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Abstract

Dark matter self-interactions are frequently put forward in the explanation of small
structure problems in the universe. They could have important implications on the
formation and evolution of structures, from dwarf galaxies to large galaxy clusters.
In this thesis, the effects of bremsstrahlung in self-interacting dark matter collisions
on structure formation are analyzed. For that purpose, four different dark matter
models are studied perturbatively in a non-relativistic and non-degenerate limit. Cross
sections and energy loss rates are calculated analytically for all models for vanishing
masses of the mediator and emitted particle and numerically for finite masses. To
analyze the effect of radiative cooling on structure formation, the cooling time of a gas
of dark matter particles tcool, based on perturbative calculations, is compared to the
elastic scattering time scale tel, the Hubble time t0 and the gravitational timescale tgrav.
Results show that for a fiducial dark matter density ρχ = 1 GeV/cm3 the condition
tcool < t0 can be fulfilled for particle-particle scattering if mχ/α . 100 MeV and
for particle-antiparticle scattering if mχ/α . 100 GeV and that therefore radiative
cooling has an influence on the formation of structures. Considering the observational
constraint σT/mχ . 1 cm2/g at cluster scales of vχ ∼ 10−2, it was found that tel <
tcool < t0 can be fulfilled if mχ/α

3/2 & 10 GeV with dark matter densities α ρχ & 106

GeV/cm3 for χχ-scattering and α ρχ & 102 GeV/cm3 for χχ̄-scattering.





Deutsche Kurzfassung

Selbst-Wechselwirkungen von Dunkler Materie werden häufig zur Erklärung der Kle-
instrukturprobleme im Universum verwendet. Sie könnten wichtige Auswirkungen auf
die Entstehung und Entwicklung von Strukturen haben, von Zwerggalaxien bis großen
Galaxienhaufen. In dieser Arbeit werden die Auswirkungen von Bremsstrahlung in
Kollisionen von selbst-wechselwirkender Dunkler Materie auf die Strukturbildung im
Universum analysiert. Zu diesem Zweck werden vier verschiedene Dunkle Materie Mo-
delle störungstheoretisch im nicht-relativistischen und nicht-entarteten Regime unter-
sucht. Wirkungsquerschnitte und Energieverlustraten werden analytisch für alle Mo-
delle berechnet. Für verschwindende Masse des Austausch- und emittierten Teilchens
werden analytische Lösungen angegeben, während für endliche Massen auf numerische
Lösungsverfahren zurückgegriffen wird. Um die Wirkung der Strahlungskühlung ei-
nes Dunkle-Materie-Gases auf die Strukturbildung zu analysieren, wird die Abkühlzeit
tcool basierend auf störungstheoretischen Berechnungen mit der Zeitskala elastischer
Streuungen tel, der Hubble-Zeit t0 und der gravitativen Zeitskala tgrav verglichen. Es
zeigt sich, dass für eine Referenzdichte von Dunkler Materie ρχ = 1 GeV/cm3 die
Forderung tcool < t0 für Teilchen-Teilchen Streuung durch mχ/α . 100 MeV und
für Teilchen-Antiteilchen Streuung durch mχ/α . 100 GeV erfüllt werden kann und
Strahlungskühlung in diesen Fällen daher einen Einfluss auf die Strukturbildung im
Universum hat. Unter Berücksichtigung von astronomischen Beobachtungen, die auf
Größenskalen von Galaxienhaufen mit vχ ∼ 10−2 den elastischen Streuquerschnitt auf
σT/mχ . 1 cm2/g beschänken, zeigt sich, dass tel < tcool < t0 erfüllt werden kann,
wenn mχ/α

3/2 & 10 GeV mit Dunkle-Materie-Dichten von α ρχ & 106 GeV/cm3 für
χχ-Streuung und α ρχ & 102 GeV/cm3 für χχ̄-Streuung.
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Introduction

For many centuries, scientists have been studying the motion of astrophysical objects,
trying to deduce physical laws of gravitation from their trajectories and, in turn, pre-
dicting future positions of planets, solar systems, or even whole galaxies to verify said
laws. In the course of this interplay of theory and observation, yet too often discrepan-
cies arose which could only be explained by either theory or observation being wrong.
In other words, either the theory of gravitation was incomplete and hence needed to
be modified, or the influence of unseen objects was causing the conflict which could
be resolved by finding these objects. Both approaches have proven right in different
situations in the past1. In 1846 for example, Neptune was discovered and found re-
sponsible for the anomalous motion of Uranus. A few years later, Mercury’s perihelion
precession was discovered, which lead to the prediction of a new planet, Vulcan, which
was never found. In this case, a modification of gravitational theory, i.e. Einstein’s
theory of general relativity formulated in 1915, was able to resolve the problem and
fully explain Mercury’s motion.

In the course of the 20th century, various observations were made that could not be
explained by our gravitational laws governing the visible matter in the universe. First
indications of anomalies arose with rather imprecise measurements by Oort of orbital
velocities of stars in the Milky Way in 1932 which were supported by Zwicky [2, 3]
in the following years who studied the motion of galaxies in clusters. Several decades
later, more stringent evidence was found by measuring rotation curves of galaxies [4,
5] and weak gravitational lensing of the Bullet cluster [6]. All this data could not be
explained with the current knowledge about the matter distribution in these structures
using the laws of gravitation. Like earlier in history, part of the scientific community

1as nicely presented in Ref. [1]
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2 CHAPTER 1. INTRODUCTION

tried to explain the observations by altering gravitational theory, known as “Modified
Gravity” [7], others by introducing new particles, known as “Dark Matter” [1]. Each
theory bares some difficulties and the “truth” could be a combination of both. In
this thesis a non-modified theory of gravitation will be assumed. Several generic dark
matter models will be analyzed in order to find out how properties of dark matter can
influence structure formation in the universe.

The thesis is structured as follows: Chapter 2 will give an introduction to dark mat-
ter and its distribution in the universe. Assuming that dark matter only interacts
gravitationally, N-body simulations of the evolution of our universe have been a huge
success in explaining structure formation at large scales but have problems when it
comes to reproducing the observed dark matter density distribution at small scales.
The discrepancies between simulation and observation can be divided into three cat-
egories known as the three big problems of dark matter structure evolution in the
universe [8]. These problems, however, may be resolved assuming dark matter is not
only influenced by gravitation, but also has a self-interaction [9]. In Chap. 3, several
models of self-interacting dark matter will be introduced. The role of bremsstrahlung
in such self-interactions will be analyzed and cross sections and energy loss rates will
be calculated for different scenarios. In Chap. 4, the cooling time of a gas of particles
due to dissipation will be compared with the time scale of a collisionless gravitational
collapse, with the Hubble time and with the average time between two elastic collisions
in order to estimate whether the energy loss due to bremsstrahlung is a relevant factor
for structure formation in the universe. The conclusions will be presented in Chap. 5.



Dark Matter

Dark Matter (DM) is a substance that to our current knowledge makes up 26% [10]
of the energy content of our universe. It is assumed to be made up of particles, like
ordinary matter, but has to behave very differently, feebly or not at all interacting with
light or any other forces in the standard model of particle physics (SM). If it interacts
with ordinary matter, the interaction is very weak, which is why DM has never been
observed in laboratory experiments. To this date, the only direct evidence for dark
matter in the universe is of gravitational kind.

2.1 Evidence for Dark Matter
The historically first evidence for DM stems from observations of rotational velocities
of matter around its center of gravity. Starting with Oort and Zwicky, who measured
velocities of stars in the Milky Way (MW) and velocity dispersions of galaxies in
clusters respectively, the most frequently cited evidence for DM nowadays is probably
the observation of rotation curves of galaxies [5]. Following Newtonian dynamics, for an
approximately circular movement of matter around the center of a galaxy, its velocity
v as a function of the distance from the center r is given by

v(r) =

√
GM(r)

r
, (2.1)

M(r) = 4π

∫ r

0

ρ(r′)r′2dr′ (2.2)

where M(r) is the mass within the orbit, ρ(r) is the matter density profile and G

the gravitational constant. Beyond the optical disk1 of baryonic matter, which is
1Structures of baryonic matter tend to form disks in order to minimize the energy while conserving

angular momentum. This is only possible due to energy dissipation and therefore dark matter, which

3



4 CHAPTER 2. DARK MATTER

Figure 2: Rotation curve of NGC 6503. The dotted, dashed and dash-dotted lines are
the contributions of gas, disk and dark matter, respectively. From Ref. [50].

Rotation curves are usually obtained by combining observations of the 21cm
line with optical surface photometry. Observed rotation curves usually exhibit
a characteristic flat behavior at large distances, i.e. out towards, and even far
beyond, the edge of the visible disks (see a typical example in Fig. 2).

In Newtonian dynamics the circular velocity is expected to be

v(r) =

√
GM(r)

r
, (37)

where, as usual, M(r) ≡ 4π
∫
ρ(r)r2dr, and ρ(r) is the mass density profile,

and should be falling ∝ 1/
√

r beyond the optical disc. The fact that v(r) is
approximately constant implies the existence of an halo with M(r) ∝ r and
ρ ∝ 1/r2.

Among the most interesting objects, from the point of view of the observa-
tion of rotation curves, are the so–called Low Surface Brightness (LSB) galaxies,
which are probably everywhere dark matter-dominated, with the observed stel-
lar populations making only a small contribution to rotation curves. Such a
property is extremely important because it allows one to avoid the difficulties
associated with the deprojection and disentanglement of the dark and visible
contributions to the rotation curves.

Although there is a consensus about the shape of dark matter halos at large
distances, it is unclear whether galaxies present cuspy or shallow profiles in their
innermost regions, which is an issue of crucial importance for the effects we will
be discussing in the following chapters.

Using high–resolution data of 13 LSB galaxies, de Blok et al. [179] recently
showed, that the distribution of inner slopes, i.e. the power–law indices of the
density profile in the innermost part of the galaxies, suggests the presence of

16

Figure 2.1: Rotation curve of NGC 6503. The dotted, dashed and dash-dotted lines are the
contributions of gas, disk and dark matter, respectively [1].

typically ∼ 10 − 50 kpc in size, M is constant and v(r) ∝ r−1/2 (compare dashed
line in Fig. 2.1). However, observations show that the velocity flattens out at large
distances (data points in Fig. 2.1). This implies the existence of a halo2 withM(r) ∝ r

and ρ(r) ∝ r−2 (dash-dotted line in Fig. 2.1). Explicitly, this means that in order to
explain the rotation curves of visible particles in galaxies, we have to add a halo of
invisible particles whose density profile falls with the square of the distance from the
center of the galaxy. Invisible in this context means, that the particles do not interact
via the electromagnetic force and therefore do not absorb or emit light, a property
coining the name dark matter.

At the scale of galaxies and galaxy clusters, the evidence for dark matter has become
even more compelling through gravitational lensing measurements (e.g. of the Bullet
cluster [6]) and by studying the profile of X–ray emission that traces the distribution of
hot emitting gas in rich clusters [11]. From these measurements at galactic scales, one
can deduce local abundances of DM in galactic structures. However, for determining
the average density of dark matter in the universe, a more extensive (i.e. cosmological)
model as well as observational data from large parts of the universe are needed.

in many models is dissipationless, does not show this behaviour.
2A halo is an approximately spherical distribution of matter, which is one of the simplest structures

to be formed due to gravitational attraction (for details, see Sec. 2.2).
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2.2 Cosmological Model (ΛCDM)
In order to understand the role of dark matter in our universe, it is essential to under-
stand its evolution and the formation of structures therein. Using general relativity,
the expansion of the universe from the big bang up to the present time can be described
by the Friedmann equations (see, e.g., Ref. [12] or [13])

(
ȧ(t)

a(t)

)2

+
K

a(t)2
− Λ

3
=

8πG

3
ρ(t), (2.3a)

ä(t)

a(t)
− Λ

3
= −4πG

3

[
ρ(t) + 3p(t)

]
. (2.3b)

These two equations describe the universe as a continuous fluid with ρ being its energy
density and p its pressure. They explain the evolution of a homogeneous (i.e. the same
at every point) and isotropic (i.e. the same in every direction) universe, where a(t) is the
scale factor of the universe which increases as the universe expands, ȧ(t)/a(t) = H(t)

is the Hubble rate which is the rate at which the universe doubles its linear size, K its
curvature which to our current knowledge is very close to zero and Λ is the cosmological
constant. The cosmological constant is usually absorbed into ρ and p by redefining them
(ρ → ρ − Λ/8πG and p → p + Λ/8πG) yielding the redefined Friedmann equations
assuming zero curvature

H2(t) =
8πG

3
ρ(t), (2.4a)

ä(t)

a(t)
= −4πG

3

[
ρ(t) + 3p(t)

]
. (2.4b)

The first Friedmann equation (2.4a) tells us, that the rate at which the universe expands
is governed by its energy density ρ(t) = ρR(t)+ρM(t)+ρΛ where R stands for radiation,
M for (dark and ordinary) matter and Λ for dark energy. The energy densities all scale
differently with time. So, ρR(t) ∝ a(t)−4, ρM(t) ∝ a(t)−3 and ρΛ is constant during the
evolution of the universe. From (2.4a) we can define the critical energy density

ρc(t) =
3H2(t)

8πG
(2.5)

in order to get a normalized energy density parameter

Ω(t) =
ρ(t)

ρc(t)
= ΩR(t) + ΩM(t) + ΩΛ(t) = 1 (2.6)
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Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is

8

Figure 2.2: Anisotropy of the CMB power spectrum measured by Planck [10], with the
multipole expansion parameter l on the x-axis and the coefficient of the decomposition into
spherical harmonics Dl = l(l + 1)Cl/2π on the y-axis. The coefficient Clδll′δmm′ = 〈θ∗lmθl′m′〉
with θlm =

∫
dΩYlm(n̂)

[
T (n̂)/ 〈T 〉 − 1

]
. The average CMB temperature 〈T 〉 = 2.7255K and

the anisotropies arise at the mK-level. They arise from the interaction between baryonic
matter and radiation before the decoupling of the photons. Anisotropies in the baryonic
matter density (i.e. baryon acoustic oscillations) in the early universe lead to anisotropies in
T (n̂) an thus in the photon spectrum. Since dark matter does not interact with photons but
alters the gravitational potential, the DM density indirectly affects the CMB power spectrum.
By fitting the parameters of the ΛCDM-model (red line) onto the CMB spectrum (blue data
points) one can deduce the the relic DM and baryonic densities to great precision.

whereas the last equality only holds for K = 0. The parameters in (2.6) are inferred
to great accuracy by analyzing the cosmic microwave background (CMB). The CMB
is the background radiation of photons that have been able to stream freely since
the universe has cooled down so much that electrons and protons could recombine to
form neutral atoms. This happened around 380,000 years after the Big Bang. These
photons have been redshifted in the following 13 billion years and are now measurable
as microwaves. The spectrum of these photons is almost an ideal black body spectrum,
but the small deviations can be used to deduce the abundance of the different kinds of
matter and energy in the universe (see Fig. 2.2), which we know today to a precision
of a few percent [10]:

Ω0
SM = 0.04924± 0.00031 (2.7a)

Ω0
DM = 0.2623± 0.0022 (2.7b)
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Ω0
M = Ω0

SM + Ω0
DM = 0.3089± 0.0062 (2.7c)

Ω0
R = 5.46(19)× 10−5 (2.7d)

Ω0
Λ = 0.6911± 0.0062 (2.7e)

where the superscript 0 denotes that these values refer to the current abundances at
t = t0. At this point, it is convenient to introduce the convention of measuring time in
terms of the redshift

z =
λ(t0)− λ(t)

λ(t)
=
a(t0)

a(t)
− 1 (2.8)

of photons with wavelength λ at a given time t. By this convention the redshift at the
time when the CMB was emitted is zCMB ≈ 1100. The first galaxies were formed at
z ≈ 10. It is worth to notice that the redshift parameter tells us how much smaller the
universe was at that time, i.e.,

a(t)

a(t0)
=

1

z + 1
≈ 1

z
for z � 1 (2.9)

which tells us that at the emission of the CMB the universe was about 1/1100 of its
current size in linear dimension.

Since the energy densities ρR, ρM and ρΛ scale differently in time, their importance in
the universe also changes in time. In the universe’s early ages, it was hot and dense
and dominated by radiation until at a redshift of z ≈ 3600 (when the universe was
about 47,000 years old) ρR = ρM and so the universe entered its matter dominated era
which ruled most of its history in time and where structures could form. It was only
in the universe’s recent history at a redshift of z ≈ 1 (about 4 billion years ago) that
the universe entered the phase where it is governed by the cosmological constant which
accelerates its expansion.

2.3 Structure Formation
The Friedmann equations describe the universe on large scales on which the universe is
homogeneous and isotropic and the energy densities can be described by rather simple
analytical equations. On smaller scales, however, we know that the universe today is
not at all homogeneous and isotropic. The reason for that is the evolution of small
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initial over- and under-densities

δ(~x, t) =
ρ(~x, t)− ρ̄(t)

ρ̄(t)
(2.10)

during the expansion of the universe, with ρ̄(t) being its mean matter density. The
density fluctuations δ(~x, t) are assumed to be random at each point in space at a given
time. While a general random field δ(~x, t) would be very complicated, the initial density
field in the Universe is found to be well approximated by a homogeneous and isotropic
Gaussian random field [14, p. 204]. The probability for a field configuration δ is

Px(δ)dδ =
1√

2πσ2
e−

δ2

2σ2 dδ (2.11)

with σ2 = 〈δ2〉, which is completely determined by its power spectrum.

During the evolution of the universe, the expansion of matter in over-dense regions
(which for simplicity we assume spherically symmetric) lags behind. The evolution of
the radius r(t) of material at initial radius ri in a flat universe without cosmological
constant (see Ref. [13, p. 733ff] or [14, p. 215ff]) is governed by Newton’s laws,

d2r

dt2
= −GM

r2
. (2.12)

We are only interested in perturbations that will collapse. Assuming that the material
inside our region of interest has too little energy to escape, we can write the solution
to (2.12) parametrically as

r = A(1− cos θ) t = B(θ − sin θ) (2.13)

with B =
√
A3/(GM). The average density inside the sphere is ρs =

[
1+δ(t)

]
ρ̄(t), with

the average density of the Friedmann-Robertson-Walker Model of a matter dominated
universe ρ̄(t) = (6πGt2)−1 far outside the sphere. Here, the over-density δ is only a
function of time, because the sphere is assumed to be homogeneous. The small initial
perturbations grow with time

δ(t) =
ρs(t)

ρ̄(t)
− 1 =

9

2

(θ − sin θ)2

(1− cos θ)3
− 1 (2.14)

slowing the expansion in over-dense regions until their expansion stops at r(θ = π) =
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FIG. 2.ÈModel for density evolution. Our model for the evolution of the baryon number density n(z) is shown for models with three di†erent virialization
redshifts for the case of negligible pressure ; n –rst decreases slower than the background density (dashed line) according to linear theory, then increaseszvir,again as the lump collapses and virializes, and –nally reaches the virial plateau value of 18n2 times the background density when z \ zvir.

3. Compton cooling (as given by eq. [25]).
4. Adiabatic cooling/heating (caused by the expansion/

compression of the gas).

