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Kurzfassung

Messwerte kontinuierlicher physikalischer Groflen sind a priori unscharf und
konnen mittels des Konzepts der unscharfen Zahlen und unscharfen Vektoren
modelliert werden.

Im Sinne einer quantitativen Verarbeitung solcher Daten ist es insbesondere
notwendig, das klassische Konzept relativer Haufigkeiten fiir reelle Stich-
proben auf sogenannte unscharfe relative Haufigkeiten fiir unscharfe Stich-
proben zu erweitern. Die unscharfe relative Haufigkeit einer Menge ist selbst
eine unscharfe Zahl. Ausgehend von der Interpretation von Wahrscheinlichkei-
ten als Grenzwerte relativer Haufigkeiten ist es daher unumgénglich, auch
sogenannte unscharfe Wahrscheinlichkeitsverteilungen zu betrachten, fiir die
die Wahrscheinlichkeit eines Ereignisses selbst eine unscharfe Zahl ist.

Nach einer grundlegenden Abhandlung iiber die wichtigsten algebraischen
und topologischen Eigenschaften der Familie der unscharfen Zahlen und der
Familie der d-dimensionalen unscharfen Vektoren ist daher der Grofiteil der
vorliegende Arbeit der Untersuchung zweier unterschiedlicher natiirlicher Zu-
gange zu unscharfen Wahrscheinlichkeitsverteilungen gewidmet:

Jenem iiber sogenannte unscharfe Wahrscheinlichkeitsdichten und einem spe-
ziellen Integrationsprozess ahnlich dem Aumann-Integral einerseits, und je-
nem iiber die Verteilung unscharfer Zufallsvektoren andererseits. Es wird
dabei insbesondere versucht, den hohen Grad an Gemeinsamkeit der durch
die beiden Zugénge induzierten unscharfen Wahrscheinlichkeitsverteilungen
herauszustreichen.

Dariiberhinaus wird ein Starkes Gesetz der Groflen Zahlen fiir unscharfe rela-
tive Haufigkeiten und unscharfe Wahrscheinlichkeitsverteilungen induziert
von unscharfen Zufallsvektoren beziiglich verschiedener Metriken bewiesen
und, in Verallgemeinerung reellwertiger stochastischer Prozesse, sogenannte
unscharfe stochastische Prozesse definiert, und grundlegende Eigenschaften
untersucht.



Abstract

The unavoidable imprecision of measurements of continuous physical quanti-
ties can be modelled by using the concept of fuzzy numbers and fuzzy vectors.
Concerning a quantitative usage of such data it is necessary to extend the
classical concept of relative frequencies for real data to so-called fuzzy relative
frequencies for fuzzy data. Thereby the fuzzy relative frequency of a set, given
a fuzzy sample, is a fuzzy number. Regarding probabilities as limits of re-
lative frequencies it is consequently mandatory to consider so-called fuzzy
probability distributions, for which the ’'probability’ of an event is a fuzzy
number.

The present dissertation therefore starts with a chapter about basic alge-
braic and topological properties of the family of all fuzzy numbers and the
family of all d-dimensional fuzzy vectors and then mainly concentrates on
two different natural approaches to fuzzy probability distributions:

The approach based on so-called fuzzy probability densities and a certain
integration process similar to the Aumann-Integral on the one hand, and the
approach based on the distribution of a d-dimensional fuzzy random vector
on the other hand. In particular it is tried to emphasize the high degree of
similarity of the fuzzy probability distributions induced by these two differ-
ent approaches.

In addition a Strong Law of Large Numbers for fuzzy relative frequencies and
fuzzy probability distributions induced by fuzzy random vectors with respect
to various metrics is proved and basic properties of so-called fuzzy stochastic
processes in discrete as well as in continuous time, which are a generalization
of classical real-valued stochastic processes, are analyzed.
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Introduction

As a matter of fact in many real situations uncertainty is not only present
in form of randomness (stochastic uncertainty) but also in form of fuzzi-
ness (imprecision), for instance due to the inexactness of measurements of
continuous quantities. Examples, where imprecision should not be neglected,
range from environmental data to measurements of physical quantities even
on the macroscopic level.

Randomness is modelled by the concept of random variables, whereas impre-
cision is best modelled by the concept of fuzzy numbers and fuzzy vectors.
From the probabilistic point of view the unavoidable fuzziness of measure-
ments has amongst others the following far-reaching consequence:

Without doubt one of the most central results of probability theory is the
Strong Law of Large Numbers (SLLN), which in particular says, that given a
sequence (X, )nen Of identically distributed, pairwise independent, integrable
random variables the probability of a measurable event (X € B) can be re-
garded as the limit of the relative frequencies of B induced by the sequence
(Xn)nen (with probability one).

Incorporating into considerations the fact that a realistic sample of a one-
dimensional continuous quantity consists of fuzzy numbers, it is first of all
necessary to generalize relative frequencies to the case of fuzzy samples, which
yields so-called fuzzy relative frequencies. Furthermore keeping in mind the
SLLN it is therefore mandatory to consider and analyze fuzzy-valued 'prob-
abilities’ as generalization of classical probabilities, which can be seen as the
major task of this dissertation.

The developed ’probability’ concept will be called fuzzy probability distribu-
tion in order to emphasize that it is a fuzzy-valued mapping and to point out
that it is also naturally induced by the distribution of so-called fuzzy random
variables and fuzzy random vectors.

In short the present thesis analyzes two approaches to fuzzy probability
distributions - that based on so-called fuzzy probability densities and a certain
integration process on the one hand, and that based on fuzzy random vari-
ables and fuzzy random vectors on the other hand. Furthermore it under-
lines the high degree of similarity of the two (at first sight) very different
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approaches.

In fact the thesis is divided into six chapters:

Chapter 1 can be seen as preparation for the following chapters. It starts
with the definitions of fuzzy numbers and fuzzy vectors and provides results
about the family K¢ of all non-empty compact convex sets in R concern-
ing the Hausdorff metric dz, support functions, and the L,-metrics induced
by support functions. After defining basic operations like sum and scalar
multiplication for fuzzy numbers and fuzzy vectors, the results on K¢ are
generalized to the families 7} and F¢ of all fuzzy numbers and d-dimensional
fuzzy vectors respectively. The main properties of the corresponding support
functions are presented and metrics on subclasses of F¢ are analyzed.
These metrics are treated in detail (and modified proofs are presented) since
in literature a complete survey is hard to find and since the results are
interesting in itself.

Chapter 2 begins with a motivation to consider fuzzy-valued ’probabilities’,
the definition of fuzzy relative frequencies, and the most important proper-
ties of fuzzy relative frequencies regarded as fuzzy-valued set functions.
Before concentrating on general fuzzy probability distributions induced by
fuzzy probability densities on arbitrary measure spaces (2,.4, u) so-called
discrete fuzzy probabilities, going back to J. Buckley [6], are treated briefly
since they are a special case of the notion developed in Chapter 2.

Based on a useful compactness argument the main properties of fuzzy pro-
bability distributions P* induced by fuzzy probability densities f* like mono-
tonicity, sub- and superadditivity and the behaviour under building comple-
ments are analyzed. Furthermore the approach is illustrated by a detailed
example and some figures. The chapter is concluded by the proposal of a
general definition of a fuzzy probability distribution.

The main ideas presented in Chapter 2 are continued in Chapter 3 to
generalize the notions of expectation and k-th moment to the case of fuzzy
probability distributions induced by fuzzy probability densities. Again using
a compactness result both the expectation and the k-th moment are easily
seen to be fuzzy numbers defined via their corresponding o-cuts.

Chapter 4 deals with fuzzy random variables and fuzzy random vectors.
Using the rich theory of random sets (compare [29]) at first it is proved that
eleven different measurability conditions for fuzzy random variables X*, de-
fined on a complete probability space (2,4, P), are equivalent. Analogous
results for fuzzy random vectors are stated. After that it is shown that,
similar to fuzzy relative frequencies, every fuzzy random vector and every
fuzzy random variable induces a fuzzy probability distribution P* according
to the general definition stated at the end of Chapter 2.

The boundaries of the a-cuts of this fuzzy probability distribution P* are
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furthermore analyzed with respect to regularity and continuity properties of
classical probability measures.

In Chapter 5 so-called fuzzy stochastic processes in discrete as well as in
continuous time are motivated and considered. The supremum and infimum
of families of fuzzy numbers are explained. Based on these definitions mea-
surability results like the measurability of the limes superior and the limes
inferior of a fuzzy stochastic process in discrete time and the measurability
of the limes superior and the limes inferior of a separable fuzzy stochastic
process in continuous time is proved.

After defining independence for fuzzy random variables and fuzzy random
vectors Chapter 5 is concluded by a SLLN for fuzzy probability distributions
induced by fuzzy random vectors. This result says that given a sequence
(X*)nen of identically distributed, pairwise independent d-dimensional fuzzy
random vectors for every d-dimensional Borel set B the relative frequencies
h*(B,w) converge to P*(B) with probability one (with respect to various
metrics treated in Chapter 1).

Finally the Appendix, Chapter 6, presents a short introduction to the theory
of Souslin sets since some the results are needed in Chapter 4.

Furthermore some theorems from functional analysis and measure theory,
which are used throughout the dissertation, are stated as reference.



Chapter 1

Fuzzy numbers and fuzzy
vectors

1.1 Definitions and basic properties

As already mentioned in the introduction the imprecision of measurements
of continuous quantities can be modelled by the concept of fuzzy numbers
and fuzzy vectors. A general definition of fuzzy numbers and fuzzy vectors
and two elementary (but very useful) about the families of a-cuts of fuzzy
numbers and fuzzy vectors are stated within this first section.

Fuzzy numbers are a generalization of real numbers and are defined and
represented by so-called characterizing functions (compare [9], [41]) .

Definition 1.1 A characterizing function &,+(-) of a fuzzy number z* is a
real function with the following properties:

1. 0<&(z) <1 VzeR
2. 3$0€R2§z*(mo)=1

3. Va € (0,1] the set [(x+]a = {z € R : &u(z) > a}, the so-called a-cut,
is a compact interval.

The set of all fuzzy numbers will be denoted by F..

Examples for characterizing functions are classical indicator functions of
single points (in which case the corresponding fuzzy number is called crisp)
and every indicator function of a compact interval.

In the same manner fuzzy vectors are defined (compare [9], [20]):
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Definition 1.2 A vector-characterizing function &+(-) of a d-dimensional
fuzzy vector z* is a real-valued function with the following properties:

1. 0<&u(z) <1 VreR?
2.3 Iy € Rd . ££*(330) =1

3. Va € (0,1] the set [§px]a = {z € R?: £4e(z) > o}, the so-called a-cut,
18 a compact convex set.

The set of all d-dimensional fuzzy vectors will be denoted by Fo and the set

c
of all d-dimensional non-empty, conver and compact subsets of R% will be

denoted by K¢.

Remark: Since different definitions of fuzzy vectors - with for instance star-
shaped a-cuts - are also used in literature, the notation F¢ is chosen to
emphasize compactness and convexity of the a-cuts.

As customary fuzzy vectors z* (fuzzy numbers) and their corresponding
vector-characterizing functions &+ (characterizing functions) will be iden-
tified and simply be denoted by &*.

Definition 1.3 Let £&* € F2 be a d-dimensional fuzzy vector, then the set
supp(¢*), defined by

supp(6*) = | [6%a = {z €RE: &(z) > 0, (1.1)

a€(0,1]

is called the support of the fuzzy vector £*, whereby A denotes the closure of
the set A for every A CR? .

The set of all d-dimensional fuzzy vectors with compact support will be de-
noted by Fg..

The following two simple theorems describe how fuzzy vectors can be recon-
structed via their a-cuts and how a nested family (Bq)ac(o,1] in ICS can be
used to define a fuzzy vector:

Theorem 1.4 Let £* € F2 be a d-dimensional fuzzy vector, then it follows
that

o ([£*]a)ac() is a nested family in K& with [£*]a 2 [£*]s whenever
a < B and o, B € (0,1], fulfilling

[€*]s = ﬂ [£*]a for every B € (0, 1]. (1.2)

a<fl
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o The fuzzy vector £ can be reconstructed via the a-cuts in the following
way:

vy [0 if o ¢ (€ Yo € (0,1] )
£(2) = {max{a €(0,1): z € [§]a} otherwise Ve eR
Proof: It follows immediately from the definition of the a-cuts of a fuzzy
vector that [£*] D [£*]s whenever a < 8, o, 8 € (0,1] and that [¢*], € K2
In order to prove the first assertion it is therefore sufficient to prove that

€16 2 () [E"a

a<f

If z € [(*]q for every a < [ it follows directly from the definition that
£(z) > a for all @ < B. Therefore £*(z) can’t be smaller than 3, which
means that z € [£*]s.

In order to prove the second assertion define a function 5 : R — R by

n(z) ;= max{a € (0,1] : z € [¢*].}

and define the maximum of the empty set to be zero.

First of all notice that 7(-) is well-defined since due to the already proved
property (1.2) the maximum exists.

If n(z) = ap it follows that = € [£*],, and therefore £*(z) > ao.

On the other hand if £*(z) = ay it follows that z € [{*]4,, which means that
n(z) > ao. This completes the proof.

Theorem 1.5 If (By)ac(o,a 5 a family in K¢ with B, 2 Bg if o < B, then
&*, defined by

() =4 0 ifz ¢ Bo Vo€ (0,1] J
Clo)= { sup{a € (0,1] : ¢ € By} otherwise Vz € RY,

is a d-dimensional fuzzy vector called convex hull of the family (Ba)ac(o,1
with
€6 = () Ba
a<f

Proof: It is obvious that £*(z) € [0,1] for every z € R? and since B; €
K¢ it follows immediately that there exists at least one zg € R? such that
£*(x0) = 1, so the first two assertions of Definition 1.2 are clearly fulfilled.
It remains to show that

(€75 = ) Be

a<f
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Suppose z € [€*]s and G € (0,1]. It follows that £*(z) > B3, which means that
sup{a € (0,1]: z € B,} > 8.

Consequently for every a with 0 < o < 3 it follows that z € B,,.
On the other hand if € B, for every o < 3 obviously

sup{a € (0,1]:z € B,} > 8

holds. Therefore £*(z) > 8 and z € [£*];.

Since the collection (By)ac(o,1) surely has the intersection property (which
means that every finite subcollection has non-empty intersection), it has
non-empty intersection itself. Furthermore because arbitrary intersections of

compact and convex subsets of R? are again compact and convex it follows
that

&= ()B.cki ®
a<f
Using so-called support functions a stronger version of Theorem 1.5 can be
proved (compare Theorem 1.36).

Since the a-cuts of fuzzy vectors are elements in K¢ by definition the whole
theory of convex bodies in R? can be applied to fuzzy vectors and fuzzy num-
bers. Consequently some of the most important and most useful results on
convex and compact sets in R? will be presented in the next section.

1.2 Non-empty convex and compact subsets
of R¢

Throughout the whole thesis the system of all non-empty compact subsets
of R¢ is denoted by K¢. As already mentioned before, the system of all non-
empty compact convex subsets of R? is denoted by K¢.

Moreover B(z,r) will denote the closed ball with center z € R? and radius
r € [0,00) with respect to the Euclidean norm || - ||.

Definition 1.6 For every set A C R%, the convex hull conv(A) is the inter-
section of all conver sets containing A.

Since arbitrary intersections of convex sets are convex, the convex hull conv(A)
of A itself is a convex set for every A C R¢.
The following theorem is well known:
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Theorem 1.7 (Caratheodory) For every set A C R the convez hull conv(A)
is the set of all conver combinations of at most d + 1 points in A, i.e. for
every © € conv(A) there exist points ai,aq,- -+, 0441 € A and real numbers
1,72, ", Ya+1 € [0, 1] such that

d+1 d+1

Z% =1 and z= Z’yiai.
i=1 i=1

Proof: Compare for instance {37].

Using Theorem 1.7 it is easy to see that
e A C B C R?implies conv(A) C conv(B),
e A bounded implies conv(A) bounded and

e A compact implies conv(A) compact.

Definition 1.8 Let A, B € K¢ and )\ € R, then the Minkowski sum and the
Minkowski scalar multiplication are defined as follows:

A+B:={a+b:acAbeB}), A:i={la:acA} (13

It is easy to show that X¢ and K¢ are closed under these operations and that
(K¢, +) and (K¢, +) are commutative semigroups.
In fact the following relations hold for 4, B,C € K¢ (or K¢) and Aq, X; € R:

(A+ B)+C=A+4(B+C), A+ B=B+ A,

AMA+B)=M+AB,  M(A) = (M)A,  14A=A

It can be proved (compare [34]) that (K%, +) can be embedded in a group
such that the multiplication with scalars can be extended to this group in
such a way, that the resulting system becomes a vector space.

1.2.1 Hausdorff metric
Definition 1.9 For A, B € K? the Hausdorff metric 6g is defined by

6u(A, B) = max { max min lla—1bl, , max min lla—0b,}, (1.4)

whereby || - ||2 denotes the Euclidean Norm on R
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As it is well known (compare [1], [37]) that éy satisfies the properties of a
metric the proof will be omitted here.

In many cases the following equivalent definition of the Hausdorff metric is
useful.

Lemma 1.10 Let B(0,1) denote the closed ball in R? of radius 1 and center
0 with respect to the Euclidean norm and suppose that A, B € K¢, then

(A, B) =min {A>0:AC B+\B(0,1) and BC A+ \B(0,1)}.

Proof: Because of the compactness of the sets 4, B, B(0,1) all sets of the
form B+ AB(0,1) and A+ AB(0, 1) are compact for X € Rf.
If AC B+ AB(0,1) for all A > u, it follows that

AC () (B+XB(0,1)) = B+ uB(0,1).

A>p

Interchanging A and B and using the same argument it follows that
min {\ >0: AC B+ AB(0,1) and B C A+ AB(0,1)}
really exists. Define
0(A,B) :=min{A>0: AC B+AB(0,1) and B C A+ \B(0,1)}

and suppose that 85(A, B) = A, and that §(4, B) = X,.

Since 0y (A, B) = A it follows that minyeg |la — b|ls < A; for every a € A.
This means that for every a € A there exists b € B such that |la — bl]; < A;
and consequently A C B + A\ B(0,1).

Interchanging A and B and using completely the same argument directly
yields B C A+ A\ B(0,1), which proves that A; > Xo.

On the other hand since A C B+ X,B(0,1) and B C A+ )\, B(0, 1) it follows
immediately that for every a € A there exists b € B such that ||a — bjjs < A,
and vice versa. Therefore Ay > Ay, which completes the proof. B

Lemma 1.11 Suppose (An)nen 8 a monotonically decreasing sequence in
K?. Then it follows that

lim §g(An, [ As) = 0.

n—00
€N

Proof: Since the sequence (A,)nen surely has the intersection property it
follows that A := [,y 4 € K%
Suppose now that the theorem is wrong. Then there exists € > 0 such that
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6 (An, A) > € infinitely often. Since obviously A C A, for all n € N it follows
that A, € A + eB(0,1) infinitely often and since the sequence (Ay)nen is
monotonically decreasing it follows that

A, € A+€B(0,1) for alln € N.

Defining B, := A, \ int(A+€B(0,1)), where int denotes the interior of a set,
it follows immediately that (B, ).en is a decreasing sequence in K.
Using the same argument as at the beginning of the proof gives

B:=()BicK’ and BCA.
ieN

If z € A then surely z € int(A +€B(0, 1)), and therefore z ¢ B. This means
that AN B = @, which is a contradiction to BC A. W

Theorem 1.12 (K¢, 4y) is a complete metric space.
Furthermore if (Kp)nen is a Cauchy sequence in K¢ then the limit K € K¢
can be characterized in the following way:

K = {x € R?: Izn)nen such that x, € K, Vn and lim z, = :c}

n—oo

Proof: If

o0 o0

A, = U K; and K= m A,
i=m m=1

then it follows from the Cauchy property that every A,, is bounded and

closed and therefore compact. Because of that (A,,)men is a sequence in K¢

that surely has the intersection property as it is decreasing. Hence applying

Lemma 1.11 shows that

m—0o0

The next step is to prove that

lim 6 (K, K) = 0. (1.5)

1—00

Let € > 0 be arbitrary.
Since limMy o0 0r(Am, K) = 0 it follows that there exists n, = ny(e) € N
such that for every m > n; A,, C K + eB(0,1) holds. This proves that

K; C K +¢B(0,1) for every 7 > n;.
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On the other hand since (K, )nen is & Cauchy sequence in K¢ it follows that
there exists ny = ns(€) € N such that for all 4, j > ng
K; C K; +¢€B(0,1) and  K; C K; +¢B(0,1).

Since K; +¢B(0,1) is compact it follows that

A;i CK; +¢B(0,1)  Yi,j>ny
and therefore that

K CK;+¢B(0,1) Vj>ny.

Defining ng := max{ni,ny} this shows that ég(K;, A) < € for all i > ny,
which proves (1.5). '

It remains to show that K is the set of all limits of sequences (z,)nen such
that z,, € K,, for all n € N. Set

K= {x eR?: 3(zn)nen such that z,, € K, Vn and lim z, = :c}

Suppose z € K and (z,)nen is a sequence converging to z with z, € K, for
all n € N. In order to prove that x € K it is sufficient to show that z € A,
for every m € N since

oo o0 o0
E=(4.=) K.
m=1 m=11i=m

By {Zm, Tmy1,+ -} C Ui, Ki C A, it follows that = € A,, for every m € N.
This proves that K C K.

On the other hand if ¢ € K for every m € N there exists a sequence (') nen
fulfilling

o<}

lim o=z  and a7 € |JK: vneN
=m

(In the following d(,-) denotes the metric induced by the Euclidean norm

I -l on R%)

If m; = 1 there surely exists n; € N such that d(z™,z) < % for all n > n;.

Furthermore there also exists j; € N such that z;, := 27! € K.

Setting my = j;+1 there exists ny € Nsuch that d(z"2,z) < 2—12 for all n > ny

and there exists j» € N with j, > my and z;, := 272 € Kj,.

Proceeding inductively in the same manner gives a strictly increasing se-

quence (J)ien of natural numbers and a sequences (z;,)ieny With

1
d(zj,,z) < 5 and z; € K;, VIeN.
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Obviously (z;,)ien is a Cauchy sequence in R?. Using the Extension Lemma
(Lemma 1.13) this sequence can be extended to a Cauchy sequence (Z;);en
fulfilling ; € K; ¥y, Z;, = x;, for all | € N and lim;_,o, z; = . This shows
that z € K and completes the proof.l

The following simple Lemma was used in the proof of Theorem 1.12 and can
be found for example in {1},

Lemma 1.13 (Extension Lemma) Suppose (Ap)nen is a Cauchy sequence
in K¢. Furthermore suppose that (n;);en is a strictly monotonically increas-
ing sequence in N and that (zn,)jen is a Cauchy sequence in (R, |- |l2) such
that Tn; € Ay, for all j € N.
Then there exists a Cauchy sequence (Zn)nen fulfilling Z,, € A, for alln € N
and Tn, = Tp; for all j € N.

Proof: As before let d(-, -) denote the metric induced by the Euclidean Norm
| - ll2 on R%. For n € {1,---,n;} choose %, € A, so that

d(Zn, Tn,) = ;’Ielllql'rlb d(zn,,a),
which is possible since A, € K¢
Analogous for every j € {2,3,---} and every n € {n; + 1,---,nj11} choose
I, € A,, so that

A(Zn, Tn;) = grellicln d(Tn;, a).

Let € > 0 be arbitrary.
Then there exists Ny(e) such that

d(Tp;, Tny) < % for all nj,nk > Ny and
there exists Na(e) such that
d(An, An) < -§ for all n,m > N,.

Suppose now that n,m > max{Ny, No}.
Choose k and j sothat m€ {n;+1,---,njy1}andn € {np+1, -+, ng41 }-
Because of nj, ny, > max{N;, Ny} it follows immediately that

A(Zm, Tn) < A(Zm, Tn;) + A(Tny, Tny) + A(Tny, Tn) <€,

which proves the theorem.l

Remark: Theorem 1.12 and Lemma 1.13 especially prove that the limit in
the Hausdoff metric is the same as the topological limit.
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Remark: Theorem 1.12 and Lemma 1.13 in fact are valid in more general
situations. One can start with an arbitrary metric space (X, d) and look at
the set H(X) of all non-empty compact subsets of X. The Hausdorff metric
dp then is defined using the original metric instead of the Euclidean norm.
It can be shown that (H(X),dy) inherits many important properties like
completeness and compactness from (X, d).

These results are for instance very important in the field of Iterated Function
Systems, where questions on convergence of the so-called Hutchinson opera-
tor are observed (compare for example [1], [23], [39]).

For K¢ the following result similar to the famous theorem of Heine-Borel
can be proved (compare [37]):

Theorem 1.14 Every bounded and closed set in K® is compact. Moreover
(K4,8y) is a separable metric space.

Proof: It suffices to prove that every bounded sequence in (K¢,dg) has a
convergent subsequence.
For arbitrary A € K¢ and r € R{ let

Bs,(A,r):={K € K*: 6g(A,K) <}

denote the open ball with respect to the Hausdorff metric §y with center A
and radius .

Suppose now that (K;);en is a bounded sequence in (K¢, ).

Then (by definition) there exists a positive real number R € (0, 0o) such that
K; C Bs, ({0}, R) for all ¢ € N. In particular there exists a closed cube W of
edge length v such that K; C W for all i € N.

For each m € N the cube can be written as a union of 2%™ closed subcubes
of edge length 27™.

For arbitrary A € K¢ let Q,,(A) denote the union of all such small cubes that
hit A. Since for each m the number of subcubes is finite, the sequence (K ):en
must have a subsequence (K}):en such that Q;(K}) is identical for every .
Similarly there exists a subsequence (K?2);cn of the subsequence (K});en such
that Qo(K?) is identical for every i.

Continuing in this way, a sequence Q,,,(K[™) of unions of subcubes (of edge
length 27™~ for given m) and for each m a sequence (K™);cy is obtained.
If S denotes the closed unit ball in R then it follows easily from the con-
struction that for fixed m

K C K"+ -LvV/d  foralli,j € N,
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Since (K}):en is a subsequence of (K[™);en if [ > m it therefore follows that

5H(K;,K{”) < %\/E for | > m and V7,5 € N.

Hence the sequence (K, )men, defined by K., := K7, is easily seen to be a
Cauchy sequence and a subsequence of the original sequence (K;)ien.

This proves the first part of the theorem.

The second part is an easy consequence of the first part: The first part proves
that (K¢, dy) is a o-compact metric space. Since every compact metric space
is separable (in fact even totally bounded) and countable unions of countable
sets are countable it immediately follows that (K¢, ) is separable. B

Since K¢ is a subclass of X by definition compactness and other proper-
ties of subsets of K¢ will follow if it can be proved that K¢ is a closed subset
of K?. This is the content of the next lemma.

Lemma 1.15 K¢ is a closed subset of K¢.

Proof: Suppose (K;)en is a sequence in K¢ converging to a set K € K2
If z,y € K according to Theorem 1.12 there exist sequences (z,)neny and
(Yn)nen such that

limz, =2z, limy,=y and Tn,Yn € Kp Vn € N,

n—00 n-—00
If o € [0,1] then 2 := az; + (1 — @)y; € K; holds for all ¢ € N.
Since every Kj; is convex by definition and lim,_ .02, = az + (1 — @)y it
follows that az + (1 — a)y € K which completes the proof. B

Proposition 1.16 (K2 ) is a complete, separable, a-compact metric space
in which every bounded and closed set is compact.

Proof: The fact that (K¢,dg) is complete and separable is an immediate
consequence of Lemma 1.15. Furthermore if (A, )nen is a bounded sequence
in K2 then it is also bounded in K?. According to Theorem 1.14 there exists
a convergent subsequence (4, )ren With limit A € K9. Since K¢ is closed it
follows immediately that A € K2 holds, which shows both that every bounded
closed set in (K¢, 8) is compact and that (K¢, 6) is o-compact. B

The following lemma will be helpful in Section 1.5.

Lemma 1.17 Suppose that A, B € K¢, then the following inequality holds
for the corresponding convex hulls:

dr(conv(A), conv(B)) < du(A, B) (1.6)
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Proof: Since by assumption A and B are non-empty compact sets the cor-
responding convex hulls conv(A), conv(B) are elements in K¢.

Set 0 := du(A, B) and suppose that z € conv(A), then according to
Theorem 1.7 z is the convex combination of at most d+1 pointsin 4, i.e. there
exist points aj,ap,---,aq41 € A and real numbers v1, 7, -, va41 € [0,1],

such that
d+1 d+1

Z'yi =1 and z= Z%ai.
i=1 i=1

It follows immediately from the definition of the Hausdorff metric that for
every a; there exists b; € B such that ||a; —b;||s < 6 for all i € {1,---,d+1}.
For the point y, defined by y = Zf:ll 7:b; it follows that y € conv(B) and

d+1

Z’Yi(ai —b;)

Starting with arbitrary z € conv(B) and following the same idea finally yields
dp(conv(A), conv(B)) < &. B

d+1

lz =yl = < Z’Yifso = do.
2 i=1

Before continuing with so-called support functions an interesting and useful
result (Theorem 1.20) about generators of the Borel o-algebra B((K¢, ég))
in K¢ generated by the Hausdorff metric 6z will be proved (compare [29] for
a more general setting). The following lemma provides the main tool for the
proof.

Lemma 1.18 Suppose that Os,, denotes the topology induced by the Haus-
dorff metric on K¢ and that B denotes the countable basis for the Euclidean
topology on R? consisting of all open balls B(m,r) with m € Q* and r € Q.
Then the following assertions hold:

1. For every open set G C R? both sets K¢ := {K € K¢: K C G} and
Ke:={K € K*: KNG # 0} are open in (K%,dx), i.e. K¢, Kg € Os,
holds.

2. For every non-empty compact set Ky € K¢ and every e > 0 there exist
open balls By, By, - - -, B, € B such that the set ICJLBJI,:,;ZI?)_’:"BH, defined by

Icgffgﬁiﬁn (= {K ek K C UB,-, KNB;#0Vi e {1,2,~-~,n}},

i=1

fulfills Ko € K932 5 C By, (Ko,€) i= {K € K : 6y (Ko, K) < €}
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Proof: In order to prove the first assertion assume that G C R? is open and
that L € K©. Since L is compact and G¢ is closed it follows immediately that

€:= mengfGGC lz - ylls > 0.

If K € Bs,(L,$) then the definition of the Hausdorff metric (1.4) implies
that for every y € K there exists z € L fulfilling ||z —y||2 < 5. Consequently
y € G holds, which shows that K C G. Therefore it follows immediately that
L € Bsy(L, %) € K€, which proves that every L € K¢ is an inner point of
K€. Hence K€ is open in (K%, 6y).

If G C RYis open and L NG # (), then there exists a point z € L and
e > 0 such that B(z,¢) :== {z € R? : ||z — 2|]|2 < ¢} C G. For every set
K € Bsy(L,¢€) there exists a point y € K such that ||z — y|j2 < € holds,
which implies that § # B(z,e) N K C G N K. Consequently L is an inner
point of K¢, which completes the proof that K¢ is open since L € Kg was
arbitrary.

In order to prove the second assertion of the lemma suppose that K, € K¢
and € > 0. Choose ¢ € (0,¢) N Q and cover Ky by finitely many open
balls By, By, -+, B, € B of radius % from the basis B that have non-empty
intersection with Kj (this is possible since Kj is compact). Consider the set

Kg?}zéfiﬂn = {K ekt KC UB"’ KN B; #0Vie {1,2,---,n}}.

i=1

It follows immediately from the first part of the proof that K]Lg)fjéff,’ B, is as
finite non-empty intersection of open sets itself open.

It will be proved now that Ky € Kgfféf‘:,, B, S Bs, (Ko, €) holds:

Suppose that K € Kg?féif,’ B, is arbitrary but fixed. Then for every point
z € Kj there exists an index iy € {1,2,---,n} such that z € B, is fulfilled.
Since K N B;, # 0 holds there exists a point y € K such that ||z — y|l2 < €,
which shows that max,cx, mingex ||z — y|| < €.

Interchanging Ky and K and following the same argumentation implies that
max,cx Minyek, ||z — y|| < €. Consequently by the very definition of the
Hausdorff metric (1.4) §y(K, Ky) < € < e follows, which completes the
proof of the lemma.ll

Proposition 1.19 With the notation used in Lemma 1.18 the family C, de-
fined by

C={Kg3" 5 n€N, By, By, B, € B,

is a countable basis for the topology Os,, .
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Proof: Since B is countable the set of all finite subsets of *B itself is count-
able, which immediately implies that the family C is countable. The fact that
C is a basis for the topology is an obvious consequence of Lemma 1.18. ll

Theorem 1.20 Denote by B((ICd,5H)) the Borel o-algebra generated by the
Hausdorff metric 0y on K¢ and define

& = {K°={KeKk?: KCG}:GCR G open} (1.7)
& = {Kg= {KEICd:KﬂG7é(Z)} -G CRY G open}. (1.8)
Then both systems &% and &' generate the Borel o-algebra B((ICd, 5H)), i.e.
A (&) = A (85) = B((K%, 6x)) holds.

Proof: The theorem will be proved in two steps - first of all it will be shown
that & and & generate the same o-algebra and after that it will be proved
that this o-algebra coincides with B((K¢, 6g)).

Suppose that G is an open subset of R% Approximate G by a sequence
(Fn)nen of closed subsets, defined by

1
d -
= : - > — .
F, {:c eR y1€ntc lz — yll2 > n}
Then it follows immediately that | J;-, F,, = G, which implies that

{(KeK*: KnG#0} = {Kelcd:KmUFn=0}

n=1

({K ek*: KnF, =0}

n=1

= ({K €K?: K CF} e A(&)

n=1

esd

Consequently & C A,(&?) and therefore A, (&F) C A,(&F) holds.
On the other hand G can also be approximated by a sequence (E,)nen of
open subsets, defined by

1
E, = { d. ; _ _}‘
z €R ylencfc llz — yllz > -

It follows immediately that | J7. ; Fn = G is satisfied. Furthermore since Ej
is closed for every n € N the following equality holds:

{(KeK*: KCG) = {KeK* KNG #0)}



-
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- {Ke/cd:KmﬁE;ﬂ}

n=1

= (V{K €K’: KN E; #0} € A(&).
n=1 o
e&g

Consequently & C A,(&%) and therefore A, (&%) C A,(&F) follows. This °
completes the proof that A,(&2) = A,(&F), which in turn especially shows
that A, (&7) = A,(&2) = A& U &EP).

