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AbstratThis master's thesis omprises two sienti� papers in the �eld of bonebiomehanis, written together with Prof. Christian Hellmih (Vienna Uni-versity of Tehnology) and Prof. Lu Dormieux (Éole Nationale des Pontset Chaussées, Marne-la-Vallée, Frane). The �rst artile (Chapter 2) dis-usses the question of the homogenization of elasti properties of porouspolyrystals that are harateristi for a number of biologial and man-madematerials. We onsider (i) uniform, (ii) axisymmetrial orientation distri-bution of linear elasti, isotropi needles. The latter requires derivation ofthe Hill tensor for arbitrarily oriented ellipsoidal inlusions with one axistending towards in�nity, embedded in a transversely isotropi matrix; this isaomplished by a new tehnique. For a porosity lower 0.4, the elasti prop-erties of the polyrystal with uniformly oriented needles are quasi-identialto those of a polyrystal with solid spheres. However, as opposed to thesphere-based model, the needle-based model does not predit a perolationthreshold. As regards axisymmetrial orientation distribution of needles, twoe�ets are remarkable: Firstly, the sharper the one of orientations the higherthe anisotropy of the polyrystal. Seondly, for a given one, the anisotropyinreases with the porosity. These results on�rm the very high degree of ori-entation randomness of rystals building up mineral foams in bone tissues.A miromehanial multi-step homogenization model for the elastiity ofbone is extended and improved in the seond artile (Chapter 3). This exten-sion provides further evidene that universal design priniples are valid forentire lasses of biologial materials. They onern the mehanial intera-tion between the elementary omponents (hydroxyapatite, ollagen, water),governing the elastiity of the hierarhially organized material at all di�er-ent observation sales. We here quantify these priniples through ontinuummiromehanis laws for elastiity of extravasular and extraellular bone ma-terials, building up osteons in ortial bone and trabeular struts or platesin spongy bones: At a sale of 5 mirons, we envision the extraellular bonematrix or ultrastruture as mineral foam with ollagen �bril inlusions. Ata lower sale, the morphology of the mineralized ollagen �brils is arefullyresolved: At a sale of 10 nm, long ylindrial ollagen moleules, attahedi



iito eah other at their ends by ∼ 1.5 nm long rosslinks, form a ontigu-ous matrix with intermoleular water inlusions, alled wet ollagen. At alength sale of several hundred nanometers, wet ollagen and mineral rys-tal agglomerations interpenetrate eah other to form the mineralized �bril.At a sale above the ultrastruture, with hundred mirometers harateris-ti length, launae are embedded in extraellular bone matrix, forming theextravasular bone material. The miromehanial model, based on tissue-independent ('universal') sti�ness properties of hydroxyapatite, ollagen, andwater, is validated through independent experiments on sti�ness and ompo-sition of a large number of di�erent ortial and trabeular bone speimensaross the vertebrate animal kingdom, both at the ultrastrutural and at theextravasular observation sale. Mean relative errors between sti�ness exper-iments and model estimates do not exeed 10%, whih re�ets a preditivepreision never attained so far.



KurzfassungDie vorliegende Diplomarbeit umfasst zwei wissenshaftlihe Artikel auf demGebiet der Biomehanik von Knohen, die zusammen mit Prof. ChristianHellmih (Tehnishe Universität Wien) und Prof. Lu Dormieux (Éole Na-tionale des Ponts et Chaussées, Marne-la-Vallée, Frankreih) verfasst wur-den. Der erste Beitrag (Kapitel 2) widmet sih der Homogenisierung derelastishen Eigenshaften von porösen Polykristallen, welhe für eine Reihevon natürlihen und künstlihen Materialien harakteristish sind. Wir be-trahten (i) eine uniforme und (ii) eine axialsymmetrishe (kegelförmige)Verteilung der Ausrihtung von linear elastishen, isotropen Nadeln. Let-zteres erfordert die Herleitung des Hill-Tensors für beliebig orientierte ellip-soidale Einshlüsse mit einer unendlih langen Ahse, eingebettet in einetransversal isotrope Matrix. Dies wird mittels einer neuen Methode be-werkstelligt. Es zeigt sih, dass für eine Porosität kleiner 0.4 die elastis-hen Eigenshaften des Polykristalls mit uniform orientierten Nadeln quasi-identish mit denjenigen eines Polykristalls mit kugelförmigen Einshlüssensind. Im Gegensatz zu dem Kugelmodell sagt das Nadelmodell keine Perkola-tionsgrenze voraus. Hinsihtlih der axialsymmetrishen Verteilung der Aus-rihtung der Nadeln sind zwei E�ekte bemerkenswert: Erstens, je spitzerder Kegel der Ausrihtungen, desto stärker die Anisotropie des Polykristalls.Zweitens, für einen gegebenen Verteilungskegel nimmt die Anisotropie mitwahsender Porosität zu. Diese Ergebnisse bestätigen den hohen Grad derUnordnung der Kristalle, welhe den Mineralshaum in Knohengeweben auf-bauen.Die Erweiterung und Verbesserung eines mehrstu�gen mikromehanis-hen Modells für die Knohenelastizität ist Gegenstand des zweiten Artikels(Kapitel 3). Ein solhes Verfahren untersuht die Gültigkeit universellerBauprinzipien für ganze Klassen von biologishen Materialien. Sie betref-fen die mehanishe Wehselwirkung zwishen den Elementarkomponenten(Hydroxyapatit, Kollagen, Wasser), die die Elastizität auf allen Beobah-tungsskalen des hierarhish aufgebauten Materials bestimmen. Wir quan-ti�zieren diese Prinzipien mittels der kontinuumsmikromehanishen Gesetzefür die Elastizität von extravaskulärem und extrazellulärem Knohenma-iii



ivterial, welhes die Osteonen in der Cortialis und Trabekelbälkhen oder-platten in der Spongiosa aufbauen: Auf einer Skala von 5 µm sehen wir dieextrazelluläre Knohenmatrix oder Ultrastruktur als Mineralshaummit Kol-lagen�brillen an. Auf einer niedrigeren Skala wird die Morphologie der miner-alisierten Kollagen�brille sorgfältig aufgelöst: Im Bereih von 10 nm bildenlange, zylindrishe Kollagenmoleküle, die an ihren Enden durh ∼ 1.5 nmlange Querverbindungen vernetzt sind, eine zusammenhängende Matrix mitintermolekularen Wassereinshlüssen, genannt `feuhtes Kollagen'. Auf einerLängenskala von einigen hundert Nanometern durhdringen `feuhtes Kol-lagen' und Ansammlungen von Mineralkristallen einander und formen sodie mineralisierte Fibrille. Auf einer Längenskala oberhalb der Ultrastruk-tur mit hundert Mikrometern harakteristisher Länge sind Launae in dieextrazelluläre Matrix eingebettet und formen so das extravaskuläre Knohen-material. Das auf gewebeunabhängigen (`universellen') Stei�gkeiten vonHydroxyapatit, Kollagen und Wasser basierende mikromehanishe Mod-ell wird durh unabhängige Experimente von Stei�gkeit und Zusammenset-zung zahlreiher, vershiedener (ortisher wie spongiöser) Proben über dasWirbeltierreih hinweg, sowohl auf dem Ultrastrukturniveau als auh aufdem des extravaskulären Knohenmaterials, getestet. Die mittleren relativenFehler zwishen Stei�gkeitsexperimenten und Modellvorhersagen übershrei-ten 10 % niht: Dies spiegelt eine bisher unerreihte Präzision wider.
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Chapter 1IntrodutionBone is a material with a omplex hierarhial organization showing a greatvariability and diversity. The explanation for the elastiity of bone fromits internal struture and ompositions, i.e. from the dosage of the elemen-tary omponents (ollagen, water, hydroxyapatite) and their interations, hasmotivated substantial sienti� work, doumented in a series of artiles by[Hellmih and Ulm, 2003, 2002a,b, Hellmih et al., 2004b,a, Hellmih, 2005℄.There, it has been shown that the average mineral onentration in the non-ollageneous spae (the spae not oupied by ollagen moleules) is the sameinside and outside the �brils and that � opposing to other hypothesis � bonefuntions as ollagen-reinfored mineral matrix.Based on this results, a series of miromehanial models for the elastiityof bone [Hellmih and Ulm, 2003, 2002a,b, Hellmih et al., 2004b,a, Hellmih,2005℄, whih are able to deliver preditions that are far better than standarddensity-elastiity orrelations, have been developed. While the preision ofthe aforementioned miromehanial models, rigorously tested through in-dependent experimental sets from a huge data base, has been ontinuouslyinreased, some issues were left that required deeper disussions. Two of themare disussed in this Thesis: The �rst onerns representation of a mineralfoam in the bone ultrastruture on the basis of spherial mineral inlusionsrather than mineral needles with a ertain distribution funtion. The seondonerns model overestimation of bone shear sti�ness. In the ultrastrutureof bones and mineralized tissues, at a length sale of several hundred mi-rons, needle-like platelets of hydroxyapatite rystals and the water in theinterrystalline spae build up a ontiguous network or mineral foam. Inthe �rst artile (Chapter 2) it is investigated if the distribution of needlesan be appropriately onsidered by representing the solid phase simply byspherial inlusions, or if the use of uniformly or axisymmetrially orientedylindrial inlusions delivers more aurate results. This work required the1



CHAPTER 1. INTRODUCTION 2derivation of a new expression for the Hill-tensor used in miromehanis,whih was aomplished in ooperation with Prof. Lu Dormieux from theÉole Nationale des Ponts et Chaussées in Paris, Frane.The four-step homogenization model, presented in [Hellmih, 2005℄ washaraterized by an overestimation of the shear sti�ness of bone (frequentlyrelevant in frature senarios). It was expeted that the neglet of both olla-gen and miropore orientation was responsible for this. However, omprehen-sive omputations showed that features derived from detailed morphometry(expressed in measures suh as Mean Interept Length (MIL) or OrientedVolume (OV) [Whitehouse, 1974, Harrigan and Mann, 1984, Odgaard et al.,1990℄) do not play a paramount role � therefore the ativities shifted fromthe miropores to the nanolevel of bone. After testing several morphologialonepts the introdution of the onept of `wet ollagen' at a new sale atthe level of several nanometers turned out to improve the model and to re-due the overestimation of shear. The results are doumented in the seondartile (Chapter 3).After a short outlook (Chapter 4), the soure odes for the alulationsan be found in the Appendix.



Chapter 2Porous polyrystals built up byuniformly and axisymmetriallyoriented needles: Homogenizationof elasti properties (manusriptsubmitted to Comptes RendusMeanique)This artile was submitted to the journal `Comptes Rendus Meanique'(Aadémie des sienes, 23, quai de Conti, 75006 Paris, Frane).NOTICE: This is the author's version of a work that was aepted for publi-ation in Comptes Rendus Meanique. Changes resulting from the publishingproess, suh as peer review, editing, orretions, strutural formatting, andother quality ontrol mehanisms may not be re�eted in this doument.Changes may have been made to this work sine it was submitted for publi-ation. A de�nitive version was subsequently published:A. Fritsh, L. Dormieux, and Ch. Hellmih. Porous polyrystals builtup by uniformly and axisymmetrially oriented needles: Homogenizationof elasti properties. Comptes Rendus Meanique, 334:151 � 157, 2006.doi:10.1016/j.rme.2006.01.008, available online at www.sienediret.om
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Abstract

Porous polycrystal-type microstructures built up of needle-like platelets or sheets are characteristic for a number
of biological and man-made materials. Herein, we consider (i) uniform, (ii) axisymmetrical orientation distribution
of linear elastic, isotropic needles. The latter requires derivation of the Hill tensor for arbitrarily oriented ellipsoidal
inclusions with one axis tending towards infinity, embedded in a transversely isotropic matrix; this is accomplished
by a new technique. For a porosity lower 0.4, the elastic properties of the polycrystal with uniformly oriented
needles are quasi-identical to those of a polycrystal with solid spheres. However, as opposed to the sphere-based
model, the needle-based model does not predict a percolation threshold. As regards axisymmetrical orientation
distribution of needles, two effects are remarkable: Firstly, the sharper the cone of orientations the higher the
anisotropy of the polycrystal. Secondly, for a given cone, the anisotropy increases with the porosity. These results
confirm the very high degree of orientation randomness of crystals building up mineral foams in bone tissues.

To cite this article: A. Fritsch, L. Dormieux, Ch. Hellmich, C. R. Mecanique 333 (2005).

Résumé

Polycristaux poreux constitués d’aiguilles orientées de façon uniforme ou axisymétrique : ho-

mogénéisation des propriétés élastiques.

De nombreux matériaux biologiques ou manufacturés présentent une microstructure poreuse à morphologie poly-
cristalline constituée de feuillets ou d’aiguilles. On s’intéresse ici à des cristaux solides élancés dont les orientations
sont distribuées de façon uniforme ou axisymétrique. Dans ce dernier cas, l’approche micromécanique proposée
fait appel à la connaissance du tenseur de Hill pour une inclusion ellipsoidale d’élancement infini plongée dans un
milieu isotrope transverse. On présente à ce sujet une nouvelle méthode de calcul. Pour une porosité inférieure à
0.4, les propriétés élastiques du polycristal estimées à partir d’un schéma basé sur des inclusions ellipsoidales sont
très proches de celles obtenues avec un schéma basé sur des inclusions sphériques. En revanche, à la différence du
schéma basé sur des inclusions sphériques, le schéma basé sur des inclusions ellipsoidales ne prédit pas de seuil de
percolation. En ce qui concerne la situation d’une distribution axisymétrique des orientations des cristaux solides,
deux effets méritent d’être soulignés. D’une part, l’anisotropie est d’autant plus marquée que l’angle du cône des
orientations diminue. D’autre part, à angle de cône donné, l’anisotropie augmente avec la porosité. Ces résultats
confirment le caractère très largement désordonné de l’orientation des cristaux constituant des mousses minérales
dans les tissus osseux.

Preprint submitted to Elsevier Science 22 août 2005
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CHAPTER 2. ARTICLE COMPTES RENDUS MECANIQUE 6
1. Introduction

Porous polycrystal-type microstructures built up of needle-like platelets or sheets can be found in a

number of biological and man-made materials; such as bone [1, 2] or eggs [3], or at the cement paste level of

concrete [4]. We here deal with homogenization of their overall (linear) elastic properties, by means of self-

consistent schemes. Thereby, the solid phase (needles) is represented by cylindrical inclusions (a cylinder

being the limit case of a prolate spheroid with its long axis being very much larger than its spherical

axis), and the (empty) pore inclusions (drained conditions) are spherical; extension to pressurized pores

according to [5] is straightforward. Subsequently, we consider (i) uniform, (ii) axisymmetrical orientation

distribution of the isotropic needles with elasticity tensor Cs, bulk and shear moduli ks and µs.

2. Uniform orientation distribution of needles

Uniformly oriented needles result in isotropic elastic properties of the polycrystal. The corresponding

stiffness estimate CSCS
reads as

C
SCS

= (1 − f) Cs :< [I + P
SCS
cyl : (Cs − C

SCS
)]
−1 >:

{(1 − f) < [I + P
SCS
cyl : (Cs − C

SCS
)]
−1 > +f (I − P

SCS
sph : C

SCS
)
−1}−1

(1)

with

< [I + P
SCS
cyl : (Cs − C

SCS
)]
−1 >=

2π∫

ϕ=0

π∫

ϑ=0

[I + P
SCS
cyl (ϑ, ϕ) (Cs − C

SCS
)]
−1 sin ϑ dϑ dϕ

4π
(2)

where I, Iijkl = 1/2(δikδjl + δilδkj), is the fourth-order unity tensor, δij is the Kronecker delta, f denotes

the porosity, PSCS
sph and PSCS

cyl is the fourth-order Hill tensor for spherical and cylindrical inclusions,

respectively. The Hill tensor for spherical inclusions, PSCS
sph , is widely available in the open literature

[6, 19]. The components of the Hill tensor for cylindrical inclusions embedded in an isotropic medium are

given for a base frame coinciding with the long axis of the cylinder [6]. Transformation of Hill tensors

related to differently oriented cylindrical inclusions, to one reference frame can be expressed by Euler

angles ϑ and ϕ, rendering P = PSCS
cyl (ϑ, ϕ) in Eqn.(2).

The numerical solution of (1), expressed in terms of couples of elastic constants, (ESCS , νSCS
) or

(kSCS , µSCS
), shows that the Young’s modulus ESCS

is practically independent of the value of Poisson’s

ratio νs.

The question arises whether uniform orientation of needles can be appropriately considered by repre-

senting the solid phase simply by spherical inclusions. The corresponding classical self-consistent estimate

CSCS
reads as

C
SCS

= (1 − f) Cs : {I + P
SCS
sph : (Cs − C

SCS
)}−1

(3)

In case of an incompressible solid phase (ks → ∞), (3) can be solved analytically:

µSCS
= µs

3(1 − 2f)

3 − f
, kSCS

=
4(1 − f)

3f
µSCS

(4)

Email addresses: Andreas.Fritsch@mail.imws.tuwien.ac.at (Andreas Fritsch), dormieux@lmsgc.enpc.fr (Luc
Dormieux), christian.hellmich@tuwien.ac.at (Christian Hellmich).
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Figure 1. (a) Poisson’s ratio and (b) Young’s modulus of isotropic porous polycrystals, predicted by the sphere-based and
needle-based models, respectively (νs = 0.2).

This scheme shows a percolation threshold exactly equal to f =
1
2 , for any value of the Poisson coefficient

νs of the solid phase. As for a compressible solid phase, the homogenized Young’s modulus ESCS
can still

be approximated by the affine expression Es(1 − 2f) with an error of at most 4 % relative to the exact

solution, i.e. ESCS
is quasi-independent of Poisson’s ratio.

On the interval 0 < f < 0.4, the self-consistent stiffness estimates based on uniformly oriented solid

needles are quasi-identical to those based on solid spheres [Fig. 1 (a) and (b)]. Particularly, in the vicinity

of f = 0, the first-order expansions of the homogenized elastic constants with respect to the porosity read

for both models as:

ESCS

Es
= 1 − 3

2

(1 − νs)(5νs + 9)

7 − 5νs
f ; νSCS = νs + f

3(1 − 5νs)(1 − ν2
s )

2(7 − 5νs)
(5)

kSCS

ks
= 1 − 3

2

1 − νs

1 − 2νs
f ;

µSCS

µs
= 1 − 15

1 − νs

7 − 5νs
f (6)

However, as opposed to the sphere-based model, the needle-based model does not predict any percola-

tion threshold, i.e. ESCS , kSCS
and µSCS → 0 only if the volume fraction of the solid phase becomes very

small (f → 1). This is a major difference between the two models, drawing the attention to the range of

higher porosity, i.e. f > 0.4 (Figure 1). A first-order expansion in the vicinity of f = 1 of µSCS
(resp.

kSCS
) can be sought in the form µSCS ∼ m(1− f) [resp. kSCS ∼ k(1− f)]. Analytical expressions for m

and k can be derived and proven to be independent of νs :

m =
71 − 2

√
79

1575
, k =

−8 + 2
√

79

189
(7)

Accordingly, the limit of νSCS
when f tends towards 1 is independent of νs as well :

lim
f→1

νSCS
=

17 −
√

79

35
(8)

3. Axisymmetric orientation distribution of needles

Axisymmetrically oriented needles result in transversely isotropic elastic properties of the polycrystal.

Let us again denote by ϑ and ϕ the angles defining the orientation of solid needles represented as cylindrical

inclusions, with ϑ being defined with respect to the symmetry axis of the orientation distribution. We

assume ϑ=const. in the cone [0, ϑmax]. The corresponding stiffness estimate still obeys (1), while (2) now

reads as

4
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Figure 2. Effect of anisotropic distribution of crystal orientations on the longitudinal and transverse Young’s moduli and
Poisson ratios (νs = 0.2, (a) f = 0.2, (b) f = 0.6).

< (I + P
SCS
cyl : δ C)

−1 >=

2π∫

ϕ=0

ϑmax∫

ϑ=0

[I + P
SCS
cyl (ϑ, ϕ) (Cs − C

SCS
)]
−1 sin ϑ dϑ dϕ

2π(1 − cosϑmax)
(9)

and while the Hill tensors PSCS
cyl and PSCS

sph now refer to inclusions in a transversely isotropic material.

Expressions for PSCS
sph can be found in [1], and for determination of PSCS

cyl we present a new technique in the

Appendix. Two effects are remarkable (Fig. 2): Firstly, as expected, the sharper the cone of orientations

the higher is the anisotropy of the polycrystal. Secondly, the higher the porosity the more pronounced

is the effect of the non-uniform needle orientation distribution, on both the Young’s modulus and the

Poisson’s ratio.

4. Discussion

The present results are also noteworthy from a biomechanical viewpoint: In the ultrastructure of bones

and mineralized tissues hydroxyapatite crystals build up a contiguous network or mineral foam [2, 1].

Single crystals have typical dimensions of 50 nm average length, 25 nm average width, and 1 to 7 nm

thickness [7, 8]. In a first approximation, they are often characterized as needles [8, 9, 10]. This renders the

homogenization schemes developed here as appropriate for mineral foams occuring in bones. In particular,

agreement between homogenized elastic properties of uniformly oriented needles with those of spheres

for a porosity lower 0.4 (Fig. 1) confirms the use of self-consistent schemes with spherical inclusions for

hydroxyapatite polycrystals [1], which have been validated by the experimental data of [11, 12]. At higher

porosities, however, the needle-based scheme seems to be superior to the sphere-based scheme, since

the former accounts for contiguity of the crystals, leading to non-zero homogenized stiffness, while the

latter exhibits a percolation threshold beyond which the homogenized stiffness vanishes. Indeed, elasticity

experiments [13] reveal that mineral crystals do contribute to the overall stiffness of low-mineralized turkey

leg tendon, with a mineral foam porosity larger than 50%.

The present results also confirm the very high degree of orientation randomness of crystals in bone

tissues, revealed already by chemical [14] or mechanical [2] means: Any remarkable orientation of nee-

dles leads to high anisotropy ratios Etran/Elong far beyond two, and up to ten (Fig. 2). In real bone

ultrastructure, however, this ratio lies always markedly below two [15, 11, 2].

5
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Appendix A. Hill tensor for arbitrarily oriented cylindrical inclusions embedded in a

transversely isotropic material

The starting point is the classical expression for the Hill tensor (see for instance [16],[17]) :

P =
ω2 ω3

4π

∫

|ξ|=1

Γ

(ξ ·AT · A · ξ)3/2
dS(ξ) (A.1)

ξ is the unit length vector pointing from the origin of the sphere to the surface element dS(ξ). The

second-order tensor A describes the shape of the ellipsoid, with base vectors w1,w2 and w3 pointing in

the principal directions of the ellipsoid,

A = w1 ⊗ w1 + ω2 w2 ⊗ w2 + ω3 w3 ⊗ w3, ω3 ≫ 1 (A.2)

The fourth-order tensor Γ is defined as

Γ = ξ
s
⊗ K

−1
s
⊗ ξ, K = ξ · C · ξ (A.3)

The second-order tensor K is the acoustic tensor, C is the stiffness tensor of the transversely isotropic

matrix.
s
⊗ denotes the symmetrized tensor product.

The technique presented hereafter adapts the ideas presented in [18] and [19] to cylindrical inclusions.

First, we consider the denominator of expression (A.1). The unit vector ξ can be expressed in spherical

coordinates Φ ∈ [0, 2π] and Θ ∈ [0, π] as ξ1 = sinΘ cosΦ, ξ2 = sin Θ sin Φ and ξ3 = cosΘ, so that

dS = sinΘ dΦ dΘ. Since

ξ · AT ·A · ξ = ω2
3 cos

2
Θ + sin

2
Θ (cos

2
Φ + ω2

2 sin
2
Φ)

we find with x = cosΘ and γ2
=

1
ω2

3
(cos

2
Φ + ω2

2 sin
2
Φ)

P =
ω2

4π

2π∫

0

1∫

−1

γ2

[x2 + (1 − x2)γ2]3/2

Γ(x, Φ)

cos2Φ + ω2
2 sin

2
Φ

(−dx) dΦ (A.4)

Considering ω3 → ∞ (γ → 0), and use of the “Dirac delta function” δ(x)

lim
γ→0

γ2

[x2 + (1 − x2) γ2]3/2
= 2 δ(x),

∫

δ(x) f(x) dx = f(0) (A.5)

yields, with ω2 = 1,

P =
1

2π

2π∫

0

Γ(Θ=
π

2
, Φ) dΦ (A.6)

Next, we consider the numerator of Eqn. (A.1), Γ = ξ
s
⊗ K

−1
s
⊗ ξ. Expressing ξ and K in terms of the

base vectors w1 and w2, while adopting z = cotΦ, yields

ξ = cosΦw1 + sin Φw2 = sinΦ(z w1 + w2) (A.7)

K = ξ · C · ξ = sin
2
Φ ((z w1 + w2) · C · (z w1 + w2)) sin

2
Φ (z2

Q + z(R + R
T
) + T)

︸ ︷︷ ︸

K
′ (z)

(A.8)

when having introduced the second-order tensors Q,R and T as

6
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Q = w1 · C · w1, R = w1 · C · w2, T = w2 · C · w2 (A.9)

K(Φ) = sin
2
Φ (z2

Q + z(R + R
T
) + T)

︸ ︷︷ ︸

K
′ (z)

(A.10)

K
′

(z) is a second-order polynomial. In order to obtain the inverse of K
′

(z), we use the matrix of cofactors

(algebraic complements) coK
′

,

(K(z))
−1

=
1

sin
2
Φ

(K
′

)
−1

=
1

sin
2
Φ

1

detK
′
(coK

′

) (A.11)

The determinant of K
′

, detK
′

, is a sixth-order polynomial. Thus

Γ = ξ
s
⊗ K

−1
s
⊗ ξ =

1

sin
2
Φ

1

detK
′
(ξ

s
⊗ (coK

′

)
s
⊗ ξ) =

=
1

sin
2
Φ

1

detK
′
(sin

2
Φ (z w1 + w2)

s
⊗ (coK

′

)
s
⊗ (z w1 + w2)) (A.12)

Insertion of Eqn. (A.12) into Eqn. (A.6) and use of Φ = arccotz yields

P =
1

2π

2π∫

Φ=0

Γ dΦ =
1

2π
2

∞∫

z=−∞

Γ
dz

1 + z2
(A.13)

=
1

π

∞∫

−∞

(z w1 + w2)
s
⊗ (coK

′

)
s
⊗ (z w1 + w2)

(detK
′

) (1 + z2)
dz (A.14)

The integrand in (A.14) is a rational fraction with a sixth-order polynomial in the numerator and an

eightth-order polynomial in the denominator. Hence, the integration can be based on the Residue Theo-

rem:

∞∫

−∞

f(z) dz = 2iπ
∑

j

Res(f, zj), (A.15)

where zj are the poles with a positive imaginary part, of the function f(z)
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Abstract Biological materials are characterized by an

astonishing variability and diversity. Still, once a (hier-

archical) composite material has been adopted within

a living organism, its fundamental building principles

remain largely unchanged during biological evolution.

Hence, entire classes of biological materials exhibit com-

mon (universal) principles of (micro)mechanical design.

Design principles concern the mechanical interaction be-

tween the elementary components, governing the elastic-

ity of the material at all different observation scales. We

here quantify these principles through continuum mi-

cromechanics laws for elasticity of extravascular and ex-

tracellular bone materials, building up osteons in cortical

bone and trabecular struts or plates in spongy bones:

At a scale of 5 microns, we envision the extracellular

bone matrix or ultrastructure as mineral foam with col-

lagen fibril inclusions. At a lower scale, the morphology

of the mineralized collagen fibrils is carefully resolved:

At a scale of 10 nm, long cylindrical collagen molecules,

attached to each other at their ends by ∼ 1.5 nm long

crosslinks, form a contiguous matrix with intermolecular

water inclusions, called wet collagen. At a length scale

of several hundred nanometers, wet collagen and mineral

crystal agglomerations interpenetrate each other to form

the mineralized fibril. At a scale above the ultrastruc-

ture, with hundred micrometers characteristic length, la-

cunae are embedded in extracellular bone matrix, form-

ing the extravascular bone material. The micromechnical

model, based on tissue-independent (’univeral’) stiffness

properties of hydroxyapatite, collagen, and water, is val-

idated through independent experiments on stiffness and

composition of a large number of different cortical and

trabecular bone specimens, both at the ultrastructural

and at the extravascular observation scale. Mean rela-

tive errors between stiffness experiments and model es-

Correspondence to: Christian Hellmich

timates do not exceed 10%, which reflects a predictive

precision never attained so far.

1 Introduction

Biological materials are characterized by an astonish-

ing variability and diversity. Their hierarchical organi-

zations are often well suited and seemingly optimized

to fulfill specific mechanical functions. This has moti-

vated research in the fields of bionics and biomimetics.

The aforementioned optimization is primarily driven by

selection during the biological evolution process. How-

ever, it is of great importance to notice that selection

is realized at the level of the individual plant or ani-

mal (and not at the material level). Therefore, mate-

rial optimization in the strictest sense of the word does

not take place. Rather, once a (hierarchical) composite

material has been adopted within a living organism, its

fundamental building principles (morphologies or uni-

versal patterns of architectural organization [Gould and

Lewontin, 1979]) remain largely unchanged during evolu-

tion. Hence, entire classes of biological materials exhibit

common (universal) principles of (micro)mechanical de-

sign.

This design firstly concerns observation scales at which

typical morphological features can be discerned, across

the entire material class. As regards bone, Katz et al.

[1984] were the first to point out the importance of its

hierarchical organization for its mechanical properties

[Katz, 1980], distinguishing five levels of hierarchical or-

ganization, which have been quite generally accepted in

the scientific community:

– The macrostructure at an observation scale of sev-

eral mm to cm, where cortical (or compact) bone
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(c)
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(a)

(f) (g)

5 cm

400 nm

10 mm

0.10 mm

1 mm

(d)

100 nm

Fig. 1 Hierarchical organization of bone: (a) whole long bone (macrostructure)(+); (b) section through long bone (macrostruc-
ture)(+); (c) osteonal cortical bone (microstructure)(o); (d) trabecular spaceframe (microstructure)(2); (e) ultrastructure(×);
(f) hydroxyapatite crystals (elementary components)(+); (g) collagen molecules (elementary components)(+); (+). . . from
[Weiner and Wagner, 1998], permission requested from Annual Reviews, www.AnnualReviews.org; (o). . . from [Lees et al.,
1979a], permission for reproduction requested from the Acoustical Society of America; (2). . . from [Ding and Hvid, 2000], per-
mission for reproduction requested from Elsevier Science; (×) . . . from [Prostak and Lees, 1996], permission for reproduction
requested from Springer Verlag, p.478, Fig. 5a

and trabecular (or spongy) bone can be distinguished

[Fig. 1(a) and (b)];

– The microstructure at an observation scale of several

100 µm to several mm, where cylindrical units called

osteons build up cortical bone, and where the sin-

gle trabecular struts or plates can be distinguished

[Fig.1(c) and (d)];

– The ultrastructure (or extracellular solid bone ma-

trix) at an observation scale of 1 to 10 µm, compris-

ing the material building up both trabecular struts

and osteons [Fig.1(e)].

– Within the ultrastructure, collagen-rich domains [light

areas in Fig.1(e)] and collagen-free domains [dark ar-

eas in Fig.1(e)] can be distinguished at an observa-

tion scale of several hundred nanometers. Commonly,

these domains are referred to as fibrils and extrafib-

rillar space.

– Finally, at an observation scale of several ten nanome-

ters, the so-called elementary components of miner-

alized tissues can be distinguished. These are

– Plate or needle-shaped mineral crystals consisting

of impure hydroxyapatite (HA; Ca10[PO4]6[OH]2)

with typical 1 to 5 nm thickness, and 25 to 50 nm

length [Weiner and Wagner, 1998] [Fig.1(f)];

– Long cylindrically shaped collagen molecules with

a diameter of about 1.2 nm and a length of about

300 nm [Lees, 1987], which are self-assembled in

staggered organizational schemes (fibrils) with char-

acteristic diameters of 50 to 500 nm [Cusack and

Miller, 1979, Miller, 1984, Lees et al., 1990, 1994b,

Weiner et al., 1997, Weiner and Wagner, 1998,

Rho et al., 1998, Prostak and Lees, 1996], [Fig.1(g)];

several covalently bonded fibrils are sometimes re-

ferred to as fibers;
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– Different non-collagenous organic molecules, pre-

dominantly lipids and proteins [Urist et al., 1983,

Hunter et al., 1996]; and

– Water.

Secondly, the aforementioned design principles con-

cern the mechanical interaction between the elementary

components, governing the elasticity of the material at

all different observation scales. A long debate concerns

the question on whether bone anisotropy is predomi-

nantly caused by the mineral (as proposed by Currey

[1969] and followed by many researchers [Katz, 1980,

1981, Sasaki, 1991, Mammone and Hudson, 1993, Pida-

parti et al., 1996, Ascenzi, 1999, Jäger and Fratzl, 2000])

or by the collagen (as proposed by Lees et al. [1979b] and

Cusack and Miller [1979]).

The first proposition refers to envisioning the bone

ultrastructure as ‘mineral-reinforced collagen matrix’, while

the second is consistent with the concept of a ‘collagen-

reinforced mineral matrix’. The latter concept has been

corroborated in recent years, independently by compu-

tational homogenization techniques [Crolet et al., 1993,

Aoubiza et al., 1996, Arnoux et al., 2002], by materials

science [Benezra Rosen et al., 2002], and by basic me-

chanical energy considerations close to those of cellular

solids [Hellmich and Ulm, 2002a].

The arguments put forward in [Benezra Rosen et al.,

2002] and [Hellmich and Ulm, 2002a] have even moti-

vated Currey to withdraw his 1969 proposition, in fa-

vor of describing mineral and collagen as (quote from

[Currey, 2003]) ‘continuous phases that are nevertheless

intimately spatially entangled’.