Bremsstrahlung and helium line cooling are completely
negligible at the low temperatures in which we are inter-
ested. The –rst three mechanisms simply couple the gas
atoms to the radiation –eld, which means that they will
cause cooling when the gas is hotter than the CMB and
heating otherwise. In other words, none of these mecha-
nisms can make the gas cooler than the CMB temperature,
which at z \ 100 is a few hundred In the Comptonkelvins.2
case, this is reÑected by the fact that the cooling rate is of the
form AdT

dt
B

comp
\ k8 x(Tc [ T ) . (25)

For line cooling, given by & McCray(Dalgarno 1972),

"

l

B 7.5 ] 10~19 ergs cm3 s~1e~118,348 K@Tn2x(1 [ x) ,

(26)

the CMB temperature is completely irrelevant, since line
cooling only becomes important when T ? 103 K, i.e., when

For the molecular case, this is included by replacingT ? Tc.by the net cooling rate"

m

(T ) "

m

(T ) [ "

m

(Tc).The adiabatic contribution is given by the p dV work
done as the gas expands or contracts. In the simple top-hat

2 Assuming nucleosynthesis abundances, cooling by lithium hydride is
negligible compared to cooling unless T > 100 K et al.H2 (Puy 1993 ; Puy
& Signore so we can safely neglect lithium chemistry for our applica-1996),
tion.

model of the previous section, the density of the lump
remains almost uniform until close to the virialization red-
shift so that the adiabatic cooling term is simplyzvir, AdT

dt
B

adiab
\ 2

3
n5
n

T , (27)

where the baryon number density n P o is given by
(The molecular abundances are so small thatequation (23).

to a good approximation we can treat the IGM as a c \ 5/3
monatomic ideal gas.) As wouldz ] zvir, equation (23)
imply that T ] O, as the lump collapses to a point. Instead,
the lump is assumed to settle into an approximately
pressure-supported con–guration, where a typical gas
element will obtain the virial temperature For an over-Tvir.dense lump of total (baryonic and dark) mass M that stops
expanding, recollapses, and virializes at redshift thiszvir,temperature which corresponds to the gas particlesTvir,having velocities similar to those of the dark matter par-
ticles, is approximately et al.(Blanchard 1992)

Tvir \ 485 K h2@3
A M
104 M

_

B2@3A1 ] zvir
100

B
. (28)

4.3. T he E†ect of Gas Pressure
How high will the typical gas density be in this pressure-

supported state? At redshifts ?100, the Compton coupling
to the CMB via the small fraction (10~5 to 10~3) of the
electrons that remain ionized is still so strong that the IGM
temperature will be close to that of the CMB,

Tc B 273 K
A1 ] zvir

100
B

. (29)

Figure 2.3: Density evolution during structure formation in the universe [15]. Overdense
regions expand slower than the average expansion of the universe until they reach a point at
δturn ≈ 4.5 where the expansion stops and the region collapses due to gravitational attraction.
The region then virialises and finally settles at a virial plateau value of δvir ≈ 180. The
dashed line is the mean matter density of the universe ρ̄(t) and the solid lines are the local
overdensities of different sizes.

2A with an over-density at turnaround of

δturn = δ(θ = π) = (3π/4)2 − 1 ≈ 4.55 (2.15)

at a turnaround time tturn = πB [14, p. 215ff]. After the over-dense region has de-
coupled from the expansion of the universe, the system collapses due to internal grav-
itational attraction and, in this model, would contract to a single point at t = 2tturn.
In fact, however, even a collisionless system would not contract to a single point but
relax into equilibrium at tvir = 2tturn with an over-density of δvir = 18π2 ≈ 178 [15]
and thereby decouple from the expansion of the universe. This process is depicted in
Fig. 2.3.

Assuming a collisionless collapse, the relaxation is governed by two processes – phase
mixing and violent relaxation [13, p. 379ff]. Phase mixing describes the process in
which particles oscillate around the minimum of the gravitational potential, whereas
particles with high energies oscillate slowest because they travel the longest distance
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while particles with low energies oscillate faster. This implies that an initially compact
group of phase space points gets smeared out and after several oscillations the phase
space density is approaching uniformity, while remaining confined to the area between
the curves of minimum and maximum energy. While phase mixing changes the phase
space density of the gas on a macroscopic level, it does not change the energy of a
microscopic particle because the gravitational potential the particles are moving in is
constant. In reality, however, the gravitational potential changes with time since the
particles, which are the sources of the potential are constantly moving. Therefore,
the energy of a given particle is not conserved anymore. Particles can gain or lose
energy (even without collisions) leading them to relax homogeneously in a spherical
volume. This volume is called a “halo” and is the equilibrium state for a gravitationally
interacting collisionless gas cloud.

The combination of phase mixing and violent relaxation is called virialization since the
relaxed halo satisfies the virial theorem 〈Ekin〉 = −1/2 〈Epot〉. The potential energy of
a spherical system is given by

Epot = −4πG

∫ ∞

0

dr rρ(r)M(r) (2.16)

which, for a homogeneous sphere with M(r) = 4πρr3/3, is

Epot = −16π2

3
Gρ2

∫ r

0

dr′ (r′)4 = −16

15
π2Gρ2r5 = −3

5

GM2

r
. (2.17)

At the turnaround point the kinetic energy is zero, therefore the total energy of this
sphere is

E = −3

5

GM2

rturn
(2.18)

where rturn is the radius at maximum expansion. Since a collisionless system cannot
dissipate its energy during the collapse, the gravitational potential energy has to be
converted into kinetic energy of the particles involved in the collapse during relaxation.
The final object, therefore, has a potential energy of

Epot = −3

5

GM2

rvir
(2.19)
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and, applying the virial theorem, a kinetic energy

Ekin =
3

10

GM2

rvir
. (2.20)

From the virial theorem we can also deduce that rvir = rturn/2. With the average kinetic
energy of a classical gas with a Maxwell-Boltzmann velocity distribution 〈Ekin〉 = 3T/2,
we find that

3

2
Tvir =

3

10

GMmχ

rvir
=
mχv

2
vir

2
, (2.21)

where M is the mass of the whole system, mχ the mass of one particle and rvir, vvir are
the virial radius and velocity respectively.

Including collisions without dissipation, yields a qualitatively similar result. However, if
the gas can radiate energy it will form a “disk”, because it will occupy the state of lowest
energy while conserving angular momentum. For a distribution of angular momentum
along an axis, the lowest energy state of the system is a flat disk perpendicular to that
axis [13, p. 456].

An important property of a spherical matter distribution is its circular velocity

vcirc(r) =

√
GM(r)

r
(2.22)

which can be obtained by setting the centripetal force equal to the gravitational force
of a particle with negligible mass in a circular orbit and which for r = 5rvir/3 is
equal to the virial velocity. Since the circular velocity of baryonic matter is often
easily accessible to observation and due to its relation to an object’s mass, the circular
velocity of galactic structures is often used as a synonym for their mass. Very small
dwarf galaxies have a typical circular velocity of vcirc ∼ 10 km/s, larger galaxies have
vcirc ∼ 100 km/s and clusters of galaxies can have circular velocities of vcirc ∼ 1000

km/s.

One can see in Fig. 2.3 that the density of a halo after virialization depends on the
time when it was formed. Since the density of a self-gravitating object is related to its
total mass, one can already guess that structures with similar mass will form at similar
times. Press and Schechter developed a formalism using Gaussian random fields to
relate the number density of collapsed objects with a certain massM to the time when
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they are formed [14, p. 327ff]. They start with a smoothed density field

δs(~x,R) =

∫
d3x′δ0(~x′)W (~x+ ~x′, R) (2.23)

where W (~x+ ~x′, R) is a window function of radius R corresponding to the mass M =

4πρ̄R3/3. Expanding (2.14), we get δ(t) = 3/20 θ2 +O(θ4) and for the initial condition
δi � 1 we can neglect higher orders and write δi = 3/20 θ2

i . Similarly, (2.13) yields
A = 2ri/θi = 3ri/(10δi). Thus, we find for the collapse time tvir

tvir = 2tturn = 2π
√
A3/(GM) ≈ 2.19

ti

δ
3/2
i

(2.24)

yielding, as a requirement for a collapse to commence, that the initial over-density is
at least

δc(ti, t) ≈ 1.69

(
ti
tvir

)2/3

(2.25)

which we call the critical over-density. The Press-Schechter formalism assumes that
the probability that δ > δc is given by integrating the Gaussian distribution of fields

P (δs > δc) =
1√

2πσ(M)

∫ ∞

δc

e
− δ2s

2σ2(M)dδs. (2.26)

where

σ2(M) = 〈δ2
s〉 =

1√
2π

∫ ∞

0

P (k)W̃ 2(~k,R)k2dk (2.27)

is the mass variance of the density field, with P (k) its power spectrum and W̃ (~k,R)

the Fourier transform of the window function. According to (2.26), the probability
that δ > δc is given by the mass fraction F of collapsed objects with mass greater than
M . The problem with (2.26) is that the probability is not normalized to 1 for M → 0

which would mean that only a fraction of the universe is part of collapsed objects of
any mass. Press and Schechter solved this problem by introducing a factor 2, i.e.,

F (> M) = 2P (> δc). (2.28)

This results in a number density of collapsed objects with masses in the range [M,M+
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FIG. 13.— Halo mass range corresponding to the range of σ−1 on which
f (σ) is calibrated. The shaded region bounded by the solid curves shows how
this mass range evolves with redshift for theWMAP1 cosmology. The dashed
curves show the upper and lower mass limits for the WMAP3 cosmology of
the L80W simulation. The dotted line indicates the maximum redshift output
of our simulation set.

spherical aperture masses defined with an arbitrary overden-
sity over a wide range of values. For the WMAP1 cosmology
our results are accurate at the percent level in the mass range
relevant for cluster cosmology. For the WMAP3 cosmology
our results are accurate to ! 5%. One of our main results is
that the mass function is non-universal, and varies in a sys-
tematic way with redshift in the interval z = [0,2.5], with the
abundance of halos at a given σ−1 monotonically decreasing
with increasing z.
We have parameterized redshift evolution of f (σ) as a sim-

ple scaling of the z = 0 fitting parameters with (1 + z)α. We
note that if this evolution is driven by changes in Ωm with
z, it may be more robust to model f (σ,z) as a function of
the growth rate rather than 1+ z. Our simulation set does not
probe a large enough cosmological parameter space to detect
differences due to different growth factors. However, this will
become important when investigating how the mass function
evolves in dark energy cosmologies, in which the primary
change in structure formation is a different growth function
of perturbations.
Our finding of evolving, non-universal f (σ) is quantita-

tively different from the results of previous analyses that use
the friend-of-friends method for halo identification, which
generally showweaker evolution and greater degree of univer-
sality of the function f (σ). We argue that the likely explana-
tion for this difference is greater sensitivity of the SO defined
mass to the redshift evolution of halo concentrations. As dis-
cussed previously, SO masses are the integrated halo profiles
within a specified radius and lower halo concentrations result
in lower masses at fixed abundance (or, conversely, fewer ha-
los at fixed mass). The fact that the high-mass end of the
mass function (where concentrations at z = 0 are lower and
the mass within R200/c200 is a significant fraction of the total

mass) evolves somewhat faster than the low-mass end, argues
that evolution of concentrations plays a significant role in the
evolution of f (σ).
The evolution of halo concentrations is mostly driven by

the change in Ωm with redshift. This implies that f (σ) in cos-
mologies with substantially different matter densities at z = 0
will be systematically different from the one we find here (per-
haps closer to our z> 1 results). There are indications that this
is indeed the case. The H384Ω simulation, with Ωm = 0.2, is
above f (σ) by ∼ 5% at z = 0. The Jenkins et al. (2001) fit-
ting function for ∆ = 180 was calibrated on simulations with
Ωm = 1, producing a fit ∼ 15% below our results at the same
overdensity. The Jenkins SO(180) mass function is close to
our∆= 200 results at z= 1.25, whereΩm is approaching unity.
The lower evolution of the FOF mass function with redshift

can be understood from Figure 2. The distribution of mass
ratios between FOF and SO halos changes between z = 0 and
z = 1.25. The median mass ratio,MSO/MFOF, decreases while
the scatter increases at higher z due to more linking of dis-
tinct objects. The number of distinct objects at a fixed σ−1

decreases, but the higher incidence of linking offsets this ef-
fect. Thus the weaker evolution of the FOF mass function is
due to this linking of separate collapsed halos and is largely
artificial. The better universality of f (σ) may still seem like
an advantage of the FOF mass function. However, as we dis-
cussed in this paper, the large and redshift-dependent scat-
ter between SO and FOF masses implies similarly large and
redshift-dependent scatter between FOF masses and cluster
observables. This makes robust interpretation of observed
cluster counts in terms of the FOF halo counts problematic.
Our fitting function is calibrated over the range 0.25 !

σ−1 ! 2.5, which at z = 0 spans a range of halo masses roughly
1010.5 !M ! 1015.5 h−1M⊙, depending on the specific choice
of cosmology. In Figure 13 we show how this mass range
evolves with redshift. By z = 3, the lower mass limit is ∼ 105
h−1M⊙. At this redshift, our fitting function is in agreement
with the numerical results of Colín et al. (2004), which probe
the mass range 105 ≤ M ≤ 109 h−1M⊙. At higher redshifts,
σ−1 is a slowly varying function of mass, making the lower
mass limit evolve rapidly. Because our calibration of the
redshift dependence of the mass function parameters extends
only to z = 2.5, we caution against extrapolation of equations
(5)—(8) to significantly higher redshifts. As noted above,
f (σ) is evolving less rapidly from 1.25 < z < 2.5 than from
0< z< 1.25. Thus using the z = 2.5 f (σ) should yield a mass
function with reasonable accuracy at higher z, but must be
verified with additional simulations.
The range of cosmologies probed here is narrow given the

volume of parameter space, but it is wider than the allowed
range given recent results from CMB in combination with
other large-scale measures (Komatsu et al. 2008). For gen-
eral use that does not require 5% accuracy, extending our re-
sults somewhat outside this range will produce reasonable re-
sults. It is unlikely that variations in the shape and amplitude
of the power spectrum will yield significantly different forms
of f (σ). As discussed above, however, large variations in Ωm
at z = 0 (ie, Ωm = 0.1 or Ωm = 1), are not likely to be fit by our
z = 0 mass function within our 5% accuracy. Models with a
higher matter density at z = 0 can be approximated by using
our calibrated f (σ) at the redshift for which Ωm(z) is equal to
the chosen value.
The next step in the theoretical calibration of the mass func-

tion for precision cosmology should include careful exam-
ination of subtle dependencies of mass function on cosmo-

Figure 2.4: Halo mass range as a function of the redshift presented in Ref. [16]. The gray
area was obtained by simulations based on a flat, ΛCDM cosmology, fitting on the numerical
results a Press-Schechter-like mass function of the kind (2.29d). One can see that small
structures are more likely to have formed in the early stages of the universe while larger
structures are more likely to have formed in the universe’s later history.

dM ] given by the Press-Schechter mass function

n(M, t)dM =
ρ̄

M

∂F (> M)

∂M
dM (2.29a)

= 2
ρ̄

M

∂P (> δc)

∂σ

∣∣∣ dσ
dM

∣∣∣dM (2.29b)

=

√
2

π

ρ̄

M2

δc
σ
e−

δ2c
2σ2

∣∣∣ d lnσ

d lnM

∣∣∣dM (2.29c)

=
ρ̄

M2
fPS(ν)

∣∣∣ d ln ν

d lnM

∣∣∣dM (2.29d)

where in the last step we have defined the variable ν = δc/σ(M) and the multiplicity
function fPS =

√
2/πν exp (−ν2/2). The Press-Schechter mass function shows how

structures form in a hierarchical model. In Fig. 2.4 one can see the range of halo
masses M forming at a given redshift z [16]. In this model, only small structures can
form in the early universe while large structures have formed only recently. We will
use this figure in Chap. 4 to guide the eye in the presentation of our results.
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2.4 Dark Matter Density Distribution in the Universe
As we have seen in the previous section, during the structure evolution of the universe
small over- and under-densities are amplified, entering a non-linear regime which cannot
be calculated analytically. Therefore, numerical N-body simulations [17] are used to
predict the evolution of structures in the universe.

Since dark matter has to be gravitationally interacting and since its abundance in
the universe is about five times larger than the abundance of ordinary matter, it is
intuitive that dark matter plays an essential role in structure evolution. Simulations
of the evolution of the universe containing CDM, starting from a homogeneous and
isotropic universe and using simple Newtonian mechanics provide a very good fit to
observations on large scales (� 1 Mpc). However, on galactic and sub-galactic scales
(≤ few Mpc), simulations based on ΛCDM lead to differences compared to observations
[9]. The differences between ΛCDM N-body simulation and observation on small scales
are known as the three big unsolved problems of structure formation in the universe.
They all involve the density distribution of dark matter halos, which are embedded in
structures of ordinary matter and are observed via gravitational effects on the latter.
The unsolved problems came to be known as the “missing satellite problem”, the “too
big to fail problem” and the “cusp vs. core problem” and shall be briefly explained in
the following.

Missing Satellite

The missing satellite problem [18, 19, 20] refers to the difference in the number of
predicted CDM sub-halos obtained by N-body simulations compared to the number of
satellite galaxies (i.e. small galaxies orbiting larger ones due to gravitational attraction)
observed in our local group of galaxies. As CDM halos are expected to be hosted by
structures of ordinary matter, these numbers should coincide. Simulations, however,
predict ∼ 5 times more satellite galaxies than observed with a circular velocity vcirc ≈
10− 20 km/s.

A possible solution to explain this discrepancy is that said galaxies are small and faint
and therefore have, up to now, evaded detection. This means that in building larger
and better telescopes it should be possible to find the missing galaxies. Other theories,
e.g. baryon feedback [21], assume processes that suppress gas accretion (i.e. structure
formation in the standard model sector) in these dark matter halos, keeping them free
from ordinary matter and therefore impossible to discover via telescopes.
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Too Big to Fail

In contrast to the missing satellite problem, the too big to fail problem [22, 23] states
that the galaxies are too faint to be detected by pointing out that some of the galaxies
predicted by N-body simulations are so massive, that it is very unlikely that they do
not host any visible stars. Observations show that the Milky Way has a few satellite
galaxies, as does Andromeda which is the second major galaxy in our local group. But
comparing the masses of these galaxies and the sub-halos from N-body simulations,
leads to a discrepancy, i.e., the mass of the sub-halos from simulation exceeds the mass
of the observed satellite galaxies by a factor four to five.

Since simulations assume CDM which is only gravitationally interacting, it is possible
that these sub-halos are governed by interactions in the dark sector which are not
taken into account by N-body simulations. We will come back to this scenario in the
discussion of the cusp vs. core problem.

Cusp vs. Core

The cusp vs. core problem [8, 24] addresses the fact that observations seem to indicate
an approximately constant dark matter density profile ρ(r) = const in the inner parts
of galaxies (core), while simulations indicate a steep power-law-like (cuspy) behavior
ρ(r) ∝ r−α with α > 0.

From (2.1) one can see that a halo with constant ρ leads to a rotation curve with a
linear increase in r whereas a cuspy halo with ρ(r) ∝ r−1 leads to a rotation curve
increasing with r1/2. Combining measurements of rotation curves to obtain the overall
matter density ρ(r) = ρDM(r) + ρSM(r) of galactic structures with absolute brightness
measurements to obtain the luminous (or ordinary) matter content ρSM(r), one can
extract the DM density profile for the observed structure. In Fig. 2.5 one can see the
measurement of the rotation curve for the galaxy F568-3 which fits a core-like density
distribution and is in disagreement with a cuspy behavior.

