Dissertation

Hartman measurable sets and functions

ausgefiihrt zum Zwecke der Erlangung des akademischen Grades
eines Doktors der technischen Wissenschaften unter der Leitung

von

Ao. Univ. Prof. Dr. Reinhard Winkler

Institut fiir Diskrete Mathematik und Geometrie,

eingereicht an der Technischen Universitat Wien
Fakultat fiir Mathematik und Geoinformation
von

Gabriel Maresch

Matr.Nr. 9825159
Neulerchenfelderstrafie 19/2/4, 1160 Wien

_ f /,
Wien, am 23. Mai 2005 %/%é/%a\



Kurzfassung

Gegenstand dieser Arbeit ist der Begriff der Hartman Mef8ibarkeit von Men-
gen bzw. Funktionen auf einer topologischen Gruppe. Der Name leitet sich
vom polnischen Mathematiker S. Hartman ab, welcher u.a. auf dem Gebiet
der Gleichverteilung von Folgen auf nichtkompakten topologischen Gruppen ar-
beitete. Grundidee dabei ist, einer Teilmenge H der topologischen Gruppe G,
welche als nichtkompakt angenommen werden kann, eine gewisse - zunachst nur
fir Teilmengen kompakter Gruppen definierte - Eigenschaft zuzusprechen, wenn
«(H) diese Eigenschaft besitzt und ¢ ein stetiger Homomorphismus von H in eine
kompakte Gruppe C ist. Ahnliches 148t sich fiir auf G definierte Funktionen f
bewerkstelligen, wenn man zu Funktionen der Gestalt F' o ¢ mit einer auf der
kompakten Gruppe H definierten Funktion F' {ibergeht.

Kapitel 1: Wir beginnen mit einigen allgemeinen Bemerkungen tiber Gruppenkom-
paktifizierungen und fastperiodische Funktionen. Insbesondere fithren wir die
Bohrkompaktifizierung (t5, bG) einer topologischen Gruppe G ein und zeigen, dass
eine umkehrbar eindeutige Korrespondenz zwischen fastperiodischen Funktionen
auf G und stetigen Funktionen auf bG besteht. Der Inhalt dieses Kapitels orien-
tiert sich an den entsprechenden Resultaten in [BJM] und [HR).

Kapitel 2: Wir fithren den Begriff der Hartman Meflbarkeit fiir Teilmengen einer
topologischen Gruppe G ein: Eine Menge H C G ist genau dann Hartman
mefBbar, wenn es eine Stetigkeitsmenge M C M gibt (eine Stetigkeitsmenge ist
eine Menge, deren topologischer Rand eine Nullmenge beziiglich des Haarschen
Mafles ist) und eine Gruppenkompaktifizierung (¢, C), sodass H = ¢~!(M). Das
System aller Hartman mefbaren Mengen auf G ist eine Boolesche Algebra und
es gibt genau ein normiertes endlich additives und translationsinvariantes Mafl
auf dieser Booleschen Algebra. Die Resultate dieses Kapitels orientieren sich vor
allem an [FPTW] und [Win].

Kapitel 3: In Verallgemeinerung von Kapitel 2 definieren wir die Hartman Mef-
barkeit fiir Funktionen wie folgt: Eine Funktion f : G — C ist genau dann Hart-
man meflbar, wenn es eine Riemann integrierbare Funktion £ : C — C gibt (eine
Funktion ist Riemann integrierbar, wenn die Menge ihrer Unstetigkeitsstellen
eine Nullmenge beziiglich des Haarschen Mafles ist) und eine Gruppenkompak-
tifizierung (¢, C), sodass f = F o Insbesondere interessieren wir uns fiir die
Struktur der Menge aller Gruppenkompaktifizierungen (¢, C') von G, sodass eine
gegebene Hartman mefbare Funktion f als F'o: mit einer auf C definierten Rie-
mann integrierbaren Funktion F dargestellt (wir sagen auch realisiert) werden
kann. Ist G eine LCA Gruppe mit separablem Dual, so ist eine solche Realisierung
stets schon auf einer metrisierbaren Gruppe C moglich (Theorem 2). In wichtigen
Spezialfillen 148t sich eine Realisierung auch mit Hilfe des Fourierspektrums der
Hartman meBbaren Funktion f angeben (Theorem 5). Da sich eine fastperio-
dische Funktion f stets als F' o . mit einer auf einer Gruppenkompaktifizierung
(1,C) definierten stetigen Funktion F darstellen laft, ist jede fastperiodische



Funktion auch Hartman mefibar. Eine bekannte und gut untersuchte Verallge-
meinerung der fastperiodischen Funktionen stellen die schwach fastperiodischen
Funktionen dar. In Theorem 6 zeigen wir, dass es i.a. Hartman mef3bare Funktio-
nen gibt, welche nicht schwach fastperiodisch sind. Theorem 9 dagegen zeigt, dass
Co-Funktionen, i.e. Funktionen die im Unendlichen verschwinden, stets Hartman
mefbar sind. Wir beschaftigen uns auflerdem mit dem Zusammenhang zwischen
Fouriertransformation von Mafien und Hartman Mefibarkeit. Die Resultate dieses
Kapitels entstammen zum Grofiteil [Mar] und [MW].

Kapitel 4: Wir zeigen die Existenz eines kompakten Hausdorffraumes hG, so-
dass jede stetige Funktion auf AG in eindeutiger Weise einer Hartman mefibaren
Funktion auf G entspricht und diskutieren das Darstellungsproblem fiir hG. Ab-
schlieBend fithren wir die Funktionenklasse der Banach fastperiodischen Funk-
tionen (BAP) ein und zeigen Verkniipfungspunkte zu den Hartman mefbaren
Funktionen auf. Die Resultate dieses Kapitels stammen zum Teil aus einer Ko-
operation mit M. Beiglbdck, vgl. [BM].
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Abstract

Main topic of this paper is the concept of Hartman measurability of sets and
functions defined on some topological group G. Nomenclature is in honor of the
polish mathematician S. Hartman who worked on equidistribution of sequences
on noncompact groups. The main idea is the following: given a subset H of a
noncompact group G, we say that H has a certain property (e.g. being equidis-
tributed) iff ¢«(H) has this property, for + : G — C a group homomorphism, and
C a compact group. Similarly we can extend this concepts to functions by con-
siderung functions f : G — C which have a representation of the form F o for
a function F' defined on the compact group H.

Chapter 1: We introduce group compactifications and collect some basic facts
regarding almost periodic functions. We show that almost periodic functions on
G are in one-one correspondence to the continuous functions defined on the Bohr
compactification (i, bG). The results presented in this chapter are mainly from
[BJM] and [HR].

Chapter 2: We introduce the concept of Hartman measurability: Given a topo-
logical group G and a subset H C G, we say that H is Hartman measurable
if there exists a continuity set M C C (recall that a set is a continuity set iff
its topological boundary is a null set with respect to the Haar measure) and a
group compactification (¢, C) such that H = ¢~!(M). The system of all Hartman
measurable sets on G is a Boolean algebra. There exists exactly one normal-
ized finitely additive and translation invariant measure on this Boolean algebra.
[FPTW] and [Win] are resources for the results of this chapter.

Chapter 3: Generalizing the results of the previous chapter we define Hartman
measurability for functions: a function f : G — C is Hartman measurable iff
there exists a Riemann integrable function F' : C' — C (recall that a function is
Riemann integrable when its set of discontinuities is a null set with respect to
the Haar measure) and a group compactification (¢, C') such that f = F o.. For
a given Hartman measurable function f we are interested in the structure of all
group compactifications (¢, C) such that there is a Riemann integrable F : C — C
with f = F o . In this situation we say that F' realizes f on C. If G is an LCA
group with separable dual, we prove that exists a realization with metrizable C
(Theorem 2). In some situations it is possible to use the Fourier spectrum of the
Hartman measurable function f to obtain a group compactification on which f
can be realized (Theorem 5). For every almost periodic function f : G — C there
exists a group compactification (¢, C) and a continuous Function F' : C' — C such
that f = F o . Hence almost periodic functions are Hartman measurable. As
the weakly almost periodic functions generalize almost periodic functions, it is a
relevant question whether they are also a generalization of Hartman measurable
functions. We give a negative answer in Theorem 6, showing that in general
there are Hartman measurable functions which are not weakly almost periodic.
Theorem 9 shows that every Cyp-function, i.e. a function vanishing at infinity, is
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Hartman measurable. We consider Fourier transformations of measures and give
an example of a measure inducing a nontrivial Hartman measurable function.
The results of this chapter are taken from [Mar] and [MW].

Chapter 4: We prove the existence of a compact Hausdorff space hG such that
every continuous function on hG corresponds to a unique Hartman measurable
function f on G. Every Hartman measurable function can be obtained in such
a way. Finally we introduce Banach almost periodicity and connect this concept
with Hartman measurability. The results of this chapter were partly obtained in
cooperation with M. Beiglbock, cf. [BM].

v



Contents

1 Introduction
1.1 Preliminaries and Notation . . . . . . . . . . . . . .. .. .. ...
1.2 Almost periodic functions . . . ... ... ... .. ... ...

1.3 Group compactifications . . . . . .. ... ... ...

2 Hartman measurable sets
2.1 Definition and Basic Properties . . . . ... ... ... ... ...

2.2 Characterization results . . . . . . . . ... ...

3 Hartman measurable functions
3.1 Motivation . . . . . . ...
3.2 Riemann integrability . . . . . .. ... ..o 0oL
3.3 Hartman measurability . . . . .. ... ... ...
3.4 Filters associated with Hartman measurable functions . . . . .
3.5 Subgroups associated with Hartman measurable functions
3.6 Generalized jump discontinuities . . . . . . . . . ... ... ..
3.6.1 Riemann integrable functions with(out) a g.j.d. . . ..
3.6.2 Hartman measurable functions with(out) a g.j.d.. . . . ..
3.7 Hartman measurability and Fourier Transformation . . . . . .
3.8 Relation to other spaces of functions . . . . .. ... .. ...
4 The Hartman compactification

15
15
15
19
25
29
35
35
37
47

52

55



4.1 Gelfand Theory . . . . . . . . .. .. 55

4.2 Representation of Riemann integrable functions . . . ... .. .. 57
4.3 Banach almost periodic functions . . . . .. ... ... ... ... 60
Bibliography 65

vi



Chapter 1

Introduction

1.1 Preliminaries and Notation

A left invariant mean (L.I.M.) is a functional m assigning to each bounded func-
tion (of a certain subspace of bounded functions) a complex number in a linear
way, such that for real-valued functions f the following two assertions hold

1. inf |f] < m(|f]) < sup|f]| (hence "mean”),

2. m(fz) = m(f) for all left translations f, : a — f(ax) (hence ”invariant”).

On a compact! group G existence and uniqueness of Haar measure implies that
m : f — [ fdug, with the Haar measure ug on G, is the unique L.I.M. on
the space C(G) of continuous functions on G. On non compact locally compact
groups this direct approach is no longer possible because puc(G) = oo and there is
no way to normalize the Haar measure. Nevertheless, if the group G is amenable
(e.g. every abelian group is) there are plenty of invariant means defined even on
the larger algebra of bounded functions B(G). Of particular interest are those
bounded functions on which all L.I.M.s defined on B(G) take the same value.
They are denoted by AC(G) and called almost convergent. In fact AC(G) is a
linear subspace of B(G) (but in general not a subalgebra). Well known subspaces
of AC(G) are those of almost periodic functions A(G) and the weakly almost
periodic functions W(G). As standard references we mention the monographs
[Gre] and [Pat).

As we will see in section 1.2 the algebra of (weakly) almost periodic functions
A(G) (resp. W(G)) is isomorphic to the algebra of continuous functions C(bG)
(resp. C(w@G)). From the viewpoint of universal objects, (¢, bG) turns out to
be the maximal topological group compactification, while (i, wG) turns out as

Throughout this paper ”compact” always includes the Hausdorff separation axiom.



the maximal semitopological semigroup compactification of G. Regarding com-
pactifications we will stick to the notations established in [BJM] and used in
[FPTW, SchSW, Win]. For a modern and extensive treatment of (weakly) al-
most periodicity we refer to the monograph [BJM)].

The greek letter p will denote an arbitrary Borel measure, the latin letter m a
mean resp. a finitely additive measure. The measure theoretic completion of w
is denoted by fi. The support supp(u) of the Borel measure 1 on the topologi-
cal space X is defined by the requirement that X \ supp(y) is the union of all
open p-null sets. As usual we denote the set all of continuous (complex-valued)
functions defined on the topological space X by C(X), the set of all bounded
functions defined on X by B(X) and the set of all bounded continuous functions
by Cy(X). Both B(X) and Cy(X) equipped with the norm || f||e := sup,ex | f(z)]
are Banach spaces.

The filter of all neighborhoods of a point z in the topological space X will be
denoted by U(z).

For two subsets A, B C X of a metric space let dist(A, B) := infzeayepd(z,y)
denote the distance between A and B. We will say that A and B are separated
if dist(A, B) > 0. The diameter of a set A C X is defined by diam(A) :=
Sup, ye4 d(%,y), the open ball with center z and radius € w.r.t. the metric d is
defined by Ky(z,¢) = {y : d(z,y) < €} When it causes no confusion the subscript
d will be omitted.

The dual of a locally compact abelian group G will be denoted by G. As a
standard reference for topological groups resp. LCA groups we refer to [Arm)]
and [HR]. For a function f: X — Y and A C Y we will occasionally use the
notation [f € A] := {z € X : f(z) € A} = f~!}(A). The characteristic function
14 of a set A is defined by the requirement l4(z) =1 for x € A and Ta(z) =0
otherwise. AAB denotes the symmetric difference of sets: Taap = |T4 — L.

1.2 Almost periodic functions

The concept of almost periodicity was first introduced by Harald Bohr in a series
of papers published in Acta Mathematica between 1923 and 1926.

Definition 1.2.1. A continuous function f : R — C is called almost periodic if
for every € > 0 the set P(f;e) := {z e R:Vy e R |f(z+y) — f(y)| < e} of
e-almost periods has bounded gaps, i.e. there exists M = M(e) > 0 such that
P(f;€) intersects every interval [a,b] C R with lengthb—a > M.

Note that for periodic f we have P(f;e) 2 p-Z, where p is a primitive period
of f. Hence every continuous periodic function is also almost periodic. It is also



clear that every almost periodic function is bounded since

lFWI < 1f(y) = fle+y)l+1f (@) <e+ sup |f(z)].

z€[0,M]

If we denote as usual by 7, : y — z + y the translation on R by z € R, it
is not hard to check that a bounded function f is almost periodic iff the set
O(f) := {m=f : = € R} has compact closure in the Banach space (Cp(R), |||loo)-
This concept of almost periodicity easily translates to an arbitrary topological
group G.

Definition 1.2.2. Let G be a topological group. A bounded continuous function
f G — C is (left) almost periodic iff O(f) = {X¢f : g € G} has compact
closure in the Banach space (Cy(G), ||.|lo). Here Ay : h — gh denotes the (left)
translation on G by g € G.

In a similar fashion one can define right almost periodic functions using the right
translations p, : h — hg. Nevertheless it turns out that a function is right almost
periodic iff it is left almost periodic.

The set A(G) of all almost periodic functions on G has the following properties:

e A(G) is an algebra, i.e. f+ g and fg are almost periodic, whenever f and
g are almost periodic. For f € A(G) and A € C also A\ f € A(G).

e A(G) is closed in Cy(G), i.e. lim,_ fn is almost periodic, whenever every
fn is almost periodic and the limit is obtained w.r.t. the norm ||.||eo.

e A(G) is translation invariant, i.e. for every g € G \;f and p,g are almost
periodic, whenever f is almost periodic

¢ A(G) admits a unique invariant mean, i.e. there is a unique L.LM. m :
A(G) — C such that m(f) > 0 whenever f > 0 and m(A,f) = m(f) for
every g € G.

In particular A(G) is a Banach subalgebra of Cy(G). Since A(G) contains all
constant functions and is also invariant under complex conjugation, A(G) is in
fact a unital *-subalgebra of Cy(G). A(G) is therefore even a unital C*-algebra,
because in any closed *-subalgebra of Cy(G) the C*-axiom || ff*|| = || f*f1l = || fII?
is valid.

1.3 Group compactifications

Let G be a topological group, C a compact group and ¢ : G — C a continu-
ous homomorphism with image ((G) dense in C. In this case (¢,C) is called a



group compactification of G. On the class of all group compactifications we can
impose a preorder by defining (¢1,C1) < (L2, Cy) iff there is a continuous group

homomorphism 7 : Cy — C} such that 7oty = ¢y, i.e. iff the diagram

Ci.

commutes. Using compactness of C; and C, one obtains that (11, C1) < (L2, C))
and (11, Ch) > (tg,Cy) imply that 7 is a topological group isomorphism Cy — C}.
We call two group compactifications (¢1, C1) and (i9, Ca) equivalent iff there exists
a topological group isomorphism 7 : Cy — C} such that m oy = ¢;. Thus <is a
partial order on group compactifications modulo equivalence.

For each given topological group G there exists a maximal group compactification
w.r.t. the order <, the Bohr compactification (u,bG). Each group compactifi-
cation (1, C) is equivalent to a group compactification (Z,C) < (1, bG) Thus the
Bohr compactification of a given group G is a universal object within the class of
group compactifications and up to equivalence there are at most 2°74(*%) different
group compactifications of G.

The set of all group compactifications {(¢,C) : C C bG)} is a complete lattice.
The join

\/(Li, Cz) = (L, C)

iel
is equivalent to the compactification given by ¢(g) := (ti(g))ier € [[;c; Ci and

C :=uG) C L Ci

One important property of group compactifications the following: Every contin-
uous function on G that can be extended to a continuous function on a group
compactification of G is almost periodic. More precise:

Proposition 1.3.1. Let G be a topological group and (¢, X) a group compactifi-
cation of G. For F : X — C denote by (*F the function defined via .*F(g) =
Foug). Then *C(X) C A(G).

Proof. First note that due to compactness of X every continuous function F' on
X is almost periodic. Indeed Ox(F) := {A\F : 2 € X} C C(X) is the image of
the compact space X under the continuous mapping z — A F. Next note that
t* : C(X) — Cy(G) is a bounded linear mapping. Hence it sends the compact set
Ox(F) C C(X) onto the compact set t*Ox(F) C Cp(G) and

COx(F) 2{'(M\gF) g€ G} ={Ag"F : g€ G} =O0¢('F),

proving that ¢*F is almost periodic on G. (]



Using the Gelfand-Representation Theorem for unital abelian C*-algebras we can
show that every almost periodic function on G can be extended to a continuous
function on the Bohr compactification of G. First we need some auxiliary results.