Accordingly, the micromechanical concept of ‘colla-

gen inclusions embedded in a mineral foam’, having shown

remarkable predictive capabilities when validated through

independent experiments on stiffness and composition of

a large number of different cortical and trabecular bones

[Hellmich and Ulm, 2002b, Hellmich et al., 2004b], was

further refined, by introducing an interpenetrating net-

work of collagen and minerals, representing the miner-

alized collagen fibril, being, at a larger scale, embedded

into the extrafibrillar mineral foam. Corresponding mi-

cromechanical formulations showed improved predictive

capabilities, both at the ultrastructural scale [Hellmich

et al., 2004a], and at that of the microstructure [Hellmich,

2005].

These micromechanical formulations provide some

quantitative evidence on the aforementioned universal

design principles. Remarkably, they allow for translation

[Torabia and Hellmich, 2004, Torabia, 2004] of chemical

information accessible in-vivo into mechanical properties

necessary for reliable structural analyses of bone [Kober

et al., 2005], with great potential for patient-specific fail-

ure risk assessment. Still, the aforementioned microme-

chanical models tend to overestimate the anisotropic shear

stiffness of bone [Hellmich, 2005], which motivates fur-

ther refinement of the micromechanical representation

of bone’s hierarchical organization. Thereby, (i) further

resolution of the inner structure of the mineralized fib-

ril, and (ii) consideration of the lacunar porosity hosting

osteocytes, not explicitly introduced in Katz’ hierarchi-

cal organization levels [Katz et al., 1984], turn out to

be mandatory, as described in Section 3 of this paper;

before, a short summary on linear elastic continuum mi-

cromechanics is given in Section 2. Validation of the mi-

cromechanics model (Section 4) is followed by a thor-

ough discussion of the strengths and limitations of the

proposed approach, and an outlook to future activities

(Section 5).

2 Fundamentals of continuum micromechanics –

linear elasticity

In continuum micromechanics [Suquet, 1997, Zaoui, 2002],

a material is understood as a micro-heterogeneous body

filling a representative volume element (RVE) with char-

acteristic length ℓ, ℓ ≫ d, d standing for the charac-

teristic length of inhomogeneities within the RVE (see

Fig. 2), and ℓ ≪ L, L standing for the characteristic

lengths of geometry or loading of a structure built up

by the material defined on the RVE. The ‘homogenized’

mechanical behavior of the material, i.e. the relation be-

tween homogeneous deformations acting on the bound-

ary of the RVE and resulting (average) stresses, can then

be estimated from the mechanical behavior of different

homogeneous phases (representing the inhomogeneities

within the RVE), their dosages within the RVE, their

characteristic shapes, and their interactions. Based on

matrix-inclusion problems [Eshelby, 1957, Laws, 1977],

an estimate for the ‘homogenized’ stiffness of a material

reads as [Zaoui, 2002]Cest
=

∑

r

frr :
[I + P0

r : (r − C0
)
]−1

:

{
∑

s

fs

[I + P0
s : (s − C0

)
]−1

}−1

(1)

where r and fr denote the elastic stiffness and the vol-

ume fraction of phase r, respectively, and I is the fourth-

order unity tensor. The two sums are taken over all

phases of the heterogeneous material in the RVE. The

fourth-order Hill tensor P0
r accounts for the characteris-

tic shape of phase r in a matrix with stiffness C0
. Choice

of this stiffness describes the interactions between the

phases: For C0
coinciding with one of the phase stiff-

nesses (Mori-Tanaka scheme [Mori and Tanaka, 1973,

Wakashima and Tsukamoto, 1991]), a composite mate-

rial is represented (contiguous matrix with inclusions);

for C0
= Cest

(self-consistent scheme [Hershey, 1954,

Hill, 1963]), a dispersed arrangement of the phases is

considered (typical for polycrystals). If a single phase

exhibits a heterogeneous microstructure itself, its me-

chanical behavior can be estimated by introduction of
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ℓ2

d

d3 ℓ3

ℓ

d2

Fig. 2 Multistep homogenization

an RVE within this phase, with dimensions ℓ2 ≤ d, com-

prising again smaller phases with characteristic length

d2 ≪ ℓ2, and so on (see Fig. 2).

This leads to a multistep homogenization scheme.

Such a procedure will be applied to mammalian corti-

cal and trabecular bone materials in the sequel.

3 Micromechanical representation of

hierarchical organisation of bone materials

The three-step homogenization scheme introduced in [Hellmich

et al., 2004a] for bone ultrastructure is extended here by

two additional homogenization steps (Fig. 3): The first

of them refers to an observation scale of several nanome-

ters, concerning collagen molecules and intermolecular,

water-filled spaces. We call the homogenized material

‘wet collagen’ [Section 3.1 and Fig. 3(a)]. At the fibrillar

observation scale, wet collagen and mineral crystal ag-

glomerations build up the mineralized fibril [Section 3.2

and Fig. 3(b)]. At the ultrastructural scale, the extrafib-

rillar mineral foam {Section 3.3 and Fig. 3(c), [Hellmich

and Ulm, 2002a, Hellmich et al., 2004a]} and mineral-

ized fibrils form the extracellular bone matrix or ultra-

structure [Section 3.4 and Fig. 3(d)]. The second new

homogenization step refers to extravascular bone mate-

rial at an observation scale of ℓ ≈ 100 µm [compare

bar in Fig. 1(c)], consisting of lacunar pores in an ul-

trastructural matrix [Section 3.5 and Fig. 3(e)]. At an

even higher observation scale, that of the microstruc-

ture with ℓ ≈ 500 µm, this extravascular matrix would

be perforated by Haversian canals (in cortical bone) or

by intertrabecular porosity (in trabecular bone). Mate-

rial mechanics at that scale is beyond the scope of the

present manuscript.

3.1 Wet collagen

Within an RVE V̊wetcol of wet collagen with ℓwetcol ≈
10 nm characteristic length [Fig. 3(a)], we homogenize

over the staggered organization of cylindrical collagen

molecules {Fig. 1(g), [Hodge and Petruska, 1963, Miller,

1984]}, which are attached to each other at their ends by

∼1.5 nm long crosslinks {[Lees et al., 1984b, Bailey et al.,

1998], see also Section 4.3, Eq.(35)ff.}. Thereby, the in-

termolecular space is represented by cylindrical inclu-

sions hosting water containing mechanically insignificant

amounts of non-collageneous organic matter. These in-

clusions are embedded into a contiguous matrix built up

by molecular collagen [Fig. 3(a)]. The volume fractions

occupied by the two phases ‘molecular collagen’ and ‘in-

termolecular space’ are f̊col and f̊im, f̊col + f̊im = 1.

Using a Mori-Tanaka scheme for the estimation of the

stiffness of the composite material ‘wet collagen’, CMT
wetcol,

we specify (1) for one (cylindrical) inclusion phase (in-

termolecular water) and a matrix of molecular colla-

gen, i.e. for r ∈ [col, im], for im = 3 kH2O J, with

Jijkl = 1/3 δij δkl as the volumetric part of the fourth

order unity tensor I, and C0
= col according to Table 1,

as well as for P0
im = Pcol

cyl; resulting inCMT
wetcol =

{

(1 − f̊im)col + f̊imim :
[I+ Pcol

cyl : (im − col)
]−1

}

:

{

(1 − f̊im)I+ f̊im

[I+ Pcol
cyl : (im − col)

]−1
}−1

(2)Pcol
cyl refers to a cylindrical inclusion in a transversely

isotropic matrix with stiffness col, where the plane of

isotropy is oriented perpendicular to the long axis of

the cylinder. The non-zero components of the symmetric

tensor Pcol
cyl read as follows [Hellmich et al., 2004a]:

P col
cyl,1111 = P col

cyl,2222 =

= 1/8 (5 ccol,1111 − 3 ccol,1122)/ccol,1111/D2 , (3)

P col
cyl,1122 = P col

cyl,2211 =

= −1/8 (ccol,1111 + ccol,1122)/ccol,1111/D2 , (4)

P col
cyl,2323 = P col

cyl,1313 = 1/(8 ccol,2323) , (5)

P col
cyl,1212 = 1/8 (3 ccol,1111 − ccol,1122)/ccol,1111/D2 ,(6)

whereby

D2 = ccol,1111 − ccol,1122 (7)

3.2 Mineralized collagen fibril

Within an RVE V̆fib of fibrillar material [Fig. 3(b)] with

characteristic length of ℓfib=100-500 nm [Cusack and

Miller, 1979, Miller, 1984, Prostak and Lees, 1996], the

phases ‘hydroxyapatite (HA)’ and ‘wet collagen’ occupy

volume fractions f̆HA and f̆wetcol, f̆HA + f̆wetcol = 1.

The crystals form agglomerations of typical size dHA ≈
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Fig. 3 Micromechanical representation of bone material by means of a five-step homogenization procedure

10 nm [Landis et al., 1996], filling (during the miner-

alization process) the gap zones in the collagen fibrils,

before spreading through the fibrils. Both phases in-

terpenetrate each other, which motivates the use of a

self-consistent scheme, with spherical inclusions for the

mineral phase, and with cylindrical inclusions for the

wet collagen phase. Accordingly, in order to estimate

the stiffness of the mineralized collagen fibril, CSCS
fib , (1)

is specified for one spherical inclusion phase (mineral)

and one cylindrical inclusion phase (wet collagen), i.e. for

r ∈ [HA, wetcol], for HA = 3 kHA J+2 µHA K (K = I−J
is the deviatoric part of the fourth-order unity tensorI), according to Table 1, and for wetcol = CMT

wetcol from

(2), for C0
= CSCS

fib , as well as for P0
HA = Pfib

sph and

P0
wetcol = Pfib

cyl ; resulting in

CSCS
fib =

{

f̆wetcol CMT
wetcol :

[I+ Pfib
cyl :

(CMT
wetcol − CSCS

fib

)]−1

+f̆HA HA :

[I+ Pfib
sph :

(HA − CSCS
fib

)]−1
}

:

{

f̆wetcol

[I+ Pfib
cyl :

(CMT
wetcol − CSCS

fib

)]−1

+f̆HA

[I+ Pfib
sph :

(HA − CSCS
fib

)]−1
}−1

(8)

The non-zero components of Pfib
cyl follow from substitu-

tion of ‘ccol,ijkl’ by ‘CSCS
fib,ijkl ’ in (3)-(7). The non-zero

components of Pfib
sph follow from substitution of ‘C0

ijkl ’ by

‘CSCS
fib,ijkl ’ in Eq.(57) to Eq.(63), see Appendix. For im-

plicit solution of (8), we refer to [Hellmich et al., 2004a].
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3.3 Extrafibrillar space: Hydroxyapatite foam

Within an RVE V̌ef of hydroxyapatite foam with ℓef =100-

500 nm characteristic length [see Fig. 3(c)], the phases

‘hydroxyapatite (HA)’ with dHA=1-10 nm [Fratzl et al.,

1991, Lees et al., 1994b, Eppell et al., 2001] and ‘in-

tercrystalline space (ic)’ occupy volume fractions f̌HA

and f̌ic, f̌HA + f̌ic = 1. The considerable disorder of

the hydroxyapatite crystals in the foam, shown by Lees

et al. [1994b], Fratzl et al. [1996], Peters et al. [2000],

Benezra Rosen et al. [2002], Hellmich and Ulm [2002a],

motivates the use of a self-consistent scheme with in-

clusions of spherical shape [Hellmich and Ulm, 2002b,

Hellmich et al., 2004a]. Accordingly, in order to estimate

the stiffness of the extrafibrillar mineral foam, CSCSII
ef ,

(1) is specified for two (spherical) inclusion phases, i.e.

for r ∈ [HA, ic], for HA = 3 kHA J + 2 µHA K andic = 3 kH2O J, according to Table 1, for C0
= CSCSII

ef ,

and for P0
HA = P0

ic = Pef
sph; resulting inCSCSII

ef =

{
∑

r

f̌r r :

[I+ Pef
sph : (r − CSCSII

ef )

]−1
}

:

{
∑

s

f̌s

[I + Pef
sph : (s − CSCSII

ef )

]−1
}−1

,

r, s ∈ [HA, ic] (9)Pef
sph, the Hill tensor for a spherical inclusion in an isotropic

matrix of stiffness CSCSII
ef , is of the form [Eshelby, 1957,

Zaoui, 1997] Pef
sph = SEsh,ef

sph : CSCSII,−1
ef , (10)SEsh,ef

sph = αSCSII
ef J + βSCSII

ef K (11)

with

αSCSII
ef =

3 kSCSII
ef

3 kSCSII
ef + 4 µSCSII

ef

βSCSII
ef =

6 (kSCSII
ef + 2 µSCSII

ef )

5 (3 kSCSII
ef + 4 µSCSII

ef )
(12)

For implicit solution of (9), together with (10)-(12), with

respect to CSCSII
ef , we refer to [Hellmich and Ulm, 2002b,

Hellmich et al., 2004a].

3.4 Extracellular bone matrix or ultrastructure

Within an RVE V̄ultra of bone ultrastructure with ℓultra ≈
5 µm characteristic length [see Fig. 3(d)], cylindrical fib-

rillar inclusions are embedded in a contiguous matrix

built up by the mineral foam material of homogeniza-

tion step III (9). The volume fractions occupied by the

two phases ‘mineralized collagen fibril’ and ‘extrafibrillar

space’ are f̄fib and f̄ef , f̄fib + f̄ef = 1. Using a Mori-

Tanaka scheme for the estimation of the stiffness of the

composite material ‘extracellular bone matrix or ultra-

structure’, CMTII
ultra , we specify (1) for one (cylindrical)

inclusion phase (mineralized collagen fibrils), and one ex-

trafibrillar matrix, i.e. for r ∈ [fib, ef ], for fib = CSCS
fib

from (8), for C0
= ef = CSCSII

ef from (9), and forP0
fib = Pef

cyl; resulting inCMTII
ultra =

{
(1 − f̄fib)CSCSII

ef + f̄fibCSCS
fib :

[I+ Pef
cyl : (CSCS

fib − CSCSII
ef )

]−1
}

:
{
(1 − f̄fib)I

+f̄fib

[I+ Pef
cyl : (CSCS

fib − CSCSII
ef )

]−1
}−1

(13)

The non-zero components of Pef
cyl follow from substitu-

tion of ‘ccol,ijkl’ by ‘CSCS
ef,ijkl ’ in (3)-(7).

3.5 Extravascular bone material

Within an RVE Vexvas of extravascular bone material

with ℓexvas ≈ 100 µm characteristic length [see Fig. 3(e)],

osteocyte-filled cavities called lacunae with characteris-

tic length dlac=5-15 µm, Fig. 2.12 and 2.14 of [Martin

et al., 1998], are embedded in a contiguous matrix built

up by the extracellular bone material of homogeniza-

tion step IV (13). The volume fractions occupied by the

two phases ‘extracellular bone matrix (ultrastructure)’

and ‘lacunae’ are f̃ultra and f̃lac, f̃ultra + f̃lac = 1. Us-

ing again the Mori-Tanaka scheme for the estimation of

the stiffness of the composite ‘extravascular bone mate-

rial’, CMTIII
exvas , we specify (1) for one spherical inclusion

phase (lacunae), and one extracellular bone matrix, i.e.

for r ∈ [ultra, lac], for lac = 3 kH2O J (Table 1), forC0
= ultra = CMTII

ultra from (13), and for P0
lac = Pultra

sph ;

resulting inCMTIII
exvas =

{

f̃ultraCMTII
ultra +

f̃lac lac :
[I+ Pultra

sph : (lac − CMTII
ultra )

]−1
}

:

{

f̃ultra I+ f̃lac

[I+ Pultra
sph : (lac − CMTII

ultra )
]−1

}−1

(14)

The non-zero components of Pultra
sph follow from substitu-

tion of ‘C0
ijkl ’ by ‘CMTII

ultra,ijkl ’ in Eq.(57) to Eq.(63), see

Appendix.

4 Validation of micromechanical model

4.1 Strategy

In the line of Popper, who stated that a theory – as

long as it has not been falsified – will be ‘the more sat-

isfactory the greater the severity of independent tests

it survives’, cited from [Mayr, 1997], p.49, the verifi-

cation of the micromechanical representation of corti-

cal and trabecular bone materials at the ultrastructural
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(extracellular) and the extravascular level will rest on

two independent experimental sets: The stiffness valuesCMTII
ultra and CMTIII

exvas predicted by the micromechanical

model on the basis of tissue-independent phase stiffness

properties HA = 3 kHA J + 2 µHA K, col, kH2O (ex-

perimental set I, Table 1) for tissue-specific composition

data f̃lac, f̄fib, f̌HA, f̆HA, and f̊col (experimental set IIa,

Subsection 4.3) are compared to corresponding experi-

mentally determined tissue-specific stiffness values Cexp

(experimental set IIb, Subsection 4.4).

4.2 ‘Universal’ phase stiffness values – Experimental
set I

Concerning the tissue-independent (‘universal’) phase prop-

erties, being the same for all tissues discussed herein, we

consider the following experiments: Tests with an ultra-

sonic inferometer coupled with a solid media pressure

apparatus [Katz and Ukraincik, 1971, Gilmore and Katz,

1982] reveal the isotropic elastic properties of hydroxya-

patite powder, which, in view of the largely disordered

arrangement of minerals [Lees et al., 1994b, Fratzl et al.,

1996, Peters et al., 2000, Hellmich and Ulm, 2002a], are

sufficient for the characterization of the mineral phase

[Hellmich and Ulm, 2002b, Hellmich et al., 2004b]. Given

the absence of direct measurements of (molecular) col-

lagen, the elastic properties of (molecular) collagen are

approximated by those of dry rat tail tendon, a tissue

consisting almost exclusively of collagen. By means of

Brillouin light scattering, Cusack and Miller [1979] have

determined the respective five independent elastic con-

stants of a transvesely isotropic material (Table 1). We

assign the standard bulk modulus of water (Table 1) to

phases comprising water with mechanically insignificant

non-collageneous organic matter or osteocytes. In case

of dry tissues, we adopt kH2O = 0.

4.3 Determination of tissue-specific volume fractions –
Experimental set IIa

Experimental validation of the five-step homogenization

procedure [Eq.(2) to (14)] requires determination of the

volume fractions within the five considered RVEs (Fig.

3).

As concerns the extravascular scale [Fig. 3(e)], the

corresponding volume fractions were dervied from mea-

surements at a scale of one to several mm (microstruc-

ture of bone). This scale is accessible by polarized light

microscopy [Fig.1(c)], which visualizes, in cortical bone,

Haversian canals and lacunae. Hence, polarized light mi-

croscopic images can be used for determination of the

(microstructural) volume fractions of vascular and lacu-

nar porosity, fvas and flac, through

fvas =
area of Haversian canals in field of view

total area of field of view
(15)

flac =
area of lacunae in field of view

total area of field of view
(16)

At the extravascular scale [Fig. 3(e)] the lacunar volume

fraction follows to be

f̃lac =
flac

1 − fvas
(17)

fvas is related to the activity of osteoblasts and osteo-

clasts, biological cells being temporarily active in Haver-

sian canals and intertrabecular space, see standard text-

book such as [Martin et al., 1998]. fvas increases un-

der osteoclastic activity (osteoclasts resorb extracellular

bone material), and fvas decreases under osteoblastic

activity (osteoblasts lay down osteoid, i.e. yet unmin-

eralized bone ultrastructure, at the surfaces of Haver-

sian canals or of trabecular plates or struts). Reflecting

a certain equilibrium between osteoclastic and osteoblas-

tic activity, fvas ranges from 50 % to more than 95 % in

trabecular bone, e.g. [Turner et al., 1990], fvas=2. . . 5 %

in healthy cortical bone under normal physiological con-

ditions, and reaches up to 50 % in cortical bone under

abnormal physiological conditions, such as overtraining,

drug treatment, or extreme age [McCarthy et al., 1990,

Lees et al., 1994a, Sietsema, 1995]. In contrast to fvas,

f̃lac depends only on the way osteoblasts work: When

laying down osteoid, a typical fraction of osteoblasts be-

come buried in this newly formed ultrastructure, leading

to the formation of lacunae. Hence, f̃lac, as opposed to

fvas, always lies within a quite narrow range of values.

Evaluation of the image shown in Fig.1 of Lees et al.

[1979a] [see Fig. 1(c)] through Eq.(15) renders fvas =

3%, typical for mammalian cortical bone under normal

physilogical conditions [Sietsema, 1995], considered in

the upper half of Table 2 and in Table 4. From the

same picture, Eq.(16) and (17) render flac=2 % and

f̃lac=2.1 %, the latter being typical for any kind of mam-

malian bone [Frost, 1962, Baylink and Wergedal, 1971,

Morris et al., 1982, Zhang et al., 1998, Cowin, 1999]. As

regards the drug–treated rabbits investigated by Lees

et al. [1994b], we determined fvas as the volume frac-

tion of Haversian canals from micrographs of diaphyseal

cross sections of femoral specimens (Fig. 9 and 10 of

[Lees et al., 1994a], see column 6 of Table 2).

One may sum up fvas and flac to get the total poros-

ity discernable in a light microscope, which one may term

microporosity fµpor,

fµpor = fvas + flac (18)

McCarthy et al. [1990] determined this microporos-

ity from microradiographs of overtrained race horses,

viewed under a low power microscope. Respective data

are given in Table 6, showing also the microstructural

mass density of the specimens with empty Haversian
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phase bulk shear experimental source
modulus modulus
k [GPa] µ [GPa]

hydroxyapatite kHA = 82.6 µHA = 44.9 [Katz and Ukraincik, 1971]

water containing
non-collageneous
organics or osteocytes kH2O = 2.3 µH2O = 0

cijkl cijkl

[GPa] [GPa]

collagen ccol,3333 = 17.9 ccol,1133 = 7.1 [Cusack and Miller, 1979]
ccol,1111 = 11.7 ccol,1122 = 5.1

ccol,1313 = 3.3

Table 1 ‘Universal’ (tissue and location-independent) isotropic (or transversely isotropic) phase stiffness values

canals, ρµ,empty . f̃lac=2.1 % [Eq.(17) and discussion be-

low] allows for determination of the (microstructural)

volume fraction of the Haversian canals through

fvas =
fµpor − f̃lac

1 − f̃lac

(19)

see Table 6.

Determination of the ultrastructural volume fractions

of mineral and collagen, f̄HA and f̄col, rests on volume

measurements and weighing experiments on wet, dehy-

drated and demineralized cortical bone specimens, per-

formed by Lees et al. [1979b, 1983], Lees [1987]. These

experiments give access to the microstructural weight

fractions of water, of organic matter, and of mineral,

WFµ
H2O, WFµ

org and WFµ
HA; and to the microstructural

mass densities of wet tissues, ρµ,wet (with wet ultrastruc-

ture and water-filled lacunae and Haversian canals), and

of dry tissues, ρµ,dry (Tables 2 and 4). Combination

of the latter values with microporosity fµpor [Eq.(18)]

and the mass density of water, ρH2O = 1 g/ml, yields

the mass density of (wet or dry) ultrastructure, see e.g.

[Hellmich et al., 2004b],

ρultra,wet =
ρµ,wet − ρH2O fµpor

1 − fµpor
(20)

and

ρultra,dry =
ρµ,dry

1 − fµpor
(21)

as well as the weight fraction of water-filled micropores

in (wet) bone specimens, see e.g. [Torabia, 2004],

WFµ
µpor =

ρH2O × fµpor

ρµ,wet
(22)

WFµpor allows for scale transition of the weight fractions

from the microstructural to the ultrastructural scale, see

e.g. [Torabia, 2004],

WFultra
HA =

WFµ
HA

1 − WFµ
µpor

(23)

WFultra
org =

WFµ
org

1 − WFµ
µpor

(24)

This completes the set of quantities necessary for com-

putation of f̄HA and f̄col in wet tissues, through

f̄HA,wet =
ρultra,wet

ρHA
× WFultra

HA (25)

f̄col,wet =
ρultra,wet

ρcol
× 0.9 × WFultra

org (26)

where ρHA = 3.00 g/cm
3

[Lees, 1987, Hellmich, 2005] is

the mass density of hydroxyapatite, and ρcol ≈ ρorg =

1.41 g/cm
3

is the mass density of collagen. Eq.(26) ac-

counts for the fact that, in mineralized tissues, about

90% per mass of the organic matter is collagen [Urist

et al., 1983, Lees, 1987, Weiner and Wagner, 1998]. For

dry tissues, f̄HA and f̄col read as

f̄HA,dry =
WFultra

HA

WFultra
HA + WFultra

org

× ρultra,dry

ρHA
(27)

f̄col,dry =
0.9WFultra

org

WFultra
HA + WFultra

org

× ρultra,dry

ρcol
(28)

see Tables 2 and 3 for a compilation of values determined

from experiments of Lees et al. [1979b, 1983], Lees [1987],

Lees et al. [1994a].

It is interesting to note that the dehydration–demin-

eralization tests of Lees et al. [1979b], Lees [1987], Lees

et al. [1995] reveal seemingly universal composition laws,

valid throughout the entire vertebrate animal kingdom.

In fact, the ultrastructural mineral volume fraction f̄HA

is linearly dependent on the ultrastructural mass density

ρultra,wet, which can be expressed by a regression func-

tion of the form [Hellmich and Ulm, 2002a, Hellmich,

2005]
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Fig. 4 Composition of bone ultrastructure; linear relation-
ship between ultrastructural mineral volume fraction and tis-
sue mass density (see diamond-marked experimental data of
Lees et al. [1979b], Lees [1987], Lees et al. [1995], and solid-
line regression function Eqn.(29)): Predictions of ultrastruc-
tural organic and water volume fraction (dashed and dash-
dotted lines representing Eqn.(31) and (32)) agree well with
circle-marked and triangle-marked experimental data of Lees
et al. [1979b], Lees [1987], Lees et al. [1995]; see also [Torabia,
2004, Hellmich, 2005]

Ff̄HA,wet
= A× ρultra,wet + B (29)

with A = 0.59 ml/g and B = −0.75. Thereby, we con-

sidered a microporosity fµpor =5 % according to Fig.

1(c) for the long bone tissues of Lees et al. [1979b], Lees

[1987] and fµpor=0 % for the hyperpycnotic tissues of

Lees [1987], Lees et al. [1995], see Fig. 4. The statisti-

cal relevance of this relationship Ff̄HA,wet
(ρultra,wet) is

underlined by a correlation coefficient of r2
= 97 %.

Combination of (29) with

ρultra,wet = f̄H2O,wet ρH2O +

f̄org,wet ρorg + f̄HA,wet ρHA (30)

with 1 = f̄org + f̄H2O + f̄HA, and with f̄col = 0.9 × f̄org

[compare (26)] yields a function for the collagen content

in wet tissues [Torabia, 2004, Hellmich, 2005]

Ff̄col,wet
(ρultra,wet) = 0.9 ×Ff̄org,wet

(ρultra,wet)

whereby

Ff̄org,wet
(ρultra,wet) =

1

ρH2O − ρorg
×

{

Ff̄HA,wet
(ρultra,wet) × [ρHA − ρH2O]

−ρultra,wet + ρH2O} (31)

This prediction Ff̄org,wet
(ρultra,wet) (dashed line in Fig. 4)

compares well with the experimental data of Lees et al.

[1979b], Lees [1987], Lees et al. [1995], indicated by cir-

cles in Fig. 4. The same is true for the ultrastructural

water volume fraction,

Ff̄H2O,wet
(ρultra,wet) = 1 −Ff̄org,wet

(ρultra,wet) −
Ff̄HA,wet

(ρultra,wet) (32)

see dash-dotted line and triangle markers in Fig. 4. The

relationships shown in Fig. 4 provoke the seemingly rea-

sonable concept of a constant ratio between mineral in-

crease and water/collagen decrease during biomineral-

ization. Although the experiments of Lees et al. [1979b],

Lees [1987], Lees et al. [1995] were all performed on cor-

tical bone, the strong similarity of the ultrastructure in

cortical bone and of that in trabecular bone [Gong et al.,

1964] renders the relationships of Fig. 4 very probable

to be valid also for trabecular bone.

The ‘stoichiometric’ functions (29), (31), and (32) are

useful to estimate the ultrastructural composition of the

bone specimens documented by McCarthy et al. [1990],

see Table 6. In detail, ρµ,empty and fµpor give access, via

f̃lac = 2.1 % and fvas according to (19), to the mass

density of the extravascular bone material (with water-

filled lacunae),

ρexvas =
ρµ,empty

1 − fvas
(33)

and to the density of the extracellular bone matrix or

ultrastructure, reading as

ρultra,wet =
ρexvas − ρH2O f̃lac

1 − f̃lac

(34)

Use of ρultra,wet in (29) and (31) yields the ultrastruc-

tural composition values f̄HA and f̄col (Table 6, columns

8 and 9).

The ultrastructural volume fraction of the fibrils and

the extrafibrillar space, f̄fib and f̄ef , [Fig. 3(d)] can be

quantified on the basis of the generalized packing model

of Lees et al. [1984b], Lees [1987], through

f̄fib = f̄col ×
vfib

vcol
, vfib = b ds 5D (35)

where f̄col (wet or dry) is determined according to Eq.(26),

(28), or (31), respectively. vcol = 335.6 nm3
is the vol-

ume of a single collagen molecule [Lees, 1987]. vfib is the

volume of one rhomboidal fibrillar unit with length 5D,

width b, and height ds. b=1.47 nm is an average (rigid)

collagen crosslink length valid for all mineralized tissues

[Lees et al., 1984b], D ≈ 64 nm is the axial macrope-

riod of staggered assemblies of type I collagen, and ds

is the tissue-specific neutron diffraction spacing between

collagen molecules, which depends on the mineralization

and the hydration state of the tissue [Lees et al., 1984a,

Bonar et al., 1985, Lees et al., 1994b]. For wet tissues, ds

can be given in a dimensionless form [Hellmich and Ulm,
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2003], as a function of ρultra,wet only. For the rather nar-

row range of tissue mass densities considered here, this

function can be linearly approximated through

ds = C × ρultra + D (36)

where C = −0.2000, D = 1.6580 for wet tissues; and

C = 0.1923, D = 0.7465 for dry tissues [Lees et al.,

1984a, Lees, 1987]. Values for ds and ffib, derived from

experiments of Lees et al. [1979b, 1983], Lees [1987], Lees

et al. [1994a], McCarthy et al. [1990], Ashman and Rho

[1988], are compiled in Tables 3, 5, 7 and 8.

The volume fractions for scales below the ultrastruc-

ture can be derived directly from f̄fib and f̄col, on the

basis of the finding of Hellmich and Ulm [2001, 2003] that

the average hydroxyapatite concentration in the extra-

collageneous space of the ultrastructure of wet mineral-

ized tissues is the same inside and outside the fibrils. Ac-

cordingly, the relative amount of hydroxyapatite in the

extrafibrillar space reads as [Hellmich and Ulm, 2001,

2003]

φHA,ef =
1 − f̄fib,wet

1 − f̄col,wet
(37)

With this value at hand, the mineral volume fractions in

the fibrillar [Fig. 3(b)] and the extrafibrillar space [Fig.

3(c)] are, for both wet and dry tissues,

f̆HA =
f̄HA(1 − φHA,ef )

f̄fib
(38)

f̌HA =
φHA,ef f̄HA

f̄ef
(39)

see Tables 3 and 5 for the mammalian bones tested by

Lees et al. [1979b, 1983], Lees [1987], Lees et al. [1994a],

Table 7 for the equine bones tested by McCarthy et al.

[1990], and Table 8 for the human and bovine bones

tested by Ashman and Rho [1988].

Within the fibril, comprising the phases hydroxyap-

atite and wet collagen, the volume fraction of the latter

reads as

f̆wetcol = 1 − f̆HA (40)

Finally, the volume fraction of (molecular) collagen at

the wet collagen level [Fig. 3(a)] can be calculated from

f̄col (wet or dry), through

f̊col =
f̄col

f̆wetcol

(41)

see Tables 3 and 5 for the mammalian bones tested by

Lees et al. [1979b, 1983], Lees [1987], Lees et al. [1994a],

Table 7 for the equine bones tested by McCarthy et al.

[1990], and Table 8 for the human and bovine bones

tested by Ashman and Rho [1988].

4.4 Elasticity experiments on bone – Experimental set
IIb

Ultrasonic experiments are based on the measurements

of velocities of plane waves. If the waves travel along

the principal material directions of an orthotropic ma-

terial, through a 3D medium, the wave propagation ve-

locities allow for determination of the material stiffness

constants, according to the theory of elastic waves [Fe-

dorov, 1968]

C1111 = ρv2
1 , (42)

C2222 = ρv2
2 , (43)

C3333 = ρv2
3 , (44)

C2323 = G23 = ρv2
23 (45)

C1313 = G13 = ρv2
13 (46)

C1212 = G12 = ρv2
12 (47)

C1122 = −ρv2
12 +

{

(ρv2
1 + ρv2

12 − 2ρ× v2
12/12)×

×(ρv2
2 + ρv2

12 − 2ρ × v2
12/12)

}1/2

(48)

C1133 = −ρv2
13 +

{

(ρv2
1 + ρv2

13 − 2ρ× v2
13/13)×

×(ρv2
3 + ρv2

13 − 2ρ × v2
13/13)

}1/2

(49)

C2233 = −ρv2
23 +

{

(ρv2
2 + ρv2

23 − 2ρ× v2
23/23)×

×(ρv2
3 + ρv2

23 − 2ρ × v2
23/23)

}1/2

(50)

Hereby, ρ refers to the mass density of the material (at

the ultrastructural or extravascular scale, depending on

the wave length), vi refers to a longitudinal wave trav-

elling in the i-direction, and vij denotes the velocity of

transverse waves traveling in the i-direction with particle

motion in the j-direction. vij/ij denotes the velocity of

a (quasi-)longitudinal or a (quasi-)transverse wave trav-

eling in the (i + j)/
√

2-direction with particle motion in

the i− j plane. Indices 1 and 2 refer to the radial (trans-

verse) direction, and 3 refers to the axial (longitudinal)

direction.

