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Abstract

Many systems, including telecommunication systems, radar and imaging systems,
biomedical systems, control and robotics systems, rely on powerful digital signal
processing (DSP). DSP algorithms are hard pressed to provide accurate estimates of
a signal from as few as possible noisy measurements. If the signal to be estimated is
sparse and high dimensional, a novel DSP technique, called compressed sensing (CS),
allows efficient recovery from (possibly noisy) low dimensional representation. Even
though reconstruction guarantees of several CS recovery algorithms have been known
for almost a decade, many nonlinear distortions introduced by a practical measurement
system are often not considered in the analysis. Neglecting these distortions could,
in turn, have a detrimental effect on the performance of a recovery algorithm in a
practical application. In this thesis, I focus on algorithms for recovering sparse vectors
from measurements tampered with some of the most common nonlinear distortions
that appear in practice, namely quantization and modulo distortions, which are not
treated with classical CS recovery algorithms.

To the present date, many reconstruction algorithms have been proposed to solve
noisy CS problems. Among them, the class of approzimate message passing (AMP)
algorithms stands out for its low computational complexity, low reconstruction error,
and the ability to predict the states of the algorithm across iterations (at least in
the large system limit). Furthermore, the Bayesian approzimate message passing
(BAMP) algorithm has the ability to incorporate signal prior to additionally improve
the estimate, while the generalized approxrimate message passing (GAMP) algorithm
allows for the reconstruction of sparse signals from nonlinear measurements. These
facts make the AMP algorithms particularly interesting for our problems involving
quantization and modulo distortions with known prior.

BAMP follows the probabilistic estimation approach where a prior distribution
is assumed for the unknown signal. A commonly used family of distributions that
promotes sparsity of the solution is the Bernoulli-Gauss (BG) mixture. In this thesis, I
show how a BG mixture can be thought of as a limiting case of mixture of two Gaussian

distributions. I extend this to the case where the prior is modeled as a mixture of n
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Gaussian distributions, which covers a much larger class of signals. For that case I
derive explicit analytic update rules for the BAMP algorithm. Furthermore, I present a
novel approach to the known Analysis-by-Synthesis (AbS) quantization scheme, where
I use the BAMP algorithm to further reduce the end-to-end reconstruction MSE from
quantized CS measurements.

In many practical applications, the computationally demanding AbS quantization
scheme is not feasible, and CS measurements are simply scalar quantized. During the
storage or communication over a noisy channel, the quantized measurements might
be corrupted in different ways. Reconstruction by conventional algorithms on such
highly distorted measurements will result in poor accuracy. To address these problems,
I use the well established GAMP algorithm and tailor it for scalar quantized CS
measurements corrupted with noise. I provide analytical expressions for the nonlinear
updates assuming different noise models, and conduct numerical experiments to show
that the GAMP algorithm outperforms conventional CS algorithms under the considered
model assumptions.

Finally, I consider a problem that typically appears in the context of calibration
of sensing devices: unknown dynamic range of the input signal. Traditionally, this
problem was addressed by clipping or saturating the input, which results in a loss
of information about the signal. Alternatively, by taking modulo measurements, the
input samples exceeding the sensor’s threshold are simply folded back to its dynamic
range. Even though the sampling theory for recovering a sparse signal from its low-pass
filtered version and modulo measurements already exists, in this thesis, I investigate
the application of the GAMP algorithm for recovering a sparse signal from modulo

samples of noisy randomized projections of the unknown signal.
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number of measurements

dimension of the source vector

sparsity of a vector

deterministic scalar, column vector, and matrix
random scalar, column vector, and matrix
nth component of vector

(m, n)th entry of a matrix

vector and matrix transpose

matrix inverse

N x N identity matrix

vector having all but i-th element

vector p-norm (p > 1)

average value of the entries of a vector
natural numbers

integer numbers

real numbers

vector space of real valued N dimensional vectors
sign of a number

cardinality of a set

set of positive integers up to N

vector with components indexed by set
matrix with columns indexed by set
probability of an event

expectation of a random quantity
variance of a random quantity
(multivariate) normal distribution with

mean p and (co-)variance X
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xXVi Notation and Definitions

iteration index (e.g., in an algorithm) @

(
Dirac delta function 5(+)

Functionals

« Dirac delta (generalized) function: in the strict sense the Dirac delta is not a

function, but defined by the integral

over any function f: R(f) — Z(f) with R(f),Z(f) C R.

Miscellaneous

o Mean squared error (MSE): the MSE between two vectors of dimension N is
defined as .
MSE(a,b) = fla — b,

¢ Decibel notation: quantities x € R in dB units are defined as

rdB = 107 .
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Chapter 1

Introduction

1.1 Motivation

The recent advances in integrated semiconductor technology [73| has led to ubiquitous
deployment of cheap digital devices equipped with sensors monitoring a multitude of
natural phenomena (e.g., temperature, air pollution) [16]. In the context of Internet of
things (IoT) many digital devices (e.g., sensors) communicate and interact with each
other over the Internet while being monitored and controlled from a remote device
[60]. These digital devices sense, save, process and transmit exponentially increasing
volumes of sensor data, which is threatening to overwhelm classical sensing systems
[3]. Therefore, the digital sensors of the future need to be supported with fast and
robust yet flexible solutions for sensing, saving, processing, and transmission. In the
signal processing world, the answers are to be found in the algorithms for sampling,
quantization, compression, dequantization and recovery of the input signals. The task
of designing these algorithms is tackled in this thesis.

