t
Nc

]

dx

}

,(E.171)

∂Rg
b

∂vc

= 0 , (E.172)

and
∂βsa

∂pc
= −(1 − n)

∂Sw

∂pc
βs . (E.173)
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The residuum vector Rg derived with respect to state variable vg reads

∂Rg

∂vg
=

∂Rg
s

∂vg
+

∂Rg
ρga

∂vg
+

∂Rg
t

∂vg
+

∂Rg
kg

∂vg
+

∂Rg
d

∂vg
+

∂Rg
ρs

∂vg
+

∂Rg
ξ

∂vg
+

∂Rg
b

∂vg
, (E.174)

with

∂Rg
s

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g n

∂ρga

∂pg

∆Sw

∆t
Ng

]

dx

}

, (E.175)

∂Rg
ρga

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
g n(1 − Sw)

1

∆t

∂ρga

∂pg
Ng

]

dx

}

, (E.176)

∂Rg
t

∂vg

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g βsa

∂ρga

∂pg

∆T

∆t
Ng

]

dx

}

, (E.177)

∂Rg
kg

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

DsNT
g

Dx

(
∂ρga

∂pg

kkrg

ηg

Dspg

Dx
Ng + ρga ∂k

∂pg

krg

ηg

Dspg

Dx
Ng

+ρgak
∂

∂pg

(
krg

ηg

)
Dspg

Dx
Ng + ρgakkrg

ηg

DsNg

Dx

)]

dx

}

, (E.178)

∂Rg
d

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

g

Dx

(
∂ρg

∂pg

MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

Ng

−ρg 2MaMw

M3
g

∂Mg

∂pg
Deff

Ds

Dx

(
pgw

pg

)

Ng + ρg MaMw

M2
g

∂Deff

∂pg

Ds

Dx

(
pgw

pg

)

Ng

−ρg MaMw

M2
g

Deff
pgw

(pg)2

DsNg

Dx

)]

dx

}

, (E.179)

∂Rg
ρs

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
g

(1 − n)(1 − Sw)

ρs

∂ρga

∂pg

∂ρs

∂T

∆T

∆t
Ng

]

dx

}

, (E.180)

∂Rg
ξ

∂vg

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g

∂ρga

∂pg
(1 − Sw)

mcfh

ρs

mw

mc

∆ξ

∆t
Ng

]

dx

}

, (E.181)

∂Rg
b

∂vg

= 0 . (E.182)
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The residuum vector Rg derived with respect to state variable vt reads

∂Rg

∂vt

=
∂Rg

s

∂vt

+
∂Rg

ρga

∂vt

+
∂Rg

t

∂vt

+
∂Rg

kg

∂vt

+
∂Rg

d

∂vt

+
∂Rg

ρs

∂vt

+
∂Rg

ξ

∂vt

+
∂Rg

b

∂vt

, (E.183)

with

∂Rg
s

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g

(
∂n

∂T
ρga ∆Sw

∆t
+ n

∂ρga

∂T

∆Sw

∆t

+nρga 1

∆t

∂Sw

∂T

)

Nt

]

dx

}

, (E.184)

∂Rg
ρga

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
g

(
∂n

∂T
(1 − Sw)

∆ρga

∆t
− n

∂Sw

∂T

∆ρga

∆t

+n(1 − Sw)
1

∆t

∂ρga

∂T

)

Nt

]

dx

}

, (E.185)

∂Rg
t

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g

(
∂βsa

∂T
ρga ∆T

∆t
+ βsa

∂ρga

∂T

∆T

∆t

+βsaρ
ga 1

∆t

)

Nt

]

dx

}

, (E.186)

∂Rg
kg

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

DsNT
g

Dx

(
∂ρga

∂T

kkrg

ηg

Dspg

Dx
+ ρga ∂k

∂T

krg

ηg

Dspg

Dx

+ρgak
∂

∂T

(
krg

ηg

)
Dspg

Dx

)

Nt

]

dx

}

, (E.187)

∂Rg
d

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

g

Dx

(
∂ρg

∂T

MaMw

M2
g

Deff
Ds

Dx

(
pgw

pg

)

Nt

−ρg 2MaMw

M3
g

∂Mg

∂T
Deff

Ds

Dx

(
pgw

pg

)

Nt + ρg MaMw

M2
g

∂Deff

∂T

Ds

Dx

(
pgw

pg

)

Nt

+ρg MaMw

M2
g

Deff
1

pg

∂pgw

∂T

DsNt

Dx

)]

dx

}

, (E.188)
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∂Rg
ρs

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
g

(

−
∂n

∂T

ρga(1 − Sw)

