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Kurzfassung

Wiéhrend der letzten Jahrzehnte entwickelten sich, ausgehend von der klassischen
Brunn-Minkowski Theorie, neue Theorien iiber konvexe Korper und Sternkorper
die mittlerweile wesentlicher Bestandteil der Konvexgeometrie sind.

Einerseits wurde die sogenannte L, Brunn Minkowski Theorie entwickelt.
Ausgangspunkt dafiir war eine Erweiterung der Minkowski Addition konvexer
Korper. Es wurde eine Vielzahl an klassischen Begriffen der Konvexgeometrie
verallgemeinert und bemerkenswerte Analogien zwischen den Theorien bewiesen.

Andererseits gibt es duale Konzepte zu diesen Theorien. Diese behandeln
Sternkorper an Stelle konvexer Korper und sind essentiell in geometrischer To-
mographie. Der wichtigste Operator der dualen Brunn-Minkowski Theorie ist der
Schnittkorperoperator. Letzterer war entscheidend fiir die Losung des Busemann-
Petty Problems und ist Gegenstand aktueller Forschung. Beispielsweise fragt die
“Slicing Conjecture”, derzeit eines der wichtigsten ungelosten Probleme des Ge-
biets, nach gewissen Eigenschaften des Schnittkorpers.

In dieser Arbeit beantworten wir die Frage welcher Operator das L, Analogon
des Schnittkorperoperators ist.

Angeregt durch Ludwigs Charakterisierung des Schnittkorperoperators [39],
klassifizieren wir radiale L, Bewertungen auf konvexen Polytopen. Dies ist Be-
standteil des zweiten Kapitels. Das Resultat ist [24] entnommen. Die nicht-
trivialen Beispiele solcher Bewertungen konnen als L, Schnittkorperoperatoren
angesehen werden. Uberraschenderweise mufi man zwischen symmetrischen und
unsymmetrischen L, Schnittkorpern unterscheiden. Im symmetrischen Fall sind
die Operatoren die bekannten polaren L_, Schwerpunktkorper. Im Allgemeinen
erhalten wir allerdings Abbildungen die mit der verallgemeinerten Minkowski-
Funk Transformation in Zusammenhang stehen.

Im dritten Kapitel beweisen wir Beziehungen zwischen Schnittkorpern und
deren L, Analoga. Zum Beispiel fithren gewisse Ungleichungen tiber L, Schnitt-
korper zu einer aquivalenten Formulierung der Slicing Conjecture. Wir zeigen
weiters, dafl Schnittkorper eines konvexen Korpers gleichméaflig durch symmet-
rische sowie unsymmetrische L, Schnittkérper approximiert werden koénnen. Au-
Berdem beweisen wir Analogien zwischen klassischen Schnittkérpern und deren L,
Gegenstiicken, erhalten aber auch interessante Unterschiede im unsymmetrischen
Fall. Beispielsweise sind unsymmetrische L, Schnittkorper injektiv auf Sternkor-
pern in allen Dimensionen. Dies steht im Gegensatz zum klassischen Schnittkor-
per: Nur symmetrische Sternkorper sind eindeutig durch diesen bestimmt.

Die im zweiten Kapitel behandelten radialen L, Bewertungen machen nur fir
positives p Sinn. L,, Schnittkorper, im Wesentlichen die einzigen Beispiele solcher
Bewertungen, sind auch fiir negatives p definiert. Kann man Letztere auch fir
negatives p charakterisieren? Daf} dies moglich ist, zeigen wir im vierten Kapitel.

Der letzte Teil dieser Arbeit behandelt spezielle Bewertungen der L, Brunn-
Minkowski Theorie. Wir beweisen eine Charakterisierung der L,, mittleren Breite.



Abstract

Over the last decades, starting from the classical Brunn-Minkowski theory, new
theories concerning convex bodies and star bodies emerged and became an essen-
tial part of convex geometry.

On the one hand, the so called L, Brunn-Minkowski theory was developed.
The heart of this concept is an extension of Minkowski addition for convex bodies.
A huge number of notions from classical convex geometry could be extended to the
L, case and striking analogies between the old and new theory were established.

On the other hand, duals of these two theories exist. They treat star bodies
instead of convex bodies and are fundamental in geometric tomography. The most
important operator within the dual Brunn-Minkowski theory is the intersection
body operator. Beside being the key for the solution of the classical Busemann-
Petty problem, it is subject of recent research. For example the slicing conjecture,
probably the most famous open problem in the field, asks for certain properties
of intersection bodies.

In this thesis, we answer the question which operator is the L, analogue of
the intersection body operator. The work is organized as follows.

Motivated by Ludwig’s characterization of the intersection body operator [39],
we characterize radial L, valuations on convex polytopes. This is done in Chapter
2. The result is taken from [24]. The nontrivial examples of such valuations can
be viewed as the L,, intersection body operators. Surprisingly it turns out that we
have to distinguish between symmetric and nonsymmetric L,, intersection bodies.
In the symmetric setting, the operators are the well known polar L_, centroid
bodies. But in general, we obtain operators related to generalized Minkowski-
Funk transforms.

In Chapter 3, we prove relations between intersection bodies and their L,
analogues. For example, certain inequalities yield an equivalent formulation of
the slicing conjecture in terms of L,, intersection bodies. We also prove that every
intersection body of a convex body can be uniformly approximated by symmetric
as well as nonsymmetric L, intersection bodies. Further, we establish analogies
between classical intersection bodies and their L, counterparts but obtain in-
teresting differences in the nonsymmetric case. For example, the nonsymmetric
L, intersection body operator is injective on star bodies in all dimensions. This
is in contrast to the original context: Only symmetric star bodies are uniquely
determined by their intersection bodies.

Radial L, valuations as studied in Chapter 2 make sense only for positive p.
But L, intersection bodies, basically the only examples of such operators, are
defined for negative values of p, too. Can we characterize them also for negative
p? The answer is affirmative as is shown in Chapter 4. It contains a classification
of L, intersection bodies for all values of p # 0.

The last part of this work is devoted to special valuations in the L, Brunn-
Minkowski theory. We establish a characterization of the L, mean width.
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Chapter 1

Introduction

The celebrated Busemann-Petty problem [9], posed in 1956, asked the following
question concerning convex bodies (i.e. nonempty, compact, convex subsets of
Euclidean n-space R™): Is it true, that for two origin-symmetric, n-dimensional
convex bodies K, L with the property that the (n — 1)-dimensional volumes of
all hyperplane sections through the origin of K are less than the corresponding
ones of L, the volume of K is also smaller than the volume of L? (A convex body
K is called origin-symmetric if K = —K.) About fourty years later, the problem
was finally solved by Gardner [13] and Zhang [62] who presented a solution in
dimensions three and four, respectively. Using Fourier analytic tools, Gardner,
Koldobsky and Schlumprecht [16] gave a unified solution for all dimensions. The
answer to the Busemann-Petty problem turned out to be affirmative for n < 4
and negative for n > 4. For a detailed description of the history of the solution we
refer to the introduction in [33]. The crucial point in the solution was Lutwak’s
concept of intersection bodies and the corresponding intersection body operator.
To define the latter, we need a bit of notation.

Let L C R™ be a nonempty compact set which is star-shaped with respect to
the origin. The radial function p(L,-) is a real valued function on the unit sphere
S"~1 which is defined by

p(L,u) =max{r >0:ruec L}, uecsS" .

A star body is a nonempty compact set which is star-shaped with respect to the
origin and has a continuous radial function. We write 8™ for the set of star
bodies in R™. The intersection body, 1L, of a star body L € S™ is the star
body whose radial function in the direction v € S"! is equal to the (n — 1)-
dimensional volume of the section of L by u', the hyperplane orthogonal to u.
So, for u € S" 71,

p(I L,u) = vol(L Nu™b),

where vol denotes (n — 1)-dimensional volume.
Intersection bodies which arise from centrally symmetric convex bodies first
appeared in Busemann [7]. They are important in the theory of area in Finsler
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spaces. Intersection bodies of star bodies were defined and named by Lutwak [42].
The class of intersection bodies is fundamental in geometric tomography (see e.g.
[14]), in affine isoperimetric inequalities (see e.g. [34], [58]) and the geometry of
Banach spaces (see e.g. [33], [60]). Note that the Busemann-Petty problem can
now be rephrased as follows: Is the implication

1K CIL = V(K)<V(L)

true for arbitrary origin symmetric convex bodies? Here, V' stands for volume.
This is a first hint at a connection between intersection bodies and the Busemann-
Petty problem.

Valuations allow us to obtain characterizations of many important functionals
and operators on convex sets by their invariance or covariance properties with
respect to suitable groups of transformations (see [25], [31], [49], [50] for infor-
mation on the classical theory and [1]-[4], [29], [30], [35]-[38], [40], [59] for some
of the recent results). For example, Ludwig [39] characterized intersection bod-
ies as GL(n) covariant valuations. To state this result, we need some additional
definitions. A function Z : £ — (G, +), where L is a class of subsets of R" and
(G, +) is an abelian semigroup, is called a valuation if

ZWKUL +Z(KNL)=7ZK + 7L,

whenever K, L, K UL, KNLeL.
Let PJ denote the set of convex polytopes in R"™ that contain the origin in
their interiors and let

P ={xeR":z-y <1 forevery y € P}

denote the polar body of P € Py. For p > 0, the L,-radial sum K +, L of
K, L € §" is defined by

p(K —T_P L, .)p = p(K, ')p + p(L, ')p‘

An operator Z : P} — (8", +,) is called trivial, if it is a linear combination with
respect to +, of the identity and central reflection. An operator Z is called GL(n)
covariant of weight q, q¢ € R, if for all ¢ € GL(n) and all bodies @,

2(¢Q) = |det 9|79 ZQ,

where det ¢ is the determinant of ¢. An operator Z is called GL(n) covariant, if
Z is GL(n) covariant of weight ¢ for some ¢ € R.

Theorem ([39]). An operator Z : Py — (8", +1) is a non-trivial GL(n) covari-
ant valuation if and only if there is a constant ¢ > 0 such that

ZP=clIP”

for every P € Py.



With these considerations in mind, it is natural to ask for a classification
result for covariant operators Z : Py — (8", +,) with p # 1. The solution to
this problem is presented in Section 2. From a valuation theoretic point of view,
the nontrivial examples of such valuations are therefore the intersection body
operators within the dual L, Brunn-Minkowski theory. To make this even more
evident, we will have a glance at the environment of this classification result in
the next paragraphs.

Schneider [58] describes the classical Brunn-Minkowski theory in the preface
of his monograph as follows:

Aiming at a brief characterization of Brunn-Minkowski theory, one
might say that it is the result of merging two elementary notions for
point sets in Euclidean space: vector addition and volume.

Vector addition can be desribed for convex bodies in terms of support functions.
So let K™ denote the set of convex bodies in R™. For K € K", the support function
h(K,-) of K is defined by

h(K,u) =max{z-u|z € K} for ueR",

where x - u stands for usual inner product in R™ of the vectors x and u. The
vector or Minkowski sum K + L of two convex bodies K, L € K™ is the convex
body with support function

h(K +L,) = h(K,-) + h(L,").

Firey [11] extended this definition and introduced L, Minkowski addition on K,
i.e. the set of convex bodies containing the origin. For p > 1, the L,, Minkowski
sum K +, L of two convex bodies K, L € EQ is the convex body with support
function

WK 4, L,y = h(K, )P + h(L, ).

In analogy to the original context, Lutwak [45] explored relations between L,
Minkowski addition and volume. This can be seen as the starting point of the
L, Brunn-Minkowski theory which became an essential part of convex geometry.
Over the last decades, a dual of the L, Brunn-Minkowski theory emerged. In
this dual theory, roughly speaking, convex bodies are replaced by star bodies,
L, Minkowski addition corresponds to L, radial addition, and projections are
substituted by sections. So the dual notion of the intersection body of a star
body should be defined as the convex body with support function

h(IIK,u) = vol(K|u"), weS™, KecKn,

where K |ut is the image of the orthogonal projection of K orthogonal to u. This
body is called projection body of K and is a classical notion with fundamental



impact on convex geometry and geometric tomography (see, e.g. [58], [14]). The
duality of projection bodies and intersection bodies was discovered by Lutwak
[42] within his studies of the Busemann-Petty problem. If we remember Ludwig’s
characterization of intersection bodies and use the duality explained before, we
expect the projection body to be essentially the only example of a valuation Z
with values in (K", +) and the property Z P = |det 9|9 ¢~ Z Q for all ¢ € GL(n)
and some ¢ € R. Indeed, this holds true as shown by Ludwig [38]. Moreover,
the classification of such valuations which take values in (K", +,), p > 1 was
established in this paper, too. The more or less only example is the L, analogue of
the projection body operator. This operator was introduced by Lutwak, Yang and
Zhang in [46] where they obtained an L, version of the Petty projection inequality.
With this result in mind and since duality fits well with the characterizations in
the case p = 1, it is reasonable to call the only nontrivial covariant valuations
Z: Py — (8", +,) L, intersection bodies.



Chapter 2

A Characterization of Ly
Intersection Bodies

Our main result is the announced characterization theorem for valuations 7 :
Py — (8", +,). A complete answer for the planar case is given in Theorem 3 in
Section 2.1.5. For n > 3, we obtain the following result.

Theorem 1. For 0 < p < 1, an operator Z : Py — (S",+,) is a non-trivial
GL(n) covariant valuation if and only if there are constants ¢y, co > 0 such that

ZP=cl P 4,00 P*

for every P € Py. Forp>1, all GL(n) covariant valuations Z : Py — (S™, +,)
are trivial.

Here, for P € Py, the star body I} P is defined by

1
pI*P,up:—/ w- x| Pdr, ueS"?
(p ) F(l_p) Pﬁqu‘ ’

where ™ = {z € R" : u -2 > 0} and I" denotes the Gamma function. We define
I, P=1;(—P). A change into polar coordinates proves

1
(n—=p)I'(1-p)

where integration is with respect to spherical Lebesgue measure. Therefore
p(L, P,-)? is just a multiple of the generalized Minkowski Funk transform M& P
of the function p(P,-)" P as introduced by Rubin [57]. The latter is defined as

p(L, Po) =

/ lu-v| Pp(P,u)"Pdu, forveS"
Sn—lnyt

(ME)0) = s [ (=t ) d

for suitable functions f on the sphere, where a > 0, t € (—1,1), and ¢, is a
constant depending on the dimension n and a. The operator I is also closely
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related to fractional derivatives and the L, cosine transform. This connection
will be discussed in more detail in Chapter 3. We remark that the normalization
in the definition of p(L} P, -) is chosen such that the limit as p tends to one exists.
Of course, this has no effect on our classification result.

As a consequence of Theorem 1, we obtain the following characterization of
L, intersection bodies. For p < 1, we call the centrally symmetric star body
LP=0LP - L, P the L, intersection body of P € Py. So, for u € SnL,

oL, P,u)? = / - 2| da. 2.1)
P

We denote by S the set of centrally symmetric star bodies in R" and classify
GL(n) covariant valuations Z : Py — (S, +,). The planar case is contained in
Theorem 4 in Section 2.1.5. For n > 3, we obtain the following result.

