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Abstract

Major spoiler alert. We investigate the a-hypergeometric stochastic volatility model.
We present results including the martingale property of the forward and calculate cer-
tain transforms of the forward as well as the volatility itself, which enable us to perform
plain vanilla pricing and pricing of volatility derivatives. Furthermore we derive cer-
tain large deviation problems associated with the a-hypergeometric stochastic volatility
model as well as other asymptotics.
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1 Introduction

Stochastic volatility models are nowadays an important tool in financial mathematics. The
most common model is the Heston model, which however when calibrated to real world data
often does not satisfy the Feller condition. This in turn results in the volatility hitting zero
in finite time. Volatility models where the volatility itself is modelled using an Ohrnstein-
Uhlenbeck process however immediately lacks the property of positivity. Therefore one
essential property is the strict positivity of the volatility at all time. Of course another
important property one would like to have is that there are certain closed form expressions
for example of the call option price. This is however only possible for a small amount of
models. One way to handle this is to integral transform the call price like in the Heston
model.

This master thesis analyses a new stochastic volatility model called the a-hypergeometric
stochastic volatility model introduced by [Da Fonseca and Martini, 2014]. By construction
this model satisfies the assumption of strict positivity of the volatility process at all time.
Furthermore it has the property of being a non affine model. Finally it is tractable in the
sense that we can express the Laplace transform in time of the Mellin transform of the call
option price in terms of standard functions and hypergeometric series.

This thesis is structured as follows: First we introduce the model and investigate certain
dependencies on model parameters. Then we investigate the martingality of the forward
where we follow the ideas of [Da Fonseca and Martini, 2014]. An original result of this thesis
is lemma 2.4 which enables us to perform a crucial measure change afterwards. Another
original result of this thesis is an alternative proof theorem 2.6. Using results of |[Lions
and Musiela, 2007] we were able to derive theorem 2.8 which analyses the integrability of
certain powers of the forward. At the end of section 2 we consider the dual market. In
section 3 we give a quick reminder of the concept of generalized hypergeometric functions
and related functions. Section 4 is dedicated to the asymptotic analysis of the model. First
we consider the short and long term behaviour of the expected variance and the variance
swap. Proposition 4.2 is an original generalization of proposition 3 in [Da Fonseca and
Martini, 2014]. We furthermore investigate the case of deterministic volatility as an heuristic
approximation for the model with small volatility of volatility. In this case we were able to
express the price of a call option in terms of hypergeometric functions, see Proposition 4.11.
At the end of section 4 we derive large deviation problems associated with the model and
derive a small time behaviour of the implied volatility. This is done following ideas of [Forde
and Jacquier, 2011]. The theorems 4.14 and 4.20 are original results of this thesis. Section
5 deals with certain transforms of the volatility as well as the forward itself which are then
necessary to perform pricing of plain vanilla options, which in turn is done in section 6. Both
sections follow |[Da Fonseca and Martini, 2014]|. We were however able to simplify certain
hypergeometric series, see the proof of proposition 5.2.



2 The model

2.1 Definition of the model

The risk neutral dynamics under the pricing measure P of the forward S and the instanta-
neous log volatility v in the a-hypergeometric model are given by

dSt = Ste”tth, (1)
dvy = (a — be™") dt + od By, (2)
dW,dB; = pdt, (3)

with deterministic initial data Sy = 1 and vy € R, where W and B are correlated Brownian
motions with correlation p € (—1,1) and constants & > 0, a € R, b > 0 and o > 0.
W.lo.g. we assume that the interest rate is equal to zero. In the a-hypergeometric model
the instantaneous variance is therefore given by V; = e?¥t, t > 0.

Since the coefficients of the SDE in (1) and (2) are locally Lipschitz continuous strong
uniqueness holds. In fact the SDE (2) has a unique strong solution given by

1 t
v =v9+at+oB;——In (1+ab/ exp (« (v0+as+aBS))ds) : (4)
« 0

see for example section 2.1.1 in [Da Fonseca and Martini, 2014] for a direct derivation and
section 4.4 equation (4.53) in [Kloeden and Platen, 1992] for a much more general approach.
The dynamics of S and V' are given by

dS, = S;\/VidW,,
avi = ((2a+20%) Vi = 20V, %) dt + 20V,d B,

which shows the non-affinity of the model in question.

Remark 2.2. From the dynamics (1) and (2) one can easily verify that

AUy a,a,b,0 = Vawg,1,aa,ab,a0 )

where vy, a0 denotes the solution of (2) with the corresponding parameters.

2.3 Martingality and moments of S

In order to prove certain martingale properties of S we are going to need the following lemma,
which is an original result of this thesis and will be necessary to perform a crucial measure
change hereafter.

Lemma 2.4. Fora € R,b> 0 and ¢ > 0, a Brownian motion B and

t
L, = / a — bexp (¢Bs) dB;
0
fort >0, the corresponding stochastic exponential £ (L) is a martingale.
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Proof. By exercise 5.38 in [Karatzas and Shreve, 1991| we know that £ (L) is a martingale
if and only if the function

z oy y
Qx> / / exp (—2/ a— becudu) dzdy
0 0 z

satisfies lim, ,1 ¢ () = +00. For ¢ # 0 and = > 0 elementary calculations show that

’ 2b v 2b
o(x) = / exp (—2ay + —ecy> / exp (Qaz - —ecz) dz dy.
0 c 0 c

-~

=:f(y) ::;:(y)

A closer look at the function f shows that

(400 a<0
1 a=0,b=0
lim f(y) =< +o0 a=0,b>0
Y—00

0 a>0,b=0
|+o0 a>0,b>0.

Except for the case a > 0 and b = 0 we can immediately conclude ¢ (+00) = 400, since g
is trivially bounded away from zero at infinity. For the case a > 0 and b = 0 we have

T y
gp(m):/ exp(—Qay)/ exp (2az) dzdy
0 0
_ /" 1- exp(—Qay)dy
0

2a

and we can conclude as above. The case ¢ = 0 is handled analogously. Therefore we obtain
¢ (+00) = +oo foralla € R;b >0 and ¢ > 0.
For ¢ # 0 and = < 0 we have

0 0
2b 2b

o(x) = / exp (—Qay + —ecy) / exp <2az — —ecz) dz dy.
T & Jy C

J/

-

:}(ry) =:9-(y)

Again a closer look at the function f shows that

0 a<0
lim f(y)=11 a=0
y——00

400 a>0



and we can immediately conclude that ¢ (—o0) = 400 except for the case a < 0. But since
the inequalities

2b
f(y) = exp (—2ay + —ecy> > exp (—2ay),
c

0 2% 0 2b
g-(y) = / exp <2az — —ecz) dz > / exp <2az — —) dz
y ¢ v ¢

hold for y < 0 we have

0 0 2h
¢ (x) > / exp (—2ay)/ exp (Qaz - ?> dzdy
@ y

0 0
e / exp (—2ay) / exp (2az) dzdy
@ y

0 JE— _
_ esz/ exp (—2ay) 1dy.
. 2a

Therefore we can conclude ¢ (—00) = +o00. As in the case © — oo one can easily verify
¢ (—00) = +oc in the case ¢ = 0. This concludes the proof. ]

Remark 2.5. Lemma 2.4 guaranties the validity of an essential measure change in the proof
of the following theorem. Note however that the Novikov condition does not hold in general.
Consider for example the case a = 0 and b, ¢ > 0. Using the Jensen inequality for the convex
function z — (be®*)* and the fact that fot Bds is Gaussian we arrive at

E (exp G </O —bexp (cBy) st>t>) —E (exp <% /Ot (—bexp (ch))2d5)>
(o (B (2 [ 1)) =

Theorem 2.6. The forward S in the a-hypergeometric model is a martingale if and only if
a>2 ora< 2 and one of the following conditions is fulfilled:

e p=<0,
o a>1,
ea=1andb> po.

Proof. We follow the reasoning of proposition 6 in [Da Fonseca and Martini, 2014|. First we
consider the case a = 2. Note that by integrating (2) and with (4) we arrive at

t

1

/ exp (awy) ds = =3 (v — v — at — o By)
0

1 t
=—1In (1 —i—ab/ exp (a (vg + as + 0 By)) ds) .
ab 0



Using the above equation we get

exp @ </O exp (v5) dWS>t) ~ exp (% /Ot exp (20,) ds)

1 t
= exp (E In (1 + 2b/ exp (2 (vo + as + o By)) ds))
0
£

t

= <1+2b/ exp (2 (vo+as+033))d8)
0

< (1+2btexp (2 (vo + |a|t + 0 B;)))*

20 B}
< (1 4+ 2btexp (2 (v + |al t)))%b exp < th > :

Q“H

where B* denotes the running maximum of B , i.e. B} = maxy<s<¢ B;. Therefore, by the
Novikov condition, we conclude that S is a martingale.

We now consider @ > 2. By Holder’s inequality with p = —%5 and ¢ = § we get the
inequality

¢ ¢ 2
/ exp (2vg) ds < s </ exp (awy) ds) :
0 0

Now as above and again with the Novikov condition we conclude that S is a martingale.
Now we consider the case @ < 2. Since S is given by a stochastic exponential it is a
martingale if and only if its expectation is constant, i.e.

E(S) =1

Note that by introducing the standard Brownian motion (Bt, BtL) >0 P =/ 1 — p* and the
sigma algebra F; := o (B : 0 < s < t) we have -

E(S,) = E (5 < /O | evsdm))

=K (5 (p/ e"dB; —l—ﬁ/ e“%lBj) )
0 0 t

—F (5 <p/ e”Sst) E (5 (p/ evsdBj) E))
0 t 0 t

“s(e (o[ an) ).
0 t

Let . o B
B - BS—/ a — be* exp (ao “)du
0 o

and let If”t, given by the Girsanov theorem, which can be applied to the above process by

lemma 2.4, denote the probability measure under which <BS is a Brownian motion.
0<s<t

9



The density is therefore given by

AP _¢ / a — be® exp (oo By) iB.
dP 0 o .

