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Kurzfassung

Es ist bekannt, dass kein elementarer Beweis der Schnittelimination fiir den Sequen-
zenkalkiil der Logiken hoéherer Stufe moglich ist. Das beruht darauf, dass ein solcher
Beweis einen elementaren Beweis der Widerspruchsfreiheit der Peano Arithmetik liefern
wiirde. Deshalb sind alle Beweise der Schnittelimination fiir die Logiken hoherer Stufe
semantisch (durch die Henkin Semantik) oder teilweise semantisch (durch die Resolution,
CERES). In dieser Diplomarbeit wird eine Teil-Logik der Logik hoherer Stufe mit der
Quantifizierung nur iiber Objekte funktionalen Typs untersucht. Der funktionale Typ
ist jeder Typ der einfachen Typentheorie, der ohne den Typ Boolean definiert ist. Diese
Einschrankung definiert eine Logik mit einer leicht handhabbaren Beweistheorie, die
dennoch einige interessante Eigenschaften der vollen Logik héherer Stufe hat. Zuerst
geben wir Definitionen der Syntax und der Semantik von zwei Versionen der Logik
dieser Art und beweisen die entsprechenden Sétze iiber Schnittelimination. Einfache
Modifizierungen der Beweise der Schnittelimination fiir den Sequenzenkalkiil der Logik
erster Stufe von Gentzen sind fiir dieses Ziel hinreichend. Man muss nur die Sn-Gleichheit
in den Kalkiil integrieren und dann das Argument fiir die Logik erster Stufe mit Gleich-
heit adaptieren. Beweistheoretisch betrachtet ist diese Logik dhnlicher der Logik erster
Stufe als der Logik héherer Stufe. Das wird klar durch die Ubersetzung von Beweisen
der funktionalen Logik héherer Stufe in Beweise der Logik erster Stufe, die in dieser
Diplomarbeit definiert ist. Solche Ubersetzungen ermdéglichen eine neue Sichtweise von
Skolemizierung und Unifizierung, die beide in der Logik héherer Stufe problematisch sind.
Weiters untersuchen wir die Sematik dieser Logik: wir beweisen ihre Unvollstandigkeit
beziiglich der Standardsemantik und geben einen Beweis der Vollsténdigkeit beziiglich
der verallgemeinerten Semantik, welcher der Methode von Schiitte folgt. Dieser Beweis
ist einfacher und eleganter als die Spezifizierung des Beweises des Vollstdndigkeitssatzes
fiir die Typentheorie von Henkin; tiberdies illustriert der Beweis die enge Beziehung der
funktionalen Logik hoherer Stufe zur Logik erster Stufe.
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Abstract

It is known that there can be no elementary (reductive) proof of cut-elimination for a
sequent calculus of higher-order logic, since this would provide an elementary proof of
consistency of PA. Thus the cut-elimination proofs for higher-order calculi are either
semantic (through Henkin semantics) or semi-semantic (through resolution, CERES). In
this thesis I study a sub-logic of higher-order logic in which quantification is restricted to
objects of functional type only. By functional type I mean all types of simple type theory
without the occurrence of the Boolean type. Such restriction gives rise to a logic that
has a manageable proof-theory and at the same time shares some interesting properties
with full higher-order logic. First, I define syntax and semantics of two variants of such
a logic and give the corresponding cut-elimination proofs. These are easy adaptations
of the Gentzen’s proof for LI: one just has to incorporate Sn-equality in the calculus
and then repeat the argument for LK with equality. Thus, logic defined this way is
proof-theoretically closer to LK than to LK. This becomes obvious by looking at a
proof-preserving translation from functional higher-order proofs to first-order proofs that
is defined in this thesis. In addition, such translation provides a new perspective on
Skolemization and unification, which are both problematic in higher-order logic. Second,
I study semantics of this logic: I show incompleteness wrt standard semantics and give a
completeness proof wrt general semantics based on Schiitte’s reduction tree method. This
is a simpler and more elegant way of proving this result than a more obvious specialization
of a Henkin-style completeness proof for full higher-order logic.
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Introduction

The subject of this thesis lies within proof theory, a subfield of mathematical logic where
mathematical proof is itself studied and analyzed as a mathematical object. In order to
carry out such a study, a precise formulation of the notion of proof is required. Gerhard
Gentzen provided such a formulation in his seminal papers Untersuchung iber das logische
Schliefen I+II [Gentzen, 1935]: sequent calculus for classical and intuitionistic first-order
logic (LK and LJ respectively). Sequent calculus consists of rules that allow to introduce
logical connectives, as well as rules to manipulate the structure of sequents and a proof.
One of the rules introduces by Gentzen is particularly important, given its intuitive
meaning and further use for establishing meta-theoretic results: the cut rule. This
rule allows one to combine proofs and intuitively it corresponds to using lemmas or
intermediate statements in the proof. Formally, it is the following rule:

AFAA  ATFI
ATFAT

cut(A)

In the most simple form it corresponds to Modus Ponens:

HA AFB
s cut(A)

The main result of Gentzen’s paper, now known as Hauptsatz or the cut-elimination
theorem, states that any theorem of LK can be proved without the cut rule. In other
words, every first-order theorem has an analytic proof, a proof in which only all the
needed information is already contained in the theorem. This is due to an immediate
consequence of the cut-elimination theorem: all formulae that appear in a cut-free proof of
a theorem are subformulae of the theorem. This is particularly important for automatizing
proof search, since one only has to only look at subformulae of the conclusion when
constructing a proof. Historically, this result was important, since it was used to establish
some important consistency results. Since the proof of the cut-elimination theorem is
constructive (in a sense that it consists of a procedure by which one can transform any

xiii



proof into a cut-free proof) it becomes a tool for proof transformation and analysis, which
is valuable in its own right. Among other consequences of the cut-elimination theorem
that provide methods of extracting additional mathematical information from proofs
[Leitsch, 2015] are the mid-sequent theorem and the interpolation lemma.

Now, if our aim is to analyze real mathematical proofs, Gentzen’s result has limited
applications due to the restricted expressive power of first-order logic. In particular,
typically one would want to establish results not only about the individual objects of
the domain under consideration, but also about collections of such objects and their
properties. In order to achieve this, one would need to go beyond the expressive power
of first-order logic.

From the proof-theoretic point of view, it is straightforward to extend the sequent calculus
LI to more powerful logical calculi, where quantification is allowed on types different
from the individual type. For instance, in second order logic one adds quantification
over sets or the objects of the type i — o (functions from domain to Booleans), and in
simple type theory, also known as higher-order logic, one permits quantification over all
finite types. Such powerful systems allow for shorter and more natural proofs in most
areas of mathematics, which makes them of great interest in the field of formalizing
mathematics and proof-mining. Incidentally, most proof assistants are based on versions
of higher-order logic [Benzmiiller and Miller, 2014].

One can prove the cut-elimination theorem and related results for the corresponding
second- and higher-order sequent calculi. However, due to the high expressive power of the
corresponding logics one cannot use reductive method of Gentzen and has to resort to the
semantic or semi-semantic arguments [Tait, 1966, [Prawitz, 1968], [Girard et al., 1989,
[Danos et al., 1997], [Hetzl et al., 2011]. Moreover, some important consequences of
cut-elimination lose their meaning: subformula property and Herbrand disjunction are
not providing any information when higher-order terms (which can contain lambda
abstractions of formulae (e.g., Ay.VzP(x) AQ(x)) can be used as substitution terms. This
can be partially avoided if we restrict the terms available for substitution.

Thus it seems interesting to look into some fragments of higher-order logics that have high
expressive power, but nicer proof theoretic properties. Some subsystems of higher-order
logics are well-studied, for instance, monadic second-order logic or predicative higher
order logic (cf. [Leivant, 1994]), but some didn’t get much attention. In this thesis
we are interested in subsystems of higher-order logic with quantification restricted to
objects of functional type, that is functionals over some domain. We will define functional
higher-order logics £/ and £7(C) with quantification restricted to the functional types
and the corresponding calculi £/ and £KZ(C) .

Functional higher-order logic E{; has increased expressive power in comparison to first-
order logic. For instance, one can characterize finite structures in £/, (see chapter 3).
However, EICji is proof-theoretically less complex than the full second-order sequent
calculus. Since one doesn’t quantify over predicates, the cut-elimination theorem is
readily available for EICU]: via Gentzen’s reductive argument similar to the one for LK.



However, there is still more proof-theoretic complexity than in first-order logic: in
particular, the usual Skolemization procedure is not validity-preserving in the presence
of function quantification and thus has to be restricted. Thus this logic provides a good
case study for understanding the sources of proof-theoretic and semantic complexity of
higher-order logics.

Structure of the thesis

In Chapter 1 we provide some basic definitions and notational conventions needed for
the rest of the thesis. We define first- and higher-order logic, as well as two sub-logics we
are considering in this thesis.

In Chapter 2 we present Gentzen’s cut-elimination proof for LK and LX_ and extend it
to LK/ and LK (C). We also sketch the cut-elimination proof of LK, and the proof
that it implies consistency of second-order Peano Arithmetic.

In Chapter 3 we define standard and general semantics for £, and £/ and give a proof
of completeness of £ wrt general semantics based on Schiitte’s reduction trees method.
This is a modification of the first-order completeness proof, whereas for completeness of
LIC(C) one needs a method similar to the one for higher-order logic.

In Chapter 4 we define a translation from EICUJ: proofs to LI proofs, which makes the
relation between LICZ) and LK precise. Moreover, it allows to explain the restrictions
needed for Skolemization in higher-order setting.

To conclude, we summarize the results of this thesis: we syntactically and semantically
characterize functional higher-order logics £f, and £/ (C) as extensions of first-order
logic.






CHAPTER

Preliminaries

Here we provide the basic definitions and fix the notation needed in the next chapters. In
particular, we define syntax of first-order logic £, higher-order logic £, and two functional
higher-order logics £/, £/ (C) and their corresponding sequent calculi £, LK, and LK/,
LK/ (C). Here we omit some known definitions and results (e.g., concerning substitutions);
for more details consult [Takeuti, 1987], chapters 1-3. For an overview of meta-theoretic
results related to higher-order logic see [Leivant, 1994], [Benzmiiller and Miller, 2014] and
[Van Benthem and Doets, 2001]. The semantics of corresponding logics will be defined

and discussed in Chapter 3.

1.1 First-order logic £; and sequent calculus L

Here we present Gentzen'’s formulation of the sequent calculus LK as given by [Takeuti, 1987].

1.1.1 First-order logic £,

Definition 1 (First-order language L;). Let FV be a countably infinite set of free
variables, usually denoted by a, 8,7, ... and BY a countably infinite set of bound variables,
usually denoted by x,y, z,.... Then a first-order language L1 = (C, F,P) is defined by:

o Set of constant symbols C; usually denoted by a,b,c, ...
o Set of function symbols F; usually denoted by f,q,h, ...

o Set of predicate symbols P; usually denoted by P,Q, R, ...

Each function and predicate symbols comes with a natural number n, its arity. Then we
say that it is an n-ary or n-place function or predicate.
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Then given a first-order language L; = (C,F,P) we define the set of first-order logic
terms and the set of first-order logic formulae £ relative to Lq. Usually we assume that
the language is fixed.

Remark 1. The distinction between free and bound variables is vital to proof transfor-
mations like cut-elimination, where whole proofs have to be instantiated.

Terms are defined as usual with the restriction that they may not contain bound variables.

Definition 2 (Semi-term, Term). We define the set of semi-terms inductively:

e bound and free variables are semi-terms,
e constants in C are semi-terms,

o ifty, ..., t, are semi-terms and f € F is an n-place function symbol then f(t1, ..., t,)
s a semi-term.

Semi-terms which do not contain bound variables are called terms.
Example 1. f(a, ) is a term. f(x,[) is a semi-term.

Definition 3 (Semi-formula, Formula). We define the set of formulae L1 inductively:

T and L are formulas.

Ifty,... t, are terms and P € P is an n-place predicate symbol then P(ty,...,t,)
is a an (atomic) formula.

If A is a formula then —A is a formula.

If A, B are formulas then (A — B), (AA B) and (AV B) are formulas.

If A(«) is a formula containing a free variable o then Va. A(x), 3x.A(x) are formulas
if A(x) is the result of substitution of all occurrences of o in A(a) by x.

Semi-formulas differ from formulas in containing non-bound variables from BV .
Example 2. P(f(«a,f)) is a formula, and so is (Vx)P(f(x,3)). P(f(z,B)) is a semi-

formula.

We write A(ty,...,t,) to indicate some occurrences of t1,...,t, in A and A{zx; :=
t1,...,&y =ty } to express that A(tq,...,t,) is obtained from a semi-formula A(x1, ..., z,)
by replacing the corresponding variables x1, ..., x, with terms ¢1,...,¢,.



1.1. First-order logic £1 and sequent calculus LK

1.1.2 Sequent Calculus LK

Definition 4 (Sequent). Let I' and A be finite (possibly empty) sequences of formulas.
Then the expression S :=1'F A is called a sequent. I' is called the antecedent of S and
A the consequent of S.

Definition 5 (Semantics of sequents). Semantically a sequent
SZ:Al,...,Anl—Bl,...,Bm

stands for

In particular we define M to be an interpretation of S if M is an interpretation of F(S).
If n =0 (i.e. there are no formulas in the antecedent of S) we assign T to Ny A;, if
m = 0 we assign L to \/;”:1 Bj. Note that the empty sequent is represented by T — L
which is equivalent to L and represents falsum. We say that S is true in M if F(S) is
true in M. S is called valid if F(S) is valid.