ρs

∂ρs

∂T

∆T

∆t
+

(1 − n)(1 − Sw)

ρs

∂ρga

∂T

∂ρs

∂T

∆T

∆t

−
(1 − n)ρga

ρs

∂Sw

∂T

∂ρs

∂T

∆T

∆t
− (1 − n)ρga(1 − Sw)

1

(ρs)2

(
∂ρs

∂T

)2
∆T

∆t

+
(1 − n)ρga(1 − Sw)

ρs

∂ρs

∂T

1

∆t

)

Nt

]

dx

}

, (E.189)

∂Rg
ξ

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
g

(
∂ρga

∂T
(1 − Sw)

1

ρs
− ρga ∂Sw

∂T

1

ρs

−ρga(1 − Sw)
1

(ρs)2

∂ρs

∂T

)

mcfh
mw

mc

∆ξ

∆t
Nt

−NT
g ρga(1 − Sw)

mcfh

ρs

mw

mc

1

∆t

∂ξ

∂T
Nt

]

dx

}

, (E.190)

∂Rg
b

∂vt
= 0 , (E.191)

and
∂βsa

∂T
= −

∂n

∂T
(1 − Sw)βs − (1 − n)

∂Sw

∂T
βs . (E.192)

In Equation (E.189), the same considerations were applied as for Equation (E.157) (see

Equations (E.161) to (E.163)).
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The residuum vector Rt derived with respect to state variable vc reads

∂Rt

∂vc
=

∂Rt
c

∂vc
+

∂Rt
g

∂vc
+

∂Rt
w

∂vc
+

∂Rt
λ

∂vc
+

∂Rt
s

∂vc
+

∂Rt
ρw

∂vc
+

∂Rt
t

∂vc

+
∂Rt

kg

∂vc
+

∂Rt
kw

∂vc
+

∂Rt
ρs

∂vc
+

∂Rt
ξ

∂vc
+

∂Rt
dehydr

∂vc
+

∂Rt
b

∂vc
, (E.193)

with

∂Rt
c

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t

∂ (ρcp)eff

∂pc

∆T

∆t
Nc

]

dx

}

, (E.194)

∂Rt
g

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t

(

∂
(
ρgcg

p

)

∂pc

kkrg

ηg

Dspg

Dx

DsT

Dx

+ρgcg
pk

∂

∂pc

(
krg

ηg

)
Dspg

Dx

DsT

Dx

+ρwcw
p k

∂

∂pc

(
krw

ηw

)
Dspg

Dx

DsT

Dx

)

Nc

]

dx

}

, (E.195)

∂Rt
w

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t

(

ρwcw
p k

∂

∂pc

(
krw

ηw

)
Dspc

Dx

DsT

Dx
Nc

+ρwcw
p

kkrw

ηw

DsNc

Dx

DsT

Dx

)]

dx

}

, (E.196)

∂Rt
λ

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

t

Dx

∂λeff

∂pc

DsNt

Dx
Nc

]

dx

}

, (E.197)

∂Rt
s

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t hnρw 1

∆t

∂Sw

∂pc
Nc

]

dx

}

, (E.198)

∂Rt
ρw

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t hn

∂Sw

∂pc

∆ρw

∆t
Nc

]

dx

}

, (E.199)

∂Rt
t

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t h

∂βsw

∂pc
ρw ∆T

∆t
Nc

]

dx

}

, (E.200)

∂Rt
kg

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

t

Dx
hρwk

∂

∂pc

(
krw

ηw

)
Dspg

Dx
Nc

]

dx

}

, (E.201)

∂Rt
kw

∂vc

=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

t

Dx

(

hρwk
∂

∂pc

(
krw

ηw

)
Dspc

Dx
Nc

+hρw kkrw

ηw

DsNc

Dx

)]

dx

}

, (E.202)
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∂Rt
ρs

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t h

(1 − n)ρw

ρs

∂Sw

∂pc

∂ρs

∂T

∆T

∆t
Nc

]

dx

}

, (E.203)

∂Rt
ξ

∂vc
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t hρw ∂Sw

∂pc

mcfh

ρs

mw

mc

∆ξ

∆t
Nc

]

dx

}

, (E.204)

∂Rt
dehydr

∂vc
=

∂Rt
b

∂vc
= 0 , (E.205)

and
∂βsw

∂pc
= (1 − n)βs

∂Sw

∂pc
. (E.206)
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The residuum vector Rt derived with respect to state variable vg reads

