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Kurzfassung

Die vorliegende Arbeit beschéaftigt sich mit der Analyse von Prozeduren zur Knotenisolation sowie mar-
kierungsbasierten Parametern in verschiedenen Baummodellen. Bdume kénnen zur Modellierung der un-
terschiedlichsten Sachverhalte verwendet werden. Obwohl die meisten unmittelbaren Anwendungen von
Baumen immer noch in der Informatik liegen, hat es sich gezeigt, dass Baume ebenso gewinnbringend zur
Modellierung von Pyramidenspielen, Ausbreitungen von Infektionen und dergleichen verwendet werden
konnen. Da Bdume zu den einfachsten rekursiv definierten Objekten zédhlen, kénnen in den durch Baume
modellierten Anwendungen oftmals Beweise fiir ein bestimmtes Verhalten des Modells gegeben werden,
welche bei komplexerer Modellierung viel schwerer zu erhalten sind.

Die zur Analyse der Baummodelle bzw. der darin relevanten Parameter angewandte Vorgangsweise ist die
folgende. Zunéchst werden unter der Vorraussetzung, dass jeder Baum der Grofle n einer gewissen Baum-
familie mit gleicher Wahrscheinlichkeit auftritt, Rekursionen fiir die zu untersuchenden Parameter auf-
gestellt. Mittels passend definierter erzeugender Funktionen lassen sich diese Rekursionen in Funktional-
bzw. Differentialgleichungen iibersetzen. Aus den Funktional- bzw. Differentialgleichungen gewinnt man,
falls moglich, explizite Losungen, anhand welcher mittels Koeffizientenablesens exakte Ergebnisse er-
zielbar sind. Andernfalls 148t sich oft hinreichende Information iiber das asymptotische Verhalten der
untersuchten Parameter aus der Struktur der Funktional- bzw. Differentialgleichungen gewinnen. Um
Grenzverteilungen von Zufallsvariablen zu erhalten werden der Stetigkeitssatz von Lévy sowie die soge-
nannte Methode der Momente (Satz von Fréchet und Shohat) angewandt.

Diese Arbeit ist drei Themenbereichen gewidmet. Die ersten vier Kapiteln beschéftigen sich mit verschie-
denen Algorithmen zur Knotenisolierung in Baumen. Dabei wird in einem zufilligen Baum der Grofle n
einer gewissen Baumfamilie zufiillig eine Kante entfernt (ein Zufallsschnitt). Dadurch entstehen zwei neue
Teilbdume. Nun wird je nach Algorithmus in einem oder beiden Teilbdumen diese Prozedur fortgesetzt,
bis eine gewisse Auswahl an Knoten isoliert ist. Die hier vorgestellten Algorithmen zur Knotenisolierung
verallgemeinern die bisher untersuchten Verfahren. Unter anderen untersuchen wir die benétigte Anzahl
an Zufallsschnitten bis der Knoten n eines rekursiven Baumes der Groflie n isoliert ist.

Der zweite Schwerpunkt dieser Arbeit liegt auf der Analyse von markierungsbasierten Parametern. Wir
untersuchen in der Baumfamilie der Increasing Trees (strikt aufsteigend markierte Bidume) Parameter
welche von der Knotenmarkierung abhingen. Im Gegensatz zu den globalen (extremalen) Parametern
erhalten wir unterschiedliches Verhalten des Parameters je nach Abhéngigkeit der Knotenmarkierung
von der BaumgroBe. Wir untersuchen unter anderem Knotengrad, Unterbaumgrofle, Aststruktur, etc.,
des Knoten j in einem Baum der Gréfle n. Fiir die entsprechend definierten Zufallsvariablen erhalten wir
explizite Resultate fiir die Wahrscheinlichkeitsverteilungen, die (faktoriellen) Momente sowie die Grenz-
verteilungen. Dabei verwenden wir einen rekursiven Zugang, welchen wir zu einer allgemeinen Methode
zur Untersuchung von markierungsbasierten Parametern ausbauen.

Weiters untersuchen wir die Baumfamilie der Scale free trees. Es wird der Zusammenhang mit der Baum-
familie der Increasing Trees gezeigt und es werden wiederum markierungsbasierte Parameter untersucht.

Der dritte Teil beschéftigt sich mit gewichteten Parametern, welche nicht so einfach durch Rekursionen
beschreibbar sind, da Ummarkierungsargumente nur schwer verwendet werden kénnen. Diese gewichte-
ten Parameter stellen eine Verallgemeinerung der zuvor untersuchten markierungsbasierten Parameter
dar. Mittels der Resultate {iber markierungsbasierte Parameter sind wir dennoch in der Lage mittels
probabilistischer Methoden eine Vielzahl an Ergebnissen zu erlangen.
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Abstract

This thesis is dedicated to the analysis of node isolation procedures and label-based parameters in several
tree models. Most of the applications of trees are found in computer science. Nevertheless they are also
used in other scientific areas, e.g. for modelling the spread of epidemics, pyramid schemes, growth of
networks such as the internet, etc. Trees are some of the easiest recursive structures. Modelling with
trees often leads to explicit results concerning the behavior of the model. In contrast when more complex
structures are used for modelling it is most likely harder to prove explicit results.

We will use mainly the following approach for obtaining results. Under the assumption that any tree of
size n of a certain tree family is picked equally likely, we can set up recurrences for the parameters of
interest by using the recursive structure of the examined tree family. By using suitably defined generating
functions these recurrences can be translated into either functional equations or differential equations,
depending on the recursive structure of the tree family. Most of the times when the arising equations
can be explicitly solved, exact results can be obtained by extraction of coefficients. Sometimes we can
directly deduce asymptotic results from the functional equations or differential equations. In order to get
limiting distribution results for the considered parameters we will rely on two methods. Lévy’s continuity
theorem and the so-called “Method of moments” will be our main tools.

This thesis is divided into three parts. In the four beginning chapters we will analyze algorithms for node
isolation by random cuttings in rooted trees: Pick at random an edge e in a random rooted tree T' of size
n. Now remove the edge e. This splits T into two rooted subtrees T and T, where w.l.o. g. T is rooted
at the original root and T is rooted at the node adjacent to e. Apply this procedure recursively on one
or both subtrees 7" and T, depending on the algorithm, until a prescribed set of nodes is isolated.

The algorithms analyzed here generalize the known procedures for node isolation. Among others we
analyze the number of random cuts necessary to isolate node n in a recursive tree of size n.

The second part is devoted to the analysis of label-based parameters in increasing tree families. Phase
transitions occur for label-based parameters depending on the growth of the considered label. We analyze
parameters like node degree, subtree size, branching structure, distance, etc.; furthermore we obtain
explicit results for both the distribution and the factorial moments of the corresponding random variables.
Also limiting distribution results are readily obtained. We use a recursive approach for the description
of label-based parameters, which will be turned into a general method for studying arbitrary label-based
parameters.

We extend our studies of label-based parameters to the tree family of Scale free trees. After establishing a
combinatorial description of this tree family it will turn out that Scale free trees are non-simple increasing
trees. Nevertheless we are able to reduce the study of parameters in Scale free trees to the study of a
subclass of simple increasing trees.

The third part is devoted to the analysis of weighted parameters in labelled rooted trees. These pa-
rameters are generalizations of label-based parameters. It is difficult to get recursive descriptions of the
parameters of interest using a combinatorial approach because we cannot use relabelling arguments to
obtain recurrences. A probabilistic approach allows us to obtain results for weighted depths and distances
and various kinds of weighted node degrees.

This thesis is based on several research papers jointly written with Prof. Alois Panholzer. Most of the
work was done within two research projects: FWF-project P18009, “Analyse von Datenstrukturen und
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baumartigen Strukturen” and National Research Network S9600 “Analytic Combinatorics and Proba-
bilistic Number Theory”, project S9608 - “Combinatorial Analysis of Data Structures and Tree-Like
Structures”.
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Chapter 0

Mathematical Preliminaries

We will give a thorough introduction to the mainly considered tree families, for which different parameters
will be analyzed in the next chapters. Some special tree families like the family of non-crossing trees will
be presented in the corresponding chapter.

0.1 Tree families

0.1.1 Simply generated trees

Simply generated trees were introduced in [57] and they include several important tree families as special
instances, e. g. binary trees, unordered labelled trees (Cayley trees), and ordered trees (= planted plane
trees). Moreover, they are strongly related to Galton-Watson branching processes, since it is well known
(see [2]), that random simply generated trees are essentially the same as conditioned Galton-Watson trees
obtained as the family tree of a Galton-Watson process conditioned on the given total size.

A class 7 of simply generated trees can be defined in the following way. A sequence of non-negative real
numbers (¢k)r>0 With ¢o > 0 () can be seen as the multiplicative weight of a node with out-degree k) is
used to define the weight w(T") of any ordered tree T by w(T') := [ ], ©@a(w), where v ranges over all vertices
of T and d(v) is the out-degree (the number of children) of v. In order to avoid degenerate cases we
always assume that there exists a k > 2 such that g > 0. The family 7 consists then of all trees T with
w(T) # 0 together with their weights w(T). It follows further that for a given degree-weight sequence
(¢r)r>0 the generating function T'(z) := 3_,~; T52" of the quantity total weights T, := 3= 7 _,, w(T),
where |T| denotes the size of the tree T, satisfies the functional equation

T(z) = zgo(T(z)), (1)

where the degree-weight generating function o(t) is given by ¢(t) = >, o, ¢xtr.

The asymptotic behavior of T'(z) as solution of (1) is discussed in detail in [24] and we collect some
of their results concerning T'(z) and the growth of its coefficients T),, where we have to make only few
restrictions on ¢(t). We will suppose that ¢(t) has a positive radius of convergence R > 0 and assume
that there exists a minimal positive solution 7 < R of the equation t¢'(t) = ().

Defining the period p := ged{k : ¢ > 0}, it follows that equation (1) has exactly p solutions of smallest
modulus given by 7; = wiT for 0 < j < p— 1, where w is a primitive p-th root of unity. This leads to p

T 1

dominant singularities of T'(z) at z = p; with p; = w/p and p = 207 = 70 (L(2) is analytic for lz| < p

except at z = pj).
The local expansion around the singularity z = p; is given by the following equation, where x; denotes

a certain constant:
T(z) =7 — o 2¢(T),/1—3+%‘(1—i)+O((1—i) ). (2)
’ @"(7) pj 7 pj P;
1

e




CHAPTER 0. MATHEMATICAL PRELIMINARIES 2

By applying singularity analysis one obtains the asymptotic expansion

T,=p 27:;(;()7_)/)”712 (1+0@m™), (3)

provided that n =1 (mod p). (For n 21 (mod p) T,, = 0 always holds.)
We want to mention further that it is often advantageous to describe a simply generated tree family 7°
by the formal recursive equation

T:Qx(gpo-{e}L'J<p1-TU<p2-Tx’TUg03~T><T><TU .-.):Qw(T), (4)

with {€} an empty tree, O a node, x the cartesian product, and ¢(7") the substituted structure (see e. g.
[72]).

0.1.2 Increasing trees

Increasing trees are labelled trees where the nodes of a tree of size n are labelled by distinct integers
of the set {1,...,n} in such a way that each sequence of labels along any branch starting at the root
is increasing. As the underlying tree model we use the simply generated trees but, additionally, they
are equipped with increasing labellings. We will thus speak about simple families of increasing trees. A
thorough study of families (= varieties) of increasing trees was conducted in [6].

A class 7 of a simple family of increasing trees can thus be defined in analogy to the definition of simply
generated tree families in the following way. A sequence of non-negative numbers (¢x)r>0 with ¢o > 0 is
used to define the weight w(T') of any ordered tree T' by w(T') = ], @4(v), where v ranges over all vertices
of T and d(v) is the out-degree of v (again, we always assume that there exists a k > 2 with ¢ > 0).
Furthermore, £(T') denotes the set of different increasing labellings of the tree T with distinct integers
{1,2,...,|T|}, where |T| denotes the size of tree T', and L(T) := |£(T)| denotes its cardinality. Then
the family 7 consists of all trees T' together with their weights w(T") and the set of increasing labellings
L(T).

For a given degree-weight sequence (¢, )k>0 with a degree-weight generating function ¢(t) := 3", <, ¢rth,
we define now the total weights by T,, := Z|T\:n w(T) - L(T). Tt follows then that the exponential

generating function T'(z) := Zn21 Tn% satisfies the autonomous first order differential equation
T'(z) = o(T(2), T(0)=0. (5)

Again it is sometimes advantageous to describe an increasing tree family 7 by the formal recursive
equation

T=0 x (@0-{6}Unp1~TU¢2-T*TU¢3-T*T*TU ) =@ x o(T), (6)

where additionally * denotes the partition product for labelled objects.
Three specific increasing tree families are of particular interest:

e Recursive trees are the family of non-plane increasing trees such that all node degrees are allowed.
The degree-weight generating function is ¢(t) = exp(t). Solving (5) gives T'(z) = log (1) and thus
T, = (n— 1)}, for n > 1. Recursive trees have been introduced as simple probability models in several
areas. They are used to model the spread of epidemics [55], to aid in the construction of the family trees
of preserved copies of ancient manuscripts [61] or to model chain letter and pyramid schemes [28]. Further
they are used to model the stochastic growth of networks [11]. See also [52] for a survey of applications

and results on random recursive trees.

e Plane oriented recursive trees (also called Heap ordered trees) are the family of plane increasing trees
1

such that all node degrees are allowed. The degree-weight generating function is ¢(t) = 1= . Equation

(5) leads here to T'(z) = 1 —+/1 — 2z and thus to T,, = (;;11)! (>"72) = (2n — 3)!l, for n > 1. Plane

n—1
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oriented recursive trees (to be more exact a slight variation of them) are used to model the growth of the
internet. See also [52] for a survey on plane oriented recursive trees.

e Binary increasing trees (also called tournament trees) have the degree-weight generating function
©(t) = (1 +t)%. This model is of special importance, since it is isomorphic to the model of binary
search trees (see [6] and the references therein for binary increasing trees and e. g. [50] for binary search

trees). Thus it must follow T'(z) = % and T;, = n!, for n > 1.

Driven from the inspection that all these important increasing tree families satisfy the equation T;;fl =

c1n + co, with fixed constants ¢y, ca, for all n > 1, we will consider such trees in more detail. It turns out
from the characterization given below that the defining degree-weight generating functions ¢(t) are the
same as obtained in [63].

We will give now an exact answer to the question, which degree-weight generating functions are actually

fulfilling T;;“ =cin + co.

Lemma 1. The total weights T,, of trees of size n in an increasing tree family satisfy for all n € N the
equation

T,
T —ante, @

if and only if the degree-weight generating function p(t) = >, <, ort® is given by one of the following
three formule. B

cqt

Case A: ¢(t) = poe®o, for pg >0, c1 >0,

d
t
Case B: <p(t):ap0<1+62> , for o >0, cz>0,al::6—14—16{2,3,4,...}7
%0 C2

Case C: (t) = Lﬂ_ﬂ for o9 >0, 0 < —co < 1.
2

cat p
(142

In applications the subclass of simple families of increasing trees, which can be constructed via an insertion
process or a probabilistic growth rule, is of particular interest. Such tree families 7 have the property that
for every tree T” of size n with vertices vy, ..., v, there exist probabilities pr+(vy1),...,pr (v,), such that
when starting with a random tree T" of size n, choosing a vertex v; in T” according to the probabilities
prs(v;) and attaching node n+ 1 to it, we obtain a random increasing tree T of the family 7 of size n+ 1.
It is well known that the tree families mentioned above, i. e. recursive trees, plane-oriented recursive trees
and binary increasing trees, can be constructed via an insertion process. In [68] a full characterization of
those simple families of increasing trees, which can be constructed by an insertion process, is given.

Lemma 2 (Panholzer & Prodinger, 2005). The following three properties of a simple family of increasing
trees T are equivalent:

1. The total weights T,, of trees of size n of T satisfy the equation

T,
T:l =cin + co, (8)

with fixed constants c1, ¢z, for allm € N.

2. Starting with a random increasing tree T' of size n > j of T and removing all nodes larger than j
we obtain a random increasing tree T' of size j of T.

3. The family T can be constructed via an insertion process respectively a probabilistic growth rule.

Thus the tree families of interest are described by their degree weight generating function as given in
Lemma 1. We will call the tree families covered by Lemma 2 throughout this work grown simple families
of increasing trees.
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Solving either the differential equation (5) or using (1) one obtains the following explicit formule for the
exponential generating function 7'(z):

20 Jog (1_1612), Case A,
po (1
T(z) =X o ((17(d71)czz)ﬁ 1)7 Case B, (9)
gof—L - — 1), Case C.
2 (1—clz)q

Furthermore the coefficients T;, are given by the following formula, which holds for all three cases of very
simple increasing tree families (setting co = 0 in Case A and d = % + 1 in Case B):

-1 C2
T, = 9000?_1(” -1 <n n __z Cl). (10)

Next we are going to describe in more detail the tree evolution process which generates random trees (of
arbitrary size n) of grown simple families of increasing trees. This description is a consequence of the
considerations made in [68]:

e Step 1: The process starts with the root labelled by 1.

e Step i+1: At step i+ 1 the node with label ¢4 1 is attached to any previous node v (with out-degree
d™ (v)) of the already grown tree T of size ¢ with probabilities proportional to the weight w(d ™' (v))

d+ 1 v
w(a@ () = L+ Dearon
Pd+(v)

hence the probability of attaching the new node to node v is given be the weight of d*(v) divided
by the total weight of T

w(d*(v))
pv) = = (11)
ZuGTw(dJr(u))
I e
1
= for Case A,
d—d*t(v)
p(v) = m’ for Case B,
+
m, with @ := —1— 2 >0,  for Case C.
(a+1)i—1 c2

Thus we see that from a probabilistic point of view one could completely reduce the considerations for
Case A and Case B to recursive trees (g = ¢; = 1) and d-ary trees (pg = co = 1, ¢y = d —1). For
Case C we observe that plane-oriented recursive trees are contained due to pg =1, ¢; = 2, and c3 = —1
(leading to @ = 1), but we have the possibility of choosing an arbitrary a > 0, such that this case can
indeed be seen as a generalization of plane-oriented recursive trees.

0.2 Probabilistic tools

We will briefly introduce the main probabilistic tools used in this thesis. The part concerning with the
method of moments is based on an article of Hwang and Neininger [34].
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0.2.1 Lévy’s continuity theorem

Let X be a random variable with characteristic function ¢(t). Assume that X has a continuous distribu-
tion function. Further let (X,,)nen be a sequence of random variables with characteristic functions ¢, (¢),
n € N.

X0 DX = lim ¢n(t) = (t) forallteR. (12)

n—oo
The corresponding theorem for the moment generating function was proven by Curtiss in [14]. It is
sometimes also called Lévy’s continuity theorem due to the similarity of the results.

0.2.2 Curtiss’ theorem

Let M, (t) be the moment generating function of a distribution function F,(x) such that for each n,
M, (t) exists for |t| < t;. Suppose that there is a real function M (¢) such that lim, ., M, (t) = M(¢) for
[t| <ty <ty with t5 > 0. Then there is a distribution function F(z) such that lim,, ., F,,(z) = F(x) at
each continuity point of F' and the moment generating function of F' is M(t) for |t| < ts.

0.2.3 Method of moments

The method of moments is one of the most classical ways of deriving limit distributions. It has been
widely applied to problems in diverse fields. It consists in first computing the mean and variance. After
properly scaling the random variable, the higher moments of the scaled random variable X are computed
by induction. Carleman’s criterion provides that the moment sequence (E(X?®))s uniquely characterizes
a distribution if )" E(X?%)~1/2% = 0o. Then one can obtain the convergence in distribution and of all
moments (or convergence in L, for all p > 0) by the Fréchet-Shohat moment convergence theorem (see
Loeve [49]).

0.2.4 Poisson Approximation

In Chapter 6 we are able to use Poisson Approximation technics to obtain limit laws for the considered
random variables by following closely the approach of Dobrow and Smythe [18], which is based on results
in [4]. The total variation distance dry of two probability measures P and @ over Z, is defined by

arv(P,Q) = 3 Y IPUkY) - QI (13)

k>0

We denote with Po()) a probability distribution of a Poisson distributed random variable with parameter
A. Further we use the notation £(X) for the distribution law of the r.v. X. Let X,, be a sequence of
random variables for which

drv(L(X,),Po(A\,)) — 0 and A, — oo, (14)
then it holds X -2
An—2n @D ar(0,1). (15)

Vn
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Analysis of node isolation procedures
in rooted trees



Chapter 1

Isolating a single node in recursive
trees

1.1 Introduction

In [55] Meir and Moon considered the following edge-removal procedure (= cutting-down procedure) for
a rooted tree with n vertices. Pick one of the n — 1 edges of the tree at random and remove it. This
separates the tree into a pair of rooted trees; the tree containing the root of the original tree retains its
root, while the tree not containing the root of the original tree is rooted at the vertex adjacent to the edge
that was cut. Now the subtree that does not contain the original root is discarded and the procedure
is continued recursively for the remaining subtree until the original root is isolated. In paper [55] the
random variable X, is studied, which counts the number of edges that will be removed from a randomly
chosen recursive tree of size n by above edge-removal procedure until the root, i. e., the node labelled by
1, is isolated. This problem was studied in the context of the spread of contamination in an organism,
where it is assumed that the first node is the source of all the contamination. By separating nodes from
the source by successively removing edges one eventually isolates the source node. It was shown in [55]
the following asymptotic equivalent of the expectation: E(X,,) ~ —=—. Thus on average ~ —— random

logn* logn
edges have to be removed from a random size-n recursive tree before the root node is isolated.

Recently Javanian and Vahidi-Asl [38] have studied a modification of above edge-removal procedure,
motivated by considerations concerning the hierarchy of a workforce of a company: at each stage after
removing a random edge, the subtree containing the node with the largest label, i. e., label n, is kept
and the other subtree is discarded. Thus finally the node labelled by n will be isolated. Again one is
interested in a study of the random variable Y;,, which counts the number of edges that will be removed
from a randomly chosen recursive tree of size n until node n, i. e., the last recent entry, is isolated. It
was shown in [38] the following asymptotic equivalent of the expectation: E(Y,,) ~ ﬁ. Therefore on
average ~ random edges have to be removed from a random size-n recursive tree before node n is
isolated.

_n
2logn

But isolating node 1 and isolating node n in a tree by removing random edges can be considered as special
instances of a natural generalization of the edge-removal procedures described above. In order to isolate
via random cuttings the node with a specified label A, with 1 < A < n, in a tree T' with nodes labelled
by 1,2,...,n we consider the following procedure:

1. Pick one of the n —1 edges of the tree at random and remove it. This separates the tree 7" into two
subtrees T and T'. Let us assume that A € T'.

2. Continue the edge-removal procedure recursively for the subtree T', which contains the node labelled
by A, until node A is isolated.

We are going to study this general edge-removal procedure by analyzing the random variable X, , with
1 < X\ < n, which counts the number of edge-cuts that are necessary to isolate the node labelled by A in a

7
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random recursive tree of size n. Of course, the margin cases X,, (isolating the root) and Y;, (isolating the
largest node) are contained as the special instances X, 1 and X, ,,, respectively. This general edge-removal
procedure has a natural interpretation in the model for the spread of a contamination in an organism
mentioned above: instead of assuming that the root node is the contamination source we assume that a
certain node A is the contamination source, which one wants to isolate. Figure 1.1 and Figure 1.2 give
examples of isolating certain nodes via the edge-removal procedure considered here.

@ @f@ i
F & ® ‘ @ 99
@ ® ooeoe ®®
® ©

Figure 1.1: Isolating the root in a size-8 recur- Figure 1.2: Isolating the largest node in a size-8
sive tree with 5 cuts. recursive tree with 3 cuts.

We will analyze the random variable X,, ) from “both ends”, i. e., we are studying X,  for small labels:
A =1, with [ > 1 fixed and n — oo, and for large labels: A = n+1—1, with [ > 1 fixed and n — oc.
By using a recursive approach we are able to give asymptotic expansions of the moments of the random
variables X, ; and X, n4+1-;, for [ fixed and n — oo. For the instance of large labels we can apply
the Theorem of Fréchet and Shohat and characterize the limit law of the normalized random variable
@%Xn,m_l_l by its moments. It turns out that the random variable X, ,,+1—;, which counts the number
of edge cuts necessary for isolating the I-th largest node, is (after scaling with 10%) asymptotically, for
[ fixed and n — oo, uniformly distributed on [0,1). For the instance of small labels we can show that

1ng£ 2 X, converges, for | fixed and n — oo, in probability to 1, but it turns out that a zero-mean and

unit-variance normalization of X,,; has (for s > 2) s-th moments of order log2 ™" n. Thus existence of
the limit law (and in the affirmative case a characterization of the limit law) of this normalized random
variable cannot be shown by the method of moments. This was already observed for the special instance
of isolating the root, i. e., for X, 1, in [65].

Remarks:

(1) We want to remark that for the problem of isolating the root node of a tree via random cuttings
Janson [37] gave an alternative approach by establishing a very useful connection between the number
of cuts to isolate the root and the number of records when assigning random values to the edges of the
tree. We want to sketch in the following that one can extend the arguments used in [37] to give also a
connection between the number of cuts and the number of records for the problem of isolating a specified
label A\. We consider a randomly chosen recursive tree of size n and attach to each edge e a random value
Ye, where we assume that the values v, are i. i. d. with an arbitrary continuous distribution. For a given
label A, with 1 < A\ < n, we call a value 7, a record if it is the largest value in the path from the node
labelled by A to the edge e. Then it holds that the number of records is again distributed as X, .

(#4) Furthermore we want to remark that the cutting-down procedure for isolating the root node of a
random recursive tree has also been used to give an alternative representation of the so called Bothausen-
Sznitman coalescent (see [29]).

1.2 Results and outline of the proof

1.2.1 Results

For the s-th moments of the random variables X,,; and X,, ,4+1—; we get the following asymptotic expan-
sions, for [ > 2 fixed and n — oo, stated as Theorem 1 and Theorem 2.

Theorem 1. The s-th moments E( rsul) of the number of random cuts necessary to isolate node l in a
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random recursive tree of size n are, forl,s > 1 fized and n — oo, asymptotically given by

S S

_.n Vs (9( )
~log®n  log®tin log*™?n/’

E(X;,) (1.1)

where the constants v, s appearing in above expansion are given by

-1 -1
1 (2) Hs+k
Yis=(s+1)Hs — sHyys_1 — 5(H12—1 _Hl—l) _HSHZ*1+S\IJ(I+S)+; k _;

1

E0)

Theorem 2. The s-th moments ]E(X:;,n—&-l—l) of the number of random cuts necessary to isolate node
n+1—1in a random recursive tree of size n are, for l,s > 1 and n — oo, asymptotically given by

s _ n® n’
B(Xine1t) = (s+1)log*n M O<1Og5+1 n) (1.2)

From these asymptotic expansions of the s-th moments we obtain the following results for the limiting
behavior of X,,; and X, 41—y, for [ fixed and n — oo, given as Corollary 1 and Theorem 3.

Corollar 1. The s-th centered moments E([Xn,l — E(Xn,l)]s) of the number of random cuts necessary
to isolate mode | in a random recursive tree of size n are, forl > 1, s > 2 fized and n — oo, asymptotically
given by
s O0p.sn° ns
E(Xn _E(X, ):’7+0(7), 1.3
[ )l ( ’l):l logSJrl n 10g8+2 n ( )

where the constants ;s appearing in above expansion are given by

(=1)° (=1)°

Ae-1) ()

(=1°

5l,s = (Hl+s—1 - Hs) +

Thus the scaled random variable lofannJ converges, for 1 > 1 fixed and n — oo, in probability to 1 with
convergence of all moments.

Theorem 3. The limiting distribution of the normalized random wvariable IOTgL”anH,l is, for 1 > 1
fized and n — oo, a standard uniform distribution Uy with support [0,1):

1
Bl i Lx, x9u,. (1.4)

1.2.2 Qutline of the proof

In order to show our results we will basically use a recursive approach, which allows to describe the number
of random cuts necessary to isolate label [ in a random recursive tree of size n via the corresponding
quantities for smaller tree sizes k < n and labels r not larger than [, i. e., 7 < [. Such a recursive approach
is amenable, since it is well known (see [29; 65]) that random recursive trees satisfy a certain randomness-
preservation property, which is stated in Subsection 1.3.1. Using this property we can easily give a
distribution recurrence for X, ; (and X, 11_;), where the behavior of the random variables considered
are determined by the splitting probabilities p, 1), k) (and pn.1),(k,r)), Which give the probability that
when starting with a random size-n recursive tree and removing a random edge the subtree containing
node [ (node n + 1 — 1) is of size k and where furthermore node [ (node n + 1 —[) is the r-th smallest
(the r-th largest) node in this subtree. Using a bijective argument we can give exact formulee for these
splitting probabilities. They are computed in Subsection 1.3.2 and given as Lemma 3.

From the distribution recurrences for X, ; and X, 1_; we easily obtain recurrences for the s-th mo-
ments E(X;l) and IE(X;” +1—l)' In order to treat these recurrences we use a generating functions
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approach, which allows to translate these recurrences into linear differential equations for suitably in-
troduced generating functions M, s(z) and N; s(z). Since we are able to determine the general solutions
of the corresponding homogeneous differential equations it is possible to describe the solutions of these
differential equations rather “explicitly”. To determine the asymptotic growth behavior of ]E(be)l) and
E(Xz,n+1—l)v and thus essentially of the coefficients of the generating functions M ;(z) and N; 5(z), we
use singularity analysis (see [25]), i. e., we study the growth behavior of the functions in a neighborhood
of the dominant singularity, together with certain lemmata for singular differentiation and integration;
the corresponding Lemma 4 is stated in Subsection 1.4.1. Since, for a given pair (I, s), all generating
functions M, ;(z) (and N, ;(z)), with » < I, j < s and (r,j) # (l,s), appear in the inhomogeneous
part of the differential equations determining M; s(z) (and N;s(z)), we are forced to “pump out” the
asymptotic expansions of the generating functions M; 4(z) (and N; s(2)) around the dominant singularity
via induction on both parameters [ and s. The corresponding computations for small labels (labels I > 1
fixed) are carried out in Section 1.4, whereas the computations for large labels (labels n + 1 — [, with
[ > 1 fixed) are given in Section 1.5.

1.3 The recursive approach

1.3.1 Recurrences

As already mentioned in Lemma 2 it has been observed that random recursive trees satisfy the follow-
ing “randomness-preservation” property, which will allow a recursive approach for the analysis of the
parameter considered.

Choose a random recursive tree of size n and then one of its n — 1 edges uniformly at random.
Cutting this edge produces a pair of trees of size k and n — k. Then, after an order preserving
relabelling of the subtrees with labels {1,...,k} and {1,...,n — k}, the subtrees themselves
are random recursive trees of size k and n — k.

An important step for the recursive description of the probabilities P{X,; = m} is to introduce the
splitting probabilities p(, ;) (k,-): they give the probability that when starting with a random size-n
recursive tree and removing a random edge the subtree containing node [ is of size k and where furthermore
node [ is the r-th smallest node in this subtree.

When we treat the analogous problem of isolating the node n + 1 — [ it is convenient to introduce the
splitting probabilities p(,1),(k,r): they give the probability that when starting with a random size-n
recursive tree and removing a random edge the subtree containing node n 4+ 1 — [ is of size k and where
furthermore node n + 1 — [ is the r-th largest node in this subtree. Of course, these quantities are
connected via the trivial relation

P(n,0), (k) = P(nnt1—1), 0 kb 1—r) - (1.5)

From the recursive nature of the problem together with the randomness-preservation property imme-
diately follows the distribution recurrence for the number of random cuts necessary to isolate the I-th
smallest node in a random recursive tree of size n given below.

I n—1
IP){)(n,l = m} = Z Zp(n,l),(k,r)]P){Xk,r =m — ]-}7 n>2, (16)

r=1k=r

with initial value P{X; 1 = 0} = 1. Furthermore, the distribution recurrence for the number of random
cuts necessary to isolate the [-th largest node, i. e., node n + 1 — [, in a random recursive tree of size n
is given by:

I n—1

P{Xnnt11=m} =Y > P enP{Xehs1r=m—1}, n>2 (1.7)
r=1k=r
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with initial value P{X;; =0} = 1.
The splitting probabilities p(, 1), (k) appearing in (1.6) are given by Lemma 3, which also determine the
splitting probabilities p(, 1), (%, appearing in (1.7) due to equation (1.5).

1.3.2 The splitting probabilities

We obtain the following explicit formulee for the splitting probabilities p(, 1), (x,») appearing in (1.6).

Lemma 3. The splitting probabilities p(, 1) (k,r) are, for 1 <1 <n, 1 <r <k, 1<k<n-1andn > 2,
given as follows:

[0=D(mD) + (o] e =1
(YD + (D Goh] Sttt r<t

Proof. If we remove an edge e of a size-n recursive tree we split the tree into two subtrees: we denote
with 7" the subtree containing the original root, i. e., label 1, and with 7" the other subtree, which is
rooted at the vertex adjacent to the edge e that was cut. After an order preserving relabelling with labels
{1,...,]T"|} and {1,...,|T"|} both subtrees can be considered as recursive trees. Furthermore we denote
with B the arising subtree, which contains the node labelled by [ in the original tree; we assume that
this subtree has size k, with 1 < k < n — 1. We distinguish now the cases r =1 and r < [.

P, (k) =

If r = [ then it follows that B = T’. We want to determine the number of possibilities of removing an
edge e of a recursive tree of size n leading (after an order preserving relabelling) to the pair (7”,7") of
subtrees. To do this we count the number of different ways of distributing the labels {1,...,n} order
preserving to 77 and 7" and adjoining the root of 7" to a node of T (by inserting edge e), such that
the resulting tree is a recursive tree. We consider now the node of T’ incident with e: if the node of T”
incident with e has label j, with 1 < j < k, then it follows that the labels of 7" must all be larger than
j. For 1 < j < we can choose n — k of the labels [+ 1,1+ 2,...,n and distribute them order preserving
to T", whereas the remaining labels are distributed order preserving to 7", leading to (::li) possibilities.
For [+1 < j < k we can choose n— k of the labels j+1,j+2,...,n and distribute them order preserving
to T”, whereas the remaining labels are distributed order preserving to 7", leading to ([~ i) possibilities.
Thus this quantity is independent of the actual choice of T with |T'| = k and T” with |T"| = n — k.
Since there are T, = (k — 1)! and T,,_ = (n — k — 1)! different recursive trees of size k and n — k, this
leads together with the fact that there are n — 1 ways of selecting an edge e for any of the T;, = (n — 1)!
recursive trees of size n to the following formula:

voen = ((0) 3 ()| S

- . D)l —k—1)!
(l—l)n l (" I+ (k—Dl(n—k )7
n—k n—k+1 (n—1)(n—1)!
appealing to a well known identity.
If r < | we have to distinguish further between the two cases B =T’ and B =T". If B = T’ and we

distribute the labels {1,...,n} order preserving to 7" and T" we have the restriction that exactly [ — r
nodes of the nodes 2,...,l—1 have to be in T". If B = T" then we have the restriction that exactly r —1
nodes of the nodes 2,...,1—1 have to be in T”. Proceeding the same way as before we obtain eventually

the following formula.
r—1 l—r .
B n—1 —1—y n—1 I=1—-5\| (k=Dln—-Fk-1)!
Poub, (k)= (n—k’ l—r)?}( l—r >+<k—r),§_:1( r—1 ) (n—1)(n—-1)!

- 12O e
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1.4 Isolating nodes with small labels

1.4.1 Singular differentiation and integration

In order to treat the recurrences for the s-th moments of X, ; and X, ,,+1—; that will be obtained in the
sequel we use a generating functions approach, which leads “in principle” to exact formulee for suitably
introduced generating functions. To obtain asymptotic information for the s-th moments we will basically
use singularity analysis of generating functions, i. e., the transfer lemmata of Flajolet and Odlyzko [25] to
“translate” the asymptotic growth behavior of a generating function in the neighborhood of its dominant
singularity into the growth behavior of its coefficients. For the functions studied in here the unique
dominant singularity is always located at z = 1, thus we will specialize the considerations given below to
this case. In order to apply singularity analysis it is necessary that the functions involved are analytic for
a domain larger than the circle of convergence, namely the functions have to be analytic for indented discs
A= A(p,n) ={z: |z| <1+, |Arg(z — 1)| > ¢}, with > 0, 0 < ¢ < F. Such functions are called
A-regular (see [22]). We want to point out that the functions considered here are always A-regular,
since they are generated from A-regular functions via basic arithmetical functions and the operations
differentiation and integration.

We will require the following O-transfer lemma for a A-regular function with a certain growth estimate
in a neighborhood of z = 1:

( 1
(1- z)alogb( L )

1—=z

), for z—1 = [z"]f(z)z@(f(:;;;) (1.8)

f(z)=0

together with an asymptotic expansion of the coefficients of the following functions:

1 n o onet b¥(a)
(1 — z)elog® () = = I'(a)log’n (1 + logn

1—2z

Lo(— )), (1.9)

log2 n

f(z) =

where both formulae (1.8) and (1.9) hold (at least) for @ > 0 and b > 0 (see [25]).

However, for a study of the functions appearing we also require lemmata, which describe the asymptotic
behavior of the derivative f’(z) and the antiderivative foz f(®)dt of a A-regular function f(z) in the
neighborhood of the dominant singularity z = 1, supposing that the asymptotic behavior around z = 1
of the function f(z) itself is of a certain kind. Such theorems are known as theorems for singular
differentiation and integration and can be found, e. g., in [22]. But in the sequel we will require slightly
more general theorems than given there, which are stated in Lemma 4. The proof of this lemma is omitted,
since one can essentially “repeat” the arguments used in the proof of the corresponding theorems given
in [22].

Lemma 4 (Singular differentiation and integration). Let f(z) be a A-regular function (see [22]), an
analytic function in the domain A := A(¢,n),

A(g,m) ={z: |z| <14mn, [Arg(z —1)| > ¢},

with n >0, 0 < ¢ < 3, satisfying, for z — 1, the expansion

£(2) :O((l_z)a;gb( . )),

11—z

fora > 1 and b > 1. Then foz f)dt and f'(z) are also A-regular and they admit, for z — 1, the
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exPansions

z 1 / 1
[ om0y o =0l trr)

1.4.2 Expectations

The first step in our proof of Theorem 1 is to show the special case s = 1, i. e., asymptotic expansions of
the expectations E(X,, ), for [ fixed and n — oo, given as Lemma 5.

Lemma 5. The expectations E(X,,;) of the number of random cuts necessary to isolate node | in a
random recursive tree of size n are, for 1 > 1 fixred and n — oo, asymptotically given by

+(4—2Hl—1+\11(l+1)) - +O( - )

E(X =
(Knt) l log®n log®n

logn

The proof of this lemma will be carried out by a generating functions approach using induction on . The
recurrences for the expectations E(X,, ;) are obtained easily from the distribution recurrence (1.6) and

are given by
I n—1

ZZ Pen ), (k) E(X ), (1.10)
r=1 k=r

with splitting probabilities given by Lemma 3.
We introduce for [ > 1 the generating functions

Mi(z) = (n— 1)=E(X, )", (1.11)

n>l

which allow to translate recurrence (1.10) into the following first order linear differential equation for
M, (2), where the functions M,.(z), with r < I, are appearing in the inhomogeneous part R;(z):

(1~ 2)log () L M(2) + (1 1)~ Tog () ) M=) = Ri(2), (1.12)

1

with inhomogeneous part

R S ol [t Y (| [ YA

r=1

and initial condition M;(0) = (I — 1)!E(X;;).
The homogeneous differential equation corresponding to (1.12) has the following general solution with C'
being an arbitrary constant:

C
(1-2)"og"™" (£3)

The method of variation of constants leads then to the following particular solution of (1.12):

h
Ml[ ](Z) =

1
-1
(1—z)!log! (1;)
and it can be shown that this particular solution matches with the initial condition and is thus the wanted

function, so M;(z) = Ml[p](z).
It will suffice to show the following asymptotic expansion of M;(z) around the dominant singularity z = 1,

M7 (z) =

/02(1 gl (1:)31( it (1.13)
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since a direct application of the transfer lemmata (1.8) and (1.9) leads then to Lemma 5:

M(z) =

1! (I—1)(4l — 1 — 21H)) 1
T ame (L) ey}

The proof of the expansion (1.14) will be done by induction. The case [ = 1 gives the following solution,
which already appeared in [55]:

1 z t
Mi(z) = 172/0 e (1.15)

Integration by parts together with an application of Lemma 4 for singular integration leads then from
(1.15) to the expansion (1.14) for the instance [ = 1.

Now we assume that the functions M, (z) satisfy for all » <! and a given [ > 1 the asymptotic expansion
(1.14). Plugging these expansions into the formula for the remainder term R;(z) given above easily leads
to the expansion

! (1= +20—1-2H)) 1
(1—z)l+1+ (1—z)l+110g($> +O((1—z)l+110g2(1%))’

z

Rl(z) =

and furthermore to

Nog ™2 (- 1= 1)1(4l — 1 —21H;) log' 3 (X
==+

11—z

/Z(1 — )" log!? (L)Rl(t)dt =
0 1 -

1—=z2 1—=2

log'™* (liz) )

1—=2

+0o(

Due to formula (1.13) for M;(z) = Ml[p} (z) expansion (1.14) is also shown for {. Thus (1.14) and as a
consequence Lemma 5 is shown for all [ > 1.

1.4.3 Higher moments

In order to show Theorem 1 for the asymptotic behavior of the moments E(X;; ;) we will continue our
generating functions approach, where we will now use double induction on both parameters: the label
{ considered and the order s of the moments. To obtain a recurrence for the s-th moments of X,,; we
multiply the distribution recurrence (1.6) with m?® = Zj 0 ( ) (m—1)7 and sum up for m > 1. This leads
to the following recurrence valid for 1 <! <nand n > 2 (Wlth splitting probabilities given by Lemma 3).

s I n—1
2(6:) = 3 (7) 3 X re B, ) (119
We proceed as before and introduce for [ > 1 and s > 1 the generating functions

My (2) = (n— DELE(XG )= (1.17)

n>l

Thus it holds M;1(z) = M;(z) for the functions M;(z) introduced in Subsection 1.4.2. Again we can
translate above recurrence (1.16) into the following first order differential equation for M s(z), where the
functions M, ;(z), with r <[, j < s and (r,j) # ({,s), appear in the inhomogeneous part R; s(z):

(1= 2)log (72) T Mya(2) + (- 1) — Hog (7)) Mua(2) = Rua(2), (1.18)

1
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with inhomogeneous part

Ry s(2) = : (j) {(z —(1—2)log (1 i z))d%Ml’j(z) +llog (1 — Z)Ml,j(z)]
L () 5 ()+ ()] e,

j=1 r=1

and initial condition M; ,(0) = (I —1)!E(X i ;). Since the homogeneous differential equations correspond-
ing to (1.18) and (1.12) coincide, we already know the shape of the general solution of (1.18):

C N 1
(1—2)t log,‘l_1 (1;) (1—2)t logl_1 (liz

It turns out that the particular solution obtained for C' = 0 matches with the initial condition and we
get thus

Mlys(z) =

)‘A ﬂ——ﬂbﬂngQ(T%?)thﬂdt

M, (z) = - z)llo;ll D) /Oz(l — )" log! 2 (%)Rl,s(t)dt. (1.19)

11—z

Again it suffices to show the following asymptotic expansion around the dominant singularity z = 1 for
the generating functions M; s(z), since basic singularity analysis immediately leads from this expansion
and (1.17) to Theorem 1.

1
(1 — z)+slog®™? ( L

1—=

(l + 5 — 1)' I Q. s
(1 — 2)i*slog® (1;) (1 — 2)its log®™! (1i )

z

Ml,s(z) =

+0( )), (1.20)

with constants

-1 -1
1 H, 1
s = (l + s — 1)'|:($ + 1)Hs — 5Hl+s—1 — §(Hl2—1 — Hl(z)l) —H,H,_1+ E k+k _ § : k2(3+k)]
k=1 k=1 k

To show expansion (1.20) for all I,s > 1 we use induction on both parameters. The case s = 1 with
arbitrary [ > 1 was already treated in Subsection 1.4.2, where we computed the following expression,
which matches with (1.20):

B - Il (I— )4l — 1 —21H)) 1
Ml,l(«z)—Ml(z)_ (1—z)l+110g(é) + (1—z)l+110g2(1iz) +O(<1_z)l+110g3(11z)).

Now we assume that for all pairs (r,j) < (,s), which means for r < I, j < s and (r,j) # (I, s), the
functions M, ;(z) have in a neighborhood of the dominant singularity z = 1 the asymptotic expansion
(1.20). We want to show that (1.20) also holds for the pair (I, s), where we may assume s > 1, since the
case s = 1 is already shown. Plugging the expansions of the functions M, ;(z) into the formula for the
inhomogeneous part R s(z) we obtain the expansion

s(l+s—1)! Bis

1
B) = gt () e (1) O e ()

with
Brs=s(l+s—=Days1+ (45— =2~ (s +1)(Hips-1 — Hyt1)]
(- 1)(s — 1)1((l+§—l) - 1) —s(s—1)(I+s—2).
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This further leads by an application of singular integration to the following expansion around z = 1:

(I+s—1) +(l+s—1)!(s—l+1)+ﬁl,5
(1 B Z)S 10g57l+1 (1%) 8(1 _ Z)S 10g571+2 ( 1 )

z 1-z

/ (1= 1) log! ™ (1) By (1)t =
i -

+0

1
((1 _ Z)slogs—l+3 ( 1 ))

1—=z
Using equation (1.19) leads for M; s(z) to the expansion

(14 s—1)! (I+s—Dls=1+1)+ Fis 1
(1 —z)Hslog® ( ! ) * s(1 — z)its log® ™! (L) O((l — z)lts log®*? ( ! )),

1—= 1—2z 1—=

MLS(Z) =

and thus to the following recurrence for the coefficients a; 4:

(+s=DWs=1+1)+Bus
S

Qs =

5

(+s=D!s=1—(s+1)(Hips—1 — Hy1)]

=(l+s—1age_1+ .