A typical device for the transmission of an elastic

wave through a bone sample can be sketched as follows:

A transmitter excites a specimen surface by a short im-

pulse (signal) [Yoon and Katz, 1976] or by a continuous

wave [Ashman and Rho, 1988], with an excitation fre-

quency f . After the transition time t, a receiver records

the arrival of the signal at the opposite surface of the

specimen. Specimen length l and transition time t allow

for computation of propagation velocity v = l/t. Excita-

tion frequency f and propagation velocity v govern the

wave length λ, through:

λ =
v

f
(51)

In terms of micromechanics (see Section 2), the wave-

length λ (a measure for L) is significantly larger than
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tissue state ρµ,wet or WF
µ
HA

W F
µ
org fvas v1 C

exp

ultra,1111
f̄col f̄HA ds

ρµ,dry

[g/cm3] [-] [-] [-] [km/s] [GPa] [-] [-] [nm]
given given given given given Eqs.(17)e, Eqs.(17)e,(18), Eqs.(17)e,(18), Eqs.(17)e

(18),(20), (20)-(22),(24), (20)-(22),(23), (18),(20),
(21),(42) (26),(28) (25),(27) (21),(36)

cow tibia wet 2.02a 0.68a 0.22a 0.03f 3.18a 21.0 0.30 0.48 1.24

cow tibia wet 1.99a 0.66a 0.22a 0.03f 3.18a 20.7 0.29 0.46 1.25

cow tibia wet 1.95a 0.64a 0.23a 0.03f 3.18a 20.2 0.30 0.44 1.26

cow tibia wet 2.01a 0.66a 0.22a 0.03f 3.16a 20.6 0.29 0.46 1.25

cow tibia wet 2.04a 0.64a 0.24a 0.03f 3.27a 22.4 0.33 0.46 1.24

cow tibia wet 2.05a 0.67a 0.21a 0.03f 3.26a 22.4 0.29 0.48 1.24

cow tibia wet 2.07b 0.66c 0.22c 0.03f 3.32b 23.4 0.30 0.48 1.23

elephant radius wet 1.94b 0.63c 0.23c 0.03f 3.05b 18.5 0.30 0.43 1.26

human femur wet 1.93b 0.70c 0.23c 0.03f 3.13b 19.4 0.30 0.47 1.26

deer antler wet 1.78b 0.51c 0.31c 0.03f 2.38b 10.3 0.37 0.32 1.29

deer antler wet 1.74b 0.52c 0.32c 0.03f 2.40b 10.2 0.37 0.32 1.30

cow tibia dry 2.09b 0.75c 0.25c 0.03f 3.49b 26.8 0.35 0.55 1.17

elephant radius dry 1.97b 0.73c 0.27c 0.03f 3.35b 23.3 0.35 0.51 1.15

human femur dry 1.92b 0.75c 0.25c 0.03f 3.33b 22.4 0.32 0.51 1.14

deer antler dry 1.76b 0.62c 0.38c 0.03f 2.81b 14.6 0.45 0.38 1.10

deer antler dry 1.82b 0.62c 0.38c 0.03f 2.91b 16.2 0.47 0.40 1.11

rabbit femur

BAPN-treated wet 2.05d 0.66d 0.20d 0.10g 3.33d 24.3 0.29 0.49 1.22

BAPN-treated wet 2.04d 0.66d 0.21d 0.09g 3.27d 23.2 0.30 0.49 1.22

BAPN-treated wet 2.04d 0.66d 0.21d 0.03g 3.26d 22.3 0.29 0.47 1.24

BAPN-treated wet 2.05d 0.65d 0.21d 0.06g 3.24d 22.5 0.29 0.48 1.23

BAPN-treated wet 1.98d 0.63d 0.21d 0.06g 3.11d 20.0 0.28 0.44 1.25

BAPN-treated wet 1.96d 0.62d 0.21d 0.22g 3.03d 20.7 0.31 0.48 1.21

fluor-treated wet 2.00d 0.70d 0.17d 0.03h 3.20d 21.0 0.23 0.49 1.25

fluor-treated wet 2.04d 0.71d 0.16d 0.08h 3.22d 22.3 0.23 0.52 1.23

fluor-treated wet 1.86d 0.65d 0.17d 0.10h 2.74d 14.8 0.22 0.44 1.26

fluor-treated wet 1.65d 0.56d 0.16d 0.35h 2.57d 13.3 0.21 0.39 1.25

a experimental data: Lees et al. [1979b]

b experimental data: Lees et al. [1983]

c experimental data: Lees [1987]

d experimental data: Lees et al. [1994a]

e computed with f̃lac =2.1 %, according to Eq.(17) with fvas =3 % and flac =2 %, determined from micrograph of Fig.1 in [Lees et al., 1979a], see also Fig. 1(c), on

the basis of Eq.(15) and (16)

f determined from micrograph of Fig.1 in [Lees et al., 1979a], see also Fig. 1(c), on the basis of Eq.(15)

g determined from micrographs of Fig.9 in [Lees et al., 1994a]

h determined from micrographs of Fig.10 in [Lees et al., 1994a]

Table 2 Compilation of experimental data for the microstructural wet and dry tissue mass densities, ρµ,wet and ρµ,dry,
for the weight fractions of hydroxyapatite and organic matter, WF µ

HA and WF µ
org, for the volume fraction of Haversian

canals, fvas, and for the longitudinal sonic velocity in radial direction, v1, of various mammalian bone specimens; evaluation
of experimental data for determination of the ultrastructural normal stiffness component in radial direction, Cexp

ultra,1111, of

ultrastructural volume fractions of hydroxyapatite and collagen, f̄HA and f̄col, as well as of the neutron diffraction spacing ds

the characteristic length of a representative volume ele-

ment (RVE) of the experimentally characterized mate-

rial. This allows for interpretation of different ultrasonic

tests:

– In the ultrasonic tests of Lees et al. [1979b, 1983,

1994a], excitation frequencies of 10 MHz were used.

Given a typical wave propagation velocity of ∼ 3 km/s

in bone specimens, the characteristic corresponding

wave lengths λ = L were of the order of 300 µm. The

characteristic length of the experimentally character-

ized material must obey ℓ ≪ 300 µm, which is the

case for the ultrastructure with ℓ ≈ 5 µm [Figures

1(e) and 3(d)]. Hence, the wave velocities measured

in the 10 MHz - frequency regime refer to the elastic
stiffness of bone ultrastructure.

– In the ultrasonic tests performed by Ashman et al.

[1984], Ashman and Rho [1988], McCarthy et al. [1990],

excitation frequencies of 2.25 MHz were used. Given

a typical velocity of ∼ 3 km/s in these bone speci-

mens, corresponding wavelengths were, according to

Eq.(51), of the order of 1.3 mm. The characteris-

tic length ℓ of experimentally characterized material

must be significantly smaller than 1.3 mm. This is

the case for the extravascular bone material with

ℓ ≈ 100 µm , see Figure 3(e). Hence, the wave ve-

locities measured in the 2.25 MHz - frequency regime
refer to the stiffness of extravascular bone material.

4.4.1 Ultrasonic tests with 10 MHz frequency – char-
acterization of ultrastructure Lees et al. [1979b, 1983,

1994a] reported velocities v1 and v3 of longitudinal waves

traveling in the radial and in the axial direction of cor-

tical bone specimens; along with microstructural mass

densities of wet specimens, ρµ,wet, and vascular porosity

fvas (Tables 2 and 4, columns 3, 6 and 7). The latter

give access to ultrastructural mass densities ρultra,wet

and ρultra,dry via Eq.(17) with f̃lac =2.1 %, Eq.(18),

(20), and (21). Insertion of these values for v1, v3, and

ρ = ρultra,wet or ρ = ρultra,dry, into Eq.(42) and Eq.(44)

yields specimen-specific experimental stiffness values Cexp
ultra,1111
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tissue state f̄col f̄HA ds f̄fib f̌HA f̆HA f̊col
[-] [-] [nm] [-] [-] [-] [-]
Table 2 Table 2 Table 2 Eq.(35) Eqs.(37), Eqs.(37), Eqs.(40),

(39) (38) (41)

cow tibia wet 0.30 0.48 1.24 0.52 0.68 0.29 0.42
cow tibia wet 0.29 0.46 1.25 0.51 0.65 0.28 0.41
cow tibia wet 0.30 0.44 1.26 0.53 0.62 0.27 0.41
cow tibia wet 0.29 0.46 1.25 0.51 0.66 0.28 0.41
cow tibia wet 0.33 0.46 1.24 0.58 0.68 0.29 0.47
cow tibia wet 0.29 0.48 1.24 0.50 0.68 0.29 0.41
cow tibia wet 0.30 0.48 1.23 0.53 0.69 0.29 0.43
elephant radius wet 0.30 0.43 1.26 0.53 0.61 0.27 0.41
human femur wet 0.30 0.47 1.26 0.53 0.68 0.29 0.42
deer antler wet 0.37 0.32 1.29 0.67 0.51 0.23 0.48
deer antler wet 0.37 0.32 1.30 0.68 0.51 0.23 0.49
cow tibia dry 0.35 0.55 1.17 0.57 0.85 0.33 0.52
elephant radius dry 0.35 0.51 1.15 0.57 0.78 0.30 0.50
human femur dry 0.32 0.51 1.14 0.51 0.74 0.28 0.44
deer antler dry 0.45 0.38 1.10 0.69 0.69 0.25 0.59
deer antler dry 0.47 0.40 1.11 0.73 0.74 0.27 0.64

rabbit femur

BAPN-treated wet 0.29 0.49 1.22 0.49 0.69 0.29 0.40
BAPN-treated wet 0.30 0.49 1.22 0.51 0.70 0.29 0.42
BAPN-treated wet 0.29 0.47 1.24 0.50 0.66 0.28 0.40
BAPN-treated wet 0.29 0.48 1.23 0.51 0.67 0.28 0.41
BAPN-treated wet 0.28 0.44 1.25 0.50 0.62 0.27 0.39
BAPN-treated wet 0.31 0.48 1.21 0.53 0.69 0.28 0.43
fluor-treated wet 0.23 0.49 1.25 0.40 0.64 0.27 0.31
fluor-treated wet 0.23 0.52 1.23 0.39 0.67 0.28 0.31
fluor-treated wet 0.22 0.44 1.26 0.39 0.56 0.25 0.29
fluor-treated wet 0.21 0.39 1.25 0.37 0.49 0.21 0.27

Table 3 Compilation of experimental data for ultrastructural volume fractions of hydroxyapatite and collagen, f̄HA and
f̄col, and for the neutron diffraction spacing ds, of various mammalian bone specimens, taken from Table 2; evaluation of
experimental data for determination of ultrastructural volume fractions of fibrils, f̄fib, of extrafibrillar and fibrillar volume
fraction of mineral, f̌HA and f̆HA, and of (molecular) collagen volume fraction within the wet collagen matrix, f̊col

tissue state ρµ,wet or WF
µ
HA

W F
µ
org fvas v3 C

exp

ultra,3333
f̄col f̄HA ds

ρµ,dry

[g/cm3] [-] [-] [-] [km/s] [GPa] [-] [-] [nm]
given given given given given Eqs.(17)e, Eqs.(17)e,(18), Eqs.(17)e ,(18), Eqs.(17)e

(18),(20), (20)-(22),(24), (20)-(22),(23), (18),(20),
(21),(44) (26),(28) (25),(27) (21),(36)

cow tibia wet 2.06a 0.66a 0.22a 0.03f 3.92a 32.5 0.30 0.48 1.23

cow tibia wet 2.05a 0.66a 0.22a 0.03f 3.92a 32.4 0.30 0.47 1.24

cow tibia wet 2.02a 0.62a 0.24a 0.03f 3.81a 30.1 0.32 0.44 1.24

cow tibia wet 2.02a 0.63a 0.23a 0.03f 3.86a 30.9 0.31 0.44 1.24

cow tibia wet 2.00a 0.64a 0.23a 0.03f 3.90a 31.2 0.31 0.45 1.25

cow tibia wet 2.05a 0.64a 0.23a 0.03f 3.88a 31.7 0.32 0.46 1.24

cow tibia wet 2.10a 0.67a 0.21a 0.03f 3.88a 32.5 0.30 0.49 1.23

cow tibia wet 2.08a 0.66a 0.22a 0.03f 3.92a 32.8 0.30 0.48 1.23

cow tibia wet 2.06b 0.66c 0.22c 0.03f 4.18b 37.0 0.30 0.48 1.23

elephant radius wet 1.93b 0.63c 0.23c 0.03f 3.89b 29.9 0.30 0.43 1.26

human femur wet 1.96b 0.70c 0.23c 0.03f 3.76b 28.4 0.30 0.48 1.26

deer antler wet 1.74b 0.51c 0.31c 0.03f 3.08b 16.9 0.36 0.31 1.30

deer antler wet 1.73b 0.52c 0.32c 0.03f 3.15b 17.5 0.37 0.32 1.30

cow tibia dry 2.10b 0.75c 0.25c 0.03f 4.47b 44.2 0.35 0.55 1.17

elephant radius dry 1.97b 0.73c 0.27c 0.03f 4.22b 36.9 0.35 0.51 1.15

human femur dry 1.96b 0.75c 0.25c 0.03f 3.97b 32.5 0.33 0.52 1.14

deer antler dry 1.75b 0.62c 0.38c 0.03f 3.72b 25.5 0.44 0.38 1.10

deer antler dry 1.83b 0.62c 0.38c 0.03f 3.93b 29.8 0.47 0.40 1.12

a experimental data: [Lees et al., 1979b]

b experimental data: [Lees et al., 1983]

c experimental data: [Lees, 1987]

d experimental data: [Lees et al., 1979a]

e computed with f̃lac =2.1 %, according to Eq.(17) with fvas =3 % and flac =2 %, determined from micrograph of Fig.1 in [Lees et al., 1979a], see also Fig. 1(c), on

the basis of Eq.(15) and (16)

f determined from micrograph of Fig.1 in [Lees et al., 1979a], see also Fig. 1(c), on the basis of Eq.(15)

Table 4 Compilation of experimental data for the microstructural wet and dry tissue mass densities, ρµ,wet and ρµ,dry, for the
weight fractions of hydroxyapatite and organic matter, WF µ

HA and WF µ
org, for the volume fraction of Haversian canals, fvas,

and for the longitudinal sonic velocity in axial direction, v3, of various mammalian bone specimens; evaluation of experimental
data for determination of the ultrastructural normal stiffness component in axial direction, Cexp

ultra,3333, of ultrastructural

volume fractions of hydroxyapatite and collagen, f̄HA and f̄col, as well as of the neutron diffraction spacing ds
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tissue state f̄col f̄HA ds f̄fib f̌HA f̆HA f̊col
[-] [-] [nm] [-] [-] [-] [-]
Table 4 Table 4 Table 4 Eq.(35) Eqs.(37), Eqs.(37), Eqs.(40),

(39) (38) (41)

cow tibia wet 0.30 0.48 1.23 0.52 0.68 0.29 0.43
cow tibia wet 0.30 0.47 1.24 0.52 0.68 0.29 0.42
cow tibia wet 0.32 0.44 1.24 0.57 0.65 0.28 0.45
cow tibia wet 0.31 0.44 1.24 0.55 0.65 0.28 0.44
cow tibia wet 0.31 0.45 1.25 0.53 0.65 0.28 0.42
cow tibia wet 0.32 0.46 1.24 0.55 0.68 0.29 0.44
cow tibia wet 0.30 0.49 1.23 0.51 0.70 0.29 0.42
cow tibia wet 0.30 0.48 1.23 0.52 0.69 0.29 0.43
cow tibia wet 0.30 0.48 1.23 0.52 0.68 0.29 0.43
elephant radius wet 0.30 0.43 1.26 0.53 0.61 0.26 0.41
human femur wet 0.30 0.48 1.26 0.53 0.69 0.30 0.43
deer antler wet 0.36 0.31 1.30 0.66 0.49 0.22 0.47
deer antler wet 0.37 0.32 1.30 0.68 0.50 0.23 0.48
cow tibia dry 0.35 0.55 1.17 0.58 0.85 0.33 0.53
elephant radius dry 0.35 0.51 1.15 0.57 0.78 0.30 0.50
human femur dry 0.33 0.52 1.14 0.52 0.77 0.29 0.46
deer antler dry 0.44 0.38 1.10 0.69 0.69 0.24 0.59
deer antler dry 0.47 0.40 1.12 0.73 0.75 0.27 0.64

Table 5 Compilation of experimental data for ultrastructural volume fractions of hydroxyapatite and collagen, f̄HA and
f̄col, and for the neutron diffraction spacing ds, of various mammalian bone specimens, taken from Table 4; evaluation of
experimental data for determination of ultrastructural volume fractions of fibrils, f̄fib, of extrafibrillar and fibrillar volume
fraction of mineral, f̌HA and f̆HA, and of (molecular) collagen volume fraction within the wet collagen matrix, f̊col

and Cexp
ultra,3333, see Tables 2 and 4, column 8, as well as

Fig. 5 (x-axis).

4.4.2 Ultrasonic tests with 2.25 MHz frequency – char-
acterization of extravascular bone material McCarthy

et al. [1990] reported velocities of longitudinal waves

traveling in the radial (transverse) direction of speci-

mens from the dorsal cortex of equine third metacar-

pus, v1 ≈ v2, and velocities of longitudinal waves trav-

eling in the axial (longitudinal) direction of the afore-

mentioned equine bone specimens, v3; along with mi-

crostructural (=apparent=macroscopic) mass densities

of specimens with empty Haversian canals, ρµ,empty , and

microporosity fµpor (Table 6, columns 1 to 4). The lat-

ter give access to extravascular mass densities ρexvas

via Eq.(19) with f̃lac =2.1 % and Eq.(33). Insertion of

these values for v1, v3, and ρ = ρexvas into Eq.(42) and

Eq.(44) yields specimen-specific experimental stiffness

values Cexp
exvas,1111 and Cexp

exvas,3333, see Table 6, columns

5 and 6, as well as Fig. 6 (x-axis).

Ashman and Rho [1988] reported velocities of longi-

tudinal waves traveling in the axial (longitudinal) direc-

tion of bovine and human trabecular bone specimens, v3;

along with extravascular mass densities ρexvas (Table 8,

columns 3 and 4). Insertion of these values for v3 and

ρ = ρexvas into Eqn.(44) yields specimen-specific exper-

imental stiffness values Cexp
exvas,3333, see Table 8, column

5, and Figure 6 (x-axis).

Also Ashman et al. [1984] used wave lengths refering

to the extravascular bone material, but based computa-

tion of stiffness values according to Eq.(42) to Eq.(50)

on a microstructural mass density ρµ,wet =1.90 g/ml, av-

eraged over 60 human femoral specimens. Hence, these

stiffness values have to be corrected by the factor

ρexvas

ρµ,wet
=

ρµ,wet − ρH2O fvas

(1 − fvas) ρµ,wet
(52)

with fvas =3 % (Table 4, row 11, column 6), yielding

the following experimental stiffness tensorCexp
exvas =

=











C1111 C1122 C1133 0 0 0

C1122 C2222 C2233 0 0 0

C1133 C2233 C3333 0 0 0

0 0 0 2C2323 0 0

0 0 0 0 2C1313 0

0 0 0 0 0 2C1212











=











18.5 10.3 10.4 0 0 0

10.3 20.8 11.0 0 0 0

10.4 11.0 28.4 0 0 0

0 0 0 12.9 0 0

0 0 0 0 11.5 0

0 0 0 0 0 9.3











(53)

4.5 Comparison between stiffness predictions and
experiments

The stiffness values at the extracellular (ultrastructural)

and extravascular scale predicted by the five-step homog-

enization scheme [Fig. 3] for tissue-specific volume frac-

tions (Subsection 4.3, experimental set IIa) on the basis

of tissue-independent ‘universal’ phase stiffness proper-

ties (experimental set I, Table 1) are compared to corre-

sponding experimentally determined tissue-specific stiff-

ness values from experimental set IIb (Subsection 4.4).

To quantify the model’s predictive capabilities, we con-

sider the mean and the standard deviation of the relative

error between stiffness predictions and experiments,

ē =
1

n

∑

ei =
1

n

∑ Cpred
ijkl − Cexp

ijkl

Cexp
ijkl

(54)

eS =

[
1

n − 1

∑

(ei − ē)2
] 1

2

(55)
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ρµ,empty fµpor v3 v1 C
exp

exhav,3333
C

exp

exhav,1111
fvas f̄col f̄HA ds

g/cm3 [-] [km/s] [km/s] [GPa] [GPa] [-] [-] [-] [nm]
given given given given Eqs.(19)a, Eqs.(19)a, Eq.(19)a Eqs.(33),(34), Eqs.(33), Eqs.(33),

Eq.(33),(44) Eq.(33),(42) (29),(31) (34),(29) (34),(36)

2.03 0.10 4.30 3.60 40.6 28.4 0.08 0.21 0.56 1.21
2.02 0.08 4.20 3.55 37.7 27.0 0.06 0.23 0.53 1.23
2.01 0.11 4.10 3.45 36.7 26.0 0.09 0.21 0.56 1.22
2.01 0.07 4.40 3.65 40.8 28.1 0.05 0.25 0.51 1.23
2.00 0.09 4.20 3.55 37.7 27.0 0.07 0.23 0.53 1.23
2.00 0.07 4.20 3.40 37.0 24.2 0.05 0.25 0.50 1.23
2.00 0.06 4.30 3.58 38.4 26.5 0.04 0.26 0.49 1.24
1.98 0.12 4.10 3.42 36.7 25.6 0.10 0.21 0.56 1.22
1.98 0.12 4.15 3.35 37.6 24.5 0.10 0.21 0.56 1.22
1.98 0.10 4.15 3.50 36.9 26.2 0.08 0.23 0.53 1.23
1.98 0.10 4.30 3.60 39.6 27.7 0.08 0.23 0.53 1.23
1.97 0.10 4.03 3.50 34.5 26.1 0.08 0.24 0.52 1.23
1.97 0.12 4.20 3.35 38.4 24.4 0.10 0.22 0.55 1.22
1.96 0.11 4.03 3.50 34.7 26.2 0.09 0.23 0.53 1.23
1.96 0.10 4.20 3.60 37.4 27.5 0.08 0.24 0.52 1.23
1.95 0.14 3.95 3.52 34.3 27.3 0.12 0.21 0.56 1.21
1.95 0.09 4.03 3.40 33.8 24.1 0.07 0.26 0.50 1.24
1.95 0.12 4.10 3.35 36.2 24.2 0.10 0.23 0.54 1.22
1.95 0.18 4.10 3.42 38.6 27.0 0.16 0.17 0.63 1.19
1.95 0.11 4.15 3.45 36.5 25.2 0.09 0.24 0.52 1.23
1.95 0.14 4.15 3.55 37.9 27.7 0.12 0.21 0.56 1.21
1.93 0.12 4.03 3.35 34.5 23.9 0.10 0.24 0.52 1.23
1.93 0.09 4.10 3.30 34.7 22.5 0.07 0.26 0.48 1.24
1.93 0.13 4.25 3.48 38.9 26.0 0.11 0.23 0.54 1.22
1.92 0.12 4.00 3.35 33.9 23.8 0.10 0.24 0.52 1.23
1.92 0.10 4.03 3.40 33.6 24.0 0.08 0.26 0.49 1.24
1.92 0.12 4.20 3.35 37.4 23.8 0.10 0.24 0.52 1.23
1.92 0.11 4.20 3.40 37.0 24.2 0.09 0.25 0.50 1.23
1.91 0.12 4.13 3.35 35.9 23.7 0.10 0.25 0.51 1.23
1.91 0.22 4.17 3.48 41.1 28.5 0.20 0.14 0.66 1.18
1.91 0.18 4.35 3.45 42.6 26.8 0.16 0.19 0.60 1.20
1.90 0.25 3.95 3.13 38.0 23.8 0.23 0.11 0.71 1.17
1.90 0.12 4.00 3.40 33.6 24.2 0.10 0.25 0.50 1.23
1.82 0.09 4.00 3.30 31.1 21.2 0.07 0.31 0.41 1.26
1.76 0.30 3.85 3.20 35.6 24.6 0.28 0.13 0.69 1.17

a computed with f̃lac =2.1 %, according to Eq.(17), with flac = 2% and fvas = 3%, determined from micrograph of Fig. 1(c) on the basis of Eqs.(15) and (16)

Table 6 Compilation of experimental data for the microstructural mass density of tissues with empty micropores, ρµ,empty ,
for the microporosity fµpor, and for the longitudinal sonic velocity in axial and in transveral direction, v3 and v1, of equine
cortical bone [McCarthy et al., 1990]; evaluation of experimental data for determination of the normal stiffness component in
axial and in transversal direction, Cexp

3333
and Cexp

1111
, of ultrastructural volume fractions of hydroxyapatite and collagen, f̄HA

and f̄col, as well as of the neutron diffraction spacing ds.

f̄col f̄HA ds f̄fib f̌HA f̆HA f̊col
[−] [-] [nm] [-] [-] [-] [-]
Table 6 Table 6 Table 6 Eq.(35) Eqs.(37), Eqs.(37), Eqs.(40),

(39) (38) (41)

0.21 0.56 1.21 0.36 0.71 0.29 0.30
0.23 0.53 1.23 0.40 0.69 0.29 0.33
0.21 0.56 1.22 0.37 0.71 0.29 0.30
0.25 0.51 1.23 0.43 0.68 0.28 0.34
0.23 0.53 1.23 0.40 0.69 0.29 0.33
0.25 0.50 1.23 0.43 0.67 0.28 0.35
0.26 0.49 1.24 0.45 0.66 0.28 0.36
0.21 0.56 1.22 0.36 0.71 0.29 0.30
0.21 0.56 1.22 0.36 0.71 0.29 0.30
0.23 0.53 1.23 0.40 0.69 0.29 0.33
0.23 0.53 1.23 0.40 0.69 0.29 0.33
0.24 0.52 1.23 0.41 0.69 0.29 0.33
0.22 0.55 1.22 0.37 0.70 0.29 0.31
0.23 0.53 1.23 0.40 0.69 0.29 0.33
0.24 0.52 1.23 0.42 0.68 0.29 0.34
0.21 0.56 1.21 0.35 0.71 0.29 0.30
0.26 0.50 1.24 0.44 0.67 0.28 0.36
0.23 0.54 1.22 0.39 0.69 0.29 0.32
0.17 0.63 1.19 0.28 0.75 0.30 0.24
0.24 0.52 1.23 0.42 0.68 0.29 0.34
0.21 0.56 1.21 0.35 0.71 0.29 0.30
0.24 0.52 1.23 0.41 0.69 0.29 0.33
0.26 0.48 1.24 0.46 0.66 0.28 0.37
0.23 0.54 1.22 0.39 0.70 0.29 0.32
0.24 0.52 1.23 0.42 0.68 0.29 0.34
0.26 0.49 1.24 0.45 0.66 0.28 0.36
0.24 0.52 1.23 0.42 0.68 0.29 0.34
0.25 0.50 1.23 0.43 0.67 0.28 0.35
0.25 0.51 1.23 0.42 0.68 0.28 0.34
0.14 0.66 1.18 0.24 0.77 0.31 0.21
0.19 0.60 1.20 0.31 0.73 0.30 0.27
0.11 0.71 1.17 0.18 0.80 0.31 0.16
0.25 0.50 1.23 0.43 0.67 0.28 0.35
0.31 0.41 1.26 0.55 0.60 0.26 0.42
0.13 0.69 1.17 0.21 0.79 0.31 0.18

Table 7 Compilation of experimental data of ultrastructural volume fractions of hydroxyapatite and collagen, f̄HA and
f̄col, as well as of neutron diffraction spacing ds, taken from Table 6; evaluation of experimental data for determination of
ultrastructural volume fractions of fibrils, f̄fib, of extrafibrillar and fibrillar volume fraction of mineral, f̌HA and f̆HA, and of
(molecular) collagen volume fraction within the wet collagen matrix, f̊col
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tissue state ρexvas v3 C
exp
exvas,3333

f̄col f̄HA ds f̄fib f̌HA f̆HA f̊col

[g/cm3] [km/s] [GPa] [-] [-] [-] [nm]
given given Eq.(44) Eqs.(34)a , Eqs.(34)a, Eqs.(34)a, Eq.(35) Eqs.(37), Eqs.(37), Eqs.(40),

(29),(31) (29) (36) (39) (38) (41)

human femur wet 1.80 2.64 12.6 0.37 0.33 1.29 0.67 0.52 0.23 0.48
human femur wet 1.78 2.72 13.2 0.38 0.31 1.30 0.70 0.50 0.23 0.49
human femur wet 1.73 2.75 13.1 0.40 0.28 1.31 0.74 0.47 0.21 0.51
bovine femur wet 1.74 2.50 10.9 0.40 0.29 1.31 0.73 0.48 0.22 0.51

a computed with f̃lac =2.1 %, according to Eq.(17), with flac = 2% and fvas = 3%, determined from micrograph of Fig. 1(c) on the basis of Eqs.(15) and (16)

Table 8 Compilation of experimental data for the extravascular mass density of tissues with empty micropores, ρexvas, and for
the longitudinal sonic velocity in axial direction, v3, of human and bovine trabecular bone [Ashman and Rho, 1988]; evaluation
of experimental data for determination of the normal stiffness component in axial direction, Cexp

exvas,3333, of ultrastructural
volume fractions of hydroxyapatite and collagen, f̄HA and f̄col, of the neutron diffraction spacing ds, of ultrastructural volume
fraction of fibrils, f̄fib, of extrafibrillar and fibrillar volume fraction of mineral, f̌HA and f̆HA, as well as of (molecular) collagen
volume fraction within the wet collagen matrix, f̊col

with summation over n values Cexp
ijkl per experimental

protocol.

4.5.1 Ultrastructural level Evaluation of data for vari-

ous mammals (columns 3 to 6 of Tables 2 and 4) through

Eq.(17) with f̃lac =2.1 %, Eq.(18), Eq.(20) – Eq.(28),

Eq.(35)– Eq.(41) delivers composition values f̄fib, f̌HA,

f̆HA, and f̊col, see Tables 3 and 5, corresponding to the

experimental stiffness values in Figure 5 (x-axis), see

also column 8 in Tables 2 and 4. Insertion of these com-

position values f̄fib, f̆HA, f̌HA, and f̊col into Eq.(2) to

Eq.(13) delivers tissue-specific stiffness estimates CMTII
ultra .

Stiffness predictions Cpred
1111 = CMTII

ultra,1111 and Cpred
3333 =

CMTII
ultra,3333 are compared to corresponding experimental

stiffness values (Figure 5). The satisfactory agreement

between model predictions and experiments is quantified

by prediction errors of -3±14 % [mean value ± standard

deviation according to Eq.(54) and (55)] for the axial

(longitudinal) normal stiffness, and of -10±9 % for the

radial (transverse) normal stiffness.

4.5.2 Extravascular level Evaluation of data for equine

cortical bone (columns 1 and 2 of Table 6) through Eq.(19)

with f̃lac =2.1 %, (33), (34), (29), (31), (35) – (41) de-

livers composition values f̄fib, f̌HA, f̆HA, f̊col (see Table

7), corresponding to the experimental stiffness values la-

belled M90 in Fig. 6 (x-axis), see also columns 5 and

6 of Table 6. Insertion of these composition values f̃lac,

f̄fib, f̌HA, f̆HA, and f̊col into Eq.(2) to Eq.(14) delivers

tissue-specific stiffness estimates CMTIII
exvas . Stiffness pre-

dictions Cpred
1111 = CMTIII

exvas,1111 and Cpred
3333 = CMTIII

exvas,3333 are

compared to corresponding experimental stiffness values

labelled M90 in Figure 6. The satisfactory agreement be-

tween model predictions and experiments is quantified

by prediction errors of +1±22 % [mean value ± stan-

dard deviation according to Eq.(54) and (55)] for the

axial (longitudinal) normal stiffness and of +2±30 % for

the radial (transverse) normal stiffness.

Evaluation of data for human and bovine trabecu-

lar bone material (column 3 of Table 8) through Eq.(34)

with f̃lac =2.1 %, Eq.(29), (31), (35) – (41), delivers com-

position values f̄fib, f̌HA, f̆HA, f̊col (see Table 8), cor-

responding to the experimental stiffness values labelled
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Fig. 5 Comparison between model predictions and experi-
ments at the extracellular or ultrastructural scale [Fig. 3(d)]:
(a) axial normal stiffness values, (b) radial normal stiffness
values; (10 MHz ultrasonic experiments: L 79. . . [Lees et al.,
1979b], L83 . . . [Lees et al., 1983], L94 . . . [Lees et al., 1994a])
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Fig. 6 Comparison between model predictions and experi-
ments at the extravascular scale (2.25 MHz ultrasonic experi-
ments of A88 . . . [Ashman and Rho, 1988], M90 . . .McCarthy
et al. [1990])

A88 in Fig. 6 (x-axis), see also column 5 of Table 8. In-

sertion of these composition values f̃lac, f̄fib, f̌HA, f̆HA,

and f̊col into Eq.(2) to Eq.(14) delivers tissue-specific

stiffness estimates CMTIII
exvas . Stiffness predictions Cpred

3333 =

CMTIII
exvas,3333 are compared to corresponding experimental

stiffness values labelled A88 in Fig. 6. The satisfactory

agreement between model predictions and experiments is

quantified by prediction errors of +5±10 % [mean value

± standard deviation according to Eqn.(54) and (55)].

Evaluation of data for a typical human femur tis-

sue (Table 4, row 11, columns 3 to 6) through Eq.(17)

with f̃lac =2.1 %, Eq.(18), (20), (22) – (24) delivers ul-

trastructural weight fractions of WFultra
HA = 0.72 and

WFultra
org = 0.24, typical also for the average human

femoral specimen tested by Ashman et al. [1984], char-

acterized by ρµ,wet = 1.90 g/ml (see Fig.9 of [Ashman

et al., 1984]) and fvas =3 % (Table 4). WFultra
HA ,WFultra

org ,

ρµ,wet and fvas deliver, via Eq.(17) with f̃lac =2.1 %,

(18), (20), (25), (26), (35) – (41), typical composition

values of f̄fib = 0.52, f̌HA = 0.66, f̆HA = 0.29, and

f̊col = 0.41. Insertion of these composition values f̃lac,

f̄fib, f̌HA, f̆HA, and f̊col into Eq.(2) to Eq.(14) delivers

a stiffness estimate (model prediction) of

CMTIII
micro =











18.3 8.1 8.1 0 0 0

8.1 18.3 8.1 0 0 0

8.1 8.1 28.4 0 0 0

0 0 0 12.5 0 0

0 0 0 0 12.5 0

0 0 0 0 0 10.1











(56)

We observe a good agreement of this prediction with ex-

perimental values of Eq.(53), being quantified by relative

prediction errors of ±0% for C3333, -7% for C1111, 3% for

C1313 and 9% for C1212.

