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Abstract

A general equilibrium model with incomplete markets and directed search is de-

veloped, in order to analyze the optimal behavior of workers and comparative stat-

ics. Workers have per-period utility of the constant absolute risk aversion (CARA)

type. The only form of saving is investment in vacancy creation, which connects

the interest rate and job creation through the free entry condition.

Because of the CARA utility, all unemployed workers search in the same sub-

market regardless of their wealth. The optimal saving decisions also make it possible

to de�ne the equilibrium solely in aggregate variables without the distribution of

asset levels.

The model is calibrated and the existence and uniqueness of the steady state

are shown for the speci�c parameter settings. The e�ects of a one-percent increase

in productivity are examined. The most surprising result is that the interest rate

decreases. This is caused by the fact that almost all of the increase in the value of

a �lled job is o�set by the increase in the equilibrium wage and the lower job-�lling

probability decreases the expected return on a unit of savings and hence, by the

free entry condition, the interest rate has to fall.
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1 Introduction

In most macroeconomic models, an individual's decisions can be divided into two kinds

� consumption/saving decisions and labor market decisions. I aim to develop a model

with frictional labor markets, in which both can be analyzed.

There are several ways one can model the labor market. One of them is the random

search framework.1 Random search, in its most basic form, means that in every pe-

riod, with a certain probability (or at a certain Poisson rate in continuous time), the

unemployed receive a wage o�er which is a random variable that follows an exogenous

probability distribution. Most often, the optimal decision rule can be characterized by a

reservation wage, meaning that every o�er above a certain level will be accepted and all

o�ers below that will be rejected. However, workers can neither in�uence the probability

of receiving an o�er nor the o�er itself. In my model, I also intend to model the �rms in

the economy as well. In this case, the most widespread wage determination procedure

is Nash-bargaining. This solution concept gives us a rule on how to share the surplus

from the match between the worker and the �rm in the form of an equilibrium wage.

The worker's surplus is increasing in the wage while the �rm's surplus is decreasing.

However, with heterogeneity among workers with respect to their wealth, the worker's

surplus would clearly depend on her wealth and hence so would the wage. My aim is to

build a model with a single equilibrium wage. This could, in principle, be achieved by

introducing information asymmetries, however, this would make the model intractable.

Because of this, I model the labor market as in the directed search framework as

described in the papers of Moen (1997) and Acemoglu and Shimer (1999).2 Directed

search means that the labor market consists of several sub-markets. They make up a

full partition of the possible values of variables of interest to those doing search. In the

simplest form, sub-market are labeled by the wage o�ered. The workers looking for a

job know the set of sub-markets and also the probability of �nding a job in each of them

and make a decision on which sub-market to search in. The probability depends on the

number of vacancies and the number of unemployed searching in the same sub-market.

Their choice is based on the trade-o� between earning a higher conditional on �nding

a job having a higher value, but a lower probability of actually getting a job.

Workers' saving decisions and labor market conditions could be connected. Assume

that vacancies are created using savings as input. Workers directly investing in vacancies

would introduce idiosyncratic risk, though, since jobs are �lled with a certain probability

in each sub-market and the outcome is stochastic. I get rid of this idiosyncratic risk by

1See e.g. Gronau (1971), McCall (1970), Mortensen (1970) and Pissarides (1985).
2Other in�uential papers on the topic include Montgomery (1991), Shimer (1996), Delacroix, Shi

(2006), Menzio, Shi (2010).
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incorporating another agent into the model, the holding. The holding pays interest on

the workers' savings and faces the risk on the labor market. In expectation, its pro�t

should be zero, which determines the interest rate endogenously. This way I create a

general equilibrium model, where labor market and saving decisions might be separable

on the individual level, however, on the aggregate, savings a�ect the trade-o� workers

face when applying to a job. I rule out the possibility of on-the-job search, meaning that

only the unemployed search.

Aiyagari (1994) analyzes a general equilibrium model with heterogeneous workers,

whose initial asset level follows a given distribution.3 Besides that, they face idiosyn-

cratic risk to their wage, which they cannot insure against. The production side of the

economy is as in a standard neoclassical model, with perfect factor markets. The author

shows that the equilibrium interest rate, determined by the level of aggregate savings

as a function of the interest rate and capital as a function of the interest rate derived

from the marginal product and capital and aggregate savings being equal, is lower than

the subjective discount rate, whereas the two are equal in the case of complete markets

or, equivalently, full insurance. The article then shows that the precautionary savings

motive in such models is not necessarily a product of a convex marginal utility function,

but incomplete markets, borrowing limits and the general equilibrium determination of

the interest rate. The precautionary savings motive, however, is not particularly strong

for plausible parameter values.