Now we want to define the notion of proof in terms of sequents. In particular, we define
a proof in sequent calculus as a sequence of inferences according to logical and structural
rules.

Definition 6 (Inference). Let Si,S2, S5 be sequents. Then the structures below are called
inferences:

S
S9 ¢

So is said to be the lower sequent of the inference with the rule £, Sy is the upper sequents
of the inference.
S1 Sy
Ss ¢

Here S1 and Sy are the upper sequents of the inference, and S3 the lower sequent.

Definition 7 (LK). In sequent calculus there are two groups of rules, the logical and
the structural ones. All rules with the exception of cut have left and right versions;
left versions are denoted by £L, right versions by ER. Every logical rule introduces a
logical operator on the left or on the right side of a sequent. Structural rules serve the
purpose of making logical inferences possible (e.g., exchange) or to put proofs together
(cut). A and B denote formulas, I'y A, 11, A sequences of formulas. In the rules there are
introducing or auxiliary formulas (in the premises) and introduced or principal formulas
in the conclusion.
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Axioms:
AFA
for any atomic formula A € L4
The logical rules:
o A-introduction:
ATHEFA B,THA 'HAA THAB

ArBTEA MY AABTFAM? T TrA AAB

o V-introduction:

ATHFA BTFA T'HA, A T'+A,B
averra YI'reaave VB tEAavB Y

R2

o —-introduction:

PEAA BIEA - ATFAB
AsBTOrAaA Y Traass 0k

o —-introduction:
I'EAA ATFEFA

—Arra L rtrAa-af

o VY-introduction:
A{z =t},TFA

V. A,'F A

where t is an arbitrary term replaced with x in the lower sequent.

I'EA A{z = a}
TFA, Ve A

VR

where « is a free variable which may not occur in ') A, A. « is called an eigenvari-
able.

e d-introduction

Az :=a}, TFA 7 I'EAA{z =t}

S ATFA TEA JrA 0

with the same conditions for t and « as for V rules.
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First-order logic £; and sequent calculus LK

The structural rules:

e Exchange

TF Ay B, A, Ay

T'FALLA B, Ay EzR

e Weakening:
kA

TFA A WeakR

e Contraction:

A ATEFA

ATEA ContrL

e The cut rule:

TFAA ATFA

TFA
ATFA

TFAAA
TFA A

Ty, B, ATy A

1,4, BTyFA bz

L

WeakL

ContrR

LI A, A

cut(A)

The formula A is the auxiliary formula of cut(A) and there is no principal formula.

A is called the cut-formula.

Definition 8 (LIC.).
first-order logic with equality:

Equality rules:

To LIC add the following rules in order to obtain the calculus for

Alternatively, one may define LK. by adding to LI the following axioms:

' H As=t ' A A(s) Rl
I = A A(%) N

' H Ajt=s I' - A A(s) R
I - A A(®%) N

' H Ajs=t I'VA(s) H A I
[VA(G) F A N

' H Ajt=s I'VA(s) H A o
LAY B A N
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Axioms of LIC,
Ft=t
S1 =11, .8 =tn b f(s1,...,80) = f(t1,...,tn)
S1=1t1, .. Sp =tn, P(S1,...,8n) F P(t1,...,tpn)

for all termst, s1,...,8n,t1,...,tn, function symbols f € F and predicate symbols P € P
Of £1.

Proposition 1. Let A(s1,...,sy) be an arbitrary formula. Then:
S1 =11,y 8n =1tn, A(S1,...,8n) F A(t1, ..., ty)
for all terms s1,...,8n,t1,...,tp.
Proof. By induction on the complexity of the formula A(sy,...,sy,).
Base: A(si,...,sy) atomic. Then we have:
S1=1t1, ..y Sp =tn, P(S1,...,8n) F P(t1,...,tn)

which is an axiom.

Induction Step: Consider cases A and V, other are analogous.

Case V

Assume A(si,...,8,) =Ve.B(s1,...,8,). Since sq,..., s, are terms, x doesn’t occur in
any of s;. Below I use s; = t; as a shortcut for s; = t1,..., 8, = ty.

By induction hypothesis we have a proof fo s; = t1,...,8, = tn, B(a,$1,...,8,) F
B(a,ty, ..., t,), with a not occurring in sy,..., sy, t1,...,t,. We get the proof of s; =

ti,Vx.B(s1,...,8,) F Va.B(ty,...,t,) by VL and VR application (see next page).

Case A

By induction hypothesis we have s; = t1,...,8, = tn, B(s1,...,8,) F B(t1,...,t,) and
$1 =t1,...,8, = tn,C(s1,...,8,) b C(t1,...,t,), from which by weakenings and AR
and AL we get the desired result.



Case V

.I.H‘
si=ti,B(s1,...,sp){z:=a} F B(ty,...,ty){z :=a} VL
si =t;,Ve.B(s1,...,8,) F B(t1,...,tn){z:=a} VR
Si:ti,vx.B(Sl,...,Sn) H Vx.B(tl,...,tn)
Case A
.I.H. .I.H.
si=1t;, B(s1,...,8,) F B(t1,...,t s$; =1t;,C(s1,...,8,) B C(t1,...,t
7 ) ( 1 n) ( 1 n) WeakL 7 ) ( 1 n) ( 1 n) WeakL
Sz‘:ti,B(Sl,...,Sn),C(Sl,...,Sn) F B(tl,...,tn) Si:ti,B(Sl,...,Sn),C(sl,...,Sn) F C(tl,...,tn) AR
Si:ti,B(Sl,...,Sn),C(Sl,...,Sn) H (B/\C)(tl,...,tn) AL

si=ti, (BANC)(s1,...,8,) F (BAC)(t1,...,tn)

T

Y7 snnored juenbes pue Iy 9180] I9pI0-1SIL]
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O
Proposition 2. Symmetry and transitivity of equality are provable in LK .:
e s=tkFt=s (Symmetry)
® 51 = 89,89 = 83 - 81 = s3 (Transitivity)
Proof. Consider the following derivations:
[Symmetry]
Axiom instance: s=t,s=s F t=3s Eol
F s=s s:s,s:tl—t:scut(s_s)x
s=t Ft=s N
[Transitivity]
Symmetry:
S1 =82 F s9 =357 Axiom instance: sy = s1,89 = s3 F $1 = s3
cut(s2 = s1)
S§1 = 892,89 = 83 = S1 — S3
Note that we need atomic cuts in both proofs.
O

In this thesis we are interested in more expressible logics where one is allowed to quantify
not only over individuals. Although such a logic can be viewed as a restriction of higher-
order logic such that quantification is allowed only over the objects of functional type, it
is more convenient to define it as an extension of first-order logic, thus we first provide
definitions of basic functional higher-order logic £, and Church functional higher-order
logic £/(C) and then full higher-order logic.

1.2 Functional higher-order logic £/ and sequent calculus

LK

Here we define the functional higher-order logic £/ and the corresponding sequent calculus
L’ICZ:. Intuitively, £/ is a logic where one can quantify over functions and functionals
(functions of higher order). First, we need a way to distinguish the objects of different
type or order. Define functional types:

Definition 9 (Functional types F). The set of higher-order functional types F is the
smallest set such that:

e i € F (individual type);



1.2. Functional higher-order logic £/ and sequent calculus £/

e T >o0€elF ifr,oeckF.

Definition 10 (Functional higher-order language L/). Let FV* be a countably infinite
set of typed free variables, usually denoted by ™, 87,77, ... and BV a countably infinite
set of typed free variables, usually denoted by x™,y", 27, ..., for each functional type T € F.
Then a functional higher-order language L = (C¥,P) is defined by:

e Set of typed constant symbols C¥; usually denoted by a™,b™,c™, ... for 11,72, 73,... €
F

e Set of untyped predicate symbols P; usually denoted by P,Q, R, . ..

Then given a first-order language L, = (C¥, P) we define the set of functional higher-order
logic terms and the set of functional higher-order logic formulae £/ relative to L{. As in
the case of first-order logic, we assume that the language is fixed.

Definition 11 (Pre-term). Pre-terms T of L/, are defined inductively:

e a7 is a pre-term if a7 € FV,,

e 7 is a pre-term if " € C,

o (LT (¢ ) s a pre-term of type T, if tT 7T TN Lt are pre-

terms of corresponding types

Definition 12 (Term). A pre-term t™ is called a term if T = 1i.

Definition 13 (Semi-term). A semi-pre-term is defined as pre-terms, with addition of

the clause:

" is a pre-semi-term if x7 € BY,,

Then a semi-term is any semi-pre-term of type .

Definition 14 (Semi-formulae, formulae). Formulae are defined in the usual way using
the notion of the term defined above:

o P(ty,...,ty) is a formula, if t1,...,t, are terms
e For —,— A,V as usual

o If A(a") is a formula containing a free variable o then Vx™ . A(z"),3x7.A(27) are
formulas if A(z") is the result of substitution of all occurrences of o in A(a™) by

xT € BYY.

Then semi-formulas E{: are defined as formulae, but they can contain bound variables x
that do not occur in any Vx or Jx.
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Definition 15 (Order of a type). The order of a type 7, O(T):

e O(i)=0
o O(1 — o) =maz[O(T) + 1,0(0)]
Definition 16 (Order of a term). The order of a term t7:

O(t") = max{O(o) ; s is a subterm of t}

Example 3. F(=)=0=0) s o second-order term of a second-order type, Fg'™" is a
second-order term of first-order type i — i; (Fg)x' is a second-order term of the zero-order

(individual) type i; g(x) is a first-order term of individual type.

Thus, terms to which a predicate is applied in a formula can be of any order but only of
the individual type. Below I’ll omit the type superscripts if they are redundant.

Example 4. Given FU=)=020)  gimi ¢ 7w P((Fg)x') is a semi-formula and Vo' .P((Fg)x)

is a formula.

Definition 17 (Sequent Calculus £K7). To obtain LK/ in the sequent calculus LK
replace the quantifier rules with the following rules:

LA{z" =T} - A
I'va™ A F A

VL

I' - AJA{2" .= T}
I' - A d2™. A

IR

where T is any pre-term of type T replaced with x™ in the lower sequent. Sometimes we
will add subscript to the rule to emphasize that the functional quantification rule was
used.

' H AJA{z:=a"}

T - AVe A ViR

LA{z:=a"} - A
I''dz™ A + A

3L

with o™ € FV¥ not occurring in Ty A, A(x™). It is called an eigenvariable.



1.3. Functional higher-order £/ (C) and sequent calculus LK/ (C)

Remember that the idea was to extend L£; in a way that one could quantify over
functions and functionals and define a corresponding calculus. With this calculus EIC{:
we added a possibility to derive formulae that express theorems involving quantification
over functionals. However, the question is whether the resulting logic has the desired
expressive power. In particular, we are interested in the following;:

Definition 18 (Functional Comprehension). For t any pre-term of L} :
F 3V . Ve [f(xr, . zn) = Hag, .., 2]

is a functional comprehension formula.

This formula is derivable in ElCofJ, which means that we are at least quantifying over
the functions defined by the terms of £f. These, however, are quite limited: in terms
of lambda-calculus (see below), we just have applications of constants. Consider, for
instance, A = 3f.f(z) = x. There is no proof in EICUJZ of A. However, semantically it
should be true, since the identity function should be available as one of the functions we

quantify over. Thus we want to make the term language more expressible, so that we

quantify over all meaningful functionals, here, all functional terms of simple type theory.

All this will be made precise in the following chapters where we define semantics for these
logics.

1.3 Functional higher-order £/(C) and sequent calculus
LKL(C)

Now we extend the term language to the functional fragment of simple type theory by
allowing to form terms by abstraction and allowing beta-reduction in the derivation.

Definition 19 (Lambda terms). The set of simply-typed lambda terms, denoted A, is
built up from a countably infinite set of simply typed constants C¥ and variables V¥ by
the following rules:

1. If 27 € C¥ orx™ € V¥ | then 27 € A.

2. If M7 N? € A, then (MN)™ € A.

3. Ifx® € VY and M™ € A, then (AxM)°~7 € A.

The notions of free and bound variables are defined as usual (with A being the only binder).

Definition 20 (f-reduction). The rule of f-reduction is (Ax.M)N —3 M|z := N| and
Ax.M is called a -redex of (\x.M)N. A term which does not contain a [3-redez is said
to be in B-normal form.

11
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To define the extended language L/ (C) we take all simply typed lambda terms over L;;
that is, all simply typed terms with types restricted to F.

Definition 21 (Pre-term). Let T be pre-terms of L. Then Church pre-terms T(C) of
a language LY are define in the following way:

e iftecT thente T(C)

o ifz" € BV, and t? € T(C), then (Az.t)"77 € T(C)

Terms and formulae defined in the same way as for Ebe. Note that now terms can contain
bound variables, however, only A-bound.

To make use of the A\-terms we need the corresponding rules. Consider the functional
comprehension again:

Definition 22 (Functional Comprehension). For t any pre-term of LI (C):
F3fvay .. Vo, [f(z1,...,20) = t(x1, ..., 2)]

is a functional comprehension formula.