To illustrate the issues mentioned above, consider the acquisition of a grey-scale
image. In the classical approach, a binary number (i.e., pixel value) representing light
intensity is taken from each light detector in a grid of hundreds-by-hundreds detectors.
Storing this large matrix of binary numbers would require an extensive storage volume.
The matrix, therefore, needs to be compressed before storage. For example, we can
compress the matrix using JPEG compression. This compression is based on the
fact that signals obtained from 2 dimensional discrete cosine transformation (DCT-
IT) transformation of natural images show a specific structure; in particular, only
a small portion of the transform coefficients have large absolute value, while the
rest of the coefficients are close to zero. Therefore, only a few coefficients have a

significant contribution to the signal. Saving the positions and the values of only
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Fig. 1.1 An example of a classical image compression: the original image, distribution of
the magnitudes, and the reconstruction from compressed representation (only 10 % of the
coefficients are used for reproduction).

significant coefficients requires a fraction of storage space needed for the raw data.
When recovering the image from the compressed representation, missing pixel values
are replaced with zeros, and the image is obtained by performing the inverse DCT-II
transform. An example of image compression with JPEG is shown in Figure 1.1 (taken
from [43]). Even though there is a noticeable reduction in the image quality, the key
elements, and most details of the image are contained in the compressed image.
Although a high compression ratio can be achieved using a JPEG compression, and
even more so with more sophisticated compression algorithms (such as JPEG2000),
one could argue that the whole approach is suboptimal. The reasoning is that the
compression step is compensating for the redundant sampling step [43]. An alternative
is offered by a modern digital signal processing (DSP) paradigm called compressed
sensing (CS) [18, 19, 30], where previously separate tasks of sensing and compression are
done in a single step. This is accomplished by taking randomized linear measurements
of a low-dimensional signal that is embedded in a high-dimensional data space. Since
the number of measurements is lower by orders of magnitude than the dimension
of the ambient space, the compression is already achieved. On the other hand, the
problem is ill-posed, and classical recovery algorithms break down. Nonetheless, a
stable recovery is achieved using sophisticated iterative CS recovery algorithms that
exploit the signal structure (e.g., sparse DCT-II transform) during the reconstruction.
For example, the single-pizel camera [38] exploits these ideas to obtain an image in
a poorly lit environment with the compression ration of 20, while using only a single
light detector. Even though this has been a successful proof of concept imaging system,
there are still many practical challenges in image acquisition with CS, that are often

neglected during the development of the theoretical background. For example, the
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1.2 Contribution and Outline 3

light detectors might not be well calibrated; the light intensities have to be quantized
before any later processing; the image needs to be recovered from a finite-precision
representation. Poor solutions to these problems typically degrade the user experience
and are thus unacceptable. More detailed investigation of the practical aspects of CS,
therefore, needs to be done.

In this thesis, I thus focus on two most prominent challenges of the practical appli-
cation of CS in digital sensors of the future, namely quantization and calibration. More
specifically, concerning quantization, I investigate the quantization of CS measurements,
and recovery of sparse signals from quantized CS measurements. Furthermore, for
the case of miscalibrated sensors, I investigate a modern sampling paradigm, called

unlimited sampling (US), within the CS framework.

1.2 Contribution and Outline

Chapter 2: Preliminaries

This chapter aims to make the reader familiar with some general concepts that are
relevant when discussing the main contributions of the thesis, namely, CS algorithms
for quantization and sampling applications. I start by defining noiseless and noisy CS
problem, as well as defining terms frequently used when discussing those problems.
The list of the terms can be, therefore, used as a reference for subsequent chapters.
Later, I discuss some of the most important results in CS, namely, restricted isometry
property (RIP) and connection to basis pursuit denoising (BPDN).

In the subsequent chapters I will be referencing to algorithms that are either used
in their original form or modified for the nonlinear CS problems I focus on. Hence,
I provide a short overview and discussion on the classical CS algorithms. Finally,
I present the problem of quantized compressed sensing (QCS) and discuss the most

relevant results from literature.

Chapter 3: Approximate message passing

Regardless of the practical problem at consideration, i.e., quantization or miscalibration,
the core task is, nonetheless, the recovery of a sparse signal from a noisy measurement.
Since both problems introduce nonlinear effects, I am interested in the recovery of
sparse signals from measurements corrupted with nonlinear distortions. Among many
CS recovery algorithms operating with linear measurements in additive noise, the class

of approzimate message passing (AMP) algorithms stands out as the one with most
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4 Introduction

potential for solving CS problems with nonlinear measurements. Even in this case,
the AMP algorithm approximates the computationally intractable high-dimensional
integration involved with calculating E{x|y} or arg max, p(x|y) with a highly efficient
iterative procedure [62]. In Chapter 3, I, therefore, present an overview of the AMP
algorithm, which assumes independent and identically distributed (i.i.d.) Laplacian
prior for the entries of the unknown vector.

As there is nothing special about the Laplacian prior for AMP to be derived, one
can also consider other prior distributions. If the source prior is known (or if it can
be estimated) I show how to use the Bayesian approzimate message passing (BAMP)
algorithm to get even better estimates compared to the classical AMP algorithm.
Furthermore, as my own contribution, I assume that the prior consists of a weighted
average of n-Gaussian distributions, each with potentially different mean and different
variance, and derive closed-form expressions for the denoiser functions of the BAMP
algorithm. By choosing appropriate values for the means and the variances, one can
model many practically interesting priors. Moreover, by picking a very small but still
non-zero variance, one can even approximate discrete probability mass functions (pmfs).

Similar to the reasoning which led to the BAMP algorithm, one can argue that
there is nothing special about the Gaussian noise model, where the linear mixtures
z = Ax are corrupted with i.i.d. Gaussian noise. Hence, I conclude Chapter 3 by
briefly presenting the generalized approrimate message passing (GAMP) algorithm,
where one considers a general distribution describing the component-wise distortion
of the linear mixtures, i.e., a general output channel given in terms of a conditional

distribution p(y;|z;).

Chapter 4: Analysis-by-Synthesis with Bayesian Approximate

Message Passing Scalar Quantization for Compressed Sensing

In Chapter 4, I consider a scenario where sensors using CS observe a sparse signal,
quantize the observations, and transmit the discrete valued data over a communication
link with a low rate constraint. I start by stating the problem of quantization of CS
measurements and providing a more intuitive derivation of the optimal quantizer, than
offered in literature.

Major parts of this chapter were published in [64].
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1.2 Contribution and Outline 5

Chapter 5: Approximate Message Passing for Quantized and

Noisy Compressed Sensing

In many practical applications, CS measurements are first scalar quantized and subse-
quently corrupted in different ways during storage or transmission over a noisy channel.
Reconstruction by conventional CS algorithms on such highly distorted measurements
results in poor accuracy. To address this problem, I use the well established GAMP al-
gorithm and adapt it to our specific problem: recovery of sparse vectors from quantized
CS measurements corrupted with noise. I consider different communication channels
tampering with the quantized measurements, namely the symmetric discrete memory-
less (SDM) channel and the additive white Gaussian noise (AWGN) channel. I provide
analytical expressions for the necessary nonlinear updates of the GAMP algorithm
for different channel models and different rates. I conduct numerical experiments and
present performance results of the proposed scheme.