(=D s=(("5) —1)

S

+

—(s=1)(I+s—-2),

with initial value oy 1 = (I — 1)!1(4l — 1 — 21H;). It is not hard to check that the coefficients «; 5 defined
in equation (1.20) satisfy this recurrence. Thus expansion (1.20) and also Theorem 1 are shown for all
l,s > 1.

1.4.4 The centered moments

It remains to prove Corollary 1 for the centered moments of X, ;. To show (1.3) we use the corresponding
expansion for the ordinary moments as given by Theorem 1. This leads to

(1501 =3 () 2 )

=0 M

/s .\ n° Op.sn° ns
_ E : ) (—1)5—9 S———— +O(——5—), 1.21
< <])( ) )log n " log*in (10g5+2n) ( )

=0

with constants

Sy (*) v,

i=o

where the functions f; s(j) are given as follows:

-1 -1

) ) ) 1 2 Hjy, 1 . )

fis(i) =G+ 1) H; — jHipj1 — §(H1271 - Hl(,)l) — HjH;—1 + Z Jk - Z TG +59(1 + 5)
k=1 k=1 k

+(sfj)[4—Hlf%+\Il(l+1)]

Since it holds that »77_ (;)(—1)5’j = 0, for all s > 1, the first term of (1.21) vanishes. To show
Corollary 1 it only remains to simplify the expression for the constants d; ;. One can do this, for instance,
by using the calculus of higher order differences (see, e. g., [30]). Below we give two identities that can
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be shown by this method, which are required to obtain a closed form expression for §; ;.

s -1
)5 (3 k)

3=0 -1
s -1
s » 1 (—1)°
. (_1)8 J - = (Hlfl _HH»sfl +Hs)
2 () S =

This eventually leads to Corollary 1.

1.5 Isolating nodes with large labels

1.5.1 Isolating node n

Now we are studying the random variable X, 41—, for [ > 1 fixed. First we will consider the special
case [ = 1, i. e., the instance of isolating the node with largest label n in a size-n recursive tree. We show
the following lemma and prove thus the case [ = 1 of Theorem 2.

Lemma 6. The s-th moments E(in) of the number of cuts necessary to isolate node n in a random
recursive tree of size n are, for s > 1 and n — oo, asymptotically given by

s - nS nS
E(X"’") ~ (s+1)log®n + O(logSH n)

An asymptotic equivalent of the expectation E(X,, ;) together with a O-bound for the variance of X, ,,
was already given in [38].

After simplifying the expressions for the splitting probabilities p(, 1) (x,1) as computed in Section 1.3 we
can write the distribution recurrence (1.5) as follows:

n—1
P{Xnn=m}= Zp(n,l),(k,l)]P{Xk7k =m—1}
- (1.22)

- ni:l 1y b1 P{Xr=m—1}, n>2
12 \k " (n-k)m+1-k) ok e

with P{X;; = 0} = 1. For computing the s-th moments of X, ,, we multiply (1.22) with m® =
%o (5)(m —1)* and sum up for m > 1, which leads to the following recurrence:

E(Xpn) =~ i : Z C) ni (% T k)k(;i - k))E(X’Za’f)‘ (1.23)

3=0 k=1

We treat (1.23) by introducing the generating functions

Nio(z) = %E(X;j’n)z". (1.24)

n>1

In the sequel we will obtain the following asymptotic expansion of the generating function Ny s(z), which
leads, after applying basic singularity analysis, to Lemma 6.

(s —1)!

Nl = T log? (%)

+(9( ! . )). (1.25)
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To show (1.25) we will use induction on s. First we have to consider the case s = 1. Plugging s = 1 into
the recurrence (1.23) leads after multiplying with (n —1)2"~! and summing up for n > 2 to the following
second order linear differential equation for the generating function Nj 1(z):

(1—2)log (i)%f\fm(z) - Nia(z) = (1 jz)z’

— (1.26)

with initial conditions N7 1(0) = 0 and (d%NLl (z)) |.=0 = E(X1,1) = 0. The solution of the homogeneous
differential equation corresponding to (1.26) is given by

dt

1 )
(=)
where we may choose an arbitrary 0 < a < 1. Since the Wronski determinant of the two homogeneous
solutions equals one,

h ha hs 1 1 :
NM(z) = oy NI (z) + NP (2) = €y log (iz) + Cs log (1 — Z)/a o? (1.27)

h d n h d [n
NY™ () N2 () = N 2) N ) = 1, (1.28)

a particular solution of (1.26) is given by

NP = M) [ b NP e+ NPG) [N o
0 0

= log (1 i Z) </: log;itllt) /Oz . _tt)?’dt B /OZ 0 _t = /at o (11111) dudt),

with b1 1(2) = m. Using integration by parts we can simplify the particular solution as

(1.29)

follows:

z 2
NP (2) :log(liz)/o 2 t);logg (ﬁ)dt. (1.30)
It turns out that the particular solution (1.30) satisfies also the initial conditions of (1.26) and is thus
the required solution, i. e., Ny 1(z) = Nl[ﬂ (z). An application of singular integration, Lemma 4, shows
then the instance s = 1 of expansion (1.25).

Now we assume that expansion (1.25) is valid for all values j < s, with an arbitrary s > 1. To show the
expansion also for s we again translate recurrence (1.23) by multiplying with (n — 1)2"~! and summing
up for n > 2 into the following inhomogeneous second order linear differential equation:

1 d? 1
(1= 2)log (=) 75 Ms(2) = 7= Ms(2) = R (2), (1.31)
with inhomogeneous part
s—1
z s 1 d? N1 ;(2)
Ris(2) = = + ;:1 (j) {(z —(1—2z)log (:))@Nl’j(z) L

and initial conditions Ny 4(0) = 0 and (- Ny (2)) |.=0 = E(X5,) = 0. Since we have already computed
the general solution of the corresponding homogeneous differential equation we can immediately state
the particular solution of this differential equation:

NEL) = NG [ b N e+ NG [ on (1.32)

where the homogeneous solutions Nl[h'l](z) and Nl[h'Q](z) are given by (1.27) and furthermore by 5(z) =
Rlys(z)

T le(r ) Again via integration by parts we can simplify the particular solution and obtain the
- i—2z
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following formula:

Wl 1 20 (" Ris(u) dt
Nl’S(Z)_log(l—z>/0 ( Ny du)log2 (ﬁ) (1.33)

It can be checked easily that (1.33) also satisfies the initial conditions and is thus the solution of (1.31),
i e, Nig(2) = NP (2).

Plugging the expansions (1.25) of Ny ;(z), for j < s, into the formula for R; ,(z) we obtain the following
expansion of the inhomogeneous part in a neighborhood of z = 1:

s! 1
(=2 log  (12) O((l — 2)*+log® (£ ))'

z

Rl,s(z) =

This gives by applying singular integration, Lemma 4,

t
R1 S(U) 1 s! 1
=—d = O
( 0 l—u u) log? ()  (s+1)(1—t)stt log®t? () * <(1 — t)s+11og™ 2 (ﬁ))’

and eventually leads, after a further application of Lemma 4, due to (1.33) also for s to expansion (1.25).
Thus (1.25) and as a consequence Lemma 6 are shown for all s > 1.

1.5.2 Expectations for large nodes

Next we show the following asymptotic expansion of the expectation E(X,, ,+1—;), for ! fixed. Lemma 7
gives thus the special case s = 1 of Theorem 2.

Lemma 7. The expectations E(X,, n+1-1) of the number of random cuts necessary to isolate node n+1—1
i a random recursive tree of size n are, for 1 > 1 fized and n — oo, asymptotically given by

n n
E(Xyy i1 ) = o(—"_).
(Xnnt1-1) 210gn+ (log2n)

To show this lemma we study the following recurrence for E(X,, ,+1—;), which is obtained from the
distribution recurrence (1.7) after multiplying with m = (m — 1) + 1 and summing up for m > 1:

I n—1

E(Xn+1-1) ZZ Pn0), (k) E(Xk k1) (1.34)
r=1 k=r

After simplifying the expressions of the splitting probabilities p(, ;) 1, as given by (1.5) and Lemma 3
we obtain

) [
(n=D)(n— 1L
(I—r—1)!

+[[kn+rzn(ri1)(n_l)(n_1)”, r<l,

(k—1)=2(n —k — )=+ (k — 1)%(n — k — 1)=2=2]

Pn), by = [k <n+r—1]

(1.35)
where we use the convention (j — 1)=2:= (j7)~1, p € N, see e. g. [30].
To treat recurrence (1.34) we introduce for [ > 1 the following generating functions:
Nia(z) =Y (n—1=Z2E(Xp pnp1-)2" (1.36)

n>l

Note that this definition also holds for I = 1, where it matches with the definition of Ny ;(2) given by
(1.24). Again, due to an application of basic singularity analysis, it suffices to show that N; ;(z) admits
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the following expansion in a neighborhood of the dominant singularity z = 1, which proves Lemma 7.

(£ Lt ! )). (1.37)

Nia(z) = 21— =) log (1) —I—O((l — 2)!log? (=

We will show expansion (1.37) by induction on [. The case | = 1 was treated already in Subsection 1.5.1,
where it turned out that (1.37) holds.

Above recurrence (1.34) can be translated into the following second order linear differential equation for
Ny 1(2), where the functions N, 1(z), with r < [, are all appearing in the inhomogeneous part R;1(z).
R; 1(2) is now a bit “unpleasant”, since one had to consider separately the four casesr =1,1 <r <1—1,
r=1[0—1and r =[. One obtains

(1 2)log (%)%Nl,l(z) (=1 N (2) - %Nl,l(z) — Rii(2), (1.38)

with inhomogeneous part

—1 n—1
Rl71(z) = (l — 1) lJlr1+ : ZZ [Z n— 1 TL - 1 7p(nl k T)E(Xk k41— r)} ot

(1 =1n>l k=r

2
R L () [ e ) o]

1

-1

+(l—1)[log(liz)j;Nl_Ll(z)+Ni_llz }+i<r )z—r—1)!iNT,1(z),

r=1

and initial conditions N;1(0) = 0, (dllevl)L:o = (I — 1)!E(X;1). One gets that the homogeneous
differential equation corresponding to (1.38) has the general solution

NP (z) = N (z) + oaN(2) (1.39)

:Cl( —1+10g(1 ! )>+02( —1+log(

1 i dt
SR ey e

where we may choose an arbitrary 0 < a < 1. This leads to the particular solution

2 b ()N 2 by (N
NP(2) =N}h1](z)/ ol () ()dt+Nl[h2](z)/ DN, 7).
0

Dy(t) 0 Dy (t)
i - R
with b1(2) = o 1og (1) and where
[hal (& Arlha] [ha] & Arlhal 1
D =N, N, — N, N, = 1.4
Z(Z) l ( )dZ (Z) l ( )dZ ( ) logl_l(liz) ( 0)

is the Wronski determinant of the two homogeneous solutions IV, l[hl] () and N, l[h"’] (z). Again via integration
by parts we can write the expression of the particular solution as follows:

N (z) = (l—1+1og(ilz))x (1.41)

x/z(/t log' ™2 (12) (1 — 1 +log (1)) Ru1 (u )du) 1 dt.

1—u log' ™" () (1= 1 +1og (£ ))2

It turns out that (1.41) matches the initial conditions of (1.38) and is thus the required solution, i. e.,
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Nia(z) = N (2).

Using the explicit description (1.41) of the generating function N; 1 (z) we can show the required expansion
(1.37). We assume that expansion (1.37) of N, 1(z) holds, for all r < [ with an arbitrary { > 1. Plugging
these expansions into the formula of the inhomogeneous part R;1(z) given above we obtain, after a heavy
use of singular differentiation, the following expansion around z = 1:

(I+1)! 1
2(1 — z)i+1 + 0((1 — 2)l*1log (le)> (1.42)

Rlyl(Z) =

Singular integration leads then to the expansion

tlog'? (1 u)(l -1+ log( ))Rl 1(u) Iog! ™t (%—t) log! 2 (
/0 I—u = gy o

and eventually also to (1.37) for { > 1. Thus expansion (1.37) and as a consequence Lemma 7 are shown
for all { > 1.

1.5.3 Higher moments for large nodes

The method applied in Subsection 1.5.1-1.5.2 for a study of the s-th moments of X, ,, and the expectations
of X, n+1-; can be extended naturally to show Theorem 2, leading to an asymptotic expansion of the
s-th moments of the number of random cuts necessary to isolate the [-th largest node in a random size-n
recursive tree.

Again we use the distribution recurrence (1.7) to give a recurrence for the s-th moments of X, 41-;.
After multiplying with m?® = Zj':o (j) (m —1)7 and summing up for m > 1 we obtain:

I n—1
E(X; nt1-1) Z( )ZZPM k) E kkﬂ,r). (1.43)

7=0 r=1k=r

It is now appropriate to introduce for [, s > 1 the generating functions

Nig(2) =) (n = D2E(X; )", (1.44)

n>l

which are generalizations of N7 s(z) and N; 1(2) as used in Subsection 1.5.1-1.5.2. It is again sufficient to

show that NV, 4(z) admits the following expansion in a neighborhood of the dominant singularity z = 1:
(I+s—2)!

(s+1)(1—2)Hs1log® ()

N (rmm— E— T

N s(z) =
) (=2 g (%)

which will be done by induction on both parameters, [ and s. Basic singularity analysis leads then directly
to Theorem 2. The margin casesl =1, s > 1 and [ > 1, s = 1 are already shown in Subsection 1.5.1-1.5.2.

We proceed by translating the recurrence (1.43) into the following second order linear differential equation
for N s(z):

1 d d 1
m)@Nl,s(z) + (- 1)£Nl,s(z) - le,s(Z) = Ry 5(2), (1.46)

(1—2)log (
with inhomogeneous part

s—1

Ris(2) = < (11)_12141rl+ =+ 2_: < ) Z [ (n—1)(n - Dl;lp(ml),(kJ)E(XZ,kH—z) 2!

j= n>l - k=l

[
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2 (; ) 33 [ 00— 0t ]

r=1n>l k=
- —142) s (2 2 2
= ( (i)%g)ij ) + Z (j) [J\ili(z) —(1—-2)log (i)%]\fu(z) + jZQNlJ(z)]

3 ()2 (00 [ (e —1) s i)

() e e o

B8 oo

and initial conditions N; 4(0) = 0 and (£ Ny ,)|,_, = (I — D'E(X},).

Since the homogeneous solution corresponding to (1.45) was already computed in Subsection 1.5.2 we
obtain again a particular solution by applying the method of variation of constants. We get after simpli-
fications

zﬁﬁu)z(l—1+hg(T%;Dx (1.47)

([ R e, : i

Lo log! ™ (1) (L~ 1+ log (7))

Now we assume that for all pairs (r,j) < (I,s), which means for r < [, j < s and (r,j5) # (I,s), the
functions N, ;(z) admit the asymptotic expansion (1.45) in a neighborhood of the dominant singularity
z =1. We want to show that (1.45) also holds for the pair (I, s), where we may assume s > 1 and [ > 1,
since the margin cases are already treated. Plugging the expansions of the functions N, ;(z) into the
formula for the inhomogeneous part R; ;(z) and using singular differentiation we obtain that the main

contributions in the expansion of Ry (z) around z = 1 are stemming from the terms (,°,); N1 (2)
and (3)(1 —1)log (i);—;Nl_l,s(z). This gives

(s —1) (I—1)(1+s—1) 1
Rl,s(Z) = S(l _ Z)l+3 logs_l (112) (S + 1)(1 — Z)Hs logs_l (1:2) + O((l — Z)l+5 og® (1iz)>
_ ([ +9)! 1
(s +1)(1 — 2)Fslog® Tt () + (9((1 — 2)l+5 log”® (1;)) (1.48)

One further obtains the expansion

Hlog ™ (25) (1 = L+ log (25)) Rus(w) |
/0 1—u u
B (I+s—1) 1
B (s +1)(1—t)i+s log®~! (ﬁ) + O((l —t)i*+slog®™ 1 (11t))’

which eventually leads to (1.45) also for pairs (I,s), with [ > 1 and s > 1. Thus (1.45) is shown for all
[l > 1 and s > 1, which completes the proof of Theorem 2.

1.5.4 The limiting distribution

From the asymptotic expansion of the s-th moments of X, ,41_; as given by Theorem 2 we obtain for
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the s-th moments of the scaled random variable Xn)n_i'_]__l = M%Xn)n_i'_l_l, forl>1,s>0and n — oo:

~ 1
E(Xn,n-i-l—l) - S—f—il

If we consider a random variable X, which has a standard uniform distribution U; with support [0, 1)
then the s-th moments of X are, for s > 0, given as follows:

1
s+1°

E(X*) =

A direct application of the Theorem of Fréchet and Shohat (the second central limit theorem, see, e. g,
[49]) proves then Theorem 3.

1.6 Conclusion

Using a generating functions approach in combination with singularity analysis and lemmata for singular
differentiation and integration we obtain distribution results for the number of random cuts necessary
to isolate large nodes and small nodes in random recursive trees via random cuttings. Although the
recurrences obtained in our analysis could be applied to treat the parameter studied for arbitrary labels [
and tree sizes n, it turns out that for general growth rates of I compared to n (e. g., when isolating nodes
in the central region I/n ~ p, with 0 < p < 1) it seems considerably more difficult to attack the problem.



Chapter 2

Multiple Isolation of nodes in
recursive trees

2.1 Introduction

It turns out that the edge-removal procedure, isolating a node with specified label A, with 1 < A < n, in
a tree T' with nodes labelled by 1,2,...,n, as considered in Chapter 1, is a special case of an even more
general edge-removal procedure. We consider the following edge-removal procedure in a size n labelled
rooted tree T for isolating the nodes (vx,,vx,,...,vz;) labelled 1 < A < Ay <+ < Ajm1 < A; < e for
1< <n.

e Pick one of the n —1 edges of the tree at random and remove it. This separates the tree T" into two
subtrees T' and T'. Let us assume that A;,...,A;, € Tand Aj,,,,...,A;; €T, with 1 <k < and

Do M U A =y A

e Continue the edge-removal procedure recursively in subtree T, which contains the nodes A;,, ..., \j,,
and T containing the nodes \; ..., Aj, until the nodes labelled by Ay, ..., \; are isolated.

Jk+1?

We study this procedure for isolating the nodes labelled 1,2, ..., [, nodes near the root, and n+1—1,...,n,
the last [ inserted nodes. Further we isolate pairs 1,I, n+ 1 —1I,n and 1,n.

We denote with X5, x,,...,», the random variable which counts the number of random cuts necessary

to isolate the nodes labelled A1, Ao,...,\; in a random size n recursive tree. Further we denote with
YA 0s,...,\, the random variable which counts the number of random cuts necessary to isolate the nodes
labelled n 4+1 — A;,m+1— X\_1,...,7n+ 1 — )\ in a random size n recursive tree. Thus X,.x, x,,..\, =
Yont1-x nt1-Aa,nt1—A; -

For writing convenience we use the abbreviations I :=1,...,1,thus X;,; = X,,.; . ;and Y,y =Y, 1 =
Xn;n+1fl ..... n

00 00 000 000

P e e
ob o

Figure 2.1: Isolating the nodes 1,2 and 3 in a size 8 recursive tree with 5 cuts.

24
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Figure 2.2: Isolating the nodes 6, 7 and 8 in a size 8 recursive tree with 5 cuts.

2.2 Results

For the moments of the random variables X, X,.1,1, Y, Yo, and X,.1, we obtain the following
results.

Theorem 4. The s-th E(Xfl;l), s > 1 of the number of cuts necessary to isolate nodesl =1,....1 in a
random recursive tree of size n is for fired | and n — oo asymptotically given by

E(XS,) = - +(9( n )

- logs n ]ogs+1 n

Theorem 5. The s-th moment E(X}, ), s > 1 of the number of cuts necessary to isolate the nodes (1,1)
in a random recursive tree of size n is for fixed | and n — oo asymptotically given by

S S

n n
E(X®,,) = 0( )
( n,Ll) 1Ogs n + logs—i-l n

Theorem 6. The s-th moment E(erﬂ), s > 1 of the number of cuts necessary to isolate the nodes
n+1—1,...,n in a random recursive tree of size n is for fived I and n — oo asymptotically given by

In' s

S
n
EY’) )= —o-o + O ————— ).
(Yiia) (5+l)logsn+ (10g5+1n)

Theorem 7. The s-th moment E(Yns;u) of the number of cuts necessary to isolate nodes (n+1—1,n)

in a random recursive tree of size n is for s > 1 and n — oo asymptotically given by
2n? n’®

— +0(— )
s+2)log’n log"™'n

E(Yi;l,l) = (

Theorem 8. The s-th moment E(Xfl;l,n) of the number of cuts necessary to isolate nodes (1,m) in a

random recursive tree of size n is for s > 1 and n — oo asymptotically given by

nS nS
E(X5, )= O( )
( n,l,n) logs n + 10gs+1 n

thus the dominant asymptotic part is the same as for the random variable Xy, .

By using the method of moments we obtain from Theorem 6 and 7 immediately the following Theorems.

Theorem 9. The the random variable loﬁYn;l converges in distribution to the continuous random vari-
able Yy, which has the density fy,(z) = lz?*1 with support [0,1] and the distribution function Fi(z) = 2,

1
ognYn;l @), v,

Note that if we take the limit | — oo of the random variable Y, it converges in distribution to the random
variable Yoo, with P{Y,, = 1} = 1. Below you see the distribution functions of Y1, Yo and Ys.
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Figure 2.3: Fi(z) Figure 2.4: Fy(z) Figure 2.5: F5(z)

Theorem 10. The normalized random wvariable IO%YH;U converges to the continuous random variable
Yo with support [0,1], where the density fy,(z) = 2z, for0 <z <1,

1
Yt s Y,

2.3 The recursive approach

We will rely on the same approach as in Chapter 1. The most important step for the recursive description
of the considered probabilities is again to setup splitting probabilities.

2.3.1 The recurrences

We use the splitting probabilities p, 1y, (k,r), as given by Lemma 3, which give the probability that when
starting with a random size-n recursive tree and removing a random edge the subtree containing node
l is of size k and where furthermore node [ is the r-th smallest node in this subtree. We also use the
splitting probabilities p(, 1y, (&), covered by (1.5).

From the recursive description of the problem we immediately obtain the following recurrences for isolating
the nodes labelled I = 1,...,land n4+1—1 =n+1—1,...,n respectively. For isolating the nodes
labelled 1,...,[ we get the recurrence

I n—1

P{Xpa=m} = P, kr)ZP{Xkr—S}P{Xn kit—r =m —1— s}, (2.1)

r=1k=r

for n > I, m > | — 1, with initial value P{Xy,; = 0} = P{X3,; = 0} = 1 and where the splitting
probabilities p(, 1), (k) are given in Lemma 3. It is obvious that P{X;; = [ — 1} = 1. Further we have
for isolating the nodes labelled n+1—1,...,n

I n—1
P{Y,q =m} = Z Zp(n 0, (ko) Z P{Yp;r = s}x
r=1 k=r (22)
X P{Yn—k;l—r =m-1- S},

for n > I, m > [—1 with initial value P{Y7.; = 0} = P{X3,; = 0} = 1 and where the splitting probabilities
P(n.1),(k,r) are given in Lemma 3 by using (1.5). In (2.1) we use the convention P{X,, o =m—1—s} =
[s =m—1], and in (2.2) P{Y;,—k,0 = m — 1 — s} = [s = m — 1], where we have used the Iverson bracket
notation.

Moreover for isolating the pair 1,1 we need the auxiliary probabilities P, 1y, (k,r) a0d Gen k), (r1)- P(n,1), (k)
denotes the probability that after a random cut in a random recursive tree T, of size n the tree T
containing both node 1 and [ is of size k, where [ is the r-st smallest node in 7. Further we denote
with G k), (r0) the probability that after a random cut the accruing subtree 7" containing node [ is of
size k, where [ is the r-st smallest node in 7”7 and the root (node 1) is not in 7”. It is obvious that
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Dn,k),(rl) T A(n,0),(kyr) = P(n,k),(rl)s With Den 1y, (k,r) @8 given in Lemma 3.

I n—1
P{Xpai=m}=> > (ﬁ(n,z),(k,r)P{Xk;u =m—1}+
r=1 k=r o (23)
+ q(n,l),(k,r) Z ]P){Xk;r = S}P{ank;l =m-1- 3})7
s=0

for n > 1, m > 1, with initial value P{Xy,; = 0} = 1, and where the splitting probabilities p(, x), ;) and
d(n,1),(k,r) are given in Lemma 8.

We denote with p(,, ;,+1-1),(k,r) the probability that after a random cut in a random recursive tree T}, of
size n the tree T containing both node n and n + 1 — [ is of size k, where n + 1 — [ is the r-th largest
node in 7. Further we denote with q(, n41-1),(k,») the probability that after a random cut the accruing
subtree 7" containing node n + 1 — [ is of size k, where n 4+ 1 — [ is the r-th largest node in 7" and the
last node (node n) is not in 7". It is obvious that P(, n41-1),(k,r) + Anont1-1), (ki) = P(nnt1-0),(k,r)> With
P(n.n+1-1),(k,r) @S given in Lemma 3 and relation (1.5).

I n—1
P{Xnint1-1n =m} = Z Z (ﬁ(n,n%»lfl),(k,r)IP{Xk:;kJrlfr,k =m—1}+
r=1k=r _— (2.4)
+ E’(n,n-{-l—l),(k,r) Z P{Xk;k-‘rl—r == S}P{Xn—k;n—k =m-1- S})v
s=0

for n > 1, m > 1, with initial value P{X1;; = 0} = 1, and where the splitting probabilities p(,, n41-1),(k,r)
and q(pn,n41-1),(k,r) are given in Lemma 9.

For isolating the nodes labelled 1,n we need the probabilities p,, , and ¢y, 1, where p,, i gives the probability
that after a random cut the subtree containing both nodes is of size k and ¢, gives the probability that
the subtree containing the root 1 is of size k.

n—1
P{Xnan =m} = an,k]P’{Xk,;l,k; =m—1}
k=2
n—1 m—1
+ D dnk Y P{Xu = $}P{Xpopur =m —1-s}, n>2, (2.5)
k=1 s=0

with initial value P{X;,; = 0} = 1 and where the splitting probabilities p, i and g, are given in
Lemma 10.

We will use a generating functions approach to turn these recurrences into differential equations for
suitable defined generating functions. Solving the arising differential equations leads to an explicit form
for the generating functions, thus extracting coefficients is possible by using a complex analysis technic
called singularity analysis. Further we will use induction to prove our theorems.
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2.3.2 The splitting probabilities

Lemma 8. The splitting probabilities piy 1y, (k,r) and G(n,1), (k) are for 1 <1 <n, 1 <r <k, 1<k<n-1
and n > 2 given as follows:

_ n—l n—Il+1 (k—1)!(n—k—1)! _
Dn,b), (k1) = {(l — () + (nkarl)] m r=1,

=S — -1\ (n—1\ (k—1)!(n—k—1)!

p(n,l),(k,'r) - (T‘—Q) (k—r)%’ 1 <r< l;
0, r=1, (2.6)
0, r=I,

d(n,ly, (k) =

(T (b ekt 1 <r <l

The proof is omitted, for details see the proof of Lemma 3.

Lemma 9. The splitting probabilities P, n1-1),(k,r) 004 Gnont1—1),k,r) are for 2 <1 <n, 1 <7 <k,
1<k<n-—1andn > 2 given as follows:

P(nnt1-1), (kD) = {(;!5_11) + (;lelll)] Gt r=1,
Plnn1-0), (k) = (,-3) [(kﬁ;il) + (kﬁ;—il)} + 5k,n+r—l(l—l;1r1) (nﬂ(;:)l()y!z(:)rlil)!’ L<r<li,
0, r=1, (2.7)

0, r=I,

At 1-0),(kr) =
DG + ()] + Gk () A 1<y <

Proof. The cases r = [ and r = 1 are obvious. Now lets turn to 1 < r < [. We cut a random edge e
in a random recursive tree of size n. We denote with T the subtree arising after the random cut which
contains the root, and with 7" the other one. Further let B denote the size k subtree containing the
node n + 1 — [ and B’ the subtree containing the node n. At first we calculate p(,, ,,41-1),(k,r)- Assume
B = B’ =T. There are r — 2 nodes out of the set {n+2—1,...,n—1} in T. We can build the tree T the
following way. For cutting at j, with 1 < j < k — r, we have (;:i) ways to select [ — r nodes out of the

set {n+2—1,...,n— 1} (thus leaving r — 2 for B =T), and (n_"k__j(ir)) ways to choose the remaining
n —k — (I —r) nodes of T” out of the set {j +1,...,n —1}. Of course this is only valid if & <n +r — L.
Ifk=n+4+r—Iwecanalsocutat j =n+1—1,...,n4+r —1—1[ and choose the remaining k¥ — j — 1
nodes out of the set {j + 1,...,n — 1}. This is equivalent to building up the tree 7" by choosing n — k
nodes out of the set {j +1,...,n — 1}. The case k > n + r — [ is not possible since then n + 1 — [ could
not be the r-th largest node in T. If B = B’ = T", thus j < n — [, we choose r — 2 nodes out of the set
{n+2—1,...,n— 1} for T’. Hence we have (";ﬁ;l) ways to choose the remaining k — r nodes of T”
out of the set {j +1,...,n — 1}, which gives us the probabilities P(,, nt1-1),(k,r)- FOT Gnnt1-1),(k,r) WE
investigate the cases B =T, B’ =T’ and B =T, B’ = T. In the first case we choose [ — 1 — r nodes
out of the set {n+2—1,...,n— 1} (thus leaving » — 1 for B = T') Further there are (nfnk:j(ﬁr)) ways to

choose the remaining n —k — (I —r) nodes of 7" out of the set {j+1,...,n—1}. If k = n+r—1 we can also
cut at j=n+1—1,...,n+r —1 and choose the remaining k — j nodes out of the set {j +1,...,n—1}.

In the second case we have (i_Q) to choose 7 — 1 nodes to make sure that n + 1 — [ is the r-th largest

-1
node in 77 and n ¢ T’. Further we have ("’ ;l) ways to choose the remaining nodes for 7”. This proves
the shape of q(,,n41-1),(k,r)- O

Lemma 10. The splitting probabilities p, i and g,k for isolating the nodes labelled 1,n are for n > 2
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given as follows:

k-1 B 1
m—1)n—-k+1)(n—Fk) nike = (n—1(n-—k)

Pn.k =

Proof. We remove a random edge e of a random size-n recursive tree T;,, thus splitting 7,, into two
subtrees. We denote with 7" the subtree of size k, which contains the 1st node after the removal, and
with 7" the other one. Further we denote with B the arising subtree containing the n-th node. If the
node of T incident with e has label j, then the labels of T must all be larger than j. Now assume that
B =T. For1l < j < k—1 we can select the remaining nodes of T" in (Z:;j) ways out of the set
{j+1,j+2,...,n—2,n—1} of nodes, since the nodes 1, ..., j and n are all in T". The nodes which where
not selected for T are then used for building up the tree 77. Next assume B = T’. For 1 < j < k we
can select the remaining nodes of T in (";ﬂ ;1) ways. Having selected the nodes for T' and T” there are
Ty =(k—1)! and T,,_; = (n — k — 1)! ways to form the trees T' and T” so that when the node labelled j
in T is attached by edge e to the smallest labelled node in T" the resulting configuration (after an order
preserving relabelling) is a random recursive tree of size n. There are n — 1 ways to select the edge e,
further T,, = (n — 1)!. Thus we get

T T ’“1<n—j—1):(k—1)!(n—k—1)!( n—1 )

Pnk =

(nfl)Tnj:1 k—j—1 (n—1Dmn-1)! \n—k+1
B k-1
 (n=1Dn—-k+1)(n-k)’
and
O TTak e (n—j—1\  (k=Dn—k—1)!/n-1\ 1
ke = (n—l)Tnj:1 k-3 ) (m-Dn-1)! \n—-k) m-1n-k)’
appealing to a well known identity. O

2.4 Isolating the nodes l =1,...,[ for fixed [

By further simplifying the probabilities p(, r),r) we get for 1 <1 <n, 1 <r <k, 1<k <n-1and
n > 2 the following.

n—l+1 (k—1)=L .
R = s R =y = S
P(n.p),(kr) = (2.8)

(O + ()] St <t

Defining for [ > 1 the generating functions

My(z,0) =3 Y (n—D)EP{ X = m}2""lo, (2.9)
n>lm>l—1
the recurrence (2.1) can be translated by multiplication with (n—1)(n—1)=L2""!y™ and summation over
n >1and m > 1 — 1 into the following first order differential equation for M;(z,v) (where the functions
M, (z,v) with r < [ are appearing in the inhomogeneous part):

(1—2)vlog (i)%Ml(z,v)—f— (1—1)—lvlog (%))Ml(z,v)—l—z(l—v)%Ml(z,v) — R(z0), (2.10)
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with inhomogeneous part

R(z,v) = U:il Kl B} 1) + (i:;)} Mo (2,0) My (2, 0),

and initial condition M;(0,v) = v!~1(l — 1)!. Note that it is possible to get an explicit solution of
(2.10), which is quite involved. In order to prove Theorem 4 we are interested at first at the expectation
of X1, so we differentiate (2.10) once with respect to v and evaluate at v = 1 (we are applying the

operator E,D, to (2.10)). We will use the abbreviation M; ¢(z) = E,DjM;(z,v). Further we have
M o(z) = Mi(z,1) = (({:1))'1 and %Mho(z) = %Ml(z, 1) = # We get the following inhomogeneous
differential equation for M 1(2)

(1= 210 () L Mya(2) + (1~ 1)~ Hog (70)) Ma(2) = Rua(2), (2.11)

with inhomogeneous part

e = =g () < (2) (R e ). e

r=1

and initial condition M; 1(0) = E(X;;)({—1)! = (I—1)({—1)! The corresponding homogeneous differential
equation has the general solution

C
(1—2) IOgl_l (1;)

Variation of the constants method leads then to the particular solution

Ml[ﬁ] (2) =

1 : 1
MP(2) = / 1— 1) log! ™2 (—— ) Ry1(t)dt, 2.13
11 (1—2)og' " () t:o( A e (2.13)

and it can be shown by checking the initial values that this particular solution is already the wanted
function, i. e. it matches with the initial value, so M (z) = Ml[pl} (). It remains to show the following

asymptotic expansion around the dominant singularity z = 1:

il

(1—2)H*1log (i) +0

Ml71(Z) =

1
((1 ,Z)l+110g2< 1 ))’

1—2
which can be done by induction. The case [ = 1 gives the solution (already computed in [55]):

1 z t
Mi4(z) = / dt,
11(2) 1=z Jimo (1 —t)?log (1)

and expanding gives the statement for [ = 1. Assuming that for all r < [ the expectations M, ;(z) have
the given asymptotic expansion, then we can obtain easily the expansions
Al

' 1
Ri(t) = 1= ) + O((l —t)+t1llog (i))’

and thus

: PN 7”10gl_2(i) IOgl_S(ﬁz)
/t—O(l )"~ log (—1_t)Rl,1(t)dtf — +(9( — ) (2.14)
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Consequently we arrive at the following.

/z (1 - 0 log (%)Rl,l(t)dt I .
My, (z) = ==2 (1—2)log ! (1) - (1—2)*1log (1) +0((1—z)l+1log2(11 ))

1—= z

(2.15)

In (2.14) we used Singular differentiation and Integration as stated in Subsection 1.4.1.

Now an application of singularity analysis [25] finishes the prove of the case s = 1 of Theorem 4. Now
we turn to case s > 2. We differentiate (2.10) s times with respect to v and evaluate at v = 1. We get
the following inhomogeneous differential equation for M (z)

(1= 2108 (1) L Mya(2) + (1= 1) — o (7)) Mia(2) = Ria(2), (2.16)

1—=z )dz

with inhomogeneous part

d d
- )aMl’s_l(z) + SZ%MI,S—l(Z)

+ i [(l ; 1> + <i_ 12” (sg <8 ; 1> M, i(z)M_ps—1-i(2) (2.17)
—i—Z( > 2)Mi—rs—i(2 ))

with initial condition M; 4(0) = E(X},)(I —1)! = (I —1)%(l — 1)!. Since we already know the shape of the
general solution of (2.16), it remains to show the following asymptotic expansion around the dominant
singularity z = 1:

Ria(2) = s110g () My -1(2) = (1 — 2)log (-2

1

(I4+s—1)! )
(1 — z)i+s log®™? (L) 7

(1 — 2)t+slog® (1;)

My (2) = +0o(

1—=z

which can be done by induction. The cases s = 1, 1 < r < [ were computed before and the cases
s > 1,1 = 1 where already shown in [65]. Assuming that for all pairs (r,j) < (I, s), which means either
r <l1l,j <sorr <l,j<s, the functions M, ;(2) have the given asymptotic expansion, then we can
obtain the expansion

s(l+s—1)! 1
(1 - t)i+slog®™ 1( 1 >+0((1_t)l+310g5 (11t))7

1-t

Rl,S(t) =

were only the term szd%Ml_,s,l(z) of (2.17) contributed to the main asymptotic part. Thus we get

z e, 1 I+s—1)log' 7" (1 log! 2 (£
/t=0(1—t)l— log' (E)Rl,s(t)dt:( ()1 i)s ( )+0( g(lz()s ))_

Consequently we arrive at the following.

/t_ (10~ log' () Rty s :
My o(z) = H=0 e () _ oo (2 )<1+O(1og(1)))' (2.18)
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Since an application of singularity analysis [25] provides
nS S

n
O(iog7r):
log®n * log*™'n

nsfl ns ns
B(X;,) = E(X5,) + 01— ) = o )
( n,l) ( n,l) + logs n logsn + logs-‘rl n

which finishes the prove of Theorem 4.

E(X2,) =

n,l

we get

2.5 Isolating the pair 1,/ for fixed [

Now we will briefly show how to prove Theorem 5. Defining for [ > 1 the generating functions

Z Z Ep{X,0, = mpz" "™, (2.19)
n>l m>0
and
=303 (n— DEP{X,, = mp" ™, (2.20)
n>l m>0

the recurrence (2.3) can be translated (see (2.8)) by multiplication with (n — 1)(n — 1)I=t2"~l™ and
summation over n > and m > [ —1 into the following first order differential equation for A4;(z,v) (where

the functions A, (z,v) with r <[ are appearing in the inhomogeneous part):

0 Ai(z,v) = Ri(z,v), (2.21)

2Al(z,v) ((l—l)—lvlog(l ! ))Al(z v)—l—z(l—v)az

(1—2)vlog (%) e

with inhomogeneous part

(2,0) _UZC:;) ll__’“z;lz Ar(z,v)—ka(l;l)B( )gll " Bz,

and initial values 4,(0,v) = (I — 1)! Zi;:lo P{X; 1, = m}v™. Again it is possible to get an explicit
solution of (2.21). In order to prove Theorem 5 we calculate the expectation of X, (1), so we apply
the operator E,D, to (2.21). We will use the abbreviation A;(z) = E,D;A;(z,v) resp. B s(z) =
E,DjBi(z,v). We have Ay(2) = Bio(2) = Mio(2) = 1= and £ A;0(2) = £ M o(2) = q=Smr. We
already know from [65] and [43] the expansion

l+s—1)! 1
By s(z) = ( s S) 1 +O( s mgstl (1 )
(1 =2z)*slog (ﬁ) (1 —2)*slog (1%)
We get the following inhomogeneous differential equation for A; 1(z)
1 d 1
(1—2)log (iz)az‘ll,l( 2)+((1—1) —llog (1 ))Az 1(2) = Ri1(2), (2.22)

with initial condition A4;1(0) = E(X;.1,)(l — 1)! and where the inhomogeneous part is given by

Ri1(2) = l+1 + Z (T B 2) [ r— 1()1'(1_;)7; —1)! n ((ll__TZ;lIZ!Ar,l(Z)]

r=2

N\ =D —r— 1) I—r—1)  (r—1) g1
+¥< , )[( ()1(_ Z)l ) —|—Br}1(z) ((l_z)l—z + ((I—Z))T dzl—r—lBl’l(z)]

(2.23)
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Now it is obvious that we can use again induction to prove the case s = 1 of Theorem 5, since the case
| = 2 was carried out in [44] and R;; allows the expansion
l! 1
+0 ( ) .
(1 t)l+1 (1 _t)l+1 log (ﬁ)

Rl’l(t) =

For s > 2 it is sufficient to see that

s(l+s—1)!

1
Ry s(t) = (1— 1)+ log™ ! (11t> +O((1_t)l+810gs (11t>),

where only the term szd%Alys,l (z) contributes to the dominant asymptotic part. Thus singularity analysis
finishes the proof of Theorem 5.

2.6 Isolating the nodes n+1—1[,...,n for fixed [

We further simplify the binomial coefficients of the splitting probability given by Lemma 3 using (1.5),
which leads to

(=
P, o) = [k <m+r—1] (n — 1)(n1— 1

=L [(k — )= -k -1 (k- 1)E(n -k — 1)H7,2]

l l—r—1)!
+[[l<:n+rl]](r_1)(n£1)(n_1))l_r, r <l

(2.24)

where we use the convention (j — 1)=2 := (j7)7!, p € N, see e. g. [30]. For [ > 4 we always have to
distinguish between the four cases r =1, 1 <r <l—1,r=1—1 and r = when translating (2.2) into a
differential equation. Defining for [ > 1 the generating functions

=Y Y (n= P = mpe (2.25)

n>lm>1—1

where for [ = 1 we have (n — 1)=L = 1, the recurrence (2.2) can be translated by multiplication with
(n—1)(n—1)=Lz"=ly™ and summation over n > [ and m > [ —1 into a second order differential equation
for Ni(z,v) (where the functions N,(z, v) with r < [ are appearing in the inhomogeneous part). Since

n—1)=/(n-1DE=(n+r —1—1)=

0? 0?
92 Ni(z,v)+ (1 — U)Z@

Ni(z,v) = Ri(z,v),

(2.26)
with initial conditions N;(0,v) = 0, (%Nl(z, v))]z=0 = (I = 1)!(I — 1)v'~! and inhomogeneous part

(l—l)%Nl(z,v) (, U)+v(1—z)log< ! )

Ri(z,v) = Ulii (i : 11) (Nr(z,v)g—;Nl_r(z, v) + Nl_,«(z,v)aa—;]\fr(z, v))
r=1
+ lzl <r i 1) (I—r—1h'=" (‘)az N, (z,v) (2.27)
— vlz:i (i)NT(Z’,U)a 22 Ni_p(z,0) + lz:i < i 1) (I—r— 1)'1}[77“8 Ny (2,0)
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To prove Theorem 6, we have to show that N, s(z) admits the following expansion

1 )
(1= 2)+=tog™! (1)

1—z

1+ s—2)!
(s+ (1 = 2+ log® (715

Nis(z) = (2.28)

+0o(

where we use the abbreviation N; 4(z) = E, D N;(z,v), which will be done by induction with respect to
[ and s.

First we turn to s = 1. For the getting the expectation we differentiate once with respect to v and
evaluate at v = 1. Further we have Ny o(2) =log (125), Ni,o(2) = Ni(z,1) = % (1—2)! for 1 >2,

%Nlﬁo(z) =M o(z) = ((1_?)1 and ddz2 Nio(z) = d%,Ml,o(Z) = (l_lzﬁ This leads to the following.

= 1)%1\@,1( )— %N; (2) + (1 — 2)log (1;) %Nl,l(z) — Rii(2), (2.29)

with inhomogeneous part

Bus(=) = —Nio(2) = (1 = 2)log [ —— ) L Noo(2) + =2 Noo(2)
1,1(7) = > 1,0(z z)log 1—2) d=2 1,0(z Zdzg 1,0(z
-1
l d? d? d?
3 (1) (M0 3 Mo e) 4 Mot 3 M) 4 Mool s Nena(2)) (2.0)

d

+ Z (T N 1) l—r—1)! ((l —) dd Nro(z) + @Nr,l('z))7

and initial conditions N; 1(0) = 0, (%Nl)l(z)ﬂz:o =l —-DIEY;;) = (I —1)(I — 1)l. The corresponding
homogeneous differential equation has the general solution

Ni(z) = NI + CoN P e)

1 1 z dt
= Ca(t= 1+ log (7)) + Call— 1+ Do (1) [ —— .
I-2 o log! 1(%4) [ZflJrlog(i)]
(2.31)
where we may choose any real 0 < o < 1. This leads to the particular solution
N[p]( ) N[hl]( )/ —bi(t)N; ]( )dt—&—N[ ]( >/z bl(t)Nl[hll](t)dt (2.32)
z) = z _— ——— ", .
b Mo Dz(t) M Dl
where by(z) = — 221G and
l( ) (17z)log(i)
_ ] 9 \rlha) [hl(y O nrlial gy 1
Di(z) = N}V (= )azN “(2) = N Y (Z)%Nl,f (2) = m (2.33)

is the Wronski determinant of the two homogeneous solutions IV; [ 1]( ) and N, l[}f](z). Using integration
by parts we can simplify the particular solution as follows:

N (z) = (z “1+log (flz)) X (2.34)

x/z(/t log' ™2 (12) (1 — 1 +log (1)) Ru1 (u )du> 1 dt.