The Borel o-algebra B ((ICd, ) H)) is generated by the topology Os, by defi-
nition. According to Propnosition 1.19 this topology has a countable base C,
which consists of sets ng,:éf, "B, that obviously lie in A, (&¢ U &). Conse-
quently it follows immediately that Os,, C A, (&2 U &F) holds, which in turn
implies that B((K¢,6g)) C A, (& U &) holds.

On the other hand since both the family & and the family & according to
Lemma 1.18 consist of open sets it follows that A, (& U &) C B((K?,6r)).
Finally applying the first part of the proof yields A,(&2) = A, (&) =
B((K%,8g)), which completes the proof. B

Not surprisingly an analogous result holds for K¢ instead of K¢.
Proposition 1.21 Denote by B((K¢, dr)) the Borel o-algebra generated by
the Hausdorff metric g on K2 and define
& = {KO={KeK!:KCG}:GCR, G open) (1.9)
ég‘fc = Keo= {K € le KNG # @} :GCRY G open}. (1.10)
Then both systems é"ffc and é”z‘fc generate the Borel o-algebra B((IC?, 5H)), ie.
.Ag(g’l‘fc) = A,,(d%‘fc) = B((IC?, dr)) holds.

Proof: First of all it follows immediately from the definitions (1.9) and (1.10)
that both equalities &, = & NK¢ and &, = & NK? are satisfied. Further-
more it is well known from measure theory (compare [13]) that A, (&£2NK?) =
A (6 NKE and A, (&N KE) = A, (6 N K2 hold. Since (by the very defi-
nition of Borel sets) moreover obviously B((K¢,d5)) = B((K¢,éx)) N KZ is
satisfied the proposition follows immediately from Theorem 1.20. I

1.2.2 Support functions

Every non-empty convex and compact set A € K¢ can be described by its
so-called support function s4(-), defined by

sa(u) :=sup(a,u) for every u € R?, (1.11)
acA
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whereby (,-) denotes the standard inner product on R

Since the mapping a — (a,u), for fixed u € R?, is continuous on R? and
every set A € K¢ is compact it follows immediately that the supremum in
(1.11) actually is a maximum, i.e.

sa(u) = max(a,u) for every u € R%
acA

Due to the bilinearity of the inner product support functions frequently are
only defined on the d-dimensional sphere 5% := {z € R?: ||z||; = 1}.
Moreover considering u € S%! the intuitive meaning of support functions
becomes clear: By definition A is contained in the halfspace

H (A u) = {z € RY: (z,u) < s4(u)}
generated by the hyperplane
H(Au):={z e R*: (z,u) = sa(u)}.

Furthermore there exists at least one point a, € A lying on the hyperplane
H(A,u). H (A,u) and H(A,u) are referred to as supporting halfspace and
supporting hyperplane with outer normal u to the set A respectively.

Consequently for u € S9! the value s4(u) is the signed distance of the hy-
perplane H(A,u) with exterior normal u to the origin (compare Figure 1.1).

Example 1.22

e The support function s; of an interval I = [a,b] € K. in R calculates
to s7(1) = b and s;(—1) = —a.

o The support function sk of a d-dimensional closed ball K = B(0, R)
with center 0 and radius R is given by sx(u) = R for all u € §¢-1,

e The support function sg of a d-dimensional ellipsoid

E:{xeRd:i;(z—z>231}

=1 i ™1

is given by sg(u) = | (Zd u?a2> for all u € S%1.

Some of the most important properties of support functions of sets in K¢ are
summarized in the next theorem.

Since by definition the a-cuts [£*], of a d-dimensional fuzzy vector £* € F¢
are elements in K¢, these properties are also fulfilled by support functions of
fuzzy vectors, which will be demonstrated in the next section.
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Figure 1.1: Geometric meaning of support functions
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Theorem 1.23 Suppose that K, L € K¢ and denote by sk(-) and sy(-) the
corresponding support functions defined according to (1.11), then the follow-

ing assertions hold:
1. sk(-) is positive homogeneous and subadditive, i.e. sgx( u) = Asg(u)
and sk (u+v) < sg(u) + sk (v) for every u,v € R and X > 0.

2. si(-) is Lipschitz continuous on R,

8. If K,L C B(0, R), where B(0, R) denotes the closed ball with radius R
and center 0, then
lsk(u) — sp(v)| < Rllu — vllz + du (K, L) max{[|ullz, lv]l2}.  (1.12)
Proof: In order to prove the theorem let K,L € K¢, u,v € R% and A\ > 0.
Using the bilinearity of the inner product it follows that

= < frand
s(u+v) = max(e,u+v) < max(e,u) + max(a,v) = sx(u) + sx(v),
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sk(Au) = rglea},(),c(a, Au) = Ar&a&c(a,u) = Ask(u),
which proves the first assertion.

Since K, L € K¢ are compact by definition, there exists a positive real number
R such that K UL C B(0, R).

On the one hand given K € ICf and u € R? there exists ag € K such that
sk(u) = (ag,u). Furthermore by the definition of the Hausdorff metric §y
there exists by € L fulfilling ||ag — boll2 < 0y (K, L). Consequently using the
Cauchy Schwarz inequality it follows that

(a0, u) = (bo, v) < (a0, ) = (a0, v)| + [{ao, v) = (bo, )|
laollallv = vllz + 6u (K, L)l
Rilu = vlla + 8u (K, L)|[vl2.

sk (u) — sp(v)

ININ A

On the other hand starting with L € K¢ and v € R? using completely the
same argument yields

sp(v) — sk(u) < Rfju— vlls + 0u(K, L)||ull>.

From this, inequality (1.12) follows immediately.
For K = L inequality (1.12) reduces to |sg(u) — sx{(v)| < Rl||u — v]|2, which
shows that sk(-) is Lipschitz continuous and completes the proof. B

The above Theorem 1.23 provides the possibility of embedding K¢ isometri-
cally and structure-preserving in the Banach space (C(S*!),|| - |leo) of all
real-valued continuous functions on the d-dimensional unit sphere with the
maximum norm || - ||o:

Theorem 1.24 Define a mapping ® : K¢ — C(S%1) by ®(K) := sk, then

o & is isometric, t.e. | P(K) — (L)|loo = ||sSx — SLlloo = 05 (K, L) for all
K,L e K¢

o O preserves structure, i.e. ®(K + L) = sk = sg + s = ®(K) + ®(L)
and ®\K) = syg = Asg = A\®(K) for all K,L € K and X > 0.

o O preserves order, i.e. K C L & sk(u) < sp(u)Vu € S41.

Proof: First of all notice that the assertion that ® preserves structure im-
mediately follows from the fact that sx(u) = max,ca(a, ) and the definition
of the Minkowski sum and Minkowski scalar multiplication.

Furthermore the third point is an obvious consequence of Theorem 1.27,
which says that every set K € K¢ can be reconstructed from its support
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function sk(-). Consequently only the first assertion remains to be proved.
Applying inequality (1.12) for u = v € S*! yields

sk (u) = sp(u)] < 0u(K, L),
which immediately shows that ||sx — s1||ec < 0n (K, L).
On the other hand assume that ||sx — sp||e =: do. Then for all u € §¢!
both sg(u) < sp(u) + & and sp(u) < skg(u) + & hold. Since obviously
do = 85(0,5)(u) holds for every u € S*=! this shows that
sk(u) < sp(u) + s (u) = sL+§(O)50)(u) and
sp(u) < sk(u) + 8505 (U) = Sk Bos(4) Vue S
Applying Theorem 1.27 these inequalities imply that K C L+B(0, §) as well

as L C K + B(0, &), which, using Lemma 1.10, proves that dg(K, L) < 6.
This completes the proof of the theorem. B

Based on Theorem 1.24 further properties of the Hausdorff metric é5 on
K¢ concerning the Minkowski operations can easily be proved:

Proposition 1.25 For non-empty conver and compact sets K,L,T € K¢,
and c € R the following assertions hold:

® dy(K+T,L+T)=06y(K,L) (translation invariance)
o 6p(cK,cL) =|c|dy(K, L)
Proof: Because of the fact that & is isometric it follows that

Su(K+T,L+T) = max |sksr(u) — spor(u)]
= max |sk(u)+ sr(u) — sp(u) — sr(u)|
ueSd-1
= urel'llsad)_{l |SK( )— SL l = 6H K L)

The second point can be proved in completely the same manner. B

In order to continue with properties of support functions the following simple
lemma that describes the (strong) separation of a closed convex set A and a
point z lying outside that set by means of a separating hyperplane is helpful
(compare [37] for more results on separation of convex sets).

Lemma 1.26 Suppose that A C R? is closed and convex and that x & A,
then there exists u € S4! and a € R such that

(y,u) <a <(z,u) VyeA

In other words, there exists a hyperplane Hy, o = {y € R¢: (y,u) = a}, such
that AC Hy, ={y € R*: (y,u) < o} and z € (H,)°.
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Proof: First of all it is easy to show that there is a unique point p(A, z) in
A nearest to the point z:

Choose r > 0 such that B(z,7) N A is non-empty and compact. Conse-
quently the continuous function y — ||z — y||2 attains a minimum at yo
on B(z,7) N A. This minimizing point is unique since if there was y; €
B(z,7) N A with y; # yo fulfilling ||z — yoll2 = ||z — v1]l2, then choosing
z:=3(yo+ 1) € B(z,7) N A would give ||z — z||2 < ||z — yoll2, which is a
contradiction to the choice of yp.

Having that define a vector u = u(A,z) € S ! by

u=u(A,z ':____x—p(A,z)
o) =

and set a := (p(A,z),u). ‘

Suppose there exists a point w € A with w € H; , = {y € R*: (y,u) < a}
then by the first part of the proof there exists a point z in the line segment
[p(A, z),w] from p(A, z) to w nearest to z. Since A is convex, it follows that
z € Aand ||z — z||2 < ||z — p(4, x)||2, which contradicts the construction of
p(A, z). Consequently A C H;, holds.

Due to = ¢ A obviously (z —p(4, z),z—p(A,z)) = ||z —p(4,z)||3 > 0 holds,
which is equivalent to {z,u) > (p(A,z),u) = « and therefore completes the
proof of the theorem. H

Theorem 1.27 Suppose that sa(-) is the support function of a given set
A € K4, then A can be reconstructed by

A={aeR?: (a,u) < s4(u) Vu € S< 1} (1.13)

Proof: Set A= {a € R?: (a,u) < sa(u) Yu € S*1}.

Then obviously A C A follows directly from the the definition of s4(.).

In order to prove the other inclusion assume that z ¢ A. Using Lemma 1.26
it follows that there exist u € S%! and o € R such that

(y,u) < a < {(z,u) Vye€A.

This shows that s4(u) < @ < (z,u) and therefore z ¢ A holds, proving that
ACA N

The next theorem describes which conditions a function f : R? — R has
to fulfill in order to be a support function of a set K € K¢.

Theorem 1.28 If a function f : R* — R is subadditive and positive homo-
geneous then there exists a unique set K € K¢ such that f is the support
function of K, i.e. f = sk.
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Proof: Obviously f is bounded on the finite set {e1, —e1, €3, —€2 - -, €4, —€4},
where {e1, ez, -+ ,eq} denotes the canonical basis of the vector space R?.

Consequently by using subadditivity and positive homogenity it follows that
f is bounded on S%! by a constant R, which in turn implies that for every

u € R\ {0}
f(ﬁﬂ;){ < Rllul»

[P
sl
7=
holds. Furthermore f(0) = 0 immediately follows from positive homogenity.
Given arbitrary u,v € R? and again using subadditivity it therefore follows
that

= |lullz

fw)=flv) < flu—-v) <|f(u—v)| < Rllu—vls
f) = flw) < fluv—u) <|f(v-u)| < Rlu—vl,

which gives |f(u) — f(v)] < R|lu — v||z, and proves that f is Lipschitz
continuous on R%. Define a set K by

K :={aeR*: (a,u) < f(v) Yu € §*1}

Then it follows immediately that K is as intersection of closed halfspaces
itself closed and that K is bounded because f is bounded on S¢!. Since the
convexity of K is a trivial consequence of the linearity of the inner product
it follows that K is convex and compact.

Furthermore obviously sx(u) < f(u) holds for every u € S%! and therefore
for every u € R? by positive homogenity.

It remains to prove that K # 0 and that f(u) < sx(u) for all u € S4-1.
Define the so-called epigraph I't C R**! of the function f by

I :={(v,t) eR*x R : f(v) < t}.

It follows immediately that I't is a closed convex cone, i.e. it is closed, convex
and for every z € I't and A > 0 Az € 't holds. Since for every v € R?
(u, f(u)) is a boundary point of I'* Theorem 1.3.2. and Theorem 1.3.9 in [37)
show that there exists (y,7) € R x R with (y,n) # 0 € R¥! determining
a (supporting) hyperplane H = {(2,t) € R? x R : {(2,1), (y,n)) = 0} going
through (u, f(u)) and the origin 0 and fulfilling

I'"CH={(zt) eRIxR: {(21),(y,n)) <0} (1.14)

Since n = 0 implies (y,v) < 0 for all v € R?, giving y = 0 and contradicting
the assumption (y,n) # 0, it follows that n # 0.
Furthermore if n > 0 then for every v € R¢

{(y,m), (v, 1)) = (y,v) +tn <0
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would have to hold for every ¢t > f(v). This shows that n < 0.
Set § := {4 then (1.14) can be written as
It C {(z,t) €eR* xR : (2,) < t}.

For every v € R? (v, f(v)) lies in 't by definition, so (v, %) < f(v) holds for
every v € R? which proves that 7 € K # 0. _

Finally using sk (u) > (§,u) = f(u) completes the proof of the theorem since
u € R% was arbitrary. B

With the aid of Theorem 1.28 it can be shown that pointwise convergence of a
sequence (S, Jnen of support functions on S9! implies uniform convergence
to a support function sx on S¢1.

Theorem 1.29 Suppose that (K, )nen is a sequence in K¢ such that the cor-
responding support functions (sk, Jnen converge pointwise on S,

Then there exists a unique set K € ICS such that sk, converges to sk
uniformly on S41.

Proof: Set s, := sk, for every n € N. Since s, converges pointwise on
591 it follows from positive homogenity that it converges on whole R?.
Furthermore because of the obvious fact that the limit function s inherits
positive homogenity and subbadditivity according to Theorem 1.28 s(-) is
the support function of a unique set K € K¢, i.e. s = sk.

For every u € S%! set a(u) := sup{sn(u) : n € N}, then it follows from
pointwise convergence that a(u) < oo for every u € S¢1.

Again by considering the finite set € = {e1, —ej, e, —€2 -+, €4, —€q}, where
{e1, €9, ,eq} denotes the canonical basis of the vector space R, it follows
that R = max{a(u) : u € €} < co. Hence for L := v/dR both

K, C B(0,L) and K C B(0,L)

hold, which according to inequality (1.12) implies that s, s1, $2,... are Lip-
schitz continuous with common Lipschitz constant L and therefore are a
equicontinuous family.

Having that the proof is easily completed by using the compactness of ¢!
in the following way:

For arbitrary € > 0 there exists an s=-net N' = {zy,---, 2} € S**' for the
sphere S%~!. Since N is finite the convergence of (5,)neny on A is uniform
and there exists an index ny = ng(e) € N such that

|sn(v) — s(v)| < = Yv €N, Vn>ng.

¢
3
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Given arbitrary u € S%! there exists v, € A such that ||u — v,]2 < 5,
which finally implies that

sn(u) — s(u)| < [sa(u) = s(vu) + [8n(va) = s(v)] + |s(va) — s(u)| <
< L—+4+-+4+L-—=c¢ Vn > nyg.

This proves uniform convergence since u € S%~! was arbitrary. B

The required pointwise convergence condition can even be alleviated to almost
everywhere convergence on S%! with respect to the normalized Lebesgue
(surface) measure ¥ on the unit sphere S4-1:

Theorem 1.30 Suppose that (K,)nen is a sequence in K¢ such that the
corresponding support functions (Sk, )nen converge ¥9-almost everywhere on
S4=1. Then there exists a unique set K € K¢ such that sk, converges to sk
uniformly on S,

Proof: Again set s,(u) := sk, (u) for every n € N and every u € S¢ 1.

If s,(u) converges for ¥-almost every u € S*1, then it follows that a(u) :=
sup{sa(u) : n € N} is finite for J-almost every u € S4 1.

Since every relative open set V' C S has positive mass 9(V') > 0 it follows
that every measurable set A C S9! with ¥(A4) = 1 is dense in S9~!. Hence
a(u) < oo on a dense subset A of S%~!, which shows that M defined by

M= m | {z eR*: (z,u) < au)}
uesd—l
is bounded. Since M is as intersection of closed sets itself closed this implies

that M is compact. Consequently there exists a constant L € R* such that
M is contained in the closed ball B(0, L). Therefore

K,.C M CB(,L)

holds for every n € N, which according to (1.12) implies that all functions
SKi,SK,, - - - are Lipschitz continuous with common Lipschitz constant L.
Suppose now that v € S%~! and let € > 0 be arbitrary but fixed, then there
exists u € A C §%" such that [[u—vl|; < 57 and an integer ng = no(e,u) € N
such that .

|sn(u) — sm(u)| < 3 Vn,m > ng.

Consequently
|0 (v) = sm(V)] < Isn(v) = sn(u)] + Isn(u) — sm(u)] + [sm (1) = sm(v)| <

€ € €
< L—+4+-+L—< v >
S 3L+3+ 3L__6 n,m > ng

holds, which proves that (s,)n,en converges pointwise everywhere on S¢!
since v € S%! was arbitrary. Applying Theorem 1.29 completes the proof. B
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1.2.3 [P-metrics induced by support functions

The one-to-one correspondence of non-empty, convex and compact sets K € K¢
and their support functions sx as described before makes it possible to define
metrics p, on K¢, p € [1,00), via the LP-norms of the corresponding support
functions on S%~! with respect to the normalized Lebesgue measure 9:

ok, 1) = e —sully = ([ Joxtw) = su(Pas@)” (119

According to Theorem 1.23 for every set K € K¢ the corresponding support

function s is an element in the Banach space (C(S%!), |- llo), which en-
sures that the integral in (1.15) exists for every p € [1,00).
By using the well known properties of the p-norm || - ||, it is easy to see

that p,(-,-) is non-negative, commutative and fulfills the triangle inequality.
Furthermore if p,(K, L) = 0 then it follows immediately that s (u) = sp(u)
Y¥-almost everywhere, which, using continuity, implies that sx(u) = sp(u)
holds for every u € S%!. Therefore KX = L holds, which completes the proof
that p, is a metric on K¢ for every p € [1, 00).

Analyzing the interrelation of the metric p, and the Hausdorff metric oy
Theorem 1.24 (point one) immediately shows that

holds for every p € [1,00) and K, L € K¢.

Concerning an estimation in the other direction only the case d = 1 is
obvious: If K = [a,b] and L = [c, d] are compact intervals then it follows that
po( K, L) = (L]d — bl + Ljc — al?)'’”. Since 8y (K, L) = max{|d — b, |c — a}
this implies that ég(K, L) < 2p,(K, L) for every p € [1,00), which together
with (1.16) proves that p, and dy are equivalent metrics for d = 1.

In 1984 Vitale [43] proved amongst other things the following useful inequa-
lity for d > 2, p € [1,00) and K, L € K%

(B(p+ 1,d—1)

B(3, %) D

1

);(%(K, L) <k, D) (117)

Thereby 0 < D = max{|la — bz : a,b € K UL} =: diam(K U L) is the
diameter of K U L and B(:,-) denotes the beta-function. (In the trivial case
of diam(K U L) = 0 obviously ég(K, L) = p,(K, L) = 0 holds.)

This inequality is the main tool for proving the following theorem (compare
Vitale [43]):
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Theorem 1.31 For every p € [1,00) the metric p, defined according to
(1.15) induces the same topology on K¢ as the Hausdorff metric 6.
Moreover for every p € [1,00) (K¢, pp) is a complete, separable metric space
in which every closed, bounded subset is compact.

Proof: For the case d = 1 it is an immediate consequence of the equivalence
of the metrics éy and p, that dp(K,, K) — 0 for n — oo holds exactly if
pp(Kyp, K) — 0 for n — oo holds.

If d > 2 then (1.16) shows that éy(K,, K) — 0 for n — oo implies that
pp(Kn, K) — 0 for n — oo.

In order to prove the opposite implication assume that p,(K,, K) — 0 for
n — 00. Since it follows directly from the definition of the Hausdorff metric
0y that for every K, L € ICf

diam(K U L) < diam(K) + 20y (K, L)

1/
holds, setting C(d,p) := [ﬂﬁﬂ_’d‘_;)] ? inequality (1.17) applied for K,, K

1d-1
B(E’ 2

shows that

Clp— ) T (g

(diam(K) + 265 (Kn, K)) 7

e If diam(K) = 0 then (1.18) reduces to g(-g’—pléy(Kn,K) < pp(Kn, K),
proving that dy(K,, K) — 0 since C(d, p) # 0.

e If diam(K) > 0 then diam(K) + 20y (K,, K) > diam(K) > 0 for all
n € N. Hence p,(K,, K) — 0 implies dg(K,, K) — 0 for n — oo.

Altogether it follows that
pp(Kn, K) = 0 & 0y(Kn,K)— 0 forn — oo.

Consequently for every d > 1 a set C C K¢ is closed with respect to 6y if
and only if it is closed with respect to p,, which proves that the metrics p,
and dy induce the same topology. This completes the proof of the first part
of the theorem.

For the case d = 1 obviously a set C C K is bounded with respect to 6z ex-
actly if it is bounded with respect to p, since the metrics are equivalent.
Suppose now that d > 2 and that C C K¢ is bounded with respect to
the metric p,. Then there exists a set M € K¢ and R > 0 such that
C C B,,(M,R), where B, (M, R) denotes the closed ball with center M
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and radius R with respect to the metric p,. By using the triangle inequa-
lity one may assume without loss of generality that M = {m} € K¢, which
implies that diam(M) = 0. If A € C then applying inequality (1.18) for
K = {m} and K,, = A yields

@(SH({W’L},A) < pp({m},A) <R.

Since C(d, p) # 0 it follows that 05 ({m}, A) < %, which shows that A is
bounded with respect to the metric §g too.

Consequently by (1.16) for arbitrary d > 1 a set C C K¢ is bounded with
respect to oy if and only if it is bounded with respect to p,. Hence the first
part of the proof implies that a set C C K¢ is closed and bounded with respect
to 0y if and only if it is closed and bounded with respect to p,. Moreover
the first part of the proof shows that a set C C K¢ is compact with respect
to 0y exactly if it is compact with respect to p,.

Having that simply applying Theorem 1.14 shows that every closed, bounded
set C in K¢ is compact with respect to Pp-

Especially for every n € N the closed ball EPF(O, n) is compact, which shows
that (IC‘Ci, pp) is a o-compact metric space and therefore separable.

Because of the fact that for every Cauchy sequence (K,)nen the closed set
L = {Ki,K,,K3,---} (closure with respect to p,) is bounded, it follows
that L is compact and therefore that there exists a convergent subsequence
(Kn,)jen and a set K € K¢ such that p,(K,;, K) — 0 for j — co.

By the Cauchy property it follows immediately that p,(K,, K) — 0 holds
for n — oo, which finally shows that (IC?, pp) is a complete metric space. B

1.3 Operations on F¢

As fuzzy numbers and fuzzy vectors can be seen as a generalization of real
numbers and real vectors it is natural to try to define operations such as
the sum of two fuzzy vectors or the scalar multiplication of a real number
with a fuzzy vector so that they are natural extensions of the corresponding
operations for real numbers and real vectors.

If for instance £* € F! and ¢ € R then it seems natural to define the fuzzy
number 7* = £* + ¢ so that n*(z) = £*(z — ¢).

Suppose now that T : R® —s R? is an arbitrary function and that £&* € F2.
Define a function &% : R — R for z € R? as follows:

0 if T-1({z}) =10

ér(z) = { sup{¢*(y) : y € T"'({z})} otherwise. } vz € R (1.19)
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This construction is called Zadeh’s extension principle.

In general {7 need not be a fuzzy vector, but if the function T is continuous
there is the following simple result:

Lemma 1.32 Suppose T : R* — R? is a continuous function and £* € F2.
Then the function &} defined according to (1.19) has the following properties:

1 [Gla={zeR? : &(z) > a} € K¥ for every a € (0,1]
2. g € R : gh(zo) = 1

3. T([6"a) = [€F]a for every a € (0,1]

4. &(z) €[0,1] for every x € RY

Proof: Suppose that « € (0, 1] and that z € [¢¥],. Choose ng € N sufficiently
large so that 1/n < «a holds for every n > ng. It follows immediately from
(1.19) that for every n > ng there exists y, € [£*]a—1/» fulfilling T'(y,) = =.
The compactness of the (a — 1/n)-cuts [{*]o—1/n for every n > ng implies the
existence of a convergent subsequence (ynj) jen with limit y. Using Theorem
1.4 it follows that y € [£*]., which, using continuity of T, yields z € T([¢*])-
On the other hand if € T([¢*],) then there exists y € [¢*]a such that
£*(y) > a > 0 and T'(y) = z holds. This shows that z € [£}], and completes
the proof of the third assertion of the theorem.

Because of the fact that continuity preserves compactness the compactness
of [€4], is an immediate consequence of the third assertion.

The other two assertions directly follow from the definition. Ml

If in addition the function T is linear (and therefore continuous) it follows im-
mediately that the convexity of the a-cuts is preserved as well since linearity
preserves convexity.

Hence under the requirement that T : R —s R? is linear it follows that &7
is a vector-characterizing function of a d-dimensional fuzzy vector, therefore
&x € F2 holds.

This can be used in order to define a scalar multiplication of a fuzzy vector
£* € F2 with a real number A € R in the following way:

Setting T : R — R?, T(z) = Az and applying Zadeh’s extension principle
gives

ifA=0

d
otherwise } vz € R%

(A&)(e) = Eh(z) = { o )

According to the above remarks it follows that A{* € Fe,
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Two fuzzy vectors &*,n* € F2 can be combined to a 2d-dimensional fuzzy

vector 6% in various ways, the probably most important method is the so-
called Minimum combination rule:

0*(z,y) := min{&*(z),n*(y)} for all z,y € R?

It is easy to see that 6* € F2¢ and that [6*]4 = [£*]a X [7*], for all a € (0, 1].

Having this the sum £* @ n* of two fuzzy vectors £*,7* € F% can be de-

c

fined applying Zadeh’s extension principle to the function T : R?* — R?,
defined by

T(z,y) =z +v.
Using the above notation this gives:
(& on")(z) =65(z) = sup{6*(z,y):z,y€R%and z+y =z}
= sup{ min{¢*(z),7*(y)} : 2,y e R and z + y = 2}
= max{ min{¢*(z),n*(¥)} : z,y € R* and z + y = 2}

Since T(z,y) = z + y is linear it follows immediately that £&* @ n* € F2.

This definition of the sum of two fuzzy vectors £*,7* € F¢ is closely related
to the Minkowski sum on K¢ (compare for example [9]):

Lemma 1.33 If¢* n* € F¢ then the a-cut of the sum £*®n* is the Minkowsk:
sum of the a-cuts of £ and n*, 1.e.

[ D n'le = [Ea+ [1]a for all a € (0, 1].

Proof: The assertion is a direct consequence of the fact that [05], = T'([6*]a)
with T(z,y) = z + y and 6*(z,y) = min{&*(z),n*(y)}. A

The difference &* © n* of two fuzzy vectors £*,7* € F¢ can be defined com-
pletely in the same manner, namely applying Zadeh’s extension principle to
the function T : R?* — R? defined by

T(z,y)=2z—y.

or, equivalently, as £* © n* := £* @ (—n*).
Analogous to Lemma 1.33 this difference fulfills

€ o0na = [a— 1]« for all @ € (0,1].

In order to compare two fuzzy numbers £*,7* € F. the following definitions
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are useful (and will be used throughout the thesis):
Starting from the semiordering < on the compact subintervals of R, defined
by

[a1,b1] = [a2, bo] 1= a1 < ay and by < by,

a semiordering < can be defined on F} in the following way:
2= a2 0e Yae(0,1]] (1.20)
Analogous an inclusion can be defined on F! by

= Cla Yae(01] (1.21)

1.4 Support functions for F¢

Throughout this and the next section fuzzy vectors will be denoted by capi-
tal letters A* instead of greek letters £* in order to emphasize that the main
ideas come from the theory of compact and convex sets and to point out
the similarities of support functions of fuzzy vectors and support functions
of non-empty compact convex sets. '

According to Definition 1.2 for every a € (0,1] the a-cut [*], of every

d-dimensional fuzzy vector £* € F¢ is an element of K¢. Since every set

K € K¢ is uniquely characterized by its support function sk it is natural

to extend the concept of support functions to fuzzy vectors in the following

way:

Suppose that A* € F2 then the support function sa«(-,-) for A* is defined by
Sar(u, @) = S[ax, (v) = rrfia]( (a,u), (1.22)

a€[A* |

for every u € R? and o € (0,1]. ‘

The following analogy to Theorem 1.23 holds for support functions of fuzzy

vectors:

Theorem 1.34 Suppose that A* € F2 is a d-dimensional fuzzy vector and

c

denote by sa« the corresponding support function defined according to (1.22),
then the following assertions hold:

1. For fized o € (0, 1] sa«(+, @) is positive homogeneous and subadditive.
2. For fited o € (0,1] sax(-, ) s Lipschitz continuous.

3. For fizedu € R? s4+(u, -) is monotonically decreasing and left-continuous
on (0,1].
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Proof: Since s4+(u, a) = s[4+, (u) holds by definition, point one and two are
immediate consequences of Theorem 1.23.

Furthermore because of the fact that [A*], monotonically decreases as
increases, it is obvious that s4«(u, -) is monotonically decreasing in « for fixed
u € R% In order to prove left-continuity fix u € R? and assume that (o, )nen
is a sequence in (0, 1] that increases monotonically to the limit o € (0, 1].
Since the sequence (s ax(u, an))neN is monotonically decreasing and bounded

below by sa(u, ), it follows that (sas(u,,)) . is convergent and that

neN
Hm sae(u, 0m) > 54 (u, Q).
n—o0

Moreover for every n there exists a,, € [A*]qa, fulfilling sa«(u, o) = (an, u).

Since a, € [A*]s, € K2 for every n it follows that there exists a convergent
subsequence (a":')n

oy converging to a point a. Since this point obviously
fulfills o - :
a € m[A*]anj = ﬂ[A*]an = [A*]a’
j=1 n=1
it follows that lim, .o Sar(u, @) = lmjoo{an;, u) = (a,u) < sa(u,a),

which completes the proof of the theorem. l

Furthermore it is easy to check whether a given function f:R% x (0,1] = R
is support function of a d-dimensional fuzzy vector A* € Fe.

Theorem 1.35 If a function f : R? x (0,1] > R is
1. subadditive and positive homogeneous in u € R for fized o € (0,1} and

2. monotonically decreasing and left-continuous in o € (0,1] for fized
u € RY,

then there exists a unique fuzzy vector A* such that f is the support function
of A*, i.e. f = sax.

Proof: Since for every fixed o € (0, 1] the function f(-, ) is subadditive and
positive homogeneous by assumption, applying Theorem 1.28 shows that
[A*]a, defined by

[A*]o = {a €R?: (a,u) < f(u,a) Yu € Se-11,

is a non-empty, convex compact set with support function sjas,(-) = f(-, ).
Furthermore it follows immediately from the second requirement that the
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family ([A*]a)ae(0,) is & nested family, monotonically decreasing for o in-
creasing. Consequently the only thing left to prove is that for every 8 € (0,1]

ﬂ [A*]a = [A*]ﬁ

a<f
is fulfilled:
Since [A*]a 2 [A*] for every a < 8 obviously (. s[A%]a 2 [A*]p follows.
In order to prove the opposite inclusion suppose that a € [A*], for every
a < . Then it follows that (a,u) < f(u,a) for every v € S% ! and
every a < (3. Finally left-continuity of f with respect to « implies that
(a,u) < f(u, ) holds for every u € S*!, which shows that a € [A*] and
therefore completes the proof of the theorem. B

Using the properties of support functions for fuzzy vectors a stronger version
of Theorem 1.5 will be proved now. This theorem especially states not only
that every nested monotonically decreasing family (Ks)ae(o,1j in K¢ induces
a fuzzy vector C* € F2 (in fact the convex hull) but also that for A-almost
every a € (0, 1] the equality {C*], = K, holds (compare [20]).

Theorem 1.36 Suppose that A C (0,1] is a measurable set with A(A) =1
and that (Ku)aea i a nested monotonically decreasing family of sets in ICf.
For every o € (0, 1] define a set C,, by

Ca = m Kg.
{B:8€(0,a)nA}

Then the family (Ca)ac(o,) 5 o family of a-cuts of a fuzzy vector C* € Fd
and [C*|q = Coy = K4 holds for X-almost every o € (0, 1].

Proof: First of all it follows immediately from the definition of C, that |
C, € K¢ holds for every a € (0,1] and that C, 2 Cg whenever a < §.
Furthermore an easy calculation shows that for every g € (0, 1}

() Co = Cs.

a<lf

Consequently according to Theorem 1.5 the family (Cq)ac(o,1) is & family of
a-cuts of a unique fuzzy vector C* € F&, which proves the first part of the
assertion in the theorem.