Definition 1.3.2. Let G be a topological group f € Cy(G) and p € Cy(G)', the
dual space of Cy(G). We define the (left) introversion by p as

Tuf(s) = p(Asf);

a translation invariant subspace A C Cy(G) is (left) introversion invariant if
T.f € A whenever f € A and pe A'.

If A C Cy(G) is a *-subalgebra that is both translation and introversion invariant
one can define a semigroup operation on A’ via v y := T;v, more explicitly this
means

vep(f) =v(T,)f, for feA vyuecA.

This binary operation can be regarded as an extension of the group operation on
G since §, * 6y, = g, for g, h € G and §, the functional defined via 6,(f) := f(g).
If A C A(G) is a translation and introversion invariant *-subalgebra then the
operation * is jointly continuous, i.e. continuous as a mapping A’ x A’ — A’,
w.r.t. the weak-*-topology. For details we refer to the monograph [BJM].

Theorem 1. Let G be a topological group. The algebra A(G) of almost periodic
functions on G s isometrically isomorphic to C(bG), the algebra of continuous
function on bG.

Sketch of Proof. We show that 4(G) is isometrically isomorphic to the contin-
uous functions defined on the weak-* closure of {§, : ¢ € G} C A(G). Let
us denote this closure by X. Note that by the Banach-Alaoglu theorem X is
compact. Furthermore é : G — X is a continuous homomorphism w.r.t. the
group operation on G resp. the operation * on X. Using the joint continuity
of * and density of §(G) in X standard topological arguments yield that X is a
topological group, i.e. (4, X) is group compactification of G. For given f € A(G)
consider the function F' € C(X) defined via F(p) := p(f), with 4 € X. Clearly
0*F = Fod = f and thus 6*C(X) 2 A(G). Since the inclusion 6*C(X) C A(G)
holds trivially, we have §*C(X) = A(G).

Since (4, X) is a group compactification with §*C(X) = A(G), due to maximal-
ity the same must hold for the Bohr compactification: ;C(bG) = A(G). The
Banach-Stone Theorem asserts that there exists a homeomorphism ¢ : X — bG
such that ¢ 0§ = ¢,. Since ¢ has dense image, it is easy to deduce that ¢ is
actually a continuous group isomorphism. Thus (8, X) > (i, bG). The universal
property of the Bohr compactification implies (4, X) < (t,bG) and thus (4, X)
and (u, bG) are equivalent group compactifications. O

After we have established the isomorphy A(G) = C(bG) we can describe the
invariant mean for A(G): Since every almost periodic function is of the form




F o1, with a unique F € C(bG) and «(G) is dense in bG L.I.M.s on A(G) and
L.I.M.s on bG are in one-one correspondence. Uniqueness of the Haar measure
ps on bG implies that the only L.I.M. myg on C(bG) is given by F — [, fdusc.
Hence the unique L.I.M. m¢g on A(G) is given by

me(f) = /bGFde

where F' is the unique function from C(bG) such that f = F o ¢.

We can mimic these constructions when replacing the category of topological
groups by categories of other topological-algebraic objects, for example by semi-
groups with compatible topology:

Definition 1.3.3. A topological space S with a semigroup operation - is semi-
topological if for each s € S the mappings As : t +— st and ps : t — ts are
continuous. A pair (v,C) is a semitopological semigroup compactification of S if
C is a compact semitopological semigroup and ¢ : S — C is continuous semigroup
homomorphism with dense image (S).

There exists a maximal semitopological semigroup compactification (which is
unique up to equivalence), the so called w.a.p. compactification (t,,, wS).

Definition 1.3.4. Let S be a semitopological semigroup. A continuous function
f: 8 — Cis (left) w.a.p. iff the closure of the set O(f) := {\sf : s € S} w.r.t.
the weak topology on Cy(S) is compact.

Again one can show that left and right w.a.p. functions are the same thing and
that the set W(S), consisting of all w.a.p. functions defined on S is a *-subalgebra
of Cy(S). Every w.a.p. function on S can be extended to a continuous function
on wS and W(S) coincides with the space ¢;,C(wS). If S = G is a topological
group, then (i, bG) < (tw, wG) as semitopological semigroup compactification.
Denoting the canonical projection 7 : wG — bG (note that 7 is open), one can
show that the measure p.,,, defined by the requirement p,,(A) := up(wA), induces
the only L.I.M. on C(wG). Hence the unique L.I.M. mg on W(G) is given by

me(f) = / P

where F is the unique function from C(wG) such that f = Foy,. There are pos-
itive weakly almost periodic functions with zero mean value, denoted by W(G)o,
while every positive almost periodic function has a positive mean value.



Chapter 2

Hartman measurable sets

2.1 Definition and Basic Properties

In this section we will describe how for a topological group G the Haar measure
pe on a group compactification (¢,C) can be used to define a finitely additive
probability measure p¢ on a non trivial Boolean set algebra on G.

The idea is to consider sets H = ("!(M) and define pug(H) = pc(M). Inves-
tigations in [FPTW] have shown that this approach works if one requires that
M C C is a continuity set (also called Jordan measurable), i.e. a set the topolog-
ical boundary OM of which satisfies uc(0M) = 0. We will now give the relevant
arguments:

It is easy to verify that the system S C PB(C) of all uc-continuity sets on C' is a
Boolean set-algebra (due to the fact that OM = OM* and 0(AU B) C 0AUOB).
However S¢ is in general no o-algebra. '

Lemma 2.1.1. Let G be a topological group and let (¢,C) be a group compacti-
fication. If My C C and My C C are pc-continuity sets with .™1(Mp) = (M)
then pc(Mi) = pc(Ms).

Proof. Let D := +(G) and note that D is dense in X. Also note that My N D =
Lot Y (M) = 1o} (M) = Myn D. First we show that (M; \ Mp)° = 0.
Suppose by contradiction that there exists z € (M \ Ms)® = M? \ M. Since D
is dense we may w.l.o.g. assume that x € D. In particular z € M; but z ¢ M,
contradicting M; N D = My N D. Thus (M; \ M3)° = 0 and so the pc-continuity
set My \ M, (remember that pc-continuity sets form a Boolean algebra) is a
pte-null set because

0 = o (B(M: \ My)) = p (M \ M) \ (M \ Ma)®) = (M \ M),

Thus we have pc(M; U Ma) = pc(My) + pe(Me \ My) = pe(M;). By symmetry
pe (M) = po(My U Ma) = pc(Ms). O



This enables us for each group compactification (¢, C') to define a finitely additive
measure on the Boolean set algebra :7'(S¢) C PB(G) by letting pg : (M) —
pc(M). Sets H C G arising in this way are called (i, C)-Hartman measurable.
Next we show that we can get rid of the dependence on a particular group com-
pactification (¢, C).

Lemma 2.1.2. Let G be a topological group and let (¢1, Cy) resp. (i, Co) be group
compactifications. If My C C) and My C Cy are pe, 1esp. pic,-continuity sets
with «"H (M) = ™Y (My) then pc,(My) = pc,(Ma).

Proof. Let (¢,C) = (t1,C1) V (2, C3) be the supremum of the two group compact-
ifications and m; : C — C;, © = 1,2 the canonical epimorphisms. Since the Haar

o
™

T2
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o) G—2 .,

measure on C; is given by uc, = m; o uc, where ¢ is the Haar measure on C, it
is easy to show that M) := n7}(M;) and M, := n;}(M,) are pc-continuity sets
on C' (we will give a more detailed argument in Lemma 3.2.5). Furthermore

Y M) = o (M) = N (My) = 5N (M) = oy N (M) = N (Ms).

Thus Lemma 2.1.1 implies po(Ms) = pe(M;) and thus
poy (My) =m0 pag, = (M) = p(Ma) = 75 0 piag, = pic, (M),
O

Definition 2.1.3. Let G be a topological group. A set H C G is called Hartman
measurable if one of the following equivalent assertions holds:

1. There ezists a group compactification (tc,C) such that H is (v, C)-Hartman

measurable,
2. H is (w, bG)-Hartman measurable.

Here (1y,bG) denotes the Bohr compactification of the topological group G. The
system of all Hartman measurable sets on G is denoted by H(G).

For the case G = Z (additive group of integers) number theoretic aspects of Hart-
man measurable sets have been studied in [SchSW], while in [Win] the dynamical
aspect has been stressed. This gets clear by the observation that « : Z — C
can be interpreted as a Z-action on C, generated by the ergodic group rotation




T :cr c+(1). In particular the information about (¢, C) contained in H or,
equivalently, in the binary coding sequence g (characteristic function) of this

dynamical system has been investigated. We will extend these results in chapter
2.

From Definition 2.1.3 it is clear that $(G) = ¢; '(See) € B(G) is a Boolean set-
algebra and pc = t o pp is a finitely additive invariant measure on $(G). As
a starting point we will restrict our investigations to the case G = Z and prove
uniqueness of puz.

Remark: Every finitely additive invariant measure on the Boolean algebra $(G)
can be extended to a finitely additive invariant measure on B(G) whenever the
group G is amenable (Z along with any other abelian group is amenable). How-
ever, this extension need not to be unique (cf. Theorem 10.8 in [Wag]).

Proposition 2.1.4. Let v be a finitely additive invariant measure on $H(Z). Then
V= Ug.

Proof. Let H € $(Z) be fixed. There exists a group compactification (¢, C) and
a pic-continuity set M such that H = .~'(M). Suppose that C is metrizable (we
will show in Theorem 2 that this is no loss of generality). Consider the dynamical
system (C,T) where T : x — z + ¢(1). Since T is an ergodic group rotation of
the compact metrizable monothetic group C, the transformation 7" is uniquely
ergodic (Theorem 6.20 in [Wal]). Thus Lemma 6.19 in [Wal] assures that

N-1
%ZfOTn_)/Cf“C (2.1)
n=0

in the topology of uniform convergence, for every continuous function f : C' — C.
It is not hard to show that (2.1) is also valid for functions of the form f = 1,
with M a pc-continuity set (the relevant property is Riemann integrability, which
is of major concern for chapter 2 and will there be discussed in great detail). Thus

N-1

S L (T72) = pe(M)

n=0

1
N
uniformly for z € C. Restricting this relation to ¢(Z) yields that

N-1

S Wi-nlg) — pa(H) (2.2)

n=0

1
N

uniformly for g € Z. Let v be any finitely additive translation invariant measure
on $)(Z). We establish a one-one correspondence between finitely additive trans-
lation invariant measures on $)(Z) and non negative invariant linear functionals
on span $)(Z): For a given measure v let n := n, be defined via n,(1y) := v(H),
and for a given functional n defined a measure via v = v, := n(ly). Note that
nonnegativity of these functionals implies boundedness w.r.t. to the topology




of uniform convergence. Thus if we regard n = n, as a non negative invariant
functional on span $)(Z) the LHS of (2.2) equals v(H). Since the RHS of (2.2)
equals uz(H) the two measures v and gz coincide. a

Although every set H € $)(Z) has a unique measure, Hartman sets are rather
special among sets with this property. For example, the system

AC(Z) = {ACZ: p(A) =v(A) for every two translation invariant
finitely additive measures p and v}

is not closed under forming intersections, while the system $(Z) is.
Proposition 2.1.5. A subset A C Z has a uniform density (Banach density) iff
A € AC(Z).

Proof. Consider the upper resp. lower Banach density d*(A) resp. d.(A) of A.
Recall that

e #Hle0)04)

T T T a0 (23)
resp. .

mmy=£$gﬁ%%%%l. (2.4)

By definition A has uniform density iff upper and lower Banach density coincide.
It is important to note that

#la+z,b+zlnA} 1 Zb:anlu(w)

#a, b] e b 2

a

for any interval [a,b] and x € Z (recall that o is the shift operator on Z). Thus
in particular

b
1 1
d*(A) = lim sup su onlla(z — supsu 4 o 1a(z) ] .

AR <#[a’ d g . )> £t et (#F ze; . )>

It is known (cf. [Pat]) that d*(A) coincides with the quantity

S(A) :=sup{u(A) : p is an invariant finitely additive measure on B(Z)}.
By symmetry we get that d,(A) coincides with

I(A) := inf{u(A) : p is an invariant finitely additive measure on B(Z)}.

Thus A € A€(Z) is equivalent to S(A) = ud(A) = d*(A) = I(A) = d.(A). O
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Having this characterization of A€(Z), we can find A, B in 2A€(Z) such that
AN B ¢ A¢(Z):

Let C be any set with d*(C) > 0 and d.(C) = 0, eg. C = ;- £[2",2" + n].
Let A := 3Z and B := 3Z\ CU((3Z\ C) + 1), then ud(A) = ud(B) = 2 but
ANB=C ¢ AC(Z). In fact for any given infinite set S C Z we can find subsets
A, B C § with this property.

Proposition 2.1.6. For a subset A C Z the following assertions are equivalent:

1. A e Ae(Z)

2. (Ta— pc(A) 1,) € Ko(Z) where

and the closure is taken w.r.t. the topology of uniform convergence.

Proof. This is a special case of Propositions 2.1 and 2.2 in [Pat]. O

Example 2.1.7. Invariant transformations of A€(Z): We will construct a
family of measure preserving transformations T, called cut-and-paste operators,

such that TUAC(Z) C AC(Z) but TH(Z) € H(Z).

To this end let us identify a subset A C Z with its characteristic function 4 €
B(Z). We are going to consider linear operators T : B(Z) — B(Z) of the form

N
T = ZO’kiPAi, k; € Z. (25)
i=1

o denotes again the shift operator defined by o f(k) := f(k+ 1) and P4, denotes
the multiplication operator defined by Pa4,f := fl4,. Observe that P4, is a
projection onto the subspace II(A;) := {f € B(Z) : supp(f) C A;}. If all the
sets A; + k; are pairwise disjoint, then it is obvious that T' maps characteristic
functions on characteristic functions. Thus we can write T4 := 74 for a

mapping 7 : PB(Z) — P(Z).
We claim that TUA€(Z) C 2A€(Z) whenever the following conditions on the sets
Ai hOld

1. (A,‘i‘kl)ﬂ(A]‘}‘k)]) =®forz'7éj,

2. A;A(A; +n) is finite for each i =1,...,N and n € Z,

3. Z\ (A U...U Ay) is finite.

11



Note that the last condition implies that ud(7Z) = 1 (this will also ensure that
T preserves measure). Let us denote the commutator of two linear operators by
[T1,T5) = ThTy — ToT,. Elementary calculations yield that

T(e"-1)f=("-DTf+[T,0"|f, neL

Since Ko(G) is shift invariant, we have TKo C Ko+U,> __ [T, 0™ Kp. To calculate
the commutator [T, 0™] we use that

n=-0oo

[Po*]f = of (La,—Tay) S T(AA(A - n)),
[6¥ P, o™ f = o%[P,o"f = [o%,0")f C TI((4 + k) A(A; — n)).
Thus for each n € Z:
N N
[T,0"] C UH((Aimi)A( ) (U (A;i + ki) A —n)).
=1 i=1

Since Condition 2 implies that [T,0"|f is of finite support, we can conclude
that [T, 0" B(Z) C Ko(Z). This already implies invariance of A€(Z) w.r.t. the
transformation 7"

TQlQ:(Z) TKo( ) +TC -1z C TKO( ) +C-Tlz C Ko( ) +C- 177 C Q(Q:(Z)

Let us have a closer look at the simplest case and consider the transforma-
tion 7 associated with the parameters A; = —N, Ao = N, k; =0, &k, = 1.
Thus 7 maps a binary sequence (...T_o2_12ZoT1%2 . . .) onto the binary sequence
(... 20z _10T223...).

We show that for this particular transformation 7 there exits a Hartman measur-
able set H € $(Z) such that 7 H is not Hartman measurable. Suppose by con-
tradiction that both H and 7 H are Hartman measurable. Then also HATH €
$9(Z); if we denote H again as a binary sequence, this means (...000 % *...) €
$(Z). Since HATH € $)(Z) has arbitrarily long blocks of zeros Theorem 4 in
[SchSW] implies that any finite subword w of HAT H appears with asymptotic
frequency p(w) = 0. On the other hand it is easily computed that if the sub-
word (10) occurs with positive asymptotic frequency in H, then the subword
(1) occurs with positive asymptotic frequency in HA7T H. As there clearly exist
Hartman measurable sets H C Z with the property that (10) occurs with positive
asymptotic frequency this is a contradiction.

For an arbitrary transformation of the form (2.5) essentially the same reasoning
as above applies once we replace the subword (10) by a subword of length k;
resp. of length k; + 1 for 2 = 2,..., N such that the chosen subwords occur with
positive asymptotic frequencies within the set A;.

2.2 Characterization results

Let G be an abelian group and 7, the translation by g € G. We introduce two
mappings:

12



e for a Hartman measurable set M denote by dy : G — [0, 1] the mapping
g— meg(MAT,M),

e for a uc-continuity set M™* on some group compactification (¢, C') denote by
du- : C — [0, 1] the mapping g — pc(M*A7,M*).

Note that the mapping das- (and similarly the mapping dj;) can be used to define
a translation invariant pseudometric by letting pp+ (g, h) := dy+(g — h). The set
of zeros {g € C : dy+(g) = 0} is always a closed subgroup. We will denote this
subgroup by ker dp«(g).

Now consider sets of the form F(M,e) := {g € G : du(g) < €} and denote
by F(M) the filter on G generated by {F(M,e) : € > 0}, i.e. the set of all
F C @G such that there exists an ¢ > 0 with F(M,e) C F. When we have a
realization M* of M on some group compactification (¢, C') we can transfer the
topological data encoded in the neighborhood filter of the unit O¢ in C to the
original group G by considering its preimage under ¢. To be precise: Let (¢, C) be
a group compactification and U(C, O¢) the filter on C generated by neighborhoods
of the unit element Oc in C. By ) we denote the filter on G generated by
171 (M(C,0¢)). Note that if the mapping ¢ is one-one, 17! ((C,0¢)) is already a
filter.