In this form it will not help us deriving F 3f.f(x) = z, since for no term t(z) = x. If we
incorporate S-equality, then it is a direct consequence of the functional comprehension:

FE3fve[f(x) = (Az.z
F 3fVe.f(z) ==

)())] 3d¢R, B-reduction

Definition 23 (LK/(C) via f-reduction). To obtain sequent calculus LKI(C) to the
rules of EICZ, one could add the following rules:

P A A(T)
- aar) F
LAT) - A

raT) - A

if T~8 T (if T in some steps B-reduces to T').



1.3. Functional higher-order £/ (C) and sequent calculus LK/ (C)

Example 5.
F (Az.2)x = (Az.2)x
F (Azz2)z==x 5 -
F 3f.flx) == oA

Alternatively one could incorporate S-reduction via addition of equality axioms: whenever
T ~~5 T, add T = T’ as an axiom to LK.. Note that we have to treat the equality
predicate differently now: it can apply to pre-terms as well as terms. Formally we define
this by adding to the language a symbol =; for each 7 € F. Then we redefine the notion
of formula:

Definition 24 (Formulae of £(C)). Intuitively, we allow s =, t as atoms:
e for every predicate symbol P other than =, for each 7 € F, P(t1,...,t,) is a
formula if t1,...,t, are terms (that is, pre-terms of type i)
e For =, for each T € F, s =, t is a formula if s and t are pre-terms of type T.
e Then the definition is as before.
Then we add the equality axioms to EICUfJ for each =, and get ﬁle:(C). We will use the
following calculus in this thesis.

Definition 25 (Sequent Calculus LK/ (C)). Take the rules of LK and:

-t =, t, for all pre-terms t of LI, of type T;

- s =, t, for all pre-terms s,t of LI of type T such that s ~g s

® 5] =r t1, .. Sn =5, tht f(S1,...,8n) = f(t1,...,tn), for all pre-terms s1,. .., sp,t1,. ..

and functional symbols f € C¥ of corresponding types;

® 51 =p ti,...,80 =5, tn, P(s1,...,8n) F P(t1,...,tn), for all pre-terms s1, ..., Sn, t1,...

and predicate symbols P € P of corresponding types.
Proposition 3. Let A(s1,...,s,) be an arbitrary formula. Then:
S1=p ti,.ooy8n =1, tny A(S1,. ., 8n) F A(t1, ..., ty)
for all pre-terms s1,...,8n,t1,...,ty of corresponding types.

Proof. As for simple equality =. O

Proposition 4. Symmetry and transitivity of equality are provable from the above axioms:

stn

13
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e s=,tHt=;s

® 51 =, 89,82 =7 53 51 =1 53

Proof. As for simple equality =. O
Example 6.
F (Az.2)x =; z (f-axiom)
IR
F3fflz) ==

From this point of view, extending the term language to other type systems (system T,
for instance) means adding additional equation axioms.

1.4 Higher-order logic £, and sequent calculus LK,

Here we define the set of higher-order logic formulae L.

Definition 26 (Higher-order types T). Define the set of higher-order types T:

1. i,0 € T, (individual and boolean types)

2.1—0€T,ifr,c eT.

The difference with functional type F is that we have two base types: individual and
boolean. This gives us a possibility to quantify over objects other than functionals. For
instance, sets (objects of type i — o) or formulae (objects of type o).

Then the terms of £, are all simply typed lambda-terms. The formulae of L, are all simply
typed lambda-terms of type o given some simply-typed language L, = (C¥, —°7°7°
,vﬁH"H"), where C¥ are any typed constants and — and V are distinguished logical
constants. If in the above one replaces V, with V;» we get the second-order logic Lo. We
also distinguish between free variables a”, 37, ... and bound variables 7,47, .... Then

Va™.A is a shortcut for V, \z7.A.

As a sub-system of higher-order logic £,,, we could have defined £7 as all simply typed
terms of type o, with all sub-pre-terms other than logical connectives restricted to types
in FU{i — o}.

Definition 27 (LK,). LK, is LK with the following quantifier rules:

o V-introduction:

A(T),THA
VaT . A(z™), ' F A




1.4. Higher-order logic £,, and sequent calculus LIC,,

where T is an arbitrary simply-typed term of type 7
I'EAJA(Q7)
I'EA VT A(z7)

where a” is a free variable which may not occur in I'; A, A(x7). a7 is called the
eigenvariable of this inference.

o d-introduction

A(@™),TFA '+ AJA(T) .
J27. A(27), T F A I'EA 327 A(x7) i
Example 7
Iy, P(B)ANQ(B) F Ay VL
o, Voi7°.x(B) F As
It can be rewritten in the following way:
Lo, a{a™™ := N Ply) ANQWI(B) ¥ A2

o, V2i?ox(B) F Ay

Thus we identify Sn-equal terms; sometimes we will explicitly mention this fact. We will
perform the S-abstraction and expansion implicitly, for simplicity. That is, we identify
P(B)AQ(B) and (M\y.P(y) A Q(y))(B), or derive the latter from the former by “S-rule”.

Alternatively, one could obtain the sequent calculus LK, by adding to LI the compre-
hension axiom schema:

Definition 28 (Comprehension Schema).

FYZIXVYXT(Y) & A(Y, 2)]

for A any formula in L, with all free variables replaced by 7, Z, and T corresponding

to the term [\NU.A(, 7) (V) =5 AW, 7)

Note that the schema is derivable in LIC,, in the following way:

- V? 7’3) i A(?,ﬁ)] fBn-expansion
SV ZAZ, N o A, @) P
XV IXT(T) ¢ AT @)

VR

- V7HXTV7[XT:(7 ) < A(Y, 7)) R

15






CHAPTER

Cut-Elimination in First-Order
and Higher-Order Logics

2.1 The cut-elimination theorem for LK and LI,

Here I describe the reductive proof of cut-elimination for LI and LKC.. This is a form of
the original Gentzen’s proof. Later we will see that for EICZi we can use a very similar
argument, although in general it is not possible to give a reductive cut-elimination
proof for higher-order sequent calculus. For the detailed description of the proof see
[Takeuti, 1987], Chapter 1.

Theorem 1. Every LIC-proof of S can be transformed into a cut-free proof of S.

First of all, introduce a rule equivalent to cut, called mix :

Definition 29 (Mix rule). Assume that Ay, A1 contain at least one occurrence of A:

Al H A1 A2 F A2
A, A5 F AT A

miz(A)

where A5, A} are obtained from Ag, A1 by removing all occurrences of A. A is called a
miz formula.

It is easy to see that in LK this rule is equivalent to cut. From now on by LK we mean
LIC with the mix rule instead of the cut rule.

Proof of Theorem |2. Below we show that if a proof of S contains just one mix as the
last inference, then this mix can be eliminated. Then, by induction, we can remove all of
mixes in any proof and therefore obtain a cut-free proof of S.

17
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O]

Theorem 2 (Cut-elimination for £K). If an LIC-proof of S contains one mix as the last
inference, then there is an LIC-proof of S without miz.

The proof is done by double induction on grade and rank of the proof determined by the
unique mix we are trying to remove. Let P be a proof of S that contains only one mix
as the last inference. Define:

Definition 30 (Grade). Grade of the proof:

e Grade of the formula A is the number of occurrences of logical connectives in A.
e Grade of a mix is the grade of the corresponding miz formula.

e Grade of the proof Grade(P) is the grade of the miz.
By assumption the last inference of P has the following form:

S1 52
A F A Ay F Ao
A, A5 B AT A
S

miz(A)

A branch of P containing S7 as end-sequent is called a left branch of P and a branch of
P containing S as end-sequent is called a right branch of P. Then define rank of P.

Definition 31 (Rank). The rank of the proof is defined as follows:
e The rank of a left (right) branch is the number of consecutive occurrences of the
miz formula in the branch, starting from Sy (S2);
o Rank;(P) is the mazimal rank among left branches;

e Rank,(P) is the maximal rank among right branches;

Rank(P) = Rank;(P) + Rank,(P)

Note that Rank(P) is always > 2.

Proof. By induction on grade and rank of the proof P, examining the possible structure
of S1,52 and S. Apply the induction hypothesis to P’ when Grade(P’) < Grade(P) or
Grade(P') = Grade(P) and Rank(P’) < Rank(P).

Case 1: Rank(P) = 2.

Consider all cases corresponding to the forms of proofs of S; and Ss.



2.1. The cut-elimination theorem for £ and LI,

S1 or So initial sequent: obtain S by some exchanges and contraction from Sy or 5.

S1 or Sy structural inference: obtain S by weakenings and exchanges from Si’s
predecessor.

Below I will only show one propositional case in detail, other cases are analogous.

Case —
Q P P
~R A+ AB I - A A Iy, B F Ay oL
r + A,A—)B A—>B,F1,F2 F Al,AQ mix (A—)B)

T.T5T5 F A% ALA,

Then we can “move the cut upwards” and by applying the induction hypothesis, first to
the proof of the mix (B) lower sequent, then to the mix (A) lower sequent we obtain a
mix-free proof of S:

Q P2

M IAF AB T9BF Ay
mai

I - AL A AT TH - A% A,
°,Ty, (TF)° F A% A7 A,

Some weakenings

LI, 05 F A A Ay

x (B)

mix (A)

Case V
For treating the quantifier cases, we will need the following lemma:

Lemma 1. If S(«) is LIC-provable by the proof P(«), then S(t) is LIC-provable by P(t),
where « is a free variable different from all eigenvariables of the proof and doesn’t occur
i t, and t is an arbitrary term.

Proof. By induction on number of inferences. See [Takeuti, 1987], pp. 16-17. O
P'(a) Q
Fl = Al,A(Ox) FQ,A(T) H AQ VoL

Fl F Al,VxA(:c) FQ,VxA(IL’) F AQ
LI - A7 Ag

mix (VzA(z))

19
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By lemma above, whenever we have a proof of I'y - A, A(a), we also have a proof
'y Ay, A(T). Then we can “move the cut upwards” in the following way:

PI(T) Q

Iy + Al,A(T) FQ,A(T) H AQ
', Ts B OAS A
Some weakenings
', T35 B A7 Ay

mix (A(T))

Then, by induction hypothesis, since the grade of the mix formula decreased, we get
mix-free proofs of I'y Ay, A(T) and I's, A(T) F As.

Case 2: Rank(P) > 2.

Here proceed by induction on Rank(P). Rank(P) > 2 means that either left or right rank
is > 1. Assume that Rank,(P) > 1. The other case is treated analogously. Remember
that we have the inference of this form as the last inference of the proof P, which contains
exactly one mix:

Sl 52
A F A As F Ay
Ay, A5 F AT A
S

miz(A)

Now, as previously, proceed by analyzing the structure of S7 and Ss:

A; in S; contains A: Assume A; in S; contains A. Construct the proof as follows:

Ay F Ay
Exchanges and contractions
AAS F Ay
Weakenings and exchanges
A, A5 F AT As




2.1. The cut-elimination theorem for £ and LI,

A not the principal formula of S3: Now assume that Ss is the lower sequent of
some unary inference &, however, A is not a principal formula of €. That is, the inference
looks like this:

¢P2
_P1 .
: AEA
Ay F A Ay F Ay ° .
ALAS F AL A, miz(4)

P; and P» do not contain mixes by assumption, and A contains at least one occurrence
of A, since the Rank,(P) > 1. Consider the following proof:

-Pl -P2
Al A AFA
AL A" ALA miz(A)

Rank of this proof is Rank(P) — 1, thus we can apply the induction hypothesis and
eliminate the mix. Then we can construct the following mix-free proof of S:

AL, A ATA
Exchanges
A5 A F AT A
Exchanges
A1, A5 AT A

§

In case that Sy is the lower sequent of some binary inference £ and A is not a principal
formula of £, we make a similar argument:

@ Q2
P . .
: ORI U, F I
Ay F Ay Ay F Ay
ArL AL F AL A, miz(A4)

P1, Q1 and @2 do not contain mixes by assumption, and ¥; or ¥y contains at least one
occurrence of A, since the Rank,(P) > 1. Consider the following proofs:

21
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-Pl .Ql

[P, : if ¥; contains A] Ay .|_ Ay Uy .I— 151

AL T F ALIL miz(4)
-Pl an
[P, : if Uy contains A] ' '
A1 Ay Uy - Iy miz(A)

A, U5 = A7 D

[P/ : if ¥; doesn’t contain A]
Qs
v, - II;
Exchanges and weakenings
A, Ur F AT

In the last case U} = ¥;. Rank of all above proofs is Rank(P) — 1, thus we can apply

the induction hypothesis and eliminate the mix. Then we can construct the following
mix-free proof of S:

P, or P| P. Or P}

AP AT IL A, U5 F AT I

Some exchanges Some exchanges
A, AS F Ao, AT ¢
Some exchanges

A1, A5 F AT As

A is the principal formula of S3: Now consider the cases where the mix formula is
the principal formula of the last inference in Ss.

Case —

.Pl ¢P2
Q . .
: Lok ALA TyBEAy
- A AS BT Ts F ALDy

mix (A — B)
T T7 + A% AL A,

22
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Again, we want to move the cuts upwards in order to decrease the rank measure and
then apply the induction hypothesis:

[@Q1]
Q h
I - A FlkAI,AmiX(A_)B)
I, T? - A# AL A
Q2]
Q P2
I - A I'y,B F A, mix (A 5 B)

T,B.TY + A# A,

In both @1 and Q2, Rank,(P;) decreased, thus by induction hypothesis, we get a mix
free proofs Q] and Q% of their end-sequents. From Q1 and Q2 we construct a proof P’ in
the following way:

[P]
& Q)
9 I,T% - A# A\,A  T,B,TF + A# A,
: STa— —L
I - A A— B,I',T7,TT + A% Ay, Ay

mix (4 = B) Some weakenings

T T? T A% AL A

Observe that Rank,(P') = 1, thus we can apply the induction hypothesis, since by
assumption, the right rank of the original proof was more than 1.