In order to prove the second part notice that the construction of C, implies
that for every 8 € A and « € (0,5) N A the inclusion K, 2 Cg 2 Kz holds.
Define a set D, by

K, ifxeA
Da:= { C, otherwise } Ya € (0, 1],
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then it follows immediately that (Da)ae(o,l]‘ is a nested family of sets in K¢,
that decreases monotonically in «.

Moreover for every v € S N Q? define a function g, : (0,1] = R by

gv(a) := sp,(v)

for every o € (0, 1], whereby sp, () denotes the support function of D, € K¢,
Since obviously g,(-) is a monotonically decreasing function on (0, 1] the set
T, C (0, 1] of all discontinuities of g,(-) is at most countable (compare [16]).
Because of the fact that S N Q% is countable it follows that the set T,

defined by

T:= U T,,

{viweSi-1nQ<}

is as countable union of (at most) countable sets itself countable. Hence T is
measurable and A(Y) = 0. This shows that the set A defined by A := A\ T
is measurable and has full measure, i.e. A\(A) = 1, which in turn implies that
Ais dense in (0, 1].
Let « € A and v € S4 1 N Q? be arbitrary but fixed, then there exists a
monotonically increasing sequence (o )nen in (0, ) N A that converges to c.
Because of K,,, 2 C, D K, for all n € N it follows that

go(an) = 8k., (V) 2 s0.(v) 2 sk.(v) = gu(@)

holds for every n € N. Since by construction lim, .. gy(e,) = g»(c) holds
this implies that sc, (v) = sk, (v), which in turn shows that sc, (v) = sk, (v)
holds for all v € S 1NQ since v was arbitrary. Using the fact that $4—'NQ?
is dense in S¢~! and the (Lipschitz-) continuity of support functions it there-
fore follows that C, = K, is fulfilled. The fact that a € A was arbitrary
completes the proof. B

Remark: Note that in case of A = (0, 1] the fuzzy vector C* € F¢ is exactly
the convex hull as described in Theorem 1.5. Consequently starting from a
nested monotonically decreasing family (K, )aea of sets in K¢ and building
the convex hull C* € F¢ leaves A-almost every a-cut unchanged.

In the following section it will be shown how the LP-metrics mentioned in
Section 1.2.3 can be extended to the case of fuzzy vectors. In doing so the
following measurability result is needed:

Lemma 1.37 Suppose that A* € F¢ is a d-dimensional fuzzy vector with

corresponding support function sa«(-,-), defined according to (1.22), and de-
note by B(S*1) and B((0,1]) the Borel sets on S~ and (0,1] respectively.
Then the support function sa«(-,-) is measurable with respect to the product
o-algebra B(S?1) ® B((0, 1]).
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Proof: It is well known that the family € = {(—oo0,t) : t € R} generates the
Borel sets B(R) on R. Consequently it suffices to prove that

sar ((—00,t)) € B(S*1) @ B((0,1])

holds for every t € R. It follows immediately from point three in Theorem
1.34 that the following equality is fulfilled:

i ((—00,0)) = | ({u € 4 sip. (u) < £} x [a,1]> (1.23)
«€(0,1)NQ

Point two of Theorem 1.34 implies that for every fixed a € (0, 1] the set
{u € 5971 : s4n,(u) < t} is an open (relative open) subset of S and
therefore Borel-measurable. Consequently (1.23) shows that ;! ((—o0,t)) is
a countable union of measurable rectangles in B(S%!) ® B((0, 1]) and there-
fore measurable, which completes the proof of the lemma. B

A further measurability result will be helpful:

Lemma 1.38 For every pair A*, B* € F2 the function h : (0,1] — [0, 00),
defined by h(c) := 65 ([A*]a, [B*]a), is left-continuous in c.

Proof: Suppose that (a,)nen is @ monotonically increasing sequence in (0, 1]
that converges to o € (0, 1]. By using Theorem 1.4 and Lemma 1.11 it follows
that im, o0 0 ([4*]an, [A*]a) = 0 and limg, 0 65 ([B*a,, [B*a) = 0.
Applying the triangle inequality shows that

01 ([A%]a, [B'a) < 01 (Ao, [47]an) + 88 ([A%en [Ban) + 85 (B ey [B']e)
and
511 ([A"]an, (Ban) < 01 ([A7ans [47]a) +85 ([A%as [B ™)) + 01 ([ B [B o)
Rearranging and combining these inequalities yields
611 (1A%, (BTe) =81 (A", (BN ) | < 811 (1471 (471 465 (B (B
which implies that

1im 65 (4], [B]a) = 0a (4700 [B7]).

and therefore completes the proof of the lemma. l

Denote by M (S%! x (0,1],R) the set of all Borel-measurable functions from
S4-1%(0,1] to R. Similar to the embedding ® treated in Theorem 1.24 accor-
ding to Lemma 1.37 a mapping ¥ : F¢ — M (541 x (0,1],R) can be defined
as described in the next theorem.
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Theorem 1.39 The mapping ¥ : F& — M(S*1 x (0, 1,R), defined by
V(A*) := 54+ (-,") for every A* € F2, has the following properties:

o ¥ preserves Minkowski structure, i.e. U(A* @ B*) = U(A*) 4+ U(B*)
and W(AA*) = AU (A*) for all A*, B* € F¢ and A > 0.

o U preserves order, i.e. A* C B* ¢ sax(u,a) < sp«(u, a) for all (u,a)€
S4=1 % (0,1] (notation according to (1.21)).

o U is injective.
Proof: Given A*, B* € F¢ using Theorem 1.24 it follows that

V(A" ® B*)(u,a) = sarep+(U, Q) = Sjar@Bs, (U) = Sjav), (v) + sip+. (1)
= sa+(u,a) + sp«(u, )
= U(A)(u, ) + V(B (u,a) Y(u,a)€ 541 x(0,1].

In completely the same manner it can be shown that
Y(AA")(u, a) = AT (A%)(u, @)

holds for all (u,a) € S9! x (0, 1].
The second assertion can be proved via the following chain of equivalences
(again using Theorem 1.24):

A*CB* — [AY4 C[B%a Vo€ (0,1]
<~ S[A*]a(’u,) < s[B*]a(u) V(u, a) e S x (O, 1]
— SA*(U,O[) S SB*(U,,CY) V('U,,Oé) € Sd—l X (0) 1]

Finally if U(A*) = ¥(B*) holds for two fuzzy vectors A*, B* € FZ, then
by definition sas), (u) = sps}, (u) is satisfied for every a € (0,1] and every
u € S9!, which implies that [A*], = [B*]4 for all @ € (0,1]. Hence A* = B*
follows, which completes the proof. B

1.5 Metrics on subclasses of ]:f

Starting from either the Hausdorff metric ég or the LP-metrics p, induced
by support functions on K¢ various metrics can be defined on subsets of Fe
First of all the set F¢,, defined by

c,c)

fgc = {A* € FZ : supp(A*) is compact}, (1.24)
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and the following three different types of metrics on ¢, are considered (com-
pare [9] and [20]): ’

OH,00(A", B) := sup 5([A"]a, [B]a) (1.25)

ae(0,1]

1/p
(A%, BY) = ( /( (4L [B*w)‘”dA(a)) (1.26)

P(A%, BY) = < /(0’1] /S o) —sB*(u,a)|pd19(u)d)\(a))1/p (1.27)

Thereby A*, B* € fgc, p € [1,00), A denotes the Lebesgue-measure on (0, 1]
and ¥ denotes the normalized Lebesgue measure on S% 1.

According to Theorem 1.24 the definitions (1.25) and (1.26) can be rewritten
as

0fr o(A*, B*) = sup max |s[A*]a(u)—s[B*]a(u)‘ and (1.28)
«€(0,1] uESE?

ol 5 = ([ (s, o) - sma(u)l)”dA(a))l/p. (1.29)

ugSd—1

Throughout the rest of the thesis £P(S97! x (0, 1],9®\) denotes the set of all
measurable real-valued functions f, such that | f|P is integrable on S¢~1 x (0, 1]
with respect to the product measure ¢ ® A. Furthermore for every function

f € LP(S™1 % (0,1],9 ® \), || ]I, is defined by

o= ( [, el doenea)

It is well known that || - ||, is only a seminorm on £P(S47! x (0,1],9 ® A),
nonetheless the notation || - ||, will be used since no confusion will arise.
Using this notation p}(A*, B*) is easily seen to be ||sa+ — sp||,, whereby sa-
and sg« denote the corresponding support functions on S%* x (0,1], i.e.

pp(A”, BY)

i/p
( / |sav(u, @) — sp+(u, @)|Pd( ® N)(u, a))
Sd=1x(0,1]
= ”SA*(') ) - SB*('y )”p

- ( /(] oo (A" [B*la)”dMa))”p, (1.30)

whereby the last equality follows from Fubini’s Theorem.
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It is straightforward to show that 6% (:,-), 6% ,(-,-) and P}(-,-) are metrics:
Since for every A* € ]-'éfc the corresponding support function sa«(-,-) is
bounded on S41 x (0, 1] it follows that 0f1,00(A*, B*) < 00, 0} ,(A*, B*) < 00
and p;(A*, B*) < oo for all A*, B* € F¢, (measurability of the function
a +— g ([A*]a, [B*]a) is guaranteed by Lemma 1.38).

For 6% (-,-) fulfillment of the triangle inequality is an immediate conse-
quence of the fact that dy is a metric and fulfillment of commutativity is
obvious. Furthermore if 6}; (A*, B*) = 0 then [4*], = [B*], holds for every
a € (0,1], which implies that A* = B*. Consequently 0% oo(, ) fulfills the
conditions of a a metric on .Fgc.

Concerning &7 (-, -) again commutativity is obvious and the triangle inequa-
lity is an immediate consequence of the fact that éy is a metric and the well-
known Minkowski inequality (compare [13]). Furthermore if 6} ,(A*, B*) = 0
then it follows that [A*], = [B*], holds for A-almost every « € (0, 1]. This
implies that [A*], = [B*], for all o € (0,1] since every set M C (0,1] of
Lebesgue measure 1 is dense in (0, 1]. Consequently A* = B* holds, which
completes the proof that §f (-, -) too is a metric on Fg,.

Finally, the fact that p}(-,-) is commutative and fulfills the triangle inequality
is an immediate consequence of the properties of the LP-norm. Furthermore
if p(A*, B*) = 0, then sa«(u, a) = sp«(u, ) holds for (J ® A)-almost every
(u,a) € %1 x (0,1], which implies that there exists a set A C (0,1] of
Lebesgue measure 1, such that for every a € A s+, (u) = 5[+, (u) holds
for ¥-almost every u € S4-1. Using the fact that for every set K € K¢ the
corresponding support function sg(-) is continuous on S¢71, it follows that
[A*]o = [B*]q for every a € A. Since A is a dense subset of (0, 1] it eventually
follows that A* = B*.

Within the next theorems the most important properties of the three types
of metrics on Fg, are presented (compare [9] and [20]).

Theorem 1.40 (.7-"6‘1,6, 6}1’00) is a complete, non-separable metric space.
Furthermore 83 . (:,-) is translation-invariant and fulfills 83 ,(c A*,c B*) =

|c} 0% oo (A*, B*) for all A*, B* € Fé, and ceR.

Proof: Completeness can most easily be proved using support functions:
Suppose that (A7) on 18 a Cauchy sequence in (F&., 8% ) Then it follows
from (1.28) and the positive homogenity of support functions for fixed «,
that for every (u,a) € R? x (0,1] the sequence (sax(u, a))neN is a Cauchy
sequence in R and therefore converges to a a real number denoted by s(u, c).
By using the Cauchy property it follows that s(:,-) is the uniform limit of
SA;(', '), i.e.

lim sup |sax (u, @) — s(u, )| = 0.

=00 (y,0)e854-1x(0,1)
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Because of the fact that every function s4s(:,) is bounded on S4-! x (0, 1]
this implies that s(-,-) is bounded on §¢~! x (0, 1] too.

As pointwise (in fact even uniform) limit of subadditive and positive homo-
geneous functions for a € (0, 1] fixed s(-, @) itself is subadditive and positive
homogeneous in u € R%.

Furthermore for v € R? fixed s(u, ) as function of « is the uniform limit of
left-continuous functions and therefore itself left-continuous in a.
Consequently according to Theorem 1.35 s(-,-) itself is the support function
of a unique d-dimensional fuzzy vector A* € F2, ie. s(-,:) = sa«(-,-).

From the fact that s(-,) is bounded on S¢~! x (0, 1] it follows immediately
that the limit A* has bounded support and consequently that A* &€ ffc,
which finally proves completeness.

The assertion that (F2,, 8} ) is not separable can easily be verified in the
following way:

For v € [0,1] define a d-dimensional fuzzy vector A} € Fe, via its a-cuts

([43]) weioyy BY

(A% = { !{B;Hd ﬁg Ez } Vo € (0,1].

For every pair 71,72 € [0, 1] with 41 # 7 obviously 0% (A%, A%) = Vd>1
holds, which shows that there exist uncountably many fuzzy vectors in }'fc
with distance not smaller than 1.

The remaining properties claimed are an immediate consequence of the corres-
ponding properties of the Hausdorff metric g stated in Proposition 1.25. B

Theorem 1.41 (ffc,dH,p) is a non-complete, separable metric space.

Proof: Non-completeness for given p can easily be demonstrated as follows:
Define a sequence (A%)qen in F2, by

1 for ||z|l2 £ 1
An@) =3 (lzll2)™* for |zl € (1,n] ¢ Ve R
0 otherwise

Consequently the corresponding a-cuts are given by

a1/ or o € [n~?%
[A]a~{B(O ) forae[n?,1]

B(0,n) for a € (0,n=%) } vn €N,

and supp(A%) = B(0,n) holds for every n € N.
Having that it follows that for every n, k € N the following estimation holds:

(n+k)—2p n—2p 1/p
Strp(Ans Ani) < { / kPdX(e) + / G 2’”—n)pcﬂ(a)}
2 0 (

n+k)—2»
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- /p
kP e '
< {— o
< {(n+ 3R + /(n+k)_2p = d/\(a)}

{ 12 }1/ T g

SH=+= =—

n?  nP n

This shows that (A}).en is a Cauchy sequence in (.7:;1’6,(5}{,],). Obviously
(A7 )nen converges with respect to 0%, to the fuzzy vector A*, defined by

a(e) = {

Since obviously A* ¢ f(ﬁfc holds, non-completeness is proved.

1 for |jzlls <1

d
(”IE||2)_2P otherwise } Vz € R?.

In order to prove separability construct a countable family @ C F¢_ as
follows: ’
The set C of all d-dimensional compact cubes of the form x&[a;, b;] with
a; < b; and a;, b; € Q is countable. Consequently the set C, of all finite unions
of such cubes is countable too. Furthermore the set W, defined by

W = {(ﬂl:ﬂ?f")ﬂ?‘):61'6Qm(0a1] andﬁlﬁﬁ2§"'§ﬁr=1,reN}:

is countable. Consequently the set Q C .Fgc of all fuzzy vectors L* with
a-cuts

(Mo = conv( U Qi> Yo € (0,1],
{i:8;2a}
wherein r € N, (01,00, -+,5,) € Wand Q; € s for all ¢ € {1,2,---,7}, is
itself countable too.

It will be shown now that this family Q is dense.

In this spirit suppose that A* € ]-',‘ic and let € € (0, 1) be arbitrary.

Since A* € .7-'20 has compact support there exists a rational number v € QF
such that supp(A*) C [~7,7]¢ € R For every m € N this cube [—7,7]?
can be written as union of m? closed subcubes of equal edge length 27;1 with
pairwise disjoint interior and vertices with rational coordinates. Choose m

sufficiently large, so that
2y < €
m - 2/d
holds, and denote by Q1,Q2, - -, @, the set of all subcubes, that have non-
empty intersection with supp(A*). Consequently supp(A*) is approximated

from outside by Q1,Q2," -+, @r, i.e. |Ji_; @i 2 supp(A*). Define
a; :=sup{A*(z) : 2 € Q;} >0 for every i € {1,2,---,7},
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and rename @1, @z, -+, Q, 80, that 0 =: ap < oy < a3 < --- < @, = 1 holds.
Given a € (0,1] define I, := {i € {1,--+,7} : @; N [4*]o # 0}, then [4"],
is approximated from outside by UiEIa Q. Concerning the quality of the
approximation with respect to the Hausdorff metric it follows that

T 2
5:(| ) Q:, supp(4%)) < (L) i=%  and
H(Lle supp )) 7 5 en

6H( U e, [A*]a) < (ﬁyd = % (1.31)

i€la
The next step is to prove that
L={ie{l,- - ,r}:a; > a}.

In fact, if Q;, N [A*]o # 0, then it follows immediately that a;, > o.

On the other hand if a; > «, then the definition of «; implies that for every
n € N sufficiently large there exists 2, € Q; N [A*]a—1/n. Since Q; is compact
there exists a convergent subsequence (Zn, )ken Of (Zn)nen With limit z € Q.
As N2 [A%a=1/n = [A*]a holds, it follows that = € [A*]o N Q.

Having that define for every « € (0, 1] a non-empty compact and convex set

K, by
—conv< U Q)

{i:a;>a}

It is obvious that (Ka)ae(o,1} is a nested monotonically decreasing family in
a of sets in K2 In addition, it follows directly from the construction that

() K« = Ks

a<f

holds for every 3 € (0, 1], which shows that (according to Theorem 1.5) there
exists a unique fuzzy vector K* € Fg, with [K*], = K, for every a € (0,1].
If z € [A*],, then there exists a cube @; such that o; > . Therefore it follows

that & € Uy, 4,50y @i» Which shows that [A*]a € [K*]a = Ko holds for every
a € (0,1]. This implies the following inclusion for every a € (0, 1]:

U Q,-) = conv( U Qi)

{’i: oG Za} iela

(4]0 C [K*]a = conv(

Consequently, using Lemma 1.17 and (1.31), this shows that

JH([A*]Q, [K*]a) = 0x ([A*]a,conv< U Qi)> < dy ([A* U Q) _26_

'Lela 161
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for all & € (0, 1], which in turn implies that

1/p
53 (A% K*) = ( <6H([A*Ja,[K*1a>)”dA<a)) < (1.32)

N e

(0.1]

As final step in the proof the irrational o; are approximated from below by
sufficiently close rational numbers 3;:

First choose an integer M € N so that M > 4(r — 1)Y/7 2¢+/d.

For o irrational choose 3; so, that max{0, a;—(e/M)?} < B, < a1, otherwise
set B = a;. Continue inductively as follows: For a;11 = a; set Biy1 = o,
for a;41 > oy and ;4 rational set f;11 = ay4q and for a;; > o; and oy
irrational choose ;11 so that max{w, aiy1 — (¢/M)P} < Biy1 < Qips.

This r rational numbers 8; < 3 < --- < (3, are used to define a fuzzy vector

L* e fgc by
* L ﬂz lf K*(:c) =y d
Lz) = { 0 otherwise vz € R%

Because of the fact that [K*]4, [L*]« C [~7,7]? for every a € (0,1] it follows
immediately that 6 ([K*]a, [L*]a) < 27V/d for every a € (0,1]. Hence

KL = (/(0,1] (5H([K*]a,[L*]a))pdA(a))l/p

< (imﬂ)”(ai—ﬂi))
< (@WapFr-1)—O <

Py - 2

which together with (1.32) and the triangle inequality finally shows that
5 (A% L) < <M

Theorem 1.42 (]:((:i,c) p;) s a non-complete, separable metric space.
Moreover for every p € [1,00) the metrics p, and 0y, induce the same topo-
logy on ff’c.

Proof: Using completely the same sequence (A;)n oy 88 In the proof of
Theorem 1.41 it follows directly from the rotation-symmetric construction
(all a-cuts are balls) that &% ,(Ax, A p) = P(An, Anyy) holds for every
n, k € N. Consequently (A;) neN is also a Cauchy sequence with respect to
the metric pj(-,-) without limit in féi,c» which shows that (]:gc, p;) is a non-
complete metric space.

The fact that the metrics pj and 8}, induce the same topology on fgc is not
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easy to prove for d > 2, although at first sight inequality (1.17) by Vitale
may seem strong enough. In their book [9] Diamond and Kloeden actually
deduce that pj and 0% , induce the same topology on Fgc by simply using
(1.17) without giving precise arguments. Fortunately using some results from
measure theory an even stronger result by Kratschmer [20] stated in Theo-
rem 1.46 can be proved, which immediately yields that P,y and dF , induce
the same topology on FZ..

Given this fact, separablhty of (ff’c, p;) immediately follows from Theorem
141. &

Having in mind firstly the well-known completeness of LP-spaces in measure
theory, secondly the non-completeness stated in Theorem 1.41 and Theorem
1. 42 and thirdly equation (1.30) it seems reasonable to extend the metric
% from FZ, d to the set Fep d  of all fuzzy vectors with p-integrable support
functlons on S4-1 x (0,1j with respect to the product measure 9 ® A, i.e.

Fé = {A* e Fo: [Isas(-, I, < 00} (1.33)

Thereby, as before, ||sax(:, )|, is defined by

o= ([, lstwaraosnwa)

The following lemma shows that not only the extension of pj but also the
extension of 0y , to FZ, is possible.

Lemma 1.43 For every p € [1,00) pi(-,-) and 63 ,(-,-) are metrics on Fg,.
Moreover pj(A*, B*) < 63 ,(A*, B*) holds for arbitrary A*, B* € Fe,

Proof: p}(-,-) is easily seen to be a metric on ff

It follows immediately from the definition that for every pair A%, B* € ¢, d
0 < py(A*, B*) < oo holds, that the triangle inequality is fulfilled and that
P4(+,-) is commutative. If p;(A*, B*) = 0 then according to equation (1.30)
there exists a measurable set A C (0,1] with a(A) = 1 such that for every
o € A sjav), (u) = 8(p+. (1) holds for ¥-almost every u € S* 1.

Using continuity of support functions for o fixed this implies that for every
a € A the equality spas, (u) = s(B«), (u) is fulfilled for every u € S-1 which
shows that [A*]q = [B*]s for every a € A. Since A is as set of full measure
a dense subset of (0, 1], it follows that [A*]q = [B*]4 for every o € (0,1] and
therefore that A* = B*, which completes the proof that pj(-,-) is a metric
on Fg,.

Concerning 6} ,(-,-) the first thing to prove is that &} ,(4* B*) < oo for
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every pair A*, B* € Fd :

For d = 1 this is trivial since the metrics 65 and p, are equivalent as men-
tioned before.

For d > 2 define the function A : (0, 1] — [0, 00) by h(a) = 64 ([A*]a, [B*]a)
for every a € (0, 1] as in Lemma 1.38 .

Looking back at inequality (1.18), since diam({0}) = 0, it follows that

(40 10)) < G
8 (1B, (0)) < = (B 01),
which implies that

hea) = 6r([A%a [B"a) < 8 ([A"a, {0}) + 8 ({0}, [B*]a)
2 N 2 x
S C(d p) pP([A ]a’ {O}) (d ) ,Dp([B ]0“ {0})

for every o € (0,1]. Having that it follows from (1.26) and the Minkowski
inequality that

IA

([4*4,{0}) and

AN

shaae, ) = /(01]<h<a>>PdA<a>)1/p

{</011 <p [A*a’{O}) Aa ))1/” +
</<0 1 <p” [B"]a, {0} ) dA(a)>1/p}
2

= s {lsa ol + lsa (0l < o

IA
Q

Moreover looking at (1.16) it is obvious that for every pair A*, B* € F¢,
py(A*, B*) < 03 (A%, B) (1.34)

holds.

The fact that 0} ,(-,-) fulfills the triangle inequality and that &7 () is
commutative follows immediately from the definition and the fact that 0y
is a metric on K2. Finally &} ,(A*, B*) = 0 according to (1.34) implies that
p;(A*, B*) = 0, which shows that A* = B*. This completes the proof of the
theorem. B

Theorem 1.44 F2_ is dense in F2, with respect to 0% (-, ) and with respect
to px(-,) for everyp € [1,00).



CHAPTER 1. FUZZY NUMBERS AND FUZZY VECTORS 46

Proof: Suppose that A* € fgp is given. It will be shown now that there
exists a sequence (A} )nen of sets in F2, that converges to A* with respect
to the metric 6% ,(-,-). According to (1.34) this implies that (A*).en also
converges to A* with respect to the metric p3(-, ).

For every n € N define A}, € F2, by

N | Af(z) if AM(z) > % d
An(z) = { 0 otherwise vz € RY,

which implies that

[A;]a={ m;n ggg{; }])} C [Aa Vo€ (0,1)

For every n € N define a function h, : (0,1] — [0,00) by
ha(e) = (0 ([A7]a, [A"]a)”

for every a € (0, 1]. It follows immediately from the construction that
lim,, o hn(a) = 0 for every a € (0, 1].
Furthermore again by using (1.18) it follows that

ha(e) < 2265 (4], {0})” < (-C(—;*,;))ppmA*]a, {0})? Vae(0,1)

Since by assumption A* € fgp it follows from Fubini’s Theorem that the
function a — p,([A*]a, {0})” is integrable over (0, 1].
Consequently applying Lebesgue’s Dominated Convergence Theorem proves

that limy, . 0} (A5, A*) =0. B

It will be proved now that for every (fixed) p > 1 the metrics p}(-,-) and
&% p(+,-) induce the same topology on féfp. As a first step going in that di-
rection inequality (1.34) implies that if a sequence (A} )nen in ]-"gp converges
to A* € fgp with respect to &j,, then it particularly converges to A* with
respect to pj too.

The main tool for proving the opposite implication is a well known theo-
rem from measure theory quoted as Theorem 6.14 in the Appendix. This
approach goes back to Kritschmer [20], however the proofs below are shorter
than the original ones and produce the same result.

Lemma 1.45 Suppose that (AX)nen 18 a sequence in ng that converges to
A* € f‘{p with respect to the metric pj(-,-). Then it converges to A* with

C
respect to the metric & (-, ") too.
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Proof: Suppose that (A};).en is a sequence in F¢, that converges to 4* € Fe,
with respect to the metric p}(-,-).
For every n € N define a function h, : (0,1] — [0,00) by

ha(a) := 6 ([AL)a, [A*]a) Vo € (0,1].

Again using the same estimation as in the proof of Lemma 1.43 with AX
instead of B* and the triangle inequality, it follows that

(@) < s (o430 100) + (470, (01))

2

< g (2421 100) + o4 (430, (A7) ).

For every a € (0,1] and every n € N set
gn(@) = 2p,([A47]a, {0}) + pp (A7), [A"]a)-

Using Fubini’s Theorem it follows that g,(-) has as sum of two measurable
functions with finite p-mean over (0, 1] itself finite p-mean, i.e.

/(0 ; (gn(@))PdM@) <00 V¥n €N,

Since by assumption lim,_.. p5(A*, A;) = 0 holds, again by using Fubini’s
Theorem this implies that the sequence g,(-) converges in p-mean to (the
measurable function) g(a) = 2p,([A*]a, {0}). Consequently by Theorem 6.14
in the Appendix it follows immediately that the sequence (g2 )nen is uniformly
integrable, which shows that the sequence (A2 )nen is uniformly integrable
since

2
hn(a) S C(d,p) g'n(a)
holds for every a € (0, 1] and every n € N.
In order to be able to apply Theorem 6.14 it is necessary to prove that
hn(+) converges to 0 in measure. For that purpose suppose that (hn, )ien is
a subsequence of (hn)nen. Then surely limi_. (A7, , A*) = 0 holds, which
implies that there exists a further subsequence (n4;)jen of (14 )ken, such that

lim sa; (u,0) = sa-(u, @)
3

Jj—oo

for (9 ® A)-almost every (u,a) € S%! x (0,1]. Consequently there exists
a measurable set A C (0,1] with A(A) = 1 such that for every o € A
imjo0 545 (u,) = s4+(u, ) holds for ¥-almost every u € S4-1. Apply-

ing Theorem 1.30 this shows that lim; e fin, () = 0 for A-almost every
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o € (0,1). Moreover according to Theorem 6.15 this shows that A,(-) con-
verges to 0 in measure.

Finally applying Theorem 6.14 this shows that

lim (0% (A%, A%))” = lim (hn(a))PdA(a) =0,

n—oo n—oo (0’1]
which completes the proof. B

Theorem 1.46 For every fized p € [1,00) the metrics py and 8}, induce
the same topology on Fd

Proof: According to Lemma 1.45 and inequality (1.34) it follows immedi-
ately that a sequence (A )nen in Fg, converges to A* € F2, with respect to
the metric p5(-,-) if and only if it converges to A* with respect to the metric

#1,(» ). Consequently a set C C F¢, is closed with respect to p3(-,-) if and
only if it is closed with respect to 6 (). This proves that the topologies
induced by the metrics are the same. B

Finally the main Theorem of this section can be stated and proved (again
compare [20]):

Theorem 1.47 For everyp € [1,00) both (fdp,pp) and (F2

eps 6H’p) are com-
plete separable metric spaces.

Proof: Separability of (ffp,
1.41 and Theorem 1.44. Having that separability of (F2,, p}) follows imme-
diately from Theorem 1.46.

Furthermore according to (1.34) and Lemma 1.45 completeness of (ff,p, p;)
implies completeness of (ffp, J ) Consequently it suffices to prove that
(F2,, p%) is a complete metric space

Therefore suppose that (A%).en is a Cauchy sequence in F, dp with respect
to px(-,-). Because of equality (1.30) it follows that (sax)nen is a Cauchy
sequence in £P(S%1 x (0,1],9 ® A). Hence (compare [1]) there exists a real-

valued function f € £LP(S%! x (0,1],9 ® \) such that

0% p) is an immediate consequence of Theorem

lim ||sax — fllp =0, (1.35)
n—0o0
and such that there exists a subsequence (s Az )jen with

lim sax (u,a) = f(u,a) (1.36)
jooo M
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for (9@ A)-almost every (u,a) € S% x (0, 1]. Using (1.36) it follows immedi-
ately that there exists a exists a measurable set A C (0, 1] fulfilling A(A) = 1,
such that for every oo € A

]1_1_{& SA;J, (U,, a) = JIHEO S[A;j]a (’U,, a) = f(u) a) (137)

holds for ¥-almost every u € S¢~!. Consequently Theorem 1.29 and Theorem

1.30 together imply that for every a € A the sequence s4: (u, ) converges
7

to f(u,a) uniformly in u € S%! and that for every o € A there exists a set
K, € K¢, such that sk_(u) = f(u,a) holds for every u € 541,

Using (1.37) and the fact that for every A} the family ([A}]a)ac(,y of its
a-cuts decreases in o, it follows immediately that for every v € S%! and
every a, 8 € A f(u,a) > f(u, ) holds whenever a < 3. This directly proves
that K, 2 Kg whenever o, € A and o < .

Therefore (K, )aca is a family in K¢ that decreases monotonically in o, which
allows to apply Theorem 1.36 to this situation. Consequently there exists a
fuzzy vector C* € F¢, such that [C*], = K, for A-almost every a € (0, 1],
which in turn shows that

ser(u, ) = f(u, a) (1.38)

holds for ¥ ® M-almost every (u,a) € S x (0, 1].
Since f € LP(S%! x (0,1],9 ® )) it follows directly from (1.38) that sc €
LP(S41 x (0,1],9 ® A), which means that C* € F¢,. Moreover looking at
(1.35) equation (1.38) implies that

lim p5(A;,C*) = lim |lsay — sc+|l, = 0.

n—oo

This completes the proof. B



Chapter 2

Fuzzy probability distributions

2.1 Motivation

As mentioned at the beginning of the previous chapter the unavoidable fuzzi-
ness (imprecision) of measurements of one-dimensional continuous quantities
can be modelled by the concept of fuzzy numbers. Concerning probability
theory and statistics this fuzziness must not be neglected and has far-reaching
consequences as will be demonstrated below.

From the classical point of view one of the most central results of probability
theory is the well-known Strong Law of Large Numbers (SLLN), basically
going back to Komogorov in 1930. The version stated below goes back to
Etemadi (compare [3] and [14]):

Theorem 2.1 (SLLN) Let X, X1, Xa, - - - be identically distributed, pairwise
independent, integrable random variables on a probability space (2, A, P).
Then

1 n
lim 5 X(w) = E(X) = / X (w)dP(w)
holds for P-almost every w € 2.

If (X, )nen fulfills the conditions of Theorem 2.1 and B € B(R) is a Borel
set, then obviously the sequence (Y;,)nen of {0, 1}-valued random variables,
defined by

Y, (w) := 1 0 X, (w)

for every n € N and every w € €, also fulfills the conditions of Theo-
rem 2.1. Define the relative frequency h,(B,w) of the set B with respect
to X1 (w), -+, Xn(w) for every n € N and every w € §2 by

hn(B,w) = %#{2 €{1,2,---,n}: Xi(w) € B}. (2.1)

50
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Then according to Theorem 2.1 for P-almost every w € Q the following
equality holds

n—0co

lim h(B,w) = lim %Zm(w)= /Q 15 0 X(w)dP(w)
= PH{w cq X(w) € B}) = PX(B), (2.2)

whereby PX denotes the distribution of the random variable X.

In other words: For every Borel set B € B(R) there exists a set M € A with
P(M) = 1, such that the probability of the event {X € B} is exactly the
limit of the relative frequencies of the set B for every w € M. Particularly,
with probability 1 probabilities of events can be approximated by relative
frequencies of (sufficiently large) samples z1, ..., T,.

In the realistic case that the samples consist in fuzzy numbers z7, ..., z} the
first problem that arises is, how the concept of relative frequencies can be
extended from the idealized case of real samples. The intuitive best approach
is based on so-called hitting and missing sets from the theory of random sets
(for random sets compare [27] and [29]) and works as follows:

Suppose that B C R and that z7,z3,..., 2} is a fuzzy sample. As usual for
every a € (0,1] and every ¢ € {1,...,n} let [z}], denote the a-cut of the
fuzzy number z}.

For every a € (0,1] the lower relative frequency of level o, denoted by
h, o(B), and the upper relative frequency of level o, denoted by Pna(B),
are defined by

1
hpo(B) = E#{Z e{l,...,n}:[zf]la C B} (2.3)

- 1
Thus the lower relative frequency of level a counts all ¢ € {1,2,---,n} for
which the a-cut of z} is contained in the set B and divides by n, whereas
the upper relative frequency of level « counts all i € {1,2,---,n} for which

the a-cut of =7 has non-empty intersection with the set B and divides by n.