The contributions of this chapter were published in [66] and [65].

Chapter 6: GAMP for Unlimited Sampling of Compressed

Sensing Measurements

In Chapter 6, I tackle the problem of sampling signals with miscalibrated sensors
within the CS framework. More specifically, I consider the GAMP algorithm for
recovering a sparse signal from modulo samples of its randomized projections. The
modulo samples are obtained by a self-reset analog to digital converter (SR-ADC). In
contrast to previous work on SR-ADC that considers sparse vectors either in time or
frequency domain, I allow for sparse signals in any basis. Furthermore, I also consider a
scenario where the randomized projections are sent through a communication channel
before being digitizing by an SR-ADC. There, the channel is modeled as an AWGN
channel. To show the effectiveness of the proposed approach, I conduct Monte-Carlo
(MC) simulations for both noiseless and noisy case. The results show the ability of the
proposed algorithm to fight the nonlinearity of the SR-ADC, as well as the possible
additional distortion introduced by the AWGN channel.
Major parts of this chapter were published in [67].

Chapter 7: Conclusions

Conclusions of this thesis, as well as suggestion for future work are summarized in
Chapter 7.
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Chapter 2

Preliminaries

This chapter serves as a background for presenting the main contributions of the thesis.
It introduces the reader to the mathematical foundations of compressed sensing (CS) in
Section 2.2, and provides an overview of the classical CS recovery algorithms in Section
2.3. Furthermore, the problem of quantized compressed sensing (QCS), together with a
discussion on the most relevant results from literature, are presented in Section 2.4.

2.1 Intoduction

Shannon’s sampling theorem is a fundamental result in signal processing. It states that
a continuous bandlimited signal can be perfectly reconstructed from a set of samples
taken at a sampling rate proportional to the maximum frequency present in the signal
(Nyquist rate) [75]. For many applications, the required number of samples is, however,
disproportional to the information content of the signal, indicating redundancy in the
acquisition [3, 37]. The ambition to develop a more efficient sampling framework led,

more than a decade ago, to the emergence of CS [20, 30, 31].

2.2 Compressed Sensing

In CS we take randomized linear measurements of a low-dimensional signal that
is embedded in a high-dimensional data space. More formally, we obtain m linear
measurements {y,}”.; of an N-dimensional vector s by multiplying it with a fat matrix
D, ie.,

y = s, (2.1)
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8 Preliminaries

where m < N. In general, this is an underdetermined system of linear equations and the
equality holds for infinitely many s. However, in CS we take measurements of signals
of a certain structure, i.e., signals that are generated by a model, and consequently, we
restrict the set of possible solutions for s in (2.1) to those described by the model. In
particular, we are interested in the case where s has a k-sparse! representation in some
basis W, i.e.,

s = Ux, (2.2)

where x € 37, and 3. is the set of all k-sparse vectors in RY. Hence, we are interested

in finding x which satisfies

y = Ax, (2.3)

where A = ®V is a so-called measurement matrix, and ||x||o = k. Before continuing, it
is important to clarify the notation that I use throughout the thesis which is related to

the problem above, namely

e N is the dimension of the unknown signal,

m is the number of measurements,

k is the sparsity of a signal,

9 = m/N is the measurement ration,

o p=k/m is the normalized measure of sparsity,

¢ = k/N is the fraction of nonzeros.

It can be show that for any y € R™, there exists at most one x € >°, that satisfies
the measurement constraint iff spark(A) > 2k, where spark(A) is the smallest number
of linearly independent columns of A [27]. Even though we know that for a particular
problem, the solution is unique if it exists, the problem of finding that solution is still
an NP-hard problem [68]. However, in [39, p. 48] it has been shown that x is a unique

k-sparse solution of (6.6) iff it is the solution of
X = argmin l1%||o, s.t. y = Ax, (2.4)

which is till an NP hard problem. One way to find an approximate solution of the

problem (2.4), is to replace || - ||o with || - |1, i.e.,

X = argmin [|x[1, s.t. y = Ax, (2.5)

! We say that a signal (i.e., vector) is k-sparse if it has exactly k non-zero entries, i.e., ||x|o = k.
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2.2 Compressed Sensing 9

with the intuition that, when searching for a solution in R?, the solution of an ¢,
minimization problem equals the solution of an ¢, minimization problem, for any
p < 1[27, p. 28]. This approach, called basis pursuit (BP), was proven to be surprisingly
successful in many different applications, e.g., recovering bandlimited signals, and
geological signals consisting of a train of spikes [27, 37]. Fortunately, the analysis of
recovery properties of /; minimization was shown to be possible using the restricted

isometry property (RIP) [21].

2.2.1 Restricted isometry property

Definition 1 [21] A matriz A € R™Y satisfies the RIP of order k with RIP constant
Sk € (0,1) if for all k-sparse vectors x € RY

(1= dr) I3 < [lAx3 < (1 + ) I3

Matrices that satisfy the RIP of order k are approximate isometries for >, meaning that
they approximately preserve the ¢, norm of k-sparse signals under the transformation.
Alternatively we can say that, if the measurement matrix satisfies the RIP of order 2k,
then it approximately preserves the distance between any two k-sparse vectors. This
indicates that the recovery of sparse signals is possible from (6.6), if A satisfies RIP
of order 2k with certain constant d9. It is still unclear, however, how to construct a
measurement matrix.

One approach is to use a deterministic procedure to construct a measurement
matrix that satisfies the RIP of order k [15, 29, 44]. Even though this construction
guarantees matrices with the desired properties, the matrix itself has a relatively large
(at least k*log N) number of rows. This means that the matrix requires too many
measurements of the sparse signal for practical applications [39].

The second approach is to use random constructions of the measurement matrix.
For example, one could construct a measurement matrix by independent sampling from
a sub-Gaussian distribution and assign the samples to the entries of the matrix. In
this setting, testing if the matrix satisfies RIP becomes an exponentially hard problem
even for moderate size problems (i.e., m and N are not too small). Therefore, we can
only aim to proove that the matrix satisfies RIP with certain probability, and that is
precisely done by Theorem 1.
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10 Preliminaries

Definition 2 [39, p. 191] A random wvariable x is called sub-Gaussian if there exist
constants 3,k > 0 such that ¥Vt > 0

P{|x| >t} < Be """,

Definition 3 [39, p. 193] If x is a zero-mean sub-Gaussian random variable, then

there exists a constant ¢ (depending only on 5 and k) such that
E{exp(fx)} < exp(c6?) for all § € R. (2.6)

Any valid constant c in (2.6) is called a sub-Gaussian parameter of x.