Theorem 2. For 0 < p < 1, an operator Z : Py — (S, +,) is a non-trivial
GL(n) covariant valuation if and only if there is a constant ¢ > 0 such that

ZP=cl,P*

for every P € Py. Forp>1, all GL(n) covariant valuations Z : Py — (S¥, +,)
are trivial.

Up to normalization, I, P equals the polar L_, centroid body of P. Centroid
bodies were introduced by Petty [53]. Lutwak and Zhang [48] extended this
concept to L,-centroid bodies for ¢ > 1. Gardner and Giannopoulos [15] as
well as Yaskin and Yaskina [61] investigated extensions of this notion also for
—1 < ¢ < 1. L, centroid bodies themselves were investigated by many different
authors (see e.g. [10], [28], [38], [43], [46], [48], [51], [61]). They are also extremely
useful tools in different situations. Among others, Paouris [52] used them to prove
results concerning concentration of mass for isotropic convex bodies, and Lutwak,
Yang and Zhang [47] derived information theoretic inequalities from properties
of L, centroid bodies. Moreover, the concept of L, centroid bodies leads to
important affine isoperimetric inequalities (see e.g. [14]).

2.1 Proof of the Classification Result

We write © = (21, %9, ..., 2,) for vectors z € R™. The standard basis in R™ will
be denoted by e, €, ..., €,. The norm ||z|| is defined as usual by ||z|| = vz - z.
Given A, Ay, Ag, ..., A C R™, we write [Aj, Ag, ..., Ag] for the convex hull of
Ay, Ay, ... Ay, we write lin A for the linear hull of A, and set A = {z € R":
x-y=0forallye A}

For L € 8™, we extend the radial function to a homogeneous function defined
on R™\{0} by p(L,z) = ||z||"*p(L,z/||z||). Then it follows immediately from the
definition that

p(oL,x) = p(L,¢"'x), =€ R™\{0} (2.2)
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for ¢ € GL(n).

We call a valuation Z : P} — (8", +,) an L, radial valuation. If Z P = {0}
for every P having dimension less than n, Z is called simple. A valuation is GL(n)
contravariant of weight q, q € R, if

7.6P = |det ¢|7%¢ " Z P

for every ¢ € GL(n) and every P € PJ. Here ¢~' denotes the transpose of the
inverse of ¢. For 0 < p < 1, the operators I]f Py — S"and I, : Py — S" are L,
radial valuations and GL(n) contravariant operators of weight 1/p.

The following lemma guarantees that a classification of all L, radial valuations
which are GL(n) covariant with negative weight follows from a classification of all
L, radial valuations which are GL(n) contravariant with positive weight. More-
over, if we know all L, radial valuations, GL(n) covariant of arbitrary weight, we
know all GL(n) contravariant L, radial valuations and vice versa.

Lemma 1. Let Z be an L, radial valuation and define another L, radial valuation
2" by 2" P =7 P* for every P € Py. Then Z is GL(n) covariant of weight q if
and only if Z* is GL(n) contravariant of weight —q.

Proof. That Z* satisfies the valuation property is a consequence of
(PUQ)=P'NQ*, (PNQ)" =P UQ"

for polytopes P,QQ € P} having convex union (see, for example, [58]). The
statement of the lemma follows from the fact that (¢P)* = ¢~ P* holds for every
P € P§ and every ¢ € GL(n). O

We first establish a classification of valuations which are GL(n) contravariant
of weight ¢ > 0 and then a classification of valuations which are GL(n) covariant
of weight ¢ > 0. By Lemma 1, combining these results gives a classification of
GL(n) covariant valuations. The classification result for n > 3 is contained in
Theorem 1. The result for n = 2 is stated in Section 2.1.5.

2.1.1 Extension

Given an L, radial valuation Z, we define another valuation Y : Pf — C(S™ 1)
by Y P(-) = p(ZP,-)?. Here C,(S™ ') is the set of non-negative continuous
functions on the sphere. We want to extend this valuation to the set Py of
convex polytopes which are either in P}’ or are the intersection of a polytope in
PJ and a polyhedral cone with at most n facets having its apex at the origin. The
following preparations will show when such extensions exist. For 1 < 57 < n, let
f? denote the set of polytopes which are intersections of polytopes in Pj and j
halfspaces bounded by hyperplanes H;, ..., H; containing the origin and having
linearly independent normals. We need some more notation. For a hyperplane
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H C R", P}(H) is the set of convex polytopes in H containing the origin in their
interiors relative to H. Let C, (S™ ') denote the superset of C, (S"1) consisting
of all non-negative functions defined almost everywhere (with respect to spherical
Lebesgue measure) on S™~! which are continuous almost everywhere. We write
H*, H™ for the closed halfspaces bounded by H.

For P € P§(H)and A C S"!, we say that Y : P} — C,(S"!) vanishes on A
at Pif foru e H-\H,v € H"\H and every w € A, there exists a neighbourhood
A(w) of w such that

limOY[P, u,v] =0 uniformly on A(w)
holds. If there exists a constant ¢ € R such that Y|P, u,v] < ¢ for ||ul], ||v] <1,
uw€ H \H,v e H"\H and [P,u,v] = [P,u] U[P,v], then we say that Y : P} —
C.(S™1) is bounded at P.
Now we are able to formulate the following lemma proved in [39)].

Lemma 2. Let Y : P} — C.(S™™") be a valuation.

1. If Y vanishes on S at P for every hyperplane H containing the origin and
every P € PP(H), then Y can be extended to a simple valuation Y : Py —
C (S 1.

2. If Y is bounded and vanishes on S""'\H at P for every hyperplane H
containing the origin and every P € PJ(H), then Y can be extended to a
simple valuation Y : 53 — C(S™Y) and for P € 53 bounded by hyper-
planes Hy, H,, ..., H, containing the origin, Y P is continuous and bounded
on S"N\(H,U---UH,).

3. If Y is bounded and vanishes on S" \H* at P for every hyperplane H
containing the origin and every P € PJ(H), then Y can be extended to a
simple valuation Y - ﬁ’j — C(S™Y) and for P € ﬁ’} bounded by hyper-
planes Hy, H,, ..., H, containing the origin, Y P is continuous and bounded
on STN\(H{U---UHY).

4. If Y vanishes on S""Y\H* at P for every hyperplane H containing the origin
and every P € PY(H), then' Y can be extended to a simple valuation Y : Py —
C.(S™Y) and for P € 53 bounded by hyperplanes Hy, Ho, ..., H, containing
the origin, Y P is continuous on S"'\(H{- U--- U H}).

The extension is defined inductively for 7 = 1,...,n, and convex polytopes P =
PonH N---N H with Py € Py and hyperplanes having linearly independent
normals: For uw € HyN---NHj 1, u € H;\H, set

Y P = lim Y|P, u]

u—0
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on S*~' SN\ (HyU---UH;) or S""\(H{-U---UH;) if Y vanishes on 5",
S"=I\H or S"~1\ H*, respectively.

The proof of the following lemma is omitted since it is nearly the same as the
proof of Lemma 5 and Lemma 8 in [39].

Lemma 3. Let Z : P} — 8" be an L, radial valuation and define Y : Py —
C.(S"1) by Y P(:) = p(ZP,-)P.

1. If 7 is GL(n) covariant of weight q, then for every hyperplane H containing
the origin and every P € Po(H), the following holds: If ¢ = 0, then Y
vanishes on STI\H at P and if ¢ > 0, then Y vanishes on S™' at P. In
both cases, Y is bounded at P.

2. If 7 is GL(n) contravariant of weight q, then for every hyperplane H con-
taining the origin and every P € Pyo(H), the following holds: If ¢ > 0, then
Y wvanishes on S""Y\HL at P and if ¢ > 1, then Y wanishes on S™! at P.
Forq>1,Y s bounded at P.

Let Z be an L, radial valuation which is GL(n) contravariant of weight g.
For ¢ > 0, Lemma 2 and Lemma 3 guarantee the existence of an extension of
Y P(-) = p(Z P,-)? to P, for which we write Y. We extend these functions from
S 1 to R™\{0} by making them homogeneous of degree —p. From the definition
of this extension it follows for ¢ € GL(n) and P € fg bounded by hyperplanes
Hy, Hy, ..., H; that

Y ¢P(z) = | det p|P?Y P(¢'x) (2.3)

on S" N\ (Hj-U---UH;) for 0 < ¢ <1andon 5" for g > 1.

If Z is an L, radial valuation which is GL(n) covariant of weight ¢, we proceed
as above. For ¢ > 0, Lemma 2 and Lemma 3 guarantee the existence of an
extension of Y P(-) = p(Z P, -)? to P, for which we write Y and which we extend
from S™7! to R™\{0} by making them homogeneous of degree —p. From the
definition of this extension it follows for ¢ € GL(n) and P € P, bounded by
hyperplanes Hy, Hs, ..., H; that

Y 6P (x) = | det ¢|™ ¥ P(¢7'2) (2.4)

on S"N¢(H U ---UH;) for ¢ =0 and on S"~* for ¢ > 0.

Let Z : Py — (8™, +,) be a valuation which is GL(n) contravariant of weight
¢ > 0 and let Z denote its extension to P,. Let T = [0,e1,...,e,] be the
standard simplex in R™. First, we show that Z is determined on 7_38 by its value
on 1™

Since Z is a simple valuation on 773, it suffices to show the statement for a
polytope P € f{} contained in a simplicial cone C' bounded by n hyperplanes
containing the origin and with linearly independent normal vectors. We dissect
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P =T U---UT, where T; € 773 are n-dimensional simplices with pairwise
disjoint interiors. Let H be a suitable affine hyperplane such that D = C' N H
and S; = T;N H are (n — 1)-dimensional simplices. We need the following notions
(see [41]). A finite set of (n—1)-dimensional simplices aD is called a triangulation
of D if the simplices have pairwise disjoint interiors and their union equals D.
An elementary move applied to aD is one of the two following operations: a
simplex S € aD is dissected into two (n — 1)-dimensional simplices S, S by an
(n — 2)-dimensional plane containing an (n — 3)-dimensional face of S; or the
reverse, that is, two simplices 51,5, € aD are replaced by S = S§; U S, if S is
again a simplex. It is shown in [41] that for every triangulation aD there are
finitely many elementary moves that transform oD into the trivial triangulation
{D}. Note that to each (n—1)-dimensional simplex S € aD, there corresponds a
polytope Q € Py such that QNH = S. If S is dissected by an (n—2)-dimensional
plane £ C H into 57,55, then @ is dissected by the cone generated by E into
@1,Q2 € 53. Since Z is a simple valuation on fg, we obtain ZQ =ZQ, +,7Z Q,.
The same argument applies for the reverse move. Thus, after finitely many steps,
we obtain that Z P = ZT, +, -+ 4+, ZTy. Since Z is GL(n) contravariant, this

proves that Z is determined on P, by ZT".

2.1.2 Some functional equations

We set

f(@) =p(ZT", )"
almost everywhere on R”. Since Z is GL(n) contravariant and 7" does not change
when the coordinates are permutated, we obtain

flze, .o zn) = f(ogy, ..., 2p,) (2.5)
for every permutation (ki,...,k,) of (1,...,n). We derive a family of functional
equations for f.

For 0 < A\j <1landj=23,...,n, we define two families of linear maps by
¢jej = /\jej + (]_ — /\j)el, ¢j€]€ = €L for k 7é j,
Q/Jjel = )\jej —+ (1 — )\j)el, l/Jjek = Ck for k 7é 1.
Note that
_ 1 1— A _ .
¢] 163 _/\_jey_ Y Ley, ¢j1€k=6k for k # j,
Yiley = — A e; + ! e v ler = ey for k # 1
DV DV J '

Let H; be the hyperplane through 0 with normal vector Aje; — (1 — A;)e;. Then
we have T" N H;" = ¢;T™ and T" N H; = 1;T". Since Z is a simple valuation, it
follows that

ZT" =ZL(¢;T") +p Z(T").
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Since Z is GL(n) contravariant, this and (2.3) imply
fl@) = N f(g5a) + (1= N f () (2.6)

almost everywhere on R"™ where the set of exception depends on the value of q.
Similar observations can be made if the valuation Z is GL(n) covariant of
weight ¢ > 0. Then we have by (2.4)

fla) = N1 f (05 ) + (1= NP f (v ) (2.7)

almost everywhere. Note that (2.5) holds in the covariant case, too.

2.1.3 The 2-dimensional Contravariant Case

Lemma 4. Let 7 : P§ — (S% +,) be a valuation which is GL(2) contravariant
of weight ¢ = 1. Then there exists a constant ¢ > 0 such that

ZP = cbs(P T, (-P)
for every P € P2, where Yz denotes the rotation by an angle 5.

Proof. Since

p(PUQ, ) =max{p(P,-),p(Q,")}, p(PNQ,-)=min{p(P,-),p(Q,")},

formula (2.2) implies that the function P+ cyp=(P +, (=P)) is in fact an L,
radial valuation. Since

bz = (det )~ (2.8)
holds for every ¢ € GL(2), we obtain by using (2.2)
p(cz (P +p (=0P)), z)?
= p((det )P, ¥z  ¢'x)? + p(—(det §) P, 5 ¢'w)?
= cp(|det §| P,z d'w)” + Pp(—| det ¢| P,y ¢'x)"
— o] det gloteps (P T, (~P), ).

This proves the contravariance of weight 1.
From Lemma 2, Lemma 3, and (2.6) we know that

flx) = N f(dhr) + (1 = A)P f(¢3) (2.9)
holds for every x € R? which does not lie in the linear hull of e;, e; or \se; —
(1 — Ag)ea. Thus it follows by induction that for k =1,2,.. .,

F((Wy') e) = AQZU = X)P I F(@(1y ") ) + (1= o) f () (2.10)
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holds on R? except on a set consisting of countably many lines. For suitable
e > 0, we can evaluate (2.10) at x = e; — €es. From this we obtain, using the
homogeneity and the non-negativity of f, that

fler — (1= Xo)fe(y ) eq) > N Z F(dh(er — (1= Xo)'e(vy")'en)).  (2.11)

Note that (15 %)*ey = =Xy 10 (1—=Aa) Fer+e. Thus [Jey—(1—Aa)*e(ehy ) Fes|| >
1. Let K — ooin (2.11). By Lemma 2, f is uniformly bounded on S*\{+e;, +e5}.
So f(gh(er — (1 — Xa)le(hy")les)) — 0 as i — oo. It follows from the continuity
properties of f, that f((1+¢)(e; + (1 — A2)ez)) = 0. Taking the limit € — 0, we
obtain

f(1,29) =0, for 0 <2y < 1. (2.12)

By (2.5), this implies

f(z1,1) =0, for 0 <z < 1. (2.13)
Relations (2.12), (2.13), and the homogeneity of f imply

f(z1,22) =0, for x1, 29 > 0. (2.14)
By evaluating (2.10) at —e; — eey we get in a similar way

f(=xy, —x9) =0, for x1, 19 > 0. (2.15)
Formula (2.9) gives
F(=1,1) = A f(—1, =14 2X) + (1 = A)Pf(—1 4+ 2Xs, 1).
In combination with (2.14) and (2.15) we obtain
f(=1,1) = M f(—1,—1+42),) for % <A <1,

Fe1 1) = (1= M) f(—1 4220, 1) for 0<Ap < =

2
Hence
Cp
-1 =—— for O0<ay<1
J(=liws) =y for O<m <l
Cp
—x1,1) = — for O<2; <1
f( X1, ) (1~|»1‘1)P or 1 s
with ¢® = 2P f(—1,1). Since f is homogeneous of degree —p, we get
Cp
— = — fi > 0
f(=x1,22) oy oranr>0,
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and by (2.5)

P
(1'1 + $2)p
Combining these results finally yields

f(x) = @p(=T? x)P + Fp(= (=T7), x)"

almost everywhere on R?. O

f(xla —372) -

for x1,29 > 0.