Lo log' ™ (25) (1~ 1+ log (7))
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It turns out that the particular solution (2.34) also satisfies the initial conditions of (2.29) and is thus
the required solution, i. e., N;1(z) = Nl[ﬁ](z). Assuming that the induction hypothesis (2.28) holds for
s=1and 1 <k <[l—1 the main term of R;(z) is given by

2 2

d d
RZJ(Z) = Z@Nl,o(z) + Nl,o(z)@Nl,m(z)

B ! N({I-1)0-1)! 1

T (1)t + <1> (1—z)H! + O(<1 — 2)itl]og (ﬁ>) (2.35)
l-1 1

S O<(1 — 2)H1log (i))

(1—2)H1
By plugging (2.35) into (2.34) and using Singular integration one obtains

l-1

1
M0 = - oo () Ol e () (239

Thus the induction step is completed and the part s = 1, { > 1 is proven for Theorem 6. Now we turn
to the cases s > 1,1 > 1, because the case [ = 1, s > 1 was already shown in [43]. Applying the operator
E,D; to (2.26) gives

d 2

(1= 1) Nia(2) — - Nia2) + (1~ 2) log (llz) & Nua(2) = Rua2), (2.37)

with inhomogeneous part

s 1 d? d?
Rl,s(z) = — ZNl,s_l(Z) — 5(1 — Z) 10g E @Nl,s_l(z) + SZ@NZ,S_l(Z)

+ li (D (Z G) Nm(z)%;Nl_r,s_j(z) + f (S j 1) NT’J‘(Z)JL;N[-"S*”(Z» (2:38)

§=0 =0
" lgl (r i 1) (Il —r—1) Z (j) (I r)i%Nr,s_j(z, v),

=0

and initial conditions N; 4(0) = 0, (£ N, 4(2))|.=0 = (I — DIE(Y;3) = (I — 1)2(I — 1)!. Since the homoge-
neous solution corresponding to (2.37) was already computed before we obtain again a particular solution
by applying the method of variation of constants. We get after simplifications

NP(z) = (z —1+log (%)) x (2.39)

X/OZ(/; log' ™ (11u)(l—1+10g(11u))Rz,s(U>du) ! dt.

Lo log! ™ (1) (1~ 1+ log (7))

Assuming that for all pairs (r,j) < (I, s), which means either r < 1,j < s or r < [,j < s the functions
N, j(z) have the given asymptotic expansion (2.28), then we can obtain the expansion

Ry s(2) = SZ;L;Nl,s—l(Z) + (i) (;) Nl,O(Z);L;Nl—l,s(z) + O((l — z)l+5110g3 (2 ))

11—z

(2.40)

1
G- oiog () O(O — 2)!**log® (i))’
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By plugging (2.40) into (2.39) and using Singular integration we get the following result.

I(l+1—5)!

1
Nis(2) = (I+s)(I+s—1)(1—z2)+5"1log® (1) + 0((1 — z)ls—1]ogt! (ﬁ))' (2.41)

This finishes the proof of Theorem 6.

2.7 Isolating the pair n+ 1 —[,n for fixed [

Again we will only outline the proof very briefly since it is basically the same as for Theorem 6. Defining
for [ > 1 the generating functions

Z Z l Q]P){X (i1 ln) = m}zn—l-‘rlvm’

n>lm>1—1 l ) . (242)
=D 2. (= DX =m0

n>lm>l—1

the recurrence (2.4) can be translated (see (2.24)) by multiplication with (n — 1)(n — 1):=tz""ly™ and
summation over n > [ and m > 1 into the following first order differential equation for F(z,v) (where
the functions F,.(z,v) with r < [ are appearing in the inhomogeneous part):

(=)L (o)~ F(e) + 01— 9log = ) L R(0) + (1= 025 ) = Rilz.)
L &) v Filzv) +v z) log g2z v)z o5 Fi(z,v) = Rilz,0),
(2.43)
with initial condition Fj(0,v) = 0 and where the inhomogeneous part is given by
-1 -2
-2 (=) 1—-2\ (I—7r—2) &
Ri(z0) =v} (r_2>FT(Z’”)(1 )i o) (r—2> 1— 210z a2tr(z0)
r=2 r=2
12 1 02 —/ -1 0
log (——)==F— —r—1DI—F,
+v 13> Og(lfz)c”)‘z? ! 1(271))—1—112 (lr+1)(l r—1) P (2, 0)
= (2.44)

l—r+1 2 l—r—1
d 0

—1—1); (i:i) (Gr(z,v)WG (z, v)+%GT(z,v)a ~ Gz, v))

-1 -1 l 'l—r H_laG iy -
+Z r (_T_l)' : v & T(Z,U) { l—r,l—r—l}

We will use the abbreviation Fj s(z) = E,DjF;(z,v). In order to prove Theorem 7 we have to show that
Fy s(z) admits the following expansion.

1

(1—z)st+l log® ™t (ﬁ) )

21+ s—2)!

e = - log (1)

(2.45)

+O(

First we turn to the case s = 1, [ > 2. For the getting the expectation we differentiate once with respect
to v and evaluate at v = 1.

d2

d LA+ (1= 2 1og (12 ) S5 Fa() = Ria), (2.46)

(l — 1)£Fl,1(2) 1
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where the inhomogeneous part is given by

2
—F]
. 1o(2) +

2
P~ (1= 2 1og (1 ) 5 Fia)

dz?

—L/1-2 I—7)! G ayg . 1—7)!
+Z (T_2)FT,O(Z)(1(_Z)Z)T+1+Z (7~_2>FT’1(Z)(]_(_Z)I)T+1

r=2

-2\ (I—7r—-2)! d? 2\ (I—r—2)! d?
+ (7’—2) (I—Z)l_r_ld ) 7‘() +Z<’/‘— )l_z)md 2F‘r,l(z)
r=2

1-2 1 1—2 1
*Q—Qbﬂrwhwﬂ1””+Q—Qbﬂyﬁ%w51M@

d g | d
I—r—1)LF, I—r—1)LF,
l—r+1)( r=U' ’O(ZH;(Z—TH)( T D)

+

~ 3
[|
=

- +
MM
N N N N N

- +
TIMIL

; _i (1—r—1) 2 ((i + 1)%GT,O(Z)P{XZ_M_T =i} + %Gr,l(z)ﬂ»{xl_r,l_r = i}).
(2.47)

3
Il
_

We use the following expansion of G, ;(z), j > 1, around the dominant singularity z = 1:

(r44j—2)! 1
G+ —2z)rti-t log’ (i) ’ O((l —z)rti-l log/ (i) )7

1—=

an(z) = (248)

as shown in Chapter 1([44]). We have already proven Theorem 7 for [ = 2, s > 1 in Theorem 6 before
and in Chapter 1([44]). Under the induction hypothesis that (2.45) holds for all 2 < r <1—1, with s = 1,
we get the expansion

_ 2 —
Rua() = sz Fial)+ () 08 (1) s Frova(a) + (] ) Gieaa()6ua(a)

-2 d
+ < 0 >G170(Z)leG171(Z)

(2.49)
o 201(1 — 2) 21! 1
~ T s e O e (1)
2 +1) 1
=s0-am O e ()

Thus we get the solution by plugging the expansion above into (2.32) and using (2.35). We obtain the

following. W+ 1)
W+

31+ 1)(1 = 2)tlog (

1
(1—2)t log? (1

Fii(z) = +O( ). (2.50)

) =)
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Thus an application of singularity analysis proves the part s = 1 of Theorem 7. For s > 1 we will use
induction with respect to s and [.

2
(-1 LR (2) ~ T Fia(2) + (1 ) log (ﬁ) & RL() = Bua(2), (251)

where the inhomogeneous part is given by

S 1 d?
Rl)l(Z) = SZ@F‘l’S_l(Z) + 1= ZE’S_l(Z) — 8(1 — Z) log (1_2> @Fl,s—l(z)
-1
-2 (=)
M A e
-1 -2
-2 (1=nr) -2\ (I—r—=2)! &
3 (5 Pl o X (o)) e g e

r=2 r=
-2

— [1—2 (Il—r—2)! -2 1 &
B! (5~ =2 log (—— )X F_y ..
+T:2 (TZ) T’S(Z)(lfz)l*’”*l +S(l3> Og(lfz)dz2 =1,5-1(2)

-1 d
—r—1!—F,
" r=2 (l —r+ 1) (l " ) T7S<Z)
-1 s—1
[—2 s—1 dl-r+1 d2 gl-r—1
+Z<r—l> ( j >(G”( #) gt Gemt=3(9) + 5 s () s G2
r=1 j=0
-1 s
[=2 o di-rtl d? di-r—1
+Z (r 1) (]) (Gr’j(z)WleSﬂ( )+ 7 — G, (Z)WGl,sfj(Z))
r=1 j=0
Uty ) b Lkl o 4
I (I L S S

(2.52)

Assuming that for all pairs (r,7) < (I, s), which means either » < 1[,j < s or r < [,j < s, the functions
G ;(z) have the given asymptotic expansion, then we can obtain the expansion

" -2 1, d? 0! d?
Ris(2) = szF]_1(2) + I—3 log (ﬁ)@Fl—Ls(z) + GLO(Z)@GI,S(Z) + @Gl_ljs(z)Gljo(ZJ)
:(53-81+2(Sl+22)+s+1)(l+8_1)!+0( 1 )
(1 —2)Hslog®! () (1—z)slog® ()

_ 21+ s)(1+s—1) 1
(s +2)(1 = 2)ttslog® Tt (D) +O((1—z)l+slog8(1i ))

z

(2.53)
Thus we get the solution by plugging the expansion above into (2.32) and using (2.35).

20+ s)(l+s—1)!
(s+2)(1+s)(l+s—1)(1—z)ts1log® (

1
(1 _ Z)erlfl 10g8+1 (11 ))

—z

Fis(2) = +0O( (2.54)

1iz)

This completes the proof of Theorem 7.
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2.8 Isolating the pair 1,n

We will use a generating functions approach to get the desired result. We define the bivariate generating
function

P(zv) =Y > P{Xpq, =m}"" o™, (2.55)

n>2m>1

Further we use the generating functions M (z,v) and Ni(z,v) as defined in (2.9) and (2.25). By mul-
tiplying (2.5) with (n — 1)2"~1v™ and summing up over n > 2, m > 1 we get the following functional
equation.

0 0] 0 0
Z&P(Z, ’U) = VZ log (iz)ap(z,v) — ’Ulog (E)EP(‘?:?U) + UZ&P(Z,U) + 'UMl(Z, U)N1(2'7’U).
(2.56)
This leads to
0 vM(z,v)N(z,v)
—P = . 2.57
2P = ST e — ) low (%) (2:57)

We already know asymptotic equivalents of M 4(z) = E, D5 M (z,v) and Ny 1(2) = E,D5N1(z,v). Now
we will compute asymptotical results for the factorial moments and deduce then the ordinary moments of
Xo;1,n- The factorial moments E(X,.,, ,,) can be obtained by extracting coefficients from E D52 P(z,0):

[2"?|E, Dgaa P(z,v). (2.58)

E(XT:,171’L> -

n—1
First we need the following result.

vMi(z,v)N1(z,v)

0
E,D;— =E,D;
Pz v) Yz(1—v)+v(l —z)log (

Y0z

liz)

( )E DJ oM, (z,0) Ny (z, v))EvDi_j 1
)|

2(1 —v) +v(l — 2)log (1i

:)
( XJ: ('>EvD (le(z,v))Equijl(z,v)]x

1=0
(1) (s — )=z + (1 —2)1 ( z) (2.59)

(z (1—-v)+v(l-2) log
J

1 z

: 1(8){2(;) (40 o) ort2]

=0 M/ 5o
(1) (s = =2+ (1= 2)log ()7

s—7+1
((1=2)108 (%))
Using the expansions known from [65] and Chapter 1 together with M;o(z) = Mi(z,1) = -~ and

Nio(z) = Ni(z,1) = log (725) we see that the main asymptotic contribution in (2.59) comes from the
terms

S b M j(2)N1o(2) @ 7(s = g)! e S y M ()2 (s = j)! . (2.60)
Z@ (0 -=108(2) " Z(]) (1= (g (%))

X
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Thus an application of singularity analysis (see [25]) leads to Theorem 8.

2.9 Comments

2.9.1 Searching the limit distribution for nodes with small labels

Unfortunately it seems to be difficult to derive a non degenerate limit distribution for the random variables
Xn:. Note that even in the case | = 1, e.g. the random variable X,,.1, no non-degenerate limit law is
known. Although in the case of X1, one can derive the bivariate generating function explicitly, the limit
law seems to out of reach at present.

Lemma 11.

z vlog (ﬁ)
/t—Ot - v(t —(1—1t)log (ﬁ)) v

Mi(z,v) =e¢ (2.61)
Proof. The splitting probabilities p(, 1),x,1) for isolating the root were already calculated in [55]:

1

P(n,1), (k1) = CE OO TS 1<k<n, n>2 (2.62)
This immediately gives the following recurrence:

n—1
P{X :m}:Z n P{X,1=m—1} forn>2andm>1 (2.63)
! e n—1)n—k+1D)n—k M = = '

with initial value P{X; 1 = 0} = 1. Using the bivariate generating function M;(z,v) above recurrence
translates by multiplying with (n — 1)2"~'v™ and summing up for n > 2 and m > 1 into the following

first order linear differential equation:

vlog ()

271)(2— (1 72)10g(1i2)>

0
%Ml(zvv) -

M (2,v), (2.64)

with initial condition Mj(0,v) = 1. Solving this differential equation finishes the proof of Lemma 11. [

Note that the function appearing in the integrand of M (z,v) is itself a bivariate p.g.f.,

vlog (=)

t—v(z— (1 —Z)log(ﬁz))’

which appears if one introduces a slightly modified destruction procedure for recursive trees by counting
the number of label comparisons until the root is found.

M(z,v) = (2.65)

2.9.2 Isolating nodes by node removal

Instead of removing random edges, randomly selected nodes are removed now. The procedure works as
follows. In a size n recursive tree we select at random a node and look if it’s label equals one (if we have
find the root). If we have picked the root we have done one label comparison and the procedure stops. If
not, we remove the selected node together with the subtree rooted at the chosen node and continue the
procedure in the subtree containing the original root until the root is found. It turns out that for root
isolation the procedure behaves the same way as if for the edge-cutting procedure. For isolating several
nodes it should be the same. This node removal procedure was described by Janson [37] where it was
shown that indeed the two procedures obey asymptotically the same distribution law.
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We denote with &, ; the random variable counting the number of necessary label comparisons until the
root is found in a random size n recursive tree.

The splitting probability 7, ;, which is the probability that after choosing a random node and comparing
its label to the root’s label and discarding the subtree rooted at the selected node, if the label is not
equal to 1, the remaining subtree containing the root is of size k. It is clear, that m, o = 1/n since we
pick the root with probability 1/n, and then there is no tree left containing the root. With probability
(n —1)/n we choose another node and remove it. This removal is equivalent to a random edge cut. Since

we already know that
n

= 2.66
P G0 = G-k —k+ 1) (2.66)
we get
Lemma 12. The splitting probability m, i is given by the following formula.
n—1 [k =0] [1<k<n-1] [k=0]
Trn,k H]- — k =N ]‘H n p(n,l),(k,l) + (n _ k)(n _ k' _|_ 1) n (2 67)
Hence it holds the following recurrence.
n—1 n—1 1
P{Xp1=m} =Y msP{Xpr=m—1} =) P{ X}, =m — 1}, (2.68)

P = mn—k)(n—-k+1)

for n > 2, m > 2 with P{X,,1 = 1} = 7,0 = 1/n for all n > 1. We introduce the bivariate generating
function
M(z,v) = Z Z P{X, 1 =m}z""1v™. (2.69)
n>1m>1

By multiplying with z™v™ and summing up over n > 2 and m > 2 we get the functional equation

1 1
2M(z,v) = M(z,v)(v(z —1)log (E) + vz) +vlog (E), (2.70)
which can be simplified to

M = vlog (=) 2.71
(Z’U)iv(l—z)log(liz)-i—z(l—v)' (271)

We rewrite M(z,v) the following way.

vlog iz vlog iz

B B z (2.72)

= Ulog(le) Z v ((z — 1)10g(212) +1)™.

m>0
Thus we can get a closed formula for the probabilities.

Proposition 1.

—m} = L[m= (1) 5 () gy L 1 D!
P{Xn,1—m}—n[[m—l]]+[[1<m§nﬂkz_o( k >§<l>( 1) (ET S (2.73)

For the moments we will use the following identity to obtain the factorial moments.

E,D;M(z,v) = sllw’lM(z,v), where w:=v— 1. (2.74)
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1 1
M(z,v) = =
4 _ z(1—v) 1—2)(1— ZW
(1 Z)(l + v(l—2)log (i) ) ( )( (w+1)(1—2) log (i) )
2mw™ 2™ k+m— 1) A
mzzjo (w4 1)m(1 — z)m+1log (liz) mZZ:O (1 —z)mtllog (liz) = ( k
(2.75)
Extraction of coefficients gives
W' IM(z,v) ! +o( ! ) (2.76)
w zZ,v) = S — . .
(1 —2)*ttlog (1iz) (1—2)%log ! (1iz)
Thus we get by using singularity analysis
Proposition 2.
s s—1
E(X:Ll) = ns +O( nsfl )
’ log® n log n
2.9.3 Phase changes
When isolating only one node labelled A\, with 1 < A\ < n, at least two phase changes occur:
1 1
By Do By Doy, (2.77)

for fixed [ € N. Unfortunately for the interesting region A = pn, 0 < p <1, e.g. the r.v. X,,.,, , it seems
to be difficult to obtain results using the recursive approach.

Now if one looks closer at the behavior of the random variables X,,;; and Y, it is obvious that analogous
phase changes must occur. We get for fixed [ > 1

1 Xnint1—
Oann;l LOR 1, Zmntisl IONS (2.78)
n
and
1 Y. —
OgnYn;l (d) }/l7 n;n+1—1 (d) 1’ (279)
n

where fy, = 121=1. As for (2.77) the cases X,.pn and Y, pn seem to be out of reach.

(4)

Theorem 11. For fized | > 1 it holds % — 1 and % LN

Proof. 1t is obvious that X, , @ Xnn—1 @ Yon @ Yon—1 @ n — 1. It holds for fixed [ > 1 the

following recurrences (2.80) and (2.81).

I n—1 m—1
IED{)(n;n—i-l—l = m} = Z Zp(n,l),(k,r) Z P{Xk;k—l-l—r = S}P{Xn—k;n—k—(l—r) =m-1- S}v (280)
r=1 k=r s=0

forn > 1, m > n+1—1, and where the splitting probabilities p(, 1),k are given in Lemma 3 by using
(1.5).

I n—1 m—1
P{Yn;n-l-l—l = m} = Z Zp(n,l),(k,r) Z P{Yk;k-l-l—r = S}X 281
r=1 k=r s=0 ( . )

X P{Yy kn—k——r) =m — 1= s},

for n > 1, m > 1 — 1, where the splitting probabilities p(, 1),k are given in Lemma 3.
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Although one could use again generating functions to derive explicit results for the probabilities P{X,,.n41—1 =
m}, P{Y,.n+1—1 = m} the distribution can be done by hand. Since for [ > 1 it takes at least n + 1 —
edge cuts to isolate the nodes 1,...,n+1—1orl,...,n one proceeds for the moments of X, 471 and
Yi.n+1-1 as follows.

n—1 l
E(Xz;n+1—l) = Z M P{X 11 =m} = Z (n—1-(1-m)"P{Xnnt1-1 =m}
m=n+1-1 m=2

=(n—-1°%+0(n-1)°5").

(2.82)

The same computation holds for Y;,.p,41—;. Further the variance is always constant V(X,.n41—1) = ¢; > 0
and V(Y,.n41—1) = d; > 0 for fixed [ > 1. O



Chapter 3

Isolating a leaf in rooted trees via
random cuttings

3.1 Introduction

We consider the following edge-removal procedure in a size n rooted tree for isolating a leaf. Pick one of
the n — 1 edges of the tree at random and remove it. This separates the tree into a pair of rooted trees;
the tree containing the root of the original tree retains its root while the tree not containing the root of
the original tree is rooted at the vertex adjacent to the edge that was cut. Now we discard the subtree
containing the original root and continue this procedure in the other subtree, until we end at a size 1
subtree, which contains a leaf. For several tree families under the random tree model we are going to
study a random variable Z,,, which counts here the number of edges that will be removed from a randomly
chosen tree of size n by this edge-removal procedure until a leaf is isolated. Since all analyzed tree families
can be considered as weighted trees, this means that for starting the edge-removal procedure we choose a
tree of size n with probability proportional to its weight. We can give limiting distribution results of Z,
for general simply generated tree families and some classes of increasing tree families. Surprisingly the
multiple zeta function and it’s finite counterpart show up in the limit distribution for certain increasing
trees.

This edge-removal procedure can be considered as the counterpart of the cutting down edge-removal
procedure considered by Meir and Moon, [55] (the edge removal procedure considered in Chapter 1 with
A = 1). In the latter procedure the subtree containing the original root of the tree is kept, while the
other subtree is discarded (thus it can be seen as the opposite version of the procedure studied here) and
then the procedure is continued recursively on the subtree containing the root until the original root is
isolated.

We want to mention that also the following two-sided variant of the edge-removal procedure was consid-
ered in recent papers: after removing the randomly chosen edge one continues the procedure recursively
on both of the obtained subtrees. Of course, when starting with a tree of size n, this two-sided variant
leads to n isolated nodes after n — 1 cuts, but one was interested in the total costs when isolating all
nodes in the tree, if one assumes that the cost incurred for selecting an edge and splitting the tree is
given by a toll function ¢,. For toll functions ¢, = n® with a > 0, asymptotic results for all moments
are obtained in [65] and limiting distribution results for some classes of simply generated tree families
are given in [21]. For Cayley trees this procedure is equivalent to a probabilistic model involved in the
Union-Find (or equivalence-finding) algorithm, which was analyzed first by Knuth and Schénhage [39].
Basically, to obtain our limiting distribution results for Z,, we treat the recurrences appearing for the
probabilities P{Z, = m} via bivariate generating functions. This leads to exact solvable differential
equations. Extracting coefficients of the solutions appearing asymptotically is performed via singularity
analysis (see [25]), a complex-analytic technique that relates asymptotics of sequences to the local behavior
of their generating functions in a neighborhood of the dominant singularities.

44
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3.1.1 The recursive approach

We will study the random variable Z,, for the tree families considered by treating the recurrence

n—1

P{Z,=m}= Z Gk P{Zr=m—1}, for n>2 m>1, (3.1)
k=1

with initial values P{Z; = 0} = 1 and P{Z,, = 0} = 0, for n > 2. Here the transition probabilities g,
are given as follows: g, 1 denotes the probability that by choosing a random tree of size n from the given
tree family and removing a random edge the resulting subtree, which does not contain the original root
of the tree, is of size k.

An analogous approach, with transition probabilities ¢, ,—k, was used in [63] for simply generated tree
families to study the random variable X, i. e. the number of cuts to isolate the root of the tree. There
one had to make a strong assumption on the tree family in order to justify this recursive approach: it was
necessary that randomness is preserved by cutting off a random edge, which means that starting with a
random tree of size n and removing a random edge, the remaining subtree of size k containing the root
is actually a random tree of size k in this tree family. It turned out that exactly those tree families with
©(t) given by Lemma 1 have this property and could be treated with the recursive approach. In [63] such
tree families are called very simple tree families (in the context of simply generated trees). As already
mentioned before in the preliminaries part we call increasing tree families with ¢(t) given by Lemma 1
grown simple families of increasing trees, due to the fact that they can be described by a probabilistic
growth rule.

For the random variable Z,, studied here, things are easier. For the tree families considered it always
holds that randomness is preserved by cutting off a random edge: after removing a random edge from a
random tree of size n, the subtree which does not contain the original root is always a random tree of
this tree family. This follows immediately from the formal recursive equations (4) and (6).

3.2 Results

We state here our findings for simply generated tree families and grown simple families of increasing trees
with ¢(t) satisfying the assumptions made in Subsection 0.1.1 and Subsection 0.1.2, respectively. The
proof of these results are given in Section 3.3 and Section 3.4.

Theorem 12. For simply generated tree families with degree-weight generating function o(t), with period
p and T the minimal positive solution of the equation t¢'(t) = ¢(t), the random variable Z,,, which counts
the number of random cuts that are required to isolate a leaf from a randomly chosen tree of size n with
the edge-removal procedure considered, converges in distribution, for n — oo with n = 1 (mod p), to a
shifted Poisson distributed random variable Z, which has the distribution

m—1
mA Y
6 bl
m!

P{Z =m} = for m >0,

with parameter A := log (%),

Moreover, the r-th factorial moments IE(Z%) have the asymptotic expansion
E(ZL) = A" (A +7r)+0(n™1).
In particular, we get for the expectation E(Z,) and the variance V(Z,):
E(Z,) =A+1+0(n™Y, and V(Z,)=A+0(n™1).

Theorem 13. For grown simple families of increasing trees (with degree-weight generating function ¢(t)

n

given by Lemma 1 and thus % =cin+ co, for alln > 1) let Z,, be the random variable, which counts
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the number of random cuts that are required to isolate a leaf from a randomly chosen tree of size n with
the edge-removal procedure considered. Then, for a grown simple increasing tree family, Z, converges for
n — oo in distribution to a discrete random variable Z. The probabilities P{Z = m} are for m > 0 given
as the coefficients of the probability generating function p(v) ==Y, - P{Z = m}v™ as given below.

- + -1 T(1+ 2)
p(v) - H (1 + (Clk(clcz)-&(-vCQ) )) - 201+sz\/(261+02)27401(01+02)v 12C1+62+\/(261+02)27401(01+02)v '
k=1 F( 201 )F( 261 )
Moreover, the r-th factorial moments E(Zﬁ) are given by the following exact formula.
n—1 1 n—1 1 n—1 1
Bz =rerer St 8 s B
P k1(c1ky + ¢2) kg1 ko(c1ks + ¢2) koo 141 kr(c1kr + ¢2)

From Theorem 13 one gets the following corollaries, which contain results for particular increasing tree
families.

Corollar 2. Using the notation of Theorem 13, we give the following closed formule for the probabilities
P{Z = m} for recursive tree and binary increasing trees. For recursive trees we get

Pz = m) = (-1 X (1) )

= (2k+ 1)V (3:2)

which leads to the first few values P{Z = 1} = 1/2, P{Z = 2} = 3/8, P{Z = 3} = 5/16 — 72 /48. For
binary increasing trees we obtain

2k k k j— 1 o
—m) = § : _1)k § : J _1)&J .

which gives in particular P{Z = 1} = 1/3.

Note that the values given for P{Z = 1} are just as expected, since the average number of leaves in
recursive trees is ~ 5 for recursive trees and ~ % for binary increasing trees (see e. g. [6]).

Corollar 3. Using the notation of Theorem 13, we give for the instance co = 0 the following closed
formule for the r-th factorial moments of Z,, resp. Z. In the context of the multiple zeta functions

1 1
C(al,...,al) = Z W, CN(a17...,al) = Z W, (34)

n n .
1<ni<ng<---<ny 1772 l 1<ni<ng<---<n<N 1772 l

the factorial moments IE(Z%) can be expressed for co =0 as follows:

E(Z5) =rl¢a-1(2,...,2). (3.5)

Furthermore we obtain for co = 0 the following expression for the factorial moments E(Zﬂ):

7T2r

E(Z5) =rl(2,...,2) = r!m.

(3.6)

Further we can decompose the limit distribution of the number of random cuts necessary to isolate a leaf
Z as follows.

Corollar 4. .
293" By, (3.7)
k=1
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where the By, are Bernoulli distributed random variables By, @ Be(m), for k e N.

Remark 1. Note that our computations of E(Z%) give thus a further proof of the identity ¢(2,...,2) =
~———
T times

(2:7_2;1)!7 which was shown first in [32].

In Table 3.1 and 3.2 we collect some results of the limiting distribution of Z,, for a few interesting simply
generated tree families and grown simple families of increasing trees.

Table 3.1: Limiting distribution results of Z,, for some important simply generated tree families.

. Degree-weight Z, — Z, shifted Poisson distributed
Tree family generating function () with parameter A\, E(Z,) ~ A+ 1, V(Z,) ~ A
Cayley trees o(t) =¢t A=1
d-ary trees ot)=1+t)4 d>2 A= dlog(d%‘ll)
Ordered trees o(t) = A =log(2)
Motzkin trees ot)=1+t+1? A =log(3)
Strict binary trees ot) =1+ A =log(2)

Table 3.2: Limiting distribution results of Z,, for some important grown simple families of increasing
trees. Hy, := >, 7 Tesp. a? = > 4>1 2z denote the first and second order harmonic numbers.

Zy — Z, with
Tree famil t Tnts " ’ - E(Z,
Y PO | pe) = S FZ = mpo )
in(ryT=0) 2,
. t _ sin(wyv/1—v n—
Recursive trees e n p(v) = = X= N 7%2 ~ 1.6449
Binary increasing cos(Z+/9—80) 2
trees 1+ | n+1 P() = "me-n 2-n 2
i i 1 _ _ r(3) 2(Hzp—2 — Hp—1)
Plane oriented recursive trees T 2n—1| pv) = (T S ~ 2log 2 ~ 1.3863

3.3 Simply generated tree families

3.3.1 The transition probabilities

The required transition probabilities g, 1, as defined in Subsection 3.1.1 were already computed in [63] by
a generating functions approach, which is also sketched here. We can define the value g, , equivalently
as the probability that the number of descendants of a node (where the node itself is counted) that was
chosen at random from one of the n — 1 non-root nodes in a random tree of size n is k. We require also
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the auxiliary values ¢, which denote the probability that the number of descendants of a randomly
chosen node in a random tree of size n is k.

Introducing the generating functions

= ZZnTn dn.k 2"k, H(z,u) = ZZ(TL— DT Gk 2"uk,

n>1k>0 n>1k>0

we can directly translate the formal equation (6) or the recurrences

T T 1 Qhy e Ty -+ T,
R ST S DR T
r>1 ki4-+ko=n—1,
Biyoooskr >
R = IT . (3.8)
_ klyk k71 e km,
R SITRD DR
r>1 ki+-+k.-=n-1,
ki, ke > 1
into the equations
G(z,u) = T(zu) + 2¢'(T(2)) G(z, u), H(z,u) = 2¢' (T(2))G(z,u),
which imply
1
H(z,u) =T(zu)F(z), ith F(z2)i=—— — 1. 3.9
(o) =TGR, with P(e) = s (39)
Extracting coefficients from (3.9) gives
T"(p(T))", forn>1
By o= () = { TI) forn =L (3.10)
0, forn = 0.
Thus the required transition probabilities ¢, ; for 1 <k <n —1 are given as follows:
B [2"u¥|H (2, u) _ TyFy g (3.11)
Tk =" DT, ~ (-1 '
with F,, defined by equation (3.10).
3.3.2 Solving the recurrence
Using (3.1) we have to study the recurrence
n—1 T.F
P{Z, =m} = Z hone ’“ i H A =m =1k (3.12)
with P{Z; =0} =1 and P{Z,, =0} =0, for n > 2.
We will perform a generating functions approach using the bivariate generating function
M(z,v) Z Z T.P{Z, =m}z"v™. (3.13)

n>1m>0

Multiplying (3.12) with (n — 1)T;,2"v™ and summing up for n > 2 and m > 1 leads to the following first
order linear differential equation

Z%M(z,v) — M(z,v) =vF(z)M(z,v),
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with initial conditions M (0,v) = 0 and (%M(z7 v))|z=0 = T1 = o, and the function F(z) given by (3.9).
Solving this differential equation leads to the solution

M(z,v) = @pz exp(v /OZ @dt). (3.14)

Then by using T7"(z) = %, which follows from the functional equation (5), and a change of
variables, we obtain:

z @ B T(z) #{T(f,)) -1 dT B T(z) s0/ (T(t)) B T(2) (pI(T)
I R A < ey el B L
or)

®o

=log p(T'(2)) — log ¢(0) = log
Thus we get from (3.14) the following explicit formula for M(z,v):

M(z,v) = @z exp (v log <,L7(1;0i2?))) = woz(m)v. (3.15)

3.3.3 Characterizing the limiting distribution
Extracting coefficients from (3.15) immediately leads to

(log £LLEN)™

(V™M (2,v) = poz (3.16)

m!

In our asymptotic study of the coefficients [z"v™]M(z,v) (and thus of the probabilities P{Z, = m})
via singularity analysis, which is given below, we will only carry out the instance that the degree-weight
generating function ¢(t) is aperiodic, i. e. p = 1. But for functions ¢(t) with period p > 1 the proof is
fully analogous: then we have to consider the contributions of all p dominant singularities, which must
be added. This shows Theorem 12 also for p > 1.

Using the singular expansion (2) of T'(z) we obtain the following local expansion around the dominant
singularity z = p, with certain constants k1, ks:

T(z) z o(7) A 3
SD(SOO)ZJS;EJZ) ©o <PoP\/<P"T _7+K11_7 +O((1_7))

1og90(<Tpiz)): ,/: Ji- 1—7 +O<(1——)%) (3.17)

Via (3.17) we obtain thus from (3.16) for m > 1 the following expansion around z = p (again with a
certain constant &):

[V M(z,v) = Z T,P{Z, =m}z"
n>1 (3.18)

—%(logﬁ>mw<7><ﬁ-1>!(log Zf: F K1-2)ro(a=2)F).

and further
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Applying singularity analysis to (3.18) gives then

(M ) = {2 = mb = oty (1o i:))ml % PR (14 O6),

and, together with (3), for m > 1 the asymptotic expansion

o (log (T))

p(r)  (m—1)!

Thus the probabilities P{Z,, = m} converge for all m > 1 to the probabilities P{Z = m} of a shifted
Poisson distributed random variable Z. This shows the first part of Theorem 12.

P{Z,=m} = (1 +0(n™h). (3.19)

3.3.4 Computing the moments

From the generating function M (z,v) as given by (3.15) we can also compute easily the r-th factorial
moments E(Zﬁ).
Evaluating the r-th derivative with respect to v of M (z,v) at v =1 gives

E,DIM(z,v) = E, [gaoz(log SO(Z;((]Z))YeU log M} =20(T(2)) (1og SD(Z;((]Z)))T (3.20)
7(2)(log ‘p(:;iz)))r. (3.21)

We further get by using (2) and (3.17) the asymptotic expansion (with a certain constant &)

T(Z)<1°g @(QTDEZ)))T - T(log i(a?y - (mﬁ?)r 1 : \/7 (3.22)

+ i (1—;) +O((1— %)%).

Singularity analysis leads then from (3.21) and (3.22) to the asymptotic expansion

n r QO(T) r=1 90(7—) (p(T) —n, —3 —1
[2"|E, DI M (z,v) = (log—) (r + log o ) 27r<p”(7)p n~2 (1+0(n™ 1),

2

and by using (3) thus to

(z5) = RSN (105 20) 106 20 (14 0)

This completes the proof of Theorem 12.

3.4 Grown simple families of increasing trees

3.4.1 The transition probabilities for general increasing trees

First we show for general increasing tree families an expression for the transition probabilities g, , as
defined in Subsection 3.1.1. We can do this analogous to Subsection 3.3.1 for simply generated tree
families: we use the interpretation of the value ¢, as the probability that the number of descendants
of a node that was chosen at random from one of the n — 1 non-root nodes in a random tree of size n is
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k, and define the auxiliary value g, , as the probability that the number of descendants of a randomly
chosen node in a random tree of size n is k.

Introducing the generating functions

n

=S Bt B = 3 Y- DTk

n>1k>0 : n>1k>0

we obtain from the formal equation (6) or by setting up recurrences for g, », and g,

- 1 1 Giey 1T, -+ The n—1
an:—[[k:n]]—’——zrgor Z M( >7
n nrzl kit Fn=m— 1, Tn kl,kg,...,k»,«
Eiyooke > 1
T T 1 (3.23)
le,k ki Lk, n—
Qn,k—nilzr(pr > R (k N k)
r>1 + ot k.=n—1, n 1y h2y ey hop
Eiyooo ke > 1
the following differential equations:
0]
S Gleu) = up(T() + @' (T()Glyu), G(0,u) =0
0
aH(z,u) =¢'(T(2))G(z,u), H(0,u)=0.
These differential equations have the solutions
= (T (tu)) 2 T(tu)¢' (T(1))
G(z,u) =up(T(z) / ——2=dt, H(z,u) =p(T(z) / dt. (3.24)
TC) ), S T J, o)
Equation (3.24) gives immediately
’ ! K7 o e(T)
and thus . /( ( ))
nTy /Z tho (T(t
Gnk = ————2"]e(T(z ———— 2 dt. 3.25

For arbitrary degree-weight generating functions ¢(¢) one cannot hope to obtain explicit formulae for the
probabilities g, i, but for the subclass of grown simple families of increasing trees, as given by Lemma 1,
we will get an easy expression as is shown in Subsection 3.4.3.

3.4.2 Characterization of grown simple families of increasing trees

Proof of Lemma 1. We will show here Lemma 1, which characterizes increasing tree families that satisfy
the equation % = ¢1n + co, with arbitrary but fixed constants ¢y, co, for all n > 1.

We remark that due to the demand T,, > 0 for all n > 1 we get the a priori restrictions: ¢; > 0 and
¢o > —c; (otherwise there would exist n > 1 such that ”“ =cin+ce <0).

e Now we consider the case ¢; # 0 and ¢y # 0 and get for T, (where we use Th = ¢g):

n—1 -

_ $oct n  wocin! (2 +n—1
T, =T, | | k | I = -1y =
1 k:1(01 +c2) = poct ™ 11 cz (01 +n ) . ( n
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:cpo(fcl)"n! -2
ca n )’

and further

T(z) = ZT"%T = %O Z <_E) (—12)" = ij((l)f - 1)- (3.26)

n>1 n>1 1 — (12

In order to decide which values of ¢1, ¢; are indeed possible choices we have to compute the correspond-
ing degree-weight generating functions and check whether they are admissible (¢, > 0 for all k& > 0).
Differentiating (3.26) gives

s By |
T()= —0  — o1+ 27(2))" . 3.27
) (1—cz)at! O( %o ( )) (3:27)
We obtain [T"]¢(T) = ¢, and by using (3.24)
cL a 41 ca\ "™
T (2) = [T]go(1+ 2T) ="' = <C2 > 23
(T () = [Teo (14 2T) = = o = ) ()

Since T"(z) = ¢(T'(z)) this gives
S +1\, con
on = 900<C2 )( 2y, (3.28)

0

n
resp.
cot\ e+l
p(t) =Y ont" = <P0(1 + i) S (3.29)
7>0 ®o

By considering (3.28) we can now check whether the conditions ¢,, > 0, for all n > 0, with ¢ > 0, are
satisfied.

(i) We consider first the case co > 0: if 1 + £ ¢ N, then it follows that there exists n € N such that
(Hn%) < 0 and, since ¢; > 0, thus that ¢,, < 0. Therefore we get that this case is not admissible. But

if 1+ Z—; =:d € N, then it follows that (%:1) =0, for all n > d and thus that ¢, >0, for all 0 <n <d
and ¢, = 0, for all n > d. Such degree-weight generating functions are admissible and are covered by
Case B in Lemma 1.

(74) We have to consider also the case co < 0: since ¢1+co > 0 it follows that g—; < —1resp. n—%—? >n—1
and thus that

a4 1) C2\n n—< — C2\n
“n = o | -D)"(—=—) =0 ¢z -—) >0,
" ( n - ( @0) n ( <Po)
for all n > 0. Therefore such degree-weight generating functions are also admissible and are covered by
Case C in Lemma 1.

e Next we will consider the case co = 0 (and ¢; > 0), which gives

n—1

T, =T H(clk) = ot (n - 1),
k=1

and (1)
T =S "1,2 =7 20 . 3.30
(2) nz>:1 n! 1 72 n c1 © (17012) ( )

Since (3.30) gives
, SOO c1T(=z)

T'(2) = ppe %o, (3.31)
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we obtain ( )n
" . o are oot
= [T")p(T) = [T"]T"(2) = [T"]poe” >0~ = — 5, (3.32)
and o
=) ont" = ppe 0. (3.33)
n>0

Since ¢; > 0, we obtain from (3.33) that ¢, > 0, for all n > 0, and thus that all degree-weight generating
functions (3.33) are admissible. They are covered by Case A in Lemma 1.

e The remaining case is ¢; = 0 (and thus ¢ > 0), which leads to T,, = wocg_l and to

9= Tnz = e®* — 1), (3.34)
n>1 n>1

Since (3.34) gives

T'(2) = poe®* = @o + caT(2), (3.35)
this leads to

P(t) = o + cat. (3.36)
This degenerate case (all trees are “chains”) is excluded from our further considerations due to the
demand that there exists a k > 2 with ¢ > 0. O

3.4.3 The transition probabilities

Now we are going to calculate the probabilities g, j for grown simple families of increasing trees. Using
(5) from (3.25) we get

_ T, ) R (T() . nlT i [ th T (t)
ant = e 1P ))/0 0) T o T >/0 e 337

If co # 0 then we obtain from (3.37) via integration by parts

2¢y
o [ [ ale e
o (') (1—cz)att o @2(1—cyt)a 2
k _ 24141
? o2 k! ELb=t(1 — cpz)a THF
__are / eyt et e [ B = o)
(1—cz)atJo (1 —az)att [Te i3 Tita
k'T’ k kLo k— l clz)l
=(c1+c _—. 3.38
(c1+¢c2) z; Tz+2 (3.38)
For n > k, combining (3.37) and (3.38) leads to
T kTt T kT
o= BT [ = o e BT
(n—1)T,k! (T'(t)) (n—1)T,k! Thio
_ nT} (Cl + Cg)k‘!T,H_l _ (61 + 02)(0171 + 02) (3 39)
(n— 1)T,k! Tryon! (n—1)(c1(k+ 1)+ c2)(c1k + ca)’ ’

It turns out that this formula also holds for ¢; = 0, thus covering all cases of grown simple families of
increasing trees.
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3.4.4 Solving the recurrence
Using (3.1) we obtain therefore for n > 2 and m > 1 the recurrence

n—1

(c1 + ¢c2)(e1n + ¢2)

iz =m} = kz::l (n—D)(cr(k + 1) + ca)(crk + c)

P{Zy =m — 1}, (3.40)

with IP’{Zl =0} =1and P{Z,, =0} =0, for n > 2. We simplify this full history recursion by multiplying

with o n+c and taking differences. (3.40) leads then for n > 1 and m > 1 to
n n— c1+c2

—_— P71 = - P{Z, = = P{Z, =m—1}. (3.41

ci(n+1)+ e {Zni1=m} cn+ ¢ i mh = (ciln+1) 4+ c2)(c1n + ¢2) { m=1}. (341)
Introducing the generating function

on= 1
P{Z,=m o™,
Z Z { } c1(n+1) + e2)(ein + c2)

n>1m>0
recurrence (3.41) leads to the following homogeneous second order linear differential equation:

2
0 M(z,v) + 301+02(1—z)2M(z,v) m

(1 - 2)@ cl 0z B c1

M(z,v) =0, (3.42)

Since the hyper-

with initial conditions M(O,'U) = WM and %M(z7v)‘z:0 = m

geometric differential equation with parameters a, b, ¢ is given by
2(1=2)F"(2) + (c— (a+b+1)2)F'(z) —abF(z) = 0,

M (z,v) satisfies the hypergeometric differential equation with parameters

_ 2citea— \/(2c1+02)z —4cy(c1+ea)v o 201+02+\/(2cl+02)2—401(cl+02)v _ 3ej4e
= 5. , b= 5o; ;and ¢ = S,
A solution basis of (3.42) is thus given by the following two functions (see e. g. [3]):
a.b 2c1+c2—/(2c1+c2)2—der(citea)v  2e1+eaty/(2c1+c2)2—4der(crtea)v
o ( 70 Z) = ( 2¢y 301+02 2c1 Z),
1
1—c a—l—l—c,b—i—l—c‘)
z 2F1 ( 2 _¢ z
_2cqi4ey —(2¢c1+c2)— \/(2('1—1-02)2 —4eq (e1+ce2)v —(2c1+('2)+\/(2c1+('z)2 —4cq(e1+te2)v
=z a1 o) ( 2cy 2c1 Z) y
Cl+02
c1
where oFy (@ b z) =3 ”b” o ; denotes the Gauss hypergeometric series.
21 c T n>0 ¢ yp g

Since M (z,v) has a power series expansion around z = 0 (and v = 0) it must follow that

2c14ca— \/(261+62)2 4cq(cr1tc2)v 2C1+62+\/ (2¢1+c2)?2—4ci(c1+e2)v

M(Z, ’U) = C(U) oF ( 2c1 361+62 2¢y
c1

z) , (3.43)

with a certain function C(v), since the other base function is not analytic at z = 0. After adapting (3.43)
to the initial conditions we obtain the solution
).