To summarize, the cusp vs. core problem refers to the fact that ΛCDM simulations
predict a larger amount of dark matter in the center of galaxies than observed in ex-
periments. One intuitive solution to this problem would be to introduce an interaction
between the CDM particles, that allows for a heat transfer from the outer regions to
the center and therefore can reproduce a more core-like behavior [9, 25, 26]. In order
for this mechanism to resolve the conflict, Spergel and Steinhardt [9] assume for their
CDM self interaction a “large scattering cross-section but negligible annihilation or dis-
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Fig. 1. The cusp-core problem. (Left) An optical image of the galaxy F568-3 (small inset, from the Sloan Digital Sky Survey) is superposed on the the dark matter

distribution from the “Via Lactea” cosmological simulation of a Milky Way-mass cold dark matter halo (Diemand et al. 2007). In the simulation image, intensity encodes the

square of the dark matter density, which is proportional to annihilation rate and highlights low mass substructure. (Right) The measured rotation curve of F568-3 (points)

compared to model fits assuming a cored dark matter halo (blue solid curve) or a cuspy dark matter halo with an NFW profile (red dashed curve, concentration c = 9.2,

V200 = 110 km s�1). The dotted green curve shows the contribution of baryons (stars+gas) to the rotation curve, which is included in both model fits. An NFW halo

profile overpredicts the rotation speed in the inner few kpc. Note that the rotation curve is measured over roughly the scale of the 40 kpc inset in the left panel.

typical for galaxy mass halos. When normalized to match the
observed rotation at large radii, the NFW halo overpredicts
the rotation speed in the inner few kpc, by a factor of two or
more.

Early theoretical discussions of the cusp-core problem de-
voted considerable attention to the predicted central slope of
the density profiles and to the e↵ects of finite numerical reso-
lution and cosmological parameter choices on the simulation
predictions (see Ludlow et al. 2013 for a recent, state-of-the-
art discussion). However, the details of the profile shape are
not essential to the conflict; the basic problem is that CDM
predicts too much dark matter in the central few kpc of typical
galaxies, and the tension is evident at scales where vc(r) has
risen to ⇠ 1/2 of its asymptotic value (see, e.g., Alam, Bul-
lock, & Weinberg 2002; Kuzio de Naray & Spekkens 2011).
On the observational side, the most severe discrepancies be-
tween predicted and observed rotation curves arise for fairly
small galaxies, and early discussions focused on whether beam
smearing or non-circular motions could artificially suppress
the measured vc(r) at small radii. However, despite uncer-
tainties in individual cases, improvements in the observations,
sample sizes, and modeling have led to a clear overall picture:
a majority of galaxy rotation curves are better fit with cored
dark matter profiles than with NFW-like dark matter profiles,
and some well observed galaxies cannot be fit with NFW-like
profiles, even when one allows halo concentrations at the low
end of the theoretically predicted distribution and accounts for
uncertainties in modeling the baryon component (e.g., Kuzio
de Naray et al. 2008). Resolving the cusp-core problem there-
fore requires modifying the halo profiles of typical spiral galax-
ies away from the profiles that N-body simulations predict for
collisionless CDM.

Figure 2 illustrates the “missing satellite” problem. The
left panel shows the projected dark matter density distribu-
tion of a 1012M� CDM halo formed in a cosmological N-body
simulation. Because CDM preserves primordial fluctuations
down to very small scales, halos today are filled with enormous
numbers of subhalos that collapse at early times and preserve
their identities after falling into larger systems. Prior to 2000,
there were only nine dwarf satellite galaxies known within the

⇠ 250 kpc virial radius of the Milky Way halo (illustrated
in the right panel), with the smallest having stellar velocity
dispersions ⇠ 10 km s�1. Klypin et al. (1999) and Moore et
al. (1999b) predicted a factor ⇠ 5 � 20 more subhalos above
a corresponding velocity threshold in their simulated Milky
Way halos. Establishing the “correspondence” between satel-
lite stellar dynamics and subhalo properties is a key technical
point (Stoehr et al. 2002), which we will return to below, but
a prima facie comparison suggests that the predicted satellite
population far exceeds the observed one.

Fortunately (or perhaps unfortunately), the missing satel-
lite problem seems like it could be solved fairly easily by
baryonic physics. In particular, the velocity threshold at
which subhalo and dwarf satellite counts diverge is close to
the ⇠ 30 km s�1 value at which heating of intergalactic gas
by the ultraviolet photoionizing background should suppress
gas accretion onto halos, which could plausibly cause these
halos to remain dark (Bullock, Kravtsov, & Weinberg 2000;
Benson et al. 2002; Somerville 2002). Alternatively, super-
novae and stellar winds from the first generation of stars could
drive remaining gas out of the shallow potential wells of these
low mass halos. Complicating the situation, searches using
the Sloan Digital Sky Survey have discovered another ⇠ 15
“ultra-faint” satellites with luminosities of only 103 � 105L�
(e.g., Willman et al. 2005; Belokurov et al. 2007). The high-
latitude SDSS imaging covered only ⇠ 20% of the sky, and
many of the newly discovered dwarfs are so faint that they
could only be seen to 50-100 kpc (Koposov et al. 2008; Walsh
et al. 2009), so extrapolating to the full volume within the
Milky Way virial radius suggests a population of several hun-
dred faint dwarf satellites (Tollerud et al. 2008). Estimates
from stellar dynamics imply that the mass of dark matter in
the central 0.3 kpc of the host subhalos is M0.3 ⇡ 107M�
across an enormous range of luminosities, L ⇠ 103 � 107L�
(encompassing the “classical” dwarf spheroidals as well as the
SDSS dwarfs), which suggests that the mapping between halo
mass and luminosity becomes highly stochastic near this mass
threshold (Strigari et al. 2008). The luminosity function of
the faint and ultra-faint dwarfs can be explained by semi-
analytic models invoking photoionization and stellar feedback
(e.g., Koposov et al. 2009; Macciò et al. 2009), though the e�-

2 www.pnas.org/cgi/doi/10.1073/pnas.0709640104 Footline Author

Figure 2.5: The measured rotation curve of F568-3 (points) compared to model fits assuming
a cored dark matter halo (blue solid curve) or a cuspy dark matter halo (red dashed curve).
The dotted green curve shows the contribution of baryons (stars+gas) to the rotation curve,
which is included in both model fits. One can see that for small r a cored dark matter density
profile yields a better fit to the data. [8]

sipation”. In the following chapters we will focus on various models of self interacting
dark matter (SIDM) and explore how bremsstrahlung contributes to energy dissipation
in these models.

2.5 Particle Dark Matter
Even though today we know to tremendous precision how much DM is contained in our
universe and how it behaves in the context of gravity, we know almost nothing about
its particle character. The mass of dark matter particles as well as their self-interaction
and their interaction with ordinary matter is strongly model dependent.

Assuming that there is an interaction between dark and ordinary matter, which is the
key prerequisite for being able to detect dark matter, we can classify different dark
matter scenarios by their interaction rate ΓDM↔SM

int = n 〈σA v〉 with ordinary matter3

(see, e.g., Ref. [12, p. 115ff]). In the relativistic regime (T � mDM), the number density
n ∝ T 3 and ΓDM↔SM

int will vary as some power of T , while in the non-relativistic regime
(T . mDM), n ∝ (mT )3/2 exp(−m/T ) such that ΓDM↔SM

int decreases exponentially. In
the early universe when T � mDM, dark matter and ordinary matter are in thermal

3The interaction rate is a function of the equilibrium number density n, and the velocity averaged
annihilation cross section into standard model particles 〈σA v〉.



CHAPTER 2. DARK MATTER 17

equilibrium if

ΓDM↔SM
int & H(T ) (2.30)

where in the context of this discussion the Hubble rate is a function of the average
temperature of the universe4. We denote this case as the “normal” dark matter scenario
where in the early universe the number of dark matter particles is equal to the number
of standard model particles

NDM

Nγ

∼ 1 (2.31)

which at that point all behave relativistically. At the time during the evolution of the
universe when T . mDM, the dark matter number density decreases because dark mat-
ter cannot be thermally produced anymore. All dark matter particles would annihilate
into standard model particles as long as ΓDM↔SM

int & H(T ). It follows from the model,
however, that at some point ΓDM↔SM

int < H(T ), which means that the universe expands
faster than it takes two dark matter particles to “find” each other and annihilate, which
stabilizes the dark matter density. This process is called thermal freeze out.

A class of dark matter candidates which fall into this category is called Weakly Inter-
acting Massive Particles (WIMPs) [1]. In order for the thermal freeze out to produce
the right relic density the WIMP mass cannot be too small, i.e. m & GeV. Particles
fulfilling the above criteria are, e.g., the lightest supersymmetric particle such as the
neutralino5 or the lightest Kaluza-Klein particle of theories with extra dimensions. The
interaction in this dark matter scenario is constrained to be in the order of the weak
scale. However, it can be mediated by new scalar or vector bosons or dark matter
might couple to ordinary matter via a Higgs portal.

In the second dark matter scenario that we want to discuss,

ΓDM↔SM
int � H(T ) (2.32)

for T � mDM which means that dark and ordinary matter are not in thermal equilib-
rium in the early universe. Assuming that all dark matter particles are produced from

4The Hubble rate follows from the first Friedmann equation 3H2(T ) = g∗(T )π2T 4/(30m2
Pl), where

g∗(T ) are the relativistic degrees of freedom and mPl is the Planck mass (see Ref. [12]).
5The neutralino is a linear combination of the neutral superpartners of the SM gauge bosons and

the Higgs bosons, i.e. the higgsino, bino and neutral winos.
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standard model particles, this implies that

NDM

Nγ

� 1. (2.33)

Dark matter candidates in this category are often called Super Weakly Interacting
Massive Particles (or Super-WIMPs) because their interaction with ordinary matter
is very weak. They might even only interact gravitationally. Particles referred to as
Super-WIMPs are, e.g., Supersymmetry’s gravitino or a sterile neutrino.

In addition to the above two scenarios, axions also represent a viable dark matter
candidate [27]. They are postulated by the Peccei-Quinn theory to solve the strong
CP-problem in quantum chromodynamics, but to the present day, many dark matter
theories have been proposed involving “axion-like” particles in the sense that they are
pseudo-scalar bosons which derivatively couple to ordinary matter. They have to be
very light (. 10−2 eV) and are expected to be extremely weakly interacting with
ordinary matter which implies that they were not in thermal equilibrium in the early
universe. For the axion to be a viable dark matter candidate, the axion field has to
start out with a non zero initial field value φ 6= 0 and

NDM

Nγ

� 1 (2.34)

in the early universe. The field, at first, slowly rolls down the potential because the
Hubble rate acts as a friction term in the equations of motion of the axion field, but
at some some point the friction term becomes negligible and the field starts oscillating
around the minimum of the potential, giving a contribution to the matter density ρM .

All the above dark matter candidates are motivated by theories beyond the Standard
Model (BSM), like Supersymmetry, models with extra dimensions, the Peccei-Quinn
symmetry in the strong CP problem or extensions of the neutrino sector. However,
many more dark matter models have been postulated that might or might not be
embedded in a larger framework, meaning that dark matter may well be composed of
only one kind of particle (boson or fermion) that interacts with the standard model
via any kind of new interaction. Since dark matter has not been detected, the only
constraints coming from experiments are upper bounds on the interaction strength.
We will use this freedom in the next chapter to construct generic models of bosonic
and fermionic dark matter to investigate bremsstrahlung in the dark sector, i.e., we
will not be interested in the interaction of dark matter with the Standard Model sector
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but only in self-interactions in the dark sector.
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Dissipation in Self-Interacting
Dark Matter Models

The only direct evidence for dark matter, as described in Chap. 2, is of gravitational
nature. Various experiments have tried to find direct or indirect evidence for dark
matter in detectors by assuming that it interacts weakly with ordinary matter. Mea-
surements of this kind have not found any significant hints for dark matter but have
produced constraints on the mass and cross section for interactions of dark matter
particles with standard model particles. However, since we can only detect dark mat-
ter via ordinary matter, these constraints do not give any restrictions for dark matter
self-interactions. Therefore, interactions in the dark sector are only weakly constrained
by observations, e.g. of the Bullet cluster, and allow for the assumption of a strong
self-interaction [9] and possibly for a resolution of the discrepancies between simulation
and observation. In order to do so, one needs a large elastic scattering cross section1 of
σel/mχ ∼ 1 cm2/g and low dissipation mM � mχv

2
χ, which can be reached with non-

relativistic dark matter and a relatively light mediator2 since the elastic cross section
goes parametrically as σel ∝ α2m2

χ/m
4
M (where mχ is the dark matter and mM the me-

diator mass). A dark matter self-interaction, however, does not only imply scattering
of dark matter particles but may also lead to the emission of the (gauge) boson that
mediates the interaction (i.e. bremsstrahlung) if mM . mχv

2
χ. This dissipative process

may counteract the formation of a core-like density profile.

In the following, we will introduce various models of dark matter. We discuss the

1In fact, instead of the full elastic cross section one uses the transport or viscosity cross section,
which regularizes the divergences for vanishing mediator mass (see Sec. 3.4).

2Of course, mM � mχv
2
χ still has to hold. In order for the elastic cross section to scale with m−4

M

even the stronger requirement mM � mχvχ has to hold.

21
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scattering process of fermionic and scalar CDM χ with a mass mχ ∼ GeV and a typical
velocity vχ � 1 corresponding to a temperature T ∼ mχv

2
χ . MeV. The interaction

between the CDM particles is mediated by a light scalar φ or vector boson V with a
mass which is smaller than the center of mass (CM) energy of the system mφ,V < mχv

2
χ

for the particle being able to be emitted as bremsstrahlung in the scattering event.
We assume the dark matter gas to be dilute or non-degenerate, in order to treat the
thermodynamics of the gas semi-classically with a Maxwell-Boltzmann distribution.
Furthermore, we assume the coupling strength between the CDM particle and the
mediator to be small, g < 1, in order to treat the scattering process perturbatively.

3.1 S-Matrix, Cross Section and Energy Loss Rate
In scattering theory, a very important but rather abstract quantity is the S-matrix [see
28, ch.5-6], which relates the ingoing momentum eigenstates to the outgoing ones and
therefore encodes all interesting information about how often given initial states |i〉
produce given final states |f〉

Sfi = 〈f |S |i〉 . (3.1)

In a free theory without interactions, the S-matrix is 1 because the momentum eigen-
states |i〉 and |f〉 are the eigenstates of the free theory. We can therefore write

S = 1 + i(2π)4δ(4) (Σ pi − Σ pf )M (3.2)

with the second term describing the deviation from the free theory, where pi and pf are
the initial and final states’ 4-momenta. The squared matrix element which is of great
importance in quantum field theory and whose calculation for different dark matter
models will be an essential part of this chapter, is given by

|M|2 =
∑

spins

| 〈f |M |i〉 |2. (3.3)

For all following calculations, we define |M|2 as summed over initial and final spins.
The squared matrix element itself is not experimentally accessible but can be used to
calculate physically measurable quantities. The scattering cross section is calculated
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from |M|2 by integrating over the Lorentz invariant phase space of the final states

∏

final states j

d3pj
(2π)3

1

2Ej
(2π)4δ (Σ pi − Σ pf ) , (3.4)

yielding for the process of interest in this thesis, i.e. a two body collision with brems-
strahlung (2→ 3 process)

σ =
(2π)4Sf

(2E1)(2E2)|~v1 − ~v2|

∫ 4∏

j=3

d3pj
(2π)32Ej

∫
d3q

(2π)32ω

1

g2
χ

|M|2 δ(4)(p1 + p2 − p3 − p4 − q).

(3.5)

Here, the 4-dimensional delta function assures energy and momentum conservation,
indices 1 and 2 correspond to the incident particles, indices 3 and 4 to the final states
and ω and ~q are the energy and momentum of the emitted particle. Sf is a symmetry
factor for identical particles in the final state, where Sf = 1

2
for identical particles

and Sf = 1 otherwise and gχ accounts for the number of spin states in the initial
state which is 2 for fermions and 1 for scalar bosons. The factor g−2

χ in 3.5 therefore
accounts for an average over the initial spins since we want to calculate the non-
polarized cross section. Note that the factor |~v1 − ~v2| is not Lorentz invariant under
boosts in a direction other than the collision axis. Therefore, the expression is only
valid for collinear collisions. For an arbitrary frame of reference, the Lorentz invariant
quantity is

√
(p1p2)2 −m2

1m
2
2/(E1E2) =

√
(~v1 − ~v2)2 − (~v1 × ~v2)2.

The physical quantity of interest in our calculation is the energy loss rate (i.e. the
energy per unit time that is lost by the system due to bremsstrahlung). The energy
loss rate is given by the phase space integral

ε̇ = S(2π)4

∫ 4∏

i=1

d3pi
(2π)32Ei

f(E1)f(E2)

∫
d3q

(2π)32ω
ω|M|2δ(4)(p1 + p2 − p3 − p4 − q)

(3.6)

where S = Si Sf is a symmetry factor for identical particles in the initial and final state,
f(Ei) are the distribution functions for the dark matter particles in the initial state.
The Pauli blocking factors

[
1 − f(Ef )

]
for fermion scattering and enhancing factors[

1 + f(Ef )
]
for boson scattering, which account for the blocking of filled fermionic

states and for enhancing filled bosonic states for the final particles, as well as a factor[
1 + f(ω)

]
for stimulated emission are omitted since we assume that the dark matter
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gas is non-degenerate, the occupation number of the emitted particle is small and that
it streams freely after emission.

The energy loss rate is connected to the cross section (3.5) in the following way

ε̇ =
Sig

2
χ

(2π)6

∫
d3p1d

3p2 f(E1)f(E2) |~v1 − ~v2|
∫
dω ω

dσ

dω
(3.7)

where g2
χ accounts for the spin degeneracy in the initial states. In the non-relativistic

limit, in substituting the integration variables in the phase space integration by dimen-
sionless variables, as demonstrated in App. A.4, one can rewrite (3.6), (3.5) and (3.7)
to get

ε̇ =
Sn2

χ

27g2
χ

T 7/2

π7/2m5/2

∫ ∞

0

du e−u
∫ u

0

dx
√
u(u− x) x2

∫ 1

−1

dz |M(u, x, y, z)|2

=
4Sin

2
χT

3/2

π1/2m1/2

∫ ∞

0

du u e−u
∫ ∞

0

dx x
dσ

dx

(3.8)

whereas u = p2
i /mχT is connected to the center of mass energy, x = ω/T to the emitted

particle’s energy, z = cos θfi to the angle between initial and final state momenta and
y = m2

M/mχT to the mediator mass which remains a free parameter in the integration.
(For details, see App. A.4).

We will use the energy loss rate to calculate the cooling timescale [29]

tcool =
3nχT

ε̇

which is the time it takes a gas cloud with particle density nχ, temperature T and
energy loss rate per collision ε̇ to cool due to dissipation. The influence of cooling
on the gas cloud depends on the ratio of tcool at the virial temperature Tvir to the
gravitational collapse timescale

tgrav =

√
3π

8mχnχG

which is the time it takes a gas cloud to contract due to the gravitational attraction
and the Hubble time

t0 = H−1
0
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which is roughly the age of the universe. If tcool > t0 the energy loss due to dissipation
can only have negligible influence on structure formation in the universe since it takes
longer than the age of the universe for a gas cloud to cool. If t0 > tcool > tgrav cooling
can have a significant role in structure formation, i.e. it can speed up the collapse of a
gas cloud and lead to the formation of disks (see, e.g., [30]). In case that tcool < tgrav

we are entering an extreme regime where all kinetic energy is quickly radiated away
and the collapse is dominated by dissipation. We will discuss the effects of dissipation
due to bremsstrahlung and do a detailed analysis of different dark matter scenarios in
Chap. 4.