Since obviously A, ,(B) < hn,q(B) holds for every n € N, for every o € (0, 1]
and every B € B, it follows immediately that ([A,, o(B), hn,a(B)])
family of compact non-empty intervals (for n and B fixed) in a.

Furthermore again for n and B fixed it follows immediately from the de-
finition that h, ,(B) increases if o increases and that h,o(B) decreases if

ae(0,1] 18 a
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a increases. Consequently ([ﬁn’a(B),En,a(B)])ae(o yj is a family of compact
non-empty intervals for n and B fixed, that decreases if « increases, i.e.

[ﬁn,a(B)r En,a(B)} 2 [ﬁn,ﬂ(B) ’ En,ﬁ(B)]

holds for o < 8 and o, 8 € (0,1].
It can be shown easily (by a small modification of Example 4.21 in Section
4.3 below) that unfortunately in general ([h, o(B),hna(B)]), c(01) is 1ot a

family of a-cuts of a fuzzy number, but at least there exists a fuzzy number
(in fact the convex hull), denoted by hX(B) € F., such that

[hr(B)la = [ a(B), hn,a(B)] (2.5)

holds for all except (at most) finitely many « € (0,1]. This fuzzy number
h*(B) € F} will be called the fuzzy relative frequency of the set B with respect
to the sample z7,2%, ..., T},

Figure 2.1: Fuzzy sample of size 10

‘fx,-' (x )

1

s ayn i

0 1 2

Figure 2.2: Fuzzy relative frequency hp([1, 2])

hi[1,2])
1
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Note that if 27,73,...,2} is a real sample, then h*(B) coincides with the
indicator function of the classical relative frequency, i.e. h%(B) = 1, (8,
which shows that this notion of fuzzy relative frequency really is a generali-
zation of the classical concept.

For n € N fixed this induces a mapping h% : 28 — F! by assigning each set
B C R its fuzzy relative frequency h}(B). In the sequel some main properties
of this mapping will be observed - in doing so the following notation will be
used for every o € (0,1] and every B € B(R):

[, .(B), Baa(B)] = [W(B) (2.6)

According to equality (2.5) it follows  immediately that for fixed n € N and
B CRbothh (B)=h,,(B)andh, ,(B) = hqa(B) holds for all except
at most finitely many « € (0, 1].

Remark: Fix n € N and B C R. Then obviously h, ,(B) as a function of
« is a monotonically increasing step function in @ € (0,1]. The function
Qn (B), also regarded as a function of ¢, is a left-continuous and monoton-

1cally increasing step function which coincides with A, +(B) at least outside
the set of all discontinuities of h__(B), which is finite.

In the same manner A, .(B) as a functlon of o is a monotonically decreasing
step function in o € (0, 1]. The function b, ,(B), also regarded as a function
of a, is a left-continuous and monotonically decreasing step function which
coincides with hno(B) at least outside the set of all discontinuities of , ,(B),
which is finite too.

The most important properties of h(-) as fuzzy-valued set function are sum-
marized in the next theorem.

Theorem 2.2 Suppose that z7,z%,. ..,z is a fuzzy sample of sizen and that
B,C are arbitrary subsets of R. Furthermore let the fuzzy frequency hy,(-) and
the real-valued set functions § () and b, () be defined according to (2.5)

and (2.6), then:
1. supp(hs(B)) C [0,1]
2. hi(R)=1py =1y, hi(0) = Lpg = 1o
8. % () and D,.0() are monotonic set-functions for every o € (0,1], i.e.

ﬁna( ) <b, (C) and b, 4(B) < 9, o(C) hold whenever B C C.

4. bna(-) is a superadditive and Doo(") is a subadditive set function for
every a € (0,1], i.e. if BNC = 0, then the following inequalities hold
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for every o € (0, 1]:
b, (BUC)

“n,o - E

> (B) + %
Dra(BUC) <

o _n’a(C) and
bn,a(B) + H'n,a(c)

5.9, (B =1- B,0(B) and b, ,(B%) = 1 — h__(B) hold for every
a € (0,1]. :

Proof: Since h}(B) is the convex hull of the family ([Qn,(l(B)7 E":Q(B)Dae(o ]

for every B C R by construction, it follows immediately that if a € (0,1]

and if (a;);en is @ monotonically increasing sequence in (0, o) that converges
to o, then the following interrelations hold:

Qn’a(B) = ]1i%hn,aj (B) a'nd En,a(B) = hm Eﬂ,aj (B) (27)

J—00

The main advantage of (2.7) over (2.5) concerning the proof is the fact that
it holds for every « € (0, 1} and not only A-almost everywhere.
Consequently in order to prove the assertions stated in the theorem firstly
properties of the family ([&,, o(B), hn,a(B)]) are observed and after that,
by using (2.7), are transferred to h;(B).

Since [h, o(B), hno(B)] € [0,1] is satisfied for every o € (0,1] it follows
immediately that because of (2.7) [h}(B)|a = [Qna(B),En’a(B)] C [0,1] holds
for every o € (0, 1], which proves the first assertion of ‘the theorem.

Since obviously Ay, o(R) = hno(R) = 1 and h,, ,(#) = hno(0) = 0 is fulfilled
for every a € (0, 1], again using (2.7) shows that Qn’a(R) =b,,(R)=1and
b, (0) =1,.(0) = 0, which proves the second assertion of the theorem.

If B C C CR then it follows immediately that

{ie{1,...,n};[m;]ag3}g{ie{1,...,n};[m;]agc} and

fieqr,...,n}: elenB#O} C{ie{L,...,n}: [lanC # 0}
hold for every o € (0,1], which in turn implies that b, ,(B) < h, ,(C) and
Rna(B) < hno(C) is fulfilled for every o € (0,1]. Applying (2.7) yet another
time proves monotonicity of a() and b, ,(-) for every o € (0,1], which
completes the proof of the third assertion.

If B, C are disjoint then

a€(0,1]

h,(BUC) = %#{i e{l,...,n}: [s7l. C BUC}

> %#{i € {1,...,n}: (o}l € Bor [ai]a € C}
= hn,a(B)-i_hn,a(C) ’
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holds for every a € (0, 1], from which again by (2.7) it follows immediately
that Qn)a(BUC) > Qn’a(B) + b, _(C) is fulfilled for every o € (0,1], proving
that Qna( -) is a superadditive set function for every a € (0,1].

Furthermore because of

hna(BUC)

“#{ie . n}: W.n(BUC) #0)

%#{i € {l,.,n}: [ellan B £ or [l O # 0}
< RpalB) + hno(C),

again (2.7) implies that §, ,(B U C) < b, ,(B) + b, ,(C) holds for every
a € (0,1], which proves that Qna(~) is a subadditive set function for every
€ (0, 1]. Consequently it remains to prove the last assertion. Using

fieft, . n}ilallac BY={1, . ap\{i€ {1, ,n}: [sl]an B # 0}

and
{i € {1,...,n}: [zf]lan B # (Z)}={1,---,n}\{i e{l,...,n}: [z C B}

it follows that Ay, o(B°) = 1 — hno(B) and hno(B°) = 1 — h, ,(B) hold for
every a € (0,1], which by using (2.7) completes the proof of the theorem. B

Using the notations (1.20) and (1.21) Theorem 2.2 can be expressed more
elegantly as follows:

Theorem 2.3 Suppose that 3,5, ...,k is a fuzzy sample of sizen and that .
B, C are arbitrary subsets of R. Furthermore let the fuzzy relative frequency
h%(-) be defined according to (2.5), then:

supp(hs(B)) < [0,1]
CBR(R) =1y =1g),  FR(0) = 10 = Lo

b~

2
3. BC C CR=> h*(B) =< hx(C)

4. BNC =0 = k(BUC) C h%(B) & hx(C)
5. hy(B) = 141y © PX(B)

Having in mind both the interrelation (2.2) and the fact that hj(B) is
a fuzzy number it is inevitable to consider fuzzy-valued ’probabilities’ as
generalizations of classical probabilities. Of course the question immediately
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arises, which properties a fuzzy-valued mapping P* : A — F! on a measure
space (£2,.A) should fulfill in order to be called "probability’, however Theo-
rem 2.3 suggests what properties a meaningful notion at least must satisfy.
Such fuzzy-valued mappings will be called fuzzy probability distributions in
the sequel, firstly in order to avoid confusion with so-called fuzzy measures
treated for instance by Z. Wang and G. Klir (compare [45]), and secondly
to indicate that they are also induced by the distribution of fuzzy random
variables, which will be shown in Section 4.3.

Before formulating a general definition of fuzzy probability distributions,
which will be done in Section 2.4, another natural approach to fuzzy-valued
mappings on a system of sets based on a completely different idea will be
discussed. In the elementary case, which is presented in subsequent Section
2.2, this approach goes back to Buckley’s fuzzy probabilities ([6]), however
filtering out the main idea, a much more general concept of so-called fuzzy
probability distributions induced by fuzzy probability densities can be deve-
loped. Remarkably this concept fulfills all the properties listed in Theorem
2.3 in a very general setting, which is a strong argument for defining general
fuzzy probability distributions in the way it is done in Section 2.4.

2.2 Discrete fuzzy probability distributions

Much of the material presented in this section can be found in Buckley [6],
however the presentation is chosen differently in order to point out the main
idea that will be used for the mentioned generalization in the next section.

Consider as starting point a soccer match of two different teams M; and
M,. In this situation three different outcomes are possible:

Team M; wins (event {a}), team My wins (event {b}) or the match ends in
a draw (event {c}).

For none of the three outcomes it is possible to know the exact probabilities,
therefore the probabilities are estimated (by using old results), or they are
provided by experts.

Because of the unavoidable uncertainties in the assessment of the probabili-
ties, it seems to be more realistic to model these estimations by using fuzzy
numbers, or, in the simplest case, by using intervals. Let

Q= {a,b,c}, A =29,

and suppose that
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3 6
p(b) = {1_0’16} =: I,
2 3
plc) = [ ] =: I.

10° 10

The assignment above can be considered to be meaningful and a generaliza-
tion of punctual probabilities as there exist z1 € p(a),z € p(b), z3 € p(c)
such that

T+ 2o +23 =1

Based on the intervals I, I, I, ’probabilities’ for all subsets of {2 can be
defined in the following way:

P({a,b}) == {z1+22: 21 €L, 32 €Ly, T3 € L, T1+a2+23 =1}
P({a,c}) = {z1+as: z1€ L, 23 €Ly, T3 €I, T1+T2+73 =1}
P{b,c}) :={zo+as: w1 €L, 22 €, z3€ L, T1+T2+73 =1}
P({a,b,c}) :={z1+ 22+ 33: 21 €1, 22€ L, 23 € L, 71 + 19+ 23 = 1}
This yields:

P((a,8) = |

P{ec) = [1575

Pl = |15
PO = [L1]
PO) = [0,0

As in the previous chapter let . denote the set of all fuzzy numbers defined
according to Definition 1.1.

Definition 2.4 Let Q = {a1, - -,a,} be a finite set.
Then a mapping p* : @ — F! is called discrete fuzzy probability density

c

on Q, if for everyi € {1,---,n} the fuzzy numbers p} = p*(a;) fulfill:

[pila € [0,1] Va €(0,1] and

Vi€ {1,---,n}: Jz; € [p}): such that in =1

i=1



-
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Similar to the above example P*(A) is defined on all sets 4 C by

P*(A)]. ;={ S o melple Vie{l, - ,n}, Zx:l} (2.8)

i.a; €A

At first sight it may be not clear if for every A C Q the family ([P*(A4)],) ac(01]

really is a family of a-cuts of a fuzzy number, however the following lemma
can be proved.

Lemma 2.5 Suppose Q@ = {a1,---,a,} s a finite set, A C Q an arbitrary
subset of Q, p*: Q — F! is a discrete fuzzy probability density on 0 and
[P*(A)], is defined according to (2.8), then:

1. [P*(A)]a is a compact interval for every o € (0, 1]

2. [P*(A)], is a nested monotonically decreasing family in a with
[P*(A)]e = [P*(A)]s.
a<f

Proof: Let K denote the system of all non-empty, compact and convex
subsets of R™ and define

A = {x=<x1,---,xn>eR": 7 2 0 ViandZ“l}
=1

Su = [ptla X [p2)la X+ X [pu)a CR®, Dy:=8.NA, forac(01].

Then it follows immediately from the definition that D, # @ holds, which
shows that D, € K7. The mapping f : R® — R, defined by

flnm) = 3 e

is linear, continuous and satisfies f(D,) = [P*(A)].. As an image of a compact
and convex set under a continuous linear mapping, [P*(A4)], is a compact
interval, which proves the first part of the lemma.

If § < « it follows that D, € Dg and consequently

[P*(A)la C [P*(A)ls-
The only thing left to show is:

B (A)a = [P*(A))s

a<p
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For z € N, 5[P*(A)]a it follows that for each o € (0, 8) there exists y, € D,
such that f(y,) = z.

Especially for every sequence (an)nen With o, " B8 and a,, € (0, ) there
exists a sequence (Yn)nen such that y,, € D, and f(y,) = z holds.

Because of the compactness of D,, there exists a y € R™ and a convergent
subsequence (Yn, Jken Of (Yn)nen With

o0
Une — YE(|Doy=Ds  for k — co.
=1

Using the continuity of f it follows that f(y) = z and therefore
z € [P*(A))g.

The other inclusion is trivial, as for every o < § it follows that Dg C D, and
consequently

[P*(A)ls € [P*(A)].H

Lemma 2.5 especially shows that P*(A) is a fuzzy number for every A C Q.
P*(.) will be called discrete fuzzy probability distribution induced by the dis-
crete fuzzy probability density p*.

The most important properties of discrete fuzzy probability distributions
are summarized in the following theorem, which uses the notions explained
at the end of Section 1.3 (compare [6]).

Theorem 2.6 Let Q = {ay,"-,a,} be a finite set, P* a discrete fuzzy prob-
ability distribution induced by a discrete fuzzy probability density p*, and
A, B CQ, then:

1. supp(P*(A)) € [0,1] VYACQ

2. PHQ) =1y =1, P0)=1pg = 1(9

3. AC B=>P*(A) <P*(B) (Monotony)

/. AN B =0 = P*(AU B) C P*(A) ® P*(B) (Subadditivity)
5. 1€ [P (A)@P* (A%, VYae(0,1]

6. AN B # 0 = P*(AU B) C P*(A) ® P*(B) ©P*(AN B)

7. PH(A%) = 111y © P*(A)

Proof: The above theorem is a special case of Theorem 2.15 and Theorem
2.16 in the next section.
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2.3 Fuzzy probability distributions induced
by fuzzy probability densities

Let (2, A, 1) be an arbitrary measure space and G : § — K! an interval-
valued function (also referred as correspondence) on 2.

A function g : @ — R is called selection of G if g(t) € G(t) holds for
p-almost every t € Q. Note that if g is a selection of G and h is another
function, such that g(t) = h(t) holds for uy-almost every ¢t € Q, then h is a
selection of G too. The set of all measurable selections of G will be denoted
by Sel(G).

Furthermore the correspondence G is called integrably bounded, if there exists
an integrable function h such that

ly| < h(t) for every y € G(t) and every t € Q.

If f*:Q — F!is a fuzzy-valued function on €, then the function F,,
defined by ‘

Fo(t) := [f*(D)]a, (2.9)
is an interval-valued function on §2 for each o € (0, 1].

Moreover for every fuzzy-valued function f*: Q — F! the lower and upper
a-level functions f _(-) and f,(-) are defined by

f(t) == min (Fa(t)) and  f,(t) := max (Fu(t)) (2.10)

for every t € Q and every a € (0,1]. In other words the following identity
holds for every t € 2 and every a € (0, 1):

[£,0), Fo(D)] = Fa(t) e K (2.11)

The fuzzy valued function f* is called (uniformly) integrably bounded, if there
exists an integrable function A such that for p-almost every ¢t € Q

ly| < h(t) for every y € supp(f*(t)). (2.12)
Using these notions the following general definition can be made:

Definition 2.7 Let (Q, A, 1) be an arbitrary measure space.
Then a function f*: Q — F1 is called fuzzy probability density with respect
to the measure p on (2, A), if for F, the following conditions are fulfilled:

1. F,(t) C[0,00) Vte, Vae(0,1]
2. 3f € Sel(Fy) such that [, f(t)du(t) =1
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Definition 2.7 includes and unifies

o discrete fuzzy probability distributions induced by discrete fuzzy pro-
bability densities (the measure in this case is the counting measure)

e classical probability densities on a measure space (€2, .4, u)

e classical parametric probability densities (depending continuously on
the parameter) with a fuzzy parameter as treated in [6] (compare Ex-
ample 2.8).

Remark: According to Definition 2.7 a fuzzy probability density f* doesn’t
have to fulfill any measurability requirements except the fact that there are
some measurable selections.

Fuzzy probability densities can appear as depicted in Figure 2.3 - Figure

2.4 depicts the same fuzzy probability density from a different point of view
and Figure 2.5 depicts some a-level curves for this example.

Figure 2.3: Sketch of a fuzzy probability density
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Figure 2.4: Sketch from a different focus
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Example 2.8 Consider the well-known exponential density g, with para-
meter 7, defined by g,(t) = ne™™ for every t > 0 and 5 > 0. Obviously for
every t € [0, 00) the function h; : (0,00) — (0, 00), defined by

he(n) == gy(t) =ne™™,

is a continuous (in fact even C'®-) function in € (0, 00). Therefore if the
parameter 7 is no real number but a fuzzy number n* € F! with support in
(0, 00) then applying the Extension Principle (1.19) and Lemma 1.32 shows
that f*(t), defined by

(FO)@) = { 0 LR = } vy ER,

sup {n*(z) : z € K ({y}} otherwise

is a fuzzy number for every ¢ € [0, c0).

Consequently f*(-) is a fuzzy-valued mapping on [0, 00). Moreover because
of the fact that for every n € [p*]; the function g,(-) is both a measurable se-
lection of Fi(-), and a probability density on R with respect to the Lebesgue
measure A it follows that f* is a fuzzy probability density on the measure
space (RF, B(RZ), \) according to Definition 2.7.

This example will be continued later on for two special cases of n* (compare
Example 2.13 and Example 2.14).

Given a fuzzy probability density f* with respect to the measure u on (Q,.4),
a fuzzy probability distribution P* on A can be defined analogous to the
discrete case on all sets A € A by:

[P*(A {/f (t)du(t) : f € Sel (F, and/f (t)du(t ~1}

Using the abbreviation
{f € Sel(F, /f (t)du(t) } (2.13)

the above definition reduces to
P*(A {/f Vu(t): f € D } (2.14)

Since every function f € D, is integrable by construction it is clear that
Do C LY, A, ) for every a € (0, 1], whereby as usual £1(Q2, A, 1) denotes
the set of all integrable (and hence measurable) real-valued functions on
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(compare for instance [2]).

In the sequel as common let L'(f, A, 1) denote the Banach space of all
equivalence classes of functions in £1({, A, 1) modulo equality u-almost
everywhere (compare [2], [13] or [35]). Although in fact every element of
LY, A, 1) is an equivalence class of measurable functions as customary
(and since no confusion will arise) L!(f2, A, ) will be considered as a space
of functions.

If f € D, and g is a measurable function such that f(t) = ( ) for p-almost
every t € §, then obviously both g € Dy, and [, f(t)du(t) = [, g(t)du(t)
follows for every measurable set A € A.

Because of that, equation (2.14) can be reformulated as follows:

P*(A {/f Ydu(2) fep} (2.15)

= {f € L'(Q,A, ) : f € Sel(F,) and /Qf(t)d,u(t) = 1}. (2.16)

whereby

The reason for considering D, consists in the fact that D, is a subset of
LY(Q, A, 1) having a compactness property in the weak topology, that will
be very useful in the following (note the analogy to the set D, € K7 used in
the proof of Lemma 2.5) .

Theorem 2.9 Let (Q, A, ) be an arbitrary measure space, f*:Q — F}
a fuzzy probability density with respect to the measure p on (2, A), and f*
integrably bounded.

Then Dy is a weakly compact subset of L'(Q, A, 1) for every o € (0, 1].

Proof: In order to prove this theorem two famous results from functional
analysis, Theorem 6.11 and Theorem 6.12 in the Appendix, will be used
(compare [12],[23],[36]).

Since the fuzzy probability density f* is integrably bounded by assumption,
there exists a function h € L!(£2, A, u) (to be precise a representative h of an
equivalence class in L(f, A, 1)), such that

0<|f(®)] = f(t) <h(t) for u-almosteveryte Q Vf € D,.

If € > 0, there exists a nonnegative measurable simple function s such that
0 < s(t) < h(t) for all t € Q and

I h=slh= [ 1ht) = s(oldu(t) < £
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Define M := max{s(t),t € Q} < oo and set § = 5};.
Then for arbitrary f € D, and A € A with p(A) < § it follows immediately
that

/A FOldu() / F(t)du(t) < / h(t)dp(t)

- /A (h(t) — s(8))du(t) + /A s(t)dpu(t)

= /Q|h(t) — s(t)|du(t) + Mu(A)

< < + . €
2 2 7
which proves point 2 of Theorem 6.11.
In order to prove point 3 set B = supp(s) = {z € Q: s(z) # 0}.
Then clearly B is measurable, u(B) < oo, and for f € D, it follows that

F@lau®) = [ FOdu) < / B(t)du(t)
Be Be Be
- / (h(t) — s(t))du(t) + / s(t)du(t)

Be

Be
< | |h(t) = s(®)|dpt) +0 = % <e
Q

Having this, according to Theorem 6.11, the family D,, is weakly precompact
in LY(Q, A, u).

Because of the fact that D, is convex, the Theorem of Mazur (Theorem 6.12)
shows that the weak closure of D, is equal to its strong closure. If it can be
proved that D, is closed in the strong topology it will therefore follow that it
is weakly closed, which together with the already proved weak precompact-
ness proves the compactness of D, in the weak topology.

Suppose (fn)nen is a strongly convergent sequence in D,, with limit f €
L', A, 1), then there exists a y-almost everywhere to f convergent subse-

quence (fn, )ren. Because of f,, (t) € F,(t) for u-almost every t € Q Vk € N
it follows that

f(t) € Fu(t) for p-almost every t € Q.
As obviously
| #®aue =1,

this shows that f € D, and proves that D, is closed in the strong topology. R
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Theorem 2.10 Let (Q, A, ) be an arbitrary measure space, A € A a mea-
surable set, f* : Q@ — FL a fuzzy probability density with respect to the

c

measure p, f* integrably bounded, and [P*(A)]. defined according to (2.14),
then:

1. [P*(A)], is a compact interval for every a € (0,1]

2. [P*(A)]« is a nested family monotonically decreasing in o with
() P*(A)]a = [P*(4)]p.
a<f

Proof: The mapping ® 4, defined by
da: LY QAL — R
fo— [ fdut)

is a continuous linear functional on L'(§, A, 1) and therefore also continuous
in the weak topology. Moreover it satisfies

®,4(Dy) = [P*(A)]e VYo € (0,1].

® 4 preserves compactness and convexity, which proves the compactness and
convexity of [P*(A)]. Apart from that [P*(A)], # 0 for all @ € (0,1] by
definition, which completes the proof of the first part of the theorem.

Since D,, decreases as « increases, [P*(A)], is decreasing in « too.

It remains to show that

(M P*(A)]a = [B*(A)]p.

a<f

Suppose z € [P(A)]y for all & < § and (o )nen is a strictly increasing se-
quence of positive real numbers converging to 3.
Then for every n € N there exists a function f, € D, such that

| #treute) = =

Because of f, € D,, Vn € N and the fact that D, is weakly compact
for every a € (0,1], it follows that there exists a function f € D,, and a
subsequence ( fn, Jken such that

S — [ weakly for £k — oo.
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Since for each j almost all fy, lie in D,, it follows, using the same argument,
that f € Da;.
Using

() Fuu ) = B0

one sees that f(t) € Fp(t) almost everywhere and therefore f € Dg. This
shows that = € [P*(A)]p and

[P (A)a C [P*(A))s.

a<f

The other inclusion is obvious.

In particular Theorem 2.10 shows that, provided the above conditions hold,
P*(A), defined by

[P*(A {/f )au(t) feDa},

is a fuzzy number (defined via its a-cuts).

Definition 2.11 Let (2, A, 1) be an arbitrary measure space, A € A a mea-
surable set, f* : Q — F! a fuzzy probability density with respect to the
measure p, and f* integrably bounded, then the.fuzzy number P*(A) defined
according to (2.14) is called probability of the event A and P* is called fuzzy
probability distribution on (£2,.A).

At first sight the definition (2.14) of the fuzzy probability distribution P*
induced by a fuzzy probability density f* may seem difficult to compute in
practise - nonetheless in many situation the computation of the fuzzy number
P*(A) can be reduced to the calculation of integrals of the corresponding -
level functions (compare [41]). In order to formulate a precise theorem the
following abbreviations will be used for every o € (0,1] and every A € A:

p (A) = min[P*(4)]a , Po(4) = max[P*(4)],

Theorem 2.12 Let (2, A, ) be an arbitrary measure space, A € A a mea-
surable set, f* : Q@ — F! a fuzzy probability density with respect to the
measure u, and f* integrably bounded. Furthermore suppose that the corres-
ponding a-level functions f and f, are measurable for every o € (0,1].
Then for every a € (0,1] p_zyA) and Do(A) can be calculated as follows:

(4) = {& Ddu(t) o Lo L Odn) + oo Falt)dp(t) 2 1
i 4e folt)du(t) otherwise

D

—x

(2.17)
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5 (A) = {fﬁa(t)du(t) if [y Fa®)dn) + [4o £, (Ddn(t) <

(2.18)
1— [, [ (D)du(t) otherwise

Proof: It follows immediately from Definition 2.7, that under the assump-
tions of Theorem 2.12 both

[Lauw <t md [ Tuauo 21
Q Q

hold for every o € (0, 1]. Fix an arbitrary o € (0,1].
ijf@duﬂ+j;f(tQM)>1tmnmté-l—J;f@dMﬂ>o
It follows immediately that on the one hand [,. f,(t)du(t) > 4, and on the
other hand [,. f_(t)du(t) < 6 holds for every o € (0 1]. Consequently there
exists a unique real number 6 € [0,1], such that

0 [ £du(t) +(1=6) | FulOidu(t) =5

Define a new function g as follows

£ @) ifte A
9(t) := { 6f (t) +(1—60)74(t) otherwise } Ve

Obviously g is a measurable selection of F, and [, g(t)du(t) = 1,50 g € Da.
Furthermore obviously p_(A) = [, g(t)du(¢t) holds.

If [, £ (®)au(t)+ [y Fa du( ) < 1is fulfilled, then set 6 := 1— [,. f,,(t)du(t).
This time it follows 1mmed1ately that on the one hand [, f_(t)du(t) < 6, and

on the other hand [, Falt)du(t) > & holds for every a € (0, 1] Consequently
there exists a unique real number 6 € [0, 1] such that

6 / £ ()du(t) + (1~ 0) / Fult)du(t) =

Again define a new function g as follows

[ T ift € A°
9lt) = { 6f (t)+(1—6)Fa(t) otherwise } vt e

Obviously g is a measurable selection of Fy and [, g(t)du(t) = 1,s0 g € D,
Furthermore obviously p_( = [, 9(t)du(t) holds.

This completes the proof of the formula for the calculation of p_ (A) since a
was arbitrary. The formula for the calculation of p,(A) can be proved com-
pletely in the same manner. ll
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In the following the concrete calculation is demonstrated for the fuzzy pro-
bability density f* in Example 2.8 with two different cases of n* (compare
Figure 2.6): First of all for n* being an interval-type fuzzy number =19
and after that for n* being a triangular fuzzy number 7* defined by

2t -2 ifzell,3]
™(z):=<{ —2z+4 ifee(3,2] »VzeR (2.19)
0 otherwise

Figure 2.6: Parameters 7% and ¢* for the exponential density

£'x)
1 A
/ \ *
]
0 x
0 1 15 2

Example 2.13 Exponential density with fuzzy parameter n* = 1j1 o:

In this case it is very easy to calculate the lower and upper a-level functions
f, and F., of f* explicitly by elementary calculus, since according to the Ex-
tension Principle (1.19), Lemma 1.32 and Example 2.8, the following equali-
ties hold for every t € [0, 00):

f,(®) = min{ne™:ne1,2]}
fi(t) = max{ne ™ :ne1,2]}
This minimization and maximization can easily be accomplished by simply

computing local extrema and the corresponding boundary values, and yields
the following result:

—t ift€]0,In2
il(t) :{ ;e_% ;fte Eln;,o]o) }We [0, 00)
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2¢7% ift€]0,1/2)
=% & if t € (1/2,1] p Vt€[0,00)

et ifte(l,00)
Since n* is an interval-type fuzzy number all a-cuts are identical and it suffices
to compute the boundaries of the 1-cut. The lower and upper o-level functions

Figure 2.7: 1-cut of an exponential density with fuzzy parameter n* = 1 g

as well as classical densities g,, where n € {1,1.25,1.5,1.75, 2}, are depicted
in Figure 2.7. Obviously the lower and upper a-level functions are continuous
and bounded, so if one wishes for instance to calculate P*(A) for the set
A = [0,2], then according to Theorem 2.12 this can be done by simply
checking the conditions (2.17) and (2.18) for the set A, which gives

£, (B)dA(®) + /(2 )?l(t)d)\(t) <1

(02"

?1(t)d/\(t)+/ F,)dAE) > 1.

(0,2] (2,00)

Consequently p, ([0,2)) and p;([0,2]) can be calculated as follows:

p(0,2) = 1- /( Fiixg =1~ | et
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= 1-e2=0.865
R0, = 1- [ fean=1-2]
(2,00)
= 1-e*=0.982

Altogether, this implies that for * = 1j; 9 the fuzzy number P*([0,2]) is
given by
IP*([O, 2]) = 1[1_6—2,1_6—4].

In completely the same manner one can compute P*(A") for the set A’ = [0,1/2]:
First, the conditions (2.17) and (2.18) are checked, which gives

/ 7, (DaA() + /(1/2 Fipne > 1

(0,1/2]

[ Reaw+ [ po00 <1,
[0,1/2] (1

/2,00)

and then p ([0,1/2]) and p([0, 1/2]) are calculated by:

1/2
p(0,1/2]) = /[ £,(B)ANE) = / 0

5[0, 1/2)) /[ L, T = / NG

= 1-e1=0632
This in turn shows that for n* = 1j; g the fuzzy number P*([0,1/2]) is given

by
P*([()? 1/2]) = 1[1—2—1/2,1——6‘1]'

Both fuzzy numbers P*([0,2]) and P*([0,1/2]) are depicted in Figure 2.8.

Example 2.14 Exponential density with fuzzy parameter n* = 7* defined
according to (2.19):

First of all it follows immediately that the a-cuts of 7* are given by

(o = {1+%,2—-‘2¥-]
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Figure 2.8: P*([0,1/2]) and P*([0, 2]) for the exponential density with fuzzy
parameter n* = 1]

O S
P*((0,1/2]) \ P*([0.2])
0 T T T T T T T T X
0 0.25 0.5 0.75 1

1-e? 1" 16 1-*

for every a € (0, 1].

For this case too it is possible to calculate the lower and upper boundary
functions f_ and f., explicitly by elementary calculus. According to the Ex-
tension Principle (1.19), Lemma 1.32 and Example 2.8 the following equalities
hold for every t € [0,00) and every a € (0, 1]:

(t) = min{ne™:n€ [}
folt) = max{n et :pe [T*]a}

I&%

For o = 1 minimization and maximization are trivial since the 1-cut [7*]; of
7* is a single point [7*}; = {3/2}, which immediately implies that

) =Fit) = ge%t for every t € [0, 00).

For a € (0,1) again minimization and maximization can be accomplished
by simply computing local extrema in 7 for fixed ¢ (the only local extremum
is a local maximum for certain values of t) and comparing them with the
corresponding boundary values. This yields the following result for every
a € (0,1):

(1+2)e % ifte [0, In(:2)]

£ =
L,( ) (2 — %)6‘2“‘% ifte (L In (4"—"‘), oo)
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9)6‘2”% ifte [0 4—2—]

falt) = + ifte (%, 72 ¢ Vte€[0,00)

—~
[N\
N

(03
(1+%)e“a7t 1ft€(2i )

Obviously for every a € (0,1) both f () and Fo(+) are continuous bounded
functions. Consequently the caleulation of P*([0,2]) according to Theorem
2.12 can be done by simply checking the conditions (2.17) and (2.18) for the
set A = (0,2} for every a 6 (0,1).

Since f (1) = fi(t) =3 e3* holds for every t € [0,00) it follows immediately
that

[P(0,2)], = [p,(0,2),m(l0,2)]

_ [ / 3 e-$tar), / Se-taa(t )J
2] 2 0,2 2

= [1-e?1-e?={1-¢%}.

Apart from that it can be verified easily by using standard mathematical
software like Maple or Matlab (or with more effort analytically) that

£ (8)dA(t) + T.(H)dA(E) < 1
[0,2] (2,00)

holds for very o € (0, 1), which according to Theorem 2.12 implies that

p0.2) = 1= [ Foww=1- [ (1+5)eFan

= 1-e?

Moreover again with standard software or analytically it can be verified that
for every o € (0,1)

Fo(t)aX(t) + / f (®)dA(t) > 1
[0,2] (2,00)

which in turn shows that

7,(]0, == - d\(t)=1-
5a(0,2) = 1 i24,00)ia<t> (H=1 /(m)

(2 - %)e‘z”%td)\(t)

= 1-e¢

Consequently the a-cuts of P*([0,2]) € F! are given by

[P([0,2])] = [2,0.2),7a((0,2)] = [1 - e 1= 2], (2.20)
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Having that the characterizing function of the fuzzy number P*([0, 2]) can be
expressed explicitly as follows (compare Figure 2.9):

(0 ifz€(~00,1—¢e72) )

X 4+In(l1-z) ifze(l-e?1-e3)
<P ([0’2]>>($)_< —2-In(l-2z) ifze[l- “31—64] (Ve eR
L 0 ifzxe(l- 00) )

) € F! first of all notice that because of the fact

In order to calculate P*([0, ]
ezt holds for every ¢ € [0, 00) it follows immediately

that f (t) = f(t) = 3
that

[P0, 1/2D)], = [p,(0,1/2D),7:((0,1/2])]
3 3 3 s
= {/{0’1/2] 56 2 d\(t), /[0’1/2] _56 d)\(t)]
= [1- e™¥4 1 - 6_3/4] ={1- 6“3/4}.

