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Kurzfassung

Die vorliegende Arbeit befasst sich mit Abbildungen des Raumes der konvexen
Kérper K™ in sich, die mit gewissen algebraischen Strukturen auf X" vertraglich
sind. Das Studium von Operatoren, welche mit der wichtigsten Addition auf X",
der Minkowski Addition, vertraglich sind, ist ein natiirliches Anliegen. Aus geo-
metrischer Sicht besonders interessant sind Abbildungen, welche mit der Gruppe
der Rotationen SO(n) vertauschen. Minkowski Endomorphismen, das sind stetige
Selbstabbildungen von K™, die Minkowski additiv und drehdquivariant sind, wurden
von Schneider [43], [44] und Kiderlen [20] systematisch untersucht. Kiderlen gibt
in {20] ebenfalls eine vollstandige Charakterisierung von Blaschke Endomorphismen
(stetige, drehdquivariante und additive Abbildungen bzgl. der Blaschke Addition
konvexer Kérper) an und zeigt, dass diese als Adjungierte von schwach monotonen
Minkowski Endomorphismen aufgefasst werden konnen.

In dieser Dissertation werden Blaschke Minkowski Homomorphismen, das sind
stetige, drehaquivariante und Blaschke Minkowski gemischt additive Abbildungen,
untersucht. Eines der Hauptresultate zeigt, dass diese Operatoren eine Darstellung
mit Hilfe eines sphirischen Faltungsoperators erlauben, in Analogie zu Minkowski
und Blaschke Endomorphismen. Wir geben eine vollstandige Charakterisierung ge-
rader Blaschke Minkowski Homomorphismen an und stellen Verbindungen zu der
von Schneider und Kiderlen entwickelten Theorie her. Der bekannteste Vertreter
dieser Operatoren ist die Abbildung, welche einem konvexen Kérper seinen Projek-
tionenkorper zuordnet. Die erzielten Ergebnisse zeigen, dass allgemeine Blaschke
Minkowski Homomorphismen in verschiedener Hinsicht ein diesem Prototyp ahn-
liches Verhalten aufweisen. Diese Resultate sind [48] entnommen.

Motiviert durch wichtige Volumsungleichungen fiir PrOJektlonenkorper unter-
suchen wir das Verhalten des Volumens (und allgemeinerer Quermafintegrale) der
Bilder von Blaschke Minkowski Homomorphismen. Wir zeigen, dass diese Opera-
toren ein dem Volumen analoges Verhalten in Bezug auf Minkowski Linearkombi-
nationen aufweisen und fiir die wesentlichen Ungleichungen der Brunn Minkowski
Theorie analoge Relationen fiir das Volumen der Bilder von Blaschke Minkowski
Homomorphismen gelten. Die erzielten Resultate verallgemeinern Ergebnisse von
Lutwak [28], [33] fir Projektionenkérper und entstammen [49).

In den letzten Jahren wurde eine zur Brunn Minkowski Theorie duale Theorie fir
Sternkorper entwickelt. Fiir Ungleichungen der klassischen Theorie konvexer Korper
gelten (oft einfacher zu beweisende) analoge Ungleichungen fiir Sternkérper. Fiir
viele unserer Ergebnisse konnen solche dualen Resultate gezeigt werden. Motiviert
durch Eigenschaften der wohlbekannten Schnittkorper, die das duale Gegenstiick zu
Projektionenkorpern darstellen, definieren wir radiale Blaschke Minkowski Homo-
morphismen. Wir geben eine vollstindige Charakterisierung dieser Abbildungen an
und zeigen, dass zu den von uns bewiesenen Volumensunglelchungen fir Blaschke
Minkowski Homomorphismen duale Relationen gelten.




Der Aufbau der vorliegenden Arbeit gestaltet sich wie folgt: Im ersten Kapitel
prasentieren wir die Grundlagen zur Faltung spharischer Funktionen und Mafe,
sowie das benotigte Material iiber Kugelfunktionen. Danach geben wir eine kurze
Einfihrung in die Brunn Minkowski Theorie konvexer Kérper und in die dazu duale
Theorie fiir Sternkorper.

Im zweiten Kapitel erlautern wir zunachst bekannte Ergebnisse zu Minkowski
und Blaschke Endomorphismen und beweisen anschlieBend den Darstellungssatz
fiur allgemeine Blaschke Minkowski Homomorphismen. Danach zeigen wir, wie
sich daraus eine vollstindige Charakterisierung aller geraden Blaschke Minkowski
Homomorphismen ergibt. Als weitere Anwendung geben wir Charakterisierungen
des Projektionenkorpers, sowie des Minkowski und Blaschke Differenzenkorpers
an. Schlieflich folgern wir, dass die Bilder von Minkowski Linearkombinationen:
unter Blaschke Minkowski Homomorphismen cin dem Volumen analoges Verhalten
aufweisen, speziell erfiillen diese Operatoren eine Steiner Formel. Analoge Resultate
fiir radiale Blaschke Minkowski Homomorphismen von Sternkorpern beweisen wir
am Ende dieses Abschnitts.

Im dritten Kapitel wenden wir uns geometrischen Ungleichungen fiir die Bilder der -
betrachteten Abbildungen zu. Wir zeigen zunichst ein Resultat fiir schwach mono-
tone Minkowski Endomorphismen, welches eine Schar von verscharften Ungleichun-
gen zwischen den zwei aufeinanderfolgenden QuermafBintegralen W, _, und W, _,
impliziert. Danach beweisen wir zu klassichen Ungleichungen der Brunn Minkowski
Theorie analoge Relationen fir das Volumen der Bilder von Blaschke Minkowski
Homomorphismen und deren Polarkérper. Auch dieses Kapitel beschlielen wir mit
dualen Resultaten fiir Abbildungen von Sternkorpern.




Abstract

In this thesis we study mappings of the space of convex bodies K™ into itself which
are compatible with certain natural algebraic structures on KX™. The investigation
of mappings, which are compatible with the most important addition on K", the
Minkowski addition, is a natural concern. Of a particular interest from a geometrical
point of view are maps which intertwine the group of rotations SO(n). Minkowski
endomorphisms, i.e. continuous, rotation intertwining and Minkowski additive maps
of K™ into itself, have been investigated systematically by Schneider [43], [44] and
Kiderlen {20]. Kiderlen also establishes in [20] a complete classification of all Blaschke
endomorphisms, i.e. continuous, rotation intertwining and additive maps with re-
spect to Blaschke addition of convex bodies, and shows that these can be interpreted
as adjoint maps of weakly monotone Minkowski endomorphisms.

In this work we investigate Blaschke Minkowski homomorphisms, i.e. continuous,
rotation intertwining and Blaschke Minkowski mixed additive maps. One of the main
results shows that these operators admit a representation via a spherical convolution
operator in analogy to Minkowski and Blaschke endomorphisms. Moreover we give
a complete classification of all even Blaschke Minkowski homomorphisms and form -
connections to the theory of endomorphisms developed by Schneider and Kiderlen.
The most widely known example of these maps is the projection body operator. The
established results show that general Blaschke Minkowski homomorphisms behave
in many respects similar to this prototype. These results are taken from [48].

Motivated by important volume inequalities for projection bodies we study the be-
havior of the volume (and more general quermassintegrals) of the images of Blaschke
Minkowski homomorphisms. We show that these operators behave similar to the
volume functional with respect to Minkowski linear combinations and that for funda-
mental inequalities of the Brunn Minkowski theory there are analogous inequalities
satisfied by the volume of the images of Blaschke Minkowski homomorphisms. The
established theorems generalize results by Lutwak [28], [33] for projection bodies
~and are taken from [49].

In recent years a theory for star bodies dual to the Brunn Minkowski Theory of
convex bodies was developed. For inequalities of the classical theory of convex bod-
ies there are analogous relations (often easier to prove) satisfied by star bodies. For
many of our results there are corresponding dual counterparts. Motivated by prop-
erties of the well known intersection body operator, the dual to the projection body
operator, we define radial Blaschke Minkowski homomorphisms. We give a com-
plete classification of these operators and show that they satisfy volume inequalities
analogous to the inequalities we proved for Blaschke Minkowski homomorphisms.

This thesis is organized as follows: In the first chapter we collect the basic material
on spherical convolution of functions and measures as well as spherical harmonics.
We also give a brief introduction to the Brunn Minkowski Theory of convex bodies
and the dual theory of star bodies. :




In the second chapter we first explain known results on Minkowski and Blaschke
endomorphisms. Then we prove the representation theorem for general Blaschke
~ Minkowski homomorphisms and show how this makes a complete classification of
all even Blaschke Minkowski homomorphisms possible. As further applications we
obtain characterizations of the projection body operator and the Minkowski and
Blaschke difference body operators. Finally we deduce that the image of a Minkowski
linear combination of convex bodies under Blaschke Minkowski homomorphisms
behaves similar to the volume functional, in particular these operators satisfy a
Steiner formula. Analogous results for radial Blaschke Minkowski homomorphisms
of star bodies will also be proved at the end of this part.

In the third chapter we turn to geometric inequalities for the images of the map-
pings under consideration. We first show a result for weakly monotone Minkowski
endomorphisms which implies a strengthened version of the classical inequality be-
tween the two consecutive quermassintegrals W, _; and W,,_,. We will then prove
analogs of the classical inequalities from the Brunn Minkowski Theory for the volume
of the images of Blaschke Minkowski homomorphisms and their polar bodies. We
conclude also this chapter with corresponding results for mappings of star bodies.
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Chapter 1

Introduction

1.1 Harmonic Analysis on the Unit Sphere

In the following sections we collect the material from harmonic analysis and convex
geometry that will be needed later.. Let SO(n) denote the group of rotations in
n dimensions. We will deal with different kinds of analytical representations of
convex bodies by functions and measures on the unit sphere S™~! of n-dimensional
Euclidean space R™, n > 3. As we will often identify S"~! with the homogeneous
space SO(n)/SO(n—1), where SO(n—1) denotes the group of rotations leaving the
point e (the pole) of S™~! fixed, we will first introduce some basic notions connected
to SO(n) and S™~!. Using the identification S™! = SO(n)/SO(n — 1), it is possible
to introduce a convolution structure on C(S™"!), the space of continuous functions
with the uniform topology. A special role play convolution operators generated by
SO(n — 1) invariant (or zonal) functions and measures. In particular these are an
important notion in the theory of spherical harmonics, for which we will collect the
most important material. As general reference for this section we recommend the
article by Grinberg and Zhang [15] and the book by Groemer [16].

1.1.1 Convolution of Spherical Functions and Measures

The identification of S™~! with SO(n)/SO(n — 1) is for u € S™~! given by
| u=d9e ~ 950(n — 1).

The projection from SO(n) onto S*~!is ¥ — 9 := 9é. The unity e € SO(n) is
mapped to the pole of the sphere € € S*'. SO(n) and S™*~! will be equipped with
the invariant probability measures denoted by dd and du.

Let C(SO(n)) denote the set of continuous functions on SO(n) with the uniform
topology and M(SO(n)) its dual space of signed finite measures on SO(n) with the
weak® topology. Let M*(SO(n)) be the set of nonnegative measures on SO(n). For
p € M(S0(n)) and f € C(SO(n)), the canonical pairing is

(s ) = (o) = / F®)du(9).

SO(n)




Sometimes we will identify a continuous function f with the absolute continuous
measure with density f and thus view C(SO(n)) as a subspace of M(SO(n)). The
canonical pairing is then consistent with the usual inner product on C(SO(n)).

For ¥ € SO(n), the left translation 9f of f € C(SO(n)) is defined by

If(n) = f(9~ ). (1.1)
For p € M(SO(n)), we set

O, f) = (w, 97" f), (1.2)

then Yy is just the image measure of 4 under the rotation 9. For f € C(SO(n)) the
function f € C(SO(n)) is defined by

f9) = f(571). (1.3)
For a measure p € M(SO(n)), we set

As SO(n) is a compact Lie group the space C(SO(n)) carries a natural convolution
structure. For f,g € C(SO(n)), the convolution f * g € C(SO(n)) is defined by

(f * 9)(n) = / FoYg@)dd = [ F(9)g(d " n)dv.
S0(n) 50(n) :

For p € M(SO(n)), the convolutions pu* f € C(SO(n)) and f * p € C(SO(n))
with a function f € C(SO(n)) are defined by

(Fem) = [ Jaodu), (s D)) = / Of(mdu(®).  (L5)
SO(n) , 50(n)

With these definitions f x u and u * f are real analytic if f is real analytic.
Using (1.5), one easily checks that for 0 € M(SO(n)) and f, g € C(SO(n))

(9*0,f)=1{g,f*6). , (1.6)
This leads to the definition of the convolution of two measures p,0 € M(SO(n))
(uxo,f)=(o,i*f)=(u f*d). (1.7)

The convolution on M(SO(n)) has the usual properties of a convolution structure,
it is associative, and if || - ||;v denotes the total variation norm of measures, then for
nonnegative measures pu, o, we have || * o|lrv = [|u|lrv]lo]lrv. Since for n > 3, the
group of rotations is not abelian, the convolution on M(SO(n}) is not commutative.
For the following lemma see {15}, p.85.

Lemma 1.1 Let pim,p € M(SO(n)), m = 1,2,... and let f € C(SO(n)). If
tm — p weakly, then f x p, — f*p and py, * f — p* f uniformly.




In order to define a convolution structure on C(S™™!), we will use the method
from Grinberg and Zhang [15] identifying S®~' with SO(n)/SO(n — 1). This leads
to the identification of C(S™~1) with right SO(n—1)-invariant functions in C(SO(n))
by setting

f@) = f(¥e),  fec(s"). (1.8)

.Conversély, every f € C(SO(n)) induces a continuous function fon S7=1 defined
by

fw=[ o

If f € C(SO(n)) is right SO(n — 1) invariant and g € C(S™'), then f = f and

= g. Thus C(S™!) is isomorphic to the subspace of right SO(n — 1) invariant
functions in C(SO(n)). For a measure u € M(S™"!) and a function f € C(SO(n)),
we sct

(B, f) = (u, f).

In this way the one-to-one correspondence of functions on S"~! with right SO(n—1)
invariant functions on SO(n) carries over to the space M(S™!) and right SO(n—1)
invariant measures in M(SO(n)). The following relation between integrals over
SO(n) and spherical integration will be used frequently:

9d9 = 9. .
/S L J0 / / o fomne (1.9)

Note that definitions (1.1), (1.2) and (1.3), (1.4) become now meaningful for
spherical functions and measures. Convolution on C(S™™!) can be defined via the
identification (1.8). For example the convolution of a function f € C(S*"!) with a
measure 1 € M(S""!) is given by

—

(7 +0)@) = (G +0)o) = [ o S ENE).

In an analogous way, convolutions of functions or measures can be defined. In
particular the convolution p * f € C(S™') of a mecasure p € M(S0O(n)) and a
function f € C(S™!) is defined by

(s () = / oy T () (1.10)

Thus, if p € M(SO(n)) is a nonnegative measure, o * f can be interpreted as a
weighted rotation mean of f. ,

Note that the Dirac measure ¢ is the unique rightneutral element for the convo-
lution on S™~! while the convolution with §_- represents the reflection in the origin,
ie., for f e clsnt)

(/ 6_2)(u) = f(-w). (1.11)




1.1.2 Zonal Functions and Measures

An essential role among spherical functions play SO(n—1) invariant functions. Such
a function with the property that 9f = f for every ¥ € SO(n — 1), is called zonal.
A zonal function is by definition constant on every parallel circle

Sp?i={ue S :u=1vv,9€ S0n-1)}, (1.12)

where v € S*7! with v-€e =t € [—1,1]. Thus these functions depend only on the
distance of u to €, i.c., on the value u - €. Zonal functions can be identified with
SO(n — 1)-biinvariant functions on SO(n).

Of course the notion of SO(n — 1) invariance carries over to measures as well. We
call a measure p € M(S™!) zonal, if 9u = pu for every 9 € SO(n — 1). The space
of all continuous, zonal functions will be denoted by C(S" 1 g), and M(S"7!,€)
denotes the space of zonal measures on S™~!.

Spherical convolution becomes simpler for zonal measures. Using (1.9) we get for
feC(S™!) and p € M(S"1,€)

(fp)(m) = (finp) = . fnu)dp(w). (1.13)
For f € C(S™1), the rotational symmetrization f € C(S™!,¢) is defined by
f=b-%f= Ifdd.
SO(n-1)

Since 0 is the right invariant clement for the convolution on S™~!, we get
frg=frbzxg=f*3g. (1.14)

Thus, for spherical convolution from the right, it suffices to consider zonal functions
and measures. Note that, if p € M(S™',€), then by (1.13) for every f € C(S*™")

Of) k=9 xp) (1.15)
for every ¥ € SO(n). Thus the spherical convolution from the right is a rotation
intertwining operator on C(S™"!) and M(S™71).