3.2 Fermion Scattering
When calculating the scattering of two dark matter fermions, at tree level there are
three different channels that contribute to the scattering process (see Fig. 3.1). We
label these channels as the direct or t-channel (a, b, . . . ), the exchange or u-channel
where the two final states are exchanged (a’, b’, . . . ) and the annihilation or s-channel
where two particles annihilate and are created again (a”, b”, . . . ). In case of a scattering
process of two identical particles, the direct and exchange diagrams contribute to the
process and in case of a process involving a particle and its anti-particle, the direct
and annihilation diagrams contribute. However, if the particles are Majorana fermions
(which means that the particle is its own charge conjugate state), all the channels
contribute to the scattering process.

If we want to calculate a scattering process with the emission of a boson (i.e. brems-
strahlung), the boson can be emitted at any of the four external fermion legs in the
Feynman diagram (as can be seen in Fig. 3.1) which yields a total number of 12 dia-
grams considering all three channels3. The corresponding Feynman amplitudes can be

3The most general model of DM scattering could contain a trilinear self-coupling term of the scalar
mediator, i.e. Aφφ3 (Aφ being a dimensionful coupling constant), which would lead to the possibility
of emitting bremsstrahlung from the mediator, as depicted in the following diagram

p1

p2

p3

p4

q
k

k − q

,

which contributes in all three channels. However, we neglect these diagrams because the trilinear
coupling constant Aφ has to be small in order for 〈φ〉 = 0, rendering the contribution of these diagrams
to the squared matrix element negligible (see Fig. 3.2 and the corresponding discussion in the next
section).
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Figure 3.1: 12 tree level diagrams contributing to bremsstrahlung processes in DM scatter-
ing. The fermion momentum flows from left to right. For Majorana Fermions, the fermion
number flow is arbitrary while for Dirac fermions, the fermion number flows from left to right
(particles) or from right to left (anti-particles). The arrows on the boson lines represent the
boson momentum flow.



CHAPTER 3. DISSIPATION IN SIDM MODELS 27

found in App. A.2. The scattering process can be described in terms of the squared
matrix element as the square of a coherent sum of the Feynman amplitudes

χχ→ χχφ : |M|2 = |A+ B + C +D +A′ + B′ + C ′ +D′|2

χχ̄→ χχ̄φ : |M|2 = |A+ B + C +D +A′′ + B′′ + C ′′ +D′′|2

χ̃χ̃→ χ̃χ̃φ : |M|2 = |A+ B + C +D +A′ + B′ + C ′ +D′ +A′′ + B′′ + C ′′ +D′′|2

where χ is a Dirac particle, χ̄ is a Dirac anti-particle and χ̃ is a Majorana particle4.
This yields a total number 64 squared amplitudes (144 for Majorana fermions) that
have to be evaluated for the calculation of the squared matrix element. In order to
make the calculation tractable, we use a power counting scheme described in App. A.3
on the basis of the emission of scalar, which will be used in all following calculations.
Since in our calculation we are only interested in unpolarized quantities, we define |M|2
as summed over initial and final spins.

3.2.1 Yukawa Interaction

The Lagrangian for a Dirac fermion χ and a real scalar boson φ is given by

L = iχ̄/∂χ−mχχ̄χ (free fermion) (3.9a)

+
1

2

[
(∂µφ)2 −m2

φφ
2
]

(free scalar) (3.9b)

− 1

3!
Aφφ

3 − 1

4!
λφφ

4 (scalar potential) (3.9c)

− gφφχ̄χ (interaction) (3.9d)

where χ is the spinor describing the DM fermion, φ the real scalar field describing the
mediator and the emitted particle and gφ is the real valued coupling between fermions
and mediator, which we assume to be small to justify restricting our calculations to
the tree level (as higher order corrections imply higher powers of gφ).

The scalar potential is a polynomial of degree 4, consisting of the φ2, φ3 and φ4 terms.
Imposing that the potential be bounded from below, implies that λ > 0. Assuming
that φ is a physical field and thus m2

φ > 0, yields a potential with two minima at most,
one at φ = 0 and the other depending on the couplings (see Fig. 3.2). Since we do not
want φ to gain a non-zero vacuum expectation value, we have to impose Aφ < 1

18
mφ

√
λ

4If not stated otherwise χ will denote a fermion with spin 1/2 in this section. In order to emphasise
this fact, we will use the subscript F for fermion at points where it might be unclear.
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1
18mφ
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Figure 3.2: Potential of φ for several values of the couplings Aφ, λφ and mass mφ showing
how φ can gain a vacuum expectation value.

in order for the potential to have only one minimum. Since we assume mφ ∼ mχv
2

in order for φ to be produced as bremsstrahlung, Aφ/mχ . 10−6 and we can neglect
diagrams containing Aφ compared to the ones only containing gφ.

Particle-Particle Scattering χFχF → χFχFφ

For particle-particle scattering we have to consider diagrams (a)-(d) and (a’)-(d’) in
Fig. 3.1. Assuming that the fermions are non-relativistic, i.e., v � 1, we find that the
squared matrix element summed over initial and final spins is

|M|2 =
256

9

g6
φ

ω2
|~k|2|~l|2

[
1 +

mφ′

ω
+ 2

m2
φ′

ω2
+ 3(k̂ · l̂)2

(
1 +

3

2

mφ′

ω
+

1

2

m2
φ′

ω2

)]

×
[

1

(|~k|2 +m2
φ)2

+
1

(|~l|2 +m2
φ)2
− 1

(|~k|2 +m2
φ)(|~l|2 +m2

φ)

] (3.10)

where we differentiate between the mediator mass mφ and the emitted particle’s mass
mφ′ , which, in principle, could be two different particles. Furthermore, we have applied
a power counting scheme in the collision velocity for vχ � 1 where we assume that the
mass of the emitted particle is small, i.e. mφ′ . mχv

2
χ in order for it to be produced

in the collision. Equation (3.10) is the result to leading order in vχ which reduces the
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full expression for |M|2 to a tractable form.

Assuming that the mass of the emitted particle mφ′ � mχv
2
χ, we neglect the terms

containing mφ′ but (for now) still keep the mediator mass mφ in the denominator,
yielding

|M|2 =
256

9

g6
φ

ω2
|~k|2|~l|2

[
1 + 3(k̂ · l̂)2

]

×
[

1

(|~k|2 +m2
φ)2

+
1

(|~l|2 +m2
φ)2
− 1

(|~k|2 +m2
φ)(|~l|2 +m2

φ)

]
.

(3.11)

The detailed calculation with explanation of all approximations can be found in App. A.3.
In terms of the dimensionless variables defined in App. A.4, one can rewrite the matrix
element as

|M|2 =
1024

9

g6
φ

T 2

x2 + u(u− x) + uz2(x− u)

x2

[(
2u− x+ y − 2z

√
u(u− x)

)−2

+
(

2u− x+ y + 2z
√
u(u− x)

)−2

−
(

(2u− x+ y)2 − 4z2u(u− x)
)−1
] (3.12)

where the first second and third term in (3.11) corresponds to the first second and
third term in (3.12).

We can use the squared matrix element to calculate the cross section in terms of the
dimensionless variables defined in App. A.3, yielding

σ =
1

36

g6
φ

m2
χπ

3

∫ u

0

dx
1

x

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.13)

with

Ssq =

(
4x2

4uy + (x− y)2
− 5

2

)√
1− x

u
(3.14a)

Slog =
1

8u

16u2 + x2 + 5y2 + 20uy − 16ux− 10xy

2u− x+ y
ln

[
2u− x+ y + 2

√
u(u+ x)

2u− x+ y − 2
√
u(u+ x)

]

(3.14b)

where we have split up dσ/dx into a term proportional to
√

1− x/u, which gives a
measure of the amount of energy passed on to the scalar, and a logarithmic term, where
the argument of the logarithm is a ratio of the minimum over the maximum momentum
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transfer between the fermions for a given center of mass energy. The factor 1/x in (3.13)
leads to a IR divergence of the cross section for a massless scalar in analogy to the IR
divergence due to photon bremsstrahlung in quantum electrodynamics (QED). For the
emission of a massive scalar, however, the lower boundary of the integration in (3.13)
is finite, i.e. mφ′/T , which regularizes the cross section.

For the calculation of the energy loss rate, the integration over the emitted particle’s
dimensionless energy x, is weighted by a factor x, regularizing the integral even for
mφ′ = 0. The energy loss rate can be written in terms of Ssq and Slog as

ε̇ =
1

18

g6
φn

2
χT

3/2

π7/2m
5/2
χ

∫ ∞

0

du u e−u
∫ u

0

dx
[
Ssq(u, x, y) + Slog(u, x, y)

]
. (3.15)

For a massless mediator, mφ → 0 (y → 0) and (3.15) becomes analytic yielding a
simple expression for the energy loss rate

χFχF → χFχFφ : ε̇ =
188− 9π2

216

g6
φn

2
χ

π7/2m
5/2
χ

T 3/2. (3.16)

For a finite mass of the mediator and/or emitted particle, the energy loss rate cannot
be calculated analytically anymore. The effects of finite masses can be seen in Fig. 3.3.
The energy loss rate rapidly drops to zero when the mass of the emitted particle reaches
the average kinetic energy in collisions mχ 〈v2

χ〉 = 3T because the particle can only be
produced on-shell if the energy for its mass mphi′ can be drawn from the kinetic energy
of the system. For increasing mediator mass, the energy loss rate drops as m−4

φ which
only shows its effect when mφ & |~k| ∼ mχvχ. Since the mediator particle is off-shell,
it can still be exchanged even if its mass exceeds the kinetic energy of the system and
therefore the suppression of the energy loss rate occurs for higher mφ.

Particle-Antiparticle Scattering χF χ̄F → χF χ̄Fφ

For particle-antiparticle scattering we have to consider diagrams (a)-(d) and (a”)-(d”)
in Fig. 3.1. We find that the annihilation diagrams only give contributions in higher
orders of velocity and the squared matrix element is dominated by the direct channel,
which yields the same result as the direct channel for particle-particle scattering

|M|2 =
256

9

g6
φ

ω2
|~k|2|~l|2 1 + 3(k̂ · l̂)2

(|~k|2 +m2
φ)2

(3.17)
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Figure 3.3: ε̇/ε̇0 for T = 1, 10, 100 MeV (from top to bottom) for a finite mass of the
mediator and emitted particle on the energy loss rate for mχ = 1 GeV, where ε̇0 corresponds
to the energy loss rate for mφ = mφ′ = 0. It shows, that the energy loss rate drops faster with
increasing mass of the emitted particle than it does with increasing mass of the mediator.
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where we have already neglected the mass mφ′ of the emitted particle in analogy to
(3.11). The full form containingmφ′ can be extracted from (3.10). For the cross section
and energy loss rate, we get

σ =
1

18

g6
φ

m2
χπ

3

∫ u

0

dx
1

x

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.18)

ε̇ =
2

9

g6
φn

2
χT

3/2

π7/2m
5/2
χ

∫ ∞

0

du u e−u
[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.19)

with

Ssq =

(
2x2

4uy + (x− y)2
− 1

)√
1− x

u
(3.20a)

Slog =
1

4u
(2u− x+ y) ln

[
2u− x+ y + 2

√
u(u+ x)

2u− x+ y − 2
√
u(u+ x)

]
. (3.20b)

For a massless mediator, y → 0 and we get for the energy loss rate

χF χ̄F → χF χ̄Fφ : ε̇ =
28

27

g6
φn

2
χ

π7/2m
5/2
χ

T 3/2. (3.21)

Majorana Particle Scattering χ̃F χ̃F → χ̃F χ̃Fφ

For Majorana particle scattering we have to consider all diagrams in Fig. 3.1. For a
Majorana field χ̃ with the property χ̃†γ0 = χ̃TC we get the Lagrangian

L =
i

2
χ̃TC /∂χ̃− 1

2
mχχ̃

TCχ̃ (free fermion) (3.22a)

+
1

2

[
(∂µφ)2 −m2φ2 + (∂µϕ)2 −m2ϕ2

]
(free scalar) (3.22b)

− 1

2
gφφχ̃

TCχ̃− 1

2
gϕϕχ̃

TCχ̃. (interaction) (3.22c)

Calculating the Feynman rules for the interaction term of this Lagrangian following
[31] (as demonstrated in App. A.2) one realizes that the factors 1/2 in front of the
interaction terms are canceled by a factor 2 arising from an increased number of possible
Wick contractions in comparison to Dirac fields, yielding in our case the same Feynman
amplitudes for Dirac and Majorana fermions. Since the terms involving annihilation
diagrams are suppressed by a factor k2/r2 = O(v2), the leading order contribution
of Majorana particle scattering (i.e. χ = χ̄) yields the same result as Dirac particle-
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particle scattering.

3.2.2 Gauge Interaction

The Lagrangian for fermionic DM χ with a real vector boson V µ is given by the gauge
coupling Dµ = ∂µ − igV Vµ, yielding

L = iχ̄/∂χ−mχχ̄χ (free fermion) (3.23a)

− 1

4
VµνV

µν +
1

2
m2
V V

2 (free vector) (3.23b)

+ gV Vµχ̄γ
µχ. (interaction) (3.23c)

Note that the vector boson is assumed to be massive, as can be seen in the mass term
containing mV and mV ′ in (3.23b). The vector boson gains its mass via the Stueck-
elberg mechanism, which is explained in App. A.1, but since the Stueckelberg field is
decoupled from the other fields, we do not include it in the Lagrangian. Contrary to
the Stueckelberg mechanism, a gauged Higgs mechanism would give additional contri-
butions to the scattering matrix.

Particle-Particle Scattering χFχF → χFχFV

For particle-particle scattering with the gauge interaction (3.23c) we find that the
squared matrix element is one half of the squared matrix element for the Yukawa
coupling (3.11), assuming same masses and coupling strengths, i.e.

|M|2 =
128

9

g6
V

ω2
|~k|2|~l|2

[
1 +

mV ′

ω
+ 2

m2
V ′

ω2
+ 3(k̂ · l̂)2

(
1 +

3

2

mV ′

ω
+

1

2

m2
V ′

ω2

)]

×
[

1

(|~k|2 +m2
V )2

+
1

(|~l|2 +m2
V )2
− 1

(|~k|2 +m2
V )(|~l|2 +m2

V )

] (3.24)

where again we distinguish between the mediator mass mV and the emitted particle’s
mass mV ′ . We can use the squared matrix element to calculate the cross section and
energy loss rate in terms of dimensionless variables to get, in analogy to the emission
of a scalar boson, where we again neglect the terms containing the emitted particle’s
mass but keep the mediator mass in the propagator

σ =
1

72

g6
V

m2
χπ

3

∫ u

0

dx
1

x

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.25)
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Figure 3.4: Effects of a finite vector boson mass on the energy loss rate for mχ = 1 GeV,
where ε̇0 corresponds to the energy loss rate for mV = 0.

ε̇ =
1

36

g6
V n

2
χT

3/2

π7/2m
5/2
χ

∫ ∞

0

du u e−u
∫ u

0

dx
[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.26)

with

Ssq =

(
4x2

4uy + (x− y)2
− 5

2

)√
1− x

u
(3.27a)

Slog =
1

8u

16u2 + x2 + 5y2 + 20uy − 16ux− 10xy

2u− x+ y
ln

[
2u− x+ y + 2

√
u(u+ x)

2u− x+ y − 2
√
u(u+ x)

]
.

(3.27b)

For a massless mediator, y → 0 and (3.26) simplifies to

χFχF → χFχFV : ε̇ =
188− 9π2

432

g6
V n

2
χ

π7/2m
5/2
χ

T 3/2 (3.28)

The effects of a finite vector boson mass mV > 0 on the energy loss rate can be seen
in Fig. 3.4, where we show that the energy loss rate is exponentially suppressed if the
vector boson mass is larger than the average kinetic energy mV & 3T .
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Particle-Antiparticle Scattering χF χ̄F → χF χ̄FV

For particle-antiparticle scattering, to leading order in the fermion velocity vχ, the
squared matrix element is

|M|2 =
512

3

g6

ω4
|~k|2 |

~k|2|~l|2(k̂ · l̂)2

(|~k|2 +m2
V )2

(
1 +

1

2

m2
V ′

ω2

)
(3.29)

which is of lower order in vχ than (3.24). The reason for this is a non-vanishing dipole
moment of the system, since the fermion and anti-fermion are oppositely charged under
the underlying U(1) gauge group. The opposite charges of fermion and anti-fermion
result in an attractive force between the particles, whereas two fermions carry the
same charge resulting in a repulsive force. For the Yukawa coupling, the dark matter
fermions are not charged under any gauge group, opening the possibility for them
to be of Majorana kind. Therefore, the squared matrix elements for particle-particle
scattering (3.11) and for particle-antiparticle scattering (3.17) are of the same order in
vχ.

For the cross section and energy loss rate we get

σ =
1

12

g6
V

π3mV

∫ u

0

dx
1

x

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.30)

ε̇ =
1

3

g6
V n

2
χT

1/2

π7/2m
3/2
χ

∫ ∞

0

du u e−u
∫ u

0

dx
1

y

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.31)

with

Ssq = − 2y2

4uy + (x− y)2

√
1− x

u
(3.32a)

Slog =
y

2u
ln

[
2u− x+ y + 2

√
u(u− x)

2u− x+ y − 2
√
u(u− x)

]
. (3.32b)

For a massless mediator, the contribution of Ssq to the energy loss rate can be neglected
and the contribution of Slog becomes analytic, yielding a simple expression for the
energy loss rate

χF χ̄F → χF χ̄FV : ε̇ =
2

3

g6
V n

2
χ

π7/2m
3/2
χ

T 1/2 (3.33)

Because of the non-vanishing dipole moment, the energy loss rate is much larger for
particle-antiparticle scattering than for particle-particle scattering, as can be seen in
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Figure 3.5: Effects of a finite vector boson mass on the energy loss rate for χχ → χχV in
comparison to χχ̄→ χχ̄V . The fermion mass is taken to be mχ = 1 GeV.

Fig. 3.5 for two different vector boson masses. The two cases also have a different
temperature dependence (i.e. ε̇ ∝ T 3/2 for χχ and ε̇ ∝ T 1/2 for χχ̄). This would lead
to a crossing of the two lines in Fig. 3.5 for high temperatures, but in this region our
non-relativistic approximation breaks down.

3.3 Scalar Boson Scattering
For the scattering process of two dark matter scalar bosons, we have to consider the
diagrams in Fig. 3.6 in addition to the diagrams in Fig. 3.1. This yields a larger amount
of Feynman amplitudes which have to be evaluated, but the calculation of each of the
amplitudes is much easier for scalar boson scattering. Since in the following we are
considering bosons only, we include couplings where the mediator and the emitted
particle meet in a vertex (e) and (f), a quartic coupling of the CDM scalars (g) and
trilinear couplings between the heavy scalar bosons (h) and (i). Again, we label the
t-channel with latin letters, the u-channel with primed letters and the s-channel with
double primed ones. Diagrams (g) is representative for four diagrams with particle
emission from any external leg and diagrams (h) and (i) are representative for all
channels and the emission from any of the four external legs with the heavy scalar χ
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Figure 3.6: Additional tree level diagrams contributing to bremsstrahlung processes in scalar
CDM scattering. Diagram (g) is representative for the four χ4 diagrams (where like for
all other diagrams, the particle can be emitted from any of the four external legs). We
neglect (g) since it is suppressed by a factor k2/m2

χ = O(v2) compared to the leading order.
Diagrams (h) and (i) represent the 3 channels of the the two diagrams (18 diagrams in total)
containing vertices that include an odd number of χS which we forbid by imposing a global
U(1) symmetry resulting in the conservation of the number of χS at each vertex. Diagrams
(h) and (i), in case they are not forbidden, are also suppressed by a factor of k2/m2

χ = O(v2).
The momentum flow is chosen from left to right (or from bottom to top for vertical lines).
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as mediator5, yielding 28 additional diagrams (see Fig. 3.6). For the χ4 interaction
diagrams (g), there is only one channel. We neglect the diagrams (g)-(i) because they
are suppressed by a factor k2/m2

χ = O(v2) compared to the diagrams (a)-(f), which
yields a total number of 18 diagrams considering all three channels. The corresponding
Feynman amplitudes can be found in App. A.2.