Apart from that in this case it can be shown that

/ (BN + / T (A0 > 1
0172 (1/2.00)

holds for very o € (0,1), which according to Theorem 2.12 implies that

p (0,1/2)) = /01/2] (B)dA(E) = /{01/2] (1+5)eFaxe)

—&
= 4,

‘L\h

ND—-

Moreover it can be verified that for every o € (0,1)

/ 7. (H)dA(t) + / F(BdN®) < 1
[0,1/2] (1/2,00)

which in turn shows that

5a(0,1/2]) = /[ PRACLICE /[ N CE a0

— o
= 1—¢e 1%,

Consequently the a-cuts of P*([0,1/2]) € F! are given by

[B*([0.1/2)],, = [p.(10,1/2)), ([0, 1/2])] = [1—e”

o

~a,1—-e 1]l (2.21)

[S1C
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Having that the characterizing function of the fuzzy number P*([0,1/2]) can
be expressed explicitly as follows (compare Figure 2.9):

(0 if € (—oo,1 —e ¥2) )

_ el 1 — e
P*([0,1/2]) )(z) =X VreR
( ( /]))() 4+1In(1—1z) ifze[l—e ¥4 1-e!]

(
~2-4In(1-z) ifzel
[
(1

| 0 ifz € e !, 00)

/

In Figure 2.9 P*([0,1/2]) and P*([0,2]) for the case of n* = 7* are depicted
by solid lines - furthermore for comparison the corresponding results for the
case n* = 1j g (Example 2.13) are depicted by dotted lines.

Figure 2.9: P*([0,1/2]) and P*([0,2]) for the exponential density with fuzzy
parameter n* = 7*

L. - o o o e = = & g o o e o o o o -
/ €
P*((0,1/2)) P*((0,2))
0 — x
0 0.25 0.5 0.75 1
-1/2

1-6 1—é2 1-¢*

After these examples the main properties of P* are analyzed - it will be
shown that completely analogous to the discrete case P* has the following
properties:

Theorem 2.15 Let (Q, A, i) be an arbitrary measure space, f*: Q — F! a
fuzzy probability density with respect to the measure p, f* integrably bounded,
A, B € A measurable sets, and P* defined according to (2.14), then

1. supp(P*(A)) €[0,1] VAe A
2. P*(Q) =1y =1, P*0) =1pg = 1o
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3. AC B=P*(A) < P*B) (Monotony)

4. ANB =0= P*(AUB) CP*(A) @ P*(B) (Subadditivity)
5. 1€ [P(A) ®P*(A%)]. Ve € (0,1]

6. ANB # 0 = P*(AU B) C P*(A) @ P*(B) o P*(AN B)

Proof: Point one and two are clear by definition. |
The third point immediately follows from the fact that for A C B

/f )du(t) /f Ydu(t) Vf € D,.

Suppose now that AN B = § and that z € [P*(AU B)]..
Then there exists a function f € D, such that x = [, . f(t)du(t) and
therefore

e = [ f dut)—/f () /ft)du(t

AUB
€ [P (Ao [P*(B)a

Der fifth point is a direct consequence of the fourth point.

In order to prove the last assertion of the theorem suppose that AN B # @
and that z € [P*(A U B)],.

Then there exists a function f € D, such that

v = [ Fo)du(t) = / F(6)du(t) + / FOdu) + [ Fodu)
AUB AnBe BnNA¢ ANB

=/f (autt) + [ 5Ot~ [ foduty

® [P*(B)]a © [P*(AN B) ]a

m

In addition it is easy to calculate P*(A°) if P*(A) is known.

Theorem 2.16 Let (2, A, ) be an arbitrary measure space, f*:Q — F} a
fuzzy probability density with respect to the measure u, f* integrably bounded,
and P* defined according to (2.14).

Then for A, B € A the following assertions hold:

1. AC B = [P*(B\ A)la C [P*(B)la © [P*(A)] Va € (0, 1]
2. PH(A%) = 1y © P*(4)
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Proof: Let A C B and z € [P*(B \ A)],, then by definition there exists
f € D, such that

v = [ swdu) = [ faut) - [ straute)

B\A
€ [P*(B)la© [P*(A)a

which proves the first part of the theorem.
Suppose now that z € [P*(A°)],. Then there exists a function f € D, with

= 0= [ fOaut) - [ 1oduts
=1—/fﬁw

€ lo[P(A

On the other hand if z € 16 [P*(A)]a, then there exist y € [P*(A)], and
f € D, such that ‘

:v=1—y—1—/f Jau(t) = | f(tauct) - [ seaute

= | f@du() € [P (4]

Q\A

Remark: Note that according to Theorem 2.15 and Theorem 2.16 P*(-) especially
fulfills all the properties of fuzzy relative frequencies h%(-) stated in Theorem 2.3.

In order to analyze properties of P* regarding countable unions of sets, the
following common definition for a sequence (I,)nen of real intervals will be

used:

(o ¢] oo o

Zln = {Zyn:2|yn| <ooandyn€In‘v’n€N}
n=1 n=1 n=1

Theorem 2.17 (o-Additivity)

Let (2, A, 1) be an arbitrary measure space, f*: Q — F2} a fuzzy probability

density with respect to the measure u, f* integrably bounded, and the fuzzy

probability distribution P* defined according to (2.14).

Furthermore suppose (An)nen S @ patrwise disjoint sequence of measurable

sets, then for every a € (0,1] it follows that

1. [0,1]N 32 [P*(An)]a is a compact interval and
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2. [P (UsZi An)], S 10,11 N2 [P*(An)]a-

Proof: Let (A, )nen be as in the theorem.

If z € [P*(UX, An)],, then z € [0,1] and there exists a function f € D,
such that

T = /Uf;l . f(t)d/l(t) = nZﬂ/An f(t)d”(t) c ;[P*(An)]a,

whereby the second part of the theorem is proved.
To prove the fist part, write [P*(A,)]s =: [an, bn] and define

0,110 [P*(An)]a =: I.

Due to point two of the theorem it is clear that >~ a, <1, I # 0. Using

Iz{anglzmne[an,bn]VnEN}

n=1

the convexity of I is easy to see:

o If 52 by < 1 obviously I = [3200 an, 300 by

e If > b, > 1, then there exists a minimal ng such that 3 ;2 by > 1.
Define a new sequence (¢, )nen by ¢1 = b1,¢2 = ba,  ++, Cng = bng, Crgt1 =
Ano+1) Cno+2 = Ang+2, " "

Because of 1 < Z:’:l ¢, < oo and 2:;1 a, < 1 there exists a real
number A € [0, 1] such that

)\ian+(1—/\)ch=1.
n=1 n=1

Therefore it follows that

i)\ak-%—(l—)\)bk-{—z:ak:l
n=1 k -

=Nng

and consequently 1 € I, which means that

= [il}-
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Before continuing and proposing a general notion of a fuzzy probability
distribution the a-cut representation of P*(A), shortly mentioned before The-
orem 2.12, will be picked up again. It will be especially helpful in order to see
the similarity of fuzzy probability distributions induced by fuzzy probability
densities as presented before and that of fuzzy probability distributions in-
duced by fuzzy random variables (compare Section 4.3).

As hitherto let (€2, A, 1) be an arbitrary measure space, f* : Q — F! a fuzzy
probability density with respect to the measure u, f* integrably bounded,
and the fuzzy probability distribution P* defined according to (2.14).
Remember that the boundaries p_, B, of the a-cuts [P*(A)], are real functions
P Do+ A— R, defined by

@a(A),ﬁa(A)] = [P*(A)]a, where a € (0,1] and A € A, (2.22)
or formulated explicitly
p_(A) = min[P*(A)la, Po(4) = max[P*(A)ls, wherea € (0,1]and A€ A

Having this it follows immediately from the last three theorems, that the set-
functions p_,p, have (amongst others) the following properties summarized
in the next theorem.

Theorem 2.18 Let (Q, A, 1) be an arbitrary measure space, f*: Q0 — F} a
fuzzy probability density with respect to the measure p, f* integrably bounded,
P* defined according to (2.14) and p_, D, defined according to (2.22).

Then the following assertions hold:

1. p () =75, =1, p,(0) =B.(0) =0 Ve €(0,1].

2. IfA,Be A,AC B, thenp_(A) <p_ (B) and p,(A) < p,(B) holds for
all o € (0,1].
3. For every a € (0,1] p_ is superadditive and pa is subadditive, i.e. if

ABG.AandAﬂB—(Z)thenp(AUB) p (A) +p (B) and
Do(AU B) < Bo(A) + D,(B) holds.

4. For every a € (0,1] p_ 1S even super-o- -additive and p, s sub-o-
additive, i.e. if (A, )neN is a sequence of pairwise disjoint, measurable
sets then the following inequalities hold for every o € (0,1]:

ﬁa(gAn> < gm(A)
&(OAn) 2 izzﬂn)

n=1 n=1
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5. For A € A the following equalities hold:

Po(A%) =1-p (A) and p (A°)=1-Pp,(A)

2.4 General fuzzy probability distributions

Looking back at the properties of fuzzy relative frequencies stated in Theorem
2.3 and that of fuzzy probability distributions induced by integrably bounded
fuzzy probability densities as formulated in Theorem 2.15 and Theorem 2.16,
then the following definition of a general fuzzy probability distribution is
suggestive:

Definition 2.19 Suppose that A is a o-algebra in Q, then a fuzzy-valued
function P* : A — F. is called (general) fuzzy probability distribution on €,
if the following four conditions are fulfilled:

1L P(Q) =1y, P(0) =1

2. If A,B € A, AC B, then P*(A) < P*(B) holds.

3. IfA,B€ A, ANB =0, then P*(AU B) C P*(A) ® P*(B) holds.
4. If A€ A, then PX(A°) = 1 © P*(A)

Again considering the a-cuts [ga,ﬁa] of P* : A — F!, defined by

[p (A),pa(A)] .= [P*(A)]la, wherea € (0,1]and A€ A, (2.23)

“a
Definition 2.19 can be reformulated equivalently as follows:

Definition 2.20 Suppose that A is a o-algebra in Q, then a fuzzy-valued
function P* : A — F} is called (general) fuzzy probability distribution on

Q, if the a-cuts {]_oa(-),z_)a(-)} defined according to (2.23) fulfill the following
four conditions:

1L p(Q)=0,(Q) =1 p(0)=D,(0)=0 Vae(0]]
<

2. IfA,Be A,AC B, thenp (A) <p_(B) and Do(A) < Bo(B) holds for
all a € (0,1].

3. For every a € (0,1] p, s superadditive and P, is subadditive, i.e. if
AB € Aand ANB = 0, then p (AU B) = p_(A) +p_(B) and
Pa(AU B) < Po(A) + Do(B) holds.
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4. For every A € A and every a € (0,1] the identities p_(A°) = 1—D,(4)
and p,(A°) =1 —p_(A) hold.

can be seen

Remark: 1t is clear that every probability measure P on (€2, .A)
)= L{pay) € Fe.

as a fuzzy probability distribution by simply defining P*(A



Chapter 3

Expectation and other
characteristics

3.1 Discrete case

Suppose Q = {a1,---,a,} C R is a finite set and P* : 2% — F! is a discrete
fuzzy probability distribution on §2 induced by a discrete fuzzy probability
density p*. It is natural to ask questions about if and how the concepts of
characteristics like expectation or other moments can be applied to the con-
cept of fuzzy probability distributions. Intuitively these characteristics should
be fuzzy numbers as well.

Continuing the same ideas as before the following definitions for the expec-
tation m% and the k-th central moment m} (k > 1) seem to be natural:

e = {gam: z = (21, %2, Tn) eDa} (3.1)

[} = {il (ai - Z:;aja:j)k:ci o x= (21,2, ", %) € Da} (3.2)

i=

Thereby « € (0, 1] and
Da:{a:z(xl,---,:cn)ER":xie[p’{]a Vie {1,---,n} and in=1}.
=1

Lemma 3.1 Let Q = {a1,--,a,} C R be a finite set and P* : 28— Fla
discrete fuzzy probability distribution on Q induced by a discrete fuzzy proba-
bility density p*. Furthermore let [m¥]y for o € (0,1] be defined according to
(8.1), then:

82
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1. [mila is a compact interval for every o € (0, 1],
2. [mila is a nested family monotonically decreasing in o with

) imila = [mils.

a<f

Proof: The mapping f : R — R, defined by

n

f((xl, T ,CL‘n)) = Zaiiﬂi,

i=1

is linear, continuous and satisfies

f(Da) = [mila-

Therefore it immediately follows that {m7], is a compact interval.
Since D, monotonically decreases as « increases it is clear that [mjl, is
monotonically decreasing in a too.

z € ﬂ[m’{]a

a<f

Suppose now that

and denote by (ax)ken a strictly increasing sequence of positive real numbers
converging to 3.
Then z € [m}]a, Vk € N and for every k there exists a zx € Dy, such that

fzr) = 2.

Since D, is compact for every a € (0,1] and since zx € Dy, for all k € N
there exists a convergent subsequence (Zx, )ien converging to a point z. It is
easy to see that z € Dy, for every k and therefore

[o,0]
z € ()| Do, = D
k=1
Due to the continuity of f it follows that f(z) = 2, which implies that
z € [mi]a.
The other inclusion is obvious. B

Lemma 3.1 shows that the family ([mfla)ac(] is @ family of a-cuts of a
fuzzy number. Consequently the following definition makes sense:
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Definition 3.2 Suppose Q = {a1,--,a,} C R is a finite set and that
P*: 2% — F1 is a discrete fuzzy probability distribution on Q induced by a

discrete fuzzy probability density p*. Then the fuzzy number my, defined via
1S a-cuts

n
[mi]a = {Zai%’ Doz = (21,9, ,T,) € Da},
i=1

is called the expectation of the discrete fuzzy probability distribution P*.

Lemma 3.3 Let Q0 = {a1,---,an} C R be a finite set and P*: 2% — Fl ¢
discrete fuzzy probability distribution on Q induced by a discrete fuzzy pro-
bability density p*. Furthermore let []o for k > 1 be defined according to
(3.2), then: :

1. [M}]a is a compact interval for every a € (0,1],

2. [M}]a is a nested family monotonically decreasing in o with

(M 7ila = lmils.

a<lf

Proof: The mapping fi : R® — R, defined by

n n k
fk(($1, T >xn)) = Z (ai - Zajmj) Ty,
i=1 j=1

is continuous and satisfies
fi(Do) = [Mi]a-

Since D, C R” is compact for each o € (0,1] it follows immediately that
[}]a is a compact interval.

As D, is monotonically decreasing as « increases it is clear that [Mf]s is
monotonically decreasing in a too.

Suppose now that
2 € (s

a<f

and denote by (o;);en a strictly increasing sequence of positive real numbers
converging to [.
Then z € [M}]s; Vj € N and for every j there exists by definition a point
z; € Dq, such that

fu(zs) = 2.
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Since D, is compact for every o € (0,1] and z; € D,, for all j € N there
exists a convergent subsequence (z;,)ien converging to a point z. It is easy
to see that z € D,, for every j and therefore

oo
lEGﬂDaj =Dﬂ.

j=1

Due to the continuity of fi it follows that fix(z) = 2, which proves that
z € [Mi]s

The other inclusion is obvious. W

As before the above Lemma 3.3 justifies the following definition:

Definition 3.4 Suppose Q@ = {a1,---,an} C R is a finite set and that
P*: 2% — F! is a discrete fuzzy probability distribution on Q induced by
a discrete fuzzy probability density p*. Then the fuzzy number my, defined via
1ts a-cuts

[’fh;]a = {Z (ai - Za’jmj)kxi : = (111,132’ v ;xn)> c Da}
1 j=1

1=

1s called the k-th central moment of the discrete fuzzy probability distribution
P* on Q.

3.2 Case of fuzzy probability distributions in-
duced by fuzzy probability densities

Let (Q, A, 1) = (R, B(R), ), where B(R) denotes the Borel sets on R and
denotes an arbitrary measure on B(R).

Furthermore suppose that f* : R — F! is a fuzzy probability density
with respect to the measure p and integrably bounded by a function h €
LY(R, B(R), u).

As in the previous section P* is defined according to (2.14).

Following the ideas used before, a natural extension mj of the concept of

expectation is defined via its a-cuts by

mila = { [[e@aute): 1 € D.f, ac1
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In order to ensure the existence of the above integrals, suppose that

/ [th(1)]du(t) < oo.
R

Using the abbreviation

& ={g(t) =tf(t): feDa}

the above definition reduces to
[mila = {/Rg(t)du(t) (g € 51“}, a € (0,1]. (3.3)

The procedure for showing that (3.3) under suitable assumptions determines
a family of a-cuts of a fuzzy number is similar to the procedure in the forego-
ing chapter, in which the first step was to prove that D,, is a weakly compact
subset of L1(Q, A, u).

Now the first step is to show that £ has the same property.

Theorem 3.5 Suppose p is a measure on the Borel subsets B(R) of R,
f*: Q — Fl is a fuzzy probability density with respect to the measure p,
and f* is integrably bounded by a function h € L'(R, B(R), u). Furthermore
suppose that [p |th(t)|du(t) < occ.

Then £ is a weakly compact subset of L*(R, B(R), u) for every o € (0, 1].
Proof: Because of [, [th(t)|du(t) < oo it follows that

/R tF(O)ldu(t) < co Vf € Da

holds and therefore that £F C L'(R, B(R), u) for every o € (0, 1].
Defining h(t) := th(t) for all t € R it follows that for arbitrary g € £f*

lg(t)| < |A(t)] for p-almost every t € R.

Using this and following the idea of the proof of Theorem 2.9 it is easy to
prove that the family £ fulfills the points of Theorem 6.11 in the Appendix
and is therefore weakly precompact for every a € (0, 1].

Because of the fact, that £ inherits the convexity from D, the Theorem
of Mazur (Theorem 6.12) shows that the weak closure of £ is equal to its
strong closure. If it can be proved that £ is closed in the strong topology
it will therefore follow that it is weakly closed, which together with the al-
ready proved weak precompactness proves the compactness of £ in the weak
topology.
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In this regard suppose (ga)nen is a strongly convergent sequence in &Y, with
limit function g € L'(R, B(R),x). Then there exists a pu-almost everywhere
to g convergent subsequence (gn, )ken-

Therefore

t t
9n (1) — g(t ) as k — oo for y-almost every t € R.

t
Because of .
&;Lz € F,(t) for p-almost every t € R
and the compactness of F,(t) it follows that
g(t)

= € F,(t) for p-almost every t € R.

Using the fact that

gni (1)
t

‘ < |h(t)| for all k € N,

together with Lebesgue’s Dominated Convergence Theorem yields

1= /Rgn’“T(t)d,u(t) ———>/R-g(t—t)d,u(t) for k — o0,

which shows that g_(tQ € D,, and therefore g(t) € £x. B

Theorem 3.6 Suppose u is a measure on the Borel subsets B(R) of R,

f*: Q — F} is a fuzzy probability density with respect to the measure p,

and f* is integrably bounded by a function h € L}'(R, B(R), ).
Furthermore suppose that [g |th(t)|du(t) < oo and let [m]a for a € (0,1] be
defined according to (3.8), then

1. [m3]a is @ compact interval for every o € (0, 1]

2. [mi]a is a nested monotonically decreasing family in o with

(mila = [mils.

a<f
Proof: The mapping ¥, defined by
U LYR,B(R,u) — R
g — [ at)dutt)
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is a continuous linear functional on L*(f?, A, 1) and therefore also continuous
in the weak topology. Moreover it satisfies

U(E7) = [mila Ve €(0,1].

¥ perserves compactness and convexity, which proves the compactness and
convexity of [m}], and completes the proof of the first part of the theorem.
Since £ decreases as « increases, [m}]a is decreasing in « too.
It remains to show that

([m3la = [mils.

a<lf

Suppose z € [m}], for all @ < 8 and (o,)nen is a strictly increasing sequence
of positive real numbers converging to (.
Then for every n € N there exists a function g, € £ such that

/%www=m
R

Because g, € £* holds for all n € N and the because of the fact that £f is
weakly compact for every a € (0, 1], it follows that there exists a function
g € £ and a subsequence (gn, )ren such that

gn, — g weakly for k — oo.

Since for each j almost all g,, lie in £;7 it follows using the same argument
that g € &7,
Using

m Fo, (t) = F5(t)

one sees that f(t) := @ € Fp(t) p-almost everywhere and therefore i) ¢

t
Dg. This shows that z € [m]]s and

([mila € [mils.

a<f

The other inclusion is obvious. l

The above theorem justifies the following definition:

Definition 3.7 Suppose u is a measure on the Borel subsets B(R) of R,
f*: Q — F! is a fuzzy probability density with respect to the measure p,

and f* is integrably bounded by a function h € L'(R, B(R), ).
Furthermore suppose that [ [th(t)|du(t) < oo and define the fuzzy probability
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distribution P* according to (2.14).
Then the fuzzy number m3, defined via its o-cuts

il = { [ e5(0du) s € D}, ae1)

s called expectation of the fuzzy probability distribution P* on R.

Following the ideas used before, a natural extension mj of the concept of the
k-th moment is

e = { [ #itaue: s e Da}, ae01]

In order to ensure the existence of the above integrals, suppose now that

/ (R (8)|du(t) < oo,
R
Using the abbreviation

Ex:={g(t)=t*f(t): f € Du},

the above definition reduces to

mila = { [[aiute) 1€ et} ac) (3.4)

Note that in the general case in contrast to the discrete case the k-th moment
and not the k-th central moment is defined.

Theorem 3.8 Suppose i is a measure on the Borel subsets B(R) of R,
f*: Q — F! is a fuzzy probability density with respect to the measure p,
and f* is integrably bounded by a function h € L'(R, B(R), u). Furthermore
suppose that [g |t¥h(t)|du(t) < co. '

Then E is a weakly compact subset of L'(R, B(R), ) for every o € (0,1].

Proof: The theorem is easily proved by following the proof of Theorem 3.5
and replacing £ by £7. l

Theorem 3.9 Suppose p is a measure on the Borel subsets B(R) of R,
f*: Q — F! is a fuzzy probability density with respect to the measure L,
and f* is integrably bounded by a function h € L'(R, B(R), ).

Furthermore suppose that [p [t*h(t)|du(t) < oo and let [mi]o for a € (0,1]

be defined according to (3.4), then
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1. [mfla is a compact interval for every a € (0, 1]

2. [mgla is a nested family monotonically decreasing in o with

(mila = [mils.

a<lf

Proof: It is obvious how to prove the theorem by following the proof of
Theorem 3.6 and replacing £ by £ and [mf}], by [m}],. ®

The above theorem justifies the following definition:

Definition 3.10 Suppose p is a measure on the Borel subsets B(R) of R,
f*: Q — FL is a fuzzy probability density with respect to the measure p,
and f* is integrably bounded by a function h € L}*(R, B(R), 11).

Furthermore suppose that [p [t*h(t)|du(t) < oo and define the fuzzy probabil-
ity distribution P* according to (2.14).

Then the fuzzy number mj, defined via its a-cuts

e = { [ #itdutt) g € Da}, ae (01,

is called k-th moment of the fuzzy probability distribution P* on R.



Chapter 4

Fuzzy random variables and
vectors

In the last decades of the 20th century fuzzy random variables (and fuzzy
random vectors) were a particular subject of research since they combine
both randomness (stochastic uncertainty) and fuzziness (imprecision), where
imprecision means non-statistical uncertainty due to the inaccuracy of hu-
man knowlegde or the inexactness of measurements.

In short a fuzzy random variable is a fuzzy-valued mapping defined on a
probability space, fulfilling a certain measurability condition similar to the
classical case of (real-valued) random variables. Concerning the precise mea-
surability condition there is no generally accepted concept but mainly three
different approaches have been developed:

Kwakernaak [21] focused on the corresponding a-cut mappings (see below)
assuming that the lower and upper boundary functions are Borel measur-
able. Puri and Ralescu [33] also considered the induced a-cut mappings and
postulated that these mappings are random compact sets (compare [29]).
Klement et al. [18] called a fuzzy-valued mapping on a probability space a
fuzzy random variable if it is measurable with respect to the Borel o-algebra
induced by certain metrics defined on (subsets of) F_.

In the following at first different measurability conditions for fuzzy random
variables and their interrelation will be analyzed in detail. After that fuzzy
random vectors, which are the multi-dimensional analogy of fuzzy random
variables, and their corresponding measurability conditions will be discussed
briefly (since the results and proofs are very similar).

Finally it will be shown how fuzzy random variables and fuzzy random vectors
naturally induce a fuzzy probability distribution according to Defintion 2.19
on the Borel o-algebra B(R) in R and the Borel o-algebra B(R?) in R?
respectively.

91
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4.1 Fuzzy random variables

A very interesting idea that describes the construction of fuzzy-valued pro-
babilities by using fuzzy random variables is presented in the book [30] by
Moller and Beer (compare Section 4.3). They use a definition (Definition 4.1
below) of fuzzy random variables by Wang and Zhang [44] that turns out
amongst others to be equivalent to Kwakernaak’s original definition.

Before stating their exact definition some abbreviations are helpful:

If (, A, P) is a probability space and X* : Q — F! is a fuzzy-valued function
on €2, then the following notation will be used for every w € Q and every
a € (0, 1] throughout the whole chapter:

Xo(w) = [X*Wa={zeR: (X*(w))(z) > a}

X, (W) = min(Xaw)), Xa(w):=max(X,(w)) (41)

It is clear by definition that the maximum and the minimum exist and that

Xo(w) = [X, (W), Xo(w)] Vo€ (0,1] and Vw € Q.
Obviously X, is an interval-valued function on (2, A, P).

Definition 4.1 (Wang, Zhang [44])
Let (Q,.A,P) be a probability space and B(R) denote the Borel subsets of R.

Then a function X* : Q — F1 is called fuzzy random variable if

{we: X,(wyNB#0}e A (4.2)
holds for every B € B(R) and every o € (0,1].

Remark: It is clear that Definition 4.1 includes the case of classical (real-
valued) random variables on (£, A, P).

The following two results (compare [44]) give equivalent forms of (4.2) and
show how the measurability condition can be stated in terms of the upper
and lower bounds X, and X,.

Lemma 4.2 Let (2, A, P) be a probability space and B(R) denote the Borel
subsets of R. Then a function X* : Q — F2 is a fuzzy random variable if and
only if

{weQ: X,(w)yCB}eA

holds for every B € B(R) and every « € (0,1}.
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Proof: The lemma is an immediate consequence of the following equality:

{weQ: Xo(w) CB} = {weN: Xo(w)n B =0}
= O\ {weQ: Xa(w) N B £ 0}
= {we: Xy(w)NB #0} A

Theorem 4.3 Let (2, A, P) be a probability space and B(R) denote the Borel
subsets of R. Then a function X* : Q — F} is a fuzzy random variable if

and only if X, and X, defined according to (4.1) are classical (real-valued)
random variables for every a € (0,1], i.e.

X;Y(B)={weQ: X (weB}ec A

=0

X, (B)={we: Xa(w) € B} € A
holds for every B € B(R).

Proof: Suppose that X* :  — F! is a fuzzy random variable and let z € R
be arbitrary, then it follows that

X H(~o0,2)) = {we:X,(w) <z}

= {we: Xow)N(-oo,z] #0} € A and
) >
)

—-1

X, ([z,00)) {we: Xyw) >z}

{weN: X(w)N[z,00) # 0} € A

Since both systems €; = {(—o0,z] : z € R} and &; = {[z,00) : z € R} are
generators of B(R), it follows immediately that X, and X, are measurable
and therefore random variables for every a € (0,1]. This proves one half of
the theorem.

In order to prove the other direction suppose that X, and X, are measur-
able and let B € B(R) be arbitrary. For every x € B let C(z) denote the
(maximal) connected component of B that contains z. It is clear that C(z) is
a single point or an interval with non-empty interior and that all connected
components of B are pairwise disjoint.

If B; denotes the set of all z € B such that C(z) is a single point, then B\ By
can be written in the form

N

B\ By = | J(a:, bs),

i=1

where (a;, b;) for every i € {1,---, N} denotes a closed, open or semiopen
interval with non-empty interior, ({(a;, b;)), is a pairwise disjoint family, and
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N € NU {00} (it is clear that there are at most countably many connected
components with non-empty interior because of the separability of R).
Using this decomposition and the fact that X,(w) is a compact interval for
every a € (0,1] and every w € by definition it follows that

N
{weQ: X,(w)C B} = {w €N: Xo(w)C B U U(ai,bi)}
i=1

{we: Xo(w) C By and X, (w) = Xa(w)} U
N
U {w €N X (w) C U(ai,bi)}

= {we: X, (w)C By and X_(w)

Xo(w)} U

N
u U {we: Xa(w) C (ai, bi) }
= iw €Q: Xp(w)C Byand X, (w) = _X:a(w)}J U

~

A

N
U U (a0 n X, (=00, b))

(3
. s

c

Since X, and X ., are measurable it follows immediately that A € A. Further-
more C is as (at most) countable union of measurable sets itself measurable,
which implies that C € A. This shows that {w € Q : X,(w) C B} = AUC €
A for every o € (0, 1]. Since B € B(R) was arbitrary this completes the prove
of the theorem. B

Suppose for the moment that (2, .4, P) is a probability space and X : @ — R
is a random variable. It is well known (compare [13]) that the graph I'(X),
defined by

I'X)={(w,Xw)) weQ} COxR,

fulfills T(X) € A® B(R).
If X*:Q — F!is a fuzzy-valued function on  and the graph I'(X,) of X,
is for a € (0, 1] defined by

I'(X,) ={(w,z):weQ and z € X,(w)} €2 xR, (4.3)

then the measurability result mentioned above remains true if X™* is a fuzzy
random variable.
This is the content of the next theorem.
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Theorem 4.4 Suppose (0, A, P) is a probability space and B(R) denotes the
Borel subsets of R. If X*: Q — F_ is a fuzzy random variable then T'(X,)
defined according to (4.3) is measurable, i.e. T(X,) € A® B(R) holds.

Proof: Define a function F,, : @ x R — R for o € (0,1] by
Folw,z) = 2 — Xo(w).

The function @, :  x R — R?, defined by
Po(w,z) = (2, Xa(w)),

is surely measurable since both coordinates are measurable and the function
M :R? — R, M(z,y) := z—y is continuous and therefore Borel-measurable.
Because of M o ®, = F, it follows immediately that F, is A® B(R) — B(R)
measurable. Consequently

I (X,) ={(w,z) € AxR: 7 < Xo(w)} = F;H(~00,0) € A® B(R).
In the same manner ist can easily be shown that
I'y(Xq) ={(w,z) eOxR: 2> X (v)} € AR B(R).

Finally because of ', (X,) NT-(X,) = I'(X,) it follows immediately that
I'(X,) € A® B(R) for every a € (0, 1], which completes the proof. B

Having Theorem 4.4 the question arises, whether the converse is true as
well, i.e.:

Question 4.5 Given a fuzzy-valued function X* : Q — F} on a probabilit
c Y

space (0, A, P), does T(X,) € AQ B(R) for every o € (0,1] imply that X*
s a fuzzy random variable?

Regarding classical random variables X a complete answer is given (amongst
others) in Bierlein [4]. Bierlein showed that a real-valued function X defined
on a complete measure space (€2, A, P) is measurable if and only if the graph
I'(X) is the complement of a countable union of measurable rectangles and
that this is equivalent to I'(X) € A ® B(R). (For further generalizations of
Bierlein’s result compare for example [5}, [25], [26]).

Within [4] a central lemma is proved using the theory of Choquet capacities,
but this lemma can also be proved in a different (and more elementary)
manner using the theory of Souslin sets. Therefore a short introduction into
the theory of Souslin sets, presenting some main results that will be used to
answer Question 4.5, is given in the Appendix.

In order to be able to apply these results one last step is necessary.
Remember the following definition:
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Definition 4.6 Let Q be an arbitrary set, then a collection R of subsets of 2

is called @ 0-0-ring if 0,Q € R and R is closed under countable intersections
and countable unions.

Since an arbitrary intersection of o--rings is again a o-6-ring it follows that
for every family & of subsets of ) there exists a minimal o-6-ring that contains
€. This ring is called the o-6-ring generated by € and will be denoted by R(E).
In the same manner the o-algebra generated by £ will be denoted by A, (£).

Lemma 4.7 Suppose that £ is a family of subsets of a given set Q. If £¢ =
{A°: A e &} CR(E) then R(E) = As(E) holds.

Proof: The Theorem can be proved easily by following the ideas of the proof
of Theorem 6.6: Since every o-algebra obviously is a o-4-ring it follows that
R(E) C A,(E). Defining R' := {A € R(E) : A° € R(E)} C R(E) it follows
that R’ is closed under complementation and countable unions.

Therefore R’ is a o-algebra. Using the fact that £¢ C R(£) shows that R’ is
a o-algebra containing £. Consequently

ECR CR(E)CA(E)CR,
which shows that R' = R(€) = A,(€). This completes the proof.l

Having this the following lemma can be proved:

Lemma 4.8 Suppose that A is a o-algebra in Q and denote by B(R) the
Borel o-algebra in R. Define J :={[a,b]] CR: —co <a<b< oo} U and

h ;= {AxB:A€ A BecBR)}

h = {AxJ: A€ Aand J € 3J}.

Then it follows that A ® B(R) C Gsous(h) = Gsous(h)-

Proof: It is clear that b is a generator of the product-o-algebra A ® B(R)
and it is easy to see that § is a generator too. Therefore

As(h) = As(h) = A® B(R).