5 Discussion

This contribution continues a series of scientific efforts

[Hellmich and Ulm, 2002b, Hellmich et al., 2004b,a, Hellmich,

2005] to predict cortical and trabecular bone elastic-

ity from its internal structure and composition, in the

framework of continuum micromechanics. In this con-

text, a central aspect of the present manuscript is the

micromechanical representation of the mineralized col-

lagen fibril, refining an earlier proposal [Hellmich et al.,

2004a]. There, minerals and collagen molecules of the

same order of magnitude interact directly at a length

scale of several nanometers. We here adhere to a more re-

alistic consideration of characteristic distances involved

in bonds between collagen and mineral: We consider me-

chanical interaction of collagen molecules at distances of

around 1 nm (fibrillar organisation according to Hodge

and Petruska [1963], Lees et al. [1984b], Bonar et al.

[1985]) in the form of crosslinks, leading, within a mate-

rial volume called ‘wet collagen’, to a contiguous molec-

ular collagen phase with intermolecular water inclusions.

Contrary to collagen molecules, intrafibrillar mineral crys-

tals form agglomerations measuring tens of nanometers

[Landis et al., 1996], filling progressively, during the min-

eralization process, the gap zones of the collagen fib-

rils, before spreading through the fibrils. Finally, at the

level of some hundred nanometers characteristic length,

mineral agglomerations and wet collagen interpenetrate

each other, forming the mineralized collagen fibril. This

model refinement caused a reduction of prediction errors

in anisotropic shear stiffness of cortical bone material

from 59% [Hellmich, 2005] down to 9%, given in Section

4.

Given the experimental scattering of data available

for model validation, mean prediction errors of less than

10% for a variety of cortical and trabecular bone spec-

imens may well support the statement that the present

manuscript presents a satisfactory explanation of the

elasticity of extracellular and extravascular, cortical and

trabecular bone material, from its internal structure and

composition, as desired at least since the late 1960s, see

e.g. in [Martin et al., 1998], p.177, but never attained so

far.

The aforementioned small prediction errors can also

be seen as additional manifestation of the universal de-

sign principles recalled in the Introduction. In fact, we

have provided qualitative assessement of the validity of

the ‘design plan’ depicted in Fig. 3, across a diversity of

cortical and trabecular bone tissues. The question might

arise how precise this plan must be followed as to guar-

antee the here reported small prediction errors. In fact,

virtually any change of the sequence of steps or of the

chosen schemes (such as neglecting the lacunar porosity)
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leads to exceeding the error threshold of 10%; e.g., use

of a self-consistent scheme for the homogenization step

I (wet collagen) results in typical errors around 20%.

Herein, we limit our presentation to observation scales

of at most 100 µm, i.e. to analysis of cortical and tra-

becular bone material including lacunar porosity. Ho-

mogenization of the vascular porosity (Haversian and

Volkmann canals in cortical bone, intertrabecular space

in trabecular bone) within an additional RVE of one

to several milimeters characteristic length is an open

challenge, if the aformentioned prediction errors of at

most 10 % shall not be exceeded. This is particularly

true for trabecular bone: If we represent intertrabecular

porosity simply through cylindrical pores (as proposed

by [Hellmich et al., 2004b]), we face prediction errors of

typically 15% to 20%, both for normal and shear stiffness

properties. Remarkably, this is still more than one order

of magnitude more precise than pertinent trabecular ho-

mogenization strategies [Hollister et al., 1991, 1994]; and,

as regards shear stiffness, prediction errors related to our

earlier model propositions [Hellmich, 2005], amounting

up to 64%, are clearly undercut. Nevertheless, we plan

to further reduce the aforementioned prediction errors

of 15-20 %, by refining the micromechanical representa-

tion of trabecular microarchitecture, beyond the one of

cylindrical pores in an extravascular bone matrix.

Alternatively, it might be worthwhile to combine the

herein presented, reasonably precise anisotropic and in-

homogeneous stiffness estimates for extravascular bone

material [Fig. 3(a)–(e)] with detailled microstructural

modeling of the trabecular microarchitecture in the frame-

work of Micro Finite Element Modeling (µFEM), pio-

neered by [Rietbergen et al., 1995] and widely available

nowadays. Such a combination has great potential to

overcome both the aforementioned limitations of simple

continuum micromechanics representations for bone mi-

crostructure and those of comtemporary µ-FE-analysis,

characterized by isotropic properties of (extravascular)

solid bone material.

It is important to recall that micromechanical formu-

lations such as the one presented here give direct access

to fluid pressures in pore spaces and to poroelastic prop-

erties in general [Hellmich and Ulm, 2005a,b], crucial

for cell nutrition [Knothe Tate, 2003] and bone adap-

tation [Cowin, 1999]. This will be one focus of future

activities, the other being devoted to homogenization of

strength properties of bone. Recently, corresponding the-

oretical formulations proposed by Kreher [1990], Kreher

and Molinari [1993], Dormieux et al. [2002], Barthélémy

and Dormieux [2003] have been successfully applied to

another class of biological materials, wood [Hofstetter

et al., 2005a,b].

A Hill tensor P for spherical inclusions in a

transversely isotropic matrix

The components of the Hill tensor P for spherical in-

clusions in a transversely isotropic matrix are given in

[Hellmich et al., 2004a] and read as:

P 0

sph,1111 =
1

16
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1

2

Z
1

−1

x2(x2C0

2323−C0

1111x
2 +C0

1111)/D2dx (61)
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whereby

D1 = −2C0,2
1111

x4C0

3333 + 2C0,2
2323

x6C0

3333 − 4C0

1111C0,2
2323

x4
−

3C0,2
1111

C0

2323x
2 + C0,2

1111
x2C0

3333 + 2C0

1111C
0,2
2323

x2

−2C0

2323x
4C0,2

1133
− C0

1111C
0,2
1133

x6 + 2C0

1111C
0,2
1133

x4

+4C0,2
2323

x6C0

1133 − 2C0

1122C
0,2
1133

x4 + 2C0

2323x
6C0,2

1133

+3C0,2
1111

x4C0

2323 + C0

1122C
0,2
1133

x6
− C0,2

1111
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2323

+2C0

1111x
6C0,2

2323
+ C0,2

1111
x6C0

3333 − C0

1111C
0,2
1133

x2

−4C0,2
2323

x4C0

1133 + C0

1122C
0,2
1133

x2 + C0,2
1111

C0

2323

−C0

1122C
0

1111C
0

2323 − C0

1122x
6C0

1111C
0
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0
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2323C
0
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0
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0
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0
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1122C
0

1111x
4C0
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−C0
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0

1111x
2C0
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1122C
0
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2
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0
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6C0
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0

3333 (62)

and

D2 = 2C0

2323x
4C0

1133 + C0

2323x
4C0

3333 + C0

1111x
4C0

2323

−2C0

2323x
2C0

1133 − 2C0

1111C
0

2323x
2 + C0

1111C
0

2323

+x4C0,2
1133

− C0

1111x
4C0

3333 − x2C0,2
1133

+ C0

1111x
2C0

3333(63)

These integral expressions are evaluated numerically,

based on an adaptive Simpson quadrature, which is stan-

dardly available in MATLAB [Hunt et al., 2001].
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Chapter 4Summary and PerspetiveThis master's thesis ontributes to the sienti� e�ort of prediting ortialand trabeular bone elastiity from its internal struture and omposition,by means of ontinuum miromehanis. Firstly, an existing onept forthe homogenization of porous polyrystals was veri�ed, and seondly, anearlier multi-step homogenization sheme was re�ned at the sale of severalnanometers leading to a satisfatory agreement between sti�ness experimentsand orresponding model preditions .Based on the fat that ontinuum miromehanis an orroborate thephysial relevane of the poromehanial theory of Biot [Biot, 1955℄ the devel-opments given here will lead the way to the ultrastrutural and marosopiporoelasti properties of bone tissues, suh as the Biot oe�ients and modulias well as the Skempton oe�ients [Hellmih and Ulm, 2005a,b℄. Chemialinformation aessible with omputed tomography (CT) will be onvertedinto poroelasti properties [Torabia, 2004, Torabia and Hellmih, 2004℄, thusdelivering a data base for a strutural analysis of organs.Another fous of future ativities will be the upsaling of strength prop-erties whih needs the treatment of irreversible material behaviour. Atthe marosopi sale it an be explained by several miromehanisms atthe ultrastrutural sale. Progressive damage by mirorak propagation[Dormieux and Kondo, 2004℄ will be investigated as well as the possibilityof dutile failure of both mineral and ollagen [Suquet, 1997℄ as stated in[Hellmih and Ulm, 2005a℄.Combination of suh a miromehanial law with non�invasively aessedpatient�spei� hemial bone omposition as input, in the framework ofFinite Element analysis of whole organs, will �nally allow for an in vivopatient�spei� biomehanis�based monitoring of frature risk, indued bybone diseases (e.g. osteoporosis) or redued by hemial or genetial therapytissue. This would be a signi�ant improvement over the urrent linialpratie, where the spei� information haraterizing the single patient isredued to a minimum of one or only a few risk fators, related to entirestatistial populations of patients.
34



Appendix ASoure odes for omputation onporous polyrystals (Chapter 2)The alulations were performed with MAPLE, Version 8, at the Éole Na-tionale des Ponts et Chaussées. The pakage `tens3d' an be obtained fromhttp://jgarrigues.perso.egim-mrs.fr/tens3d.html. The pakage `es-helby' is not available for publi use.A.1 SCS_sph.mwsThis MAPLE �le onerns the homogenization of a porous polyrystal witha self-onsistent sheme. The solid phase and the pores are represented byspheres.1 > # SCS for spherial, isotropi inlusions2 > # Comparison of perolation threshold with prolate inlusions3 > # ENPC, Mai 20054 > # *****************************************5 > restart;6 > with(tens3d):with(eshelby):7 > #8 > # Definition of stiffness tensors9 > # -------------------------------10 > Ca:=rigi_iso(ka,mua):print(mat(Ca));11 > Cs:=rigi_iso(ks,mus):12 > #13 > # P-tensor for spherial inlusions in isotropi media14 > # ----------------------------------------------------15 > P:=P_iso_sph(ka,mua):16 > #17 > # Contribution of solid phase18 > # ---------------------------19 > q1:=Iso(1) &++ (P &t2 (Cs &-- Ca)):20 > q2:=inv4(q1):21 > lo:=q2:22 > lomoy:=(1-f) &** lo:23 > Cslomoy:= (1-f) &** (Cs &t2 lo):24 > # 35



APPENDIX A. SOURCE CODES FOR CHAPTER 2 3625 > # Contribution of pores26 > # ---------------------27 > q3:=Iso(1) &-- (P &t2 Ca):28 > q4:=inv4(q3):29 > lopormoy:=f &** q4:30 > #31 > # SCS homogenization32 > # ------------------33 > Chom:=Cslomoy &t2 inv4(lomoy &++ lopormoy):34 > #35 > # Determination of ka and mua36 > # -----------------------------37 > eq1:=omp4(Ca,1,1,1,1)-simplify(omp4(Chom,1,1,1,1));38 eq2:=omp4(Ca,2,3,2,3)-simplify(omp4(Chom,2,3,2,3));3940 > sol:=solve({eq1,eq2},{ka,mua});4142 > sol1:=subs(RootOf(8*_Z^2+(20*f*mus-3*f*ks-8*mus+9*ks)*_Z+18*f*ks*mus-9*ks*mus)=RR,sol);43 >44 > # Limit ase: inompressible material45 > # -----------------------------------46 > mus:=limit(RootOf(8*_Z^2+(20*f*mus-3*f*ks-8*mus+9*ks)*_Z+18*f*ks*mus-9*ks*mus),47 ks=infinity);48 ks:=simplify(subs(RR=mus,-4/3*RR*(2*RR+5*f*mus-2*mus)/(3*RR+5*f*mus-3*mus)))/mus;4950 > # Evaluate mua for a ertain value of f and nu=nus51 > # -------------------------------------------------52 > evalf(subs(f=0.2,subs(nu=1/3,subs(ks=1/3/(1-2*nu),mus=1/2/(1+nu),RootOf(8*_Z^2+53 (20*f*mus-3*f*ks-8*mus+9*ks)*_Z+18*f*ks*mus-9*ks*mus)))));5455 > # Plot mua as funtion of f for a ertain value of nu=nus56 > # --------------------------------------------------------57 > plot(subs(nu=0.20,subs(ks=1/3/(1-2*nu),mus=1/2/(1+nu),RootOf(8*_Z^2+58 (20*f*mus-3*f*ks-8*mus+9*ks)*_Z+18*f*ks*mus-9*ks*mus))),59 f=0..0.5,labels=[f,mua℄,title='SCS_with_spherial_inlusions');6061 > # Plot ka as funtion of f for a ertain value of nu=nus62 > # --------------------------------------------------------63 > plot(subs(nu=0.20,subs(ks=1/3/(1-2*nu),mus=1/2/(1+nu),rhs(sol[2℄))),64 > f=0..0.5,labels=[f,ka℄,title='SCS_with_spherial_inlusions');6566 > # Determination of Ea, nua67 > # --------------------------68 > eq11:=subs({ka=Ea/3/(1-2*nua),mua=Ea/2/(1+nua)},eq1):69 > eq22:=subs({ka=Ea/3/(1-2*nua),mua=Ea/2/(1+nua)},eq2):70 > sol_nu:=solve({eq11,eq22},{Ea,nua});71 > sol_nu1:=subs(RootOf((81*f^3*ks^2+90*ks*f^3*mus-156*ks*f^2*mus-216*ks^2*f^2-72 40*f^2*mus-54*ks*f^2+126*f*ks+64*f*mus+144*f*ks^2+48*f*mus*ks-72*ks-73 24*mus)*_Z^2+(-162*f^3*ks^2-60*ks*f^2*mus+324*ks^2*f^2-80*f^2*mus74 +24*f*mus*ks+36*f*ks-144*f*ks^2+128*f*mus-48*mus-36*ks)*_Z+81*f^3*ks^2-75 90*ks*f^3*mus-108*ks^2*f^2-40*f^2*mus+54*ks*f^2+96*ks*f^2*mus+36*f*ks^2-76 24*f*mus*ks-90*f*ks+64*f*mus-24*mus+36*ks)=QQ,sol_nu[2℄);7778 > # Plot nua as funtion of f for a ertain value of nu=nus79 > # --------------------------------------------------------80 > plot(subs(nu=0.2,subs(ks=1/3/(1-2*nu),mus=1/2/(1+nu),RootOf((81*f^3*ks^2+81 90*ks*f^3*mus-156*ks*f^2*mus-216*ks^2*f^2-40*f^2*mus-54*ks*f^2+126*f*ks+82 64*f*mus+144*f*ks^2+48*f*mus*ks-72*ks-24*mus)*_Z^2+(-162*f^3*ks^2-83 60*ks*f^2*mus+324*ks^2*f^2-80*f^2*mus+24*f*mus*ks+36*f*ks-144*f*ks^2+84 128*f*mus-48*mus-36*ks)*_Z+81*f^3*ks^2-90*ks*f^3*mus-108*ks^2*f^2-85 40*f^2*mus+54*ks*f^2+96*ks*f^2*mus+36*f*ks^2-24*f*mus*ks-90*f*ks+64*f*mus86 -24*mus+36*ks))), f=0..0.5,labels=[f,nua℄,title='SCS_with_spherial_inlusions');8788 > # Plot Ea as funtion of f for a ertain value of nu=nus89 > # --------------------------------------------------------90 > Ea1:=subs(QQ=91 > RootOf((81*f^3*ks^2+90*ks*f^3*mus-156*ks*f^2*mus-216*ks^2*f^2-40*f^2*mus-92 54*ks*f^2+126*f*ks+64*f*mus+144*f*ks^2+48*f*mus*ks-72*ks-24*mus)*_Z^2+



APPENDIX A. SOURCE CODES FOR CHAPTER 2 3793 (-162*f^3*ks^2-60*ks*f^2*mus+324*ks^2*f^2-80*f^2*mus+24*f*mus*ks+36*f*ks94 -144*f*ks^2+128*f*mus-48*mus-36*ks)*_Z+81*f^3*ks^2-90*ks*f^3*mus-108*ks^2*f^2-95 40*f^2*mus+54*ks*f^2+96*ks*f^2*mus+36*f*ks^2-24*f*mus*ks-90*f*ks+64*f*mus-96 24*mus+36*ks),rhs(sol_nu1[1℄)):97 >98 > plot(subs(nu=0.2,subs(ks=1/3/(1-2*nu),mus=1/2/(1+nu),Ea1)),f=0..0.5);99 > q2:=plot(subs(nu=0.25,subs(ks=1/3/(1-2*nu),mus=1/2/(1+nu),Ea1)),f=0..0.5,view=[0..1,0..1℄):100 >101102 > # Approximation with 1st order expansion103 > eq111:=numer(simplify(subs(ks=1/3/(1-2*nus),mus=1/2/(1+nus),eq11)));104 > eq222:=numer(simplify(subs(ks=1/3/(1-2*nus),mus=1/2/(1+nus),eq22)));105106107 > E1dv:=(onvert(series(subs(Ea=1*(1-a*f),nua=nus-b*f,eq111),f=0,3),polynom));108 > E2dv:=simplify(onvert(series(subs(Ea=1*(1-a*f),nua=nus-b*f,eq222),f=0,4),polynom));109110 > sol1:=solve({E1dv,E2dv},{a,b}):111 > sol1[1℄;



APPENDIX A. SOURCE CODES FOR CHAPTER 2 38A.2 eq_yl_020.mwsThis MAPLE �le onerns the homogenization of a porous polyrystal with aself-onsistent sheme. The solid phase is represented by uniformly orientedneedles (ylinders), the pores by spheres.1 > # SCS for ylindrial inlusions (solid phase)2 > # Equations for determination of (ka, mua) / (Ea, nua)3 > # Plot Ea, nua as funtion of f for nus=0.204 > # ENPC, Mai 20055 > restart:67 > eq11 :=8 > (4*ks*mus*mua*f-4*mua*ks*mus+12*ks*f*mua^2-12*mua^2*ks+24*ks*f*ka9 > *mua-12*ka*mua*ks+9*ks*ka^2*f+4*ka*mua*mus+3*mus*ka^2*f+12*ka*10 > mua^2-3*ka^2*f*mua+12*mua*ka^2)/(12*ks*mua*f+9*ks*f*ka+4*mua*m11 > us+3*mus*f*ka+12*mua^2-3*f*ka*mua+12*ka*mua);121314 > eq2 :=15 > (-81*ks*mus^3*ka^2-168*ks*mua^2*mus^3-261*ks*mus^3*mua*ka+168*mua16 > ^2*f*ks*mus^3+81*ka^2*mus^3*ks*f-90*ka*mua^4*ks*f-54*ka^2*mua^3*k17 > s*f+5355*mus^2*mua^3*ka*f+1881*mus^2*mua^2*ka^2*f+909*ks*ka*mua^18 > 3*mus+81*ks*ka^2*mua^2*mus+549*ka^2*mus^3*f*mua+1251*mus*mua^3*ka19 > ^2*f+2607*f*mua^4*ka*mus+1761*f*mua^2*ka*mus^3+3180*f*mua^3*ks*m20 > us^2+1656*f*mua^4*ks*mus-1863*ks*mus^2*mua^2*ka-729*ks*mus^2*mua*k21 > a^2+1248*mua^5*ka+756*mua^4*ka^2+504*ks*mua^5-896*mua^4*mus^2-222 > 12*f*mua^6+960*mus*mua^5-576*mua^3*mus^3+2691*f*mua^3*ks*mus*ka+523 > 12*mua^6+1404*ka^2*mus^2*ks*f*mua+4338*ka*mus^2*ks*f*mua^2+1269*k24 > s*mus*mua^2*ka^2*f-81*mua^4*ka^2*f-204*f*mua^5*ks-123*f*mua^5*ka25 > +1540*f*mua^5*mus+1276*f*mua^3*mus^3+3796*f*mua^4*mus^2+744*ks*mua26 > ^4*mus-756*ka^2*mua^2*mus^2+1215*ks*mua^4*ka-1680*mua^3*mus^2*ka27 > +1368*mus*mua^4*ka+324*mus*mua^3*ka^2+729*ks*mua^3*ka^2-1080*ks28 > *mua^3*mus^2-324*mus^3*mua*ka^2-936*mua^2*mus^3*ka+261*mua*ka*m29 > us^3*ks*f)/(2324*mua^3*mus^2*f+1476*mua^2*f*ks*mus*ka+2214*mua*ka30 > *mus^2*ks*f+540*mua*ks*mus*ka^2*f-81*mua^3*ka^2*f-123*mua^4*ka*f31 > +1359*mua^3*mus*f*ka+2739*mua^2*mus^2*f*ka+495*ka^2*mua^2*mus*f+32 > 1028*mua^4*mus*f+801*mus^2*mua*ka^2*f+1248*mua^4*ka+756*mua^3*ka33 > ^2-212*f*mua^5+512*mua^5+700*mua^2*f*mus^3+594*ka^2*mus^2*ks*f+1134 > 52*mua^3*f*ks*mus+1932*mua^2*f*ks*mus^2+825*mua*f*ka*mus^3+225*ka35 > ^2*mus^3*f-204*mua^4*f*ks-54*mua^2*ka^2*ks*f-90*mua^3*ka*ks*f+50436 > *ks*mua^4+168*ks*mua^2*mus^2+1215*ks*mua^3*ka+2616*mus*mua^3*ka+37 > 324*mus^2*mua*ka^2+261*ks*mus^2*mua*ka+810*ks*mus*mua*ka^2+81*ks38 > *mus^2*ka^2+936*ka*mua^2*mus^2+576*mua^3*mus^2+1248*ks*mua^3*mus+39 > 2124*ks*ka*mua^2*mus+1472*mus*mua^4+1080*mus*mua^2*ka^2+729*ks*mu40 > a^2*ka^2);41424344 > eq111:=numer(simplify(subs(ks=1/3/(1-2*nus),mus=1/2/(1+nus),eq11)));4546 > eq222:=numer(simplify(subs(ks=1/3/(1-2*nus),mus=1/2/(1+nus),eq2)));474849 > E1:=numer(simplify(subs(ka=Ea/3/(1-2*nua),mua=Ea/2/(1+nua),eq11150 > )));subs(nus=1/4,E1);5152 > E2:=numer(simplify(subs(ka=Ea/3/(1-2*nua),53 mua=Ea/2/(1+nua),eq222)));5455 > Ea1:=solve(E1,Ea);5657 > nua1:=solve(subs(Ea=Ea1[2℄,nus=0.2,E2),nua);585960 > #plot(nua1[3℄,f=0..1);61 > #plot(subs(nua=nua1[3℄,subs(nus=0.2,Ea1[2℄)),f=0..1);62 > solve({subs(f=1,nus=0.2,E1),subs(f=1,nus=0.2,E2)},{Ea,nua});



APPENDIX A. SOURCE CODES FOR CHAPTER 2 396364 {Ea = 0, nua = nua},6566 {nua = nua, Ea = -1.388888889 - 1.388888889 nua},6768 {nua = 1., Ea = Ea}6970 > # determination of nua, Ea as funtion of f for a ertain nus71 > # ----------------------------------------------------------------------72 > E11:=subs(nus=0.2,E1):E22:=subs(nus=0.2,E2):73 >74 > a1:=solve({subs(f=0.1,E11),subs(f=0.1,E22),Ea>0,nua>0,nua<0.5},{Ea75 > ,nua});76 > a2:=solve({subs(f=0.2,E11),subs(f=0.2,E22),Ea>0,nua>0,nua<0.5},{Ea77 > ,nua});78 > a3:=solve({subs(f=0.3,E11),subs(f=0.3,E22),Ea>0,nua>0,nua<0.5},{Ea79 > ,nua});80 > a4:=solve({subs(f=0.4,E11),subs(f=0.4,E22),Ea>0,nua>0,nua<0.5},{Ea81 > ,nua});82 > a5:=solve({subs(f=0.5,E11),subs(f=0.5,E22),Ea>0,nua>0,nua<0.5},{Ea83 > ,nua});84 > a6:=solve({subs(f=0.6,E11),subs(f=0.6,E22),Ea>0,nua>0,nua<0.5},{Ea85 > ,nua});86 > a7:=solve({subs(f=0.7,E11),subs(f=0.7,E22),Ea>0,nua>0,nua<0.5},{Ea87 > ,nua});88 > a8:=solve({subs(f=0.8,E11),subs(f=0.8,E22),Ea>0,nua>0,nua<0.5},{Ea89 > ,nua});90 > a9:=solve({subs(f=0.9,E11),subs(f=0.9,E22),Ea>0,nua>0,nua<0.5},{Ea91 > ,nua});92 > a10:=solve({subs(f=0.99,E11),subs(f=0.99,E22),Ea>0,nua>0,nua<0.5},{93 > Ea,nua});94 >95969798 > with(plots):99 > q:=[[0,1℄,[0.1,rhs(a1[2℄)℄,[0.2,rhs(a2[2℄)℄,[0.3,rhs(a3[2℄)℄,[0.4,rhs(100 > a4[1℄)℄,[0.5,rhs(a5[2℄)℄,[0.6,rhs(a6[2℄)℄,101 > [0.7,rhs(a7[1℄)℄,[0.8,rhs(a8[1℄)℄,[0.9,rhs(a9[1℄)℄,[0.99,rhs(a10[1℄)℄℄102 > :103 > q1:=plot(q,view=[0..1,0..1℄):104 > display(q1);105106 > # Test if approximation nua=nus is admissible107 > Ea11:=subs(nua=nus,Ea1[2℄);108109110 > q2:=plot(subs(nus=0.2,Ea11),f=0..1,title=`nus=0.20`,view=[0..1,0..1℄,111 > olor=green):112 > display(q2);113 >114 > display(q1,q2);115116 >117 > #plotsetup(ps,plotoutput=`test_Ea_020.ps`,plotoptions=`portrait,nobor118 > der,olor`);119 > plotsetup(default);120 >



APPENDIX A. SOURCE CODES FOR CHAPTER 2 40A.3 expansion.mwsThis MAPLE �le onerns the approximation of the elasti onstants k and
µ in the viinity of f = 1 and f = 0 by means of a �rst order expansion.This �le relies on data from �le eq_yl_020.mws (Setion A.2).1 > # SCS for spherial/ylindrial inlusions (solid phase)2 > # Approximation of k_a, mu_a in the viinity of f=13 > # and f=0 for ylindrial inlusions4 > # (first-order expansions)5 > # ENPC, Mai 20056 > # *******************************************************7 > restart:8 > eq11 :=9 > (4*ks*mus*mua*f-4*mua*ks*mus+12*ks*f*mua^2-12*mua^2*ks+24*ks*f*ka10 > *mua-12*ka*mua*ks+9*ks*ka^2*f+4*ka*mua*mus+3*mus*ka^2*f+12*ka*11 > mua^2-3*ka^2*f*mua+12*mua*ka^2)/(12*ks*mua*f+9*ks*f*ka+4*mua*12 > mus+3*mus*f*ka+12*mua^2-3*f*ka*mua+12*ka*mua);131415 > eq2 :=16 > (-81*ks*mus^3*ka^2-168*ks*mua^2*mus^3-261*ks*mus^3*mua*ka+168*mua17 > ^2*f*ks*mus^3+81*ka^2*mus^3*ks*f-90*ka*mua^4*ks*f-54*ka^2*mua^3*k18 > s*f+5355*mus^2*mua^3*ka*f+1881*mus^2*mua^2*ka^2*f+909*ks*ka*mua^19 > 3*mus+81*ks*ka^2*mua^2*mus+549*ka^2*mus^3*f*mua+1251*mus*mua^3*ka20 > ^2*f+2607*f*mua^4*ka*mus+1761*f*mua^2*ka*mus^3+3180*f*mua^3*ks*m21 > us^2+1656*f*mua^4*ks*mus-1863*ks*mus^2*mua^2*ka-729*ks*mus^2*mua*k22 > a^2+1248*mua^5*ka+756*mua^4*ka^2+504*ks*mua^5-896*mua^4*mus^2-223 > 12*f*mua^6+960*mus*mua^5-576*mua^3*mus^3+2691*f*mua^3*ks*mus*ka+524 > 12*mua^6+1404*ka^2*mus^2*ks*f*mua+4338*ka*mus^2*ks*f*mua^2+1269*k25 > s*mus*mua^2*ka^2*f-81*mua^4*ka^2*f-204*f*mua^5*ks-123*f*mua^5*ka26 > +1540*f*mua^5*mus+1276*f*mua^3*mus^3+3796*f*mua^4*mus^2+744*ks*mua27 > ^4*mus-756*ka^2*mua^2*mus^2+1215*ks*mua^4*ka-1680*mua^3*mus^2*ka28 > +1368*mus*mua^4*ka+324*mus*mua^3*ka^2+729*ks*mua^3*ka^2-1080*ks29 > *mua^3*mus^2-324*mus^3*mua*ka^2-936*mua^2*mus^3*ka+261*mua*ka*m30 > us^3*ks*f)/(2324*mua^3*mus^2*f+1476*mua^2*f*ks*mus*ka+2214*mua*ka31 > *mus^2*ks*f+540*mua*ks*mus*ka^2*f-81*mua^3*ka^2*f-123*mua^4*ka*f32 > +1359*mua^3*mus*f*ka+2739*mua^2*mus^2*f*ka+495*ka^2*mua^2*mus*f+33 > 1028*mua^4*mus*f+801*mus^2*mua*ka^2*f+1248*mua^4*ka+756*mua^3*ka34 > ^2-212*f*mua^5+512*mua^5+700*mua^2*f*mus^3+594*ka^2*mus^2*ks*f+1135 > 52*mua^3*f*ks*mus+1932*mua^2*f*ks*mus^2+825*mua*f*ka*mus^3+225*ka36 > ^2*mus^3*f-204*mua^4*f*ks-54*mua^2*ka^2*ks*f-90*mua^3*ka*ks*f+50437 > *ks*mua^4+168*ks*mua^2*mus^2+1215*ks*mua^3*ka+2616*mus*mua^3*ka+38 > 324*mus^2*mua*ka^2+261*ks*mus^2*mua*ka+810*ks*mus*mua*ka^2+81*ks39 > *mus^2*ka^2+936*ka*mua^2*mus^2+576*mua^3*mus^2+1248*ks*mua^3*mus+40 > 2124*ks*ka*mua^2*mus+1472*mus*mua^4+1080*mus*mua^2*ka^2+729*ks*mu41 > a^2*ka^2);4243 > eq111:=numer(simplify(subs(ks=1/3/(1-2*nus),mus=1/2/(1+nus),eq11)));4445 > # limit developement in viinity of f=146 > # -------------------------------------47 > E1dv:=onvert(series(subs(mua=m*(1-f),ka=k*(1-f),eq111),f=1,3),polyn48 > om);E2dv:=(onvert(series(subs(mua=m*(1-f),ka=k*(1-f),eq222),f=1,4),49 > polynom));505152 > sol:=solve({E1dv,E2dv},{m,k});evalf(sol[3℄);5354 > kk:=rhs(sol[3℄[2℄);mm:=rhs(sol[3℄[1℄);nu:=(3/2*kk/mm-1)/(1+3*kk/mm);555657 > toto:=solve(1575*_Z^2-142*_Z+3,_Z);mmm:=toto[2℄;kkk:=1/3-25/3*mmm;nunu58 > :=simplify((3/2*kkk/mmm-1)/(1+3*kkk/mmm));nununu:=expand(3*(-19+3*sqrt59 > (79))*(43+16*sqrt(79))/(16^2*79-43^2));evalf(nununu);606162 > # limit developement in viinity of f=0



APPENDIX A. SOURCE CODES FOR CHAPTER 2 4163 > # -------------------------------------64 > E1dv:=simplify(onvert(series(subs(mua=1/2/(1+nus)*(1-m*f),ka=1/3/(165 > -2*nus)*(1-k*f),eq111),f=0,2),polynom));E2dv:=simplify((onvert(series66 > (subs(mua=1/2/(1+nus)*(1-m*f),ka=1/3/(1-2*nus)*(1-k*f),eq222),f=0,2)67 > ,polynom)));6869 > sol:=solve({E1dv,E2dv},{m,k});k0:=rhs(sol[1℄);m0:=rhs(sol[2℄);70 >71 > ka0:=1/3/(1-2*nus)*(1-k0*f):mua0:=1/2/(1+nus)*(1-m0*f):Ea0:=ollet72 > (simplify(onvert(series(3*ka0*mua0/(ka0+mua0/3),f=0,2),polynom)),73 > f);nua0:=ollet(simplify(onvert(series(1/2*(ka0-2*mua0/3)/(ka0+m74 > ua0/3),f=0,2),polynom)),f);7576 > fator(15*nus^2+12*nus-27);fator((15*nus^3-3*nus^2-15*nus+3));