For given p, q € R, we define the function g, , on R? by

(TP — 2BTP) (1 — x9)P? for 0 < @y < 21,
Gpqg(x1,22) = ¢ 277 /(11 — 29)P9 for 1 > 0,79 < 0,
0 otherwise.

Define the linear transformations v;, ¢ = 0,1, 2, by
Yo(x1, x2) = (=21, —22), N(T1,72) = (T2, 21), V2(21,22) = (—72, —71),

that is, 79, 71, and 7, are the reflections with respect to the origin, the first
median, and the second median, respectively.

Lemma 5. Let f : R*\{0} — R be a function positively homogeneous of degree
—p such that

flxy,z0) = NUf(xq, (1 — Ny + Axg) + (1= DPUf((1 — N)ag + A\xg, x2)  (2.16)
holds on R*\{0} for every 0 < X\ < 1. Then
f=110)gpg+ F(=1,0) gpg o v+ f(0,1) gpg 011 + f(0, =1) gpg 072 (2.17)

on RA\{(z1,12) : 11 = 2o}

Proof. Equation (2.16) evaluated at the points (1, 0), +(0,1), £(—A,1—X\) and
the homogeneity of f yield

fL,1=)) = L= (IA;qA)pq_pf(1, 0), (2.18)
f=1,A=1) = Lo (1A_qu)pq_pf(—1, 0), (2.19)
1— )\I’Q*P
fN1) = mf(o, 1), (2.20)
1— )\I’Q*P
f(=A—1) = mf(o, ~1), (2.21)
f(=A1=X) = NTPf(=1,0)+ (1 = XN)PI"Pf(0,1), (2.22)
FOLAN=1) = MNTPF(1,0)+ (1= \PTPF0,—1). (2.23)
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First, suppose that x1 > z9 > 0. If 29 = 0, it follows from the homogeneity of
[ that f(x1,0) = 2, f(1,0) = f(1,0) gpq(x1,0). For 1 > x9 > 0 we obtain by
(2.18)

flrr,z9) = 2P f(L,1— (1 —x/21)) = 27" f(1,0)

1 _ ($2/$1)pq_p
(1 — (z2/x1))P
xlfq_p _ ng_p

= —f<170) = f(l,()) g]mq(xl’x?)'

(xl — Ig)pq

Since ¢p.4 © Y0, Jp.q © 71, and gy, 072 are zero for x; > x5 > 0, (2.17) holds in this
part of the plane. (2.19) gives

f(_l‘l, _1‘2) — xl_pf(_la (1 . I2/x1) B 1) _ l‘_pl - ($2/$1)P4—p
pq—p pq—p

b1 = (m/m))pe

= 22— f(=1,0) = f(—1,0)(gpq © Y0)(—T1, —22).

(xl — I‘Q)P‘I

f<_170)

But gp.4, gp.g 071 as well as g, , 0 y2 vanish for x; < x9 < 0 and therefore (2.17) is
true if x; < x5 < 0. Using the homogeneity we obtain that (2.17) is correct for
1 <0, 29 =0.

Now, assume xo > x1 > 0. If 1 = 0, then we have

f(O,ZL‘Q) = xz_pf(07 1) = f(O’ 1)(917#1 © 71)(071‘2),
f<07 _IZ) = x;pf(07 _1) = f<07 _1)(91),11 o 72)(07 _IQ)'
Formulae (2.20) and (2.21) for xo > x; > 0 yield

1— (xl/x2)Pq—P

fana) = o f@/an) = G e

f(0,1)

pq—p pq—p

= I 01) = 0Dl o))
f(—.ﬁCl, —.CL’2> = x;pf<_371/x27 _1) = $;p ](_1__(?.;.{;;):;(1)73:]0(07 _1)
= ﬁf@, —1) = f(0, =1)(gp,q © 12) (—21, —22).

Since Gp.q; Gp.g © V0, Ipq © V2 are zero for xo > 21 > 0 and ¢, 4, Gp.g © Y05 Gpg © N
vanish for zo < 1 < 0, it remains to prove identity (2.17) if the coordinates have
different signs.
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Finally, let 27 and z3 be greater than zero. By (2.22) and (2.23) we have

fl=z1,20) = (21 +x2) Pf(—21/(x1 + 22), 1 — 21 /(21 + 22))

mgq_p .Tlfq_p
- (5(71 + $2)qu<07 1) + (331 + :L_2>qu(_17 0)

= f(0,1)(gpq o) (=21, 22) + f(=1,0)(gpq ©Y0) (=21, T2),
f(r1,—m2) = (21 +22) P f(21/(21 + 22), 21 /(01 + 72) — 1)

I.IQ’Q*F pq—p

s
= Wf((), —1) + mf(lao)

= f(0,=1)(gp,g ©72)(z1, —72) + f(1,0)gpq(z1, —T2).

The fact that g, , and g, 4072 are zero in the second quadrant and g, ,070, gpg071
are zero in the fourth quadrant completes the proof. O]

In the following, we have ¢ > 1. Therefore Lemma 2 and Lemma 3 imply that
f is continuous on S™~!. Thus (2.6) holds on R\{0} and f satisfies the conditions
of Lemma 5. Combined with (2.5) this implies that

[ =f(1,0)(gpg + gpgom) + f(=1,0)(gpq © Y0 + Gpg © 72) (2.24)
on R?\{0}.

Lemma 6. Let Z : P? — (S% +,) be a valuation which is GL(2) contravariant
of weight q. Letp>1,q¢>1o0or 0<p<1,q>1/p. Then

ZP = {0}
for every P € PZ.
Proof. For xo > 0 fixed, we obtain by (2.24) that
P

i Sy z) = i =

f(1,0)

has to be finite. This implies that f(1,0) has to be zero.
Considering lim,, ., + f(—21, —22) proves f(—1,0) = 0. So by (2.24), f van-
ishes on R?\{0}. O

Lemma 7. Forp < 1, let Z : P3 — (8% +,) be a valuation which is GL(2)
contravariant of weight ¢ = 1/p. Then there exist constants c1,co > 0 such that

ZP=c i PT, el P

for every P € P2.

20



Proof. A simple calculation shows

p(I; T?, )P = (p2 —3p+ 2)_1(91171/1) + Gp,1/p © M) (2.25)

almost everywhere. Therefore

p(L, T2, ) = p(Ly T2 %0()P = (0" = 3p +2) " (gp1/p © %0 + Gp1jp © 72)- (2:26)
Combined with (2.24), these equations complete the proof. ]

Finally, we consider the case p < 1 and ¢q € (1,1/p). We define

p(I;,q 77, 2)P = (Gpg + Gpq © 1) (7).

The restrictions on ¢ show that p(L' T?,-) is continuous and non-negative on
R*\{0}. By definition, p(I T2, -) is positively homogeneous of degree —1 and
thus the radial function of a star body.

We extend this definition to all simplices in R? having one vertex at the origin
(we denote this set by 7):

IS =

p.q

|det |99~ T T2 if S is 2-dimensional and S = ¢T?,
{0} otherwise.

Note that I' is well defined on 7@ since p(I; T2 -) does not change if the
coordinates are interchanged. We claim that I’ is a valuation on 7. To prove
this, it suffices to check the valuation property if the two involved simplices
coincide in an edge. Since by definition I  is GL(2) contravariant, it suffices to
check the valuation property for the standard simplex. Thus it suffices to show
that

L, T*=1 (T*NH") +, I} (TN H")

where H is the line with normal vector Ae; — (1 — A)ea, 0 < A < 1. Therefore we
have to prove
p(I;,q T27 (xla mZ))p = )\pqp(l;q T2, (l’l, (]_ — )\)I’l + )\:1;2))?

(2.27)
+(1 = NPap(Lr  T?, (1 = N2y + Axg, 22))P.

The case x1,x2 < 01is trivial. So assume z1 > x9 > 0. Then z7 > (1—-\)x;+Axe >
0, (1 = Nz + Azy > 29 > 0, and the right hand side of (2.27) equals

2P — (1= A)zy + Azg)Pa—P
( Ty — (1 — )\)l‘l — /\(L’g)pq

(1 = Ny + AP0 P — 25977

)\pq
((1 — )\)xl + )\Z‘Q - ZEQ)pq

+ (1=

which is nothing else than p(Lf , 7%, (1, 22))P. Similar, we obtain (2.27) for points
xe > x1 > 0. To check (2.27) for (x1, —x3), 1,22 > 0, we first assume that
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(1 = A)xy — Azg > 0. Then 0 < (1 — N)x; — Azy < 27 and the sum appearing in
(2.27) equals

xlqu » ((1 — )\)1‘1 — )\xg)pq_p
( T, — (1 — )\).Tl + )\x2)pq

(1 =Nz — Amg)P17P
(1 = N)xy — Azg + @9)P2’

)\pq + (1 _ )\)pq

If (1 —X)x; — Azy < 0, the right hand side of (2.27) is

xl;q p

(1‘1 — (1 — /\)1’1 + )\l‘g)pq

\P4q

These two expressions are equal to p(I} T2, (z1, —3))?. The case (1 — )z —
Azo = 0 is simple and the remaining part can be treated in an analogous way.
. =2 .
Now, we extend the valuation I to P by setting

p(L, Pxp—ZpF Si, x)P

el

where {S; : i € I, dimS; = 2} C 77 is a dissection of P, that is, I is finite,
P = J;c; Si and no pair of simplices intersects in a set of dimension 2.

Given two different dissections, it is always possible to obtain one from the
other by a finite number of the following operations: a simplex is dissected into
two 2-dimensional simplices by a line through the origin, or the converse, that
is, two simplices whose union is again a simplex are replaced by their union (We
remark that the corresponding result holds true for n > 3, see [41]). Since I} is

a valuation on 77, this shows that LY is well defined on 53.

We have to prove that I is a valuation. To do so, let P,Q € 53 be two 2-
dimensional convex polytopes such that their union is again convex. We dissect
R? into 2-dimensional convex cones with apex 0 in such a way that each vertex
of P,Q,PNQ,PUQ lies on the boundary of some cone in this dissection. The
intersection of such a cone with the boundary of P and () are line segments
which are either identical, do not intersect, or intersect in their endpoints only.
Therefore I  is a valuation and obviously it is GL(2) contravariant of weight g.

We define the L, radial valuation [,/ by setting I, P =1 (—F). Now, (2.24)
implies the following result.

Lemma 8. Forp < 1, let Z : P; — (8% +,) be a valuation which is GL(2)
contravariant of weight 1 < q < 1/p. Then there exist constants c1,co > 0 such
that

ZP=cl P+p021 P

for every P € P2.

22



2.1.4 The 2-dimensional Covariant Case

Let Z : P2 — (8% +,) be a valuation which is GL(2) covariant of weight q. Let

q > 0. As before, let Y P(-) = p(Z P,-)? and denote the extension of Y to 5(2)
by Y. Note that Lemma 2 and Lemma 3 imply that Y is continuous on S*. We
define the valuation Y by Y P(-) = ?P(qb%l(-)) for every P € 5(2). From (2.4)
and (2.8) it follows that for ¢ € GL(2) with det¢ > 0

Y 6P() = |det o ¥ P67 05'e) = |det o Y P(6')

for every P € 5(2). So Y T? satisfies (2.16) with ¢ + 1 instead of ¢. From the
GL(2) covariance it follows that Y T?(x1, z9) = Y T?(—z9, —2;). Thus Lemma 5
shows that

YT12=Y TZ(L O)(gp,qﬂ T 9p,g+1° Y2) +Y TQ(Ov 1)(gp,q+1 ©% + 9p,g+1 o). (2.28)

Considering the limit
pa _ .pq

2 —x
li 1 2
wlirﬂ%-f— (.Tl — 1*2)17(14‘17
for fixed 2, > 0, we derive for p > 1 that Y 72(1,0) = Y 72(0,1) = 0 since Y T
is continuous on R*\{0} and has to be finite on the first median. This limit also
proves that Y T2(1,0) = YT?(0,1) =0 for p < 1 and ¢ > 1/p — 1. Now, (2.28)

implies the following result.

Lemma 9. Let Z : P — (8%, +,) be a valuation which is GL(2) covariant of
weight ¢ > 0. Letp>1,¢>00r 0<p<1,q>1/p—1. Then

ZP = {0}
for every P € P2.

For p < 1 and ¢ € (0,1/p — 1), we define J; by

p(J;,q T2, x)p = (gp’q+1 + gp7q+1 [e] ’}/2)(ng)

Similar to the contravariant case, J;,q can be extended to a covariant valuation
on P;. We define J, by J, P = J' (—P). Now, (2.28) implies the following
result.

Lemma 10. For p < 1, let Z : P? — (8% +,) be a valuation which is GL(2)
covariant of weight 0 < g < 1/p — 1. Then there exist constants cy,co > 0 such
that

ZP=cJ), P +p Ca Jpq P

for every P € PZ.
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For ¢ = 1/p — 1, the continuity of Y T? at the first median and (2.28) yield
that Y T%(1,0) = Y T?(0,1). Therefore we obtain the following lemma by using
(2.25), (2.26) and the identity ¢z I, P = 45" I, P.

2

Lemma 11. Let Z : P? — (8% +,) be a valuation which is GL(2) covariant of
weight ¢ = 1/p — 1. Then there exists a constant ¢ > 0 such that

ZP=cips], P

for every P € PZ.

2.1.5 The 2-dimensional Classification Theorems

Using the lemmas of the preceding sections and the planar case of Lemma 12 and
Lemma 17, we obtain the following result.

Theorem 3. For 0 < p < 1, an operator Z : P? — (82 +,) is a non-trivial
valuation which is GL(2) covariant of weight q if and only if there are constants
c1,co > 0 such that

(o' P*F, L, P* forq=—1/p

aly, P* ;LPCQII;QP* for —1/p<q< —1
ZP={cv=(P*+,(=P*)  forq=-1
CIJ;qP—T-pch;,qP forO<qg<1/p—1
(Y=, P forq=1/p—1

for every P € PZ. For p > 1, an operator Z : P3 — (8% +,) is a non-trivial
GL(2) covariant valuation if and only if there is a constant ¢ > 0 such that

7P = cyz(P* 4, (=P"))
for every P € P2.

Next, we consider an operator Z with centrally symmetric images. Note that
in this case also the extended operator Z has centrally symmetric images. Using
again the lemmas of the preceding sections and the planar case of Lemma 12 and
Lemma 17, we obtain the following result. Here I, , P =1, P +, L,P

Theorem 4. For 0 < p < 1, an operator Z : P? — (82,+,) is a non-trivial
valuation which is GL(2) covariant of weight q if and only if there is a constant
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¢ > 0 such that

(¢ 1, P* forq=—1/p

cl,,P* for —1/p<qg<—1
2P ={ cvs(P T, (-PY) forg=-1

ctpz 1,4 P for0<g<1/p—1

¢z I, P forq=1/p—1

for every P € PZ. For p > 1, an operator Z : Ps — (S?,+,) is a non-trivial
GL(2) covariant valuation if and only if there is a constant ¢ > 0 such that

7P = cyz (P* F, (—P"))

for every P € PZ.