We note here that several authors, see [1], {20], [41], used spherical convolution in

a disguised version as a generalized Radon transform (with Parameter ¢t € [—1, 1}),
defined in our notation for f € C(S™!) by

Rtf = f*ll,szx—Q,

where p1gn-2 is the invariant probability measure concentrated on the parallel circle

Sp~% given by (1.12). For t = 0, this becomes the classical spherical Radon trans-
form. The connection between this integral transform and spherical convolution is
for f € C(S™!) and p € M(S™ 1) given by, see [20],

fen= [ Ro.duto)

10




As a zonal function on $™~! depends only on the value of u - e, there is a natural
isomorphism between functions and measures on [—1,1] and zonal functions and
measures on S™~'. Define a map A : C(S""!,€) — C([-1,1]), f — Af, by

Af(t) = fte + VI—t), wvee NS, (1.16)
Then it is easy to see that A is an isomorphism with inverse
AT C([-1,1) —» eSS e), f o f(E-L).
For a zonal measure u € M(S™"!,€) and a function f € C([~1,1]) define

(Ap, f) = (s, A7),

The map A : M(S*7!,€) — M([—1,1]) is the extension of the map defined in (1.16)
and it is again an isomorphism between M(S™~! €) and M([-1, 1]) with inverse

(A7, f) = (u,/\f), peM([-1,1]), f € C(S"7H).

The isomorphism A allows us to identify the dual space of C(S™!,€) with the
space M(S™"! €). Using this identification, we obtain for p,v € M(S"~1,€) and
fec(stle,

(wxv, f) = /sn_l /s"—l Af(u-v)du(u)dv(v) = (v = pu, f). (1.17)

Thus, the convolution of zonal functions and measures is abelian and M(S*~!, @),
with the convolution structure, becomes an abelian Banach algebra.
Another important property of zonal measures u € M(S™!,€) is

o= p. (1.18)
As a consequence of (1.6) and (1.18) we obtain the following very usecful lemma.
Lemma 1.2 Let p,v € M(S™!) and f € C(S™71), then

(wxv, fy=(u, f*v).
Using Lemma 1.2 and (1.17) we get for u € M(S™"!) and f € C(S™!,¢)

() = / Af(u- v)du(v). (1.19)

gn-1

We will frequently use zonal approxirhate identities (pk)ren. These are non-
negative functions in C*°(S™~'). They have already been considered by Berg 1] and
we just briefly recall their construction.

11




Let ||-|} denote the standard Euclidean norm in R™ and let ( fx)xen be nonnegative
functions in C*°(R") such that for each k € N

(a) fe(z) =0if ||z]| > &,
(b) felz) = fe(y) if [zl = [lyll,
(©) fo fe(x)dz = 1. |
Then the sequence of functions (¢ )ken from C®(S™~!, €) defined by

or(u) = /fk(u —re)r"tdr
0

is called zonal approximate identity. We summarize their most important properties
in the following lemma, see [1]:

Lemma 1.3 Let (px)ren be a zonal approzimate identity. Then
(a) [ +pr € C®(S™™) and limy o f * @ = [ uniformly for every f € C(S™71).

(b) 1+ pp € C®°(S™ ') and limg_, o st * 0x = 1 weakly for every p € M(S™1).

1.1.3 Spherical Harmonics

We now collect some facts from the theory of spherical harmonics. A spherical
harmonic of dimension n and order k is the restriction to S®~! of a harmonic poly-
nomial of order k£ in n variables. Let H} denote the space of spherical harmonics
of dimension n and order k. ‘H™ will denote the space of all finite sums of spherical
harmonics of dimension n. H}, is a finite dimensional vector space of dimension

n+‘2k—2A<n+k—2>

N(n,k): n+k—2 k

The spaces H} are pairwise orthogonal with respect to the usual inner product on
C(S™1). By definition, H} is invariant with respect to rotations. Moreover, H} is
irreducible, i.e. {0} and H} are the only subspaces invariant under SO(n). As a
consequence we have the following version of Schur’s Lemma for spherical harmonics.

Lemma 1.4 Let ® : H} — M(S™') be a linear map that intertwines rotations.
Then ® is either injective or the zero map. '

If Hy,..., Hy(nx) is an orthonormal basis of H}, then there is a unique polynomial
Pl € C([-1,1]) of degree k such that

N(n,k)
Z Hi(u)H;(v) = N(n, k)P*(u - v). (1.20)

12




The polynomial P} is called the Legendre polynomial of dimension n and order k.
The zonal function u +— PZ(e-u) is up to a multiplicative constant the unique zonal
spherical harmonic in H}. Moreover for any given n and k& there are N(n, k) points
v; € S™ ! such that

span{ Py (v -.),..., Pt (unempy - - )} = Hi. (1.21)
The collection {H,,..., Hymy) : k € N} forms a complete orthogonal system in
L£2(S™1), i.e. for every square integrable function f the series
o0
[~y mef
k=0

converges in quadratic mean to f, where 7, f € H} is the orthogonal projection of
f on the space H}. Using (1.20) and (1.13), we obtain

N(n,k)

mf = > (fH)H; = N(n,k)(f = P}(e - .)).

1=1

This leads to the definition of the spherical expansion of a measure u € M(S™ 1)

g~y mep, (1.22)
k=0
where mypu € ‘H} is defined by
mepe = N(n, k) (ux Pl (e - .)). (1.23)

We note here two special cases of (1.23)
mopt = p* 1 and mp =np*(e-.). (1.24)
By Lemma 1.2, we have for every f € c(sn1)
(mtt, £) = N, k) s PR ), f) = Nin, k), £+ PRE ) = (, me ),
which, by the completeness of the system of spherical harmonics, immediately gives:
Lemma 1.5 Let p € M(S*). If ux P*(e-.) =0 for every k € N then u = 0.

By Lemma 1.5, 4 € M(S™!) is uniquely determined by its series expansion
(1.22). Zonal functions and measures are even determined by a sequence of real
numbers. To see this, note that

S Pl(u-.)=Pl(e-u)Ple-.)
and thus by (1.19) and (1.7)

(i PE(E - ))(w) = (u, PR )) = G B % PR )) = (u, PE(E - ) PL(E - w).

13




Hence the series expansion of a zonal measure p becomes

k=0
The numbers u := (u, P*(2-.)) are called Legendre coefficients of u € M(S™"1, €).
Using mx H = H for every H € H} and the fact that spherical convolution of zonal
measures is commutative, we get a version of the Funk-Hecke Theorem.

Corollary 1.6 If u € M(S""1,¢) and H € H} then H * p= pH.
We are now ready to give the definition of multiplier operators.

Definition 1.7 We call a map ® : Q@ C M(S™™!') - M(S*™) a multiplier trans-
formation if there is a sequence of real numbers ¢, such that, for every k € N,

7qu)/.1, = CrTi /4, \7’;1, € 0. (125)
The numbers cg, ¢y, Ca, . .. are called the multipliers of ®.

Using again the fact that spherical convolution of zonal measures is commutative,
we see that for 4 € M(S"7!, €) the map &, : M(S"!) - M(S™1)

Vi Vk i

is a multiplier transformation. The sequence of multipliers of these convolution
operators is just the sequence of Legendre coefficients of the measure p.

By definition (1.23) of the orthogonal projection mx and (1.15), it is easy to see
that multiplier transformations intertwine rotations and that, by definition (1.25),
they are linear on the space H"™. The following corollary to Schur’s Lemma estab-
lishes the converse statement, see [43], p.67.

Theorem 1.8 If & : H™ - M(S™!) is an intertwining linear map, then ® is a
multiplier transformation.

Proof. Let ®,, be the restriction of ® to H},. The map H — 7P, H from H], to
¥ is intertwining and linear. By Lemma 1.4, 7,®,, is either injective or the zero
map. Since m;®,,H", is invariant under rotations and #H} is irreducible it follows
from N(n,k) # N(n,m) that m®,, =0 or kK = m and 7, ®,, is an isomorphism.
Using the fact that PZ?(u-.) is up to a multiplicative constant the unique function
in H} invariant under rotations leaving the point u € S™7! fixed, it is easy to see
that there is a constant cx(u) such that '

TP P (u-.) = ce(u)Pi(u- ).

By replacing u with du for 9 € SO(n), it follows that c; is independent of u € S™~'.
Thus (1.21) implies :
Wk(I)kH = CkH

for every H € H}. The linearity of ® and m finally gives the desired result. [ |

Note that in Theorem 1.8 we did not impose any continuity assumptions on .
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1.2 Convex Bodies and Star Bodies

This section collects material on convex bodies and star bodies, see the books by
Schneider [46] and Gardner [10] and the article [27] by Lutwak. We present the
notion of support functions and area measures and introduce the Steiner point map
and projection bodies. We discuss mixed volumes and state for quick reference the
most important relations among them. Then we turn to star bodies and introduce
radial functions, the intersection body operator and dual mixed volumes, for which
we state the inequalities from the dual Brunn Minkowski Theory.

1.2.1 Support Functions and Surface Area Measures

For n > 3 let K™ be the space of convex bodies in R", i.e., nonempty, compact,
convex sets, equipped with the Hausdorff topology. Let K? be the subset of K"
consisting of convex bodies whose dimension is at least n — ¢. Then K are the
convex bodies with interior points. If K € K contains the origin in its interior, the
convex body A
K'={zeR':z-y<1lforalye K}

is called the polar body of K. A convex body K € K" is uniquely determined by
the values of its support function h(K, -), defined on R" by

h(K,z) =max{z-y:y € K}.

Support functions are positively homogeneous of degree one and sublinear. Con-
versely, every function with these properties is the support function of a convex
body. We consider mostly their restrictions to S®! which are elements of C(S™™!).
The uniform topology on K™ induced by identifying a convex body with its support
function on the sphere coincides with the Hausdorff topology. By (1.1), we have
Vh(K,-) = h(JK,-) for 9 € SO(n). Thus, the support function of a convex body K
is zonal if and only if K is invariant under rotations of SO(n —1). We will then call
K a body of revolution.

The most important algebraic structure on the set of convex bodies is Minkowski
or vector addition. For K;, K; € K™ and A, A, > 0, the Minkowski linear combina-
tion /\1]{1 + /\QKQ is '

MK+ MK, = {/\1.’L‘ + /\gy 1T € Kl,y S 1(2}
Using support functions, thé Minkowski linear combination can be defined by
h(/\lKl + )\QKQ, ) = /\1h(K1, ) + /\Q_h(KQ, )

By Minkowski’s existence theorem, a convex body K € KP is also uniquely de-
termined up to translation by its surface area measure S,_,(K,-). The measure
of a Borel set w € S™! is the n — 1 dimensional Hausdorff measure of the set of
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all boundary points of K at which there exists a normal vector of K belonging to
w. Sp_1(K,-) is an element of MF(S™~!), the space of nonnegative measures on
S™~! having their center of mass in the origin, equipped with the weak® topology.
The topology on the set of translation classes of convex bodies with nonempty inte-
rior [K¢] induced by identifying a convex body with its surface area measure again
coincides with the Hausdorff topology. Every element of M} (S™~!) that is not con-
centrated on any great sphere is the surface area measure of a convex body with
interior points. For 9 € SO(n), we have 95,,_(K, ) = S,_1(JK, -) and the surface
area measure of a convex body K is zonal if and only if K is a body of revolution.

For K, K, € Kj and A, A2 > 0 (not both 0), the Blaschke linear combination
AL K # Ay - K is defined (up to translation) by

Sn—l(/\l : Kl # /\2 ’ KQ: ) = /\ISn—-l(Kla ) + )\QSn—l(K% )

With Minkowski and Blaschke addition, K and [KF] are abelian semi-groups.
The surface area measure of a Minkowski linear combination of convex bodies
K,,..., K, can be expressed as a polynomial homogeneous of degree n — 1:

SnoaMEL+ -+ AnKm, ) Z Mo A S(Kyy e Kilyy o). (1.26)
y‘n 1 ’

The coefficients S(K;,, ..., K;,_,, ) e M} (S™1) are called the mixed area measures
of K;,,..., K;,. They are symmetric in their arguments and multilinear with respect
to Minkowski addition. The measures S;(K,-) := S(K,...,K,B,...,B,-), where
K appears j times and the Euclidean unit ball B appears n — 1 — j times, are called
the area measures of order j of K. The area measure of order one S; (K, -) is related
to the support function A(K,-) by the linear second order differential operator

Al :A0+(n—1),
where A denotes the Laplace Beltrami operator on S™~!, see [15], p.87. We have
Ah(K, ) =8 (K,"), (1.27)

where this equality is understood in the sense of distributions. From (1.27), it follows
that

in—1

S1(Ky + K3,-) = Si(K,-) + Si(Ky, ). (1.28)
The Stcmer point map s : K* — R” is defined by

s(K) = n/su_l h(K, u)udu.

Using Lemma 1.8, it is not difficult to show that s is up to a multiplicative constant
the unique vector valued continuous, rotation intertwining and Minkowski additive
map, see [43]. Since vector addition in R™ coincides with Minkowski addition of
singletons, it is possible to give an equivalent definition of the Steiner point map

h({s(K)},) = nh(K,") * (€ -.) = mh(K, ). (1.29)

There is no nonzero vector valued map from the set of translation classes of
convex bodies [Kf] = Kj/R™ that is continuous, rotation intertwining and additive
with respect to Blaschke addition. This fact is reflected by the relation

M Sao1(K, ) = nSpoa(K, ) ¢ (€-.) = 0. (1.30)
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1.2.2 Mixed Volumes and Projection Bodies

The volume of a Minkowski linear combination A K + ...+ A, K, of convex bodies
K,,..., K, is a homogeneous polynomial of degree n in the A;

n'

VLKL + ..+ MnKy) = Z V(K. K )N - A

The coefficients V(Kj;,,..., K;,) are called mixed volumes of Kj,,...,K; . These
functionals are symmetric in their arguments, nonnegative, translation invariant
and monotone (with respect to set inclusion). Moreover, they have the following

properties:

(i) They are multilinear with respect to Minkowski linear combinations.

(i) Their diagonal form reduces to ordinary volume:

V(K,... K)=V(K).

(1ii) They are invariant under simultancous volume preserving linear transforma-
tions, i.e. if A € SL(n), then

V(AK],...,AKn) = V(K},. ..,Kn).

Denote by V;(K, L) the mixed volume V(K,...,K,L,...,L), where K appears
n — ¢ times and L appears ¢ times. For 0 < ¢ < n — 1, we write W;(K, L) for
the mixed volume V(K,...,K,B,..., B, L), where K appears n — i — 1 times and
B appears 1 times. The mixed volume W;(K, K) will be written as W;(K) and is
called the ith quermassintegral of K. If C = (K\,..., K;), then V;(K, C) denotes
the mixed volume V(K, ..., K, K),..., K;) with n — i copies of K.

For any convex body K, we have the following integral representation:

1
V(E, Ky, Kant) = —(h(K, ), S(K - Ko, ). (1.31)

In particular, for the functional VI(K, L), we have

Vi(K, L) = —(h(L, ), Sua(K, ). | (1.32)

Hence V; : [Kj] x K™ — R is bilinear with respect to Blaschke and Minkowski
addition. By (1.24) and (1.31), we get for K € K"

I/Vn—l(l{) = K’n7r0h'(K3 ) and WI(K) = %’/TOSn—l(I() ) (133)

We will now present the fundamental inequalities of the Brunn Minkowski Theory.
In order to simplify the equality cases, we will state most of them only for convex
bodies with interior points. One of the most general and fundamental inequalities
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for mixed volumes is the Aleksandrov Fenchel inequality: If K;,..., K, € K} and
1 <m < n, then

V(K )™ 2 T VG, K Ko, - ). (1.34)
j=1

Unfortunately, the equality conditions of this inequality are, in general, unknown.
An important special case of inequality (1.34), where the equality conditions are
known, is the Minkowski inequality: If K,L € Kj, then

Vi(K, L) > V(K)"'V(L), (1.35)

with equality if and only if K and L are homothetic. In fact, a more general version
of Minkowski’s inequality holds: If 0 < ¢ < n—2 and K, L € K?, then

Wi(K, L) > Wi(K)"™Wi(L), (1.36)

with equality if and only if K and L are homothetic.

The classical inequality between two consecutive quermassintegrals states that
for Ke K"and 0<i<n -2,

Wi (K)*™ > ko Wi(K)* 7, (1.37)

where «, is the volume of the Euclidean unit ball B. If K € K}, |, there is equality
in (1.37) if and only if K is a ball. By repeated application of (1.37) one obtains: If
KeKiand0<i1<j<n-—1,then

W, ()™ > kWK™, (1.38)

with equality if and only if K is a ball.