In this thesis, I also develop a general equilibrium model with incomplete markets,

however, the production side of the economy and the labor market are di�erent from

those in Aiyagari (1994) and so is the nature of uncertainty the workers face. Also, to

a certain extent, workers can decrease the level of uncertainty through directed search,

since they know the probability of �nding a job in the sub-market they choose. Never-

theless, it is an interesting question, how the equilibrium interest rate is related to the

subjective discount rate in this economy.

The rest of the thesis is organized as follows. Section 2 �rst de�nes the model, char-

acterizes the optimal behavior of workers, then de�nes the steady state equilibrium of

the economy. Section 3 discusses the results of numerical experiments. First the baseline

calibration of the model is described, characterizing the steady state for multiple pa-

rameter settings. Existence and uniqueness of the steady state is also discussed for this

speci�c calibration. This is followed by analyzing the comparative statics with respect

to a one percent increase in productivity. Section 4 concludes.

3For other general equilibrium models with heterogeneous workers, see Bewley (1983) and Huggett

(1993).
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2 The Model

For my analysis, I use a discrete time model with three types of agents the economy.

First, there is a unit measure of workers, who, at any point in time, can be either em-

ployed or unemployed. Unemployed workers also search on the labor market, which, as

usual in the directed search framework, consists of several sub-markets, where one-period

contracts are o�ered. This means that a worker who �nds a job becomes unemployed

at the beginning of the next period. At the same time, a worker can only search in one

sub-market.4 In each of them, a job can be found with a certain probability depend-

ing on the tightness of the sub-market, i.e. the ratio between the number of vacancies

and unemployed workers looking for a job. Using a standard constant-returns-to-scale

matching function, job-�nding probability is de�ned as the total number of matches

divided by the number of unemployed in the sub-market. There is no possibility for

the employed to do on-the-job search.5 Workers can save or borrow at a deterministic

interest rate. Interest on savings is paid by the holding.

The holding uses the aggregate net savings of the workers to invest in vacancies in a

�rm. Vacancies are �lled with a certain probability depending on the tightness of the

sub-market in which they are posted. Job-�lling probability is de�ned as the number of

total matches divided by the number of vacancies in the sub-market. The holding does

not post vacancies in sub-markets where there is no search in equilibrium. The holding

has zero pro�t.6 All workers who �nd a job at the �rm have the same productivity.

In the remainder of this section, I de�ne the workers' search and savings problems

and characterize their solutions. It is followed by the de�nition of the steady state

equilibrium.

2.1 The Workers' Problem

Unemployed workers have to make a savings and a search decision, while employed

workers only have to choose their optimal level of savings. Both types discount the future

at rate β < 1 and their preferences are represented by a per-period utility function of

the constant absolute risk aversion (CARA) class, with the same parameter α > 0. We

assume that workers know the gross interest rate R and the functions describing the job-

4Galenianos, Kircher (2009) explores the possibility of multiple job applications. Here multiple job

applications would not change the nature of the workers' behavior, but it would add wage dispersion

in the equilibrium.
5See e.g. Menzio and Shi (2010) and Shi (2009) on on-the-job search.
6The role of the holding is important, even though it does not face an optimization problem. If

workers were to invest in vacancies directly, their returns would be subject to idiosyncratic risk because

of the labor market frictions.

3



�nding probability and sub-market tightness, p(θ) and θ(w) respectively.7 p(θ) is strictly

increasing. Let a denote beginning-of-period assets, U(a) the value of being unemployed

with asset level a and W (a,w) the value of being employed with wage w and asset level

a. The total resources at a worker's disposal are her assets held at the beginning of the

period and her income � wage for the employed, bene�t b for the unemployed, which

includes value of leisure as well � in the current period. She can spend these resources

on consumption, denoted by c, and buying assets. Hence her budget constraint implies

ci = ai + xi −
âi
R

(1)

where xi is the individual's income in the current period and âi is next period's asset

level at the beginning of the period, before wages or unemployment bene�ts are paid.

This leads to the following Bellman equations.

U(a) = max
w,âi

u(b+ a−∆âi) + β(p(θ(w))W (âi, w) + (1− p(θ(w)))U(âi)) (2)

W (a,w) = max
âi

u(w + a−∆âi) + βU(âi) (3)

where u(c) = −e−αc and ∆ = 1
R .

To solve the above optimization problems, we guess and verify. The following guesses

are used.