— oxp (/t a — be™™ exp (o By) iB. - l/t (a — be™0 exp (aaBS)>2 ds) ‘
0 o 2 Jo o

The law of (v, Bs)ogsgt under [P is now the same as the one of the process (vo + oB,, Bs>

0<s<t
under P!. This can be easily seen by

dvs = (a — be™"*) dt + 0d By under P,
d(vy+ 0Bs) = (a — bea((“°+"Bs)) ds + od B under P,

and by the Yamada Watanabe theorem, since we have already shown pathwise uniqueness.
This enables us to conclude that

E” <5 (,0 /0 | e”sst))

_ pheavo B
= EP( pe’ / exp (0 By) (dBS _azbeexp (ao S)d8)>
0 g t
avQ B
a — be™ exp (oo )dBS) )
t

“(/
_ hpvo
/ gt exp (0B,) + a — be™™ exp (ozaBs)dBS) )
0 o t
2.) )
a  be*

b(z) = pe™exp(ox) + — —
o

with

exp (aoz) .

As in the proof of lemma 2.4 we are therefore left with the computations of the behaviour

of the function sy y
QT / / exp (—2/ b(u) du) dzdy
o Jo z

at +o0o0. For x > 0 straightforward calculations show

p(x) =
x 2 nevo 2 2b avg Yy 2 nevo 2 2b avQ
/ exp (— PEgov —ay + © 5 ewy) / exp (_pe e’ + 4, =2 5 eo‘”) dz dy
0 o o ao 0 o o ao
=5/ () g1 ()

10



and for z < 0 we have

p(x) =
0 0
2peto 2 2bevo 2peto 20 2bewo
/ exp (— pe e’ — —ay + © 5 ea"y) / exp ( pe e?* + —az e 5 e‘mz) dz dy.
. o o ao y o o oo
=f(v) —0_ ()

Y (10'2

We first take a look at the behaviour of ¢ for + — —oo. With ' := max (MTGUO M)
and for y < 0 we have

f(y) = e exp (—Q—Gy)
ag

0 2
g_ (y) > e / exp (—az) dz.
y o

o (z) =/ fWg-(y)dy

0 0
2 2

> 241 / exp (——ay) / exp (—az) dzdy
- o y o

which diverges for all a € R for x —+ —co. We now consider the case x — co. A closer look
at the function f shows

Therefore we have

+oo p<0,

400 a>1,

;Lr(r)lof(y): +oo a=1andb > po,
0 a=1and b < po,

0 a<1landp>0.

\

Note that we excluded the case @« = 1 and b = po, since straightforward calculations show
lim, 00 ¢ () = +00. Therefore we have lim, .o ¢ (z) = o0 if p < 0, @ > 1 or a =
1 and b > po.

For the other cases it can be shown by some lengthy computations that the ¢ (z) converges
as x — 00. We refer to proposition 6 in [Da Fonseca and Martini, 2014]. ]

We have also derived a different approach to show the martingale property using results
of the paper [Lions and Musiela, 2007|. They considered the following stochastic volatility
models. Using their notation we have:

dFt = UtFtth,
doy = b(0y) dt + p(ov) dZy,
thdBt = pdt,

11



with deterministic initial data Fy > 0 and oy > 0, where W and Z are correlated Brownian
motions with correlation p € [—1, 1] and p and b are smooth functions on [0, 00) such that

p(0) =0,  6(0) =0, (5)
w(€) >0 for & >0, p is Lipschitz on [0, 00) (6)
b(§) <C(1+4€&) on [0,00), for some C' > 0. (7)

They derived the following
Theorem 2.7.

e [f the following condition holds

lim sup (€) §§+ b(§)
£—00

< 00,

then B (F; [InFy]) < oo, E (supgc,<; Fs) < 0o for allt > 0 and F is a nonnegative
martingale.

e [f the following condition holds

liming PLE) E+B(E)

0
o o () e

for some smooth, positive, increasing function ¢ such that foo —L_d¢ < o0, then F is

. ©(§)
not a martingale and we have:

E (F,) < Fy for allt > 0.

Proof. See theorem 2.4 in |Lions and Musiela, 2007]. O

In the a-hypergeometric model we then have with a slight abuse of notation

Fese o= b©= (et T)emer -0

In the above the left hand side is the notation of [Lions and Musiela, 2007] and the right
hand side is our notation. Note that the a-hypergeometric model obviously satisfies all the

conditions proposed by [Lions and Musiela, 2007|. We were able to derive an original proof
of theorem 2.6.

Alternative proof of theorem 2.6. In view of theorem 2.7 lets calculate

lim sup 2 (£)§+0b(E)
£—o00 f

o2
= lim po& + (a + —) — b&,
£—o00 2

which is less than oo if and only if & > 2 or @ < 2 and one of the following conditions is
fulfilled:

12



e p<0
o a>1
e av=1and b > po.

We conclude that in these cases S is a martingale.

Choosing ¢ (£) = &2, which obviously satisfies the assumptions of theorem 2.7 and con-
sidering all the other parameter cases now, which are a« < 1,p > 0 or a« = 1,0 < po, we
calculate

L a(©E+bE) ot b
lim inf = lim po + — > 0.
£—o0 © (f) £—o0 6 5170‘
Therefore with theorem 2.7 we conclude that in these cases S is not a martingale. O]

Aside from this general approach |Lions and Musiela, 2007] also considered the following
stochastic volatility model:

dF, = o FPaw,,
doy = b(0y) dt + ao] dZ;,
thdBt = pdt,

with deterministic initial data Fy > 0 and oy > 0, where W and Z are correlated Brownian
motions with correlation p € [—1,1], o, 5,7,6 > 0,b(0) > 0, b locally Lipschitz on [0, c0)
and b satisfies (7). Again the a-hypergeometric model fits into this model and again with a
slight abuse of notation we have

2
E:Sta o-t:evt7 b(f):<a+%)5_b€1+a7 o =0, 521, 7:17 5:1

Again in the above the left hand side is the notation of [Lions and Musiela, 2007] and the
right hand side is our notation. Note that these parameters now correspond to the cases (v)
and (iii) in theorem 3.2 and theorem 3.3 respectively in [Lions and Musiela, 2007|. Together
with the remark after theorem 3.2 we are now able to quantify the behaviour of the moments
of S, which is an original result of this thesis.

Theorem 2.8. Let S be a martingale in the a-hypergeometric model. Then S, € L° or
equivalently

E(wp$)<m (8)

0<s<t
holds for all t > 0 in the cases

ea<lp<Oandl<6< s,

o—2bp++/ (0 —2bp)>+4b2(1—p?)
20(1—p7) ;

ea=1,b>pocandl <0<

13



e a>1andf > 1.

Conversely

holds for allt > 0 in the cases
e a<l,p=0andf>1,
° a<1,p<0and9>$,
ea=1b=poandf > 1.

Proof. Since we can apply theorem 3.2., the remark after theorem 3.2. and theorem 3.3
in |[Lions and Musiela, 2007] we first need to calculate the quantity b.. Straightforward
computations lead to
0 if a <1,
boo = ¢ —b if a=1,
—oo0 ifa>1
0—1

e Case a < 1: To ensure martingality of S one needs p < 0. If p < —4/%~ we have that

(8) holds. Therefore for all 1 < 6 < 1_1p2 and all t > 0 there holds E (sup,, S?) < 00

and for all > L and all ¢ > 0 there holds E (S}) = co. If p =0 then E (S}) = oo
for all 0 > 1 and all ¢ > 0.

e Case a = 1 : To ensure martingality of S one needs b > po. Consider first the case
b > po then if
N
- 0 lof
(8) holds. One can simply calculate that the above equation is satisfied if 1 < 6 < 6.,
with

o~ 2bp+ /(0 — 2p)° + 482 (1 — p?)
T 20 (1 p?) |
In the case b = po one immediately gets that for all § > 1 the inequality

. 6—1 N b
P 6 " o6
holds and therefore (9) holds.
e Case av > 1 : Since by, = —00 we immediately get (8) for all § > 1.

14



2.9 The dual market

If S is a martingale we can take a look at the dual market given by the process S’ := %

under the probability measure dP’ := SpdP. The dynamics of S” are then given by
dS; = Sje*tdt — Sje**dW,.
Under P’ the process
Wt =W, — /t e’ ds
0

is a Brownian motion according to the Girsanov theorem. We can therefore rewrite the
dynamics of S’ as

dS; = Sle*tdt — Sle**dW, = — Sl dW,.
Note that under P’ the process

t
B, := B, — p/ e”ds
0
is also a Brownian motion. Therefore the dynamics of v are given by
dv, = (a — be®™) dt + 0dB, = (a — be™* + poe™) dt + odB,.

We can therefore conclude that the dual model belongs to the same family of processes if
and only if p = 0, in which case the models are the same, or a@ = 1.

Remark 2.10. Note furthermore that in the special case a = 1 and b = po one gets v; =
at + o By, which results in the Hull-White model, see for example Section 2.3 in [Gulisashvili,
2012].

15



3 Hypergeometric functions

In the following we need certain special functions which are known as hypergeometric func-
tions. Our notation is the same as in [DLMF|. Therefore the reader should take a look
at

e Chapter 13 in [DLMF] for the definition of the confluent hypergeometric functions and
the Whittaker functions as well as

e Chapter 15 in [DLMF] for the definition of the generalized hypergeometric functions.

Certain properties of these functions are cited directly by the corresponding equation number

in [DLMF].