APPENDIX A. SOURCE CODES FOR CHAPTER 2 42A.4 SCS_yl_thetamax.mwsThis MAPLE �le onerns the homogenization of a porous polyrystal witha self-onsistent sheme. The solid phase is represented by axisymmetriallyoriented needles (ylinders), the pores by spheres.1 > # SCS for isotropi, ylindrial inlusions (solids) and spherial2 > inlusions (empty pores)3 > # Deviation of ylinders between 0 and theta_max4 > # ENPC, Mai 20055 > #6 > **********************************************************************7 > *******************8 > restart:with(tens3d):with(eshelby):Digits:=10:9 > w1:=array(1..3,[os(phi),sin(phi),0℄):10 > vetw1:=def_tenseur(w1,[ont℄,base_fond):11 > w2:=array(1..3,[-sin(phi),os(phi),0℄):12 > vetw2:=def_tenseur(w2,[ont℄,base_fond):13 > e3:=array(1..3,[0,0,1℄):14 > vetw3:=def_tenseur(e3,[ont℄,base_fond):15 > BW:=def_base(vetw1,vetw2,vetw3);1617 # Proedure for P18 # --------------------19 > P:=pro(wink,C1111,C1122,C1133,C3333,C2323) global ompPter:20 > theta:=wink:21 > C:=rigi_orthrev(C1111,C1122,C1133,C3333,C2323):22 > omp1:=array(1..3,[1,0,0℄):23 > vet1:=def_tenseur(omp1,[ont℄,base_fond):24 >25 > omp2:=array(1..3,[0,os(theta),-sin(theta)℄):26 > vet2:=def_tenseur(omp2,[ont℄,base_fond):27 >28 > omp3:=array(1..3,[0,sin(theta),os(theta)℄):29 > vet3:=def_tenseur(omp3,[ont℄,base_fond):30 > B:=def_base(vet1,vet2,vet3):31 > QQ:=(vet1 &t1 C) &t1 vet1:32 > TT:=(vet2 &t1 C) &t1 vet2:33 > RR:=(vet1 &t1 C) &t1 vet2:tRR:=(vet2 &t1 C) &t1 vet1:34 > KZ:=((z^2) &** QQ)&++(z &** (RR &++ tRR))&++ TT:35 >36 >37 > #Determination of omatrix38 > ompKZ:= omposantes(KZ,[ont,ont℄,B):39 > ompCoKZ:= array(1..3,1..3):40 > ompCoKZ[1,1℄:= ompKZ[2,2℄*ompKZ[3,3℄-(ompKZ[2,3℄)^2:41 > ompCoKZ[1,2℄:= -(ompKZ[2,1℄*ompKZ[3,3℄-ompKZ[2,3℄*ompKZ[3,1℄):42 > ompCoKZ[1,3℄:= ompKZ[2,1℄*ompKZ[3,2℄-ompKZ[2,2℄*ompKZ[3,1℄:43 > ompCoKZ[2,1℄:= ompCoKZ[1,2℄:44 > ompCoKZ[2,2℄:= ompKZ[1,1℄*ompKZ[3,3℄-(ompKZ[1,3℄)^2:45 > ompCoKZ[2,3℄:= -(ompKZ[1,1℄*ompKZ[3,2℄-ompKZ[1,2℄*ompKZ[3,1℄):46 > ompCoKZ[3,1℄:= ompCoKZ[1,3℄:47 > ompCoKZ[3,2℄:= ompCoKZ[2,3℄:48 > ompCoKZ[3,3℄:= ompKZ[1,1℄*ompKZ[2,2℄-(ompKZ[1,2℄)^2:49 > CoKZ:= def_tenseur(ompCoKZ,[ont,ont℄,B):50 >51 > eq:= &det(KZ):52 > EQ:= subs(z=sqrt(Z),eq):53 >54 > sol:=solve(EQ,Z):55 > #Trouver les solutions ave la partie imaginaire stritement positive56 > #--------------------------------------------------------------------



APPENDIX A. SOURCE CODES FOR CHAPTER 2 4357 > sol1:=solve(z^2=sol[1℄,z):58 > h1:= eval(sol1[1℄):h2:= eval(sol1[2℄):59 > if evalf(Im(h1)) > evalf(Im(h2)) then sol1:=sol1[1℄ else sol1:=sol1[2℄60 > end if:61 > sol2:=solve(z^2=sol[2℄,z):62 > h1:= eval(sol2[1℄):h2:= eval(sol2[2℄):63 > if evalf(Im(h1)) > evalf(Im(h2)) then sol2:=sol2[1℄ else sol2:=sol2[2℄64 > end if:65 >66 > sol3:=solve(z^2=sol[3℄,z):67 > h1:= eval(sol3[1℄):h2:= eval(sol3[2℄):68 > if evalf(Im(h1)) > evalf(Im(h2)) then sol3:=sol3[1℄ else sol3:=sol3[2℄69 > end if:70 >71 > #Trouver les poles multiples72 > #---------------------------73 > b:=array(1..2,1..4,[[I,sol1,sol2,sol3℄,[1,1,1,1℄℄):74 > epsilon:= 0.01:75 >76 > # 1 ave 2,3 et 477 > for j from 2 to 4 do78 > i:=1:79 > if abs(b[1,i℄-b[1,j℄) < epsilon then80 > b[2,i℄:=b[2,i℄+1;81 > b[2,j℄:=0;82 > end if:83 > #print(b[2,1℄);84 > end do:85 >86 > # 2 ave 3 et 487 > if b[2,2℄ <> 0 then88 > if abs(b[1,2℄-b[1,3℄) < epsilon then89 > b[2,2℄:=b[2,2℄+1;90 > b[2,3℄:=0;91 > end if;92 > end if:93 >94 > if b[2,2℄ <> 0 then95 > if abs(b[1,2℄-b[1,4℄) < epsilon then96 > b[2,3℄:=b[2,3℄+1;97 > b[2,4℄:=0;98 > end if;99 > end if:100 >101 > # 3 ave 4102 > if b[2,3℄ <> 0 then103 > if abs(b[1,3℄-b[1,4℄) < epsilon then104 > b[2,3℄:=b[2,3℄+1;105 > b[2,4℄:=0;106 > end if;107 > end if:108 >109 > detK:=subs(Z=z^2,(EQ)):110 > Q:=limit(detK/z^6,z=infinity)*(z^2+1)^b[2,1℄*(z^2-sol1^2)^b[2,2℄*(z^2-111 > sol2^2)^b[2,3℄*(z^2-sol3^2)^b[2,4℄:112 >113 > xi:=(z&** vet1 )&++( vet2 ):114 > QQ_:=(vet1 &t CoKZ) &t vet1:115 > TT_:=(vet2 &t CoKZ) &t vet2:116 > RR_:=(vet1 &t CoKZ) &t vet2:tRR_:=(vet2 &t CoKZ) &t vet1:117 > M:=((z^2) &** QQ_)&++(z &** (RR_ &++ tRR_))&++ TT_:118 > ompM:=omposantes(M,[ont,ont,ont,ont℄,B):119 > ompGR:=array(1..3,1..3,1..3,1..3):120 > for i from 1 to 3 do121 > for j from 1 to 3 do122 > for k from 1 to 3 do123 > for l from 1 to 3 do124 > ompGR[i,j,k,l℄:=(ompM[i,j,k,l℄+ompM[i,j,l,k℄+ompM[j,i,k,l℄+ompM[j



APPENDIX A. SOURCE CODES FOR CHAPTER 2 44125 > ,i,l,k℄)/4:126 > od:od:od:od:127 > GR:=def_tenseur(ompGR,[ont,ont,ont,ont℄,B):128 > ompPbis:=array(1..3,1..3,1..3,1..3):129 > for i from 1 to 3 do130 > for j from 1 to 3 do131 > for k from 1 to 3 do132 > for l from 1 to 3 do133 > #Residue 1134 > if b[2,1℄ <> 0 then135 > n:=b[2,1℄:136 > f1:= (ompGR[i,j,k,l℄/Q)*((z-b[1,1℄)^n):137 >138 > residue1:=oeff(onvert(subs(z-b[1,1℄=v,series(f1,z=b[1,1℄,n+1)),polyn139 > om),v,n-1):140 > else residue1:=0:141 > end if:142 > #Residue 2143 > if b[2,2℄ <> 0 then144 > n:=b[2,2℄:145 > f2:= (ompGR[i,j,k,l℄/Q)*((z-b[1,2℄)^n):146 > residue2:=147 > oeff(onvert(subs(z-b[1,2℄=v,series(f2,z=b[1,2℄,n+1)),polynom),v,n-1)148 > :149 > else residue2:=0;150 > end if:151 > #Residue 3152 > if b[2,3℄ <> 0 then153 > n:=b[2,3℄:154 > f2:= (ompGR[i,j,k,l℄/Q)*((z-b[1,3℄)^n):155 > residue3:=156 > oeff(onvert(subs(z-b[1,3℄=v,series(f2,z=b[1,3℄,n+1)),polynom),v,n-1)157 > :158 > else residue3:=0;159 > end if:160 > #Residue 4161 > if b[2,4℄ <> 0 then162 > n:=b[2,4℄:163 > f4:= (ompGR[i,j,k,l℄/Q)*((z-b[1,4℄)^n):164 > residue4:=165 > oeff(onvert(subs(z-b[1,4℄=v,series(f4,z=b[1,4℄,n+1)),polynom),v,n-1)166 > :167 > else residue4:=0;168 > end if;169 > #170 > ompPbis[i,j,k,l℄:= ( 2*I*simplify(residue1 + residue2 + residue3 +171 > residue4)):172 > od:od:od:od:173 > Pbis:=def_tenseur(ompPbis,[ont,ont,ont,ont℄,B):174 > ompPter:=array(1..3,1..3,1..3,1..3):175 > ompPter:=omposantes(Pbis,[ont,ont,ont,ont℄,base_fond):176 > return(ompPter):177 > end pro:178 >179 > # ----------------------------------------------------------------------------------180181 > f:=0.7:nus:=0.27:ks:=1/3/(1-2*nus):mus:=1/2/(1+nus):182 > Cs:=rigi_iso(ks,mus):183184 > CMT:=((1-f)&** Cs)&t2 inv4(((1-f)&** Iso(1)) &++ (f&** inv4(Iso(1) &--185 > esh_iso_sph(ks,mus))));186187 CMT := _tenseur_3d_ordre_4_188189 > Co:=CMT:190 > # Inrements for theta191 > # --------------------192 > theta_max:= 67.5*(Pi/180):



APPENDIX A. SOURCE CODES FOR CHAPTER 2 45193 > inr:=30: #Nombre des inrements194 > dtheta:=theta_max/inr;195 > array_theta:=array(1..inr):for i from 0 to inr-1 do196 > array_theta[i+1℄:= i*dtheta:197 > end do:198 > print(array_theta);199 >200 > # Start iteration for SCS201 > # ------------------------202 > for numit from 1 to 8 do203 > print(numit);204 >205 >206 > # Initialisation207 > omptoto:= array(1..3,1..3,1..3,1..3):208 > for i from 1 to 3 do209 > for j from 1 to 3 do210 > for k from 1 to 3 do211 > for l from 1 to 3 do212 > omptoto[i,j,k,l℄:=0:213 > end do:end do:end do:end do:214 >215 > # Calul de sommes pour theta et d'integrals pour phi216 > #217 > for m from 1 to inr do218 > #print(m):print(array_theta[m℄):219 >220 > P(array_theta[m℄,omp4(Co,1,1,1,1),omp4(Co,1,1,2,2),omp4(Co,1,1,3,3)221 > ,omp4(Co,3,3,3,3),omp4(Co,2,3,2,3));222 > ompPter:=map(Re,ompPter):223 >224 > PU:=def_tenseur(ompPter,[ont,ont,ont,ont℄,base_fond);225 >226 > A0:=inv4(Iso(1)&++(PU &t2 (Cs &-- Co))):227 >228 >229 > ompA0:=array(1..3,1..3,1..3,1..3):ompA0:=omposantes(A0,[ont,ont,230 > ont,ont℄,base_fond):231 > A:=def_tenseur(ompA0,[ont,ont,ont,ont℄,BW);232 > ompA:=array(1..3,1..3,1..3,1..3):233 > ompA:=omposantes(A,[ont,ont,ont,ont℄,base_fond):234 >235 > for i from 1 to 3 do236 > for j from 1 to 3 do237 > for k from 1 to 3 do238 > for l from 1 to 3 do239 >240 > omptoto[i,j,k,l℄:=omptoto[i,j,k,l℄+evalf(Int(ompA[i,j,k,l℄,phi=0..2241 > *Pi)*sin(array_theta[m℄)):242 > end do:end do:end do:end do:243 >244 > end do:245 >246 > # Multipliation de la onstante247 > for i from 1 to 3 do248 > for j from 1 to 3 do249 > for k from 1 to 3 do250 > for l from 1 to 3 do251 >252 > omptoto[i,j,k,l℄:=omptoto[i,j,k,l℄*dtheta*(1-f)/(2*Pi*(1-os(theta_m253 > ax))):254 > end do:end do:end do:end do:255 >256 > toto:=def_tenseur(omptoto,[ont,ont,ont,ont℄,base_fond):257 > eshsph:=esh_orthrev_sph(omp4(Co,1,1,1,1),omp4(Co,1,1,2,2),omp4(Co,1258 > ,1,3,3),omp4(Co,3,3,3,3),omp4(Co,2,3,2,3)):259260 > # SCS homogenization261 > # ------------------



APPENDIX A. SOURCE CODES FOR CHAPTER 2 46262 > losph:=f &** inv4(Iso(1) &-- eshsph):263 > Chom:=(Cs &t2 toto) &t2 inv4(losph &++ toto):264 > print(mat(Chom));265 > Co:=Chom:266 > end do: # Next numit = iteration step267268269270271 > # Determination of elasti onstants272 > # --------------------------------------------273 > E_:=1/omp4(Shom1,1,1,1,1);nu_:=-omp4(Shom1,1,1,2,2)/omp4(Shom1,1,1,274 > 1,1);Eaxe:=1/omp4(Shom1,3,3,3,3);nuaxe:=-omp4(Shom1,1,1,3,3)/omp4(S275 > hom1,3,3,3,3);G_:=omp4(Chom1,2,3,2,3);276 > Shom:=inv4(Chom);277 > E_:=1/omp4(Shom,1,1,1,1);nu_:=-omp4(Shom,1,1,2,2)/omp4(Shom,1,1,1,1278 > );Eaxe:=1/omp4(Shom,3,3,3,3);nuaxe:=-omp4(Shom,1,1,3,3)/omp4(Shom,3279 > ,3,3,3);G_:=omp4(Chom,2,3,2,3);280 > elasti:=[1/omp4(Shom,1,1,1,1),281 > -omp4(Shom,1,1,2,2)/omp4(Shom,1,1,1,1), 1/omp4(Shom,3,3,3,3),282 > -omp4(Shom,1,1,3,3)/omp4(Shom,3,3,3,3), omp4(Chom,2,3,2,3)℄;



Appendix BSoure odes for omputation onelastiity of extraellular andextravasular bone material(Chapter 3)All alulations were performed with MATLAB, Version 6.5.B.1 trab.mThis MATLAB �le ontains experimental data of Ashman and Rho [1988℄ andMCarthy et al. [1990℄ as well as alulations. This �le must be run before�le ashman88.m (Setion B.4) and marthy90_horse.m (Setion B.7). This�le was originally written for the investigations published in [Hellmih, 2005℄and modi�ed for the present work.1 %--------------------------------2 % experiments of Ashman and Rho (1988); ited Ashman:883 %--------------------------------4 % material:5 % human and bovine anellous bone from femora6 % (the fourth value is bovine anellous bone)7 % empty pores; wet (physiologial saline solution)8 %--------------------------------9 % measurement of strutural density (app. dens. of trab. bone)10 rhostrashman88=[0.283 0.344 0.376 0.592℄;11 %----------------------------------12 % measurement of material density (mass dens. of solid bone matrix)13 rhosolidashman88=[1.803 1.777 1.730 1.739℄;14 %--------------------------------15 % measurement of strutural veloity (50 kHz) in longitudinal diretion16 vkHzashman88=[1.795 2.197 2.325 1.851℄;17 %--------------------------------------18 % measurement of material veloity (2.25 MHz) in longitudinal diretion19 vMHzashman88=[2.639 2.721 2.754 2.501℄;2021 %***********************************22 47



APPENDIX B. SOURCE CODES FOR CHAPTER 3 4823 % experiments of MCarthy et al. (1990)24 % material:25 % ortial bone from dorsal ortex of horse26 % solid bone matrix wet; marrow removed27 %--------------------------------28 % measurement of porosity (porous spae) from Fig. 429 pormarthy90=[ 5 6 6 7 7 7 8 9 9 9 ...30 9 10 10 10 10 10 10.5 11 11 11 ...31 12 12 12 13 14 14 18 18 22 25 ...32 30 44℄;33 %--------------------------------34 % measurement of irumferential ultrasound veloity (from Fig. 4)35 vt2marthy90= [3.550 3.575 3.625 3.675 3.400 3.400 3.550 3.325 3.400 3.425 3.550 ...36 3.400 3.500 3.525 3.525 3.600 3.450 3.400 3.425 3.500 3.350 3.400 3.425 3.500 ...37 3.525 3.550 3.425 3.450 3.500 3.150 3.200 2.950℄;38 %--------------------------------39 % measurement of apparent (strutural) mass density (from Fig. 3)40 rhostrmarthy90= [ 2.03 2.02 2.01 2.01 2.00 2.00 2.00 1.98 1.98 1.98 1.98 ...41 1.97 1.97 1.96 1.96 1.95 1.95 1.95 1.95 1.95 1.95 1.93 ...42 1.93 1.93 1.92 1.92 1.92 1.92 1.91 1.91 1.91 1.90 1.90 ...43 1.82 1.76 1.65℄;44 %--------------------------------45 % measurement of longitudinal ultrasound veloity (from Fig. 3)46 % 2.25 MHz frequeny47 vmarthy90= [ 4.300 4.200 4.100 4.400 4.200 4.200 4.300 4.100 4.150 4.150 4.300 4.025 ...48 4.200 4.025 4.200 3.950 4.025 4.100 4.100 4.150 4.150 4.025 4.100 4.250 ...49 4.000 4.025 4.200 4.200 4.125 4.175 4.350 3.950 4.000 4.000 3.850 3.650℄;50 %--------------------------------51 % measurement of transverse ultrasound veloity (from Fig. 3)52 % 2.25 MHz frequeny53 vtmarthy90= [ 3.600 3.550 3.450 3.650 3.550 3.400 3.575 3.425 3.350 3.500 3.600 3.500 3.350 ...54 3.500 3.600 3.525 3.400 3.350 3.425 3.450 3.550 3.350 3.300 3.475 3.350 3.400 ...55 3.350 3.400 3.350 3.475 3.450 3.125 3.400 3.300 3.200 2.950℄;565758 %***********************************59 % C A L C U L A T I O N S60 %***********************************61 % alulations Ashman and Rho (1988)62 %------------------------------------63 % alulation of the volume fration of solid phase64 %------------------------------------65 for i=1:length(rhostrashman88)66 vfashman88(i)=rhostrashman88(i)/rhosolidashman88(i);67 end68 %------------------------------------69 % alulation of elasti stiffness onstant of trab. bone70 % (in the longitudinal diretion)71 %------------------------------------72 for i=1:length(rhostrashman88)73 kHzlongashman88(i)=rhostrashman88(i)*vkHzashman88(i)^2*1000;74 end75 %------------------------------------76 % alulation of elasti stiffness onstant of solid phase77 % (in the longitudinal diretion)78 %------------------------------------79 for i=1:length(rhostrashman88)80 MHzlongashman88(i)=rhosolidashman88(i)*vMHzashman88(i)^2*1000;81 end8283 %***********************************84 % alulations MCarthy et al. (1990)85 %------------------------------------86 for i=1:length(pormarthy90)87 vfmarthy90(i)=1-(pormarthy90(i)/100);88 end



APPENDIX B. SOURCE CODES FOR CHAPTER 3 4989 for i=1:length(rhostrmarthy90)90 MHzlongmarthy90(i)=rhostrmarthy90(i)*vmarthy90(i)^2*1000;91 end92 for i=1:length(rhostrmarthy90)93 tMHzlongmarthy90(i)=rhostrmarthy90(i)*vtmarthy90(i)^2*1000;94 end95 %------------------------------------96 % assignment of porosity values to strutural density97 % values and longitudinal ultrasoni veloity values98 % by omparison of the irumferential ultrasoni veloity99 % (ombination of Figures 3 and 4)100 %------------------------------------101 for i=1:length(rhostrmarthy90)102 for j=1:length(pormarthy90)103 if vt2marthy90(j)==vtmarthy90(i)104 orrpormarthy90(i,j)=pormarthy90(j);105 else106 orrpormarthy90(i,j)=0;107 end108 end109 % hek for zero values -- vary veloity by 0.025110 if sum(orrpormarthy90(i,1:length(pormarthy90)))==0111 for j=1:length(pormarthy90)112 % pay attention with equal non-zero values -- take tolerane113 if abs(vt2marthy90(j)-(vtmarthy90(i)+0.025))<0.01114 orrpormarthy90(i,j)=pormarthy90(j);115 end116 end117 end118 end119 % sort the porosity values120 %------------------------------------121 for i=1:length(rhostrmarthy90)122 orrsortmarthy90(i,1:length(pormarthy90))=sort(orrpormarthy90(i,1:length(pormarthy90)));123 end124 %------------------------------------125 % take the LARGEST porosity values126 % assign one porosity value to eah veloity127 %------------------------------------128 for i=length(rhostrmarthy90):-1:1129 ount=0;130 for k=i:length(rhostrmarthy90)131 if orrsortmarthy90(i,1:length(pormarthy90))==orrsortmarthy90(k,1:length(pormarthy90));132 ount=ount+1;133 end134 end135 ount=ount-1;136 por2marthy90(i)=0;137 for j=ount:-1:0138 if orrsortmarthy90(i,length(pormarthy90)-j)>0139 if por2marthy90(i)==0140 por2marthy90(i)=orrsortmarthy90(i,length(pormarthy90)-j);141 %---------------------------------------------------142 % por2marthy90 are the ASSIGNED porosity values143 %---------------------------------------------------144 end145 end146 end147 end148 % orret por2marthy suh that the mean value aords with paper149 %---------------------------------------------------150 for i=1:length(rhostrmarthy90)151 por22marthy90(i)=12.35/mean(por2marthy90)*por2marthy90(i);152 end153 for i=1:length(rhostrmarthy90)



APPENDIX B. SOURCE CODES FOR CHAPTER 3 50154 vf2marthy90(i)=(1-por22marthy90(i)/100);155 end156 %------------------------------------157 % take the SMALLEST porosity values158 % assign one porosity value to eah veloity159 %------------------------------------160 % get the number of porosities per veloity161 for i=1:length(rhostrmarthy90)162 numnonzero(i)=0;163 for j=1:length(pormarthy90)164 if orrpormarthy90(i,j)>0165 numnonzero(i)=numnonzero(i)+1;166 end167 end168 end169 for i=1:length(rhostrmarthy90)170 ount=0;171 for k=i:-1:1172 if orrsortmarthy90(i,1:length(pormarthy90))==orrsortmarthy90(k,1:length(pormarthy90));173 ount=ount+1;174 end175 end176 ount=ount-1;177 if numnonzero(i)<ount+1178 por3marthy90(i)=orrsortmarthy90(i,length(pormarthy90));179 else180 por3marthy90(i)=orrsortmarthy90(i,length(pormarthy90)-numnonzero(i)+ount+1);181 end182 end183184 %----------------------------------------185 % BMMB 2005:186 % alulate the mass density of ultrastruture187 % of the bone speimens of MCarthy et al. (1990)188 %----------------------------------------189 rhowaterpores=1.0;190191 for i=1:length(rhostrmarthy90)192 % extravasular bone matrix193 % Eq.(17) with f_la=2% and f_hav=3%194 tildeflamarthy90=0.021;195 tildefultramarthy90=1-tildeflamarthy90;196 % mirostruture197 % Eq.(19) and (17)198 fhavmarthy90(i)=(por22marthy90(i)/100-tildeflamarthy90)/(1-tildeflamarthy90);199 flamarthy90(i)=tildeflamarthy90.*(1-fhavmarthy90(i));200 % mass density of extravasular bone material: Eq.(33)201 rhoexhavEMPTYmarthy90(i)=rhostrmarthy90(i)/(1-fhavmarthy90(i));202 % mass density of ultrastruture: Eq.(34)203 rhoultEMPTYHAVmarthy90(i)=(rhoexhavEMPTYmarthy90(i)-rhowaterpores.*tildeflamarthy90)/...204 (1-tildeflamarthy90);205 end206207 %-----------------------------------------208 % BMMB 2005:209 % alulate extra-Haversian stiffness of MCarthy(1990)210 % Eq.(42) and (44)211 %-----------------------------------------212 for i=1:length(rhostrmarthy90)213 _exhavEMPTY_ax_marthy90(i)=rhoexhavEMPTYmarthy90(i)*vmarthy90(i)^2*1000;214 _exhavEMPTY_rad_marthy90(i)=rhoexhavEMPTYmarthy90(i)*vtmarthy90(i)^2*1000;215 end



APPENDIX B. SOURCE CODES FOR CHAPTER 3 51B.2 ultrasoni_BMMB2005.mThis MATLAB �le ontains experimental data of Lees et al. [1979, 1983, 1994℄and alulations. This �le must be run before �le Lees_ultra_ax.m (SetionB.5) and Lees_ultra_rad.m (Setion B.6). This �le was originally writtenfor the investigations published in [Hellmih et al., 2004a℄ and modi�ed forthe present work.1 % BMMB 20052 % Data of Lees 79, 83, 943 % ------------------------------------------45 lear67 %----------------------------------------------8 % Calulate volume frations9 %----------------------------------------------10 % mirostruture11 % --------------12 fhav=0.03;13 fla=0.02;14 fmupor=fhav+fla;1516 % extravasular bone material17 % ---------------------------18 tildefultra=(1-fmupor)/(1-fhav);19 tildefla=1-tildefultra;2021 % real mass densities [g/ml℄22 rhowater=1.0;23 rhooll=1.41;24 rhomin=3.00;25 % onstants for fibrillar morphology26 b=1.47; % nm27 D=64; % nm28 vol=335.6; % nm^32930 %**************************************************************************3132 % DATA aording to Lees:9433 % (1) BAPN-dosage: 0 0.05 0.1 0.2 0.4 0.6 1.034 rhomiroLees94= [2.0500 2.0400 2.0400 2.0500 1.9800 1.9700 1.9600℄;35 % Haversian anals measured from images in Lees:94 for all36 % dosages exept 0.6 (not used for validation)37 fhavLees94=[0.10 0.09 0.03 0.06 0.06 fhav 0.22℄;38 flaLees94=tildefla*(1-fhavLees94);39 fmuporLees94= fhavLees94+flaLees94;40 % ultrastrutural density41 rhoultraLees94= (rhomiroLees94 - fmuporLees94)./(1-fmuporLees94);4243 % mirostrutural weight frations44 WFminmiroLees94=[0.6600 0.6600 0.6600 0.6500 0.6300 0.6200 0.6200℄;45 WForgmiroLees94=[0.2000 0.2100 0.2100 0.2100 0.2100 0.1900 0.2100℄;46 vradLees94= [3.3300 3.2700 3.2600 3.2400 3.1100 3.0700 3.0300℄;4748 % ultrastrutural weight fration49 WFmupormiroLees94=1*fmupor./rhomiroLees94;50 WFminultraLees94= WFminmiroLees94./(1-WFmupormiroLees94);51 WForgultraLees94= WForgmiroLees94./(1-WFmupormiroLees94);5253 % diffration spaing54 dsLees94= -0.2000.*rhoultraLees94+1.658; % linear relationship



APPENDIX B. SOURCE CODES FOR CHAPTER 3 525556 % (2) Fluor-dosage:(1) (2) (4) 20 30 50 60 70 90 10057 % 11 values are given for mass density and weight frations58 % but only 10 values are given for soni veloities59 rhomiroLees94_2= [ 2.00 2.03 2.040 2.05 2.02 1.97 1.86 1.73 1.65 1.75℄;60 % Haversian anals measured from images in Lees:94 for61 % dosages 4, 60, 9062 fhavLees94_2= [fhav fhav 0.08 fhav fhav fhav 0.10 fhav 0.35 fhav℄;63 flaLees94_2=tildefla*(1-fhavLees94_2);64 fmuporLees94_2= fhavLees94_2+flaLees94_2;6566 % ultrastrutural density67 rhoultraLees94_2= (rhomiroLees94_2 - fmuporLees94_2)./(1-fmuporLees94_2);6869 % mirostrutural weight frations70 WFminmiroLees94_2=[ 0.70 0.70 0.710 0.71 0.70 0.67 0.65 0.62 0.56 0.62℄;71 WForgmiroLees94_2=[ 0.17 0.17 0.160 0.16 0.17 0.16 0.17 0.17 0.16 0.17℄;72 vradLees94_2= [ 3.20 3.22 3.220 3.26 3.22 2.93 2.74 2.72 2.57 2.78℄;7374 % ultrastrutural weight fration75 WFmupormiroLees94_2=1*fmupor./rhomiroLees94_2;76 WFminultraLees94_2= WFminmiroLees94_2./(1-WFmupormiroLees94_2);77 WForgultraLees94_2= WForgmiroLees94_2./(1-WFmupormiroLees94_2);7879 % diffration spaing80 dsLees94_2= -0.2000.*rhoultraLees94_2+1.658; % linear relationship818283 % alulate stiffness values and volume frations84 1111Lees94=rhoultraLees94.*vradLees94.*vradLees94;85 1111Lees94_2=rhoultraLees94_2.*vradLees94_2.*vradLees94_2;86 vfminLees94=rhoultraLees94.*WFminultraLees94/rhomin;87 vfminLees94_2=rhoultraLees94_2.*WFminultraLees94_2/rhomin;88 vfollLees94=0.9*rhoultraLees94.*WForgultraLees94/rhooll;89 vfollLees94_2=0.9*rhoultraLees94_2.*WForgultraLees94_2/rhooll;9091 fHALees94=vfminLees94;folLees94=vfollLees94;92 vfibLees94=5*D.*dsLees94.*b; % nm^393 ffibLees94=folLees94.*vfibLees94./vol;94 fefLees94=1-ffibLees94;95 phiHAefLees94=(1-ffibLees94)./(1-folLees94);96 brevefHALees94=fHALees94.*(1-phiHAefLees94)./ffibLees94; % fibril97 brevefwetolLees94=1-brevefHALees94;98 hekfHALees94=phiHAefLees94.*fHALees94./fefLees94; % extrafibrillar spae99 irlefolLees94=folLees94./brevefwetolLees94; % wet ollagen100101 fHALees94_2=vfminLees94_2;folLees94_2=vfollLees94_2;102 vfibLees94_2=5*D.*dsLees94_2.*b; % nm^3103 ffibLees94_2=folLees94_2.*vfibLees94_2./vol;104 fefLees94_2=1-ffibLees94_2;105 phiHAefLees94_2=(1-ffibLees94_2)./(1-folLees94_2);106 brevefHALees94_2=fHALees94_2.*(1-phiHAefLees94_2)./ffibLees94_2; % fibril107 brevefwetolLees94_2=1-brevefHALees94_2;108 hekfHALees94_2=phiHAefLees94_2.*fHALees94_2./fefLees94_2; % extrafibrillar spae109 irlefolLees94_2=folLees94_2./brevefwetolLees94_2; % wet ollagen110111 %**************************************************************************112113 % DATA aording to Lees:79114 % all bovine tibia115116 % *** AXIAL ***117 % Table 1: Axial values118 vaxLees79_2= [3.92 3.92 3.81 3.86 3.90 3.88 3.88 3.92℄;119 vaxdryLees79_2=[4.30 4.31 4.18 4.20 4.20 4.29 4.21 4.20℄;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 53120 % Table 2: Axial values121 laxLees79_2= [2.078 2.038 2.020 2.028 2.031 2.037 2.036 2.037℄;122 laxdryLees79_2=[2.066 2.026 2.005 2.017 2.017 2.025 2.023 2.024℄;123 %Table 3: Axial values124 rhomiroLees79_2= [2.06 2.05 2.02 2.02 2.00 2.05 2.10 2.08℄;125126 % Haversian anals:127 fhavLees79_2=fhav*ones(1,length(rhomiroLees79_2));128129 % ultrastrutural density130 rhoultraLees79_2= (rhomiroLees79_2 - fmupor)/(1-fmupor);131132 % diffration spaing133 dsLees79_2= -0.2000.*rhoultraLees79_2+1.658; % linear relationship134135 % mirostrutural weight frations136 WFh2omiroLees79_2= [0.123 0.126 0.140 0.140 0.129 0.127 0.118 0.120℄;137 WForgmiroLees79_2= [0.219 0.219 0.239 0.232 0.227 0.230 0.211 0.216℄;138 WFminmiroLees79_2= [0.658 0.656 0.621 0.627 0.644 0.643 0.671 0.664℄;139140 % ultrastrutural weight fration141 WFmupormiroLees79_2=1*fmupor./rhomiroLees79_2;142 WFminultraLees79_2= WFminmiroLees79_2./(1-WFmupormiroLees79_2);143 WForgultraLees79_2= WForgmiroLees79_2./(1-WFmupormiroLees79_2);144145146 % *** RADIAL ***147 % Table 1: Radial values (labelled `nontangential,nonaxial')148 vradLees79= [3.18 3.18 3.18 3.16 3.27 3.26℄;149 vraddryLees79=[3.36 3.41 3.33 3.37 3.48 3.46℄;150 % Table 2: Radial values (labelled `nontangential,nonaxial')151 lradLees79= [2.083 2.080 2.081 2.021 2.013 2.022℄;152 lraddryLees79=[2.013 2.003 1.997 1.952 1.948 1.957℄;153 % Table 3: Radial values (labelled `nontangential,nonaxial')154 rhomiroLees79= [2.02 1.99 1.95 2.01 2.04 2.05℄;155156 % Haversian anals157 fhavLees79=fhav*ones(1,length(rhomiroLees79));158159 % ultrastrutural density160 rhoultraLees79= (rhomiroLees79 - fmupor)/(1-fmupor);161162 % diffration spaing163 dsLees79= -0.2000.*rhoultraLees79+1.658; % linear relationship164165 % mirostrutural weight frations166 WFminmiroLees79= [0.679 0.663 0.640 0.659 0.638 0.674℄;167 WForgmiroLees79= [0.219 0.219 0.228 0.218 0.242 0.210℄;168 WFh2omiroLees79= [0.123 0.126 0.131 0.123 0.121 0.116℄;169170 % ultrastrutural weight frations171 WFmupormiroLees79=1*fmupor./rhomiroLees79;172 WFminultraLees79= WFminmiroLees79./(1-WFmupormiroLees79);173 WForgultraLees79= WForgmiroLees79./(1-WFmupormiroLees79);174175 % alulation of stiffness values and volume frations176 % RADIAL177 1111Lees79=rhoultraLees79.*vradLees79.*vradLees79;178 vfminLees79=WFminultraLees79.*rhoultraLees79/rhomin;179 vfollLees79=WForgultraLees79.*rhoultraLees79*0.9/rhooll;180181 fHALees79=vfminLees79;folLees79=vfollLees79;182 vfibLees79=5*D.*dsLees79.*b; % nm^3183 ffibLees79=folLees79.*vfibLees79./vol;184 fefLees79=1-ffibLees79;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 54185 phiHAefLees79=(1-ffibLees79)./(1-folLees79);186 brevefHALees79=fHALees79.*(1-phiHAefLees79)./ffibLees79; % fibril187 brevefwetolLees79=1-brevefHALees79;188 hekfHALees79=phiHAefLees79.*fHALees79./fefLees79; % extrafibrillar spae189 irlefolLees79=folLees79./brevefwetolLees79; % wet ollagen190191 % AXIAL192 3333Lees79_2=rhoultraLees79_2.*vaxLees79_2.*vaxLees79_2;193 vfminLees79_2=WFminultraLees79_2.*rhoultraLees79_2/rhomin;194 vfollLees79_2=WForgultraLees79_2.*rhoultraLees79_2*0.9/rhooll;195 fHALees79_2=vfminLees79_2;folLees79_2=vfollLees79_2;196 vfibLees79_2=5*D.*dsLees79_2.*b; % nm^3197 ffibLees79_2=folLees79_2.*vfibLees79_2./vol;198 fefLees79_2=1-ffibLees79_2;199 phiHAefLees79_2=(1-ffibLees79_2)./(1-folLees79_2);200 brevefHALees79_2=fHALees79_2.*(1-phiHAefLees79_2)./ffibLees79_2; % fibril201 brevefwetolLees79_2=1-brevefHALees79_2;202 hekfHALees79_2=phiHAefLees79_2.*fHALees79_2./fefLees79_2; % extrafibrillar spae203 irlefolLees79_2=folLees79_2./brevefwetolLees79_2; % wet ollagen204205 %**************************************************************************206207 % DATA aording to Lees:83208209 % axial stiffness210 % 1.bovine tibia 2.elephant radius 3.human femur 4.deer antler211 % 5.deer antler 6.od lythrum 7.od lythrum212 % veloities213 vaxLees83= [4.18 3.89 3.76 3.08 3.15 2.60 3.02℄;214 vaxdryLees83=[4.47 4.22 3.97 3.72 3.93 3.91 3.67℄;215216 % mirostrutural density, wet bone217 rhomiroLees83= [2.06 1.93 1.96 1.74 1.73 1.61 1.57℄;218219 % Haversian anals220 fhavLees83=fhav*ones(1,length(rhomiroLees83));221222 % ultrastrutural density, wet bone223 rhoultraLees83= (rhomiroLees83 - fmupor)/(1-fmupor);224225 % mirostrutrual density, dry bone226 rhomirodryLees83=[2.10 1.97 1.96 1.75 1.83 1.67 1.47℄;227228 % Haversian anals, dry bone229 fhavdryLees83=fhav*ones(1,length(rhomirodryLees83));230231 % ultrastrutural density, dry bone232 rhoultradryLees83= (rhomirodryLees83)/(1-fmupor);233234235 % diffration spaing236 dsLees83= -0.2000.*rhoultraLees83+1.658; % linear relationship237 dsdryLees83= 0.1923.*rhoultradryLees83+0.7465; % linear relationship238239 % the (mirostrutural) weight frations were taken from other publiations of Lees et al.240 % * bovine tibia from Lees79, see above with rho=2.06241 % * elephant datum from Lees/rhoexp(6) see Lees:92/fig.3, see tests.m (bone_paking.d)242 % * human femur datum from Lees/rhoexp(14)243 % * deer data from Lees/rhoexp(2/3)244 % there are no data for od lythrum245 WFminmiroLees83=[0.658 0.630 0.700 0.510 0.520 0 0℄;246 WForgmiroLees83=[0.219 0.230 0.230 0.310 0.320 0 0℄;247248 % ultrastrutural weight fration