Case V A is the principal formula in Sy introduced by VL. The last inference of the
proof P looks like this:

@

0 :
. Fg,A(T) F Ag

r - A FQ,VI’A(l') H AQ
I, T5 = A7 Ag

V-L
mix (VzA(z))

Move the cut upwards in the following way:

23
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Q]
:Q :Ql

I' A Ty AT) F A
[.I5 AT) F A%, A,

mix (VzA(z))

Then, by induction hypothesis, there is a mix-free proof of I',I'5, A(T)A*, Ay. Now
construct a proof P’ of S with only one mix as the last inference:

@

0 :
: TS, A(T) B A% A

I' A TI,T3VzA(z) F A% A,
[,T5 - A A,

VL
mix (VzA(z))

Since now Rank,(P’) is smaller than the original rank, we can apply the induction
hypothesis and get a mix-free proof of S.

Case 3 Same as the V case. The last inference of the proof P looks like this:

Qi)

Q .
. FQ,A(OL) |— Ag

r+ A [y, dxA(z) F Ag
I, T5 B A7 A

3L
mix (3xA(z))

By above lemma we have a proof of I'g, A() = Ay, since by eigenvariable condition « is
not in I'y nor As. Then move the mix upwards:

Q Q1(8)

I+ A Iy, A(B) F Ag
ergaA(ﬁ) H A*7A2

mix (JzA(z))

Then, by induction hypothesis, there is a mix-free proof Q" of I',T'5, A(8) = A*, Ay. Now
construct P':

24
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d
IQI

Q :
: F7F§7A(B) F A*7A2

I - A I,033zA(x) - A% A,
T.T5 - A% A,

3-L
mix (JxA(z))

Since now Rank,(P’) is smaller than the original right rank, we can apply the induction
hypothesis and get a mix-free proof of S. O

Corollary 1 (Subformula property). All formulae occurring in a cut-free proof of S are
subformulae of S.

Proof. By induction on the number of inferences of the cut-free proof. O

2.1.1 Cut-elimination for LK.

In general if one adds axioms to LK, the cut-elimination theorem doesn’t hold, as a
simple example below demonstrates. Assume that we have LI with two axioms - A and
F A — B, with A and B distinct atomic formulae. Consider the following proof:

Example 8.
B - B AI—A_)L
F A—-B AJ/A—-B F B
. cut (A — B)
F A A'_Bcut(A)

- B

If there were a cut-free proof of - B, then by the subformula property it would have to
consist only of formulae B and the proper axioms could not be used, thus it should have
been a pure LI proof. Clearly, - B is not provable for an atomic formula.

Theorem 3. Let S be a set of sequents closed under substitution. Add S to LIC. Then
if S is provable in this extended calculus, then there is a proof where all cuts operate on
sequents in S.

Proof. See [Girard, 1991], p.123: repeat the above cut-elimination proof, just “forget the
cuts” that operate on sequents in S when defining the grade and rank. Below we provide
the proof for S the equality axioms.

O]

LK. admits restricted cut-elimination in the sense described above: if S is LIC. provable,
we can always find a proof of S where all cuts operate only on equational atoms.

Definition 32. If the cut formula in an LIC. proof is of the form s =t call it inessential.
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Theorem 4. If a sequent S is LIc-provable, then there is an LK. proof of S where all
cuts are inessential.

Proof. Apply the LK reduction to remove all the essential mixes. We only consider the
new cases here:

Case Rank(P) =2

Assume S5 is an equality axiom. Then, since we are only removing essential cuts, the cut
formula must be of the form P(t¢y,...,t,), for P predicate symbol other than =.

If 57 is also an equality axiom, then we have:

Si:ti,P(Sl,...,Sn) |— P(tl,...,tn) ti:’l“i,P(tl,...,tn) l— P(’I“l,...,Tn)

cut
S1 :tl,...,Sn :tn,tl =T1,...,Tn :tn,P(S1,...,8n) H P(T‘1,...,T’n)
where s; = t; is a short-cut for s; = t1,...,s, = t,. We can obtain the same end-sequent
using only inessential cuts with the cut-formulae sy = rq,...,s, = r, in the following
way:
81:t1,t1=7"1 - S1 =171 81=7“1,...,8n:Tn,P(Sl,...,Sn> [ P(Tl,...,rn) "
cu
S1 :tl,tl =T1,82 =T2...,8p :’I”n,P(Sl,...,Sn) = P(rl,...,rn)
cuts (s; = 1)
S1 =11, s 8y =tpyt1 =71, .. Ty =tn, P(81,...,8,) B P(r1,...,m)
The rest of the proof is the same as for LK.
O

2.1.2 Midsequent theorem for £ and LI,

Theorem 5 (Gentzen’s midsequent theorem for £IC). Let S be a sequent which consists
of prenex formulas only and is provable in LIC. Then there is a cut-free proof of S which
contains a sequent (called a mid-sequent) S’, which satisfies the following:

1. S’ is quantifier-free.
2. Every inference above S’ is either structural or propositional.

3. Every inference below S’ is either structural or a quantifier inference.



2.2. Cut-elimination theorem for LK,

Thus a midsequent splits the proof into an upper part, which contains the propositional
inferences, and a lower part, which contains the quantifier inferences.

Proof. By induction on the number of propositional inferences occurring below a quantifier
inference. The strategy is to move upwards the propositional inferences. Consider VR.
Let I be the first propositional inference occurring after this VR application. Assume
that I is the first logical inference below VR. We have a proof of this form:

I' - A Aa)
I' - A VzA(z)

VR

AL AL

Transform it in the following way:
I - A A(a)

Structural Inferences
I' - A A(a), Vo A(z)

AF A()A IVR
A F VzA(z),A " )
AE A Contraction

The mid-sequent is also called a Herbrand sequent. It provides an example of how cut-
elimination can be used as a proof analysis tool: Herbrand sequents provide information
about the substitution terms for quantifiers used in the end-sequent.

2.2 Cut-elimination theorem for LIC,
One could try repeating the same argument for proving the cut-elimination theorem for

LK. Most of the argument will go through. However, consider one of the quantifier
cases in the case where Rank(P) = 2:
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Case V

Fl [ Al, A(a) FQ, A(T) H AQ
Fl F Al, V.IA(QJ) FQ, V:cA(x) F AQ
I, T5 A7 Ag

VL
mix VzA(z)

Here we cannot apply the induction hypothesis on grade of the formula to A(T), since T
can be an abstraction of a formula more complex than VxA(x). For instance:

Example 9.
v-R Iy = Ay, aB) Iy, P(B) ANQ(B) F Ay L
T F ALYXX(B) I, VXX(B) + Ay

.05 F AL A, mizx VX X (B)

One could try to modify the proof by adding another induction measure. However, there
is no chance that this will work and that in the end we obtain a reductive or elementary
proof (that is, a proof formalizable in Peano Arithmetic). This follows from Godel’s
second incompleteness theorem. Below we provide the sketch of the proof of this fact
from [Girard, 1991].

2.2.1 Cut-elimination for LK, implies consistency of second-order
arithmetic

The proofs of cut-elimination for LI, are either semantic or semi-semantic, due to the
fact that cut-elimination for LK, implies consistency of second-order arithmetic: thus
no elementary proof can exist, by Second Gédel’s Incompleteness theorem. A forteriori,
such a proof cannot be formalized neither in £, nor in second-order arithmetic.

Definition 33 (PRA). Primitive recursive arithmetic PRA consists of the following
azxioms, added to LIC:

1. Equality axioms;

2. Axioms of elementary arithmetic;

3. Defining equations for all primitive recursive functions and predicates.

The above axioms define elementary arithmetic EA.

4. Quantifier-free induction.

All of the above axioms can be expressed by atomic axioms, and then cut-elimination
theorem is proved in the same way as for LI.: in such systems all but inessential cuts
can be removed in the same way as in LK.
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Proposition 5. PRA + Con(LK™), where LK is LK with equality and elementary
arithmetic axioms.

Proof. See [Takeuti, 1987].
O

Definition 34 (PAs). Second-order arithmetic PAs consists of the following axioms,
added to LIC:

1. Azioms of PRA;
2. Equality axioms for second-order variables;
3. Induction azxioms for any formula in Lo;

4. Comprehension axioms for all A € Lo:
JXVz(A(x) < X(2))
with X not free in A.

Theorem 6 (Girard, 1987). Cut-elimination in Lo implies consistency of PAs. Hence,
there is no elementary proof of cut-elimination for Lo and LK.

In other words, the reductive cut-elimination proof cannot be adapted to LIC,,.

Proof sketch. The idea is to show, by an argument formalizable in PA, that cut-
elimination in LKy implies consistency of PAs. Since PAs I/ Cons(PAy) and PA /
Cons(PAjy), by Godel’s second incompleteness theorem, we have that cut-elimination
for LI cannot be proved neither in PA nor PA,. Hence, more complex methods are
needed for the proof (for instance, reducibility candidates method of |Girard et al., 1989,
chapter 4).

One proceeds by showing that PA F Cut-elimination in Lo ACons(EA) — Cons(PAs).
The result follows from the fact that PA - Cons(EA).

To start, show that PAs can be interpreted in LK with second-order equality and
elementary EA axioms. That is, that induction and comprehension axioms can be
interpreted in LICo. It is easy to see that LK proves comprehension axioms, thus they
are redundant:

F A(a) & A(a)
F Vz[A(z) < A(x)]
F 3XVz[A(z) + X(z)]

VR
R, T= \zA(x)
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Then, we can define the predicate for natural numbers in £Xo. Let
N(z) =VX(X(0) AVz(X(z2) = X(s5(2))) = X(x))

and
N = AzN(z).

Then relativize all quantifiers to N. N-translation of induction and comprehension is then
provable in LIy + EA + second-order equality. Then similarly, second-order equality
can be eliminated by E-translation: relativize the quantifiers to predicates closed under
second-order equality.

Thus we have that, whenever A - A is provable in PAy, ANE 1 ANE i5 provable in
LICo+EA | where N, F are corresponding relativizations of quantifiers. Via this translation
we reduce cut-elimination in LIy to consistency in PAjy:

Assume PA5 is inconsistent, i.e., the empty sequent is derivable in PAs. Then it’s
translation (F)N# should be derivable in LKz + EA. If LKy admits cut-elimination,
then we can obtain a cut-free derivation of the empty sequent F in LK 5 from axioms
EA. Since the latter axioms are in the first-order language, by the subformula property,
which is the consequence of the cut-elimination theorem, we have a derivation of an
empty sequent in LK from EA. We know that PA F Cons(EA). Therefore, if the proof
of cut-elimination is elementary, then also PA + Cons(PAs), which is impossible by
Godel’s second incompleteness theorem.

O]

2.3 Cut-elimination theorem for £/ and LK/ (C)

Theorem 7. LK/ admits cut-elimination.

Proof. Use the same proof as the one above for LK. We should only consider the cases
for the new quantifier rules. When Rank(P) = 2 we have the following situation:

Fl [ Al, A(Oz) FQ, A(T) [ AQ
Fl (o Alava(f) F27VfA(f) H AQ
', Ta = Ar, A

VR

VL
mix (VfA(f))

We can move the mix upwards and then use induction on the grade, as in the first order
case. Note that we don’t have the same difficulty as in LI, due to the fact that the
term T cannot increase grade complexity of the proof. Using Lemma 2 below, we can
construct the following proof:
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Iy b Ag, A(T) Ty, A(T) F Ay
I, TF + AT A

Structural inferences

I',To B Ay, Ay

mix (A(T))

When Rank(P) > 2, the proof remains the same as in the first-order case.

O]

Lemma 2. IfI'(a") Fri, A(a”), then I'(T) Fri, A(T) (replace all a’s by T in the
sequent), where o is a free variable different from all eigenvariables of the proof and
doesn’t occur in T, and T an arbitrary term of type T of LI.

Proof. By induction on the number of inferences in the proof. O

2.3.1 Cut-elimination in £K/(C)

In the case of adding S-rules to obtain LK/ (C) from LK/ one would need to take care of
the S-rules during cut elimination. When Rank(P) = 2, when moving the cut upwards,
the grade of the cut-formula stays the same and thus the induction doesn’t go through
and the same proof as previously cannot be used. In this case it is easier to adapt the
reductive proof of first-order logic with equality to EIC({j(C) as an EICZ: with equality
axioms. Moreover, such proof would work for any type system that can be formulated as
an equational theory of the sort described below.

Definition 35. A cut is called inessential if its cut formula is of the form T =, T’.
Otherwise it is called essential.

Theorem 8. If a sequent S is /JIC({,(C) provable, then it is provable without essential
cut.

Proof. Same as for LIC., just add the cases for =, axioms, which are the same as for
simple equality =.

O
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CHAPTER

Standard and General Semantics
for £, and £/,

3.1 Standard and general semantics for £,

Usually one considers a simplified formulation of type theory and its semantics, called
relational type theory. Since one can express functions as special type of relation, this is
not a real restriction.

Definition 36 (Relational types). The relational types T are:

1. 1,0€ T,

21— ...—>1m—o0€T, ifr,..., 7, €T.