Lemma 3.1. For a,b,c,d, f € R such that a,c # 0, % +1#£0,—1,-2,... there holds

1 al [a def?
/e“t (c+ de’)" dt = ae“tcbgFl ({—b, ?} {? + 1} ’_T) :

Proof. This is an immediate consequence of equation 7.3.1.28 in [Prudnikov et al., 1998|
which enables us to write the right hand side in terms of the incomplete beta function. The
result follows immediately from derivation. m

16



4 Asymptotic analysis

4.1 Small and long term behaviour

In the following we want to analyse the short and long term behaviour of the instantaneous
variance V; given by

Vbe2at+20Bt
Vi, =

2
<1 +abVy? [ exp (a(as+ oBy)) ds) :

and the variance swap given by

vs<¢>:%/0 E(em)ds:%/o E (V) ds.

Before however turning to the short and long term behaviour we take a look at certain

moments of V;. First note that Z, :=V, > =e~*" and by the Ito formula we have

a?o?
dz; = (ab + ( 5~ aa) Zt> dt — aoc ZdB;.

These kind of processes are sometimes called Shiryaev processes or Wong processes and were
intensively studied in [Donati-Martin et al., 2001] and [Peskir, 2006]. In [Donati-Martin
et al., 2001] they also derived an expression for the corresponding resolvent of the process.

Now let Mt(l) be the [-th moment of Z;. Since

2 2
-1
dz} =1z ((ab+ <0‘ - aa) Zt> dt — aadBt) L1 5 72020 2201

one immediately gets

. 202 1(1—1
MY = (ablMt(l Rt <O‘ 2" |~ aal + 1 5 ) a202> Mf”) dt

which can now be recursively solved.

4.1.1 Short term behaviour

The following proposition generalizes proposition 3 in [Da Fonseca and Martini, 2014]. In
order to get an explicit asymptotic expansion one still has to extract the corresponding
coefficients.

Proposition 4.2. For v > 0 the short term behaviour of E (V") is given by

¥ ¥ J2a7t+20242t S o (-2 RS (1 + Qj)Q
E (V) = Ve = """V, N CRER B t——
(Vi) 0 ZO‘ 0 ( n )e 2 ZC’(n,j,u)exp 9

n=0 7=0

+0 (")
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2(a+202"/)
ao?

with p = and N € N and where C (0,0; 1) =1 and for j=0,...,n

C(n,jip) = 27" (—1)" (”) [] (u+i+th)"
Yy
0<k<n

Proof. Let .
Bt = Bt — 20"')/15
and let P!, given by the Girsanov theorem, denote the probability measure under which

BS> is a Brownian motion. The density is therefore given by
0<s<t

dP* 207)°
P exp (207& — ( 27) t) .

Therefore we have

Y n2avt+20vBy
VE) € e—2a'\/B,«,+2a2'yQt

EF (V) = EF

o1y

(1 + abVO% fot exp (a (as + o By)) ds)

~t g t ~
= X/JeQmHQ"Q”QtEP 1+ abV? / exp <a ((a +20°y) s+ UBS>> ds
0

(.

=:1

Since we have
> (B
(1 +a;)ﬂ = ; <n)x" + f (2)

with f € O (:JcN“) as x tends to zero, we can conclude that

_2y

n

N
EX ((1 + abVO%It) . ) =3 amy, ( - )E@t (I +EX (f(1,)).
n=0

%y
e

Note that I; satisfies

I, = /t exp <a ((a+ 2027) S +0f38>> ds
0

2 2
4 (o 2(a+ 20° .
a?o? |, ao

4 A(M)

252 9
o202 %t

Il

18



2<a+2027)

where we have used the notation of [Dufresne, 2000] with py = =———=,

t
AP = / exp <2u5 + 2B’S> ds
0

and an appropriate Brownian motion B. Now by theorem 5.2 in [Matsumoto and Yor, 2005a|
we know that for y > 0 the moments of AE“ ) can be calculated via

n N2
)" = ot ! n+2)
E(<At >>—e ;C(ndaﬂ)exp (t 5 ,
where C'(0,0; ) = 1 and for j =0,...,n
, . i (T ) _
C i =2 (-1 (1) TL b+ 07"

k#j
0<k<n

We are therefore left to verify that
EY (f (L)) € O (tN*1).

By definition we know that there exist d;, My > 0 such that |f (¢)] < M N+ for all ¢ < §;.
Therefore we have

B (1 () = E7 (I G0l Lrs,y) +E (IF 1)1y -

By construction and by the definition of I; we have

EEF (|f<]t)| 1{1@@}) < MfEI@i ([tf\’ﬂl{hgéf})
< Mprt ([tNJrl)
< ME” (tN“ exp (01 + CQB;)) €O (N,

with constants C,Cy > 0 for ¢ € [0,1]. On the other hand we have

B (I (U)| Lposy) S B (F (1)F) B (1 > o))
< CsP! (I, > &),

with some constant Cs5 > 0 for ¢ € [0,1]. Note that the probability of I, getting larger than

19



an arbitrary small level gets exponentially small as ¢ tends to 0. This can be easily seen since
~ t ~
P (/ exp (a ((a + 2027) s+ O'BS)> ds > 5)
0
~ t ~
< P! (/ exp (clt + ¢co sup Bu> ds > &?)
0 0<u<t

=Pt (clt + ¢y sup Bu > In <%>)

0<u<t
~ ~ 1
=Pt ( sup B, > —1In <E> — ﬂt)
0<u<t Ca t C
|
— 9Pt (Bt >~ In (5) . C—1t>
Co t Co
1 £ c 2
21 1 (; In (%) - ét>

S Varim () —ae | ot

Cc2

1
S exp (_§> )

with positive constants ¢; and co, t sufficiently small and with the help of theorem 21.19 in
[Klenke, 2007]. We have therefore proven the assertion. O

In fact using proposition 4.2 with N = 1, v = 1 and extracting the corresponding
coefficients in the exponential one arrives at

Corollary 4.3. The short term behaviour of E (Vi) and VS (t) is given by

E(V;) =V, (1 + (2@—1—202 _ zbvﬁ> t) +0 (),

t

VS (t) = Vo (1 + (Qa +20% — 2bVO%) 5) + 0 ()

ast — 0.
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Figure 1: Short term behaviour of ¢ — E (V;) with initial instantaneous variance V; of 20%
and model parameters given by a = 0.8, b = 0.4, « = 1.2 and 0 = 1. The exact expectation
was calculated via simulation.

— — - approximation
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0.4F -

03

0.2
0

Figure 2: Short term behaviour of ¢ — VS (¢) with initial instantaneous variance V4 of 20%
and model parameters given by a = 0.8, b = 0.4, « = 1.2 and ¢ = 1. The exact price was
calculated via simulation.

4.3.1 Long term behaviour

We start with a quite useful lemma.
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Lemma 4.4. For X ~ T (o, ) and v € (—a, 00) there holds

Proof. Straightforward calculations yield

]E(XV):/ xwﬁ—xo‘_le_ﬁxdm
0

' (a)
_Tlat+y) > B aty—1_—Bz
- mr(a)/o Taty’ ¢ %

N

-~

I'(a+,8) density
_T(a+7)
- BT ()

Proposition 4.5. Fora >0 and Z ~T (u, 1) with p = 2% there holds

2
20\ @ 2
ao

as t — o0o. Moreover there holds

lim E (V;) = lim VS (£) = < 20 >_QF(“+§).

t—00 t—00 ao? I (,u)

Proof. We follow the ideas of section 2.1.9 in [Da Fonseca and Martini, 2014|. Note that by
the law of large numbers we have

lim at + 0 B; =
t—o0

and since for all § € R we have (1 + ac)ﬁ ~ 2P as ¥ — 0o, we can conclude that with

VE) e2at+20’Bt

Vi =

N——
Qv

(1 + oszO% f(f exp (a (as + o By)) ds

Qv

<Oéb‘/0% f()t exp (Oé (CLS + UBS)) ds VbeQat—i-20'Bt

(1 + oszO% [ exp (a (as + o By)) ds)

(.

Qv

3
<osz0§ [ exp (o (as + o By)) ds) :

S\ J

~~
=X =Y
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X; 2% 1 as t — co. On the other hand we can rewrite the process Y by time reversal and
using an appropriate Brownian motion B as
%e2at+20Bt

2
(041)‘/0E 5 exp (a(as + 0 By)) ds) :
1

Qv

(ab [5exp (aa(s —t) + ao (Bs — By)) ds)
1

Il

2
(ab [ exp (—aa(t — s) — aoB,_,) ds) :
1
<Oéb 242[ 242,5 _%u+éu>)dlb)

AR

- \ao? 2AGH) ’
where we again used the notation of [Dufresne, 200()] with ¢ = 2% From theorem C in
[Dufresne, 2000] we know that for any p > 0, ~ I'(p,1). Since both X; and Y

Il

SN

VS

exp (2

SIS

A( )
converge in distribution and since X, <% 1, Slutsky’s theorem and the continuous mapping
theorem yield the first assertion.