A consequence of the Minkowski inequality is the Brunn Minkowski inequality:
If K,L € K, then :
V(K + L)'" > V(K)'/™ + V(L)' (1.39)

with equality if and only if K and L are homothetic. This is a special case of the .
more general inequality: If 0 < ¢ < n — 2, then

Wi(K + L)Y¢"=D > W (K)Y(=9 4 wy(L)Y/ -9, (1.40)

with equality if and only if K and L are homothetic.
A further generalization of inequality (1.39) is also known (but without equality
conditions): If 0 <i<n -2, K,L,K,,...,K; € K" and C = (K}, ..., K;), then

Vi(K + L,C)Y™9 > V(K, C)/™=) L y,(L, C)V/(=1), (1.41)

The projection body IIK of K € K" is the convex body whose support function
is given for v € S™™! by
R(TLK,u) = vol,_ (K |ut), (1.42)

where vol,_; denotes (n — 1)-dimensional volume and K|u' is the image of the
orthogonal projection of K onto the subspace orthogonal to w. '
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Projection bodies and their polars have received considerable attention over the
last decades due to their connection to different areas such as geometric tomography,
stereology, combinatorics, computational and stochastic geometry, see {2}, [3], [10],
(14], [15], [25], [26], (28], [33], [47], [54]-

Definition (1.42) can be rewritten using mixed volumes and spherical convolution:

h'(HI(» u) = Vl(l(a [“‘ua u]) = %(Sn—l(Ka ) * h,([—E, E]a ))(u), (1'43)

where [~u,u] denotes the segment with endpoints —u and u. Note that by (1.10),
this can be interpreted as a weighted (Minkowski) rotation mean of the segment
[, €e]. In fact, [T maps polytopes to finite Minkowski linear combinations of rotated
and dilated copies of [—¢, €], and general convex bodies to zonoids, i.e., limits of
Minkowski sums of line segments.

From formula (1.43), Lemma 1.1 and (1.15), we obtain the following wellknown
properties of the projection body operator IT : K* — K™

(a) II is continuous.
(b) IIis Blaschke Minkowski additive, i.e. I[I(K# L) = [IK+IIL forall K, L € K3.
(c) T intertwines rotations, i.e. II(9K) = JIIK for all K € K™ and all d € SO(n).

An important volume inequality for the polars of projection bodies is the Petty
projection inequality [39]: If K € K, then

Kn

V(T K) < ( >nV(K)“", (1.44)

Kn-1
with equality if and only if K is an ellipsoid. To prove the corresponding result for
the volume of the projection body itself is a major open problem in convex geometry,
see [34]. Petty conjectured that

n-—1
Kn

- V(IIK) > k,V(K)* 7, (1.45)
n—1

with equality if and only if K is an ellipsoid.
The polarization of volume under Minkowski linear combinations and (1.42) imply
an analogous behavior of the projection body operator

DK+ 4 AnKon) =D X - A (K, K ),

where the sum is with respect to Minkowski addition. The bodies I1(Kj,, ..., K;,_,)
are called mixed projection bodies and were introduced already in the classic volume
of Bonnesen-Fenchel [4]. Mixed projection bodies are symmetric in their arguments
and are multilinear with respect to Minkowski addition. .

In (28] and [33], Lutwak considered the volume of mixed projection bodies and
their polars and established analogs of the classical mixed volume inequalities. We
will show in Chapter 3 that properties (a), (b) and (c) of the projection body oper-
ator are responsible not only for its behavior under Minkowski linear combinations,
but also for most of the inequalities established in [28] and [33].
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1.2.3 Radial Functions, Dual Mixed Volumes and
Intersection Bodies

A compact set L in R® which is starshaped with respect to the origin o is uniquely
determined by the values of its radial function p(L,-), defined on R™\{o} by

p(L,z) = max{\ >0: Az € L}.

Radial functions are positively homogeneous of degree —1. Thus we can identify
them with their restriction on S"'. If p(L,-) is continuous on S™~!, we call L a
star body. With this definition the set of radial functions of star bodies coincides
with the nonnegative continuous functions on S®~!. Every K € K} containing the
origin 1n its interior is a star body. We have the relation

WK, = (K. (1.46)

Let 8™ denote the space of star bodies endowed with the uniform topology induced
by identifying a star body with its radial function on the sphere. For L,,L, € S™
and A;, A2 > 0, the radial Minkowski linear combination A\{L; + A2L, is the star
body defined by

,0(/\1L1 *I— /\QLQ, ) = )\1,0(.[/1, ) + /\2[)([/2, ) (147)

If A1, A2 > 0, then the radial Blaschke linear combination A; - L, # Ag - Ly of the star
bodies L, and L, is the star body whose radial function satisfies

p"_l(/\l . L] # /\2 . LQ, ) = /\1pn_1(L1, ) + /\gpn_l(Lg, ) (148)

For star bodies L,,...,L,, and Ay,..., )\, > 0, it is obvious from (1.47) that
PP YA - Ly + ... +Am - L,-) can be expressed as a polynomial homogeneous of

degree n — 1

pn—l(’\lLl +.. 4 AmLim, ) = Z /\il o "\in—lp(Lin ) e .p(Lin—l".)‘ (149)

The volume of a radial Minkowski linear combination /\iLl + ... AL, of star
bodies Ly, ..., L, admits a polarization formula of the form

n°

VML + oo F AnLm) = D V(Liyy-o, Li)d - A

T1y0esln

The coeflicients V(Lil, ..., L;,) are called dual mixed volumes of L;,, ..., L; . They
are nonnegative, symmetric and monotone (with respect to set inclusion). They are
also multilinear with respect to radial Minkowski addition, V(L, ..., L)y=V(L), and
they are invariant under simultaneous volume preserving transformations of their
arguments. The following integral representation of dual mixed volumes holds:

~ 1

‘/(Ll)"')Ln) = 'f_l/ ]P(Ll:u)“‘ﬂ(Ln,u)dU;
Sn-

20




where du is the spherical Lebesgue measure of S™=1. The definitions of V;(K, L),
Wi(K, L), etc. are analogous to the ones for mixed volumes. A slight extension of
the notation Vi(K,L) isforr € R

V(K,L) = %/ P T, w)pn (L, w)du. (1.50)
sn—l

Obviously, we have V; (L, L) =V(L) for every r € R and every L € S™.
The most general inequality for dual mixed volumes is the dual Aleksandrov

Fenchel inequality: If L,,...,L, € 8" and 1 < m < n, then
V(Ly, . L)™ <[] V(Ljs s Ly Lt - L) (1.51)
j=1

with equality if and only if L,, ..., L,, are dilates. A special case of inequality (1.51)
is the dual Minkowski inequality: If K, L € 8™, then

(K, L) < V(K)'V(L),

with equality if and only if K and L are dilates. A more general version of the dual
Minkowski inequality is: If 0 < ¢ < n — 2, then

Wi(K, L)"™ < Wi(K)" 7 Wi(L), (1.52)

with equality if and only if K and L are dilates.
We will also need the following Minkowski type inequality: If K, L € S™, then

Vo (K, L)* > V(K)""'V (L), (1.53)

with equality if and only if K and L are dilates.

The inequality between two consecutive dual quermassintegrals states that, for
LeS*and 0<i<n—2,

Wi (D)™ < ko Wi(L)" 7,

with equality if and only if L is a centered ball.
A consequence of the dual Minkowski inequality is the dual Brunn Minkowski
-inequality: If K, L € 8™ then

V(K F L)'/* < V(K)Y™ + V(L)

' wvith equality if and only if K and L are dilates. Using Minkowski’s integral inequal-
ity, this can be further generalized: If 0 <1 < n — 2, then

Wi(K I L)l/(n—i) < Wi(K)l/(n_i) + Wi(L)l/(n—i)’
with equality if and only if K and L are dilates. If 0<i:<n-—-2, K,L,L,,...,L; €
S" and C = (Ly, ..., L;), then
Vi(K + L, C)/=) < V(K C)/ =9 4 (L, )M/,

with equality if and only if K and L are dilates.
The intersection body IL of L € 8™ is the star body whose radial function is
given for u € S™! by
p(IL,u) = vol,_ (L Nut). (1.54)
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Using spherical convolution, we can rewrite definition (1.54) as
p([La u) = K'n—lRO,D(L) ‘)n—l = p(La .)n—l * 056“2) (155)

where ogn-2 is the invariant measure concentrated on the parallel circle S§=% with
total mass x,_,. Intersection bodies appear already in a paper by Busemann [6],
but were first explicitly defined and named by Lutwak [30]. Intersection bodies
turned out to be critical for the solution of the Busemann-Petty problem, see [8],
[9), (11], [19], [21], [22], [56]. The fundamental volume inequality for intersection
bodies is the Busemann intersection inequality [6]: Among bodies of given volume
the intersection bodies have maximal volume precisely for ellipsoids centered in the
origin. To prove a corresponding result for the minimal volume of intersection bodies
of a given volume is another major open problem in convex geometry.

From (1.55), we can deduce the following properties of the operator I : 8" — 8™

(a)y 1 is continuous.
(b)y I(K#L)=1IK+IL for all K,L € S™.
(c)4 I intertwines rotations.

Moreover (1.55) implies the following behavior of the intersection body with re-
spect to radial Minkowski addition

IML ¥ o F AmLm) =D Ay X I(Liy, o, Ly ),

where the sum is with respect to radial Minkowski addition. The star bodies
I(L;,...,L;,_,) are called mixed intersection bodies. They were introduced by
Zhang [55]). Mixed intersection bodies are symmetric in their arguments and are
multilinear with respect to radial Minkowski addition.

In [23] and [24], it was shown that for the fundamental inequalities of the dual
Brunn Minkowski Theory, the volume of these mixed intersection bodies satisfies
analogous inequalities. In Chapter 3 we will generalize these results to operators
satisfying properties (a)y, (b)4 and (c)4 of the intersection body operator.
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Chapter 2

Intertwining Additive Maps

2.1 Endomorphisms of K"

In this section, we give an overview of the known results on Minkowski and Blaschke
endomorphisms of convex bodies by Schneider [43], [44] and Kiderlen {20]. We first
collect a few lemmas on intertwining maps of continuous functions and measures
and prove a strengthened version of a very useful lemma by Schneider and Kiderlen.
This will allow us to give short proofs of Kiderlen’s characterization theorems of
weakly monotone Minkowski and general Blaschke endomorphisms. Finally, we will
explain Kiderlen’s notion of adjointness of Minkowski and Blaschke endomorphisms
and make a few remarks on the open problem concerning the classification of general
Minkowski endomorphisms.

2.1.1 Some Useful Lemmas

In (7], Dunkl considered continuous, rotation intertwining and linear maps of C(S™~')
into itself. We call a map & : C(S™') — C(S™~!) with these properties an endo-
morphism of C(S™~!) and state the following result due to Dunkl [7] as a lemma:

Lemma 2.1 A map ® is an endomorphism of C(S™!) if and only if there is a
unique measure u € M(S™"1 €) such that

Of = f*yp, fec(s . ‘ (2.1)

Proof: From Lemma 1.1 and (1.15) it follows that mappings of the form (2.1) are

endomorphisms. The uniqueness of the measure p follows from the multiplier prop-

erty of zonal convolution and the completeness of the system of spherical harmonics.
For an endomorphism ¢ of C(S™~!) consider the map

@:C(S™) SR, f— &f(E).
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By the properties of ®, the functional ¢ is continuous and linear on C(S™!). Thus,
by the Riesz representation theorem, there is a measure u € M(S™!) such that

o(f) = (f, 1)

Since ¢ is SO(n — 1) invariant, the measure y is zonal. Thus, we have for 5 € S™!

Sf(M) =2 ' f)E) = f)=n""fu = f(nu)dp(w).

Sn-1

The theorem follows now from (1.13). [ ]

Note that, in the proof of Lemma 2.1, we only need the continuity of the map
f — @f(e). Lemma 2.1 illustrates the use of classifications of linear functionals
to obtain results on intertwining linear maps. We will draw on this idea in a more
geometric context later on. The following corollary shows that also endomorphisms
of M(S™°1), i.e., continuous, rotation intertwining and linear maps of M(S™™") into
itself, are generated by zonal measures, see [20].

Corollary 2.2 A map ¥ is an endomorphism of M(S™!) if and only if there is a
unique measure p € M(S™"1,€) such that

Uy =v*pu, v € M(S™H). (2.2)

Proof: By Lemma 1.1 and (1.15), mappings of the form of (2.2) arc endomorphisms.
The uniqueness of the measure u follows again from the multiplier property of zonal
convolution and from the completeness of the system of spherical harmonics.

Conversely, let ¥ be an endomorphism of M(S™~1). It is easy to see that also
the adjoint ¥* of ¥ is rotation intertwining. Moreover, we have

[° f(u)| = K8, 6u)] = [{f, ¥*8u)] < [ flloo 1 W8ull = | fllooll WO I

Thus, ¥* is continuous and hence an' endomorphism of C(S*™!). By Lemma 2.1,
there is a unique measure p such that ¥*f = f * u. Thus, by Lemma 1.2, we have

(‘Ijl/af>:<V’\I"f>:<Uaf*//'>:(u*ﬂ'af>" [ |

We call a map @ : C(S™"!) — C(S™') monotone if it maps nonnegative functions
to nonnegative ones. The following lemma is a slight variation of Lemma 2.1. It can
be proved, using the Riesz representation theorem for positive linear forms:

Lemma 2.3 A map ® : C(S™') — C(S™!) is a monotone, linear map that inter-
twines rotations if and only if there is a unique measure p € M (S""1,€) such that

Of =fxu,  feC(S™)

We now turn to mappings of convex bodies. By (1.29), the Steiner point map can
be interpreted as a convolution operator on the cone of support functions. In the
following we will consider more general transformations of convex bodies induced
by convolution operators.
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By (1.5), the convolution from the left with measures p € M*(SO(n)) can be

interpreted as (weighted) rotation means. In particular we have for every convex
body K € K"

;u:h(K,-):/

SO(n)

ROK, Vdu(®),  px Sen(K,-) = / S r(OK, )du(®).

SO(n)

The following corisequénces of this interpretation appear in [15].

Lemma 2.4 Let p € M*(SO(n)).
(a) For K € K™, the function p* h(K,-) is the support function of a convez body.

(b) For L € ICB‘ and p # 0, the measure p* Sp_1(L, ) is the surface area measure
of a convezx body with interior points. :

Let K € Kj. Then, by (1.30) we have m,S,_,(K, ) = 0, i.e., the center of mass
of surface area measures is the origin. By (1.14) and the remarks after Definition
1.7, spherical convolution operators from the right are multiplier transformations.
Thus, we have for a nonnegative measure u € M(S""!,€)

T (Sn-1(K, ) x u) = 0.

Hence the convolution of surface area measures with nonnegative zonal measures
from the right again give nonnegative measures with center of mass in the origin. It
is also not hard to see that S,_;(K,-) * u is not concentrated on any great sphere.
Thus, the measure S,_,(K,-) * i is again a surface area measure of a convex body.
Noting (1.30), we see that in fact it is sufficient that the measure y is positive up to
addition of a measure with density c(e -.). We capture this property of a measure
in the following definition:

Definition 2.5 A measure p € M(S"',€) is called a linear measure if p has a
density of the form ¢(e -.), c€ R. ' ' o
The measure pp € M(S™1,e) is called weakly positive if it is nonnegative up to
addition of a linear measure.

It was shown in [20] that also the cone of support functions is invariant under
convolution of zonal weakly positive measures. We summarize these results in

Lemma 2.6 Let p € M(S™""1,¢) be weakly positive.
(a) For I{ € K", the function h(K,-) * p is the support function of a convez body.

(b) For L € K} and p not linear, the measure S,_1(L,-) * p is the surface area
measure of a convex body with interior points.

We will need a criterion to determine if a measure u € M(S™" ! €) is weakly
positive. Let £ = {h(K,:) — h(L,-) : K,L € K"} denote the vector space of
differences of support functions. The following lemma is in a slightly weaker form
due to Schneider [44] for n = 2 and Kiderlen [20] for n > 3.
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Lemma 2.7 Let g € £ and let N be a dense subset of MF(S™'). Then
(g,m) >0  VpeN o (23)
if and only if there is an x € R™ such that |
vg(u)+x-u20 Vue St (2.4)

Proof: Obviously, (2.4) for some z € R™ implies (2.3). Conversely, assume that (2.3)
holds. Since N is dense in M7 (S™!), (2.3) holds for every measure in M} (S*™!).
Let

9="hL,") - h(M,:) |
with convex bodies L, M € K%. Define the inradius of L relative to M by

(L, M) = max{A > 0: AM C L + z for some z € R"}.