U(a) = −e−γa−C

W (a,w) = U(a)X(w)

X(w) = e−χ(w−b)−D

for some real parameters γ, χ, C and D. Detailed computations can be found in the

Appendix. The following characterization of the optimal wage is derived.

w̄ = arg min
w

p(θ(w))(e−α(1−∆)(w−b)−∆ log(ψ̄+1) − 1) (4)

where ψ̄ is the optimal value of the objective. Given our guesses, ψ̄ can be formulated

as

ψ̄ = p(θ(w̄))(X(w̄)− 1) =
p(θ(w̄))W (âi, w̄) + (1− p(θ(w̄)))U(âi)− U(âi)

U(âi)
(5)

where âi denotes the optimal level of next period's assets and w̄ denotes the optimal

wage; hence ψ̄ equals the di�erence between the expected continuation value and the

value of staying unemployed for sure, U(â), relative to the latter. Note that, however,

7Since in every sub-market one-period contracts are o�ered, they are labeled by only the wage for

the one period.
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U(â) is always negative, hence −ψ̄ should be interpreted as the return on search and

so a lower ψ̄ means a higher return.

Note that neither the objective function in (4), nor the set of sub-markets available

to an individual depends on her level of assets. Thus, in equilibrium, all unemployed

search in the same sub-market and there is only one wage in the economy.8 This result

depends heavily on the CARA utility assumption, namely � as shown in the Appendix

� on the fact that the assumption allows us to write W (a,w) as a product of two terms,

one that is only a function of the asset level, and the other only a function of the wage.

Hence the two decisions of the unemployed can be separated.9

Regarding the savings decisions of the unemployed and employed, the following opti-

mal decision rules can be derived, respectively.

âUi (a) = a+
1

α(1−∆)
(log β − log ∆ + log(ψ̄ + 1)) (6)

âWi (a,w) = a+ w − b+
1

α(1−∆)
(log β − log ∆ + ∆ log(ψ̄ + 1)) (7)

In both (6) and (7), a has coe�cient one. It means that a worker who has an asset

level higher by one unit will, ceteris paribus, also have an asset level higher by unit

next period. Equivalently, a worker only consumes a 1 − ∆ fraction of her beginning-

of-period wealth. Since the fraction 1
α(1−∆) is positive, a higher β or lower ∆ gives an

incentive for a worker to save more. A more patient worker values future consumption

more and wants to save more and higher returns give a worker better trade-o� between

consumption today and consumption tomorrow. Note that log β − log ∆ < 0 holds if

and only if βR < 1. The latter usually induces an increasing consumption path, because

it means that a consumer gets higher return on her savings that what she loses by not

consuming the amount of goods today.

If the return on search increases � ψ̄ decreases � both the unemployed and the em-

ployed lower their optimal level of savings. Intuitively, if an unemployed gains more by

search then she is better o� in the next period in expectation and a lower amount of

savings is needed to achieve a certain level of utility in the next period, which makes

the marginal utility of consumption relatively higher in the current period which makes

it possible for her to increase her life-time utility by consuming more in the current

period. The e�ect is stronger for the unemployed, since they face a search decision one

period earlier.

8This result is in line with the �ndings of Shimer, Werning (2007), who show that in their model,

which belongs in the random search framework, an individual's optimal search decision, characterized

by her reservation wage, does not depend on her wealth and thus in an economy with heterogeneous

agents, there is only one reservation wage.
9This also implies that ψ̄ does not depend on a, which means that every individual has the same

return on search regardless of her wealth.
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The employed also save more if their wage increases or unemployment bene�t de-

creases. The �rst is straightforward and the latter comes from the fact that contracts

last only one period. All the employed this period will become unemployed at the be-

ginning of next period, but a higher bene�t means a lower amount of savings is needed

to attain the same level consumption next period. Hence the motive to smooth con-

sumption implies an increase in this period's consumption.

De�ne the aggregate asset levels as

A =

∫
aidi (8)

Â =

∫
âidi (9)

For a given unemployment rate u, we can obtain the following form for next period's

aggregate asset level using the optimal decision rules in (6) and (7) and the fact that,

in equilibrium, there is only one wage in the economy.

Â = A+
log β − log ∆

α(1−∆)
+
u log(ψ̄ + 1))

α(1−∆)
+ (1− u)

(
w̄ − b+

∆ log(ψ̄ + 1))

α(1−∆)

)
(10)

2.2 The Holding and the Firm

Let J(w) denote the value of a �lled job in sub-market w. A �lled job produces revenue

y in each sub-market. In sub-market w, wage w is paid to the worker. After the contract

expires, the job and also the vacancy disappears, hence the continuation value is zero.