In order to prove the second assertion first note that X; < 1. Since t — A; (1) is monotone
we can apply the monotone convergence theorem in the following computations and together
with lemma 4.4 we get

2

N\ [ 1\ e 20\ AT (it 2)
E(V,)=E(X,Y,) <E(Y;) =E | [ — L , o)
(Vi) =E (X)) < E(Y) (aa2) 2451 (0402) ()
4

On the other hand by applying the reverse Holder inequality for every » > 1 and again by
the monotone convergence theorem we arrive at

1 —(r—1) N T 2b *%I‘(M_i_l)r
E(V)=E(X,Y;) >E (X, ™" ]E(Y?)H—“E =) T T
( t) ( t t) - ( t > t 040'2 F(H)
Since this holds for every r» > 1 we have proven that

lim E (V;) = (Q—b)_i Plers)

t—o0 ao? I ()

The fact that
lim VS (t) = lim E (V})
t—o0 t—o0

is an immediate consequence of L’Hopital’s rule. O

23



Remark 4.6. Note that the proof of proposition 4.5 stays valid if we replace X; and Y; with
X, and Y}" respectively for every 4 > 0. We have therefore proven

Corollary 4.7. For a > 0 and v > 0 there holds
2y
=T 2y

lim E (V)) = 2 (u——'—a)

t—00 ao? (p)
with p = %
Remark 4.8. For simplicity note that with a = 1 we have

_ _ 2\ T (u+2)  [02\*2a (2a
Jim B (Vi) = lim VS (t) = (0—) T (%) = (§+1)>

and in the case o = 2

lim E (V) = tlim VS (t) = <

t—o00

b)IM a

o?
Proposition 4.9. For a <0 and v > 0 there holds

V) =50,
as t — 0o. If moreover a < —o?y then

lim E (V,") = 0.

t—o00

Proof. Note that by the law of large numbers we have

lim at + 0By = —00
t—o00
therefore
a.s.
%e2at+2oBt 0
and since

1

<1

— )

Qv

(1 + abVO% fot exp (a (as + o By)) ds)

we have proven the first assertion.
The second assertion follows immediately from the fact that

F (V;’Y) S F (V’O'YeQa'ytJrZo'th)

2.2
40y
2 t_

o Y 2avt+
= % e
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Figure 3: Long term behaviour of ¢ +— E (V;) with initial instantaneous variance Vg of 20%
and model parameters given by a = 0.8, b = 0.4, « = 1.2 and 0 = 1. The exact expectation
was calculated via simulation.

— — — limit
exact
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t

Figure 4: Long term behaviour of ¢ — VS (¢) with initial instantaneous variance V; of 20%
and model parameters given by a = 0.8, b = 0.4, « = 1.2 and ¢ = 1. The exact price was
calculated via simulation.

4.10 Deterministic Volatility

An original result of this thesis concerning the case of deterministic volatility is the following

25



Proposition 4.11. In the a-hypergeometric model with o = 0 and a # 0 the log volatility v
15 given by

1 t
vt:vo+at——ln(1+ab/ exp(a(vo—l—as))ds)
0

a
1 ba'UO

:vo—i—at——ln(l—i—e—(eo‘at—l)).
a a

Furthermore the value at time t of a European call with maturity T and strike K of the asset
S is given by BS (S, Xy, t), where

BS (z,0,t) = 2® <d+ (%T—t)) _ K <d_ (%,T—t)) ,

with
1 o2y
d = 1 +
+ (ya u) m n (y> 2
and
1 T
E 2 — 2Usd
t —T ¢ /t (& S

2v0 Ab X A N 1. T ) A S 7.ft
S P N A LY iy B (B A B O]
(T'—t)a flLf é 7 2

with constants a, 13, ¢, d and f given by
- 2 be>vo ~ bev0 .
a=2a b=—— c=1- d= f=aa.
o a a

Proof. The first assertion follows immediately from (4) with 0 = 0 and elementary integra-
tion. The second assertion follows from theorem 7.1 and 7.3, therefore we are left with the
explicit computation of ;. Using lemma 3.1 we arrive at

2 1 T2
52— — [ ey
t T_1¢ ) (§] S

2vg T hetvo _%
= ;_ ; / e® (1 + ea (2% — 1)) ds
t
e?’uo T ) bea’uo bea’uo “a
_ as (1 _ aas d
T—1 /t ¢ ( a * a ) °
2vo T . oAb
R
- t

200 2b A A s 1T A oA S 7. ft
_ e [ p [_b, 2} [zﬁ} L [_b, 2] [ZH} e
(T —t)a f ¢ fILf ¢

which concludes the proof. O]
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Remark 4.12. Proposition 4.11 enables us to explicitly calculate the value of a European
call option in terms of hypergeometric functions. Note that for efficient computations it is
however necessary to calculate o F} in a fast and efficient manner. As an alternative solution
one can still approximate the integral representations of 2.

0.4

0.45 T T T T T T T
- — —0=01
deterministic

035} o

03} oz

025

= o2f
0.15
01}

0.05-

Figure 5: Plot of price of a European call option with ¢ = 0.1 in red and approximation
with deterministic volatility. The exact expectation was calculated via simulation.

4.13 Large deviation problems

In the following we are going to derive certain large deviation problems associated with
the a-hypergeometric volatility model. We follow the ideas of [Forde and Jacquier, 2011].
They derived a small-time behaviour of the log forward for quite general stochastic volatility
models using Freidlin-Wentzell theory. Applying theorem 1.1 in [Forde and Jacquier, 2011]
directly was however not possible but we were able to derive a small-time behaviour in the
uncorrelated model by following the ideas of their proof. We also derived a result concerning
the small-time behaviour of the log forward in the correlated model. We heavily use the
results of section 2.2.1 in [Peithmann, 2007] in order to derive the necessary LDPs. These
results are original results of this thesis.

Theorem 4.14. In the a-hypergeometric model with p = 0 we have the small-time behaviour

2
1 2,2 2
—lim¢In (P (X; > x1)) = — arccosh (M)

t—0 202 Yo

for the log forward price X; = 1In (S;) and for x1 > 0 where yo = ™.
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Proof. First we consider the dynamics of X; = In (S;) and Y; = e” which are given by
1
dXt = —§K2dt + }/;th,
o2
dy, =Y, <a + 5~ bYta) dt + oY, dB;.

Consider now the time changed processes X; := X, and Y := Y., which then satisfy the
SDEs

1
dXf = —5§Yf2dt + VY dW,,

2

dY = Yy <a + % - bth> dt + \/zoYEdB,.

Since the assumptions 2.6 in [Peithmann, 2007] are satisfied we know that (XF,Y}),coy
satisfies a LDP on the pathspace H(o ) (10,1]; R?) with rate function I given by

BY IR
““’)5/0 20 2™

See theorem 2.9 in [Peithmann, 2007]. Now by the contraction principle applied to the point
evaluation (th)te[o y > X1, we know that X7 and therefore X, satisfies a small-time LDP
with corresponding rate function given by

’ ($1) - (w,y)EHl [0 1]; R / 2

(0,90 )
z(1)=

Note that the above minimization problem is a well known problem in differential geometry.
It is just the minimization of the energy functional on the Riemannian manifold H? :=
{(x,y) € R? : y > 0} with the Riemannian metric g given by

g = 0 1 .
0242

Since the space H? is geodesically complete we just need to solve the geodesic equations. We
introduce the functional ¢ given by

i(x1,1) = / _"‘_dt
(z, y)EH(Oy ) [O 1] R2

( )_"Elvy

We just have to find the geodesics connecting the points (0, o), (z1,1) € H2. In order to
derive the geodesic equations we need the corresponding non-zero Christoffel symbols which
are given by

0.2

1 1
L =7l =—-, 2 =—, r2 — -
12 21 y 11 y 22 Y
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The geodesic equations are hence given by

ity = 2,

iy = i — 0%,

One can easily verify that the general solutions are given by

x :t+— atanh (bt + ¢) + d, (10)
ao

e —— 11

Y Hcosh(bt—i—c)’ (11)

with a,b,c,d € R chosen according to the initial and final conditions = (0) = g,z (1) =
21,y (0) = yo and y (1) = y;. Simple calculations then show that

1 [t ‘ 1 b

_/ r + Y dt = ——

2 )y 2 oy? 2 o2
for x,y given by (10) and (11). Solving for the constants a, b, c and d one can calculate that
b is given by

o? (o — $1)2 +ys+ui + \/(02 (20 — 1’1)2 + (yo + yl)z) (02 (o — $1)2 + (yo — y1)2)
2yoi1

In

which can be simplified, using the identity arccosh (z) = In (x +Va? — 1), to

20 N2 2
b = arccosh (1 + 2 (w0 —21)” + (yo — 1) ) .

2y011

Hence we have

2
o2? + (yo — y1)”
2y011

1
i(x1,11) = 557 arccosh (1 +
In the case of x1 = 0 we simply arrive at

L(xy) = yigfoi(xl,yl) = 0.

In the case of x1 # 0 simple calculations show that

2
= = 1 272 2
' (xl) yiln>f0Z(J:1, yl) =i (xl’ 0237% y%) =53 arccosh (%)

Since ¢ is continuous we have proven the assertion.
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Remark 4.15. The space H? from the proof of theorem 4.14 is known as the hyperbolic
half-plane or Poincaré half-plane.

Corollary 4.16. In the uncorrelated a-hypergeometric model we have the following small-
time behaviour for out-of-the-money put/call options on S;

2

Vorn (K)? + 43

1
— | J— + —_—
%g%tln (E(S;— K)") 552 arccosh m (K >1),
Vo )
1 o?In (K)" +y3
— | J— + —_ —
g%tln (E(K—5)7) 52 arccosh m (K <1),
with yo = €.
Proof. Simply apply corollary 1.2 in [Forde and Jacquier, 2011]. O

A simple use of the put-call parity immediately yields

Corollary 4.17. In the uncorrelated a-hypergeometric model' for K > 0 we have the fol-
lowing small-time behaviour
—limtn (E(S, — K)" = (1= K)") = —limtln (E(K — 5,)" — (K —1)™)

t—0 t—0
2

. \/JQIH(K)z—i-y(Q)
= — arccos
202 Yo

with yo = €.

Corollary 4.18. In the uncorrelated a-hypergeometric model we have the following asymp-
totic behaviour for the implied volatility o; (x) of a European call option on S; = eXt | with
strike K =¢e”, ast — 0

) T
I(x)zll_rgat(ac): —
% arccosh (—Mwo)

Yo
with 1y = €.

Proof. Simply apply corollary 1.4 in [Forde and Jacquier, 2011]. ]

Inote that Sy = 1.
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Figure 6: Plot of K — —tIn (]E (S: — K )+) for different values of ¢ with initial instantaneous
variance Vj of 20% and model parameters given by a =3, b=0.4, a =1, c =5 and p = 0.
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E3

Figure 7: Plot of  — o () for different values of ¢ with initial instantaneous variance V; of
20% and model parameters given by a =3, b=0.4, a =1, c =5 and p = 0.