Definition 4 [39, p. 309] A matriz A is called sub-Gaussian if all the entries of the
matriz are independent zero-mean sub-Gaussian random variables with variance 1 and
the same sub-Gaussian parameter c. Alternatively, A is called sub-Gaussian if the
entries are independent sub-Gaussian random variables with variance 1 and the same

parameters 3 and kK.

Theorem 1 [39, Theorem 9.2] Let A be an m x N sub-Gaussian random matriz with
normalized columns. Then there exists a constant C' > 0 (independent of m, N, dy)
such that the RIP constant of A satisfies 0, < & with probability at least 1 — € provided
m > 2C0 %(kIn(eN/k) —In(2¢71)).

Suppose now that we pick some small § and take m > 20§ 2k In(eN/k) measurements.
If we set € = 2exp(—d%m/(2C')), according to Theorem 1 the RIP constant of the
matrix satisfies 0, < ¢ with probability at least 1 — e. This is a quite powerful result
on the required number of rows of A for it to satisfy the RIP with certain ¢ and
€. Namely, if the matrix is constructed as described above, M scales linearly with
k and logarithmically with N, which is by far superior than anything achieved by

deterministic constructions.

2.2.2 RIP and /; recovery

The significance of the RIP becomes apparent from the remarkable results of Candes,
Tao, Romberg and others [18, 19, 30]. To get more insight into that work, let x; denote
the best sparse approximation one could obtain if one knew exactly the locations and
amplitudes of the k-largest entries of x, i.e., the vector x with all but the k-largest
entries set to zero. Additionally, we assume that A satisfies the RIP of order 2k with

a certain RIP constant dqy.
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2.2 Compressed Sensing 11

Theorem 2 [19, Theroem 1.1 (Noiseless recovery)] Assume that 6o < /2 — 1. Then
the solution X to (2.5) obeys

1% —x|[1 < Collx —xkll1, (2.7)
and
1% —xl2 < Co k™2 lx — x|, (2.8)
for some constant®> Cj..

It follows from Theorem 2 that both the ¢; and the ¢5 norm of the reconstruction error
are upper bounded by a term that depends on how well x can be approximated by a
strictly k-sparse vector. Alternatively, if we assume that x € Y, then the solution of
(2.5) perfectly matches the unknown vector x.

The problem of recovering a sparse vector becomes even more difficult when the

linear mixtures z = Ax are corrupted with noise, i.e.,
y=z+w=Ax+w, (2.9)

where w is the noise vector. Therefore, the linear mixtures z are often referred to as

noiseless CS measurements. In this case we want to find
X =argmin [[x[l;, st [y —Ax[2 <e, (2.10)

where ¢ is an upper bound on the size of the noise contribution. This problem is also
known as basis pursuit denoising (BPDN). Again, in the work of Candes [19], we find

theoretical guarantees for recovering a sparse vector from noisy measurements.

Theorem 3 [19, Theroem 1.2 (Noisy recovery)] Assume that Sop < /2 — 1 and
|\wl||e < e. Then the solution X to (2.10) obeys

H)A(—XHQ S Cokil/znx—XkHl—'—Cl g, (211)

with the same constant Cy as before and some constant’* C.

Similar to Theorem 2 for the noiseless case, Theorem 3 provides an upper bound for

the ¢5 norm of the reconstruction error. The bound consists of two terms: one that

2The exact value for Cy can be found in [19].

3The exact value for C; can be found in [19].

4This theorem can be specialised for independent and identically distributed (i.i.d.) Gaussian noise,
or when ||ATw|| is small [19].
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12 Preliminaries

depends on how sparse x is, which vanishes if x € }°;, and one which scales linearly
with €. As a conclusion, the solution of (2.10), i.e., recovering a sparse vector from
a noisy measurement vector using the ¢; norm instead of the ¢, norm is stable as it
depends linearly on the size of the noise contribution. The remaining question is "How

to solve for the given problem?".

2.3 Compressed Sensing Recovery Algorithms

Since the early work of Candés on the equivalence of solutions of (2.4) and (2.5) for
strictly sparse signals, many authors proposed different iterative recovery algorithms
for solving (2.10). The list of available algorithms grows larger every year, and a
comprehensive overview would go beyond the scope of this work. I think, however,
that it is necessary to give a quick introduction for the algorithms that will be used
later in the thesis. To do so, I make a slight modification to the concise classification
of iterative CS recovery algorithms provided in [39]. Specifically, the algorithms are

classified as:
e (1 minimization algorithms
e greedy algorithms
o thresholding-based algorithms
o approximate message passing (AMP) algorithms

I what follows, I give a short overview of the algorithm classes from above.

2.3.1 /¢, minimization algorithms

The BPDN problem defined in (2.10), namely
XpppN = argmin Ix[l1, st |y —Ax|2 <e¢, (2.12)

is already cast as a convex optimization problem. This means that one could apply
numerical solvers known in convex optimization theory to solve both problems. Using
this approach, we can solve two additional convex problems: least absolute shrinkage
and selection operator (LASSO) and constrained least squares (CLS), defined in (2.13)
and (2.14), respectively.
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2.3 Compressed Sensing Recovery Algorithms 13

BPDN is a convex problem where we want to minimize a linear combination of the
{1 norm of the solution and the term representing disagreement with the measurements,
where the trade-off between the two is controlled by a parameter \. Specifically, for

some parameter A > 0,
Xpasso = argmin Al|x[[1 + [ly — Ax|3. (2.13)

In CLS, compared to (2.10), one switches the roles of the constraint and term to

be minimized. Namely, for some 7,
XcLs = argmin ly — Ax|l2, s.t. [|x]: <7 (2.14)

In general, for some choice of ¢, A, and 7 we obtain three different solutions for x in
(2.10), (2.13), and (2.14), respectively. However, in [39, p. 64], it was shown that for
any choice of € > 0, the solution of (2.10) is identical to the solution of (2.13) for a
specific A > 0, and identical to the solution of (2.14) for a specific 7 > 0. The same
conclusion is reached if we fix A > 0 or 7 > 0 to any arbitrary value larger then zero.
Choosing the appropriate algorithm mainly depends on prior information, e.g., if we
have some estimate of the sparsity or noise level. For example, if we know or can

estimate [|x||2 or ||x||o0, We can upper bound ||x||; using
Ixls < VN[xllz, or fxl < Nx]|oc (2.15)

Note that in literature the problems in (2.10), (2.13) and (2.14) interchange names
(e.g., in [39, p. 64] one finds that the LASSO problem defined in (2.13) is referred to
as the BPDN problem).