This implies the Bellman equation

J(w) = y − w (11)

The holding invest the aggregate savings of the workers in vacancies at the �rm. In

order to create a vacancy, 1
k units of savings are needed. This means

v =
∆Â

k
(12)

In sub-market w̄, a vacancy is �lled with probability q(θ(w)), where the strictly decreas-

ing function q(θ) is known. For every unit of aggregate savings, the holding pays 1
∆ gross

interest. The holding has zero pro�t, also known as the free entry condition. Intuitively,

if the holding had a positive pro�t, another holding could enter the market and use the

same technology to create vacancies and the pro�t of the holding would decrease. On

the other hand, if the holding had a negative pro�t, it would exit the market. This leads

to the free entry condition

1

∆
=
q(θ(w̄))(y − w̄)

k
(13)
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2.3 Equilibrium

It has already been established, that there is only one wage in equilibrium and all

unemployed workers search in the same sub-market. Thus all vacancies are created in

the same sub-market as well. Also, only one sub-market tightness, job-�nding and job-

�lling probability has to be determined in equilibrium. Since vacancy creation does not

depend on the distribution of savings and the aggregate level of savings does not depend

on the distribution of beginning-of-period asset levels,10 the steady state equilibrium

does not depend on these distributions either. This leads to the following de�nition of

the steady state equilibrium.

De�nition 1. The steady state equilibrium is a 7-tuple (u, A, w̄, ∆, v, θ̄, ψ̄), where

(a) w̄ is the minimizer of the problem in (4) given ∆ and functions p(θ), θ(w)

(b) ψ̄ is the optimal value of the objective

(c) q(θ(w̄)) is determined by (11) and (13)

(d) θ̄ = q−1(q(θ(w̄)))

(e) u = 1
1+p(θ̄)

(f) v = θ̄u

(g) A = kv
∆ from (10)

(h) ∆ is the solution to

0 =
log β − log ∆

α(1−∆)
+
u log(ψ̄ + 1))

α(1−∆)
+ (1− u)

(
w̄ − b+

∆ log(ψ̄ + 1))

α(1−∆)

)
De�nition 1 also shows how the equilibrium can be computed. Points (e) and (i) can

be derived as follows. If u′ and A′ denote next period's states, then the model would

imply the following laws of motion

u′ = 1− p̄u (14)

A′ = Â (15)

The economy is in steady state if the state variables do not change, i.e. u′ = u and

A′ = A. These two conditions are equivalent to

u =
1

1 + p̄
(16)

0 =
log β − log ∆

α(1−∆)
+
u log(ψ̄ + 1))

α(1−∆)
+ (1− u)

(
w̄ − b+

∆ log(ψ̄ + 1))

α(1−∆)

)
(17)

10As can be seen from (12) and (10), respectively.
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As already established, an individual's wealth and savings decision do not play a role

in her search decision. However, aggregate savings are used to create vacancies, which

a�ects sub-market tightness. Tightness, in turn, a�ects the trade-o� the unemployed

face between the higher value from working at a higher wage and the lower probability

of actually �nding a job in the sub-market.

On the other hand, changes on the labor market can also a�ect the savings decision

of both the unemployed and the employed. Since the return of the holding on a unit

of invested savings depends on labor market conditions � directly on the job-�lling

probability � they can have an e�ect on ∆ through the free entry condition.

This interrelatedness of aggregate savings and labor market conditions allow for in-

teresting mechanisms. Think of an increase in productivity y. Its direct e�ect is an

increase in the value of a �lled job. From the free entry condition, either q(θ̄) or ∆ has

to decrease (or both).

If q(θ̄) decreases, it means that θ̄ increases as q(·) is decreasing. This gives the un-

employed a more favorable trade-o� in their search decision, which likely results in an

increase in the equilibrium wage. This, however, as a secondary e�ect, counteracts the

increase in the value of a �lled job and hence the secondary e�ect in all variables comes

with the opposite sign.

If ∆ decreases, workers have an incentive to save more. More savings results in more

vacancies and, since the unemployment rate is predetermined, a higher sub-market

tightness. This, following the previous argument, likely results in a higher wage and a

lower q(θ̄). However, that has a secondary negative e�ect on the returns of the holding

and hence ∆ has to increase.

The net e�ect of the above mechanisms is unclear. In the next section, I examine the

comparative statics in the model with respect to an increase in productivity in order to

�nd out which mechanism dominates for a reasonable set of parameters.