For the group Z of the integers, Theorem 2 in [Win] states that the filter 4, ¢y C
B(Z) contains much information about the filter Y(C,0¢c) C P(C) and hence
about the group compactification (¢, C):

Theorem: Let M C Z be a Hartman measurable set and (v,C) a group com-
pactification of the integers such that M can be realized on C via the continuity
set M*, i.e. there is a uc-continuity set M* C C such that ' (M*) = M.
Then H = kerdpy- is a closed subgroup of C and F(M) =‘il(,rHOL,c/H), for
7wy : C — C/H the canonical mapping.

With the tool developed in the next chapter we will able to prove the following
generalization:

Proposition 2.2.1. Let G be an LCA group with separable dual G. IfMCG
is a Hartman measurable set and (¢,C) is a group compactification of G such
that M can be realized on C via the continuity set M* then H = kerdpy+ s a
closed subgroup of X and F(M) = Uryy0nc/my, for g : C — C/H the canonical
mapping.

For the group of integers Z and a Hartman measurable set M C Z the filter
F = F(M) can also used to define a subgroup of T = Z consisting of all those
elements «, such that the limit of {na},cz with respect to the filter F vanishes:

Sub(M) := F-lim|na| = 0.

Recall that for some sequence {z,}ncz we have F—lim,z, = 0 iff for every
€ > 0 the set {n € Z : |z,| < €} belongs to the filter . In [Win] it is shown

13



that all three objects - filter, compactification and subgroup - carry the same
information regarding a fixed Hartman set M. It is worth to note that in [BSW)
it proven that any subgroup of a compact abelian group G can be written as
{9 € G: F-lim . x(g) = Og} for some filter F on G.

14



Chapter 3

Hartman measurable functions

3.1 Motivation

As any set M C G can be identified with the characteristic function f := ), €
B(G), the characterizing properties of M being Hartman measurable can be for-
mulated in terms of the function M. It turns out that the relevant property is
Riemann integrability: M C G is Hartman measurable iff there exists a charac-
teristic function F = 1+ on some group compactification (¢, C) that is Riemann
integrable and such that f = F o:. Once such a characterization in functional
terms is obtained, we can extend the concept of Hartman measurability from
sets to functions, by dropping the requirement that f has to be a characteristic
function and deal with arbitrary bounded complex-valued functions instead.

3.2 Riemann integrability

In the following let X be a compact (including the Hausdorft separation axiom)
space and u a positive regular Borel measure with full support supp(u) = X. A
bounded function f : X — C is called p-Riemann integrable iff the set disc(f) of
points of discontinuity is a p-null set. Let us denote the set of all these functions
by R.(X).

Note that for any continuous (complex-valued) function g : C — C the inclusion
disc(g o f) C disc(f) holds for arbitrary f : G — C. Thus every continuous g is a
left multiplier for R,(X) in the sense that g : C — C continuous and f € R,(X)
implies go f € R,(X).

The following characterization of Riemann integrability, a proof of which can be
found in [Tal], is important for us:

Proposition 3.2.1. For a real-valued p-measurable function f the following as-
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sertions are equivalent:

1. f is p-Riemann integrable

2. For every € > 0 there exist continuous functions g. and h. such that g. <
f < he and [, (he — ge)dp < €.

For a complex-valued p-measurable function f consider its decomposition in real
and imaginary part f = Ref + iImf. Since disc(f) C disc(Ref) U disc(Imf)
Riemann integrability of the real-valued functions Re f and Imf implies Riemann
integrability of f. On the other hand the mappingsRe : C - Rand Im: C - R
are left multipliers for R,(X), so Riemann integrability of f implies Riemann
integrability of Ref and Imf. Thus we obtain Proposition 3.2.1 also for complex-
valued functions

Corollary 3.2.2. For a complez-valued p-measurable function f the following
assertions are equivalent:

1. f is pu-Riemann integrable

2. a. For every € > 0 there exist continuous functions g. and h. such that
ge < Ref < he and [, (he — ge)dp < €.

b. For every € > 0 there exist continuous functions g. and h. such that
Ge < Imf < he and [y (he — §e)dp < e.

Using the notation from Proposition 3.2.1 we collect some easy but important
implications:

1. Let g := sup,cy g1 and h := inf,en by, then g = h p-ae., so f coincides
p-a.e. with a y-measurable function and is itself ji-measurable (recall that
i denotes the completion of the measure ).

2. R,(X) is a uniformly closed and translation invariant *-subalgebra of both
B(X) and L*®(X; ).

3. If X is a compact group and u the normalized Haar measure on X, then
the LIM. m: f — fx fdu defined on C(X) can be extended to a L.I.M.
defined on R,(X) by letting

m = su m = inf
(f) gEC(X)I:,)gSf (f) heC(X), f<h

for real-valued Riemann integrable functions f. This extension is unique.
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Remark: Let f be p-Riemann integrable on the compact space X and p a finite
regular Borel measure with supp(u) = X. Let us denote the oscillation of f at
by
Osy(z) := limsup f(y) — liminf f(y).
y—z

y—x
Since Os; is upper semicontinuous (a proof of this fact can be found e.g. in
[Boul]) the sets A, := [Osy > 1] C disc(f) are closed. Using monotonicity of p
we conclude that each A, is a closed u-null set and hence nowhere dense. This
implies that disc(f) = |J,,>¢ An is both F, and a meager p—null set.

Corollary 3.2.3. Let XY be compact topological spaces, p a positive regular
Borel measure with supp(p) = X, and 7 : X — Y a continuous mapping. Let
v := m oy denote the Borel measure on'Y defined by v(A) := u(n~1(A)). Then
f € R(Y) implies fom € R,(X).

Proof. Using the elementary fact that disc(f o) C 7w~ !disc(f), one immediately
obtains that p(disc(f o)) < p(r~tdisc(f)) = v(disc(f)) = 0. 0O

Let C,(X) denote the linear space generated by characteristic functions of -
continuity sets on X. Let us call these functions simple (u-)continuity functions.

Clearly C,(X) C R,(X).
Proposition 3.2.4. C,(X) is uniformly dense in R, (X).

Proof. Let f be y-Riemann integrable and w.l.o.g. assume that f takes values in
the interval [0, 1). We introduce the level-sets M, := [0 < f < t] and the function

pr(t) = A(My).

Since @y is increasing, it has at most countably many points of discontinuity.
Consider p({z : f(z) =t}) < ps(r) — ps(s) for s < t < r. If ¢y is continuous at
t this implies

sup @y(s) = f(t) = inf (),

s<t >t
and so {z : f(z) =t} is a p—null set for ¢ ¢ disc(py).
Now let z € OM;. If f is continuous at z we have f(z) =t. So
oM, C disc(f)U{z: f(z) =t}

The first set on the right-hand side is a p-null set since f is y-Riemann integrable
and the second one is a p-null set at least for each continuity point ¢ of ¢f. So for
all but at most countably many t the set M; is a p-continuity set. In particular
the set Ny := {t: p(0M;) = 0} C [0, 1] is dense.

Now we can approximate f uniformly by members of C,(X): Given € > 0 let
n > 1. Pick real numbers {t;}7, C N; with

1 1 n—1
t=0<t1 < —<...<ti< =<t <...< — <ty =|flleo < L.
n n T
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Let A; := M, \ My,_,,s0 |f(z) — = <eon A4 fori=1,2,...,n. For

IEUA,'=M1\M0=X

i=1
we conclude

|5 L) - @) <,
i=1

N——
€Cu(X)

ie |0, i14, = flleo < € and thus f is in the uniform closure of C,(X). O

i=ln

Lemma 3.2.5. Let X,Y be compact topological spaces, p a positive regular Borel
measure with supp(u) = X, andw : X — Y a continuous mapping. Let v :=mop
denote the Borel measure on Y defined by v(A) := u(r~1(A)). If f is a simple
v-continuity function on 'Y, then there exists a simple u-continuity function g of
Y such that f =go.

Proof. The mapping f — f o« is linear, so it suffices to prove the assertion

for characteristic functions. Let f = 14 with a v-continuity set A. Since
p(@(n7tA)) < (wrop)(A) = v(A) = 0 we obtain that B := 77 1(A) is a u-
continuity set. Thus we can pick g = 1p. a

Lemma 3.2.6. Let f,g be u-Riemann integrable functions on the compact space
X and p a positive regular Borel measure with supp(u) = X. If f and g coincide
on a dense set, then they coincide on the complement of a meager p-null set.

Proof. Tt suffices to show that [f # g] C disc(f) U disc(g). To do so, let = be a
point of continuity both for f and g. For any € > 0 we can pick a a neighborhood
U of z such that y € U implies |f(y) — f(z)] < €/2 and |g(y) — g(z)| < £/2. Since
[f = g] is dense there exists y. € U N [f = g]. We conclude

[f(@) — g(@)| < |f(2) = Fye)l + 19(ve) — 9(z)| < e.
Since € > 0 was arbitrary this implies f(z) = g(z). O

Corollary 3.2.7. Let f, g be simple p-continuity functions on the compact space
X and p a positive reqular Borel measure with supp(u) = X. If f and g coin-
cide on a dense set, then they coincide on a set of full p-measure with non-void
interior.

Proof. There are (possibly after refinement) disjoint p-continuity sets Ay, ..., Ak
such that f = Zi;l a; 14, and g = Zle Bill4,. From Lemma 3.2.6 we know
that [f # g¢] is a p-null set. Thus o; # f; for some ¢ = 1,...k implies that A;
is a p-null set. Since the closure of any p-continuity null set is again a null set,
Uaizs, A; is a closed p-continuity null set containing [f # g]. a
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3.3 Hartman measurability

Let us now introduce the concept of Hartman measurability for functions defined
on a topological group G:

Definition 3.3.1. A function bounded function f: G — C is Hartman measur-
able iff f can be extended to a Riemann integrable function on the Bohr compact-
ification (1, bG), i.e. denoting the normalized Haar measure on bG by up, f is
Hartman measurable iff there exists a Riemann integrable function F' € R, (bG)
such that Fou,. The set of all Hartman measurable functions on G is denoted by

H(G).

Since ¢} : F'+— F oy, is a linear and multiplicative mapping from the *-algebra
R,, (bG) onto H(G), the set of Hartman measurable functions on G is also a *-
algebra. Having the implications of Proposition 3.2.1 in mind, we conclude that
H(G) is translation invariant and consists of functions with unique mean-value.
If G is locally compact, then every Hartman measurable function is measurable
with respect to pig, the completion of the Haar measure on G.

For a Boolean set-algebra = C P(X) on X let us define
B(X,Z) :=span{lly: A€ =} C B(X)
where the closure is taken w.r.t. the topology of uniform convergence.

Let us denote the Boolean set-algebra of u-continuity sets in bG by bX. Thus
the algebra of Hartman measurable sets on G is ¢; 1(bX). With this notation
B(bG,bY) is the space of Riemann integrable functions on bG and the space
H(G) of Hartman measurable functions is ¢f B(bG, b¥).

Proposition 3.3.2. Let G be a topological group. Then H(G) = B(G,; 'bY), in
particular H(G) is uniformly closed.

Proof. Obviously span{ll4 : A € ;'(bX)} C H(G) C B(G,y;'(bT)). Since
span{ll4 : A € (;1(bX)} is dense in B(G,;'bY), it suffices to show that H(G) =
;i B(bG, bY) is uniformly closed. ¢} : F' — F oy, is a continuous homomorphism of
the C*-algebra B(bG,bY) into the C*-algebra B(G,;'bT). By basic C*-algebra
theory its image is closed (Theorem 1.5.5 in [Dav]). O

Remark: Application of Proposition 3.2.1 yields that if a real-valued function f
is Hartman measurable, then for every € > 0 there are almost periodic functions
ge and h, with g. < f < h, such that m(h. — g.) < € for the unique invariant
mean m on A(G).

At least for so called mazimally almost periodic (MAP) groups we can reverse
this assertion. Recall that a topological group G is MAP iff for the Bohr com-
pactification (¢, bG) the morphism ¢, : G — bG is one-one or, equivalently, iff
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the almost periodic functions A(G) separate the points of G. Since continuous
characters of LCA groups separate points and are almost periodic, every LCA
group is MAP.

Proposition 3.3.3. Let G be a MAP group. For a real-valued function f on G
the following assertions are equivalent:

1. f is Hartman measurable.

2. For every € > 0 there are almost pertodic functions g. and h. with
ge < f < he such that m(he — g.) < € for the unique invariant mean m on

A(G).

Proof. Since the implication (1) = (2) follows immediately from the definition
of Hartman measurability and Proposition 3.2.1, we will only prove (2) = (1).
Suppose for every n € N there exist g,,h, € A(G) with g, < f < h, and
m(h, — gn) < }l Let (¢,C) be any group compactification on which all g, and
h., may be realized and such that ¢ : G — C is one-one; w.l.0o.g. we may take C
to be the Bohr compactification bG of G.

Denote the unique continuous extensions of g, i, to bG by gy, resp. hy,. According
to Proposition 3.2.1 every function F' on bG satisfying sup,, g, < F < inf, h, is
Riemann integrable with respect to the Haar measure on bG and any two such
functions differ only on (a subset of) a up-null set. Now pick F' subject to the
conditions

1. sup,, g, < F <inf, izn and

2. Fouwl(g) = f(g) for every g € G.

Note that g, = gnot < f < izn o, = h, ensures that Condition 1 and Condition
2 are compatible. Since ¢, is one-one such a function F' exists. O

Let us turn now towards the realizability of Hartman measurable functions. Given
a Hartman measurable function f, we say that F' realizes f, if F' is a Riemann
integrable function defined on a group compactification (¢, C) such that f = Fou.
In this situation we also say that f can be realized on (i, C). On the other hand,
if we are given a Riemann integrable function F' on some group compactification
(¢,C) we say that F' induces the Hartman measurable function f = F o..

Proposition 3.3.4. Fvery Hartman measurable function f defined on the group
of integers Z can be realized on a metrizable group compactification (5, Cy), i.e.
there exists a Riemann integrable function F' € Rycf (Cy) such that f = Foug.
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Proof. If a characteristic function f is Hartman measurable, the set A := [f = 1]
must be a Hartman set in the sense of [FPTW]. By Theorem 4 of [Win] there
exists a metrizable group compactification (¢s,Cy) and a continuity set B C Cf
such that A = L;l(B), so 4 = g ots. The same applies if f is a finite linear
combination of such characteristic functions; in this case we have to replace the
metrizable group compactification for A by the supremum (=subdirect product)
of all finitely many involved group compactifications (cf. [BJM]). This supremum
is metrizable because it is a subspace of a finite product of metrizable spaces.

If f = F oy, is an arbitrary Hartman measurable function (w.l.0.g. induced by
a Riemann integrable function defined on the Bohr-compactification bG) there
exists a sequence of simple continuity functions F,, uniformly approximating F,
according to Proposition 3.2.4. Let (i,,C,) be a metrizable group compactifi-
cation on which the function f, := F, o, can be realized. Denote by (¢5, Cy)
the supremum of the group compactifications (in,Cr), n € N. Cy is a subdirect
product of at most countable many metrizable factors and hence also metrizable.

Let 7, m, be the canonical projections bG — Cf resp. bG — C,, i.e. mo 1, = 1y
and 7, o ¢, = i, Since (tn,Cr) < (¢,Cf) each f, can be realized on Cy by a
simple pg-continuity function H, (Lemma 3.2.5). So H,otf = f, = Fj, 045. Next

bG
Ly T F
F,
c—1 . C
ln H,
Cn

we prove that the functions 7*H,, and F), coincide on the dense set (,G: g € G
implies that

7 (Hy 0 14)(g) = Hn om0 1p(g) = Hn 0 t5(g) = fulg) = Fr o t(g)-

Since 7 Hy, F,, € C,, (bG), the set of simple p-continuity functions, we may
invoke Corollary 3.2.7 to conclude that 7*H, and F), coincide on an open set
U C bG with pup(U) = 1. This is the same as to say that the sequence {H,}°,
converges uniformly on the set V' := wU. Since 7 is an open mapping, V is open

and has measure p;(7U) = up(n~H(7U)) > u(U) = 1.

Thus the sequence {H,}22 , converges on V C C to a function H which satisfies
Houy=Fou = f. Since V is open with full measure we may extend H as we
wish without adding discontinuities on a set of more than zero us-measure. Since
ps(disc(H|v)) = pp(disc(F|y)) = 0, the function H is Riemann integrable. O
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Note that we can adopt this proof for an arbitrary topological group G once we
know that every Hartman set can be realized on a metrizable group compacti-
fication. Careful consideration of the proofs of the relevant parts in Theorem 2
in [FPTW] and Theorem 4 in [Win] show that the arguments given there apply
not only to Z but to any LCA group with separable dual. We will give now the
details of these arguments.

There is a unified approach to the theory of Bohr compactifications of LCA
groups (cf. [HR] Theorem 26.12). Bohr compactifications bG of an LCA group G
may either be regarded as the Pontryagin dual of Gy, the Pontryagin dual of G
endowed with the discrete topology, or as a certain subgroup of the product space

[Icc x(G). Note that x(G) is topologically isomorphic to R/Z or to Z/nZ.

A group compactification (¢, C) of G is called finite resp. countable dimensional
iff (¢, C) is equivalent to a supremum (=subdirect product) of finitely resp. count-

ably many group compactifications of the type (x, x(G)). Since each of the spaces
x(G) € {R/Z,Z/2Z,Z/3Z, ...} is metrizable, we may use the term countable di-
mensional group compactification synonymously to the term metrizable group
compactification. Furthermore we call a group compactification (¢, C') injective

iff ¢ is one-one.

Lemma 3.3.5. Let G be an LCA group with separable dual. Then each metriz-
able group compactification (1, C) is covered by an injective and metrizable group
compactification (7,C).