APPENDIX B. SOURCE CODES FOR CHAPTER 3 55249 WFmupormiroLees83=1*fmupor./rhomiroLees83;250 WFminultraLees83= WFminmiroLees83./(1-WFmupormiroLees83);251 WForgultraLees83= WForgmiroLees83./(1-WFmupormiroLees83);252253 % alulate volume frations and stiffness values254 % wet bone255 vfminLees83=rhoultraLees83.*WFminultraLees83/rhomin;256 vfollLees83=0.9*rhoultraLees83.*WForgultraLees83/rhooll;257 3333Lees83=rhoultraLees83.*vaxLees83.*vaxLees83;258259 fHALees83=vfminLees83;folLees83=vfollLees83;260 vfibLees83=5*D.*dsLees83.*b; % nm^3261 ffibLees83=folLees83.*vfibLees83./vol;262 fefLees83=1-ffibLees83;263 phiHAefLees83=(1-ffibLees83)./(1-folLees83);264 brevefHALees83=fHALees83.*(1-phiHAefLees83)./ffibLees83; % fibril265 brevefwetolLees83=1-brevefHALees83;266 hekfHALees83=phiHAefLees83.*fHALees83./fefLees83; % extrafibrillar spae267 irlefolLees83=folLees83./brevefwetolLees83; % wet ollagen268269 % dry bone270 WFminmirodryLees83=(WFminmiroLees83)./(WFminmiroLees83+WForgmiroLees83);271 WForgmirodryLees83=(WForgmiroLees83)./(WFminmiroLees83+WForgmiroLees83);272273 WFminultradryLees83=(WFminultraLees83)./(WFminultraLees83+WForgultraLees83);274 WForgultradryLees83=(WForgultraLees83)./(WFminultraLees83+WForgultraLees83);275 vfmindryLees83=rhoultradryLees83.*WFminultradryLees83/rhomin;276 vfolldryLees83=0.9*rhoultradryLees83.*WForgultradryLees83/rhooll;277 3333dryLees83=rhoultradryLees83.*vaxdryLees83.*vaxdryLees83;278279 fHAdryLees83=vfmindryLees83;foldryLees83=vfolldryLees83;280 vfibdryLees83=5*D.*dsdryLees83.*b; % nm^3281 ffibdryLees83=foldryLees83.*vfibdryLees83./vol;282 fefdryLees83=1-ffibdryLees83;283 phiHAefdryLees83=(1-ffibdryLees83)./(1-foldryLees83);284 brevefHAdryLees83=fHAdryLees83.*(1-phiHAefdryLees83)./ffibdryLees83; % fibril285 brevefwetoldryLees83=1-brevefHAdryLees83;286 hekfHAdryLees83=phiHAefdryLees83.*fHAdryLees83./fefdryLees83; % extrafibrillar spae287 irlefoldryLees83=foldryLees83./brevefwetoldryLees83; % wet ollagen288289290 %----------------------------------------------------------------------291292 % DATA aording to Lees:83293 % radial stiffness294 % 1.bovine tibia 2.dugong rib 3.elephant radius 4.human femur 5.deer antler295 % 6.deer antler 7.od lythrum 8.od lythrum296 % veloities297 vradLees83_2= [3.32 3.00 3.05 3.13 2.38 2.40 1.79 1.96℄;298 vraddryLees83_2=[3.49 3.49 3.35 3.33 2.81 2.91 1.78 2.06℄;299300 % mirostrutrual density, wet bone301 rhomiroLees83_2= [2.07 2.02 1.94 1.93 1.78 1.74 1.26 1.41℄;302303 % Haversian anals304 fhavLees83_2=fhav*ones(1,length(rhomiroLees83_2));305306 % ultrastrutrual density, wet bone307 rhoultraLees83_2= (rhomiroLees83_2 - fmupor)/(1-fmupor);308309 % mirostrutrual density, dry bone310 rhomirodryLees83_2= [2.09 2.03 1.97 1.92 1.76 1.82 1.09 1.31℄;311312 % Haversian anals, dry bone



APPENDIX B. SOURCE CODES FOR CHAPTER 3 56313 fhavdryLees83_2=fhav*ones(1,length(rhomirodryLees83_2));314315 % ultrastrutrual density, dry bone316 rhoultradryLees83_2= (rhomirodryLees83_2)/(1-fmupor);317318 % diffration spaing319 dsLees83_2= -0.2000.*rhoultraLees83_2+1.658; % linear relationship320 dsdryLees83_2= 0.1923.*rhoultradryLees83_2+0.7465; % linear relationship321322 % the (mirostrutural) weight frations were taken from other publiations of Lees et al.323 % * bovine tibia from Lees79, see above with rho=2.06324 % * dugong rib from Lees/rhoexp(16), see tests. (bone_paking.d)325 % * elephant datum from Lees/rhoexp(6) see Lees:92/fig.3, see tests.m (bone_paking.d)326 % * human femur datum from Lees/rhoexp(14)327 % * deer data from Lees/rhoexp(2/3)328 % there are no data for od lythrum329 WFminmiroLees83_2= [0.658 0.710 0.630 0.700 0.510 0.520 0 0℄;330 WForgmiroLees83_2= [0.219 0.170 0.230 0.230 0.310 0.320 0 0℄;331332 % ultrastrutural weight fration333 WFmupormiroLees83_2=1*fmupor./rhomiroLees83_2;334 WFminultraLees83_2= WFminmiroLees83_2./(1-WFmupormiroLees83_2);335 WForgultraLees83_2= WForgmiroLees83_2./(1-WFmupormiroLees83_2);336337 % alulate volume frations and stiffness values338 % wet bone339 vfminLees83_2=rhoultraLees83_2.*WFminultraLees83_2/rhomin;340 vfollLees83_2=0.9*rhoultraLees83_2.*WForgultraLees83_2/rhooll;341 1111Lees83_2=rhoultraLees83_2.*vradLees83_2.*vradLees83_2;342343 fHALees83_2=vfminLees83_2;folLees83_2=vfollLees83_2;344 vfibLees83_2=5*D.*dsLees83_2.*b; % nm^3345 ffibLees83_2=folLees83_2.*vfibLees83_2./vol;346 fefLees83_2=1-ffibLees83_2;347 phiHAefLees83_2=(1-ffibLees83_2)./(1-folLees83_2);348 brevefHALees83_2=fHALees83_2.*(1-phiHAefLees83_2)./ffibLees83_2; % fibril349 brevefwetolLees83_2=1-brevefHALees83_2;350 hekfHALees83_2=phiHAefLees83_2.*fHALees83_2./fefLees83_2; % extrafibrillar spae351 irlefolLees83_2=folLees83_2./brevefwetolLees83_2; % wet ollagen352353 % dry bone354 WFminmirodryLees83_2=(WFminmiroLees83_2)./(WFminmiroLees83_2+WForgmiroLees83_2);355 WForgmirodryLees83_2=(WForgmiroLees83_2)./(WFminmiroLees83_2+WForgmiroLees83_2);356357 WFminultradryLees83_2=(WFminultraLees83_2)./(WFminultraLees83_2+WForgultraLees83_2);358 WForgultradryLees83_2=(WForgultraLees83_2)./(WFminultraLees83_2+WForgultraLees83_2);359 vfmindryLees83_2=rhoultradryLees83_2.*WFminultradryLees83_2/rhomin;360 vfolldryLees83_2=0.9*rhoultradryLees83_2.*WForgultradryLees83_2/rhooll;361 1111dryLees83_2=rhoultradryLees83_2.*vraddryLees83_2.*vraddryLees83_2;362363 fHAdryLees83_2=vfmindryLees83_2;foldryLees83_2=vfolldryLees83_2;364 vfibdryLees83_2=5*D.*dsdryLees83_2.*b; % nm^3365 ffibdryLees83_2=foldryLees83_2.*vfibdryLees83_2./vol;366 fefdryLees83_2=1-ffibdryLees83_2;367 phiHAefdryLees83_2=(1-ffibdryLees83_2)./(1-foldryLees83_2);368 brevefHAdryLees83_2=fHAdryLees83_2.*(1-phiHAefdryLees83_2)./ffibdryLees83_2; % fibril369 brevefwetoldryLees83_2=1-brevefHAdryLees83_2;370 hekfHAdryLees83_2=phiHAefdryLees83_2.*fHAdryLees83_2./fefdryLees83_2; % extrafibrillar spae371 irlefoldryLees83_2=foldryLees83_2./brevefwetoldryLees83_2; % wet ollagen



APPENDIX B. SOURCE CODES FOR CHAPTER 3 57B.3 ashman84_human.mThis MATLAB �le onerns predition of sti�ness and omparison to experi-ments of Ashman et al. [1984℄. It alls �le hom_wetol_MT.m (Setion B.8),hom_�b_SCS.m (Setion B.9), hom_ef.m (Setion B.10), hom_ultra_MT.m(Setion B.11) and hom_exhav.m (Setion B.12). This �le was originallywritten for the investigations published in [Hellmih, 2005℄ and modi�ed forthe present work.1 % BMMB 20052 % -----------------3 % alulate the elasti stiffness of human ortial bone4 % of Ashman et al. (1984)5 % 2.25 MHz --> extravasular bone material6 %---------------------------------------------------7 % 5-step-homogeniziation-model for ultrastruture8 % wet ollagen (MT), fibrils (SCS), extrafibrillar spae (SCS),9 % ultrastruture (MT), extravasular bone material (MT)10 % Wien, August 200511 %12 l13 %----------------------------------------------14 % stiffnesses of the elementary omponents15 %------------------------------------------16 % ollagen17 %---------18 ol(1,1)=11.7;19 ol(2,2)=ol(1,1);20 ol(3,3)=17.9;21 ol(1,2)=5.1;22 ol(2,1)=ol(1,2);23 ol(1,3)=7.1;24 ol(3,1)=ol(1,3);25 ol(3,2)=ol(3,1);26 ol(2,3)=ol(3,2);27 ol(4,4)=2*3.3;28 ol(5,5)=ol(4,4);29 ol(6,6)=2*0.5*(ol(1,1)-ol(1,2));3031 % hydroxyapatite32 %---------------33 I=[1 0 0 0 0 0; 0 1 0 0 0 0; 0 0 1 0 0 0; 0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1℄;34 K=[1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0℄;35 J=I-K;36 kHA=82.6;37 muHA=44.9;38 HA=2*muHA*J+3*kHA*K;3940 % ultrastrutural water41 %----------------------42 kuw=2.3;43 muuw=0.01;44 uw=3*kuw*K;45 kmupores=0.01;46 mupores=3*kmupores*K;47 mupores=3*kuw*K; %wet pores4849 %----------------------------------------------50 % Calulate volume frations51 %----------------------------------------------52 % General values from literature:53 rhooll=1.41; rhomin=3.00; rhowater=1.00;54



APPENDIX B. SOURCE CODES FOR CHAPTER 3 5855 % extravasular (extrahaversian) bone material56 % --------------------------------------------57 tildefla=0.021; % Lees:7958 % mirostruture59 fhav=0.03; % Lees:7960 fla=tildefla*(1-fhav); % Eq.(17)61 fmupor=fhav+fla; % Eq.(18)6263 % mass density of mirostruture and ultrastruture; Eq.(20)64 rhomiro=1.90; % Fig. 9 of Ashman8465 rhoult=(rhomiro-rhowater*fmupor)/(1-fmupor); %water-filled Haversian anals+launae6667 % extrahaversian mass density; Eq.(33)68 rhoexhav=(rhomiro)/(1-fhav);6970 % volume frations ultrastruture barfHA, barfol71 % ----------------------------------------------72 % Ultrastrutural weight frations from Lees 83 for wet human femur (axial)73 rhomiroLees83=1.96; fmupor=0.05; %(axial)74 WFmiro_minLees83=0.70;75 WFmiro_orgLees83=0.23;76 WFmupormiroLees83=1*fmupor./rhomiroLees83; % Eq.(22)77 WFultra_minLees83=WFmiro_minLees83/(1-WFmupormiroLees83); % Eq.(23)78 WFultra_orgLees83=WFmiro_orgLees83/(1-WFmupormiroLees83); % Eq.(24)7980 WFultra_min=WFultra_minLees83;81 WFultra_ol=0.9*WFultra_orgLees83;8283 barfol=rhoult/rhooll*WFultra_ol % Eq.(25)84 barfHA=rhoult/rhomin*WFultra_min % Eq.(26)8586 % diffration spaing, Eq.(36)87 % ----------------------------88 ds=-0.2000*rhoult+1.6580;8990 % volume frations ultrastruture ffib, fef; Eq.(35)91 % -------------------------------------------------92 b=1.47; D=64;93 vol=335.6;94 vfib=b*ds*5*D;95 barffib=barfol*vfib/vol;96 barfef=1-barffib;9798 % volume frations extrafibrillar spae; Eq.(37), (39)99 % ----------------------------------------------------100 phiHAef=(1-barffib)/(1-barfol);101 hekfHA=phiHAef*barfHA/barfef;102 hekfuw=1-hekfHA;103104 % volume frations fibril; Eq.(38)105 % --------------------------------106 brevefHA=barfHA*(1-phiHAef)/barffib;107 brevefwetol=1-brevefHA;108109 % volume frations wet ollagen; Eq.(40), (41)110 % --------------------------------------------111 irlefol=barfol/brevefwetol;112 irlefuw=1-irlefol;113114 %----------------------------------------------115 % Homogenization116 %----------------------------------------------117118 % Homogenization of wet ollagen119 % ------------------------------



APPENDIX B. SOURCE CODES FOR CHAPTER 3 59120 hom_wetol_MT;121 wetol=Chom122123 % Homogenization of fibrils124 % -------------------------125 hom_fib_SCS;126 fib=Chom127128 % Homogenization of extrafibrillar matrix129 % ----------------------------------------130 hom_ef;131132 % Homogenization of ultrastruture133 % --------------------------------134 hom_ultra_MT;135 Cultra=Chom136137 % Homogenization of extrahaversian matrix138 % ---------------------------------------139 hom_exhav;140 Cexhav=Chom141142 % -------------------------------------------143 % ompare preditions and experiments144 % -------------------------------------------145146 % experiments (Ashman 84) [GPa℄:147 % Ashman measured !mirostrutural! density with wet bone!148 % --------------------------------------------------------149 % Experimental stiffness tensor (orthotropi)150 Cexp_ashman84=...151 [18.0 9.98 10.1 0 0 0;152 9.98 20.2 10.1 0 0 0;153 10.1 10.1 27.6 0 0 0;154 0 0 0 12.5 0 0;155 0 0 0 0 11.2 0;156 0 0 0 0 0 9.04℄;157158 % Experimental stiffness tensor (transverse isotropi)159 11_mean=(Cexp_ashman84(1,1)+Cexp_ashman84(2,2))/2;160 13_mean=(Cexp_ashman84(4,4)+Cexp_ashman84(5,5))/2;161162 Cexp_ashman84_mean=...163 [11_mean 9.98 10.1 0 0 0;164 9.98 11_mean 10.1 0 0 0;165 10.1 10.1 27.6 0 0 0;166 0 0 0 13_mean 0 0;167 0 0 0 0 13_mean 0;168 0 0 0 0 0 9.04℄;169170 % Correted exp. stiffness tensor (extravasular mass density)171 orr_stiff=rhoexhav/rhomiro % Eq.(52)172 C1111_ashman84=Cexp_ashman84_mean(1,1)*orr_stiff;173 C3333_ashman84=Cexp_ashman84_mean(3,3)*orr_stiff;174 C1133_ashman84=Cexp_ashman84_mean(1,3)*orr_stiff;175 C1313_ashman84=Cexp_ashman84_mean(4,4)*orr_stiff;176 C1212_ashman84=Cexp_ashman84_mean(6,6)*orr_stiff;177178179 % preditions180 % -----------181 C1111_al=Cexhav(1,1);182 C3333_al=Cexhav(3,3);183 C1133_al=Cexhav(1,3);184 C1313_al=Cexhav(4,4);185 C1212_al=Cexhav(6,6);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 60186187 % alulate speial errors188 % ------------------------189 err_ashman84_C3333=(C3333_al-C3333_ashman84)/C3333_ashman84190 err_ashman84_C1111=(C1111_al-C1111_ashman84)/C1111_ashman84191 err_ashman84_C1133=(C1133_al-C1133_ashman84)/C1133_ashman84192 err_ashman84_C1313=(C1313_al-C1313_ashman84)/C1313_ashman84193 err_ashman84_C1212=(C1212_al-C1212_ashman84)/C1212_ashman84



APPENDIX B. SOURCE CODES FOR CHAPTER 3 61B.4 ashman88.mThis MATLAB �le onerns predition of sti�ness and omparison to exper-iments of Ashman and Rho [1988℄. It must be run after �le trab.m (SetionB.1). It alls �le hom_wetol_MT.m (Setion B.8), hom_�b_SCS.m (Se-tion B.9), hom_ef.m (Setion B.10), hom_ultra_MT.m (Setion B.11) andhom_exhav.m (Setion B.12). This �le was originally written for the inves-tigations published in [Hellmih, 2005℄ and modi�ed for the present work.1 % BMMB 20052 % alulate the elasti stiffness of ortial bone3 % of horse bones of Ashman and Rho (1988)4 % 2.25 MHz --> extravasular bone material5 % RUN FIRST trab.m6 %7 %---------------------------------------------------8 % 5-step-homogeniziation-model for ultrastruture9 % wet ollagen (MT), fibrils (SCS), extrafibrillar spae (SCS),10 % ultrastruture (MT), extravasular bone material (MT)11 % Wien, August12 %13 %----------------------------------------------14 % stiffnesses of the elementary omponents15 %------------------------------------------16 % ollagen17 %---------18 ol(1,1)=11.7;19 ol(2,2)=ol(1,1);20 ol(3,3)=17.9;21 ol(1,2)=5.1;22 ol(2,1)=ol(1,2);23 ol(1,3)=7.1;24 ol(3,1)=ol(1,3);25 ol(3,2)=ol(3,1);26 ol(2,3)=ol(3,2);27 ol(4,4)=2*3.3;28 ol(5,5)=ol(4,4);29 ol(6,6)=2*0.5*(ol(1,1)-ol(1,2));3031 % hydroxyapatite32 %---------------33 I=[1 0 0 0 0 0; 0 1 0 0 0 0; 0 0 1 0 0 0; 0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1℄;34 K=[1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0℄;35 J=I-K;36 kHA=82.6;37 muHA=44.9;38 HA=2*muHA*J+3*kHA*K;3940 % ultrastrutural water41 %----------------------42 kuw=2.3;43 muuw=0.01;44 uw=3*kuw*K;45 kmupores=2.3;46 mupores=3*kmupores*K;4748 %----------------------------------------------49 % Calulate volume frations50 %----------------------------------------------51 % General values from literature:52 rhooll=1.41;53 rhowater=1.0;54 rhomin=3.00;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 625556 % extravasular (extrahaversian) bone material57 % --------------------------------------------58 tildefla=0.021;59 tildefultra=1-tildefla;6061 % mass density of ultrastruture; Eq.(34)62 % ---------------------------------------63 rhoexvasashman88=rhosolidashman88;64 rhoultashman88=(rhoexvasashman88-rhowater*tildefla)./(1-tildefla);6566 for j=1:length(rhosolidashman88)6768 % volume frations ultrastruture barfHA, barfol69 % ----------------------------------------------70 % Linear relationship rhoult-rhominapp71 % orrelation oeffiients alulated in "stoi_urves_BONE.m" with fmupor=5%, Eq.(29), (31)72 % ----------------------------------------------------------------73 rhominapp_ve(j)=-2.2558+1.7757*rhoultashman88(j); %5% miropores for Lees data74 vfmin_ve(j)=rhominapp_ve(j)/rhomin;75 WForg_ve(j)=rhooll/rhoultashman88(j)*(vfmin_ve(j)*(rhomin-rhowater)-...76 rhoultashman88(j)+rhowater)/(rhowater-rhooll);77 vfoll_ve(j)=0.9*WForg_ve(j)*rhoultashman88(j)/rhooll;78 barfHA=vfmin_ve(j);79 barfHAashman88(j)=barfHA;80 barfol=vfoll_ve(j);81 barfolashman88(j)=barfol;8283 % diffration spaing, Eq.(36)84 % ----------------------------85 ds=-0.2000*rhoultashman88(j)+1.6580;86 dsashman88(j)=ds;8788 % volume frations ultrastruture ffib, fef; Eq.(35)89 % -------------------------------------------------90 b=1.47; D=64;91 vol=335.6;92 vfib=5*D*ds*b; % nm^393 barffib=barfol*vfib/vol;94 barffibashman88(j)=barffib;95 barfef=1-barffib;9697 % volume frations extrafibrillar spae; Eq.(37), (39)98 % ----------------------------------------------------99 phiHAef=(1-barffib)/(1-barfol);100 hekfHA=phiHAef*barfHA/barfef;101 hekfHAashman88(j)=hekfHA;102 hekfuw=1-hekfHA;103104 % volume frations fibril; Eq.(38)105 % --------------------------------106 brevefHA=barfHA*(1-phiHAef)/barffib;107 brevefHAashman88(j)=brevefHA;108109 % volume frations wet ollagen; Eq.(40), (41)110 % -------------------------------------------------111 brevefwetol=1-brevefHA;112 irlefol=barfol/brevefwetol;113 irlefolashman88(j)=irlefol;114 irlefuw=1-irlefol;115116 %----------------------------------------------117 % Homogenization118 %----------------------------------------------



APPENDIX B. SOURCE CODES FOR CHAPTER 3 63119120 % Homogenization of wet ollagen121 % ------------------------------122 hom_wetol_MT;123 wetol=Chom124125 % Homogenization of fibrils126 % -------------------------127 hom_fib_SCS;128 fib=Chom129130 % Homogenization of extrafibrillar matrix131 % ----------------------------------------132 hom_ef;133134 % Homogenization of ultrastruture135 % --------------------------------136 hom_ultra_MT;137 Cultra=Chom138139 % Homogenization of extravasular matrix140 % --------------------------------------141 hom_exhav;142 Cexhav=Chom143144 % Calulate elasti onstants145 % ---------------------------146 Dest=inv(Cexhav);147 Ehom=1/Dest(3,3);148 Ethom=1/Dest(1,1);149 nuhom=-Dest(1,3)*Ehom;150 nuthom=-Dest(1,2)*Ethom;151 alEhomashman88(j)=1000*Ehom;152 alEthomashman88(j)=1000*Ethom;153 alC1111ashman88(j)=1000*Cexhav(1,1);154 alC3333ashman88(j)=1000*Cexhav(3,3);155 alC1313ashman88(j)=1000*0.5*Cexhav(5,5);156 alC1212ashman88(j)=1000*0.5*Cexhav(4,4);157158 end159160 %---------------------------------------------------------------161 % ompare predition and experiments162 %---------------------------------------------------------------163 plot(MHzlongashman88,alC3333ashman88,'o')164 axis([0 40000 0 40000℄)165 hold on166 plot([0 40000℄,[0 40000℄)167 xlabel('C_l_o_n_g, measured')168 ylabel('C_l_o_n_g, predited')169 grid on170 pause171 hold off172173 % ompute orrelation oeffiient174 % for omparison of 11, 12, 22 between175 % experimental data and model results176 %---------------------------------------------177 realashman88=[MHzlongashman88℄;178 homashman88=[alC3333ashman88℄;179 for i=1:length(realashman88)180 helprealashman88(i)=realashman88(i)-mean(realashman88);181 helphomashman88(i)=homashman88(i)-mean(homashman88);182 end183 srealhomashman88=1/length(realashman88)*helprealashman88*helphomashman88';184 srealashman88=sqrt(1/length(realashman88)*helprealashman88*helprealashman88');



APPENDIX B. SOURCE CODES FOR CHAPTER 3 64185 shomashman88=sqrt(1/length(homashman88)*helphomashman88*helphomashman88');186 orroeff=srealhomashman88/srealashman88/shomashman88;187 rsqu_all=orroeff^2188189 % alulate relative predition errors190 %----------------------------------------191 for i=1:length(realashman88)192 err_ashman88(i)=(homashman88(i)-realashman88(i))/(realashman88(i));193 end194 rsqu_all=orroeff^2195 meanerr_ashman88=mean(err_ashman88)196 stderr_ashman88=std(err_ashman88)197 plot(realashman88,err_ashman88,'o')198 title('Ashman and Rho (1988), trabeular bone ultrastruture')199 xlabel('measured stiffnesses')200 ylabel('relative predition error')201 grid on202203204 %**************************************************************************205 %206 % tables for artile "BMMB 2005"207 %table_ashman88=...208 % [rhosolidashman88' vMHzashman88' MHzlongashman88'./1000 0.01*round(100*barfolashman88')...209 % 0.01*round(100*barfHAashman88') 0.01*round(100*dsashman88') 0.01*round(100*barffibashman88') ...210 % 0.01*round(100*hekfHAashman88') 0.01*round(100*brevefHAashman88') ...211 % 0.01*round(100*irlefolashman88')℄212213214 % write matrix to file215 %outfile=fopen('table.txt','w');216 %fprintf(outfile,'Ashman88 (1)\r\n')217 %fprintf(outfile,'human femur & wet & %3.2f & %3.2f & %3.1f & %3.2f & %3.2f & %3.2f & %3.2f218 % & %3.2f & %3.2f & %3.2f & %3.2f \\\\ \r\n',table_ashman88');219 %flose(outfile);220



APPENDIX B. SOURCE CODES FOR CHAPTER 3 65B.5 lees_ultra_ax.mThis �le onerns predition of sti�ness and omparison to experiments ofLees et al. [1979, 1983℄. It must be run after �le ultrasoni_BMMB2005.m(Setion B.2). It alls �le hom_wetol_MT.m (Setion B.8), hom_�b_SCS.m(Setion B.9), hom_ef.m (Setion B.10) and hom_ultra_MT.m (SetionB.11). This �le was originally written for the investigations published in[Hellmih et al., 2004a℄ and modi�ed for the present work.1 % BMMB 20052 % alulate the elasti stiffness of ortial bone3 % of Lees (79, 83)4 % RUN first ultrasoni_BMMB20055 %---------------------------------------------------6 % 4-step-homogeniziation-model for ultrastruture7 % extrafibrillar spae (SCS), wet HA (MT), fibrils (SCS),8 % ultrastruture (MT)9 % Wien, August 200510 %---------------------------------------------------------11 % ompare AXIAL stiffnesses12 % of model and experiments13 %---------------------------------------------------------1415 % onstants for fibrillar morphology16 b=1.47; % nm17 D=64; % nm18 vol=335.6; % nm^31920 %----------------------------------------------21 % stiffnesses of the elementary omponents22 %------------------------------------------23 % ollagen24 %---------25 ol(1,1)=11.7;26 ol(2,2)=ol(1,1);27 ol(3,3)=17.9;28 ol(1,2)=5.1;29 ol(2,1)=ol(1,2);30 ol(1,3)=7.1;31 ol(3,1)=ol(1,3);32 ol(3,2)=ol(3,1);33 ol(2,3)=ol(3,2);34 ol(4,4)=2*3.3;35 ol(5,5)=ol(4,4);36 ol(6,6)=2*0.5*(ol(1,1)-ol(1,2));37 % hydroxyapatite38 %---------------39 I=[1 0 0 0 0 0; 0 1 0 0 0 0; 0 0 1 0 0 0; 0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1℄;40 K=[1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0℄;41 J=I-K;42 kHA=82.6;43 muHA=44.9;44 HA=2*muHA*J+3*kHA*K;45 % ultrastrutural water46 %----------------------47 kuw=2.3;48 muuw=0.01;49 uw=3*kuw*K;505152 % Lees 7953 % *******



APPENDIX B. SOURCE CODES FOR CHAPTER 3 6654 lear 33hom vfmin vfoll 33real tissuename error335556 % define tissue types57 %---------------58 tissuename(1,:)= ['ow-tibia I Lees et al. (79)'℄;59 tissuename(2,:)= ['ow-tibia II Lees et al. (79)'℄;60 tissuename(3,:)= ['ow-tibia III Lees et al. (79)'℄;61 tissuename(4,:)= ['ow-tibia IV Lees et al. (79)'℄;62 tissuename(5,:)= ['ow-tibia V Lees et al. (79)'℄;63 tissuename(6,:)= ['ow-tibia VI Lees et al. (79)'℄;64 tissuename(7,:)= ['ow-tibia VII Lees et al. (79)'℄;65 tissuename(8,:)= ['ow-tibia VIII Lees et al. (79)'℄;66 vfmin=[vfminLees79_2℄;67 vfoll=vfollLees79_2;68 33real=3333Lees79_2;69 ds=dsLees79_2;7071 %----------------------------------------------72 % Calulate volume frations73 %----------------------------------------------74 for j=1:length(vfmin)7576 % volume frations ultrastruture barfHA, barfol77 % ----------------------------------------------78 barfHA=vfmin(j);79 barfol=vfoll(j);80 vfib=5*D*ds(j)*b;8182 % volume frations ultrastruture ffib, fef; Eq.(35)83 % -------------------------------------------------84 barffib=barfol*vfib/vol;85 barfef=1-barffib;8687 % volume frations extrafibrillar spae; Eq.(37), (39)88 % ----------------------------------------------------------89 phiHAef=(1-barffib)/(1-barfol);90 hekfHA=phiHAef*barfHA/barfef;91 hekfuw=1-hekfHA;9293 % volume frations fibril; Eq.(38)94 % --------------------------------95 brevefHA=barfHA*(1-phiHAef)/barffib;9697 % volume frations wet ollagen; Eq.(40), (41)98 % -------------------------------------------------99 brevefwetol=1-brevefHA;100 irlefol=barfol/brevefwetol;101 irlefuw=1-irlefol;102103 %----------------------------------------------104 % Homogenization105 %----------------------------------------------106107 % Homogenization of wet ollagen108 % ------------------------------109 hom_wetol_MT;110 wetol=Chom111112 % Homogenization of fibrils113 % -------------------------114 hom_fib_SCS;115 fib=Chom116117 % Homogenization of extrafibrillar matrix118 % ----------------------------------------119 hom_ef;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 67120121 % Homogenization of ultrastruture122 % --------------------------------123 hom_ultra_MT;124 Cultra=Chom125126 tissuename(j,:)127 33hom(j)=Cultra(3,3);128129 end130131 % determine error132 %---------------133 for i=1:length(vfmin)134 error33(i)=(33hom(i)-33real(i))/33real(i);135 end136 3333homLees79=33hom137 error3333Lees79=error33138 meanerror3333Lees79=mean(error33)139 stderror3333Lees79=std(error33)140 maxerror3333Lees79=max(error33)141 minerror3333Lees79=min(error33)142 plot(3333Lees79_2,3333homLees79,'o')143 hold on144 plot([0 50℄,[0 50℄)145 legend('Lees et al. (1979) -- ow tibia',2)146 grid on147 xlabel('C_{3333} experiment')148 ylabel('C_{3333} model')149 hold off150 lear 33hom vfmin vfoll 33real tissuename error33151152 % Lees 83 wet153 % ***********154 % define tissue types155 %---------------156 tissuename(1,:)= ['bovine tibia Lees et al. (83)'℄;157 tissuename(2,:)= ['elephant radius Lees et al. (83)'℄;158 tissuename(3,:)= ['human femur Lees et al. (83)'℄;159 tissuename(4,:)= ['deer antler I Lees et al. (83)'℄;160 tissuename(5,:)= ['deer antler II Lees et al. (83)'℄;161 vfmin=[vfminLees83(1) vfminLees83(2) vfminLees83(3) vfminLees83(4) vfminLees83(5)℄;162 vfoll=[vfollLees83(1) vfollLees83(2) vfollLees83(3) vfollLees83(4) vfollLees83(5)℄;163 diffsp=[dsLees83(1) dsLees83(2) dsLees83(3) dsLees83(4) dsLees83(5)℄;164 33real=[3333Lees83(1) 3333Lees83(2) 3333Lees83(3) 3333Lees83(4) 3333Lees83(5)℄;165166 %----------------------------------------------167 % Calulate volume frations168 %----------------------------------------------169 for j=1:length(vfmin)170171 % volume frations ultrastruture barfHA, barfol172 % ----------------------------------------------173 ds=diffsp(j);174 barfHA=vfmin(j);175 barfol=vfoll(j);176 vfib=5*D*ds*b;177178 % volume frations ultrastruture ffib, fef; Eq.(35)179 % -------------------------------------------------180 barffib=barfol*vfib/vol;181 barfef=1-barffib;182183 % volume frations extrafibrillar spae; Eq.(37), (39)184 % ----------------------------------------------------------185 phiHAef=(1-barffib)/(1-barfol);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 68186 hekfHA=phiHAef*barfHA/barfef;187 hekfuw=1-hekfHA;188189 % volume frations fibril; Eq.(38)190 % --------------------------------191 brevefHA=barfHA*(1-phiHAef)/barffib;192193 % volume frations wet ollagen; Eq.(40), (41)194 % -------------------------------------------------195 brevefwetol=1-brevefHA;196 irlefol=barfol/brevefwetol;197 irlefuw=1-irlefol;198199 %----------------------------------------------200 % Homogenization201 %----------------------------------------------202203 % Homogenization of wet ollagen204 % ------------------------------205 hom_wetol_MT;206 wetol=Chom207208 % Homogenization of fibrils209 % -------------------------210 hom_fib_SCS;211 fib=Chom212213 % Homogenization of extrafibrillar matrix214 % ----------------------------------------215 hom_ef;216217 % Homogenization of ultrastruture218 % --------------------------------219 hom_ultra_MT;220 Cultra=Chom221222 tissuename(j,:)223 33hom(j)=Cultra(3,3);224225 end226227 % determine error228 %---------------229 for i=1:length(vfmin)230 error33(i)=(33hom(i)-33real(i))/33real(i)231 end232233 3333homLees83=33hom234 error3333Lees83=error33235 meanerror3333Lees83=mean(error33)236 stderror3333Lees83=std(error33)237 maxerror3333Lees83=max(error33)238 minerror3333Lees83=min(error33)239 plot(33real,3333homLees83,'o')240 hold on241 plot([0 50℄,[0 50℄)242 legend('Lees et al. (1983) -- different mammalian bones',2)243 grid on244 xlabel('C_{3333} experiment')245 ylabel('C_{3333} model')246 hold off247 %* pause248 lear 33hom vfmin vfoll 33real tissuename error33249250 % Lees83 dry251 % **********252 % no bulk modulus of air !!!!!!