3 Numerical Experiments

In this section, I �rst discuss the calibration of the model and the steady state values

for this parameter setting. Then I proceed by examining the di�erences between the

new steady states and the baseline after an increase in productivity.

3.1 Baseline Calibration

One period corresponds to one quarter. In the model p(θ) and q(θ) assumed to be

given. I will derive them from an assumption on the matching function. Let M denote

the number of total matches and assume

M(u, v) =
uv

(uλ + vλ)1/λ
(18)
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as introduced in Den Haan, Ramey, Watson (2000), which implies

p(θ) =
M(u, v)

u
=

θ

(1 + θλ)1/λ
(19)

q(θ) =
M(u, v)

v
=

1

(1 + θλ)1/λ
(20)

Note that p : R+ → [0, 1) and q : R+ → [0, 1) and p(·) is strictly increasing, while q(·)
is strictly decreasing as expected.

Now the following parameters of the model have to be pinned down: β, y, b, α, k, λ.

In the baseline model I use β = 0.95 for the subjective discount rate. The productivity

parameter is normalized to y = 1 as usual. b = 0.4 is a usual calibration in the litera-

ture.11 For λ, I use the value in the original paper (Den Haan, Ramey, Watson (2000)),

λ = 1.27. I calibrate k such that the savings rate in the economy12 is around 20% and

k = 0.12 is the right parameter value. For α, I will repeat the calculations for α = 10,

α = 20, α = 40 and α = 100, the values used in Acemoglu, Shimer (1999), excluding

the α = 0 limit case.

For the workers' problem, θ(w) is also assumed to be known. This function is deter-

mined by the free entry (13) and the assumption for q(·) (20), i.e.

θ(w) =

((
(y − w)∆

k

)λ
− 1

)1/λ

(21)

Note that for w > y− k
∆ the function is not de�ned. Also, I exclude ∆ < k

y−b , since for

such values all sub-markets other than b would be ruled out.

The �rst question is whether the steady state exists. Given w̄ and ∆, one can easily

solve for the steady state. Also, if w̄ and ∆ are uniquely determined, the steady state is

unique. To check this, we have to check the optimization problem in (4) and (17) � using

(16) for the steady state unemployment rate. These two give us two (w,∆) loci, shown

in Figure 1. The �FOC� curve refers to the solutions (4) for the given ∆. However, there

are values for ∆ for which no w ∈ [b, y − k/∆] solves (17). For such values, the �dA�

curve shows w = 0. As we can see, there is only one point where the two loci touch,

which means that there is a unique steady state. For Figure 1, α = 10 was chosen, but

there is no di�erence in the existence and uniqueness for the higher α values.

The baseline steady state values for the four parameter settings, to which changes will

be compared when discussing comparative statics, are shown in Table 1.

ψ̄ is negative for all four parameter settings, which means that there is a gain from

search for the unemployed. Also, ∆ > β or, equivalently βR < 1 in all four cases. This is

in line with the results of Aiyagari (1994), who �nds that in a general equilibrium model

11See e.g. Hornstein, Krusell, Violante (2011).
12 ∆Â

yvq̄
= k

yq̄
from (12).
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Figure 1: The (w,∆) loci from the optimal wage decision and the no change in asset

levels. The �FOC� curve describes the locus given by the optimization problem in (4)

and the �dA� curve shows the locus given by the no change in asset levels in the steady

state. As can be seen, the two curves only intersect once, hence the equilibrium exists

and it is unique.

Values of α

10 20 40 100

∆ objective discount factor 0.951 0.9535 0.96 0.9745

w̄ wage 0.7725 0.7697 0.7658 0.761

R gross interest rate 1.0515 1.0488 1.0417 1.0261

u unemployment rate 0.6235 0.6205 0.6158 0.6091

θ̄ sub-market tightness 1.0883 1.1191 1.1689 1.2459

A aggregate asset level 0.0856 0.0874 0.09 0.0934

p(θ̄) job-�nding probability 0.6037 0.6117 0.624 0.6418

q(θ̄) job-�lling probability 0.5548 0.5466 0.5338 0.5151

ψ̄ - return on search -0.0667 -0.1212 -0.1956 -0.2863

v measure of vacancies 0.6786 0.6944 0.7198 0.7589

Table 1: Baseline steady state values for the di�erent values of α
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with incomplete markets, the equilibrium interest rate is smaller than the subjective

discount rate, which is equivalent to R < 1
β .

We can observe that all variables either decrease or increase with higher α values.