2.3.2 Greedy algorithms

With greedy algorithms, at each iteration n, we first calculate the residual estimation

n=1) Next, one aims to find indices

error, in short called residual, 1™ = y — A%(
of columns of the measurement matrix with the largest contribution in minimizing
the residual. For example, in orthogonal matching pursuit (OMP) whose steps are
given in Algorithm 1, in each iteration we find exactly one index, whose corresponding
column in A has the largest correlation with the residual. Once it is found, this index
is added to the support S® of X, followed by solving a least squares (LS) problem
involving A g1 . The classical solution of the LS problem involves computing the inverse

(AL Agw)™", which has a complexity of O(|S|*). However, there exist faster iterative
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14 Preliminaries

Algorithm 1 Orthogonal matching pursuit (OMP)

Input: measurement matrix A, measurement vector y
Initialization: t =0, S° =0, x© =0y,

do:

Lt=t+1 > increment iteration counter
2: j) = argmax;eny {|A*(y — AXUD), 1} > index of the largest contribution
3 SW =5t=D |y {0} > update support of the estimate
4: % = argmin,cpn {||y — Az|2, supp(z) c S®} > estimate of sparse vector
while t < k

Output: x = x®

methods for the projection step based on the () R-decomposition of Agu that make a
use of the decomposition at the previous step ¢ — 1, i.e., decomposition of Agu-1) [39].
In the noiseless setting, the OMP algorithm will provide an exact reconstruction of

any k—sparse signal after k iterations, provided that A satisfies the RIP of order k£ + 1

with isometry constant ¢ < ﬁ [28]. This result was further improved to § < \/%

in [53], and more recently to § < 1+1\/E in [56, 61]. For a matrix constructed using a sub-

Gaussian distribution this corresponds to taking m = O(klog(N/k)/§?) measurements.
In [27] the authors argue that, since the required constants are relatively small, we
instead need to obtain O(k*log(N)) measurements.

In the noisy case however, with OMP there is a certain probability that we will
erroneously update the support set. Moreover, if this happens, the error will propagate
across the subsequent iterations, and as a consequence this will introduce even more
noise in those iterations. For this reason, in compressive sampling matching pursuit
(CoSaMP) [69], the support is estimated in a more flexible way. Here, the support
set of size k from the previous iteration is augmented with Loy (r®), i.e., the set of 2k
indices that correspond to the columns of A that have the largest correlation with the
residual. As in OMP, this step is followed by a projection step. Since the cardinality of
the candidate support set is anything between k and 3k, one needs to apply the hard
thresholding operator Hy(z), which is the best k-term approximation of the input z.

The most important properties of the algorithm are summarized in Theorem 4.

Theorem 4 [69, Theroem A (CoSaMP)| Suppose that A is an m x N sampling matriz
with restricted isometry constant do, < c. Let y = Ax + w be a vector of samples of
an arbitrary signal, contaminated with arbitrary noise. For a given precision parameter

n, the algorithm CoSaMP produces a k-sparse approrimation X that satisfies

R 1
I = &l> < omax{n, el meli + ||e||2}, (216)
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2.3 Compressed Sensing Recovery Algorithms 15

Algorithm 2 Compressive sampling matching pursuit (CoSaMP)

Input: measurement matrix A, measurement vector y, sparsity level k, stopping
threshold ¢«
Initialization: ¢t = 0, X = 0y,

do:

Lt=t+1 > increment iteration counter
2: UW = supp(x1) U Lop(A*(y — Ax(ED)) > update potential support
3: u® = argmin,cpn {||y — Az|s, supp(z) C UV} > update candidate vector
4. % = H(u®) > apply hard thresholding

while t < t,,.x
Output: x =%

1 1
0.5 : 0.5 8
S =
= 0 . 8 0 h
T =
—-0.5 8 —-0.5¢ 8
_1 | | | _1 | | |
-1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1
z z
(a) Hard thresholding function. (b) Soft thresholding function.

Fig. 2.1 Hard thresholding function and soft thresholding function with thresholding parame-
ters set to 0.4 in both cases.

where X2 is a best k/2-sparse approzimation of x°. The running time is O(Llog(||x||2/n)),
where L bounds the cost of a matriz-vector multiplication with A or A*. Working

storage is O(N).

It is worth noting that CoSaMP usually iterates for more steps than OMP, which
might be a critical disadvantage for certain applications. The steps of the algorithm

are given in Algorithm 2.
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16 Preliminaries

2.3.3 Thresholding algorithms

Two prominent algorithms based on thresholding operators are iterative hard thresh-
olding (IHT) [12] and iterative soft thresholding (IST) [26, 58], which solve

Xy = argmin |y — Ax|l3 + pllx[lo, (2.17)

and
XisT = argmin [y — Ax|[3 + Allx[, (2.18)

respectively. Both algorithms iterate between moving in the direction of the gradient of
the measurement fidelity term, i.e., gradient of ||y — Ax||3, and applying a thresholding
function M(z) that promotes the signal model. The thresholding function is applied
component-wise and the specific functions for IHT and IST are shown in Figure 2.1.
In the case of IHT, M(z) is the hard thresholding function Hg(z) (Figure ??). This
function simply selects k largest terms of the current estimate. On the other hand, the

soft thresholding function n(z;b)

x—0b, ifb<uw,
n(z;b) 40, if —b<axz<b, (2.19)
r+0b, ifx<-—b

has a slightly different shape due to the minimization of the ¢;-term (Figure ??7). The
question of how to select parameters of iterative thresholding algorithms (b, u, A), as
well as the parameters of CoSaMP and subspace pursuit such that a given algorithm
successfully reconstruct signals with as low as possible sparsity (i.e., largest number of

nonzeros) was answered in [58].