Choose z € R™, with r(L, M)M C L + z. By the definition of (L, M), the contact
points of r(L, M)M and L + z are distributed on their respective boundaries such
that

o€ conv{N(L,y)nS* ' :yer(L,M)MNL+z},
where N(L,y) is the normal cone of L in y. Otherwise we could move the body
(L, M}M inside L + = away from the contact points and blow it up, in contradic-

tion to the definition of r(L, M). Let u € M7F(S"!) be concentrated in the set
{N(L,y)nS™':yer(L,M)MNL+z}. By (2.3),

T(La M)<h'(Ma ')) Il> = (h’(La ')a /J') = (g + h(Ma ')) /1') > (h(A4’ ')) /1'>
Thus 7(L, M) > 1, and hence we have for every u € S™!

gu) + h(M,u)+z-u=h(L+z,u)>r(M,LAM,u) > h(M,u). =

Using (1.32), and noting that the set of surface area measures of convex bodies
is a dense subset of M7 (S™"!), we obtain the following geometric consequence of
Lemma 2.7 which was proved differently by Weil in [50].

Corollary 2.8 Let K,L € K*. If Vi(M,K) < Vi(M, L) for every M € K}, then
there is a vector x € R™ such that K +x C L.

Note that, if the function g in Lemma 2.7 is zonal, then the vector z in (2.4) can
be chosen as a multiple of €. The following consequence of Lemma 2.7, which we
will use frequently, is due to Kiderlen {20].

Corollary 2.9 Let p € M(S™ ', €), and let N be a dense subset of M} (S™").
Then

vipE MISY)  VeeN (2.5)
if and only if p is weakly positive.
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Proof: Tt is clear that (2.5) holds if i is weakly positive. Conversely, assume that
(2.5) holds. Let (¢x)ken be a zonal approximate identity. Then v*p* @, > 0, and by
Lemma 1.3, we have p * ¢ € C®(S™!). Using (1.13), we see that (v* p* ¢i)(e) =
(L* @, v) > 0 for every v € N. As C®(S™!) C L, see [46] p.27, by Lemma 2.7 and
the remark after Corollary 2.8, there are ¢, € R such that

(1 * @) (1) + k(e - u) > 0.

Thus, for nonnegative f € C(S™!), we have by (1.24)
_ Ck :
frpxpp 2 —cfx(e-) = —;—mf.

By Lemma 1.3, we have p * ¢ — p weakly, and thus f * pu* ¢x — f * g uniformly
by Lemma 1.1. Hence there exists b € R such that b > —c¢,m, f. Since 7y f is a lin-
ear functional, the sequence ¢ is bounded. Therefore we can assume that ¢y, —c. B

2.1.2 Kiderlen’s Characterization Theorems

We now use the tools that were prepared in the last subsection to give short proofs
of the classification results on rotation intertwining and additive maps from [20].

Definition 2.10 We call @ map ® : K* - K™ that is continuous, rotation inter-
twining and Minkowski additive a Minkowski endomorphism. A DBlaschke endo-
morphism is a map ¥ : [K§] — [KF] that is continuous, rotation intertwining and
additive with respect to Blaschke addition.

Let K,L € K®. Then K C L if and only if A(K,-) < h(L,-). Thus by (1.29) a
map ¢ : K* — K" defined by

WK, ) = h(K, ") * p,

with a weakly positive measure u € M(S™"!,€) is monotone (with respect to set
inclusion) on the set of convex bodies having their Steiner point in the origin. We
call a Minkowski endomorphism with this property weakly monotone.

A classification of weakly monotone Minkowski and general Blaschke endomor-
phisms was established by Kiderlen in [20]. We summarize his results in

Theorem 2.11 A map ® : K* — K" is a weakly monotone Minkowski endomor-
phism if and only if there is a unique weakly positive measure p € M(S™*,€) such
that

MK, ) =h(K,)*pn K€K (2.6)

A map ¥ : [KG] = [K] is a Blaschke endomorphism if and only if there s a weakly
positive measure v € M(S™1,e), unique up to addition of a linear measure, such
that

Sa1(VK,) = Sa_i(K,) kv, K€K (2.7)
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Proof: By Lemma 2.6, mappings of the form of (2.6) and (2.7) are intertwining
endomorphisms of the respective additive structures. Thus, we only need to show
that there are weakly positive measures p, v € M(S"!,€) such that (2.6) and (2.7)
hold for every weakly monotone Minkowski and general Blaschke endomorphism.

Let ¢ be a weakly monotone Minkowski endomorphism. Since the Steiner point
map is uniformly continuous, it is easy to show that the monotonicity property of
® implies uniform continuity of ®. Thus the induced map on the vector space of
differences of support functions ® : £ — C(S™!) defined by

®(h(Ky, ") — h(Ka,+)) = K(PK),-) — h(®K,, )

is continuous, additive and intertwining. Since £ is dense in C(S™1), the map ®
can be extended uniquely to an endomorphism of C(S*~!). By Theorem 2.1, there
is a unique zonal measure u € M(S™"! €) such that

Of =fxp,  fecC(s"h.

Since ® is weakly monotone, for every nonnegative f € C(S*™') with m;f = 0 we
have

(f *p)(€) =(f,m) 2 0. |
These functions form a dense subset in the weak* topology of M} (S™"!). Hence,
by Lemma 2.7, the measure yu is weakly positive.
Let ¥ be a Blaschke endomorphism. Then ¥ induces a linear map ¥ on the
vector space M,(S™"!) of differences of surface area measures of convex bodies by

U(Spo1 (K1, ) = Sac1(Ka, ) = Snc1(PKY,-) = Spo1 (WK, ).
¥ can be further extended to the space M(S8™1) by
Vo =¥(0-mo), oeM(S").
Define a map I’ :VC(S"—I) - C(S™ 1)
(C)(u) = (f, ¥8u).

By the properties of ¥ and Theorem 2.1, the map I is an endomorphism ofC(S"‘l),
hence there is a measure v € M(S™"!,€) such that I'f = f v for f € C(S™!).
We thus have for every f € C(S™"!) and every u € S™!

(Tf,6.) = (f % v,8,) = (f, 6y x v) = (f, ¥4,).

By the linearity of ¥ and of the convolution, it follows that Yo = o * v for every
o € M,(S™"1) with finite support. Hence, for every polytope P € K7,

U(Sueri(P,)) = Suci (P, ) = Spei(P, ) ¥ v.

By the continuity of ¥, of the convolution and by the weak continuity of surface
area measures, this implies (2.7) for every K € K. By Corollary 2.9 and (1.30),
the measure v is weakly positive and unique up to addition of a linear measure. M

Kiderlen noted in [20] the following nice application of Theorem 2.11:
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Corollary 2.12 Let @ : K* — K™ be a weakly monotone Minkowski endomorphism,
which is not a combination of the identity and the reflection in the origin. If K € K"
18 homothetic to PK, then K is a ball.

The major open problem concerning Minkowski endomorphisms is a classification
without the extra assumption of weak monotonicity. For n = 2, Schneider obtained
in [44] such a result by showing that every Minkowski endomorphism is weakly
monotone. The following conjecture appears implicitly in {44] and [20].

Conjecture 2.13 FEvery Minkowski endomorphism is weakly monotone.

In the course of this chapter we will give several reformulations of this conjecture.
In [20], a natural notion of adjointness between Minkowski and Blaschke endo-
morphisms was introduced.

Definition 2.14 A Minkowski endomorphism & and a Blaschke endomorphism ¥
are called adjoint if for every K € K} and every L € K"

Vi(VK, L) = Vi(K,®L).

Using (1.32), Lemma 1.2 and Thecorem 2.11, we see that a Blaschke and a
Minkowski endomorphism are adjoint if and only if they have the same generat-
ing measure up to addition of a linear measure. By Theorem 2.11, every Blaschke
endomorphism has an adjoint weakly monotone Minkowski endomorphism. The
converse statement is equivalent to Conjecture 2.13:

Conjecture 2.13, Every Minkowski endomorphism has an adjoint Blaschke
endomorphism.

2.2 Blaschke Minkowski Homomorphisms

As a continuation of the work by Schneider and Kiderlen, we investigate Blaschke
Minkowski homomorphisms, i.e., continuous mappings from the space K™ into itself,
that are rotation intertwining and Blaschke Minkowski mixed additive. The main
results in this section are a representation theorem for general Blaschke Minkowski
homomorphisms and a complete classification of all even Blaschke Minkowski homo-
morphisms. Moreover, we give characterizations of the projection body operator
and the Minkowski and Blaschke difference body operators. In the last part of this
section, we investigate the behavior of Blaschke Minkowski homomorphisms under
Minkowski linear combinations and show that they admit a polarization formula
analogous to that of the ordinary volume functional. The results of this section are
mainly taken from [48].
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2.2.1 Representation and Characterization Theorems

Since endomorphisms of X" are more or less well understood, the question arises
how homomorphisms between the two natural additive structures, Minkowski and
Blaschke addition, look like. This motivates the following definition:

Definition 2.15 A map & : [K§] —» K" s called a Blaschke Minkowski homo-
morphism if it satisfies the following conditions:

(i) @ is continuous.

(11) For all K,L € [K?]
O(K # L) = K + L. - (28

(1ii) ® is rotation intertwining, i.e. for all K € [K3] and every 9 € SO(n)
®(VK) = 9OK.

By the properties (a), (b) and (c) of the projection body operator, see Section 1.2.2,
IT is a first example of a Blaschke Minkowski homomorphism. Later on we will see
that there are many more examples, sec also {13], [18] and [48]. We call the operator
that maps every convex body to the origin trivial.

The representation formulas for Minkowski and Blaschke endomorphisms ob-
tained in Theorem 2.11 show that the respective endomorphisms induce multiplier
transformations on the cone of support functions and surface area measures, re-
spectively. This fact has been deduced before for Minkowski endomorphisms by
Schneider in [43] using a different method. In the following we will adapt the tech-
nique by Schneider to show that also Blaschke Minkowski homomorphisms induce
multiplier transformations.

Every Blaschke Minkowski homomorphism @ : [K}] — K™ induces a map on the
set of surface area measures by

®S,_1(K, ) = h(®K,:), K€K | (2.9)
Using Theorem 1.8, we obtain: '

Theorem 2.16 Let ® : [K}] — K" be a Blaschke Minkowski homomorphism. Then
the induced map on the set of surface area measures is a multiplier transformation,
i.e., there is a sequence ¢, € R such that, for every K € Kj,

mh(PK, ) = m®Sp_1(K, ) = cxmeSn-1 (K, -).

For the proof of Theorem 2.16, we need some well known facts on the vector space
of differences of surface area measures, see [53] and [16], p.70.

Lemma 2.17 Let Q C M}(S™!) denote the set of surface area measures of convex
bodies with interior points. Then '

(a) Q is dense in M}(S"!) and M,(S"1) = Q — Q.
(b) QN H" is dense in Q.
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PROOF OF THEOREM 2.16: By the additivity property of Blaschke Minkowski
homomorphisms, the induced map (2.9) on the cone Q of surface area measures
of convex bodies is linear, and hence by Lemma 2.17 (a), there is a unique linear
extension ® to the vector space M(S™1) given by

®(p) = 88,1 (K,,-) — ®Sn_1(K_,-),

where p— mp = S, (K, )= Sas1(K_,) € M,(S™!) for some K, K_ € K.
The restriction of ® to H" is by definition linear and intertwines rotations. Thus,

by Theorem 1.8, it is a multiplier transformation. The result follows since ® and @

coincide on the set @ NH™ which is dense in @ by Lemma 2.17 (b). [

By Cauchy’s surface area formula, the mean width of the projection body of a
convex body K € K is a constant multiple of the surface area of K. The following
corollary to Theorem 2.16 is a generalization of this fact.

Corollary 2.18 Let ® : [K}] — K™ be a Blaschke Minkowski homomorphism. Then
Wn_l((DK) = T@W[(K),
where 7y € R™ is the radius of the ball B.

Proof: We will first show that ®B is a ball. To see this note that 7 S,_1(B,-) =0
for k > 1. Thus by Theorem 2.16, we have nh(®B,-) =0 for k£ > 1, hence ®B is a
ball. By Theorem 2.16, the radius rg of ®B is given by

re = moh(PB, ) = me®S,_1(B, ) = comoSn-1(B, ) = cown,
where ¢ denotes the first multiplier of ® and w, is the surface area of B . By (1.33),

we have W,,_|(®K) = k,moh(PK) and thus, again by Theorem 2.16 and (1.33),

Wn—l(q)K) = K'n'/TO(DSn—-l(Ka ) = %WOSn—I(Ka ) = T<1>M/](K)~ ]

From now on we will view a map @ : [K2] — K" via the obvious identification
as a translation invariant map on Kf. The next lemma shows that every Blaschke
Minkowski homomorphism has a continuous extension to ™. ‘

Lemma 2.19 Let ® : K} — K™ be a Blaschke Minkowski homomorphism. Then
there 1s a unique continuous extension of ® to K.

Proof. Let K,, € K be a sequence converging to K € K™. Then we define

¢K = lim ®K,,.

m—0Q

To see that this limit exists, note that, by Corollary 2.18, W, _(®K,,) = re Wi (Ky).
Thus, W,,_1(®PK,,) = oW, (K) as m — oo. Hence the sequence ® K, is bounded.
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Let ®K,,, be a convergent subsequence of ®K,, with limit L € K". By Theorem
2.16 and (1.23),

’/Tkh,(q)l(,,,'j, ) = CkaSn—l(I(mj, ) = CkN(TL, k)Sn_l(I(mj, ) * Pg(’é .. )

By Lemma 1.1, this converges uniformly to ¢;meSn_1(XK, ). On the other hand,
Th(® Koy, -) = meh(L,-) as j — co. By the completeness of spherical harmonics,
the limits of every convergent subsequence ®K,,; of ®K,, coincide and thus @K,
itself is convergent. n

In the following, we will not distinguish between a Blaschke Minkowski homo-
morphism ¢ : KF — K™ and its continuous extension to K".

In order to establish a representation theorem for Blaschke Minkowski homomor-
phisms, we will draw on the idea by Dunkl [7] and use a classification of real valued
functionals to obtain a representation for rotation intertwining linear maps, see also
[44]. A map ® defined on K" and taking values in an abelian semigroup is called a
valuation if for all K, L € K" such that also K U L € K™,

®KUL)+P(KNL)=dK + ®L.

Since the map K — S,_ (K, ) is a translation invariant valuation, see [46], p.201,
we obtain from the definition of Blaschke addition that for all X, L € K such that
KuLeKgand KNL e KE,

(KULY#(KNL)=K#L.

Thus, if ® is a Blaschke Minkowski homomorphism, we have by Lemma 2.19 for all
K,L € K™ such that KU L € K"

P(KUL)+@(KNL)=dK + L. (2.10)

Hence, ® is a valuation with respect to Minkowski addition.- For further information
on valuations of this type, see [25] and [26].
The following characterization is due to Hadwiger [17] and McMullen [35]:

Theorem 2.20 A map ¢ : K™ — R is a continuous translation invariant valuation
homogeneous of degree n — 1 if and only if there is a function g € C(S™™!), unique
up to addition of a linear function, such that

o(K) = (g, Sn-1(K, "))

Using Theorem 2.20 and (2.10), we can derive a representation theorem for
Blaschke Minkowski homomorphisms.

Theorem 2.21 If & : K™ —» K" is a Blaschke Minkowski homomorphism, then
there is a weakly positive g € C(S™™', €), unique up to addition of a linear function,
such that

h(®K, ) = S5,1(K, ) * g. (2.11)
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Proof: Define a functional ¢ : K® — R by
o(K) = h(®K,e).
Since S,_1(AK,-) = A""1S,_|(K,") for A > 0 and K € K™, we have by (2.8)
PAK = \"IOK. (2.12)

Using (2.12) and (2.10), we see that the map ¢ is a continuous valuation on K"
homogeneous of degree n — 1. By Theorem 2.20, there is a function g € C(S™!),
unique up to addition of a linear function, such that

o(K) = (g, Sa-1(K,-)).

Since ¢ is invariant under rotations leaving e fixed, the function g is zonal, and
thus, by (1.1) and (1.2),

h(QK, 7)) = h(®K,n€) = (g, Sn-1(n"' K, ")) = (ng, Sn-1(K"))- (2.13)

(2.11) follows now from (1.13) and (1.19). To see that g is weakly positive, note
- that by (1.29), (1.30) and the commutativity of the convolution of zonal functions,

h({s(2K)},") = nh(®K,-) * (€ -.) = nSp_s(K,-) * (€-.) x g = 0.