A higher α means a higher level of risk-aversion. The uncertainty workers face in this

economy comes from the fact that �nding a job is a random event. Intuitively, a more

risk-averse individual would try to decrease this uncertainty if possible. When the un-

employed make their decision on which sub-market to search in, they face a trade-o�

between achieving higher utility conditional on �nding a job, by searching in a sub-

market with a higher wage, but getting the pursued job with a lower probability. For a

more risk-averse individual, the probability of �nding a job is more important than for

one who is less risk-averse. Hence as α increases, the unemployed have an incentive to

search in a sub-market where the job-�nding probability is higher, which means a higher

sub-market tightness and lower wage. A higher job-�nding probability means lower un-

employment and a higher sub-market tightness means a lower job-�lling probability.

The number of vacancies is the product of sub-market tightness and the unemployment

rate. Since the �rst increases while the latter decreases, the net e�ect is unclear in gen-

eral. For the functional forms speci�ed at the beginning of the section, these changes

result in an increase in vacancies.13 Intuitively, ψ̄ should decrease as from (4), it is the

�xed point of the function

f(x) ≡ p(θ(w̄))(e−α(1−∆)(w̄−b)−∆ log(x+1) − 1) (22)

Since −α(1 − ∆)(w̄ − b) is negative and decreased and ψ̄ was very close to zero, the

term in parenthesis should be negative and have increased in absolute value. Since p(θ̄)

increased, it further decreases the value of f(x) at least for x's close to the old steady

state. Clearly f(x)−x is decreasing in x. If a decreasing function is shifted downwards,

the new root should be lower.

A similar analysis can be done for the right-hand side of (17). Clearly, it is decreasing

in ∆. The shift is not obvious, though. The �rst two terms decreased for every value of

∆, but 1 − u increased while w̄ − b − ∆ log(ψ̄+1)
α(1−∆) decreased. The net e�ect is shown in

Figure 2.14

We can see that for ∆ higher than a certain value, the curves are shifted upwards.

Also, that value is smaller than β and thus also smaller than the roots. So on the relevant

part of the domain, the shift is upwards. Hence a higher ∆ is required for the level of

assets to remain unchanged.

13These calculations can be found in the Appendix.
14For all other variables, the appropriate steady state levels have been plugged in.
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Figure 2: The the change in assets as only a function of delta. The horizontal dashed

line is at the value 0. For ∆ greater than a certain value � which is smaller than the

old root � the shift in all curves is upward. Hence the new roots have to be higher and

thus as α increases, so does ∆.

From (12) and Â = A in steady state, we get

A =
vk

∆
(23)

Since v and ∆ both increased, in general, the e�ect on A is unclear. The desired labor

market conditions require more vacancies and thus more savings, however, the lower

return serves as an incentive to save less. For the given calibration, the net e�ect is an

increase in the asset level.

3.2 Comparative Statics

After discussing the calibration and steady state values for di�erent parameter settings,

I examine the e�ect of a 1% change in productivity y. Table 2 shows percentage changes

in the ten variables for the di�erent values of α.

The increase in ∆ or, equivalently, the decrease in R is surprising at �rst sight. In

most macroeconomic models, a positive productivity shock results in a higher interest

rate, mostly due to the fact that it directly raises the marginal product of capital for

a �xed capital-to-labor ratio. Of course, the two results cannot be compared so easily.

12



Values of α

10 20 40 100

∆ objective discount factor 0.0037 0.0117 0.0254 0.0309

w̄ wage 1.1048 1.0987 1.0929 1.0859

R gross interest rate −0.0037 −0.0117 −0.0254 −0.0309

u unemployment rate −0.2167 −0.2219 −0.2249 −0.2214

θ̄ sub-market tightness 1.2282 1.2717 1.3127 1.3297

A aggregate asset level 1.0051 1.0351 1.0592 1.074

p(θ̄) job-�nding probability 0.5769 0.586 0.5867 0.5677

q(θ̄) job-�lling probability −0.6434 −0.6771 −0.7166 −0.7519

ψ̄ - return on search −2.4861 −2.2369 −1.7927 −1.2045

v measure of vacancies 1.0088 1.047 1.0848 1.1053

Table 2: Percentage changes following a 1% increase in productivity

Here, we are looking at permanent changes and di�erences in steady states, whereas

in new-classical models the aim is to see what dynamics a one-period shock induces in

variables of interest. Still, the drop in returns seems counter-intuitive, even though the

change is small.