Algorithm 3 Iterative thresholding algorithms

Input: measurement matrix A, measurement vector y, thresholding parameter k or
7, stopping threshold #,,,, or €
Initialization: ¢t = 0, X = 0y,

do:

Lt=t+1 > increment iteration counter
2: z® = %D 1 A*(y — AX(D) > move in the direction of the gradient
3: %M = M(z®) > thresholding

while ¢ < £y or [|KO) — KED||, > €
Output: % = x®

5c and C are some universal positive constants. For details check [69)].
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2.4 Quantized Measurement Vectors 17

2.3.4 Approximate message passing algorithms

The term AMP refers to a class of algorithms that are based on Gaussian and quadratic
approximations of the loopy BP on dense graphs. In the corresponding graphical
model, the entries of the unknown vector are represented by so-called variable nodes,
the entries of the measurement vector are represented by variable nodes, and edges
represent statistical dependencies between nodes. Since, in the general case, the
measurement matrix is dense, and the entries of the unknown vector are i.i.d., the
corresponding graph is an instance of a dense bipartite graph. Whether we are
interested in an approximate minimum mean squared error (MMSE) estimate or a
mazimum a posteriori (MAP) estimate, we apply sum-product or max-sum belief
propagation on a graph with loops. As a result, the AMP algorithm approximates
the computationally intractable high-dimensional integration involved with calculating
E{x|y} or arg max, p(x|y)with a highly efficient iterative procedure [62]. Given that
the AMP algorithms [33-35, 57, 71, 72] lie at the heart of this thesis, we will take a
deeper look at these algorithms in Chapter 3.

2.4 Quantized Measurement Vectors

2.4.1 Quantization

In this thesis, I focus on scalar quantizers. A scalar quantizer Q(-) maps each com-
ponent z; of the source vector x € RY to the closest point in the code alphabet
C ={co,c1,...,Cor_1}, L€,
a¥ = Q(z;) = argmgzl (x; —c¢j)?, Vie{l,2,...,N}. (2.20)
Cj
The length of binary vectors acting as labels for code symbols (= log, |C|) is called
the rate (R) of the code. The set P of possible representations (i.e., codewords) p;, is
called codebook. For a scalar quantizer, P = CV.
One can also consider a general (not a scalar) quantizer Q(-) : RY — P, that

operates on entire input vector x. In order to compare different quantizers defined by
the ensemble A = {R, P, Q(+)}, a function d(x, p), called distortion function, satisfying

d(x,p) >0
dx,p)=0 <= x=p
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18 Preliminaries

needs to be introduced as the measure of distortion of the input vector. Furthermore, if
we are given a distribution p(x) of the input x, we can use so-called average distortion

of the quantizer D, defined as

D = D(p. k. P, Q) = E{d(x,p)} = [ dlx,Q(x))p(x)dx. (2:21)

to characterizes the average performance of A.

In general the case, the question "What is the lowest rate (i.e., number of codewords)
for which a given distortion can be achieved?" or alternatively "What is the lowest
distortion for which a given rate can be achieved?" was answered in Shannon’s seminal
paper from 1948 [74]. Both answers define the so-called rate distortion function.
Assuming that the source alphabet is finite, the rate distortion function for an i.i.d.
source x with distribution p(x) and bounded distortion function d(x, p) is equal to the

associated information rate distortion function, i.e.,

R(D) = RD(D) = min I(x;p), (2.22)

p(P[x):3 2, o) PEIP(PIX)d(x,p)<D

where I(x;p) is the mutual information between x and p [22, Theorem 13.2.1]°.
However, obtaining a closed-form expression for the rate distortion function is possible
only for a few special cases, e.g., for a Bernoulli discrete source or Gaussian continuous

source.

2.4.2 Quantized Compressed Sensing

In many applications, including magnetic resonance imaging (MRI) [54, 55, 84, 85],
sparse channel estimation [5, 70, 80|, photography [38], a coarse quantization of
the CS measurements is unavoidable for further digital signal processing (DSP). By
quantization, i.e., representing continuous values of measurements with values from a

finite discrete set, two different errors are produced, namely:

1. a saturation error, which occurs when there exists one or more measurements

outside of the codebook range.

2. finite-size codebook error, which occurs as continuous source intervals are repre-

sented by discrete values.

STf the elements of x are i.i.d. continuous random variables, the sum in (2.22) is replaced by an
integral.
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2.4 Quantized Measurement Vectors 19

These two errors, called finite-rage quantization errors, can be controlled by the size of
the codebook, i.e., the rate R of the code. Using more bits per measurement to represent
the unknown sparse vector in measurement domain would reduce the distortion. In a
CS framework however, finding rate-distortion function for a specific recovery algorithm
is even more difficult compared to the classical setting. This is because we quantize
the measurement vector y, and want to minimize the end-to-end distortion between
x and X = X(y) = %X(Q(z)), which involves a nonlinear measurement system as well
as a nonlinear recovery method. Even though some bounds on the distortion are
available for BP and subspace pursuit (SP) algorithms [25], much of research focused
on finding suboptimal CS recovery algorithms from finite-rate quantized measurements
- a problem called QCS [13, 14, 23, 41, 45, 46, 48, 49, 51, 76, 78, 83, 86, 87]. For
example, counter-measures to mitigate signal distortions caused by saturation errors
through measurement rejection or consistent reconstruction were investigated by Laska
et al. in [50]. On the other hand, as pointed out in [76], a huge body of research on
finite-size codebook effects in CS can be assigned to one of the two classes: design of
the quantization scheme that works well for a specific CS algorithm; and modifying
an existing classical CS reconstruction algorithm to include the quantization in the
measurement model. Based on the rate of the quantizer, the algorithms from the last
class can be further subdivided into algorithms for 1-bit CS [13, 14, 46, 49, 51, 83, 86]
and algorithms for R-bit CS (R > 1, i.e., higher rate) [18, 23, 41, 45, 48, 69, 87].