∂Rt

∂vg
=

∂Rt
c

∂vg
+

∂Rt
g

∂vg
+

∂Rt
w

∂vg
+

∂Rt
λ

∂vg
+

∂Rt
s

∂vg
+

∂Rt
ρw

∂vg
+

∂Rt
t

∂vg

+
∂Rt

kg

∂vg

+
∂Rt

kw

∂vg

+
∂Rt

ρs

∂vg

+
∂Rt

ξ

∂vg

+
∂Rt

dehydr

∂vg

+
∂Rt

b

∂vg

, (E.207)

with

∂Rt
c

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t

∂ (ρcp)eff

∂pg

∆T

∆t
Ng

]

dx

}

, (E.208)

∂Rt
g

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t

(

∂
(
ρgcg

p

)

∂pg

kkrg

ηg

Dspg

Dx

DsT

Dx
Ng

+ρgcg
p

∂k

∂pg

krg

ηg

Dspg

Dx

DsT

Dx
Ng + ρgcg

pk
∂

∂pg

(
krg

ηg

)
Dspg

Dx

DsT

Dx
Ng

+ρgcg
p

kkrg

ηg

DsNg

Dx

DsT

Dx
+ ρwcw

p

kkrw

ηw

DsNg

Dx

DsT

Dx

)]

dx

}

, (E.209)

∂Rt
w

∂vg
=

∂Rt
λ

∂vg
=

∂Rt
s

∂vg
=

∂Rt
ρw

∂vg
=

∂Rt
t

∂vg
= 0 , (E.210)

∂Rt
kg

∂vg
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

t

Dx
hρw kkrw

ηw

DsNg

Dx

]

dx

}

, (E.211)

∂Rt
kw

∂vg
=

∂Rt
ρs

∂vg
=

∂Rt
ξ

∂vg
=

∂Rt
dehydr

∂vg
=

∂Rt
b

∂vg
= 0 . (E.212)
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The residuum vector Rt derived with respect to state variable vt reads

∂Rt

∂vt
=

∂Rt
c

∂vt
+

∂Rt
g

∂vt
+

∂Rt
w

∂vt
+

∂Rt
λ

∂vt
+

∂Rt
s

∂vt
+

∂Rt
ρw

∂vt
+

∂Rt
t

∂vt

+
∂Rt

kg

∂vt
+

∂Rt
kw

∂vt
+

∂Rt
ρs

∂vt
+

∂Rt
ξ

∂vt
+

∂Rt
dehydr

∂vt
+

∂Rt
b

∂vt
, (E.213)

with

∂Rt
c

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t

(

∂ (ρcp)eff

∂T

∆T

∆t
+ (ρcp)eff

1

∆t

)

Nt

]

dx

}

, (E.214)

∂Rt
g

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t

(

∂
(
ρgcg

p

)

∂T

kkrg

ηg

Dspg

Dx

DsT

Dx
Nt

+ρgcg
p

∂k

∂T

krg

ηg

Dspg

Dx

DsT

Dx
Nt + ρgcg

pk
∂

∂T

(
krg

ηg

)
Dspg

Dx

DsT

Dx
Nt

+ρgcg
p

kkrg

ηg

Dspg

Dx

DsNt

Dx
+

∂
(
ρwcw

p

)

∂T

kkrw

ηw

Dspg

Dx

DsT

Dx
Nt

+ρwcw
p

∂k

∂T

krw

ηw

Dspg

Dx

DsT

Dx
Nt + ρwcw

p k
∂

∂T

(
krw

ηw

)
Dspg

Dx

DsT

Dx
Nt

+ρwcw
p

kkrw

ηw

Dspg

Dx

DsNt

Dx

)]

dx

}

, (E.215)

∂Rt
w

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t

(

∂
(
ρwcw

p

)

∂T

kkrw

ηw

Dspc

Dx

DsT

Dx
Nt

+ρwcw
p

∂k

∂T

krw

ηw

Dspc

Dx

DsT

Dx
Nt + ρwcw

p k
∂

∂T

(
krw

ηw

)
Dspc

Dx

DsT

Dx
Nt

+ρwcw
p

kkrw

ηw

Dspc

Dx

DsNt

Dx

)]

dx

}

, (E.216)

∂Rt
λ

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

t

Dx

(
∂λeff

∂T

DsT

Dx
Nt + λeff

DsNt

Dx

)]

dx

}

, (E.217)

∂Rt
s

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t

(
∂h

∂T
nρw ∆Sw

∆t
+ h

∂n

∂T
ρw ∆Sw

∆t
+ hn

∂ρw

∂T

∆Sw

∆t

+hnρw 1

∆t

∂Sw

∂T

)