3.3.1 Gauge Interaction

We first treat the case of a vector boson, because here we have to deal with a gauge
coupling which resembles the cases we have treated in the previous sections. We get
the full Lagrangian for scalar CDM with a real vector boson V µ from L = −1

4
VµνV

µν +

(Dµχ)†(Dµχ)−V (χ) with Vµν = ∂µVν−∂νVµ and the gauge coupling Dµ = ∂µ− igV Vµ:

L = (∂µχ)†(∂µχ)−m2χ†χ (free scalar) (3.34a)

− 1

4
VµνV

µν +
1

2
m2
V V

2 (free vector) (3.34b)

+ g2
V χ
†χV 2 + igV V

µ
[ (
∂µχ

†)χ− χ† (∂µχ)
]
− 1

4
λ
(
χ†χ
)2 (interaction) (3.34c)

where the interaction part of L can be read off the last line. The first two terms in
(3.34c) come from the gauge coupling and the last term from the scalar potential. We
assume that gV < 1 and 0 < λ < 1. The scalar field χ has to be complex because the
gauge coupling is associated with a local U(1) symmetry χ→ eiα(x)χ, which can only
be fulfilled if χ is complex. In other words, the gauge interaction implies a positive
and a negative charge and we need two degrees of freedom to represent both charges.
The U(1) symmetry also implies that the charge is conserved at each vertex, forbidding
diagrams of the type (h) and (i) in Fig. 3.6.

Particle-Particle Scattering χSχS → χSχSV

For particle-particle scattering we consider diagrams (a)-(d) and (a’)-(d’) in Fig. 3.1
as well as (e)-(f) and (e’)-(f’). We neglect diagrams of the type (g) in Fig. 3.6 because
they are suppressed by a factor m2

V /m
2
χ compared to the other diagrams and find for

5Beware that in this section χ will denote a scalar field. We will use the subscript S for scalar at
points where it might be unclear in order to emphasise this fact.
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the squared matrix element

|M|2 =
32

9

g6
V

ω2
|~k|2|~l|2

[
1 +

mV ′

ω
+ 2

m2
V ′

ω2
+ 3(k̂ · l̂)2

(
1 +

3

2

mV ′

ω
+

1

2

m2
V ′

ω2

)]

×
[

1

(|~k|2 +m2
V )2

+
1

(|~l|2 +m2
V )2

+
2

(|~k|2 +m2
V )(|~l|2 +m2

V )

] (3.35)

yielding for the cross section and energy loss rate for mV ′ → 0

σ =
1

18

g6
V

m2
χπ

3

∫ u

0

dx
1

x

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.36)

ε̇ =
1

9

g6
V n

2
χT

3/2

π7/2m
5/2
χ

∫ ∞

0

du u e−u
∫ u

0

dx
[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.37)

with

Ssq =
1

4

( 4x2

4uy + (x− y)2
− 1
)√

1− x

u
(3.38a)

Slog =
1

8u

(8u2 + 5x2 + y2 + 4uy − 8ux− 2xy)

2u− x+ y
ln

[
2u− x+ y + 2

√
u(u− x)

2u− x+ y − 2
√
u(u− x)

]
.

(3.38b)

For a massless mediator, the energy loss rate is

χSχS → χSχSV : ε̇ =
9π2 − 20

216

g6
V n

2
χ

π7/2m
5/2
χ

T 3/2. (3.39)

The temperature dependence for the emission of a vector boson is ε̇ ∝ T 3/2 for both
scalar and fermionic CDM. However, the effects of a finite vector boson mass on the
energy loss rate are larger for fermionic CDM than for scalar CDM as can be seen in
Fig. 3.7. The difference is solely due to the interference terms, i.e. the last term in
(3.40) and (3.24), which is larger and carries a positive sign for scalar CDM as opposed
to a negative sign for fermionic CDM.
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Figure 3.7: Comparison of energy loss rates for fermionic and scalar CDM scattering for
mχ = 1 GeV, where R = ε̇/ε̇0. The effects of a finite vector boson mass are larger for
χFχF → χFχFV than for χSχS → χSχSV .

Particle-Antiparticle Scattering χSχ
†
S → χSχ

†
SV

For particle-antiparticle scattering the squared matrix element is

|M|2 =
128

3

g6
V

ω4
|~k|2 |

~k|2|~l|2(k̂ · l̂)2

(|~k|2 +m2
V )2

(
1 +

1

2

m2
V ′

ω2

)
(3.40)

yielding for the cross section and energy loss rate the same expression as for χF χ̄F →
χF χ̄FV

σ =
1

12

g6
V

π3m2
V

∫ u

0

dx
1

x

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.41)

ε̇ =
1

3

g6
V n

2
χT

1/2

π7/2m
3/2
χ

∫ ∞

0

du u e−u
∫ u

0

dx
1

y

[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.42)

with

Ssq = − 2y2

4uy + (x− y)2

√
1− x

u
(3.43a)

Slog =
y

2u
ln

[
2u− x+ y + 2

√
u(u− x)

2u− x+ y − 2
√
u(u− x)

]
. (3.43b)
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For a massless mediator, the contribution of Ssq to the energy loss rate can be neglected
and the contribution of Slog becomes analytic, yielding for the energy loss rate

χSχ
†
S → χSχ

†
SV : ε̇ =

2

3

g6
V n

2
χ

π7/2m
3/2
χ

T 1/2. (3.44)

3.3.2 Scalar Interaction

The Lagrangian L for scalar dark matter χ with a scalar φ reads as follows

L = (∂µχ)†(∂µχ) +
1

2
(∂µφ)2 (kinetic terms) (3.45a)

− 1

2
m2
φφ

2 − 1

3!
Aφφ

3 − 1

4!
λφφ

4 (φ potential) (3.45b)

−m2
χχ
†χ− 1

4
λ
(
χ†χ
)2

(χ potential) (3.45c)

− 1

2
g2
φχ
†χφ2 − Aχφχ†χφ (interaction) (3.45d)

where we impose a global U(1) symmetry for χ in order to forbid terms of the kind
λ′φχ†χ

(
χ + χ†) or Aχχ†χ

(
χ + χ†). This Lagrangian differs from all previous ones in

the second term, which is a trilinear coupling term between the scalar CDM χ and
the light scalar φ. Aχφ is a coupling of dimension 1. In order to maintain the power
counting scheme introduced in App. A.3, we will have to assign kinematic constraints
to Aχφ.

Particle-Particle Scattering χSχS → χSχSφ

For particle-particle scattering we have to consider diagrams (a)-(f) and (a’)-(f’) in
Fig. 3.1. The full result for the squared matrix element to second order in vχ is

|M|2 =
|~k|2|~l|2
ω2

[
1

9

A6
χφ

m6
χ

− 4

3

g2A4
χφ

m4
χ

(k̂ · l̂)2 + 4
g4A2

χφ

m2
χ

(k̂ · l̂)2 +
4

3

g2A4
χφ

m4
χ

ω

mχ

]

×
[

1

(|~k|2 +m2
φ)2

+
1

(|~l|2 +m2
φ)2

+
2

(|~k|2 +m2
φ)(|~l|2 +m2

φ)

]
.

(3.46)

The first three terms in the first line of (3.46) are the leading order in in vχ, while
the last term is the full next-to-leading-order result according to our power counting
scheme, but, depending on the magnitude of Aχφ, the last term might not be negligible
compared to the first three terms. Imposing that the last term should be smaller than
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any of the first three terms, we get

√
ω

mχ︸ ︷︷ ︸
O(vχ)

<
Aχφ
gφmχ

<

√
m3
χω

|~k||~l|︸ ︷︷ ︸
O(v−2

χ )

(3.47)

i.e., Aχφ/mχ is of approximately the same order as gφ. If Aχφ/gφmχ reaches the lower
bound of (3.47), the last term in (3.46) becomes comparable to the first term. However,
in this case the third term is much larger than all the other terms, which therefore can
be collectively neglected. If Aχφ/gφmχ reaches the upper bound of (3.47), the last
term in (3.46) becomes comparable to the third term. In that case, the first term is
much larger than all the other terms (as can be seen in Fig. 3.8). Thus, the O(v2

χ)-
term never gives a dominant contribution to the squared matrix element and quantities
deduced from it and can always be neglected. The only constraint, we have to impose
is Aχφ/mχ < 1 for perturbation theory to work.

In order to perform the integral in the cross section and energy loss rate using the
dimensionless variables defined in App. A.3, we have to split up the remaining three
terms to obtain

σ1 =
1

2304

A6
χφ

m8
χπ

3

∫ u

0

dx
1

x

[
− y (4u− 2x+ y) Ssq(u, x, y)+

+
(
4u2 + 2x2 + y2 − 4ux+ 4uy − 2xy

)
Slog(u, x, y)

] (3.48a)

σ2 =
1

192

g2
φA

4
χφ

m6
χπ

3

∫ u

0

dx
[
− Ssq(u, x, y)− Slog(u, x, y)

]
(3.48b)

σ3 =
1

64

g4
φA

2
χφ

m4
χπ

3

∫ u

0

dx
[
Ssq(u, x, y) + Slog(u, x, y)

]
(3.48c)

with σ = σ1 + σ2 + σ3 and

Ssq =
1

4uy + (x− y)2

√
1− x

u
(3.49a)

Slog =
1

4u

1

2u− x+ y
ln

[
2u− x+ y + 2

√
u(u− x)

2u− x+ y − 2
√
u(u− x)

]
. (3.49b)
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Figure 3.8: Energy loss rate as a function of the trilinear coupling constant Aχφ for mχ = 1
GeV, gφ = 0.1 and T = 1 MeV. At the point where the O(v2) term in (3.46) becomes
comparable to the A2

χφ term, both terms are negligible to the A6
χφ term (and vice versa).

The energy loss rate for a massless mediator (y → 0) is

χSχS → χSχSφ : ε̇ =

(
5

864

A6
χφ

m6
χ

− 3π2 − 20

576

g2
φA

4
χφ

m4
χ

+
3π2 − 20

192

g4
φA

2
χφ

m2
χ

)
n2
χ

π7/2m
5/2
χ

T 3/2

(3.50)

and for the asymptotic cases

Aχφ
gφmχ

� 1 : ε̇ =
3π2 − 20

192

g4
φA

2
χφn

2
χ

π7/2m
9/2
χ

T 3/2 (3.51a)

Aχφ
gφmχ

� 1 : ε̇ =
5

864

A6
χφn

2
χ

π7/2m
17/2
χ

T 3/2. (3.51b)
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Particle-Antiparticle Scattering χSχ
†
S → χSχ

†
Sφ

For particle-antiparticle scattering the squared matrix element is dominated by the
t-channel, yielding

|M|2 =
|~k|2|~l|2

ω2(|~k|2 +m2
φ)2

(
1

9

A6
χφ

m6
χ

− 4

3

g2A4
χφ

m4
χ

(k̂ · l̂)2 + 4
g4A2

χφ

m2
χ

(k̂ · l̂)2

)
. (3.52)

The energy loss rate is

χSχ
†
S → χSχ

†
Sφ : ε̇ =

(
1

108

A6
χφ

m6
χ

− 1

36

g2
φA

4
χφ

m4
χ

+
1

12

g4
φA

2
χφ

m2
χ

)
n2
χ

π7/2m
5/2
χ

T 3/2 (3.53)

and for the asymptotic cases of Aχφ we get

Aχφ
gφmχ

� 1 : ε̇ =
1

12

g4
φA

2
χφn

2
χ

π7/2m
9/2
χ

T 3/2 (3.54a)

Aχφ
gφmχ

� 1 : ε̇ =
1

108

A6
χφn

2
χ

π7/2m
17/2
χ

T 3/2. (3.54b)

Real Scalar Scattering χ̃Sχ̃S → χ̃Sχ̃Sϕ

If we consider the CDM particle to be described by a real scalar field χ̃S ≡ χS = χ†S,
we also have to consider the annihilation diagrams in Fig. 3.1 and 3.6. The Lagrangian
for a real scalar field is

L =
1

2
(∂µχ)2 +

1

2
(∂µφ)2 (kinetic terms) (3.55a)

− 1

2
m2
φφ

2 − 1

3!
Aφφ

3 − 1

4!
λφφ

4 (φ potential) (3.55b)

− 1

2
m2
χχ

2 − 1

3!
Aχχ

3 − 1

4!
λχ4 (χ potential) (3.55c)

− 1

4
g2
φχ

2φ2 − 1

2
Aχφχ

2φ (interaction) (3.55d)

where we now have to consider the cubic term in (3.55c) since there is no U(1)-
symmetry for χ. However, imposing that 〈χ〉 = 0 we find in analogy to Fig. 3.2
that Aχ has to be small and therefore can be neglected. In accordance with the case
of a Majorana fermion field, the Lagrangian for a real scalar field has gained several
prefactors in comparison to the Lagrangian for a complex scalar field. These prefactors
are canceled by the increased number of possible Wick contractions. Since the terms
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involving annihilation diagrams are suppressed by at least a factor k2/r2 ∼ v2, the
leading order contribution of real scalar scattering yields the same result as complex
scalar particle-particle scattering.

3.4 Elastic Scattering Cross Section
In this section we want to compute the elastic scattering cross sections for all the CDM
models discussed in this chapter. To leading order in vχ, the squared matrix element
for elastic CDM scattering for a scalar as well as a vector mediator is

|Mel|2 = 64g4m4
χ

(
1

(|~k|2 +m2
M)2

+
1

(|~l|2 +m2
M)2
± 1

(|~k|2 +m2
M)(|~l|2 +m2

M)

)
(3.56)

where the sign of the last term is positive for bosons and negative for fermions and
for particle-antiparticle scattering only the first term (i.e. t-channel) contributes. For
scalar CDM with the dimensionful coupling, we have to make the replacement g →
A/2mχ. The total cross section for fermion particle-particle scattering is given by

σel =
1

256

g4m2
χ

π

∫ 1

−1

d(cos θ)

(
|~prel|2 +m2

M

)2
+ 3|~prel|4 cos2 θ

[(
|~prel|2 +m2

M

)2 − |~prel|4 cos2 θ
]2

=
g4

16π

[
1

m2
Mv

2
rel

m2
χv

2
rel

m2
χv

2
rel +m2

M

− 1

m2
χv

4
rel

ln

(
1 +

m2
χv

2
rel

m2
M

)
m2
χv

2
rel

m2
χv

2
rel + 2m2

M

]
,

(3.57)

and for scalar bosons

σel =
1

64

g4m2
χ

π4

∫ 1

−1

d(cos θ)
3
(
|~prel|2 +m2

M

)2
+ |~prel|4 cos2 θ

((
|~prel|2 +m2

M

)2 − |~prel|4 cos2 θ
)2

=
g4

16π4

[
1

m2
Mv

2
rel

m2
χv

2
rel

m2
χv

2
rel +m2

M

+
1

m2
χv

4
rel

ln

(
1 +

m2
χv

2
rel

m2
M

)
m2
χv

2
rel

m2
χv

2
rel + 2m2

M

]
,

(3.58)

where ~prel = 2~pi = mχ~vrel = 2mχ~vχ is the relative momentum of the colliding particles,
mM is the mediator mass and cos θ = (~pi · ~pf )/|~pi||~pf | is the scattering angle. For
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particle-antiparticle scattering, the cross section for fermions and scalar bosons is

σel =
1

32π
g4m2

χ

∫ 1

−1

d(cos θ)
1

(
|~prel|2 +m2

M − |~prel|2 cos θ
)2

=
1

16π

g4

m2
Mv

2
rel

m2
χv

2
rel

m2
χv

2
rel +m2

M

.

(3.59)

As known from Bhabha and Møller scattering in QED, the differential cross section
has a singularity along the beam axis of the colliding particles for a vanishing mediator
mass. Explicitly, the differential cross section for particle-antiparticle scattering

dσ

dΩ
∝ 1

(1− cos θ)2
=

1

(1− cos2 θ
2

+ sin2 θ
2
)2
∝ 1

sin4 θ
2

(3.60)

diverges for θ = 0 (i.e. forward scattering), while the differential cross section for
particle-particle scattering

dσ

dΩ
∝ 1

(1− cos2 θ)2
=

1

sin4 θ
(3.61)

has a singularity for θ = 0 and θ = π because one cannot distinguish between forward
and backward scattering of identical particles. The singularities in the differential
cross section lead to a 1/m2

M divergence of the cross section for a vanishing mediator
mass in all cases. For forward scattering, the DM trajectories are unchanged, meaning
that the diverging cross section in forward (and backward) direction does not influence
the DM distribution. For this purpose, one introduces the transport cross section
σT for particle-antiparticle scattering which regularizes the forward scattering and the
viscosity cross section σV for particle-particle scattering of identical particles which
regularizes the forward and backward scattering, i.e.,

σT =

∫
dΩ(1− cos θ)

dσ

dΩ
, (3.62a)

σV =

∫
dΩ(1− cos2 θ)

dσ

dΩ
. (3.62b)

The transport/viscosity cross sections corresponding to (3.57), (3.58) and (3.59) are
given by

σχFχFV =
1

8π

g4

m2
χv

4
rel

[
2 ln

(
1 +

m2
χv

2
rel

m2
M

) m2
χv

2
rel + 5m2

M + 5
m4
M

m2
χv

2
rel

m2
χv

2
rel + 2m2

M

− 5

]
, (3.63)
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σχSχSV =
1

8π

g4

m2
χv

4
rel

[
2 ln

(
1 +

m2
χv

2
rel

m2
M

) m2
χv

2
rel + 3m2

M + 3
m4
M

m2
χv

2
rel

m2
χv

2
rel + 2m2

M

− 3

]
, (3.64)

σχχ
†

T =
1

8π

g4

m2
χv

4
rel

[
ln

(
1 +

m2
χv

2
rel

m2
M

)
− m2

χv
2
rel

m2
χv

2
rel +m2

M

]
. (3.65)

The transport/viscosity cross sections only diverge logarithmically with vanishing me-
diator mass. Equation (3.65) is in agreement with the Eqn. 6 in Ref. [32] where in the
Born approximation only the t-channel was considered while (3.63) and (3.64) also in-
clude interference terms with the u-channel. For mM � mχvχ the transport/viscosity
cross section for all cases goes parametrically as

σT,V ∝
g4

m2
χv

4
χ

. (3.66)

Soft Bremsstrahlung

In the case of soft bremsstrahlung (i.e. ω � mχv
2
χ), it is possible to write the squared

matrix element for fermion scattering as a product of the elastic squared matrix element
and a term describing the emission of a particle

|M|2 ≈ |Mfact|2 = |Mel|2|F|2 (3.67)

For the emission of a soft scalar, the fermion propagator plus external boson line is
given by [compare 33, p.432]

g
/p+ /q +m

(p+ q)2 −m2
u(p) ≈ g

/p+m

2(p · q)u(p) = g
m

(p · q)u(p) (3.68)

where in the last step we have used that /p u(p) = m u(p). For the factor |F|2 we get
for both cases χFχF → χFχFφ and χF χ̄F → χF χ̄Fφ

|F|2 = g2m2

(
1

(p3 · q)
+

1

(p4 · q)
− 1

(p1 · q)
− 1

(p2 · q)

)2

=
4

9

g2

m4ω2
|~k|2|~l|2

(3.69)
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which yields for particle-particle scattering

|Mfact|2 =
256

9

g6

ω2
|~k|2|~l|2

(
1

(|~k|2 +m2
φ)2

+
1

(|~l|2 +m2
φ)2
− 1

(|~k|2 +m2
φ)(|~l|2 +m2

φ)

)

(3.70)

and the same expression without the last two terms for particle-antiparticle scattering.
Comparing (3.70) to (3.11) and (3.17) one can see that |Mfact|2 lacks a term [1+3(k̂·l̂)2],
i.e.,

|M|2 = |Mfact|2
[
1 + 3(k̂ · l̂)2

]
(3.71)

This discrepancy can be explained by the fact, that the power counting scheme intro-
duced in App. A.3 only assumes small CDM velocities vχ � 1 but does not make any
assumptions (except of kinematical kind) about the energy ω of the emitted particle.
Assuming that ω � mχv

2
χ renders the second term in (3.71) negligible since

(k̂ · l̂) = O
(

ω

mχv2
χ

)
. (3.72)

For the emission of a soft vector boson, the fermion propagator plus external boson
line is given by

g
/p+ /q +m

(p+ q)2 −m2
(γ · ε∗) u(p) ≈ g

/p+m

2(p · q)(γ · ε∗) u(p) = g
(p · ε∗)
(p · q) u(p) (3.73)

where in addition to /p u(p) = m u(p) we have now used the property of the γ-matrices
that (γ · p)(γ · ε∗) = 2(p · ε∗) − (γ · ε∗)(γ · p). We get for particle-particle scattering
χFχF → χFχFV

|F|2 = g2

(
(p3 · ε)
(p3 · q)

+
(p4 · ε)
(p4 · q)

− (p1 · ε)
(p1 · q)

− (p2 · ε)
(p2 · q)

)2

=
2

9

g2

m4ω2
|~k|2|~l|2

(
1 + 3(k̂ · l̂)2

)
(3.74)
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and for particle-antiparticle scattering χF χ̄F → χF χ̄FV

|F|2 = g2

(
(p3 · ε)
(p3 · q)

− (p4 · ε)
(p4 · q)

− (p1 · ε)
(p1 · q)

+
(p2 · ε)
(p2 · q)

)2

=
8

3

g2

m4ω4
|~k|4|~l|2(k̂ · l̂)2

(3.75)

yielding the same results for the squared matrix element as (3.24) and (3.29). It is
noteworthy, that (3.74) and (3.75) are gauge invariant, as expected, since a gauge
transformation ε → ε + q only yields trivial factors of 1 which cancel in the sum, as
can easily be checked.