Remark 4.19. A natural question to ask is whether theorem 4.14 can be generalized to the
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case p # 0. In order to follow the proof directly we first rewrite the SDEs as

1
dX, = —SY7dt + pYidB, + pY,dB;,

0.2

4y, =, <a + o = bYta) dt + oY,dB,.

by introducing the standard Brownian motion (Bt,BtL) o and p o= /1 — p?. One then
arrives at the Riemannian metric a

_1_ __P_

2,,2 2,,2

— Py ap?y
g=1_"75 1 :

op2yZ  o2p2y?

Explicitly calculating the corresponding geodesics was however not possible.

Another approach for generalizing theorem 4.14 led to
Theorem 4.20. In the a-hypergeometric model we have the small-time behaviour

(1+ 2(x1§<y;yo>)2+<yoy;>2>2

290yt

bzlal Q

. 1
—%g%tln (P(X; > 1)) = 557 arccosh

where yy is give by

Y = \/(01:1 + pyo)” + P73,
for the log forward price X; = 1n(S;) and for x1 > 0 where yo = €.

Proof. Analogously to the proof of theorem 4.14 and with the functions

we write the SDEs as

dXy = pa (V) dt + pY,dB; + pY:d By,
dY, =y (Y;) dt + oY,dB,,

which we can also rewrite as

dXy =y (Y1) dt + pYid By + dZy,
dY; = pp () dt + oYyd By,
dZ, = pY,dB;".
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Now the processes X7 := X, Y =Y, and Z; := Z,,; satisfy the SDEs

dX; = epy (YY) dt + \epYydB, + dZ;,
dYy = epp (YY) dt + VeoY(dB,,
dZ; = \/epY dB; .

Again by theorem 2.9 in [Peithmann, 2007] we know that (Z},Y/),c o satisfies a LDP on
the pathspace H(lo,yo) ([0,1]; R?) with rate function I given by

BT
Iy =3 / 20 2™

In fact we know that the processes X, Y© and Z° are exponentially equivalent to the pro-
cesses X°, Y?® and Z° given by

dX: = \/epYFdB, + dZ¢,
dYf = \/eoY{dB,,
dZ¢ = \/epYFdB},

See theorem 2.7 and theorem 2.9 in [Peithmann, 2007]. Now note that

t
XE=1/e / pYFdB, + Z¢
0

P e e
:;(Yt —?JO)+Zt-

Now using the contraction principle with the continuous function

p ~
Z;, Yf = (— Vi - ZE) - (X)
( t t)te[O,l] 0( t y0)+ t te[0,1] t te(0,1]

we know that (Xf) satisfies a small-time LDP with corresponding rate function given

te(0,1]
by )
I(z)= inf I(z,y).
(z9)eH, ., ((0.1:R?),
z=2(y—yo)+=

Analogously X7 satisfies a LDP with rate function ¢ defined as
L(xy) = inf I(z
(@) x€Hg ([0,1];R), (=)
z(1)=z1

= inf inf I(z,y)
w€Hy (0,1R), | (zyen}, ,  (0,11:R?),
w(l)=m a=2(y—yo)+z
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Now ¢ satisfies the following trivial inequalities

;

L(zy) = inf inf I(z,y)
I‘GHSI([%H;R), (et} o (10,1172),
(== z=2(y—yo)+z )
)
> inf inf I(z,y)
x€H{([0,1];R), (z,y)eH(loyyO)([O,l];RQ),
rW=r1 | a(1)=2(y(1)—yo)+=(1) ) (12)
> inf I(z,y)
(Zvy)eH(lo’yO)([Ovl];R2)v
z1=2(y(1)~yo)+2(1)
= ler%yfl inf I(z,9)

1 R2
1= (y1—yo)+z1 (z’y)EH(O,yo)([O’l]’R >’
z(1)=z1,y(1)=y1

Note that we are already able to calculate the right hand side as in the proof of theorem
4.14. We have

inf
(z)€H 01 (10,1:R?),
z(1)=z1,y(1)=y1

I(z,y)

= 252

2
%_;Z% + (Yo — 91)2
201

1
—— arccosh (1 +

and the infimum is attained at the corresponding geodesics. Therefore the inequalities in
(12) are actually equalities, because we can just choose x to be the linear combination of
these geodesics. We arrive at

inf
21,Y1,
z1=L2(y1—yo)+z1

2
T2 4 (yo — 1)
L (1’1) =

1
— arccosh | 1+ £
20 2Yol1

2

) 1
inf — arccosh
y1>0 202

bl‘\?l 9

(1 + s (21— 2 (g —0)” + (o — yl)Q)

2Yo0y1

An elementary calculation shows that the above infimum is attained at

vt =\ (021 + pyo)? + 7P,
which proves the assertion. ]

Note that we can now derive the same results obtained in corollaries 4.16,4.17 and 4.18
in the case of the correlated model. We therefore obtain the following corollaries.
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Corollary 4.21. In the a-hypergeometric model we have the following small-time behaviour
for out-of-the-money put/call options on S;

1
—limtIn (E(S; — K)") = 353 arccosh <1 +
o

t—0 2yoyf
2 2 oy 2
1 Z (In(K) — g y* — + (yo — y*
—lim¢In (IE (K — St)+) — — arccosh [ 1+ Z ( (K) (41 0)) (o — y1) ’
t—0 252 ST

where y3 1is give by

yi = \/(Uln (K) + pyo)” + 143,
with yo = €.

Corollary 4.22. In the a-hypergeometric model for K > 0 we have the following small-time
behaviour

—lim#In (E(S:—K)" = (1-K)")

—0
_ T oVt (e 1\t
= llr%tln (E(K St) (K—-1) )

2

<1+ 2(IH(K)—§(yf—yo))2+(yo—yf)2) |

‘b&l Q

1
= 257 arccosh

2y0y7

where yj is give by

yi = \/(Uln (K) + pyo)* + p*42,

with yo = €.

Corollary 4.23. In the a-hypergeometric model we have the following asymptotic behaviour
for the implied volatility o, (x) of a European call option on Sy = e~ | with strike K = 7,

ast—0
x

I(z)=limoy,(x) =

t—0 %2 o s 2+ Y
%arccosh <1 + 2 (=6 (vi 290)2 (vo—vt) )
Yoyq

where y3 is give by

v = /(0w + pyo)? + 7P,

with 1y = €.

2note again that Sp = 1.
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Figure 8: Plot of K — —tIn (E (S, — K)") for different values of ¢ with initial instantaneous
variance V{ of 20% and model parameters given by a = 3, b = 0.4, a = 1, o = 5 and different
correlations p.
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Figure 9: Plot of  — o () for different values of ¢ with initial instantaneous variance V; of
20% and model parameters given by a = 3, b = 0.4, « = 1, 0 = 5 and different correlations
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5 'Transforms of the driving processes
Before we are able to start pricing plain vanilla options under the a-hypergeometric model

we need to compute certain transforms of v. We follow the reasoning of [Da Fonseca and
Martini, 2014].

5.1 Transforms of v

Proposition 5.2. In the 1-hypergeometric model with 0 > 0 and X > % + ab the Laplace
transform in time of the moment transform of v is given by

o 1 b
/ e ME (e‘%t) dt = = exp <—%v0 + ;e”°> (J1+ J2) .
0

With

I'(a; —1 z _g— -

Jl =2 (szl) >e_7023U (a1 — 1,61;20) (21/2) o o2 Il,
r —1) _= a

JQ =2 (al >ef7ong (a1 — 1, bla Zo) (2V2)_0_ﬁ [2,

r (b))

Zbl—al-i-e

[1 = b 0 QFQ([bl—a1+1,b1—a1+9] [bl—a1~|—9+1,bl],—z0),
1—a;+ 6

I, — F(bl—a1+6’)F(0—a1+1)

9 =

()
F(bl—l)gFg([2—a1,1+9—a1] [2—[)1,2-}-9—0,1],—20)
F(al—l)(l—i—ﬁ—al)
_29_a1+b1F(1—bl)QFQ([l—a1+b1,9—a1+bl] [b1,1+9—&1+bl],—20)
0 F(al _bl) (9—a1+b1)

0—ai1+1
— 2y

2
where a; —1=n— %, by =1+ 2n, ngc%, 2o = 219e"0 andn2:%—|—i—’2\.