Nt

]

dx

}

, (E.218)
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∂Rt
ρw

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t

(
∂h

∂T
nSw

∆ρw

∆t
+ h

∂n

∂T
Sw

∆ρw

∆t
+ hn

∂Sw

∂T

∆ρw

∆t

+hnSw
1

∆t

∂ρw

∂T

)

Nt

]

dx

}

, (E.219)

∂Rt
t

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

NT
t

(
∂h

∂T
βswρw ∆T

∆t
+ h

∂βsw

∂T
ρw ∆T

∆t
+ hβsw

∂ρw

∂T

∆T

∆t

+hβswρw 1

∆t

)

Nt

]

dx

}

, (E.220)

∂Rt
kg

∂vt

=

{

e = 1

ne

AA
∫ xe+1

xe

[

−
DsNT

t

Dx

(
∂h

∂T
ρw kkrw

ηw

Dspg

Dx
+ h

∂ρw

∂T

kkrw

ηw

Dspg

Dx

+hρw ∂k

∂T

krw

ηw

Dspg

Dx
+ hρwk

∂

∂T

(
krw

ηw

)
Dspg

Dx

)

Nt

]

dx

}

, (E.221)

∂Rt
kw

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[
DsNT

t

Dx

(
∂h

∂T
ρw kkrw

ηw

Dspc

Dx
+ h

∂ρw

∂T

kkrw

ηw

Dspc

Dx

+hρw ∂k

∂T

krw

ηw

Dspc

Dx
+ hρwk

∂

∂T

(
krw

ηw

)
Dspc

Dx

)

Nt

]

dx

}

, (E.222)

∂Rt
ρs

∂vt
=

{

e = 1

ne

AA
∫ xe+1

xe

[

−NT
t

(
∂h

∂T

(1 − n)ρwSw

ρs

∂ρs

∂T

∆T

∆t
− h

∂n

∂T

ρwSw

ρs

∂ρs

∂T

∆T

∆t

+h
(1 − n)Sw

ρs

∂ρw

∂T

∂ρs

∂T

∆T

∆t
+ h

(1 − n)ρw

ρs

∂Sw

∂T

∂ρs

∂T

∆T

∆t

−h(1 − n)ρwSw
1

(ρs)2

(
∂ρs

∂T

)2
∆T

∆t

+h
(1 − n)ρwSw

ρs

∂ρs

∂T

1

∆t

)

Nt
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and
∂βsw

∂T
= −

∂n

∂T
βsSw + (1 − n)βs

∂Sw

∂T
. (E.227)

After convergence of the Newton-Raphson iteration scheme, the vector of nodal capillary

pressures, gas pressures, and temperatures, respectively, is updated as

vc
i+1 = vc

i + ∆vc
i+1 or vg

i+1 = vg
i + ∆vg

i+1 or vt
i+1 = vt

i + ∆vt
i+1 . (E.228)

E.1.5 Solution of governing field equations

Written in block-tridiagonal form (arranged node by node), Equation (E.123) reads
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E.1.6 Solution of a triband matrix with matrix entries

Application of a Newton-Raphson iteration scheme on the one-dimensional coupled finite

element formulation of heat and mass transport in concrete subjected to fire loading (see

Equation (E.229)) yields a set of equations, reading













[B1] [C1] . . . 0

[A2] [B2] [C2]

[A3] [B3]
. . .

...
...

. . .
. . . [Cne−2]

[Ane−1] [Bne−1] [Cne−1]

0 . . . [Ane
] [Bne

]



















{x1}

{x2}

{x3}
...

{xne−1}

{xne
}







=







{r1}

{r2}

{r3}
...

{rne−1}

{rne
}







,

(E.230)

where Ai, Bi, and Ci are k×k-matrices with k as the number of primary state variables.

In Equation (E.230), x1,x2, . . .xne
are vectors of the unknown incremental changes of the

primary state variables with k components and r1, r2, . . . rne
are the residuum vectors. In

order to solve this set of equations, several solution schemes are applicable. A Gauss-

Jordan elimination (see, e.g., [47, 97]) represents a rather time- and storage-consuming

method, where the whole matrix on the left-hand side (including all matrices Ai, Bi, and

Ci plus a large amount of 0-submatrices) is inverted, yielding the unknown vectors xi. A

more sufficient way is to employ a scheme where the submatrices are treated separately

within a forward-elimination/backward-substitution scheme (see, e.g., [47]). Hereby, the

first equation system of Equation (E.230) is solved disregarding C1. Instead, two addi-

tional sets of matrices, namely Hi and Ki, are calculated including matrices Ai, Bi, and

Ci for i = 1, . . . , ne−1 (in case of Hi) and for i = 2, . . . , ne (in case of Ki), respectively.