Since (A x [a,b])° = (A° x R) U (A x [a,b]°) € R(h) for every (A x [a,b]) € b
it follows immediately that §¢ C R(h). Consequently

R(5) = As(5) = A® B(R)

according to Lemma 4.7. Furthermore since gsm(ﬁ) is a o-0-ring containing
B, by Theorem 6.5 it follows that

h CA®BR) = As(h) = R(H) € Goous(h) C Geous(h)-
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Using the idempotence of the Souslin Operation (Theorem 6.4) this proves
that

Gsous(h) € Gaous(A ® B(R)) € Goous(h) C Goous(h)-
Therefore A ® B(R) € Geous(h) = Goous(h) holds. B

As usual denote by 7 : @ x R — Q the projection of 2 x R on , de-
fined by m(z,y) := z for all (z,y) € Q x R. Furthermore for A C 2 x R the
projection m;(A) is defined by m(A) := {z € Q: 3y € R with (z,y) € 4}.

Theorem 4.9 Suppose that the conditions of Lemma 4.8 hold. Then for
arbitrary C € Gsous(h) it follows that 71(C) € Geous(A).

Proof: If C € Geous(h) = Geous(h) is an arbitrary set then there exists a tree

{Ry;= A, x I, € h:5€ NN} in b such that

c=J ﬁRam.

aeNNn=1

Without loss of generality assume both that the tree {R,} is regular (which
is possible since the family J is closed under intersection) and that A, = 0
and I, = { if R, = (). Consequently both {4, : s € N<N} and {[, : s € N<}
are regular trees. Define for arbitrary o € NN

R° .= ﬂ Rojn, A7 = ﬂ Asn and 17 := ﬂ Ioin.
n=1 n=1 n=1

Obviously R® = A° x I° holds for every o € NN, Therefore if R° = 0§ it
follows immediately that at least one of A%, I is empty.

If 7° = { then there exists a ng € N such that I, = 0 for every n > ng
(Isjn # 0 for every n € N can not hold since this would imply that I # @ by
the intersection property). Therefore R,j,, = @ holds, which gives Agjn, = 0
by assumption and shows that A° = (. This proves that R = @ implies
A’ = (). Having this it follows immediately that m;(R’) = A for every
o € NN, which shows that

m(C) = m@E)=J 4= | [ 4oin € Goous(A),

oeNN oeNN geNNn=1
and completes the proof of the theorem. l

Theorem 4.10 Suppose that (2, A, 1) ts a complete o-finite measure space
and denote by B(R) the Borel o-algebra in R.

Then for every set C € A ® B(R) the projection m(C) of C on Q0 fulfills
WI(C) € gsous(A) g A
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Proof: Since A ® B(R) C Gsous(h) by Lemma 4.8, and m1(C) € Goous(A) for

every C' € Gous(h) by Theorem 4.9 it follows that m1(C) € Geous(A) for every

C € A® B(R). The fact that G,ous(A) = A (Theorem 6.10) completes the
proof. H

Finally the complete answer to the Question 4.5 is given in the next the-
orem, which is the converse of Theorem 4.4.

Theorem 4.11 Let (2, A, P) be a complete probability space and B(R) de-
note the Borel subsets of R. If for X* : Q — F} the graph I'(X,) defined
according to (4.3) is measurable for every a € (0,1] then X* is a fuzzy ran-
dom variable.

Proof: According to Theorem 4.3 the fact that X* is a fuzzy random variable
is equivalent to the condition that X, : © — R and X, : @ — R are
classical random variables. Suppose that I'(X,) € A ® B(R) holds for every
a € (0,1] and let z € R be arbitrary, then it follows that

X ((-o0,a]) = {weQ: X, (w) <z}
= {weQ:Jye X,(w) such that y < z}
= wl({(w,y)EQxR:yeXa(w) andygx})

- m (r(x,,,) N (2 x (—oo,m])) €A,

Xz, 0) = {we: Xaw) >z}
= {weQ:3Jye X,(w)such that y > z}
= wl({(w,y)eQxR:yEXa(w) andy_>_ac}>

= m (F(Xa) N (€ x [x,oo))) €A

Since both systems €; = {(~0c0,7] : # € R} and &; = {[z,00) : z € R} are
generators of B(R), it follows that X, and X, are measurable and therefore
random variables for every o € (0,1]. W

Theorem 4.11 is the key for proving other equivalent measurability condi-
tions for a fuzzy-valued mapping X* : @ — F! on a complete probability

c
space (€2, A, P), which are summarized in the next theorem (compare [7] and

[17]) -

Theorem 4.12 Let (2, A, P) be a complete probability space and B(R) de-
note the Borel subsets of R. Then for a fuzzy-valued mapping X* : Q — F1
the following nine conditions are equivalent:
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1.

{w € Q: Xo(w)N B # 0} € A holds for every B € B(R) and every
a € (0,1] (i.e. X* is a fuzzy random variable).

{we Q: X,(w) C B} € A holds for every B € B(R) and every
a € (0,1].

{weQ: Xo(w)NC # 0} € A holds for every closed set C C R and
every o € (0,1].

{weQ: X(w)NK # 0} € A holds for every compact set K C R and
every a € (0,1] (i.e. X, is a random closed set for every a € (0,1]).

{w e Q: Xo(w)NG # 0} € A holds for every open set G C R and every
a € (0,1] (i.e. X, is Effros measurable for every o € (0,1], compare
for instance [7], [29]).

w = d(z, Xo(w)) := infyex,w) |z — y| is a Borel-measurable function
for every fized x € R and every o € (0,1].

X, and X, defined according to (4.1) are classical (real-valued) random
variables for every a € (0, 1].

I'(X,) defined according to (4.8) is measurable for every o € (0, 1], i.e.
I'(X,) € A® B(R) holds for every o € (0, 1].

For every a € (0, 1] there exists a sequence (frn)nen of measurable se-
lections of X4 such that the following equality holds for every w € §2:

{falw) : n € N} = X,(w) (Castaing representation, compare [7], [29])

Proof: It has already been proved in this section that the points one, two,
seven and eight are equivalent. Furthermore it is trivial that point one implies
implies point three and that point three implies point four.

Consequently it suffices to prove that

point four implies point five (a)

point five is equivalent to point six (b)
point five implies to point seven (c)
point seven implies point nine (d)

point nine implies point five (e).
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For every a € (0,1] and every set A C R define

XN (A) = {we: X(w)NA#0}). (4.4)
Then it follows immediately that for every family (A;)ie; (I an arbitrary
index set)
Xg1<UAi) = x5 ) (4.5)
i€l i€l
holds.

(a) It is well-known that the family 9B consisting of all open balls B(z,r)
with z € Q and r € Q7 is a countable base for the Euclidean topology and
that every ball B(z,r) is precompact (i.e. the closure B(z,r) is compact).
Consequently for every open set G the following representation holds:

G= |J B= |J B
BCG,BeB BCG,BeB

Assume that point four is fulfilled, then using (4.5) and the countability of
B yields

x@=x( U B)= U x'®e4
BCG,Be%S BCG,BeB
which completes the proof of (a), since a € (0, 1] was arbitrary.

(b) In order to prove the equivalence of point five and point six define for
every z € R and w € (&

9:(w) = d(z, Xa(w)) = ye;?,f(w) |z — y| (4.6)

The desired equivalence is an immediate consequence of the following interre-
lation, which holds for every z € R and ¢ > 0, and the fact that the countable
base B exactly consists of sets of the form B(z,c) (B(z,¢) € R as common
denotes the open ball with radius ¢ and center z):
XY B(z,¢)) = {weQ:X,(w)NnB(z,c) # 0}

= {we:d(z, Xo(w) <c}

= gz ((-00,¢))
(c) Suppose that X* : Q@ — F} fulfills point five, fix & € (0,1] and let z € R
be arbitrary, then it follows that

X ((~00,z)) = {we: X, (w) <z}
= {weQ: Xy(w)N(~o0,z) #0} € A and
X2 (z,00) = {weQ: X w) >z}
= {weQ: Xo(w)N(z,00) #0} € A
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Since both systems €] = {(—o0,z) : z € R} and €, = {(2,00) : z € R} are
generators of B(R), it follows immediately that X, and X, are measurable
and therefore random variables for every oo € (0,1]. Since a € (0,1] was
arbitrary step (c) is proved, which (using the equivalence of point seven
and point one) completes the proof that alle the points one to eight are
equivalent. It remains to prove that the Castaing representation (point nine)
also is equivalent.

(d) Given the measurablility of X, and X, for every o € (0, 1], the Castaing
representation is easy to prove:

Denote by Qp,1) = {q1,42,---} the countable set of all rational numbers in
the interval [0, 1]. Fix an arbitrary o € (0, 1] and for every n € N define a
function f, by

fo(w) = @ X (W) + (1 — o) Xo(w) Ywe Q.

As convex combination of measurable functions every function f, is measur-
able and a selection of X, too. Furthermore because of the fact that Qo y
is dense in [0, 1] the desired property {fn(w) : n € N} = X,(w) obviously is
fulfilled. Since o was arbitrary this proves the implication (d).

(e) Finally suppose that for every fixed o € (0, 1] there exists a sequence of
measurable selections (fy)nen Of X, such that

{fa(w) :n € N} = X, (w)
holds for all w € Q. If G is an arbitrary open subset of R then

X1G) = {weQ: Xolw)NG #0}
{weQ: {folw) : neN}NG #0}
{weQ: {fulw) : neN}NG#0}

Ulw: @) eGr=J 716 € A

completes the proof. B

Since by definition for every fuzzy-valued mapping X* : @ — F} the a-cut
mappings X, (for every a € (0, 1]) are Kl-valued it is furthermore natural to
analyze the interrelation of the measurability condition (4.2) and the mea-
surability of the a-cut mappings X, with respect to the Borel o-algebra
B((K},6x)) in K! generated by the Hausdorff metric. Applying Theorem 1.20
the following result can be proved (compare [29]) - since it is a supplement
to Theorem 4.12 the enumeration of Theorem 4.12 is carried on:
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Theorem 4.13 Suppose that (2, A, P) is a complete probability space and
let B((KZ,0x)) denote the Borel o-algebra in K} generated by the Hausdorff

metric 8g. Then the following conditions are equivalent for a fuzzy-valued
mapping X* : Q — FL:

1. X* is a fuzzy random variable according to Definition 4.1.

10. For every a € (0,1] the a-cut mapping X, : Q — K is measurable
with respect to B((KL,dg)).

Proof: According to Theorem 4.12 a fuzzy-valued mapping X*: Q — F! is
a fuzzy random variable if and only if {w € Q : X,(w) NG # 0} € A holds
for every open set G C R. Moreover since the family

&= {Ke={KeKl: KNG #0}:GCR, G open}

according to Proposition 1.21 generates B((KC}, 6x)) the desired equivalence
follows immediately since obviously for every open set G C R and every
a € (0, 1] the equality

XM Ke) = {w e Q: Xalw)NG # 0}
holds. B

In case that X;(w) does not only consist of one point for P-almost every
w € §, another equivalent easy manageable notion of measurability can be
stated (the enumeration is continued once more), compare again [29].

Theorem 4.14 Suppose that (,.A, P) is a complete probability space and
that X* : Q — FL is a fuzzy-valued mapping on Q such that X (w) < X;(w)
holds for P-almost every w € Q. Then the following conditions are equivalent:

1. X* 1s a fuzzy random variable according to Definition 4.1.
11. {w e Q:z € Xo(w)} € A holds for every a € (0,1} and everyz € R .

Proof: One part of the equivalence is trivial:

If X* is a fuzzy random variable then {w € Q: z € X,(w)} € A surely holds
since {z} is closed and z € X,(w) is equivalent to Xo(w)N{z} # 0 for every
z € Rand a € (0,1].

Because of the fact that by assumption X;(w) < X1(w) holds for P-almost
every w € ) there exists a set N € A with P(N) = 0, such that for all
w € N¢int(X,(w)) # 0 is fulfilled (int(A) denotes the topological interior of
A, i.e. the set of all inner points of A, and cls(A) denotes the closure of A,
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L.e. the intersection of all closed sets containing A, for every set A).

Suppose now that G is open, a € (0, 1], and that condition eleven is fulfilled.
Obviously the following equality holds:

=:A;
{weQ: Xaw)NG#0} = (weN: X, (w)NG #0}u
U :{wGNC:Xa(w)ﬂG7é@}J

=:A2

As a subset of the set N of probability zero the set A; itself is measurable,
i.e. Ay € A. Consequently it suffices to prove that A, € A holds, which can
be done as follows:

Ay ={we N°: X, (w)NG # 0}

{we N°:int(Xo(w)) NG # 0}
= {weN°: int(Xa(w)) NGNQ # 0}

= N°n U {fweQ:ze X, (w)}e A
zeQNG

This completes the proof. B

Section 4.1 will be rounded off by a result which basically says that if a
fuzzy-valued function X* : Q — .7-'61’C is measurable with respect to the o-
algebra B((F2., 0% o)) generated by the metric 6%, (compare Section 1.5),
then X* is a fuzzy random variable.

Theorem 4.15 Suppose that (2, A, P) is a complete probability space and
that X* : Q — fcl,c is a fuzzy-valued mapping on 2. Furthermore denote by
B((Fi. 0% o)) the o-algebra generated by the metric 0}, in Fy,.

If X* is measurable with respect to B((F: (5}1’00)) then X* is a fuzzy random

c,c?
variable according to Definition 4.1.

Proof: For every a € (0,1] define a mapping II, : i, — K. C K' by
I4(£*) = [£*]q for every & € F.,. It follows immediately from the con-
struction of 8y , that Il, is Lipschitz continuous with Lipschitz constant 1
(in fact I1, is a projection). Consequently I, is B((FL, 61 .0))-B((K%, 6x))-
measurable. Since the composition of two measurable mappings is itself mea-
surable the fact that

Xo(w) =Ty 0 X*(w)

holds for every w € Q, together with Theorem 4.13 completes the proof of
the theorem.ll
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4.2 Fuzzy random vectors

As already mentioned fuzzy random vectors are the multi-dimensional ana-
logy of fuzzy random variables.

If (2, A,P) is a probability space and X* : Q@ — F¢ (d > 2) is a fuzzy-
vector-valued function on 2, then the following notation (analogous to fuzzy
random variables) will be used for every w € © and every a € (0, 1]:

Xow) = [X*W)a={zeR*: (X*(w))(z) > a} (4.7)
Furthermore the graph I'(X,) is for every a € (0, 1] defined by
I'X,) ={(w,z):weQ and 7 € Xy(w)} T O xR (4.8)

Definition 4.16 Let (2, A, P) be a probability space and B(R?) denote the
Borel subsets of R%. Then a function X* : Q — F& is called (d-dimensional)
fuzzy random vector if

{weQ: X,(w)NB#P}e A (4.9)
holds for every B € B(R?) and every a € (0,1].

As for fuzzy random variables the above definition of fuzzy random vectors
is equivalent to various other conditions. Looking back at the proofs of the
results in Section 4.1, especially that of Theorem 4.12, it may come as no
suprise that similar results also hold for fuzzy random vectors since R and
R¢ are very similar from the topological point of view - both are o-compact
Polish spaces. In fact the following theorem, taken from [7] and [29] with
some small modifications, holds:

Theorem 4.17 Let (Q,A,P) be a complete probability space and B(R?)
denote the Borel subsets of R®. Then for a fuzzy vector-valued mapping
X*:Q — F¢ the following conditions are equivalent:

14 {w e Q: X (w)N B # 0} € A holds for every B € B(R?) and every
a € (0,1] (i.e. X* is a d-dimensional fuzzy random vector).

2. {w e Q: Xyw) C B} € A holds for every B € B(R?) and every
a € (0,1].

. {weQ: X (w)N.C # B} € A holds for every closed set C C R?* and
every a € (0,1].

4% {w e Q: X, (w)NK # 0} € A holds for every compact set K C R?* and
every o € (0,1] (i.e. Xo is a random closed set for every a € (0,1]).
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5. {w € Q: Xo(w) NG # B} € A holds for every open set G C R? and
every a € (0,1] (i.e. X, is Effros measurable for every a € (0,1]).

6. w i d(z, Xo(w)) = infyex,w) Iz — yll2 is @ measurable function for
every fized x € R and every o € (0, 1].

7. I'(Xa) defined according to (4.8) is measurable for every o € (0,1], i.e.
I'(Xa) € A® B(R?) holds for every a € (0,1].

8. For every a € (0,1] there exists a sequence (fn)nen 0f measurable se-
lections of X4 such that the following equality holds for every w € §):

{fu(w) : n € N} = X, (w) (Castaing representation)

Proof: Most parts of the theorem can be proved following the proofs from
Section 4.1. For a detailed proof compare [7].

Furthermore similar to the case of fuzzy random variables the measurability
condition can also be expressed equivalently via the measurability of the
a-cut mappings X, with respect to the Borel g-algebra B((K¢,6y)) in K¢
generated by the Hausdorff metric. Since this is a supplement to Theorem
4.17 the enumeration of Theorem 4.17 is carried on:

Theorem 4.18 Suppose that (2, A, P) is a complete probability space and
let B((K¢,6y)) denote the Borel o-algebra in K¢ generated by the Hausdorff
metric 8. Then the following conditions are equivalent for a fuzzy vector-
valued mapping X* : Q — Fé:

1%, X* is a d-dimensional fuzzy random vector according to Definition 4.16.

9. For every a € (0,1] the a-cut mapping X, : Q@ — K¢ is measurable
with respect to B((KY,8x)).

Proof: The theorem can easily be proved following the proof of Theorem
4.13 and simply replacing F? by F¢, R by R%, K} by K2 and &}, by &5.. B

Within the next theorem, which is an analogon to Theorem 4.14, as before
int(A) denotes the topological interior of A, i.e. the set of all inner points of
A, and cls(A) denoted the closure of A. i.e. the intersection of all closed sets
containing A, for every set A C Re.

Theorem 4.19 Suppose that (2,.A,P) is a complete probability space and
that X* : Q — F2 is a fuzzy vector-valued mapping on Q such that for P-

almost every w € Q int(X1(w)) # 0 holds . Then the following conditions are
equivalent:
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19 X*isa d-dimensional fuzzy random vector according to Definition 4.16.
10, {w e Q: 7 € X,(w)} € A holds for every o € (0,1] and every z € R? .

Proof: Again one part of the equivalence is trivial:

If X* is a fuzzy random vector then {w € Q : z € X,(w)} € A surely holds
since {z} is closed and z € X, (w) is equivalent to X,(w)N{z} # 0 for every
z € R? and € (0, 1].

On the other hand because of the fact that by assumption int(X;(w)) # 0
holds for P-almost every w € § there exists a set N € A with P(N) = 0
such that for all w € N¢ int(X,(w)) # 0 is fulfilled.

As it is well known that every convex compact set with non-empty interior
coincides with the closure of its inner points (compare for instance [37]) it
follows immediately that X,(w) = cls(int(X,(w))) holds for every w € N¢
and every a € (0,1].

Suppose now that G is open, a € (0,1] and that condition 10¢ is fulfilled.
Obviously the following equality holds:

=:A1
{weN: Xow)NG#0} = {weN: X, (w)NG #£0}U
U {we N : Xo(w)nG #0}

:Az

As a subset of the set N of probability zero the set A; itself is measurable,
i.e. A; € A holds. Consequently it suffices to prove that A, satisfies A; € A,
which can be done as follows:

Ay ={weN: X (wNG#0} = {we N°:int(Xo(w)) NG # 0}
= {we N°:int(Xa(w)) NGNQ? # 0}
= NN |J {weizeXaw)}ea

zeQdNG

This completes the proof. B

Section 4.2 will be closed with the following theorem:

Theorem 4.20 Suppose that (2, A, P) is a complete probability space and
that X* : Q — ]-'fc is a fuzzy vector-valued mapping on ). Furthermore
denote by B((F2,, 5Hoo)) the o-algebra genemted by the metric 0} o, on F..
If X* is measurable with respect to B((F¢ e 5H’°°)) then X* is a d-dimensional

fuzzy random vector according to Definition 4.16.
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Proof: For every a € (0,1] define a mapping II, : F2, — K¢ by setting
Io(&) = [¢*]a for every £&* € F2.. It follows immediately from the con-
struction of 8y , that II, is Lipschitz continuous with Lipschitz constant 1
(in fact I, is a projection). Consequently I1, is B((F2,, 6 ..))-B((KS, 6u))-
measurable. It is well known that the composition of two measurable map-
pings is itself measurable. Consequently Theorem 4.18 and the fact that

Xa(w) =1, 0 X*(w)

holds for every w € €2 complete the proof of the theorem.M

4.3 Fuzzy probability distributions induced
by fuzzy random variables and fuzzy ran-
dom vectors

In this section it will be demonstrated how fuzzy random variables and fuzzy
random vectors naturally induce a fuzzy probability distribution according
to Definition 2.19. Since fuzzy random variables can be regarded as special
cases of fuzzy random vectors, only fuzzy random vectors will be considered.

Every d-dimensional fuzzy random vector X* : @ — F¢ induces families
(Ta)ac1] and (Fa)ae(o,1) Of real-valued set-functions on B(R?) in the follo-
wing way: For every a € (0,1] and every B € B(R?) define
1,(B) = P({weQ: X,(w) C B})

—-—

To(B) = P({weQ: Xo(w)NB#0}).

Obviously for every B € B(R?) and o € (0,1] 7,(B) < To(B) holds.

Using the fact that P is a probability measure, this shows that {7, (B), Ta(B)]
is a non-empty, compact subinterval of [0, 1] for every a € (0, 1] and every
B € B(R?).

Suppose for the moment that B € B(R?) is fixed and that o, 3 € (0,1],a < 8,
then it follows that X,(w) 2 Xg(w) for every w € 2, and that

(4.10)

{we: Xo(w) CB} C{we: Xg(w) C B},
which shows that 7,(B) < m4(B). Moreover
{weQ: Xgw)NB#0} C{weQ: X,(w)N B # 0},

which gives that 7g(B) < To(B).
This proves that for fixed B € B(RY), ([Ea(B)’ﬁa(B)])ae(o,u is a nested,
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monontonically decrasing family of non-empty compact intervals in a.
Unfortunately, in contradiction to [30}, in general ([EQ(B),fa(B)])ae(0 y i
not a family of a-cuts of a fuzzy number, as the following counter-example
shows:

Example 4.21 Suppose that (€2, A, P) is an arbitrary probability space and
let * € F! be the triangular fuzzy number with a-cuts [7*], = [@— 1,1~ q]
for every a € (0,1] (depicted in Figure 4.1).

Define X* : Q — F! by simply setting X*(w) = n* for every w € Q. Obvi-
ously X* is a fuzzy random variable (the measurability condition obviously
is fulfilled).

Figure 4.1: n* and B in Example 4.21

Choosing B = [-1,1] € B(R) gives

[1.(B), Fu(B)] = { [{Of}l] gg ; %

If the family ([x,(B),Ta(B)]) . (o Wasa family of a-cuts of a fuzzy number,
then for every 3 € (0, 1] the following would hold (compare Theorem 1.4)

[m4(B), 7(B)] = ) lra(B), Ta(B))-

a<f
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Choosing 3 = 1 therefore would give

(B),73(B)] = () [r(B), 7ul B)] = [0, 1],

1
a<§

which is a contradiction to [ﬂ%(B),ﬁ:% (B)] = {1}.

Consequently in general the family ([zr_a(B),fa(B)])a c(o,) heed not be a
family of a-cuts of a fuzzy number, but because of the before mentioned pro-
perties one can easily construct a fuzzy number P*(B) for every B € B(R?)
by simply building the convex hull, i.e. for z € R define

\ (0 ifzgr(B),7(B)] Vaec(01
((B)) (@) = { sup {a € (0,1] : z € ([m,(B),7a(B)]} | otherwise .

Note that according to Theorem 1.36 the a-cuts [P*(B)], of P*(B) coincide
with [r,(B),7a(B)] for A-almost every a € (0, 1].

This again defines a mapping P* : B(R?) — F! that satisfies Definition 2.19
on (R?, B(R?)) which is now going to be proved in three steps:

Firstly properties of the families (7,)ac(0,1], (Ta)ac,) Will be analyzed.
After that, a simple formula describing the interrelation between the a-cuts
of the fuzzy numbers P*(B) and the generating families (7,)ac(0,1], (Ta)ac(0,1)
will be proved.

Finally it will be shown that P* satisfies Definition 2.19 on (R?, B(RY)) by
using this formula and the properties of (7, )ac(0,1)) (Ta)ac(0,1)-

Lemma 4.22 Suppose that (2, A, P) is an arbitrary probability space and
that X*: Q — F¢ is a d-dimensional fuzzy random vector.

Then the families (T,)ac(0,1] 74 (Ta)ac(0,1), defined according to (4.10), fulfill
all points of Definition 2.20 on (R%, B(R?)).

Proof: Point one is surely satisfied since it follows immediately from the
definition that

7, (RY) =To(RY) =1 and 7,(0) =7.(0) =0 Vo€ (0,1].
If A, B € B(R?) satisfy A C B, then it follows that for every a € (0, 1]

{weQ: Xo(w) CA C{we: Xo(w) € B} and
{we: Xow)NA#0} C{weQ: Xo(w)N B #0},

which shows that 7, (A) < 7, (B) and T, (A) < To(B) for every a € (0, 1].
In order to prove the third assertion suppose that A, B € B(R?) and that
AN B ={. Then for every a € (0, 1] on the one hand it follows that

({w €N Xo(w) C AU {weQ: Xa(w) C B}) C {weQ: Xa(w) C AUBY,
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which shows that 7,(A) + n,(B) < 7,(AU B), and on the other hand

(WEN: Xa(w)N(AUB) #0} = {weQ: Xa(w)NA#0} U
U{weQ: X,(w)N B # 0},

which finally shows that To(A U B) < T,(A4) + T4 (B).
The last assertion is an immediate consequence of the following identities:

7, (A%) P{weQ: Xo(w) C A} =1— PlweQ: Xo(w) AY)

= 1-PH{weQ: Xaw)NA#0}) =1—7u(A)

Ta(A%) = P{w € Q: Xa(w)NA# D} =1-P({w € Q: Xo(w) N A° = 0})
1-PH{we: Xo(w)CAY) =1-1,(A) N

As already mentioned before for every d-dimensional Borel set B € B(R?)
the family ([EQ(B),%&(B)])%(O ;) induces a fuzzy number P*(B) € F! in the
following way: for z € R define

(F(B)(2) = { sup {@ € (0,1] : 7 € ([m,(B),7a(B)]} otherwise.
(4.11)
The a-cuts of the resulting fuzzy number will be denoted by [p_(B),,(B)],
le.

[p(B),Pa(B)] := [P*(B)la; for B € B(R?) and « € (0, 1]. (4.12)

For every B € B(R?) there is a simple interrelation between the family

(Ip(B): Pa(B)])ac(o and the generating family ([7,(B), Ta(B)])ac(0,1]-
In fact the following lemma holds:

Lemma 4.23 Let « be an arbitrary but fized real number in (0, 1] and sup-
pose that (am)nen 1S a strictly increasing sequence in (0,1) that converges to
a. Then the following equation holds for every B € B(R?) :

p.(B),5.(B)] = [lra(B),Fa(B)] = [)[Eay(B), Fan(B)]

B<a

= [ lim 7, (B), lim fan(B)]
n—oo n—o0

Proof: The first equality has already been proved for more general cases in

Lemma 1.4 .

In order to prove the second equality suppose that 8 < a. Then by definition
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of the sequence (an)nen there surely exists ng(8) € N such that for all n > ng
an € (8, a) holds. This proves that [z, (B),7a,(B)] C [xs(B), 7s(B)] for all
n 2 ng. Since B < « was arbitrary it follows that

N Ixa(B), 7oB)] € (ix.. (B), For (B
B<a n=1

Since the reverse inclusion is obvious because «, € (0,a) holds for every
n € N by assumption, this proves the second equality.

Concerning the third equality first of all notice that the mentioned limits
really exist, since for every B € B(R?) the sequence m, (B) is monotonically
increasing and bounded and the sequence 7, (B) is monotonically decrea-
sing and bounded.

T € Mooty (B), Ta, (B)] means that n, (B) < z < T, (B) for all n € N,
from which it follows immediately that lim, o 7, (B) < = < limy,e o, (B),
which proves that

(e, (B), Fan(B)] C | lim @, (B), lim 7o, (B)|.
n=1

Because of the fact that the other inclusion is an immediate consequence of
the monotony on the sequences 7, _(B) and T, (B) this concludes the proof
of the lemma.l

Since for every a € (0,1] there surely exists a sequence (au)nen in (0,1)
that is strictly monotonically increasing and converging to « like stated in
Lemma 4.23 is follows that for every B € B(R?) the following equations hold:

gﬁ

) = lim 7 (B) (413)

n—oo

(B) = limm, (B) and
(B

3|

«

This fact can be used to prove the following result:

Theorem 4.24 Suppose that (Q, A, P) is an arbitrary probability space and
that X* : Q — F¢ is a d-dimensional fuzzy random wvector. For every
B € B(R%) and a € (0,1] let w,(B) and To(B) be defined according to (4.10),
P*(B) defined according to (4.11), and p_(B) and p,(B) defined according to
(4.12). Then P* : B(RY) — F! is a fuzzy probability distribution in the sense
of Definition 2.19.

(Or equivalently p_ and B, fulfill Definition 2.20. )
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Proof: Let a € (0,1] be arbitrary. Choose a sequence (ay)nen in (0,1) that
is strictly monotonically increasing and converges to «. Using the fact that

To(RY) =7(RY) =1 and 7,(0) =7,(0) =0 Ve € (0,1],
applying (4.13) immediately yieldsp_(R?) = p,(R%) = 1 and p, (0)=p,(0)=0.

Furthermore if 4, B € B(R?) with A C B, then again applying (4.13) imme-
diately shows that

p(4) = nlin(}oza"(A) < lim @, (B) =p_(B) and
Po(A) = lim 7, (A) < lim 7,,(B) = P,(B),

which proves point two of Definition 2.20.
Finally if AN B =  for two Borel sets A, B € B(R?), then it follows again
by using (4.13) and Lemma 4.23 that

p (AUB) = limx, (AUB)> lim(x, (A)+=r, (B))
— n—oo~ n—oo " ™

= p (A)+p_ (B) and
P(AUB) = lim 7,,(AUB) < lim (T, (A) + T, (B))

= PalA) +Pa(B).
Finally again using (4.13) and Lemma 4.23 shows that

p (A% = lim m, (A°) = lim (1 —7T,,(4))

= 1-7p,(4) and
Do (A°) = lim 7, (A°) = lim (1 — m,_(A))

n—oo n—oo

= 1—1_)a(A).

This completes the proof. B

Remark: Tt will be proved in Section 5.3 that for every Borel set B € B(R?)
with probability one P*(B), defined according to (4.11), is the limit of rela-
tive frequencies h(B,w) (defined as in Section 2.1) induced by a sequence
(X)nen of pairwise independent, identically distributed d-dimensional fuzzy
random vectors. In other words, a Strong Law of Large Numbers holds.

Theorem 4.24 can be seen as a further justification of the general definition
of a fuzzy probability distribution (Definition 2.19) since the fuzzy-valued
set-functions (probabilities) arising from two completely different approaches
(using densities respectively fuzzy random vectors) both are included in the
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general definition.
Regarding Theorem 2.18 the question arises whether p_ is even super-o-

additive and whether P, is even sub-g-additive for fixed a € (0,1] (both
defined according to (4.12)).

As a first step going in that direction, the following theorem can be proved:

Lemma 4.25 Suppose that (2, A, P) is an arbitrary probability space and
that X* : Q — F2 is a d-dimensional fuzzy random vector. Furthermore for
every a € (0,1] let m, and T, be defined according to (4.10).

Then for every o € (0,1] &, is super-o-additive and T, is sub-o-additive,
i.e. if (Bn)nen is a pairwise disjoint sequence of Borel subsets of R%, then for
every a € (0,1] the following holds:

E(O B.) 2 gmm f(GB) < gmwn)

Proof: Suppose that (B, ).en is & sequence of pairwise disjoint Borel subsets
of R? and let o € (0, 1] be arbitrary, then super-c-additivity of m, can easily
be shown by using the fact that P is a probability measure on (Q A) in the
following way:

(05) - ffen i)
P(g{weQ:Xa(w)an}>

= Y P{weQ: Xo(w) C Ba})
= Y my(By)

In the same manner one can prove sub-g-additivity of T4:

fa<63n> = P({weﬂ Xaf UB #0})

n=1

v

G{w €Q: Xo(lw)N By, # @})

n=1

M 3

A

P({w € Q1 Xa(w) N By # 0))

3
i
N

To(Bn) N

gk

3
i
—
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Having this, it can be proved that p_ defined according to (4.11) and (4.12)
is even super-o-additive for every a € (0,1]:

Theorem 4.26 Suppose that (2, A, P) is an arbitrary probability space and
that X* : Q — F2 is a d-dimensional fuzzy random wvector. For every
B € B(R?) and a € (0,1] let m,(B) be defined according to (4.10), P*(B)
defined according to (4.11) and p_(B)defined according to (4.12).

Then p_ is super-o-additive for every a € (0,1].

Proof: Suppose again that (B;):cn is a sequence of pairwise disjoint Borel
sets, let @ € (0, 1] be arbitrary and choose (a, )nen according to Lemma 4.23.
For every n € N define a function f, : N — R by f,(1) = (B;) and a
function f: N — R by f(i) = Qa(Bi), for every ¢ € N.

Furthermore consider the measure space (N, 2N, 7), where 2N is the set of all
subsets of N and 7 denotes the counting measure on 2.