Proof. First we construct a metrizable group compactification (¢m, Cs) such that
tm is one-one. Let A be a dense countable subgroup of G. Let

Cn = HX—(-CT)-

X€EA

We claim that the continuous homomorphism ¢,, : G — C,, defined by g —
(x(9))xea is one-one. Suppose g; # g2. The continuous characters separate
points on G, so there exists xo € G such that |xo(g1) — x(g92)| = € > 0. Pick
X € Asuch that |x(9:)—Xo0(g:)| < €/2fori=1,2. Thus |x(g1)—X(g2)| = /2 > 0,
in particular ¥(g1) # X(g2). Finally we conclude

tm(91) = (x(91))xea # (x(92))xea = tm(g2)-

This proves that ¢, is one-one. Let (7, C) be the supremum of (¢, C) and (tm, Cin)
Clearly (7,C) > (¢,C) and C is metrizable. Furthermore f(g) = I(h) implies both
tm(9) = tm(h) and ¢(g) = ¢(h). Thus 7 is one-one. a

Lemma 3.3.6. Let G be an LCA group and T C G a Hartman measurable
set. For every € > 0 there are Hartman measurable sets T, and T¢, realized
on a finite dimensional (and hence metrizable) group compactification, such that
T. CT CT¢ and m(T°\ 1T.) < €, where m denotes the invariant finitely additive
measure defined on Hartman sets.
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Proof. Theorem 2 in [SchSW] tells us how to approximate an arbitrary Hartman
measurable set by a finite dimensional one: Let M C bG be a u,-continuity-set
realizing T, i.e. T = ¢;'(M). Use the inner regularity of the Haar measure on
bG to find an inner approximation K C M and uy(M \ K) < €, K compact.

Since the Bohr compactification bG can be regarded as subspace of [ ], .4 X(G), a
topological base (B;)ics of bG is obtained by restricting the standard topological

base (B;)ier of the product space [], s Xx(G) to bG. The sets B; can be chosen
to be finite intersections of sets of the form

Dygiap = {(ax)xeé DOy, € (a,b)}.
This implies that the base (B,')ie 1 consists of p,-continuity sets.

We can cover K by finitely many sets of the form B, N M, ¢ = 1,...n with
(Bi)icr. Each set B;NM is a p,-continuity set and induces a Hartman measurable
set on (G that may be realized on a finite dimensional group compactification
(¢,C). The same is true for the finite union K C U, (B; N M) C M, so let
T. .= oYU, B: 0" M). In a similar fashion one constructs T° using outer
regularity of the Haar measure p,. O

Lemma 3.3.7. Any Hartman measurable set T on an LCA group G with separa-
ble dual G can be realized on a metrizable group compactification of G, i.e. there
exists a group compactification (v, C) with C metrizable and a pc-continuity set
M C C, such that T = . }(M).

Proof. We follow the lines of Theorem 4 in [Win]. So let T be a Hartman mea-
surable set and {71/}, {TV"}%, sequences of finite dimensional Hartman
measurable sets, approximating T from inside resp. outside. Let (i, C) be the
supremum of all involved, at most countably many, compactifications. This im-
plies that C is metrizable. By Lemma 3.3.5 we can assume w.l.o.g. that (,C) is
injective as well.

Denote by M, resp. M™ the pc-continuity sets on C that realize the Hartman
measurable sets Ty, resp. T/™. Thus My, := oo, M2 is open, M* := (oo, M™
is closed and + Y (M) C T C ¢ }H(M*>). Let M := My, Uic(T). Since ic is one-
one the preimage of M under ¢ coincides with the given Hartman measurable set
T. Furthermore

Ho(OM) < p(M™\ Meo) = lim u(M™\ My) =0

shows that M is actually a puc-continuity set. O

We can now generalize Proposition 3.3.4 and obtain the following

Theorem 2. Any Hartman measurable function f on an LCA group G with
separable dual G can be realized on a metrizable group compactification.
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Proof. Apply Proposition 3.3.4 and Lemma 3.3.7. a

Remark: Note that the class of all LCA groups with countable dual contains all
countable and 1¢ countable LCA groups.

Since Hartman measurable functions on the group G correspond to the Riemann
integrable functions on the compact group bG, Theorem 2 essentially states that
Riemann integrable functions on LCA groups with separable dual always factor
through metrizable groups.

Next we will show that there exists a LCA group G with non-separable dual G,
such that is a Hartman measurable set " C G that cannot be obtained via a
metrizable group compactification of G.

Example 3.3.8. Let G = 2°. The dual of the compact group G is the discrete
group G = 2%*. We may interpret G as the group of all functions f: R — {0, 1}
and G as the group of all functions with finite support f : R — {0, 1}; the group
operation is pointwise addition of functions modulo 2. In particular note that
G is a discrete uncountable group, hence non-separable. Consider the subgroups
Gn and Gr\n consisting of all those functions the support of which is a subset of
N resp. R\ N. Clearly G = Gy @ Gr\n. Note that both Gy and Gr\n are closed
te-null sets.

Let us construct a set A C Gr\ny Wwith the property that Vg € Gry,g9 # 0
da € A,b € Gr\w \ 4, a,b # 0 such that g = a + b. To find such a set A pick a
well-ordering {z4 : @ < 2°} of Gr\n.

Transfinite induction: Suppose that for all ordinals a < ag we have already
defined a function 8 : ag — 2¢ such that

{:Ea + Zpa) 0 < ao} N {xﬂ(a) Ta< ao} = (.

We want to find a B(ap) such that Zg,) € {Ta + 2Zg@) @ @ < a0} and zgay) #
Tao + Tp(ag). The 7exceptional” set Dg, := {6 :25 = zo + Tg(e) for an o < ap}
has a most ap many elements. Since |ap| < 2° the set {z4 : @ < 2} \ Dy, is not
empty. Define f(ag) := min ({24 : @ < 2} \ Dq,). The set {zg) : @ < 2} has
the desired property.

Since Gryy is a closed pe-null set, such a set A is a pg-continuity set and f := 1[4
is a Hartman measurable function.

Claim: The Hartman measurable function f cannot be realized on any metrizable
compactification of G.

Proof. Suppose by contradiction f = f o with a Riemann integrable function f
defined on the compactification (¢, C) and the canonical epimorphism = : G — C.
7(G) = C implies that we must have f = ;4 and thus Ts(z) = L 4(nz). Since
C is metrizable, but G is not, 7 cannot be one-one. Hence ker 7 must contain
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some non trivial g € G. Since G = Gy @ Gr\y and Gy is metrizable kerm Gy
and hence ker 7 must contain an element g = g; @ go with g, # 0.

Letg=91+a+bWithgl EGN,CLEA,I)EGR\N\Aand a,b;éO.

Case 1: If g; = 0 we obtain the following contradiction:

1 = Ta(a) = La(g +b) = Lea(n(g +5)) = Lra(r (b)) = La(d) = 0.

Case 2: If g; # 0, then the support of g; + b is not contained in R\ N and hence
not contained in A. Thus we obtain the following contradiction:

0=1Ta(g1 +b) = Lra(m(g1 + b)) = Tna(m(g + g1 + b)) = Tra(ma) = Lu(a) = 1.

d

3.4 Filters associated with Hartman measurable
functions

By definition every Hartman measurable function ¢ on the (abelian) group G has
a realization on the Bohr compactification G by a Riemann integrable function
¢* € R, (bG). The mapping

s 2 T [|0" = ™|y = /G " — T2 |dp, = €bG
b

is continuous on bG (cf. [Els], Corollary 2.32). This implies that d, := dy- o ¢ is
an almost periodic function on G. Denoting the unique invariant mean on H(G)
by mg, we can also write d,(g) = ma(|e — 79|). It is then tempting to define
F(p,€) :={g € G : d,(149) < €} and denote by F(¢) the filter on G generated

by {F(yp,¢€) : € > 0}.

In the LCA setting, we can apply the tools developed in [Win| to conclude a
functional analogue of Theorem 2 in [Win].

Definition 3.4.1. Let ¢ € H(G) be realized by ¢* on the group compactification
(t,C). * is called an aperiodic realization of ¢ iff kerd,. = {z € C : ||p* —
"1 = 0} = {0c}.

Theorem 3. Let ¢ € H(G) be realized by ¢* on the group compactification (¢, C).
Then F(p) C Y cy. Furthermore F(p) = U if ¢* is an aperiodic realization.

Proof. Suppose ¢ = ¢* ot with ¢* € R, (C) for a group compactification (¢, C).
For any set A € F(¢) there exists € > 0 such that d,(z) < € implies z € A.
Using almost periodicity of d,, i.e. continuity of d,., we find a neighborhood
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U € Y(C,0¢) such that dy(U) C [0,€). For every z € . (U) € F¢ we have
d,(z) < e. Consequently :™}(U) C A € i, ¢) and hence F(p) C Y, c).

Suppose that ¢* € R, (C) is aperiodic, i.e. dy+(z) = 0 iff z = O¢, the unit in
C. Let A € Y, ) be arbitrary; w.l.o.g. we can assume A D ~!(U) for an open
neighborhood U € {(C,0¢). Due to the continuity of d,. and compactness of C
we have d,.(z) > e > 0 for z € C \ U°. This implies «({g € G : d,(g) <e}) CU
and hence {g € G : dy(g) < e} C 7' (U) C A € F(p). Thus Y, ) C F(yp) and
consequently i, c) = F(p). a

Definition 3.4.2. Let ¢ € H(G) and let (¢, C) be a group compactification of G.
A function ¢¥* € R, (C) is called an almost realization of ¢ iff me(|o —¥]) =0
for 1 :=1* oL and mq the unique invariant mean on H(G).

Theorem 4. FEvery ¢ € H(G) has an aperiodic almost realization on some group
compactification (v, X). If ¢* : X — C is an aperiodic almost realization of ¢
then F(p) = U x).

Proof. We only have to prove that an aperiodic almost realization exists, the rest
follows from Theorem 3. Let ¢* be a realization of ¢ on X. The reader will easily
check that H := kerdy,» = {# € X : d,-(z) = 0} is a closed subgroup of the
compact abelian group X.

Weil’s formula for continuous functions on quotients (Theorem 3.22 in [Els]) states
that there exists @ > 0 such that for every f € C(X)

| A b / Fo+ 0di(®))dxan) = o[ fwduxt)  (3)

=1(s)

holds. This implies that the canonical mapping °: C(X) — C(X/H), f — °f
defined by *f (s + H) = [}, f(s+ t)dun(t) satisfies ||’f|l1 < | f|l:. We rescale the
Haar measure on H such that o = 1. Thus we can extend " to a continuous linear
operator L'(X) — L'(X/H). Furthermore positivity of " enables us to extend °
to a mapping defined on R, (X) in the following way:

According to Proposition 3.2.1 f € R, (X) implies that there are g,, h, € C(X)
such that g, < f < h, and ||A, — gn||s — 0 as n — oco. Thus every function f on
X/ H satisfying

fe -—supgn<f<1nfbh i

n>0

is in Ry, (X/H). Note that f, and f* are uy-measurable and coincide py-a.e..
To define °f we pick any function f satisfying f, < f < f*. Then Weil’s formula
(3.1) will still be valid, regardless of the particular choice of the functions g, h,

and °f.
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Since ¢* is Riemann integrable on X, there exist functions ¢, € C(X) such that
ll¢* — @nlli — 0. Note that the convergence d,,, — d,+ is even uniform on X:

|dpn (8) = dip+ (8)| = || 7spn — @nlls = I7s0™ — ©"[l1| < 2]l — ¢" |l — 0.

Using the continuity of ® as a mapping on L!(X) the same argument also shows
that |do (s + H) — ds, (s + H)| < 2[|pn — ¢*|l1 — 0 uniformly on X/H. Now
suppose d; (s + H) = 0. Thus

dy+(8) = lim dy,(s) = lim dv, (s+ H) =0

n—o n—0o0
implies s € H,ie. s+ H =0x + H € X/H. So "* is aperiodic.

We show that ¢* being a realization of ¢ implies that %* is an almost realization
of ¢. By definition t € H iff A, := {s € X : ¢*(s +t) = ¢*(s)} has px-measure
1. Applying Weil’s formula (3.1) to the function f = 14, € L'(X) gives

bfd/JX/H = b]I,qt(S + H)d,u,x/H(S + H) = / fd/iX =1. (32)
X/H X/H X

Plugging the definition of * into (3.2) we get pux/u-a.e. the identity

Mo (s + H) = /H T, (5 + w)dpase () = 1.

So for every t € H and pux/y-a.e. s+ H we know that the set {v € H :
©*(s+t+u) # ¢*(s+u)} is a py-null set. This means '

Tt(TsS’?*xH) = Ts<P*|H Lky-a.e.
Thus 75¢* is constant py-a.e. on H and for px/y almost all s + H we have

(s + H) = /H re” (8)dpuss () = /H o(s) dusr(t) = 0 ().

Let gy : X — X/H be the quotient mapping onto the group compactification
(i, X/H). Let ¢* := %* o my. Since ** is Riemann integrable on X/H it follows
by Lemma 3.2.5 that %* is Riemann integrable on X. Weil’s formula (3.1),
together with the fact that the Haar measure on the quotient X/H is given by
px/H = Ty o pux, implies ¥* = @* px-a.e. Thus the function ¢ defined by

pi=yror="p 0l

satisfies mg(|¢ — ¥|) = ||¢* — ¥*||1 = 0 for the unique invariant mean m¢. Thus
10* is the required almost realization of (. , O

Corollary 3.4.3. Every ¢ € A(G) has an aperiodic realization on some group
compactification (¢, X).
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Proof. We use the notation from Theorem 4. If ¢ is almost periodic then ¢* is
continuous. Consequently %* and 9* := %* o 7 are also continuous. Since these
functions coincide px-a.e. they coincide everywhere on X. This implies that *
is constant on H-cosets and *0*(s + H) = *(s) for all s+ H € X/H. So ¢* is
even a realization of ¢, not only an almost realization. a

This Corollary is a special case of Fglner’s ”Main Theorem for Almost Periodic
Functions” in [Fgl].

Remark: Note that for any given realization of a Hartman measurable function
@ € H(G) on a group compactification (¢,C) we can w.l.o.g. assume that there
exists an aperiodic almost realization of ¢ on a group compactification (Z,C)
with (7, C‘) < (¢,C). Since we have shown in Theorem 2 that every Hartman
measurable function on an LCA group with separable dual has a realization on a
metrizable group compactification, every Hartman measurable function on such a
group has an aperiodic almost realization on a metrizable group compactification.

Definition 3.4.4. Let G be an LCA group and I' a subgroup of G. The induced
group compactification (v, Xr) is defined via

Xo:={(x(@xer :9€GY < J] Cx Cy= { g/nZ ZZ Z:ZE;; .
x€l(e)

Lemma 3.4.5. Let G be an LCA group and let (v, C) a group compactification.
Then there ezists a unique subgroup I' < G such that (ur, Xr) and (1, C) are
equivalent. Furthermore (1, C) is the supremum of all group compactifications
(ty, Xy) such that (vy, Xy) < (¢,C) (writing in short (ty, Xy) for (teyy, Xiv)))-

The mapping (t,C)— T is a bijection between equivalence classes of group com-
pactifications of G and subgroups of G.

Proof. See Theorem 26.13 in [HR). O

Corollary 3.4.6. Let ¢ € H(G). Any two group compactifications (¢1,C1) and
(12, C) on which ¢ has an aperiodic almost realization are equivalent.

Proof. By Theorem 3 we have U, c,) = F(p) = U,c.).- A straight forward
adaption of Theorem 1 in [Win| implies that the mapping

d:G>T~ (i, Xr)
coincides with the composition of the mappings

% (1, 0G) 2 (1,C) = Yo,
V:PG)2F — {yeG:v(F) -0}
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Since Lemma 3.4.5 states that ® = ¥ o ¥ is invertible, ¥ must be one-one. In
particular i, c,) = U, c,) implies that (¢4, Cy) and (1o, Cs) are equivalent group
compactifications. O

For the rest of this section assume that G is an LCA group with separable dual.

Corollary 3.4.7. Every filter F(p) with ¢ € H(G) coincides with a filter 4, ¢)
for a metrizable group compactification (¢, C). If ©* is an arbitrary realization of
@, say on the Bohr compactification bG, we can take X = bG/ ker dy-.

Corollary 3.4.8. Hartman measurable functions induce exactly the filters coming
from metrizable group compactifications.

Proof. In Theorem 3 in [Win] for every metrizable group compactification (¢, C)
of the integers G = Z, an aperiodic Hartman periodic function of the form f = 1l
is constructed. The same construction can be done in an arbitrary LCA group G
as long as the dual G contains a countable and dense subset. This shows that any
Y, c) with metrizable C' can be obtained already by an Hartman measurable set,
i.e. by a filter F(p) with ¢ = 4. As we have shown in Theorem 2 any Hartman
measurable function on G can be realized on a metrizable group compactification.
Thus Theorem 3 implies that no filter F(yp) can coincide with i, ¢) for a non
metrizable group compactification (¢, C). O

3.5 Subgroups associated with Hartman mea-
surable functions

For Hartman measurable ¢ let us denote by I'(¢) the (countable) subgroup of G
generated by the set

spec ¢ == {x € G :me(p-%) # 0}

of all characters with non vanishing Fourier coefficients. We will prove that
I' = I'(y) determines a group compactification (¢r, Xr) such that ¢ can be realized
aperiodically on Xr. First we deal with almost periodic functions:

Proposition 3.5.1. Let (¢, X) be a group compactification of the LCA group G
and let " be a subgroup of G. If every character x € I' has a representation x =
n o with a continuous character n € X, then every function f € spanl C A(G)
has a realization on (¢, X).

Proof. This is essentially a reformulation of Theorem 5.7 in [Bur]. In fact the
Stone-Weierstrass Theorem implies that spanl’ = *C(X). O

If T' = I'(¢p) for some ¢ € A(G), we want to show that ¢ € spanI'(p), i.e. that
the almost periodic function ¢ can be realized on X.
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Proposition 3.5.2. Let ¢ € A(G) and (ur, Xt) the group compactification of G
induced by the subgroup ' = I'(p) < G. Then for every continuous character
x € ['(p) there exists a continuous character n € Xr such that x = no ur.

Proof. The compact group Xr is by definition topologically isomorphic with

{(x(9))xere) 1 9 € G} < H G Cx= { g/nZ ii giggg z;o’

x€el

For each xo € T'(y) the restriction of the projection

Txo - H Cx = Cxo

X€l(p)

to Xt is a continuous character. Thus m,,|x. is an element of Xr and xo =
WXoer olp. O

Proposition 3.5.3. Let ¢ € A(G) and let (ur, Xr) be a group compactification
of G such that ¢ can be realized by a continuous function p* : Xr — C. Then
each continuous character x € I'(¢) has a representation x = nor withn € Xr.

Proof. Obviously it is enough to prove the assertion for a generating subset of
I'(p). Let x € G be such that mg(p - X) # 0. Define a linear functional m,, :
C(Xr) — Cvia ¢ — my(¥) = mg((¢ or) - X) for ¢ € C(Xr). It is routine to
check that m, is bounded, in fact ||m,|| < 1. Since Xr is compact the complex-
valued mapping 7 : Xr + m,(7,¢*) is continuous on Xr (the mapping z — 7,9
is continuous). For g € G we compute

fouw(g) = me((Tupge” oir) - X) = me(Ty(e* oir) - X)
= ma((¢*oir) - 7_gX) = ma((¢" o) - x(9)X)
= x(g)mx(¢*) = x(g)7(0).