Since s(®K) € relint @K, see [46], p.43, we have h(®K,-) > 0. Thus, noting that
the set of surface area measures is a dense subset of M} (S™1), it follows from
Corollary 2.9 that g is weakly positive. |

For later applications, we state further properties of the generating functions of
Blaschke Minkowski homomorphisms in the following lemma.

Lemma 2.22 Let g € C(S™1, €) be the generating function of a Blaschke Minkowski
homomorphism.

(a) g is a difference of support functions, i.e. g € L. _
(b) There is a symmetric body of revolution L € K" such that, for every u € S™!,
| g(u) + g(—w) = h(Lu). |
Proof.: By Lemma 2.17 (a), there are convex bodies K, K_ € K? such that
O —mbg = Sa1 (K4, ) — Sna (K-, ).

Since the Dirac measure 5A is the neutral element for zonal convolution, and as
(m165)(u) = ne -u by (1. 24) we obtain

(0z = mbz) xg=g—mg=h(PK,,) — H(PK_,).
Since 7 ¢ is a linear functional on R", there is a vector z € R™ such that
(mg)(w) =z - u=h({z},u).
Hence g = h(®K, +z,-) — h(PK_, "), which proves (a).

33




To see (b), let {b1,...,b,} be an orthonormal basis in R™ such that ¢ = b,. For
a vector r € R" let z,,...,z,, denote its coordinates with respect to by,...,by.
Choose 8 € R* such that the ellipsoid E, defined by

2 2 2
i +...+zx T
1 'n—l| r21_<-1

ol

has surface area S(E,) = 1. It was shown in [15], p.103, that as & — oo, we have
B — 0 and

1
Sn-1(Eq, ) — 5(5? +4_7)
weakly. By Lemma 1.1,

1 o
h(q)Ea) u) = (Sn—l(Ea’ ) * g)(u) - E(g(u) + g(—’U,))
uniformly in u € S™"!. Since h(®FE,,-) converges uniformly, it converges to a sup-
port function of a convex body, which proves (b). A |

We call a map @ : K* = K" even if 8K = ®(—K) for all K € K*. An
immediate consequence of Lemma 2.22 is the complete classification of all even
Blaschke Minkowski homomorphisms.

Theorem 2.23 A map ® : K* — K" is an even Blaschke Minkowski homomorphism
if and only if there is a centrally symmetric body of revolution L € K™, unique up
to translation, such that '

h(®K, ) = Sy 1 (K, ") * h(L,").

Proof: A Blaschke Minkowski homomorphism is even if and only if its generating
function is even. Thus the result follows from Lemma 2.22 (b). u

The projection body operator I1 : K* — K" is an even Blaschke Minkowski
homomorphism. By (1.43) its generating body of revolution is a dilate of the seg-
ment [—e,¢e]. The operator II maps polytopes to Minkowski sums of rotated and
dilated copies of the line segment [—¢, ¢]. By Theorem 2.23, a general even Blaschke
Minkowski homomorphism maps polytopes to finite Minkowski linear combinations
of rotated and dilated copies of a symmetric body of revolution L. General convex
bodies are mapped to limits of these finite Minkowski linear combinations.

Another wellknown example of an even Blaschke Minkowski homomorphism is
provided by the sine transform of the surface area measure of a convex body K, see
(18], [42]: Define an operator © : K® — K" by

h(OK,) = Suoi(K,-) * (BN ET, ).

Then O is an even Blaschke Minkowski homomorphism whose images are (limits

of) Minkowski sums of rotated and dilated copies of the disc BN €. The value
h(©K,u) is up to a factor the integrated surface area of parallel hyperplane sections
of K in the direction U.
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If g = h(L, ") for some body of revolution L € K™ is the generating function of a
Blaschke Minkowski homomorphism @, then by (2.13) and (1.32),

hMOK,n) =nVi(K,nL). (2.14)

Since K| C K, if and only if h(K,,-) < h(K>, ), the monotonicity of mixed volumes
together with (2.14) implies

Corollary 2.24 A Blaschke Minkowski homomorphism whose generating function
is given by h(L,-) for some L € K™, is monotone with respect to set inclusion.

Note that by Theorem 2.23 and Corollary 2.24, every even Blaschke Minkowski
homomorphism is monotone.
By Lemma 1.10, every map ® : K* — K" of the form

MK, ) = Su_1(K, ) * (L, ")

for some L € K™ is a Blaschke Minkowski homomorphism, but in general there are
generating functions g of Blaschke Minkowski homomorphisms that are not support
functions. An example of such a map is the (normalized) second mean section
“operator M, introduced in [13] and further investigated in [18]: Let £F be the affine
Grassmanian of two-dimensional planes in R™ and p, its motion invariant measure,
normalized such that pu,({F € £} : EN B # @}) = K,-2. Then

}L(MZK) ) = (n—l)/h(KﬂE, ')du'Q(E)_h({zn—l(K)}’ ) = Sn—l(l(a ')*92, (2'15)
&

where z,-1(K) is the (n — 1)st intrinsic moment vector of K, see [46], p.304, and
where Ag, is given by ‘

Ago(t) = arccos(—t)V1 — té.

The function g, is not a support function. Note that the operator M, is not mono-
tone but that it has the following weak monotonicity property: M, is monotone
on those convex bodies which have their (n — 1)st intrinsic moment vector in the
origin. This is similar to the monotonicity property of weakly monotone Minkowski
endomorphisms.

We note here that the function g, has appeared in convexity before, but in a
different context. In {1], Berg showed that for every n > 2 there are functions g,
such that, for every K € K™ with s(K) = o, ’

h(K,) = Si(K,) *gn. | (2.16)

The generating function of the operator M, is up to a factor precisely the function
appearing in (2.16) for dimension 2.

We will give now a complete characterization of generating functions of Blaschke
Minkowski homomorphisms in the spirit of a classification result of Weil [52] of
generating measures of generalized zonoids. For this, we need the extension of area
measures of convex bodies.to the space L of differences of support functions.
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Definition 2.25 Let g; € £,i=1,...,n— 1, with g = h(K?,-) — h(K},-). Then
the mized surface area measure of gy, ..., gn_1 ts defined by

S(g1y- -y Gn1,) = Yo (mp)mbeteni SR, LK) € Mo(S™TY.
al,-.,an—1€{0,1}

For a function f € C(S™7!), define
‘/(f)gl) ... )gn—l) - (f) S(gla ceeyGn-1, )>

Forg€ L and j =1,...,n— 1, the measure S;(g,-) = S(g,...,9,1,...,1,-) where g
appears j times and 1 appears n — j — 1 times, is called the surface area measure of
order j of g. '

If ® is a Blaschke Minkowski homomorphism, then by Lemma 2.22 (a),
}L(@K, ) = Sn—l(l(a ) *g = S'n.—l(Ka ) * h’(L-i-’ ) - Sn—l(K) ) * h’(L—7 '))

where g = h(L,,-) — h(L_,-). Thus defining Blaschke Minkowski homomorphisms
®; and ®_ with generating functions h(L,,-) and h(L_,-), we get

h(BK,) = h(®,K,-) — h(®_K,"). (2.17)

In the light of (2.17), we need a criterion to determine whether a difference of support
functions is in fact a support function. This was established by Weil in [51].

Theorem 2.26 A function g € L 1is the support function of a convex body K f and
only if, for all j € {1,...,n — 1},

S(g,) € MF(S™7).

In order to use Theorem 2.26, we need to determine the area measures S;(® K, -).
In [15], p.105, the area measures of the convex body with support function pxh(K, -},
p € M¥(S0O(n)) were calculated. The result established there extends easily to
differences of support functions. Identifying spherical measures with right SO(n—1)
invariant measures on SO(n), we get the following lemma.

Lemma 2.27 Let ® be a Blaschke Minkowski homomorphism with genémting func-
tion g € L. Then (f,S;(PK,)) is given by

/ 1 V(f,Ag(ur-.),...,Ag(u; - ), 1,...,1)dSp1 (K, w1) .. .dSn_1 (K, uj).
(Sn=1y
Using Lemma 2.27, Theorem 2.26 and the fact that the set of surface area mea-

sures of convex bodies forms a dense subset of M} (S™™!), we obtain the following
characterization of generating functions of Blaschke Minkowski homomorphisms.

Theorem 2.28 A function g € L is the generating function of a Blaschke Minkowsk:
homomorphism if and only if, for every j=1,...,n -1,

/(gn_,)j V(f,Ag(ur-.), ..., Agly; - ), 1,..., )du(w) ... du(u;) >0

for every nonnegative f € C(S™!) and every p € MF(S*1).
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2.2.2 Endomorphisms and Homomorphisms

We now establish a connection between adjoint Minkowski and Blaschke endomor-
phisms and Blaschke Minkowski homomorphisms.

Theorem 2.29 Let ¥ be a Minkowski and ¥* a Blaschke endomorphism. Then the
following statements are equivalent:

(1) ¥ and ¥* are adjoint endomorphisms.

(2) For every Blaschke Minkowski homomorphism &

PoV* =Vod. (2.18)

(8) (2.18) holds for some injective Blaschke Minkowski homomorphism ®.

Proof: If ¥ and ¥* are adjoint, then ¥ is weakly‘ monotone and they have the same
generating measure g € M(S" ! €). Let ® be a Blaschke Minkowski homomor-
phism with generating function g € C(S™""!,€). From the commutativity of zonal

convolution, it follows that

ROV K,) = Su (WK, )xg=Surs(K,)spxg
= Sp (K, )xg*p=h®K,)*pu=h(VPK,).

Thus (1) implies (2) and obviously (2) implies (3).

By the multiplier property, a Blaschke Minkowski homomorphism ¢ is injective
if and only if all the multipliers of g are nonzero. Thus, the multipliers of ¥* and
¥ can be determined from ® o ¥* and ¥ o ® and are equal if (2.18) holds. By the
completeness of the system of spherical harmonics it follows that (3) implies (1). B

Theorem 2.29 shows that the following conjecture is equivalent to Conjecturc 2.13:

Conjecture 2.13; There exists an injective Blaschke Minkowski homomorphism
whose range is invariant under every Minkowski endomorphism.

In [13], Goodey and Weil showed that the second mean section operator M is
injective. Thus, another formulation of Conjecture 2.13 is:

Conjecture 2.133 For every Minkowski endomorphism ® there exrists a Blaschke
endomorphism ¥ such that

MQO\I/:(I)OMQ.

Motivated by Conjecture 2.13;, we further investigate the range of Blaschke
Minkowski homomorphisms.

Theorem 2.30 The range of every Blaschke Minkowski homomorphism is nowhere
dense in K".
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Proof: We call I{ € K} Blaschke decomposable if there exist two bodies K, K, € K§
not homothetic to K such that K = K, # K,. By a result of Bronshtein [5], the
only Blaschke indecomposable bodies in Kf are the simplices. Thus, every body in
the range of a Blaschke Minkowski homomorphism with the only possible exception
of the image of simplices is decomposable with respect to Minkowski addition.
Since the image of simplices is nowhere dense in K™ and since, on the other hand,
the indecomposable bodies with respect to Minkowski addition form a dense subset
of K™, the desired result follows. ' [ ]

In the next part of this section we will see that most of the geometric convolution
operators we encountered so far do not attain values in the set of polytopes.

Theorem 2.31 Let ® : K™ — K™ be a Blaschke Minkowski homomorphism whose
generating function is the support function h(L,-) of a body of revolution L € K™. If
there 1s a conver body K € Kf such that ®K is a polytope, then there is a constant
c € R* such that 7

: ® = Il

Proof. Let P = ®K = conv{z,...,zx} be a polytope with vertices zi, ..., z. Then
h(P,:) = Sp_1(K,-) * h(L,").
Since the body L € K™ is unique up to translation, we can assume that h(L,-) > 0.
Let 4 =S, (K,-) € M*(SO(n)), then by (2.11)
h(P,) = / R(OL, Ydpu(9). (2.19)
S0(n)

From now on, we consider support functions as positive horhogeneous functions on
R™. Let C, ..., Ck denote the normal cones of the vertices of P. Then the support
function h(P,-) is linear in every Cj, i = 1,..., k. Thus, by (2.19), we have

/ h(OL,v,) + h(IL,vs) — R(IL, v, + vg)du({?) =0 (2.20)
SO(n)

for all vy, v, € C;. Since support functions are sublinear, the integrand in (2.20) is
nonnegative. Thus, as u is nonnegative, h(9L,v;) + h(9L,v3) = h(IL, v, + v;) for
all 9 in the support of u. For each such ¥, we thus have

h,(L, Ul) -+ h(L, ’UQ) = h(L, U1 + 1)2)

for all vy, vy € 9C;. Hence L is a polytope itself. But since L is a body of revolution
and the only polytopes that are bodies of revolution are the multiples of the segment
[—€, €], the desired result follows from (1.43). n

Note that Theorem 2.23 and Theorem 2.31 imply the following characterization of
the projection body operator. For a corresponding result in dimension two see [44].
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Corollary 2.32 Let ® : K® — K" be an even Blaschke Minkowski homomorphism.
If there exists a conver body K € K such that ®K 1is a polytope, then there is a
constant ¢ € Rt such that

® = cIl.

The Difference body operator D is the Minkowski endomorphism defined by
DK = K + (-K).

The Blaschke body operator V is the Blaschke endomorphism defined by
VK = K # (- K).

Our characterization of the projection body operator from Corollary 2.32 implies
the following characterizations of the Difference and Blaschke body operators:

Corollary 2.33 The only even Blaschke endomorphisms taking values in the set of
polytopes are constant multiples of V.

If an even Minkowsk: endomorphism maps a zonoid onto a polytope, then it is a
constant multiple of D.

Proof: Let ¥ be an even Blaschke endomorphism and let ¥ K = P be a polytope for
some K € Kj. By (2.8), the map [T o ¥ is an even Blaschke Minkowski homomor-
phism such that TI¥K is a polytope. By Corollary 2.32 and Theorem 2.23, there is
a constant ¢ € R* such that

[ToW¥ = Il : (2.21)

Since II is injective, all the even multipliers of I are nonzero. Thus, by (2.21),
all even multipliers of ¥ are equal to ¢. Noting that the odd multipliers of even
multiplier operators are zero the result follows.

An analogous argument leads to the sccond statement. [ |

2.2.3 Polarization Formulas and Induced Operators

At the end of Section 1.2.2, we noted that the projection body operator admits a
polarization formula under Minkowski linear combinations. In this way, it induces
mixed projection operators. For the remainder of this section let & : K* — K"
always denote a Blaschke Minkowski homomorphism. The following theorem gen-
eralizes the notion of mixed projection bodies:

Theorem 2.34 There is a continuous operator

. K"x---x K" = K",
N e’

n—1
symmetric in its arguments such that, for Ky,..., Ky € K™ and Ay, ..., Ay 20,
QMK+ 4 AnKm) = > Xy M R(Ky, -, K, (2.22)

where the sum is with respect to Minkowski addition.
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Proof. Let g € C(S™!,€) be the generating function of the Blaschke Minkowski
homomorphism ®. If we define an operator

K" x .- x K" — K™,
~—— ———

n—1

by '
h,(q)(Kl, ey Kn—l)7 ) = S(K], PN ,I{n_], ) * g, (223)

then (1.26) and the linearity of convolution together imply (2.22). The mixed opera-
tor @ is well defined, as by Minkowski’s existence theorem, the mixed area measure
S(Ki,...,Kn_1,-) is the surface area measure of a convex body [Ki,..., Kn_1],
called the mixed body of K,..., K,_;, sec [29], and thus

(D(Kla---;Kn—l) :(I)[Kla---aKn—l]- . (224)

By Lemma 1.1 and by the weak continuity of mixed area measures, see [46], p.276,
the mixed operators defined by (2.23) are continuous and symmetric. a

Further properties of mixed Blaschke Minkowski homomorphisms, which are im-
mediate consequences of the corresponding properties of mixed area measures and
the convolution representation (2.23), are:

(i) They are multilinear with respect to Minkowski linear combinations.

(ii) Their diagonal form reduces to the Blaschke Minkowski homomorphism:

(iii) They intertwine simultaneous rotations, i.e. if 9 € SO(n), then

(I)('l?Kl, 'alﬂKn—l) = 19(1)(K1,...,Kn_1).

From the fact that S(K\,...,Kn_1,-) % (e-.) =0 for K;,. --,Kn—l € K™, see [46],

'p.281, we get by (1.29), (2.23) and by the commutativity of zonal convolution

h({s(®(Ki1,..., Kno1))}, ) = nS(Ki1y ., Knot, ) % (8- ) % g = 0.
Hence,
(2.25)

s(®(Ky,...,Kao1)) =o.
..., Ky_1), see [46], p.43, we see that

Since s(®(K\,...,Kn-1)) € rel int ®(Kj,
®(K,,..., K, 1) contains the origin.