Modified quantization schemes

In [78] the authors use high-rate functional scalar quantization and homotopy con-
tinuation to approximate the high rate optimal scalar quantizer under a specific
CS reconstruction algorithm, namely LASSO. The authors demonstrate through a
numerical experiment that the distoration of the proposed quantizer under LASSO
recovery matches the estimated distortion and significantly outperforms a uniform
quantizer under LASSO. However, the question of optimality of this approach is still
unanswered and one could find a different recovery algorithm with another quantizer
that outperforms the proposed one.

In [76] an end-to-end mean squared error (MSE) minimizing quantization scheme is
proposed that uses the concept of Analysis-by-Synthesis (AbS). In AbS one investigates
the neighbourhood of a scalar-quantized measurement vector in C, with the aim of
finding a representation that will, after applying a nonlinear recovery algorithm, give a

lower end-to-end MSE. Results are presented where the OMP algorithm is used as the
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20 Preliminaries

reconstruction algorithm in the scheme; the proposed scheme allows for use of any CS

reconstruction algorithm.

1-bit CS (R = 1)

In 1-bit CS one considers the extreme case of scalar quantization of CS linear mixtures
z = Ax, where each z; (i € [m]) is mapped to a single bit y;. Bits {y;},, arranged
in the vector y € {+1}"™, capture only the information about the signs of the inner

products of the unknown vector and the corresponding measurement vectors, i.e.,

y = Q(z) = sign(Ax). (2.23)

In other words, each bit y; tells us on which side of the hyperplane orthogonal to
the associated measurement vector the unquantized measurement vector lies on, i.e.,
in which half-space of RY the unquantized measurement lives in. By taking m
measurements, the intersection of m half-spaces creates the orthant” Oz, such that
z € Os. Since the measurement bits only capture the signs of the linear mixtures, any
information about the £5 norm of the unknown vector is lost with 1-bit quantization.

This property of the 1-bit quantizer can be shown analytically, by observing that
Q(az) = sign(Aax) = sign(Ax) = Q(z), (2.24)

for any positive a. As a consequence, we aim to reconstruct the unknown sparse vector
up to a normalisation constant, and restrict the solution to have unit ¢, norm, i.e.,
x> = 1.

In the last few years, many authors modified classical CS algorithms to estimate a
sparse vector from 1-bit CS measurements in (2.26) [13, 14, 46, 49, 51, 83, 86]. However,
as opposed to the classical problem where the measurements of the estimate X should
be close to y in the /5 sense, i.e., || AX —y/||2 should be small. Here one requires that the
solution X is consistent with the quantized measurements, i.e., y € R”™ and AXx should
be close in some sense. For example, the authors of [14] consider the cost function of
LASSO in (2.13), and modify it by using a term that promotes consistency with the

1-bit measurements, namely

Xppc = argmin ]t + 2D f(YAx);, st x|l =1, (2.25)

=1

"An orthant in R™ is the set of all vectors that have the same sign pattern [46].


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

Mt

2.4 Quantized Measurement Vectors 21

where Y = diag(y), f(z) = s2%u(—=2), and u(z) is the unit step function. To solve
(2.25), the authors propose an iterative algorithm based on the projected gradient
descent method, and additionally normalize the solution at each step to make the solu-
tion lie on the unit sphere. Finally, the authors show results of numerical experiments
to demonstrate that the recovery is possible in the oversampling regime. Note however,
that in the 1-bit CS regime, oversampling is not a sign of bad design, but more an
unavoidable consequence of such a coarse quantization.

Sunsequently, a new algorithm called matching sign pursuit (MSP) was presented
in [13], that combines the principle of consistent reconstruction with greedy sparse
reconstruction, while a faster algorithm, called restricted-step shrinkage (RSS), with con-
vergence guarantees was presented in [51] which shows significantly better performance
in terms of average signal-to-noise ratio (SNR).

In [46] the authors provide probably the first theoretical results on QCS, namely
they give a lower bound on the best achievable reconstruction error from noiseless 1-bit
measurements as a function of m and k, and characterize the ability of a measurement
system to fight the noise in the measurements by introducing a property called e-stable
embedding. Furthermore, the authors complement the work with two algorithms called
binary iterative hard thresholding (BIHT) algorithm, which draw some similarities with
the THT algorithm for classical CS. In [83], the authors propose the adaptive outlier
pursuit (AOP) algorithm based on the BIHT algorithms, which iteratively detects sign
flips (i.e., errors) in the measurements and recover a sparse vector from the estimated
“correct” measurements.

Finally, the recovery of sparse vectors from noiseless 1-bit CS measurements based on
the generalized approximate message passing (GAMP) algorithm was introduced in [49].
It was further exploited in [86] where the authors consider different ways corrupting
the 1-bit CS measurements by noise: additive white Gaussian noise (AWGN) before
quantization; flipping each bit with probability p. after quantization, etc. The latter
corresponds to the case where one sends 1-bit CS measurements through a binary

symmetric channel (BSC) with bit error probability pe.

R-bit CS (R > 1)

In R-bit CS (R > 1) one considers the scalar quantization of CS linear mixtures
z = Ax, where each z; (i € [m]) is mapped to a symbol ¢; € C according to (2.20) and

placed at the ¢-th position of vector y. Hence, we want to estimate a sparse x from

y = Q(z) = Q(Ax), (2.26)
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292 Preliminaries

where the quantizer function @(-) is applied component-wise.

To solve this problem, the authors in [18] consider quantization effects as bounded
additive noise and consider the solution of BPDN problem, defined in (2.10). They
prove that, assuming bounded noise power (|w||,, < €), the measurement matrix A
obeys a uniform uncertainty principle® and the vector is sufficiently sparse, the recovery
with (2.10) is stable, i.e., within the noise level.

In [87] the authors assume that the w is zero-mean i.i.d. Gaussian norm vector
and present two algorithms which use convex optimization methods to minimize two
convex cost functions, each having the standard /; term that promotes sparsity and a
convex term that promotes fidelity to the quantized measurements, namely a convex
mazimum likelihood (ML) term or a convex quasi-LS term. Interestingly, this is one of
the few works that includes a noise term before quantizing the measurements.

A sigma delta quantizer for CS was proposed in [41], which lacks the ability to fight
distortions introduced by other noise sources.

Modifications of the BP algorithm from [18] that solves (2.5) and SP from [23, 69],
that now exploit information about quantization of the linear mixtures are presented
in [23].