Since 7(0) = m,(¢*) = ma(p - X) # 0 we can define 5 := 7(0)~'7. The mapping
n: Cr — T is continuous and satisfies the functional equation

1(er(g) + ww(h)) = 7(0) " 7ier(g) + eo(h)) = x(9)x(R) = n(er(9))n(er(h))
on the dense set (r(G). Hence 7 is a bounded character and no ¢ = x. O
Corollary 3.5.4. Let ¢ € H(G) be realized by ¢* on the group compactification
(tr, Xr). Then each x € T'(p) has a representation x = no v withn € Xr.
Proof. For every x € G with mg(p-X) = o # 0 we can pick a continuous function

* : Cp — C such that ||[¢* — ¢||1 < |@|/2. Then ¥ := 9* o i satisfies

Ime(e-X) —me(® - X)| < melle —¥)) <97 - ¢l <lal/2.

In particular mg(-%) # 0. Applying Proposition 3.5.3 to the function ¢ € A(G)
yields that the character x can be realized on Xp. O
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For an almost periodic function ¢ the subgroup I'(y) contains all the relevant
information not only to reconstruct ¢ from its Fourier-data but also describes
a minimal group compactification on which a realization of ¢ exists. It is not
obvious how to obtain similar results for non almost periodic Hartman measurable
functions. The following example illustrates how the straight forward approach
breaks down.

Example 3.5.5. Let (k) := [}, cos? (2n£) on G = Z. As each factor in this
product is periodic (hence almost periodic) and A(G) is closed under multiplica-
tion, each ¢, is an almost periodic function. As we will show in Proposition 3.7.4
lim, o ¢n(z) = @(x) exists and defines a non negative Hartman measurable
function with mgz(p) = 0. Since I'(¢,) = Z/3"Z

lim T(pn) = | JT(pn) = 25,

n—oo

for the Priifer 3-group Z$° (i.e. the subgroup of all complex 3™-th roots of unity
for n € N). On the other hand

C(lim ¢) = {0}

Thus T'(limy,—co ©n) # lim,—eo ['(@n).

Proposition 3.5.6. Let {K,}%2, denote the family of Fejér kernels on T*. The
convolution operators on L*(T*) defined by

On:p— Kp*xp
are non negative, their norm is uniformly bounded by ||on|| = 1 and o,p(x) —
o(z) a.e. for every ¢ € L}(T*). Furthermore on¢ € span I'(yp) for everyn € N.

Proof. This is a reformulation of the results form 44.51 in [HR). O

Let f be Riemann integrable on X = T* w.l.o.g. real-valued, and ¢;,; € C(X)
such that ¢; > f > ¢; and |lo; — ¥illi < &; for a sequence {g;}2; of positive
real numbers, tending monotonically to 0. We know that o, f(z) — f(z) for a.e.
z € X. Thus we have

90; = OnPn > Unf > Unwn = d}:),
and
len — Yrll < llonlern — ¥n)lh < llonll len — Yalli < €n.

Let ¢* := inf,enpn and 9¥* = sup,eny ¥n. If we assume w.lo.g. 1, to increase
and @, to decrease as n — o0, the same will hold for 9} and ¢}. This implies
that in the inequality

©*(z) = lim @} (z) > limsupo,f > liminf o, f > lim ¥, (z) = ¢¥*(z)
n—od N0 n—oo

00
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equality holds ptx-a.e. on X. Thus we can apply Proposition 3.2.1 and conclude
that any function f* with ¢* > f* > +* is Riemann integrable (and coincides px-
a.e. with f). In particular f* := limsup,_, o,f and f, := liminf,_,, o, f are
(lower resp. upper semicontinuous) Riemann integrable functions that coincide
x-a.e. with f.

We have use countable dimensional group compactifications already in chapter 2.
Let us call a group compactification (¢, C) finite dimensional iff C is topologically
isomorphic to a closed subgroup of T" for some n € N. Note that if (:,C) is
finite dimensional, then every group compactification covered by (¢, C) is finite
dimensional as well. A Hartman measurable function ¢ € H(G) can be realized
finite dimensionally iff there exists a realization of ¢ on some finite dimensional
group compactification.

Proposition 3.5.7. For a compact LCA group C the following assertions are
equivalent:

1. C is finite dimensional,
2. C is finitely generated,

3. C is topological isomorphic to T* x F for k € N and a finite group F of the

form
N

F =[[(@/mzy, p: prime.

=1

Proof. (1) = (2): Suppose C is a closed subgroup of T". By Pontryagin’s duality
Theorem € & T» /Ann(C) =2 Z™/Ann(C). Since Z" is a finitely generated abelian
group and the class of finitely generated abelian groups is closed under taking
quotients, this implies (2).

(2) = (3): Theorem A.27 in [HR] implies that C is of the form Z* x F, with
k € N and F finite of the postulated form. Invoking again Pontryagin duality,
we conclude C = (ZF x Fy 2 T* x F.

(3) = (1): Let m := SN p,. Clearly TF x 1Y, (Z/nZ)P is topologically
isomorphic to a closed subgroup of T*+™. O

Proposition 3.5.8. Let p € H(G). If ¢ can be realized finite dimensionally, then
there is an almost realization of ¢ on the (finite dimensional) compactification
induced by I' :=T'(y).

Proof. Let ¢ be realized finite dimensionally on some group compactification
(t,C). Since there exists a group compactification covered by (¢, C), on which
¢ can be almost realized aperiodically (cf. Theorem 4), we can assume w.l.o.g.
that ¢ can realized aperiodically already on (¢, C). We have to show that (¢, C)
and (ur, Xr) are equivalent.
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Let ¢* be an aperiodic almost realization of ¢ on Xr = T* x F with k¥ € N and
F finite. Let us denote the elements of T x F by tupels (&, z). For every fixed
& € T* define a mapping ¢5 : F — R via

vi(z) = ¢¥*(a, ).
For each ¥ € F, the dual of the finite group F', define the F-Fourier coefficient

of ¥} as
’ eg(@) : /zp z)x(z d:v—# > ura eC.

zeF
is a Riemann integrable function defined on T*:

For every z € F' the mapping 7, : T* — X defined via @ — (&;z) is continuous
and measure-preserving. ¢* is, by definition, Riemann integrable. Thus for each
z € F the mapping ¢* o+, : T¥ — C is Riemann integrable (cf. [Els]). Note that

ex(@) =) (" 0 1) (@x(@).
zeF
Hence for each fixed character x € F the mapping ¢ : T — C defined via
cxg(@) = 3 cp(¥* 0 v:)(&)Xx(x) is Riemann integrable on T*. Thus Proposition
3.5.6 implies 0,6, (&) — ¢, (&) a.e. on T*. Taking into account that the Haar
measure on F' is the normalized counting measure, we get

U@ z) =)  (oncx(d@ — > cx(@ Pi(x) = ¥ (&; )

YEF xeF

for almost every & € T and every x € F, asn — co. Since Haar measure pc on C
is the product measure of the Haar measures on T* and F', (3.5) holds puc-a.e. on
C. ux-a.e. on X. Thus we conclude that any function majorizing liminf, . ¥}
and minorizing limsup,,_, ., ¥, is an almost realization of ¢. Note that according
to the properties of the Fejér kernels on T* (see 44.51 in [HR]) for each character
(n x x)(@z) :=n(@d)x(z), n € T* and x € F, there exists an ng € N such that
for n > np in the Fourier expansion of 3} the X-Fourier coefficient associated
with the character does not vanish iff the T*-Fourier coefficient

() = [ ex@n(@)da

does not vanish. A simple computation shows that the X —Fourier coefficients of
* are given by

Coxx(¥*) = /1r ) / *(&, 2)7(@)x(x)dddz
= | ad@n@da e,

So the character n x x contributes to the X-Fourier expansion of ¥* if and only
if cpxx(®¥) # 0. Thus ¢} € span I'(p) for every n € N, implying that there
exist almost realizations of ¢ on the group compactification induced by I'(y), e.g.
liminf, . %}, or limsup,_,. ¥;. g
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Combining this result with the results of the previous section we obtain

Theorem 5. Let ¢ € H(G) and I = T'(p) < G. The following assertions hold:

1. (0, X1) < (1, C) for every compactification (¢, C) on which ¢ can be realized.
In particular F(p) C Y xp)-

2. Assume that ¢ € A(G) or that ¢ can be realized finite dimensionally. Then
@ can be realized aperiodically on Xr. In particular F(p) = U xp)-

We strongly conjecture that the second assertion in Theorem 5 holds for any
Hartman measurable function, at least on LCA groups G with separable dual G.
A proof of this might utilize more general summation methods (in the flavour of
Theorems 44.43 and 44.47 in [HR]) than the Fejér summation presented here.

In [Win] it is shown that for any Hartman measurable set M C G' = Z and the
induced filter 7 = F(M) there is an aperiodic realization of ¢y = s on the
compactification determined by the subgroup Sub(M) = {a : F—lim,|na| = 0}
or, equivalently, Sub(M) = {« : F—lim, e = 1}.

Together with Theorem 5 this implies that for Hartman sets M with finite dimen-
sional realization both the group compactifications of Z induced by the subgroups
I'(¢n) and Sub(M) admit aperiodic realizations of ¢js. Hence uniqueness (up
to equivalence) of the minimal compactification admitting an aperiodic almost
realization of ¢ (Corollary 3.4.6) implies that in this situation I'(¢ps) = Sub(M)
holds. In the general situation we can prove the following

Proposition 3.5.9. For a Hartman measurable function ¢ € H(G) let F =
F(p), T =T(¢) and Sub(p) = {x € G : Himy x(g9) = 1c}. ThenT'(p) < Sub(yp).

Proof. Suppose x € I'(¢). To prove F—limg x(g9) = 1l¢ (unit element of the
multiplicative group of complex numbers) we have to show that for every € > 0
the set {g € G : |1 — x(g)| < €} belongs to the filter F(p), i.e. that there exists
0 = d0(g) > 0 such that

{g€e G :mg(lrgp—vl) <6} C{g€G: |1 -x(9)| <e} € Flo) (3.3)

Using the fact that m¢ is an invariant mean and that x is a homomorphism, we
can do the following calculation:

x(g) ma(p - X) = ma(Ty0 - X) = ma((Te0 — ¥) - X) + ma(p - X).
Using ||x|lco = 1 this further implies
11— x(9)| - Ime(e - X)| = Ime((Te0 — ) - X)| < ma(ITg0 — ).

Since mg(p - X) # 0 we can define § := ¢ - 2¢UZe2=#l) 5 o With this choice of &

Ime(#-X)1

indeed m¢(|Ty0 — ¢|) < 6 implies |1 — x(g)| < ¢, i.e. (3.3) holds. O
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3.6 Generalized jump discontinuities

The first part of this section is devoted to the study of a certain type of discon-
tinuities and its connection to Riemann integrability.

3.6.1 Riemann integrable functions with(out) a g.j.d.

Definition 3.6.1. A function f : X — C on a topological space X has a gener-
alized jump discontinuity (9.5.d.) at x € X iff there exist open sets O1 and O,,
such that z € Oy N Oy but f(O1) N f(Oq) = 0.

Note that this is the same as to say that the sets f(O;) and f(Os) are separated
or, equivalent, dist(f(O1), f(O2)) > 0 for the standard metric on R.

A few examples concerning generalized jump discontinuities:

1. The function fi(z) = ]Ilo’%)(ac) on X = [0,1] has a g.j.d. at z = 3. On the
other hand the function fo(z) = 11{%}(:1:) has no g.j.d.

2. Generalizing the previous example: The characteristic function of a conti-
nuity set A such that both A and A° have non-void interior has g.j.d.s at
the common boundary of the interiors.

3. The function
sin (1) z >0,

f(‘”):{o z=0

defined on X = [0,1] has a g.j.d. at 0. To see this, consider the open sets
O: = f~1(1/2,1]) and O, := f~([-1,-1/2)).

4. If f is constant p-a.e. on X and supp(p) = X, then f has no g.j.d. in X.
The argument goes as follows: For ¢ € C the fact u([f # ¢]) = 0 implies
that set [f = ] is dense in X. Thus ¢ € f(01) N f(Oz) for any non-void
open sets O; and Os.

Proposition 3.6.2. Let X be a topological space. The set J(X) of all functions
having a g.j.d. is open in B(X) w.r.t. the topology of uniform convergence.

Proof. Let f € J(X) have a gj.d. at z € X. Thus there exist disjoint non-
void open sets O, and O, with 80, N 90, # @ but f(O;) N f(O3) = 0. Let
e :=dist(f(O1), f(O2)) > 0 and suppose g € B(X) is such that || f — g|lec < €/8.
Then

|dist(g(O1), 9(02)) — dist(f(O1), F(O2))| < €/2.
This implies dist(g(01), g(O2)) > €/2 >0, i.e. ghasa gjd. at z € X. d
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Lemma 3.6.3. Let f,g be pu-Riemann integrable functions on the compact space
X and p a positive reqular Borel measure with supp(p) = X. If f has a g.j.d. at
z and f =g p-a.e. on X, then g has a g.5.d. at x.

Proof. Choose O; and O, according to the definition of a g.j.d. for f at z. Since
f and ¢ coincide p-a.e. they coincide on a dense set of continuity points. Thus
for every open neighborhood U of z we can pick z¥ C U N O;, which is both a
point of continuity for f and g and such that f(z¥) = g(z¥), i = 1,2. Now pick
open neighborhoods OY of z¥ such that OY C UN O, and

diam(g(0Y)) < % dist(£(O1), F(O)), i = 1,2.

Let U := Uyey) OF, for i = 1,2. The Uy, U, are open sets with

dist(g(U1), g(Uh)) 2 d(f(01), f(O1)) > 0.

Furthermore we have ¥ € U; for all U € () ,i = 1,2. Thus z € U;NU,. Hence
zis a g.j.d. for g. O

Proposition 3.6.4. Let f be a p-Riemann integrable function on the compact
metric space X and p a positive regular Borel measure with supp(u) = X. If f

has no g.j.d., then there is a unique continuous function f., the regularization of
f, such that f and f, coincide on X \ disc(f).

Proof. Note that the regularization f, is uniquely determined by the requirement
that f, is continuous and f,.(z) = f(z) for z ¢ disc(f).

Let d be compatible metric on X. Let z € disc(f). For each y € X \ disc(f)
there is €, > 0 such that f(K(y,e,)) has diameter less than d(z,y). Let V, :=

K(z, 1)\ disc(f). So z € O, for each of the open sets O := ey, K(y,€y),

n € N. We are going to show that A := [, f(O.) C C consists of exactly one
point.

A is non-void thanks to the finite intersection property of the compact sets
f(O,), n € N. Suppose by contradiction that A contains two distinct points

A1 # Ag. Thus there are sequences {xﬁf)};‘;l C X such that z¥¥) € O, and

lim z{® =z,
n-—00

nlLr{.lo fzDy =N, fori=1,2.
For arbitrary 7 > 0 and 2’ € K (:cg), ‘Ezﬁf)) we have
F@) = Ml < 1£() = F@D)] + 1£D) - Al < d@,a®) +1£ED) - A < 20
whenever n = n(n) is large enough 7 = 1,2. Let N := n(]A\; — A2|/2) and

09 = | | K9, e,0), fori=1,2.

n>N
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O, and O, are disjoint open sets with z € 00 N O®@ and F(OM) N f(OD) = 0.
Hence z is a g.j.d. for f; contradiction.

Define f,(z) to be the unique point in the intersection (oo, f(O,). We claim that
fr is continuous. Suppose again by contradiction that z is a point of discontinuity
for f,. Since X is metrizable there are sequences {z)}2°, C X such that

lim ¥ = 2,
n—oo

lim f(z¥) = ¢

n—o0

for i = 1,2 and ¢; # (5. W.l.o.g we can assume P e O,,, hence we can repeat

the argument given above and z € X would be a g.j.d. for f; contradiction. (I

Remark: Note that for a function f without g.j.d.s we have

[ frllo =sup |fi(z)| = sup |fr(z)]= sup [f(2)] <sup|f(z)|=|fllco-
zeX zeXx\disc(y) zex\disc(s) zeX

Thus the mapping f — f, is continuous (w.r.t. the topology of uniform conver-
gence) on its domain of definition.

Corollary 3.6.5. Let f be a u-Riemann integrable function on the compact met-
ric space X and p a positive reqular Borel measure with supp(u) = X. The
following assertions are equivalent:

1. There ezists a function g € C(X) such that [f # g] is a meager p-null set.
2. f has no g.5.d.

Proof. (1) = (2): Suppose f hasag.j.d. at z. Pick open sets O; and O, according
to the definition of a g.j.d. and pick two sequences {z’}2, C O; N [f = g] such

that lim,_. mﬁf) =z, for 1 = 1,2. Thus we obtain the contradiction

lim f(z{) = lim g(zl’) = g(z) = lim g(z?)) lim f(z1?) € £(O1) N f(On).

n—o0 n—00 n—0

(2) = (1):Apply Proposition 3.6.4 and Lemma 3.6.3. O

3.6.2 Hartman measurable functions with(out) a g.j.d.

As an application of the previous section we use the concept of generalized jump
discontinuities to discuss the connections between Hartman measurability and
weakly almost periodicity.

For our next main result we need the (easy implication of) Grothendieck’s Double
Limit Criterion for weakly almost periodic functions (cf. [BJM]).
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Recall that (i, wG) denotes the w.a.p.-compactification of G. The mapping
vy, C(w@) — C(G) defined via ¢f, : f +— f oy, is an isometry onto W(G),
the space of weakly almost periodic (w.a.p.) functions on G. This definition
of weakly almost periodicity is equivalent to the classical notion of Eberlein. By
Grothendieck’s Double Limit Criterion a bounded continuous function f : G — C
is weakly almost periodic iff

lim lim f(zaym) = lim_ lim f(zuym) (3.4)

n—o0 M—00

for all sequences {z,}22;, {ym}3_; C G such that the two invoked limits exist.

Claim: f € W(G) implies that (3.4) holds.