Below we will omit mentioning o and write:
1. 1 €T,

2. (r1...mn) €T, if r1,...,7 €T.

For instance, the second order variables have types of the form (i,...,7). (Alternatively
i—...—1—o0.)

Definition 37 (Standard semantics). Let 7 € T and let D be a set. Define

1. D, =D,

2. D, = {true, false},
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3. ‘D(Tl...‘l'n) =P(D7, x ... x Dr,)

Let o be a variable assignment, that is, some function o : V¥ — U,cp D-. Then
M = (D,I) is a standard C{,—model if the interpretation I maps the variables and
constants to the members of the appropriate domains D,. Formally:

o I(a") =0c(a”) for a” € V!
e I(c") € D; forc™ eC¥

o I7(\z7.t7) € Dy_y such that I°( Az t7)(m) = I[794&=" (47 where o U {z := m}
means o with x mapped to m.

Let ):‘Zf denote the standard semantics satisfiability relation: we say that M, o ):‘Zf Fe
iff I(F) = true. We say that a formula A € L], is ):zf -satisfiable iff there is a standard
model M and a variable assignment o such that M, o ):‘Zf A. The quantified formulae is

interpreted in the following way:

M= (D,1I),0 =}; Va"F(x)

iff
foralld € Dy : (D, I),0 U{z:=d} =}, F(z)

Unsatisfiability and validity are defined as usual.

Theorem 9. The set of L,-validities wrt standard semantics is not recursively enumer-
able.

Proof. Use the fact that Peano Arithmetic formulated as a second-order theory is a
categorical theory: every two standard models of Peano Arithmetic are isomorphic. Then
the idea is that one can express validity in the standard model of arithmetic using one
Lo sentence, and we know that the former is not recursively enumerable, by Godel’s first
incompleteness theorem.

O]

In general semantics everything stays the same, except that D, is defined differently:

Definition 38 (General semantics). Let 7 € T and let D be a set.

!Sometimes it is convenient to write 7° to mean an interpretation I given the variable assignment o
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CP(Ds X...x D).

Then (D, I) with the interpretation as above is a general pre-structure. When we restrict
the subsets to the relations definable in higher-order logic, we get the general semantics.
Let ):%w denote the general semantics consequence. We will omit the subscript when it is
clear which relation is meant.

Theorem 10. The set of L, -validities wrt general semantics is recursively enumerable.

Proof. See below. In the case of the general semantics we have more structures, since
for each Dr = D(, .7,) C P(D+, X ...x Dy, ) we have a corresponding structure. Since
with general semantics there are more models available, less sentences are valid, and in
fact we end up with such a “small” set that it becomes recursively enumerable. This
follows from the fact that we can reduce |=7. -validity to first-order consequence from a
recursive set of axioms 77 .

O]

Definition 39 (77T). We define a first-order theory TT that characterizes the general
models. Extend a given first-order language Ly to L® with predicate symbols E; (of
different arities) and unary predicates T, for all T € T. Then the theory TT consists of
the following axioms:

1. 32T;(x)

do

a) Ti(c), for constants ¢ of Ly
b) Vau .. Voo [Njoy Ti(xs) = Ti(f(z1, ... 20))], for functions f of Ly
¢) Vi ... Vo [R(z1,. .., 2n) = NiZy Ti(x;)], and predicates R of Ly.

3. Va(Tr(z) = “Ty(x)), foro #1

4. Vr¥xy . Nag[Er(ryxy, .o xn) = Tr(r) AT () Ao AT

n(:L‘n)]? forT =1 —
.o. = T = Tpy1 and the designated predicate E;

5. FExtenstonality axioms:

Vovr[T-(p) AN T-(r) AVzy .. Voo (Tr (z1) Ao AT (20) —

(Er(pyx1,...,2n) <> Er(r,x1,...,2p)) = p=r1]

Moreover, one adds the comprehension axioms formulated in the language L®.

35



3.

STANDARD AND GENERAL SEMANTICS FOR L, AND L]

36

Theorem 11. There is a translation function s : L, — L®, such that for all p € L, :
Ez, ¢ TT E¢°

The translation consists in relativizing the quantifiers to appropriate types. Then the
predicate E is intended to mean the application predicate. For more details see, for
instance, [Van Benthem and Doets, 2001]. Transform a general model into a first order
model in the following way:

Definition 40 (s-transformation). Let (D,I) be a general pre-structure, we obtain a
first-order L®-structure (D, I)* = (D®,I®) as follows:

1. D = Uyer I(7)

2. I°(c) = I(c) for c € L.

3. I3(Tr) = I(7).

4. IP(E,) = €.
Lemma 3. For all general models (D,I): (D,1)* =TT.
Proof. One can just have to check the axioms (1)—(5) and the comprehension axioms.
Consider the comprehension axioms. We want to show that the translations of com-
prehension axioms are true in (D,I)*. (D,I)* E Wz (E;(y,Z) < °)) iff there is
d e D = U,erI(7) such that (D*,I°* U{y = d}) = VZ(E-(y,Z) < v)). In general

models we have that d € I(7) for d : 7, and the latter exists and contains all the elements
specified by v by higher-order comprehension being true on (D, I).

O]

One can easily prove by induction that the translation is truth-preserving:

Lemma 4. Forallp € L, : (D,I) Er, ¢ iff (D,1)% = ¢°

We can characterize (D, I)’-structures using 77 up to isomorphism.

Lemma 5. Let S be an L*-structure. Then S |= TT iff there is a general structure
(D, I) such that (D, I)*® is isomorphic to S.

Proof. (<) Follows from Lemma 4.

(=) For a S = (H,J) such that S = 77T construct a general model (D,I) and an
isomorphism h : (H,J) — (D?*,I*), by induction on 7. Idea: in S we have I(T;) C D,
which we want to transform into D, C P(D,, X ... X Dy ).
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(Base case) D; = I(T;); h; is identity . We know D will be non-empty and that the
interpretation of non-logical symbols will be defined in (D%, I®) in the same way as in S
by axioms of 77 concerning 7T; (1)-(2).

(Inductive Step) Assume D(; . and h(, ) are already defined. By (4) (which
describes correct typing in E; predicate) we can set h, with 7 = (71...7,):

he () == {(hry(a1) . .. he, (an)); (byar,. .. an) € I(E;)}

which is well-defined by extensionality (5). Set D, := h.[I(T+)]. We have that D, C
P(D;, X ...x D;,) and thus (D, I) is a general structure. Note that since the translation
of the comprehension axiom is true in S, the above clause amounts to adding all definable
relations. That h; is an isomorphism should be clear by construction, since we have
that (b,a1,...,a,) € I(E;) iff (hr (a1),...,hr,(an)) € he(b). Then set h := U, et hr and
we are done. This construction is important, since it can be used for the completeness
proof. ]

Then the proof of the Theorem |10 immediately follows from the lemmas above:

Proof. (<) Assume TT E ¢. It means that for all L® structures S: S =TT = S | ¢°.

Then it follows that for all A* =TT = A® |= ¢°, since A® are L* structures. Since for
all A%: A® =TT (by Lemma 3), we have that for all A%: A® |= ¢® and therefore for all
general structures A = ¢ (by Lemma 4).

(=) Assume = ¢. It means that for all general models A |= ¢. Take a model S =TT
and prove that S = ¢°. S = TT implies that S ~ A® for some A general model ( Lemma
5). And since A |= ¢, it means that A® = ¢° (by Lemma 4) and thus S = ¢°. O

Theorem 12. LIC, is sound and complete wrt general semantics.

Proof. See the original Henkin paper, for instance — the proof can be adapted to natural
deduction or sequent calculus.

O]

3.2 Standard and general semantics for £/,

In this section I define standard and general semantics for the functional higher-order
logic £, show that LK/ is incomplete wrt standard semantics for £, show general
incompleteness of Eofj—c, a simple extension of Eofi, then prove soundness and completeness
of LK/ wrt general semantics. To establish these results, I use @-translation defined in
the previous chapter, as well adapt some techniques available in the literature. I point to
the relation of EZ: to some class of unification problems, as defined by Miller for full type

theory — this will be relevant for defining appropriate Skolemization procedure for £/ in
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the last chapter. For proving incompleteness of ,CICf) wrt standard semantics, I adapt
Schiitte’s completeness proof for LK to [,IC{:.

3.2.1 Standard semantics for £/,

Definition 41 (Standard semantics). Let 7 € F (functional type) and let D be some set.
Define

1. D, =D,

2. D; o ={f; f:D;— Dg is a set-theoretic function}?
Let o be a variable assignment, that is, some function o : V¥ — U,cp Dr. Then
M = (D,I) is a standard L) -model if the interpretation I maps the variables and
constants to the members of the appropriate domains D.. Formally:

o I(a™) =0o(aT) fora” € V3

e I(c") € D; forc™ eC¥

° I((to'-)’r O')’T) — I(tU-)T)I(SO') E DT

(

e [(P™) C D™ for P" n—ary predicate

Let }—S denote the standard semantics consequence relation. We say that a formula

Ae Ef 18 |:Sf -satisfiable iff there is a standard model M and a variable assignment o
such that M, o ):S A. The satisfiability relation is defined as usual:

M= (D,I),0 ):Lf P(t1,...,tn) iff (I7(t1),...,1%(tn)) € I(P) for atomic formulae;

M= (D,I),o |:5 AANB iff M= (D,I),o ):s A and M= (D,I),0 ’:S B; Similarly

for other proposztwnal connectives. For the quant@ﬁed formulae it is mterpreted in the
following way:

M= (D,I),0 =}, V&' F(x)
iff
foralld € Dy : (D, I),0 U{z:=d} =}, F(z)

Unsatisfiability and validity are defined as usual.

2That is, the available functions such as choice function will depend on the underlying set-theoretic
assumptions.
3Sometimes it is convenient to write I to mean an interpretation I given the variable assignment o
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Example 10. S
(D.I),0 EL.; 3f7Va'. z = f(z)

if
(D, I),c U{f :=m} |:5££ Vil = m(x)
for some m € D;_,; (that is, for some function on D;)
if
foralld € D;: (D,I),0c U{f :=m,x:=d} ):8533 x = f(x).

For any D; and o, one can take f — m with m € D;_,; the identity function on D; to
satisfy this formula, thus it 3f77a’. x = f(z) valid wrt standard LI, semantics.

Standard semantics is very strong, even for this restricted language. In particular, the
Compactness theorem fails for the standard semantics consequence relation ):zf

Proposition 6. The Compaciness theorem fails for ):s there is an infinite set of Ef-

sentences I' that is ):5 -unsatisfiable, however, allﬁmte “subsets of I' are }— / -satisfiable.

Definition 42 (¢,,). ¥, = 32} ... 32!, Nizjem) Ti # x; (Intuitively, the sentence says:

“the are at least n objects in the domain D;")

Observation 1. Let Inj(f) = Vo'Vy'(f(x) = f(y) — = = y). Then for any standard
model and variable assignment, with F' € D;_; : (D,I),c U{f = F} = Inj(f) iff F is
an injective function on D;.

[ The fact is trivial, however, it can serve as another example of evaluation wrt standard
semantics, thus I provide the details:

(D,I),UU{f::F}lzInj(f)
iff
for alld,d € D;: (D,I),0' = f(x) = f(y) then (D,I),0’ =2 =y, with
o =cU{f:=Faz:=dy:=d}
Now take any a # o' € D;, then (D, I),cU{f :=F,z :=a,y:=d'} Fz =y F(a) # F(d)

and thus (D,I),c U{f := F,z :=a,y:=d'} £ f(x) = f(y) , that is F(a) # F(a’'). Thus
F is injective. |

Observation 2. Let Surj(f) = Vz'3v'. f(v) = z. Then for any standard model and
variable assignment, with F' € D;_; : (D, I),0 U{f := F} |E Surj(f) iff F is a surjective
function on D;.
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Definition 43 (¢ ;). I =V fie, Inj(f) — Surj(f)

Fact 1. All injective functions on D are surjective iff D is finite.

Thus using /" one can characterize finite structures in £7, from which the failure of
Compactness follows.

Lemma 6. For any o: M, o |:£f I if and only if the domain of MM is finite.

Proof. (=) ,
m ):[:5 ¢ in

iff
forall F € Dy : (D,I),c U{f:=F} = Inj(f) then (D,I),c U{f:=F} = Surj(f)
iff
all injective functions on D; are surjective, i.e., D; is finite

(<) Assume that 90, o = ¥/™. Show that the domain of 9 has to be infinite.

M, o [ !
iff
Mo U{f:=F} = Inj(f) and Mo U{f := F} = Surj(f)
for some F € D;_,;

By observation above, it means that some function F' on D; is injective, but not surjective.
This can only happen if D; is infinite.

O]

Proof of non-compactness. Take the sentence 1/ and sentences 1" for each n € N:

I ={y/"}u{y™;neN}

Any finite set IV C T is clearly satisfiable, however, " is not satisfiable, since {¢)";n € N}
requires the domain to be at least as big as any n and /™ the domain to be finite.

O]
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3.2.2 Soundness

To prove soundness of LK/ wrt standard semantics, first extend the notion of Iz“ztf—

satisfiability to sequent. Let S be an LK/ sequent A - A We say that M, o ):z 5 S iff
for some A € A, M, o %zé A or for some A € A, M, o ):‘Z{J A.