First, the productivity increase only has a direct e�ect on the θ(w) function, namely

that it is shifted upwards. This means that the unemployed face better match-ups when

making their search decision. It is now possible for them to search in a sub-market with

a higher wage which also has a higher job-�nding probability. And, indeed, both w̄ and θ̄

increase. This clearly increases the return on search. Since the job-�nding probability is

increasing and the job-�lling probability is decreasing in sub-market tightness, the �rst

increases while the latter decreases. Unemployment drops since it is decreasing in the

job-�nding probability. Based on the analysis in the previous subsection, the number of

vacancies is increasing in sub-market tightness and thus increases as well.

The wage increase and the drop in unemployment both increase the desired change in

assets for any ∆. However, the increased return on search decreases it. Figure 3 shows

the two curves for α = 10 with all variables other than ∆ held �x.

The horizontal dashed line is at the value 0 and the vertical is at the steady state

level of ∆ with parameter α = 100. Since all else held �xed, both curves are strictly

decreasing in ∆ and at the root the shift was still upward, the root of the new curve

cannot be lower and in fact has to be greater.

From (23), since the increase in v is larger (in percentage terms) than in ∆, A increases

as well.

Another way to look at the change in ∆ is through the pro�t of the holding. Almost

all of the gain in the value of a �lled job is gone because the �rm has to pay a higher

13
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Figure 3: The shift in the change of asset levels all variables other than ∆ held �xed.

The horizontal dashed line is at the value 0 and the vertical one is at the steady state

level of ∆ with y = 1 and α = 100. Since at the root the shift is upward, the new root

has to be higher.

wage to its employees. Note that y increases by 1%, but w̄ increases by even more.

Almost all of the gain goes to the workers. On the other hand, sub-market tightness

also increases, which lowers the probability of �lling a job. The expected return on a

unit of savings thus becomes lower and hence for the holding to not quit, the price it

has to pay, i.e. the gross interest rate, has to go down.

4 Conclusion

In my thesis, I develop a general equilibrium model with incomplete markets and di-

rected search on the labor market, without on-the-job search. The workers earn a deter-

ministic return on their savings paid by the holding, who invests savings into vacancies.

Thus the holding takes on the risk from the workers. The holding has a zero-pro�t (free

entry) condition, which makes the endogenous determination of the interest rate possi-

ble. My main questions were the optimal behavior of workers, the steady state interest

rate and the e�ects of a one percent increase in productivity on the steady state.

I characterized the optimal saving and search decisions. I showed that, in equilibrium,

14



all the unemployed search in the same sub-market regardless of their wealth. Both types'

optimal saving decision is linear in their wealth and have the same coe�cient, hence

the equilibrium can be de�ned in aggregate variables only, without the distribution of

asset levels.

I calibrated the model using the matching function proposed by Den Haan, Ramey and

Watson (2000). I used parameter values for the subjective discount rate, unemployment

bene�t and the parameter of the matching function, normalized productivity to one,

used four di�erent values for absolute risk aversion as in Acemoglu and Shimer (1999)

and calibrated the vacancy creation cost to match a 20% savings rate in the steady

state. I found that the steady state exists and is unique for these parameter settings

and that the steady state values of several variables, namely sub-market tightness, level

of assets, job-�nding probability, return on search and the number of vacancies, increase

as absolute risk aversion increases, while the interest rate, unemployment rate, job-�lling

probability and the optimal wage decrease.

Then I analyzed the e�ects of a one percent increase in productivity. I found that the

steady state values of the wage, sub-market tightness, job-�nding probability, level of

assets, number of vacancies and the return on search increase and the job-�lling proba-

bility, unemployment rate and surprisingly the interest rate decrease. The explanation

for the latter is that by the increase in productivity, workers face a better trade-o�

between wages and job-�nding probabilities and hence choose a higher wage, which

takes away almost all of the increase in the value of a �lled job. The lower job-�lling

probability then lowers the return on a unit of savings and hence its price, the interest

rate has to fall from the zero-pro�t condition.

The possibility of introducing exogenous separation and on-the-job search into the

model would enable us to take the model directly to the data. Also, it would be inter-

esting to examine how the above two features alter the comparative statics. The full

dynamics of the model could prove to be an interesting topic for future research, as well.
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Appendix A

Guess and verify

For the sake of convenience, I repeat the Bellman equations of the workers and the

guesses.

U(a) = max
w,âi

u(b+ a−∆âi) + β(p(θ(w))W (âi, w) + (1− p(θ(w)))U(âi)) (i)

W (a,w) = max
âi

u(w + a−∆âi) + βU(âi) (ii)

where u(c) = −e−αc.
Guesses: U(a) = −e−γa−C , W (a,w) = U(a)X(w), where X(w) = e−χ(w−b)−D.