Lemma 2.35 If ® is nontrivial and if Ky, ..., K,_, € K" have nonempty interior,
then ®(Ky,...,Kq,1) € Kf.
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Proof: Assume that ®(K,,...,K,_,) C H for some hyperplane H through the
origin. Then also —®(K,,...,K,_;) C H, and thus

O(Ky,. .., Kno1) + (=(K,. .., Kn_1)) C H. (2.26)
Denote by g € C(S™"!,€) the generating function of ®. Then, by (1.11) and (2.23),
A(O(K, . Kno), ) +h(=O(K, .., Kousr), ) = S(K, ., Koy, ) #g% (6540 _5).
By Lemma 2.22, there is a convex body of revolution L € K™ such that
v (62 +6_2) = h(L,). |
Since ® is nontrivial, L is not a singleton, and we have
R(®(Ky,...,Kuo1,7) + h(=®(K1,...,Kn1),7) = V(K1,..., Kno1,nL).

Since K,,...,K,_; € K and L is not a singleton, we have V(K,,...,K,_;,nL) >0
for every n € SO(n), see [46], p.277, which is a contradiction to (2.26). [ |

Let Ky, ..., K,y € K¢, then (K}, ..., K, 1) € K}. Thus, s(®(K,,...,Kn-1)) €
int &(K,,...,Kn_) and ®(K\, ..., K,_) contains the origin in its interior by (2.25).
Hence the polar body ®*(K),...,K,_1), in particular for K € K the body ®*K,
is well defined. :

By (1.46) and (2.23), we get for the polar of a mixed Blaschke Minkowski homo-
morphism & with generating function g € C(S®"!,€) the representation:

p_l((I)‘(Kl, Ceey Kn—l)) ) = S(K], ey Kn—la ) * g. (227)
Of particular interest for us is the following special case of Theorem 2.34:

Corollary 2.36 The map ® satisfies the Steiner type formula
' n-1 n—1
K +¢B) Za‘( )
i=0

The operators ®; : K™ = K™, i = 0,...,n— 1, are continuous, rotation intertwining
with q)o = .

If g € C(S™"!, €) again denotes the generating function of ® then, by (2.23),
}L(CI),;K, ) = Sn—l—i(K) ) * g. (228)

Since the mappings K ~— S;(K,-) are valuations, the ®; are valuations with respect
to Minkowski addition. We will consider only the operators ®;, 1 = 0,...,n — 2,
since ®,_, maps every body K to ®B because So(K,-) = S,-1(B, ) is independent
of K. Using the argument from the proof of Lemma 2.35, we obtain

Lemma 2.37 If ® is nontrivial, then for K € K we have ®;K € Ky and ®;L = o
f L e Kio\Kiy
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By (2.28), the @, are multiplier operators, but apart from ®; = ® and ®,_, they can
not be interpreted as additive transformations of convex bodies, since the set of area
measures S;(K, -) of order j does not form a cone in M} (S* ) forj=2,...,n -2,
see {12]. The operator ®,_, is by (1.28) a Minkowski endomorphism.

As the Laplace Beltrami operator A is an intertwining operator, so is the oper-
ator A, appearing in (1.27). Thus by Lemma 1.8, A, is a multiplier operator. For
the following lemma, see [15], p.86, and note that multiplier transformations are
obviously commutative. '

Lemma 2.38 Let p € M(S™" ', €) and v € M(S™'). Then
| Al(u*p):u*(Alu):(Alu)*u
in the sense of dz’s;ributz’ons.
. Using Lemma, 2.38, we get the following result.
Theorem 2.39 The operator ®,,_, is a weakly monotone Minkowski endomorphism.

Proof: By Theorem 2.11, we have to show that there is a weakly positive measure
p € M(S" ' €) such that h(®,_oK,:) = h(K,-)*p If g € C(S™},€) is the
generating function of @, then by Lemma 2.38 and (1.27),

h'((bn—2K: ) = Sl(Ka ) *g = h‘(Kv ) * Alga

thus we need to show that A,¢ is a weakly positive measure. Using Lemma 2.22
(a), we have ¢ = h(Ly,-) — h(Ls, ) for two convex bodies L;, L, € K*. Hence by
(1.27),

Alg = Sl(Ll, ) - S[(L2, )

Using again Lemma 2.38 and (1.27), we obtain
Sl((I)K, ) = Sn_l(K, ) * Alg € Mj(S"‘l).

Thus, the desired result follows from Lemrﬁa 2.9 and from the fact that the set of
surface area measures is a dense subset of M7F(S™71). |

2.3 Endomorphisms and Homomorphisms of S"

In this last section of this chapter, we will discuss rotation intertwining additive
maps of star bodies. We give complete classifications of endomorphisms and homo-
morphisms of star bodies, now with respect to radial Minkowski and radial Blaschke
addition. Since the cone of radial functions coincides with the nonnegative continu-
ous functions the proofs are much simpler than the corresponding results for convex
bodies. Finally we will see that radial Blaschke Minkowski homomorphisms satisfy a
polarization formula analogous to the one for Blaschke Minkowski homomorphisms
of convex bodies.
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2.3.1 Dual Classifications and Consequences

We call a map ¥ : S — S™ that is rotation intertwining and radial Minkowski
additive a radial Minkowski endomorphism. The definition of radial Blaschke endo-
morphisms is analogous. Note that, in the definitions of radial Minkowski and radial
Blaschke endomorphisms, we do not assume continuity. The following consequence
of Theorem 2.3 is a dual version of Theorem 2.11: :

Theorem 2.40 A map ¥ : S™ - S" is a radial Minkowsks endomorphism if and
only if there is a unique nonnegative measure i € M (S™ !, e) such that

(WL, = p(L, ) * . (2.29)

A map T . 8" — 8" is a radial Blaschke endomorphism if and only if there is a
unique nonnegative measure p € M, (S™,€) such that

P YL, ) = p N (L) + e (2.30)

Proof: From Lemma 1.1, (1.15) and the properties of spherical convolution, it is
clear that mappings of the form of (2.29) and (2.30) are radial Minkowski respec-
tively radial Blaschke endomorphisms. Thus, it suffices to show that for every such
operator, there is a measure p € M*(S™ 1 €) such that (2.29) and (2.30) holds.

Consider first a radial Minkowski endomorphism W. Since the cone of radial
functions of star bodies coincides with the set of nonnegative continuous functions
on S™!, the vector space {p(K,-) — p(L,-) : K,L € S™} coincides with C(S™!).
The operator ¥ : C(S""!) — C(S™!) defined by

\Ilf = p(\I}Lh ) - p(\I,LQa '),

where f = p(Ly,-) — p(La,-), is a lincar extension of ¥ to C(S™~!) that intertwines
rotations. Since the cone of radial functions is invariant under ¥, it is also monotone.
Hence by Theorem 2.3, there is a nonnegative measure p € M, (S™"!,€) such that
U f = f x . The statement now follows from ¥p(L,-) = p(¥L, ).

If T is a radial Blaschke endomorphism, formula (2.30) follows in the same way
since the vector space {p" 1 (K,-) — p""!(L,") : K,L € 8"} coincides with C(S""!)
as well, which was the critical point in the argument above. n

By Theorem 2.40, radial Minkowski and radial Blaschke endomorphisms are contin-
uous. This is a consequence of the fact that these operators arc monotone. We can
also introduce a natural notion of adjointness between them: '

Definition 2.41 A radial Minkowski endomorphism ¥ and a Blaschke endomor-
phism T are called adjoint if, for all K,L € 8™,

VI(YK,L) = Vi(K,VL).

Again it is easy to see that a radial Minkowski and a radial Blaschke endomorphism
are adjoint if and only if they have the same generating measure. This time, every
radial Minkowski endomorphism has an adjoint radial Blaschke endomorphism and
vice versa.
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Motivated by the properties (a)y, (b)y, (c)4 of the intersection body operator I,
we also define radial Blaschke Minkowski homomorphisms:

Definition 2.42 A map ¥ : 8" — S™ is called radial Blaschke Minkowski homo-
morphism if it satisfies the following conditions:

(2)y YW(K#L)=VK VL for all K,L € S™.
(3)y ¥ intertwines rotations.

The same arguments as in the proof of Theorem 2.40 yield:

Theorem 2.43 A map ¥ : S® — S™ is a radial Blaschke Minkowski homomorphism
if and only if there is a nonnegative measure p € M, (S™',€) such that

p(YL,) = p(L, )" % p.

As a consequence of Theorem 2.43, we see that every radial Blaschke Minkowski
homomorphism ¥ also satisfies:

(1)4 ¥ is continuous.

The notion of mixed intersection bodies is generalized by:

Theorem 2.44 Let ¥ : S™ — S™ be a radial Blaschke Minkowski homomorphism,
then there is a continuous operator

S x - x S” 5 S,
‘,‘_/

n-—1

symmetric in its arguments such that, for Ly,..., L, € 8" and Ay,...,A\n 20,

Y(MLF - FAmLm) =Y Ao N WLy, - L),
where the sum is with respect to radial Minkowski addition.

Proof. Let pu € M (S™!,€) be the generating measure of ¥ and define a mixed
operator ¥ : §™ x --- x §® — S™ by '

p(¥(Ly,...,Ln1),) = p(Ln, ) -+ p(Ln—1, ) * g

The map defined in this way is symmetric and by Lemma 1.1 continuous. The po-
. larization formula is a direct consequence of Theorem 2.43 and (1.49). [

The properties (ii) and (iii) of mixed Blaschke Minkowski homomorphisms also
hold for mixed radial Blaschke Minkowski homomorphisms but property (i) has to
be replaced by:

(i)4 They are multilinear with respect to radial Minkowski linear combinations.
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Chapter 3

Volume Inequalities and
Intertwining Additive Maps

3.1 Variants of a Conjecture by Petty

An important open problem in the field of affine isoperimetric inequalities is Petty’s
conjectured projection inequality (1.45). In this section we investigate analogous
problems for general Blaschke Minkowski homomorphisms and their induced op-
erators. We will first collect several useful identities for mixed volumes of mixed
Blaschke Minkowski homomorphisms which will be used throughout the chapter.
We will then prove an inequality for weakly monotone Minkowski endomorphisms,
providing a strengthened version of the classical inequality between the two con-
secutive quermassintegrals W,_; and W,_,. The proofs are based on techniques
developed by Lutwak in [32] and are taken from [48].

3.1.1 Some Useful Identities

Throughout this chapter let & : K — K™ denote a nontrivial Blaschke Minkowski

homomorphism with generating function g € C(S™"!,¢). For K, L € K", denote by
®,(K, L) the mixed operator ®(K,...,K,L,...,L) with i copiesof L and n —1 —1
copics of K. The body ®;(K, B) then simply becomes ®; K.

For our further investigations we state the following geometric consequences of
Lemma 1.2. :

Lemma 3.1 IfKy,...,Kn_1,L1,...,La_; éIC", then
V(K. . K, (L, L)) = V(Lo Ly, ®(K, -, Kazr)). (31)
In particular, for K,L € K" and 0 <4, <n -2,
Wi(K,®(L,,...,La—1)) =V (Ly,..., Ly, $:K) (3.2)

and
Wi(K,®;L) = W;(L, ®,K). (3.3)
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Proof: By (1.31), we have
V(Kl, Ceey I(n—l; (I)(Ll, ceey Ln—l)) = (h(q)(Ll, ceey Ln—l)) '), S(I(l, ceey I(n—1)>'
Hence, identity (3.1) follows from (2.23) and Lemma 1.2.

For Ky =...=K,_;_;, =K and K,_; = ... = K, = B, identity (3.1) reduces
to (3.2). Finally put Ly = ... =L, ;,=Land L,—; =... = Loy = B in (3.2),
to obtain identity (3.3). ' ]

In the next lemma we summarize further special cases of identity (3.1). These
make use of the fact that the image of a ball under a Blaschke Minkowski homo-
morphism is again a ball; this was shown in the proof of Lemma 2.18. Let r4 denote
the radius of the ball ®B.

Lemma 3.2 If K,,...,K,_ € K", then

Wai(®(Ky, ..., Kuo)) =16 V(K ..., Knoy, B). (3.4)
In particular, for K, L € K™, ‘ '
Wo1(®1(K, L)) = re Wi (K, L), (3.5)
and, for0 <i<mn -2, A
Wo1(9:K) = re Wiy (K). (3.6)
The Shephard problem asks whether for K, L € KF,
vol,_ 1 (K|u) = h(IIK, u) < h(IIL,u) = vol,_,(L|u") (3.7)

for every u € S™7!, implies

V(K) < V(L).
Obviously (3.7) is equivalent to ITIK C IIL. As was shown independently by Petty
[38] and Schneider [40], the answer to Shephard’s problem is no in general, but if
the body L is a projection body, the answer is yes. The crucial tool in the proof of
the latter statement is a special case of identity (3.3). In fact, an analogous result
can be shown for general Blaschke Minkowski homomorphisms.

Corollary 3.3 Let K € K and L € &,K?. Then, fori=0,...,n -2,
&K COL = W(K)<Wi(L)
and Wi(K) = W;(L) if and only if K and L are translates.

Proof. From the monotonicity of mixed volumes, (3.3) and the fact that L = ®,L,
for some convex body Ly € K7, it follows that

Wi(K, ®;Log) = W;(Lo, :; K) < W;(Lo, ®;L) = Wi(L, ®;Lo) = Wi(L).
Using the generalized Minkowski inequality (1.36), we thus get
Wi(K) < Wi(L),
with equality only if K and L are homothetic. But homothetic bodies of equal zth

quermassintegral must be translates of each other. [ |

The special case ¢ = 0, P = II of Corollary 3.3 is the result of Schneider and Petty.
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3.1.2 An Inequality for Minkowski Endomorphisms

The following theorem provides an upper bound for the ¢th quermassintegral of ®; K.

Theorem 3.4 Fori=0,...,n—2 and K € K",

n-1-1
En _W,(@:K),

T
with equality if and only of ;K is a ball.

Wi (K)* ™ >

Proof: Let K € K™ and 0 < ¢ < n — 2. From inequality (1.37), we get by repeated
application, the inequality

Wol (K)VE > k21 IW(K),

where, for K € KI:_,, equality holds if and only 1f K is a ball. By setting K = ¢, K,

(3.6) gives the desired result. [ |

We now turn to a generalized version of Petty’s projection problem:
Definition 3.5 Define ¢, : KI' — R by

Wi(®;K)
W'i(K)n—l—i‘

Note that W;(K) > 0 if and only if K € K?. Thus v; is well defined. Moreover,
by Lemma 2.37, we have ;(K) > 0 for every K € K. From the properties of &;,
it follows that 1); is similarity invariant. Petty’s conjectured projection inequality is
that for ® = Il the functional vy attains a minimum precisely for ellipsoids. The

following theorem generalizes results for the projection body operator by Schneider
[45] and Lutwak [32]

i(K) =

Theorem 3.6 If K € K and 0 <1 < n—2, then
Yi(K) > 9:(D:K),
with equality if and only if K and ®?K are homothetic.

Proof. Let K,L € K. From the generallzed Minkowski inequality (1.36) together
with (3.3), we get

Wi(L, ®:K)"™ = W(K, ®;L)" " > W;(K)" 7' W;(®,L),
with equality if and only if K and ®,L are homothetic. Setting L = &;K gives
Wi(®:K)"* > Wi(K)" T Wi(PIK),

with equality if and only if K and $?K are homothetic. |

In the case ¢ = n — 2, Corollary 2.12 and Lemma 2.39 can be used to deduce the
following generalization of an inequality for Il,,_, by Lutwak [32]:
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Theorem 3.7 [f K € K", then

Wot (K)? 2 22 Woo(@n-2K) 2 kalWna(K). (3.8)
L]

If K s not a singleton, there is equality on the left hand side only if <I>n oK 1s a ball
and equality on the right hand side only if K is ball.