2.1.6 The Contravariant Case for n > 3

Lemma 12. Let Z : P} — (S™,+,), n > 2, be a valuation which is GL(n)
contravariant of weight 0 < q¢ < 1. Then

Z P = {0}
for every P € Py.

Proof. From (2.6) we deduce that for z ¢ line;U- - -Uline, Ulin(Aje; — (1 —\;)e; )

fla) = N f(g5a) + (1= NP f () (2.29)

holds.  First, we want to show that f is uniformly bounded on the set
S"\{+ey,...,+e,}. To do so, note that since f is positive, equation (2.29)
for j =2 at (z1,1 — Ao, x3,...,2,) and (x1, —(1 — Xo), x3,...,%,) gives

f(ﬁl, (1 — )\2)(1’1 + )\2),1‘3, Ce ,l’n)

S (1’1, 1-— )\2,1’3, Ce ,$n), (230)
f('rla(]-_)‘2)(‘r1_>\2)7x37"‘7'rn> S

f
PUf (2, —(1 — Xo), @3, . . ., 2n(2.31)

Regarding the limit x; — — A one can deduce by (2.30) the boundedness of f in a
neighbourhood of —Ase; from the boundedness of f in a neighbourhood of —\seq+
(1 — Xg)es where the latter is a consequence of the homogeneity and continuity
of fon S" "\{+ey,...,+e,}. From (2.5) we conclude that such neighbourhoods
exists for every —e;,i = 1...,n. Proceeding in an analogous way but taking
the limit z; — Ay and taking (2.31) into account on obtains the boundedness in
suitable neighbourhoods at e;,;2 =1...,n.
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From (2.29) we know that

f(oy'm) = M f(z) + (1 = Xo)P7 f (3005 ')

for x ¢ line;U- - -Ulin e,,Ulin(e;+(1—A2)eq). Thus we obtain for (—1,1, 23, ..., x,)
by using the homogeneity and the non-negativity of f that

MNP F(=1, 1,3, x0) < f(—=X2,2 — Aoy Ao, ...y Aoy).
Since pg — p < 0 and f is bounded, this yields
f(=1,1,2z3,...,2,) =0, x3,...,2, €R.
Evaluating (2.29) at (—1,1,z3,...,x,) proves
0=Mf(=1,2\y — 1, 3,...,2,) + (1 = X)PIf (2N — 1,1, 23, ..., ).
for Ay # 1/2. Since f is non-negative,

f(=1,29,23,...,2,) =0, —1l<azy<1, x9#0, xz3,...,2, €ER,
flzy, Las, ... x,) =0, 1<z <1, x1#0, z3,...,2, €R.

Because of (2.3) we also have for —1 < 27 < 1, =1 < x93 < 1, 1,29 # 0 and
arbitrary xs, ..., T,

f($17_1>x37"'7xn) = 07
f(,zg, 23, ... ,2,) =0.

These last four equations prove that f is equal to zero almost everywhere on
R™. O

Lemma 13. Let Z : P} — (8™, +,), n > 3, be a valuation which is GL(n)
contravariant of weight ¢ = 1. Then

Z P = {0}
for every P € P.

Proof. By Lemma 2 and Lemma 3, f is continuous and uniformly bounded on
S™=1 except on line; U--- Uline,. By (2.6), we have for 2 < j <mn

fla) = X f(¢52) + (1 = N)" f () (2.32)
on R™ except on a finite union of lines. Using this repeatedly, we get
fl@) = X Nf (e dho) + Z Ap N @S5y - )

+(1 = No)P f(vhx)
> AL ARF(B - dha) o+ (1 — No)Pf(Wha).
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This implies for £ =1,2,.. .,

FU3 ) = N5 0> (1= Xo)PW D (gl - (15 ") ) (2.33)

=1

except on countably many lines. Define 2’ = x3e3+ - - - + z,6,. Evaluating (2.33)
at suitable e; + 2’ and multiplying by (1 — \o)P* shows that

k

i=1
Let k — oo. Since f is uniformly bounded and continuous at ¢! ---¢he; =
e1+ (1= Xg)ea + -+ -+ (1 — \p)ey, it follows that f(¢F - - - ¢he;) = 0. So we get
f(Lxe,...,2,) =0, 0<xo,...,2, <1.
From (2.5) we obtain (using the homogeneity of f) that
f(Lzo,...,x,) =0, zo,...,25 >0, 0<Xpyr,...,x, <L

So f(z1,...,x,) = 0 for xy,...,2, > 0. Considering —e; + 2’ and (2.33) like
before shows f(—xz1,...,—x,) =0 for z1,..., 2, > 0.

Note that (2.32) for j = 2 and arbitrary ¢ > 1 at (¢,¢, —1,¢,...,c) proves
(since p # 1) that f(c,c,—1,¢,...,¢) = 0. Let 1 < 0, x9,...,2, > 0, and
(1 —Aj)x1 + Ajz; > 0. By (2.32) and the fact that f vanishes at points having
all coordinates greater than zero we get

1
f(¢fl"’¢§x):mf($)

except on finitely many lines. Thus we obtain

NP NP f(=1,c—e,¢,...,¢) = f(Ph - dh(—1,c—e,¢,...,c))
=f(-1L,-14+XA+c—¢c),—1+X(1+¢),...., =1+ X (14+0))

for suitable ¢ > 0 and Ay, ..., A, > 1/(1 + ¢ —¢). The continuity of f shows
f(=1,x9,...,2,) =0, 0<xg,...,2, <c

But ¢ > 1 was arbitrary, so f(—1,29,...,2,) = 0 for xs,...,2, > 0. The
homogeneity yields f(—x1,x2,...,z,) = 0 for z1,29,...,2, > 0. In conclusion,
f(z1,...,x,) = 0if at most one coordinate is negative. Suppose f(z1,...,2,) =0
where at most 1 < k < n —1 coordinates are negative. Let x be chosen such that
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Ty Tprr < 0 and xgyo, ..., 2, > 0. Suppose xo < 21 < 0. Choose Ay with
0< .1'1/1'2 < A9 < 1. Then

_ _ x A
(s "x)r = (dot5 "2 1 _1)\2 1 _2)\2

(Wy'2)i = (¢o¢3'2); >0,  i=k+2,...,n

Since f (15 x) = N5 f(dheby 'w) + (1 — Ag)P9f (x) we obtain f(z) = 0. By (2.5) we
conclude f(z) = 0 for the case 1 < x5 < 0. O

T > 0,

In the following, we have ¢ > 1. Therefore Lemma 2 and Lemma 3 imply
that f is continuous on R™\{0}. In the proof of Lemmas 14 to 16, we use the
following remark. Suppose we have two functions fi, fo which are continuous on
R™\{0} satisfying (2.5) and such that for 0 < X\; <1, 7 =2,...,n,

filx) = X fi(dfx) + (1= \)" fi(y)

holds on R™. Further assume that these functions are equal for all points where
at most two coordinates do not vanish. Then an argument similar to that at the
end of the last proof shows that these functions have to be equal.

Lemma 14. Forp > 1, let Z : P} — (S",+,) be a valuation which is GL(n)
contravariant of weight ¢ > 1. Then

Z P = {0}
for every P € Py.

Proof. Define f(xl,azg) = f(x1e1 + w2e3). Then f is continuous and satisfies the
conditions of Lemma 5. The proof of Lemma 6 shows f = 0. By (2.5) this
implies that f(z;e; + xje;) = 0 for arbitrary 1 < 4,5 < n. Thus f vanishes on
R™\{0}. O

Lemma 15. Forp < 1, let Z : Py — (8™, +,) be a valuation which is GL(n)
contravariant of weight ¢ = 1/p. Then there exist constants c1,co > 0 such that

ZP:qI;PJ—pCQI;P
for every P € Py.

Proof. For x = xye1+ €5, note that p(L) ™, x) is a multiple of p(I; T?, (21, 23)).
This and an analogous argument as before proves the lemma. O]

Lemma 16. Forp < 1, let Z : P} — (S",+,) be a valuation which is GL(n)
contravariant of weight ¢ > 1, ¢ # 1/p. Then

7P = {0}

for every P € P.
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Proof. By (2.6) we have
fx) = Nf(p) + (1 — NP f (¥3)

on R™\{0}. Since e3 is an eigenvector of ¢4 and ¢ with eigenvalue 1, we get
f(xe;)) =0fori=1,...,n. For f(z1,29) = f(x1€1 + x2e2) this implies f(1,0) =

f(=1,0) = 0. Lemma 5 proves f = 0. 0

2.1.7 The Covariant Case for n > 3

Lemma 17. Let Z : P} — (S, +,), n > 2, be a valuation which is GL(n)
covariant of weight ¢ = 0. Then there exist constants ¢y, co > 0 such that

ZP=c; P+,c(—P)
for every P € P.

Proof. By Lemma 2 and Lemma 3, f is continuous and uniformly bounded on
S\ (ef U---Uel). By (2.7), the equation

flx) = f(¢;'z) + f(¥; 'x) (2.34)

holds for z ¢ e U---Uer U (Xe; — (1 —\))e;)+. Using this, we get by induction
1 n J J7=3

fork=1,2,...,
k

F(@5z) = f(y ' dha) + f(x) (2.35)

i=1
for x ¢ ey U---Uep o (61 + aje2)™ and a suitable sequence (a;). Define
' = x1e1 + w3e3 + x4eq + - - - + THe, Where 11,23, 24,..., 0, # 0 and x; # 1 — q;
for every 7. Then (2.35) at eo — ey + 2’ and the non-negativity of f show

f(X5(er —er) + ') > Zf(?#z_l()\é(@z —e1) +12)).

Let k — o0o. Since f is uniformly bounded, lim;_,o f(¥5 ' (Ay(ez — €1) +27)) = 0.
The continuity properties of f yield

-
f (1f1)\27 1_2§:7m3,...,xn) =0, foraxy,xs,...,2,F#0. (2.36)

From (2.36) we obtain that

flz1,29,...,2,) =0, for zy,x9,...,2, # 0 and not all z; have the same sign.
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For j =2,3,...,n and x = x1e; + x265 + --- 4+ x,€, Where all the x; have the
same sign, it follows that at least two coordinates of wj-’l(bja; have different signs.
Thus (2.34) gives

n—2 k
f<¢n e ¢2x) — f(x)’ for T ¢ ei‘u . .U@TJL‘UU(el +Z(1_)\2+i)62+i)J—' (237)
k=0 =0
Evaluating (2.37) at (1,...,1) gives
FL 4+ (= X) 4 (L= A)s s M) = F(L,. 1),

from which we conclude

flzy, ..o xn) = f(1,...,1), for0<azg,...,2, <1, x1=n—29— - —X,.
(2.38)
But (2.37) for positive s, ..., x, is nothing else than

flay, .o oixy) = fler+ (1= X)za+ -+ (1 — X)) T, Moo, .o, Any).
Choosing sufficiently small Xy, ..., \,, we obtain by (2.38)
flzy, ..o xn) = f(1,...,1), formx,...,x, >0, 11 =n—29— -+ — Ty.
Similarly, we derive
f(=x1,...,—x,) = f(=1,...,=1), foraxy,...,x, >0, zy=n—29 — -+ — Tp.
This shows that f(x) = ¢1 p(T™, )P + co p(=T", x)P. O

Lemma 18. Let Z : P} — (8™, +,), n > 3, be a valuation which is GL(n)
covariant of weight ¢ > 0. Then

Z P = {0}
for every P € Py.

Proof. Since ¢ > 0, Lemma 2 and Lemma 3 imply that f is continuous on S™1.
By (2.7) we have

fla) =N f (g5 ) + (1= X)) f (05 ') (2.39)
on R™\{0}. The vector ez is an eigenvector with eigenvalue 1 of ¢, and ¥, . So

for pg # 1, (2.39) and (2.5) imply f(£er) = 0 for k = 1,2,...,n. For pg = 1,
(2.39) evaluated at e; for j > 1 yields

fle)A;? = flej — (L= Aj)er).
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Since f(e; — e1) has to be finite and f is continuous, f(e;) has to be zero. Thus
also in this case f(£er) =0 for k=1,2,... n.
Hence (2.39) gives

UL =Ajer+ Ajej) = A f(eg) + (1= Aj)" f(er) = 0.
Therefore f(z1e1 + ¢e;) = 0 for positive z1. Using (2.39) again shows
fl=er) = X f(=er) + (1= )" f(—er + Nje),
and so f(xi1e; +¢€;) =0 for z; < —1. But
Fles) = XTPF(—(1 = Ajer +e5) + (1= X" f(e5),

which proves, together with the observations made before, that f(zie; +¢;) =0
for all 1. By (2.5) this implies that f(e; +z;e;) = 0 for all ;. The homogeneity
of f shows f(z1e; + z;e;) = 0 for all z1,2;. Thus f vanishes on all points with
at most two coordinates not equal to zero.

We use induction on the number of non-vanishing coordinates. We assume
that f equals zero on points with (j — 1) non-vanishing coordinates. Set z’ =
Toes + -+ 1e,_1. By (2.39),

f((l — )\j)el -+ )\jej -+ l’,) = )\?qf(ej + $/> + (1 — )\j)qu(el + CL’/) = 0;

which gives f(z1e1 +e; +2'/\;) = 0 for 23 > 0. Therefore f(x1e; +e€;+2') =0
for all z; > 0 and 2’ = z9eo + - - + xj_1€;_1. But by (2.39)
fl=er+2') = Nf(—er+2") + (1= NP f(—er + Xy 5 + (1= \y)2),
fleg+a) = NTPF(—(1=XN)er + e+ ') + (1= X)Pf(e; + N ).
So f(zie1 +e; +2') = 0 for all ; and 2’ = x9ey + -+ + zj_1¢;_1. By (2.5),

f(er +zje; +2') =0 for all z; and 2’ = x9e2 + - - - + j_1€;_1. The homogeneity
of f finally shows that f(zie; + -+ xje;) =0 for all zy,...,x;. [
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Chapter 3

Properties of L, Intersection
Bodies

In the preceeding section we proved that there is essentially one way how to define
intersection bodies within the dual L, Brunn-Minkowski theory. Now, we will
have a closer look at these objects.

In Section 3.1 we start by establishing an approximation result for intersection
bodies. A motivation for doing so is the somehow surprising result of Theorem 1.
One would have expected a one-parametric set of solutions as in the corresponding
result on intersection bodies. So it is reasonable to explore what happens to L,
intersection bodies and their nonsymmetric analogues for p close to one. The
answer is given in Theorem 5. We prove that every intersection body of a convex
body is the limit of (nonsymmetric) L, intersection bodies. This enables us
to obtain results on intersection bodies from corresponding ones on their L,
analogues.

In the remaining sections of this chapter, we derive results which further
indicate that the operator I, can be viewed as the L, analogue of the intersection
body operator. Results of this type have already been given. An extremely nice
example which perfectly shows the analogy of I and I, is the following. Goodey
and Weil proved in [18] that the intersection body of a star body is the limit of
finite radial sums of ellipsoids. Here, the limit is taken with respect to the metric
on 8™ induced from uniform convergence of radial functions. (In fact, they proved
even more, namely that such limits are precisely a slightly more general class of
intersection bodies.) Thus the radial function p(I K, -) of a star body K is the
uniform limit of L; radial sums of ellipsoids, i.e.