Proof. Let

g

_ S g — bev
B, = Bs+/ Rl (13)
0

and let If"t, given by the Girsanov theorem, denote the probability measure under which

Bs> is a Brownian motion. The density is therefore given by
0<s<t

]f])t . _ UV
d_:g(_/ a — be dBu)
dP 0 o ;
t _ UV t _ Vu 2
:exp<—/a be dBu—E/ (a be )du)
0 o 2 Jo o
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The new dynamics under P! are therefore given by

dUt = O'dét,
o? ~
de"t = ?evtdt + UevtdBt
and in integrated version
V¢ — Vo :O'Bt, (14)
o2 [t t ~
e —e" = — [ e™ds+ 0/ e” dBs. (15)
2 Jo 0

Performing this measure change and using (13), (14) and (15) we arrive at

- t _ Vg 1 t _ vs \ 2
EF (e‘%t) = EF (exp (6’vt + / a—be dB; + —/ (a be > dS))
o 2 Jo o
— Vs 1 t _ Vs 2
(exp Ov, +/ a—be dB; — —/ (a be ) ds))
0 o 2 Jo o

a b [ o[, 5 9
exp | Ovy + — Bt - — ”sdB - — (a — 2abe” + b%e ”s) ds
o o Jo 202
2yt
exp | Ovy + —vt — ﬁvo — i e’ —e" — U—/ e’ ds
o? o? 2 J
a’t  ab b2 [t
- Usd 2 2’Usd
202 * a? Jo 7T 92 0 ¢ 8))
_ @, b, a’t
TP T2 T 2 202
, t 32 b
-E* (exp (—/ &e%s — /Ble”Sds) exp ((9 + %) v — —Ze”t))
0 2 o o
with
ab b b?
B = o) + > g5 = 52

With the Feynman-Kac formula we arrive at the following PDE for the above expectation

2
F = %F — % 2E 4 B F

F(O,U):exp(<9+%)v_%eu>‘ (16)

This enables us to calculate the moment generating function via

2
P/ Guy a b ., a“t
E (e t) = exp (——027)0 + 2° 0 — —202) F (t,v) .
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The function

then obviously satisfies the PDE
9: = —Hy,

g(0,v) = exp <(9 + %) v— %e) 7 (17)

g

where, following the proof of theorem 8.1 in [Matsumoto and Yor, 2005a|, H is the Schrodinger
operator with Morse potential given by

2 2
1d Y2 20

H=——+—¢e"—14e"
2dv? 2 !
with
By 2 B3
vV = ;, V2 = ;

Let ¢ (t,v,y) be the transition density associated to the semigroup generated by H. We can
calculate F' via

F(t,v)=g (0215,1)) = /_00 q (JQt,Uo,y) F(0,y) dy.

oo

The associated Green function G satisfies, with M, , and W, , being the Whittaker functions,

n’ o
G (U7 Y, 5) = / e_th <t7 v, y) dy
0

-5
= ! i 2 e_%WIq (2V2emax(’u,y)) My (2V2€min(’u,y)) )
vl (1 + 2n) v EX

for n > 0, where if 71 > 0 one has to ensure that n > 7+ — % Therefore by Laplace

transforming the moment generating function in time we arrive at

= XP (v a b = a’ t
/0 (S E (e t)dtZeXp —O_—UO—FFG /0 exXp | — ;4‘2)\ 5 F(t,'l}o)dt

(g )

= exp ——UO+—6
o2
/ / exp( ( +2)\> 2) (2t,vo,y)F(0,y)dydt
(o )

:—exp ——v0+—26

o

/ / exp ( (“2 + ”) 5) ¢ (t,v0,y) F (0, y) dydt.
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1
2

2 . . . . . .
Now let n* 1= & + i—)g‘ Since L = % —1—% this choice is convenient in the sense that n > 7 —

o2

is always satisfied. With Fubini’s theorem the above can be rewritten as

/OO e_)‘tEP (egvt) dt = iexp _iv + ievo /OO alw y 77_2 F(O y) dy
0 o2 o2 0T 52 D ’ '

—0o0

In order to calculate the integral on the right hand side we plug in the Green function and
split up the integral such that

0o 2
/ G(U0797%>F<an)dy—=]1+u]27

where

As a reminder the Whittaker functions and the confluent hypergeometric functions are re-
lated via

p 1

M, ,(z) = e"3z2tHM (5 +pu— kK, 1+ 2u; z) ,
- l+ 1

Wiu(z) =e 222710 §+u—/<a,1—|—2u;z :

Plugging in the definition of the Whittaker functions and the initial conditions and using
the change of variables z = 215€e¥ we can write J; and J; as

Lt +3)
ol (1 + 2n)

20
0 o

le

e 7 W%m (2v9€") (21/2)%_9_%2

(153
= ZREI IV (2050™) (20)2 "2
vl (1 4 27) vl

g

20
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Now let a1 — 1 =1n— % and by = 1+ 2n. We can therefore rewrite J; and J; as

F (CLl — 1) _ 20 n _f— o
S\ 4 1. b 9 2
T (o) e 22U (ay ,b1;520) (21)

20
/ Dm0 (a) — 1,by; 2) dz
0

-~

Jp =2

=:1
F a; — 1 _ 20 _fH—_a_
J2 = 2%8 20ng (al — 1, bl; Zo) (2V2) o o2
/ 10162 (g — 1, by; 2) dz
20

=:15

Note that by —a; + 6 — 1 > —1. Now for the integral I; there holds

20
I, = / 101 =AN (ay — 1, by; 2) dz
0

—~
N2

20
= / L TOINL (b — ay 4 1, by —2) dz
0

o0

©) (b1 —a1 +1) n [ biato-1+
= n(—1) PAR "dz
% (bl)n n! 0

i (b1 —a1 +1), (—1)" e t+Otn

e (b1 — a1 + 0 +n) (b1),, n! 0
zgl_a1+0 - (b1 —a1+1), (bt —ay1 +0),

by —ar+0 4 (b —ar+0+1), (b1),n!

—~
w
=

(~1)" =

b1—a1+0
2
= bl0_a1+92F2([b1—a1+1>bl—G1+9][b1_a1+9+1’b1]’_20)'

—
N2

In the above calculations equality (1) holds because of Kummer’s transformation
e *M (a1 — 1, bl; Z) =M (b1 —a; + 1, bl, —Z) s

see equation 13.2.39 in [DLMF|. Equality (2) is justified since M can be written as a pow-
erseries with infinite radius of convergence and therefore it converges uniformly on compact
sets, especially on the interval [0, zp]. Therefore we can interchange the integral with the
sum. Equality (3) follows from the fact that

(b —a1+0+1), (by —as+0)

b —a;+0+n=
1—a1+0+n (bl_a1+9)n

and equality (4) is just the definition of o F5.
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Now we are going to calculate the integral I,. First of all by the Mellin—Barnes integral
representation of U, see equation 13.4.18 in [DLMF], the integrand can be written as

1 (YT (b —1+t)I (1)
bi—a1+60—1 —ZU -1 b . - 1
e L) = o [ R

_ O0—ai—t
= z dt,
211

where the contour of the integral passes all the poles of t — T'(by — 1 +¢) ' (¢) on the right
hand side. This formula holds in fact for all complex z with arg (z) < 7 therefore especially
in our case. Furthermore note that b; —1 > 0 and we are therefore able to choose the contour
arbitrary close but on the right of the imaginary line. When calculating I we are going to
interchange the integrals, which is valid by Fubini’s theorem as long as 8 —a; —Re (t)+1 < 0.
Since we have already seen that we can choose Re (¢) to be arbitrarily small, it suffices to
ensure that 8 —a; +1 < 0, which in turn can be done by choosing A large enough. In fact

recalling that
B a a? 2\ a
al—l—n—02— 04+02_02

simple calculations show that A has to be chosen such that

2

0
)\>T‘2+a9.

Therefore after applying Fubini’s theorem and solving the inner integral we arrive at

1 [Hie Ly —1+t)T () I—ar+1-t gy

Lh=——
2T i) T -1+ —ai+1—0)°

The next step is to apply the residue theorem. Therefore we are going to look at the poles
of the integrand. The corresponding residues can be calculated by elementary properties of
the residue and the gamma function. As a reminder we recall that

(=n"

Res (I, —n) = ", for n € Ny.
n!

Now the residues of the integrand of I, are located and given by

e t =0 —ay + 1, which is - after the appropriate choice of A - in the left half-plane and
therefore accounts in the calculations of the residues. The residue is given by

F(bl —a1+9)F(9—a1+1)
() '
e { = —n with n € Ny. The residue is given by

T (b —1—n)
F(ag—1—n)(@—a;+1+n)n!

R
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o { =1—0b; —n with n € Ny. The residue is given by

-1 n 07a1+b1+n'
F(al—bl—n)(ﬁ—a1+bl+n)n!( )z

0

The above holds true if the cases do not coincide. But since we are trying to calculate the
Laplace moment transform, which is in fact a C* function in A\ and 6, it suffices to know it
except for those special cases which are a zero set anyway. Summing up all the residues we
get

F(bl—a1+9)F(0—a1+1)

I, —
i ()
(by —1—n)
9a+1 1 n n
: -1
ZF al—l—n)(ﬁ—al—i—l—i—n)n!( ) 5
o ’
_ = I'(l—b;—n)
0—a1+b1 1 n _n
— —1 .
“0 ;F(al—bl—n)(e—al—l—bl—l—n)n!( ) 5

In fact H; can be further simplified. There holds

F(bl—l)gFg([Z—al,l—i—Q—al] [2-[)1,2-’-0-&1],-20)

By = T'(a— 1) (1+0—ay)

In order to derive this equation we will show that the coefficients of the powerseries expansion
of the right hand side coincides with the coefficients of H;. From the definition of 5 F5 and
by multiplying with n! the coefficients are given by

F(bl — 1) (2—(11)n (1+0—6L1)n
F(al—l)(1+9—a1) (2—b1)n(2+9—a1)n

writing out the pochhammer symbols and using elementary properties of the gamma function
this equals
I'(2—ai+n) I'(1+0—a1+n)
I'(by —1) TG-a) T ri—a)

— _ I'(2—bi+n) I'(24+0—a;1+n)
[(ay—1)(1+60—ay) oot O S

B ['(by—1) F'2—a+n)Fr1+0—a+n) T'(2—0b) F2+60—a)
T -1)(1+0-a)) T(2—-a;) T(A+60-a) TR2-b+n)T(2+60—a;+n)

-1 I'2—ay) T'(2=bi+n)(14+60—a;+n)
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Since for z € C\ Z there holds

D()D(1—z) = Sin?m) (18)
one can rewrite the above as
F(ap—1) I'2—a1) T2=bi+n)(1+6—a+n)
_ sin (7 (a; — 1)) ' (2 — a1 +n) 1
sin(m(by —1) ' (2=b1+n)(14+60—a;+n)
:sm(w(al—l—n))F(Q—al—i—n) 1
sin(m(by —1—n))T2—=b;+n)(1+60—a;+n)

Note that the last equation is valid even tough the sine function is 27 periodic. Now using
again equation (18) yields the assertion. Analogously one can verify that

F(l—bl)ng([l—a1+b1,9—a1+b1][b1,1+9—a1+b1],—z0)
I‘(al—bl) (9—&1+b1) '

Hy =

Together with remark 2.2 one immediately gets

Theorem 5.3. In the a-hypergeometric model the Laplace moment transform of v is given

by
/ e ME (&™) dt = / e ME (egﬁt) dt,
0 0

where the process v with starting value vy = awy follows the SDE
dv; = (aa - ozbef’t) dt + aocdBy,
which can be calculated using proposition 5.2.