(3.44)

2c1+co 7\/(251 +c2)2—4ci(c1tc2)v 2¢q +52+\/(2c1 +c2)2—4cq (e14c2)v
2cq ’ 2c1

i
(261 =+ 02)(01 + 02)2 ! 3citca

Cc1

M(z,v) =
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3.4.5 Characterizing the limiting distribution

To obtain a limiting distribution result we will apply the following instance of the z to 1—z transformation
(see e. g. [3]) with m € {1,2,3,... }:

a,b T(m)T(a+b+m) e ”b” B
2F1(a+b+m ):F(a—i—m T'(b+m) ;n' 172)
_Datb+m), _1)mi(a+m) b+ m)”(l_z)n

'(a)L(b) l(n +m)!

n=0
X (log(l—z)—\Il(n—i—l)—\I/(n+m+1)+\I/(a+n+m)+\11(b+n+m)),

and get from equation (3.44) the following local expansion of M (z,v) around the dominant singularity
z =1 in a complex neighborhood of v = 1 (with certain functions Cy(v), C1(v), and C(v)):

1 r@+2)
201 +co)(cr + o 2C1+627\/(251+C2)274C1(C1+02)’U 261+62+\/(261+62)274C1 (e1+c2)v
I( )T( )

2cq 2c1
1
L,

Singularity analysis gives then the following expansion of the probability generating function p,(v) :=
ZmZO P(Z, = m)v™ of Z,.

M(z,v) =

x (z —1)log . i s Co(v) + C1(v)(1 — 2) + Ca(v)(1 = 2)* + O((1 — 2)*log I

pn(v) = (cn+c2)(cr(n+ 1) + c2)[2" M (z,v)

r'l+<
— L+ (1+0(mn™1). (3.45)
T 2c1+co— \/(2c1+02)2 4eq1(c14c2)v 2c1+52+\/(2c1+02)27401 (e14c2)v
( 2¢cy ) ( 2c1 )

Thus it follows from (3.45) that the moment generating function (= Laplace transform)

E(eZ"s) — Z P{Zn — m}ems — pn(e‘e) (346)

m>0

of Z, converges in a neighborhood of s = 0 to the moment generating function E(e?*) = p(e®) of a
discrete random variable Z with probability generating function p(v) := 3, - P{Z = m}v® given by

rt+2)

T 2C1+C2—‘\/(2C1+C2)2—4C1(C1+C2)'U T 2C1+02+'\/(2C1+C2)2—4C1(C1+C2)'U ’
( 2cq ) ( 2c )

p(v) = (3.47)

We want to remark that by using the reflection law of the Gamma function

™

P(@)P(1 - z) = sin(nz)’

one can further simplify the formula of p(v) for binary increasing trees and recursive trees; see Table 3.2.
Extracting coefficients leads then for these tree families to expressions for the probabilities P{Z = m} as
given in Corollary 2.

Furthermore, we can give a representation of p(v) as an infinite product, where we simply use repeatedly
the functional equation I'(z) = w for the Gamma function expressions in (3.47). One obtains after
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n iteration steps and some simplifications:

L1+ £2)

p(l}) = F( 251+027\/(261;Zf)27401 (e14c2)v )F( 201+cz+\/(251+22)2—4cl (c14c2)v )
- —-1
oo T (1+ ey e
k=1 (c1k +c2)
with
F(n+l(n+1+2)
f(n) - I‘(n I 201+CQ—\/(2c1-gzj)2—4cl(cl+cQ)v)F(n i 2c1+02+\/(2c1-;2)2_401(01—&-(;2)1,) .

Since it holds f(n) — 1 for n — oo, as can be shown e. g. via Stirling’s asymptotic formula for the
Gamma function, we obtain from (3.48) the representation

s (c1+e2)(v—1) o k(cik + ¢) — (c1 4+ c2) v(cr + ¢2)
p(U) - ’E (1 + k(Clk + 62) ) - I];[l ( k(Clk + CQ) + k(Clk + 02)). (349)

By an application of the continuity theorem for the Laplace transform (see e. g. [13]) we obtain from
equations (3.47) and (3.49) immediately the first part of Theorem 13. Further we can immediately deduce
Corollary 4 from (3.49).

3.4.6 Computing the moments

From the explicit formula (3.44) for the generating function M (z,v) we can also compute exact expressions
for the r-th factorial moments E( 71) of Z,. To do this we will give first an exact formula for the
probability generating function p,(v). By easy manipulations we obtain

pr(v) = (c1(n+ 1) + c2)(e1n + 02)[2"_1]M(z, v)
(cx(n+ 1)+ ea)(ern + ) (et ey Bt el ia oty (Goctersy/ G oo fokee) !

. n—1
(21 + ca)(er + ) (BLE22 ) (0 1))

(cr(n +1) + e2)(cin + ¢2) ”2<k2 (2+g)k+(1+g)_(1+g>(1_v))

(2¢1 + c2)(eq + ¢2) (3 + C,i)n_l(n —1)!

C1

IS (kek 4 ) — (e + )1 -v) f[ (ERCEIE) 550)
HZ;% (k(cik + c2)) P klcik+e2) /7 .
Evaluating the r-th derivative of p,(v) at v = 1 as given by (3.50) then leads to:
7’!(01 + CQ)T
E(ZZ) = E,Dip,(v) = > -
\<ky <y <n1 Uizt (ki(erki + c2))
=7rl(e1 + ¢2) "Zl v Z v nil ;, (3.51)
ki(cikys + 02) el ka(cika + c2) i kr(ciky + c2)

which shows also the second part of Theorem 13. We remark that this result for the r-th factorial moments
can also be obtained directly from the recurrence (3.41) by using elementary means. We multiply on
both sides with m” = (m — 1)~ + r(m — 1)2=L and sum up for m > 1. Thus we easily get the following
Lemma.
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Lemma 13. If n > 1 we have the following recursion for .(n) = E(Zz):

nn+1) = T(n)+ ﬁm (3.52)
Iteration of this result leads directly to
n—1 1 k1—1 kr_1—1
7(n) = rl(er + c2) Z Tn(eki o) Z Tl Clkg o) Z W clk n 62) (3.53)
If co = 0 we get by using (3.4) the following result
E(Z5) = 11¢0 1(2,...,2). (3.54)

Using the probability generating function p(v) for ¢; =1, ¢co =0

sin(my/1 — v) _ Z a2k (—1)F(1 —v)*

Qk+1)1 (8:55)

p(v) = lim p,(v) =

)= Jim i) = 2 T =5
we obtain the r-th factorial moment of Z by differentiating r times with respect to v and evaluating at
v =1

rlm?r

E(Z%) = E,Dlp(v) = [

(3.56)

Since (3.5) yields E(ZL) = rI((2,2,...,2), the proof of Corollary 3 is finished.
——

T times



Chapter 4

Non-crossing-trees: Isolating a leaf
and Climbing depth

4.1 Introduction

A non-crossing tree is a tree drawn on the plane having as vertices a set of points on the boundary
of a circle, whose edges are straight line segments that do not cross. We consider the vertices labelled
clockwise from 1 to n, where the root of the tree is vertex 1.

Figure 4.1: A non-crossing tree of size 12.

In this chapter we will consider two procedures to reach an endnode (a leaf) in a non-crossing tree of size
n.

4.1.1 Isolating a leaf in non-crossing trees via random cuttings

We consider as before the following version of an edge-removal procedure: after removing a random edge
of the tree we discard the subtree containing the original root of the tree and continue the procedure
recursively with the other subtree. Thus we will finally isolate a leaf of the original tree and the procedure
stops. Under the random tree model we are going to study the random variable Z,,, which counts here
the number of edges that will be removed from a randomly chosen non-crossing tree of size n by this
edge-removal procedure until a leaf is isolated. This removal procedure was analyzed in Chapter 3 for
simply generated trees and a subfamily of increasing trees. We can state the limiting distribution of Z,.

4.1.2 Climbing depth of non-crossing trees

We are considering here the following procedure to “climb” rooted trees. We start with a non-crossing
tree T of size n rooted at node ry, where the size measures as usual the number of nodes of T. If n > 1
then we choose at random one of the edges e in T which are incident with the root r¢ and proceed along

58
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e (say e = (r9,71)) to r1. Then we iterate this procedure with the subtree of T rooted at node r1. After
m < n — 1 steps (= number of used edges), we will reach an endnode of T and stop. This procedure was

Figure 4.2: Climbing a non-crossing tree of size 12 in 3 steps.

studied in [62] for a wide range of random rooted trees.

4.2 Mathematical Preliminaries

For the analysis of the two considered parameters we will use a generating functions approach. The
basic decomposition of non-crossing trees, which is described in [23], can be translated into equations for
suitable chosen generating functions for the considered parameters. Following [23] a non-crossing tree
consists of a root, which is attached to a (possible empty) sequence of butterflies, where a butterfly is a
(ordered) pair of non-crossing trees, that share a common root.

Figure 4.3: The combinatorial description of a non-crossing tree.

The arising formal combinatorial decompositions

T:Qx({e}UBUBxBUBxBxBU ---):QxSEQ(B),
OxB=T7TxT,

(4.1)

can be translated immediately into the following system of equations for the generating functions T'(z) =
Yons1 Inz™ and B(z) = >, -, Bpz™ of the number T, of non-crossing trees of size n resp. the number
B,, of butterflies of size n:

z 2 z
B(x) = L&) (4.2)

&) = 130 p

Thus the number T, of different non-crossing trees of size n can be calculated by an application of the
inversion formula of Lagrange - Blirmann:

Lemma 14 (Lagrange - Biirmann inversion formula). Let ®(z) be a formal power series with ®g # 0.

Further let T'(z) denote the only formal power series solution of M%(i)) = 2, thus TI"1(2) = <I>(Zz)' Then
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the coefficient of V(T'(2)) = 5o dnz" for arbitrary power series W(z) is given by

Ao = IOTE) = W) @) (43)

where V'(2) = L 0(2).

This was done in [23]. The number 7T;, also follows due to the fact that T, is equal to the number of
ternary trees of size n — 1, [67]. We arrive at the following.

1 3n —3
T, = . 4.4
2n —1 ( n—1 > (44)
From (4.2) follows also that B(z) = B and thus that the family of the butterflies (but not the
non-crossing trees) are simply generated trees (see Subsection 0.1.1) with the degree generating function
o(t) = (171 7yz- This means that the family B resp. the corresponding generating function B(z) fulfills the
identity

B=0Ox¢(B),  B(z)=2p(B(2)) (4.5)

Using (4.3) one gets easily that the number of butterflies of size n are given by

B, = 1<3”_2>. (4.6)

n\n-—1

To obtain our limiting distribution results for Y,, and Z, we treat the recurrences appearing for the
probabilities P{Y,, = m} and P{Z,, = m} via bivariate generating functions. This leads to exact solvable
differential equations resp. functional equations and extracting coeflicients of the solutions appearing
asymptotically is performed via singularity analysis (see [25]), a complex-analytic technique that relates
asymptotics of sequences to the local behavior of their generating functions in a neighborhood of the
dominant singularities.

4.3 Results

Theorem 14. For non-crossing trees the random variable Z,,, which counts the number of random cuts
that are required to isolate a leaf from a randomly chosen mon-crossing tree of size m with the edge-
removal procedure considered, converges in distribution, for n — oo, to a shifted Poisson distributed
random variable Z, which has the distribution

m—1
mA\ R

m!

P{Z =m} = ,  for m >0,

with parameter X := log (%), where T is the minimal positive solution of the equation t¢'(t) = ¢(t),

where @(t) is the degree generating function of the butterflies. Moreover, the r-th factorial moments
IE(Z%) have the asymptotic expansion

E(Z}) = NN+ +0m™h.
In particular, we get for the expectation E(Z,) and the variance V(Z,):
E(Z,) =A+1+0(n™Y, and V(Z,) =A+0(n™1).

Note that as expected the considered parameter behaves the same way as for the butterfly tree family B.

Theorem 15. For non-crossing trees the random variable X, , which counts the number of steps that are
required to climb a random non-crossing tree of size n with the climbing procedure considered, converges
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in distribution, for n — oo, to a discrete mized distribution which consist of a geometric distribution with
parameter p = p/7T and a negative binomial distribution with the same parameter p, it has the distribution

m=2(m —1)p*

]P’{X:m}zr-g(l—g>m71+(1—7)-(1—8) el

T T

for m>1,
-

and P{X = 0} = 0. 7 is the minimal positive solution of the equation t'(t) = ¢(t), where p(t) is the
degree generating function of the butterflies. Moreover, the r-th factorial moments IE(Z%) have for r > 2
the asymptotic expansion

T T

E(z) =rr s (1-2) 1 - ﬂp—: (1-2) e +1-2m) + 0w,

pT
In particular, we get for the expectation E(Z,) and the variance V(Z,):

T T 1 2 P _2 1
B(Zy) =72 + 201 =7) -+ On™),  and V(Zy) = ?(2+p—2— L2y 4 om).
T

Note that for butterfly tree family only the negative binomial distribution is appearing in the limit distri-
bution for X,.

4.4 Proof for the isolation of a leaf in non-crossing trees via
random cuttings

Since the butterflies are simply generated trees, we already know the behavior of the edge-removal pro-
cedure for this kind of trees from [43]. We denote here by Z,, resp. Z, the random variables that count
the number of cuts to isolate a leaf in a random non-crossing tree resp. a random butterfly of size n.
Now we turn to the analysis of non-crossing trees. After removing an edge of a non-crossing tree, the two
resulting subtrees can be interpreted as a non-crossing tree which contains the root and a butterfly. The
transition probabilities py, 1, where p,, j, denotes the probability that by choosing a random non-crossing
tree of size n and removing a random edge, the remaining subtree containing the root is of size k, were
already computed in [64]. They are given by
(3k — 2)TBp—k

g = SRk g 1<k <n— 1.
p,k (n—l)Tn or S SN

4.4.1 Solving the recurrence

Now we have to treat the recurrence

P(Z, =m) = i B (z)_j)TT”’“B’“P(Zk =m—1),
k=1 n

with the initial values P{Z; = 0} = 1 and P{X,, = 0} = 0 for n > 2. We will use the following generating
function

M(z,v) = Y > TuP(Zy=m)z"v"™. (4.7)

n>1m>0

In addition to M (z,v) we have to use the bivariate generating function

N(z,v) = Z Z B.P(Z,, = m)z"v™.

n>1m>0
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The recurrence can be translated into the following equation.

ZQM(Z, v) — M(z,v) = vN(z,v) (32T(Z) —2T(2)), (4.8)
0z 0z

with initial conditions M (0,v) = 0 and a%M(z,v)‘Z:O =1.

Since butterflies are a simply generated tree family (with degree generating function o(t) = ﬁ) we
can use the a result of [43] and get the explicit formula

z

N(z,v) = pozexp (vlogp(B(z))) = 5

(1-B(2))

Since the solution of the homogeneous differential equation corresponding to (4.8) is given by Cz, we use
the variation of the parameters method and start with M (z,v) = C(z,v)z. This gives

v 32T"(z) — 2T(2)

9
2.0 = T P

0z

Since it holds that

- (=)
which is checked easily, we obtain
0 vB'(z)
70 = ="
2.0 = T EL)

This leads to the following general solution of (4.8):

B = B vz 1
M(z,v) = vz/o mdt—I—K(v)z =51 ((1 — B 1) + K(v)z,

with a function K (v). Adapting to the initial values gives then the required solution

z v

M(z0) = 3 ((1 Tt 1). (4.9)
4.4.2 Characterizing the limiting distribution
Extracting coefficients leads for n > 2 and m > 1 to

m _ m—1 z _ [,m—1 Z(l 7B(Z))
PrIM Gz, ) =l ]@v—nu—3<»%4‘”” e —na- Ba®
k
—L(B(2) - 12 12 (log =575 B(z)) .

with 7 = 1

We require the following local expansion of B(z) around the dominant singularity p = = 3

‘ 27
and ¢(t) = EETEE

2p(7) \/72 z
1--4+0(1--). 4.10
Tyl ron-2) (1.10)
This gives the local expansions

1 2p(7)
177 177 4.11
1—B(z) 1—7' ' (1) +0( (4.11)
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1 1 1 2p(7) z z
log—— =1 — 1—-=-4+0(1-- 4.12
Ogl—B(z) 1 s 17 o"(1) er ( p)’ (4.12)
and finally
m— ko E o e k-1
L (log 5)" = (log 125) losry) 1 [reln) [TE o2
! - R 1) _ o Y
pors k! pors k! Pt (k=11 1—7YV ¢"(1) p p
This gives due to some cancellations the expansion
E
log
( _ 1 om-— 1 Z 1— B(Z))
= 2m*1p(7 —-1- 2¢(7) 1- = +0(1 - E))
(N p
m— E o e k—1
(57 G S o) L o) TEL o)
= K = (k=D 17\ ¢(7) p p
= (log 5)" 20(7) (log 25)" z
om=lp(r — 1 L) gm-1, |27 LT 1 o@1-=2

Singularity analysis leads thus to

[z"™ M (z,v) = T,P{Z, =m} — gm—1

Together with

T =" 1 —;(z) 1 f T (1 ,pT)2 ?fzgi pnrli:%) (1+ O(Ln))7 (4.13)
we obtain
lo m-t o - m—1
==t R o = S 0o

4.4.3 Computing the moments

From the generating function M(z,v) as given by (4.9) we can also easily compute the r-th factorial
moments F(Z;). Evaluating the r-th derivative w. r. t. v of M(z,v) at v = 1 gives

E,D;M(z,v) = Eq)DZQ 1 ((1 B(z))21 - 1)
B .z (2v-1) + 1 _
- E“D”2(2v —1) (( B(z))*~ Tl 1>
z - 1 1 1
- 7E”D”((1 — B(z))%1 * (2v —1)(1 — B(z))?v—1 e 2v— 1)

2" log" (1 B(Z)) "/ 2F(—=1)kEI2r R logr_’C (ﬁ) . .
= 2(1 B0 + 2 <k:> 1= B() —-2"(-1) r!). (4.14)
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Using (4.11) and (4.12) leads to the local expansions

2@7

J J— 1 _Zz _Zz
log (lfB()) log’ (17 ) log 177 177” ”71/1 +(91
and

logj(%(z)) log’ (=) a1 . 20() . . | .
R = e ot G e R R

Thus we get

O'r-i rlr 7k,07'_ki (1)
EUD;;M(Z,U)zrlz(“g(l—r)(l)rrwz <k)( DHRos ™ () (-1

1—7 (1-7) 1—7

_ 1 290(7—) _i TOT_l L OT 1
a7\ eV’ Lo () e ()

N g (2) (DMK = B log” ™1 () +log ™ (1)) + “(_l)r} tO0 - Z)) 19

Since we can use telescope summation to see

> () 00 = R tog ™ () 1o (120 + 1 =0 (12), (46)

k=0

for r > 1, we get by using (4.13) for n — oo the following result

E(Z]) = Tn[ ME,DIM(z,v)
1., or—1 o(T)
:T—n[z ]—(1_7_)210 1_7_ 7_1/1—77“—1—210g 1_7))
= (rT"*l ]ogr_ (1 ! ) + 2" log (7 ) + O
= (r1og™ (p()) +108 (6(r)) + O, (4.17)

and thus the same asymptotic expansion as obtained for the butterflies. Therefore it holds that non-
crossing trees behave for this parameter also like butterflies.

4.5 Proof for the climbing depth of non-crossing trees

Since butterflies are simply generated trees, we already know the climbing depth for this kind of trees
from [56]. We denote here by X, resp. X, the random variables that counts the number steps until a leaf
is reached in a random non-crossing tree resp. a random butterfly of size n. Now we turn to the analysis
of non-crossing trees. The probability that a random non-crossing tree is climbed in m steps satisfies

P{X,=m}=> > P{d(root) =kA|Bi| =ni A A|Bg| = ng}x
k=1ni+--4nr=n—1
" P{X,, =m—1}+--- +P{X,, =m —1}
k_ )

(4.18)
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for n > 2 and m > 1 with initial values P{X; = 0} = 1 and P{X,, = 0} = 0 for n > 2. The recurrence
is obtained by distinguishing the trees, where the degree d(root) of the root of the non-crossing tree is k

and the sizes of the subtrees By,..., By are ny,...,ny respectively.

4.5.1 Solving the recurrence

We introduce the bivariate generating functions

M(z,v) = Z Z T,P(X,, = m)z"v™,

n>1m>0
and -
N(z,v) = Z Z B,P(X,, =m)z"v™.
n>1m>0
Using

B,,...B,,
P{d(root) =k AN |Bi| =n1 A--- N |Bg| =ni} = %,
we get from (4.18) the following equation.

2V

M(Z,U)—Z:m

N(z,v).

We know from [56] that Ny, (2) :== 3", <, B,P(X, =m)z" is given by

L)m, for m > 0.
z)

Np(2) = z(l T B

Multiplication with v™ and summing up over m > 0 leads directly to the following result.

=
1—v(1— ﬁ)

Thus we have the following explicit representation for M (z,v):

N(z,v) =

221}

M) = (1—B(2))(1— v(l - %)) E

4.5.2 Characterizing the limiting distribution

We further get for n > 2

P{X, =m} = Tin[z”vm]M(z,v) = E[z"_z]

We use again the local expansion (4.11) and

Bkl(z) = Tik(”é fﬁfﬁii Vi % +0o0 - ?)

which leads to another expansion

(-am) - () am - S () am e

k=0 k=0

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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-8 R (s
o (S M= (RS Ly e Wi (428)

Thus we finally get

1_2uﬂ1329m4 = 1i7(*§yn1*(1*§y%iiw iﬁg i
x(1:£+(m7—21)p>. (4.29)

Together with (4.13) we get the following result.

Mxn:mngnf@_fy”P+a_ﬂ.@_T)<m;ﬁf)u+ogﬁ» (4:30)

4.5.3 Computing the moments

From the generating function M (z,v) as given by (4.25) we can also easily compute the r-th factorial
moments E(X7). Evaluating the r-th derivative w. r. t. v of M(z,v) at v = 1 gives

2

E,D"M(z,v) = E,D" =Y Ty
<<1 - BE)1-v(1-55)) )
2 (1 - 55)""! (-gm) =D w2 e e
B 1—B(z)E”((1—v(1— sz)))m tr (1—ov(1— %))r ) 1—B(z) 21 (1 B(z))
(4.31)

Using (4.10) we get the expansion

B¥(z) = 1 — kbl if/g:; J1— % +O(1 - %). (4.32)

By combining (4.29) and (4.32) we get for r > 2

Cag(-sm) = 08T E

P

X(T{ —r T_Ql }—i—(r—i—l)( ))+(’)(1—Z),(4.33)

1—7 T

where for r = 1 we simply have

P - -0 B

Since we known that

7! T+l z \r1
B(Z3) = "B DM () = b 2 g (1- ) (4.35)
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we get for for n — oo the following result for r > 2
E(ZZ) = rir T (1 - B)H T (1 - B)H(r +1-2p)+ 03 (4.36)
=i - ! o - D =) .
and the expectation is given by

B(Z,) = 75 +2(1-7)° +0(%). (4.37)

Remark 2. Our studies of non-crossing trees were motivated by the following fact. Let T}, ; denote
the number of non-crossing trees with k butterflies. We use the bivariate generating function T'(z,v) =
> o1 2 oks0 Inkz™v*. The combinatorial description of the non-crossing trees can be turned into the
following equation.

z

T(z,v) =BG

Extracting coefficients by an application of (4.3) leads to the result
k —k—4
’ n—1 2n —3

Let Y, denote the random variable, that counts the number of non-crossing trees with k butterflies and
let t,, 1 = P(Y,, = k) denote the probability, that a non-crossing tree has k butterflies.

P VA Ly
n, Tn (n _ 1) (3n73)

n—1

Thus we get

1
E(Y,) = 20—~

n

Using Stirling’s formula we can calculate the limit distribution of Y,,. We get the following result.

Corollar 5. The limit distribution of the random variable that counts the number of non-crossing trees
with k butterflies is given by

; 4k
Wtk =
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Chapter 5

Label-based parameters in increasing
trees

5.1 Introduction

In this chapter we present a unifying approach for studying several label-based parameters for increasing
trees. In contrast to global parameters like height, width, etc., which depend on the whole tree, label-
based parameters depend on a specific sub-structure of the tree which depends itself on the label j. Let
Xn,; denote the random variable, which counts a certain label-based parameter of a specified node j in
a random size-n tree, where 1 < j < n. We use a recursive approach, which leads for all simple families
of increasing trees (not only those which can be described via an insertion process) to a closed formula
for suitable trivariate generating functions of the probabilities P{X,, ; = m}. We obtain formulee for
the probabilities P{X,, ; = m} and the s-th factorial moments E((X, ;)%) = >, .-, m*P{X,, ; = m} for
grown simple families of increasing trees.

‘i/fé@\a &,g@bp@o
@

Figure 5.1: A size n=11 increasing tree with j = 6: the outdegree of node 6 equals 2, the subtree size of
node 6 equals 4 and the branches consists of one size 2 tree and one leaf.

This approach has already been successfully carried out for several parameters, e.g. level of node j or
number of descendants of node j in a grown simple increasing tree of size n, see [46] and [68]. We
illustrate this approach here for several parameters like branching structure, subtree size, node degree,
distance between specified nodes.

In order to state our results concerning arbitrary label-based parameters we introduce the following
generating functions. For the root we set up

Zn
M(zv) = 3 3 P{Xy1 = m}T o™, (5.1)
n>1m>1
where for j > 1 we use a trivariate generating function,

2071k

N(z,u,v) := Z Z Z P{Xk+j,; = m}Tkaﬁvm, (5.2)

k>05>1m>0

69
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5.2 Results for label-based parameters

Theorem 16. The function N(z,u,v) as defined in equation (5.1), which is the trivariate generating
function of the probabilities P{X,, ; = m}, which give the probability that a certain label-based parameter,
which depends only on the subtree rooted at node j, in a randomly chosen size-n tree of a simple family of
increasing trees with degree-weight generating function p(t), equals m, is given by the following formula:

@(T(z—l—U))%M(u, v) (5.3)

N(z,u,v) = <p(T(u)

where M (z,v) is defined by (5.1).

Corollar 6. For grown simple families of increasing trees the probability distribution and the factorial
moments of X, j, where the parameter depends only on the subtree rooted at node j, are given by

Al ‘ Ny
Py =y = U )y BM ) (5.4
S v R e
and
S,
B ) = U ) gy M) (55)
e () A

were we use the abbreviation with Ms(z) = E,D;M (z,v). For Case A we set ca = 0 and for Case B
d=2 +1.
ca

Remark 3. For the depth D, ; the trivariate generating function has a slightly different form because
the depth depends on the ascendants of j. See [68] for results concerning the depth.

Remark 4. For grown simple families of increasing trees one can also obtain the probabilities P{X,, ; =
m} by conditioning on Z, ;, the size of the subtree rooted at node j:

n+l—j ntl—j
P{X,;=m}= > P{Xn;=m|Zn; =k}P{Zn; =k} =Y P{Xp1=m}P{Z,; =k}, (56)
k=1 k=1

given the probabilities P{X, 1 = m} and P{Z,, ; = k}. See Section 5.4 ([46]) for explicit formulse for
P{Z, ; = k}.

5.3 Deriving the generating function for the probabilities

We consider in this section the random variable X,, ;, which counts a certain label j based parameter
in a size n increasing tree. We will present two approaches for deriving the generating functions for the
probabilities P{X,, ; = m}.

5.3.1 A recurrence for the probabilities

We consider in this section the random variable X, ;, which counts a certain label-based parameter for
the node labelled j in a size n increasing tree. In the following we give a general recurrence for the
probability P{X,, ; = m}. At first we setup a bivariate generating function M (z,v) for the probabilities
P{X,, 1 = m} as follows:

M(z,v) = Z Z P{X,1= m}Tn%vm. (5.7)

n>1m>1
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For increasing trees of size n with root-degree r and subtrees with sizes k1, ..., k., enumerated from left to
right, where the node labelled by j lies in the leftmost subtree and is the i-th smallest node in this subtree,
we can reduce the computation of the probabilities P{X,, ; = m} to the probabilities P{X}, ; = m}, when
the label based parameter does only depend on the subtree of node j. Note that for the depth of node
j we have the dependence on P{X}, ; = m — 1}, since the depth increases by one after attaching the
subtree of size k1 to the root.

We get as factor the total weight of the r subtrees and the root node ¢, Tk, --- T}, , divided by the total
weight T, of trees of size n and multiplied by the number of order preserving relabellings of the r subtrees,

which are given here by
J—2\(n—j n—1—Fk \
i—1)\ky —i) \ko,ks,.... k)

the ¢ —1 labels smaller than j are chosen from 2, 3,...,j—1, the k1 —¢ labels larger than j are chosen from
7+ 1,...,n, and the remaining n — 1 — k; labels are distributed to the second, third, ..., r-th subtree.
Again due to symmetry arguments we obtain a factor r, if the node j is the i-th smallest node in the
second, third, ..., r-th subtree. Summing up over all choices for the rank 7 of label j in its subtree, the

subtree sizes ki, ..., k,, and the degree r of the root node gives the following recurrence (5.8).

Ty, - Th,
D S
r>1 ki+---+kr=n—1,
Eiyooo kp > 1
min{kqy,j—1} . i

j—=2\(n—j n—1—k
X P{ Xk, ;= 5.8
; X m}<i—1><k1—i)<k2,k3,...7kr>’ (58)

forn>j>2.

To treat this recurrence (5.8) we set n := k + j with k£ > 0 and define the trivariate generating function

-1 k

N(z,u,v) ZZ Z P{Xy1;,; =m}T kﬂ( o 1}1' ™. (5.9)

k>03j>1m>0

Multiplying (5.8) with Tkﬂ(;%;!%vm and summing up over k > 0, j > 2 and m > 0 gives then
%N(z,u, v) and ¢'(T(z + uw))N(z,u,v) for the left and right hand side of (5.8), respectively. Note
that for the depth we get vy’ (T'(z + u))N(z,u,v), where the extra factor v is due to the usage of
P{X%, ; = m — 1} instead of P{X}, ; = m}. Since these are essentially straightforward, but lengthy
computations, they are omitted here; similar considerations are done in [68]. We obtain the following
differential equation

%N(z u,v) = ¢ (T(2 4+ u))N(z,u,v), (5.10)

together with the initial condition

N(O,u,v) =Y > P{Xpy11 = m}TkH U= M (u,v). (5.11)
k>0m>0

The general solution of equation (5.10) is given by

N(z,u,v) = C(u,v) exp (/OZ o' (T(t+ u))dt), (5.12)

with some function C(u,v). Adapting to the initial condition (5.11) gives the required solution

N(z,u,v) = (,%M(um) exp (/OZ o' (T(t+ u))dt). (5.13)
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Due to the equation T"(z) = ¢(T'(z)) we further get the simplifications

st = [ ETCEDT ) T — 1og (£ W)
/O(P(T(t-i- ))dt_/0 ST+ ) dt—/T(u) (log p(w))'duw = log ( ) ).

which leads from (5.13) to the following main result. From (5.3) we easily get the probability distribution
and the factorial moments of X, ; by extracting coefficients. For grown simple families of increasing trees
it holds

o(T(z+u) 1 ae(TGerw) (maiory_d
p(T(u) (1- %)%H’ ) oTw@)) < il )(1_Clu)j_1, (5.14)

where for Case A ¢o = 0 and Case B d = Z—; + 1. Hence by using (10) we obtain Corollary 6.

5.3.2 A combinatorial approach

It is also possible to derive Theorem 16 in a combinatorial way. This was done in [68] Panholzer and
Prodinger where they established a description for the depth of node j, which also holds for all label-based
parameters of node j. Their approach is summarized as follows.

It is convenient to think of specifically tricolored increasing trees, where the coloring is as follows: exactly
one node is colored red, all nodes with a smaller label than the red node are colored black, and all nodes
with a larger label than the red node are colored white. We are interested in a parameter, e.g. depth,
node degree, subtree size, etc., depending on the red node. Let us consider such a tricolored increasing
tree and assume that the out-degree of the root node of T is r > 1.

We further assume that the red node of T is not the root node. Then the red node is located in one of
the r subtrees of the root of T’; let us assume that it is in the r-th subtree. Let us now consider these r
subtrees. After order preserving relabellings, each subtree T7,...,T; is an increasing tree by itself. The
r-th subtree is again a tricolored increasing tree with one red, j; black and k; white nodes, whereas the
remaining r — 1 subtrees are only bi-colored in such a way that the nodes with the j; smallest labels (with
2 <i<rand0 < j; <T;) are colored black and the remaining k; nodes in the subtrees are colored white.
Then such a specific r-tuple T7,...,T; of colored increasing trees appears exactly (J;j“;zr) (k}ﬂj";’?)
times, where the labels of the j; + - - - + j,. black nodes and the k; + - - - + k,. white nodes are distributed
over the black and white nodes in 77, ...,T, in an order preserving fashion.

Of course this corresponds to a tricolored increasing tree T of size |[T|=j+k+ 1 with j =j1 + -+ 4,

black nodes and k = k1 + - - - + k,» white nodes.
D O
® @

Figure 5.2: Decomposition of a tricolored size 11 tree with root degree 4.

We introduce generating functions which are exponential in both variables z and u, where z marks the
j. .k

black nodes and u marks the white nodes, f(z,u) = Zj,kzo fj,k% for sequences f; i and f(z,u,v) =

Zj,k:,mzo fj,k,mzjl—z!kvm for sequences f; i m, where v marks the depth of the red ball.

With this setting, the total weight of all suitably tricolored increasing trees with j black and k white
nodes, where the parameter of the red node is exactly m, is given by P{X;yx41 41 = m}Tjtr+1, and
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thus its generating function is

Zjuk
DD PN = myTisjn V" = Nz v), (5.15)
k>07>0m>0 IR

whereas the total weight of suitably bi-colored increasing trees with j black and & white nodes is Ty
and its generating function is

ZIuk T ! ! b I—k
=0

k>03>0 1>0

The r — 1 bi-colored trees and the tricolored tree lead to T'(z + u)""'N(z,u,v). Since the red ball
can be in the first, second, ..., r-th subtree, we additionally get a factor r. Furthermore, according
to (2), the event that the root has out-degree r leads to a factor ¢,. Summing over r > 1 leads to
Yoo rerT(z +u)" " N(z,u,0) = ¢ (T(2 4+ u))N(z,u,v).

Since the root node labelled by 1 is colored black the formal description leads now to

%N(z7 u,v) = v (T(z + u))N(z,u,v). (5.17)

Remark 5. The fact that the depth of the red node in the subtree is one more than the depth of the red
node in the subtree leads to the additional factor v on the right hand side of (5.17). The equation (5.17)
without the additional factor v holds for all parameters depending only on the subtree of the red node.

5.3.3 Combinatorial description for several nodes

Let X ,,.j,.... 4, denote the random vector (X,,.;,, ..., Xn;;,.), which counts a certain parameter depending
on the labels j1, ..., jr in a random grown increasing tree of size n.
We have r different colors ¢y, ...,c,.. Further we have r 4+ 1 tones of grey ¢1,...,¢r+1, where one can

think of g; as black and g,41 as white. Now one has to think of specifically 2r 4+ 1 colored increasing
trees, where the coloring is as follows: for 1 < i < r exactly one node is colored ¢;. The smallest labelled
node of the r chosen nodes is colored ¢; and in general the i-th smallest node is colored ¢;, 1 < 7 < 7.
All nodes with labels smaller than the label of node colored ¢; are colored black, and the all nodes with
labels bigger than the label of node colored ¢, are colored white. The nodes with a label between the
label of the node colored ¢; and the label of the node colored c; 1 are colored g;1.

1 1
® 0 e o
_’ ; Py
; @
® ©® &
® ® @6 @ &
®o O ®OO O O

Figure 5.3: Two different decompositions of a 5-colored size 11 tree.

Let us consider such a 2r 4+ 1 increasing tree and assume that the out-degree of the root node of T is
s> 1.

We further assume that root node is colored black. Then the nodes colored c,...,c, are located in the
s subtrees of the root of T

e At first let us assume that nodes with colors ¢y, ..., ¢, are all in the first subtree of T'. After order
preserving relabellings, each subtree T1,...,T, is an increasing tree by itself. The first subtree is
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again a (2r + 1)-colored increasing tree with r nodes with colors ¢y, ..., ¢, and jggi] nodes colored
gi, for 1 <i<r+1.
:[g:]

In contrast the remaining s — 1 subtrees are only (4 1)-colored in such a way that j;”"" nodes are
colored g¢;, with 2 <1 <s,0< ][91] < T; and EH'I jlod — .
Then such a specific s-tuple T1, ..., Ts of colored increasing trees appears exactly

(j&gl] 4+ +][91]> <J£g2] + .. +][92]> <j£gr+1] R _|_j[9r+1]> (5 18)

j{gl], . 7!7[91] ]{92]7 . 7][92] j{(lwrl]7 o 7J[erJrl]

times. The labels of the j[gl] + .- —|—j7[~gi], 1 <7 <r+1, grey nodes in the original 2r + 1 colored
tree are distributed over the g; colored grey nodes in Ti,...,Ts in an order preserving fashion.
Let z,1 denote the random vector (z1,. .., z-4+1) and j,41 the random vector (j1,...,jr+1). Further
we use the compact notation j,1! = ji!...j-41!. We introduce generating functions which are

exponential in all variables z;, where z; marks the i-th shade of grey g;, 1 <i <r+1,

.]r+1
1
)= Y o (5.19)
jrp1>0 :
for sequences fj, ., = fj,,....j,., and
T+1
1
FErv) = 3 ) fim il . (5.20)
Jrat!

jr41>0m,. >0

for sequences fj, .\ .m, = fi,....jr11,m1,...,m,.» Where v; marks the ball colored c;.

In the following we will use the notations J.y1 = Zk 1jk, r=(J1,...,Jy)and r = (1,...,7).
With this setting, the total weight of all suitably 2r+1 colored increasing trees with j; nodes colored
gi, where the parameters of the colored nodes are exactly mq,...,m,, is given by

P{XJT+1+T;e]1+1 =Mmy,... aXJr+1+T‘;Jr+T = mT}TJr+1+T = IP){XJT+1+T;JT+I‘ = mT}TJT+1+Ta (521)
and thus its generating function is

r+1

N(ZTJrl’VT) = Z Z IP){XJT‘+1+T WJrtr = mT}TJr+1+T -r+1 ;11T7 (5'22)
Jria!
jrp1>0m,.>0
whereas the total weight of suitably r + 1 colored increasing trees with colors g1,...,gr4+1 s Ty, .,
and its generating function is

.]r+1
T(z 4+ 241) = Y TJMJ T“ (5.23)

r+ 1

Jjr+120

The s — 1 trees equipped with r 4+ 1 colors and the 2r + 1 colored tree lead to T'(z + --- +
2:)""'N(2,41,v,). Since the 2r + 1-colored tree can be the first, second, ..., s-th subtree, we
additionally get a factor s. The event that the root has out-degree s leads to a factor ;. Summing
over s > 1 leads to Y. oy s0sT (21 + -+ + 2,)  'N(2Zpy1,v) = @' (T(21 + - + 27))N(Zr41, Vr)-
Since the root is colored by g1 (black) one obtains the inhomogeneous differential equation

0
aile(zr+17 Vr) = <P/(T(Zl +---+ Zr))N(Zr+17 Vr) + Rr(zr+1a VT)7 (524)

where the inhomogeneous part R, (z,1,V,) corresponds to the cases where the r nodes colored
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c1,...,C. are not in the same subtree.

e Let us now consider the cases where the nodes colored cq,...,c, are distributed over at least two
subtrees of the root. We have to consider all different partitions of the set {41, ..., j.} or equivalently
all partitions of the set {1,...,7}, because every partition corresponds to a different distribution of
the nodes ji,...,jr to the subtrees of the root. We denote with II the set containing all partitions
of {1,...,r} and with II; the set of all partitions of {1,...,r} into [ non-empty subsets. Further
for p € I1; we get

l 1
= U P: = U{pi,la cee 7pi,s,i}7 (525)
i=1 i=1
where |p;| = s; and 2221 s; =r. Let N(z,41,Vp,) be defined analogous to (5.22),
N(Zr41,Vp;) = N(Zp41,Vp; 155 Up, .. ) (5.26)

Now we slightly overload the notations J,y; = S 77} jr and J, = (J1,...,J,) by using Ipii =
pl gk and Jp, = (Jp, 5oy Ipi )

Jr+1

z )
N<ZT+17 qu Z Z IP{XJ,+1+8“Jp, +si = m"'}TJ7'+1+S'i -Tiﬂvg:pl ) (5'27)
jrp1>0mp, >0 Jr+1:
where s; = (1,2...,s;) and mp, = (my, ,,...,mp, . ). The definition (5.27) is a generalization of

(5.22) because if all nodes {j1,...,Jj.} are in the same subtree, then p = {1,2,...,r} and
N(2r41,Vp) == N(2r41,Vy). (5.28)

Thus we can explicitly specify the right hand side of (5.24):

1
O (T(z1++2:))N(Zps1,Vr)+ R (2r41, Vy) Z Z l'ap(l) T(z+-- -+zr)) H N(Zy41,Vp,)-
I=1 pell i=1
p=U{_,pi
(5.29)
Thus the inhomogeneous part R,(zq41,V,) is given by

Ry (2r11,V7) Z > 1e(T(zr + -+ 2) [[ N(zrg1, vp,). (5.30)

=2 pEHz =1
p=U l,] P

Remark 6. Although the differential equation for N(z,41,Vv,) is quite involved, it can be used for
successive calculations of solutions for r = 2,3,.... At least in some cases it should be possible to guess
a general solution for N (2,1, v,), which should be proved by induction with respect to r.

Remark 7. It seems to be more difficult to get the inhomogeneous part R,(z,+1,V:), (5.30), of the
differential equation by setting up a recurrence for P{Xj, . 473, 4+r = m,}, because the recurrence turns
out to be more and more involved.

5.3.4 Specific description of recursive trees

For some grown simple families of trees like recursive trees there are alternatives to the description by
the recurrence (5.8). When considering a random recursive tree of size n for n > 2 we can decompose
the tree into the subtree rooted at the vertex labelled 2 and the rest of the tree, which is then rooted at
the root of the original tree.

It is known, see Smythe and Mahmoud [52] and Dobrow and Fill [17], or also [46] that the cardinality J,,
of the subtree rooted at the vertex labelled 2 is uniformly distributed on {1,...,n—1} for n > 2. Further
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Figure 5.4: Decomposition of a size 11 recursive tree with J1; = 5.

it holds that the subtree rooted at the vertex labelled 2 is again a random recursive tree of cardinality
Jn, which is independent of rest of the tree, which is also a random recursive tree of size n — J,. By
conditioning on the value of .J,, (the size of the subtree rooted at node 2) we get for n > j > 3 the
following recurrence for an arbitrary label-based parameter.

n—1 min{j—1,k} j _3 n —j
T,P{X,.: = =2 T T, — P{X..; = . 5.31
nP{Xn;; = m} kZZQ kT Zz:; { X m}(i—2>(k—z’) (5.31)

5.3.5 Specific description of plane oriented recursive trees

When considering a random plane oriented recursive tree of size n we can decompose the tree into the
first subtree of the root with cardinality J,, and the rest of the tree with cardinality n — J,,, which is then
rooted at the root of the original tree.

® O
YN
® ® ®® @

DO OO0 ®O0

Figure 5.5: Decomposition of a size 11 PORT with J;; = 4.

(n—1)! 0 T Tr—m(n —1)!

P{J, = = 2 =— A (2,0) = , 5.32
{ m} T, E ]82 1z ) T,m!(n —m —1)! (5:32)
where T, is given by (10) with ¢; =2, ¢ = —1 and ¢ = 1:
1 n-= %
T, =2"" —1)! . .
= (M75) (5.33)

Remark 8. These alternative recursive descriptions can also be used for other parameters which are not
label-based.

Remark 9. Recently there has been some interest in a continuous time increasing tree. The setting in
[70] for the continuous time increasing trees is the following. Given a weight function w : N — Ry, let
N(t) be a Markovian pure birth process with N(1) =1 and birth rates

P{Nt+At =n-+ 1|Nt = TL} = w(n)At + O(At), (534)

Under several mild conditions on w(k) (see [70]) it is assured that the Markov chain does not blow up in
finite time.

The discrete random variable X, ; has a continuous analogue, the random variable ; ;, which counts the
size of a certain variety of the node labelled j at the time ¢, ¢ > 1, in a continuous time random increasing
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tree. If we inspect only at the stopping times (7,,)nen, where 7,, = inf{t > 1: N; = n}, we have

)
&g = Xnj- (5.35)

Thus we have a generalization of the random variables studied before. It is possible to use results of
the discrete time model for linear weight functions w(n) (“grown simple families of increasing trees”) to
obtain results for the continuous time case for linear weight functions by using the basic relation

P{&;=m}=> P{&; =m|N,=n}P{N; =n} = P{X,; =m}P{N, = n}. (5.36)

n=1 n=1

Furthermore it is obvious that the limit laws must be the same. It is now obvious how we can use explicit
formulee for P{X,, ; = m} to derive results for & ; because it is well known that

n—1
) I] wk)
P{N;=n}=p, = ZAS)e_“’(i)t for n € N, where Agf) =— =l ) (5.37)
i=1 H (w(k) - w(z))

and w(z) # w(j) for i # j.
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5.4 Subtree size of node )

Let X, ; be the size of the subtree rooted node j in a random grown simple increasing tree of size n, with
Xn.n = 1. The subtree size of the root in any random grown simple increasing tree of size n equals n, so
we get

0 uk u®
—M(u,v) = Z Z P{Xk+11 =m}Trp1 "= ZT’“H Evkﬂ =T (w) = vo(T(uwv)). (5.38)

ou
k>0 m>0 k>0

5.4.1 Results for the subtree size of node j

Theorem 17. The probabilities P{D,, ; = m}, which give the probability that the node with label j in a
randomly chosen size-n tree of a very simple family of increasing trees as given by Lemma 1 (Chapter 1),
has exactly m descendants, are, for m > 1 given by the following formula:

j— 2 m— 2 n—m-—
P{X,; =m}= ¢ jljlcl)( ) (575
n,j — - e 1t 2
(2D (0)

The s-th factorial moments E((Xn ;)2) = 3,50 m*P{X, ; = m} are for s > 1 given by the following
formula: B

(5.39)

j £2 n—qj\ (s—1+%2
s (et GO )
E((Xn,)%) = s! o + ey | (5.40)
s s—1

In particular we obtain the following results for the expectation E(X,, ;) and the variance V(X, ;):

(c14+ca)n—co(j—1)
c1j + e

N ci(er +e)(an+ )i —1)(n—j)

V(&n) = (c17 + c2)?(c1j + 1 + ¢2) ’ (5.42)

E(Xn,;) = : (5.41)

Theorem 18. The limiting distribution behavior of the random variable X,, ;, which counts the number
of descendants of the node with label j in a randomly chosen size-n tree of a grown simple family of
increasing trees as given by Lemma 1, is, for n — oo and depending on the growth of j, characterized as
follows.