The solution of the first equation system, vector g1, is used as input for determination

of vector g2 and so on until gne
is calculated. This last vector represents the solution of

the unknown incremental changes of the main state variables for node ne, i.e., xne
. With

that, backward elimination (for i = ne−1, ne−2, . . . , 1) under consideration of Ki and gi

yields the missing vectors of the unknown changes of the state variables, xi.

Forward elimination:

H1 = −B−1
1 C1 . (E.231)

For i = 2, 3, . . . , ne−1 do

Hi = −K−1
i Ci with Ki = Bi + AiHi−1 . (E.232)

Kne
= Bne

+ Ane
Hne−1 . (E.233)
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g1 = −B−1
1 r1 . (E.234)

For i = 2, 3, . . . , ne do

gi = K−1
i li with li = ri − Aigi−1 . (E.235)

Backward substitution:

xne
= gne

. (E.236)

For i = ne−1, ne−2, . . . , 1 do

xi = gi + Hixi+1 . (E.237)

E.2 Numerical analysis of one-dimensional transient

heat transport in concrete

For the solution of the thermal problem only (uncoupled analysis), Equation (3.3) is

reduced to

ρccp
∂T

∂t
− div (λ grad T ) = 0 . (E.238)

In this case, Equations (3.1) and (3.2) are disregarded.

In case heat sinks associated with (i) vaporization with water and (ii) dehydration of the

cement paste are considered, Equation (E.238) is extended, yielding (see [128, 130])

ρccp
∂T

∂t
− div (λ grad T ) = Eξvap

∂ξvap

∂t
+ Eξ

∂ξ

∂t
, (E.239)

where ξvap = w/mw describes the vaporization process, with w [(kg water)/m3] as the

amount of evaporable water at a given time and mw [(kg water)/m3] as the initial amount

of evaporable water (see [128, 130] for details). ξ = mh/mh0 represents the hydration

degree (see Equation (E.42)). The corresponding dissipated energies Eξvap
and Eξ are

defined as

Eξvap
= mwh and Eξ = mclξ + mw,chh , (E.240)

where mc [(kg binder)/m3] is the cement (binder) content and mw,ch [kg/m3] is the amount

of chemically-bound water that is liberated during dehydration of the cement paste

(see [128, 130] for details). In Equation (E.240), h [kJ/(kg water)] and lξ [kJ/(kg binder)]

are the specific enthalpy of vaporization and of hydration/dehydration, respectively.
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E.3 Numerical analysis of one-dimensional transient

gas flow in concrete

According to [72], the macroscopic mass balance equation of the gas phase in porous

media reads for the one-dimensional case5

−nρg ∂Sw

∂t
+ n(1 − Sw)

(
∂ρga

∂t
+

∂ρgw

∂t

)

−
∂

∂x

(

ρg kkrg

η

∂pg

∂x

)

= 0 , (E.241)

where ρga and ρgw [kg/m3] are the densities of dry air and water vapor, respectively, and

ρg [kg/m3] is the gas (mixture of dry air and water vapor) density with ρg = ρga + ρgw.

In Equation (E.241), n [–] is the porosity of concrete, Sw [–] is the water saturation,

krg [–] is the relative permeability of concrete to gas flow, and pg [Pa] is the gas pressure.

Assuming that no water is present within the concrete specimen tested within the per-

meability experiments presented in Subsection 2.2 gives Sw = 0 and krg = 1. Therefore,

Equation (E.241) reduces to

n

(
∂ρga

∂t
+

∂ρgw

∂t

)

−
∂

∂x

(

ρg k

η

∂pg

∂x

)

= 0 . (E.242)

Note that the third term in Equation (E.242) contains Darcy’s law for pressure-driven

flow, reading v = −k/η ·∂pg/∂x, with v [m/s] as the velocity of the advected gas (compare

to Equation (2.14) in Subsection 2.2.3, with Q = A·v). Since the permeability experiments

were performed at room temperature at which vapor transport may be neglected, ρgw = 0

yields ρg = ρga and pg = pga = p. Inserting Equation (2.16) into Equation (E.242)

and considering Clapeyron’s law for ideal gases, giving ρga = Ma/(RΘ) · p, with Ma =

0.029 kg/mol as the molar mass of air, R = 8.31 J/(mol K) as the gas constant, and

Θ [K] as the constant temperature, leads to (after division by Ma/(RΘ))

n
∂p

∂t
−

kint

η

∂

∂x

[

(p + b)
∂p

∂x

]

= 0 . (E.243)

5In contrast to [72], neither movement of the solid phase nor mass sources/sinks are considered.
Moreover, the temperature is assumed to be constant (therefore, the respective time derivative vanishes).