E1ET 1B,

What one would expect is that p(I, K,-) can be uniformly approximated by L,
radial sums of the form
Ei+, Es+, -+, Ex.
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In fact this is true, as was shown by Kalton, Koldobsky, Yaskin and Yaskina [28].
An other example where I, behaves like I can be found in Yaskin’s and Yaskina’s
solution of the L, Busemann-Petty problem [61]. We discuss this in detail in
Section 3.5.

We will not only deal with the operator I, but also with its companion I.
What we can conclude from results of Sections 3.3 and 3.5 is that properties
of I and I, which are true for origin symmetric sets become true also for non
symmetric ones. One just has to work with [ instead of I or L,!

Before we continue, we want to point out a connection between L, intersection
bodies and cosine transforms. For a function f € C'(S"') and p < 1, the L_,
cosine transform is defined by

C, f(v) :/ - o P f(u) du, for ve S
Sn—l

We further introduce the nonsymmetric L, cosine transform

Ch, f(v) = / lu-v| 7P f(u)du, for ve S
Sn—1ny+
A change into polar coordinates proves

p( K,v)P = ((n—p)L(1—p)) (Cp p(K, )" ) (v), (3.1)
p(Iy K,v)P = ((n—p)L(1—p)) " (CL, p(K, )" ) (v), (3.2)
for a star body K and v € S™~!. This enables us to prove that I, and [ map
the unit ball B™ C R" to balls of radii 71, and Tt respectively. Indeed, relation

(3.2) yields

wn 1 D((1 = p)/2)T((n - 1)/2)
2(n —p)I'(1 = p)'((n —p)/2)

Note that the volume k,, and the surface area w, of B"™ are given by

/2 2n/2
STt T T (3:3)

So by (3.3) and the formula
221—1 1
I'(2x) = NG [(x)l (x + 5) , (3.4)
which holds for complex numbers = and x + % that do not belong to —N U {0},
we obtain

Kn

. oo/
" T = T = )T = p/2) (3:5)

for p < 1 which are not integers. Obviously, 77 = 2},
P
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3.1 Approximation of Intersection Bodies

The next theorem clarifies the behavior of the L, intersection body of a convex
body as p tends to one. Before we go into detail, we collect some topological no-
tions. Let K™ be topologized as usual by the topology induced from the Hausdorff
distance

§(K,L)= sup |h(K,u)—h(Lu)|=:|hK,-)—h(L,)||e, for K,LeK".

ueSn—1

The natural metric on 8™ is

IK,L)=||p(K,-) —p(L,")||oo, for K,Le€S".

Denote by Kf the set of convex bodies containing the origin in their interiors.
The announced approximation result is as follows.

Theorem 5. For every K € K, we have
SIFK,IK)—0 and 0(I,K,21K) — 0,
forp /1.

This makes it plausible that there exists only a one-parametric set of L, radial
valuations for p = 1 whereas we have a two-parametric one for p < 1.

Before we start to prove the theorem, we remark that the radial function
of I} can be given in terms of fractional derivatives. Suppose h is a continu-
ous, integrable function on R that is m-times continuously differentiable in some
neighborhood of zero. For —1 < ¢ < m, ¢ # 0,1,...,m — 1, the fractional
derivative of order ¢ of the function A at zero is defined as

1

RD(0) = —— /01 t1a (h(t) —h(0) —--- = h(m_l)(o)(mL__ll)!) dt

(N 1 A0
r<—q>/1 RO A S D g

k=0

For a non-negative integer k < m we have

k
lim A9 (0) = (—1) d

lim —h(Blio. (3.6)

If 0 <p<1and K € K, we get by Fubini’s theorem
b / T Ao (1) dt = AP(0) (3.7)
I'(L—p) Jo ’

where Ak ,(t) = vol(K N {z € R" : x-v = t}) denotes the parallel section
function of K in direction v € S™!. For details on fractional derivatives we refer
to [33, Section 2.6].

p(ly K, v)P =
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Proof. Suppose 0 < p < 1. First, we prove the pointwise convergence
p(Lf K,u) — p(IK,u), ue S, (3.8)

as p tends to one (cf. [33, page 9]). We can approximate K € Kf with respect
to the Hausdorfl metric by bodies belonging to Kf which have infinitely smooth
support functions (cf. [58, Theorem 3.3.1]). Note that

for every K € K. (3.9)

This yields an approximation of K with respect to the radial metric by convex
bodies with infinitely smooth radial functions. Note that by (3.5) and the repre-
sentation of the radial function of I as spherical Radon transform (see [42, formula
8.5]) we obtain for K, Ky € K*(r,R) with R > 1, p > 1/2

o Ky, u) = p(I Ko, u)| < AR'®?5 30Ky, Ko),
(K1, u) = p(TK,u)| < (n— Dw, 1 R72(K, Ko),

where 79 > 0 denotes the minimum of the Gamma function on R*. So in order
to derive (3.8), we can restrict ourselves to bodies K € Kf with sufficiently
smooth radial functions. For such bodies, Ak, is continuously differentiable in a
neighbourhood of 0 (cf. [33, Lemma 2.4]). So (3.6) and (3.7) prove (3.8).

For £ € N, let 0 < pr < 1 be an increasing sequence which converges to one.
Define functions

n u 1/pk
o = o (g

fR(w) = <W)l/pk7

fiu) = V(Knut)= e

on S™~. We need the following result of Borell [5] which was strengthened in [17]:
For a compact convex set K with nonempty interior and an integrable, concave
function f : K — R, the function

F) = (agrmrm J dl“); /

where B denotes the beta function, is decreasing on (—1,0). Thus the sequence
fi is increasing.

Since o is an interior point of K, there exists a constant ¢ > 0 such that
V(K Nut) > 1 for every u € S"~'. Thus ¢~ /P f} is increasing, too. So f}
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and ¢~/ f2 are monotone sequences of continuous functions converging point-
wise to continuous functions on a compact set. Therefore they converge uniformly
by Dini’s theorem. Thus

(L, Kou) ™ = fifi fi(u) — p(LK u) ™!

uniformly for k — oo.
The other assertion of the theorem immediately follows from the definition I K =
[(—K) and the relation

IpK:I;Kjlp L, K.

3.2 An L, Ellipsoid Formula

In [8] Busemann showed that the volume of a centered ellipsoid £ C R" can
essentially be obtained by averaging over certain powers of (n — 1)-dimensional
volumes of its hyperplane sections. To be precise,

ﬁn—Q

V(B = /S vol(Enut) du (3.10)

n
nﬂnfl

This formula is the hyperplane case of a more general version due to Fursten-
berg and Tzkoni [12]. They proved a similar formula for i-dimensional sections,
0 < 7 < n, where the average is taken with respect to the rotation invariant
probability measure on the i-dimensional Grassmann manifold. Guggenheimer
[23] established a companion of (3.10) which involves the surface area of E, S(E):

V(E)"'S(E) = = / vol(E Nub)" du. (3.11)
anl Sn—1

Lutwak [44] obtained a more general ellipsoid formula which contains (3.10) and
(3.11) as special cases:

n—2
“j; / vol(E Nut)" M vol(F Nu) ™ du = V(E)" 'V (F)™ / h(F,u) dv(u).
Kp—1 Jgn-1 OE

Here, E, F are centered ellipsoids and dv(u) denotes the area element of OF
whose outer unit normal is u. Moreover, this result establishes a formula similar
to (3.11) involving the mean width of FE.

We extend this formula using L, intersection bodies. From our equation one
can obtain the formulas of Busemann, Guggenheimer, and Lutwak by taking the
limit p — 1.
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Theorem 6. For 0 < p <1 and two centered ellipsoids E and F we have

Vyo(Ib B,TH F) = s R2TVPY (B Rey (pY ey, (BVF). (3.12)

The terms V5_, and XN/p_g stand for certain L, mixed and dual L, mixed vol-
umes. As we mentioned in the introduction, Lutwak [45] extended the classical
Brunn-Minkowski theory to the L, Brunn Minkowski theory in the Ninteen Nine-
tees. The starting point of his studies was the mixed L,-Quermassintegral. For
p > 1, Lutwak defined

V(K +, e'?L) — V(K)

p,.
V,(K,L)==1 3.13
p(K, L) = lim . (3.13)
and proved the formula
1
V,(K,L) = ﬁ/ h(L,u)’h(K,u)'"? dS(K,u), (3.14)
Sn—1

where K,L € K{ and S(K,-) denotes the surface area measure of K. The
corresponding notion within the dual L, Brunn-Minkowski follows from merging
volume with radial L, addition. By the polar formula for volume we have

~ K+,e?L)-V(K) 1

VoK. L) i= 2 lim VIE +ye - )= VIE) _ ; /S (L, w)? p(K, u)" " du

(3.15)

for two star bodies K, L € 8" and 0 < p <n. If K and L contain the origin in
their interiors, we can define V, (K, L) for arbitrary p.

Proof. We denote by E, F the ellipsoids which are dilates of £, F' with volume
Kn. S0 ) )
E=)E and F =ukF

where

A= (ko /V(E)Y™ and  p = (k,/V(F))Y".

We write ¢z for the linear transformation which maps the unit ball B, to E. So
¢f has determinant +1.
The main tool in the proof will be the equation

Vo E*, F*) = Vo_(E, F). (3.16)
From (3.13) and (3.15) we get for ¢ € SL(n)
Vpa(0K,0L) = Vps (K, L), V(0K 0L) = Vpo (K L),
Identity (3.14)shows

1
Vo (K, L) = - /S - h(L,u)* Ph(K,u)P~ " dS(K,u).
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Hence

V2*P<Bm L) = %*Q(Bm L*)'
These preparations enable us to derive (3.16) by

Voo B F*) = Vool(0Bn)*, F*) = Vyos(¢5 By F*) = Vy_o( B, 05 F)
= Vé*p(Bm (¢tEF*)*) = ‘/27p<Bm (b;jlp) = ‘/éfp((ﬁEBmF)
= Vo, (E,F).

We use obvious homogeneity properties of ‘71,,2 and V,,_o, which follow from their
integral representations, for extending (3.16) to our ellipsoids F and F. Indeed,

Voo(B*, F*) = Voa((A'E), (7' F)") = Vo (AE", puF)
= NV (B FY) = XV (B, F)
= NV, (E,F). (3.17)

As was shown at the beginning of this chapter, [] maps the unit ball B, to the
ball i+ By, so by the GL(n) contravariance of I} we have

_ -1 _ y1—n o \1-n _
IPE = DX'E=X"PIYE=X""1¢zB,

)\l—n/prI;¢EtBn _ )\l_n/pTI;E*

)x_"/prI;rE*.
We obtain

%_2(1; E.'F) = Tﬁ/\_"/p(”+2_p)u_”/p(p_2)‘7],_2(E*, F)

— T;gr/\—n/p(n+2—p)+2n,u—n/p(p—2)‘/2_p(E7 F).
Substituting the values of A and p finishes the proof. [

An application of Theorem 5 in (3.12) for the special choice E = F proves
Busemann’s formula (3.10). Guggenheimer’s relation (3.11) is the limiting case
p /' 1 for F = B, of (3.12). Taking the limit p " 1 in (3.12) without fur-
ther assumptions on the ellipsoids yields the formula of Lutwak for intersection
bodies.

3.3 Injectivity Results

We start by collecting some basic facts about spherical harmonics. All of them
can be found, for example, in [21].
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Let {Yy;: 7=1,...,N(n,k)} be an orthonormal basis of the real vector space of
spherical harmonics of order k € Ny and dimension n. We write

fed Y (3.18)
k=0
for the condensed harmonic expansion of a function f € Ly(S™!) where
N(n,k)
Yy = Z (fs Y)Y
j=1

Here, (f,g) stands for the usual scalar product [, , fgdu on Ly(S"'). The
norm induced by this scalar product is denoted by ||.||2. For a bounded integrable
function ® : [—1,1] — R we define a transformation T on C(S™™1) by

(Te f)(v) := / ®(u-v)f(u)du, veS
Sn—l
If Y}, is a spherical harmonic of degree k, then the Funk-Hecke Theorem states
that
Tq> Yk = and(T.:p)Yk (319)

with
1

i (Te) = wn_1 / () PR (t)(1 — )2 (3.20)
~1
where P is the Legendre polynomial of dimension n and degree k. If (3.18)
holds, then

Tcpf ~ Zan?k(T(y)Yk. (321)
k=0

This remains true for arbitrary ® provided the induced transformation Ty maps
continuous functions to continuous functions, satisfies (Tq f,9) = (f, Te g) for
all f,g € C(S"') as well as (3.19). So (3.21) and Parseval’s equality show that
such transformations Tg are injective on C'(S"™') if all multipliers a, ;(Te) are
not equal to zero.

If m > 0, A" stands for the m-times iterated Beltrami operator. For a function
f: 5" ! — R for which (3.18) holds and AT f exists and is continuous, we have

A f ~ (—1)mikm(k+n —2)"Y;. (3.22)

k=0

We will deal with smooth functions on the sphere and their development into
series of spherical harmonics. For this purpose, we need information on the
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behavior of derivatives of spherical harmonics. For an n-dimensional spherical
harmonic Y}, of order k and all u € S™~!

(DYie(w/[|2]1))amul < cajalk™ |V, (3.23)

where o = (v, ..., ), D* = 01 /(0x) ... (0x,)* and |a| = a; + ... + ay,.

Define

7201 = p)L((k +p)/2)
Ytk —p)/2)

Lemma 19. Assume p < 1 and that p is not an integer. Then the multipliers of
C* and C_, are

(3.24)

Cnkp =

p

(= 1)+ cOS (Wﬂ) k even,

+ _
an,k(C—p) - { (—1)(16_1)/26”’]”; sin (ﬂ'%) k Odd,

and ( )k/2+1 ( 1+p)
- -1 2¢h kpcos (T5F) K even,
%“Cp)—{o k odd.

The multipliers a, (C_,) appeared in their full generality already in [32]
and [56]. In our situation they are an obvious consequence of the formula for
ank(CT,). In dimensions three and higher, Rubin [57] calculated a,,(C,) using
associated Legendre functions. We present a more elementary proof and establish
the representation of the multipliers also in dimension two.