5.4 The variance swap

The expected annualized variance until ¢ is given by

1 ' 2v 1 ! 2v
VS(t):#E i e’ ds =3 O]E(e *) ds.

Its Laplace transform is therefore given by

[e.9] 1 o0
/ e MIVS (t)dt = / e ME (&) dt.
0 A 0

Note that we are already able to calculate the above right hand side.
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5.5 Transforms of S

In the following we want to compute the Laplace transform in time of the Mellin transform
of the forward S. As seen above for the process v we were able to calculate the Laplace
moment transform for general o > 0, see remark 2.2. The same strategy can however not
be performed when dealing with the forward itself. In the proof of the next theorem we
therefore set & = 1. The interested reader can follow the first part of the proof with general
a > 0 but will soon run into a problem. According to chapter 9 in [Henry-Labordeére,
2008] the 1-hypergeometric model lies in the class of solvable stochastic volatility model
which are related to Natanzon superpotentials. Hereafter we will therefore focus on the
1-hypergeometric model. The dynamics are therefore given by

dSt = Stevtth,
dvy = (a — be®) dt + od By,

Theorem 5.6. Let S and v be given by the 1-hypergeometric model with po < b. Furthermore
let 0 € (0*,6,) where

90 — 16bp + 31/32b2 + 902 — 32bpo

6*
20 (9 — 8p?) ’
2
o —2bp+ \/(U—pr) + 4% (1 — p?)
+ = 2% (1= /)

and A > 0 such that

(a2+2)\>§_ (b—0po) (5 + 3) +1>O.
X 2

i}
a9 b—0po) + 0260 (1 —0)

Then the Laplace transform in time of the Mellin transform of S is given by

& 1 a v
/ e ME (S7) dt = Fefﬁvﬁ(%*%ﬂ)e (4 ).
0
With
I'(a z —H—
Jl = 2F<(bz§e2()ng (CLQ, bg, Zo) (2V2) b o2 ]1,
F 2 a
JQ = 2F ((Zj)) e_TOZgM (CLQ, bg, Zo) (21/2>_9_<772 ]2,
where




with i, 1s given by

in=1(—0(0)"""y (77 + % +n,—6(0) Zo) ;

where v denotes the lower incomplete gamma function. Alternatively i, satisfies the following

recurrence relation i a
. nrozTn 50 .
5 (0) i1 = 2z e()zo—(n—i-—Q—l—n)zn.
g

Furthermore

— (—1)" (T (by—1—n) F(1—by—n)
IQZHZ:O n! ( I'(as —n) ](_n)+F(a2+1—bg—n)](1_b2_n))'

The function j is given by

a_

jite AT (<n+ <5 —toa)

where T' (-, -) denotes the upper incomplete gamma function and ¢ = —% — 92’;(;;21’ with as =

77—5—;+%, b2 = 1—’—277; V= —(b_oeng) (U;w2 —+ %)7 Vy = %\/(Opa — b)2 +0'29(1 - 0)) 20 = 21/2600

2 _ a2 | 2)
and n* = % + =.

Proof. Since S is given by a stochastic exponential and by introducing the standard Brownian

motion (Bt, BtL) 150 We have

t 9 t
E(S))=E <exp (9/0 eV dW, — 5/0 e2”3d3>)
t t 6 t
=FE <eXp (Qp/ e”dBs; + 0+/1 — p2/ e dBT — 5/ e%sds)) )
0 0 0

With the sigma algebra F; := o0 (B, :0 <wu <s) and using elementary properties of the
conditional expectation and Ito integrals we arrive at

t t "
E (Sf) =E (exp (90/0 e”dB, — g/o ezvsds) E (exp (9\/1 — ,02/0 e”sdBj) ‘E))
t 2 1— 2\ t
:E(exp (ep/ erap, + L 2/)) e/ eijsds))‘
0 0

Now note that by the Ito formula applied to e"* we have

t t 0.2 t
O'/ e”dB; = e — e — / e’ (a — be™)ds — —/ e”ds.
0 0 2 Jo
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Therefore we arrive at?

t 201 _ 2\ _ t
E(Sf)zE(exp (6,0/0 e”sdBS+9 u QP) 9/0 e%sds))
t 2 ot
:E(exp (9_p (e”t—evo—/ e’ (a—be”s)ds—%/ e”sds)
g 0 0
201 _ 2y _ t
+9 (1 p) 9/ erst))
2 0
2 t
= exp (—%e””)lﬁl(exp (%evt—%(a—k%)/ e”ds
0
0 —0%(1— p?) — 2020
B (1—p*) — = /egvsds
2 0

¢ ¢
=exp (—e™)E (exp (aoevt + al/ e’ ds — % e%sds)) ,
0 0

hs)

with

2
aozg—p, al:_&_p(@_i_a_), 042:9—02(1—,02)—@.
o

o o 2

Now as in the proof of proposition 5.2 let

5 S g — belu
B, := BS—I—/ Sl (19)
0

o

and let P, given by the Girsanov theorem, denote the probability measure under which

<BS> is a Brownian motion. The density is therefore given by
0<s<t

dPt “a — be'r
— = — dB,
dP 5( /0 o )t
t _ UV t _ Vu 2
:exp<—/a be dBu—E/ (a be )du)
0 o 2 Jo o

The new dynamics under P! are therefore given by

dvt = Ud_ét,
o? .
de't = ?e”tdt + oe" d By

3Note that this step would lead to another integral term with integrand e(!t®)%s for general o > 0.
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and in integrated version
vy — 1o = 0By, (20)
o2 [t t B
e’ —e = — [ e%ds+ a/ e"dBs;. (21)
2 Jo 0

Performing this measure change and using (19), (20) and (21) we arrive at*

) t t
EF (S7) = e o< EF (exp (ozoe”f +ay / e’ ds — % e?*ds
0 0
— be® 1" (a—be\?
+/ 2= 4B, + / <u> ds>>
0 o 2 Jo o
. - t Qs t
= e w00 RF (exp (aoe”t + oq/ e’ds — > e ds
0
—b 1" (a—be\?
+/“ edB——/(u>ds>>
0 o 2 Jo o
t t (0%
= o0 P (exp (ozoe”t +ay / e”ds — 72 e ds
0

a b
+F(Ut_1}0)_;<e — ——/ ”Sds)

2 2 t
_a_t+a_b USdS_ b_ e2v5d8)>
0

202 o2 202

a o " ¢ 2t
— o Hvot(F—ao)ero— b ppt (exp (—2vt + Boe® + 51/ e’ ds — %/ 62”5d8>>
o 0 0

with
b 00—()
ﬁozao—gz P
b ab
Bl—a1+2+2——b—9pa< )
b2 2pb b2

— L (bpo — 1) 1 0% (1-0)).

Note that in the definition of 32 we need to ensure positivity of the right hand side. One of
course could simply calculate the zeros of the right hand side as a function of 6, but since

4Note that these calculations are also valid for general o > 0 but lead to extra integral terms with
integrands of the forms e®¥s,e(®t1)vs and e2*%s | which collapse into each other in the case o = 1.
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2
B3lgg = g—z >0 and 2], , = ©P° > 0 we have strict positivity at least for 6 € [0,1) and

in the case po # b even in an open neighbourhood of the interval [0, 1]. Now let

B 2 _ 3

V= — vy =
o2’ 02

and let F' (t,v) denote the the above expectation with initial condition

F (0,v) = exp (%v + Boe”> )

From now on we follow exactly the proof and notation of theorem 5.2. Again by performing
. . . 2
a Laplace transform in time and with n? := o+ 3—’2\ we have

> 0 1 a b v [ 772
/ e MEP (S0 dt = —e 7rot(Frmao)e / G (vo,y, 5) F(0,y) dy.
0 o

—00

Again we need to ensure that n > Z—; — %, which can be done by choosing A sufficiently large.

Explicitly in terms of model parameters one needs

2 2 b—0po) (% + 1
V(b= 0p0)* + 0% (1 - )

In order to calculate the integral on the right hand side we plug in the Green function and
split up the integral such that

00 2
/ G<U07y,%>p<0,y)dy:J1+J2,

[e.9]

again simplifying J; and J; leads to

r(n-z2+4)

1 a
Jy = “FWor  (2056™) (20)2 52
VS Ty ¢ Wi (Grae) (202)
20 o« (_1.80),
/ z"_1+7e( +as) M(n—2 42,1 —|—2n,z) dz
\0 V2
-
J—F<n Z—;+§> “F Mo (2096™) (209)7 o
2T LI (11 21) tyn (20207) (202)
/ 277_1+%e<7%+f702)zU < 2y —, 1+ 2n; z) dz
20 )

Note the main difference to the proof of theorem 5.2 is the exponential factor given by
6(0) :=—3+ 2’8702 in the above integrals. We will now investigate the function ¢ a little more.
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Let 6_,0, denote the zeros of 87 as a function of . Simple calculations show that - see
theorem 2.8 -

o—2bp+ \/(U—Qb,o)2 + 4% (1 — p?)