Obviously all functions f,, n € N, and f are measurable, f, is monotonically
increasing and lim, ., f,(?) = f(7) for every 7 € N by construction.
Applying the monotone convergence theorem (compare for instance [13]) it
follows that

Ta,

lim fn / f(®)dr(t).

n—o

Since by construcion

/N () = ma(B) and [ f®)ar(t) =S p_ (B,

i=1 i=1

this proves that

Consequently

oo o0 o oo
p,(UB) = lim m, (| B:) > lim > m,, (B) = ) _p,(B),
i=1 i=1 i=1

i=1

which completes the proof of the theorem. l

The remaining part of this section deals with regularity and continuity pro-
perties of the real-valued set functions m_(-) and 7,(-) defined according to
(4.10) induced by a fuzzy random vector X* : @ — F2 (compare [29)]).

Theorem 4.27 Suppose that (2, A, P) is a complete probability space and
that X* : Q — F% is a d-dimensional fuzzy random wvector. For every

[+

B € B(R?) and o € (0,1] let To( B) be defined according to (4.10) then:
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o For every open set G C R* and every o € (0,1] the following equality
holds:

To(G) = sup{To(K) : K C G, K € K%}

o For every Borel set B € B(R?) and every a € (0,1] the following
equality holds:

Ta(B) = sup{Ta(K) : K C B,K € K*} = inf{7(G) : G 2 B, G open}

Proof: It is obvious that the second assertion implies the first assertion.
Nevertheless the assertions are stated separatedly since the first assertion
will be proved completely, whereas the proof of the second assertion uses a
very non-trivial result from the theory of capacities, which will not be proved
here.

In order to prove the first assertion it suffices to show that

7o(G) < sup{Ta(K): K C G,K € K%} (4.14)

since the other inequality is an immediate consequence of Lemma 4.22.

As in Lemma 1.18 suppose that B denotes the countable basis for the
Euclidean topology on R? consisting of open all balls B(m,r) with m € Q¢
and r € Q. Then it follows immediately that every open set G C R¢ can be
represented as follows (B denotes the corresponding closed ball):

¢= |J B
Be®B,BCG
Let the corresponding balls B € B fulfilling B C G be enumerated as
{Bi, Bs, - -}. Using the notation explained in (4.4), equation (4.5), and the

fact that every probability measure is continuous (compare [2]), then it
follows immediately that

Ta(G) = P({w€Q: Xa(w)NG #0}) = P(

e (0 ()
- Jm(U7)

Since for every B € B the closure B is compact (it is closed and bounded)
this implies that |J;_, B; is compact for every n € N, which completes the
proof of inequality (4.14), and therefore the proof of the first assertion of

MC: |
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Theorem 4.27.
The second (much stronger) assertion can be proved using the so-called
Choquet Capacitability Theorem (compare (8] and [29]), which implies that

sup{Ta(K): K C B,K € K%} = inf{%o(G) : G 2 B, G open in R%}

holds for every Borel set B € B(R?). Again using monotonicity of 7,(-)
(Lemma 4.22) the desired equality immediately follows.

Concerning continuity properties of 7,(-) the following result holds:

Theorem 4.28 Suppose that (2, A, P) is a complete probability space and
that X* : Q — F¢ is a d-dimensional fuzzy random wvector. For every
B € B(R?) and o € (0, 1] let To(B) be defined according to (4.10) then:

o The set function To(-) is continuous from below, i.e. if (Bp)nen 18
a monotonically increasing sequence of Borel sets with limit B, then
lim,,— 0o To(Bn) = To(B) holds.

o The set function T,(-) is continuous from above for closed sets, i.e. if
(Fy)nen i a monotonically decreasing sequence of closed sets with limit
F, then limy,_,00 To(Fn) = To(F) holds.

e In general T, () is not continuous from above.

Proof: Suppose that (B, )nen is an increasing sequence of Borel sets in R
with limit B = (J2°, B, € B(R?), then again using the notation explained
in (4.4) and equation (4.5) continuity from below follows immediately by

To(B) = P{weQ: Xa(w)n B #0}) =P(X;N(B))

= P(X;l(QBi)> = ,}LHQOP(X‘:I(B"))

= lim To(B,).
n—0o0
In order to prove the second assertion assume that (F},),en is a monotonically
decreasing sequence of closed sets with limit F' = [, F,,. Note that since
X4(w) € K2 holds for every w € Q and every a € (0, 1] by defnition and since
F, is closed for every n € N the set X,(w) N F,, is compact. Consequently
Xo(w) N F, # 0 for every n € N implies that X,(w) N F # 0, which yields
that X2'(F,) monotonically decreases to X;*(F). Having that the second
assertion of Theorem 4.28 follows immediately from
TolF) = PXGAF)) = lim P(XZH(F,) = lim TalFy).

n—oo
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The fact that in general 7,(-) is not continuous from above can easily be
demonstrated as follows:

Suppose that (£2,.4,P) is a complete probability space, define a fuzzy ran-
dom variable X* : Q — F by setting X*(w) := 13 9 for every w € Q, and
define for every n € N an open set G, by G, := (1, 1 + 1).

Then obviously (oo, G» = 0 and To(G,) = 1 is satisfied for every n € N.
However 7,(0) = 0 holds, which completes the proof.

Considering 7, (-), defined according to (4.10), two results analogous to Theo-
rem 4.14 and Theorem 4.28 hold:

Theorem 4.29 Suppose that (2, A, P) is a complete probability space and
that X* : Q — F2 is a d-dimensional fuzzy random wvector. For every
B € B(R?%) and o € (0,1] let 7, (B) be defined according to (4.10) then:

e For every Borel set B € B(R?) and every o € (0,1] the following
equality holds:

7,(B) =sup{r,(K): K C B,K € K% = inf{n,(G) : G 2 B,G open}

Proof: According to Lemma 4.22 7, (B) = 1 — T, (B°) is satisfied for every
B € B(R?Y) and every o € (0, 1], which makes it possible to apply the pro-
perties stated in Theorem 4.27. Furthermore obviously the identity

1 —inf{7(G) : G 2 B,G open} = sup{l — T,(G) : G 2 B, G open}

holds for every B € B(R?) and every o € (0, 1].
If F C R%is a closed set and X,(w) C F then there exists an integer n € N
such that X,(w) € Fn[-n, n]?is fulfilled, which shows that

{weN: Xy(w) CF} = O {w €0 Xo(w) C Fﬂ[—n,n]d}

n=1

holds for every closed set F' and every a € (0, 1]. Since FN[—n,n]¢ is compact
this yields that 7 (F) = sup{r(K): K C F,K € K¢}.

Having this, suppose now that B € B(R?), then the first part of the identity
stated in the theorem follows directly from:

7, (B) = 1-T74(B%) =1—inf{7(G): G 2 B, G open}
sup{l — 7(G) : G 2 B°, G open}

= sup{m (F): F C B, F closed}

= sup{r(K): K C B,K € K%}

Il

The second part of the identity can be proved similarly. B
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Theorem 4.30 Suppose that (2, A, P) is a complete probability space and
that X* : Q — F¢ is a d-dimensional fuzzy random vector. For every
B € B(R%) and a € (0,1] let ,(B) be defined according to (4.10) then:

e The set function m,(-) is continuous from above, i.e. if (Bp)nen is
a monotonically decreasing sequence of Borel sets with limit B, then
lim,, oo 7o ( Bn) = 7,(B) holds.

o The set function 7,(-) is continuous from below for open sets, i.e. if
(Gn)nen is a monotonically increasing sequence of open sets with limit

G, then im0 7 (Gr) = 7, (G) holds.
o In general w () is not continuous from below.

Proof: The theorem can easily be proved by using Theorem 4.28 and by
using the fact that for every Borel set B € B(R%) and every a € (0,1] the
identity m,(B) = 1 — To(B¢) holds.
If ( By )nen is a decreasing sequence of Borel sets in R* with limit B = (32, B,
then obviously (Bg)nen is an increasing sequence with limit B® = J77, B¢.
Consequently applying Theorem 4.28 yields

lim 7,(B,) = lim (1 - 7a(B;)) =1~ Ta(B%) = 1,(B),
which proves continuity from above.
Furthermore if (G,)nen is an increasing sequence of open sets in R? with
limit G = |J,-, Gn then it follows immediately that

20 = P({ven: e GG})

= lim P({w € Q: Xa(w) € Ga})
= lim 7 (G,)-

n—o
Finally the fact that in general 7,(-) is not continuous from below can easily
be demonstrated as follows:
Choose X* : 2 — F! and G, as in the proof of Theorem 4.28 and simply
set F,, = G¢. Then obviously |J°°, F,, = R? and =, (F,,) = 0 is satisfied for
every n € N. However 7_(R?) = 1 holds. This completes the proof. B



Chapter 5

Fuzzy stochastic processes

5.1 Motivation, basic definitions, and
properties

As a matter of fact in various disciplines of civil engineering and other related
fields (compare [30]) measurements of (continuous physical) quantities one is
interested in are more or less imprecise. By neglecting this imprecision the
engineer gives away many pieces of information regarding the quantification
of data.

Consider for example the time-dependent assessment of the structural relia-
bility of a building - in the majority of the cases few parameters of interest are
accessible. Nevertheless, based on time series of assessments, it is demanded
to forecast the reliability (safety) of the building for a certain time in the
future.

Classical deterministic structural analysis tries to describe the correlation
between so-called crisp input variables like load, geometry, material-specific
parameters and so-called structural responses like stress or displacements by
a model M, described by a function f (schematically depicted in Figure 5.1).
In the realistic case that the measurements of the input variables are impre-
cise naturally the output vectors themselfes are imprecise. Various different
approaches concerning this issue like for example so-called a-level optimiza-
tion can be found in [30].

If in addition the uncertainty of the input variables is described by both im-
precision and stochastics, fuzzy random variables and fuzzy random vectors
can be used, which results in so-called fuzzy stochastic structural analysis
(again compare [30]). Not surprisingly such models are gaining more and
more importance.

Finally incorporating time dependence into considerations naturally leads to

119
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Figure 5.1: Structural Analysis schematically
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input and output variables described by fuzzy stochastic processes in discrete
or continuous time (compare Definition 5.1 below).

Discrete fuzzy stochastic processes can be regarded as time series with fuzzy
data (as depicted in Figure 5.2). During the last years interesting generaliza-

Figure 5.2: Time series with fuzzy data
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tions of techniques for classical stochastical time series with real-valued data
have been generalized to the case of non-precise data (compare [15)).

These results are also applied in civil engineering, whereby mostly only sub-
classes of fuzzy numbers with 1-cuts consisting only of single points and so-
called o-discretization (describing a fuzzy number by finitely many a-cuts)
is used (compare [31]).

In the remaining section a general definition of fuzzy stochastic processes
in continuous as well as in discrete time will be stated, separability will be
defined, and, using this notion, it will be shown that similar to classical
separable stochastic processes supremum, infimum, limes superior and limes
inferior will be fuzzy random variables again (compare [44]).

Definition 5.1 Suppose that (2, A, P) is a complete probability space and
that T C R is an open or closed interval (possibly entire R), or T = N. Then
every family (X} )ier of fuzzy random variables according to Definition 4.1 is
called fuzzy stochastic process on (2, A, P).

If T = N holds, then (X})ier is called fuzzy stochastic process in discrete
time. If T is an open or closed interval then (X})ier is called fuzzy stochastic
process in continuous time.

For every w € Q the fuzzy-valued mapping t — X} (w) is called fuzzy path of
the process (X} )ier-

Remark: Note that every fuzzy stochastic process in discrete time is nothing
else but a sequence of fuzzy random variables.

It is well known from measure theory that given a pointwise bounded sequence
of random variables (X, )nen (i-€. a stochastic process in discrete time)

sup X, inf X,, as well as
neN neN

limsup X, := irelgsup{Xn,Xn+1, .-} and

n—o0

liminf X, := supinf{X,, Xn4+1, -}

n—oo neN
are random variables again (compare [2], [13]). A similar result holds for
stochastic processes in continuous time if the process is separable (compare
[11], [24]). N
It was shown by Wang and Zhang [44] that similar results hold for fuzzy
stochastic processes in discrete time (X );en and fuzzy stochastic processes
in continuous time (X}):cr respectively. Unfortunately some of the results
stated in [44] are simply wrong (see Example 5.3 and the subsequent remark)
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- nevertheless the main results (which are frequently used by engineers) re-
main true albeit the corresponding proofs are a bit more difficult.

First of all analogous to [44] supremum and infimum of families of fuzzy
numbers will be defined and it will be shown that this definitions are com-
patible with the semiordering (1.20) explained at the end of Section 1.3.

Definition 5.2 Suppose that (x});cr (I an arbitrary indez set) is a family of
fuzzy numbers with a-cuts [x}]s := [z; , , Tia] for every a € (0,1] and i € I.
Then (z})ier is called cut-wise bounded if

infz; ,, SupTiqo| € (—00,00)

’LGI ! ’LGI
holds for every a € (0, 1].
Given a cut-wise bounded family (z})ic; of fuzzy numbers at first sight it

seems natural to define the supremum sup;c;(z}) and the infimum inf;e;(z})
of the family (z});cs as those fuzzy numbers with a-cuts

SUpZ;, , SUP Tin and infz, ., infT;q (5.1)
iel ’ iel €l 7 el

respectively for every a € (0, 1].

This surely works for finite index sets I, however unfortunately in general
7 X o, SUP;e7 T5 and( infier z; , , inf; 55,-&) are not

([suPicr Ziar sUPicr o) | ond ([inficr 2o inficr Taa] )

families of a-cuts of a fuzzy number as the following counter-example shows:

Example 5.3 Consider the following sequence (z})nen of fuzzy numbers
defined via their a-cuts by

[0,1] if e € (0,271 -27")
(2] ={ [0,2"—2"%] ifae2'-2"27] }Vae(0,1],¥neN.
{0} if a € (271, 1]

(5.2)
Calculating the first part of (5.1) for this sequence immediately yields

~ 0,1 ifae(0,27) }
nal — . - Va60;1)
g ] = { i) 5527 froe o

which according to Theorem 1.4 is not a family of a-cuts of a fuzzy number
since

[supgna, sup fn,a] = [0,1] # {0}
a<tjz "N " neN

holds. An example falsifying that ([infie 1Z; 4, infier fi,a]) e is a family
of a-cuts of a fuzzy number can be constructed analogously.
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Remark: Note that in [44] it is stated that ([supiE IZiq» SUP;cr Ei’a])
and ([infiel Z;q, infigr fza])
’ o€(0,1]

and that this is an essential result which is used throughout their paper.
However this is falsified by Example 5.3.

N a€(0,1]
are families of a-cuts of a fuzzy number,

Despite the fact that for a cut-wise bounded family (z})ic; in general the
families ([supie 1 Z;q s SUPser Ei,a]) o and ([infie [Z;q, nfie Tig) o

a€g(0, ! ae(0,1
are not families of a-cuts of a fuzzy number, both families are nested monoton-
ically decreasing families of compact non-empty intervals in . Consequently
according to Theorem 1.5 and Theorem 1.36 there exist fuzzy numbers (in

fact the convex hulls), which will be denoted by sup,.; z¥ and inf;c; z¥ re-
spectively, such that

{sup :vf] = [sup T; o5 SUD Ti,a] (5.3)
el ], i€l i€l
and
[inf :c] - [infgi ., infZ; a] (5.4)
iel o iel =7 T del

holds for A-almost every a € (0,1] (following the proof of Theorem 1.36 in
fact (5.3) and (5.4) even hold outside a countable subset of (0, 1]).

Definition 5.4 Given a cut-wise bounded family (z})ier of fuzzy numbers
throughout the rest of the thesis the supremum sup;c;z; and the infimum
inf;e; ¥ are defined as the convex hulls of the families

and ([inf:v- inf@,a]

sup zx, Sup z; ) z )
([ P Lie ie? z’a] iel ) el a€(0,1]

iel a€(0,1]

respectively (compare Theorem 1.5 and Theorem 1.36).

The following lemma shows that this definition of the supremum and infimum
is compatible with < in (1.20):

Lemma 5.5 Suppose that (z})icr is a cut-wise bounded family of fuzzy num-
bers, let the supremum sup;c;xi € F! and the infimum infie; z¥ € FL be
defined according to Definition 5.4. Then sup,c; x7 is the least upper bound
and inf;c; x¥ is the greatest lower bound of the family ()1 with respect to

the semiordering < in (1.20).

Proof: Set s* := sup;c;zf € F! and [s*]q =: [S4,5a) for every a € (0,1],
then it follows from the proof of Theorem 1.36 that

("] = [Sas3a) 2 [sup Z; o SUD ':Ei,a] (5.5)
iel el
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holds for all o € (0, 1]. Suppose that A C (0, 1] is the set for which equality
holds, then again according to the proof of Theorem 1.36 (0, IJ1\Ais a
countable set.

Because of (5.5) sup;¢; Tia < 5q holds for every o € (0,1]. Since s, as a
function of o, is monotonically increasing and left-continuous in o (compare
Theorem 1.4 ), it follows that for every 8 € (0, 1]\ A and every monotonically
increasing sequence (o )ken in A, that converges to 3, limg_ oo Sq, = S holds.
Because of 55 > s,, = sup;¢; Z;,, and the fact that limy_z; ., = z; 5 for
every ¢ € I it follows immediately that s, > z;  holds for every i € I.
This shows that s > sup;¢; z; 4 is satisfied for every 8 € (0, 1]\ A. Since s >
Sup;e; Z; g surely holds for every 8 € A, this completes the proof that sup;¢; =}
is an upper bound of the family (z});c; with respect to the semiordering
(1.20), i.e.

o Sawpal = s
holds for every j € I.
It remains to show that sup;; z7 is the least upper bound with respect to the
semiordering <. Suppose that u* € F} is another upper bound with respect
to < and denote by [u,,Us] the a-cuts of u*. Then it follows immediately
from (1.20) that [sup;c; Z; o SUPicr Tisa] = [Uy, Ua) holds for every o € (0, 1],
which implies that

[S0)5a] = (U, Ta] for every o € A.

Since both s* and u* are fuzzy numbers, it follows from Theorem 1.4 that
(80 3a) = [Uq, Ta] also holds for every o € (0, 1]\ A, which shows that s* < v*,
and therefore completes the proof that s* = sup;¢; 7 is the least upper bound
of the family (z})ier.

The fact that inf;c; ¥ is the greatest lower bound of the family (zF)ier with
respect to the semiordering < can be proved analogously. B

Definition 5.6 Given a cut-wise bounded sequence (z})nen of fuzzy numbers
in the sequel the fuzzy numbers limes superior limsup,_,., z;, and the limes
inferior liminf, .., =%, based on Definition 5.4, are defined by

limsupz) := infsup{a},z;,q, -} and

n—00 neN (56)
liminfz} := supinf{z};, ;. ,"- '}

n—o00 neN

respectively.

Remark: Note that the fact that limsup,,_,., z}, and liminf,_ z;, are fuzzy
numbers follows immediately from the construction.
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The next lemma shows that one could also define the limes superior and the
limes inferior directly by starting from classical limes superior and the limes
inferior of the boundaries g, , and %, , of the a-cuts (%]

Lemma 5.7 Suppose that (x})ien @s a cut-wise bounded sequence of fuzzy
numbers and let limsup,_,, x5 and liminf, .. 2% be defined according to

Definition 5.6. Then for A-almost every a € (0, 1] the following two equalities
hold:

[ lim sup x;] = [ limsupz, ,, limsup En,a]
[lim inf x;] = [lim infz, ,, liminfZ, a]
n—oo a N~ 00 ’ n—00 ’

Proof: For every n € Nset 2, := sup{z},z%,,, - -} and y* := limsup,,_,, z%.
According to Theorem 1.36 for every n € N there exists a countable set
N, C(0,1] such that

[én,m.gn,a] = [z;]a = [Sup .a-:-k,a’ sup flc,a:l
k>n k>n

holds for every oo € NE. In the same manner (also according to Theorem
1.36) there exists a countable set N, such that

Wlo = |15 z0ccs 08 7
holds for every a € N¢. Define A := (0,1]N N°N (.2, Ng, then obviously A
is measurable and fulfills A(A) = 1. For every o € A it follows that
Wlo = [0 20, 106 Z0a] = [ i 0P i, 0 sUp T
This completes the proof of the first part of (5.7). The second part can be
proved in the same manner.

Suppose now that (XX)nen is a sequence of fuzzy random variables on a
complete probability space (€2, .4, P), such that for every w € 2 the sequence
(X (w))nen is cut-wise bounded. Using Definition 5.4 and Definition 5.6 the
supremum, the infimum, the limes superior and the limes inferior of the se-
quence (X*)nen can be defined (pointwise) for every w € {2 by:
(sup X,’:) (w) = sup (Xi(w))
ne

neN

(inf X:)e) = inf (G) 55
(liin_)s:ip X,‘:) (W) = lixvflqs(gp (X,’:(w)>
(hﬂi(gf X;) (W) = liminf (X;(w))
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Obviously every mapping sup,cy X7, inf,eny X7, lim sup,en X,, as well as
liminf,en X, is a fuzzy-valued mapping on (2,4, P) by construction. In
addition (and that is the interesting point) each of these four mappings is a
fuzzy random variable according to Definition 4.1. This is the content of the
next theorem.

Theorem 5.8 Suppose that (2, A, P) is a complete probability space, and
that (X})nen 18 a fuzzy stochastic process in discrete time (i.e. a sequence of
fuzzy random variables), such that for every w € Q the sequence (X} (w))nen
is cut-wise bounded according to Definition 5.2.

Then sup, ¢y X;;, infreny X, limsup,,_,, X7, and lim inf,, o X} defined accor-
ding to (5.8) are fuzzy random variables on (Q, A, P).

Proof: First of all consider S* := sup,,¢n X, which is a fuzzy-valued mapping
on . It follows from the construction of the convex hull, compare Theorem
1.5 and Theorem 1.36, and from Definition 5.4, that

[Sa(@), Saw)] = [S*(@)]a = (] [sup X, p(w), i‘égyn,ﬁ(w)]

B<a neN

holds for every a € (0,1] and every w € Q. Fix a € (0,1] and suppose that
(o) ren is a strictly increasing sequence in (0, ) that converges to o. Then
obviously

[e.e]
ﬂ [sng s(w), supX slw ﬂ sganak suanak(w)]
B<a ne k=1 n

holds, which implies that

19,00, Balw)] = (] [50D X0, ()50 Ty

neN

is satisfied for every w € 2. Consequently if follows immediately (for example
by applying Lemma 1.11) that

Baw) = lim (sup (Fen(w)))

F=00  neN (5.9)
Sy(w) = ,}igrolo(ilég(ka ))) and

holds for every w € §. Using the well-known fact that the supremum of every
(pointwise) bounded sequence of real-valued random variables is itself a real-
valued random variable (compare [2], [13]) it follows that S, and S, are
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(pointwise) limits of measurable functions according to (5.14) and therefore
measurable too. Since a € (0, 1] was arbitrary it follows directly by applying
Theorem 4.12 that S* = sup, .y X} is a fuzzy random variable.

The assertion that inf,cn X is a fuzzy random variable can be proved com-
pletely analogous.

Having this and looking back at Definition 5.6 and (5.8) it follows immedi-
ately that lim sup, ¢y X, and lim inf,,cy X are fuzzy random variables too. H

Given these results for fuzzy stochastic processes in discrete time it is possible
to prove similar results for so-called separable fuzzy stochastic processes in
continuous time.

Before giving an exact definition of a separable fuzzy stochastic process
in continuous time the classical case of (real-valued) separable stochastic
processes in continuous time and some basic properties are briefly discussed.

Remember the following definition of a (real-valued) separable stochastic
process in continuous time (compare [11] and {24]). Thereby cls(A) as before
denotes the closure of the set A.

Definition 5.9 Suppose that (2, A, P) is a complete probability space, and
that (X,)ser is a (real-valued) stochastic process in continuous time (i.e. T is
an open or closed interval). Then (Xi)ier is called separable, if there exists
a countable set D which is dense in T, and a set N € A, fulfilling P(N) =0,
such that for every to € T and every € > 0

Xio(w) € cls{Xs(w): s € DN (to—€,t0 + €)} (5.10)

holds for every w € N°.

Remark: Note that for a general stochastic processes in continuous time
(X,)ser neither sup,er X; nor infyer X; need to be measurable, however mea-
surability can be proved for separable stochastic processes, which is a propo-
sition of the following lemma (again compare [11]).

Furthermore note that assuming that a process is separable is not a strong
restriction, compare {11].

Lemma 5.10 Suppose that (Q, A,P) is a complete probability space, and
that (X;)ier is a separable stochastic process in continuous time with cor-
responding sets D and N. Then for every open interval I C T and every
w € N¢ the following equalities hold:

Stlé? Xi(w) = t:ggl Xi(w), %Ié; Xi(w) = te%fu Xe(w) (5.11)
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Proof: First of all notice that obviously sup,c; X;(w) > sup;e pny X¢(w) holds
for every w € Q. In order to prove the opposite inequality suppose that
t € I. Since t is an inner point of I (open) there exists ¢ > 0 such that
(t —€,t+¢€) C I. Separability of (X;).cr implies that for every w € N¢

Xi(w) € cls{X,(w):s€DN(t—e,t+ €)}
holds, from which it follows immediately that

sup  Xs(w) > Xi(w).
s€DN(t—e,t+e)
Since ¢t € I was arbitrary this proves the first part of equation 5.11 for every
w € N°¢. The second part can be proved similarly. B

Again suppose that (€2, A, P) is a complete probability space, and that (X;)er
is a separable stochastic process in continuous time. Remember the following
definition of the limes superior of (X;(w))ier ot to and the limes inferior of
(Xe(w))ter at ty € T for every w € ~

limsup X¢(w) := infsup {Xs(w) ts€TN(to—1/n, to+ 1/n)}
tto el | (5.12)
liminf X;(w) := supinf Xsw):s€eTN(to—1/n,to+ 1/n)}
—to neN

Proposition 5.11 Suppose that (2, A, P) is a complete probability space,
and that (X;)ier 1s a (real-valued) separable stochastic process in continuous
time. Furthermore suppose that [infier Xi(w) , sup;er Xe(w)] C (—o00,00) for
every w € Q. Then for every open interval I C T both sup,c; Xe : @ — R
and infye; X; : Q@ — R are random variables (i.e measurable).

Furthermore for every to € I both mappings limsup,_,; X; : & — R and
liminf,_;, X; : @ — R, defined according to (5.12), are random variables.

Proof: For every w € ) set Y(w) 1= sup,¢; X¢(w) < oo. Since (2, A,P) is
complete, for every ¢ € R it follows immediately from Lemma 5.10 that (D
and N as in Definition 5.9)

Y7 1((~00,d)) = {weQ:supXy(w)<c}

tel
= {w € N :sup X;(w) < c} U {w € N¢: su})Xt(w) < c}
tel te
= {we N:supXi(w) <c} U {weN°: sup X(w) < c}
tel teDNI
= {weN:supXi(w)<c}U (Ncﬂ ﬂ Xt_l((—oo,c])) .
N tel N teDnI g
cA ~~

€A



CHAPTER 5. FUZZY STOCHASTIC PROCESSES 129

Since the system €; = {(~00, ] : ¢ € R} is a generator of the Borel sets B(R)
(compare [2], [13]) this shows that Y is measurable, i.e. a random variable.
Measurability of infse; X; can be proved in completely the same manner.

It remains to prove the measurability of lim sup;_;, X: and liminf,_,, X,
which can easily be done as follows:

Since I is open, there exists ng € N such that (t — 1/n,to+1/n) CIC T
holds for every n > ng. Consequently it follows from the first part of the
proof that for every n > ng the mapping Y, : @ — R, defined by

Yo (w) := sup {Xs(w) :s€TN(to—1/n, to+ 1/n)},

is measurable. Since limsup,_;, X;(w) = inf,>,, Y, holds measurability of
limsup,_,;, X; follows immediately. Measurability of liminf, ,,; X; can be
proved analogously. B

The notion of separability of a stochastic process can be extended to the
case of fuzzy stochastic processes in the following way:

Definition 5.12 Suppose that (2, A, P) is a complete probability space and
that (X} )ieT 15 a fuzzy stochastic process in continuous time. Then (X )ier is
called separable if for every a € (0, 1] both (real-valued) stochastic processes
(Xta)ter and (L,a)tef are separable according to Definition 5.9.

Remark: Note that Definition 5.12 only demands that for every a € (0, 1]
there exists a countable dense subset D, of T' and a set N, € A, fulfilling
P(N,) = 0, for every a - it is not demanded that there exist simultaneous
sets D and N for every «, which would be a much stronger requirement.

Given a fuzzy stochastic process (X;)ier in continuous time, an open in-
terval I C T, and a point t, € I, then using Definition 5.4 limsup,_,, X}
and lim inf;_;, X} can be defined analogous to (5.12) by

limsup X[ (w) := irellf\lsup {X;*(w) :s€TN(to—1/n, to+ l/n)}

oo (5.13)
liminf X;(w) := supinf {X:(w) :s€TN(to—1/n, to+1/n)}
t—to neN

for every w € €.

Remark: Note that if (X})ser is a real-valued stochastic process then (5.13)
coincides with (5.12).

The following measurability result analogous to Proposition 5.11 can be
proved (compare [44]):
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Theorem 5.13 Suppose that (Q, A, P) is a complete probability space, that
(X{)ter is a separable fuzzy stochastic process in continuous time, and that
I C T is an open interval. Furthermore suppose that the family (X}(w))ser
15 cut-wise bounded for every w € .
Then both supye; X! : Q — F} and infier X7 : Q — F are fuzzy random
variables according to Definition 4.1.
Furthermore for every to € I both mappings lim supt_,to Xt :Q— F! and
liminf, ., X} : Q — F!, defined according to (5.12), are fuzzy random
variables accordmg to Deﬁmtion 4.1.

Proof: For every w € €2 using Definition 5.4 set S*(w) := sup,¢; X} (w) € FL.
Fix a € (0,1] and suppose that (ax)ren is a strictly increasing sequence in
(0, ) that converges to a. Just as in the proof of Theorem 5.8 it follows

from the construction of the convex hull (again compare Theorem 1.5 and
Theorem 1.36) that

[Sa(w), Sa(w)] = ﬂ SUD Xy, (1), SUD X, ()]

holds for every a € (0,1] and every w € 2, which in turn shows that

Sow) = Jim (s0p () end -
Salw) = lim (sfé? (Ko, @)

is satisfied for every w € (0.

Because of the fact that the process (X} ):ier is separable by assumption it
follows that for every a; there exists a countable set Dy and a set Ny € A,
fulfilling P(Ni) = 0, such that (5.11) is satisfied for the process (Xq, )te1
and the process (X} ,, )ier simultaneously for every w € IVg.

For every w € Q and every k € N define

Velw) i=sup Kyay(@) end  ¥ow) = sup Xy, (),
(S

then according to Proposition 5.11 both Y Y, : Q — R are measurable for
every k € N. Having this using (5.14) immediately yields that S, and S, are
measurable functions too.

Since a € (0, 1] was arbitrary this completes the proof that S* = sup,c; X{
is a fuzzy random variable according to Definition 4.1.

The fact that infie;(X7) : @ — Fi is a fuzzy random variable according to

c
Definition 4.1 too can be proved completely analogous.
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It remains to prove the measurability of lim sup,_,;, Xy and liminf, ., X},
which can easily be done as follows:

Since I is open, there exists ng € N such that (to — 1/n,t, + I/n)CICT
holds for every n > ng. Consequently it follows from the first part of the
proof that for every n > ng the mapping Z* : Q — F., defined by

Zx(w) := sup {X:(w) ts€TN(to—1/n, to+ 1/n)},

is measurable. Since lim sup;_,;, X} (w) = inf,>,, Z%(w), applying Theorem 5.8
shows that lim sup,_,;, X; is a fuzzy random variable in the sense of Definition
4.1. The assertion for liminf; ,;; X} can be proved analogously. B

Remark: Obviously separability of a fuzzy stochastic process in continuous
time could also be defined directly, i.e. without concentrating on the corre-
sponding a-cuts, by using one of the metrics explained in Section 1.5.

For example for a fuzzy stochastic process (X});er with values in F], one
could use the metric &% ., and say that (X} ):cr is (strongly) separable if there
exists a countable set D, dense in T', and a set N € A, fulfilling P(N) = 0,
such that for every ty € T and every € > 0

X; (W) € clseo{X2(w) :s€DN(to—€,t0+¢€)} (5.15)

holds for every w € N°¢ (thereby cls, denotes the closure with respect to
the metric 0} ). Obviously this notion of separability is much stronger than
Definition 5.12.

This section will be concluded by the definition of (and a result on) strongly
continuous fuzzy stochastic processes in continuous time.

Definition 5.14 Suppose that (Q, A, P) is a complete probability space and
that (X} )ier is a fuzzy stochastic process in continuous time with values in
Fio Then (X})ier is called strongly continuous if there exists a set N € A,
fulfilling P(N) = 0, such that for every w € N¢ the path t — X} (w) € F}_ is
a continuous mapping with respect to the metric 0y .

Remark Any other metric explained in Section 1.5 can be used in order to
define continuity of a fuzzy stochastic process in continuous time.
Furthermore if (X} ):er fulfills Definition 5.14 then obviously for every w € N°
and every a € (0,1] both paths t — X, o(w) and t — X, ,(w) are continuous.
(This is a direct consequence of the definition of the metric 63 )

Analogous to the real case (compare [11]) strong continuity of a fuzzy sto-
chastic process implies separability:
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Theorem 5.15 Suppose that (Q, A, P) is a complete probability space and
that (X})ter s a strongly continuous fuzzy stochastic process in continuous
time with values in F .. Then (X} )ier is separable.

Proof: Set D := QN T, then for every ¢y € T and every € > 0 it follows
immediately that

X (w) € clseo{XJ(w) : s €DN (o —€,t0+€)}

holds for every w € N°. Using the definition of the metric 0} ,, on F, , this
shows that both (X o )ter and (X, ,)ier are separable (real-valued) stochastic
processes in continuous time according to Definition 5.9 for every « € (0, 1].