Proof. Since f is w.a.p. the translation orbit O(f) = {7,f : ¢ € G} is condition-
ally compact w.r.t. the weak topology on Cy(G). We need (a) Eberlein’s Theorem
which states that in the Banach space Cy(G) weak compactness is equivalent to
weak sequential compactness and (b) the Banach-Alaoglu Theorem which states
that the unit ball in C,(G)' is weak-*-compact. Since all the relevant limits exists
we can assume w.l.o.g. that 7, f — ¢ weakly for a function ¢ € C,(G) and
that d,,, — ¢ weak-* for a functional ¢ € Cy(G)'. As usual 7, f denotes the
function defined by 7.f : y — f(zy) and §,,, denotes the functional defined by

6, : f+— f(y). Thus
LHS of (3.4) = lim lim 6y, (7, f) = lim ¢(7,f) = ¢(g)

N=>00 M~—00

= lim d,,(9) = lim lim ¢, (7. f) = RHS of (3.4).

]

Theorem 6. Let G be a topological group and let f € H(G) be a Hartman mea-
surable function on G that can be realized on a metrizable group compactification

(t,C). If there exists a realization ' € R, (C) of f in C, such that disc(F)
contains a g.j.d., then f is not weakly almost periodic.

Note that according to Theorem 2 for an LCA group with separable dual every
Hartman measurable function has a realization on a metrizable group compacti-
fication.

Proof. Let d(.,.) be a translation-invariant metric on C' ( such a metric exists,
Theorem 8.6 in [HR]). Assume that £ € Cisag.j.d. for F and let O; and O, be as
in the definition of a g.j.d. Since ¢(G) is dense we find a sequence {wyx}5>, C O
converging to . Since O, is open we can find a decreasing sequence of positive
real numbers {ax}§2;, such that the open ball with radius o, and center cy, still
is in Oy. Now choose a sequence {tz,}32, C O; converging to £ in such a way
that d(vz,,€) < am/3. So for n > k we have

d(tzn,txr) < 2/3 - ar < a.
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This construction guarantees that cyy - 1z, - 1,112;1 € Oy for n > k. Now let

2 = z;l - Yr. Since t2; tends to zero for k — oo, for each fixed z € O; the
sequence {z-12x }52; stays eventually in O;. We may pass over to any subsequence
{2, }52, without losing this property.

On the other hand for each k the sequence {1z, ¢z}, = {tTn 125}, -y is in
O, whenever n > k. Thus for each k the sequence of real numbers { f(z, - 2)}22,
has an accumulation point in f(O,). By a routine diagonalization argument we
find a subsequence such that {f(zn,, - zk)}oo_, converges for each fixed k. Doing

the same again, but now for the other index, we find that

lim lim f(zn, -2) € f(O2). (3.5)

l—o0 m—o0

By passing over to convergent subsequences again, we not only preserve conver-
gence of the iterated limit (3.5) but also get symmetrically

lim lim f(2n,, -zx,) € f(O1). (3.6)

T—00 §—00

Suppose by contradiction that f is weakly almost periodic. Grothendieck’s Dou-
ble Limit Criterion implies that both the iterated limits (3.5) and (3.6) coincide.
Since f(O;) is separated from f(O,), this cannot be true. Thus f ¢ W(G). O

Let us call a LCA group H-rich if there is a function defined on G which is
Hartman measurable but not weakly almost periodic.

Corollary 3.6.6. Each LCA group with separable dual is H-rich.

Proof. Let (¢,C) be an injective and metrizable group compactification of G. By
Theorem 6 it suffices to find two disjoint pc-continuity sets Oy and Oy with non-

void interior and a common boundary-point £ and consider the function f = lp,,
i =1,2. Then £ is a g.j.d. for f and thus by Theorem 6 f € H(G) \ W(G).

Let d(.,.) be a compatible metric on C. In the following we use the fact that
for every x € C there are open balls K(z,r) with center = and arbitrarily small
radius 7 > 0 that are pc-continuity sets (cf. Example 1.3, 175 p. in [KN], or an
argument similar to the proof of our Proposition 3.2.4).

Let z € C be arbitrary. We define two sequences of disjoint open uc-continuity
sets {07(,1)};’11 and {0}, by induction: Suppose we have already defined
9), e O and O§2), e ,07(12) such that

N7 1 1 , N7 1 .
/JQUO?) <§(1—§E) and 0 < dist (ILJIO§),m> <§ﬁ, i=1,2.
et ~

Let 7 < min, ; {dist(Oy),x)} and take z1,z; € K(z,7). Pick p < min{%, 51}

and such that OSJ)FI := U,(z;) are pc-continuity sets of puc-measure less than .
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Letting O; := U;";l OJ(-i), 1 = 1,2 we obtain two disjoint open sets. It is easy to
check that 80; = {z} U U, 008, i = 1,2. So O; and O, are puc-continuity
sets with z € 00, N 903. Thus z is a g.j.d. of f = Lp, (or f = Lp,) and

f e H(G)\W(G). O

For the sake of completeness we present a more direct approach to construct
examples of functions f € H(G)\W(G) for an LCA group G. We will heavily use
LCA structure theory (as a standard reference we refer to the monograph [Arm]).
Note that if a group H is H-rich and there is a continuous homomorphism from
G onto H, then G is also H-rich. As in Corollary 3.6.6 this essentially boils
down to finding two disjoint continuity sets with non-void interior and a common
boundary point.

Example 3.6.7. If G admits a continuous character x with infinite range - a
moment’s reflections shows that this is equivalent to G being not a torsion group
- we can take two disjoint continuity sets with non-void interior and a common
boundary point on T (which certainly exist) and transfer them via x~! on G.

Example 3.6.8. Let Z(p) denote the factor group Z/pZ. We consider the (dis-
crete) weak direct product
12w

i€l

The character group of G is topologically isomorphic to the (compact) direct

product
G=1]2zwm).
iel
Obviously every x(g) € T with g € G,x € G is a n-th root of unity. Therefore
Xx(G) is finite and the construction of the previous example won’t work here.

Let p=2. We can identify every member of G with a function z : w — {0,1}
having finite support, i.e. G = 2<¢. Equivalently we can identify every member
of G with a finite 0-1 sequence.

Now consider the group compactification of G given by the natural embedding
L: 2<% — 2% Let

M = {z € 2¥ : 3k € w such that z = x4, = 1}.

M is the union of clopen sets Ay := {z € 2 : zx = xx4y1 = 1} and hence is
open itself. Since M is invariant under the unilateral shift, which is an ergodic
transformation on 2*, and since M is of positive measure we have pu(M) = 1.
Thus M is a continuity set.

Ao :={z : z(0) = 0} and A; := {z : 2(0) = 1} forms a partition of G into clopen
sets and ¢~1(Ap N M), +™1(A; N M) are the desired disjoint continuity sets with
non-void interior and common boundary point on G.
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For p > 2 the same ideas apply to the set

{z : 3k € w,3j # 0 such that z; =z, = j}.

In a similar fashion one can construct examples when the underlying group is
a weak direct product of the form [[;.; Z(n;) with bounded factors. To do so,
note that one of the sets I(n) = {i € I : n; = n} is infinite. Hence G can be
decomposed into a product

IT z@x...x J] 2~

1€1(2) icI(N)

with one factor isomorphic to a weak direct product for which we have already
constructed suitable sets.

Lemma 3.6.9. Fach non-compact discrete LCA group G is H-rich.

Proof. If the dual G is not a torsion group, then Example 3.6.7 shows that G
is H-rich. If the dual G is a torsion group, G is even a compact torsion group
and hence of the form [[,.; Z(n;) with bounded n; and infinite index set I. By
duality G is topologically isomorphic to the corresponding weak direct product
and hence (the last part of) Example 3.6.8 shows that G is H-rich. d

Theorem 7. FEach non-compact LCA group G is H-rich.

Proof. Suppose G (or one of its subgroups) is non-compact but compactly gen-
erated. Then G = R™ x Z™ x K where K is compact and n,m € N are not both
0. In either case there is a subgroup admitting a character with infinite range,
extending this character to G we can use Example 3.6.7.

Suppose neither G nor one of its non-compact subgroups is compactly generated.
This implies that for any compact set C C G the enveloping closed subgroup
(7) is again compact and distinct from G. Let us call such a group hereditarily
non-compactly generated. We will show that every hereditarily non-compactly
generated group is "large enough” to be H-rich.

By Theorem 5.14 in [HR] there exists a compact open subgroup H C G, which is
in our situation necessarily distinct from G. So the LCA group G/H is discrete.
If this quotient is non-compact we are done, because Lemma 3.6.9 tells us that
any such LCA group is H-rich. If on the other hand this quotient is compact it
must be finite. So G is the union of finitely many compact residue classes and
therefore also compact, which is a contradiction to our assumption. O

The converse problem, namely to find weakly almost periodic functions that are
not Hartman measurable seems to be harder. So we content ourselves with the
special case G = Z. The key ingredient for our example are ergodic sequences.
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These sequences were extensively studied by Rosenblatt and Wierdl in their paper
[RW]. Also in the context of Hartman measurability ergodic sequences were
already mentioned in [SchSW].

Example 3.6.10. Ergodic sequences: It is known (Theorem 11 and Examples
in [SchSW]) that ergodic sequences such as (|k|log|k|)kez cannot be Hartman
measurable. On the other hand 0-1 sequences with the property that the length
between consecutive 1s tends to infinity while the length of consecutive Os stays
bounded are weakly almost periodic (Theorem 4.2 in [BIH]). Thus & C W(Z) \
H(Z) for the class £ of characteristic functions of ergodic sequences on Z.

Question 1: Can this example be modified for general LCA groups?

Theorem 6 motivates us to further investigate Hartman measurable functions
without g.j.d.s. First we show that the property of having g.j.d.s does not depend
on the special realization of a Hartman measurable function.

Proposition 3.6.11. Let f be a Hartman measurable function on G, realized
both by Fy and F5 on the group compactifications (11, Cy) resp. (2, Cs). If Fi has
a g.j.d., then Fy also has a g.3.d.

Proof. Let z be a g.j.d. for Fy. First suppose (¢1,C1) > (t2,C2), i.e. there is a

continuous epimorphism 7 : C; — C with 1o =7 o and f = Fy o1, = Fy 04y,

Cy
A} T Fl
F
c—2 .¢c, 2 _.C.

Thus F) and F;, o 7 coincide on +;(G). Hence Lemma 3.6.3.1 implies that Fy =
Fyom py-a.e. and Lemma 3.6.3.2 implies that Fyom has a g.j.d. at z whenever F}
has a g.j.d. at . Pick disjoint open sets O, O, C C; according to the definition
of a gjd. for Fomatx,ie =€ O;NO; but Fyon(0y)NFyon(O,) =0.

Since 7 is a continuous and open mapping, 7(0O;) and 7(O3) are open sets such
that 7(z) € 7(01)N7(O3). We claim that 7(0;) and 7(O3) are disjoint: Suppose
by contradiction y € 7(0O1) N7(Oz). Since 7(01) N7(Os) is open it has non-void
intersection with the dense set ¢2(G). Thus we may w.lo.g. assume y € «(G),
i.e. there exists g € G such that y € 12(g) = 7 0 11(g). Consequently there exist
z; € O; such that w(x;) =y, 1= 1,2. Thus

f(g) = Faoa(g) = Fa(y) = Faom(x:) € From(O1) N Fy 0 m(Os)

contradicts the choice of O; and Os.

So 7(01),7(02) C C, are disjoint open sets such that w(z) € n(0;) N 7(Os).
Also, per definition Fy(7(O1)) N Fa(w(0s)) = P. Thus z is a g.j.d. for F.
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In the general case let © be the canonical epimorphism G — C; and define
Fy ;= Fyom. It is easy to check that if F} has a g.j.d. at z, Fy has a g.j.d.
at every point of #~'{z}. It is also clear that Fj, F} and F, induce the same
Hartman measurable function f on G. Now apply the first part of this prove to
the two functions Fy and F. O

This result shows that ”being realized by a function having a g.j.d.” is an inert
property of the Hartman measurable function and does not depend on the partic-
ular realization. In particular if f = F o with F having a g.j.d. on an arbitrary
compactification, then any realization on a metric compactification has a g.j.d.
as well. In virtue of this proposition we can consider the set of all Hartman
measurable functions such that one (and hence all) realizations lack a g.j.d.

Definition 3.6.12. Let G be a topological group. Let

HA(G) = {feH(G):V(,C)VNz€C f=Fou.withF e R, (C)
implies that F' has no ¢.j.d. at x}

= {feH(G):3,C)Vz €C f=FouwithF e R, (C)
implies that F has no ¢.j.d. at x}.

Let us turn now to another property regarding realizability of Hartman measur-
able functions, similar to the one we have just discussed.

Proposition 3.6.13. Let f be a Hartman measurable function on G, realized
both by Fy and Fy via the compactifications (t1,C1) resp. (t2,C2). If [Fy # 0] is
a meager puy-null set, then [Fy # 0] is a meager ps-null set.

Proof. First suppose (t1,C1) > (12,C2), ie. f = Fyouy = Fjou € H(G). We
know that [F # 0] is a meager p-null set. Lemma 3.6.3.1 implies that F; = Fyom
on 13(G). Thus 7~ 1([F} # 0]) and [F; # 0] differ at most on a meager pp-null set.
Note that po(n~([Fy # 0])) = i ([Fy # 0]) = 0 implies that 7~ 1([F} # 0]) is a

po-null set.

7 is an open continuous surjection of compact spaces. It is easy to verify that
7 preserves Baire-categorical properties, i.e. preimages of 1%-category sets are
1%t-category sets and preimages of 2™-category sets are 2"¢-category sets. Thus
if [F} # 0] is meager in C; then 7~ ([F} # 0]) is meager in Cs.

In the general case let m be the canonical epimorphism bG — C) and define
F, := Fyom. It is easy to check that if [F} # 0] is a meager p;-null set, then
[F, # 0] is a meager up-null set. Again, Fy, F1 and F; induce the same Hartman
measurable function f on G. Now apply the first part of this prove to the two
functions Fp and Fj. d

Similar to the situation of g.j.d.s for different realizations of a fixed Hartman
measurable function, cf. Proposition 3.6.11, also the property of vanishing outside
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a meager null set does not depend on the special choice of the realization. Thus we
define the set of all those Hartman measurable functions such that all realizations
vanish outside a meager null set.

Definition 3.6.14. Let G be a topological group. Let

Ho(G) = {f € H(G):Y(,C) f=FouvwithF € R, (C)
implies that [F # 0] is a meager pc-null set }

= {feH(G):3(1C) f=Fou.withF eR,,(C)
implies that [F # 0] is a meager uc-null set }.

Proposition 3.6.15. Ho(G) and H.(G) are translation invariant and uniformly
closed *-algebras.

Proof. From the definition resp. Corollary 3.6.5 it is clear that both Hy(G) and
H.(G) are *-algebras and invariant under translations.

1. Let Ro(G) := {f € R.(bG) : [f # 0] is a meager null set}. Note that
Ro(G) is a closed subalgebra of R,(bG) (due to the fact that a countable
union of meager null sets is again a meager null set). Since ¢} is a continuous
homomorphism of C*-algebras and ¢ Ro(G) = Ho(G) (Definition 3.6.14),
Ho(G) is closed (Theorem 1.5.5 in [Dav]).

2. J(bG), the set of all bounded functions on G having a g.j.d., is open w.r.t.
the topology of uniform convergence (Proposition 3.6.2). Thus C(bG) &
Ry(G), the set of all bounded functions on bG without a g.j.d., is closed
(cf. Corollary 3.6.5). Since C(bG) @ A is a closed algebra and H.(G) =
G (C(bG) ® A), again Theorem 1.5.5 in [Dav] yields that H.(G) is closed

d

Remark: It is worthwhile to note that A(G) N He(G) = {0}. This is due to the
fact that f € Ho(G) implies m(|f|) = 0, which is impossible for almost periodic
functions different from 0.

An easy way to obtain functions from Ho(G) is to consider compact p-null sets:
wp(K) = 0 implies K° = (, in particular K is a meager p,-continuity set. Thus
fi=Tog € Ho(G) and m(f) = 0 for the unique invariant mean defined on
H(G).

1. f is almost periodic iff K N(G) =0,

2. f € Co(G) iff ¢;1(K) is compact.

Lemma 3.6.16. For any topological group G the inclusion Ho(G) C H(G) holds.
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Proof. 1t suffices to show that f € Ho(G) implies F(O1) N F(Oz) # 0 for every
realization F' of f and any pair of disjoint open subsets O1, 0. This follows from
the fact that [F' # 0] is a null set w.r.t. the Haar measure, implying that the set
[F' = 0] is dense. O

In the last part of this section want to identify those topological groups G for
which H.(G) = Ho(G) and shed some light on the structure of H.(G) \ Ho(G).
Proposition 3.6.17. For every f € H.(G) there ezists a unique almost periodic

function f, and a unique function fo € Ho(G) such that f := f, + fo.

Proof. Existence: Let Fy be a realization of f on a group compactification (¢, C).
Using Proposition 3.6.4 we can decompose F' = F"+ (F — F"), the first summand
being continuous and the second one having support on a meager pc-null set (cf.
the Remark on page 17). Thus f, := Fo. € A(G), fo := (F — F") o1 € Hp(G)
and, obviously, f = f, + fo.

Uniqueness: Suppose f = £ + f§V = f& + fi? with £, f? € A(G) and
él), éz) € Ho(G). This implies

=12 = 1) = 187 € AG)NHo(G) = 0

and hence f = £ an £ = 5. -

A direct consequence is the following

Theorem 8. Let G be a topological group. The mapping P : H. — A(G) defined
via f +— fq is bounded projection with ||P|| = 1. Furthermore m(Pf) = m(f) for
the unique invariant mean m on H(G).

Theorem 8 together with the fact A(G) N Ho(G) imply H.(G) = A(G) & Ho(G).
Corollary 3.6.18. Let G be a topological group. H(G) = Ho(G) iff G is mini-
mally almost periodic (map).

Question 2: How are H. and W related? We know that H., O H N W. Is this

inclusion strict? We conjecture that H. \ W is "large”.

In the last part of this section we try to relate the spaces Cy, of functions vanishing
at infinity, and Hy. Recall that every LCA group is maximally almost periodic
(MAP).

Lemma 3.6.19. Let G be a non-compact topological group and let (¢,C) be a
group compactification.

1. If G is a MAP group then uc(.(K)) =0 for every o-compact K C G.
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2. If G is a LCA group then and «(G) is pc-measurable then pc(L(G)) = 0.