AppendixF
Modeling the strain response of
concrete subjected to combined
thermal and mechanical loading

So far, the experimentally-observed path dependence of the strain response of concrete

subjected to combined thermal and mechanical loading (see Figure F.1 and, e.g., [5,

32, 62, 105, 121]) is captured by introduction of the so-called ”load-induced thermal

strain (LITS)”, leading to decomposition of the strain in the form (see, e.g., [44, 83, 107,

119, 120])

E(T, σ) = Eσ(T, σ) + Eth(T ) + Elits(T, σ) , (F.1)

with Eσ(T, σ) as the mechanical strain (comprising elastic and plastic components),

Eth(T ) as the free thermal strain (FTS, comprising thermal expansion and shrinkage

strains), and Elits(T, σ) as the aforementioned load-induced thermal strain (LITS). De-

parting from Equation (F.1), empirical models for determination of Elits(T, σ) were de-

veloped in order to reproduce the path dependence shown in Figure F.1 (see, e.g., [44,

83, 119, 120, 107]). When a rate formulation – as opposed to the standard formulation

Eth = Eth(T ) used in Equation (F.1) – is introduced, reading

Ėth = Ėth(Ṫ , σ) , (F.2)

the reduced formation of microcracks in the cement paste due to strain incompatibili-

ties (as appearing in case of free thermal dilation) in case mechanical loading is applied

can be considered directly in the evolution of the thermal strain. Hence, the introduction

of LITS to capture the path dependence shown in Figure F.1 is no longer required.
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Figure F.1: Illustration of path dependence of combined thermal and mechani-
cal loading of concrete [120]: points A and B exhibit the same temperature
and stress level (experimental results obtained with Tmax = 400 ◦C and
σ = 0.45 fc,0; fc,0: compressive strength of concrete at room temperature)

F.1 Illustrative 1D model for heated concrete

The 1D two-phase model shown in Figure F.2(d) was obtained from combining the two ar-

rangements representing lower (Voigt) and upper (Reuss) bounds of the composite’s strain

behavior (see Figures F.2(a) and (b)), representing an idealized form of the morphology

of concrete divided into N ”columns” (see Figure F.2(c)). The material parameters for

the two phases are given in Table F.1. The thermal strain of each phase alone is deduced

from experimental results (see Figure F.3 and [106]). Hereby, the thermal strain of the

cement paste is larger than the respective strain of the aggregate for T < 212 ◦C. For

higher temperatures, shrinkage of the cement paste and continuation of thermal expan-

sion of the aggregate results in εth
c < εth

a . The behavior of the cement paste is modeled

considering hardening plasticity and temperature-induced softening (in consequence of

dehydration), leading to a decrease of the respective material parameters with increasing

temperature (see Figure F.4).

Figure F.5 shows the strain response and the corresponding stresses obtained using the

different models and, as a first step, disregarding temperature dependence of the mate-

rial parameters of the cement paste. In case the two material phases are connected in

parallel (Voigt), the resulting strain is almost identical to the aggregate strain since the

whole cement paste experiences plastic deformations starting at T ≈ 200 ◦C (as indi-

cated by the corresponding stresses reaching the tensile strength, see dash-dotted line in

Figure F.5(b)). In case the two phases are connected in series (Reuss), the stresses are
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Figure F.2: 1D composite model for heated concrete: (a) Voigt model; (b) Reuss
model; (d) employed N-model, taking (c) idealized concrete morphology
into account

Table F.1: Input parameters for two-phase composite model
Input parameter Value
Cement matrix:

Volume fraction fc [–] 0.3
Young’s modulus Ec,0 [MPa] 15
Poisson’s ratio νc [–] 0.2
Compressive strength f c

c,0 [MPa] 30
Tensile strength f t

c,0 [MPa] 3
Aggregate:

Volume fraction fa [–] 0.7
Young’s modulus Ea [MPa] 70
Poisson’s ratio νa [–] 0.2
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Figure F.3: Free thermal strain (FTS) of cement paste and aggregate, εth
c and

εth
a , deduced from experiments [106]
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Figure F.4: Temperature dependence of material parameters of cement-matrix
phase, derived from design curves given in [22, 87] (εc

c: strain at compres-
sive strength f c

c )

identical in the two phases (Σ in Figure F.5(b)) and no plastic deformations occur. The

macroscopic strain response obtained from the N-model lies within these two bounds (see

Figure F.5(a)). For temperatures below 212 ◦C (εth
c > εth

a ), tensile plastic deformations

within the cement paste are observed in the middle ”column”. As temperature increases

and εth
c becomes smaller than εth

a , tensile plastic deformations within the cement paste

are observed in the outer ”columns” (see Figure F.5(b)).