First, I solve for the problem of the unemployed in (i) for a given ∆ and di�erentiable

p(θ), θ(w) functions. Rewrite (i) as

U(a) = max
w,âi

u(b+ a−∆âi) + β(ψ(w) + 1)U(âi)

where ψ(w) = p(θ(w))(X(w)− 1). Plugging in our guess for U(·) and the CARA utility

function, I get

U(a) = max
w,âi
−e−α(b+a−∆âi) − β(ψ(w) + 1)e−γ(âi)−C (iii)

From (iii) the FOC with respect to âi is (iv) or, equivalently, (v)

−α∆e−α(b+a−∆âi) − γβ(ψ(w̄) + 1)e−γ(âi)−C = 0 (iv)

e−α(b+a−∆âi) =
γβ

α∆
(ψ(w̄) + 1)e−γ(âi)−C (v)

where w̄ is the optimally chosen w, satisfying w̄ = arg minw p(θ(w))(X(w)− 1).

Note that U(âi) is always negative, hence the minimization in order to maximize the

continuation value. Also, note that neither the objective function, nor the set of sub-

markets depends on the level of assets held by the worker. Hence all unemployed will

search in the same sub-market in equilibrium.

Let ψ̄ denote ψ(w̄).

From (iii), (v) and the guess for U(·), I get

−e−γa−C = −β
(

1 +
γ

α∆

)
(ψ̄ + 1)e−γâi−C

which implies

âUi (a) = a+
1

γ

(
log β + log

(
1 +

γ

α∆

)
+ log(ψ̄ + 1)

)
(vi)
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To obtain γ and C, take the natural logarithm of both sides of (v) and plug in the

optimal policy function obtained in (vi). This yields

−αb− αa+ α∆
(
a+

1

γ

(
log β + log

(
1 +

γ

α∆

)
+ log(ψ̄ + 1)

))
=

= log(γβ)− log(α∆) + log(ψ̄ + 1)− γa−
(

log β + log
(

1 +
γ

α∆

)
+ log(ψ̄ + 1)

))
− C

(vii)

Since (vii) has to hold for all a ∈ R, by collecting terms, we arrive at

γ = α(1−∆) (viii)

C = αb+
∆

1−∆
(log ∆− log β − log(ψ̄ + 1)) + log(1−∆) (ix)

Next, I solve the optimization problem of the employed characterized by (ii).

Using the guess for U(·) the following �rst-order condition can be obtained for the

optimal savings decision of the employed:

e−α(w+a−∆âi) =
γβ

α∆
e−γâi−C (x)

From (ii), using (x) and the guess for W (a,w), one can obtain

e−γa−Ce−χ(w−b)−D = β
(

1 +
γ

α∆

)
e−γâi−C

Taking logs and rearranging terms, we arrive at the optimal policy function of the

employed

âWi (a,w) = a+
1

γ

(
log β + log

(
1 +

γ

α∆

)
+ χ(w − b) +D

)
(xi)

From (x), using (xi), we get

−αw − αa+ α∆
(
a+

1

γ

(
log β + log

(
1 +

γ

α∆

)
+ χ(w − b) +D

))
=

= log(γβ)− log(α∆)− γa−
(

log β + log
(

1 +
γ

α∆

)
+ χ(w − b) +D

))
− C (xii)

Since (xii) has to hold for all a ∈ R and (w − b) ∈ R+, by using (ix) and collecting

terms, one can arrive at

γ = α(1−∆) (xiii)

χ = α(1−∆) (xiv)

D = ∆ log(ψ̄ + 1) (xv)

Plugging (viii), (ix) and (xiii)-(xv) into (vi) and (xi), we arrive at the the optimal policy

functions

âUi (a) = a+
1

α(1−∆)
(log β − log ∆ + log(ψ̄ + 1)) (xvi)

âWi (a,w) = a+ w − b+
1

α(1−∆)
(log β − log ∆ + ∆ log(ψ̄ + 1)) (xvii)

and the optimality condition w̄ = arg minw p(θ(w))(e−α(1−∆)(w−b)−∆ log(ψ̄+1) − 1).
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Change in the number of vacancies

By de�nition,

v = θ̄u =
θ̄

1 + p(θ̄)

which leads to

∂v

∂θ̄
=

1 + p(θ̄)− θ̄p′(θ̄)
(1 + p(θ̄))2

From (19),

p′(θ̄) = (1 + θ̄λ)−1/λ−1

and hence

1 + p(θ̄)− θ̄p′(θ̄) = 1 + θ̄((1 + θ̄λ)−1/λ − (1 + θ̄λ)−1/λ−1) > 0

which implies ∂v
∂θ̄
> 0.
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