Proof. To prove (1) first suppose that K is compact. We claim that there is
a sequence (g;)ien such that ¢;K N g;K = 0 for ¢ # j: Let us construct such
a sequence inductively. Suppose that (g:K)j—; is a family of pairwise disjoint
sets; we prove that there exists g,+; € G such that (g;K)j—; is also a family
of pairwise disjoint sets. Suppose by contradiction that for every g € G there

is a j such that g;K NgK # 0. Then g € g;KK™'. So G = Jj_, g;KK™!

n+1

is compact, contradiction. Thus there exists g,+1 € G such that (¢;K)7 is a

pairwise disjoint family.

Since G is MAP, ¢ is one-one. The sets ¢(g;K) form an infinite collection of
pairwise disjoint translates of the compact subset ¢(K). If uc(e(K)) > 0 would
hold, this would imply

1= pe((K)) 2 Zﬂc(b(giK)) = Zuc(L(K)) = 00.

Consequently pc(¢(K)) =0.

If K is not compact but o-compact the assertion follows clearly from the fact
that pc is o-additive.

To prove (2) we use a result of Glicksberg (cf. Theorem 1.2 in [Gli]) which states
that for an LCA group G and a group compactification (¢, C) a subset A C (%)
is compact in C iff t™1(A) is compact in G.

Suppose ¢(G) has positive Haar measure. Due to inner regularity of uc there is
a compact subset A C «(G) C C which also has positive Haar measure. Consider
K :=171(A) which is a compact subset of G due to Glicksberg’s Theorem. Since
. is one-one we conclude A = ((¢71(A)) = «(K). According to assertion (1) A
must be a null set w.r.t. Haar measure on C, a contradiction. O

Theorem 9. Let G be a MAP group. Then Co(G) C H(G). If G is not compact
then we even have Co(G) C Ho(G).

Proof. In the first step we show Cy(G) C H(G). If G is compact there is nothing
to prove, so suppose that G is not compact. Let f € Co(G) be a function on G
vanishing at infinity. Define F' on bG by

F(:E) = { f(g) if z = Lb(g)7 g€ G

0 else,

then f = F o W.lo.g. assume f > 0 and ||f|l < 1. For every € > 0 there
exists a compact set K. C G such that |f(z)| < € for z € G \ K.. By Lemma
3.6.19 we have uy(1p(K.)) = 0, thus regularity of the Haar measure implies that
we can find an open set O containing the compact set A := ¢,(K.) such that
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wp(0) < €. Let h be an Urysohn function separating A and bG \ O. Consider the
continuous function g, := h + €llg. Since 0 < F < g, and

/ 9edy < wp([h > 0]) +€ < 2¢,
bG

Lemma 3.2.1 implies F' € R,(bG). Hence f is Hartman measurable. It remains
to show that [F # 0] is a meager p,-null set. For each n € N the set [|f| > 1/n]
is compact. Hence ([|f| = 1/n]) = [|F| > 1/n] is a compact pp-null set, in
particular [|F| > 1/n] C [|F| > 1/n| is nowhere dense. Since we have

oo

UUFI > 1/n] = [F # 0] € u(G),

n=1

Lemma 3.6.19 implies that [F' # 0] is a meager pp-null set. Thus f € Ho(G). O

The following example shows that for G = Z the space Cy(G) of functions van-
ishing at infinity is a proper subspace of Ho(G).

Example 3.6.20. Let T = {t, : n € N be a lacunar set of positive integers, i.e.
1<ty <tz <... with limsupn_,oo tn/tn+1 =¢e < 1. Then .ZIT € Ho(Z) \ C()(Z)

Proof. The proof of Theorem 9 in [SchSW] tells us that for each n € N there
exists an n-dimensional compactification C,, and a compact continuity set K,, with
pn(Ky) < 4ne™ such that «;!(K,) 2 T. Furthermore we can arrange (t,,C,) <
(tn+1, Cns1) and ﬂ',:_,l_l,n(Kn) D K41, where M4 @ Cry1 — Cy is the canonical
projection. Let (¢, C) be the supremum of the compactifications {(tn,Cy) : 1 €
N}, and let 7, : C — C, be the canonical projection onto C,. Thus K :=
N, m71(K,) is a compact p-null set (hence a p,-continuity set) with 1(K) D

n=1"n

T. a

Question 3: Can this example be modified for more general LCA groups?

3.7 Hartman measurability and Fourier Trans-
formation

For any topological group G the set Cy of functions vanishing at infinity provides
a particularly easy example of functions that are weakly almost periodic but not
almost periodic. Thus A & Cy C W. However, the ”interesting” weakly almost
periodic functions are the members of W \ (A & Cy).

There are locally compact groups with the property that W = A4 & Cp, namely
the so called minimally w.a.p. groups. For these groups Theorem 9 implies
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W = A®Cy C 'H. However no non-compact LCA group can be minimally w.a.p.
(cf. [{Choul).

Question 4: Do there exist LCA groups or non minimally w.a.p. groups with
W C H?

In this section we will explicitly construct a function f € W(Z)NH.(Z)\ (A(Z) @
Co(Z)). Let us first recall some facts about the Fourier transformation of measures
on LCA groups, since our example will heavily rely on these facts. Let G be an
LCA group. By M(G) we denote the set of all finite complex Borel measures on
G. Recall that M(G) can be regarded as the dual of the Banach space Cy(G) via
the mapping:

(fop) = /G f(@)du(2).

Also recall that we convolute two measures u, v € M(G) according to the formula

(fiuxv) = flz+y)d(p@v)(z,y).
GxG

The Fourier-Stieltjes transform p — { assigns to each p € M(G) a uniformly
continuous function on G:

i(x) = /G x(z)du(z).

The mapping ¢ — f is a continuous homomorphism of the convolution algebra
(M(G), ) into the algebra (UCy(G), ) of uniformly continuous functions on G,
equipped with pointwise multiplication. The set {{i : p € M(G)} of all Fourier-
Stieltjes transforms is called Fourier-Stieltjes algebra of G and denoted by B(G).
Bochner’s Theorem implies that for every p € M(G) the Fourier-Stieltjes trans-
form [ is a linear combination of positive definite functions. Since every positive
definite function is weakly almost periodic, every Fourier-Stieltjes transformation

is weakly almost periodic. It is well known that in general (i.e. for non compact
G) the inclusions A(G) C B(G) € W(G) are strict.

Proposition 3.7.1. Let G be a locally compact group. The following assertions
hold
1. if p is discrete, then € A(G),

2. if u is absolute continuous with respect to the Haar measure Ag on G, then

a

i € Co(G) (for G =T this is the Riemann-Lebesque Lemma),

3. mg(ft) = p({0c}) for the unique invariant mean meg on G; in particular:
if u is continuous, then [i has zero mean-value.
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Proof. See section 1.3 in [Rud] O

Before we present our example we need the following simple lemma. Note that
for LCA groups G 2 (G) via Pontryagin’s Duality Theorem.

Lemma 3.7.2. Let G be a discrete LCA group and {vn}32, a norm-bounded
sequence of discrete measures in M(G). Then the following assertions are equiv-
alent:

1. The sequence {V,}2, of almost periodic functions on G converges pointwise
to a function f.

2. The sequence {v,}32, of discrete measures on G converges weak-* to a
measure .

In either case f is the Fourier-Stieltjes transform of v := weak-*1im,, o, V.

Proof. (1) = (2): Let f, := Vn. By weak-*-compactness of the unit ball in
Co(G) = M(G) we can find a weak-*-limit-point p of the set {1, : n € N}. So
for every € G and £ > 0 there is a subsequence n; (depending of course on z)

such that for k > kg
(@) — for (@) = | / x(@)du — /G (@), = | /G Bd(p— vay)] < c.

Here we needed the compactness of G (this implies that the function i x — x(z)
defined on G vanishes at infinity). Now we use the that f,(z) — f(z) pointwise:

i(z) — f(@)] <) = for(@)] + | fri(z) = f2)] < 26,

thus weak-*-limy, .o, v, = p and lim, e fn(z) = f(z). (2) = (1) is trivial since
p— f(z) = [5Tdp is a weak-*-continuous functional for every z € G. O

Lemma 3.7.3. Let f € A(Z), f > 0 and f # 0. Then limsup_ f(k) > 0,
i.e. there exists € > 0 such that for every N € N

sup f(k) >¢e>0.
|k|=N

Proof. f € A(Z) implies that the set Ps(e) := {k : ||f — T f|lo < €} of e-almost
periods is relatively dense in Z, i.e. there exists K. € N such that [a, b)]NP(g) # 0
whenever |b — a| > K, (Theorem 4.10.3 in [BJM]). Since f # 0 there is some
ko € Z such that f(ko) > 0, w.lo.g. assume kg = 0. Let € := f(0)/2 > 0.
Relative density of Pf(e) implies that for each N € N there exists k. > N such
that || f — 7. f|lo < €. In particular |f(0) — f(k.)| < € and hence f(k.) >e. O
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We will construct a function on Z using discrete measures on 7 = T. Denote
by 6. the Dirac measure on Z 2 [0, 1] which is concentrated on the character
Xa : k — exp (2mika). The discrete measures v, defined recursively by vg := 4y,
and

1/2

1
Up 1= Vn-1%* 5 (5X—1/3" + 5X1/3")
are all probability measures, so their norm is bounded by 1. Using the fact

e —— ~ ~ -
Up * Un_1 = Uplp_1 One easily computes

Falk) == Un(k) = i[lcos (%%) :

Proposition 3.7.4. Let u be the Cantor measure on the ternary Cantor set
C C [0,1]. Then the Fourier-Stieltjes transform f := [i* i is a member of the set
(H(Z) N Wo(Z)) \ (A(Z) & Co(Z))-

Proof. We use the notation from above and break the proof into three steps:

1. f € Wo(Z) : Every f,, is almost periodic. We show now that the f, converge
pointwise: Since lim;_,o cos (2m£) — 1 for each fixed k, and since all terms
of this sequence are non negative whenever j > logs 2k =: j(k). We see
that {fj)sn(k)/ fj(k)(k)  , is a monotonically decreasing sequence of non
negative real numbers. Hence lim,,_, fn(k) exists. So we can use Lemma
3.7.2 to conclude that

fk) = ljcos (27%)

is a Fourier-Stieltjes transform. Lemma 3.7.2 also implies that f is the
Fourier-Stieltjes transform of the canonical singular measure p on the ternary
Cantor set! C C [0,1] ~ Z. This is due to the fact that the probability
measures v, — p in the weak-*-topology. Thus not only f € W(Z) but
f € Wo(Z). The same considerations apply verbatim to the discrete mea-
sures v, * v, and the function

flk) = fP(k) = lljicosg (27r§> > 0.

2. f € H(Z) : If we let f, := f2 € A(Z) we get that 0 < f < f, for each
n € N. Via the Fourier-Stieltjes transform we can compute the invariant
mean value of f, as follows (cf. [Rud]):

m(f) = m(E w7 = va s 1a({0)) = 3 plfr)I = 5 = 0.

'yEZ

Thus Proposition 3.3.3 implies f € H(Z).

lif t denotes the Cantor-Lebesgue ternary function then p([0,z)) := t(z)
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3. f ¢ A(Z) ® Co(Z): Since f satisfies the functional equation f(3k) = f(k),
k € Z, we have f(3¥) = f(0) # 0. Thus f ¢ Co(Z) and f = f? ¢ Co(Z).
Suppose there exists a representation f = f, + fo > 0 with f, € A(Z) and
fo € Co(Z). Furthermore let

faz(favo)+(faA0)'
~—— N —r

=ff>0  :=f7<0

m(f) = m(fo) implies m(f,) = 0 and hence m(f}) = —m(f;). Since we
already know f ¢ Co(Z) necessarily f, # 0. Thus m(—f;) > 0. —f; is
a non negative almost periodic function with non zero mean-value. Hence
—fo # 0 and we can apply Lemma 3.7.3. We obtain that there exists ¢ > 0
such that

. L (R < e <O
IkIEfoa(k) Anf fa (k) < —e<0

Note that f; (ko) # 0 implies f;F (ko) = 0. Let Ng be such that |fo(k)| < €/2
for |k| > No. Thus there exists kg > Ny such that

f(ko) = fa(ko) + fo(ko) = f; (ko) + fo(ko) < —€ +€/2 = —¢/2 <.
Since f > 0 this is a contradiction.

d

Finally we want to construct a realization of f without g.j.d. and thus prove that

f € H(Z). Consider the compact group of the 3-adic integers 7 realized as
projective limit of the cyclic groups Z/3"Z

2(3)

(0} —2/32 — ... < 7)37 — .}
o Ty

Tn-1 Ty,

Regarding Z/3"Z as {0,1/3",...,1 — 1/3"*} with addition modulo 1, we can
interpret the projective limit Z? as set of certain sequences (an)nen € [0, 1N

with a, € {0,1/3",...,1 = 1/3"}. One easily checks that for each integer k € Z

)

the sequence t3(k) = (k/3")nen defines an element of the projective limit Z® and

that the mapping ¢3 : Z — Z® is a continuous homomorphism. Hence (¢3, Z(a)) is
group compactification of Z. One can also realize the projective limit 7™ as set of
formal sums Y > a,3" with a, € {0, 1,2}. Mapping the formal sum ) ° ; a,3"
to the sequence (3 7—s ax/3™)nen establishes a one-one correspondence.

Observe that L L
= = —-——'i"_l;nbs( ) mod 1

51



where k, denotes the canonical projections from the projective limit onto the
cyclic group Z/3"Z = {0,1/3",...,1 —1/3"} C [0,1]. Thus for each n the
continuous function

F,(z) = cos? <27rﬁ";—;(z)> , TE AR
satisfies F, 013 = f,. Let F(z) = [[oe, Fn(z), so f = Fo. F, however, cannot
be continuous since this would imply that f is almost periodic.

A necessary condition for F'(k) # 0 is that k,_1(z)/3" mod 1 tends to zero
(so that Fy(z) tends to 1). If z corresponds to the formal sum > 4o, ax3* with
n*P-partial sum s, this means

80 /3" = (an/3 + an /3% + - +ao/3"*) - 0 mod 1.

Since an—1/3%+- - -4ao/3™*! < 1/3—1/3"+2 this is only possible if a; = 0 finally or
a; = 2 finally (otherwise 37 "k,_1z mod 1 € (1/3,2/3) infinitely often). Formal
sums with this property correspond to the elements of ¢3(Z). So this implies
F(z) =0 for every 2 € A \ ¢t3(Z) and disc(F) = [F # 0] = t3(Z), which is both
meager and a ps-null set. Thus f € H.(Z).

Loosely spoken, F' has a similar behavior with respect to points of continuity as
the classical example of a Riemann integrable function on [0,1] with infinitely
many points of discontinuity:

1 forz =2, ged(p,q) =1
= q q’ B
f(z) { 0 for z irrational.

3.8 Relation to other spaces of functions

The part of the lattice of subalgebra of B(Z) drawn on page 53, summarizes some
of our results concerning the space H(Z) of Hartman measurable functions on the
integers.
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bounded functions

almost convergent functions, cf. Section 1.1
weakly almost periodic functions, cf. Section 1.1
Hartman measurable functions, cf. Definition 3.3.1
almost periodic functions, cf. Section 1.1
Fourier-Stieltjes algebra, cf. Section 3.7
Hartman measurable functions without g.j.d.,
cf. Definition 3.6.12

Hartman measurable functions with support

on a meager null set, cf. Definition 3.6.14
functions vanishing at infinity, cf. Section 1.1

(although we think this is very unlikely).

e For W
3.6.10.

(Z)\H(Z) # 0 and H(Z)\W(Z) # B cf. Corollary 3.6.6 and Example
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For H # A @ H, cf. Corollary 3.6.6.
e For any non compact LCA group W\ B # 0, cf. Theorem 4.9 in [Bur].

For (BNH)\ (A®Cy) # 0 and G = Z, cf. Section 3.7. We conjecture that
this holds for any non compact LCA group as well.

For H,, \ Co # 0 and G = Z, cf. Example 3.6.20.

Question 5: For which topological groups G do exist functions f € B\ H and
functions f € H\ B.

QuEstz'on 6: How are B and WNH related: Is there a simple condition on functions
in B that implies Hartman measurability?
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Chapter 4

The Hartman compactification

4.1 Gelfand Theory

When dealing with the space of Hartman measurable functions two aspects are
important: First H(G) is a unital *-subalgebra of B(G) and, second, H(G) =
B(%, G) where X is the Boolean algebra of Hartman measurable sets (Proposition
3.3.2).

Regarding the first aspect we recall again the Gelfand Representation Theorem
and the Banach-Stone Theorem:

Theorem 10. Every commutative unital C*-algebra A is isometrically isomor-
phic to the algebra of continuous functions C(X) of some compact Hausdorff space
X. The space X 1is called the structure space of A, or, synonymously the Gelfand
compactum of A.

Theorem 11. Let X; and Xy be compact Hausdorff spaces. C(X1) and C(X3)
are isometrically isomorphic as unital Banach algebras iff X1 and X5 are home-
omorphic as topological spaces.

The proofs of both the Gelfand Representation Theorem and the Banach-Stone
Theorem can be found in the books [Dav] resp. [DS]. The Banach-Stone Theorem
implies that the structure space of a commutative unital C*-algebra is unique up
to homeomorphisms.

Definition 4.1.1. For a topological group G the structure space of H(G), the

space of Hartman measurable functions, is denoted by hG.

Remark: The structure space of A(G), the space of almost periodic functions is
bG, the Bohr compactification. The structure space of W(G), the space of weakly
almost periodic functions is wG, the w.a.p. compactification.
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There are various models for the structure space of a commutative unital C*-
algebra, for instance the space of maximal ideals. For *-subalgebras of B(G)
(such as A(G), H(G) or W(G)) we can construct the Gelfand compactum in the
following way (for details we refer to [BJM]): Consider 6(G) = {J, : g € G} the
set of all linear functionals of the form §,(f) := f(9) with g € G and f € H(G).
Cleary 6(G) is a bounded subset of the dual space H(G)'. The weak-* closure of
5(G) in H(G)' is a compact Hausdorff space (Banach-Alaoglu Theorem). Indeed
5(G) is homeomorphic to hG (Theorem 2.1.8 in [BJM]). Note that §(G) *
equals M M(H(G)), the set of all multiplicative means on H(G).