Proof. First, we assume that n = 2. Then the relation
P2(t) = cos(karccost), k € Ny.

holds for ¢ € [—1,1]. Therefore we obtain
1
az,(CT,) = 2/ t7P(1 — t3)"Y2 cos(k arccos t) dt
0

/2
= 2 / cos Ptceosktdt
0

mI'(1 —p)
27T(2—p+k)/20((2—p—k)/2)

where the last equality follows from [54, 2.5.11, formula 22|. If z € C is not a
real integer, then Euler’s reflection formula states

7

Fx)'(1—2)=

sinmx’
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Thus
T

I'((2-p—k)/2)
which finally gives

=I((p+k)/2)sin(x(p + k) /2),

I'(1 —p)sin(r(k + p)/2)L'((k + p)/2)
27°T((2+ &k —p)/2) '
An application of a standard addition theorem to the involved sine proves the

first part of the lemma in dimension two.
Now, let n > 3. Then we can use the following connection between Legendre

a2,k<Ci_p) =

polynomials P' and Gegenbauer polynomials C’,in_z)/ 2,
n k +n—-3 ! n—2)/2
PR (t) = ( o ) CcmAR ), (3.25)

Assume further that k = 2m+1, m € Ny. Combining (3.25) and (3.20) we obtain

k+n—3\"" [t _
an,k<c+p>:wn_1( Zn33) / (L= )P ) dr.
- 0

The odd part of [55, 2.21.2, formula 5] yields the following expression for
amk(Cfp):

k+n—3\'(=1)m22m" (n—2 1+p n—1 2—p
n— s B ) )
“ 1( n—3 > enrni\ 2 )\ 2 ) Pl T

where (a); denotes the Pochhammer symbol. Rewriting this in terms of Gamma
functions gives

Ly 22 (g 3\ T (= 1) l/20k1
R (TR V) ( n—3 ) k!
((n+k-1)/2)T((p+k)/2) T((n — 2+ k)/2)T((2 — p)/2)

I'((n-2)/2) T(1+p)/2) I'((n+k—p)/2) '
(3.26)

Formula (3.4) yields

F(n—Q—i—k)F(n—l—i—k) I'(n—2+k)/m

2 2 - In—3+k ’
r n—2 r n—1\ _ F(n—2)ﬁ'
2 2 2n—3

Substituting this in relation (3.26) and using an representation of the binomial
coefficient occuring in (3.26) in terms of gamma functions one obtains

a2 (1) DR (k4 p) /2)T((2 — p) /2)
L((1+p)/2)L((n+k —p)/2) '
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Since

(1 )FE:;])S - f/(_(;(lp)/i)sﬁn(ﬁngp)/z),
p(l=p\p(2-p\ _ VAL1-p)

2 2 27p ’

we obtain the desired representation of an,k(Cfp) in the odd case.

If k is even, one can proceed in a similar way by using the even case of [55, formula
2.21.2, 5]. The computation of the multipliers of C_, is an easy consequence of
the results above since Legendre polynomials of even degree are even and of odd
degree are odd. O]

An immediate consequence of Lemma 19 and the remarks before it is

Theorem 7. Ifp < 1 is not an integer, then the transformations Cfp OS5 —
C(S™ 1) and C_p, : Ce(S™ 1) — Ce(S™ 1) are injective.

(C.(S™1) stands for continuous, even functions on the sphere.) The represen-
tations of the multipliers a,(CT,) and a,,(C_p,) obtained in Lemma 19 allow
us to extend them to all p € R\Z. Moreover, they give us the possibility of
examining their growth as k becomes large. In fact, by Stirling’s formula

lank(CE)] = O(RY),  k— oo, (3.27)

for p € R\Z. Moreover, for 0 < p < 1 exist constants ¢;, co which depend only
on n such that for sufficiently large k

Lip\ | 7L o=p/2(1 _ ) 118
_ c1 |cos 27P21(1 kP k even,
ans(Ct) 1 < § Coloos (TR 2T —p) kY kew (328)
¢y [sin (7 H2)| 7 27P20(1 — p) kP K odd,
where § =n/2 —p.
For f € C*(S™!) which satisfies (3.18) we set for arbitrary p € R\Z
CE, fu) =Y ani(CH)Vi(w), for ue S, (3.29)
k=0

In order to show that this is well defined, note the following. An application of
Parseval’s equality to (3.22) proves [|[Yi||2 = O(k™*™), k — oo. Combining this
with (3.27) and (3.23) for a = 0, it follows that the series occuring in (3.29)
is uniformly convergent on S"~' since f is infinitely smooth. In fact, C* (f) is
infinitely smooth by analogous arguments and well-known facts on convergence
of infinite series.

Let C2°(S"!) and C2°(S™!) denote the subspaces of even and odd infinitely
smooth functions on the sphere, respectively. Denote by m., 7, the projections
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which assign to each f € C*°(S"!) its even part (f(u)+ f(—u))/2 and odd part
(f(u) — f(—u))/2, respectively. Define

;' = 2" PT(1 — p)I(1 — n+ p) cos(m(1 + p)/2) cos(m(1 +n — p)/2),
b= 2" (1 — p)I(1 — n + p)sin(a(1 + p)/2) sin(7 (1 +n —p)/2).
The terms which involve gamma functions with a dependence on k and p in the

representations of the multipliers a,, ;(C* ) reverse if one replaces p by n — p.
Therefore we obtain the following

p

Theorem 8. If p is not an integer, the transformation C; is a bijection of
C>=(S™1). Moreover, the inversion formula

(CH) ™t =C), oceme + como)
holds.

For n > 3 this was shown in [57] and the inversion formula for C_, can be
found in [56].
Now, we return to geometry. The geometric reformulation of Theorem 7 is as
follows.

Theorem 9. Forp < 1, p ¢ 7Z, the operators Ilf S —=S"and I, : S — ST
are injective.

(S8” denotes the set of symmetric star bodies in R™.) We point out that the
nonsymmetric L, intersection body operator LT determines also nonsymmetric
star bodies uniquely. This is in contrast to its classical analogue which is injective
only on centrally symmetric sets. Note that there exists work of Groemer [22]
and Goodey and Weil [19] which ensures that certain sections determine also
a nonsymmetric body uniquely. But in the L, theory, the nonsymmetric L,
intersection body operator is itself injective on all star bodies.

A stability version of Theorem 9 is as follows.

Theorem 10. Suppose 0 < p < 1. For vy € (0,1/(1+ ()) and K,L € K"(r, R)
there is a constant ¢y depending only on r, R,p,n,y such that

0(K, L) < crd(L} K, I} L)>/( 0,
If in addition K and L are symmetric, then

§(K, L) < ¢0(I, K, 1, L)»/ (D),
where co 18 again a constant depending just on r, R,p,n, .

The proof of this result follows the approach suggested by Bourgain and Lin-
denstrauss [6] which was also used in [27] to establish stability results involving
transformations T¢ for bounded ®.
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Proof. In the proof we denote by dy,ds, ... constants which depend on r, R, p,~y
and n. We write ¢, ¢, ... for constants depending on r, R, n only. Define

02(K, L) = ||p(K. ) = p(L )2

The ball B(0,r) is contained in K, L, hence

02(K, L) < ((n—p)r" 1) Y p(K, )" " = p(L, )" .
Groemer [20] proved that
(K,L)<2 (%) e Ry~ (43 (0§, (¢ 1) (),
Therefore
0K, L) < ea((n = p)r =) 2D p(K ) = (L)l Y (3.30)

The operator I maps balls to balls by (3.5). Since I} B(0,r) C L} K, I L,
we get i
lp(y K, )P = p(L} L, -)P[la < p(r™/P= g )P4 00(T KT L),

p

Together with the trivial estimate dy(L" K, LT L) < /0,0(Lf K, I L) we deduce
that

I 1, — p(TE L Pl < (P i WS KT D). (331)
So by (3.30) and (3.31) it is enough to prove
lp(E, )" = p(Ly )" P2 < dellp(Ly K- = p(1) L, )P 113,
for some constant dy. For simplicity we write f := p(K,-)""? — p(L,-)""? and
f=1/T1=p)f
Relation (3.9) and the estimate

(K1) = h(EKa,0)] < Rlju — ol] + max{ul, |o|}(K, L)

for arbitrary vectors u, v and convex bodies K, K contained in B(0, R) (cf. [58,
Lemma 1.8.10]) proves that f is a Lipschitz function on S"~! with a Lipschitz
constant A(f) which is at most 2(n — p) R" P11,

Assume (3.18) holds for f. Since f € C(S™!), the Poisson transform f, satisfies

1 1—72 K el
fT(u>':w_/5n1(1—|—7'2—2T( )n/2 dU—ZTYk ), for we S".
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for 0 < 7 <1 (cf. [21, Theorem 3.4.16]).
Since (—f3/(elnT))? is the maximal value of the function x — 2°7% z > 0, we
have

B B B B
wra-ns (Sz) o= (2) (7)< (2) e
(3.32)

By (3.28) we derive the existence of a constant c3 and a positive integer N such

that
1+p . 1+p\|™
csmax 4 |cos | T sin [ 7 :
2 2
Q7P (1 — p) Mank(CL)|
=: Cg@(p)lan,k(ci—p”
for k > N. Define

-1

k—ﬁ

IA

’

dy = rnax{ max {7%(3/e)Pa(p) (1 — T)ﬁ|an,k(Cfp)\l},cg} :

1<k<N
Thus by (3.32)
7 < di(B/e)’a(p)(1 = 1) Plani(CL,)| =: d2(1 = 7)lank(CL,)], for k € No.

Combining this with Parseval’s equation and (3.21) gives

I£03 = ZT%HYkHQ < dy(1 wZ\ank PPV
k=0
= dy(1 7)) CE, fIIR = d§(1 - T) Pt £l (3.33)

where d3 := I'(1—p)dy. The Cauchy-Schwarz inequality, the estimate || f— f; ||oo <
caM(f)(1 —7)In(2/(1 — 7)) for 7 € [1/4,1) (cf. [21, Lemma 5.5.8]) and (3.33)
yield

A

718 < 1 = 51 < [ 15 duls = Fole+ 1l
< (Vwnllf = frllo +11f712) 117112
(c5r1(n —p)R" P (1 —7)In 0

A

2 =11 k) Il
(3.34)

By (3.5), the quotient || C}f f||»/R™ can be bounded from above by cgr?, . If we

set 143
(4/3) o,

In(8/3) !
45
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then -
2 ¢l
1—7 Rr—r
for a certain value 7 € [1/4,1). So finally for this 7 and every v € (0,1/(1 + f3))
we have by (3.34)

dy(1 — T)Hﬂ In

Ifllz < (esr™(n = )R P RY T 4 dy) || O, flla(1 = 7) 7
= ds|| CL, fll2(1 = 7)7"

2 \'7’ ;
= ROPI=Dg gt (1 — ) 0+0) (log 7 ) 1CE, fI13
T

VAN

R—P)(1=7) dBdi—W max{(3/4)1_7(1+5) (In(8/3))'77,
20 (1= ) /(e(1 = v(1+ B) " HIC, I3
< dsdydg|| CF, f13
In conclusion we obtain
(5<K, L) S C7((7L . p)rnfp71)72/(n+1)<d5d41177d6)2/(n+1) .

v/(n+1) .
. <02])(7""/’”_17’1;r )p_1> (5(1;0r K, I;)r L)QW(”H).

This settles the first part of the theorem. The proof of the second part follows
the same lines noting that f is now an even function and therefore the odd
coefficients in the condensed harmonic expansion of f vanish. O]

An other application of Theorem 5 is the proof of a stability theorem for
intersection bodies (cf. [20]).

Corollary. For v € (0,2/n) and centrally symmetric K, L € K"(r, R) there is a
constant ¢ depending only on r, R,n,~ such that for

§(K,L) < cd(1K,1L)>/ ™+,

Proof. Choose 7, =2/(n —2p+2)+~ —2/n. Then the second part of Theorem
10 gives

§(K, L) < co(0(I, K,21K) +§(21 K, 21 L) 4 6(21 L, 1, L))/ (1),

The sine-term in the definition of a(p) is not involved within the centrally sym-
metric case. Therefore the constant ¢, converges as p tends to one as one can see
from the definitions of constants d;. O

The next two results particularly show the announced analogy between inter-
section bodies and their L, analogues. A star body is called L, intersection body
if it is contained in I, S™.
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Theorem 11. Suppose 0 < p < 1 and let S € 8" be an L, intersection body.
Then there exists a unique centered star body S. with 1, S. = S. Moreover, this
star body is characterized by having smaller volume than any other star body in
the preimage I;l S.

For intersection bodies, the corresponding result was proved by Lutwak [42].
To construct the desired body of the last theorem we need the following definition.
For each star body K € 8™ we define a symmetric star body by

~ 1 ~ 1
VpK = 5 : K+n—p 5 : (—K)

The expression 1/2 - K stands for 2"/®=" . We will make use of the following
inequalities for 0 < p < 1. From Holder’s inequality and the polar formula for
volume we obtain the dual L,_, Minkowski and the dual L, Minkowski inequality

Vo (K, L)* < V(K»V(L)"?, (3.35)

V(K,L)" < V(K)"PV(L), (3.36)

for arbitrary star bodies K and L. If K,L # {0}, equality holds in (3.35) or
(3.36) if and only if K and L are dilates. The polar formula for volume of star
bodies together with the linearity properties of dual mixed volumes give

V(K¥n_pL) = Vo p(K¥n_yL, K+, L) = Vi y(KFn_pL, K)+V,_(K+,_,L, L).
Thus (3.35) yields the dual L, Kneser-Siiss inequality
V(K ¥, L) P/ <V (K)=p/n Ly (Lyn=plin, (3.37)

Equality holds for star bodies K,L € 8", K,L # {0}, if and only if they are
dilates.

Proof. Let S € S™ be chosen such that ng = S. The star body
S, = 6;5

is centrally symmetric. Representation (3.1) immediately shows that I, %pSC =S.
But I, is injective on centrally symmetric sets which proves the first part of the

theorem.
Since (1/2) - K = (1/2)Y " P) K we obtain from (3.37) that

V(V,K) < V(K) (3.38)

with equality if and only if K is centered. If K is an arbitrary star body which
is mapped to S by I,, then V,K = V,S. So

V(V,5) = V(V,K) < V(K)

with equality if and only if K is centered by (3.38). This establishes the second
part of the theorem. O
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Theorem 12. For given star bodies K, L € 8™ and 0 < p < 1, the following
statements are equivalent:
LK = 1,L, (3.39)
V,K = V,L, (3.40)

Vo(K,M) = V,(L,M), for each centered star body M € S". (3.41)

Formally setting p = 1 and I; = I, the corresponding equivalence (3.39) <
(3.41) was established in [42] and (3.39) < (3.40) can be found in [14].

Proof. First, since [, K =1, 61,[( as well as I, L =1, 6},[, and I, is injective on
centrally symmetric star bodies, (3.39) implies (3.40). Conversely, the identity
V,K = V,L means

1 1 1 1
ip(Kv U)n—p + ip(_Kv U)n—p = ép(La U)n—p + §p<_L7 U)n_p

for every v € S"~1. Therefore

1

1
—/ |u-v|_pp(K,v)"_pdv+—/ lu-v|Pp(K,—v)"Pdv =
2 Sn—1 2 Sn—1
1

1
= / lu-v|Pp(L,v)" Pdv+ = / lu - v|Pp(L, —v)""Pdv
2 Sn—1 2 Sn—1

The invariance properties of the spherical Lebesgue measure show that (3.39)
holds.
Second, suppose that (3.39) holds. Thus

/ lu-v|Pp(K,v)" Pdv= / lu-v| Pp(L,v)" Pdv, YueS"
Sn—1 Sn—1

By Fubini’s theorem we conclude

K,v)"™? | 7P dudv = L,v)"™? | 7P dudv,
oty [ e rpdudo = [ ooy [ el ) dude

for suitable f. The remarks after Theorem 8 show that

/ p(K,v)"PF(v)dv —/ p(L,v)" PF(v)dv, for F € C®(S™1).
gn—1

Sn—1

An approximation argument proves that V,(K, M) = V,(L, M) for each centered
star body M.
Finally, assume that (3.41) holds. Define a centered star body M by

pL = [ ol )
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where f is now a continuous, nonnegative function on the sphere. Applying (3.41)
for this special M, we get

(v)(p(I, K,v)? — p(I, L,v)?P)dv = 0. (3.42)

Sn—1
For arbitrary continuous functions f we can deduce (3.42) by writing f as the
difference of its positive and negative part. Thus p(I, K, )P = p(I, L, ). O

3.4 L, Version of Hensley’s Result on Intersec-
tion Bodies and the Slicing Conjecture

A compact set K C R™ with volume 1 is said to be in isotropic position if for

each unit vector u
[ o = 13
K

where Ly denotes the isotropic constant of K. Hensley [26] proved the existence
of absolute (not depending on K and n) constants ¢;, co with

p(1K, u)

DL v gt 3.43
> p(IK,U) = Co, u7U€ ) ( )

C1

for symmetric convex bodies K in isotropic position. In fact, even more is true,
namely

— < p(IK,u) <— 44

for all unit vectors v and universal constants ¢y, ¢s.