Xn,j

e The region for j fired. The normalized random variable is asymptotically Beta-distributed,

% AR B(Z+1,j-1), i e % @, X, where the s-th moments of X are for s > 0 given by
(4"
(2+4)°

e The region for small j: j — oo such that j = o(n). The normalized random variable an,j 18

asymptotically Gamma-distributed, %ij @, 7(2—? +1,1), i e X, @, X, where the s-th

moments of X are for s > 0 given by

J
n

E(X*) = (2 +1)".

C1

e The central region for j: j — oo such that j ~ pn, with 0 < p < 1. The shifted random variable

Xn,; — 1 is asymptotically negative binomial-distributed, X, ; — 1 @, NegBin(i—f +1,p), i e
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Xn;—1 LUR X, where the probability mass function of X is given by

Cc2 c
P{X =m} = (m+ 61>pci+1(1 —p)™,  form > 0.
m

e The region for large j: j — oo such that | :=n —j = o(n). The random variable X, j converges to

d
a random variable, which has all its mass concentrated at 1, i. e. X, ; @), X, with

P{X =1} = 1.

From Theorem 5.3 and Corollary 6 we can easily compute explicit formulee for the probabilities P{X,, ; =
m} for grown simple increasing tree families, i. e. increasing tree families, which can be constructed via
an insertion process. We will figure out only the Case C and omit the analogous computations for Case
A and Case B.

Using Lemma 1 and equation (9) we get

0
p(T(2) = ——=
( ) (1- clz)%'H
and thus from equation (5.3):
241
N(zu,v) = vpo(l —cru)= _ Vo (5.43)
s Uy - <o =) - - ) . .
L—ew) 1 —atu)d T (1= quo)d (1 - o) d
Extracting coefficients from (5.43) gives then by using (5.3) and (10):
j— DIk
P{X}1j; =m} = (‘7T]H_)_[z3_1ukvm]]\7(z,u,v)
J
_ (j — D'klpo [ ] 1
. kti—1 k+j—1+22 <2 1z | 241
(k+7— 1)!80001-H 1( kj+j71cl) (1 —cruv) At (1 - ﬁﬁ) !
j-1+22
_ ( j—1 1) [ukvmfl] 1
. - c2 c2 .
(") (kt:+j1_+1cl) (1= cruv)a (1 = cru)i—!
J=143y m—1432
( i1 )( me1 1) [uk] um—l
T k—mA1 (kb1 (k142 — -1
1 +1( ;ril )( }:+j71 1) (1 Clu)
J=14+2\ rm—1422\ (k—m+j—1
7( jfll)( m711)( j—2] ) 5.44
N (k+j—1) (k+jfl+%) : (5.44)
j—1 k+j—1

It turns out that this formula (5.44) is indeed valid for all three cases of very simple families of increasing
trees. Thus we obtain the first part of Theorem 17 after the substitution n := k + j.
5.4.2 An exact formula for the factorial moments

To obtain the s-th factorial moments of D,, ; we use (6), we differentiate N(z,u,v) s times w. r. t. v and
evaluate it at v = 1. For Case C this gives

ocsut (2 +1 5 s Ocs—lus—l S| s—1
EUDTS)N(Z7U7'U) _ <pc2 1 (Cl ) = 12 1 - (61 ) - (545)
1—cu)a ™ 1- e (1—cu)a ™ (1 - f22)=
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Extracting coefficients of (5.45) leads then by using (10) to

j— DK
E((Xkts)®) = Y m*P{Dyyj; =m} = u[Z]_1uk]EvDiN(»ZVUav)
0 Thtj
1 sHj—1,C2 s(j -1+ Cz) i u®
= —— —+1 . “ —_—
<POC]1€+j_1(k;LZ;1) (ktj;]ljl%) {90001 (61 ) j-1 [u”] (1- Clu)%+s+g
s+j—2(C2 s1(J =1+ 2\, & us~!
+SSOOCI (Cl +1) < ]—1 ! [U' ](1_Clu)%+s+j—l
. cg
(0 o s(kti+e—1 ¢ Tkt —1
“merla ) G ()
-z -
| j—1+22 . .
s T) s\ (ki -1+ @) | (142 ko142
= (szl)(kzj—lﬁ—f) s k—s s—1 E—s+1 ’
i— +5-1
which can be slightly simplified and we get
ky (s+52 k 571+%
E((Xk+j,j)§) =gl (S)( s 1> + (S_l)( s—1 ) (5.46)

(AT AR

Since formula (5.46) is valid also for Case A and Case B, the second part of Theorem 17 follows after

substituting n := k + j.

5.4.3 The case j fixed

e will show via the method of moments that X,, ;/n — (G(2 + 1,5 — 1), where 3(a, enotes the
We will show via the method of hat X, /n 2 B(2 41,5 — 1), where 8(a,b) d h

Beta-distribution with parameters a and b. If X is a Beta-distributed random variable, X @ B(a,b),
then the s-th moment of X is given by

s—1 =

a+k a’
E(X?®) = = = 4
X°) Iga—&-lﬂ—k (a+b)F (5:47)

Using Stirling’s formula for the Gamma function

I(z) = (Z){? (1+ le + Téz? + 0(2—13)), (5.48)

we obtain for j and s fixed:

s s!

(” _j> ~ (14 0m).

Thus we get from equation (5.40) the following asymptotic expansion of the s-th factorial moment of
ijl
s (SJFS%) s —1
]E((XTIJ)7) = (7_1_1,_%_;'_3)” (1 + O(n ))
S

The ordinary moments of X, ; can be expressed by the factorial moments of X, ;, where the Stirling
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numbers of the second kind {Z} are appearing. We obtain then

B0t =Bl + 5 (et
=t e (5.49)

_ Ln(l YO + 0w = L) a1y o)
(AR (A |

Thus, for n — oo and j fixed, the s-th moments of the normalized random variable X, ;/n converge for
all integers s > 1 to the s-th moments of a Beta-distributed random variable:

c
s+%

Xojys 8 (ery)
E((T) ) - (j_(1+§f+s) - (2+j)§’ (5.50)

C1

which shows together with the Theorem of Fréchet and Shohat (see e. g. [49]) the first part of Theorem 18.

5.4.4 The case j — oo such that j = o(n)

For this region of j we consider the normalized random variable j X, ;/n and will show via the method

d
of moments that jX,, ;/n N (2 +1,1), where y(a,A) denotes the Gamma-distribution with shape

d
parameter a and scale parameter A. If X is a Gamma-distributed random variable, X @ v(a, A), then

the s-th moment of X is given by

E(X*) = Ai [[a+h="2%. (5.51)
k=0

Again by using Stirling’s formula (5.48) for the Gamma function we obtain for s fixed:

(") = o) wa (7)< (vo)

and thus from equation (5.40) the following expansion of the s-th factorial moments of X, ;:

E((Xn,)?) :s!(8+2)(?)3(1+0(;) ro(dy). (5.52)

S

Again, by expressing the ordinary moments of X, ; by its factorial moments, we obtain

E((Xn,5)*) :s!(”ﬁ)(?)s(uo(;) +O(%)). (5.53)

S

Thus, for n — oo and j — oo such that j = o(n), the s-th moments of the normalized random variable
jXn,j/n converge for all integers s > 1 to the s-th moments of a Gamma-distributed random variable:

E((%Xn,j)s) — s <3 +s> = (z—f +1)°. (5.54)

This proves the second part of Theorem 18.

5.4.5 The case j — oo such that j ~ pn

For the central region of j we compute an asymptotic equivalent of the probabilities P{X,, ; = m} under
the assumption that j ~ pn with 0 < p < 1 and show by convergence of the probability mass function
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that X,, ; — 1 o), NegBin(% + 1, p), where NegBin(r, p) denotes the negative binomial distribution with

d
parameters r and p. If X is a negative binomial-distributed random variable, X @ NegBin(r, p), then
the probability mass function of X is given by

P{X =m} = (m +ﬂz - 1)p?“(1 —p)™, form > 0. (5.55)

We start with the following form of P{X,, ; = m} equivalent to (5.39):

G- )
P{X,,; =m} = ’ (mz;‘lgé)(’l’)g) e ), (5.56)

n—1 m

and apply Stirling’s formula (5.48). This leads to

P =mp= (S OFT =D 10 +0G) +0 ). 6D

m—1 n n—7j

Thus, for n — oo and j — oo such that j ~ pn with 0 < p < 1, the probabilities P{X,, ; — 1 = m} =
P{X, ; = m+ 1} of the shifted random variable X,, ; — 1 converge for all m > 0 to the probabilities of a
negative binomial-distribution:

m+ £

P,y 1 =mp— (") A (5.59)

Thus the third part ot Theorem 18 follows.

5.4.6 The case l:=n—j =o0(n)

Substituting [ := n — j, the probabilities P{X,, ; = m} given by (5.56) can be written as follows:

P{Xn,j = m} =

nel=lE 2N gy 14

) -1
(nnljlcl) (mh i+l m—1
In the sequel we want to obtain a suitable bound for the probabilities P{X,, ; = m}, which holds uniformly
for all m > 2. Since we are only interested in the case | := n — j = o(n) we make in the following
computations the assumptions | < % and n > 3.

First we consider for 2 <m <1+ 1:

(") (n-1)(n-2) sen—2—k

(+h (1+ 1)l ”ﬁ 1k (5.60)

Using the assumptions | < % and n > 3 we further get the bounds

(I+1) 912 l—k l
—_— < — —— < — for1<k<I. .61
RN TR TR and o S for <k<l (5.61)

Combining (5.60) and (5.61) leads to the estimate

(a) <o(Hym, (5.62)

(" T

which holds for all m > 2, since (lxll) =0form>1+1.
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For the following estimates we use the bound |£| < 1, which follows from the characterization of very
simple families of increasing trees as given by Lemma 1. Together with [ < % we get

CCS D=2 - (m-Dn-2)(n-1)
(n;ljrl%) n-1+2)n-2+2)n—-1+2)" n=2)(n—-3)---(n—-1-1) (5.63)

Analogously we compute:

m—1+% o (M—=24+2)m—-3+2)...(14+%2) e
v =i : ; L= <m-1+—<m. :
( m—1 > (m 1+C1) (m—1)(m—2)---2 =m 1+C1_m (5.64)

Together with the trivial bound

n—1-1 n
- <=
[+1 1’
we finally get from (5.59) by using (5.62), (5.63) and (5.64) the following estimate, which holds uniformly
for all m > 2:
l m—
P{X,, =m} < 18m(=)""". (5.65)
n

Equation (5.65) leads then (for I < %) to the bound

1 1
Y P{Xn;=m} <18 m(%)m_l 18t _2 < 36, 8L (5.66)

m>2 m>2 n (1 - 7) (1 - %)2 on

Thus, for n — oo and j — oo such that [ :=n — j = o(n), we have

Z P{X, ; =m}— 0, whichimplies P{X,; =1} — 1L
m>2

Thus also the last part of Theorem 18 is shown.

5.4.7 Auxiliary results concerning subtree sizes

Let p;m,,...,m; denote the probability that in a random plane oriented recursive tree the first subtree has

size mq, the second my, and so on. Let M; = Z{Zl m;. Hence by definition it holds for generalized plane
oriented recursive trees

Tn'/Tn M1, Z Pr Z Tml te TmJ'Tk.f‘H o Tkr (ml .. n<_ 1 k )

omgyk
r>j+1 kjyi1+--+kr=n—M; -1, g R+
Ejtiyeeos ke >1

n—1
+[[n:m1+...+mj+1ﬂ<pij1...Tm].<m >

1s---,100
(5.67)
By defining
AL, ms
Aj(z,v1,...,05) = Z Z Tmrmml)mﬂm—'v1 by (5.68)
n>j+1ma,..., m;>1 n:
we get
0 p(T(2) = Yo wiT(2)
EAJ‘(ZMM, ) = T(z)JO ? HT(ZUZ). (5.69)
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For PORTS one has ¢(t) = 1/(1 —t), (T(2)) =1/(1 — T(z)) = T'(z) and consequently

Aj(z,v1,...,v5) V1= 2z20)). (5.70)

J
9z \/172211;[1

Thus for j = 1 one obtains 7, ,,, = P{J, = m} be extracting coefficients from - 9 A;(z,v).

T Tpm(n —1)!
T,m!(n —m—1)V

P{J, =m} = u[7;"711)7"] 0 Aj(z,v) =

71
T, 0z (5.71)

where T, = 2" (n — 1)!(2_7) (2n — 3)I.

Remark 10. A simple application of Stirling’s formula shows the probabilities P{.J, = m} converge
without convergence of any integral moment. This was already pointed out by Hwang. A related phe-
nomena occurs for the probabilities IP’{XLR] = m} for all grown simple families of increasing trees. Here

X,[LR I denotes the random variable counting the subtree size of a randomly chosen node in a grown simple
increasing tree of size n.

Theorem 19. The probabilities P{XT[LR] =m} are for all grown simple families of increasing trees given
by the following explicit formula.

= 2 41)(2 +n)
PLXIA = gy = =l g, o (& 1 . 5.72
K =m = e < T &)y &) (572
The limit distribution of X},f] = XBl is given by
241
P{X =m} = o , 5.73
{ ™= i Bt E) (5.73)
where XLR] converges without convergence of any integral moment.
By using the explicit formula for the probabilities P{X,, ; = m} as given in [46]
Dty
j—1 m—1 j—2
P{X,;=m}= I (5.74)
(j—l)( nflcl)
we obtain the probabilities IP{XLR] = m} by summation.
" L =] n=r], 1 el
P{XF = m} = + ZIP’{XM =m}= + - > P{X,,; =m} (5.75)
j=2
We get further
n—m m—1+2\ j—1422\ rn—m—1 m—1+22\ j+1+22\ m—m—1
A (") (0 j—ll)( i) ) (0 j+11)( )
Y. PX =mp= o ) = ITEs D )
j=2 (") = i-1 (") =0 J+1
m—14+2\ o1 JHI+22\ m—2—j
_ ( m—lq) Z ' (] + 1) ( j+1 1)(nm—lj)
T o p—14%2 _ n—2
( nljl'l) j=0 (n—1) (m71)
(m—1+c—2

c1 n—m-—1 . cy .
o1t ‘ J+1+2\ m—2—
- _ 1 o1 .
Ty (2 Z G+ )( Jj+1 >(m—1

(5.76)



CHAPTER 5. LABEL-BASED PARAMETERS IN INCREASING TREES 85

The arising sum can be simplified as follows

n—

St ) e S e () (5

j=0 g
o a2 -2-m Co _ e n+ 2
— (Z= 1) (=1)mtm 3 c1 _ (2 1) (—1)mtm 37171 m—1 c1
(E ppymems (TR T < (@ s (S
Co n+@
=(—+1 a . (b.TT
(cl+ )(n—m—1> ( )

Thus we finally get

CIm=nl (LEDEDEE) o=l

" n(n =1 (" 5 (3 "

n—1 m—1

(& +1(&+n)

(m+1+2)(m+2)
(5.78)

P{XF = m} +[m <n]
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5.5 Degree of node j

86

Let X, ; count the degree of node j in a random increasing tree of size n. From the work of Bergeron,

Flajolet and Salvy [6] we get

M(z,v) :/ @(vT'(t))dt, (5.79)
0
and thus 9
— M (u,v) = o(vT(u)). (5.80)
ou
Hence Theorem 16 gives
T T
N(z,u,v) = P (T () (T (= + u)) (5.81)
(T(u))
Using the characterization of the degree-weight generating function in Lemma 1 we easily get
= o Z log #) Case A
(1 —cu)? = 1—cu’’ ’
1 d
1 —1 C B
oty = ol (T ) B, (552)
Ll o , Case C.
(1 o(—L ey — 1) )
(1—cyu) 1

5.5.1 Results for the degree of node j

Theorem 20. The probabilities P{X,, ; = m}, which give the probability that the node with label j in
a randomly chosen size-n tree of a grown simple family of increasing trees as given by Lemma 1, has

outdegree m, are, for m > 1, given by the following formula:

ety S (5 e
P{Xo; = m} = (i)g;<2)<”mk£é_ji: ;éiidl;

1+ k&)(5+ ¢

C1

Case B,

(m _;_ > i (7:)(_1)]6% __1 + kg)l‘(rﬁ—

The s-th factorial moments E((Xn ;)*)

formula:
[ A B
2y (M )%, Case A
(]—1) =0 J -1
1
. de(T1 <L — 2)n
]E(Xij) = ( g1 2(n+ a1 ) , Case B

)7

T(s—1- ) &L /s Pn— &(s—1-kIIG+2)
Z( )H)kr(j Gl —1-Rhn+ )

(5.83)

Case C.

= Zmzo mEP{X,, ; = m} are for s > 1 given by the following

(5.84)

Case C.

Theorem 21. The limiting distribution behavior of the random variable X, ;, which counts the outdegree
of the node with label j in a randomly chosen size-n tree of a grown simple family of increasing trees of

Case A as given by Lemma 1, is, for n — oo and depending on the growth of j:
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e The region j = o(n). The centralized and normalized random variable X, ; is asymptotically gaus-
sian distributed,
Xn,; — (logn —log j)
Vlogn —log j

o The region j: j — oo such that j = pn. The random variable X, ; is asymptotically poisson
distributed with parameter A = —log p.

Xii = — N(0,1). (5.85)

m

—lo
%. (5.86)

()

Xnj — Xj, P{X;=m} =

e The region j: l:=n—j=o0(n). P{X,; =0} — 1.

Theorem 22. The limiting distribution behavior of the random variable X, ; in a randomly chosen size-
n tree of a grown simple family of increasing trees of Case B as given by Lemma 1, is, for n — oo and
depending on the growth of j

o The regions for j fized and small j with j — oo such that j = o(n): P{X,, ; =d} — 1.
e The region j: j — oo such that j = pn.

(d)

d m
Xnj — Xj, P{X; =m}= ( )p“’dil(p_d11 -1)™ (5.87)

e The region j withl:=n—j =o(n): P{X,; =0} — 1.

Theorem 23. The limiting distribution behavior of the random variable X,, ; in a randomly chosen size-
n tree of a grown simple family of increasing trees of Case C as given by Lemma 1, is, for n — oo and
depending on the growth of j

e The region for j fized. For general c; and co we have

c F S — 1 -4 F j + L2
ni X, X, B(XD) = ( . ) ( (Sif;cz : (5.88)
I(-1- é)l“(] - 1)
The density f;(x) of X, is given by
F(] + 2) ! 2%2 ; €2
fi(x) = —___CL. / t7e (1 — )72 fy (axt= ) dt dz, 5.89
where
fi(z) = —7F(%)z o /OO e_(ri%)rf%fle*xmos(%ﬂ) sin (zr sin(—c—zw))dr (5.90)
= r(-1- %)ﬂ' 0 c1 ' ’
For plane oriented recursive trees (cy = 2, ca = —1) we get by specialization the following result.
For j =1, X, 1 is asymptotically Rayleigh distributed with parameter o = V2.
c a:2
nﬁXml @, X1, fx,(x)= ge_T. (5.91)
For j > 1 we get the following
_1 (d) 2,]_3 o 254 _ 2
n 2X,; — X, fXj(aj) = m/m (t—m) J 72T T dt. (592)
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For j > 1 the moments of X; are given by

o (27 =2)12%5I0(5 + 5)
B = (J']* Di(s + 2jj— ) (5.93)

e The region small j: j — oo such that j = o(n). n%Xn,j is asymptotically Gamma-distributed
(d)

X; — v(a, \), with parameter a = —1 — Z—; and A = 1, where the moments of X; are given by
s _ D(s—1-%2)
a C1 c
EX)=—=(—-1)°= ———>=~. 5.94
0 =5 = o=V = e (5.99)
e The region j: j — oo such that j = pn. We have a negative binomial distribution NegBin(r, p) with
parameters r = —1 — 2—; and p = pfﬁ :
(d) m—2— < c _2\m

Xn,j 4—>Xj P{X] :m}: ( m 2>p1+cl (17p Cl) . (595)

e The region j: l:=n—j=o(n). P{X,,; =0} — 1.

5.5.2 An exact formula for the probabilities

From Proposition 5.81 we can easily compute explicit formulee for the probabilities P{X,, ; = m} for
grown simple families of increasing trees, i. e. increasing tree families, which can be constructed via an
insertion process. We will figure out Case A and Case B, Case C follows from an analogous computation.
We observe that

¥o
> Case A,
(I —cu)*(1 - 55) .
l4o(—L1 1 )
SDO( ((li(dfl)”u)ﬁ ) Case B
N(Z7 u, U) = (1 - (d—1)caz )% ’ ’ (596)
1—(d—1)cau
T e Case C
1+v%—1) B (1—%)”
( ((176111‘)% ) l—ciu
For Case A we obtain for the probability
1 Jdt
P{X,;, =m}=———[u""70™ 1
{ 5 } C;L_l (7;:11) [ ] (1 _ clu)v+j 1
n—j - (5.97)
L S VN R,
(7;:11) k=0 (1= cru)=! (1= cru)vti=t

which leads with the generating function identity for the first order Stirling numbers

> fj [:J %T;”m = ﬁ (5.98)

n>0m=0
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to the desired result. For Case B we proceed as follows.

d

(357 sy i )
P{X,,; =m}=—— e Dezup
B I rne e M (S Pt

(T3 (9) i (—1ym-k
= - J T [un_J] X k
(o) () kZ:o (k (1= (d=1)cqu)! HF 7= (5.99)

)

() (Do o e

An analogous computation to Case B leads to Case C.

5.5.3 An exact formula for the factorial moments

We only present the calculations for Case C, the other cases are completely analogous. To obtain the
s-th factorial moments of X, ; we use (5.81), but differentiate s times w. r. t. v and evaluate it at v = 1.
For Case C this gives

c2
€1

po(— = 1)°(1 = (1 —cru)”=1)*
(]. — clu)l_%(S—l) (]_ _ _az )%+1

E,D;N(z,u,v) = (5.100)

l—ciu

Extracting coefficients of (5.100) leads then by using (10) to

i — Dl(n— ) A
E((Xn;)%) = U)Tu[zﬂu”wEngN(z,u,v)
c 5 j—1j—1+22 o
_EE e (%) (- (e Sy
— n— n— sz 72 s5—
poct T (M) (1—cpu)’ 7Y
c j—14+22 s
O [y
c n—j(n— n— L2 2 (g_f—
[(—1— ) J(ngl)( ,ff;l)k:o k (1 - cyu)’~a 1)

c2

Pis—1-2) & (s (I (T ae )
T WO e
s —1-2) N (s D(n— (s —1—k)T(j + 2)
o5 S W e T e b

k=0
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5.5.4 Proofs of the limit distribution results
5.5.5 Case A

First we turn our attention to the region j = o(n). For the expectation and the second factorial moment
we get by using

o log (755) n+j n log® (123) n+J @) (2)
[Z ](1 — Z)j+1 = ( ] )(Hn-‘rj - Hj)’ [Z }(1 — Z)j+1 = ( j )((Hn-‘rj - Hj)2 - (HnJrj - Hj ))7
(5.101)
the following result
1 nejp_ Mi(u) [u" 7] 108 (1=c)
E(Xnj) = — v 1— -1~ n—j -1y (1 — j
L US| (j—l) (1 - cru) @ (j—l) (1-cw)
=Hy—1 — Hj_1=logn —logj+ O(1), 5 102
2 L negy_ Ms(w) w7 log® (=) 102
E(Xo ) = —mmny "] -1 =i (1—ciu)
$ocy (];1) (1= cyu) o’ (jo)) (1= cyu)

= (Hpo1 — Hj—1)* = (HP | — H?),
and thus for the variance
V(X)) = B(X2 ) +E(Xn ) ~E(Xn,)? = Hyoy — Hj_1 — (HY, —H?)) = logn—log j+O(1). (5.103)

We will use the abbreviations p, ; = aﬁ,j = logn — logj. Since we want to apply Lévys continuity
theorem to the moment generating function of X ; we calculate first the probability generating function
Pn,j(v) of X, ;. We get

> 1 - 1 (bhs) _ ()
Prg(®) = E@Xn) = 37 B{Xj = mpo™ = ———[u"~] e
m>0 €y ](j711) (1 —cru)»ti=1 (j71) (]j—l )
_ In+v—-1I()
F(n)T(j+v—1)
(5.104)
The moment generating function M, ;(t) of X;; ; = (X j — in,j)/0n,; is then given by
X T R , t
Mn,j(t) = E(et n,j) =e niJ E(e In,j ) = B*Un,Jtp"’j(edn,j ) (5105)
Using Stirling’s formula for the Gamma function
Z\ %V 2m 1 1 1
) = (2) S5 (14 0o + 52 + O(5)) 5.106
@ =12) 77 I+ 1+ agez 7O (5.106)
we get
Tn+v—1) 1 e 1
—_ = 14 0O(=)) = elv=Dlosn(1 L O(=)). 5.107
e n" 1+ 0(-)) = (1+0(=) (5.107)
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We begin considering the region j = o(n), such that j < logn. It holds for fixed ¢

—ot _ e—«/lognt(1+0(11;’ggf;y ) _ e—\/lognt(1+0(1°ﬁf#)) _ e—\/@t(l +O(loglogn))’

¢ Vviogn
1 1 1 log j
— = - 14+0(22))
Oni log j 1 ( logn’/’ (5.108)
5J ,/logn\/l_% \/Ogn g
o ¢ log 1 ¢ log 1
en.j — eViogn (]_ + O( Ogg‘j )) — eVign (]_ + O(L(;gn))’
logz n log2 n
and consequently
_t t t2 1 loglogn t 12 loglogn
emni —1=(1+ n ) <1+07,>—1: n .
( Viegn = 2logn (log%n)) ( log? n ) Viogn = 2logn log? n )
(5.109)
We get
I'(j+ e — 1) loglogn
uTren 70 g4 oleloen (5.110)
L'(j) ( Vd1ogn )
by applying the trivial estimate
&) (5
F(;;) < kl(loglogn)®, k>2 (5.111)
to .
P+eml =) S TWG) o
= ng —1)F, 5.112
IG) wr() ¢ Y (112
k=0
By combining the previous results we obtain
t g loglogn ( Fd ) loglogn
- e Jj—1 e 1)logn
s (e7) = 1y olosken) (14 o(loB1Em )
_ (tvign+ g ro(igler)) (1 n O(loglog(n)>_
Vlogn
This leads to the required expansion
t - 2 oglogn log 1
M g(8) = €=ty y(e707) = = Vomte (VBT 5+0CREER) (1 . o008 M)
’ ’ Vdlogn
) log log n (5.114)
_oE (14 of8lEm))
c ( +0( Vdiogn )

For j: j — oo such that j = o(n) we simply observe

IF'j+v-1)
I'(j)

| —

=1+ 0(3) = VI OG)). puye) = €T+ 0. (5.115)

<
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Further
o Tnd ) 1
My () = 77t py (€75 ) = e matele™ “Dima (14 O(5))
J
Lot L O( ) 1 2 o1 1
_ e—an,jte(mw 2ip g (”i,j))# (1 n O(f)) . +O(vn,j)(1 + O(*_)) (5.116)
J J
F(4 01 +0(——)) = e T(1+0(3) + O(-—))
=e - =e - —)).
J O'n,j J Un,j
For the region j = pn we use (5.115) to obtain the desired result
1
pn,j(v) _ 6_(v_1) lng(l + O(E)) m p]('U) _ e—(v—l) logp. (5117)
For the region j: I :=n —j = o(n):
n—2 .
(ij) j—1 n—1-—1 l
ni =0} = = = =1- =1-o0(1). A1
5.5.6 Case B
For Case B we proceed as follows. For fixed j we get
d—1 1 : 1
d 'n—14+k—)TG+
P{X, ; d}1+z< >(1)dk (_ dl—l) U dgl)

7 —\k P —1+kz5)T(n+ 35) 5 110
—1+le<d>< ek TUEaD o 1oL o
=\ T(j—14+kiy) pl-1 pa=t

and for j: j — oo such that j = o(n)
d—1 1 : 1
d Pin—=14+k;5)T0+ 55
P{Xn,jd}1+z< >(1)dk ( dll) ( dll)
= \k LG-1+kz7)T(n+ 27)
1 s (5.120)
_ _yd—keyd TNy AT
=1+ <k>( O ) f1+o((n)d 1)

The same approach also works for j: j7 — oo such that j = pn

(A~ (m B WP —= 1+ k25T (on + 725)
Py =m} = (m)z(k)( ) F(pn—l—l—kﬁ)l"(n-ﬁ- ﬁ)

k=0
d\ w— [/m ko1 1
= (=) R T (14 0(-))
() 25 (R0 n
_d1+ﬁmm_m—k—ﬁ l:d1+ﬁfdlj_m 1
= () (1) ot o = (1 )ot e - o,
(5.121)
For the region j: I :=n —j = o(n):
L T =DrG+ ) (n—2)t (n—2%t j—1 !
P{Xn,j—o}—r(jil)r(n+;) Rl T TR m A (5.122)
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5.5.7 Case C

Since we already know the factorial moments from Subsection 5.5.3, we can express the ordinary moments
by the using the Stirling numbers of the second kind {}}.

E(X; ;) =E(X;;) + X_: {;}E(Xij)- (5.123)
k=1

Using again Stirling’s formula for the Gamma function (5.106) we get from the explicit result for the
factorial moments in Theorem 20 the asymptotic expansion

T(s—1—-)(+2) . :
nj) = : ) (]( —fl) n"at 4+ Omma ), (5.124)

cl

which leads by (5.123) to an asymptotic expansion of the ordinary s-th moment. Thus the moments of

ne1 X, ; converge to a random variable X; with s-th moment

E(X?) = Pem1- U+ e) (5.125)

P D(-1- )r - e

€2

= d
For the region j — oo such that j = o(n) we proceed exactly as before arriving at =X, 9, x J @
1

T
j?

v(a, \), where X; is Gamma distributed with parameters a = —E—; —land A =1.
(X)) = 1 e) 5.126
(X;) = W (5.126)

For the region j — oo such that j = pn we get after applying (5.106) to P{X,, ; = m) the asymptotic
expansion

-2-4 c2 =Y 1
P{X,,; =m} = (m . 02>p1+c5 (1-p cf)m—f—(’)(ﬁ), (5.127)

which proves the result. The result corresponding to the region | = n — j = o(n) follows by a similar
observation.

5.5.8 Density appearing in Case C
At first we show that fi(z) is a density with the required moments
I(s—1-2)r(1+2)

1 (s=1)c
I(—1— &)r(1 - =he)

. (5.128)

The density f1(z) can be derived by using Hankel contour technics similar to [10; 66]. Then we sketch
how to obtain the density f;(z) by combining a previous result ([46]) about the random variable D, ;,
which counts the size of the subtree attached to node j in a random increasing tree of size n, and the
shape of fi(z). First we turn to the root j = 1:

_9_¢%1
~T(2)e %3

co

oo 7671 c c
/ e=(r F)pmgTlemereos(Em gy (zr sin(fgﬁ))dr. (5.129)
0 c1

fi(z) =
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We proceed as follows.

> _F(Q) > _% -1 > s—2—L _grcos(2m) C2

/ 2° f(z)dw = 7016/ em )T / 2 e TN in (@ sin(——n) ) dx dr
0 I'(- 5T Jo 0 1
o

x _F(%) > —(r %) -1 > s—2—2L _grcos(227) dxrsin(—27)
=9 o= a)r e re2 x 2e ae Vdxdr
- 0
7F(cf2) o0 L o1 o0 o1 P2
=9 =—s e (r 2)pmmp Tt 2 @ e N N grdr ).
P(-1-—%)rw
s 0 0

e e
Using the substitution v = zre’a ™, & = re'=1”™ we get further
' dx

-T'(2) o —A g [P ueT AT g emiaT
— a’ / e_(T 2 )r o / ( )S 2" ¥ du dr
L(-1-2)7 Jo 0 r T

—2mi(s—1-2L

_F(%)e c=mi(s—1-21) oo 7(7“7%) . oo soo_cl

r—i_o e T u c2e” “dudr
( 5 )T 0 0

<%

/OC z® fi(x)dr =
0

&

B “I(2)sin(l - 2(s—1)(s—1—-¢) = ey .
= (1= Z;)W /0 e r—odr
D) sin(1 = 2(s —1))0(s — 1= ) (=HT(E (s — 1))
- ey

_ P(s—1—2)I(1+ )
c —1)cay’
P(—1— )T - CP2)

C2

(5.131)

where we have used the identity I'(2)I'(1 — x). For the density f;(x) we can proceed as follows.

sinzrﬂ'z) =
We know (see [46] for details) that for fixed j it holds % 9, B(2 +1,j — 1), where B(a,b) denotes a
Beta distribution with parameter a and b, and thus

€2 .
D. . Ta (1 —¢)i2
lim nP{—1 =t} = t 2=t

i - 5.132
s n B(2 +1,j-1) (5.132)

where B(p, q) = % denotes the Beta function of p and ¢. By conditioning on the size of the subtree

rooted at node j the r.v. Z, ; we get

P{Xpn;=m}=> P{Xp1=m|Zy; =k}P{Zn; =k} =D P{Xp1=m}P{Z,; =k}.  (5.133)
E>0 k>0
A standard argument leads then to (5.134).
T+ &)
L1+ 2)rG-1)

1
filz) = /0 25— 2 fy (wt 5 ) dt d, (5.134)

where f1(z) is given by (5.129). Using the substitution u = ot it can easily be seen that the density
fj(z) has the required moments.
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5.6 The branching structure

Let X, ;o denote the random variable, which counts the number of size a branches (subtrees) attached
to node j in a random grown simple increasing tree of size n. This was studied by Hu, Feng and Su in
[33] for random recursive trees: they derived the distribution of X, 1, and a limit law for it. Further
they stated the joint distribution of X, 11 Xp12... Xn 1,0

By using our approach we can extend their results to arbitrary grown simple families of increasing trees.
We can give closed formule for the probability distribution and factorial moments. The joint distribution
is computed for all grown simple families of increasing trees. Furthermore limiting distribution results
are given for the full region of j, 1 < j < n.

5.6.1 Results for the probabilities

Theorem 24. The probability that there are m size a branches in the subtree rooted at node j, for every
Jj=1,

e Case A (recursive trees): we obtain the following exact formula.

ij
1 Z“ (-t n—1—a(m+1)
amal(""}) al! ( J—=1 > (5:139)

Jj—1 =0

P{Xy jo =m} =

e Case B (d-ary increasing trees): we obtain the following exact formula.

d\ (755 +5-2\ min{d—m,| =iz |} a—1+225\ \ itm
(m)( j—1 ) Z (d—m) (_1)2<( a—1 )) ~

P{an a = m} = 1
B n—1\ m—1+5= —
G0 (70 i=0 ’ a(d—1) (5.136)
" (n?a(i+m)+dd’_”1i>
n—j—ali+m) '
e Case C (Generalized plane oriented recursive trees): For the root j = 1 it holds
—-2-4 —2(1-2m-1 1
P{X,10=m)= (m C)( SR ) ta e ) +O(——x).  (5.137)
m (_02)( a—lq) n n e
and for j > 1
@41\ (m-2-2\,  goma  \-E-1(-DI1+2) |
P{Xn,j,a:m): (cl 1 )( 1)(@—1-&-%) ' —5 +0O( 1_22).
J m (—02)( a_lcl) no e no Ca
(5.138)

5.6.2 Explicit formula for the factorial moments

Theorem 25. The factorial moments of the random variable X, ;. counting the number of size a subtrees
attached to node j in a size n random grown simple increasing tree is given as follows.

o Case A (recursive trees):

n—as—1
s _ i@ (5.139)
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e Case B (d-ary increasing trees):

—14+ 1 i—14+-L-\ /m—as—2+94=2

N G o L e )
E(Xja) = ( a(d_ll) > . (5.140)

G- (" 0)
e Case C (Generalized plane oriented recursive trees):
a—1+322 j—1+22\ m—as—1—2(s—1

E(XE - _02( a1_+161) *I(s—1— (%) (J jjfl)( n_lj_Lés( )) 5141
( n,j,a) - cl1a F(—l — Q) 1\ —1+ 2 . ( . )

! c2 (j—l)( nflcl)

5.6.3 Joint distributions

Theorem 26. The joint distribution of the random variables X, 1,1 ... Xn 1,5 15 for all Cases A,B and
C given as follows.

rlmi—1 -1 1 k-1422
Py mi‘poZ =TS ma) e ( k—lq)

i=1 ""Yi):
P{Xnii=m1,..., Xpn1n-1=Mp_1} =
{ sy ? ? 5Ly } kmkmk'7

e (5.142)
( n,fl) k=1
for all sequences of non-negative integers satisfying 22;11 kmy =n—1, where one has co = 0 for Case A

and 2 = ﬁ for Case B. Further for Case B (d-ary increasing trees) we have the additional constraint
1
hoy i < d.
Corollar 7. The joint distribution of the random variables Xy, j1 ... Xn jn 15 for all Cases A,B and C
given as follows.

n—j
P{Xpj1=m, ., Xnjin—y = Maj} = P{Zy; =1+ ) imi}x
=1
XXy om0 = M Xy i 1y = Mnjts

(5.143)

where Z,, ; denotes the r.v. counting the subtree size of node j.

5.6.4 Limit distribution results

Theorem 27. For Case A (recursive trees) we get

e forn — o0, j =o(n) and a fized: the random variable X, ;o is asymptotically Poisson distributed

with parameter 1/a:
1

(d) e«

X ja — Xa, P{X,=m} =

(5.144)

am™m!’

o form — o0, j = pn with 0 < p < 1 and a fived: the random variable X, ;o is asymptotically
Poisson distributed with parameter (1 — p)/a:

1—p
Cize
Ko DX e (l-p"

P{Xﬂ7a = m} = a™m)

(5.145)

e forn — oo and all other cases of j and a it holds

Xnja 9, x, P{X =0} =1. (5.146)
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Theorem 28. In the Case B (d-ary increasing trees) we obtain the following characterization.
e forn — o0, j=o0(n) and 1 < a <n—1 fizred the random variable X,, ;o is asymptotically zero.

Xojo DX, P{X=0}=1. (5.147)

o forn — o0, j =pn with0 < p <1 and a fized the random variable X, ; , is asymptotically binomial

distributed Bin(N, p) with parameter N = d and p = p(a,d) = (‘k}:fil) pa((ld_fl);:

d
Xogo L Kpos Py =mb = (0} -yt (5.148)

o forn—o0,l=n—j=o0(n) and 1 <a <n—1 fized the random variable X,, ;o is asymptotically
zero.
d
Xnje DX, P{X=0}=1 (5.149)
Theorem 29. For Case C (Generalized plane oriented recursive trees) we obtain the following charac-
terization.

e For fired a > 1, fized j > 1 and n — oo we get

2. d TG+ e)0(s—1—-2) (—e2)("77) s
Gy ( : (5.150)

S V(TP g

e The region j: j — oo such that j = o(n) and fixred a > 1 we get a gamma distribution ~v(k, ) with
parameters k = =t — 1 and A\ = ——*2——
2 (—e2)( °1)

a—1

(ﬁ)%xnj Lx, XLk, EX) = (-2 1)3(

; (5.151)

o The region j: j — oo such that 7 = pn and fivzed a > 1: The 1. v. X, jq 15 asymptotically

negative binomial distributed NegBin(r,p) with parameters r = —1 — Zoandp = p(p,c1,c0,a) =
a £2 a,1+272 —c _
(1 (1 =p)pm (V1) G
_9_a c
Xoja D X, with P{X,=m} = (m cz>p1+cf (1-p)™. (5.152)
m

e The region j: n—j=1=o(n)

Xojo X, P{X=0}=1. (5.153)

Remark 11. As mentioned earlier the result concerning recursive trees (basically Case A) and j =1 in
the Theorems 24, 26 and 27 already appeared in Hu, Feng & Su; 2005, which motivated this research.

Remark 12. For Cases B and C the limit laws of X, j , resemble the limit laws of the out-degree Y7, ;
of node j (compare with [47]). This is no coincidence since

d
Ya; @ Xuja+ o+ Xnjines- (5.154)

For Case A the limit law is different from the behavior of the node degree. Note that the random variable
Xn,a, which counts the number of size a trees on the fringe of a size n random grown simple increasing
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tree is related to X, j o by

(d)

Xn,a = n,l,a + Xn,2,a +- Xn,n+1—a,a- (5155)

5.6.5 Results for a randomly chosen node

We denote with XT[LIE = X, U, ,q the random random variable which counts the number of size a branches
of a randomly chosen node in a size n grown simple increasing tree.

Theorem 30. The limit law of the r. v. X,[ﬂ counting the number of size a branches in a size n grown
simple increasing tree is given as follows.

o Case A (recursive trees): for fized a it holds

1

m

(d) 1 1 ae @

X2 X, P{Xazm}za(l—e “Zm): > (5.156)
k=0 E>m41

e Case B (d-ary increasing trees):

w IR < () (") ()
am R (d — 1)k ((m+ k) (d + 1) + 1) (D)
(5.157)

m+k

Remark 13. For Case C we were not able to obtain an explicit formula for the probability P{X, = m},
although we have the closed formula P{X, = m} = fol P{X,.. =m}dp.

5.6.6 Deriving the generation function for the root

In order to use the approach (5.3) developed here to characterize X, ;. one has to calculate at first
%M (z,v). By definition one gets the following explicit characterization for the probabilities P{X,, 1, =
m}:

r Tk Tk n—1
P{Xp1q=m}= . —F
{Xn1,a =m} ZS" <m> Z T, (kl,...,kr>

r>m ki+---~+k,=n—1
ki=a for 1<i<m
kj#a for m+1<j<r

(5.158)

for n > 1 and m > 0. By multiplying with T},2"~1v™/(n — 1)! and summing up over n > 1, m > 0 this
can be turned into the an explicit formula for £ M (z,v).

%M(z,v) = Z Z ©On (;) (Toz*0)"™(T(2) = T,z)" ™™ = Z on(Taztv+T(2) — Tez®)"

n>1m>0 n>1 (5159)
= o(T(z) + Toz"(v = 1)).

This leads for grown simple families of increasing trees to

T,
¥o exp (Cl 2%v — 1)), Case A,
1-— 01% poal . .
9 @0(02 a'za(vfl)+ i ) , Case B,
&M(z,v) = poa: (1—=(d—1)cgz)a1 (5.160)
Lal —— Case C,
1 caT, °2
_— £21a 5a —1 )
((17C12)% Lpoa!z (U )
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where T, = gocf (o = DI(0).

5.6.7 Deriving the probabilities

We will restrict ourselves to Case A and Case C, Case B is fully analogous. By simply applying (5.4) we
get for Case A

P{X, jo=m}= U= Din =) [u"Iv™] 76{71 gM(u, v)

T, (1 - clu)j—l ou
_ ClT
ey et
(’;:11)0?*3 (1=ciu) poa!
o (5.161)
_ Z1lgQ
_ C[1lm [ nfjfma] oxp ( a u‘ )
amml(? 11)0717' J (1 - Clu)J

| n=lem |

B 1 (—1)t <n —1—a(m+ l))
T om n—1 s :
a m!(jfl) —~ dll j—1
For Case B we get
T, 1 d
R S ~1)+
IP{X _ m} _ (02( )) (] ]_ld ) [unijvm] SDO(LPOG' z (U ) (1—(d—1)sz)ﬁ)
T G etea - 0 () == 1™
1 coT, — 1 (caly i ai
- (J +d 1)( )(;0:21) u"_j_“m]dznf (d—m) (-1) (;TTG,) u
() e =)y () SN (@ Deuy T
d ﬁ+j—2 mzn{dfm,L"7J7;“m'j} B a—1+ﬁ i+m
_ @O 1) 5 (d .m)<—1)i<( i )) y
GO = i a(d—1)
" (n—2—a(i+m)+d;7f1_i>'
n—j—a(i+m)
(5.162)
For Case C we observe the following
24j-1\ j-1
G0 )
PLX g0 = m} = T ) e M ()
2451y -1
G =D po(12 e
= e
i (1—cpu)i—t (% + 2laya(y — 1)) = (5.163)
(1—cyu) 1 ¢oal
2 45-1\ j-1
(j_1> (n J)'[un jUYIL] ¥ ( Jj—1 )cl
T, - Z5ue -l
(1= cop=t ()37 (14 Fe)
where C'(u) is defined as
1 T,
C(u) == - Zaye (5.164)
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Thus we get further

2451y 41
i — D)!(n—4)! . wol™. ., )¢ & wA™ e
P{Xn,j,a =m} = (J—Dln—j) ("] ( j—1 ) 1 — <62 + 1) (CQT') U _ (5.165)
T, (1= cyu)i=1(C(u)) "=~ m poal/ (C(u))
Now we expand i_ﬂ_l around u = 1/¢y.
(C(u))™ <2
1 B 1
—L—14m - o - —1+m
(Cluy) 5 (( - e — ) 2
B 1 1
B —5lm _e2\ mgl4m 5.166
() =" (1 28 - H) (o100
1 % + 1 —m _c2 _ 2co
= - (1 + 20— (1 —au) 9 +0((1-cu) = ))-
)
1

For the root,j = 1, we proceed from (5.165) as follows.