Considering temperature dependence of the parameters of the cement paste, the following

results are obtained (see Figure F.6):

1. Thermal degradation of Young’s modulus Ec: The decrease in stiffness of the cement

paste results in an overall less stiff composite. Therefore, the mechanical strains in

consequence of mechanical loading are slightly higher than in case no temperature

dependence of Ec is considered, yielding total strains of slightly smaller magnitude.
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Figure F.5: (a) Strain and (b) stress histories obtained from composite models
given in Figure F.2 for s = Σ/fc,0 = 0.1 (N = 9; fc,0: compressive strength
of concrete at room temperature)

2. Thermal degradation of compressive strength f c
c : The temperature dependence of

the compressive strength of the cement paste has the highest influence. At higher

temperatures, it leads to compressive plastic deformations within the cement paste

in the middle ”columns” and, hence, to less macroscopic strain.

3. Thermal degradation of tensile strength f t
c : The decrease of the tensile strength

of the cement paste has a smaller effect on the strain history, shifting the strain

response towards εth
a .

As shown in Figure F.7, the path dependence of the strain response is captured with

the N-model given in Figure F.2(d). The difference in strains at Tmax = 400 ◦C and

s = 0.45 is explained by different plastic deformations in the cement paste, resulting from

predominantly tensile loading of the cement paste in case of heating without mechanical

load and predominantly compressive loading in case of heating under mechanical load.

In a next step, the 2D morphology introduced in Figure F.2(c) is replaced by 3D matrix-

inclusion morphologies (see Figure F.8 and [69]). The results obtained from an N×N-
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Figure F.6: Influence of temperature dependence of parameters of cement paste
on strain history of N-model for s = Σ/fc,0 = 0.1
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Figure F.7: Model results capturing the path dependence of combined thermal
and mechanical loading (Tmax = 400 ◦C and s = Σ/fc,0 = 0.45)

discretization of the 3D morphology are shown in Figure F.9, comparing also experimen-

tal results reported in [32]1. When no mechanical loading is applied (s = 0), the results

obtained with the 2D N-model have the highest magnitude, indicating that temperature-

induced weakening as well as plastic deformations (in consequence of strain incompati-

bilities) of the cement paste have the highest influence for this model. This observation

is supported by the results considering mechanical loading, where plastic strains in con-

sequence of continuous mechanical loading of the thermally-degrading cement paste are

the largest. The 3D model with uniform sphere diameters (see Figure F.8(a)), on the

other hand, is apparently influenced least by degradation of the cement paste. The qual-

itative agreement between experimental and numerical results is satisfactory, considering

the grade of simplicity and idealization of the employed models.

1The experimental results presented in [32] were obtained on concrete specimens with the dimensions
0.20 × 0.20 × 0.05 m heated at a heating rate of 2 K/min under different load levels.
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(a) �sphere 1� (b) �sphere 2�
Figure F.8: 1D composite model considering 3D matrix-inclusion morphology:

(a) uniform sphere diameter; (b) two sphere diameters (volume fractions
according to Table F.1: fc = 0.3, fa = 0.7)
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Figure F.9: Comparison of strain measurements [32] with model results consid-
ering 2D and 3D morphologies for different levels of loading s = Σ/fc,0 =
0, 0.2, 0.4, 0.6

F.2 Finite-element model for heated concrete

The N-model presented in the previous subsection regards every of the N ”columns” sepa-

rately, only forcing uniform displacements at top and bottom of the composite cell. Hence,

relative vertical displacements between the phase interfaces of neighboring ”columns” are

not hindered. In order to overcome this, finite-element (FE) models representing the

investigated morphologies (see Figures F.2(c) and F.8) were analyzed.