For scalar boson scattering, this factorization is not possible due to the diagrams (e)
and (f) in Fig. 3.6 because these diagrams do not contain an internal fermion line. The
factorization can be explained in terms of Feynman diagrams as cutting the diagram
in two pieces at the fermion propagator, i.e.,

p1

p2

p3

p4

qk

p1

p2

p3

p4

k ×
p3 + q p3

q

where for the factorization it is essential that p3 + q ≈ p3. This internal propagator
is not present in the diagrams of scalar boson scattering, where the bremsstrahlung is
emitted directly at the vertex, i.e.,

p1

p2

p3

p4

qk

and therefore these diagrams don’t allow for a factorization of the cross section.



Effects of Dissipation on
Structure Formation

In order to estimate the relevance of the energy loss due to bremsstrahlung during
structure formation, in this chapter we will compare the typical time scale of the
cooling process due to dissipation tcool to the time scale of the gravitational collapse
tgrav of a cloud of particles, as well as to the Hubble time t0 and the time between two
elastic scattering events tel.

As mentioned in Chap. 2, matter over-densities in the early universe get amplified.
Over-dense patches in the universe expand slower than the Hubble rate because of their
internal gravitational attraction and eventually stop expanding and, for the general
solution of the spherical collapse model (2.12), i.e.,

r = A(1− cos θ) t = B(θ − sin θ)

with B =
√
A3/GM , start collapsing at a turnaround time tturn = πB = π

√
A3/GM .

Following [13, p.733ff] and [14, p.215ff], we approximate the time it takes for a halo to
virialize as tgrav = 2tturn. Assuming a spherically symmetric density distribution, we
get a turnaround radius rturn = 2A and with M = 4πr3ρ/3 estimate a gravitational
collapse time of

tgrav =

√
3π

8mχnχG
. (4.1)

If the gravitational time scale is larger than the cooling time due to dissipation [13,

51
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p.764]

tcool =
3nχT

ε̇
(4.2)

which is the ratio of the thermal energy content and the energy loss rate, we concede
that the energy loss due to bremsstrahlung has major effects on the gravitational
collapse of gas clouds in the universe. However, if tgrav < tcool < t0, i.e. the cooling time
is smaller than the age of the universe, cooling can still have an impact on structure
formation. We want to analyze the parameter space where structure formation is
influenced by dissipation due to bremsstrahlung. For that reason we define two regions
of interest, i.e.

tcool < t0 ⇒ 3nχT

ε̇
< H−1

0 (4.3)

and the more extreme region

tcool < tgrav ⇒ 3nχT

ε̇
<

√
3π

8mχnχG
. (4.4)

For ε̇ in (4.2) we substitute the energy loss rates calculated in Chap. 3. Keeping in mind
that dark matter self-interactions were introduced to solve the cusp vs. core problem
via heat transfer due to elastic dark matter scattering, we define an elastic scattering
timescale

tel = (nχσTvvir)
−1 (4.5)

where the transport1 cross section σT is evaluated at vvir. The small structure problems
can be solved if

tel < t0 ⇒ (nχσTvvir)
−1 < H−1

0 . (4.6)

Using tel we can try to find a region where elastic scattering could solve the small
structure problems, but dissipative effects are dominant preventing the solution, i.e.,
tcool < tel < t0. As it turns out, this condition is not reachable with a coupling α < 1

1The reader should be aware that in this chapter, for the sake of simplicity, the regularized cross
section will be refered to as transport cross section σT , when in fact we distinguish between the
transport cross section (3.62a) used for particle-antiparticle scattering and the viscosity cross section
(3.62b) used for particle-particle scattering.
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in the non-relativistic limit because with ε̇χχ ∼ α3n2
χv

3
vir/m and ε̇χχ̄ ∼ α3n2

χvvir/m and
σT ∼ α2/(mχvvir)

2, we find that the cooling time is larger than the elastic scattering
time by a factor

χχ :
tcool
tel
∼ 1

αv4
vir
, (4.7a)

χχ̄ :
tcool
tel
∼ 1

αv2
vir
. (4.7b)

However, for tel < tcool < t0, cooling can still have an influence on structure formation,
counteracting the effects of elastic scattering, with heat being transferred to the center
of the halo by elastic collisions at first, but on larger timescales tcool < t0 dissipating
the gained thermal energy via bremsstrahlung. Since in all models tcool is a few orders
of magnitude larger than tel, we find that (4.6) is always fulfilled in the regions (4.3)
and (4.4).

In the following we discuss fermionic dark matter with a gauge interaction. However,
the only input for the cooling time that “knows” about particle character and inter-
actions is the energy loss rate ε̇. Looking at Tab. 3.1 one realizes that most of the
energy loss rates have a temperature dependence of ε̇ ∝ T 3/2 with same dependence on
the particle mass, coupling and particle density and basically only differ in prefactors
which in our heuristic treatment we can neglect. The gauged models yield a different
temperature dependence ε̇ ∝ T 1/2 for particle-antiparticle scattering. We will there-
fore analyze χFχF → χFχFV representative for all models that yield ε̇ ∝ T 3/2 and
χF χ̄F → χF χ̄FV for ε̇ ∝ T 1/2.

Particle-particle scattering

The energy loss rate for the emission of a massless vector boson as calculated in Chap. 3
is

ε̇ =
188− 9π2

432

g6
V n

2
χ

π7/2m
5/2
χ

T 3/2.

Demanding tcool . t0, we get

Tvir &
(

3
432π7/2

188− 9π2

)2

H2
0 m

5
χ g
−12
V n−2

χ (4.8a)

≈ 60 meV
(

0.1

α

)6(
mχ

10 MeV

)7(GeV/cm3

ρχ

)2

, (4.8b)
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tcool . t0 tcool . tgrav
dwarf galaxies mχ/α . 70MeV mχ/α . 10 MeV
galaxy clusters mχ/α . 300 MeV mχ/α . 50 MeV

Table 4.1: Bounds on mχ/α for particle-particle scattering for the two conditions tcool . t0
and tcool . tgrav. Dwarf galaxies have a virial velocity vvir ≈ 10 km/s and galaxy clusters
have vvir ≈ 1000 km/s.

vvir & 40 km/s
(

0.1

α

)3(
mχ

10 MeV

)3(GeV/cm3

ρχ

)
(4.8c)

with α = g2
V /4π for particle-particle scattering and, which tells us that for a particle

with 10 MeV and a coupling α = 0.1 the condition (4.3) can be fulfilled in the non-
relativistic limit for a typical dark matter density ρχ ∼ 1 GeV/cm3. As one can see
in (4.8c), the coupling α and the dark matter mass mχ appear with the same power.
Therefore, we can go to higher masses by increasing the coupling by the same factor,
yielding the same viral velocity. Increasing the coupling strength to α = 0.3 we can still
fulfill (4.3) for 100 MeV particles on cluster scales with vχ ∼ 1000 km/s. Due to the
linear relation between the dark matter mass and the coupling strength, we combine
the two into mχ/α in Tab. 4.1 showing the values for which tcool . t0 and tcool . tgrav.

For tcool . tgrav, we get

Tvir & 24

(
432π3

188− 9π2

)2

Gm6
χ g
−12
V n−1

χ (4.9a)

≈ 3 keV
(

0.1

α

)6(
mχ

10 MeV

)7(GeV/cm3

ρχ

)
, (4.9b)

vvir & 9× 103 km/s
(

0.1

α

)3(
mχ

10 MeV

)3(GeV/cm3

ρχ

)1/2

. (4.9c)

This means that in order to fulfill (4.4) for smaller structures we need stronger coupling
or smaller masses compared to (4.3). The results are presented for mχ = 10 MeV and
α = 0.1 in a contour plot in the ρ, T -plane in Fig. 4.1.

As one can see in the upper plot in Fig. 4.1, for a fixed α = 0.1 and DM mass mχ . 10

MeV cooling is relevant for structures of galactic scales or larger (vvir & 102 km/s). In
order for cooling to influence smaller structures with vvir ∼ 10 km/s, one would have
to go to smaller DM masses mχ . 5 MeV or stronger couplings α & 0.2.
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tcool . t0 tcool . tgrav
dwarf galaxies mχ/α . 200 GeV mχ/α . 30 GeV
galaxy clusters mχ/α . 30 GeV mχ/α . 6 GeV

Table 4.2: Bounds on mχ/α for particle-antiparticle scattering for the two conditions tcool .
t0 and tcool . tgrav. Dwarf galaxies have a virial velocity vvir ≈ 10 km/s and galaxy clusters
have vvir ≈ 1000 km/s.

Particle-antiparticle scattering

The energy loss rate for the emission of a massless vector boson for particle-antiparticle
scattering as calculated in Chap. 3 is

ε̇ =
2

3

g6
V n

2
χ

π7/2m
3/2
χ

T 1/2.

Again demanding tcool . t0, yields

Tvir .
4

81π7
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0 m−3
χ g12

V n2
χ (4.10a)

≈ 1 MeV
(
α

0.1

)6(GeV
mχ

)5(
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, (4.10b)

vvir . 2× 104 km/s
(
α
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)3(GeV
mχ

)3(
ρχ

GeV/cm3

)
(4.10c)

meaning that (4.3) is fulfilled for all non-relativistic particles. It is worth mentioning
that, due to the different temperature dependence of particle-antiparticle scattering
(i.e. ε̇ ∝ T 3/2 for χχ and ε̇ ∝ T 1/2 for for χχ̄, as shown in Chap. 3), the conditions (4.3)
and (4.4) also show different properties for χχ and for χχ̄, i.e. in (4.8c) the condition
yields a lower bound for Tvir and vvir while in (4.10c) it yields upper bounds. This
means that for χχ-scattering the cooling due to bremsstrahlung is more relevant for
larger structures with higher virial velocities and for χχ̄-scattering it is more relevant
for smaller structures. This can also be seen in Fig. 4.1 comparing the shaded regions
of the top and bottom plot.

For tcool . tgrav, we get

Tvir .
3

162π6
G−1m−4

χ g12
V nχ (4.11a)

≈ 0.1 keV
(
α

0.1

)6(GeV
mχ

)5(
ρχ

GeV/cm3

)
, (4.11b)
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Figure 4.1: Comparison of cooling time tcool with gravitational time tgrav and Hubble time t0
for fermionic dark matter with a massless vector boson. The solid lines denotes the contours
where tcool = tgrav and tcool = t0 respectively, while the dotted lines are tcool/tgrav = 10±1

and tcool/t0 = 10±1 in order to give an impression of the magnitudes. In the dark grey
region tgrav < t0 < tcool, in the light grey region tgrav < tcool < t0 and in the white region
tcool < tgrav < t0. The dashed-dotted lines represent the typical virial velocities of dwarf
galaxies, larger galaxies and galaxy clusters. Top: χFχF → χFχFV for mχ = 10 MeV and
α = 0.1. Bottom: χF χ̄F → χF χ̄FV for mχ = 1 GeV and α = 0.1.
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Figure 4.2: Comparison of cooling time tcool with gravitational time tgrav and Hubble time
t0 for fermionic dark matter with a massive vector boson. The solid lines denotes the contours
where tcool = tgrav and tcool = t0 respectively formV = 1 eV, while the dashed lines denote the
contours for mV = 0 from Fig. 4.1 and the dotted lines denote the contours for mV = 100 eV.
FormV = 1 eV, in the dark grey region tgrav < t0 < tcool, in the light grey region tgrav < tcool <
t0 and in the white region tcool < tgrav < t0. The dashed-dotted lines represent the typical
virial velocities of dwarf galaxies, larger galaxies and galaxy clusters. Top: χFχF → χFχFV
for mχ = 10 MeV, α = 0.1. Bottom: χF χ̄F → χF χ̄FV for mχ = 1 GeV, α = 0.1.
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3T/mV x(T ;mV ) 3T/mV x(T ;mV )
0.01 ≈ 10−29 1 ≈ 10−2

0.1 ≈ 10−15 101 ≈ 0.5
0.3 ≈ 10−6 102 ≈ 0.9
0.6 ≈ 10−3 103 ≈ 1

Table 4.3: Suppression factors of the energy loss rate as a function of the temperature and
mediator mass for fermionic dark matter with a gauge coupling.

vvir . 150 km/s
(
α

0.1

)3(GeV
mχ

)3(
ρχ

GeV/cm3

)1/2

(4.11c)

for particle-antiparticle scattering. In Tab. 4.2we show the values of mχ/α for which
tcool . t0 and tcool . tgrav for particle-antiparticle scattering.

For a finite mass of the vector boson mV > 0, the energy loss rate gets suppressed by
a factor x(T,mV ) < 1 compared to the massless case, i.e.,

ε̇(T,mV ) = x(T,mV ) ε̇(T,mV = 0) (4.12)

as can be seen, e.g., in Fig. 3.4. This leads to the lower bounds for Tvir in (4.8b)
and (4.9b) being increased and the upper bounds for Tvir in (4.10b) and (4.11b) being
decreased by the square of the suppression factor, leading to the implicit equations

T χχvir (mV ) = x−2
(
T χχvir (mV ),mV

)
T χχvir (mV = 0), (4.13)

T χχ̄vir (mV ) = x2
(
T χχ̄vir (mV ),mV

)
T χχ̄vir (mV = 0). (4.14)

In order to make a quick comparison possible, we present a few values of x(T,mV ) in
Tab. 4.3. One can see, as described in more detail in Chap. 3, that for high temperatures
x is almost independent of mV . However, when the kinetic energy of the system
mχv

2
χ = 3Tvir drops below mV , x decreases exponentially. We present in Fig. 4.2 how

the contours in the ρ, T -plane change with increasing mediator mass. As expected, the
contours tcool = t0 and tcool = tgrav for mV > 0 deviate visibly from the contours for
mV = 0 when the temperature sinks below the mass of the emitted particle. While for
high temperatures the contours are given by a power law T ∝ ρkχ, for low temperatures
the contours flatten out as T exp(T/mV ) ∝ ρkχ. This yields stringent lower bounds on
the temperature (3T & mV ) in order for cooling to influence structure formation.

It is important to analyze the parameter space where our approximations hold. It is
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constrained for high temperatures (i.e. from above in Fig. 4.1) by the border of the
non-relativistic limit

3T

mχ

' 1 (4.15)

and for low temperatures and high densities by the border of the non-degenerate limit
where the inter-particle distance rint ≈ (4πρχ/3mχ)−1/3 becomes comparable to the
de-Broglie wavelength λ ≈ (3mχT )−1/2 of the particles

243

16π2
ρ−2
χ m5

χT
3 ' 1 (4.16)

whereas these limits depend on the DM mass mχ which in Fig. 4.1 is taken to be 10
MeV for χχ and 1 GeV for χχ̄. For increasing mχ the region of validity gets broader
and for decreasing mχ it gets narrower. However, in the region depicted in the figures
in this chapter, our approximation of a non-degenerate, non-relativistic gas of particles
is well justified.

It is possible to do the same analysis as the above in terms of the mass of the halo M
and the redshift z at which it was formed instead of the virial temperature and density,
using the fact from Sec. 2.2, that the density of a halo after virialization is

ρvirM = ρvirχ + ρvirb = 18π2ρ̄M = 18π2ρ0
M(1 + z)3 = 18π2Ω0

Mρ
0
c(1 + z)3 (4.17)

where ρ0
c ≈ 0.47× 10−5 GeV/cm3 is the current critical density of our universe defined

in (2.5), Ω0
M ≈ 0.3 the normalized matter density and the factor (1 + z)3 stems from

the fact that the matter density scales with a−3. Approximating ρvirM ≈ ρvirχ allows us
to calculate contours in the z,M -plane. Using (2.21) and (4.17) and assuming for the
halo a homogeneous sphere r3

vir = 3M/(4πρvirχ ) we get

Tvir =

(
24π3

125
M2Ω0

Mρ
0
c

)1/3

Gmχ(1 + z). (4.18)

This yields for particle-particle scattering for the condition tcool . t0

M & 4× 104 M�
(

0.5

α

)9(
mχ

10 MeV

)9(
10

1 + z

)21/2

(4.19)
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Figure 4.3: Comparison of cooling time tcool with gravitational time tgrav and Hubble time
t0 for fermionic dark matter with a massless vector boson. The solid lines denotes the contour
where tcool = tgrav and tcool = t0 respectively, while the dotted lines are tcool/tgrav = 10±1

and tcool/t0 = 10±1 lines in order to give an impression of the magnitudes. In the dark grey
region tgrav < t0 < tcool, in the light grey region tgrav < tcool < t0 and in the white region
tcool < tgrav < t0. The dashed-dotted lines enclose the halo mass range based on Press-
Schechter theory in ΛCDM, which is also depicted in Fig. 2.4 [16]. Top: χFχF → χFχFV for
mχ = 10 MeV and α = 0.5. Bottom: χF χ̄F → χF χ̄FV for mχ = 10 GeV and α = 0.5.
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Figure 4.4: Comparison of cooling time tcool with gravitational time tgrav and Hubble time t0
for fermionic dark matter with a massless vector boson. The solid lines denotes the contours
where tcool = tgrav and tcool = t0 respectively for mV = 1 eV, while the dashed lines denote
the contours for mV = 0 from Fig. 4.1 and the dotted lines denote the contours for mV = 100
eV. For mV = 1 eV, in the dark grey region tgrav < t0 < tcool, in the light grey region
tgrav < tcool < t0 and in the white region tcool < tgrav < t0. The dashed-dotted lines enclose the
halo mass range based on Press-Schechter theory in ΛCDM, which is also depicted in Fig. 2.4
[16]. Top: χFχF → χFχFV for mχ = 10 MeV and α = 0.5. Bottom: χF χ̄F → χF χ̄FV for
mχ = 10 GeV and α = 0.5.
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and for tcool . tgrav
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For particle-antiparticle scattering, we get for tcool . t0

M . 2× 1013 M�
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mχ
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(4.21)

and for tcool . tgrav

M . 5× 107 M�
(
α

0.5

)9(10 GeV
mχ

)9(
1 + z

10

)3

. (4.22)

Again, χχ and χχ̄ show a different analytical structure due to the analytical structure
of the energy loss rate. The results for a massless vector boson are presented in a
contour plot in the z,M -plane in Fig. 4.3, together with the the halo mass range [16]
(which has been presented in Fig. 2.4). One can see in Fig. 4.3 that for particle-particle
scattering and the given parameters mχ = 10 MeV and α = 0.5, almost all relevant
masses within the halo mass range (depicted by the dashed-dotted line) are within the
region tgrav < tcool < t0. The contours of the time scales as well as the halo mass
function all go from small masses at large redshift to large masses at small redshift.
Only for a narrow region of large halo masses within the halo mass range the condition
tcool < tgrav is fulfilled. For particle-antiparticle scattering and the parameters mχ = 10

GeV and α = 0.5, the tcool < t0 and tcool < tgrav contours are perpendicular to the
contours of the halo mass function in the z,M -plane, meaning that radiative cooling
becomes more important for smaller structures that were formed at larger redshift.