(n—1! ., D+ 1\ T \™
P{Xnia= = —[u" 2 c
{Xo1, m} T, [u"" o m <<POCL!) (C’(u))féiHm

uam

£2

_ = D neteamy (i; + 1) (02Ta)m (G +1-—m)(1—cu) =

T, m ) \poal <,CQTQ ) —atm
poalct
(n — 1)' n—l—am % +1 -1, % C1 L2
_ c _1 m am( ) - 1 _ 1 — c R
g () e () (S - m) 1 = e
(5.167)
while for j > 1 we have
. . 24j-1y j-1 (%)m
B(X 0 = m) = GO =D o P75 ) 21 poat)
I, (e A (cap )i
poalct (5168)
, : athg-l .
_ G =Dn =) [un—i—am) (7 ) Tl (_1)mcam(—02Ta ) Ehe
T, (1—cpu)i—1 m b \ppales '
Now we use singularity analysis and Stirling’s formula for the Gamma function
Z\ZV 2T 1 1 1
T(z) = (E) 7 (1 + s T O(;)), (5.169)

to get an asymptotic expression for n — oo. This leads directly to the stated results.

5.6.8 Deriving the factorial moments

We evaluate (5.5) using (5.160) which leads for Cases A, B and C to the desired results. We derive
exemplary M/ (u) for Case A and Case C. We get for Case A

©wo exp (ClTaua(’U—l)> _ WO(%)S _ ‘POUGS(% s

9 )
M'(u) = E,D} — M (u,v) = E,D? , (5.1
s(u) o Hg M (u;0) od o " (5.170)

Y1l —cu
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and Case C

c
a—1 (a*1+%

e () (o1 — 2 (DY

Mtw) = = = (5.171)
(1 - Clu)liq(sil) I‘(_l _ %)(1 _ Clu)lfa(sfl)
5.6.9 Joint distributions
We observe
T,P{X =m X =My} = n—1 "
nEARLL = Al S M1 =Pyt 99
~——
e (5.172)

n—1 n—1
% ( Dic1 M > HT]:nk
my,...,Mp—1 he1
The factor Psn=i,, corresponds to the root degree, the factor (1 19 " 2 m 1) to the choices
s yee s 12000002, my

mq mo

for the labels and the factor ( iy ma ) to the different positions of the subtrees. By using (10) we get

mi,...,Mnp—1

the desired result.

5.6.10 Limit distribution results

The results for Case A simply follows by an application of Stirling’s formula:

Ln—]a—am Ln—]a—am

1 (-t n—1—a(m+1) 1 (—1)! 1
FiXnge =m} = ey ; alu( j-1 ) ~ amal ; i (1+06):
’ B - (5.173)

For j = pn we get an additional factor (1 — p)™+.

The Case B is proved by application of Stirling’s formula to either the probabilities P{X,, j o = m} or the

factorial moments E(ij ;o). An asymptotic expansion of the factorial moments leads to an asymptotic

expansion of the ordinary moments by using the Stirling numbers of the second kind {Z}

E(X;,) =E(X5,) + i {Z}E(Xﬁ,j) (5.174)
k=1

For the degenerate cases we use the Method of moments. For Case C we simplify the factorial moments.

a71+672 s . .
—c2)° ) TH+2)(n—7)T(n—as—2(s—1
sy = C O TG+ )0 )T —as— &6 -1) -
: cas L(j—2(6-1))(n—j—as)l(n+ 2)
For fixed a and fixed j application of Stirling’s formula to (5.175) leads by using (5.174) to
. a—1+22
rG+2)'(s—1-4) (—c2)( E N 2. 1
E(XS ) = c1 C2 a—1 e 1 (@) —)). 5.176
(%) = e (e ) 0T+ 0=g). G
For j: j — 00, j = o(n) one gets similarly
c2
INs—1—4%) (—62)(a71+q) 5 M. _gc2 Ji—c2
E(X3 ;) = 2 ol )T A+ O((2) ). 5.177
(i) = Ty (e ) ()T AT (5177)
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For j = pn, 0 < p < 1 one obtains an expansion of the factorial moments

I'(s—1—< —C2 a71+% s co
sz - o (C Dy om0 pearody, e

1
n

d
which are asymptotically the factorial moments of a negative binomial distribution X, @ NegBin(r, p),

I'(r+s),1
B(XE) = — "2 (= _1)s 5.179
o) = Ay (5.179)
. ¢ a 22 ra—14+22\ (—c)\—
with parameters 7 = —1 — ¢ and p = (1 + (1 — p)*p=: ( ajl 1)(c1;)) .

5.6.11 Results for a randomly chosen node

We use the limiting distribution results for the central region of X, ., i. e. 7 = pn, with 0 < p < 1,

to derive result for the number of size a branches XLRJ of a randomly chosen node in a grown simple

increasing tree. Since X, ;o AUR X,,q We obtain Xr[ﬂ 9@, X, where the probabilities P{X, = m} of the

discrete r. v. X, can be obtained via

P{X, =m} = /O 1 P{X, . =m}dp. (5.180)

We obtain for Case A and Case B closed formulee for these integrals. We present the computations for
Case A:

Case A (recursive trees):
m 1

1 _1=p 1 _1
a (1 — p)™ a a
P{X:m}:/ udp:i'/ efuumdu:afg L — for m > 0.
0 0

mla™ m! am™=k(m — k)’
k=0
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5.7 Number of leaves of node j

5.7.1 Short introduction

We denote with X,, ; the number of leaves in the subtree rooted at node j in a size n random grown
simple increasing tree. We will use the following Lemma provided in [6].

Lemma 15. M (z,v) is implicitly characterized by the following equation.

M dt
/0 (w—Dgo+ot) (45

or explicitly by the following differential equation.
M'(z,v) = ¢(M(z,v)) — ¢o(1 —v), (5.182)

with M (0,v) = 0. This leads to explicit formule for M(z,v).
Binary increasing trees

§tan(2{) + 1 1/2
M = — 1 =(v—-1 5.183
G0 =€ -1 =) (5.183)
Recursive trees 1
—v
1\4(27 ’U) = log m, (5184)
Plane recursive trees
C(ve=ve(=1%) — C(ve?) 12"
M(z,v) = ] , where C(z)= Zn ) (5.185)

is the Cayley function C(z)exp (C(z)) = z.

5.7.2 Results

Theorem 31. For recursive trees, binary increasing trees and plane oriented recursive trees the limiting
distribution behavior of the random variable X, ;, which counts the number of leafs in the subtree root at
the node with label j in a randomly chosen size-n tree, is, for n — oo and depending on the growth of j,
characterized as follows.

e The region for j fixed. The normalized random wvariable ¢ - X, j/n converges for fized j > 2 in
distribution to a random wvariable X, which is Beta distributed with parameter 1 and j — 1 for
recursive tree and Beta distributed with parameters 2 and j — 1 for binary increasing trees. For
plane oriented recursive trees we obtain a beta distribution with parameters 1/2 and j — 1,

B(1,7 — 1), recursive trees,
d
X; @ B(2,7 — 1), binary increasing trees, (5.186)

ﬂ(%,j — 1), plane oriented recursive trees

CXn,j (d)
_
n

X

VEI

where ¢ = 2 for recursive trees, ¢ = 3 for binary increasing trees and ¢ = 3/2 for plane oriented
recursive trees.

e The region for small j: j — oo such that j = o(n). The normalized random variable %Xn,j

is asymptotically Gamma-distributed ~v(a, \), with parameter a = 1 and A = 2 for recursive tree,

parameters a = 2 and A = 3 for binary increasing trees and a = % and A = % for plane oriented
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recursive trees.

v(1,2), recursive trees,
d
C x 253

j;(n,j (d)
— ,
(%7 %), plane oriented recursive trees.

X binary increasing trees, (5.187)

5.7.3 Proofs for the region ; fixed

First we turn to the proof of the case j fixed. We will use the Method of moments the prove these results.

If X is a Beta-distributed random variable with parameters a and b, X @ B(a,b), then the s-th moment
of X is given by

s—1 =

) a+k a’
%) = = —. 5.188
E(X?) kl;[Oa+b+k (a+b)* (5.188)

Further the ordinary moments of X, ; can be expressed by the factorial moments of X, ;, where the
Stirling numbers of the second kind {Z} are appearing. We obtain then

E((Xn,;)°) = E((Xn,)*) + z_: {Z}E((Xn,j)’“). (5.189)
k=1

In both cases we will use the following identity to obtain the factorial moments.
E,D;M(z,v) = slfw’|M(z,v), wherew:=v— 1. (5.190)

For recursive trees we have the following calculation.

s _ (j— 1Dk j—1 s _ (j — D! 1 sasl
]E(Xk+j7j> k+j—1) (277 "Wk| By DN (2, u,v) = e [u*] = E,D;M'(u,v)
(G- Dkls! . 1 , (G- 1)kl . 1 v(1 —v)er=v)
T k+j—1) fw Ay M) = G utw T e gy
_ (5 — D)kls! s 1 v(v—1) _ (7 — 1D)k!ls! kws} 1 (w+ 1w
(k+7—1) (1—u)y—ty—evtv=1) (k+4+j—1)! (I-u)yi—lw+1—eww
— 1)kls! w w
- ((ljcﬂl')—kl)' [u*’] 1 —2)%1 wt ] (ww)!
’ w(l —wu) — Zzzz o
_ U DIt g 1 w+ 1
(k+j—1)![ ](1—u)i—1 (1= w) (1 = X0, i)
(- 1)kl 1 1 1
CETES YL (2s(1_u)s 0l _u)s—1)>’
(5.191)
by setting k = n — j this further simplifies to
sy _ G =Dn—jgst 1 1 _ niG =Dl s—1
B = oy ](25(1—u)8+j +O((1—u)s+a‘fl)) R

_ (’;); + O,
(5.192)
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which proves the first part concerning the recursive trees. For binary increasing trees we proceed as
follows.

s (7 — 1)'k!ls! s J , RS o w(w+1)(1 + tan?(uy/w))
B = Sy M gm0 = G T (V= (v P
_ j'kls! L 1 (w+1)(1 + tan?(uy/w))
~(k+j)! (1—wu)i—1t (1 M)z

_ Jlk!s! o 1 (w+ 1)(1 + tan?(uy/w))
(k+j)! (T—u)=1 (1 —wu)2(1 - Sse tnuz’;juw”*1 )2
ks 1 (s+ 1)t5 1
1) ! (1 — w)itt ( 1- u)sz S )>’
(5.193)
with o oo
tanz = Z(q)“*lw—Br"" =N 22 (5.194)

(2n)!

n>1 n>1

where Bsa,, denotes the 2n-th Bernoulli number. Since to = 1/3 this finishes the proof of Theorem. For
the plane oriented recursive trees we proceed differently by using induction. We start with the differential
equation as given in Lemma 15.

1
M’ = -1 5.195
(Z,'U) 17M(Z,'U)+,U ’ ( )

with M (0,v) = 0. Applying the operator E,D; to this differential equation leads to

1
M! E,Df——— 44,
9() 1)1—M<,’U)+ 8,1
My(z) 2 (s—1 ik 1
= = My E,DS Y — 45, 5.196
1—2z+k§ o)t Re S T 0 (5.196)
M (2)
= 1og, T 1)

with Ms(0) = 0. It can easily be seen that the dominant term in the singular expansions of M(z) and
EvDﬁm around z = 1/2 are given as follows

M 1 1 fs,2 1

M(z) = , E,D: = , ),

(2) = 1-22)%" O((1 - 22)8—2) A= M(z0)2 (=221 " O(u - 2z)3)
_ (5.197)

We will show that m, = 2;1 (%)8_1, which is equivalent to
s oy (1) s—
E(XE,) = (3) (](_2)1) + O Y. (5.198)
2

It holds that fs 1, which is the leading coefficient of the singular expansion of E,D31/(1 — M(z,v)), is
given by (2s — 1)m; due to (5.196) and (5.197). The equation

1 ~ (s 1 1
E,D,—————— = EDf—— B DS — 1
Y(1—M(z,v))? kZ:O (k> Y1 —M(zv) Y 1—M(zv) (5.199)
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translates into the following equation concerning f, 1 and f 2

fs2= Z (Z) feifo—kn = Z (Z) (2k — 1)mk,1(28 — 2k — 1)ms_p 1. (5.200)

k=0 k=0

Since the solution of (5.196) is given by

/ " Ra(t)/T = 2t
My (2) = e, (5.201)

we obtain the recurrence

s—2

5— s—1
1 -1 —1
me = 205 —1) E (S ! )ml+1 E <S 2 )(Qk —Dmy1(2s —2k — 21 — 1)mg_j_p 1, (5.202)
=0 k=0

with initial value m; = % Assuming mg has the suggested shape for all & < s, we easily get that

fs2 = s!2 and consequently by (5.202) the induction step.

5.7.4 Proofs for the region j — oo such that j = o(n)

For the region j: j — oo such that j = o(n) we consider the normalized random variable j X, ;/n and will

show via the method of moments that jX, ;/n ), ~(1, ¢), where y(a, A) denotes the Gamma-distribution

with shape parameter ¢ and scale parameter A, and c is the same constant as for in the case j fixed. If

X is a Gamma-distributed random variable, X @ v(a, A), then the s-th moment of X is given by

s—1 3

sy 1 _a’
E(X*) = 1 kl;[o(a +h) =5 (5.203)
From (5.191) we obtain
s = Dl(n—j)ls! 1 U K
E(X;ﬁj) — U 25()71(_ 1){) [u ](W + lz:; (1—7Zu)l)’ (5.204)

where K are certain constants which do not depend explicitly on n. Thus we get further

(X2 )= (G — 1)l(n — j)!s! ((”;2%1) . s-i-zjflKl (n - 1))
=0

md 2s(n — 1)! n—j

(5.205)
_Snts— 1) 1 J\\ _ sn® 1 j
B m(“%) +0(5)) = 575 (1+0(3> +o(d))

which finishes the proof for recursive trees. For binary increasing trees we proceed as before which leads

to
(s+1)In®

3SjS

For plane oriented recursive trees we proceed analogously.

E(Xij) =

(1+ 0(%) + 0(%)). (5.206)
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5.8 Subtrees on the fringe of plane oriented recursive trees

5.8.1 Short introduction

We denote with X, , the number of size a trees on the fringe of a plane oriented increasing tree. Note
that for a = 1 the r. v. X, , just counts the number of leaves. This random variable was studied in
[20] by an analytic approach. For grown simple families of increasing trees we can set up the following
recurrence.

Toy T, n—1
P{X,.a ZW}ZZ‘PT Z ”T"<n1 N9 n )X

r>1 ny+---+n,=n-—1,

e 2 (5.207)
X Z P{Xn, o =m1}---P{Xy, o =m,}, forn>a,
mi + -+ my =m,
Miy e, My > 1

with initial values P{X, , = 1} = 1 and P{X,, , = 0} = 1 for n < a. Introducing the bivariate generating

function "

z A,
M(z,0) =) TnIE(uXw)H =3 ) TP{Xp.= m}—o™, (5.208)
n>1 n>1m>1

recurrence (5.207) can be translated into

PR (5.209)
with initial condition M,(0,v) = 0.

5.8.2 Results

Theorem 32. In a random plane oriented recursive tree of size n the number X, , of subtrees of size a
for fized a satisfies

2n —1
E(Xna) = m7
B 8a2 —4a — 8 ((2a—3)11)° 4a? — 2k — 2
V(Xn,a) - n<(2a o 1)2(2(L + 1)2 o ((CL . 1)!)222a_2a(2a + 1)) - (2(1 _ 1)2(2(1 + 1)2 (5210)
((23—3)!!) +O(i§).
((a —1)1)"22¢-1g(2a + 1) n2

Theorem 33. The random variable X,, , satisfies for fized a and n — oo the limit law

X’ﬂ a X:; a
S~ Ve N, (5.211)
2
— 2n 2 8a2—4k—8 ((2a—3)!!)
where jin = ity ~ B(Xna) and o®n = n(@ ¥tz — (<a_1>!)222a72a<2a+1>) ~ ViXna)

5.8.3 Deriving the expectation and the variance
We start with the differential equation obtained from (5.209) using () = 1/(1 — 1)

0 1
aMa(z,v) 1= My(z,v)

+ (v —1)z%71 (5.212)

(a—1)V
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with M,(0,v) = 0. We will use the abbreviation Mt[ls](z) = E,D:M,(z,v). Applying the operator E,D;
to this differential equation leads to

d 1 T, 2 M, (z,v) T,
7M[s] = E,D? S a—1 a _ EvDsfl v~ "a\*™ s a—1 a
M (?) O v P R PR A= Mz o) Y G-
MP(z) SBfs—1 1 T
— Ha <) M[l+1} E Dsflfl— s k—1
1-22 + ( l > a ()ED; (1= M,(z,v))? 0512 (a—1)!
1=0
My (2)
T—o, T
(5.213)
with ML(0) = 0. The solution of (5.213) is given by
/ R, (t)v/1 — 2tdt
M (z) = S (5.214)
At first we will calculate the expectation and the variance. For the expectation we get
iM[l](Z) = M NP Ta (5.215)
dz""¢ 1-22 (a — 1)V '
which leads to the solution .
Ta/ V1—2tt*at
1/,\ — 0
Mg (z) = e N (5.216)
Since we obtain by partial integration
: NN +2)128+2 X (N 42 —iev+2—t a(v—1)43
VI=2ttVdt = - NY=L 1 -2
/0 (2N + 4)! Zo"(aN +4-20)] 21-2)
- (5.217)
N
N! NN=L . 2(N—1)+3
= - 1-22) 2
(2N + 3)!! ; GN o 1T T
or by expanding around ¢ = 1/2,
/Z VI 2V dt = = XN: N (-1)! /2(1 —ot)tagt
0 2N l 0
e N . (5.218)
C LSS (YD LSRNy 2
2N 1)20+3 2N l 20+3 7
=0 =0
where
LSS (M) EDL DN SR (N DY DY (i M (aypted)
2N 1)2043  2N+1 1) 1+2 2N+l l x/ la=3
1=0 1=0 2 1=0 (5.219)
—1)N 1 N! N!
= ( N+)1 (AN*) s N1 n
2 x/ lz=3 2N+1( ) +1 (2N+3)

3
2
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and A denotes the ordinary difference operator, we can refine our previous result by setting N = a — 1:

B T, 1 S fa-1 (1—2z2)1+1
M) = (2a+1)VT—22 2071 ; ( I >(1)lzz+3' (5.220)
This leads to
nl 1 B n! -1 o
E(Xna) = TT[Z ](2a —D@2a+1)vI=—2z (2n—3)!"(2a—1)(2a + 1) ( n2)( 2) (5.221)
2n—1

 (2a—1)(2a+ 1)

For the variance we get

1 2
i [2](2’) _ MCEQ](Z) 2(]\4‘£ ](Z)) (5 222)
dz 1-2z (1722)% ’ ’
which leads to the solution ]2
= (Mg (t
i b
MP(z) = L0 — (5.223)
We will use the expression
1] 2 T2 201
(MU (1)* = \/ dt) , (5.224)
((a—1)1)*(1 - 20)
with
(/t\/ﬁ Hdt)z_( (a—1)! 2o 2a—1)1 = fa—1 (_1)1(1—%)”%
; o “\Qa+r )V T 20712+ 1) I 2 +3
=0 5.225)
| gy | (1 2t)itiH >
~1 1)
t 5 l_g( I >( )z_;( i )( S eir @)

which leads to

O @—1) 2 1 a—1) a1y 0= 21)i~}
1—2t ((a_“)?((( ) (1—2t)2 2@12a+1”lo< ) 20+ 3
1 1

1 = [(a—1 ;1 = (a—1 ; (1 —2t)Hi+t
T gz 0( ! >( Vs ( i >( V%3 )

(5.226)
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This leads to an expansion of M (z) around z = 1/2:

T2

2(a—1)! (1 —22)

MP(z) =2

(a —1)! 1
((a—1)1)° {((2a+1)!!) 21— 22

7

s () s ()

T2
+2 2

a—1 afl l
20— 12a+1" (2l+1)(2l+3)

(1- 2z)z+l+§ ]

[

b (20 + 3)(20 + 3)(2i + 21 + 4)

2(a —1)!

0
{( (a—1)!
((a— 1)) VI—2z 2

21
( a—I—l)!!) 2

20-1(2q + 1

—fa-—1 (—1)!
)!!%( ! >(2l+1)(2l—|—3)

+22(112§<a;1>(_1)l‘:=z_;<a;1)

(
(20 +3)(20 +3)(2i +20+4) |

(-1 |

(5.227)

Now we use partial fraction decomposition to obtain a simplified form of the coefficient of 1/4/1 — 22:

_ 1 B Tz (a1 (—1)!
(2a+1)(2a —1)2 ((a — 1)!)222a—2 ; ( l ) 20+ 1)(20 + 3)(1 + 2)(l+2+a)
_ 1 _ ((2a 3)1)°
Qe+ 1212 (g —1))°220 k(2 + 1) (5:225)
Now we get by extracting coefficients the result.
, . @n+DEn-1) o —1 C @n-1)(2a—3))° 1
E(Xa) = (2a—1)2(2a4+1)2 (2a+1)(2a —1)? ((a — 1)!)2221171]{:(201 +1) O(n% ) (5:229)
The variance can now be obtained from
n — n? —4n
V(Xpa) =E(X2,) +E(X,0) — E(Xp0)® = E(X2,) + @ _21)(261L i (2a4_ 1);(12;;11)2
_n( 8a® — dak -8 ((2a —3)1) )_ 4a? — 2a — 2
TP+ 12 (@ 1)) Pore2k2a t 1)) (o 1220+ 1) (5.230)
((2a —3)1)? vo( L)
((a=1))*2%a(2a+1) i

Combining (5.221) and (5.230) proves Theorem 32.

5.9 Higher moments

It can easily be seen that the dominant term in the singular expansions of M([z ]( ) and E, Dvm

around z = 1/2 are given as follows

1
(1—2z)52

s M
MP(z) =

(1—22)%" +O(

72) BDI T p

1 fs 1
T2z O((l - 2z)s)’
(5.231)

Proposition 3. The coefficient of the leading term in the asymptotic expansion ofM,[f] (2) around z =1/2
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is given as follows.

= > (Lt (5.232)
T Qe —1p@at 1) 2 '
Proof. Tt holds that the leading coefficient e, of the singular expansion of E,D31/(1 — M,(z,v)) is given
by es = (25 — 1)m; due to (5.213) and (5.231). The equation
BDi— 1 Z ED.— Lt  pp-t L (5.233)
YTV = My(2,0))2 l U1 — Mu(z,0) Y 1= My(z,v) '

1=0
translates into the following equation concerning f
fo=3 (7) ces 1=y (j) (20 — 1)my(2s — 20 — 1)my . (5.234)
=0 1=0

Since the solution of (5.213) is given by

/ ’ R, (t)V/1 — 2tdt
_ JO
Ny ’

(5.235)

we obtain the recurrence

52 (s - 1) Mis 5—2131 (s - l B 1> (2 — Dmi(2(s =1 —1—14) — Dmg_i—1-s, (5.236)
=0

. (3
l =0

with initial value m; = Assuming m has the suggested shape for all i < s, we easily get

(2a— 1)(2a+1

S

25 s\ 171 L1
= V(=) s! P A ——
fs (2a—1)5(2a+1)5;(l)(2)(2) (2a—1 (20 + 1)° Z \/ = (5.237)
_ 2 sl —— = ol 2 .,
(2a —1)%(2a + 1)® 1—=2 (2a —1)*(2a + 1)®
and consequently by (5.236)
- 2S—2 i s — 1 i ) l)' _ 23—2 ‘S 2 % 7
M T 2k —1)5(2k + 1)*(s — 1) )G T @k 12k + 1) I
=0 =0
- — = (&
T 2k —1)°(2k + 1)’ (1—2)3% (2k—=1)*(2k+1)%"2
. 25_1 (})s—l
2k —1)5(2k + 1) 27
(5.238)
the induction step. O

Introducing the random variable X, ; o, which counts the number of fixed size a trees in the subtree
rooted at the node with label j in a randomly chosen size-n tree, we can deduce immediately that

)

Ir

by applying the approach for label-based parameters. The expansion (5.239) leads to the following

|

D=

+0(n* 1), (5.239)

E(X, .) = ((2@ _ 12)?2a + 1))8 (j(
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corollary.

Corollar 8. For plane oriented recursive trees the limiting distribution behavior of the random variable
Xn.ja, which counts the number of fized size k trees in the subtree rooted at the node with label j in a
randomly chosen size-n tree, is, for n — oo and depending on the growth of j, characterized as follows

o The region j fized:

1
Xj,a (:) ﬁ(fvj - 1)7 (5240)

(2a—1)(2a+1)X, 0 @, « :

n J,a

e The region for small j: j — oo such that j = o(n). The normalized random variable %Xn,jya 18
asymptotically Gamma-distributed y(a, \)
@ 1 2

X,
J S ﬂ’ Xa7 Xa = 7(7a

n 27 (2a —1)(2a + 1)) (5:241)

5.9.1 Shifting the mean

To get the limit law of the normalized and centralized random variable X, ,, we shift the random variable
Xn,a by its mean X, . = X, , —E(Xn,e) = Xpo — pn, where g = m Introducing the bivariate
generating function Ny(z,v) =3, TnE(vX"’a)i = My (zv™#,v) leads to the differential equation

n!

vk T,

0

9N _ a—1l,—ap 5.242

0z alz ) 1 — Ny(z,v) * (a — 1)!2 v ( )
with N,(0,v) = 0. Now we extract higher moments where we will use the abbreviation N (z) =

E,D;N,(z,v). Differentiating (5.242) s times with respect to v and evaluation at v = 1 leads to

d N[S](z) s ; ; 1
A sl = Na W)=ED
dz ¢ () 1-2z +Z§_%<z>( 2 Y1 — Ny(z,v)
s—2 [s]
s—1 1 1 2 Ta . N'(2)
N[l+l] El DS 1-1 s—17a _a—1 — Rs
+ ; < ; ) ) E,D; (L ACRDIE + s(au) o7 T o, (2),
(5.243)
with N.*(0) = 0. The solution of (5.243) is given by
/ R,(t)V/1 — 2tdt
NEI(z) = =0 . (5.244)

V1-—2z

In order to prove the gaussian limit law with the method of moments we have to show the expansions

25)lo2 T (222
NES](Z) _ (2s)l0=°T(=53 )2571 —l—(’)( 1 71)’
2sH+1I0(1) (1 — 22) %2 (1-22)° (5.245)
NE(2) = O(———5).
(1-22)"=
which are equivalent to
. \2s 25)Inso2s s 1 * \2s s
E((X;.)*) = @s)in*o™ +0(n*"2), E((X;.,)*") =0(n*) (5.246)

23!
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We will use induction to prove the expansions stated in (5.245). We need the auxiliary expansions

1 (25)l025T (25 1 1 1
E,D? = 2 +0 , BE,D¥ - O(— ).
" 1= No(z,0)  2s5I0()(1 - 22)*5" ((1—22)3) Y 1= Na(z,v) ((1 —22)%F =)
(5.247)
The expansions (5.247) lead to
E D2S; = i 28 E,D! ;E D2S’i; (5.248)
UTU (1= Nu(z,0))2 — 1= Nu(z,0) 7% 1—Ny(z,v) ’
where we split the sum into two parts.
1 2s 1 ; 1
EUDQS — E, D2’L EUDQ(S—Z)
Y (1 = Ng(z,v))? ZZ_:O (21) Y 1— Ng(z,v) v 1 — No(z,v)
o1 (5.249)
. 1 , 1
D21+1 EUD25722+1
+Z<2 +1) Y 1= Ny(z,v) v 1 — Nu(z,0)
By proceeding as in (5.237) we get further
5 Do 1 B Z <2s> (20)10%T (2L (25 — 20)lo2s 2T (2s=24L)
YTV (1= Ny(z,v))2 (1 —22)sH! Z’Z!F(z) 25~i(s —)IT(3)
. (251 ) (5.250)
s)!
@) = (@] .
" ((1 —22)%% ) 25(1 - 2z)*H1 ((1 —22)%2 )
It also holds 1 1
E,D*T! =0 =) 5.251
N ey i T e (5.251)

We already know that (5.245) holds for N,gl](z) and N2 (z). Assuming that for all 1 < a < 2s—1 the
expansions (5.245) hold, it also holds (5.247) and (5.248) in the required range, and we get according to
(5.243) the result

d 25] (Z) 25—2 96 — 1 . :
& Ny = e\ NHUE,D2E 1 L o(—
s +zo( ! ) N EBD T e YO )
NP + i <25 - 1) (20 + 2)lo2H+20 (2L ) (25 — 20 — 2)lg2s-202 o ) |
T 1-92 —\20+1 (1 —22)s+22042(] 4+ 1)Ir(L)2s-1-1 (1- 2275

[25] 2s(o _ 2s—1
_ NS (z)+(25)!a (s = DI'(#55 )Jro( —), (5.252)

1-22 s125(1 — 22)5T30(3) (1—22)"7

which proves after using the solution (5.244) the result. The other case 1 < a < 2s to 25+ 1 can easily
be seen to be true

1
NP+ () = O(————5). 5.253
(2) ((1722)252 ) (5.253)

Thus it holds that X,
Sna Z P D, wr(p,1), (5.254)

o2n

which proves Theorem 33.



Chapter 6

The distribution of distances in
increasing trees

6.1 Introduction

Recently there have been a lot of studies devoted to a distributional analysis of distances between random
nodes in a lot of tree families of interest. We mention here Mahmoud and Neininger [51] for binary search
trees, Christophi and Mahmoud [12] for the digital data structure called Tries, and Panholzer [65] for
simply generated trees (= Galton Watson trees).

Considerably less studies are made to analyze the distribution of distances between specified nodes in
labelled tree structures. “Exceptions” are the work of Dobrow [16] and Dobrow and Smythe [18], who have
shown a central limit theorem for the distance between the nodes labelled by j and n (= the largest node),
respectively, in a random recursive tree of size n for all sequences (n, j(n))nen, with 1 < j = j(n) < n,
and the work of Devroye and Neininger [15], who have shown a central limit theorem for the distance
between the nodes labelled by j; and jo in a random binary search tree of size n for all sequences
(n,71(n), jo(n))neny with 1 < j; = j1(n) < jo = ja2(n) < n, provided that js — j; — oo.

In this chapter we “continue” the work of [16; 18] by extending the results from recursive trees to a
larger class of tree families: we give a distributional analysis (by showing a central limit theorem) of the
r. v. A, j, which counts the distance, measured by the number of edges lying on the connecting path
between node j and node n in a random grown simple increasing tree of size n.

6.2 Results for grown simple families of increasing trees

6.2.1 Exact formulae

Here we give the exact formule for the distribution, the expectation and the variance of the random
variable A, ;. In the following formula for the probabilities P{A,, ; = m} we have to distinguish between
the case of plane-oriented recursive trees (¢; = —2c¢2) and the other instances of grown simple families of
increasing trees (¢; # —2¢3).

Theorem 34. The probabilities P{A,, ; = m}, which give the probability that the distance between the
node with label j and the node with label n in a randomly chosen size-n tree of a grown simple family of
increasing trees as given by Lemma 1, is m, are, form > 1 and 1 < j < n given by the following formula.

o Case C with instance ¢y = —2cq (Plane-oriented recursive trees): it holds

P{An; =m} = (n 1)2(222_?;) ("-2) mi:l 2m—11—k‘ (i m ll' (i - ll } :%)) -

n—1/\j—1/) k=0 =0

114
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[ 1k H(njfll))- (6.1)

n—j—1

j—
(2
o Case A, Case B, and Case C with instance c¢; # —2cq: it holds
1+ C: n—
Gl )1+2 ( 1<n_1—2>(1+c2)m11{ l }
n—1—=2 - | _
(=10, Jj—1 ¢ IMm—1
! 2 (cy + 02)1 - 9)m727li k
cl+202)l a1 k' lm—2-1

—J—
C1
Jr01-1-262 Z < j—1 )
1 ~ 2m 27 ey 4 eg)m ! : S (j —2- CQ) k covk 1 [J
- 2 c)ok(14 =) =
(n — 1)(”:2) (nil:q) ; (Cl + 2C2)m_1_l Z ( 5 ,7 —1- ( Cl) Bk )X

P{An’j = m} =

Mm Naghs

I
o

k=0 1
k=0 =
" m—2—i covimk 1 i
e+ 2 I ECE:
(% (7 e sl D) e
Theorem 35. The expectation and the variance of the random variable A, j, which counts the distance

between the node with label j and the node with label n in a randomly chosen tree of size n, are for all
grown simple families of increasing trees as given by Lemma 1 (and 1 < j < n) given by

2co
Co a1 C2
E(An;) =1+ a) (ngf +Hira —2Hg + —— & ) —2

C1

c2 oy (1+32)(1+2)
V(An,j>:(1+q)Hn+g1+((1+Cl)_4 s )Ha'+zf

ey i) e) cz\2
_2((1+Cl)_2 o )Hl+2§—(1+cl) (Hn+2+12+3Hj+Z2—4H2+12)

2 2
cayp 20y (IHE2)(0+2)  (1+32)(1+2)
21 & 1 P 1 -1 _ 1 -1
r2(4 2)(4 22 - Ll e

(6.3)

We explicitly give the formule for the three most prominent members of grown simple tree families. The
result for recursive trees already appears in [58].

Corollar 9. The ezpectation and the variance of the random variable A, ; (for 1 < j < n) are for

plane-oriented recursive trees (pg = 1,¢1 = 2,c0 = —1) given by
1 1
E(A, ;) = Hop—o— ~Hy—1 + Haj — =H; — 1,
i i 6.4
1 1 1 3 (6.4)
V(An,j) = Hop—o — ianl + H2j - §HJ — Hyp 92+ ZHnilZ — 3H2j2 + iHJZ +9.

The expectation and the variance of the random wvariable A, ; (for 1 < j < n) are for recursive trees
(po=1,c1 =1,c0 =0) given by

1
B(An ) = Hoy + < =2

4 3 1 (6.5)

The expectation and the variance of the random variable A,, ; (for 1 < j < n) are for binary increasing
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trees (po =1,c1 =ca =1, and thus d =1+ 2 =2) given by

6
E(A, ;) =2H, +2H;1 + —— — 38,

j+1
V(A, ;) = 2H, +2H, 1 — 4H,2 — 12H; 12 A 264 0 56 .
n,g) — n Jj+1 n j+1 j+1 j+1 j+ 1 (J+ 1)2'
6.2.2 Distribution laws
We can easily reprove a result of [18].
Corollar 10 ([18]). The random variable A,, ; satisfies the following distribution law.
() n—1
Amj = AjJrl,j (&) @ By, fOT’j <n (67)
k=j+1
where the By ’s are Bernoulli distributed random variables
@ 1+ ‘
By = Be(pr), pr= forj+1<k<n-1. (6.8)

k+”’

Note that in [18] an interpretation for the probabilities py appearing in Corollary 10 where given: py is
the probability that node k + 1 is attached (a child) of node k.

Now we are going to calculate the distribution law of Aj;y; ;. In [18] the law Aj4, ; for recursive trees
was given. We extend this result to arbitrary grown increasing tree families.

Theorem 36. The distribution law of Ajy1 ; is given as follows. For ¢y # —2cy:

Njiry = ZBk, (6.9)

where By, @ Be(p}) Do =p1 = 1 and p, = @ for 3 < k < j. Further P{n; = 1} = ;I;:% and
P{n; = m}— cz for2 <m <j.
For ¢y = —202 we ﬁnd an even simpler decomposition:
J Jj—1
A P B =10 P14 (6.10)
k=1 k=1

where By = D 1 and By, @ Be(% 7) for 2 <k < j. Note that Bii1 = 1(A4y), 1 < k < j —1 where Ay

denotes the event that node k is on the path from j+1 to j.

6.2.3 Limiting distribution results

In the following we give the main theorem this chapter, i. e. the central limit theorems for the r. v. A, ;
and Ay,j, j,, respectively.

Theorem 37. The centralized and normalized random variable A}, ., where Ay, j counts the distance
between the nodes with the label j and the label n in a randomly chosen size-n tree of a grown simple family
of increasing trees as given by Lemma 1, is, for arbitrary sequences (n,j(n))nen, with 1 < j = j(n) < n,

asymptotically for n — oo Gaussian distributed,

Ar i Bng T hng @ e gy (6.11)

" On.j
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where jin; == (1+ E—’;‘)(logn +logj) and U?L’j = (1+ E—’;‘)(logn + log j).

Corollar 11. The centralized and normalized random variable Ay . . . where Ay, ;, ;, counts the distance
between the nodes with the label j1 and the label jo in a randomly chosen size-n tree of a grown simple
family of increasing trees as given by Lemma 1, is, for arbitrary sequences (n,ji(n),ja(n))nen, with
1 < j1 = ji(n),j2 = ja(n) < n, provided that max(j1,72) — 00, asymptotically for n — oo Gaussian

distributed,
A

n,;51,92 — M, ﬂ) N(0,1), (6.12)

On;j1,52

A*

nij1.j2 T

where [, j, = (1 + g—f)(logjl + log ja), O'%;jhjz = (1 + g—f)(logjl + log ja).

6.3 A recurrence for the probabilities

By using the combinatorial description of increasing trees as stated in the Preliminaries (6) we will obtain
a recursive description of A, ; and thus of the probabilities P{A,, ; = m} for simple families of increasing
trees. For these considerations we also have to introduce the r. v. D,, ;, which counts the depth (=
the number of edges lying on the path connecting the root, i. e. the node with label 1, with the node
considered) of node j in a random size-n tree of a simple family of increasing trees. One may thus also
define Dy, ; := Ay;j1. We will use an approach similar to Chapter 5 Section 5.3 to obtain a recurrence
for the probabilities.

For increasing trees of size n with root-degree r and subtrees with sizes ki, ..., k., enumerated from left
to right, we will distinguish between two cases that cover all possible cases by symmetry arguments . For
the first case we assume that node j and node n are both lying in the leftmost subtree of the root, where
the node labelled by j is the i-th smallest node in this subtree. We can then reduce the computation of
the probabilities P{A,, ; = m} to the probabilities P{Ay, ; = m}. For the second case we assume that
node j is lying in the leftmost subtree and is the i-th smallest node in this subtree, whereas node n is
lying in the second subtree (from left to right). We can thus reduce the computation of the probabilities
P{A,, ; = m} to the probabilities of the depths P{Dy, ; =t} and P{Dy, , = m — 2 —t}.

In the first case we get as factor the total weight of the r subtrees and the root node ¢, Ty, - - - T}, , divided
by the total weight T;, of trees of size n and multiplied by the number of order preserving relabellings of
the r subtrees, which are given here by

i=2\/n—-1—3j n—1-Fk \
i—1)\k1 —1—1) \ko,k3,... . k)

the ¢ — 1 labels smaller than j are chosen from 2,3,...,7 — 1, the k; — 1 — i labels larger than j but

different from n are chosen from j + 1,...,n — 1, and the remaining n — 1 — k; labels are distributed to
the second, third, ..., r-th subtree. Due to symmetry arguments we obtain a factor r, if the node j is
the i-th smallest node in the second, third, ..., r-th subtree.

Analogously, in the second case we get the factor ¢, T}, - - - Ty, divided by the total weight T, of trees of
size n and multiplied by the number of order preserving relabellings of the r subtrees, which are given

here by
ji—2\(n—-1—3j n—2—Fk )
i—1 ki—1 ko —1,ks, ..., k.~

the 7 — 1 labels smaller than j are chosen from 2,3,...,7 — 1, the k; — ¢ labels larger than j are chosen
from j+1,...,n — 1 (since node n must be in the second subtree), and the remaining n — 2 — k; labels
are distributed to the second, third, ..., r-th subtree. Again due to symmetry arguments we obtain a
factor r(r — 1).

Summing up over all choices for the rank ¢ of label j in its subtree, the subtree sizes k1, ..., k,, and the
degree r of the root node gives the following recurrence (6.13).
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Ty, - Tk,
Y T
r>1 k14 4k, =n—1, "
ki,ooo ke > 1
min{kq,j—1}
—2\(n—1—j n—1-—Fk
P{A, ; =
8 ; (B, m}< 1><k1—1—z)<k2,k3,...,kr>
T. ... T
—i—Zr(r—l)cp, 7k1T Fr
r>1 ki+ - +kr=n—1, n
ki,ooo ke > 1
min{k1,j—1} m—2 .
-2\ (n—1—3 n—2—k;
X Z ZP{Dkll_t}P{Dkz,kz_m 2_t}< 1)( ky — i >(k}21 ks k)’ (613)
Z 1 t—= 0 ) PAE) T

for 2 <j<n-—1,with P{A,1 =m} =P{D,, =1} and P{A,,,, = m} = dp0.
To treat this recurrence (6.13) we set n := k+ j with k& > 0 and define the trivariate generating functions

-1 k—1

(z,u,v) := ZZZP{Akﬂj—M}Tkﬂ( )mmv

k>1352>21m>0

L (6.14)

J
N(z,u,v) := ZZ Z P{D+;; = m}Tks, (jz )'Z' o™,

k>0j7>1m>0

=2 k-1

Multiplying (6.13) with Ty ;2 Gy ey and summing up over k > 1, j > 2 and m > 0 gives then
BZM(Z, u,v) for the left hand side and ¢’ (T'(z4u)) M (z,u, v) as well as v2N (z, u, v) N (z4u, 0,v)¢" (T (z+
u)) for the right hand side of (6.13). Since these are essentially straightforward, but quite lengthy
computations, they are omitted here; similar considerations are done in [68] for a study of the r. v. D, ;,
where the (somewhat simpler) recurrences appearing there are treated analogously. In any case we obtain
the following differential equation:

%M(z u,v) = ¢ (T(z 4+ u)) M(2,u,v) + v’ N(z,u,0)N(z + u,0,0)¢" (T(z + u)), (6.15)

together with the initial condition

uk—l
O u, U Z Z P{Ak+1 1= m}Tk+1( Z Z P{D;ﬁq k1l = m}TkJrlmvm
k>1m>0 k>1m>0
= éN(u 0,v)
- au b b .

(6.16)

As mentioned before, the random variable D,, ; was already analyzed in [68], where the following result
was obtained:

N(z,u,v) = (T (u)) (Wy =T'(u) (W) (6.17)
Consequently we get
N(z,0,v) = SDO(QO(ZEZ))Y = SDO(TLP(OZ))U, (6.18)

and further

M(0,u,v) = ({%N(u,(),v) = 8(1(900(7;(:))”) = @o(Tl(u))vilTﬂ(u) = vT"(u)(Tl(u))vil. (6.19)
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Thus the differential equation (6.15) can be rewritten into

EM(Z,U,’U) = (T(z+u))M(z,u,v) + 020" (T(z +u)) (T' (2 + u))

o : (6.20)
0z (T'(uw)" -

, v—1
with initial condition M (0, u,v) = vT"(u) (Tw(:)) . The corresponding homogeneous differential equa-

tion has the solution

z T(z+u)) T'(z + u)
M z,u,v) = C(u,v) exp / O (T(t+u))dt =C’u,v(p(7:C’u,v _—, 6.21
(sv,0) = Clwwexp (' (Tle+ w)de) = Clu) = = Clu) = =2, (621)
with some function C'(u,v). Variation of the constants method leads to the particular solution
21 z
M) (z,u,0) = Lﬂ)_l/ O (T(t+u) (T'(t+u) " dt. (6.22)
v—1 i v
vo (T'(w)" o
T’ (u)

v—1
Adapting to the initial condition leads to C(u,v) = M(0,u,v) = vT”(u)( ) , and therefore to the

following proposition.

%o

Proposition 4. The function M(z,u,v) as defined in equation (6.14), which is the trivariate generating
function of the probabilities P{A,, ; = m}, which give the probability that the distance (measured by the
number of edges on the connecting path) between the node with label j and the node with label n in a
randomly chosen size-n tree of a simple family of increasing trees with degree-weight generating function
o(t), is m, is given by the following formula:

2v—1

T’(u))v—lT'(z—i—u) V2T (2 + u)

Mz u,0) =" ) (= T o (T w)

/Oz ¢ (T(t+u)) (T (t+u)™ " dt. (6.23)

This immediately has the following consequence.

Corollar 12. The trivariate generating function M (z,v,u) is for all grown simple families of increasing
trees as given by Lemma 1 given by the following formula:

800(01 + CQ)U(]. - (C1+62)1(}2C’l1)71)702)

(1- clu)(%"'l)(”_l)"_l(l —c(z+ u))%+1

M(z,u,v) =

poci(c1 + e2)v?(1 — cu)(@ =D

((Cl +e)(2v—1) — Cz)(l —ci(z+ u))(%“"l)(%—l)—&-l’ (

6.24)

where we have to set co =0 for Case A and d = % + 1 for Case B.