APPENDIX B. SOURCE CODES FOR CHAPTER 3 69253 kuw=0.01;254 uw=3*kuw*K;255 % define tissue types256 tissuename(1,:)= ['bovine tibia (DRY) Lees et al. (83)'℄;257 tissuename(2,:)= ['elephant radius (DRY) Lees et al. (83)'℄;258 tissuename(3,:)= ['human femur (DRY) Lees et al. (83)'℄;259 tissuename(4,:)= ['deer antler I (DRY) Lees et al. (83)'℄;260 tissuename(5,:)= ['deer antler II (DRY) Lees et al. (83)'℄;261 vfmin=[vfmindryLees83(1) vfmindryLees83(2) vfmindryLees83(3) vfmindryLees83(4) vfmindryLees83(5)℄;262 vfminwet=[vfminLees83(1) vfminLees83(2) vfminLees83(3) vfminLees83(4) vfminLees83(5)℄;263 vfoll=[vfolldryLees83(1) vfolldryLees83(2) vfolldryLees83(3) vfolldryLees83(4) vfolldryLees83(5)℄;264 vfollwet=[vfollLees83(1) vfollLees83(2) vfollLees83(3) vfollLees83(4) vfollLees83(5)℄;265 diffsp=[dsdryLees83(1) dsdryLees83(2) dsdryLees83(3) dsdryLees83(4) dsdryLees83(5)℄;266 diffspwet=[dsLees83(1) dsLees83(2) dsLees83(3) dsLees83(4) dsLees83(5)℄;267 33real=[3333dryLees83(1) 3333dryLees83(2) 3333dryLees83(3) 3333dryLees83(4) 3333dryLees83(5)℄;268269 %----------------------------------------------270 % Calulate volume frations271 %----------------------------------------------272 for j=1:length(vfmin)273274 % volume frations ultrastruture barfHA, barfol275 % ----------------------------------------------276 ds=diffsp(j);277 dswet=diffspwet(j);278 barfHA=vfmin(j);279 barfHAwet=vfminwet(j);280 barfol=vfoll(j);281 barfolwet=vfollwet(j);282 vfib=5*D*ds*b;283 vfibwet=5*D*dswet*b;284285 % volume frations ultrastruture ffib, fef; Eq.(35)286 % -------------------------------------------------287 barffib=barfol*vfib/vol;288 barffibwet=barfolwet*vfibwet/vol;289 barfef=1-barffib;290291 % volume frations extrafibrillar spae; Eq.(37), (39)292 % ----------------------------------------------------------293 phiHAef=(1-barffibwet)/(1-barfolwet);294 hekfHA=phiHAef*barfHA/barfef;295 hekfuw=1-hekfHA;296297 % volume frations fibril; Eq.(38)298 % --------------------------------299 brevefHA=barfHA*(1-phiHAef)/barffib;300301 % volume frations wet ollagen; Eq.(40), (41)302 % -------------------------------------------------303 brevefwetol=1-brevefHA;304 irlefol=barfol/brevefwetol;305 irlefuw=1-irlefol;306307 %----------------------------------------------308 % Homogenization309 %----------------------------------------------310311 % Homogenization of wet ollagen312 % ------------------------------313 hom_wetol_MT;314 wetol=Chom315316 % Homogenization of fibrils317 % -------------------------



APPENDIX B. SOURCE CODES FOR CHAPTER 3 70318 hom_fib_SCS;319 fib=Chom320321 % Homogenization of extrafibrillar matrix322 % ----------------------------------------323 hom_ef;324325 % Homogenization of ultrastruture326 % --------------------------------327 hom_ultra_MT;328 Cultra=Chom329330 tissuename(j,:)331 33hom(j)=Cultra(3,3);332333 end334335 % determine error336 %---------------337 for i=1:length(vfmin)338 error33(i)=(33hom(i)-33real(i))/33real(i);339 end340 3333dryhomLees83=33hom341 error3333dryLees83=error33342 meanerror3333dryLees83=mean(error33)343 stderror3333dryLees83=std(error33)344 maxerror3333dryLees83=max(error33)345 minerror3333dryLees83=min(error33)346 plot(33real,3333dryhomLees83,'o')347 hold on348 plot([0 50℄,[0 50℄)349 legend('Lees et al. (1983) -- different mammalian bones DRY',2)350 grid on351 xlabel('C_{3333} experiment')352 ylabel('C_{3333} model')353 hold off354355 %------------- plot all ---------------------356 plot(3333Lees79_2,3333homLees79,'s','MarkerSize',11)357 hold on358 plot([3333Lees83(1) 3333Lees83(2) 3333Lees83(3) 3333Lees83(4) ...359 3333Lees83(5)℄,3333homLees83,'o','MarkerSize',11)360 plot([3333dryLees83(1) 3333dryLees83(2) 3333dryLees83(3) 3333dryLees83(4) ...361 3333dryLees83(5)℄,3333dryhomLees83,'*','MarkerSize',11)362 plot([0 50℄,[0 50℄,'LineWidth',2)363 set(ga,'FontSize',17,'XTik',[0 10 20 30 40 50℄,'XTikLabel',{'0','10','20','30','40','50'},...364 'YTik',[0 10 20 30 40 50℄,'YTikLabel',{'0','10','20','30','40','50'});365 legend('L79','L83 wet','L83 dry',0)366 grid on367 xlabel('axial stiffness C_{3333} [GPa℄ - experiment')368 ylabel('axial stiffness C_{3333} [GPa℄ - model')369 % print -deps omparison_ax_III.eps370 print -deps lees_omp_ax.eps371 hold off372373 % determine error for all wet tissues374 %------------------------------------375 lear 33hom 33real376 33hom=[3333homLees79 3333homLees83 3333dryhomLees83℄377 33real=[3333Lees79_2 3333Lees83(1) 3333Lees83(2) 3333Lees83(3) 3333Lees83(4) 3333Lees83(5)...378 3333dryLees83(1) 3333dryLees83(2) 3333dryLees83(3) 3333dryLees83(4) 3333dryLees83(5)℄;379 for i=1:length(33hom)380 error33(i)=(33hom(i)-33real(i))/33real(i);381 end382 error3333all=error33



APPENDIX B. SOURCE CODES FOR CHAPTER 3 71383 meanerror3333all=mean(error33)384 stderror3333all=std(error33)385 maxerror3333all=max(error33)386 minerror3333all=min(error33)



APPENDIX B. SOURCE CODES FOR CHAPTER 3 72B.6 lees_ultra_rad.mThis �le onerns predition of sti�ness and omparison to experiments ofLees et al. [1979, 1983, 1994℄. It must be run after �le ultrasoni_BMMB2005.m(Setion B.2). It alls �le hom_wetol_MT.m (Setion B.8), hom_�b_SCS.m(Setion B.9), hom_ef.m (Setion B.10) and hom_ultra_MT.m (SetionB.11). This �le was originally written for the investigations published in[Hellmih et al., 2004a℄ and modi�ed for the present work.1 % BMMB 20052 % alulate the elasti stiffness of ortial bone3 % of Lees (79, 83, 94)4 % RUN first ultrasoni_BMMB20055 %---------------------------------------------------6 % 4-step-homogeniziation-model for ultrastruture7 % extrafibrillar spae (SCS), wet HA (MT), fibrils (SCS),8 % ultrastruture (MT)9 % Wien, August 200510 %---------------------------------------------------------11 % ompare RADIAL stiffnesses12 % of model and experiments13 %---------------------------------------------------------1415 % onstants for fibrillar morphology16 b=1.47; % nm17 D=64; % nm18 vol=335.6; % nm^31920 lear 11hom vfmin vfoll 11real tissuename error1121 %----------------------------------------------22 % stiffnesses of the elementary omponents23 %------------------------------------------24 % ollagen25 %---------26 ol(1,1)=11.7;27 ol(2,2)=ol(1,1);28 ol(3,3)=17.9;29 ol(1,2)=5.1;30 ol(2,1)=ol(1,2);31 ol(1,3)=7.1;32 ol(3,1)=ol(1,3);33 ol(3,2)=ol(3,1);34 ol(2,3)=ol(3,2);35 ol(4,4)=2*3.3;36 ol(5,5)=ol(4,4);37 ol(6,6)=2*0.5*(ol(1,1)-ol(1,2));38 % hydroxyapatite39 %---------------40 I=[1 0 0 0 0 0; 0 1 0 0 0 0; 0 0 1 0 0 0; 0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1℄;41 K=[1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0℄;42 J=I-K;43 kHA=82.6;44 muHA=44.9;45 HA=2*muHA*J+3*kHA*K;46 % ultrastrutural water47 %----------------------48 kuw=2.3;49 muuw=0.01;50 uw=3*kuw*K;515253 % Lees 79



APPENDIX B. SOURCE CODES FOR CHAPTER 3 7354 % *******5556 % define tissue types57 %---------------58 tissuename(1,:)= ['ow-tibia I Lees et al. (79)'℄;59 tissuename(2,:)= ['ow-tibia II Lees et al. (79)'℄;60 tissuename(3,:)= ['ow-tibia III Lees et al. (79)'℄;61 tissuename(4,:)= ['ow-tibia IV Lees et al. (79)'℄;62 tissuename(5,:)= ['ow-tibia V Lees et al. (79)'℄;63 tissuename(6,:)= ['ow-tibia VI Lees et al. (79)'℄;64 vfmin=[vfminLees79℄;65 vfoll=vfollLees79;66 11real=1111Lees79;67 ds=dsLees79;6869 %----------------------------------------------70 % Calulate volume frations71 %----------------------------------------------72 for j=1:length(vfmin)7374 % volume frations ultrastruture barfHA, barfol75 % ----------------------------------------------76 barfHA=vfmin(j);77 barfol=vfoll(j);78 vfib=5*D*ds(j)*b;7980 % volume frations ultrastruture ffib, fef; Eq.(35)81 % -------------------------------------------------82 barffib=barfol*vfib/vol;83 barfef=1-barffib;8485 % volume frations extrafibrillar spae; Eq.(37), (39)86 % ----------------------------------------------------------87 phiHAef=(1-barffib)/(1-barfol);88 hekfHA=phiHAef*barfHA/barfef;89 hekfuw=1-hekfHA;9091 % volume frations fibril; Eq.(38)92 % --------------------------------93 brevefHA=barfHA*(1-phiHAef)/barffib;9495 % volume frations wet ollagen + hom; Eq.(40), (41)96 % -------------------------------------------------97 brevefwetol=1-brevefHA;98 irlefol=barfol/brevefwetol;99 irlefuw=1-irlefol;100101 %----------------------------------------------102 % Homogenization103 %----------------------------------------------104105 % Homogenization of wet ollagen106 % ------------------------------107 hom_wetol_MT;108 wetol=Chom109110 % Homogenization of fibrils111 % -------------------------112 hom_fib_SCS;113 fib=Chom114115 % Homogenization of extrafibrillar matrix116 % ----------------------------------------117 hom_ef;118119 % Homogenization of ultrastruture



APPENDIX B. SOURCE CODES FOR CHAPTER 3 74120 % --------------------------------121 hom_ultra_MT;122 Cultra=Chom123124 tissuename(j,:)125 11hom(j)=Cultra(1,1);126127 end128129 % determine error130 %---------------131 for i=1:length(vfmin)132 error11(i)=(11hom(i)-11real(i))/11real(i);133 end134 1111homLees79=11hom135 error1111Lees79=error11136 meanerror1111Lees79=mean(error11)137 stderror1111Lees79=std(error11)138 maxerror1111Lees79=max(error11)139 minerror1111Lees79=min(error11)140 lear 11hom vfmin vfoll 11real tissuename error11141142 % Lees 94 BAPN-rabbit143 % *******************144 % define tissue types145 %---------------146 tissuename(1,:)= ['rabbit BAPN-treated I Lees et al. (94)'℄;147 tissuename(2,:)= ['rabbit BAPN-treated II Lees et al. (94)'℄;148 tissuename(3,:)= ['rabbit BAPN-treated III Lees et al. (94)'℄;149 tissuename(4,:)= ['rabbit BAPN-treated IV Lees et al. (94)'℄;150 tissuename(5,:)= ['rabbit BAPN-treated V Lees et al. (94)'℄;151 tissuename(6,:)= ['rabbit BAPN-treated VII Lees et al. (94)'℄; % 6th value missing152 vfmin= [vfminLees94(1:5) vfminLees94(7)℄;153 vfoll=[vfollLees94(1:5) vfollLees94(7)℄;154 diffsp=[dsLees94(1:5) dsLees94(7)℄;155 11real=[1111Lees94(1:5) 1111Lees94(7)℄;156157 %----------------------------------------------158 % Calulate volume frations159 %----------------------------------------------160 for j=1:length(vfmin)161162 % volume frations ultrastruture barfHA, barfol163 % ----------------------------------------------164 ds=diffsp(j);165 barfHA=vfmin(j);166 barfol=vfoll(j);167 vfib=5*D*ds*b;168169 % volume frations ultrastruture ffib, fef; Eq.(35)170 % -------------------------------------------------171 barffib=barfol*vfib/vol;172 barfef=1-barffib;173174 % volume frations extrafibrillar spae; Eq.(37), (39)175 % ----------------------------------------------------------176 phiHAef=(1-barffib)/(1-barfol);177 hekfHA=phiHAef*barfHA/barfef;178 hekfuw=1-hekfHA;179180 % volume frations fibril; Eq.(38)181 % --------------------------------182 brevefHA=barfHA*(1-phiHAef)/barffib;183184 % volume frations wet ollagen + hom; Eq.(40), (41)185 % -------------------------------------------------186 brevefwetol=1-brevefHA;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 75187 irlefol=barfol/brevefwetol;188 irlefuw=1-irlefol;189190 %----------------------------------------------191 % Homogenization192 %----------------------------------------------193194 % Homogenization of wet ollagen195 % ------------------------------196 hom_wetol_MT;197 wetol=Chom198199 % Homogenization of fibrils200 % -------------------------201 hom_fib_SCS;202 fib=Chom203204 % Homogenization of extrafibrillar matrix205 % ----------------------------------------206 hom_ef;207208 % Homogenization of ultrastruture209 % --------------------------------210 hom_ultra_MT;211 Cultra=Chom212213 tissuename(j,:)214 11hom(j)=Chom(1,1);215216 end217218 % determine error219 %---------------220 for i=1:length(vfmin)221 error11(i)=(11hom(i)-11real(i))/11real(i);222 end223 1111homLees94=11hom224 error1111Lees94=error11225 meanerror1111Lees94=mean(error11)226 stderror1111Lees94=std(error11)227 maxerror1111Lees94=max(error11)228 minerror1111Lees94=min(error11)229 lear 11hom vfmin vfoll vfminorr 11real kestve2 muestve2 tissuename error11230231232 % Lees 94 fluor-rabbit233 % *********************234235 % define tissue types236 %---------------237 tissuename(1,:)= ['rabbit fluor-treated I Lees et al. (94)'℄;238 tissuename(2,:)= ['rabbit fluor-treated III Lees et al. (94)'℄;239 tissuename(3,:)= ['rabbit fluor-treated VII Lees et al. (94)'℄;240 tissuename(4,:)= ['rabbit fluor-treated IX Lees et al. (94)'℄;241 vfmin=[vfminLees94_2(1) vfminLees94_2(3) vfminLees94_2(7) vfminLees94_2(9)℄;242 vfoll=[vfollLees94_2(1) vfollLees94_2(3) vfollLees94_2(7) vfollLees94_2(9)℄;243 diffsp=[dsLees94_2(1) dsLees94_2(3) dsLees94_2(7) dsLees94_2(9)℄;244 11real=[1111Lees94_2(1) 1111Lees94_2(3) 1111Lees94_2(7) 1111Lees94_2(9)℄;245246 %----------------------------------------------247 % Calulate volume frations248 %----------------------------------------------249 for j=1:length(vfmin)250251 % volume frations ultrastruture barfHA, barfol252 % ----------------------------------------------253 ds=diffsp(j);254 barfHA=vfmin(j);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 76255 barfol=vfoll(j);256 vfib=5*D*ds*b;257258 % volume frations ultrastruture ffib, fef; Eq.(35)259 % -------------------------------------------------260 barffib=barfol*vfib/vol;261 barfef=1-barffib;262263 % volume frations extrafibrillar spae; Eq.(37), (39)264 % ----------------------------------------------------------265 phiHAef=(1-barffib)/(1-barfol);266 hekfHA=phiHAef*barfHA/barfef;267 hekfuw=1-hekfHA;268269 % volume frations fibril; Eq.(38)270 % --------------------------------271 brevefHA=barfHA*(1-phiHAef)/barffib;272273 % volume frations wet ollagen + hom; Eq.(40), (41)274 % -------------------------------------------------275 brevefwetol=1-brevefHA;276 irlefol=barfol/brevefwetol;277 irlefuw=1-irlefol;278279 %----------------------------------------------280 % Homogenization281 %----------------------------------------------282283 % Homogenization of wet ollagen284 % ------------------------------285 hom_wetol_MT;286 wetol=Chom287288 % Homogenization of fibrils289 % -------------------------290 hom_fib_SCS;291 fib=Chom292293 % Homogenization of extrafibrillar matrix294 % ----------------------------------------295 hom_ef;296297 % Homogenization of ultrastruture298 % --------------------------------299 hom_ultra_MT;300 Cultra=Chom301302 tissuename(j,:)303 11hom(j)=Chom(1,1);304305 end306307 % determine error308 %---------------309 for i=1:length(vfmin)310 error11(i)=(11hom(i)-11real(i))/11real(i);311 end312 1111homLees94_2=11hom313 error1111Lees94_2=error11314 meanerror1111Lees94_2=mean(error11)315 stderror1111Lees94_2=std(error11)316 maxerror1111Lees94_2=max(error11)317 minerror1111Lees94_2=min(error11)318 lear 11hom vfmin vfoll 11real tissuename error11319320321 % Lees83 wet



APPENDIX B. SOURCE CODES FOR CHAPTER 3 77322 % **********323 % define tissue types324 %---------------325 tissuename(1,:)= ['bovine tibia Lees et al. (83)'℄;326 tissuename(2,:)= ['elephant radius Lees et al. (83)'℄;327 tissuename(3,:)= ['human femur Lees et al. (83)'℄;328 tissuename(4,:)= ['deer antler I Lees et al. (83)'℄;329 tissuename(5,:)= ['deer antler II Lees et al. (83)'℄;330 vfmin=[vfminLees83_2(1) vfminLees83_2(3) vfminLees83_2(4) vfminLees83_2(5) vfminLees83_2(6)℄;331 vfoll=[vfollLees83_2(1) vfollLees83_2(3) vfollLees83_2(4) vfollLees83_2(5) vfollLees83_2(6)℄;332 diffsp=[dsLees83_2(1) dsLees83_2(3) dsLees83_2(4) dsLees83_2(5) dsLees83_2(6)℄;333 11real=[1111Lees83_2(1) 1111Lees83_2(3) 1111Lees83_2(4) 1111Lees83_2(5) 1111Lees83_2(6)℄;334335 %----------------------------------------------336 % Calulate volume frations337 %----------------------------------------------338 for j=1:length(vfmin)339340 % volume frations ultrastruture barfHA, barfol341 % ----------------------------------------------342 ds=diffsp(j);343 barfHA=vfmin(j);344 barfol=vfoll(j);345 vfib=5*D*ds*b;346347 % volume frations ultrastruture ffib, fef; Eq.(35)348 % -------------------------------------------------349 barffib=barfol*vfib/vol;350 barfef=1-barffib;351352 % volume frations extrafibrillar spae; Eq.(37), (39)353 % ----------------------------------------------------------354 phiHAef=(1-barffib)/(1-barfol);355 hekfHA=phiHAef*barfHA/barfef;356 hekfuw=1-hekfHA;357358 % volume frations fibril; Eq.(38)359 % --------------------------------360 brevefHA=barfHA*(1-phiHAef)/barffib;361362 % volume frations wet ollagen + hom; Eq.(40), (41)363 % -------------------------------------------------364 brevefwetol=1-brevefHA;365 irlefol=barfol/brevefwetol;366 irlefuw=1-irlefol;367368 %----------------------------------------------369 % Homogenization370 %----------------------------------------------371372 % Homogenization of wet ollagen373 % ------------------------------374 hom_wetol_MT;375 wetol=Chom376377 % Homogenization of fibrils378 % -------------------------379 hom_fib_SCS;380 fib=Chom381382 % Homogenization of extrafibrillar matrix383 % ----------------------------------------384 hom_ef;385386 % Homogenization of ultrastruture387 % --------------------------------



APPENDIX B. SOURCE CODES FOR CHAPTER 3 78388 hom_ultra_MT;389 Cultra=Chom390391 tissuename(j,:)392 11hom(j)=Chom(1,1);393394 end395396 % determine error397 %---------------398 for i=1:length(vfmin)399 error11(i)=(11hom(i)-11real(i))/11real(i);400 end401 1111homLees83_2=11hom402 error1111Lees83_2=error11403 meanerror1111Lees83_2=mean(error11)404 stderror1111Lees83_2=std(error11)405 maxerror1111Lees83_2=max(error11)406 minerror1111Lees83_2=min(error11)407 lear 11hom vfmin vfoll 11real tissuename error11408409410 % Lees83 dry411 % **********412 % no bulk modulus of air !!!!!!413 kuw=0.01;414 uw=3*kuw*K;415 % define tissue types416 tissuename(1,:)= ['bovine tibia (DRY) Lees et al. (83)'℄;417 tissuename(2,:)= ['elephant radius (DRY) Lees et al. (83)'℄;418 tissuename(3,:)= ['human tibia (DRY) Lees et al. (83)'℄;419 tissuename(4,:)= ['deer antler I (DRY) Lees et al. (83)'℄;420 tissuename(5,:)= ['deer antler II (DRY) Lees et al. (83)'℄;421 vfmin=[vfmindryLees83_2(1) vfmindryLees83_2(3) vfmindryLees83_2(4) vfmindryLees83_2(5)...422 vfmindryLees83_2(6)℄;423 vfminwet=[vfminLees83_2(1) vfminLees83_2(3) vfminLees83_2(4) vfminLees83_2(5) vfminLees83_2(6)℄;424 vfoll=[vfolldryLees83_2(1) vfolldryLees83_2(3) vfolldryLees83_2(4) vfolldryLees83_2(5)...425 vfolldryLees83_2(6)℄;426 vfollwet=[vfollLees83_2(1) vfollLees83_2(3) vfollLees83_2(4) vfollLees83_2(5) vfollLees83_2(6)℄;427 diffsp=[dsdryLees83_2(1) dsdryLees83_2(3) dsdryLees83_2(4) dsdryLees83_2(5) dsdryLees83_2(6)℄;428 diffspwet=[dsLees83_2(1) dsLees83_2(3) dsLees83_2(4) dsLees83_2(5) dsLees83_2(6)℄;429 11real=[1111dryLees83_2(1) 1111dryLees83_2(3) 1111dryLees83_2(4) 1111dryLees83_2(5)...430 1111dryLees83_2(6)℄;431432433 %----------------------------------------------434 % Calulate volume frations435 %----------------------------------------------436 for j=1:length(vfmin)437438 % volume frations ultrastruture barfHA, barfol439 % ----------------------------------------------440 ds=diffsp(j);441 dswet=diffspwet(j);442 barfHA=vfmin(j);443 barfHAwet=vfminwet(j);444 barfol=vfoll(j);445 barfolwet=vfollwet(j);446 vfib=5*D*ds*b;447 vfibwet=5*D*dswet*b;448449 % volume frations ultrastruture ffib, fef; Eq.(35)450 % -------------------------------------------------451 barffib=barfol*vfib/vol;452 barffibwet=barfolwet*vfibwet/vol;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 79453 barfef=1-barffib;454455 % volume frations extrafibrillar spae; Eq.(37), (39)456 % ----------------------------------------------------------457 phiHAef=(1-barffibwet)/(1-barfolwet);458 hekfHA=phiHAef*barfHA/barfef;459 hekfuw=1-hekfHA;460461 % volume frations fibril; Eq.(38)462 % --------------------------------463 brevefHA=barfHA*(1-phiHAef)/barffib;464465 % volume frations wet ollagen + hom; Eq.(40), (41)466 % -------------------------------------------------467 brevefwetol=1-brevefHA;468 irlefol=barfol/brevefwetol;469 irlefuw=1-irlefol;470471 %----------------------------------------------472 % Homogenization473 %----------------------------------------------474475 % Homogenization of wet ollagen476 % ------------------------------477 hom_wetol_MT;478 wetol=Chom479480 % Homogenization of fibrils481 % -------------------------482 hom_fib_SCS;483 fib=Chom484485 % Homogenization of extrafibrillar matrix486 % ----------------------------------------487 hom_ef;488489 % Homogenization of ultrastruture490 % --------------------------------491 hom_ultra_MT;492 Cultra=Chom493494 tissuename(j,:)495 11hom(j)=Chom(1,1);496497 end498499 % determine error500 %---------------501 for i=1:length(vfmin)502 error11(i)=(11hom(i)-11real(i))/11real(i);503 end504 1111dryhomLees83_2=11hom505 error1111dryLees83_2=error11506 meanerror1111dryLees83_2=mean(error11)507 stderror1111dryLees83_2=std(error11)508 maxerror1111dryLees83_2=max(error11)509 minerror1111dryLees83_2=min(error11)510511512 %------------- plot all ---------------------513 plot(1111Lees79,1111homLees79,'s','MarkerSize',11)514 hold on515 plot([1111Lees83_2(1) 1111Lees83_2(3) 1111Lees83_2(4) 1111Lees83_2(5)...516 1111Lees83_2(6)℄,1111homLees83_2,'o','MarkerSize',11)517 plot([1111dryLees83_2(1) 1111dryLees83_2(3) 1111dryLees83_2(4) 1111dryLees83_2(5) ...518 1111dryLees83_2(6)℄,1111dryhomLees83_2,'*','MarkerSize',11)



APPENDIX B. SOURCE CODES FOR CHAPTER 3 80519 plot([1111Lees94(1:5) 1111Lees94(7)℄,1111homLees94,'p','MarkerSize',11)520 plot([1111Lees94_2(1) 1111Lees94_2(3) 1111Lees94_2(7) 1111Lees94_2(9)℄,...521 1111homLees94_2,'d','MarkerSize',11)522 plot([0 50℄,[0 50℄,'LineWidth',2)523 set(ga,'FontSize',17,'XTik',[0 10 20 30 40 50℄,'XTikLabel',{'0','10','20','30','40','50'},...524 'YTik',[0 10 20 30 40 50℄,'YTikLabel',{'0','10','20','30','40','50'});525 legend('L79','L83 wet','L83 dry','L94 BAPN','L94 fluor',0)526 grid on527 xlabel('radial stiffness C_{1111} [GPa℄ - experiment')528 ylabel('radial stiffness C_{1111} [GPa℄ - model')529 % print -deps omparison_rad_III.eps530 print -deps omparison_rad_III_rev.eps531 hold off532533 % determine error for all tissues534 %------------------------------------535 lear 11hom 11real536 11hom=[1111homLees79 1111homLees83_2 1111dryhomLees83_2 1111homLees94 1111homLees94_2℄537 11real=[1111Lees79 1111Lees83_2(1) 1111Lees83_2(3) 1111Lees83_2(4) 1111Lees83_2(5)...538 1111Lees83_2(6) 1111dryLees83_2(1) 1111dryLees83_2(3) 1111dryLees83_2(4)...539 1111dryLees83_2(5) 1111dryLees83_2(6) 1111Lees94(1:5) 1111Lees94(7)...540 1111Lees94_2(1) 1111Lees94_2(3) 1111Lees94_2(7) 1111Lees94_2(9)℄;541 for i=1:length(11hom)542 error11(i)=(11hom(i)-11real(i))/11real(i);543 end544 error1111all=error11545 meanerror1111all=mean(error11)546 stderror1111all=std(error11)547 maxerror1111all=max(error11)548 minerror1111all=min(error11)