In Fig. 4.4, we present how the contours in the z,M -plane change with increasing
mediator mass. For particle-particle scattering the region of interest is pushed to
higher masses within the halo mass range for a very light mediator mV = 1 eV while
for a heavier mediator mV = 100 eV the region of interest does not lie within the halo
mass range anymore (see Fig 4.4, top). In the latter case, one would have to increase
the coupling in order for cooling to influence any of the structures within the halo
mass range. For particle-antiparticle scattering, cooling is dominant for small masses
if mV = 0, yielding tcool < tgrav for all structures below ∼ 107 M� (see Fig 4.3, bottom)
which would have drastic consequences for small structures. However, this region gets
pushed to higher masses and larger redshift and thereby almost entirely out of the halo
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mass range for mV = 1 eV and even further out for mV = 100 eV (see Fig 4.4, bottom).

Having shown that the condition tel < tcool < t0 or even tel < tcool < tgrav can be
met with reasonable parameters, we now want to analyze in more detail the parameter
space that fulfills the observational constraint

σT
mχ

. 1 cm2/g (4.23)

from gravitational lensing measurements of the Bullet cluster [32]. Using (4.7), yields
for the condition tcool < t0

ρχ >
mχ

σT

H0

αv2k+1
vir

(4.24)

with k = 1 for particle-antiparticle and k = 2 for particle-particle scattering. With
(4.23) and a typical virial velocity v ∼ 10−2 at cluster scales we get a lower bound for
the density

χχ : ρχ & 106

α
GeV/cm3

(
10−2

vχ

)5

, (4.25a)

χχ̄ : ρχ & 102

α
GeV/cm3

(
10−2

vχ

)3

(4.25b)

and, putting (3.66) into (4.23), a lower bound for the DM mass

mχ & 10α3/2 GeV
(

10−2

vχ

)4/3

. (4.26)

Equations (4.25) and (4.26) show that the conditions tel < t0 and tcool < t0 cannot be
met simultaneously for the fiducial DM density ρχ ∼ 1 GeV/cm3 which is approximately
the DM density in our local group. However, if the DM density increases by a few
orders of magnitude and the DM mass is in the GeV range or higher, which are still
reasonable numbers, it is possible to fulfill tel < tcool < t0 entering a regime where
the small structure problems are solved by elastic scattering while bremsstrahlung is
prevalent enough for dissipative cooling to influence structure formation.

It is important to mention that the results obtained in this thesis are based on tree
level calculations (i.e. the Born approximation) requiring, for a heavy mediator, that
αmχ/mV � 1 [32]. For a light mediator, this becomes a condition for the coupling
and the DM velocity α/vχ � 1 [33, p. 323]. The second condition is relevant for
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bremsstrahlung where the mediator has to be light in order for it to be produced
in non-relativistic collisions. In the parameter space analyzed in this chapter, the
Born condition is not always fulfilled which would lead to non-perturbative effects.
However, the non-perturbative effects for the elastic scattering cross section can, to a
good approximation, be factorized into a Sommerfeld enhancement factor times the tree
level results [32]. If this also holds true for the energy loss rate in inelastic scattering
and the energy loss rate gets enhanced by approximately the same factor as the elastic
scattering cross section, the regions of interest for ρχ in (4.25) and mχ in (4.26) stay
intact.



Conclusions and Outlook

In this thesis, the effects of bremsstrahlung in dark matter collisions on structure for-
mation in the universe were analyzed. For this purpose, four different generic models of
self-interacting dark matter were assumed, including fermionic and scalar dark matter
with the self-interaction being mediated by either scalar or vector bosons.

Following these simple models, the energy radiated away in form of bremsstrahlung
(i.e. the energy loss rate ε̇) was calculated perturbatively in a non-relativistic and non-
degenerate limit. Systems with a vanishing dipole moment show a different temperature
dependence of the energy loss rate than systems with a non-vanishing dipole moment.
It was found that ε̇ ∝ T

1/2
vir for particle-antiparticle scattering in the gauged models

(i.e., for the processes χF χ̄F → χF χ̄FV and χSχ†S → χSχ
†
SV ) and ε̇ ∝ T

3/2
vir in all other

models that were analyzed for vanishing masses of the mediator mm and the emitted
particle me. While for vanishing masses the energy loss rates were solved analytically,
for finite masses numerical methods were used to solve the phase space integrals. It
was found that the energy loss rate is independent of mm and me for Tvir � mm and
Tvir � me. When the kinetic energy of the system mχv

2
vir = 3Tvir = mm = me, the

energy loss rate is suppressed by approximately a factor 0.01 and drops exponentially
for lower temperatures. This can be explained by the fact that the mass of the emitted
particle has to be “drawn” from the kinetic energy of the system and therefore its
production becomes more unlikely when the temperature decreases.

The energy loss rates obtained in the perturbative calculations were used to calculate
the cooling time tcool, i.e., the time it takes a gas with a given thermal energy content to
cool down trough radiative dissipation. The cooling time was compared to the Hubble
time t0 (i.e. approximately the age of the universe), the gravitational time scale tgrav
(i.e. the time it takes a spherical over-density to contract and virialize) and the elastic

65
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scattering time tel (i.e. the average time between two elastic scattering events). It was
found that tcool/tel ∝ α−2 and therefore a coupling α < 1 always leads to tcool being
larger than tel. Considering that tgrav < t0, cooling due to dissipation can have an
effect on structure formation if tcool < t0 and even greater effects if tcool < tgrav. Both
conditions can be met for certain ratios of the dark matter mass mχ and the coupling
constant of the self-interaction α for a fiducial dark matter density of 1 GeV/cm3. For
these regions of interest, the condition tel < t0 is always fulfilled which is a prerequisite
for SIDM solving the small structure problems. The scenario of fermionic dark matter
with the emission of a massless vector boson was treated as a representative case.
For particle-particle scattering, the condition tcool < t0 can be met for mχ/α . 70

MeV in small structures like dwarf galaxies with a virial velocity of a few dozen km/s
and for up to mχ/α . 300 MeV for large galaxy clusters with virial velocities of 1000
km/s. This means that for particles with a mass in the MeV range, the self-interaction
has to be very strong in order for radiative cooling to influence structure formation in
the universe, while for lighter particles weaker interactions are possible. For particle-
antiparticle scattering, the condition tcool < t0 yields looser bounds on mχ/α, i.e. in
dwarf galaxies the condition can be met by mχ/α . 200 GeV while large galaxy
clusters require mχ/α . 30 GeV. Both processes, χχ → χχV and χχ̄ → χχ̄V , yield
upper bounds on the dark matter mass, but for fixed mass and coupling the χχ-process
is more relevant for larger structures while the χχ̄-process is more relevant for smaller
structures. Since the energy loss rate is suppressed by the mediator and the emitted
particle’s mass, the parameter space where radiative cooling can influence structure
formation gets bounded from below by the condition 3T = mχv

2
χ & mV .

Considering the observational constraint σT/mχ . 1 cm2/g at cluster scales of vχ ∼
10−2, it was found that tel < tcool < t0 can only be fulfilled if mχ/α

3/2 & 10 GeV with
dark matter densities α ρχ & 106 GeV/cm3 for χχ-scattering and α ρχ & 102 GeV/cm3

for χχ̄-scattering.

The results presented in this thesis are all based on perturbative calculations. However,
especially for non-relativistic collisions and light mediators non-perturbative effects
gain significance [32]. These lead to a “Sommerfeld enhancement” of the cross section,
which would also lead to an enhancement in the energy loss rate. This enhancement
could possibly reduce tcool by orders of magnitude and thereby loosen the bounds on the
parameter space where radiative cooling is a significant factor for structure formation
in the universe. For elastic scattering, to a good approximation, the non-perturbative
effects can be factorized into a Sommerfeld enhancement factor times the tree level
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results. If this also holds true for inelastic scattering, the results obtained in this thesis
are an important basis for further investigations. Finally, the presented toy-models of
dark matter should be studied in the broader context of cosmological and experimental
viability.
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Appendix

A.1 Massive U(1) Gauge Field
In this appendix, we comment on the mass of U(1) gauge fields. The most general
Lagrangian for interacting fermions χ, gauged under a massless U(1) vector boson is
given by

LQED = χ̄(i /D −mχ)χ− 1

4
VµνV

µν

= iχ̄/∂χ−mχχ̄χ−
1

4
VµνV

µν + gV Vµχ̄γ
µχ

(A.1)

with the field strength tensor Vµν = ∂µVν − ∂νVµ and the covariant derivative Dµ =

∂µ − igV Vµ. This Lagrangian is invariant under the gauge transformations

V µ → V ′µ = V µ +
1

gV
∂µΛ, (A.2a)

χ→ χ′ = e−iΛχ (A.2b)

where Λ = Λ(x) is the gauge parameter. If we want to add a mass term to LQED, we
realize that the theory is not gauge invariant anymore because

1

2
m2
V V

2 → 1

2
m2
V V
′2 =

1

2
m2
V V

2 +
m2
V

2g2
V

∂µΛ∂µΛ +
m2
V

gV
V µ∂µΛ. (A.3)

Gauge invariance can be restored by the Stueckelberg trick [34], as sketched in the
following. The starting point is to add a mass term to the Lagrangian of a massless

69
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vector boson −1
4
VµνV

µν . This yields the Proca Lagrangian of a massive vector boson,

LP = −1

4
VµνV

µν +
1

2
m2
V V

2. (A.4)

The equations of motion following from this Lagrangian are

∂µV
µν +m2

V V
ν = 0. (A.5)

After differentiation with respect to xν we realize that the Lorentz condition

∂νV
ν = 0, (A.6)

restricting the gauge invariance, is manifestly satisfied in the Proca Lagrangian. The re-
striction can be lifted by adding to the Lagrangian a Lagrange multiplier

[
− 1

2ξ
(∂µV

µ)2
]

with ξ = 1 to subtract the gauge condition. This leaves us with the Lagrangian

L = −1

2
∂µVν∂

µV ν +
1

2
m2
V V

2. (A.7)

where the Lorentz condition does not follow from the equations of motions. However,
this has the consequence that the Hamiltonian is not positive definite anymore [34] and
the Lagrangian is still not gauge invariant. Stueckelberg showed in 1938 that one gets
a gauge invariant Lagrangian with positive definite Hamiltonian by introducing a new
scalar field B, known as the Stueckelberg field, with the Lagrangian

LB =
1

2
(∂µB)2 − 1

2
m2
VB

2. (A.8)

The full Stueckelberg Lagrangian

LSt = LP −
1

2
(∂µV

µ)2 + LB

= −1

2
∂µVν∂

µV ν +
1

2
m2
V V

2 +
1

2
(∂µB)2 − 1

2
m2
VB

2
(A.9)

fulfills a new gauge invariance

V µ → V ′µ = V µ +
1

gV
∂µΛ (A.10a)

B → B′ = B +
1

gV
mV Λ (A.10b)
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which becomes apparent if we rewrite (A.9) to get

LSt = −1

4
VµνV

µν +
1

2
m2
V

(
Vµ −

1

mV

∂µB
)(
V µ − 1

m
∂µB

)

− 1

2

(
∂µV

µ +mVB
)(
∂νV

ν +mVB
)
.

(A.11)

Interestingly, the Stueckelberg field B is decoupled from the vector boson V µ, i.e. there
are no terms in (A.9) through which B and V µ interact, meaning that we do not have
to consider the Stueckelberg field in our calculations.

The Stueckelberg mechanism can be seen as a limit of the Abelian Higgs mechanism
(see, e.g. [35] or [28]) where the vacuum expectation value of the Higgs field is taken
to infinity while the gauge coupling is taken to zero. In the Abelian Higgs mechanism
we introduce a complex scalar field φ with Lagrangian

Lφ = (∂µφ)†(∂µφ)− µ2φ†φ− 1

4
λ(φ†φ)2 (A.12)

which couples to the vector boson via a gauge coupling Dµφ = ∂µφ − igVµφ. After
symmetry breaking and expanding around the minimum of the potential, we get the
Higgs Lagrangian

LHiggs =
1

2
g2v2V 2

︸ ︷︷ ︸
gauge field

+
1

2
(∂µh)2 − λv2h2

︸ ︷︷ ︸
massive scalar

+ g2vV 2h+
1

2
g2V 2h2

︸ ︷︷ ︸
h− V µ interaction

− λvh3 − 1

4
λh4

︸ ︷︷ ︸
Higgs self-interaction

(A.13)

with v being the vacuum expectation value of φ and h the real Higgs field. If we
now take the limit v → ∞ and g → 0 while keeping gv =

√
2λv = mV we get the

Stueckelberg Lagrangian with the Stueckelberg field h.

A.2 Feynman Rules and Amplitudes
In the following, the Feynman rules for the models presented in Chap. 3 shall be
presented. The kinetic and mass terms of the Lagrangian for fermions χ, scalar bosons
φ and vector bosons V

LF = χ̄
(
i/∂ −m

)
χ (A.14a)

LS =
1

2
∂µφ∂

µφ− 1

2
m2
φφ

2 (A.14b)

LV = −1

4
V µνVµν +

1

2
m2
V V

2 (A.14c)
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lead to the following Feynman rules where the arrows on fermion lines denote the
direction of the fermion flow while the arrows on boson lines show the direction of the
momentum. Unless an arrow on a boson line states otherwise, the momentum is chosen
to flow from left to right:

External fermion legs:

p
= u(p) (A.15a)

p
= ū(p) (A.15b)

p
= v(p) (A.15c)

p
= v̄(p) (A.15d)

Fermion propagator:

p
= i

/p+m2

p2 −m2
(A.16a)

p
= i
−/p+m2

p2 −m2
(A.16b)

External scalar boson legs:

p
= 1 (A.17)

Scalar boson propagator:

p
=

i

p2 −m2
(A.18)

External vector boson legs:

p
= εµ(p) (A.19a)

p
= εµ∗(p) (A.19b)

Vector boson propagator:

p
= i
−gµν + (1− ξ) pµpν

p2−ξm2

p2 −m2
(A.20)
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In Chap. 3, we introduce various models of DM self interaction, which contain the
following vertices:

Yukawa interaction (fermion/scalar):

Lint = gφχ̄χ
g

= ig (A.21)

Gauge interaction (fermion/vector):

Lint = gVµχ̄γ
µχ

g
= igγµ (A.22)

φ3 and φ4 interaction (scalar/scalar):

Lint = A(φ†φ)ϕ A = iA (A.23a)

Lint =
λ

4
(φ†φ)2 λ = iλ (A.23b)

Gauge interaction (scalar/vector):

Lint = igV µ
[ (
∂µφ

†)φ− φ† (∂µφ)
] g

= −ig(p+ p′)µ (A.24a)

Lint = g2(φ†φ)V 2 λ = 2ig2gµν (A.24b)

For Majorana fermions, deducing Feynman rules is a bit more subtle than for Dirac
fermions, since the fermion flow is not fixed, i.e. one cannot distinguish between particle
and antiparticle. In order to construct Feynman rules in a tractable fashion, we follow
the conventions of Ref. [31] who introduce a fermion flow (i.e. an orientation of a
fermion line) in contrast to the fermion number flow of Dirac fermions, which is a
new conserved quantity, which in this context means the orientation of a fermion line
cannot change at a vertex and denote the orientation by an arrow next to the fermion
line. The Feynman rules depend on the orientation with respect to the momentum
flow but the differences cancel when computing the whole Feynman amplitude since
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the orientation is a random choice which physical quantities should not depend on. We
also use the fermion flow method to determine the relative sign of interfering Feynman
graphs.

External fermion legs for Majorana fermions:

−→
= u(p) (A.25a)

−→
= ū(p) (A.25b)

←−
= v(p) (A.25c)

←−
= v̄(p) (A.25d)

Majorana fermion propagator:

−→
= i

/p+m2

p2 −m2
(A.26a)

←−
= i
−/p+m2

p2 −m2
(A.26b)

Yukawa interaction (Majorana fermion/scalar):

Lint =
1

2
gφχ̃2 g

=
g

= ig (A.27)

Since we do not have diagrams with both Dirac and Majorana fermions, both orienta-
tions lead to the same amplitudes in our calculations.

Feynman Amplitudes for Fermion Scattering

Following the Feynman rules stated above, the Feynman amplitudes corresponding to
the t-channel diagrams in Fig. 3.1 are for particle-particle scattering

A = (+1) b(q) ū(p4) Γ2 u(p2) ∆(k) ū(p3) Γ3 SF (p3 + q) Γ1 u(p1) (A.28a)

B = (+1) b(q) ū(p3) Γ1 u(p1) ∆(k) ū(p4) Γ3 SF (p4 + q) Γ2 u(p2) (A.28b)

C = (+1) b(q) ū(p4) Γ2 u(p2) ∆(k) ū(p3) Γ1 SF (p1 − q) Γ3 u(p1) (A.28c)

D = (+1) b(q) ū(p3) Γ1 u(p1) ∆(k) ū(p4) Γ2 SF (p2 − q) Γ3 u(p2) (A.28d)
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and p3 ↔ p4 for the u-channel. Additionally, the exchange amplitudes obtain a relative
sign due to the permutation of spinors relative to the chosen ordering (1,3,2,4).

For particle-antiparticle scattering, the t-channel diagrams are

A = (−1) b(q) v̄(p2) Γ2 v(p4) ∆(k) ū(p3) Γ3 SF (p3 + q) Γ1 u(p1) (A.29a)

B = (−1) b(q) ū(p3) Γ1 u(p1) ∆(k) v̄(p2) Γ2 SF (−p4 − q) Γ3 v(p4) (A.29b)

C = (−1) b(q) v̄(p2) Γ2 v(p4) ∆(k) ū(p3) Γ1 SF (p1 − q) Γ3 u(p1) (A.29c)

D = (−1) b(q) ū(p3) Γ1 u(p1) ∆(k) v̄(p2) Γ3 SF (−p2 + q) Γ2 v(p4) (A.29d)

and p1 ↔ −p4 plus a relative sign for the s-channel.