Figure F.10 shows comparison of numerical strains obtained by FE analyses of the 2D

morphology depicted in Figure F.2(c). Hereby, the volume fractions of the two phases

are varied. Compared to the 1D model presented in the previous subsection, the hin-

dered relative vertical displacement results in an overall stiffer structure for the same

volume fractions (compare with Figure F.9). In general, the model is able to qualitatively

reproduce the experimental observations.
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Figure F.10: Comparison of strain measurements [32] with numerical results
from FE analysis of 2D model (according to Figure F.2(c)) for different
volume fractions of cement paste and aggregate and for s = Σ/fc,0 = 0
and 0.4

The influence of combined mechanical and thermal loading on the numerical results

is depicted in Figure F.11, showing the internal variable of the considered Drucker-

Prager criterion (αD [–]) representing plastic deformations under compressive loading. At

T = 20 ◦C (see Figure F.11(a)), when only the mechanical loading (s = 0.4) is applied, a

plastic region develops at the top due to compressive loading. When temperature rises,

strain incompatibilities due to different thermal dilation (see Figure F.3) induce compres-

sion in circumferential direction in the cement matrix, leading – together with continuous

mechanical loading – to development of a second plastic region in the cement matrix (see

Figure F.11(b) for T = 120 ◦C). With further temperature increase, temperature-induced

degradation of the cement paste and the change in thermal-dilation behavior (see Fig-

ure F.3) yields further compressive plasticity at the top of the structure (see Figure F.11(c)

for T = 220 ◦C).

The results obtained by FE analyses of the investigated 3D morphologies are compared

to the experimental results in Figure F.12, showing again that hindering the abovemen-

tioned relative vertical displacement results in an overall stiffer structure (compare with

Figure F.9). The results for thermal strains without mechanical loading show good agree-

ment with the measurements, the strain response of the two morphologies for s = 0.4

shows considerable deviation from the corresponding experimental results. The reason

for this discrepancy may be explained by (i) restraint introduced by the boundary condi-

tions at the top surface (enforcing uniform displacement of the top surface, see Figure F.8)

and (ii) consideration of a limited number of sphere diameters in the model whereas in

reality the aggregate diameter is distributed – according to the grading curve – over a

certain range of diameters.

Figure F.13 shows numerical results for the 3D morphology with uniform sphere diameter

(see Figure F.8(a)). In case no mechanical loading is applied, temperature increase results
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Figure F.11: Internal variable for Drucker-Prager plasticity criterion αD [–]
obtained from FE analysis of 2D model (according to Figure F.2(c)) for
fc/fa = 0.30/0.70 and s = Σ/fc,0 = 0.4, indicating regions of compressive
plastic deformations: (a) T = 20 ◦C, (b) T = 120 ◦C, (c) T = 220 ◦C

in symmetric tensile plastic regions in the cement paste (see Figure F.13(a)) and, there-

fore, a symmetric stress state (see Figure F.13(b)). When mechanical loading is applied

prior to temperature increase, the amount of tensile plastic deformations is reduced (see

Figure F.13(c)) since part of the tensile stresses are overshadowed by the compressive load-

ing (see Figure F.13(d)). This indicates that damage due to tensile plasticity is reduced in

case of mechanical loading prior to temperature loading, which was also observed during

experiments (see, e.g., [66]). In addition, the distribution of the vertical stress component

shown in Figure F.13(d) illustrates that the stress trajectories follow the stiff aggregate
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phase, leaving smaller compressive stresses in the cement matrix.
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Figure F.12: Comparison of strain measurements [32] with numerical results
from FE analysis of 3D model (sphere1: see Figure F.8(a); sphere2: see
Figure F.8(b)) for fc/fa = 0.30/0.70 and s = Σ/fc,0 = 0, 0.4()
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Figure F.13: Results from FE analysis of 3D model (sphere1: see Figure F.8(a))
for fc/fa = 0.30/0.70 at T = 250 ◦C: (a) αR and (b) σy for s = 0; (c)
αR and (d) σy for s = 0.4 (αR [–]: internal variable for Rankine plasticity
criterion, σy [MPa]: vertical stress component)
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In case the 3D morphology with two sphere diameters is investigated, similar observations

as mentioned before are made. Again, the amount of tensile plastic deformations of the

cement paste is reduced in case mechanical compressive loading is applied (compare Fig-

ures F.14(a) and (c)). Additionally, the stress trajectories again follow the stiff aggregate

phase (see Figures F.14(b) and (d)).
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Figure F.14: Results from FE analysis of 3D model (sphere2: see Figure F.8(b))
for fc/fa = 0.30/0.70 at T = 250 ◦C: (a) αR and (b) σy for s = 0; (c)
αR and (d) σy for s = 0.4 (αR [–]: internal variable for Rankine plasticity
criterion, σy [MPa]: vertical stress component)
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