APPENDIX B. SOURCE CODES FOR CHAPTER 3 81B.7 marthy90_horse.mThis �le onerns predition of sti�ness and omparison to experiments ofMCarthy et al. [1990℄. It must be run after �le trab.m (Setion B.1). Italls �le hom_wetol_MT.m (Setion B.8), hom_�b_SCS.m (Setion B.9),hom_ef.m (Setion B.10), hom_ultra_MT.m (Setion B.11) and hom_exhav.m(Setion B.12). This �le was written for the investigations published in[Hellmih, 2005℄ and modi�ed for the present work.1 % BMMB 20052 % alulate the elasti stiffness of ortial bone3 % of horse bones of MCarthy (1990)4 % 2.25 MHz --> extravasular bone material5 % RUN FIRST trab.m6 %7 %---------------------------------------------------8 % 5-step-homogeniziation-model for ultrastruture9 % wet ollagen (MT), fibrils (SCS), extrafibrillar spae (SCS),10 % ultrastruture (MT), extravasular bone material (MT)11 % Wien, August 200512 %13 %----------------------------------------------14 % stiffnesses of the elementary omponents15 %------------------------------------------16 % ollagen17 %---------18 ol(1,1)=11.7;19 ol(2,2)=ol(1,1);20 ol(3,3)=17.9;21 ol(1,2)=5.1;22 ol(2,1)=ol(1,2);23 ol(1,3)=7.1;24 ol(3,1)=ol(1,3);25 ol(3,2)=ol(3,1);26 ol(2,3)=ol(3,2);27 ol(4,4)=2*3.3;28 ol(5,5)=ol(4,4);29 ol(6,6)=2*0.5*(ol(1,1)-ol(1,2));3031 % hydroxyapatite32 %---------------33 I=[1 0 0 0 0 0; 0 1 0 0 0 0; 0 0 1 0 0 0; 0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1℄;34 K=[1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 1/3 1/3 1/3 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0℄;35 J=I-K;36 kHA=82.6;37 muHA=44.9;38 HA=2*muHA*J+3*kHA*K;3940 % ultrastrutural water41 %----------------------42 kuw=2.3;43 muuw=0.01;44 uw=3*kuw*K;45 kmupores=2.3;46 mupores=3*kmupores*K;47 %48 %----------------------------------------------49 % Calulate volume frations50 %----------------------------------------------51 rhooll=1.41;52 rhowater=1.0;53 rhomin=3.00;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 825455 for j=1:length(por22marthy90)-1 % last data point eliminated56 j57 % rhoexhavEMPTY, fhav, fla, tildefultra, tildefla --> see trab.m58 % ----------------------------------------------------------------5960 % volume frations ultrastruture barfHA, barfol61 % ----------------------------------------------62 % Linear relationship rhoult-rhominapp63 % orrelation oeffiients alulated in "stoi_urves_BONE.m" with fmupor=5%, Eq.(29), (31)64 % ----------------------------------------------------------------65 rhominapp_ve(j)=-2.2558+1.7757*rhoultEMPTYHAVmarthy90(j);66 barfHAmarthy90(j)=rhominapp_ve(j)/rhomin;6768 WForg_ve(j)=rhooll/rhoultEMPTYHAVmarthy90(j)*(barfHAmarthy90(j)*(rhomin-rhowater)-...69 rhoultEMPTYHAVmarthy90(j)+rhowater)/(rhowater-rhooll);70 barfolmarthy90(j)=0.9*WForg_ve(j)*rhoultEMPTYHAVmarthy90(j)/rhooll;7172 % diffration spaing, Eq.(36)73 % ----------------------------74 dsmarthy90(j)=-0.2000*rhoultEMPTYHAVmarthy90(j)+1.658;7576 % volume frations ultrastruture ffib, fef; Eq.(35)77 % -------------------------------------------------78 b=1.47; D=64;79 vol=335.6;80 vfib=5.*D.*dsmarthy90(j).*b; % nm^381 barffibmarthy90(j)=barfolmarthy90(j)*vfib/vol;82 barfefmarthy90(j)=1-barffibmarthy90(j);83 barffib=barffibmarthy90(j);84 barfef=barfefmarthy90(j);8586 % volume frations extrafibrillar spae; Eq.(37), (39)87 % ----------------------------------------------------------88 phiHAefmarthy90(j)=(1-barffibmarthy90(j))/(1-barfolmarthy90(j));89 hekfHAmarthy90(j)=phiHAefmarthy90(j)*barfHAmarthy90(j)/barfefmarthy90(j);90 hekfHA=hekfHAmarthy90(j);91 hekfuw=1-hekfHA;9293 % volume frations fibril; Eq.(38)94 % --------------------------------95 brevefHAmarthy90(j)=barfHAmarthy90(j)*(1-phiHAefmarthy90(j))/barffibmarthy90(j);96 brevefHA=brevefHAmarthy90(j);9798 % volume frations wet ollagen; Eq.(40), (41)99 % -------------------------------------------------100 brevefwetolmarthy90(j)=1-brevefHAmarthy90(j);101 brevefwetol=brevefwetolmarthy90(j);102 irlefolmarthy90(j)=barfolmarthy90(j)/brevefwetol;103 irlefol=irlefolmarthy90(j);104 irlefuw=1-irlefol;105106 %----------------------------------------------107 % Homogenization108 %----------------------------------------------109110 % Homogenization of wet ollagen111 % ------------------------------112 hom_wetol_MT;113 wetol=Chom114115 % Homogenization of fibrils116 % -------------------------117 hom_fib_SCS;118 fib=Chom



APPENDIX B. SOURCE CODES FOR CHAPTER 3 83119120 % Homogenization of extrafibrillar matrix121 % ----------------------------------------122 hom_ef;123124 % Homogenization of ultrastruture125 % --------------------------------126 hom_ultra_MT;127 Cultra=Chom128129 % Homogenization of extrahaversian matrix130 % ---------------------------------------131 tildefultra=tildefultramarthy90;132 tildefla=1-tildefultra;133 hom_exhav;134 Cexhav=Chom135136 % Calulate elasti onstants137 % ---------------------------138 Dest=inv(Cexhav);139 Ehom=1/Dest(3,3);140 Ethom=1/Dest(1,1);141 nuhom=-Dest(1,3)*Ehom;142 nuthom=-Dest(1,2)*Ethom;143 alEhommarthy90(j)=1000*Ehom;144 alEthommarthy90(j)=1000*Ethom;145 alC1111marthy90(j)=1000*Cexhav(1,1);146 alC3333marthy90(j)=1000*Cexhav(3,3);147 alC1313marthy90(j)=1000*0.5*Cexhav(5,5);148 alC1212marthy90(j)=1000*0.5*Cexhav(4,4);149150 end151152153 %---------------------------------------------------------------154 % ompare predition and experiments155 %---------------------------------------------------------------156 % skip last data point157 % experimental stiffness, alulated in "trab.m"158 _exhavEMPTY_ax_marthy90=_exhavEMPTY_ax_marthy90(1:35);159 _exhavEMPTY_rad_marthy90=_exhavEMPTY_rad_marthy90(1:35);160161 % make figure for BMMB 2005162 % omparison predition-experiment163 % --------------------------------164 plot(_exhavEMPTY_ax_marthy90./1000,alC3333marthy90./1000,'o')165 hold on166 plot(_exhavEMPTY_rad_marthy90./1000,alC1111marthy90./1000,'s')167 plot([0 60℄,[0 60℄)168 axis([0 60 0 60℄)169 set(ga,'FontSize',17,'XTik',[0 10 20 30 40 50 60℄,'XTikLabel',{'0','10','20','30','40','50','60'},...170 'YTik',[0 10 20 30 40 50 60℄,'YTikLabel',{'0','10','20','30','40','50','60'});171 grid on172 xlabel('experimental stiffness [GPa℄')173 ylabel('predited stiffness [GPa℄')174 legend('longitudinal','transversal',2)175 %print -deps marthy90_omp_axrad_CH.eps176 pause177 hold off178179 % ompute orrelation oeffiient180 % for omparison of 33, 11 between181 % experimental data and model results182 %---------------------------------------------183 realmarthy90=[_exhavEMPTY_ax_marthy90 _exhavEMPTY_rad_marthy90℄;



APPENDIX B. SOURCE CODES FOR CHAPTER 3 84184 hommarthy90=[alC3333marthy90 alC1111marthy90℄;185 for i=1:length(realmarthy90)186 helprealmarthy90(i)=realmarthy90(i)-mean(realmarthy90);187 helphommarthy90(i)=hommarthy90(i)-mean(hommarthy90);188 end189 srealhommarthy90=1/length(realmarthy90)*helprealmarthy90*helphommarthy90';190 srealmarthy90=sqrt(1/length(realmarthy90)*helprealmarthy90*helprealmarthy90');191 shommarthy90=sqrt(1/length(hommarthy90)*helphommarthy90*helphommarthy90');192 orroeff=srealhommarthy90/srealmarthy90/shommarthy90;193 rsqu_all=orroeff^2194195 % alulate relative predition errors196 %--------------------------------------197 for i=1:length(realmarthy90)198 err_marthy90(i)=(hommarthy90(i)-realmarthy90(i))/(realmarthy90(i));199 end200 rsqu_all=orroeff^2201 meanerr_marthy90=mean(err_marthy90)202 stderr_marthy90=std(err_marthy90)203 plot(realmarthy90,err_marthy90,'o')204 title('MCarthy (1990), equine ortial bone')205 xlabel('measured stiffnesses')206 ylabel('relative predition error')207 grid on208209 % alulate speial errors210 %----------------------------------------211 % axial212 for i=1:length(alC3333marthy90)213 err_marthy90C3333(i)=(alC3333marthy90(i)-_exhavEMPTY_ax_marthy90(i))/...214 _exhavEMPTY_ax_marthy90(i);215 end216 meanerr_marthy90C3333=mean(err_marthy90C3333)217 stderr_marthy90C3333=std(err_marthy90C3333)218219 % radial220 for i=1:length(alC1111marthy90)221 err_marthy90C1111(i)=(alC1111marthy90(i)-_exhavEMPTY_rad_marthy90(i))/...222 _exhavEMPTY_rad_marthy90(i);223 end224 meanerr_marthy90C1111=mean(err_marthy90C1111)225 stderr_marthy90C1111=std(err_marthy90C1111)



APPENDIX B. SOURCE CODES FOR CHAPTER 3 85B.8 hom_wetol_MT.mThis �le onerns the homogenization of `wet ollagen'. It is alled by �le ash-man84_human.m (Setion B.3), ashman88 (Setion B.4), lees_ultra_ax.m(Setion B.5), lees_ultra_rad.m (Setion B.6) and marthy90_horse.m (Se-tion B.7). This �le was originally written for the investigations published in[Hellmih et al., 2004a, Hellmih, 2005℄.1 % Homogenization of wet ollagen2 % Mori-Tanaka-sheme, ollagen matrix with ylindrial water inlusions3 % Wien, Marh 20054 % needed variables: irlefuw, irlefol56 C0=ol;78 % evaluate P-tensor for ylindrial inlusions9 % in transversely isotropi matrix10 %-------------------------------------------11 P1111=1/8*(5*C0(1,1)-3*C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));12 P1122=-1/8*(C0(1,1)+C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));13 P2222=1/8*(5*C0(1,1)-3*C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));14 P2323=1/8*1/(0.5*C0(4,4)); % 0.5*C0(4,4)=C0_232315 P1313=1/8*1/(0.5*C0(4,4)); % 0.5*CO(4,4)=C0_232316 P1212=1/8*(3*C0(1,1)-C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));17 Pyl=zeros(6,6);18 Pyl(1,1)=P1111;19 Pyl(2,2)=P2222;20 Pyl(1,2)=P1122;21 Pyl(2,1)=Pyl(1,2);22 Pyl(4,4)=2*P2323;23 Pyl(5,5)=2*P1313;24 Pyl(6,6)=2*P1212;25 % evaluate [I+P:(-C0)℄^-1 for uw26 %---------------------------27 helpuw=inv(I+Pyl*(uw-ol)); %ylindrial inlusions!!!28 % evaluate homogenized stiffness29 %-------------------------------30 Chom=(irlefol*ol+irlefuw*uw*helpuw)*inv(irlefol*I+irlefuw*helpuw);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 86B.9 hom_�b_SCS.mThis �le onerns the homogenization of `mineralized ollagen �bril'. It isalled by �le ashman84_human.m (Setion B.3), ashman88 (Setion B.4),lees_ultra_ax.m (Setion B.5), lees_ultra_rad.m (Setion B.6) and m-arthy90_horse.m (Setion B.7). This �le was originally written for theinvestigations published in [Hellmih et al., 2004a, Hellmih, 2005℄.1 % Homogenization of fibrils2 % self-onsistent-sheme, wetol=ylindrial, transversely isotropi inlusions3 % HA=isotropi, ylindrial inlusions4 % Wien, Marh 20055 %HA =...6 [137 42.5 54.9 0 0 07 42.5 137 54.9 0 0 08 54.9 54.9 172 0 0 09 0 0 0 79.2 0 010 0 0 0 0 79.2 011 0 0 0 0 0 95℄;1213 i=0;14 % start with wetol as the C0-matrix15 %-------------------------------------16 C0=wetol;17 C0_old=0;18 % iteration for alulation of self-onsistent stiffness19 %---------------------------------------------------------20 while abs((norm(C0)-norm(C0_old))/norm(C0))>0.00000121 i=i+1;2223 %--------------------------------------------------------------------------24 % this program needs the following funtions:25 % fun_Psph_1111, fun_Psph_1122, fun_Psph_1133, fun_Psph_3333, fun_Psph_232326 % evaluate P-tensor for spherial inlusions27 % in transversely isotropi matrix28 %-------------------------------------------29 P1111=quad('fun_Psph_1111',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);30 P1122=quad('fun_Psph_1122',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);31 P1133=quad('fun_Psph_1133',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);32 P3333=quad('fun_Psph_3333',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);33 P2323=quad('fun_Psph_2323',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);34 Psph=zeros(6,6);35 Psph(1,1)=P1111;36 Psph(2,2)=Psph(1,1);37 Psph(3,3)=P3333;38 Psph(1,2)=P1122;39 Psph(1,3)=P1133;40 Psph(2,3)=Psph(1,3);41 Psph(2,1)=Psph(1,2);42 Psph(3,1)=Psph(1,3);43 Psph(3,2)=Psph(2,3);44 Psph(4,4)=2*P2323;45 Psph(5,5)=Psph(4,4);46 Psph(6,6)=2*0.5*(P1111-P1122);4748 % evaluate P-tensor for ylindrial inlusions49 % in transversely isotropi matrix50 %-------------------------------------------51 P1111=1/8*(5*C0(1,1)-3*C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));52 P1122=-1/8*(C0(1,1)+C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));53 P2222=1/8*(5*C0(1,1)-3*C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));54 P2323=1/8*1/(0.5*C0(4,4)); % 0.5*C0(4,4)=C0_2323



APPENDIX B. SOURCE CODES FOR CHAPTER 3 8755 P1313=1/8*1/(0.5*C0(4,4)); % 0.5*CO(4,4)=C0_232356 P1212=1/8*(3*C0(1,1)-C0(1,2))/C0(1,1)/(C0(1,1)-C0(1,2));57 Pyl=zeros(6,6);58 Pyl(1,1)=P1111;59 Pyl(2,2)=P2222;60 Pyl(1,2)=P1122;61 Pyl(2,1)=Pyl(1,2);62 Pyl(4,4)=2*P2323;63 Pyl(5,5)=2*P1313;64 Pyl(6,6)=2*P1212;6566 % evaluate [I+P:(-C0)℄^-1 for wetol67 %----------------------------68 helpwetol=inv(I+Pyl*(wetol-C0));6970 % evaluate [I+P:(-C0)℄^-1 for HA71 %---------------------------72 helpHA=inv(I+Psph*(HA-C0));7374 % Homogenization75 Chom=(brevefwetol*wetol*helpwetol+brevefHA*HA*helpHA)*...76 inv(brevefwetol*helpwetol+brevefHA*helpHA);77 C0_old=C0;78 C0=Chom;79 end



APPENDIX B. SOURCE CODES FOR CHAPTER 3 88B.10 hom_ef.mThis �le onerns the homogenization of `extra�brillar spae'. It alls fun_kSCS.m(Setion B.13) and fun_muSCS.m (Setion B.14). It is alled by �le ash-man84_human.m (Setion B.3), ashman88 (Setion B.4), lees_ultra_ax.m(Setion B.5), lees_ultra_rad.m (Setion B.6) and marthy90_horse.m (Se-tion B.7). This �le was originally written for the investigations published in[Hellmih et al., 2004a, Hellmih, 2005℄.1 %--------------------------------------------------------------------------2 % this program needs the following pre-defined variables:3 % hekfHA, kHA, muHA, kuw, muuw4 % this program needs the following funtions:5 % fun_kSCS, fun_muSCS6 %--------------------------------------------------------------------------7 i=0;8 % start with uw as the C0-matrix9 %-------------------------------------10 k0=kuw;11 mu0=muuw;12 k0_old=0;13 mu0_old=0;14 % iteration for alulation of self-onsistent stiffness15 %---------------------------------------------------------16 while abs((norm([k0 mu0℄)-norm([k0_old mu0_old℄))/norm([k0 mu0℄))>0.00000117 i=i+1;18 % evaluate update of khom, muhom19 %--------------------------------20 khom=fun_kSCS(hekfHA,kHA,muHA,kuw,muuw,k0,mu0);21 muhom=fun_muSCS(hekfHA,kHA,muHA,kuw,muuw,k0,mu0);22 k0_old=k0;23 mu0_old=mu0;24 k0=khom;25 mu0=muhom;26 end27 ef=3*khom*K+2*muhom*J



APPENDIX B. SOURCE CODES FOR CHAPTER 3 89B.11 hom_ultra_MT.mThis �le onerns the homogenization of `ultrastruture' or `extraellularbone matrix'. It is alled by �le ashman84_human.m (Setion B.3), ash-man88 (Setion B.4), lees_ultra_ax.m (Setion B.5), lees_ultra_rad.m (Se-tion B.6) and marthy90_horse.m (Setion B.7). This �le was originallywritten for the investigations published in [Hellmih et al., 2004a, Hellmih,2005℄.1 % Homogenization of ultrastruture2 % Mori-Tanaka-sheme, ef=matrix, fib = inlusions3 % Wien, Marh 2005456 a=1;7 % alulate Poisson's ratio of polyrystalline matrix8 %----------------------------9 nup=(3*khom-2*muhom)/(6*khom+2*muhom);10 % onstrut Eshelby's tensor for ylindrial, ompressible11 % inlusions in ompressible matrix12 %----------------------------13 Qesh=3/(8*pi*(1-nup));14 Resh=(1-2*nup)/(8*pi*(1-nup));15 % a=3.224 % help value16 Ia=2*pi;17 Iab=4*pi/(3*(2*a)^2);18 Iaa=4*pi/(3*a^2)-Iab;19 Sesh11=Qesh*a^2*Iaa+Resh*Ia;20 Sesh22=Sesh11;21 Sesh33=0;22 Sesh12=Qesh*a^2*Iab-Resh*Ia;23 Sesh21=Sesh12;24 Sesh13=Qesh/3*Ia-Resh*Ia;25 Sesh23=Sesh13;26 Sesh31=0;27 Sesh32=Sesh31;28 Sesh44=1/4;29 Sesh55=Sesh44;30 Sesh66=Qesh/2*(2*a^2)*Iab+Resh*Ia;31 Sesh=[Sesh11 Sesh12 Sesh13 0 0 0; Sesh21 Sesh22 Sesh23 0 0 0; ...32 Sesh31 Sesh32 Sesh33 0 0 0; 0 0 0 2*Sesh44 0 0;...33 0 0 0 0 2*Sesh55 0; 0 0 0 0 0 2*Sesh66℄;34 Pyl=Sesh*inv(ef);3536 % evaluate [I+P:(-C0)℄^-1 for fib37 %---------------------------38 helpfib=inv(I+Pyl*(fib-ef)); %ylindrial inlusions!!!3940 Chom=(barfef*ef+barffib*fib*helpfib)*inv(barfef*I+barffib*helpfib);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 90B.12 hom_exhav.mThis �le onerns the homogenization of `extravasular bone material'. Itis alled by �le ashman84_human.m (Setion B.3), ashman88 (Setion B.4)and marthy90_horse.m (Setion B.7).1 % homogenization of extra-Haversian matrix2 %---------------------------------3 % miropores=Haversian anals + launae45 C0=Cultra;67 %--------------------------------------------------------------------------8 % this program needs the following funtions:9 % fun_Psph_1111, fun_Psph_1122, fun_Psph_1133, fun_Psph_3333, fun_Psph_232310 % evaluate P-tensor for spherial inlusions11 % in transversely isotropi matrix12 %-------------------------------------------13 P1111=quad('fun_Psph_1111',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);14 P1122=quad('fun_Psph_1122',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);15 P1133=quad('fun_Psph_1133',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);16 P3333=quad('fun_Psph_3333',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);17 P2323=quad('fun_Psph_2323',-1,1,[℄,[℄,C0(1,1),C0(1,2),C0(1,3),C0(3,3),C0(4,4)/2);18 Psph=zeros(6,6);19 Psph(1,1)=P1111;20 Psph(2,2)=Psph(1,1);21 Psph(3,3)=P3333;22 Psph(1,2)=P1122;23 Psph(1,3)=P1133;24 Psph(2,3)=Psph(1,3);25 Psph(2,1)=Psph(1,2);26 Psph(3,1)=Psph(1,3);27 Psph(3,2)=Psph(2,3);28 Psph(4,4)=2*P2323;29 Psph(5,5)=Psph(4,4);30 Psph(6,6)=2*0.5*(P1111-P1122);31 %--------------------------------------------------------------------------32 % evaluate [I+P:(-C0)℄^-1 for la33 %---------------------------34 helpla=inv(I+Psph*(mupores-Cultra)); %spherial inlusions!!!3536 % Evaluate Cexhav37 %-------------------------------38 %Cmiro=fmupores*mupores*aa1+fultra*Cultra*aa239 Chom=((1-tildefla)*Cultra+tildefla*mupores*helpla)*...40 inv((1-tildefla)*I+tildefla*helpla);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 91B.13 fun_kSCS.mThis �le onerns the impliit solution of the self-onsistent sheme for the`extra�brillar spae': determination of elasti onstant kSCS. It is alledby �le hom_ef.m (Setion B.10). This �le was originally written for theinvestigations published in [Hellmih, 2005℄, see also [Hellmih and Ulm,2002b℄.1 funtion kest = kSCS(f1,k1,mu1,k2,mu2,k0,mu0)2 kest=-(4*f1*k1*mu0+4*k2*mu0+3*k2*k1-4*k2*f1*mu0)/(-3*k2*f1-4*mu0-3*k1+3*f1*k1);
B.14 fun_muSCS.mThis �le onerns the impliit solution of the self-onsistent sheme for the`extra�brillar spae': determination of elasti onstant µSCS. It is alledby �le hom_ef.m (Setion B.10). This �le was originally written for theinvestigations published in [Hellmih, 2005℄, see also [Hellmih and Ulm,2002b℄.1 funtion muest=fun_muSCS(f1,k1,mu1,k2,mu2,k0,mu0)2 muest=-(9*f1*mu1*mu0*k0+8*f1*mu1*mu0^2+9*mu2*mu0*k0+8*mu2*mu0^2+6*mu2*k0*mu1+...3 12*mu2*mu0*mu1-9*mu2*f1*mu0*k0-8*mu2*f1*mu0^2)/...4 (-6*f1*k0*mu2-12*f1*mu0*mu2-9*mu0*k0-8*mu0^2-6*k0*mu1-12*mu0*mu1+6*f1*k0*mu1+12*f1*mu0*mu1);
B.15 fun_Psph_1111.mThis �le onerns the determination of the omponent P1111 of the Hill tensorP for spherial inlusions in a transversely isotropi matrix. It is alled by�le hom_�b_SCS.m (Setion B.9) and hom_exhav.m (Setion B.12). This�le was originally written for the investigations published in [Hellmih et al.,2004a℄.1 % P1111 for spherial inlusions2 % in transversely isotropi matrix3 %----------------------------------4 funtion y=fun_Psph1111(x,C1111,C1122,C1133,C3333,C2323);5 y=-1/16.*(-5.*C1111.*x.^4.*C3333-3.*C1122.*x.^2.*C3333-3.*C1122.*x.^4.*C2323+...6 3.*C1122.*x.^4.*C3333+5.*C1111.*x.^4.*C2323-10.*C1111.*C2323.*x.^2+...7 2.*x.^4.*C1133.^2+8.*C2323.*x.^4.*C3333-6.*C2323.^2.*x.^4+...8 4.*C2323.*x.^4.*C1133+6.*C1122.*C2323.*x.^2+5.*C1111.*C2323+...9 5.*C1111.*x.^2.*C3333-4.*C2323.*x.^2.*C1133+6.*C2323.^2.*x.^2-...10 2.*x.^2.*C1133.^2-3.*C1122.*C2323).*(-1+x.^2)./(-2*C1111.^2*x.^4*C3333+...11 2*C2323.^2*x.^6*C3333-4*C1111*C2323.^2*x.^4-3*C1111.^2*C2323*x.^2+...12 C1111.^2*x.^2*C3333+2*C1111*C2323.^2*x.^2-2*C2323*x.^4*C1133.^2-...13 C1111*C1133.^2*x.^6+2*C1111*C1133.^2*x.^4+4*C2323.^2*x.^6*C1133-...14 2*C1122*C1133.^2*x.^4+2*C2323*x.^6*C1133.^2+3*C1111.^2*x.^4*C2323+...15 C1122*C1133.^2*x.^6-C1111.^2*x.^6*C2323+2*C1111*x.^6*C2323.^2+...16 C1111.^2*x.^6*C3333-C1111*C1133.^2*x.^2-4*C2323.^2*x.^4*C1133+...



APPENDIX B. SOURCE CODES FOR CHAPTER 3 9217 C1122*C1133.^2*x.^2+C1111.^2*C2323-C1122*C1111*C2323-C1122*x.^6*C1111*C3333+...18 4*C1111*x.^4*C2323*C1133-2*C1111*x.^2*C2323*C1133-4*C1122*x.^4*C2323*C1133+...19 2*C1122*x.^2*C2323*C1133+2*C1122*x.^6*C2323*C1133-2*C1111*x.^6*C2323*C1133-...20 3*C1111*x.^6*C2323*C3333+2*C1122*C1111*x.^4*C3333-C1122*C2323*x.^4*C3333-...21 3*C1122*C1111*x.^4*C2323-C1122*C1111*x.^2*C3333+3*C1122*C1111*C2323*x.^2+...22 3*C1111*C2323*x.^4*C3333+C1122*x.^6*C1111*C2323+C1122*x.^6*C2323*C3333);
B.16 fun_Psph_1122.mThis �le onerns the determination of the omponent P1122 of the Hill tensorP for spherial inlusions in a transversely isotropi matrix. It is alled by�le hom_�b_SCS.m (Setion B.9) and hom_exhav.m (Setion B.12). This�le was originally written for the investigations published in [Hellmih et al.,2004a℄.1 % P1122 for spherial inlusions2 % in transversely isotropi matrix3 %----------------------------------4 funtion y=fun_Psph1122(x,C1111,C1122,C1133,C3333,C2323);5 y=1./16.*(C1111.*C2323-2.*C1111.*C2323.*x.^2+C1111.*x.^2.*C3333+...6 C1122.*C2323-2.*C1122.*C2323.*x.^2+C1122.*x.^2.*C3333+C1111.*x.^4.*C2323-...7 C1111.*x.^4.*C3333+C1122.*x.^4.*C2323-C1122.*x.^4.*C3333-...8 2.*C2323.^2.*x.^2+2.*C2323.^2.*x.^4-4.*C2323.*x.^2.*C1133+...9 4.*C2323.*x.^4.*C1133-2.*x.^2.*C1133.^2+2.*x.^4.*C1133.^2).*(-1+x.^2)./...10 (-2.*C1111.^2.*x.^4.*C3333+2.*C2323.^2.*x.^6.*C3333-...11 4.*C1111.*C2323.^2.*x.^4-3.*C1111.^2.*C2323.*x.^2+C1111.^2.*x.^2.*C3333+...12 2.*C1111.*C2323.^2.*x.^2-2.*C2323.*x.^4.*C1133.^2-C1111.*C1133.^2.*x.^6+...13 2.*C1111.*C1133.^2.*x.^4+4.*C2323.^2.*x.^6.*C1133-2.*C1122.*C1133.^2.*x.^4+...14 2.*C2323.*x.^6.*C1133.^2+3.*C1111.^2.*x.^4.*C2323+C1122.*C1133.^2.*x.^6-...15 C1111.^2.*x.^6.*C2323+2.*C1111.*x.^6.*C2323.^2+C1111.^2.*x.^6.*C3333-...16 C1111.*C1133.^2.*x.^2-4.*C2323.^2.*x.^4.*C1133+C1122.*C1133.^2.*x.^2+...17 C1111.^2.*C2323-C1122.*C1111.*C2323-C1122.*x.^6.*C1111.*C3333+...18 4.*C1111.*x.^4.*C2323.*C1133-2.*C1111.*x.^2.*C2323.*C1133-...19 4.*C1122.*x.^4.*C2323.*C1133+2.*C1122.*x.^2.*C2323.*C1133+...20 2.*C1122.*x.^6.*C2323.*C1133-2.*C1111.*x.^6.*C2323.*C1133-...21 3.*C1111.*x.^6.*C2323.*C3333+2.*C1122.*C1111.*x.^4.*C3333-...22 C1122.*C2323.*x.^4.*C3333-3.*C1122.*C1111.*x.^4.*C2323-...23 C1122.*C1111.*x.^2.*C3333+3.*C1122.*C1111.*C2323.*x.^2+...24 3.*C1111.*C2323.*x.^4.*C3333+C1122.*x.^6.*C1111.*C2323+...25 C1122.*x.^6.*C2323.*C3333);
B.17 fun_Psph_1133.mThis �le onerns the determination of the omponent P1133 of the Hill tensorP for spherial inlusions in a transversely isotropi matrix. It is alled by�le hom_�b_SCS.m (Setion B.9) and hom_exhav.m (Setion B.12). This�le was originally written for the investigations published in [Hellmih et al.,2004a℄.1 % P1133 for spherial inlusions2 % in transversely isotropi matrix3 %----------------------------------4 funtion y=fun_Psph1133(x,C1111,C1122,C1133,C3333,C2323);



APPENDIX B. SOURCE CODES FOR CHAPTER 3 935 y=1./4.*(-1+x.^2).*x.^2.*(C2323+C1133)./...6 (2.*C2323.*x.^4.*C1133+C2323.*x.^4.*C3333+C1111.*x.^4.*C2323-...7 2.*C2323.*x.^2.*C1133-2.*C1111.*C2323.*x.^2+C1111.*C2323+...8 x.^4.*C1133.^2-C1111.*x.^4.*C3333-x.^2.*C1133.^2+C1111.*x.^2.*C3333);
B.18 fun_Psph_2323.mThis �le onerns the determination of the omponent P2323 of the Hill tensorP for spherial inlusions in a transversely isotropi matrix. It is alled by�le hom_�b_SCS.m (Setion B.9) and hom_exhav.m (Setion B.12). This�le was originally written for the investigations published in [Hellmih et al.,2004a℄.1 % P2323 for spherial inlusions2 % in transversely isotropi matrix3 %----------------------------------4 funtion y=fun_Psph2323(x,C1111,C1122,C1133,C3333,C2323);5 y=1./16.*(4.*C1111.*C2323.*x.^2-8.*C2323.*x.^4.*C1133-...6 2.*x.^4.*C1133.^2-C1122.*x.^4.*C3333-8.*C1111.*x.^4.*C2323+...7 3.*C1111.*x.^4.*C3333+4.*C1111.*x.^4.*C1133-4.*C1122.*x.^4.*C1133+...8 2.*C1122.*x.^6.*C1133-2.*C1111.*x.^6.*C1133+C1122.*x.^6.*C1111-...9 3.*C1122.*x.^4.*C1111+3.*C1122.*C1111.*x.^2-2.*C1111.*x.^2.*C1133+...10 2.*C1122.*x.^2.*C1133+8.*x.^6.*C2323.*C1133-3.*x.^6.*C1111.*C3333+...11 4.*x.^6.*C2323.*C3333+4.*C1111.*x.^6.*C2323+C1122.*x.^6.*C3333+...12 3.*C1111.^2.*x.^4-C1111.^2.*x.^6+2.*C1133.^2.*x.^6-...13 3.*C1111.^2.*x.^2+C1111.^2-C1122.*C1111)./...14 (-2.*C1111.^2.*x.^4.*C3333+2.*C2323.^2.*x.^6.*C3333-...15 4.*C1111.*C2323.^2.*x.^4-3.*C1111.^2.*C2323.*x.^2+...16 C1111.^2.*x.^2.*C3333+2.*C1111.*C2323.^2.*x.^2-...17 2.*C2323.*x.^4.*C1133.^2-C1111.*C1133.^2.*x.^6+...18 2.*C1111.*C1133.^2.*x.^4+4.*C2323.^2.*x.^6.*C1133-...19 2.*C1122.*C1133.^2.*x.^4+2.*C2323.*x.^6.*C1133.^2+...20 3.*C1111.^2.*x.^4.*C2323+C1122.*C1133.^2.*x.^6-...21 C1111.^2.*x.^6.*C2323+2.*C1111.*x.^6.*C2323.^2+...22 C1111.^2.*x.^6.*C3333-C1111.*C1133.^2.*x.^2-...23 4.*C2323.^2.*x.^4.*C1133+C1122.*C1133.^2.*x.^2+...24 C1111.^2.*C2323-C1122.*C1111.*C2323-C1122.*x.^6.*C1111.*C3333+...25 4.*C1111.*x.^4.*C2323.*C1133-2.*C1111.*x.^2.*C2323.*C1133-...26 4.*C1122.*x.^4.*C2323.*C1133+2.*C1122.*x.^2.*C2323.*C1133+...27 2.*C1122.*x.^6.*C2323.*C1133-2.*C1111.*x.^6.*C2323.*C1133-...28 3.*C1111.*x.^6.*C2323.*C3333+2.*C1122.*C1111.*x.^4.*C3333-...29 C1122.*C2323.*x.^4.*C3333-3.*C1122.*C1111.*x.^4.*C2323-...30 C1122.*C1111.*x.^2.*C3333+3.*C1122.*C1111.*C2323.*x.^2+...31 3.*C1111.*C2323.*x.^4.*C3333+C1122.*x.^6.*C1111.*C2323+...32 C1122.*x.^6.*C2323.*C3333);
B.19 fun_Psph_3333.mThis �le onerns the determination of the omponent P3333 of the Hill tensorP for spherial inlusions in a transversely isotropi matrix. It is alled by�le hom_�b_SCS.m (Setion B.9) and hom_exhav.m (Setion B.12). This�le was originally written for the investigations published in [Hellmih et al.,2004a℄. This �le onerns the determination of the omponent P3333 of theHill tensor P for spherial inlusions in a transversely isotropi matrix. It



APPENDIX B. SOURCE CODES FOR CHAPTER 3 94is alled by �le hom_�b_SCS.m (Setion B.9) and hom_exhav.m (SetionB.12). This �le was originally written for the investigations published in[Hellmih et al., 2004a℄.1 % P3333 for spherial inlusions2 % in transversely isotropi matrix3 %----------------------------------4 funtion y=fun_Psph3333(x,C1111,C1122,C1133,C3333,C2323);5 y=1./2.*x.^2.*(x.^2.*C2323-C1111.*x.^2+C1111)./...6 (2.*C2323.*x.^4.*C1133+C2323.*x.^4.*C3333+C1111.*x.^4.*C2323-...7 2.*C2323.*x.^2.*C1133-2.*C1111.*C2323.*x.^2+C1111.*C2323+...8 x.^4.*C1133.^2-C1111.*x.^4.*C3333-x.^2.*C1133.^2+C1111.*x.^2.*C3333);
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