Theorem 13 (Soundness of LK)). LK/ is sound wrt standard semantics: that is, if a
sequent S is EICOJ:—provable then for all standard models 9N with variable assignments o:
Mo =, 5.

Proof. By induction on the number of inferences in the LK/ -proof of S.
Base: S is an axiom, clearly holds in all standard models.

Induction Step: Induction step is easy. Consider the case 3-R:

Case AFAdz7A:

A F A A(T)
A F A, 32" A(x)

3R

By induction hypothesis we know that if 9,0 = A, then M, 0 = A(T7) for any o
and M = (D,I). We know that then I(T") = F € D, for some F' € D,. Thus
M, o0 U{z:=F} E A(z) for any I and thus M, o | Jz" A(z).

Case AFA, V™A :

AF MA@
A F AVzTAx)

V-R

Take any 9,0’ = A, show that M, o’ |= Vo™ A(x):
M, o' =V A(x)
iff
forall F € D; : M, 0’ U{z:=F} = A(z)

By induction hypothesis we know that 9, o = A(a”) for any o, thus for any extension
of o’ to «, that is for all F' € D,: A(F) holds in 9. O
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Now extend the standard semantics to treat terms of £/ (C):
I°(\a™ t)F =17 (t), for F € D, and ¢’ = o U {z := F}.

Then similarly one can prove soundness of LK/ (C), since clearly the standard model
will contain all functionals of simple type theory.

Theorem 14 (Soundness of LK/ (C)). LK/ (C) is sound wrt standard semantics: that
is, if a sequent S is LK (C)-provable then for all standard models 9 with variable
assignments o: M, o |:5£f S.

3.3 Higher-order unification and incompleteness of £/

To show the limits of LK/ with respect to the standard semantics and its closer resem-
blance to first-order logic rather than higher-order logic, it is instructive to look at some
subset of Eg: formulae, known as unification problems. The intuition is that some formula
cannot be proven in EIC{; because there is no way of unifying terms involved, but we have
to start from the axioms of the form A(t) - A(t) or F ¢ = t. We follow [Miller, 1992] who
defines and characterizes £/ (C) unification problems.

Definition 44 (Higher-order unification problem). Let Q; € {Vz;*,3x]"}. Then Q1 ...Q,A
is a L -unification problem if A € LI and is of the form Nieo Si = ti for some n € N.

Intuitively, the universally quantified variables occurring in a given unification problem
correspond to the functional and individual constants, whereas the existentially quantified
variables are free variables of the unification problem. Moreover, the quantifier prefix
also specifies the domains of admissible substitutions for the variables: they can only
use the symbols from the quantifiers in whose scope they appear. The usual first-order
unification is then a special case where the prefix is of the V3 form.

Definition 45 (Solution to a £/-unification problem). Given a L/ -unification problem
Q1...QnC, let E, be the set of existentially bound variables in Q1 . ..Q,C and A, the set
of universally bound variables in B. Then a solution to B is a substitution 0 : B, — A,
such that 0s; = 0t; and whenever x g r with x bound by Q;, then r contains only
variables bound by Q;, such that j < i.

Example 11. V' 32Vd 3y . c(x) = y(d) is a L] -unification problem with constants
c,d and variables x,y. y can be unified with c. However, since x' is not ins scope of Vd'
it cannot take value d* and thus the terms cannot be unified under this prefix. However
the first order-unification V' ="di3z'3y* . c¢(x) = y(d) has a solution. Note that it is
also LK -provable.

Lemma 7 (Miller 1992). Let A be an LK/ (C)-unification problem. Then A is LIS (C)-
provable iff A has a solution, provided all types are assumed to be non-empty.
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Proof. See Theorem 2.10 and Theorem 3.8 in [Miller, 1992].
O

Example 12. Consider a formula V;_; f3;x¥;w. fw = x. There is no solution to the
corresponding unification problem, since there is no substitution for x, which would not
use w and solve the equation. To see how this is related to provability in E/Cg:, consider a

possible cut-free EICij-proof of this statement. The proof would have to contain quantifier
introduction sequence like this:

F oo =T
H Viw. QW = T
F dixViw. a;w =

= V,_nfﬂzxvzw fw =T

V-r, B; eigen: T cannot contain B;
3-r
V-1, ai_y; eigen

Thus T has to be of the form af’ for ' # 3. Then, however, one cannot prove a
statement o—i3;i = ;i fB) in [,IC{;.

3.3.1 Incompleteness

It is known that:

Theorem 15. The set of L,-validities (full higher-order validities) is not recursively
enumerable.

Proof. See, for instance [Leivant, 1994]. The idea is that one can express truth in the
standard model of arithmetic with a second-order sentence, since the induction axioms
can be expressed with one second-order sentence. Thus we get the conclusion by Godel’s
incompleteness theorem.

O]

Knowing the general incompleteness result for second-order and higher-order logics and
having seen the @-embedding [JC{: into LIC, we can expect £/C£ to be too weak to
capture the standard semantics validity. Thus we can expect the following to hold:

Theorem 16. LK/ is incomplete wrt standard semantics.

Proof. Consider a sentence V;x3;_,;f. fo = z. Clearly, it is true in any standard models,

since it will contain identity function. However, one cannot prove this sentence in EICU]Z.

The reason is that by cut-elimination we know that the a proof of this formula will
contain a mid-sequent of the form - Ta = « for T term and « variable. This, however
cannot be proven for any £]-term, since only syntactically equal terms can be proven
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equal in LIC{;. That is, 8n equality coincides with syntactic equality in this logic as all
terms of £/ are in the normal form.

O]

Alternatively one can see this using the @-translation: + @;_,;(T,a) = « is not not
LI _-provable, since not first-order unifiable. Thus we can see the most basic case of
the relation of provability in simple type theory to unification established by [Miller
1992]. One cannot unify [ 7%c? = ¢'] where c is a constant and « a variable, both being
L/ -terms. However, this unification problem has solutions for £/ (C)-terms and = as
=gy-equality.

We can approximate the incompleteness result for the full higher-order logic in the
following way: given at least to elements in the domain and a designated constant we
can simulate predicate quantification with functional quantification.

Theorem 17. The set {¢p € LI +c ; Iy’ = # y |:S[:lcf ¢} is not recursively
enumerable. :

Proof. Express predicate quantification using function quantification (for this one needs
the ¢ constant and at least to objects in the domain to represent true and false), then we
have the Comprehension principle in the form:

VT [fZ =c e AT

where A is an £]-formula. The one can express second-order arithmetic truth and make
the same argument as for full higher-order logic.

O]

3.4 Completeness of L/ wrt general semantics

In general semantics D; is defined as some non-empty subset of functions of the corre-
sponding type:

Definition 46 (General semantics). Let 7 € F and let D be a set.

1. D,=D

2. Drso CH{f; f: Dy — Dy, is a set-theoretic function}

Then (D, I) with the interpretation as above is a general structure if each D, is non-empty.
We could further restrict the subsets to the functions definable in LS, however, then we
would get the general semantics with respect to which EICOJ: is not complete, due to an
example mentioned above. Let }:if denote the general semantics consequence.
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In the case of the general semantics we have more structures, since for each subset of
functions we have a corresponding structure. Since with general semantics there are more
models available, less sentences are valid, and in fact we end up with such a “small" set
that it becomes recursively enumerable. In the case of full higher-order logic this follows
from the fact that we can reduce |=7_-validity to first-order consequence from a recursive

set of axioms that describe the type restrictions and translations of comprehension axioms.

Thus we can use the first-order procedure to enumerate the general validities of Lw or
equivalently £ +c. Since the comprehension axioms are not required for ):i s-validity, it

is much weaker than =7 -validity, and even }:i ; (C)—validity, thus it is better described

as an extension/variant of first-order logic.

Remark 2. A similar result holds for a logic with quantification over predicates, but no
function symbols and no comprehension axioms — the cut-elimination goes through there,
and the expressive power is not much higher than that of first-order logic. When one
adds just predicative Comprehension, one also stays within reasonable logic complexity
and weaker expressive power.

3.4.1 Completeness
Theorem 18. ﬁlCUJZ is complete wrt general semantics as defined above.

Proof. Similar to first-order logic. Below we provide the full proof.

O

We use Schiitte’s method from [Takeuti, 1987]: given an £/ sequent S, construct a
“derivation tree” T'(S) such that either one can easily transform it into a cut-free proof of
S or read off it an interpretation that falsifies S. First we extend the completeness proof
for first-order logic without function symbols to first-order logic with function symbols
and then extend this proof to £X/. Then to extend the same proof to LK/ where we
will have to modify V-L and 3-R steps in the construction of the reduction tree and the
canonical interpretation.

We will need this definition below:

Definition 47 (Pure pre-terms and pure terms). A (pre-)term of L/ is said to be pure
if it doesn’t contain any bound variables. Remember that pre-terms are just usual “terms”
of any type, whereas terms are pre-terms of the individual type 1.

Theorem 19. Given a first-order sequent S, there is either a cut-free LK proof of it, or
an interpretation IMMC that falsifies it.

Proof. We adapt the proof from [Takeuti, 1987] to the sequents that may contain function
symbols. We need to modify the cases for quantifier rules in both construction of the
reduction tree and construction of the canonical interpretation.
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Idea: Given a sequent S construct a reduction tree, each node of which is a sequent
obtained by reversely applying all possible rules to the previous node, until the axiom
sequent is reached. If all the leaves are axioms, then one can easily construct a cut-free
proof of S. If, however, it has an infinite branch, that is, the axiom is not reached, then
one can construct a canonical interpretation from this tree that falsifies S by taking as
domain the terms appearing in the branch.

The reduction tree T'(S) for S is constructed from the root S by looping through the
following stages:

(Stage 0) If all leaves of T'(S) are of the form A, A+ A, A, then stop.

(Stage 1) If the topmost sequent obtained at the previous stage IT - A is such that
—A1,...,A, € Il not reduced, then the current sequent is II - A, A4,..., A, and we
say that —Aq,...,A, are already reduced.

[ For the details of the construction for other connectives see [Takeuti, 1987]. Here we
discuss in detail the quantifiers since this is the only stage that changes in the proof. |

(Stage 8) Assume that we have IT F A at the previous stage, such that Vi A4i(z1),. ..,
Ve, An(z,) € A and the VR was not applied to Va1 41(z1),. .., Yo, An(zy,). Then at
the current stage add the node I+ Aj(ay),..., An(an), A, where o, ..., q, are some
new variables. Then we say that the rule VR was applied to Va1 A1(x1),. .., Vo, Ay (xy,)
respectively.

(Stage 9) Assume that we have ITF A at the previous stage, such that Va1 A4;(z1),. ..,
Va, An(xy,) € 11.

Definition 48 (Terms available at a stage k). Terms available at a stage k are pure
terms contained in any sequent added before the stage k. If there are none, take new
variables and let them be available at the stage k.

The goal is to eventually apply the V-L reduction to all terms in the branch after the
first appearance of universally quantified formulae on the left. We will need to order
the available terms at the current stage in order to make sure that none of the available
terms is missed by applying the V-L rule, thus we define the availability sequence Avail
during the construction of T'(S). Later it will be used as the domain of the canonical
interpretation.

At this stage add to Avail all pure terms appearing in the precedent node I+ A and not
already in Avail, in arbitrary order. If Avail is empty, add any variable.

Then add the node A;(t1),...,An(tn),II+ A, where ¢y,...,t, are the first pure terms in
Avail not already used for reducing Vz1A41(z1),. .., Ve, Ap(z,) respectively.

Example 13. Here is an example of the initial segment of T'(VxQx,YxPgx - VxPfx);
(VzP fxz)* means that the formula is already reduced.
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Qga, Pgga,Qfa, Pgfa,Qa, Pga,YxPx,YxPgx + (VxPfx)*,Pfa
Qfa,Pgfa,Qa, Pga,YxPx,NxPgx + (VxPfx)*,Pfa
Qa, Pga,YxPx,VxPgx v (VxPfz)*, Pfa
VeQx,VYxPgxr + (YVzPfz)*,Pfa
VeQzx,VePgx - VxPfx

Availability sequence Avail: a, fa,ga,gfa, gga. ..

(Stage 10 and 11) Treat 3-L and 3-R in the symmetric manner to V-R and V-L.
(Stage 12) If IT - A have a formula in common, add nothing; otherwise add II - A.
Canonical interpretation If the reduction tree T'(S) is finite, then all the leaves

are axioms, and one can easily construct a proof of S from the tree (note that this
gives an alternative proof of cut-elimination theorem). Now assume that there is an

infinite branch B¢ = Sy,...,S5,,...in T(S). Consider |J; I'; and |J; A; with S; = T'; - A;.

We define a canonical mterpretatlon IM® = (D, I) and variable assignment ¢ such that
me, o ):if U; T but for all A € |J; A;, ME, o I;AE

D is the set of all pure terms occurring in the branch B¢;

e o(a) =afor a €V

Hﬁjz{fz it fd eD

k € D arbitrary otherwise

(I(t1),...,I(ty)) € RTif R(ty,...,t,) € U; Ty

(I(t1),...,I(tn)) &€ RTif R(t1,...,ts) € U; A

Now by structural induction prove that 9%, o ):g Afor all A € |J;T; and M®, o bé

for all A € |J;I';. Here consider the case Where Ae U; I is of the form VaxF(x ) By
construction of the branch we know that all pure terms ¢ in the branch, F(¢) is added
after the first occurrence of VaxF(z), thus all elements of D satisfy F(z) by induction
hypothesis and thus Vo F(x) holds in 9M®. For A € |J; A; we know that F(a) above is
not satisfied by induction hypothesis, and A is also falsified.