One of the major open problems in the field of convexity is the so called
slicing conjecture. It asks whether the isotropic constant for centrally symmetric
bodies can be bounded from above by a universal constant. Relation (3.44)
shows that this is equivalent to bound ||p(I K, )|/, by a constant independent
of the dimension and the symmetric body K which is supposed to be in isotropic
position.

We prove that (3.43) is also true for L, intersection bodies and establish an
equivalent formulation of the slicing conjecture in terms of L, intersection bodies.
To do so, we prove inequalitites between radial functions of I and I, first.

Theorem 13. Suppose 0 < p < 1. For all symmetric K € Ky with volume one
there exist constants cy, co independent of the dimension, the body K and p, such
that

ap(IK,u) < p(l, K,u) < cop(l K, u)

holds for every direction u € S™1.
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Proof. We use the following two facts which can be found in [51]. For a measur-
able function f : R” — R* which has values less than or equal 1 and a symmetric
convex body @ € Kf the function

{ f (@) () da )
FI(Q)'_< fQP(an)_qu )

is an increasing function of ¢ on (—n, co).

Suppose ¢ : RT — RT satisfies ¢(0) = 0, ¢ and ¢(z)/x are increasing on an
interval (0,v], and ¢(x) = ¥(v) for x > v. Let h : R" — R* be a decreasing,
continuous function which vanishes at ¥ (v). Then

(I R (@))at da)
Fy(q) = ( fooo oo ds )

is a decreasing function of ¢ on (—1, c0) (provided that the integrals make sense).
To prove the second inequality take f(z) := Ax.(x)/Ax.(0) and @ = [-1,1] C
R. Brunn’s theorem shows that this f satisfies the above assumptions to ensure
that Fi(—p) < Fy(0), that is

(L=p) fy 2l P Agu(@) de\ " 1
2vol(K Nut) ~ 2vol(K Nut)’

Thus by (3.7)

p(L, K ,u) < 1K, u).

2
T
We have lim, .o(T'(2 — p))'/? = exp(y — 1) > 0 where v denotes the Euler-
Mascheroni constant. For all other values of p € (0,1] we trivially have that
I'(2 — p))/? > 0. This shows that I'(2 — p))"/? can be bounded from below on
(0,1) by a constant.

To establish the first inequality take h(z) = (1 — )" ' y(z), z > 0 and
V() = 1 — (Agu(7)/Ak.(0)Y™D for arbitrary u € S, (I stands for the
indicator function.) Brunn’s theorem shows that 1 is a convex function on
[0, h(K,u)]. Therefore these two functions satisfy the above conditions to guar-
antee the monotonicity of Fy. Hence Fy(—p) > F5(0), which can be rewritten

as
I Agu(x)z™ da ) S n
vol(K Nut)B(1 —p,n) ~ 2vol(K Nut)
Using (3.7), we obtain

['(n)nt=? 1p
)> p(I K, u).

I, K >2 =——

20



We want to show that
'(n)n!P -

F'l4+n—p) —
for every n € N and p € (0,1). So we have to prove that

InI'(n+1—p)+plnn <InT'(n+1). (3.45)
Since the Gamma function is logarithmic convex we get

Inl'n+1—p) = InI'(1—p)(n+1)+pn)
< I=-pnT(n+1)+plnl(n)
= (1—p)lnn+1InT(n).

This immediately implies (3.45).
[l

Hensley’s original relation combined with Theorem 13 gives the L, analogue
of Hensley’s result.

Theorem 14. Assume 0 < p < 1. There exist constants c1, ¢y independent of
the dimension, the body K and p, such that for symmetric bodies K € Ky in
1sotropic position
I, K
c1 S M < ¢y
p(L, K, v)

for all u,v € S™ 1.
By Theorem 13 the slicing conjecture is equivalent to

Question 1. Does there exist a constant ¢ independent of the dimension and the
body K such that
oLy K ) Hloo < ¢

for all symmetric K C K™ in isotropic position and some p € (0,1)7

3.5 L, Busemann-Petty Problems

As we already remarked in the introduction, the Busemann-Petty problem asks
whether the implication

1K C1L= V(K)<V(L)

holds for arbitrary origin symmetric K, L € K". The obvious analogue of this
question for other values 0 < p < 1 is to ask the following: does I, K C I, L for
origin symmetric K, L € K" imply V(K) < V(L)? We refer to this question as
the symmetric L, Busemann-Petty problem. This was stated and solved in terms
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of polar L, centroid bodies by Yaskin and Yaskina [61]. Their result shows that
the answer is positive if and only if n < 3. Since I, K C I, L is equivalent to
[ K C I L for origin symmetric bodies K, L, the symmetric L, Busemann-Petty
problem asks whether

K CL L= V(K)<V(L) (3.46)

holds for arbitrary origin symmetric K, L € K". If we allow the bodies in
(3.46) to be arbitrary elements of Kj, we call this question the nonsymmetric
L, Busemann-Petty problem.
To each body K which is not centered, one can construct bodies L such that the
desired implications for the original as well as the symmetric L, Busemann-Petty
problem fail. Our goal is to show that Lutwak’s connections on intersection bod-
ies (which will be described in detail below) also hold in the nonsymmetric L,
case. This proves in particular that there are nonsymmetric bodies K for which
(3.46) holds! Therefore we obtain a sufficient condition to compare volumes of
two nonsymmetric bodies.
That (3.46) is true for centered ellipsoids can be seen from (3.12) for £ = F.
Then

V(L E) =ik PV (E)YP

n

which immediately implies that (3.46) holds for ellipsoids.

Lutwak’s first connection, as proved in [42], states that the answer to the Buse-
mann-Petty problem is affirmative if the body with smaller sections is an inter-
section body. The assumption of convexity of the involved bodies can be omitted
in this case; it suffices to deal with star bodies. The L, analogue of this result is
the following theorem.

Theorem 15. Let 0 < p < 1 and K,L € §;. If K is a nonsymmetric L,
intersection body, i.e. contained in I; S", then

+ +
K CIf L,

implies

V(K) <V(L),

with equality only if K = L.

We remark that the approach of the following proof can be used to derive
a similar statement also for other values of p. The only difference is that the
inequality for the volumes reverses. This method also shows that the assumption

of convexity is not necessary in the corresponding result for polar L,-centroid
bodies in [61].

Proof. For a star body K with I;{ K = K, the definition of generalized dual mixed
volumes and Fubini’s theorem prove

V(K) = V(K. K) = V,(K,I] K), V,(L, K) = V, (K, I L).
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Since

- 1 _ " Kou)\’
S L (“—“f) oL Lou)? du

we have

Since I}"f K C I; L, the claimed inequality for the volumes is an immediate con-
sequence of (3.47) and (3.36). The equality case of the theorem follows from the
equality case of the dual L, Minkowski inequality. O]

The next result is a negative counterpart of Theorem 15.

Theorem 16. Suppose we have an infinitely smooth star body L € S; which is
not a nonsymmetric L, intersection body. Then there exists a star body K such
that

I; K C I; L,
but

V(L) < V(K).

This is the analogue of Lutwak’s second connection on intersection bodies.
The latter is the same statement as Theorem 16 but for intersection bodies instead
of nonsymmetric L, intersection bodies.

Proof. By Theorem 8 there exists a function f € C*(S™"1) such that

p(L, .)p = Ci_p f

Since L is not a nonsymmetric L, intersection body, f must assume negative
values. Therefore we are able to choose a nonconstant function f € C*°(S"™1)
such that

f(u) >0, when f(u) <0,

and
F(u) =0, when f(u)> 0.

Choose another function f € C>(S™!) such that Cfpf = f. Now, since the
origin is an interior point of L, we can find a constant A\ > 0 with

p(L,)" 7 = Af >0,
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Define a star body @ by p(Q,-)"? := p(L, )" P — )\f() Then
p(Ly Q)P = p(Ly L, )" = M(n —p)L(1 = p))~'f.

Hence
p(IL Q,-)P < p(Ly L,-)P, when f(u) <0, (3.48)

and
p(LF Q" = p(I L), when f(u) > 0. (3.49)

By linearity properties of generalized dual mixed volumes and the self adjointness
of Cfp we therefore have

VD =TQD) = 1 [ (L™ = plQuu)™) ol du

n

- /snl (p(L,w)" " = p(Q,u)" ") CL, f(w) du

n

_ (n—p)l(L—p) /Sn_l (p(Ly Low)” = p(Ly Q,u)?) f(u) du

n

< 0.

So from (3.36) we get
V(L) < V(Q).

Relations (3.48) and (3.49) show that I Q C L7 L. Set

-Gt

Then € < 1 and the body K := e() has the desired properties. [l
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Chapter 4

Star Body Valued Valuations

In Chapter 2 we obtained a classification of valuations Z on convex polytopes
taking values in (8", +,) for positive p. Is it possible to characterize L, intersec-
tion bodies for negative values of p also? One has to be careful, since L, radial
addition makes no sense for negative p. (The origin could be contained in the
boundary of a star body.) But L, radial addition is well defined for all p # 0 if
we restrict it to star bodies containing the origin in their interiors. Obviously,
we can assume (Sf, +,), p # 0 to be a monoid by adjoining an identity element
e and adopt addition properly. A geometric intuition behind these new elements
would be the following. For p > 0 the identity element can be seen as the origin
and for p < 0 as the whole R".

Of course we will try to classify operators by their co- or contravariance prop-
erties. Since we will deal with operators which can have the abstract identity
element as value, we have to adopt the above affine notions properly. We can
regard covariance of operators in an algebraic setting by using group actions. Let
G denote a subgroup of the general linear group GL(n) and let £ be a subset of
IC™. Define actions by

a:Gx L — L as G xS — S"

4.1
(6,I) — oL, (6,K) — |detoror, D

where ¢ € R. An operator Z : L — 8" is called G covariant of weight q if
Zai(op,L) =as(p,ZL), for p€G, LeL. (4.2)

If G equals the whole GL(n), this definition is equivalent to the definition given
in the introduction. Let us come back to our monoid induced from Sj. Of course,
the action ay is well defined on G x & and there is exactly one possible choice
how to extend it to the monoid (S U {e}, +,): We have to define ay(¢,e) = e
for all ¢ € G. So if we speak of G covariant operators Z : £L — S} U {e} in the
sequel, we mean that they satisfy (4.2) with respect to the extended action as.
Covariant operators are those which are covariant of weight ¢ for some ¢ € R.
Contravariant operators are defined in an analogous way.
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Denote by 7_78 convex polytopes that contain the origin. Define 7 : 53 —
(Sg U {e}, +5) by

sp_l¢ dimP <n
o cllgP—chzI;P dimP =n

for positive constants c;,cy. This is a GLT(n) contravariant valuation and we
write ¢y I} 4, ¢o I for it. Here, GL"(n) stands for linear maps with positive
determinant. As we will see, this is the only example of such valuations. To
state the exact result, we call a valuation Z : P, — (S¢ U {e}, T,) trivial if it is
constant with value e. For simplicity, we write (S, +,) instead of (S§ U {e}, +,)
below.

Theorem 17. Suppose p # 0. Let Z : Py — (S, +,) be a GL*(n) covariant
valuation. If n = 2 and p < 1, Z is nontrivial if and only if there exist positive
constants ci, ca with

ZP =9 (cily PFpel, P), VPeP.

For all other values of p, Z is trivial. Forn >3, Z is always trivial.
Ifp<1andZ: Py — (SF T,) is a nontrivial GL™(n) contravariant valuation,
then exist positive constants ¢y, co with

ZP=c I P¥,c1, P, VP ETPy.
For p > 1 there exist only the trivial exzamples.

Recall that 9/, denotes the rotation about the angle 7/2. By w;/lQ(cl P +,
co I, P) we understand ap (w;/12, all P +p 2 I, P). For n-dimensional P this is,
as indicated by the notation, just a rotation.

4.1 Proof

A finite set aP of n-dimensional simplices is a triangulation of an n-dimensional
polytope P C R"™ if the union of all simplices in aP equals P and no pair of
simplices intersects in a set of dimension n. Especially, a starring at x € P is a
triangulation aP where every simplex in aP has a vertex at x.

Let (M,+,e) be a monoid with identity element e. We call a valuation Z :
fg — (M, +, e) simple, if polytopes of dimension less than n are mapped to e.
Denote by 7" n-dimensional simplices with one vertex at the origin.

Lemma 20. Bvery simple valuation 7 : Py, — (M,+,¢) with values in an
abelian monoid with cancellation law is uniquely determined by its values on n-
dimensional simplices having one vertex at the origin.
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Proof. Let P € 7_78 be an n-dimensional polytope. First, we prove that for
arbitrary x € P there exists a starring of P at x. This can be seen by induction
on the dimension. For n = 1 it is trivial. Suppose that the assertion is true
for (n — 1)-dimensional polytopes and denote by Fj,j7 = 1,...,k the facets of
an n-dimensional polytope P. We choose starrings o F; of F} for those facets
which do not contain the given point x. Thus the convex hulls of x and the
(n — 1)-dimensional simplices in o, F; define the desired starring.
The proof of the lemma is finished if we can show that

P=PURU...UP, PP,....P.cP,, dim(PNP)<n fori#j

implies .
7P = Z 7 P;
=1

for an n dimensional polytope P & fg. We proceed by induction on k. For
k = 1,2 this is trivial. It holds also true if P, = P since then dim P; < n for
1 # 1 and Z is assumed to be simple. Suppose that our desired conclusion holds
true for at most £ — 1 involved polytopes. Without loss of generality assume
dim P, = n and that P, is a proper subpolytope of P. Then P, has a facet F'
containing the origin such that P has points contained in int(lin F)* and as well
as int(lin F')~. Write H := lin F' for simplicity and assume that P, C H~. Define

P :=PNH", P':=PnH", P :=PNH, P :=PnH,

fori =1,..., k. From the fact that P* = P,"U...UP;", the induction hypothesis
and the simplicity of Z we obtain

k k
ZpPt=>"7Pt =) 7P,
1=2 i=1

and therefore
k k
ZP+Y 7P~ = ZPY+ZP +Y 7P
i=1 i=1
k
= Y (ZP7 +ZP")+ 7P
i=1
k
= Y ZPR+7ZP" (4.3)
i=1
If P, = P~ we have Zle Z P =7 P~ and we are done by the cancellation law.
Otherwise, we can proceed as above but now for the polytope P~. So cutting
with a suitable hyperplane H, gives

p*=P NH,, P":=P NnHy, P *=P NHy, P':=P NH,

K3 (3
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and

k k
ZP~+Y 7P * =Y 7P +7P
i=1 i=1
By (4.3) we therefore get

k k k k
ZP+Y ZP +) 2Pt = Y ZR+ZP 4+ ZP*
i=1 i=1 i=1 i—1

k k
= ) ZP+)Y ZP +ZP "
=1 1=1

The cancellation law again proves
k k
ZP+> 7P ?=> 7P +7P "
i=1 i=1

Repeating this procedure finitely many times (depending on the number of sup-
porting hyperplanes of P; which contain the origin), we are in the situation that
P =pom, m

For K € 8§ let the Minkowski functional || - ||k be defined as
|z||xk = min{A > 0: z € AK}, for z € R"

Note that the Minkowski functional of K is just the reciprocal of the radial
function.