Proof: The left hand side of inequality (3.8) is a consequence of Theorem 3.4. From
Lemma 2.39 and Corollary 2.12, it follows that K and ®,,_,/ are homothetic if
and only if K is a ball. This fact combined with Theorem 3.6 implies that for the
functional 9,5 : KI'_, — R,

Yn-a(K) > Yo2(®n2K), (3.9)

with equality if and only if K is a ball. Hence, only for balls can v, _, attain a
minimum on K?_,. To complete the proof of the right hand side of (3.8), it suffices
to show that 1,_5 actually attains a minimum on K2_,. To do this, let

= inf{¢,_o(K): K € K_,}.
From (3.9) and from the fact that ®,_, : K?_, — K™ by Lemma 2.37, it follows that
co = inf{ihn_o(K) : K € K7}
From the translation invariance of ,_,, it follows that only bodies with Steiner
point in the origin need to be considered, i.e.,
co = inf{yn_2(K) : K € K§, s(K) = o}.
For j > 0, let
C;:={KeKk}:s(K)=o0,;7'BC K CjB},

and let

=inf{yn_o(K) : K € C;}. (3.10)

Clearly, ¢y = lim;_, ¢;. Fix j and choose a sequence K, € C; with ¥,_2(Ky) = ¢;.
By the Blaschke selection theorem, it may be assumed that K, converges to some
K; € C;. Since 1n_s is continuous on K?_,, we have ¢; = ¢¥,_o(K;). As j7'B C
K C ]B and s(K) = o, it follows from Lemma 2.39 that ;7B C r3'®,_,K; C jB.
Hence,

re oK € C;.

Thus, by the dilatation invariance of 9,_, and by the definition of ¢;, we have
Yn-2(Pn2K;) = Yn_o(r5 ' PraK;) > ¢; = Yn_a(K;).

From (3.9) thus follows that K; is a ball, and hence, ¢; = r3. Since each ¢; = 73,
we conclude that ¢y = r3 = 9,_»(B). Hence, 1,,_, attains a minimum on K7?_,. &

In the proof of Theorem 3.7, we have used only that ®,,_, is a weakly monotone
Minkowski endomorphism which is not a combination of the identity and the reflec-
tion in the origin. Thus, inequality (3.8) with equality cases is valid for every such
operator, compare also [43], p.70, for a related result:
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Corollary 3.8 Let ¥ : K™® — K™ be a weakly monotone Minkowski endomorphism.
If K € K*, then

K

Wast(K)? > 2Wog(VEK) > knWa_o(K).

Y
Ty
If K is not a singleton and VU not a combination of the identity and the reflection in
the origin, equality holds on the left hand side only if VK is a ball and on the right
hand side only if K is ball.

Note that by (1.37) inequality (3.8) provides a strengthened version of the classical
inequality between the two consecutive quermassintegrals W,,_; and W, _,. It is the
author’s belief that Petty’s conjectured projection inequality which would provide a
strengthened version of the classical isoperimetric inequality, holds in a more general
form for every Blaschke Minkowski homomorphism and its induced operators:

Conjecture 3.9 If K € K7, then
KR 2T Wi, K) > ri T WK (3.11)

Inequality (3.11) would yield a family of strengthened versions of the classical in-
equalities (1.37) between all consecutive quermassintegrals.

If inequality (3.11) is correct in the case ¢ = 0, then the conjectured inequality
(3.11) holds for all other values of i. To see this, recall that by (2.24) we have for
0<i<n-2

;K = ®[K);, (3.12)
where [K]; € K is the mixed body, see [29], defined by S,_1([K}i, ") = Sn-1-:(K, -).
By repeated application of (1.37), we obtain W;(K)™ > k! V(K)** and in particular,

Wi(®:K)"* > k1 V(& K)" . (3.13)
In [29], it was shown that
V(K]I00 > g W(F)rei, (3.14)
Suppose inequality (3.11) holds for i« = 0. Using (3.12), we obtain
KITIV(K) = KEPV(D(K]) 2 V(K] (3.15)

Now combine (3.13), (3.14) and (3.15) to get inequality (3.11) for all values of 4.

3.2 The Volume of Mixed Blaschke Minkowski
Homomorphisms

In this section, analogs of the classical inequalities from the Brunn Minkowski The-
ory for the volume of mixed Blaschke Minkowski homomorphisms and of their polars
are developed. As a corollary, we obtain a new Brunn Minkowski inequality for the
volume of polar projection bodies. In order to simplify the equality conditions,
we will state all our results only for convex bodies with interior points. In this
case, equality holds in our inequalities if and only if equality holds in the classical
theorems. The results generalize results of Lutwak [33] and are taken from [49)].
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3.2.1 A Minkowski Type Inequality

We establish the following Minkowski type inequality: For K, L € Kf,
V(@(K, L))" > V(OK)*2V (3L), (3.16)

with equality if and only if K and L are homothetic. In fact, more general inequal-
ities are shown:

Theorem 3.10 If K,L € Kj and0<i<n—1, then
Wi(®,(K, L)™' > W (®K)"2W,(PL), (3.17)
with equality if and only if K and L are homothetic.

Proof: By (3.5) and (3.6), the case ¢ = n — 1 follows from inequality (1.36). Let
therefore 0 <4 <n -2 and @ € K. By (3.2) and (1.34),

wWi(Q,®, (K, L)' = V(K,...,K,L,®Q)"! > Vi(K,®:Q)"*V\(L, Q)
Wi(Qa QK)n_2Wi(Qa q)L)

Inequality (1.36) implies
Wi(Q, @K) I IW(Q, @L)MF > Wi(Q) N DWL (R K)" Wi (PL)
and thus,
Wi(Q, @, (K, L)) D=9 > w,(Q)n-D-i-Dyy (9 K)"*W,(®L), (3.18)

with equality if and only if Q, ®K and ®L are homothetic. Setting Q = ®,(K, L), we
obtain the desired inequality. If there is equality in (3.17), we have equality in (3.18).
From the fact that the Steiner point of mixed Blaschke Minkowski homomorphisms
is the origin, compare (2.25), it follows that there exist A;, A, > 0 such that

®,(K,L) = \\®K = \,®L. (3.19)
From the equality in (3.17), it follows that
AT 2 = 1.
Moreover, (3.5), (3.6) and (3.19) give
Wi(K, L) = M\WL(K) = doWi(L).

bHence, we have . ’
Wi (K, L)*! = Wi(K)" Wi (L),

which implies by (1.36) that K and L are homothetic. |

Of course, inequality (3.16) is the special case ¢ = 0 of Theorem 3.10.
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3.2.2 An Aleksandrov Fenchel Type Inequality

Much more general than the Minkowski inequality is the Aleksandrov Fenchel type
inequality for the volume of mixed operators: If Ky,..., K,_; € K", then

V(®(Ky, ..., Kn))™ 2 [[V(®(K;, .. Ky Kt - Kah)). (3.20)
= T

This is the special case ¢ = 0 of

Theorem 3.11 IfKy,..., K, € K" and 1 <m <n -1, then

W @(Ky, ., Knc))™ > [[ Wil @K, Ky Kt -5 K1)
i=1
Proof: The case i = n — 1 reduces by (3.4) to inequality (1.34). Hence, we can
assume ¢ < nn — 2. From (3.2) and (1.34), it follows that for @ € K",
Wi(Q)q)(Kl)"')Kn—l))m = V(Kla-‘-aKn—l)q)iQ)m

> V(Kjy. ., Kj, Kmy1, - Kn, @Q)

—:

[
I
—_

WAQ, (K, ..., K, Kmst, - Kn_1)).

]
—3

.
[
—_

Write &, (K, C) for the mixed operator ®(Kj, ..., Kj, Km41,-.., Kn-1). Then, by
inequality (1.36), we have

Wi(Q, @m' (Kj) C))n_i 2 I’Vi(Q)n—i_lI/Vi(q)m’ (K]', C))

Hence, we obtain

Wi(Q, 2(K1, ..., Knor))™ 79 > Wy(@)rin—i—Y) ﬁ Wi(@.w (K, C)).

i=1

By setting @ = ®(K,,..., K,-1), this becomes the desired inequality. [ |

From the case m = n — 2 of Theorem 3.11, it follows that
Wi(@(Ky, ..., Kn1))" 7% 2 Wi(®1(Ky, Knoy)) - Wi(@1 (K2, Knot)).
By combining this inequality and .TheoremA 3.10, we obtain
Corollary 3.12 If K,,..., K1 € K§ and 0 <1< n -1, then
Wi(®(Ky, ..., Kno1))* ! > Wi(K) - Wi(®Kao),

with equality if and only if the K; are homothetic.
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The special case K}, = ... = K,_1.; = K and K,_; = ... = K, = L of
Corollary 3.12 leads to a generalization of Theorem 3.10:

Corollary 3.13 If K,L € K} and0<i1<n—-1,1<j<n-—2, then
Wi(®;(K, L))" > Wy(®K)" ' W, (®LY,
with equality if and only of K and L are homothetic.

An immediate consequence of Corollary 3.13is: If K € Kj, 0 < ¢ <n—1 and
1 <5< n-2, then

Wi(®;K)" ! > rP g wi (oK) I, (3.21)

with equality if and only if K is a ball. However, the equality conditions for a more
general inequality can be obtained. ‘

Theorem 3.14 If K €e K} and0<i<j<n—2, while0 <m <n -1, then
Won(®;K)" 71 > r§7 ™00 =, (0, ), (3.22)
with equality if and only if K is a ball.

Proof: From (3.6), it follows that the case m = n — 1 of inequality (3.22) reduces to
(1.38). Hence, we may assume that m < n — 2. Suppose Q € K?. From (3.3) and
inequality (1.34), it follows that

Win(Q, 2, K)" = WK, 0mQ)" ! > W, ($,Q) ~*Wi(K, 2,Q)" 7"
= Wart(®nQ) " Win(Q, ®:K)" 771
By (3.6) and inequality (1.37), we have ‘
Wi (Bm@)" ™ = 15 " Wit (Q)" ™ 2 75 "k Win(Q)" ™7,
with equality if and only if Q}is a ball. On the other hand, by inequality (1.36),
Win(Q, B:K)"™ > Win(Q)" ™ Wi (8:K),
with equality if and only if Q and ®;K are homothetic. Thus, we obtain
Wi (Q, (I,jK)(n—i-l)(n_m) vZ T((pn—fn)(j—i)nﬂ—in(Q)(n—i—l)(n—-m—l)Wm(q)iK)n—j—l,

with equality if and only if @ and ®,K are balls. Now set Q = ®,K, and the result
is the promised inequality of the thcorem. Suppose there is equality in inequality
(3.22). Then ®;K and ®;K must be centered balls. Thus, there exist A;, Ay > 0
such that

;K =\B and ®;K = \B. (3.23)

From equality in (3.22), it follows that
Ap=isl — g=iyn=i-t
Moreover, (3.6) and (3.23) imply
reWir1(K) = Aikn and reWit1(K) = Agkn.

Hence, we have ’ o .
Wi (K)" 7 = 67 Wi (K)" 7,
which implies by (1.38) that / and L are homothetic. u
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3.2.3 A Brunn Minkowski Type Inequality

The Brunn Minkowski inequality for the volume of Blaschke Minkowski homo-
morphisms which will be established, is: If K, L € Kf, then

V(®(K + L)V"=1 > y(dK)Vr(-D 4 y(@L)!/nm-1), (3.24)

with equality if and only if K and L are homothetic. In fact, a considerably more
general inequality will be proven:

Theorem 3.15 If K, L€ K} and0<i<n-1,0<j<n-3, then
Wi(<I>j(K+L))1/("‘i)("‘j"1) > Wi(<I>jK)‘/("‘i)("‘f‘1)+wi(@jL)l/("‘i)("‘j‘l), (3.25)

with equality if and only if K and L are homothetic.

Proof: By (3.3) and (1.41), we have for Q € K¢,

Wi(Q, @;(K + 1))/ 7770 = Wi(K + L, %:Q)"/" ) |
> Wi(K, q)iQ)l/(n—j—'l) + W,(L, ®,Q)/(n=3-D
= Wi(Q’(I)jK)I/("—J'—l) + WQ(Q,@jL)‘/(""j'l).

By inéquality (1.36),
Wi(Q, @;K)" ™" > Wi(Q)" 1 Wi(®;K),

with equality if and only if @ and ;K are homothetic and
Wi(@Q, ®; L) > Wi(Q)" "' Wi(®;L),

with equality if and only if @ and ®;L are homothetic. Thus, we obtain

Wi(Q, d;(K + L))1/(n—j—1)Wi(Q)—(n—i—1)/(n—i)(n—j—1)
> Wi(q)jK)l/(n—i)(n¥j—1) + Wi(cij)l/(n—i)(n—j—l)’

with equality if and only if Q, ®; K and ®; L are homothetic. If weset Q = ®;(K+L),
we obtain (3.25). If there is equality in (3.25), then, by (2.25), there exist A\;, A, > 0
such that '

From cquality in (3.25), it follows that
AVn=3=1) | \Vn=3=1) _ g
Moreover, (3.6) and (3.26) imply
Win(K)= MW, (K +L) and Wi (L) = AW, (K + L).
Hence, we have
Wi (K + L)Y-1 = WJ.+](K)1/("—J'—1) + WjH(L)‘/("‘j“),
which implies by (1.40) that K aﬁd L are homothetic. |

The most interesting cases of Theorem 3.15 are the cases where ¢ = 0 or 7 = 0.
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Corollary 3.16 If K,L € K} and 0 < j < n—3, then
V(®;(K + L))/n=1-1) > y(§, K)V/r=3-1) 4 v (,L)Y/n(n=3-1)
with equality if and only if K and L are homothetic.
Corollary 3.17 If K, L € K} and 0 < i< n —1, then
Wi(B(K + L)Y/=90=D > W, (@)Y E-00-1) 4y, (o) /-1
with equality if and only .if K and L are homothetic.

Of course inequality (3.24) is the special case ¢ = 0 and 7 = 0 of Theorem 3.15.

3.2.4 Polar Bodies of Blaschke Minkowski Homomorphisms

In the following we will prove analogs of the inequalities of Sections 3.2.1, 3.2.2
and 3.2.3 for polars of mixed Blaschke Minkowski homomorphisms. To this end,
we restrict ourselves to Blaschke Minkowski homomorphisms ¢ with a generating
function of the form g = h(F,-), where F' € K™ is a body of revolution which is not a
singleton. Note that by Lemma 2.4, every support function is generating function of
a Blaschke Minkowski homomorphism. In particular, by Theorem 2.23, every even
Blaschke Minkowski homomorphism has a generating function of that type.

We now associate with each such Blaschke Minkowski homomorphism ® two new-
operators:

Definition 3.18 Define My : S™ — K™ by
MMoL,-) = g™\ (L, ) + B(F, "), (3.:27)
and let I'y : 8™ — K™ be defined by

2 .

oL = W VD) MsL. (3.28)
By Lemma 2.4, the operator Mg, and hence also ', is well defined. Note that
Mg depends, in contrast to @, on the position of F but that by Theorem 2.21, we
may assume that s(F') = o. In this way we associate to each Blaschke Minkowski
homomorphism a unique operator M.

If ® is the projection body operator II, the map Mg becomes a multiple of the
moment body operator. The normalization in (3.28) is chosen in such a way that the
body 'y becomes the well known centroid body operator I' : S* — K™. Centroid
bodies were defined and investigated by Petty [37]. They have proven to be an
important tool in establishing fundamental affine isoperimetric inequalities, see [10],
[31], [36], [39]. The Busemann-Petty centroid inequality, for example, states that

V(L) > (-—%—>HV(K). (3.29)




It is critical for the proof of Petty’s projection inequality (1.44). At the end of this
section, we will investigate similar problems for Blaschke Minkowski homomorphisms
which are generated by support functions. Before that we will prove analogs of the
inequalities (3.16), (3.20) and (3.24) for the polars of these operators. Recall that
the crucial tool in the proofs of inequalities (3.16), (3.20) and (3.24) is Lemma 3.1.
For the proofs in this section, the critical tool will be the following lemma:

Lemma 3.19 If K;,...,K,_1 € K" and L € §", then »
VoL, @ (K, ..., Kuly)) = VK, ..., Kn_1, MsL). (3.30)
In particular, for K € K",
V_(L,®;K) = Wi(K, MsL). (3.31)
Proof: By (1.50), we have
VoK, @ Ky, o, Kaa)) = (07 (K, ), 07 (@ (K, K, ),

Hence, identity (3.30) follows from (2.27) and Lemma 1.2. For Ky = ... = K, i, =
K and K,_; =... = K,_; = B, identity (3.30) reduces to (3.31). n

By definition (3.28) of the operator 'y, Lemma 3.19 implies:

Lemma 3.20 If K € K" and L € §", then

‘ 2 -
VWK, Tel) = ————V_,(L, ' K). 3.32
In particular,
2
VI(K,T$d*K) = . 3.33
(K, Do) = —— (333)

From Lemma 3.19, we immediately get the following Minkowski type inequality
for the volume of polar Blaschke Minkowski homomorphisms ® with a generating
function of the form g = h(F,-)." :

Theorem 3.21 If K,L € K3, theﬁ

V(@(K,L)" ' < V(@'fK)"”V(@'L), (3.34)
with equality if and only if K and L are homothetic.
Proof: Let @ € 8™. Then, by (3.30) and (1.34),

Q@K L)* T = V(K K, L, MsQ)" > Vi (K, MsQ)™™ 2V1(L MsQ)
= (Q@K)" V(Q,2°L).