O]

Theorem 20. Given a functional higher-order sequent S € EZ:, there is either a cut-free
EICU]: proof of it, or a general model MME that falsifies it.
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Proof. We modify the previous proof. First, in the construction of the reduction tree, we
change the stages for quantifiers in the following way:

(Stage 9) Assume that we have IT F A at the previous stage such that Va1' A;(x1), ..., Vair A, (zy,) €
II. Then add the node A;(t7'),..., An(ti7),IIF A at the current stage, where 7', ..., 7"

are the first available pure pre-terms of corresponding types, not already used for reducing
Vet A1 (z1), ..., Valr Ap(z,) respectively. That is, analogously to the previous proof, we

define availability sequences Avail,, for each type 7 occurring in S.

Example 14.

Qha, Qgha, Qga,Vz'. Qlz,Vx'. Qhx, V' Qgx, Yy >Val. Qyz + ...
Qga,Vz'. Qhx,Vz'. Qgx, Yy " Wa'. Qur + (Vo'Vz' 7 Pzx)*, (V27" Pza)*, Pha
V2t Qgx, Yy Vet Qur F (Va'V2 T Pza)*, (V2 Pza)*, Pha
Vol Qgx, Yy iVt Qur F (Va'V2 7 Pza)* V2 7 Pza
Yy 7t Qur - (VaiVzi 7 Pza)* V27 Pfa
Vyi iyl Qua b Vaivzi T Paa

Availability sequences:

Avail;: @', (ha), (ga)’, (gha)® ...
Avail;_; : " BRI IE

Canonical model 9% Now from the infinite branch B¢ we read off a canonical general
model M® = ({D, ; 7 € F}, I) and define a variable mapping o such that M, o = |J; T
and for all A € |J; A;, ME, 0 = A. Challenge: we need to build universes D, in a sound
way. With this aim we define canonical functionals.

Definition 49 (Canonical functionals Fy ;). Let T be the set of all pure pre-terms in the
given infinite branch B and T, be the set of all pure semi-terms of type T € F occurring
in BE. We define sets D, of canonical functionals that will be used below to construct
domain of the canonical general model:

o D;={F;;; t' € T;} (that is, we add constants corresponding to the pure terms in
%C)’.

e Dy yr = {Ft,a—>7’ : Dy — D7 Fd,a’ = Ftd,Tat € Tcr—)T}- ]f Ftd,T ¢ D, map Fd,o’ to
a random element of D..

Example 15. Assume that D; = {Fynq i, Fynai ; n € N} and Dy = {Fy i, Frii}

Then Fy;yi(Fgnai) = Fonviq; = g"tla € T;, Ff,iﬁi(ana,i) = Fint1,; = frtla e T;.

Now define the type domains D;, for 7 € F of the Henkin model M® = (D¢, I¢) in the
following way:
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e D¢ ={D;; 7 € F} with D; sets of canonical functionals of corresponding types.
Note that only finite amount of D, are relevant, which are well-defined.

e o(al)=F,;=afora’ € T,NW

T

e g(a”)
o (I(t),
1)

For € D; fora”™ € T, NV
o (I(t}),.-.

I(ty)) € I(R) if R(t1,...,tn) € U; T, where t&, ... ¢! € T;
I

() € I(R) if R(t, ..., #8) € U; Ay, where t8,... !, € T;

Note that I(t") = F,; € D, for some s” € T;.

Now we show that our construction actually works, that is:

Proposition 7. For all Ac |J;T; : M = A and for all A € U; A; : M = A.

Proof. By structural induction on A € |J,I'; or A € |J; A; (there is no A in common,
since otherwise the branch would be finite, and we are considering an infinite branch by
assumption). The only interesting case is the quantifier case, thus we only consider it
here:

Case V2" B(z) € J;T; We want to show that 9%, o = Va7 B(x).

M = (D, I°),0 = V2" B(x)
iff
forallde D, : (D 19,0 U{x:=d} E B(x)
iff
(x) for all Fy, € D, : (D% I°),0U{z = F;,;} = B(z), with t € T

By the construction of the branch B¢ we know that for all pure semi-terms of type 7,
that is, for all t™ € 77, B(t") is added in some sequent S, j > i after the first occurrence
of Va™B(z) in S; for some i € N. Now assume that for some Fj -, (D, I¢),0 U {x :=
F, +} = B(z). Since s™ € T, we know that at some point B(s™) was added in U;I';, any
by induction hypothesis (D¢, I¢),0 = B(s™). If I°(s™) = F -, we get a contradiction and
thus (D¢, I€),0 U{z := Fy;} ¥~ B(z) and (D¢, I¢),0 = V2" B(x). If I°(s™) # Fs , then
Fs - ¢ D, (by o below), which also contradicts the assumption.

(o) If Fs+ € D; then I°(s,7) = Fs .. Prove by induction on term s: If s is a variable,
the claim holds by definition. Assume s = tl such that for ¢,/ the claim holds. Assume
Fur € D;. Then F; 5+ F} , = Fy 7, by definition. Since 77,17 € T (all subterms of a
term in 7 are also in T), F; o+ € Dy_7 and F; , € D, then by induction hypothesis
we get that I(s) = I(¢)I(s) = Fy.,.
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Case V2" B(x) € J; Ai If A e |J;Ai, A € S; for some i, we know that B(a”) in the
sequents Sj, j > i, is not satisfied and thus V2" B(z) is also falsified.

O]

This concludes the proof of completeness of LIC{; wrt to Henkin semantics. 0

Corollary 2. Given an S € LS, there is either a correctly typed cut-free proof of S*, or
a canonical interpretation M that falsifies S*.

Proof. In case S € L7, the first-order procedure can lead to incorrectly typed proofs of
S, since all terms have to be substituted in the V-L and 3-R cases.

Example 16.

Qisi(a,a) = a,VfQi(f,a) = a, VoV fQ,;(f,x) =2 F Qi(o,a) =«
ViQ,i(f, o) = a,VavVfQ,,;(f,x) =2 F Qi i(a,0) =«
VeV fQ, ;(f,z) =z F 3fQ, (0, a) =«
VaVfQ;(f,z) =2 b VedfQ,,;(f,x) ==

If one restricts quantification to certain types, however, then we get the result. Then in
the end we get a a correctly typed proof, but instead we have to consider many-sorted
models (i.e., models where each type has a separate domain). This is a simpler model
than a Henkin model. However, it is easy to see that they are equivalent, thus we don’t
need to build Henkin universes as previously.

O

3.4.2 Soundness and completeness of LI/ (C)

LK!(C) is not sound with respect to the general semantics for £/. We need to add
all the functionals corresponding to simply typed functional semi-terms. Then to see
that the £K/(C) is sound one would need to check if all axioms hold in all Henkin
models defined this way, which is true by definition, since all such axioms correspond to
p-reductions (applications).

Theorem 21 (Completeness of LK/ (C)). LK/ (C) is complete wrt general semantics
for ££(C).

Proof sketch. This can be proven in a similar way as the Henkin completeness for second-
order logic by [Prawitz, 1967]. The only difference with £gj is that we have to make
sure that the structure we get from the reduction tree is indeed a Henkin model: that
it includes all the functionals corresponding to £7(C) pre-terms to the domains D,.
The idea is to gradually extend 9t to obtain the correct structure. One introduces
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new functional variables corresponding to each pre-term of £/ (C) at each point in the
construction, such that all the needed functionals are added when a fixed-point is reached.

O
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CHAPTER

Interpreting /J/Cg; proofs as LIC
proofs

Below I show the correspondence between £/ and LK.

4.1 From LK/ proofs to LK proofs

First I show that proofs of £/ formulae in £/ can be directly translated into £K proofs
of corresponding first-order formulae.

Let Ly be a first-order language with FV = FV,, BY = BY,,, C = C, and function
symbols F = {Q.;7 € F} of the arity corresponding to the type arity. We want to define
a translation function * : £/ — L£; such that a sequent S is provable in LK/ iff $* is
provable in LIC.

Definition 50 (Translation function *). On pre-terms:

o [tT(E7, )T = @ ()", (81)%s - (8)7)
On formulae:

o P(ty,....tn)" = P(t],... .t

23



4. INTERPRETING LK/, PROOFS AS LK PROOFS

o 1"=1
o (A— B)"=A*— B*
o (VxA)x =VrA*

Ezxtend to sequents S* and proofs ©* in the obvious manner.

Example 17 (Translation of a Skolemized Choice instance).

Let S =Vz.x # g(x) - 3f.hf # f(hf).
Then S* = Vz.x # Q;;(g,v) - Hf-@(z'—n)—n(ha f) # Qii(f, @(i—n')—)i(h’ )

EICZ: proof ™ of S':

hg # g(hg) = hg # g(hg)
Ve.x # gr b hg # g(hg)
Ve.x # gr = 3f.hf # f(h)

V-1

LIC proof m* of S*:

@(i—>i)—>i(h7g) # Q; (g, @(i—n)—n(h’g)) - @(i—>i)—>i(h7g) # Q; i (f, @(i—>i)—>i(h79>)
Vo # Qini(g,2) B Quiysi(h, 9) # Qisi(f, Qg —i(hy 9)
Vo # Qini(g, ) B 3fQuysi(h, f) # Qini(f, Qusgysih, f))

Lemma 8. If S is £IC£—provable then S* is LIC-provable. Moreover, if w is the LI,
proof of S, then 7" is the corresponding LIC proof of S*.

V-1

-r
Proof. By induction on the length of the proof m. Consider the case when S is obtained
by 3-r application:

I - A, A(T) )
T - A3fA(f)

CFA AN =T A*,IfA*(f). Then 7* will be the proof v of I'* = A*, A(T)*
available by induction hypothesis combined with the 3-r application, since T* is a
first-order term and A(T)* = A*(T"):

r* = A* A*(TY)
r* = A* JzA*(x)

I-r
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O
In order to characterize LI, in LI we need the converse as well. We will show the
following:

Lemma 9. For S € £/ : if S* is LK-provable and its proof ~ is correctly typed, then
v =a"* for some LK, proof ™ of S.

Moreover, any correctly typed proof in the language of £7 in LK corresponds to a proof
in LK.

Definition 51 (Correctly typed terms, formulae, proofs). For first-order terms in the
language L7 define the set of correctly typed terms CT':

o FV,BV,CCCT

e Q (t,t1,...,tn) ECT if T=71 = ... = Tp = Tpy1 and type(t) = 7, type(t;) =
%
T1y ... type(ty) =1, and t, t € CT

Where type(x™) = 7, type(Qr, . 7 (t)) = Tn. A formula is correctly typed if all terms
occurring in it are correctly typed. The definition extends to sequents and proofs in an
obvious way.

Lemma 10. If a term t of L7 is correctly typed, then there is a term s in the language
L., such that t = s*. Same holds for formulae.

Proof. Follows from the definitions. O
Proof of lemma 9. By induction on the length of the proof . Consider the case when

S* is obtained by 3-r application:

T - A%, A*(t)

T F A%, oA (2)

Since by assumption the proof is correctly typed, by lemma |10| we have that t = s* for
some L, term s. Thus we can apply induction hypothesis and thus we have a proof of
I' = A, A(s), from which by J¢-r we get I' = A, 3z A(x) which concludes the proof 7. (In
the case of cut use the second part of the lemma 10.)

O]
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4.2 Translation back: from LK* to LK/,

Now we want from a first-order proof go to higher-order proof.

Given a sequent S € £}, define folding of S to ST € L,

o (@ (t,ty,... .t =t/(t], ... t])

The definition naturally extends to formulae, sequents, proofs.

Proposition 8. If S is correctly typed, then ST € L,
Proof. By definitions. O

Due to subformula property of cut-free proofs, if S is correctly typed, but its proof is
incorrectly typed, then the incorrectly typed terms can only occur in the ancestor formula
of a weak quantifier inference. Thus:

Proposition 9. For S € L3: if S is correctly typed, doesn’t contain any weak quantifiers
and LIC-provable by 7, then w/ proves S7.

Clearly, if we restrict axiom and weakening to correctly typed formulae, then we are
getting EICUfJ—proofs immediately.

Proposition 10. If S € L] is correctly typed and S is LIC-provable from correctly typed
azioms by proof m with only correctly typed weakening formulae, then ST is ElCij-provable
by the proof .

Proof. By induction on the number of inferences. O

Thus it is enough to restrict the proofs to the ones using only correctly typed proofs. We
give a semantic argument:

Lemma 11. For S € [,{:: if S* is LKC-provable, then S is EICZ:-provable.
Proof. If S is not EICOfJ—provable, by completeness of EICUJ: wrt Henkin semantics, there is

a Henkin model MM = ({D,; 7 € F}),I) such that 9t = S. From 9 obtain a first-order
model M = (D, J) such that 9 = S* in the following way:
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¢ D=U.erD-
e Define interpretation J :

— J(z7) = I(z") for 27 € YV UC (variables and constants)
— J(P) = I(P) for predicate constants

— J(Q(t,t1,...,tn)) = L(t(t1,...,tn)) — on the object of not a corresponding
type, extend randomly.

That is, interpret @ as application function, and everything else stays the same.

Clearly then I = S*.