For Majorana particles, we have to consider all above channels plus the interference
terms between s and u-channel. Following the Feynman rules in [31], we get for the
s-channel

A′ = (+1) b(q) v̄(p1) Γ1 v(p4) ∆(l) ū(p3) Γ3 SF (p3 + q) Γ2 u(p2) (A.30a)

B′ = (+1) b(q) ū(p3) Γ2 u(p2) ∆(l) v̄(p1) Γ1 SF (−p4 − q) Γ3 v(p4) (A.30b)

C ′ = (+1) b(q) ū(p3) Γ2 u(p2) ∆(l) v̄(p1) Γ3 SF (−p1 + q) Γ1 v(p4) (A.30c)

D′ = (+1) b(q) v̄(p1) Γ1 v(p4) ∆(l) ū(p3) Γ2 SF (p2 − q) Γ3 u(p2) (A.30d)

and p2 ↔ −p4 plus a relative sign for the u-channel.

In (A.28a) to (A.30d) Γ1 and Γ2 are the vertices connecting the fermions to the medi-
ator, Γ3 the vertex connecting the fermions to the emitted particle, b(q) is the emitted
particle’s asymptotic state, which is either bscalar(k) = 1 or bvector(k) = ε∗µ(k) depend-
ing on the model, u(p) and v(p) are the asymptotic states of the fermions, ∆(p) is the
mediator’s propagator and SF (p) the fermion propagator.

Feynman Amplitudes for Scalar Boson Scattering

For scalar boson scattering, the amplitudes A-D can be adopted, but the spinors have
to be replaced by the asymptotic states of scalar bosons u(p)→ 1 and v(p)→ 1 and the
fermion propagator has to be replaced by a scalar propagator SF (p+q)→ ∆(p+q) and
the amplitudes do not gain a relative sign. The vertices have to be adapted following
the corresponding Feynman rules. In addition to the amplitudes A-D we get two more



76 APPENDIX A. APPENDIX

amplitudes E and F corresponding to the new diagrams in Fig. 3.6.

E = b(q) Γ2 ∆(k) Γ4 (A.31a)

F = b(q) Γ1 ∆(k) Γ4 (A.31b)

where Γ4 is the vertex containing the mediator and the emitted boson. It is now trivial
to deduce from the Feynman rules the missing amplitudes of the diagrams (g) to (i),
but since we neglect these diagrams we do not write down the amplitudes explicitly.

A.3 Calculation of |M|2 for χχ→ χχφ

In this section, the full calculation of |M|2 for a scalar mediator and the emission of a
scalar

Lint = gφφχ̄χ (A.32)

shall be demonstrated. Using the Feynman rules in App. A.2, the Feynman diagram
A yields

A = ū(p4) gφ u(p2)
1

k2 −m2
φ

ū(p3) gφ
/p3

+ /q +mχ

(p3 + q)2 −m2
χ

gφ u(p1)

= g3
φ

1

k2 −m2
φ

1

(p3 + q)2 −m2
χ

ū(p4)u(p2) ū(p3)(/p3
+ /q +mχ)u(p1)

(A.33)

where p1 and p2 are the momenta of the incoming particles, p3 and p4 the outgoing
ones, k is the momentum transfer, q is the momentum of the emitted particle, mφ is
the mediator’s mass, mχ is the fermion mass and gφ is the coupling strength which we
assume to be < 1 for perturbation theory to work. For the computation of A∗, one
needs to make use of the following relations

(γ0)† = γ0 γ0γ0 = 1

(γi)† = −γi ū(p) = u†(p)γ0.

Thus follows

A∗ =g3
φ

1

k2 −m2
φ

1

(p3 + q)2 −m2
χ

ū(p1)(/p3
+ /q +mχ)u(p3) ū(p2)u(p4) (A.34)
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and without the prefactors, the squared matrix element (with spinor indices in latin
letters) reads

|A|2 ∝ ūa(p4)1abub(p2) ūc(p3)1cd(/p3
+ /q +mχ)1deue(p1)

× ūf (p1)1fg(/p3
+ /q +mχ)1ghuh(p3) ūi(p2)1ijuj(p4)

(A.35)

where we have added the the gamma identity matrices 1 at the vertices in order to
emphasize that, generally, gamma matrices can enter the expression at these places.
Keeping track of the spinor indices, we can now restructure (A.35) and using

∑

spins

u(p)ū(p) = /p+m (A.36a)

∑

spins

v(p)v̄(p) = /p−m (A.36b)

yields the following expression:

∑

spins

|A|2 ∝
∑

spins

uj(p4)ūa(p4)1abub(p2) ūi(p2)1ij

× uh(p3)ūc(p3)1cd(/p3
+ /q +mχ)1deue(p1) ūf (p1)1fg(/p3

+ /q +mχ)1gh

(A.37a)

=
(
/p4

+mχ

)
ja

1ab
(
/p2

+mχ

)
bi

1ij

×
(
/p3

+mχ

)
hc

1cd
(
/p3

+ /q +mχ

)
1de
(
/p1

+mχ

)
ef

1fg
(
/p3

+ /q +mχ

)
1gh

(A.37b)

= tr
[(

/p4
+mχ

)(
/p2

+mχ

)]

︸ ︷︷ ︸
a

× tr
[(

/p3
+mχ

)(
/p3

+ /q +mχ

)(
/p1

+mχ

)(
/p3

+ /q +mχ

)]

︸ ︷︷ ︸
b

(A.37c)
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To evaluate the Dirac traces in (A.37c) one can use the properties of the gamma
matrices

tr[1] = 4 (A.38a)

tr[γµ] = 0 (A.38b)

tr[γµγν ] = 4gµν (A.38c)

tr[γµγνγσ] = 0 (A.38d)

tr[γµγνγσγρ] = 4 (gµνgσρ − gµσgνρ + gµρgνσ) (A.38e)

and thus

(a) = tr
[
γµp

µ
4γνp

ν
2 +mχγµp

µ
2 +mχγµp

µ
4 +m2

χ

]
(A.39a)

= 4
(
gµνp

µ
4p

ν
2 +m2

χ

)
(A.39b)

= 4
(
p2 · p4 +m2

χ

)
(A.39c)

(b) = tr
[

(γµp
µ
3 +mχ) (γνp

ν
3 + γνq

ν +mχ) (γρp
ρ
1 +mχ) (γσp

σ
3 + γσq

σ +mχ)

]
(A.39d)

= 4
(

2 (p1 · q) (p3 · q) + 2m2
χ (p1 · q) + 4m2

χ (p3 · q) +m2
χq

2 + 2p2
3 (p1 · q)

− q2 (p1 · p3) + 3m2
χ (p1 · p3) + 3m2

χp
2
3 + p2

3 (p1 · p3) +m4
χ

) (A.39e)

In the next step, we want to use kinematic conditions to reduce the expression to a
minimal set of momenta k, l, r and q. The connection to the Mandelstam variables is
k2 = t, l2 = u, r2 = s. Using that the momentum is conserved at each vertex, we get

q = p1 + p2 − p3 − p4 (A.40a)

k = p2 − p4

= p3 − p1 + q
(A.40b)

l = p4 − p1

= p2 − p3 − q
(A.40c)

r = p1 + p2

= p3 + p4 + q
(A.40d)
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Using (A.40a) to (A.40d), we can express all possible scalar products in terms of the
minimal set of momenta.

p1 · p2 = m2
χ −

k2 + l2

2
− k · l (A.41a)

p1 · p3 = m2
χ −

k2 + q2

2
+ k · q (A.41b)

p1 · p4 = m2
χ −

l2

2
(A.41c)

p2 · p3 = m2
χ −

l2 + q2

2
− l · q (A.41d)

p2 · p4 = m2
χ −

k2

2
(A.41e)

p3 · p4 = m2
χ −

k2 + l2 + q2

2
+ (k − l) · q + k · l (A.41f)

p1 · q =
q2

2
− k · q − k · l (A.41g)

p2 · q =
q2

2
+ l · q − k · l (A.41h)

p3 · q = −q
2

2
− k · l (A.41i)

p4 · q =
q2

2
+ (l − k) · q − k · l (A.41j)

k · p1 = −k
2

2
− k · l (A.41k)

k · p2 =
k2

2
(A.41l)

k · p3 =
k2

2
− k · q − k · l (A.41m)

k · p4 = −k
2

2
(A.41n)

l · p1 = − l
2

2
(A.41o)

l · p2 =
l2

2
+ k · l (A.41p)

l · p3 = − l
2

2
− l · q + k · l (A.41q)

l · p4 =
l2

2
(A.41r)
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Only a few of them are needed for the calculation of |A|2, but for the full calculation
of |M|2, all of them will be needed.

In order to make the calculation tractable, further calculations will be done in the
non-relativistic limit, meaning that we assume the velocity of the fermions v � 1.
Following this assumption, we incorporate the following power counting scheme

k2 ≈ −|~k|2 ∼ O
(
m2
χv

2
)

(A.42a)

l2 ≈ −|~l|2 ∼ O
(
m2
χv

2
)

(A.42b)

r2 ≈ 4m2
χ + |~k|2 + |~l|2 + 2(~k ·~l) ∼ O

(
m2
χ

)
(A.42c)

k · l ≈ −(~k ·~l) ∼ O
(
m2
χv

2
)

(A.42d)

k · r ≈ (~k ·~l) ∼ O
(
m2
χv

2
)

(A.42e)

l · r ≈ −(~k ·~l) ∼ O
(
m2
χv

2
)

(A.42f)

k · q ≈ −(~k · ~q) ∼ O
(
m2
χv

3
)

(A.42g)

l · q ≈ −(~l · ~q) ∼ O
(
m2
χv

3
)

(A.42h)

r · q ≈ 2mχω − (~r · ~q) ∼ O
(
m2
χv

2
)

(A.42i)

and in order for the emitted particle to be produced on-shell

q2 = m2
φ < 4m2

χv
4 (A.43)

Applying the replacements and the on-shell conditions p1 = p2 = p3 = p4 = m2 on

∑

spin

|A|2 =
16g6

φ(
k2 −m2

φ

)2

1
(
(p3 + q)2 −m2

χ

)2

(
p2 · p4 +m2

χ

)(
2 (p1 · q) (p3 · q)

+ 2m2
χ (p1 · q) + 4m2

χ (p3 · q) +m2
χq

2 + 2p2
3 (p1 · q)− q2 (p1 · p3)

+ 3m2
χ (p1 · p3) + 3m2

χp
2
3 + p2

3 (p1 · p3) +m4
χ

)
(A.44)



APPENDIX A. APPENDIX 81

and expanding the expression for small v yields

∑

spin

|A|2 =
4g6

φ

ω2
(
|~k|2 +m2

φ

)2

(
16m4

χ︸ ︷︷ ︸
O(1)

+ 8m2
χ|~k|2 + 16|~k||~l|(k̂ · l̂)︸ ︷︷ ︸

O(v2)

+ |~k|4 + 4|~k|3|~l|(k̂ · l̂) + 16|~k|2|~l|2(k̂ · l̂)2

︸ ︷︷ ︸
O(v4)

+O(v6)
) (A.45)

where ω is the emitted particle’s energy. All terms in (A.45) except the last one will
cancel identically with other diagrams in the t-channel.

For the calculation of the other diagonal elements in the t-channel |B|2, |C|2 and
|D|2, one can use exactly the same procedure as for |A|2. The interference terms
(AB∗ + BA∗), (AC∗ + CA∗) . . . , however, contain scalar products involving the 3-
momentum of the emitted particle ~q. Since, in future calculations, we will not be
interested in the direction of ~q, we can do an angular average right away

〈
(k̂ · q̂)

〉
=
〈

(l̂ · q̂)
〉

=
〈

(r̂ · q̂)
〉

= 0 (A.46a)
〈

(k̂ · q̂)2
〉

=
〈

(l̂ · q̂)2
〉

=
〈

(r̂ · q̂)2
〉

=
1

3
(A.46b)

〈
(k̂ · q̂)(l̂ · q̂)

〉
=
k̂ · l̂

3
(A.46c)

〈
(k̂ · q̂)(r̂ · q̂)

〉
=
k̂ · r̂

3
(A.46d)

〈
(l̂ · q̂)(r̂ · q̂)

〉
=
l̂ · r̂
3

(A.46e)

Following the same procedure for all other amplitudes of the t and u-channel, we get
for the direct and exchange terms

∑

spin

|A+ B + C +D|2 =
256

9

g6
φ

ω2

|~k|2|~l|2
(

1 + 3(k̂ · l̂)2
)

(
|~k|2 +m2

φ

)2 (A.47)

∑

spin

|A′ + B′ + C ′ +D′|2 =
256

9

g6
φ

ω2

|~k|2|~l|2
(

1 + 3(k̂ · l̂)2
)

(
|~l|2 +m2

φ

)2 (A.48)

The interference terms are more difficult to evaluate, because they involve longer Dirac
traces and therefore yield much longer expressions, but thoroughly following the above
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steps, we get

∑

spin

(A∗ + B∗ + C∗ +D∗) (A′ + B′ + C ′ +D′) + h.c. = −256

9

g6
φ

ω2

|~k|2|~l|2
(

1 + 3(k̂ · l̂)2
)

(
|~k|2 +m2

φ

)(
|~l|2 +m2

φ

)

(A.49)

The terms involving annihilation diagrams are suppressed by at least a factor k2/r2 ∼
v2 in the scalar propagator and therefore only contribute to higher order corrections in
v.

A.4 Phase Space Integration
In order to calculate the cross section σ, one has to evaluate the phase space integral

σ =
Sf (2π)4

(2E1)(2E2)|~v1 − ~v2|

∫
d3p3

(2π)32E3

d3p4

(2π)32E4

∫
d3q

(2π)32ω
|M|2 δ(4)(p1 + p2 − p3 − p4 − q)

(A.50)

whereas |M|2 (summed over initial and final spins) is generally a function of all 4-
momenta p1, p2, p3, p4 and q minus the degrees of freedom that can be eliminated
due to kinematical constraints. In the non-relativistic limit and for the emission of
a light particle, one can replace d3pi/2Ei ≈ d3pi/2m, Ei ≈ m + p2

i /2m for i ∈ [1, 4]

in the energy δ-function and one can neglect the emitted particle’s momentum in the
momentum δ function. This allows us to trivially integrate over one of the 3-momenta
to get

σ =
1

|~v1 − ~v2|
Sf

m4
χ210π5

∫
d3p3 d

3q
1

ω

1

g2
χ

|M|2 δ
(
|~p1|2 + |~p2|2 − |~p3|2 − |~p4|2

2mχ

− ω
)

(A.51)

with ~p4 = ~p1 + ~p2 − ~p3. The factor gχ accounts for the number of spin states in the
initial states. Furthermore, one can simplify the integration by introducing center-of-
mass (CM) momenta such that

~p1 = ~P + ~pi ~p2 = ~P − ~pi
~p3 = ~P + ~pf ~p4 = ~P − ~pf
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Replacing the external momenta with the CM momenta ~P , ~pi and ~pf yields for the
cross section in the CM frame

σ =
1

|2~pi|
Sf

m3
χ210π5

∫
d3pf d

3q
1

ω

1

g2
χ

|M|2 δ
(
|~pi|2 − |~pf |2

mχ

− ω
)

=
1

|2~pi|
Sf

m3
χ28π4g2

χ

∫
dΩfdpf p

2
f dω ω |M|2 δ

(
|~pi|2 − |~pf |2

mχ

− ω
) (A.52)

where in the second line we have used that the angular integration for the emitted
particle only gives a trivial factor 4π because we have already done an angular average
in the calculation of the squared matrix element. In addition, we assumed that the
emitted particle has a very small mass, such that |~q| ≈ ω.

In the next step, we want to calculate the energy loss rate

ε̇ =
Sig

2
χ

(2π)6

∫
d3p1d

3p2 f(E1)f(E2) |~v1 − ~v2|
∫
dω ω

dσ

dω
(A.53)

with

dσ

dω
=

ω

|2~pi|
Sf

m3
χ28π4g2

χ

∫
dΩfdpf p

2
f |M|2 δ

(
|~pi|2 − |~pf |2

mχ

− ω
)

(A.54)

Again, we rewrite in terms of CM momenta and with the Jacobian
∣∣∣∂(~p1,~p2)

∂(~P ,~pi)

∣∣∣ = 8 we get

ε̇ =
8Sig

2
χ

(2π)6

∫
d3Pd3pi f(E1)f(E2)

|2~pi|
m

∫
dω ω

dσ

dω
(A.55)

In the non-degenerate limit we can use a Maxwell-Boltzmann distribution for the
fermions/bosons

f(p) =
nχ
gχ

( 2π

mχT

)3/2

e−
p2

2mT (A.56)

such that the number density nχ = gχ/(2π)3
∫
d3p f(p). The factor gχ accounts for the

number of possible spin configurations in the initial states. Introducing the dimension-
less quantities

ui =
p2
i

mχT
(A.57a)
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uf =
p2
f

mχT
(A.57b)

x =
ω

T
(A.57c)

y =
m2
φ

mχT
(A.57d)

z =
~pi · ~pf
|~pi||~pf |

= cos θif (A.57e)

we can rewrite

d3pf = dΩfdpfp
2
f (A.58a)

dΩf = 2πdz (A.58b)

dpfp
2
f =

(mχT )3/2

2

√
ufduf (A.58c)

d3q = dΩqdqq
2 (A.58d)

dΩq = 4π (A.58e)

dqq2 = T 3x2dx (A.58f)

to get

ε̇ =
8Sig

2
χ

(2π)6

∫
d3Pd3pi f(E1)f(E2)

|2~pi|
m

∫
dω ω

dσ

dω
(A.59a)

=
SimχT

3

2π5
n2
χ

( 2π

mχT

)3
∫
d3Pe

− P2

mχT

︸ ︷︷ ︸
(πmT )3/2

∫ ∞

0

dui ui e
−ui
∫ ∞

0

dx x
dσ

dx
(A.59b)

=
4Sin

2
χT

3/2

π1/2m
1/2
χ

∫ ∞

0

dui ui e
−ui
∫ ∞

0

dx x
dσ

dx
(A.59c)

=
Sn2

χT
7/2

27g2
χπ

7/2m
5/2
χ

∫ ∞

0

dui
√
ui e

−ui
∫ ∞

0

duf
√
uf

∫ ∞

0

dx x2

∫ 1

−1

dz |M|2 δ(ui − uf − x)

(A.59d)

whereas S = Si · Sf is a symmetry factor for identical particles in the initial and final
state. Executing the uf -integration in (A.59d) yields

ε̇ =
Sn2

χ

27g2
χ

T 7/2

π7/2m
5/2
χ

∫ ∞

0

du e−u
∫ u

0

dx
√
u(u− x) x2

∫ 1

−1

dz |M(u, x, y, z)|2 (A.60)
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The squared matrix element |M|2, as we calculated it in App. A.3 will usually be a
function of |~k|2, |~l|2 and (~k ·~l), which we can rewrite in terms of dimensionless variables
in the following way

|~k|2
mχT

= ui + uf − 2z
√
uiuf

= 2u− x− 2z
√
u(u− x)

(A.61a)

|~l|2
mχT

= ui + uf + 2z
√
uiuf

= 2u− x+ 2z
√
u(u− x)

(A.61b)

~k ·~l
mχT

= ui − uf

= x

(A.61c)

with u = ui = uf + x.
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