By inequality (1.53), we have
V(@ @ K) ™"V (@, @ )" > V(Q)I IV (8 K) =PV (@ L)
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and thus
(@, 3 (K, L)»=r > y(Q)m DY (¢ K) =DV (@ L) !

with equality if and only if Q, ®*K and ®*L are dilates. Setting @ = ®}(K, L), we
obtain the desired inequality. If there is equality in (3.34), then there exist A;, A, > 0
such that

DK, L) = M P K = \®"L. (3.35)

For every convex body K € K" containing the origin and for every A > 0, we have
(AK)* = A"1K*, and thus

C®(K,L) = \['®K = \;'®L.
From the equality in (3.34), it follows that
AN =1
By (3.5), (3.6) and (3.35), we obtain
Wi (K, L) = \['W(K) = AWy (L).

Hence, we have
Wi (K, L)™' = W (K)"*W,(L),

which implies, by (1.36), that K and L are homothetic. |

Theorem 3.21 is the polar version of inequality (3.16). The next result provides a
polar version of the Aleksandrov Fenchel type inequality (3.20).

Theorem 3.22 IfK,,...,K,_1€ K" and1 <m <n-—1, then
V(@ (Ky,..., Kno)" <[] V(@ (K5, ..., K; Km+1,...,1(n_1)).
. - _V_J

Proof: From (3.30), it follows that for Q € S™,
Val@, @ (Ky, ..., Kno))™ = V(Ky,...,Knot, MeQ)™

Z HV - K Km.*.l,.--,l(n—l,M(I’Q)

=1

.

= H (@, (K, Ky Ky - -+, K1)

=1

.

Write ®@;,(Kj, C) for the mixed operator ®*(Kj, ..., Kj, Kmy1,..., Kn-1). Then,
by inequality (1.53), we have

V—I(Qa q):n'(KJa C))n > ‘/(Q)n-HV(q):n’(Kj’ C))_l
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Hence, we obtain

V(Q, 8 (K1, ..., Knoy))™ > V( QT [ V(@5 (K;,C) 7

j=1
Setting Q = ®*(K), ..., K,_1), this becomes the desired inequality. [ |
Combine the special case m = n — 2 of Theorem 3.22 and Theorem 3.21, to obtain:
Corollary 3.23 If K,,...,K,_1 € K}, then

V(O (Ky,...,Koo)))P P < V(@KY) - V(@' K,_y),
with equality if and only if the K dre homothetic.

The special case, Ky = ... = K,_,_;=Kand K,,_; = ... = K,_; = L, of Corollary
3.23 leads to a generalization of Theorem 3.21:

Corollary 3.24 If K, L € K} and 1 < j < n =2, then
V(®;(K, L) < V(@ K)* 7'V (@ L),
with equality if and only if K and L are homothetic.
A polar version of Theorem 3.14 in the case m = 0 is provided by:
Theorem 3.25 If K € K} and 0 < i< j < n-—2, then
V(@ K)" 1 < rgtU )i (@ K I, (3.36)
with equality if and only if K is a ball.
Proof. Suppose @ € §™. From (3.31) and inequality (1.34), it follows that

Va@ &K = WK, MaQ)" T 2 Wani(MeQY T Wi(K, MeQ)" 7!
= War(MeQ)7V_1(Q, &1 K)" 771

From the definition of W,,_;, and Lemma 1.2, it follows that

Wari(Mo@) = (5™(@,) # h(F, ),1) = ra/-1(Q, B).

Thus, we obtain, by (1.53),
Wt (Mo Q)" = r3V_1(Q, B)™ 2 rgr, ' V(Q)™,
with equality if and only if Q is a centered ball. Also, by inequality (1.53),

Vo (Q, 9 K) 2 V(Q)"H V(9 K) 7Y,
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with equality if and only if @ and &} K are dilates. Thus, we obtain
‘7—1(Q, (I);]()(n—i—l)n > Tg(j_i)l{;_jV(Q)(n—i_l)("+l)V(@:K)—(n_j_l),

_with equality if and only if @ and ®;K are centered balls. Set @ = PjK, to
obtain the desired inequality. Suppose that equality holds in (3.36). Then, ®; K
and @7 K are centered balls. Thus, there exist A;, A, > 0 such that ®:K = A\ B and
;K = AyB, and hence,

&K =A'B and &;K =)'B. (3.37)
From the equality in (3.36), it follows that
D S Vi
Moreover, (3.6) and (3.37) imply
re Wi (K) = /\flnn and oWt (K) : Ay kg

Hence, we have _ o .
Wit (K)"0 = 7 Wi (K)*7,

which implies, by (1.38), that K and L are homothetic. [ |

The next theorem provides a Brunn Minkowski inequality for the volume of the
polar Blaschke Minkowski homomorphisms under consideration:

Theorem 3.26 If K, L € K and 0 < j <n -3, then

V(®}(K + L))™/™v==1) > v (@3 K) V== 4 y(@3L) /370 (3.38)
with equality if and only of K and L are homothetic.
Proof: By (3.31) and (1.41), we have for Q € S§",

Vo(Q,®3(K + L)Y"70 = Wi(K + L, MpQ)/*=7-1
W;(K, MsQ)V/(r—3-1 4 W, (L, M(PQ)l/(n-'J‘—l)
Vo (Q, @;K)l/(n—j—l) + Vo1 (Q, @;L)l/(n—y—l)'

v

By inequality (1.53),
Va(Q, @ K)" > V(Q)"V(2;K) 7Y,
with equality if and only if @ and ®;K are dilates and
@) 2 V@ V(EL)
with equality if and only if @ and ®;L are dilates. Thus, we obtain

V_1(Q, ®5(K + L)V =1-Dy (Q)~(+D/nti=i=D)
* —1/n(n—3-1 - —17171—'—1)
> V(®IK) 1/n(n—j )+V(<I>jL) /n(n=j=1)
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with equality if and only if Q,®;K and ®;L are dilates. If we set Q@ = ®;(K + L),
we obtain (3.38). Suppose equality holds in (3.38), then there exist A;, Ay > 0 such
that ®;K = M\ ®;(K + L) and ;L = A, ®;(K + L), and thus,

O, K =A\['®;(K+L) and &L =1A"'9,(K+L). (3.39)
From the equality in (3.38), it follows that

/\1—1/("“7-1) + /\2—1/("—1—1) =1

and (3.6) and (3.39) imply
Win(K) = AW (K + L) and  Wi(L) = 3 ' Wi (K + L).
Hence, we have
Wi (K + L)Y®=3=0 = W, (K)V(-3-D 4 WjH(L)l/(n—j—l)

which implies, by (1.40), that K and L are homothetic. [

Theorem 3.26 is the polar version of inequality Corollary 3.16. Note that the special
case ® = II of Theorem 3.21 provides a new Brunn Minkowski inequality for the
volume of polar projection bodies:

Corollary 3.27 If K, L € K, then
‘/(H«(K + L))—l/n(n—l) > V(HtK)—l/n(n—l) + V(H:L)——l/n(n——l),
with equality if and only if K and L are homothetic. |

In Theorems 3.21 to 3.26, we restrict ourselves to Blaschke Minkowski homo-
morphisms ¢ with a generating function g that is a support function. We do this
to ensure that star bodies are mapped to convex bodies by the operators Mg. An
example of a Blaschke Minkowski homomorphism whose generating function is not
a support function is provided by the second mean section operator (2.15). The
question arises if Theorems 3.21 to 3.26 hold for general Blaschke Minkowski homo-
morphisms. In view of Lemma 2.22, inequalities for the extended mixed volumes
from Definition 2.25 might be used to obtain such results. Unfortunately, very little
is known in this direction.

We now turn to the investigation of the volume of the images under the operators
I's. To this end, we introduce the following notation: Let F' € K™ again be a body of
revolution with s(F) = o whose support function generates the Blaschke Minkowski
homomorphism ®. For z € R"\{0}, we denote by F, the body ||z||JF, where
de = ﬁ By using spherical polar coordinates it is easy to see that

h(ToL,-) = %L) /L h(F,, )dz (3.40)

is an equivalent definition of the operator I'y. The next lemma establishes a formula
for the volume of the images under I'g.
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Lemma 3.28 If L € 8™, then

Vv (Fq> / / Il"" In)d.’l)] dl‘n.

Proof. Let € > 0 and let {El, ..., En} be a partition of L into nonempty disjoint
Borel sets of diameters less than €. Since SO(n) and L are compact, the integral
(3.40) can be approximated uniformly by a Riemann sum, i.e., there are :LJ € E;1<
7 < m such that

<,

2 m
h(TeL,u) — VD ;V Fy,,u)

for all uw € S*~!. The convex body K, with

9 m
h( Ea' VL ;V :l:,)')

is up to the normalization factor the Minkowski sum of the bodies V(Ej)ij, 1<
J <m. As e — 0, the body K. converges to I'¢L. Using the polarization formula
for volume and taking the limit ¢ — 0, we obtain the desired expression. n

If ® is the projection body operator, then the body F is a segment, and the mixed
volume V(F,,,..., F;, ) becomes, up to a factor, the absolute value of the determi-
nant of the z;. Using Steiner symmetrization and the multilinearity of determinants,
the Busemann Petty centroid inequality can be derived from Lemma 3.28. It is the
author’s belief that a result corresponding to (3.29) holds for the operators I'¢:

Conjecture 3.29 If K € Kf, then

27‘4)

V([eK) > <W>H'V(K).

A positive answer to Conjecture 3.29 would immediately provide a generaliza-
tion of Petty’s projection inequality (1.44) to Blaschke Minkowski homomorphisms
generated by support functions:

V(®'K) < (ﬁ‘->n V(K)'"

To

To see this, use identity (3.33) and Minkowski’s inequality (1.36) to obtain

V(K)"'V(@'K) < (%)W(K)"-IV(P&*{()
(n'*'l)’in " . 1o\n
< (T) Vi(K, To®" K)

- (U5 () - ()
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3.3 The Dual Inequalities

In analogy to the inequalities of Sections 3.2.1, 3.2.2 and 3.2.3, we will establish -
dual inequalities for radial Blaschke Minkowski homomorphisms in this last part.
As Lutwak shows in [30], see also [10], there is a duality between projection and
intersection bodies which, at present, appears to be not well understood. Our results
illustrate that there is a similar duality for general Blaschke Minkowski and radial
Blaschke Minkowski homomorphisms. The inequalities of this section generalize
results of Leng and Zhao [23], [24] for the intersection body operator.

3.3.1 Dual Identities and Consequences

In the following let ¥ : S — S™ denote a radial Blaschke Minkowski homomor-
phism. For K,L € 8™, the definitions of ¥;(K, L) and ¥;K are analogous to the
ones for mixed Blaschke Minkowski homomorphisms. The main tools in the proofs
of Sections 3.2.1, 3.2.2 and 3.2.3 are Lemmas 3.1 and 3.2. These were immediate
consequences of the convolution representation of Blaschke Minkowski homomor-
phisms provided by Theorem 2.21. In Section 2.3.1, we have shown that there is a
corresponding representation for radial Blaschke Minkowski homomorphisms, which
will now lead to dual versions of Lemmas 3.1 and 3.2. In the same way as Lem-

mas 3.1 and 3.2 were consequences of Theorem 2.21 and Lemma 1.2, we get from
Theorem 2.43:

Lemma 3.30 If K,,...,K,-1,Ly,...,L,_, € S*, then

V(Kl,...,I(n_l,\p(Ll,...,Lnal)):V(Ll,...,Ln..l,\I’(Kl,...,Kn_[)). . (341)
In particular, for K, L € S® and 0 < i,7 < n —2, |
Wi(K,¥(Ly,...,Lny)) = V(Ly,..., L1, U;K)

and

Wi(K,U,L) = W;(L, ¥;K). , (3.42)

It follows from Theorem 2.43 that the image of the Euclidean unit ball under
a radial Blaschke Minkowski homomorphism ¥ is again a ball. Let ry denote the
radius of this ball. Then the dual version of Lemma 3.2 is:

Lemma 3.31 IfL,,...,L,_, € 8", then
W i(¥(Ly,. .., Luy)) = r¢V(Ly,..., La_y, B).
In particular, for K, L € 8",
Waor(01(K, L)) = re Wy (K, L)

and, for0 <i<n-—2, 5 )
Wao1 (VL) = re Wipy (L) | (3.43)
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The Busemann-Petty problem asks whether for centered convex bodies K, L € K,
vol,_1 (K Nut) = p(IK,u) < p(IL,u) = vol,_y (L Nut) (3.44)

for every u € S™~!, implies.

V(K) < V(L).

Obviously, (3.44) is equivalent to /K C IL. As was shown by Lutwak [30], the
answer to the Busemann-Petty problem is yes, if the body K is an intersection
body. This is the special case 1 = 0, ¥ = I of

Corollary 3.32 Let K € ¥,;S8" and L € S™. Then, fori=20,...,n— 2,
UK CWL = WiK) < WiL)
and W;(K) = Wi(L) if and only if K = L.

Proof From the monotonicity of dual mixed volumes, (3.42) and K = ¥;K, for
some star body K, € 8", it follows that

Wi(K) = Wi(K, U Ko) = Wi(Ko, U;K) < Wi(Ko, ¥;L) = Wi(L, ¥, Ko).
Using the generalized dual Minkowski inequality (1.52), we thus get
Wi(K) < Wi(L),

with equality only if K and L are dilates, but dilated bodies of equal :th dual quer-
massintegrals must be equal. ' u

The proofs of the following theorems are analogous to the proofs of the results
from Sections 3.2.1, 3.2.2 and 3.2.3. We just have to replace Lemmas 3.1 and 3.2
by Lemmas 3.30 and 3.31, and to use the inequalities for dual mixed volumes from
Section 1.2.3 instead of the inequalities for mixed volumes from Section 1.2.2. For
this reason we will omit all proofs except one in this section:

Theorem 3.33 IfL;,...,L,_1 € S®* and 2 < m < n — 1, then

Wi(\y([/lu sy Ln—l))m S H W,(‘I’(L], R L]) Lm+1a sy Ln—l)))
j=1 S’

m

with equality if and only if L., ..., L,, are dilates.

Proof: The case 1 = n — 1 reduces by (3.30) to inequality (1.51). Hence, assume
1 < n—2. From (3.43), it follows that for Q € S,

Wi(@Q,¥(Ly,...,Lo_)))™ = V(Ly,..., Loy, T:Q)™

S V(Lja"'aLj)Lm+l7"'7Ln—la\I,iQ)

<t

-
&

.
Il
—

]
s

WiQ,%(Lj,...,Lj, Ling1,-- - Ln-1)),

.
Il
—




with equality if and only if Ly, ..., L, are dilates. Let ¥,»(L;, C) denote the body
W(L;,...,Lj Lm41,..., Ln_1). Then, by inequality (1.52), we have

Wi(@Q, ¥ (L;, C)" ™ < Wi(Q)™ ™ Wi(¥me(Ly, C)),

with equality if and only if @ and ¥, (L;, C) are dilates. Hence,

m

W@, ¥(Ly, ..., Lo))™ ) < Wy(@Q)™ =D [ Wi(¥mi (L5, C)).

i=1

By setting @ = V(L,,..., L,_,), the statement follows. |

Special cases of Theorem 3.33 are summarized in the following two corollaries
which are dual counterparts of Theorems 3.13 and 3.14.

Corollary 3.34 If K,Le S" and0<i<n-1,1<j<n—2, then
Wi(¥;(K, L))"~ < W(LK)" 7' W(TLY,
with equality if and only if K and L are dilates.
Corollary 3.35 f K€ S" and0<i<j<n-—2, while0<m<n-—1, then
Wi (U, K)" 1 < G700 =iy (g K)ni-1,
with equality if and only if K is a centered ball.
A further consequence of Theorem 3.33 is the dual version of Corollary 3.12:

Corollary 3.36 IfL,,...,L,_, € S" and 0<i<n-—1, then
Wi(U(Ly, ..., Lyet))"™' < W(ULy) - - Wi(ULny),
with equality if and o‘nly if the L; are dilates.
The dual counterpart of Theorem 3.15 is:
Theorem 3.37 If K, L€ S" and0<i<n-1,0<7<n-—23, then
Wi, (K + L))/e=00=3-10 < J, (@, ) /O3 4 (@, L)Y/ =dn=3=1),

with equality if and only if K and L are dilates.
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