4.3 Skolemization in £, £, and L/

During proof transformation and analysis keeping track of eigenvariable conditions can
be tricky; for this reason one often considers Skolemized proofs, proofs without strong
quantifier introductions (for definitions see below). In first-order logic, every sentence
has a Skolemized form: an equi-satisfiable sentence that contains no strong quantifiers;
moreover one can obtain such a sentence by a simple algorithm. In higher-order logic
this is no longer the case unless one imposes some restrictions on Skolem terms. The
defined translation of £/ into first-order logic provides an explanation for imposing such
restrictions.

4.3.1 First-order Skolemization

In first-order logic we can define a function sk on formulae A such that kg A iff
Fri sk(A) and sk(A) contains no strong quantifiers.

Definition 52 (Strong and weak quantifiers).
If (V) occurs positively (negatively) in B then (Vx) is called a strong (weak) quantifier.
If (3x) occurs positively (negatively) in B then (3x) is called a weak (strong) quantifier.

Definition 53 (Positive and negative occurrences). Suppose B contains an occurrence
of A.
o [f A is B then A occurs positively in B.

e I[f Bis (CAD),(CVD)NVz.C or3z.C and A occurs positively (negatively) in C
(or in D respectively) then A occurs in B positively (negatively).

e If B is (C — D) and A occurs positively (negatively) in D then the corresponding
occurrence of A in B is positive (negative); if A occurs in B positively (negatively)
in C then the corresponding occurrence of A in B is negative (positive).

o7
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e [f B is—C and A occur positively (negatively) in C then the corresponding occurrence
of A in B is negative (positive).

Example 18. Vy.P(y) — Vx.P(z): Yy is a weak quantifier, Vx is a strong quantifier.

Note that the strong quantifier introduction rule requires eigenvariable conditions. Below
we define the structural Skolemization operator sk:

Definition 54 (Skolemization). sk is a function from closed formulas to closed formulas:
sk(F) = F if F does not contain strong quantifiers.

Otherwise assume that (Qy) is the first strong quantifier in F' (in a tree ordering) which
is in the scope of the weak quantifiers (Q1x1), ..., (Qnzy) appearing in this order. Let f
be an n-ary function symbol not occurring in F. Then sk(F') is defined inductively as

Sk(F) = Sk(F(Qy){y = f(l‘l,,l'n)})

where Fqyy is I after omission of (Qy). sk(F) is called the (structural) Skolemization
of F.

Definition 55 (Skolemization of sequents). Let S be the sequent
Aq,..., Ay F By,..., By, consisting of closed formulas only and

sk((AyA...ANAp) = (B1V...VBp))=(A{A...ANA) — (B V...V B.).

Then the sequent
S’ AL A FB,... B,

is called the Skolemization of S.

Example 19. Let S be the sequent (Vx)(Jy)P(x,y) & (Vz)(3y)P(x,y). Then the Skolem-
ization of S is 8" : (Vx)P(z, f(z)) b (Jy)P(c,y) for a one-place function symbol [ and a
constant symbol c.

By a Skolemized proof we mean a proof of the Skolemized end-sequent. The Skolemized
proof can be obtained by Skolemizing end-sequent and then propagating the changes
upwards in the proof.

4.3.2 Problems with Skolemization in £, and £/

We would want to obtain similar function sk* for £,, and consequently £7. If we simply
generalize the first-order function sk to include higher types, we don’t obtain the needed
result. First of all, it becomes impossible to Skolemize proofs, as the following simple
example shows:



4.3. Skolemization in £q, £, and /JUJ:

Vz.P(z,a) — Vo.P(z,a) - V2! P(z,a) — P(s,f3)
V70 x(a) = 2(a) F Vol P(x,a) — P(s, ()

VL, T = Ay.VzP(z,y)

The end-sequent is Skolemized, however, the proof is not and cannot be. If one Skolemizes
Vz.P(x,a) — Vx.P(x,a), A T, one ends up with P(c,a) — Vz.P(z,a), A FI" and then
the VL cannot be applied as before.

A related feature of Skolemization that can be used in LK proof transformation is the
following:

Proposition 11. Skolemized LK -proofs do not contain strong quantifier inferences on
the ancestors of the end-sequent.

For LK, this proposition fails as shown by this simple example:

P(a) F P(«a)
Vax.P(x) + P(a)
Vz.P(x) + Vz.P(x)
Ve.P(x) + 32.Z

V-1
Example 20.

-r
3-r; T = \y.Va.P(z)

However, this holds for £/ :

Proposition 12. Skolemized EICZ:-proofs do not contain strong quantifier inferences on
the ancestors of the end-sequent.

Proof. Same as for LK. By induction on the number of inferences in the proof of the
Skolemized sequent S. In the case JR, which was problematic in LK, the induction
goes through since the weak quantifier-introduction can’t “hide” the strong quantifier
inferences as in the above example.

O]

However, sk is not validity-preserving neither in Elei nor in LIC,:

Proposition 13. There is an A € L], such that F s SEC(A), but tf s A.

Proof. In particular, the Axiom of Choice is not provable in LK/, (cf. [?]). The following
instance of Axiom of Choice stated as a functional second-order formula is not provable
in LK, and thus not in LK/

Vedy.x #y — JfVz.z # fz.

This can be shown using the Henkin models: consider a general structure ({a, b, c}, I') with

any I and o = () with D~ consisting of all functions definable by second-order formulae.
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We have that ({a,b,c}, I), 0 = VaIy.x # y, however ({a, b, c},0) = IfVz.2 # fz. Assume
that this holds: then there is a £/ -definable function F such that ({a,b,c}, I),{f := F}
Vz.z # fz holds. That is, ({a,b,c},I) = Vz3ly.Alz,y] A z # y. Then ({a,b,c},I),{x :=

a,y :=b} E Alz,y] Az # y. But also ({a,b,c}, I),{x :=a,y :=c} E Alz,y] Nz # vy,
which contradicts ({a,b,c}, ), {zx :=a,y := b} E VaIlyAlz,y]| A z # y.

However, the Skolemized version of the Axiom of Choice sk“(AC) = Vx.x # gz —
3f.hf # f(hf) is provable in LK :

hg # g(hg) = hg # g(hg)
Vz.x # g = hg # g(hg)
Ve.x # gr b 3f.hf # f(hf)

VL

O]

Note that the Skolem function g is “used” in the proof for introducing an existential
quantifier on the right-hand-side.

4.3.3 Restricted Skolemization

In order to obtain sound Skolemization in £J, we need to restrict Skolem functions. Based
on the counter-example above [Miller, 1987] proposes two restrictions and proves that
they suffice for obtaining a sound Skolemization procedure for higher-order formulae.

We assume that we are given Skolem function symbols for each type. Moreover, each
such symbol comes with an indicated arity — the number of arguments it can take to
form a pre-term. Thus we redefine the notion of pre-term:

Definition 56 (Pre-terms of E{:Sk). Define inductively:

o All pre-terms of EOJ: are pre-terms of EUJ:Sk;

o If f is a Skolem symbol of type 71 — ... — Ty = Tpy1 and arity n, and t1,...,t,
are pre-terms of ££5k, then f(t1,...,tn) is a pre-term (of type Tn+1)) of E{:Sk.

Example 21. 51%(02%03) is a Skolem function with arity 2 and the type o1 — (02 — 03).

fflﬁ(mﬁag’) is a Skolem function with arity 1 and type o1 — (09 — 03). Then we want

o1 —>(02 —>0’3)

to define pre-terms in way that f, (t1,t2) is a pre-term of type o3 iff t1 has type

O‘1—)(O’2—>O’3)

o1 and to type oy and f| (t) is a pre-term of type o9 — o3 iff t has type o1.

Thus the first restriction is that Skolem function symbols cannot form pre-terms in
the same way as usual higher-order constants and variables; they come with necessary
arguments. This way, the above proof of the Skolemized Choice cannot go through: ¢



4.3. Skolemization in £q, £, and /JUJ:

cannot be used as a pre-term of type ¢ — ¢ in the JdR-introduction, since it is not a
pre-term without a necessary argument of type i.

Of course in EICZ:(C) and LIC,,, one could replace g with Az.gz and obtain another proof
of the Skolemized Choice. This leads to the second restriction on Skolem pre-terms: no
necessary argument of a Skolem function can be bound by lambda abstraction. Same
definition of pre-terms for £/ (C) allows to formalize this second requirement:

Definition 57 (Pre-terms of EZ)Sk(C)). Define inductively:

e All pre-terms of L,(C) are pre-terms of E{fk (C);

o If f is a Skolem symbol of type 71 — ... = T, = Tpa1 and arity n, and t1,...,t,
are pre-terms of [,fk, then f(t1,...,tn) is a pre-term (of type Tp+1) of ,CZ)M(C).

Now in the definition of LK/ and £K/(C) modify the weak quantifier rules: T is a L’{fk
or a E{Sk (C) pre-term.

T A{z" =T} F A
TVve A F A b
I - A A{z7 =T
{z } R

' A dx™. A

where T is any pre-term of Effk of type 7 replaced with " in the lower sequent.

Using the x-translation we can provide explanation of the restrictions proposed by Miller
from a more general point of view. Consider the example of the Axiom of Choice

AC =Vzdy.Pxy — 3fVe.Pxfx

and its LK/ proof 7 again:

hg # g(hg) = hg # g(hg)
Vr.x # gr = hg # g(hg)
Ve.x # g & 3f.hf # f(hf)

VL

We also have a corresponding LI proof of its *-translation, by previous results of this
section:
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LIC proof * of S§*:

Qisiysilh, 9) # @Qisi(9, Qi si(h, 9)) B Qg si(hy 9) # Qisi(f, @iy —i(h, 9))
Vo # Qii(g9,2) B Quysi(h, g) # Qini(f, Qusiy—i(h, 9)

Vo # Qi5i(g,7) B 3fQusioi(h, f) # Qisi(f, Qusi—i(h, f))

VL

R

Now note that although the end-sequent of 7* is the #-translation of Skolemized AC
it is not a Skolemization of the *-translation of AC. That is, sk(AC*) # sk¥(AC)*.
Sk (AC) =V # @ii(g,@) b 3 Qi) silhy f) # @usi(f, Qs i(he £)) is ot the
first-order Skolemization of AC*, since it introduces constants, while by definition of sk
it is supposed to introduce function symbols.

The #-translation of AC' looks like this:
(Vo3y.Pzy — 3fVe.Prfr)* = Vai3yt . Pelyt — 37N PrlQ_y(f, ).
Its first-order Skolemization sk(AC™) is the following:
Vol Paig®tyt — 370 PRF £, @ (f, bR f)

k k
s’hs

where ¢ are Skolem function symbols.

Note that the resulting formula is not a *-translation of any £f-formula: neither g%y
nor h*¥ f are (semi-)terms of £ by our definition, since we only used terms to be of the
form Q. (t1,...,t,).

Now we cannot “use” g°* to prove this statement as we did before: ¢°* cannot be used for
quantification introduction, since it is not a well-formed pre-term by our definition, only
when it is applied to the argument — then it is just a well-formed first-order term. This
exactly describes the first restriction to higher-order Skolemization by Miller. Thus we
can arrive at the sound higher-order Skolemization procedure by generalizing first-order
Skolemization using *-translation.
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CHAPTER

Conclusion

In this thesis we studied sub-logics of higher-order logic in which quantification is restricted
to objects of functional type only. We saw that such a restriction gives rise to logics that
have a manageable proof-theory and at the same time share some interesting properties
with full higher-order logic.

First, we defined syntax and semantics of two variants of such a logic and gave the
corresponding cut-elimination proofs, which are easy adaptations of the Gentzen’s proof
for LIC: one just has to incorporate Sn-equality in the calculus and then repeat the
argument for LI with equality. Thus, the logic defined this way is proof-theoretically
closer to LK than to LK. This became obvious by looking at a proof-preserving
translation from functional higher-order proofs to first-order proofs defined in Chapter
4. In addition, such translation provides a new perspective on Skolemization which
is problematic in higher-order logic. Moreover, we studied semantics of this logic:
we showed incompleteness wrt standard semantics and gave a completeness proof wrt
general semantics based on Schiitte’s reduction tree method. This is a simpler and more
elegant way of proving this result than a more obvious specialization of a Henkin-style
completeness proof for full higher-order logic.

In conclusion, one can say that restricting to functional types allows a better understanding
of the sources of logical complexity of higher-order logic, both in proof theory and
semantics. By looking at restricted forms of comprehension, it is known that proof-
theoretic complexity in higher-order logics comes from impredicative comprehension.
Similarly, by looking at the functional fragments we can see that some of the complexity
of higher-order logic is due to allowing A-terms and S-reduction. First, functional higher-
order unification problems are already undecidable. Second, as we have seen, adding
A-terms already complicates things semantically, since one cannot extract the counter-
model for an unprovable sequent from a reduction tree directly. Moreover, Skolemization
has to take a different form: problems with Skolemization start when they are treated as
objects of the domain of quantification and not as syntactic tools.
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5. CONCLUSION

Further work could include:

e Cut-elimination and completeness proof for LICZ,(C) with S-reduction instead of
equality. Intuitively, it should be possible to separate the S-reduction steps from
the logical steps in the proof.

e Extending the term language to other term languages, such as system T.

e Since the EICZ: is so close to LI, it should be easy to adapt other first-order cut-
elimination procedures. For instance, one could try adapting the Skolemization-free
CERES method for first-order logic to £K/, and LK/ (C).
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