Next we will distinguish between two cases, namely ¢; = —2c¢, and ¢; # —2¢o. In the former case it

holds
Ve vcy

(+e)v—1)—c SRu-1)+%

and thus we are able to refine Corollary 12 for this instance.

=1, (6.25)

Corollar 13. For grown simple families of increasing trees of Case C as given by Lemma 1 that are
satisfying ¢c1 = —2c¢a, and therefore in particular for plane-oriented recursive trees (pg = 1,¢1 = 2,¢9 =
—1), the generating function M (z,u,v) simplifies to

woc1v(l — clu)%l

M(z,u,v) = 21 — ¢ (z + )tz

(6.26)
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Remark 14. As in Chapter 5 Section 5.3 we can also use a combinatorial approach to derive the
differential equation (6.15) for M (z,u,v). Think of a specifically 4-colored increasing tree T. Exactly
one node is colored red, all nodes with a smaller label than the red node are colored black, and nodes
with larger label than the red node are colored white except the node with the largest label in T', which
is colored green. Assume that the red node of T is not the root node.

1
o
©® @ _}
® ®O
® ()

Figure 6.1: Two decompositions of size n=11 increasing trees.

Then the red node is located in one of the r subtrees of the root of T'; let us assume that it is in the r-th
subtree. Furthermore assume that the green node is also in the r-th subtree. Then the r-th subtree is
possibly itself a 4-colored increasing tree (after order preserving relabelling), where the remaining r — 1
subtrees of the root are only bicolored trees colored black and white. The total weight of the suitably
4-colored increasing trees with j black and k white nodes, where the parameter of the red node is exactly
m, is given by P{A; 112 j11 = m}Tjikyo. Setting up the generating function

2k o
(2,u,0) == ZZZP{AHHZJH m} Tyt jra— TR (6.27)

k>0j>0m>0

we obtain by the same considerations as in Chapter 5 Section 5.3 the differential equation

%M(z7 u,v) = ¢ (T(z 4+ u)) M(z,u,v) + R(z,u,v), (6.28)
where the inhomogeneous part R(z,u,v) is due to the case where the red and the green node are not in
the same subtree. Let’s consider this case in more detail. Assume that the red node is in the r-th subtree
whereas the green node is in the r — 1-th subtree. The r-th subtree is possibly a tricolored increasing
tree with colors black, red and white. The r — 1-th subtree is also a tricolored increasing tree with colors
black, white and green. By introducing the generating functions for the total weights

2 P o,
N(z,u,v) ZZ Z P{Dyyj+14+1 = m}Thyjr1— 7 e (6.29)

k>04>0 m>0

the generating functions of the total weights of the » — 1-th subtree is given by

YD P{Dijirgien = m}Tk+;+1 7 k' =y Z > P{Di1i1 = m}ij.f!Z (lu_ Z.)!vm

k>0 >0 m>0 1>0 i=0 m>0
= Z Z P{Di11 141 =m}Ti4 @U"‘ = N(z+u,0,v).
1>0 m>0
Finally we obtain the inhomogeneous part :
R(z,u,v) = v*¢" (T(2 +u))N(z,u,v)N(z +u,0,v), (6.30)

where the additional factor v? is due to the fact that the depth of the red and the green node increase
by one in the original tree T'.
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6.4 Closed formul= for the probabilities

For extracting coefficients from the trivariate g. f. M (z,u,v) as given by Corollary 12 it is convenient to
split M (z,u,v) into two parts M (z,u,v) = My(z,u,v)+ Ma(z,u,v), where the first part, i. e. My (z,u,v),
disappears for trees characterized by Corollary 13. Furthermore we use the well known relation for the
Stirling numbers of the first kind

> Zm: [ZL] %T“m = _12)U~ (6.31)

n>0m=0

We only present the calculations for the trees characterized by Corollary 13. The general case, ¢; # —2¢o,
can be treated by the same method; the calculations become a bit lengthier, but are only slightly more
complicated. We extract coefficients according to (6.14).

P{A, ; =m} = U= Din=j - 1) (27 Yy ™ M (2, u, v)

T,
v—1
_ _G=-Dn—j -1 27~ Lyn—i=1ym woc1v(1l — ‘31U)T1
T, 2(1 — c1(z 4+ u))vt=
v 6.32
(3_1) (n—3j = Dlpoct ! i—1, n—j—1, m—1 (1—u) z ( )
[27 " u v ]—v+l
275, (]_ -z — u) 2
(] - 1) (TL _.7 _3 1) [ijlunfjflvmfl] 1 -
2(n —1)1("7%) (1— )31 — & )vte

where we have used [2"]f(c12) = ¢}[2"]f(z). We get further

92n— 3( _ 1)'(71— ) (U"fj_%>
P{A,; =m} = / = 2] [Un_j_lvm_l]%

=) 1w .

(n =1 ) i=t J\n—j-1)

The remaining part of the proof follows by using (6.31) and

v+ K+1-1\ , 1 U+]** j—1, m—1 1
e = mel - 6.34
S () e () S e 630

6.5 Closed formule for expectation and variance

To avoid lengthy computations we restrict ourselves again to the case covered by Corollary 13, i. e.
c1 = —2co. We basically use

E(A, ;) = U= Din =y = 1) (27t~ N E, D, M (z,u,v),

T,

" (6.35)
-1 —5-1 . .
Eaz,)= 9= (; J = DB, D2M (2, u,v).
n
For the calculation of the expectation we begin with
E,DyM(z,u,v) = (1 Dog (——) +log (———— )) (6.36)
vovem 2(1 —c1(z+u))? 2 1—cu 1—ci(z+u)
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Now we use the relations

1 1 1 a
= Jog¥ (————) = (1 log (—————— )
(I-c(z+u)*  (1-cau)(l-85)" o8 (1—cl(z+u)) Og(l—clu)Jr Og(l—ilffw)
(6.37)
and ( ) )
IOg 1 n+ o
MNo—"5 = Hn a Ha ; .
](1_Z)a+1 ( n )( + ) (6.38)
to obtain
=1, n—j—1 poct "t ( m—3 ji—3\,1 1
[ B D M (2w ) = = (P G (5Hn-g + 5H;oy — Hy+1). (639)
Together with
i—1)l(n—j—1)! i~ 1)l(n—j—1)! 2
-1 (:7; -0 U nil) (n—J n,); - (6.40)
" pocy” (n — 1)!(71—%) Yocy (nszl) (jfi)
and by converting into “integer” harmonic numbers we get the desired result for E(A,, ;).
For the second factorial moment we get
E,D2M(z,u,v) = 1410 (— 4lo +8lo + log?
oM ) 8(1—e1(z+u)? g(lfclu) g(lfcl(eru)) & <1—c1u)
1 1
—41 1 4log? (———) ).
Og(l —clu) 8 (1 - cl(z—i—u)) +2log (1 —cl(z—i—u)))
(6.41)
For extracting coefficients we use again (6.37) and (6.38) together with
log? ()  (n+a 2 (g®
o M=z _ _ _g®
[Zn](l 7Z)a+1 - ( n )((HTLJFQ Ha) (Hn+oz Ha ))7 (642)
and obtain
1
2
E(AL ) = 7(H,g = H; 1)+ (H, 3 —Hy)(H;_y —Hy +1)+2(H;_s — Hy) + (H;_y — H1)?
=, 1Y)~ (HP, ~ HP)
2 2 2 2
(6.43)
The variance follows then via
2 2
V(An;j) =E(AL ;) + E(Any) = (E(An,)) " (6.44)

For the general case the usage of a computer algebra system becomes handy for carrying out the simpli-
fications.
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6.5.1 Proving the distribution laws

First we turn our attention to the proof of Corollary 10. From the explicit representation of the generating
function p,(v) = Zm21 P{A, ; = m}

_ c2 U(n%::g(iﬁ%)) vey j-1+2
pn,j(v) - (1 + a) (n _ 1)<n—nl_+1%) (?:f) ((1 - (Cl ¥ 02)(2v _ 1) _ 62) ( ,] -1 ) (645)

et 02)(221— D) (j o (§j11)(2v ) D))’

we immediately get

n—24v(1+22
Pn,j(v) =Jj (j ’ Z?>pj+1,j(v) ( :](11 ))
J (n=1)(", ) ()
_ (j + g)pﬂl’j , (n—2+ u(1’+ z—j_))_”lﬂifl(g —'1)! (6.16)
(n—1+2)—=—(+ 2)2
k-1 v(1+2)

:p'-l-l,’(v) ( o T c )’
I kg-l k+2  k+2

which proves Corollary 10. We split the proof of Theorem 36 into two parts. First we turn to the case
(G —262.

D 4(v)zﬁ v\ _ v w4 - 5= w2 (ot - 5
41,5 (2]3) j—1 (2j)! 2 — 1)1
j—1

J
j—1
_(2 2k —1 2k —1 2
L ) | (i)
(25 — DN %+1  2k+1

(6.47)

k=1

We still have to prove that Bk-‘,—l = 1(Ag). Due to the independence of the random variables we only
have to show B; = 1(A;_1) for Aj1 ;, which holds then for arbitrary j > 1.

P{Aj 1} =P{A; 1[40 = 13P{A; 0 = 1} + P{A; 1|40 > TP{A; ;1 > 1}
_P{AA o =1 PIA A1 > 1325 — 4)
2j—3 2j — 3 (6.48)
2j — 2 2j—4 2
Q-3 -3 -1) 2-1

Now one can proceed as follows

P{Aji1; =m} =P{Aj 115 =m[A;_1}P{A; 1} + P{Aj 11 = m|A]_ JP{AT_,}. (6.49)

Now we use the decomposition of Aj 4 ; = 1(A4;-1)® A, j—1 and the independence of A ;1 and 1(A4;_)
to obtain
P{Aji1; =m} =P{Aj ;-1 =m —1}P{A4; 1} + P{A; -1 = m}P{A]_, }. (6.50)
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For the other case ¢; # —2c¢co we have

Co v vy j_l—’_%
Pi+14(v) = (1+ 61)M((1_ (01+62)(2U—1)—C2)< J—1 )

Tl 02)(221— 1) —co (j o (gjijll)(% : 1))>’

(6.51)

which can be written as

(v) v(1+%f)( v ) 1+ 2)(j -1+ (2 +1)(20 - 1)) )
j j\v) = ; c - C: C: C: C: - c2\j— :
P G+2) 0 0+3)e-1D)-27 (+2)(1+2)20-1)-2)(J -1+ &)=
(6.52)
We get further
-1+ (2 +1)(2v - 1)) = (2+])(20-1)-2+j-1+2
— = - - X
(T+2)20-1) = 2)(j -1+ 2)— j-1+2
j—2
=24 (24+1)(2v-1))—=
x (Jc @ C)( : ) ., (6.53)
(T+2)(20-1)-2)([j -2+ 2)=2
which can be written as
24y (2uw—1)—2 +(2+1)(2v - 1)
aj—1 = <(Cl )( 02) Cl)aj,g—kaj,% aj = (jcz ( )( o )) YA (654)
J—1+2 ((1+a)(2v_1)_a)(ﬂ+a)f
Iterating this argument leads to
] 2 02 C2
+1)(20 - 1) - 2)
Z - L2y, + ag. (6.55)

k=0
By using (6.55) we get
C C C E
v(l—l—f) v(1+2 Z :v(1+§)+ 2 Ji(k—i—(f—&-l)(%—l))
Gra) (er k+Hﬂ2 G+&) U+3) 7z  +1+2)E
(6.56)

Pi+1,5(v) =

Remark 15. Note that a decomposition of the form

j—1
d
Ay 1oy 14 (6.57)
k=1

is possible for arbitrary grown simple families of increasing trees, but only in the case ¢; = —2c¢y the
indicators are mutually independent. E.g. for recursive trees we get

P{Aj 1} =P{A; 1[4 -1 = JP{A; ;1 = 1} + P{A; 1|41 > 1}P{A; ;1 > 1}
-1 j—2 23 (6.58)
G-1j G-bji JG-1)
Assuming that the Aj’s are mutually independent we get further P{A;} =
seen that P{A;_1}P{A; o} # P{A,; 1A, _»}, which leads to a contradiction.

2k—1

S But it can easily be
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6.6 Proving the central limit theorem

As in the previous sections we consider mainly the case covered by Corollary 13, i. e. ¢; = —2¢o. At the
end of this section we sketch the analogous calculations for the general case. We start with an expression
for the probability generating function p, j(v) = >, < P{An ; = m}v™ obtained from (6.33):

(v _=Dn—j -1 =Ly M (5w v) — 2%n—3 v+j—3\[(Y+n-2
Pus(v) = =i M (2, ,0) <n_1>(;f)(2;5>< S Ay
22— DT (v+j— )T (n—1+%)
B (2n — 2)I0(v + 2)T(% + 4) '

(6.59)
The moment generating function M, ;(t) of A}, ;1= (Ay j — pn,j)/0n,; is then given by
. _Hng Ang _Pngy ¢
Mn,j(t) = E(etA’LJ) —e nj E(e Tni ) —e nj pn,j(ean’j ) (660)

For our further computations we split the region 1 < j < n into two cases, namely j big, such that
j > logn, and j small, such that j < logn. In both cases we set p, ; := (logn +logj)/2 and afb,j =
(logn +log j)/2. In the former case j > logn we get by using Stirling’s formula for the Gamma function

Z\* V2T 1 1 1
I(z)= (= 1+ — 4+ —— — 61
(2) (e) vz ( + 122 + 28822 +O(z3))7 (6.61)
the expansion
\/7? v—1  v—1 1 1 ﬁ _ . 1 1
L (v) = T i (14+0(2)+0(2)) = —Y— D1 1L 0(2)+0(2)). (6.62
posl0) = oyt T (1 OG0 = gt (1+o)+00). 662
We get further
¢ (5 + 57— +O(=—))n 5 1 1
pas(e7) = YT T O (1+o6)+00)
2T (e7mi + 3) (6.63)
1
=etonita (140 -
et (14 O( ) +0(5)),
where we have used
N VT 1
A = 1+ 0( )) =1+ 0( ). (6.64)
2T (e + 1) 2F(3)( Viogn ) Viogn
This leads to
- 2 1 1
My (6) = €7 pus(e77) = € 1+ 0(Z==) + O(5) ). (6.65)

In the latter case j < logn we get for p, ;(v) the asymptotic expansion

_ VT weaT(w+j—3) 1
Pn,;(v) = 2r(v+§)” F(%ﬂ.)? (1+O(n)). (6.66)
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This leads to

¢ Tl (e 4 j — L (55— + 5= +O(=3—)) (i ; — 3 log 4) 1
pn’j(ean'j) _ f ( J . 2) e n,j | 2Wn,j Ui,j 2 (1 —’—0(7))

£ Tn,j . n
20(e™mi + LID(<5% + ) (6.67)

2 loglogn
— etonita (1 O(——=— )
¢ + 0 Viegn '/’

where we have used (6.64) and

D(e7ni +j — 1) loglogn

p =1+0( (6.68)
f’ﬁ,j . \/10 n
L5~ +J) 8
This leads to
o o +2 loglogn
anj (t) =€ "’Jtpn,j (6 n,j ) = e 2 (1 + O(Tgn) . (669)

Thus for 1 < j < n the moment generating function M,, ;(t) of A}, ; converges in a real neighborhood of

2
t = 0 to the moment generating function e’z of the standard normal distribution. The continuity theorem
of Lévy shows thus convergence in distribution of A}, ; to a Gaussian distributed random variable.

Now we will sketch the proof of the general case ¢; # —2ca. We set, as stated in Theorem 35, py, ; :=
(1+ %) (logn +log j) and oy, ; := (1+ %) (logn +1logj). The probability generating function is given by

o o0 ve j-1+e
(o) — 72 n—j Cl _ 1 c1
peslt) (HCl)(n_l)(“n”ff)(?‘f) ((1 <C1+cz><2v—1>—62)( 71 ) (6.70)

N vey (j—l—l—(ij—|—1)(21)—1)>>7
(c14+¢2)(2v—1) — o j—1

and the moment generating function M, ;(t) of A} ;:= (A, j — pn,j)/0on,; is given by

An,j _ “n,jt t

Mn,j(t) — E(etA:’J') _ 6_ g IE(e T ) —¢e nj pn’j(eaﬁ,j ) (671)

Kn,j

We split the region 1 < j < n again into two cases j big, such that j > logn, and j small, such that
j <logn. Since it holds that

t
e’micy (

—t =1+0
(c1+c2)(2e°mi — 1) — ¢

1
@), (6.72)

_t
it can be seen that only the second summand of p,, ;(e“n ), as given by (6.70), gives a main contribution
_t
to the asymptotic behavior. Writing p,, ;(e“»i) as

t

) _(U)ZI‘(nlJrv(szrl))F@Jrzf)( - e7ni ¢ r(j + 2)
g T(v+j(2+1)T(n+2) (c1+ ) (2677 —1) — ¢y LA+ E o
. e ey DG+ (20— 1)(% + 1>)>
(c1 4 e2)(2e77 — 1) — e LI+ @u=1)(2 +1)) )7

using Stirling’s formula for the Gamma function (6.61) and proceeding as in the proof of the special case
c1 = —2c¢q covered by Corollary 13, leads then to Theorem 37.
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Remark 16. Note that an alternative proof of the limit law of A,, ; is available by following very closely
the approach of Dobrow and Smythe [18]. They have already outlined the benefits of using passion
approximation there, we will sketch how their proof for recursive trees can be extended to the general
case.

6.6.1 Poisson approximation of A, ;

As already stated in the preliminary part of this thesis, the total variation distance drvy of two probability
measures P and @ over Z, is defined by

drv(P,Q) = Z [P({k}) — QUKD (6.74)

k>0

We denote with Po()) a probability distribution of a Poisson distributed random variable with parameter
A. Further we use the notation £(X) for the distribution law of the r. v. X. Let X,, be a sequence of
random variables for which

drv(L(X,),Po(A\,)) — 0 and A, — oo, (6.75)
then it holds X N
n — An (d)
—— " —= N(0,1). 6.76
o 0.1) (6.76)

We will use a general setup based on [4]. For a finite or countable index set I and every k € I let X, denote
a Bernoulli random variable with pp = P{X}, = 1} > 0. Further we set Y = >, _; X}, and A = E(Y"). For
each k € I we choose Uy, C I such that k € Uy and if i ¢ Uy then X} and X; are almost independent.

Define by =}, ; ZieUk PrDis b2 = D pcr ZieUk,i;&kpki and bz = ZkeIEOE(Xk —pi| X i ¢ Uk|)
Theorem 38 (Arratia, et al. [4]).

1—e? . 1.4
d1v (£(Y), Po(N)) < 2( (b + by)——— + by min{1, ﬁ})
When the X, are independent , we may drop the factor 2 and by = b3 = 0. Further Uy, = {k} and thus
bi = D per p;. For grown simple trees admitting ¢; = —2¢o we use Theorem 38. For the other grown

simple trees we need the following result.

Theorem 39. Let Y have the mized Poisson distribution Po(A), where A denotes a random variable.
For A > 0 it holds:
1—e™

drv(£(Y), Po() < —

V(A).

We also need the following lemma.

Lemma 16. Let XY, Z, W be random variables such that W, X are independent and Y, Z are indepen-
dent. Then

dry (LW + X), LY + Z)) < dov(L(W), L(Y)) + drv (L(X), L(Z)). (6.77)
Let’s consider first the case ¢; = —2c¢ (plane oriented recursive trees). From Corollary 10 and Theorem 36
we get
d 7 _ n—1
Dy DY B+ Y B, forj<n (6.78)
k=1 k=j+1
S A (@) ‘ @ 1 .
Bl—lBk—Be(. )for2<k<]andBk Be(;2 )fory—i—lﬁkﬁn—l. If we set

An =E(A,;) = Hop—2 — Hn 1+ Haj — 7H]- — 1 we get by usmg Theorem 38 the result
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Theorem 40. For plane oriented recursive trees and grown simple trees admitting ¢; = —2co it holds
foralll1<j<n-—1:
1 2 2

s 2 s
: < — — < — — [ — . .
drv(£(Bng), Poln)) < ( 6 " 1) = logn—i-logj( 6 " 1) (6.79)

In the other case ¢; # —2cy one would need two estimates to handle the full range of j. They can be
obtained as in [18]. This also leads then by using Lemma 16 to the desired result.



Chapter 7

Scale free trees

There has been much interest in using random graphs to model complex real-world networks such as the
world-wide web. Barabéasi and Albert noticed that in many real-world examples the degree sequence has
a scale-free power law distribution: the fraction P(d) of vertices with degree d is proportional over a large
range to d7, where v is a constant independent of the size of the network. To explain this phenomenon,
Barabési and Albert [5] suggested the following random graph process as a model:

Starting with a small number mg of vertices, at every time step we add a new vertex with
m < my edges that link the new vertex to m different vertices already present in the system.
To incorporate preferential attachment, we assume that the probability p that a new vertex
will be connected to a vertex ¢ depends on the connectivity k, of that vertex, so that p(k;) =
ki/ > ;kj . After t steps the model leads to a random network with ¢ 4+ mq vertices and mt
edges.

The random graph model of Barabéasi and Albert can be applied to model the growth of the world-wide
web, see [5]. As already known for m = 1 this process is very similar to the plane oriented recursive
tree introduced in [71], which is a well studied object in the ”combinatorial world”. As pointed out by
Bollobés and Riordan in [7], the standard definition of the Barabdsi and Albert model for m = 1 treats
the root differently, where the branches are plane oriented recursive trees. A further generalization for
the case m = 1 was introduced by Méri in [59] and can be defined by the following model. Starting with
a non-decreasing weight sequence (@(k))ren we attach node i + 1 to node v € T of degree d(v), where T'
is a size i tree, with a probability p(v) proportional to @(d(v)):

_oy . @(d(v))
p(v) = S od() (7.1)

Again this model (in the strict sense) treats the root differently compared to generalized plane oriented
recursive trees. We will show how to reduce the trees grown according to (7.1) to generalized plane
oriented recursive trees. To do so we will show how the trees defined by Mori are related to the class of
non-simple increasing trees. We will use the abbreviations PORTSs for plane oriented recursive trees and
GPORTS for generalized plane oriented recursive trees.

7.1 Combinatorial description of scale free tree families

Formally, the class 7 of scale free trees falls into a broader class of non-simple increasing trees, which
can be defined in the following way. Two sequences of non-negative numbers (@r)r>0 and (¢r)r>0 with
@0 > 0 and pg > 0 (we further assume that there exists a k > 2 with ¢ > 0) are used to define the

129
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weight w(T) of any ordered tree T rooted at node r by

W(T) == Pagr) H Pd(v)—1 = Pd+(r) H Pt (v)s (7.2)
'ugéT v;T

where v ranges over all vertices of T, d(v) denotes the degree and d™ (v) the out-degree of v. Furthermore,
L(T) denotes the set of different increasing labellings of the tree T with distinct integers {1,2,...,|T|},
where |T'| denotes the size of the tree T', and L(T) := |£(T)| its cardinality. Then the family T consists
of all trees T together with their weights w(T') and the set of increasing labellings £(T).

For given degree-weight sequences (@r)r>0 and (¢g)r>0 with the degree-weight generating functions
P(t) = k>0 Grt* and p(t) := > k>0 @rt*, we define now the total weights by T}, := 2o i7i=n W(T) - L(T).

It follows then that the exponential generating function T'(z) := Y o>t Tnfl—n, satisfies
T'(z) = ¢(T(2), T(0)=0, (73)

where
T'(2) = ¢(T(2)), T(0)=0,

and T'(z) is the exponential generating function of a simple increasing tree family. We can also describe a
scale free increasing trees 7 by the formal recursive equation, where 7" denotes the corresponding GPORT
family

f:()x@%{éoﬁyToﬁyT*ToﬁyT#T*TU~~):®x¢ﬂm (7.4)

where again () denotes the node labelled by 1, x the cartesian product, * the partition product for
labelled objects, and @(7) the substituted structure (see, e. g., [72]).

7.1.1 Degree weight generating functions

Now we show which degree generating functions are corresponding to the scale free tree model as intro-
duced by Mdri in [59]. Starting with a non-decreasing weight sequence (w(k))ren we attach node i + 1
to node v € T of degree d(v), where T is a size ¢ tree, with a probability p(v) proportional to @(d(v)):

(@) + Deawrsr 5y Sd@)
Pa(v) ’ > uer @(d(u))

We will investigate the weight function ©(k) = k + 3, with 8 > —1. Since in a size i tree 7' the sum
Y wer A(u) = 2(i — 1) we get for @(k) = k+

w(d(v)) =

. dv)+p
) =1

The difference between the scale free trees defined by this model and the GPORTS is that for the scale
free trees the probability p(v) depends on the degree d(v), where for grown increasing trees p(v) depends
on the out-degree d*(v). Since for all nodes in v € T except the root it holds d*(v) + 1 = d(v) we can
naturally reduce the study of this model to the study of generalized plane oriented recursive trees, since
only the root of such trees behaves differently to GPORTs. The parameter o > 0 of the probabilistic
description of GPORTSs corresponds to the parameter § in the obvious relation

(7.5)

a=p+1, (7.6)

e.g. for § =0 we attach ordinary PORTSs, oo = 1, to the root. The weight of the GPORTs w(k) fulfills

prk (k + 1) @r+1

for k > 1, (7.7)
Pr—1 Pk

w(k)=0(k+1), or equivalently
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with @1 = @9 = 1. For the GPORTSs with degree weight generating function ¢(t) = (1 —¢)~*, (where

a=-—%2—1>0), we have ¢}, = (’H’,‘:*l). This leads to the recurrence
- T N k+o—
Phi1 = T Pk = 7@19 for k > 1. (7.8)
(k+1) ("2 k41
Iteration leads to Lk )
+a—
D = — f > 2. .
Pk k( b1 )7 or k > (7.9)

We finally get the degree weight generating functions @(t).

¢<t>=1+/0 @(x)dle—k/o ﬁ {1“°g((1)’ _“_:11)’7 i (7.10)

Proposition 5. The class of scale-free trees can be described as a non-simple increasing tree family,
where the degree weight generating function @(t) is given by

5(t) :1+/0 o(z)dz, (7.11)

with p(t) = (1 —t)~*

By using (7.3) and T'(z) covered by Case C of the grown simple families of increasing trees, where

o= —2—; — 1, we obtain for the generating functions of the total weights the following result.
T(z)—/z(1—110 (1—2t))dt—}(2z—1)lo ( )+§z a=1 (7.12)
=)y 9% T 1 89 T 4T '
2
~ # 1 1 -2 1-— 1)z) e+
T(2) :/ (1- + )t =22, U=+ D2 Ly (7.13)
0 a=1 " (a—1)1—(a+1)t)ar a—1 2(a—1)

This leads to the following Corollary.

Corollar 14. The generating function of the Scale free trees with weight function &(k) = k+ o, a > —1
is given by

(7.14)

. 1(22 — 1) log (2 22)+ 2z, a=1,
Lz

T(Z) - B (1—(0(-‘1-1)2) (a+1) # 1

2
a—1 2(a—1) J

Further the total weights T, are given as follows:

~ 1, n=1
T = ) ’ 7.15
" { Po(k(a+1)—2), n>1. (7.15)

7.1.2 Characterization of the admissibly tree families

Lemma 17. The following two properties of scale free families of increasing trees T are equivalent:

1. Starting with a random scale free increasing tree T of sizen > j of 7~'~ and removing all nodes larger
than j we obtain a random scale free increasing tree T' of size j of T .

2. The family T can be constructed via an insertion process resp. a probabilistic growth rule.
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7.1.3 Randomness preserving property

In order to find such scale free families of increasing trees we consider families of non-simple increasing
trees 7 with the property that when starting with a random tree of 7 of size n and removing all nodes
larger than j, we obtain a random tree of 7 of size j. By iterating the argument, it is sufficient to
show that after removing node n in a random size-n tree we get a random tree of T of size n — 1. This
randomness preserving property can be described easily via the equation

ID(T/) ZT |T|=n,T>T" ~(T)
w(T") w(T)’

(7.16)
ZT:|T|:n,T1>T”

which must hold for all ordered trees T', T" of size |T'| = |T”| = n — 1 and ordered trees T of size
|T| = n. Here, T = T’ describes the fact that by cutting off node n from the tree T we get the tree
T’. We assume now that T is obtained from T by cutting off node n, which was originally attached at
node v. Let v’ denote the root of the tree T". If the root r’ has degree d(r'), there are d(r') + 1 different
trees T that lead to the same tree 7’ when cutting off node n. In contrast if d(v) is the degree of node v,
v # 7', in the tree T”, hence the out degree of v is d*(v) = d(v) — 1, there are d(v) different trees T that
lead to the same tree 7' when cutting off node n. We obtain then the equivalent characterization

~ ~ (d(r")+1) @ g1y 11 v .,
Sod(r’) H’UGT’ @d(v) Spd('r") H’UGT’ @d(v) (¢ + Z’UGT M)

w(T’) v’ _ v’ Pty pae (7.17)
U " D 7" " ., ~ (d(T”)‘i’l) p /1 y41 v v ’
w(T") ey Hfgu () Cagrry [lver Paw) ($ + ZUET %)
'U#T// # 1"
and further
d(r") + 1)@y d(v d(r") + 1)@ g d(v
(d(r’) T )SOd(r )+1 i Z ( )@d(u) _ (d(r") i )SDd( )+1 I Z ( )<Pd(u) (7.18)
PLd(r") veT’ Pd(v)—1 PLd(r") veT" Pd(v)—1
vr vEr!

7.1.4 Probabilistic growth rule

We study non-simple increasing trees which can be constructed by an insertion process or a probabilistic
growth rule. Such trees have the property that for every tree T of size n — 1 with vertices vy, ..., v,_1
there exist probabilities pr(vy),...,pr(vn—1), such that when starting with a random tree T of size n—1,
choosing a vertex v; in T according to the probabilities pr(v;), i. e., Z?;ll pr(v;) = 1, and attaching
node n to it at one of the d* (v;) +1 = d(v;) possible positions (which must be all equally likely due to the
”symmetric” recursive description of increasing tree families), we obtain a random non-simple increasing
tree T' of the family 7 of size n.

We start with two given trees T" and T" of size |T'| = |T"| = n — 1 with weights w(T") and @w(T"), nodes

vi, ..., v, _qand oy, ..., v, respectively, with probabilities pp (v), . .., pr (v),_1) and pp (vY), ..., prr (V] _7)

» Yn—1
fulfilling Z?;ll pr (V) = Z;le pr(v') = 1. After attaching node n to a vertex vj, € 7" and v; € T" one
has to distinguish if any of the nodes v}, or v}’ is the root. If e.g. v}, = r’ node n has d(r) + 1 positions
to join the tree whereas if v}, # 7’ there are only d(v},) positions. One obtains in any case trees T}, and
T} which have weights

- Pd(v,)+1 ~ QOd r -
w(Ty,) = Po———"—Pa(r) H Cawy v #r' else w(T)) = o ( SOd(r H Pd(v);
d(vi, veT’ UGT'

v v#r! (7 19)
~ Sod(v )+1 . ~ ! 1 ~ ’
W(T)') = po——""—Fa() H Paw) v #r" else w(T))) = ‘P Fa () H Pd(v)

Qﬁd( ] veT” ) veT”
U¢T// U#T”

When starting with random non-simple increasing trees 7" and T” of size |T’| = |[T”| = n — 1, which are
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chosen with probability proportional to their weights, we obtain the following probabilities that the trees
Ty resp. T}’ are obtained by the insertion process:

de(r ) HyeT’ Pd(v) SOd(r') HveT/ Pd(v)

pr (v} ) v if v / ’ pr (1) vEr!
1o (7, = if v r', else w(T,)= _
"= i Ta v T =41 7,
pro (V) Pd(r) Hve#T/w d(v) —-— Pad(rr) HUiT/,l, Pad(v)
10 T/ _ 1 ~u r if // Is 0 T/il — ~’U r
= d(vr’) Th_1 it A e (T:) d(r") +1 Ty

(7.20)
Since the resulting trees T}, and 7}" must be random increasing trees of 7 of size n it must hold that

o(Ty) _ w(l) o) wT) o) _ w@) o) _ w(T) (7.21)
o(T)  w(@) o) w@) e(Tn)  w(n) a(Tl)  w(Tn) '

Consequently we obtain

1 dop)vawy 1 dW)paey) _ 1 (d(r") + D@ary+1
prr(v) Paw-1 P (v]) Paqrn—1 pr(r') Pa(r) (7.22)
1 ")+ Ve c(n—1)
~ pre(r7) Pa(ry ’
for all trees 17", T" with size |T'| = |T"| = n — 1, and all vertices v}, € T" resp. v/’ € T" where c(n) is a
function depending only on n. Further one obtains
d T/ + 1 r d U/ !
WD = Daesis oy~ 1y, o) = DR _ o 1), (7.29
PLd(r") Pd(v;)—1
and by summing up over all nodes in 7" and T" and dividing by ¢(n — 1)
d(r") + 1) @gr d(v d(r") + 1)@grr d(v
(d(r’) i )Pd(r)+1 n Z (v)Pd(v) _ (d(r") " )Pd(r)+1 I ( )Sod(v). (7.24)
PLd(r") veT’ Pd(v)—1 PLd(r"") veT" Pd(v)—1
v vEr!
For all tree families satisfying this property we can simply define the probabilities p7 (v') as c(nl—l) %

d(r")+1)p g . ~
nal)( ( wd(jj( ML E.g. by choosing ¢(t) = 1+ log (7%) and ¢(t) = 1/(1 —t) we

get ppi(r') = ngr_/)l) and pr(v') = C(n )1) Hence by Y o d(v') = 2|T'| =2 = 2(n — 1) — 2 we end at
¢(n) = 2(n — 1). This just corresponds to the weight function @(d(v)) = d(v), i.e. 5=0 (and a = 1).

and pr/(r') as T

7.2 Results

7.2.1 Results for the depth of node j

Theorem 41. The depth of node j in a size n > j random scale free tree admits the following distribution
law.

~ d
D,; ¥ EB By, (7.25)
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Fain=z Jor 2 <k <j—1. Further D, @ Dj; since the

distribution does not depend on n. The expectation and the variance of ij are given as follows.

where By, @ Be(pg) with p1 = 1 and px, =

e
=1 =1 =1
+Zpk kZQk:oH—l -2 +a+1( iml-gh )
Jj—1 j—1 2
a a (7.26)
Zpk L=pi) - :
k2k<a+1)72 i (k(a+1) —2)
o 2 ) @)
T o+l ( e Hl_a%l) C (a+1)2 (Hiflf%ﬂ a Hl*m)
For a =1 this can be simplified to
~ 1
]E(Dn,j) =1+ §H]—27
] . Lo (7.27)
V(Dn,j) iHJ—Q iHj—Q
Theorem 42. The probabilities P{D,, ; = m} are for m > 1 given by
_ (j—2)!(a+1)j’ mlH o i3\ []
P{D,; =m} =2 Z <a+1’ ) moal (7.28)
[[20a+1)-2) 0‘+1 1= j-2-k K
where P{D,, j = 0} = §;,.
D

Theorem 43. The centralized and normalized random variable [);‘m = %_”J is forn > j and j — oo

asymptotically gaussian distributed,

D ((UB)] (7.29)

On,j

where p; = 795 logj ~ E(Dy ;) and 0? = pj ~ V(D ;).

7.2.2 Results for the distances

Theorem 44. The random variable A,w» satisfies for 1 < j <n —1 the following distribution law.

n—1

~ d ~

Anj E Ajr1,; @ @ By, (7.30)
k=j+1

where By, @ Be(pr), pr = af/(k(a+1)—2) forj+1<k<n-1

Theorem 45. The random variable Aj"rLj satisfies for a £ 1 and j > 1 the following distribution law

Ajiry = ZBk, (7.31)

By, @ Be(pr) with p1 = ps = 1 and p = 20/ (k(a+ 1) — 2) for 3 < k < j; the r. v. n; is distributed
as follows: P{n; = 1} = a/(ja+1) = 2), P{R; = m} = (a+1)/(la+1)—2),2<m < j—1 and
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P{7; =j} =1/2. For a =1 it holds a more simply decomposition.

< d
Ajrr; @ P B, (7.32)
k=1

where By, @ Be(pr) withpr =1, p2 =1/2 and p, = 1/(k—1) for 3 <k <j.
Theorem 46. The probability distribution of An,j is given by the following exact formule.

n—j—1
~ (G —2)!(n — Nlafa+1)»=3 I &y 3]
P(An,; =m) = n—1 1 m—1 Z Z p M %
oo (k(a+1) —2) (o + n—j—1-I
j—2 -2 l
% (27117171@ [mj—Q—k:] + o d [m—2—k] ):|
G-2)!  2a+1) P I
. . n—3 rm—2 - n—j—1 (733)
+(]722L!_(7117])!a(a+1) {Z ( Z Ll (a+1—|—n 3— l>>><
ket -2) L& arF o1
m—2—k i l j—2
a+l, 20 \r, 20 \m-2-k—r m—2—k—2] [m—Z—k—r}
8 Z —alaot) G57) (; I =)
Theorem 47. The expectation and the variance of And are given by the following exact formule.
< @ a+2 ala—1)
E An i) — — H _ e H o 2H7a 3
(Ang) = g (s e + Hyay 2oy )t o (a+1)(jla+1)-2)
< «@ ! 40%(a — 1)
An i) = H — H. o
V(Bn.s) a1 ot Jr(oz—l—l (a+1)2(j(a+1)—2)) -
2a 4% (a — 1) a? 2) ) (2)
— H32: ——(H 3H: —4H
Tt e Gy o) P (a+1)2< st an, D 0 —HE )
(2a—Na  Ba+l(a—Da (a—1)%a?
(o +1)2 Gla+1) =2)(a+1)2  (a+1)2((a+1)—2)2"
(7.34)

In the following we give the main theorem of this chapter, i. e. the central limit theorems for the r. v. An, j
and A,.j, j,, respectively.

Theorem 48. The centralized and normalized random variable A’:L’j, where A, ; counts the distance

between the nodes with the label j and the label n in a randomly chosen size-n tree is, for arbitrary
sequences (n, j(n))nen, with 1 < j = j(n) < n, asymptotically for n — oo Gaussian distributed,

_ A, i — i
r = ol g @ ), (7.35)
; Ons
where jin ;== ;57 (logn + log j) and 02 = 357 (logn +log 7).
Corollar 15. The centralized and normalized random variable An v jar Where Aqj, 5, counts the distance

between the nodes with the label j; and the label jo in a randomly chosen size-n tree is, for arbitrary
sequences (n,j1(n),j2(n))nen, with 1 < j1 = ji1(n),j2 = ja(n) < n, provided that max(ji,j2) — 00,
asymptotically for n — oo Gaussian distributed,

Apyi i — i
By gy = iz tide 8, 5 (0,1), (7.36)

Oniju,ja

where fin.j, j, = 757 (log ji +10gj2), o7, 4, = 357 (log j1 + log j2).
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7.3 Labelbased varieties

The combinatorial description allows us to provide a general scheme for labelbased varieties such as
subtree size of node j, degree of node j or depth of node j. Let )N(n,j denote the random variable, which
counts a certain variety depending on the label j in a random scale free tree of size n. Further let X, ;
denote the r. v. counting the same variety in the corresponding GPORT. At first we introduce a bivariate
generating function M (z,v) for root j = 1, which is defined as follows.

M(z,v) Z Z P{X,1=m}T, —v (7.37)
n>1m>0

Further we set n := k + j with & > 0 and define the trivariate generating function

Jj—1 uk
N(zu,v)i=> 3" P{Xpy,; =m}T) kﬂ( SR o™, (7.38)

k>03j>1m>0

Due to considerations done in [68] and [47] it holds the recurrence

PRy =mp=Yrp, Y wife,

r>1 k14 +kr=n-—1, In
ki,... kr>1
min{k1,j—1}

(i=2\(n=i\(n-1-hk
x> P{X’W—m}(i1><k1¢)<k2,k3,...,kr)’ (7.39)

i=1
forn > j > 2. We get
%N(z u,v) = @' (T(z + uw))N(z,u,v) = o(T(z + u))N(z,u,v), (7.40)

where we already know the shape of N(z,u,v).

Lemma 18. The generating function of a variety depending only on the subtree rooted at j for GPORTs
is given by
o(T(z+u)) %M(u, v)

P(T(w) ’

N(z,u,v) = (7.41)

where

=3 > P{X,1= m}Tn%v’”. (7.42)

n>1m>0

Note that (7.41) holds for varieties such as subtree size of node j, degree of node j, subtrees of various sizes,
etc., where the variety counts a property depending only on the subtree rooted at node j. Integration
gives

N(z,u,v) = /OZ @' (T(t +w))N(t,u,v)dt + gZ\Z(u, v)

ou
_ G(T(2 +w) 2 M(u,v) B P(T(u)) &M (u,v) EM( ", (7.43)
P (T(w) Arw) o

Proposition 6. The function Z\:7(z,u, v) as defined in equation (7.38), which is the trivariate generating
function of the probabilities P{X,, ; = m} that give the probability that o certain variety of label j in a
randomly chosen size-n scale free tree with degree-weight generating function ¢(t) is of size m, is given
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by the following formula:

o0 — G(T(z+uw) g M(u,v)  §(T(w) M(u,v) 9 - .
N(z,u,v) = o(Tw) () + 50 M (u,v). (7.44)

Note that this approach can be used to determine the behavior of Xn,j over the full range of j. We will
sketch the results concerning the node degree in the following subsection.

7.3.1 Node degree

Mori analyzed in [60] the maximal degree in a random size n scale free tree. Further he gives closed
formulee for the r. v. Xn’ ; counting the degree of the node j in a size n scale free tree using a martingale
approach. He also obtained the limit laws for X,, j, X5 j, - - - X j, with 1 < ji < jo < -+ < j, fixed. The
approach introduced in Section 7.3 enables to state the following auxiliary result (compare with [47]).

Theorem 49. The probability distribution of ij is giwen as follows. For the root j =1 one gets

E Q)

5 k=0
P{X,1=m}= 7.45
PRI e 2 Tl 1 e - o) 7
T ( ) T (2 , fora#1.
@ k=0 (o) = 5571)
Further the s-th factorial moments E(f(i ) are given as follows.
/s sP'n—1-— E)
—-1) 2 =1
~ K > () fora
E(X;,) = . e (7.46)
F(a _ 1) k 1—\(1 _ e—k—Z)l-\( 2\ or o
k=0 a+1 a+1

7.4 Depth of node )

Let Dn’j denote the random variable which counts the depth of node j in a size n scale-free tree. Further
let D,, ; denote the corresponding random variable in GPORTSs. For the depth of node j, Lemma 18 does
not hold. Instead it holds the following result of [68]:

Lemma 19 (Panholzer & Prodinger, 2005+). For the family of GPORTs (p(t) = (1—1)%, ¢o = —co =
1, a =—1—¢2), the generating function of the probabilities P{D,, j = m} is given as follows.

)=o) () = L (R
The generating function N (z,u,v) is given by
%]\7(27 u,v) = v@' (T(z + u))N(z,u,v). (7.48)
Since
N(O,u,v) =Y > P{Djs11 = m}Tk+1 U= %M(u,u), (7.49)

k>0m>0
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we get by using Lemma 19 the result

N(zyu,0) = / (Tt + w)) Nt u,v)dt + $(T(w))

o+ gt~ 1) @t DOV (1= Flogli-2), a=1

= va T 91 L 4 1 a1l
(a+1)(1 - (a+ 1)z +u) 57 = A

(7.50)

Due to computational reasons extracting coefficients from (7.48) is more easy. First we will show the
following distribution law.

7.4.1 Proofs

Proof of Theorem 41. The probability generating function p, ;(v) can be obtained as follows.

5 _(j_2)( _.7) j—2 n—j£~
g (0) = g —— [ - Nz u, )
= w[ Jj— 2un—j] v
T, (1 — (a4 1yu)as1 (1 — %)% (7.51)

_ (=2 — ) e+ )" 27]((”;:%] 3)((3&%3)_
P (k(a+1) —2) j—2 n—j

After simplification of the binomial coefficients one gets

. B = kla+1)—2—-a o
p"’j(”)’”kll( kla+1)—2 +”k(aﬂ)—z)’ (7.52)

which shows the distribution law. The expectation and the variance follow easily since the By’s are
independent. O

Proof of Theorem 42. We extract coefficients of py, ;(v).

[v

© 9\ j—2 (w+a | - . j—2
m] ~ y (U) _ (]‘712)'(04 + 1) [Um—l]( a+1. + J 3) _ (.7 2) ( + 1) [Zj—QUm—l} 1 —
[Ti= (e +1) = 2) j—2 [I=(a+1)-2) (1—z) ast
(7.53)
Now the well known relation for the Stirling numbers of the first kind [:l]

1
>y S (750
n>0m=0 |: :| (1 - Z)
shows the shape of the probabilities P{D,, ; = m}. O

The limit law can either be seen by applying Lévy’s continuity theorem for the moment generating
function of the normalized and centralized random variable D}, ; or by poisson approximation.