Looking at Definition 5.12 this completes the proof. B

5.2 Independence of fuzzy random vectors

Definition 5.16 (Independence of fuzzy random vectors)
Suppose that (Q, A, P) is a complete probability space and that X* : Q@ — F2

c

and Y* : Q — F2¢ are d-dimensional fuzzy random vectors. Then X* and

Y* are said to be independent if for arbitrary Borel sets By, By € B(R?) the
following equality holds for every o € (0, 1]:

P(Xo(w) € By, Ya(w) C Bp) = P(Xa(w) € By) - P(Yalw) € B2) (5.16)

Analogous to the notation in Theorem 1.20 and Proposition 1.21 in Section
1.2.1 set

KB:={Kek?:KCB} and Kp:={KeK{:KNB#0} (517)
for every B € B(R?) as well as
& = {KB:BeBRY)}, &:={Kp:BeBR)} (5.18)

Note that & is closed under intersection, in fact K5 N KBz = KB1N52 holds,
and that (ICB)C = Kpg- is satisfied. Having this it follows immediately that
the generated o-algebras A,(#1) and A,(%;) respectively coincide, which,
using Proposition 1.21, implies that

Aa(é,‘a;) = -Aa(gaZ) 2 B((’C(ci’(sH)) (519)

holds.
Using notation (5.17) obviously independence (5.16) can be reformulated
equivalently as

P(X21 (KB hY;l(ich)) =P(X5 (k™)) P(vH(KP)) (5.20)



CHAPTER 5. FUZZY STOCHASTIC PROCESSES 133

for all Borel sets By, B; € B(R?) and every o € (0,1].

The above notion of independence has the following implications summa-
rized in the next theorem.

Theorem 5.17 Suppose that (2, A, P) is a complete probability space and
that X*: Q — Fd and Y* : Q — F2 are d-dimensional fuzzy random vectors.
If X* and Y™ are independent according to Definition 5.16, then the following
assertions hold:

1. For all sets 61,6, € Aa(é) the following equality is fulfilled for every
a€(0,1]:

P(X;l(%) n Y;l(%)) - P(X;l(fgl)) - P(Ya‘l(%)) (5.21)

2. Xo and Y, are independent as K¢-valued mappings on (2, A, P) with
respect to the Borel o-algebra B((K2,6x)) for every o € (0,1].

8. For every o € (0,1] and every u € 547! the support functions sx,w.)(w)
and sy, w)(u) (as functions of w) are independent real-valued random
variables.

Proof: Since & is closed under intersection and generates Aa(g‘i), it is well
known from probability theory (compare [3]) that the fulfillment of (5.20)
immediately implies the fulfillment of (5.21) for every pair €, % € Aa(gi)
and every a € (0, 1]. This proves the first assertion.

The second assertion is an immediate consequence of the first assertion since
according to (5.19) A, (&) = A,(&) 2 B((K¢,6x)) holds.

In order to prove the third assertion remember that according to Theorem 1.24

sk — sclleo = 0n(K, L)
holds for all K,L € K¢, which implies that |sk(u) — s5(u)| < dg(K, L) for
every u € S4-1. Therefore the mapping T, : K¢ — R, defined by
Tu(K) = sk(u)

for every K € K¢, is Lipschitz-continuous (with Lipschitz constant 1) and
hence Borel measurable.
Because of the fact that

$Xa(w) () = Ty o Xa(w) and sy, w)(u) = Tuo Ya(w)

holds it follows again by well-known results from probability theory (com-
pare [3]) that sx,()(u) and sy,(w)(u) (as functions of w) are independent
real-valued random variables if X* and Y™* are independent according to
Definition 5.16. W
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Proposition 5.18 Suppose that (2, A,P) is a complete probability space
and that X* : Q — F} and Y* : Q — F? are independent fuzzy random vari-
ables. Then Xo and Y, as well as X, and Y, are independent real-valued
random variables.

Proof: For fuzzy random variables X* : @ — F! and Y* : Q — F} according
to Example 1.22 the support function fulfills

Xo(W) = sx,)(1),  Xo(w) = =sxa)(-1)

Vo) =sr.w(l),  Yalw)=—svw(-1).

Consequently appying Theorem 5.17 it follows immediately that X, and Y,
as well as X, and Y, are independent real-valued random variables. I

5.3 A Strong Law of Large Numbers for fuzzy
relative frequencies

The purpose of this section is to prove that given a sequence (X})nen of pair-
wise independent, identically distributed d-dimensional fuzzy random vectors
for every Borel set B € B(R?) with probability one the relative frequencies
h*(B,w) converge to P*(B) for n — oo even with respect to various diffe-
rent metrics explained in Section 1.5 (h%(B,w) defined as in Section 2.1 and
P*(B) defined according to (4.11)).

The following definitions and lemmas are preliminary steps going in that di-
rection.

Given a sequence (X)nen of d-dimensional fuzzy random vectors on a proba-
bility space (€, A, P) then the lower and upper relative frequencies of level
a for every w € § and every B € B(R?) analogous to Section 2.1 are defined
by

By o(B,w) = %#{i c{l,...n}: X @) C B} (5.22)

and
hn o B,w) = %#{z €{l,...,n}: [X/(w)]aNB # (0} (5.23)

respectively.
Moreover for every w €  and every B € B(R?) the fuzzy relative frequency
h%(B,w) € F! analogous to Section 2.1 is defined as the convex hull of the

c

tamily ([Bn,o(B,w), An,a(B,w)]) seoy-
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Definition 5.19 Suppose that (Q, A, P) is a complete probability space, that
X*:Q — F? is a d-dimensional fuzzy random vector, and that B € B(R?)
is_an arbitray Borel set. Then for every a € (0,1] the random variable
T : Q0 — {0,1}, defined by

B y._ ] 1 of Xalw)NB#D
Tx, (@) = { 0 otherwise }‘v’w €, (5.24)

is called a-cut hitting variable of B induced by X* and the random variable
I :Q —{0,1}, defined by

Byl 1l if Xolw) CB
I (W)= { 0 othemise VweQ, (5.25)

1s called a-cut inclusion variable of B induced by X*.

Remark: Throughout the whole section the notation explained in Section 4.3
will be used.

Since X* is a d-dimensional fuzzy random vector obviously T2 and If are
measurable for every a € (0, 1]. Furthermore 7% and I are integrable for
every o € (0,1] and the expectations E(T% ) and E(I£ ) can be calculated
as follows:

E(TZ) =P({w € Q: Xo(w) N B # 0}) = 7o(B) (5.26)

E(I2) =P({w € Q: Xa(w) C B}) =1,(B) (5.27)

Lemma 5.20 Suppose that (Q, A, P) is a complete probability space, that
X*,Y*: Q — F¢ are d-dimensional fuzzy random vectors and that B € B(R?)
is an arbitray Borel set. If X* and Y* are independent then T)]?a and Tﬁ as
well as I§_ and I§ are independent random variables for every o € (0,1].

Proof: It is well known from probability theory (compare for instance [3})
that the independence of two events Fy, F, implies the independence of the
generated o-algebras A, ({E1}) and A, ({E,}).

Consequently if X* and Y* are independent according to Definition 5.16,
then obviously the events {w € Q : X,(w) C B} and {w € Q: Y,(w) € B}
respectively, and the corresponding generated o-algebras are independent,
which immediately shows that for every a € (0,1] T2 and T as well as
I£ and If are independent random variables.l
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Lemma 5.21 Suppose that (0, A, P) is a complete probability space, that
X*, X7, X5, - - are pairwise independent, identically distributed d-dimensional
fuzzy random vectors and that B € B(R?) is an arbitrary Borel set. Futher-
more for every o € (0,1] let T and mr, be defined according to (4.10).

Then for every a € (0,1] there exists a set N € A, fulfilling P(N) = 0, such
that for every w € N°¢ the following identities hold:

lim Pl B,w) = To(B) (5.28)
Jim B o(B,w) = 1a(B) (5:29)

Proof: For fixed B € B(R?), every a € (0, 1], and every n € N, define T&n)a
and I &n)a according to (5.24) and (5.25) respectively.

Suppose now that B € B(R?) and a € (0,1] are fixed. To simplify matters
for every n € N and every w € € set

To(w) := T&n)a(w) and  L(w):= I&n)a (w).

Since by assumption X3, X3, are pairwise independent Lemma 5.20 im-
plies that both (T},)nen and (I,)nen are sequences of pairwise independent
random variables. Because of the fact that obviously all T, and all I,, are in-
tegrable and identically distributed the Strong Law of Large Numbers (The-
orem 2.1) can be applied to both sequences, which yields the following result:
There exist two sets Ny, Ny € A, fulfilling P(N;) = P(N2) = 0, such that
both

and

n—oo

R . |
}L%;;Ii(w) = lim &, (B,w) = E(I%,) = m,(B),

holds for every w € (Ny U Na)°.
Setting N := N; U N, completes the proof since P(N) = P(N;UNz) =0. B

The next main step consists in finding a simultaneous set N € A of proba-
bility zero for A-almost every a € (0,1} and in passing over from T, to D,
and from 7, top .

Looking back to Section 4.3, Lemma 4.23 can be used to prove the following
simple result, which will be helpful in the sequel:

Lemma 5.22 Suppose that (Q, A, P) is a complete probability space, that
X* is a d-dimensional fuzzy random vector and that B € B(R?) is a Borel
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set. Using the notation from Section 4.8 define functions 9,9:(0,1] = {0,1]
by setting g(a) := p_(B) and g(a) := p,(B) for every a € (0,1], then the
following assertions are fulfilled:

o Ifg is continuous at ag € (0,1] then B,,(B) = Ta,(B) holds.
o If g is continuous at g € (0, 1] then P, (B) = 14, (B) holds.

Proof: Note that it follows immediately from Lemma 1.4 and Lemma 4.23
that g is a monotonically decreasing, left-continuous function, that g is a
monotonically increasing, left-continuous function, and that 7,(B) > 7 (B)
as well as p_(B) < m,(B) holds for arbitrary o € (0, 1].

Suppose now that B,,(B) — Ta,(B) =: ¢ > 0, then

Pa(B) < Tap(B) = Poy(B) — ¢

follows for every a > ap, which implies that g can not be continuous at o
and therefore proves the first assertion. The second assertion can be proved
similarly. W

Theorem 5.23 Suppose that (2, A, P) is a complete probability space, that
X*, X1, X3, -+ are pairwise independent, identically distributed d-dimensional
fuzzy random vectors and that B € B(R?) is an arbitrary Borel set.

Then there exists a set A C (0,1], fulfilling A(A) = 1, and a set N € A, ful-
filling P(N) = 0, such that for every a € A and every w € N°¢ the following
identities hold:

lim Ay q(B,w) = Py(B) (5.30)
lim h, .(B,w)=p_(B) (5.31)

Proof: Define the functions g, g as in Lemma 5.22 and denote by A = S (_g_, g)
the set of all points a € (0, lT at which both ¢ and g are continuous. Because
of the fact that g and g are monotonic bounded functions the set A C (0,1]
is the complement of a countable set (compare [16]), and therefore has full
measure, i.e. A(A) = 1. Furthermore A is (as subset of a separable set in a
metric space itself) separable, so there exists a countable dense set Ao C A.
Note that by construction according to Lemma 5.22 p_(B) = m,(B) and
P,(B) = To(B) holds for every o € A.

Since countable unions of sets of probability zero also have probability zero,
applying Lemma 5.21 yields that there exists a (simultaneous) set N € A for
every a € Ay, fulfilling P(N¢) = 1, such that

im hy, o B,w) = Py(B) and lim h, . (B,w)=p_ (B) (5.32)

n—00
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holds for every o € Ay and every w € N°. This result will now be extended
from Ag to A by using monotonicity in the following way:
For arbitrary but fixed w € N¢ define functions 9,9, (0,1] — [0,1] for
every n € N by setting B

9n(@) = Fna(B,w)  and g (a) = by o(B,w)

In Lo

for every a € (0,1]. It follows immediately from the construction that g, (-)
is monotonically decreasing and gn() is monotonically increasing,.

Since w € N¢ is fixed according to equation (5.32) both lim,, .. g,,(c) = g(cx)
and limy .o g (@) = g(a) holds for every a € A,.

Choose an arbitrary ag € A and let € > 0, then by construction there exists
& > 0 such that for every a € (ap — 8, ap + 6) both

5(e) € (3la) — 5, (@) +£)  and  g(a) € (g(ao) -

2 2 g(2) + E)

€
2’ 2
is satisfied. Choose points a;,as € Ap fulfilling ap — 0 < a; < ag < @z <
ag + &, then there exists an integer ng € N, such that

ig{l?,)z{} { max{lgn(ai) - g(a,-)l , lgn(a,-) - g(a,)'}} < % for all n > ng.

Using monotonicity this implies that both

|n(c0) — Glao)| <€  and lgn(ao) — glag)| < e

holds for every m > ng, which directly shows that lim,_.., g,(c) = g(ag)
and lim, . g (c0) = g(a) since € > 0 was arbitrary. This completes the
proof of the theorem. W

Having this a Strong Law of Large Numbers (SLLN) for fuzzy relative fre-
quencies and fuzzy probability distributions induced by fuzzy random vectors
can be stated and proved as follows (0%, defined as in Section 1.5 and P*(-)
defined as in Section 4.3):

Theorem 5.24 (SLLN for fuzzy relative frequencies)

Suppose that (0, A, P) is a complete probability space, that X*, X7, X5, -
are pairwise independent, identically distributed d-dimensional fuzzy random
vectors, and that B € B(R?) is an arbitrary Borel set.

Then there exists a set N € A, fulfilling P(N) = 0, such that for every
w € N¢ the following identity holds (p € [1,00) arbitrary):

lim &}, (hy(B,w), P*(B)) =0 (5.33)
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Proof: Again suppose that B € B(R?) is fixed. Since for every w € by defi-
nition h} (B, w) is the convex hull of the family ([P o(B,w), hno(B, w)])ae(o 1
according to (2.5) for every n € N

[h;(B’W)]a = [.@n,a(B,w):En,a(B’w)] (5'34)

holds for all except (at most) finitely many o € (0, 1]. Since a countable union
of finite sets is countable, it follows immediately that for all except countably
many o € (0,1] (5.34) even is satisfied simultaneously for all n € N. Con-
sequently applying Theorem 5.23 shows the existence of set A’ C A C (0, 1],
fulfilling A(A’) = 1, and of a set N € A, fulfilling P(N) = 0, such that for
every w € N¢ and every a € A’

lim b5 ([1(B, ), [P*(B)]a) = 0

holds (note that 65 (K, L) = max {|d—b|, |c—a|} holds for intervals K := [a, ]
and L := [c,d]).

Consequently for arbitrary p > 1 using Lemma 1.38 and Lebesgue’s Domi-
nated Convergence Theorem immediately yields

lim 8}, (hi(B,w), P*(B)) =0,

for w € N¢, which had to be proved.

Proposition 5.25 Under the assumptions of Theorem 5.2/ the convergence
(5.83) also holds with §3(-,-) replaced by the metric py(-,-) (defined as in
Section 4.8) for any p > 1.

Proof: This is an immediate consequence of Theorem 1.46 and Theorem
5.24. A

Remark: Theorem 5.24 is a strong generalization of the SLLN stated in [32}.
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Appendix

6.1 Short introduction to Souslin sets

Much of the material presented in this section can be found in [38].
Throughout this section NN denotes the set of all sequences in N = {1,2,...},
N<N denotes the set of all finite sequences in N including the empty sequence,
which will be denoted by e. Elements of NN will be written in the form
o = (01,09,...) and elements of N<N in the form (s1,...,s,).

For ¢ € NN and k € N the finite sequence ok := (01,...,0%) is called the
initial segment of o of length k. If s € N<N then |s| denotes the length of s.
Furthermore if s = (s1,...,8,),t = (t1,...,tm) € NN then ¢ is called
initial segment of s and s is called (possible) extension of t if m < n and
s; = t; Vi € {1,...,m}. If ¢ is an initial segment of s this will briefly be
expressed by ¢ < s.

Definition 6.1 Let Q be an arbitrary set and denote by § a family of subsets
of Q. Then a function ® : NN — F 51— ®(s) =: A, is called a tree in .
(The family {As : s € NN} will be called tree in § as well).

Furthermore a tree ® is called regular, if Ay O A; whenever t < s holds.

Remark: If {A, : s € NN} is a tree in § then it is possible to derive a regular
tree {B, : s € NN} by simply defining

n

k=1

for every s = (s1,...,8,) € NN,

140
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Definition 6.2 Let Q be an arbitrary set, § a family of subsets of Q and
{As: s € NN} a tree in §, then the set G({A,}), defined by

{A} U ﬂAm, on) = U mAa|m

geNN n=1 oeNN n=1

is called Souslin set generated by the tree {A, : s € NN},
Furthermore the family of all Souslin sets generated by § will be denoted by

gsous(g); r.e.
Gsous(T) = {g({As}) {4, : s € NN} is a tree in 3}.

The following lemma shows that the Souslin operation contains countable
unions and countable intersections.

Lemma 6.3 Let € be an arbitrary set and § a family of subsets of §), then
Gsous(F) contains § and all countable unions and countable intersections of
elements in §. In other words: §,Fs,8s C Gsous(F)

Proof: Suppose that A € § and set ®(s) = A, = A for every s € NN, which
gives G({As}) = A € Gsous(F)- This proves that §F C Gsous(F)-

Next let (B )nen be a sequence in § and set A; = B; for every s € N<N with
s = (i, 82, 83, .. .). This gives

G({A}) = UB € Guous(),

and shows that §o C Gsous(F). Furthermore if (B,)nen is & sequence in §,
then setting A, = B; if |s| = i gives a tree {A, : s € NN} fulfilling

G({A}) = ﬂB € Gsous(3).

This shows that Fs C Gsous(F) and completes the proof of the lemma. W

The following Theorem on the idempotence of the Souslin operation can
be considered as one of the most important results in the theory of Souslin
sets and plays an important part throughout this section.

Theorem 6.4 Suppose F is a family of subsets of a given set §, then

gsous (gsous ("S) ) = gsous (S) .
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Proof: Because of Lemma 6.3 Gsous(Gsous(T)) 2 Gsous(F) holds. Therefore it
suffices to prove the other inclusion.

If A € Gsous(Gsous(T)) then there exists a tree {As : s € NN} in Goous(F)
such that

=G({A,:se NNy = | J ﬂ Aan.
a€eNN n=1

For every s € NN and A, there exists a tree {B; : t € NN} in ¥ fulfilling

=G({Bf . te NN} = U ﬁB

yeNN m=1

Consequently
o0

a=UNU N5k
a€eNN n=1 yeNN m=1

In other words:

t€A < JaecN': foreveryne N: 3y, e NV: xer;[TmeeN

= JoeN: I (ya)nen € (NN :z € B2 Vm,neN

It suffices to prove that there exists a tree {Cs : s € N<N} in § such that
A=G({C.}).

Claim: There exist bijections 4 : Nx N — N, v : N¥ x (NY)N _ NN and
mappings ¢, ¥ : NN — N<N such that for every (o, (1)) € NN x (N<N)N
the following holds:

If v(a, (%)) = B and s = Blu(n, m) for some n,m € N then ¢(s) = a|n and
P(s) = ynlm.

For the moment assume that such functions exist and define
Cs = B:Zg:) €F for every s € NN, (6.1)

If z € A it follows by the above serles of equivalences that there exists o € NN
and (v;) € (NV)N such that z € B for all m,n € N.

Set G := v(a, (:)) and take any k e N then there exist unique n, m € N with
u(n,m) = k. Therefore p(8|k) = a|n, Y(Blk) = va|m and z € Ca = B»(:le-
Since k was arbitrary it follows that

T e (~]Cbm CZl\J r}‘j|k'" {CY})

oeNN k=1
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This proves that A C G({C;}).

On the other hand if z € G({C,}) then there exists 8 € N such that z € Cgx
for every k € N. Choose (o, (v;)) € NN x (NV)N such that v(e, (1;)) = 6.
Fix m,n € N and set k = u(n,m) then it follows again that ¢(8lk) = a|n

and ¥(Blk) = yn|m. Consequently z € Bf;[l"m. Since m,n € N were chosen
arbitrarily it follows immediately that x € A.

This shows that G({C,}) C A and completes the proof if the claim is proved.

Proof of the Claim: In order to keep notation as concise as possible, the
following will be used throughout the proof:
If o € NN then o(k) := o) denotes the k-th coordinate for every k € N.

(i) Define a function v : N x N — N by
u(n,m) = 2""1(2m — 1), n,m € N. (6.2)
Since u(n',m’') = u(n, m) for n,m,n’',m’ € N is equivalent to
om' —1=2""(2m — 1),

it follows immediately that n = n’ and therefore m = m’, which proves that
u is one-to-one. Furthermore u is easily seen to be onto, since every natural
number can be decomposed in a product of primes.

Obviously u is (strictly) monotonically increasing in both coordinates and
fulfills n < u(n,m) for all n,m € N.

Let the function (I,7) : N — N x N be defined in the following way
(Uk),r(k)) = (i,j) <= wu(i,j)=4k forallijkeN (6.3)
(In other words (I, ) is the inverse function of w.)

(i) Given u define a function v : NN x (N¥)¥ — NN in the following way:
v(a, (1)) (k) = u(a(k), g (r(k))) for k€N (6.4)

Suppose that (a, (1:)), (¢, (7)) € N¥ x (N¥)¥ and (o, (1)) # (&', (%))-
If @ # o then there exists k € N such that a(k) # o/(k). Since u is one-to-one
it follows that

u(a(k), g (r(k))) # u(e (k), v (r(k)))

and therefore

v{o, () # v(e, ()
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If, on the other hand v; # ~/ for some 7 € N then there exists j € N such

that v;(j) # 7/(j). Choose k so that I(k) = i and (k) = 7, then it follows
immediately that

v{e, (1)) (k) = ula(k), g (r()) # u(e (k) gy (r(k))) = v(e, (1) (k).

Therefore v is one-to-one.

In order to show that v is also onto, let 3 € NN be arbitrary and define
(e, (1)) € N¥ x (NV)N by

a(k) =1(B(K), () =r(B(uif)))  foralli,jkeN. (65
It follows immediately that
v((e, (%)) (k) = u(a(k), ngw (r(k))) = u(U(B(K)), r(B(k))) = B(k),

which ‘proves that v is onto, and therefore bijective.

(iii) It remains to construct the functions @, .

Let s € N<N arbitrary. Pick 3 € NN and k € N so that s = 3|k holds. Further-
more choose (o, (7)) € NY x (NN)N and n,m € N fulfilling v((e, (%)) = 8
and u(n,m) = k. Having this define the function ¢ : N<N — N<N by

p(s) = (A1), .., 1B(n))).

Since n < u(n,m) = k the definition makes sense. Using (6.5) it follows
immediately that

o(s) = w(Blk) = (UB)),.., UB(n))) = (a(1), ..., a(n)) = aln.
In the same manner define the function ¢ : NN — N<N by
o) = (r(B(n, 1)), r(Blu(n,m))) ).

Since u(n,m) = k it follows that u(n,i) < k for every i € {1,...,m}, which
shows that 1 is well defined. Again using (6.5) gives

Y(Blk) = (T(,B(u(n, 1))),... ,r(ﬂ(u(n,m))))
= (WD), .., 1m(m)) = a|m.

P(s)

As s was arbitrary this completes both the proof of the Claim and the proof
of Theorem 6.4. B
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Theorem 6.5 Suppose § is a family of subsets of a given set Q, then Gyons (F)
15 closed under countable unions and countable intersections.

Proof: According to Lemma 6.3 F,,Fs C Gsous(F) holds for every family ¥
of subsets of Q. Therefore

(gsous(%'))zs g gsous(gsous (3)) = gsous(s) and
(Gsous(F))e € Goous(Gsous(§)) = Gsous(¥)

This completes the proof. B

So far, no assumption, like being closed under unions or intersection, were
imposed on the family §. Especially if § is a o-algebra A the question nat-
urally arises whether there exists a Souslin set A € G,ous(A) that is not
measurable, i.e. A & A. It will be proved that the answer is no if (2, 4, u) is
a complete o-finite measure space.

Before doing that a first result is presented in order to demonstrate how large
the family of Souslin sets is, if the generator § is the family O of all open
sets in a metric space (£, d):

Theorem 6.6 Suppose that (2,d) is an arbitrary metric space. Denote by
O the topology induced by the metric d and by B(QY) the Borel o-algebra
(generated by the topology). Then it follows that B(RY) C Gspus(O).

Proof: It is well known that every closed subset of a metric space is a count-
able intersection of open sets. Namely if F' is closed then obviously

F=§1K(F%)

where K(F,¢) = {z € : Ty € F with d(z,y) < €} € O for every € > 0.
Claim: B(Q) is the smallest collection in 2% containing O, that is closed
under countable intersections and countable unions.

Suppose that R C B() is closed under countable intersections and countable
unions and that R contains O. Defining R' := {A € R: A€ R} C R
it follows that R’ is closed under complementation and countable unions.
Therefore R’ is a o-algebra. Using the fact that for every open set B the
complement B¢ is a countable intersection of open sets it follows that B¢ € R,
proving that O C R’. Applying

OCR CRCBE)CR

gives R' = R = B(Q), which completes the proof of the Claim.
Because of O C Gy0s(O) and the fact that according to Theorem 6.5 Gyous(O)
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is closed under countable intersections and countable unions it finally follows
that B(Q2) C Gspus(O). B

As preintimated the case where § is a o-algebra will now be analyzed. Re-
member the following definition.

Definition 6.7 A measure space (2, A, 1) is called complete if every subset
of a set A € A of measure zero belongs to A.

Remark: It is well known that every measure space (€2, A4, 1) can be completed
easily. One just has to consider the outer measure p* : 2% — R induced by
1, which is defined by

p*(A) = inf{u(B): AC B and B € A}, (6.6)

and the o-algebra A* of all u*-mesurable sets. This gives a complete mesure
space (2, A*, u*) fulfilling A C A* (compare for instance [2], [13]).

Another also well known method, which provides a complete extension 7 of
4 with minimal domain, called completion of u, works as follows:

Suppose that (€, .A, 1) is a non-complete measure space and denote with A/
the family of all subsets of sets of measure zero. Futhermore define

A = {AUN: A€ Aand N e N} and
H(AUN) = u(A) forAe A/NeN.

It can be shown easily that A is a o-algebra and that (2, 4, &) is a complete
measure space. Moreover if u is o-finite, it can be proved that both construc-
tions yield the same result, i.e. 4 = A* (compare [13]).

The following lemmas will be very helpful.

Lemma 6.8 Suppose that (2, A, 1) is an arbitrary measure space and denote
by w* the outer measure defined according to (6.6). Then for every A C Q
there exists a set A € A such that A C A and p(A) = p*(A).

Proof: Let A C Q be arbitrary. If u*(A) = oo then set A = .

If u*(A) < oo it follows by (6.6) that for every n € N there exists a set
A, € A fulfilling A C A, and u(4,) < p*(A4) + 2. Set B, = (g A for
every n € N and A= (o2, Bn, then it follows immediately that A C A,
B, \, 4 and A € A. Consequently )

1
p(A) < p*(Bn) = p(Bp) < p(An) < p*(A) + — forevery n €N,

PN

from which p(A) = p*(A) immediately follows by considering n — oo. This
completes the proof of the lemma. B
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Lemma 6.9 Suppose that (12, A, W) is a o-finite measure space. Then for
every A C Q there exists a set A € A such that A C A and u(A\ B) =0 for
every set B € A containing A.

If in addition (0, A, u) is complete, then every subset of A\ B is measurable.

Proof: Again let u* denote the outer measure induced by u according to
(6.6) and suppose that A C Q. If u*(A) < oo choose A according to Lemma
6.8 and suppose that Lemma 6.9 does not hold. Then there exists a set
B € A with A C B and ,u(A \ B) > 0. Defining A=A\ (A\ B) it follows
immediately that AN (A\ B) =0, AU(A\ B) = A and A C A. Therefore

u*(4) < p*(A) = w(A) = u(A) - p(A\ B) = u*(A) - u(A\ B) < p*(4),

which is a contradiction and proves that u(A \ B) = 0 for every set B € A
containing A.

If on the other hand p*(A) = oo, then choose a countable partition (C;);en
of  such that u(C;) < oo for every ¢ € N, which is possible since (£2, A4, u)
is o-finite by assumption. Define 4; := AN C; for every i € N, choose A;
according to Lemma 6.8 and set A := [J22, 4; € A.

If B € A such that A C B, setting B; = BN C; € A it follows that

A\B= (QA) \ <,QB'°> :H(A \UBk> _QA\Bi).

Therefore

WA\ B) <Y nldi\ B) =

If in addition (€2, A, p) is complete, then every subset of A\ B is measurable
since u(A \ B) = 0. This completes the proof. W

Theorem 6.10 If (2, A, 1) is a complete o-finite measure space, then it
follows that Gous(A) = A. In other words, in case of a complete o-finite
measure space, A is closed under the Souslin operation.

Proof: Suppose that B € G,u,(A) is an arbitrary Souslin set generated by
a tree {A, : s € NN} in A, Without loss of generality suppose that A, = Q
and that the tree {4, : s € N<N} is regular. For every s € N<N define the set

B, by -
B, .= U ﬂ Agjn-

{aeNN:s<a} n=1

Obviously {B; : s € NN} is a regular tree in A too, B, = B and because of
the regularity of {4, : s € NN} it follows that B, C A, for every s € N<N,
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For the rest of the proof let s V¢ denote the concatenation of s = (sy, ..., ),
t=(t1,...,t)) € NN defined by sVt := (s1,...,88,t1,...,1) € NN,
Using this notation it follows that

[o 0]
B, = U By for every s € N<N,

n=1
For every s € N<N choose B, € A according to Lemma 6.9 and define
B,:= A,N B, for every s € NN,

Obviously every set B, inherits the following properties of Bj: w(B,\D) =0
for every set D € A containing B; and E € A for every set £ C B, \ D.
Furthermore B, C B, C A, for every s € N<V,

Next define a regular tree {H, : s € NN} in A by H, = B and

k=1
Since the tree {B, : s € N<N} is regular it follows that
B,C H,C B, C A, forevery s € NN, (6.7)

Consequently u(H, \ D) = 0 for every set D € A containing B, and E € A
holds for every set E C H, \ D.
Finally define C, for s € N<N by

Cs = Hs\ GHsVn G.A,

n=1

and set

c:= | ¢.

3€N<N

Using (6.7) and the regularity of {H, : s € N<N} it follows that
o o0 B
B, = U By C U Hy.CH,C B, CA, foreveryse NN,
n=1 n=1

Therefore u(Cs) = 0 for every s € N<N, from which it follows by using
the completeness of (2, .A, ), that every subset of C;, is measurable. Since
N<N is as a countable union of countable sets itself countable, it follows that
u(C) = 0 and especially that every subset of C' is measurable.
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Claim: H.\B=B\BCC.

Ifz € B\C = H.\C it follows that z & C,, which means by definition
that there exists a natural number oy such that z € H,, C Aa, . In the same
manner there exists a natural number oy such that = € Hy, 0p) C A(ay,a0)-
Proceeding inductively yields a sequence @ = (s, as,...) € NN such that

T € ﬁAamg U ﬁAmn:B‘
n=1

BeNN n=1

This shows that B \ C C B. Finally since B C B it follows that B \BCC,
which completes the proof of the claim.

Now the theorem follows easily: Since C € A has measure zero and B\B cC
it follows from the completness of the mesure space that B\ B € A. There-
fore B = B\ (B\ B) € A. This proves that Gsous(A) C A.

The other inclusion is a direct consequence of Lemma 6.3. B

6.2 Results from functional analysis and mea-
sure theory

The following two theorems can be found in [12},[23],[36]. The first one can
be considered as analogon to the theorem of Arzela-Ascoli for L'($, A, u).

Theorem 6.11 Let (2, A, 1) be an arbitrary measure space. Then a family
of functions H C LY(Q, A, u) is weakly precompact if and only if the following
three conditions are fulfilled:

1. There exists a constant M < 0o such that ||f||1 < M for all f € H.

2. For every € > 0 there exists 6 > 0 with
/ |f(z)|du(z) < e for u(A) < 6 and f € H.
A
3. For every € > 0 there exists a set B € A such that u(B) < oo and

|f()ldu(z) <e  forall feH.
Be
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Theorem 6.12 (Mazur)
Let (E,|| - ||) be a normed linear space and C C E a convez set.
Then the weak closure of C is equal to the strong (norm) closure of C.

Especially if (zn)nen is a sequence in E that converges weakly to some z € E,
then there exists a sequence (yr)ren in E such that

e cach yi s a convex combination of finitely many x,,, and

o ||lz—y||—0 fork— oco.

The following definition and the following two theorems are taken from [2]:

Definition 6.13 Let (2, A, 1) be an arbitrary finite measure space and denote
for every p > 1 by LP(Q, A, 1) the set of all measurable real-valued functions
f, such that |f|P is p-integrable. Then a family T C LY(Q, A, u) is called
uniformly integrable if the following two conditions are fulfilled:

1. There ezists a constant M < oo such that [, |f(t)|du(t) < M for all
fel.

2. For every € > 0 there exists & > 0 such that [, |f(z)ldu(z) < € when-
ever u(A) <6 and f € T.

Using uniform integrability it is possible to deduce convergence in p-mean as
follows:

Theorem 6.14 Let (2, A, 1) be a finite measure space and for every p > 1
denote by LP(Q, A, 1) the set of all measurable real-valued functions f, such
that | f|P is p-integrable.

If a sequence of functions (fn)nen n LP(Q, A, 1) converges in measure to a
measurable function f and if the sequence (| fn|P)nen s uniformly integrable,
then f is in LP(Q, A, 1) and (fn)nen converges to f in p-mean.

On the other hand if a sequence (fu)nen of functions in LP(Q, A, pu) con-
verges in p-mean to a measurable function f then the sequence (|fal?)nen is
uniformly integrable and (fn)nen converges in measure to f.

Theorem 6.15 (Subsequence principle for convergence in measure)
Suppose that (Q,.A, 1) is a finite measure space, then a sequence (fn)nen
of measurable real-valued functions convergens to a measurable real-valued
function f in measure if and only if for every subsequence (fn, )ken Of (fr)nen
there exists a further subsequence ( fnkj)jeN that converges to f p-almost
everywhere.
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