*_ 20 (1 — p2?)
We have already seen that _ < 0 <1 < 6,. Since
5 () = Opoc —b

1 n 1
2 2\ J(0po — b + 020 (1 0)
we immediately have that ¢ (1) = —1, since b > po. Simple calculations yield that
sgn (8" (0)) = (po — 2b) 6 + b,

which is negative for 6 € (1,6, ) and therefore ¢ is monotonically decreasing for 6 € (1,6, ).
Furthermore since ¢ has a pole at 64 we have that limy_,g, § () = —oo. Later on we will
need to choose 6 in such a way that 6 () < —2. Solving § (f) = —2 leads to finding the
largest zero of the polynomial

8 (Bpo — ) +90%0 (1 — 0),

which we denote by 6* and is given by

90 — 16bp + 3+/32b% 4 902 — 32bpo

9*
20 (9 — 8p?)

First we consider [;. Note that since n + % > 0 for all A > 0 the integral I; stays finite.
Again, as in the proof of theorem 5.2, by interchanging the integral and the powerseries
expansion of the Kummer function we arrive at

%0 a 1
L = / 21 @)\ <n ~ A =, 14 2n; z) dz
0 120) 2

[e'e) _n + l) 2
- <7(71 = ) o / g0z g
77 nn' 0

n=0 N /
-~

If § () < 0 then a simple change of variables leads to

a

i = (=80) = (04 5+ 0= (6) )

where v denotes the lower incomplete gamma function. Integration by parts immediately
leads to the recurrence relation

. +-%5+n a .
0(0)in1 = zg a2 d(0)z0 _ (77 + g + n) In.
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We now consider I,. By equation 13.2.6 in [DLMF| we know that
U(a,b,z) ~z7¢

as z — 00. Therefore I, is finite if and only if
& ﬂ_’_i_; 5(0
222090070 o,
20

which holds if and only if § (#) <0 or ¢ () =0 and 2L + 5 < £. Assuming now 4 (/) < —1
and using the integral representation of U again we have

e 1 I [T (by—1+T(t) _, ;. a_
-1+ b0y (o e ) _/ 2 =14t (5(0)+1)z gy
N ¢ (n b2 TR T on T Tmr) ¢ ’

with ap =n—71 —l—% and by = 1421 and where the contour of the integral again passes all the
poles of ¢ +— I' (by — 1 +¢) I' () on the right hand side. As before note that by —1 > 0 and
we are therefore able to choose the contour arbitrary close but on the right of the imaginary
line. By our assumption ¢ (f) < —1 we are able to interchange the integrals in I because of
Fubini’s theorem. We obtain

I — L /“’o by —14+8)T(t) /OO L=t (5042 1 gy
211 o [ (as +t) o

1/mrqu+wrw

- 2_7TZ — 400 F (az + t)

¢ (=0 + =5 —t20C) dt,
(2

—i(t)

with ( = =0 (#)—1 and I (-, -) denoting the upper incomplete gamma function. Since 2o # 0
the map a — I (a, 20¢) is an entire function. We conclude that j dose not contribute to any
poles of the integrand. First let us compute the poles and corresponding residues of the
integrand. They are located at:

e { = —n with n € Ny. The residue is given by

['(bp—1—n) n .

o t =1—0by —n with n € Ny. The residue is given by

['(ag+1—by —n)n!

(=1)"j (L =by—n).

Therefore Iy can be written as

n=3 CF (R s G i)

(ay —n) ['(aa+1—0by—n)
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To ensure that the residue theorem is applicable we need to check if the integral along the

semi-circle t = re’? with ¢ € [g, 37”} converges to zero as r — oo. Therefore we need

certain asymptotics of the gamma function as well as the incomplete gamma functions. As
in [DLMF| equations 8.2.4 and 8.2.5 the normalized incomplete gamma functions are given

by

Plas) =15
Qaz) =

and trivially satisfy
P(a,2)+Q(a,z) = 1.
Therefore the integrand can be written as

F(b2—1+t)1“(t)j(t)

I (ag + 1)
=P T (e )
_ L1+ t)rr(i?ff)_" Rl 1 (on & — b 20¢)
:Hm—rmﬁgfgm+%—ﬂ@_pgﬂ+%_u%oﬁﬂﬁw

Furthermore since for z € C\ Z there holds

T
I'z)'(l—=z2) =
()T =2) sin (72)
and because of 8.11.5 in [DLMF| we have
2%e™"
P ~—

as a — oo with |arg (a)| < 7 the behaviour of the integrand of I - ignoring multiplicative
constants - along the semi-circle as » — oo is given by the quantities

" _F(l—ag—t)f‘(—n—i-;%—t) sin (7 (ag + t)) :
L T@—b—t)T(1—t)  sin(m(by— 1 +1))sin(xt)
by — F(l—a,—t)T (—n+ % —t) sin (7 (ag + t)) 4

T(2—b,— O (1— )T (1—n+ % — 1) sin (x (bs — L+ £))sin (71) °
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By 5.11.12 in [DLMF| we have for a,b € R

z+ CL) Zafb
I'(z+0b)

as z — oo with |arg (2)| < . Furthermore, since for ¢ # 7

. ip 2 .92 . 2 .
lim |sin (7 (a + re'?))| _ iy BB (ra 4 wrcos (v)) + sinh” (77 sin (¢)) 1,

00 e2r|sin(p)| 00 e2rm|sin(yp)|

there holds
‘sin (7r (a + Tei“")) ‘ ~ g mIsin(P)]

as r — 00. Therefore we have

by—az—n+-%—2 —rrlsi
’kll ~ 02702 nt—g e 7‘7r\sm(go)|erlog(g)cos(gp)'

To ensure that the contour integral along the semi-circle in fact converges to zero we have
to ensure that ¢ > 1. Also note if ( < 1 the contour integral along the semi-circle will not
converge to zero. This is can be see by looking at the contour part where ¢ is sufficiently
close to 7, which in turn results in |sin (¢)| being close to zero. Then the part e”'08(c)cos(¢)
will dominate and the integral will not converge to zero. The fact that ( > 1 is equivalent
to d (#) < —2, which we have already seen to be possible and satisfied for § € (0*,6,). In
order to quantify the behaviour of ks note that by 5.11.7 in [DLMF]| we have

[ (z+4b) ~V2me~ 2pithy
for b € C as z — oo with |arg (2)| < 7. Therefore we have
‘ (b et )| ~ /2" c0s() g~ log(r) cos(i)+r(p+) sin(p)+(b—1% ) log(r)
as r — oco. Putting all together we have

K| ~

ph2—az -+ =2 —rmlsin(p)] 4 log(20) cos(yp) \/ﬁe—r cos() o" log(r) cos(p)—7(p+) sin(p) — ( Lon+ (%) log(r) )

Note that the term e"°8(")cos(#) glways guaranties that the contour integral along the semi-
circle converges to zero, because of the choice of ¢. This shows that the residue theorem is
applicable and we therefore conclude the proof. O

23



6 Pricing vanilla options

Following section 6.7.8 in [Jeanblanc et al., 2009] and section 3.3 in [Da Fonseca and Martini,
2014] we are going to use the method of Mellin transformation to perform option pricing.
Note that the Mellin transform of a call option in the strike can be expressed in terms of the
moments of the forward:

1

-1 (59)

/ E(S, — K)" K'7%dK =
0

for # > 1. Applying this to the 1-hypergeometric model and choosing A and 6 as in theorem
5.6 and Laplace transforming the above in time leads to

oo oo 1 oo
-\t E - K + K@—Z K — / —)\t]E 0
/0 e /0 (S ) dKdt 6-1) J, e (S7) dt,

[ J/

=:9(0,\)

which can already be calculated. Let L (K, \) denote the Laplace transform in time of a call
option with strike K, i.e.

L(K, )\):/ e ME (S, — K)™ dt.
0

By Fubini’s theorem there holds

g(0,7)

/OO L(K,\)K2dK = 501

In order to calculate the value of a call option we are going to numerically invert the above
transform. In order to invert the Mellin transform we need the following

Lemma 6.1. For 0 € (0*,0,) and X as in theorem 5.6 the function

g(0+ic,\)
T 0 tic) (0 +ic—1)

is L' (R).
Proof. The result follows immediately from
gOie) | _ e ME (S di
(0 +ic) (0 +ic—1)| — [(0+ic) (0 +ic—1)]
e E (50) di
(0 —1)° + 2

and the fact that * > 1, see the proof of theorem 5.6. n

o4



Therefore we can obtain L by using Mellin’s inversion formula:

L(K,)\) = /6 . %K”ldr (22)

The last step to do is use for example the modified Talbot method to invert the Laplace
transform, see [Dingfelder and Weideman, 2013]. The method to calculate the value of a
call option is as follows: We discretize the integral in (22) with a simple quadrature of size
N € N. Then we calculated g at the necessary points using the results of theorem 5.6. To

calculated the value of the call option we then used the modified Talbot method to invert
L. The valuation of a variance swap was done analogously.

T T T
— © - Using Laplace Inversion
Simulation
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Figure 10: Plot of ¢t — VS (¢) with initial instantaneous variance V; of 20% and model
parameters given by a = 0.8, b = 0.4, « = 1 and o0 = 1. Numerical inversion was performed
using the modified Talbot method.
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7 Appendix

7.1 Black Scholes Formula

Theorem 7.2. The value at time t of a Furopean call with maturity T and strike K of the
asset S with dynamic dS; = S;odW; is given by BS (Sy, 0,t), where

BS (z,0,t) = 2® <d+ (%,T—t)) — K (d, (%T-t)) ,

with
1 o
d = 1 +
+ (ya u) \/ﬁ n (y) 2
Proof. See theorem 2.3.2.1 in [Jeanblanc et al., 2009]. O

Theorem 7.3. The value at time t of a Furopean call with maturity T and strike K of the
asset S with dynamic dS; = Sy dW; with a deterministic function o is given by BS (S, X4, 1),
where
2 1 g 2
Et = ﬂ ) O dS.

Proof. See Exercise 2.3.2.5 in [Jeanblanc et al., 2009]. O
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