Proof of Theorem 43 - Poisson approzimation. Using Theorem 38, see the end of Chapter 6, we proceed
as follows. Let \; = E(D, ;).

drv(L(D, ), Po(\;)) < —(— + 1) <1 ,(1 + 1). (7.55)
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Hence we get

drv(L(Dy j),Po()j)) — 0 and \j — oo, (7.56)
and consequently 3
D, i —\;
Prd — 20 9D, w0, 1). (7.57)
VA
O
Proof of Theorem 43 - Direct proof. From the proof of Theorem 41 one obtains
v a . j—2 v
Lo (Whe g plethe i gp2 - 2
Dn,j (U) = v(a + 1) -1 = (Do - 3 . (758)
o (k(a+1) —2) P00 — 2539)

Let f1j = =2 log j ~ E(Dy.;) and 02 = i; ~ V(D,,;). Then the moment generating function M, ;(t) of
D;j = (Dn,j — pj)/o; is given by

_"nJ nj Pn,jy t t

My () i=B(ePh) = e oni "B(e ™ ') = € 20 Tpy (€77 ) = 77ty (€70 ). (7.59)

The usage of Stirling’s formula for the Gamma function

T'(z) = (Z)\/\/Q?(l + Elz + Tzlaz? + 0(;13)), (7.60)

leads to the expansion

(Do 24 F(%) 1 ” ((v+1)u_27Q) F(%) 1
Prg(v) =vj o Taft —2E (14 0(-)) = ve o ki SaFT - — = (1+0(=)).  (7.61)
() J () J
Setting
t t2 1
v=ed =14l 400y (7.62)
2445 g
one gets
" at1 L,(t70+t27n) loglog j
pn,'(e”n,) —e @ Hj (a+Do; 7 pjlatl) 1+ O( = ) . (763)
: S
Hence
t t 2 1 1 1 t 1 1
=ity (eh7) = e~onstels (FHHE) (1+ 018187 )y _ % (14 olo8Lo8d)y (7.64)

Vlog j

7.5 Distances

Let A, ; denote the random variable which counts the desistance between node n and node j in a random

scale free tree of size n. Further Dn’j denotes as before the depth of node j in a random scale free tree of
size n. We denote with A,, ; and D,, ; the corresponding random variables in GPORTS. We define the

trivariate generating functions of An’j as follows.

(z,u,v) Z Z Z IP’{A;HJ ;= m}Tkﬂ( i (:7 1)!Um_ (7.65)

k>1j>1m>0
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It holds the following relation:

2]\Z(z7 u,v) =@ (T(z + u)) M(z,u,v) + v*N(2,u,v)N(z + u,0,0)3" (T(z + u)),

0z (7.66)
= (T(2 +u)) M (2, u,v) + v°N(z,u,0)N(z + u,0,v)¢ (T(z + u)),

where the corresponding generating functions of the GPORTs M (z, u, v) is given by the following Lemma.

Lemma 20. For GPORTs we get

+1
va(l - a(ggjaq))ﬂ)
(1= (a+ Du)aFT D1 — (a + 1) (2 + ) =4
ala+1)v%(1 — (a+ l)u)%ﬂ(v_l)

(a2v—=1)+1)(1 = (a+1)(z + u))%ﬂ(%—l)ﬂ?

M(z,u,v) =
(7.67)

Note that for PORTs (o = 1) the generating function of the probabilities P{A,, ; = m} simplifies to

v—1

v(l —2u) 2
(=20t w)y

M(z,u,v) = (7.68)

It is possible to explicitly calculate M (z,u,v) via
z
. o -
M(Za u, U) = / (()5/ (T(t+u)) M(t7 Uu, D)+U2N(t7 U, U)N(t+u7 07 /U)SZ?H (T(t+u))>dt+ aﬁN(u’ O’ ’U)7 (769)
0 u

but we omit the lengthy formula.

Proof of Theorem 44 and Theorem 45. The part 7 = 1 is already covered by Theorem 41. For obtaining
the probability generating function p,, ;(v) = pg}j (v) —|—p£i]j (v) one extract coefficients from %M(z7 U, v)
given by (7.66) in two steps.

] (=2l —j -1t

pn,j(v) = 7 [Zj*2unfj—1]¢(T(z + u))M(z, u, )
] j v(a+1)
—2ln—j -1 ; va(l — —F—~2—
= (J 2)(7} J 1)-[2]*2,“717]71]( u ( a(2v—1)+1) _ (7.70)
Tn (17 (O[+1)U)Q7H(’U71)+1(17 (O[+1)(Z+u))m
ala+ 1% (1 - (a+ l)u)%ﬂ(”ﬂ) )
((20 — 1) + 1)(1 — ( + 1) (2 + w)) a2+ )"
After reading off the coefficients one obtains
j —2)(n—j —1)! n—3 s+a _
pglj(v) _ G—2)(n—1j ~1).0[1}(04—1—1) ( = —|—n 3)X
7 Tn n—j3— 1
U(OZ+1) 2va+j_3 U(a+1) 2ua +]_2
- ————) > _ T [ et
|l 04(211—1)4-1)( i—2 )T a@uon+rI\ j-2 (7.71)
n—1
l(Oé—I—l)—Q—a a o
(k—j+1( l(a+1)—2 l(a+1)72)> j+1,j( )
where
[1] . v 7 v(a+1)
Prangle) = Jla+1) —2(1 a(2v — 1)+1)
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v2ala+1) J l{la+1)—2+2a(v—1)
* (ja+1)=2)(a(20—1) + 1) H (I-1)(a+1)—2

(1]

The p.g.f. pi;; ;(v) can be further simplified as follows. By defining
v 1 ﬁl(a+1)—2+2a(u—1)
7 (20 1) +1) (-1 (a+1)—2 7~
and using the recurrence
al2v—-1)+1
(4 Jar
% ( +(j—1)(a+1)—2 i1
one gets the relation
J J=
B al2v—1)+1 1) —2+2a(v—1) 1
affz(k—l)(aﬂ)— =1+ G2 = QQZH la+1)—2 a1
k=3 k=21=3
This leads to
[ av 2(a+1) i a+1 2 20 20
L _9_
_ . (te . )
Pi+14(Y) jla+1)—2 2(](a+1 21:3 -2 vl(a"‘l)_
For a = 1 we get a simpler expression for pH_l ;(v):
1] ()_vﬁ(/{(a+1)—2—2a+ 20 )
Pt = U+ =2 " ko + 1) -2

For the second summand one obtains

pf"]j(v) — (] - 2)!(;_j - 1)! [Zj_Qun_j_l]’UQN(Z,’LL7U)N(Z + u,O,v)g@’(T(z + u))

(v—1a
_ G—2)(n—7—1)! (2921 v2a(1 — (a+ 1)u) o+l

=~ 2va
T, (1= (a+1)(z+u)=1
_ =20 = j)lPala+ )" (EERE pn - 3) (256 4 -2
T, n—j—1 j—2 '

This can be simplified to

2 T la+1l) -2 -« a 9
puﬂ’(”):( 11 ((1(2431)—2 +7’1(oz+1)—2))p£llu()

where

9 J
2] _ v kEla+1)—2—-2a 2
Pi15() = 3 H( k(a+1)— 2 +”k(a+1)_2>‘

This proves the distribution law.
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(7.72)

(7.73)

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)

(7.79)

(7.80)

O

Proof of Theorem 46. For the probabilities P{An,j = m} one proceeds by extracting coefficients in (7.71)
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and (7.78). Since the basic computations concerning (7.71) are a bit lengthy they are not presented.

(j - 2)(;—J - 1)' [zj_Q’u,n_j_l’Um]v2N(Z,u7'U)N(Z + u, O,U)wl(T(Z + u))

_ U= Dlalat )0 o (R =3 (254 -2
T, n—j—1 j—2 (7.81)

_ =2 —j)lafa+1)"? m=2 <(v+1)0f +n— 3) o =2-1] (21“1 +j— 2>.

T, n—j—1 j—2

l=0

By using (7.54) one gets

(j—2)(n—j—1)! [Zj—Q

w02 N (2, u, 0)N (2 + u,0,0)¢ (T(z + u))

T,
(= 2ln — )l (o + 1) mme_Q_k("il ] (ﬁl +n—3- 1)) (H [ —54] )
o (k(a+ 1) = 2) k=0 = j-1-d =
(7.82)
0

Proof of Theorem 47. For 2 < j < n — 1 the expectation and the variance can be obtained as follows.
We basically use

7 zj72u"7j71]EvaaM(z,u,v),
. " (7.83)
" —2)l(n —j — 1)!
E(A%J) _ (J )(; J ) [ZJ 2 u j— 1]E Dzaa (Z " ’U)
and V(A,, ;) = ]E(A%J) +E(A, ;) —E(A, ;)2 One also makes use of the relations
wmlog (i) (n+a
[Z ] (1 Z)z—‘,—l = ( n )(H"H’fl’ HI)?
log2 ( 1 ) n+x (2) (7.84)
n 1—z/) 2
[= ](1 )t ( n )((Hn+m H,)* — (H,2, — H?))
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Chapter 8

Weighted depths and distances in
increasing trees

8.1 Introduction

Most of the usually considered parameters in rooted labelled trees like height, width, node degree, depth,
subtree size, etc., do not depend on the actual labelling of the trees. E.g. the node degrees of the roots
in the trees in Figure 8.1 are both 4, although nodes with different labels contribute to the node degree.

D D
OO0 , @060

® @ @ ©®

Figure 8.1: Two size 7 recursive trees with root degree 4.

Aguech, Lasmar and Mahmoud [1] have recently studied a weighted version of the depth in random
binary search trees. Our results were inspired by their work. We will present two weighted extensions of
parameters in rooted labelled trees.

8.1.1 Node weights

First we simply take the labelling of the node into account. For example for the weighted node degree
we count now the labels of the nodes contributing to the original node degree instead of counting only
the number of nodes. Parameters like height or depth can also be generalized this way by counting nodes
instead of edges.

8.1.2 Edge weights

Another interesting generalization is to equip the edges with weights. It seems to be most natural to
define the edge-weights as follows. If there is an edge between node v; labelled j and node vy, labelled k
in a labelled rooted tree T of size n > max{j, k}, e = (vj,vx), then we define the weight w, of the edge e
as we = |j — k|. If there is no edge e = (v;, vy) then w, := 0. Hence we get a weighted n x n adjacency

matrix (w; j)1<i j<n With entries w; j = We—(u, v,)-

144
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@ €. (1) @
OO , @O OO ofeXele @

® @ @ ®

Figure 8.2: Two size 7 recursive trees. The root of the first tree has weighted node degree 14, whereas
the root of the second tree has weighted node degree 17.

Figure 8.3: Two size 7 recursive trees. The root of the first tree has edge-weighted node degree 10,
whereas the root of the second tree has edge-weighted node degree 13.

Remark 17. The concept of edge weights is not at all artificial. For a size n random recursive tree there
is a nice combinatorial interpretation of the random variable S,,, counting the sum of all edge weights we.
We observe that the contribution of the weight w., where the edge e is generated by attaching node k+ 1
at any of the former k nodes in a size k random recursive tree, is uniformly distributed on 1,2,... k.
Hence S, satisfies the following distribution law.

d
S0 QU +Us -+ U,y (8.1)
where Uy denotes a uniform distribution on 1,2,...,k. Thus S,, counts the number of inversions in a
random permutation o = (01,02, ..,0,) of size n with the constraint that o, = 1. But this is just the
number of inversions of a random permutation of {1,2,...,n — 1} shifted by n — 1.

Remark 18. It is of course possible to go a step further by defining even more general (f-weighted)
parameters by introducing a weight function f(z) which acts on the labels (node weights) or on the labels
of adjacent pairs of nodes (edge weights). By choosing f(x) = 1 we regain the ordinary parameters. The
choice f(x) = x leads to the node-weighted and edge-weighted parameters. Hence choosing f(z) = 2
would provide a transition between ordinary and weighted parameters.

It was already seen in the work of Aguech, Lasmar and Mahmoud [1] that a weighted parameter likely leads
to Dickman limiting distribution. We will also encounter the Dickman distribution and generalizations
of it. We will collect now some facts about the Dickman distribution.

8.1.3 The Dickman distribution and generalizations

The Dickman function p(u), which appears in analytic number theory, is defined as the continuous solution
of the differential-difference equation

up'(u) + plu—1)=0 (u>1), (8.2)

with initial condition p(u) =1 for 0 < w < 1 and with p(u) differentiable on (1, 00). It is known that the
Dickman function is positive and decreasing over the whole interval (1, 00). Note that

/0 " p(o)dv = €, (8.3)
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where v denotes Euler’s constant. For simplicity of reference, we call the distribution with the density
function e 7p(v) the Dickman distribution. It is known that a Dickman distributed random variable
satisfies the following distributional fixed-point identity

x 2y +x), (8.4)

where U denotes a uniform distribution on [0, 1).

Penrose and Wade introduced in [69] the generalized Dickman distribution. Given 6 > 0, a random
variable X has a generalized Dickman distribution with shape parameter 6, or

x 2 apo), (8.5)
if it satisfies the distributional fixed-point identity
) 111/6
X =U7%(1+ X), (8.6)

where U is uniform on (0,1] and is independent of the X on the right. Some other known properties of
the generalized Dickman distribution stated in [69] are listed as follows.

o If X @ GD(6), then the Laplace transform of X is given by

b(t) = E(e=X) = exp (9 /Ot - 1ds), teR. (8.7)

s
e The GD(#) distribution is infinitely divisible.

o If X ¥ GD(#), then the moments E(X*) satisfy E(X?) = 1 and for integer k > 1

k—1
E(X*) = ZZ;) (?)]E(Xj). (8.8)

For § =1 the GD(0) distribution is just the ordinary Dickman distribution.
For more properties of the GD() distribution see the paper of Penrose and Wade [69].

8.2 The weighted depth in increasing trees

As already mentioned, the depth of node v, also called the level of a node v, is usually measured by
the number of edges lying on the unique path from the root to node v. For labelled rooted trees we
consider a generalization of the depth. Let W, ; denote the weighted depth of node j in a size n > j
random grown simple increasing tree, which is the sum of the labels of the nodes encountered on the
path from j to the root labelled 1, where W; ; = 1. For instance if the nodes labelled Aq,..., A;, with
1=X <Xy <+ < A\ =, are visited on the unique path from j to the root then the weighted depth
equals Zle Ak

Further we consider the weighted distance W, ; between node j and node n in a size n random grown
simple increasing tree which is the sum of the labels of the nodes encountered on the path from n to the
node labelled j (hence Wy, 1 = Wy, ).

E.g. in the tree of Figure 8.2, Wo1 =1, Wy =3, Woz =4, Wo 4 =8, Wy5 =6, Woe =12, Wy 7 =8,
Wy g =20 and Wy 9 = 17; and for instance Wy 4 = 24, Wy g = 36.

We will show that W,, ; and W, ;, appropriately scaled, lead to generalized Dickman distributions. We
use several results concerning ordinary depths and distances, see the work of Dobrow and Smythe [18] and
[45]. We will recollect the distribution laws of the ordinary depth and distance as studied in Chapter 6.
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(1)
ONONOXO,
® OO

®

Figure 8.4: A size 9 recursive tree.

8.2.1 Results for grown simple families of increasing trees

Theorem 50. The weighted depth of node j in a size n > j random grown simple increasing tree Wy, ;
admits the following distribution law.

j—1
d d) .
Wa; CW;; 2 5o @B (8.9)
k=1

where By, = By (c1,c2) are a sequence of of independent random variables such that

142 1+
P(By=k) =g and P(By=0)=1- —— (8.10)
c1 Cc1

Note that By, @ k- 1(Ag), where again Ay denotes the event that node k is on the path from the root to
node j. Further the By’s are independent.

Corollar 16. The expectation and the variance of the random variable Wy, ; are given as follows.

— €y &2 C2ver L
E(Wn,g)—(lJrCl)(J 1) cl(l+cl)(HJ‘1+f He),
V(W -)—71+2 G- -1+ 42206 -D+1+DH202+32)H —He)
e a c1 1 J c1’ ¢y cl j—14+22 = (8.11)
2
3 €22/ 17(2) (2)
20422\ ® gy,
C%( +Cl)( J71+ﬁ f)

Theorem 51. The limiting distribution of the random variable Wnj=J

bution with parameter 6 =1 + % > 0.

is a generalized Dickman distri-

lim Wi =9 @ p g 4 92y, (8.12)
oo J C1
or equivalently let 1;(t) := E(e *Wni=9)), then
. t Co te=v 1
lim (%) = e <1+7/ d), 8.13
Jim () =exp (14 7) | = —dv (8.13)

for constants c1,co as in (1).

Corollar 17. For the three most prominent tree families we obtain the following result.

Wn,j _]

e Recursive Trees (cy =1, co =0): The limit distribution of is Dickman, GD(1).

W, —J [t
lim P{% <z}=e 7/ p(v)dv, x> 0. (8.14)
0

J]—0o0
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e Binary Increasing trees (c; = co = 1) : The limit distribution of Woi=d

two Dickman distributions, GD(2).

is the convolution of

lim P{Lj <z} = 6_2’Y/ p(v)p(x —v)dv, x> 0. (8.15)
Jj—o00 n 0
e Plane oriented recursive trees (c; = 2,co = —1): The limit distribution of% a generalized

Dickman distribution GD(6) with parameter 6 = 1.

Theorem 52. The weighted distance W, ; between node j and node n in a size n > j random grown
simple increasing tree admits the following distribution law.

(@)

n—1
Wi = Wip,—(i+1))e @ Been, (8.16)

k=j+1

where By, = B (c1,c2) are a sequence of of independent random variables such that

1+ +3
P(By = k) = k—|—é and P(Bp=0)=1- k‘—l—é. (8.17)
c1 C1

Note that By @ k- 1(Ayg), where again Ay denotes the event that node k is on the path from node n to
node j. Further the By’s and W1 ; are independent.

Theorem 53. For plane oriented recursive trees and tree families admitting ¢y = —2co we obtain the
following distribution law for Wjy1 ;.

j—1 j—1
d . d .
Wi @it ne@a? @i+e @14, (8.18)
k=1 k=1

where Cy, are a sequence of independent random variables such that

2

PG =k) = b

and P(Cr=0)=1 (8.19)

2k+1
Ay denotes the event that node k is on the path from node j+ 1 to node j and the 1(Ag)’s are mutually
ndependent.

Remark 19. Note that a representation of the form
(@ -
Wi, = i+ 1) @) k(A (8.20)
k=1

can always be achieved, but the indicator variables 1(.Ay) are not mutually independent for grown simple
families of increasing trees satisfying ¢; # —2cy. Hence for this case we cannot further specify the
distribution law of W;,; ; at the moment.

Theorem 54. For fized j and n — oo the limiting distribution of the weighted distance W, ; between
node j and node n in a size n grown simple increasing tree is a generalized Dickman distribution with
parameter 0 =1 4 % > 0.
Whji—J—n @
lim 28— 7@ g4 2y, (8.21)

n— o0 n c1

or equivalently B(e=t0Wni—n=0)) = Pn(t).

t
j—o0 n

lim ¢, (—) = exp ((1 + 52) /Ot e’ 1dv), (8.22)
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for constants c1,ca as in (1).

Theorem 55. The limiting distribution of the weighted distance Wy, ; between node j and node n in a
grown simple families of increasing tree satisfying c; = —2co depends on the growth of j.

e The region j = o(n): The limiting distribution is a generalized Dickman distribution with parameter
0=1/2.
n,j — | — 1
lim Wi =9 71 @ oy Ly (8.23)
n—0o0 n 2
o The region j = pn, with 0 < p < 1. The limiting distribution can be characterized via its Laplace
transform. Let E(e™t0Wni=n=i)) =), (t).

ut —v _ to—v
lim tha(~) = exp (1/ < 1dv+/ < 1dv), (8.24)
0 Iz

n—00 n 2 v ;v

e The region l =n — j = o(n): The limiting distribution is a Dickman distribution.

lim Wn,j —J—n (i)

n— o0 n

GD(1), (8.25)

8.2.2 Deriving the distribution laws

We already encountered all the ingredients for proving Theorem 50 and 52 in Chapter 6. Dobrow and
Smythe [18] already provided a full characterization of the depth which we reproved in Corollary 10:

Lemma 21 (Dobrow & Smythe). The depth of node j in a size n > j random grown simple increasing
tree Dy, ; admits the following distribution law.

j—1
d d
D,; 2D, ¥ P B« (8.26)
k=1
c2
where By, . Be(pr) with py = li—; for 1 < k < j—1. Note that By & Be(pk) & 1(Ag), where Ay
c1

denotes the event that node k is on the path from the root to node j. Further the By ’s are independent.

Hence we immediately obtain Theorem 50 because the structure is independent of the weights.

c2

. . . o . . +o .
Remark 20. The characterization of grown simple families of increasing trees p, = -—= is due to

k422
Panholzer and Kuba.

Dobrow and Smythe [18] also analyzed the distribution law of A,, ;.

Lemma 22 (Dobrow & Smythe). The distance of between node j and node n in a random grown simple
increasing tree A, ; admits the following distribution law.

n—1

d
Anj E Aj1,; ® @ By, (8.27)
k=j+1

c

1482
where By, @ Be(pg) with py = ki—; forj+1<k<n-1.
c1

Further the distribution law of A;; ; is completely characterized by Theorem 36 which is stated here as
a Lemma.
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Lemma 23 (Panholzer & Kuba). The distribution law of Aji1 ; is given as follows. For ¢i # —2cs:

n;
d ~
N > B, (8.28)
k=1
here By L Be(p), fo = p1 = 1 and p = —> 3<k<j. FurtherP{n; = 1} = 5% and
where By = e(pk) Po=p1 =1 an pk—@for < k < j. Further P{n; = }—j+% an
P{n; =m} = 02 for 2 <m < j. For c; = —2co we find an even simpler decomposition:
(4) N A
Ajyrj = @Bk, (8.29)

where By (i)l and By, @B (2]c 7) for2 <k <j.

Now observe that by directly translating Lemma 22 the weight of node j 4+ 1 is counted one time too
much. This leads to Wj11,; — (j + 1).

8.2.3 Deriving the limiting distribution for the weighted depth

The proof of Theorem 51 is an extension of a result due to Hwang and Tsai [35].

Lemma 24 (Hwang & Tsai). The limiting distribution of the random variable
(d) ]
X; = P B(1,0), (8.30)

k=1

where the By ’s are defined as in Theorem 50, is for j — oo asymptotically Dickman.

Jim ]P’{— <ab—e 7/:p(u)dv, (> 0). (8.31)

Jj—oo

We will follow the proof of Lemma 24 in [35] in order to prove Theorem 51. Let 1;(t) := E(e*Wni=9))
denote the Laplace transform of the shifted r.v. W, ; —

» F-lte ™+ 2) (e —1)(1+ &)
(1) = —t(Wnj—9)y — i’ _ 1
¢;(t) = E(e )= 11 P [1 (1 + P, ) (8.32)
1<k<j—1 c1 1<k<j—1 1

It suffices, by Lévy’s continuity theorem, and (8.7) to show that

. to g Wngmh e, [fev—1
Jim 0y(5) = Tim B ) — e (14 2) [ ), (5.33)
for finite and real t. Now
t (E’tk -DA+2)
gbj(}) —exp(log(gbj —exp<210g k—|—2—f ))
k (8.34)
Co E _’f -1
= exp ((1 + a); W +Rj(t)>7
where .
—1) A (14 2)) (e —1) &
Ri(t) =) ( l) O(‘—,‘). (8.35)
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Now we apply the Euler-MacLaurin summation formula shows
j—1 =kt t o 2
i =1 -1 t
S :/ R O(Q). (8.36)
0 J

C2
okt v

8.2.4 Deriving the limiting distribution for the weighted distances

We only sketch the proofs for the weighted distances since they are similar to Subsection 8.2.3. Let
P (t) := E(e*0Vn3=3=1)) denote the Laplace transform of the shifted r.v. W, ; — j — n.

—tk c
k—1+e (1 +2)

Ou(t) = E(e "0V ) = (et Omra=) ]

j+1<k<n—1 k+ ﬁ (8.37)
. 1)1+ %) |
_ —t(Wj+1,;—7) (e ¢
=) L (e
jH1<k<n—1 a
Hence
t 7t(Wj+1yj —3) Co no! (eitk — 1)
du() =B e (U4 2) 3 )+ Ray0), (8.38)
k=j+1 C1
where it can be seen that | 2‘
t

We use again Euler-MacLaurin summation to show that

T (e; ) :/0 - ldv—l—(’)(%). (8.40)

Pl + o v
For grown simple families of increasing trees satisfying ¢; = —2c¢y we get
_ _iin (e7tk —1) (e7th — 1)1
¢n(t) = E(e HWn,5=3 )) = ( H (1 + k’—i—il) H (1 + f) > (8.41)
1<k<j—1 2 jH+1<k<n—1 2

and further

t S -1 1 &R (e
On(-) = exp (; ST ot kzjil Srrm o TR0+ Ru(0)) (8.42)

An application of Euler-MacLaurin summation provides then Theorem 55.

Remark 21. The edge weighted variant of the depth and the distance shows a quite different behavior.
Let Ky j =) . cpwel(Ae) denote the random variable counting the edge-weighted depth of node j in a
size n grown simple increasing tree, where A, denotes the event that the edge e is on the path from j to
the root. For f(x) =1 one would obtain the ordinary depth. Further we denote with /C,, ; the random
variable counting the distance measured by the sum of edge-weights on the unique path from j to n. The
r. v. K, ; satisfies the following distribution.

Koy @K, 251 (8.43)

Further one can easily show that

—~

Konj = (n—j—1)®Kjt1,- (8.44)
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The distribution law of K;41 ; is non-degenerate. For recursive trees it can be specified by basic manip-
ulation and usage of the probabilities P{j <. k}, already stated in [18], which give the probability that
node j is attached (a child of) of node k. For recursive trees we get

P{j+1<.j}=1% m=1,
]P’{’Cj+1,j—2m1}—{{ 1 = 2.,

Grz—m)Gri—my> M=

(8.45)



Chapter 9

A thorough study of the node degree
in recursive trees

9.1 Introduction

Let X, ; denote the random variable which counts the node degree (i. e. the out-degree) of the node
labelled j in a size n random recursive tree. This r. v. was studied in Chapter 5 Section 5.5 ([47]) for
the family grown simple families of increasing trees which contains recursive trees as a special instance.
The results in Chapter 5 Section 5.5 are not sufficient to obtain results for the weighted node degrees in
recursive trees. We will use a simple probabilistic approach to extend the results of Chapter 5 Section 5.5
for recursive tree. We will generalize the results of [47] by specifying the limit distribution of the random

vector Xp;5, = (Xnyjy,- .. Xny,), counting the node degree of the nodes ji,...,j,, and the random
variable X,,.;, 5 =1 _; X, j., counting the sum of the outdegrees of nodes j1, ..., j, in a random size
n recursive tree. It turns out that for fixed j1, ..., j, the limiting distribution is asymptotically gaussian.

For Xy, 5, = 22:1 X, j, we give limiting distribution results for the full region 1 < j; < --- < j, < n.
Further we are able to give results for weighted versions of the node degree which are defined as follows.
Let X,, ; denote the 1. v. counting the labels of the nodes attached to node j in a random size n recursive
tree, where each node contributing to the node degree is weighted by its label. We can specify the limit
distribution of the random vector X,;;, = (Xn;j;,...,Xn;j,.), counting the weighted node degree of the
nodes ji,...,J, in a random size n recursive tree, and the random variable X,,.;, . ;. = 22:1 Xnjo- It
turns out that the limiting distributions involve Dickman’s infinitely divisible distribution as the limit.

9.2 Results

9.2.1 Result concerning the ordinary node degree

Theorem 56. The probability generating function of the random wvector X, = (Xngys--- Xniin),
counting the node degree of the nodes ji,...,j, in a random size n recursive tree, is for m > jp. > -+ >
j1 > 1 given as follows.

r Ji41—1 E—i % vl r (ji+1*;fit21:;:1 vl)
Posi, (ve) =[] ( — > E) =11 ji—lj—ﬁzgﬁ —, (9.1)
i=1 k=j; =1 1 ( jieT )

where jr41 =N.

Theorem 57. The covariance of the random variables X, ;, and X,.;,, counting the node degree of nodes

153
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labelled j1 and js in a random recursive tree of size n is given by
2 2
Cov(Xsjy Xusjp) = —(H?y — HPY ). (9.2)

Let X7 ; denote the random vector (X,

. .
mijrs -+ Xonj ) with components

Xonio — i
:;'ji — n3Ji /"thj‘b , for 1 S i S r, (93)
7 On;js

2 .
n;Ji

with pi,.;, = 02.. =logn —logj; ~ E(X,.j,).

Theorem 58. For max{ji,...,j.} = o(n) the random vector X, converges in distribution to r inde-
pendent gaussian distributions
(d)

X, — X, P{X, <m,} = &(mq)P(mz) ... d(m,). (9.4)
Let Xoijy,jr = O pey Xn,j. denote the random variable counting the sum of the outdegrees of nodes
jla R 7.7r
Corollar 18. The 7. v. Xy gy, 4. = ZZ=1 Xn,j, counting the sum of the outdegrees of nodes ji,...,jr
i a random size n recursive tree satisfies the following distribution law.

Jit1—1 r Jit+1—1
AV E”” (9.5)

where j. =n —1 and B,[j] @ Be(%). Ay denotes the event that node k is joined to any node j1, ..., j,.

The events Ay are mutually independent.

Corollar 19. For fized r > 1 and fized j1,...,Jr the expectation and the variance of Xy, .. ;. 15 given
as follows.

E(Xnijy,ege) = r(Hn1 — Hj, -1 +Z Gim—1— Hj, 1),

V(Xpisyi) =1(Hoq — Hi 1) — H”—H@ (9.6)

(Xnijiyegn) = 1(Hp1 jo—1) =T ( n—1 ]r71> :
‘ 2 2
2 ilHyn -1 = Hym) = 2P,y — B,
i=1 i=1

We get the following generalization of the theorem concerning recursive trees in [47].

Theorem 59. We get the following characterization of X,.j, ... ;. depending on v and the growth of the
ji; 1 < { <r.

o Region: fized r > 1, fized j1,...,jr: The distribution of normalized and centralized X,,.;, .. ;. 18
asymptotically gaussian.
X, o —B(X,
I (Xnijis, o) ﬂN(O,l). (9.7)
V(Xnii,oosir)

o Region: fitedr > 1, 0 < j1 = pin < --- < jp = pyn < n: The distribution of Xy.j, ..., 1
asymptotically Poisson.

(d) @ (—

X’I’L;j1,--<7jr — XPh--- or = POl lOg(,Ol . pr)), (98)

where Po(—log(py ... pr)) denotes a Poisson distribution with parameter A = —log(py ... pr),

(—log(p1-..pr))"
m! '

..... o =M} =p1...pp
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e Region: v =n+1—1, fivred l: The distribution of Xy.j, .. ;... , satisfies
X .
MN5J1s 9 In+1—1 ﬂ) 07 (910)
n
moreover let {\1,..., N} ={1,...,n}\{j1,-..,Jn+1-1}, then the expectation and the variance are

given by

l
E(ijl ----- jn+1—l) =n-—1 _Zi(H/\Hl*l _H>\i*1)?

i=1

l l (9.11)
. . 2 2
V(Xn;jl ----- jn,+1—l) = ZZ(H)\i-pl*l - H)\z‘*l) - ZZQ(H)(\iil—l - H)(\q)—l)’
=1 ]

where A\jy1 :=n.

Let X' denote the random variable which counts the out- degree of > 1 randomly chosen nodes in a
random size n recursive tree.

)

Corollar 20. XLRT] @ — X,., where the probabilities P{X, = m} are given by

m—+r—1

P{X, =m} = (2”1%7«), m > 0. (9.12)

9.2.2 Result concerning the weighted node degree

Corollar 21. The probability generating function of the random vector X,;. = (Xnjy, - Xny,)s
counting the weighted node degrees of the nodes ji,...,jr in a random size m recursive tree, is for
n>jr>--->j1 > 1 given as follows.

r J A k
l

ji+1—1 .
pn;j,,(Vr) = H H (k;Z +Z%), (913)
i=1 k=g

=1

where jr41 =n.

Theorem 60. Let ¢, (t,) denote the Laplace transform of the random vector X, . For fized ji,...,jr
X, 5.n" 1 converges in distribution to a distribution characterized by its Laplace transform

lim wn ) = exp / Zl_ dv) (9.14)

n—oo

Corollar 22. For fized ji,...,jr the random variable Xy, ;,
eralized Dickman distribution with parameter r

Zk 1 Xnij, 18 asymptotically a gen-

.....

X C
nig1,eenge (@)

. GD(r). (9.15)

Corollar 23. For r =1 we determine the limiting distribution of X,.; depending on the growth of j.

e Region j = o(n): % is asymptotically Dickman distributed (GD(1)).

T
lim ]P’{ Mgl =e 7/ p(v)dv, x> 0. (9.16)
0

Jj—oo

e Region j = un, 0 < p < 1: The limiting distribution of Eni can be characterized via its Laplace
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transform. Let E(e™t%ni) = 1, (t).

, t temv—1
HILII;O wn(;) = exp (/ﬂt - dv). (9.17)
The limit distribution is infinitely divisible.
e Regionl=mn—j=o0(n):
%*J’ 9,0, (9.18)

9.3 Proofs

9.3.1 Deriving the probability generating function

Proof of Theorem 56. Theorem 56 is a generalization of a result implicitly given in [47]:

Lemma 25. The random variable X,, ;, which counts the degree of node j in a random recursive tree of
size n satisfies the following distribution law.

n—1 n
d d
X5 @ D B @ P 14w, (9.19)
k=j

k=j+1

where the By, are Bernoulli distributed random wvariables By, @ Be(%), forj <k <n-—1. Ay denotes the
event that node k is attached to node j.

We will use induction on n to prove Theorem 56. For r = 1 this is just Corollary 25. The increments
are at any stage k, 1 < k < n, and any r > 1 independent of the actual values of the node degrees
Xk—11...,j.- 1t only depends on ji,..., j. and k.

When a new node k + 1 is inserted in a size k recursive tree with j; < k < j;41, there are already ¢
nodes ji,...,J; of interest in the size k tree. Hence with probability % it attaches to any node ji,...,J;
and with probability (k —4)/k it attaches to any node in {1,...,k} \ {j1,...,4:}. If n > j,. node n 4+ 1
attaches with probability - to any node ji,...,j, and with probability (n —r)/n it attaches to a node
in{1,...,n}\ {y1,-..,4r}. Formally this can be expressed as

T
P{X;t15, =m;} = ZP{XH-‘:-LJT =m[n+1<citP{n+1<c}
=1
+ P{XnJrl;jT - mr|n +1 %C jlv e vjr}]P{n +1 %C jlv e vjr}

n

— 7AIP){)(n;jr = mr}v (920)

T
1
= Z]P){Xn;]d =my,... ,Xn;jl =m;—1,... 7Xn;jr = mr}ﬁ + n
=1

where we use the notation n <. k for the event that node n is a child of node k and consequently n £, k
for the event that node n is not a child of node k. O

Corollary 18 follows immediately by setting v = v; = - -+ = v; in Theorem 56. Also Corollary 21 is easily
obtained by replacing v; by vlk in Theorem 56.
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9.3.2 Deriving the covariances and the limiting distribution

Proof of Theorem 57. To obtain the covariances of Xy, ; X, we use

r (j1+1 1— lJer 1111) r Jz+1*1*i+2?:1”l>

Jit1— Ji+1—Ji
Pryj, (Vi) = H — = H 1
' o (7 ;ﬁ?’ =) (31;:1_1 )

(9.21)
r uJ7+1 —Ji] 1
Hence we get

E(Xp.; Xnj,) = Ev, Dy, D ( )= Ey. Dy D g !

; j = r Lp;',...,lr Vi,...,0U = " A N X

n;jg “Xnsgn v Yoy v Pnsjy,...j r Vr =g ”hi - (J;tl_ll) (1_u)zl:lv;+ﬁ71
( u]7+1 jz] 1 )(E DD r—1 [uji+1_ji] 1 )
) (1 )it AR g U) (1 )i

r

2 2
Z Jiy1—1 7 JL—l)Z(szH—l Hj 1 +Z JL+1 1= ]_1)2_(HJ('1'+)1*1_H]('1'11))

i=g l=h
i
= (Hj,—1 — Hj, 1) (Hn 1 — Hj, 1) + (Hooy — Hj, 1)* =Y (Hj,., 1 — Hj,1)°
i=h
- 2 —H? | —HP))
]’+1 1= J -1 Jit1—1 Ji—1
= (Hn—l — Hj, 1) (Hoy — Hjy ) — (HY, — HP ).
(9.22)
The expectation and variance was already derived in [47].
E(Xp;) = Hor — Hi1, V(X)) = Hooy — Hjoy — (H) — H?). (9.23)
O
Proof of Theorem 58. Let t, = (t1,...,t,) and 0, = (0pnjy,---,0n,.). Further we use the shorthand
notations ¢, X7 = >y te Xy, and t.o,, = > r—q tkOn,j.- The characteristic function ¢, (t,) of
:;jr
iX"?jl Z‘X";jr
prtr) = E(exp (i4,X%y)) = exp ( = b, )P, (€ 701 ... e 0o ) (9.24)

By using Stirling’s formula for the gamma function
Z\*V2Tm 1 1 1
r :(7) —(1 of), 9.25
(2) Vz 12 T 2ss2 T 9% (9:25)
one gets for fixed vy, ..., v,, note that j,41 :=n,

r (ji+1*1*i+2;:1 vl)

Prij, (Vi) = H (];:1 Jf)

=1 Ji—1

| . (9.26)
r—1 ]z‘+1—1—l+21=11)1)

= exp <log n(z v — 7’)) ( 1;[1 (];:rll:ﬁl) ) (1 + O(%))

=1 Ji—1
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Using for fixed ji,...,j, the expansions
R DL AL S o(—1), (9.27)
Viogn  2logn logz n
one obtains
X Xpi r )
pn;jr(eiﬁ, .. ,elfn:aj':- ) = exp (log n(; (\/lzotl@ — lotg%n))> (1 + O(lolgol%gn)). (9.28)
Hence . .
xp (= 1ty P, (€77 o) = exp 2 %) (1+ O(lolgol%))- (6.29)
O
Remark 22. The proof of the general case max{ji,...,j»} = o(n) follows easily by similar arguments.

See also [47] where this was carried out in the case r = 1.

Proof of Theorem 59. We only sketch this proof. It is a straight forward extension of the proof of Theo-
rem 21 (the case r = 1).

e Region: fixed r > 1, fixed j1,...,J,: Poisson approximation or by application of Lévy’s continuity
theorem for the moment generating function.

e Region: fixed r > 1,0 < j1 = pin < --- < j = pyn < n: Apply Stirling’s formula for the Gamma
function to the probability generating function of X,.;, . ;

sJr

e Region: r =n+ 1 —1, fixed [; Method of Moments.
O

Proof of Corollary 20. One may use the limiting distribution results for the central region of X,.;, .. j ,

(4)

e 0<ji=pin<- - <jJr=pmn<n. Dueto X, . — Xy, .., the discreter. v. X, can be

obtained via

r

1 1
P{X,=m}= [ o | P{Xp . p. =m}dps...dp,
0 0
(9.30)
1 1
—lo e )™
:/ pl...pr( g(p1| pr)) dpy...dpy.
0 0 m!
By using X )
) kz' —1)%
/ pi(log(p:))* dp; = % (9.31)
0

one further gets

P, =mp= 0 5 (kmk) / /Olpl...p,-aog(m))kl...<1og(pr>>krdp1...dp,-

ki+:+k.=m
k>0
_=nm mo O\ Elk! .k (—1)REEe 1
Y Z ki,....ky kit tkotr ~ o Z
SRS ki+-+k.=m
ki ki >0
(m—i—r—l)

_ m

2m+r
(9.32)
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O

Remark 23. One can immediately obtain results or edge-weighted variants of the node degree. The
results and the proofs are analogous to the proof of the weighted depth and distance and are omitted
here.

Remark 24. It seems interesting to extend the studies of weighted variants of the node degree to
arbitrary grown simple families of increasing trees. Furthermore an analysis of weighted variants of the
subtree sizes should be done. A martingale approach seems to be very promising.
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List of used symbols

n!  factorial
n(n—1)(n—2)...21 =[]}y (n—j)

n!l double factorial
nn—2)1,0l=111=1
nk  falling factorials

n(n—1)(n—2)...(n—k+1) =T[4 (0 j)

=

n rising factorials
n(n+1)(n+2)...(n+k—1)=[[—g(n+)
H, n-th harmonic number
R L
Hr(f) n-th harmonic number of r-st order
R
D¥  k-th derivative with respect to z
E. evaluation at z =1
(.
C(z) Riemann’s zeta function
Y1
[2"]f(2) coefficient of 2™
f(2) = Xnzoanz", [2"]f(2) = an
v Euler constant, (Euler-Mascheroni Constant)
v = limy, oo (H, —logn) = 0.5772156. ..
U(z) Digamma function or Psi function is the logarithmic derivative of the gamma function
U(z) = £ log (I(2)), ¥(n) = Ho1 —

[Z] Stirling numbers of the first kind

{Z} Stirling numbers of the second kind

[A]  Iverson’s bracket for the predicate A
[A] =1, if A is true and 0 otherwise

1(A) indicator function of the event A

@; P Sum of mutually independent random variables

d) (d o .
(:), 9, equality in distribution, convergence in distribution

164



List of Figures

1.1
1.2

2.1
2.2
2.3
24
2.5

4.1
4.2
4.3

5.1

5.2
5.3
5.4
5.5

6.1

8.1
8.2

8.3

8.4

Isolating the root in a size-8 recursive tree with 5 cuts. . . . . . .. .. ... .. ... ... 8
Isolating the largest node in a size-8 recursive tree with 3 cuts. . . . . . .. .. ... ... 8
Isolating the nodes 1,2 and 3 in a size 8 recursive tree with 5 cuts. . . . . . ... ... .. 24
Isolating the nodes 6, 7 and 8 in a size 8 recursive tree with 5 cuts. . . . . . . . .. .. .. 25
Fl (Z) ................................................ 26
FQ (Z) ................................................ 26
F5(2) . o oo 26
A non-crossing tree of size 12. . . . . . . . L. 58
Climbing a non-crossing tree of size 12 in 3 steps. . . . . . . . . . . . .. ... 59
The combinatorial description of a non-crossing tree. . . . . . . ... ... ... ... ... 59

A size n=11 increasing tree with j = 6: the outdegree of node 6 equals 2, the subtree size

of node 6 equals 4 and the branches consists of one size 2 tree and one leaf. . . . . . . .. 69
Decomposition of a tricolored size 11 tree with root degree 4. . . . . . . . ... ... ... 72
Two different decompositions of a 5-colored size 11 tree. . . . . . . . . . ... ... .... 73
Decomposition of a size 11 recursive tree with Jy1 =5. . . . . . . . . .. ... ... ..., 76
Decomposition of a size 11 PORT with Jy1 =4. . . . . . . . . . .. .. ... ... ..... 76
Two decompositions of size n=11 increasing trees. . . . . . . ... ... ... ... .... 120
Two size 7 recursive trees with root degree 4. . . . . . . . . .. .. ... 144
Two size 7 recursive trees. The root of the first tree has weighted node degree 14, whereas

the root of the second tree has weighted node degree 17. . . . . . . . . . .. ... ... .. 145
Two size 7 recursive trees. The root of the first tree has edge-weighted node degree 10,

whereas the root of the second tree has edge-weighted node degree 13. . . . . . . . . . .. 145
A size 9 recursive tree. . . ... L e 147

165



List of Tables

3.1 Limiting distribution results of Z,, for some important simply generated tree families. . . 47
3.2 Limiting distribution results of Z,, for some important grown simple families of increasing

trees. Hy := > <, 7 Tesp. HY =3, ., 7z denote the first and second order harmonic
numbers. ... ... e 47

166



Lebenslauf

Ich, Markus Kuba, wurde am 11. November 1980 als Sohn von Huey-Shan Kuba, geborene Hwang, und
Walter Kuba in Wien geboren. Von 1986 bis 1990 besuchte ich die Volksschule Graf-Starhemberg-Gasse
- Wien 4, und von 1991 bis 1999 das Bundesrealgymnasium Waltergasse - Wien 4. Am 6. Juni 1999
maturierte ich dort mit Auszeichung.

Im Oktober 1999 immatrikulierte ich an der Technischen Universitat Wien und inskribierte fiir das
Studium der Technischen Mathematik, Studienzweig Computerwissenschaften. Nach dem Studiumjahr
1999 bis 2000 leiste ich von Oktober 2000 bis September 2001 den Zivildienst im Caritasheim St.Barbara
- Wien 23 ab, und war aufgrund von Nichtinskription vom Studium beurlaubt. Oktober 2001 nahm ich
mein Studium wieder auf und schloss es am 5.0ktober 2004 mit Auszeichung ab.

Von Oktober 2004 an inskribierte ich das Doktoratsstudium der technischen Wissenschaften. Von Mai
2005 bis Dezember 2005 arbeite ich als Forschungsassistent im FWF-Projekt P18009, Analyse von Daten-
strukturen und baumartigen Strukturen, unter der Leitung von Prof. Alois Panholzer. Beginnend mit
Jénner 2006 bin ich im Rahmen des National Research Network S9600 Analytic Combinatorics and
Probabilistic Number Theory, Netzwerkleiter Prof. Michael Drmota, im Teilprojekt S9608 - Combi-
natorial Analysis of Data Structures and Tree-Like Structures, Projektleiter Prof. Alois Panholzer als
Forschungsassistent tatig.

Wissenschaftliche Arbeiten (veréffentlicht)

e M. Kuba and A. Panholzer. Descendants in increasing trees
The electronic journal of combinatorics, Volume 13 (1), R8, 2006.

Wissenschaftliche Arbeiten (akzeptiert)
e M. Kuba, On Quickselect, Partial sorting and Multiple Quickselect.
akzeptiert zur Veroffentlichung in Information Processing letters.

167