This shows in particular that § : G — hG is a continuous mapping with dense
image, i.e. (4, hG) is a compactification of the topological space G (it is in general
not a group compactification!).

Recall that a right-topological semigroup is a topological space S that is alge-
braically a semigroup such that for each s € § the mapping ps : t — ts is
continuous.

Proposition 4.1.2. hG is a compact right-topological semigroup and é : G — hG
s a continuous homomorphism of right topological semigroups.

Proof. Using the representation hG = §(G) the semigroup operation * is given
by

prv(f) =T ),

where T, is the so-called introversion operator given by

T.(f)(s) := v(7sf)-

We have to show that the binary operation * is well defined, i.e. we have to show
that T, f € H(G) whenever v € hG and f € H(G). We use the fact that

{T,f:vehG} =cP{r,f: g€},

where the closure is taken w.r.t. the topology of pointwise convergence (cf.
Proposition 2.2.3 in [BJM]) and co denotes the convex hull. Let (¢,C) be a
group compactification of G, such that there exists a Riemann integrable function
F : C — C that realizes f. Theorem 8 in [Tal] implies that co®{r,,)F : g € G}
consists entirely of Riemann integrable functions. Continuity of ¢ : G — C im-
plies continuity of the mapping ¢* : F — F o w.r.t. the topology of pointwise
convergence on C resp. G. Thus

(@1, F g €G}) =P {r,f 1 9€ G} ={T.f: v ehG} CH(G).

It is then easy to check that hG equipped with the operation * is indeed right-
topological (cf. Theorem 2.2.11 in [BJM]). a
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For a discrete semigroup S it is possible to endow the Stone-Cech compactification
BS with such a semigroup operation, that (i, 35) is maximal among all right-
topological semigroup compactifications of S. This means that for any right-
topological semigroup compactification (¢, C) there exists a continuous semigroup
homomorphism 7 : S — C such that 7o, = +. For all it’s worth we also note
that for LCA groups G with separable dual the Hartman compactification hG
is strictly right-topological - and not semitopological - because this would imply
H(G) € W(G) in contradiction with Corollary 3.6.6.

4.2 Representation of Riemann integrable func-
tions

The Stone-Representation Theorem is an analogue of the Gelfand-Representation
Theorem for Boolean algebras.

Theorem 12. Every Boolean algebra B is isomorphic to the algebra of clopen
sets CI(X) of some totally disconnected compact Hausdorff space X. X is called
the Stone space of A.

Theorem 13. Let X; and X3 be totally disconnected compact Hausdorff space.
Cl(X1) and Cl(X,) are isomorphic as Boolean algebras iff X1 and X, are home-
omorphic as topological spaces.

This implies that the structure space of a Boolean algebra is unique up to home-
omorphisms. The proofs of both Theorems can be found in [Vla).

When we deal with algebras of the form B(G,X) with a Boolean algebra ¥ C
PB(G) the concepts of Gelfand compactum and Stone space nicely fit together.

Proposition 4.2.1. The Stone space of a unital Boolean algebra & C PB(G) is
homeomorphic to the Gelfand compactum of the C*-algebra B(G,X).

Proof. Let X be the Gelfand compactum of B(G,¥). We know that X consists
of all multiplicative means m € B(G,X)" equipped with the weak-*-topology.
Each such mean m defines a finitely additive measure on ¥ via p,(A) := m(1,),
A € ¥. Note that due to multiplicativity u,, takes only the values 0 and 1 and
hence is a Boolean homomorphism of ¥ onto {0,1}. On the other hand each
multiplicative mean on B(G, X) is uniquely determined by its values on the set
{II4 : A € X}. Thus the mapping MM(B(G, X)) — Hom(%, {0, 1}) that sends a
multiplicative mean m to the Boolean homomorphism induced by u,, is one-one
and onto. Since the Stone space of ¥ is homeomorphic to the set of Boolean
homomorphisms Hom(Z, {0, 1}) equipped with the topology inherited form the
product topology on {0,1}% it only remains to show that the mapping m — p,
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is continuous. But this is obvious since for ¢ < 1/2 a basic weak-* neighborhood
of myg
Uas,...Ane(mo) = {m : max |mo(1la,) —m(lla,)| < €}

is mapped onto the basic neighborhood of pg
..... an(po) = {1+ p(Ai) = po(4i), i =1,...n}.
O

Let ¥ C P(X) be a Boolean set-algebra. A X-ultrafilter is an element p €
B(P(X)) such that the following conditions are fulfilled

1. 0¢p
2. Aep,Bep=>ANBeyp

3. AepBeX,ACB=Be€p
4. VAeZ:AepVvX\Aep.

Lemma 4.2.2. There is a one-one correspondence between ¥-ultrafilters and mul-
tiplicative means of B(Z, X).

Proof. For p a X-ultrafilter consider the canonical extension of the mapping
my(1a) = 1,(A) to B(X, X) and for m a multiplicative functional consider the
set p, = {A € ¥:m(A) =1}. O

Conclusion: determining the Gelfand space of the space of Hartman measurable
functions is equivalent to determine the Stone space of the Boolean algebra of
Hartman measurable sets.

The same considerations apply for R[0, 1}, the space of Riemann integrable func-
tions on the unit interval, and Jot, the Boolean Algebra of Jordan measurable
sets. However the problem of giving a satisfactory description of the structure
space is still unsolved.

Example 4.2.3 (Regulated functions).

A bounded function f : [0,1] — C is called regulated iff for each t € (0,1)
both 6} (f) := limg_+ f(z) and 6; (f) := lim,_,~ f(z) exists and furthermore
lim,_o+ f(z) and lim,_;- f(z) exist. It is easily seen that Rg0, 1], the space of

regulated functions, is a unital Banach algebra, when endowed with the usual
norm ||.|[e. Furthermore

Rg[0, 1] = B([0,1],3) € B([0, 1], Jor) = RI[0, 1],
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where J denotes the Boolean algebra generated by all (open and closed) subin-
tervals of (0,1} (cf. [Bou2]). Let p be a J-ultrafilter with {0} ¢ p and {1} ¢ p.
Define ay, := inf{t : [0,%) € p} and B, :=sup{s: (s, 1] € p}. It is easy to see that
a, = B, and that there are only three possible cases

1. [0,a) €p, (a,1] & p
2. [0,a)¢p, (o,1] €D
3.0,0) ¢p, (a1} & p
Ultrafilters satisfying 1 correspond to the measure concentrated on the interval
[0, @] (as element of the Boolean algebra J), while ultrafilters satisfying 2 corre-
spond to the measure concentrated on the interval [, 1] and ultrafilters satisfying
3 correspond to the measure concentrated on the singleton {a}. Speaking in terms
‘ of functionals, the interval [0, «] corresponds to d;, the interval [a, 1] corresponds

to 0} and the singleton {a} corresponds to d,. The ultrafilters generated by {0}
resp. {1} correspond to the functionals é; resp. &; .

Thus the structure space of Rg|0, 1] is homeomorphic to the space
X={6:t€(0,1}JU{s:t€[0,1]}U{6 :te[0,1)}

endowed with the following topology:

1. basic neighborhoods of §; are given by

- 1
Un(t) = {0, +2)] = 1}
= [6t_’ 5;_%) U (5t+? 6;:_%) U (5t7 5t+;1;)’
. 2. basic neighborhoods of 4, are given by
1
Un(t?) = {p:pl(t=— 1) =1}
= {6;_l’5t_)u(5t+_i’5t+]U((st—%aét):

3. a basic neighborhood of ¢, is given by

U(t) == {p: u([0,4]) = u(lt, 1)) = 1} = {&:},

i.e. each element ¢, is isolated.

A moment’s reflection shows that this topology coincides with the order topology
induced by the total order defined via §;t < §; < &; and §; < &, whenever s < t.
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4.3 Banach almost periodic functions

The results of this section were obtained in joint work with Mathias Beiglbock,
cf. [BM].

Definition 4.3.1. A subset A C Z is called relatively dense, or syndetic, iff there
exists a finite set FF C Z such that A+ F =Z.

Recall the classical definition of Bohr’s almost periodic functions: a bounded
function f : Z — C is almost periodic iff for each ¢ > 0 the set {t: ||f — fill < ¢}
is syndetic. We want to replace the norm |||l by mz(].]) for the unique invariant
mean on AC(Z). Note that for any f € AC(Z) the L.IM. uz(f) coincides with
d*(f), the upper Banach density.

Definition 4.3.2. A bounded function f : Z — C is called Banach almost periodic
(BAP) iff for every e > 0 there exists a syndetic set S C Z such that for allt € S,
d*(|f = fi]) < e holds uniformly in t. More precisely this means: f is Banach
almost periodic iff for all € > 0 there exist n € N and a syndetic set S such that
foralla,be N;b—a>n andt € S we have dio5j(|f — fi|) < €. The set of all
Banach almost periodic functions on Z is denoted by BAP(Z).

We collect some basic properties of BAP functions:

Proposition 4.3.3. Let f € BAP(Z)). Then the following assertions hold

1. Definition 4.3.2 yields the same class of functions if ‘syndetic’ is replaced
by ‘IP*’ or ‘positive upper Banach density’.

2. The inclusion H(Z) C BAP(Z) holds and is proper.
3. BAP(Z) is a C*-subalgebra of B(Z), the bounded functions defined on Z.

4. Fvery 1, € BAP(Z) N 2% has uniform density in all block lengths. More
precisely, this means: for every finite word w € 2<% there exists a number
d(w; A) € [0,1], called the asymptotic frequency of w in A, such that Ve > 0
3N € N such that

Suw;a(la, b])

b—a

whenever b —a > N. Here Sy 4([a,b]) denotes the number of occurrences
of w within Iy [[a4)-

—d(w; A)| <,

5. f € BAP(Z) implies 0P O(f) C BAP(Z), where co denotes the convez hull
and the closure is taken w.r.t. the topology of pointwise convergence.

6. f € BAP(Z) and e € E(BZ) imply d*(|f — e—lim, f;|) = 0. Here E(SZ)
denotes the set of all idempotent ultrafilters on Z, and e—lim denotes the
filter limit w.r.t. e.
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Proof:

1. It is clear that BAP(IP*) = BAP(syndetic) = BAP(density). Pick f €
BAP(density). For € > 0 pick no € N and F C Z such that d*(F) > 0 and
forall a,b € Z,b—a > ng, t € E we have djoy(|f — fi]) <€/2. Let t1,t, € E
and a,b € Z,b — a > ng. Then

d[a,b](|f - ft1-t2|) = d[a—tz,b—fa](lftg - ftl |)

< d[a—tz,b—t2](|f - ft1|) + d[a—t2,b—t2](|ft2 - fl) <e.
Since E — FE is IP*, we see that f € BAP(IP*). Thus BAP(density) =
BAP(IP*).

2. Let f € H(Z). For every ¢ > 0 there exists ¢ € AP(Z) C BAP(Z)
such that and pz(|lg — f|) = d*(l]g — f]) < e. Since we have d&*(|f — fi|) <
d*(1f —gl) +d*(lg— g:|) +d(lg: — fi]) < 3¢ g € BAP(Z) implies f € BAP(Z).

3. BAP(Z) is uniformly closed because || f — g||co < € implies
|dayy(f — f) — diapy(9 — 90)| < 2e.
Next we show that along with f,g € BAP(Z) also f + g € BAP(Z) resp.

fg € BAP(Z). Let S = S(f,e) and T = T(g,€) be IP* sets. Note that
SNT is an IP* set and for t € SNT we have '

dia)(|(f + 9) = (f + 9)el) < diay(If — fel) + diapi(lg — 9e]) < 2¢

resp.

diay(I(f9) — (f9)el) dia gy (|(f = f)gl) + diayy (| fe(g — g0)])
9llooia,e)(1f = fel) + || felloodia,e1(1g — g:l)

2max{||flleo, llgllo}e

Thus SNT is good for f + g and 2¢ resp. for fg and 2 max{||f||oo, [|gllcc} €

VAN VAN VAN

4. Fix w € 2<“ and suppose by contradiction that 8 = d.(w; A) < d*(w; A) =:

a. For any £ > 0 we can find arbitrarily long intervals [a;, b;] and [az, bo]

Sw;a([a1,b1])
ny

(denoting n; = by — a; and ny = by — ay) such that > o — € and

S, a(laz,b2])
na

Fact: Suppose dj, ,(|f — g|) < & with f = 14 and g = I then (for large
n =b— a) we have

<fB+eande:= ﬁ;—g. Subsequently we will use the following

|Sw;a(la, 0] = Su;p([a, )| < efw].

Proof: di,4)(|f —g|) < € implies that f | [a,b] and g | [a, b] differ at most at
en positions. Each variation can alter at most |w| occurrences of w within
A resp. B.
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Let S be a syndetic set that is good for f and ¢, > 0 and let M, € N
be such that S + [0, Mx] = Z. W.lo.g. we may suppose n;/M; > k resp.
ng/ny > k and that n is large enough that

dl[al,bll(f — fi) <ep,t € My

Since M is syndetic there exist pairwise distinct elements sq,...s € M
such that [a) + s;,b1 + s3] C [ag,by] for 4 = 1,...,1. Note that the set

[az, bo] \ (Uﬁzl[al + si,b1 + 31]) has o(k™!) elements and that also |-+ — X

ng ni
is o(k™!) We want to give a lower bound for S,.a([a2,b2]: Since in each
translate of [a1,b;] by an element of My we have at least Sy.a([a1,b1] —
ek|w|ny occurrences of w this implies

Sw;A([G'Za bQ] > [

N2 Ny (Swia(lar, br] = exlwlm) (4.1)

for arbitrary n > 0 whenever k is large enough. Picking an n < 9‘%@ yields
a contradiction.

5. For given € > 0 let S = S(f,e) CZ and N € N be such that S is syndetic

and dig4(|f — fi]) < € whenever t € S and b —a > N. We claim that
dia)(|g — 9:|) < 2 whenever t € S and b—a > N. Since g € TP O(f), for
each fixed t € S there exists a convex combination

k
h = Z )\ifmi € —C—G(p)O(f)

i=1
such that |h—g| | [a,b] < &/2 and |h;—g:| | [a,b] = |h—g| [ [a+t, b+t] < g/2.
Thus

dap)(l9 — g:]) < diagi(lg — RI) + diagi (IR = hel) + dia gy (|he — gel)
< €+d[a,b](|h—‘ht|)-
Plugging in the definition of A yields

k

Z )\i(fmi - fmi+t)

=1

k
S Z )\id[a+mi,b+mi](
i=1

k
< Z ANE = €.
i=1

dap)(Jh = Be]) = day( )

f=1f

Thus S(f,e) = S(g,2¢).
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6. Let g = e—lim; f;. For € > 0 choose an IP* set S and ng € N such that
for all a,b € Z,b—a > ng and t € S one has djo5(|f — fi|]) < €. By the
definition of the filter limit

B={teZ:§2§1x<b|g(s)—ft(s)| <elee

Since S € e, BN S is nonempty, so pick t € BN S. Then

d[a,b]('f - gl) < d[a,b]('f - ftl) + d[a,b](‘ft - g|) < 2.

Since € was arbitrary, the claim follows.

Remark: Since BAP(Z) is an abelian unital C*-algebra BAP(Z) = C(baZ) for
some compact space baZ, the structure space or Gelfand compactum of BAP(Z).
According to the Gelfand theory for semigroups we can find a compatible right-
topological semigroup structure on baZ.

Lemma 4.3.4. Let (X,T) be a dynamical system and let e be a minimal idem-
potent in BN and let x € X. Then e—lim, T™(z) is uniformly recurrent.

Proof. See 6.9. in [BeH]. O

Proposition 4.3.5. Let gy = II4, and go = L4, be members of UDB(Z). Then
(1) = O'(gy) iff there exists f € 2 such that O (g;) C O°(f).

Proof. Suppose that O7(g;) C O°(f). We will prove that O7(g;) = O°(g2).

First we show that for any finite word w € 2<“ the asymptotic densities d(wj; g;)
and d(w; go) coincide. For each € > 0 there exists n = n(e) such that forb—a > n

Sw;a:([a, b])
b—a

where S, 4,([a, b]) denotes the number of occurrences of w within 1 4; [(qs. There
exist ki, ky € Z such that 74, g1 and 74,9 coincide on [a,b] (and equal f). Thus

Swia([a—Fki1,b1 — k1)) Swa.([a — k2,02 — ko))
— < €
b—a b—a

—d(w; A)| < /4,

/2

differ at most at /2 resp. d(w;g;) and d(w; g2) differ at most at €. Since € > 0
was arbitrary d(w; ¢1) = d(w; gs).

Note that there are only finitely many words of a given length that contain a
prescribed subword w. Thus for every w with Sy.4, > 0 we can find v’ > w
with Syr.4, > 0. Take a sequence wy; < wp < ... < w, < ... of finite words with
|wn| — 00 and Sy.4;, > 0. Then there exist I, k, € Z such that 7, f T(o,jw.||=
Tkn9 [[0,jwa]]= Wn- This implies dist (Gp(gl),ﬁp(gﬁ) =0,1ie. O°(g)N0O"(gy) # 0.
Thus OF(f) = O%(g).

a
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Corollary 4.3.6. Let f € BAP(Z). There exists a uniformly recurrent g € O (f)
such that d*(|f — g|) = 0. Furthermore for every such two uniformly recurrent
functions g, and gy the orbits closures O"(g1) and OF(g2) coincide. Let us denote
this orbit closure by M(f).

Proof. We can assume w.l.o.g. that f is real-valued. Fix o, € R such that
f € [, B)%. Pick a minimal idempotent e € BN. Then g = e—lim, f; is uniformly
recurrent in the dynamical system ([a, 8)%,0) by Lemma 4.3.4. By Proposition
4.3.3 we have d*(|f — g|) = 0. Note that any minimal subsystem of O”(f) is
generated by an uniformly recurrent function g belonging to UDB(Z). Now apply
Proposition 4.3.5 to yield uniqueness of M(f). O

Corollary 4.3.7. For Hartman measurable f every uniformly recurrent member
g in M(f) is also Hartman measurable.

Proof. Since M(f) € O°(f) € H(Z) this is obvious, cf. Proposition 4.1.2. O

Let NV(Z) be the set of all functions f € B(Z) such that d*(f) = 0. It follows
from the statements above that BAP(Z) 2 H(Z)+ N (Z). Whether this inclusion
can be reversed is an open problem.
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