Lemma 21. Forp #0, let 7 : Py — (S§, +,) be an GL*(n) co- or contravariant
operator of arbitrary weight. Then 7 is simple.

Proof. Because of the assumed GL'(n) co- or contravariance it is enough to
prove that a polytope P € 58 which is contained in e} is mapped to the identity
element of (Sf, +,).

For s > 0 define a linear map ¢ € GL"(n) by

pe; =¢€;, t1=1,...,n—1, and o¢e, = se,.

First, assume that Z is GL" (n) contravariant of weight ¢ and suppose Z P € SJ.
Then
7P =7¢P = (det¢)i¢p "7 P,

and therefore

1z p = [I(det ¢)""¢'z[|zp = (det )| ¢z|z p (4.4)
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for every x € R™. Z P contains an Euclidean ball with center at the origin and is
contained in such a ball. Thus there exist positive constants c;, co with

allz|l < |zllzp < eoflzf], for every z € R™. (4.5)
This together with (4.4) implies

n—1

¢ fo + (s1,)% < 987
i—1

(4.6)

for all z € R™. Note that s > 0 was arbitrary. So taking the limit s — 0" in
(4.6) evaluated at e; yields a contradiction for positive ¢. If ¢ = 0, then the limit
s — o0 in relation (4.6) at e, gives a contradiction. Finally, for negative ¢ regard
(4.6) at e; and let s — oo. We obtain again a contradiction. Thus we proved
that for all weights ¢ the image of Z P is not contained in S and therefore has
to be e.

If Z is GL(n) covariant, then, on the assumption that Z P € S, one derives from

zllzp = (det ¢) "¢~ 2|z p
that

c18¢

n n—1 x 9
n

E 2?2 < ey g x? + (—)
S

i=1 =1

holds on R™. For ¢ > 0, ¢ = 0, ¢ < 0 regard this inequality at points ey, e,, €1
and take limits s — oo, s — oo and s — 0, respectively. As above we obtain
that Z P has to be the identity element. O]

From Lemma 20 and Lemma 21 we conclude that a GL*(n) co- or contravari-
ant valuation Z : Py — (S, +,) is uniquely determined by its value on the

standard simplex 7" := conv{0, ey, ..., e,}.
For 0 < A < 1, we define two families of linear maps by
pes = Aex + (1 — Ney, per = ey, for k # 2,
ver = Aeg + (1 — Ney, Ve = ey, for k # 1.
Note that
1 1—=A
¢ ey = N T T <Z5j_16k = ¢y, for k # 2,
A 1
77[}_161:—1_)\624‘ 1_)\61, wj_lek:ek fOI‘k??él

Let H be the hyperplane through 0 with normal vector Ae; — (1 — \)ey. Then we
have T"NHT = ¢T" and T"NH~ = ¢T™. So for a simple valuation Z we obtain

ZT" = Z($T™) +p Z(T™). (4.7)
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Lemma 22. Let 7 : 7_73 — (83, 4,) be a valuation which is GL™(2) contravariant
of weight q. If p < 1, Z is nontrivial and ¢ = 1/p, then exist positive constants
c1, Co with

ZP=c ' Pi,eL P, YPeTP,

In all other cases 7 is trivial.

Proof. Assume ZT? € 8¢ and set f(z) := p(ZT?,z)? € C(R*\{0}),, i.e. positive
continuous functions on R*\{0}. Thus f is positively homogeneous of degree —p
and (4.7) implies

flzr,x0) = NPUf (21, (1 — Ny + Azg) + (1 = N)PUf (1 — Ny + Azg, o) (4.8)

for arbitrary z € R?\{0}. In Lemma 5 it has been shown that such a function f
has to be of the form

f=F(1,0)gpq+ [(=1,0) gpgor0+ [(0,1) gpgon + f(0,=1) gpgore  (4.9)
on R*\{(x1,22) : z1 = x}, where the function g,, on R? is defined by

(7P — 2BTP) [ (g — xq)PO for 0 < @y < 24,
Gpq(T1,22) = ¢ {7 /(21 — x)P1 for z1 > 0,245 <0,
0 otherwise.

and the linear transformations v;, ¢ = 0, 1,2 are
Yo(21,22) = (=21, —T2), N1 (21, 22) = (T2, 71), Y2(¥1,22) = (—T2, —71).

Let p < 1 and ¢ = 1/p. Since f is continuous, (4.9) yields

xl—p . xl—p xl—p . $1—p
flxy,z) = lim = “—f(1,0) = lim —=———f(0,1),
zo—z; L1 — X2 z—z] T2 — T

for positive z;. Thus f(1,0) = f(0,1) and an analogous observation for negative
values x; proves f(—1,0) = f(0,—1). So (4.9) simplifies to

f=f(1,0) (gpvq + Opg © 1)+ f(—1, 0)(91)41 % + Gpq© V2)-

An elementary calculation shows

p(I; Tzv .)p = (p2 - 3p + 2)_1(gp,1/p + gp,l/p o ’71)

almost everywhere. Therefore

p(I;; T27 _)p = p(I;_ Tza 70())1) = (p2 - 3p + 2)_1<gp,1/p ° % + 9p,1/p © 72)
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This proves the first part of the lemma. For other weights we investigate the
relation

) = S f(1.0) (4.10)

for 1 > x5 > 0. For pg < 0orpqg > 0and pg—1 < 0, the right hand side converges
to zero when xy — 7. If pg > 0 and pg — 1 > 0 it assumes arbitrary large values
as xo — x7 . This is a contradiction to the assumption that f € C(R*\{0}),. If
g = 1/p and p > 1, then the right hand side of (4.10) is less or equal than zero
which is again a contradiction. O

Lemma 23. Let Z : 5(2) — (82, +,) be a GL*(2) covariant valuation. Ifp <1, Z
is nontrivial and contravariant of weight ¢ = 1/p—1, then ezist positive constants
c1, Co with
- =2
ZP = w;/12(c1 I'P+,c1, P), VPeP,y,
In all other cases, Z is trivial.

Proof. Define an operator Z by
7P = as(Vr/2, 2 P), for every P € 5(2).

Since
Clz(l/%r/m Sh +p 52) = a2(¢7r/2, 51) +p a2(1/)7r/2, 52)
for all S,5, € S U {e}, Z is a valuation. For every ¢ € GL*(2) we have

Urjpy sy = (det §)".

If Z is GL*(2) covariant of weight ¢, then Z is contravariant of weight q + 1.
This and the already established characterization result of Lemma 22 finish the
proof. O]

Lemma 24. Let Z : Py — (S§,+,) be a GL™(n) contravariant valuation for
n > 3. If p <1, Z is nontrivial and contravariant of weight ¢ = 1/p, then exist
positive constants ci, co with

ZP=c ' PY,c1 P, VP ePy.
In all other cases 7 is trivial.

Proof. Assume that ZT" € §} and set

fz) = p(ZT", x)P.

Further, we define a function f : R?\{0} — R by

f(w1,22) == f(w1e1 + m2€2).
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From (4.7) we obtain

f(x) = Nif(¢'x) + (1 — NPf(¢ie) (4.11)

for arbitrary x € R"\{0}. But es,..., e, are fixpoints of the linear maps ¢’
and ¢, so f satisfies (4.8). So the proof of Lemma 22 shows that a nontrivial
valuation can only exist for p < 1 and ¢ = 1/p. Moreover,

f($17$2) = CNlP(I; T27 ($17 w?))p + CTZP(I; T27 (wla xQ))p

for p < 1 and ¢ = 1/p. Since p(I; T", x1e1 + 2€2)P are positive multiples of
p(I; T?, (x1,22))P, there exist positive constants c;, ¢, such that

f(rier +zaer) = c1p(I) T™, w161 + 2€2)P + cop(l, T, 2161 + T2€2)".

For simplicity we will write fi(z) = cip(L; T", 2)? + cop(I, T", z)P.

We arrived at the following situation: f, fi : R"\{0} — R are two continuous
functions satisfying (4.11). They are invariant under even permutations of indices
and are equal on lin{e;, eo}\{0}.

We will show that f coincides with f; on R™\{0}. Because of the invariance
properties it is enough to prove

filz) = fa(x), Yz €lin{e;y, ... e, } = fi(z) = fa(x), ¥V o € lin{er, ..., ex1}

(4.12)
for 2 < k <mn—1. Let z be contained in lin{ey, ..., ex11}. Suppose 0 < z1/x9 < 1
and let A := x1/x9. Then

A
(W "2) = ('Y 2) = 1?)\ T

(W)= (" 'x); =0, i=k+2,...,n.

By (4.11) follows f(v~'z) = MNif(P'p~'x) + (1 — A\)P4f(x) and the analogous
relation is true for fi. So (4.12) holds for 0 < z; < 9 and x9 < 21 < 0.
For 0 < A := (21 — 22)/x1 < 1 we obtain

QTQZO,

(¢97"x) = (W'o~'x)y = - ; >\SU1 + %552 =0,
(V') = (") =0, i=k+2,...,n.

Since f(¢~tx) = MWif(x) + (1 — NPif(p'¢"z) and f; satisfies the same identity,
(4.12) holds for 0 < x5 < 1 and x1 < x5 < 0.
For 1,29 # 0 and sgn(z1) # sgn(z2) define 0 < A := xy /(21 — 22) < 1. Then

(¢'z)y = (¢'2); = (W'z), = (W'a); =0, i=k+2,...,n

As before we conclude that (4.11) implies (4.12) for 1 < 0,29 > 0 and z; >
0,22 < 0. The continuity of f and f; concludes the proof of (4.12). O
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Lemma 25. Every GL(n) covariant valuation 7 : Py — (S, T+,) for n >3 is
trivial.

Proof. Assume ZT" € S8 and set f(z) := p(ZT",z)? € C(R"\{0})4. Thus (4.7)
implies

fl) = N1f(o a) + (1= N f (Y a) (4.13)

on R™\{0}. Since e3 is an eigenvector with eigenvalue 1 of ¢! and =1, we get
1= 74 (1— AP, YV O0<A<l
For g # 1/p this is not possible. If ¢ = 1/p evaluate (4.13) at e; to obtain
fler) =1 =XNPf(eg —Aex), VO<A<LI.

Taking the limit A — 1 yields a contradiction. O]
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Chapter 5

L, Minkowski Addition and L,
Mean Width

Recently, Paouris [52] proved a sharp concentration of mass inequality for isotro-
pic convex bodies. Besides L, intersection bodies, the L, mean width was an
essential tool in his proof. This notion is part of L, Brunn-Minkowski theory.
For p > 1 and a convex body K € K it is defined as

w,(K) = ( /S R du);

If p equals one, this is (up to normalization) the classical notion of the mean
width of a convex body. Note that the definition of mean width makes sense also
for convex bodies which do not contain the origin.

To establish a classification of w,, we need the concept of L, Minkowski
additive functionals. A function Z : Kj — R is called L, Minkowski additive, if

L(K+, L)y=2ZK+ ZL, forevery K,L e K.

We remark that every L, Minkowski additive function is a valuation. This is an
immediate consequence of the equation

(KUL)+, (KNL)y=K+, L, for K,L,KUL € Kj. (5.1)
Formula (5.1) itself follows from the identities
hKUL,-)=max{h(K,-),h(L,-)}, h(KNL,-)=min{h(K,-),h(L,-)},

provided that K U L is convex.

Constant multiples of the mean width are the only examples of L; Minkowski
additive functions which are invariant under proper rotations and continuous
(with respect to Hausdorff distance) at the unit ball (see, e.g. Hadwiger’s book
25]). Hadwiger’s approach can be used to prove also the L, analogue of this
classification.
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Theorem 18. IfZ : K — R is L, Minkowski additive, invariant under proper

rotations, and continuous at the unit ball, then Z(K) is a constant multiple of
w,(K)P for all K € K.

Proof. We set
h(X - K,u)? == M\(K,u)?, ue€S" !,

for nonnegative A. An L, rotation mean K' of a convex body K € Kf is defined

as
1

m
where py, ..., pn, are rotations of R". We start by proving that for any K € K
there exists a sequence of L, rotation means which converges to a ball with center
at the origin and positive radius.

One can find positive numbers ry, ry such that B(0,7) C K C B(0,r3). There-
fore B(0,7m) C K’ C B(0,13) for every L, rotation mean K’ of K. In particular,
the set of L, rotation means is bounded.

Let r(L), L € K, denote the radius of the smallest ball with center at the origin
which contains L and define 7 = inf{r(K")| K’ rotation mean of K}. Note that
7 > 1 > 0. By Blaschke’s selection principle we can find a sequence (K ;)jeN of

K’ (K +p - +p pmK),

L, rotation means such that r(K}) — 7 and (K});ey itself converges to a K € Kf.
Since r(-) is continuous, we obtain 7(K) = 7.
We prove K = B(0,7). Assume that it is false. Then we can find a neighbourhood
U c S" ! with h(K,u) < T for every u € U. By compactness of S"7!, there are
finitely many rotations pi, ..., p,m with U~ p;U = S"~*. Define

1

Q= m (0K +p - +p ).

For every u € S"! we have

1 — — l o —
h P— 2N h(p K )P = =S WK, p )P < 7P
(Quf =—> hpiK,uf = —% h(K,p; u) <7,

i=1 i=1

since w is contained in p;U for some j. Since support functions are continuous,
h(Q,u) <7 — ¢ for an € > 0.
Let L,, and M,, be two sequences in Kj which converge to L, M € K. Then

Ly +p M, — L+, M

Therefore we obtain

1
E.(leg oy K = Q. (5.2)

We have pr(A\- L+, p- M) =X-prL+, p-peM, X (A- L) = A\ L for arbitrary
L, M € K and A\, > 0. This together with (5.2) contradicts the choice of 7.
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We have shown that we can find a sequence (K ]’) jen of L, rotation means which
converges to a ball with positive radius 7 and center at the origin for any body
K € Kj. This will prove our classification result. Indeed, from the fact that
2. K = K+, K we deduce that Z(2 - K) = 2Z K. By induction we obtain
Z(n - K) = nZK for every n € N. For p,q € N we therefore get pZ K =
Zp-K)="7(q(p/q) - K) =qZ((p/q) - K). Thus Z(r - K) = r Z K for all rational
numbers r. Choose a sequence (g;);en of rational numbers which converges to 7.
Then qj’lKJ’- — B". Thus

ZB" = lim Z¢;'Kj = lim ;' Z K} = lim ¢;' ZK =7 ' Z K.
j—00 j—00 o0

The same calculation can be done for wé’ and so

7K =TZB" = (wy(B") " Z B")w,(K)".
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