Another modification of the BPDN defined in (2.10) is done in [45]. Here the
authors consider different norms (p > 2) of the data fidelity term, i.e., ||y — Ax||,, to
obtain an algorithm for quantized CS called BPDN,, algorithm. The idea is that for
p > 2, the data fidelity term promotes quantization consistency, i.e., measurements
should be close to the requantized estimated noiseless CS measurements.

In [48] the authors propose a GAMP based algorithm called message-passing de-
quantization (MPDQ) algorithm, which provides an approximation of the MMSE
estimate. Furthermore, if the measurement matrix is i.i.d. Gaussian, the asymptotic
error performance of the algorithm can be predicted using state evolution (SE) for
the GAMP algorithm, which can then be used to optimize the cells {s;}2", when
considering a scalar quantizer. However, this paper does not offer the closed-form
expressions for the nonlinear updates of the algorithm as well as a deeper analysis of
the GAMP algorithm for noisy QCS.

8Uniform uncertainty principle essentially states that the measurement matrix obeys the RIP [18].
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Chapter 3

Approximate Message Passing

Algorithms

Regardless of the practical problem at consideration (i.e., quantization or miscali-
bration), the core task is, nonetheless, the recovery of a sparse signal from noisy
measurements. Since both studied problems introduce nonlinear artefacts, I am inter-
ested in the recovery of sparse signals from measurements corrupted with nonlinear
distortions. Among many compressed sensing (CS) recovery algorithms operating with
linear measurements in additive noise, the class of approzimate message passing (AMP)
algorithms stands out as the one with the most potential for solving CS problems
with nonlinear measurements. Therefore, in this chapter, I discuss some important
aspects of the AMP algorithm. Moreover, as my own contribution, I derive closed-form
expressions for the denoiser functions of the Bayesian approximate message passing
(BAMP) algorithm for a particularly interesting prior: a weighted average of n-Gaussian

distributions, each with potentially different mean and different variance.

3.1 Approximate Message Passing

The term AMP refers to a class of algorithms that are based on Gaussian and quadratic
approximations of the loopy belief propagation on dense graphs. In the corresponding
graphical model, the entries of the unknown vector are represented by so-called variable
nodes, the entries of the measurement vector are represented by variable nodes, and
the edges represent statistical dependencies between nodes. Since, in the general
case, the measurement matrix is dense, and the entries of the unknown vector are
independent and identically distributed (i.i.d.), the corresponding graph is an instance

of a dense bipartite graph. Whether we are interested in an approximate minimum
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24 Approximate Message Passing Algorithms

mean squared error (MMSE) estimate or a mazimum a posteriori (MAP) estimate, we
apply sum-product or max-sum belief propagation on a graph with loops. As a result,
the AMP algorithm approximates the computationally intractable high-dimensional
integration involved with calculating E{x|y} or arg maxy p(x|y)with a highly efficient
iterative procedure [62].

Given that the AMP algorithm [33-35, 57] lies at the heart of this thesis, in this
chapter, I will take a deeper look at the algorithm. The rest of this chapter is organized
as follows.

In the first section, I provide an overview of the derivation of the algorithm. The
overview is supplemented with some comments on the steps of the derivation, that
might have been skipped or unintuitive in the original derivation. Furthermore, I
discuss computational complexity of the AMP algorithm, and show why it is in the
order of the other iterative thresholding algorithms. I conclude the first section with a
discussion on the state evolution (SE) of the AMP algorithm. As the name indicates,
with SE one can predict the evolution of some parameter of the AMP algorithm. Put
differently, one can predict the value of a parameter of the AMP algorithm across
iterations ¢.

As I will show in the first section, the AMP algorithm assumes i.i.d. Laplacian
prior for the entries of the unknown vector. As there is nothing special about the
Laplacian prior for AMP to be derived, one can also consider other prior distributions.
If the source prior is known, or can be estimated from measurements, in Section 3.2, I
show how to use the BAMP algorithm to get more accurate estimates compared to the
classical AMP algorithm. Subsequently, I consider a prior that consists of a weighted
average of n-Gaussian distributions, each with potentially different mean and different
variance. By choosing appropriate values for the means and the variances, one can
model many practically interesting priors. Moreover, by picking a very small but still
non-zero variance, one can even approximate discrete probability mass functions (pmfs).
As my own contribution, for the prior consisting of weighted average of n-Gaussians, I
derive closed-form expressions for the denoiser functions of the BAMP algorithm.

Similar to the reasoning which led to the BAMP algorithm, one can also argue that
there is also nothing special about the Gaussian noise model for AMP to be derived.
Considering a general distribution describing the component-wise distortion of the CS
linear mixtures, one can once again approximate the message passing algorithm. This
approach leads to the generalized approximate message passing (GAMP) algorithm,
which allows us to incorporate the knowledge of nonlinear acquisition of the CS

measurements in the estimation. Since in the following chapters I frequently refer


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

Mt

3.1 Approximate Message Passing 25

to the GAMP algorithm, I conclude this chapter by briefly presenting the GAMP
algorithm.

3.1.1 Message passing algorithm for basis pursuit

For simplicity, it is assumed that a; ; € {—1/y/m,+1/y/m}, the measurements of a
sparse vector x are obtained according to (6.6), and we are interested in solving the
basis pursuit (BP) problem defined in (2.5). Instead of assuming that a fixed number
of entries of x are nonzero, in AMP we take a probabilistic approach. In particular, we
assume that the entries of x are i.i.d. random variables, distributed according to the
same sparsity promoting distribution. For example, the Laplace distribution is a good
candidate since we can promote sparsity by reducing the variance of the distribution.
Faced with an observation vector y and using the Bayes’ theorem, we can write the

conditional distribution pyy(x|y) as

m

pay(xly) = - p()plylx) = Hexp o) [T 00 = (Ax)).  (31)

p(y) a=1
The authors of [33, 34] argue that when § — oo, the mass of this distribution
concentrates around the solution of the basis pursuit problem. Therefore, provided
that the maximizer is unique, the BP problem becomes the problem of finding marginal
distributions of pyy(x]y). Since finding exact marginals py,y(z;]y) for all i € [V]
requires multidimensional integration over x..;!, the problem is infeasible even for small

problem sizes.

1 Ya Ym

Fig. 3.1 Factor graph corresponding to the BP problem.

la.; is a vector containing all but i-th element of a
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26 Approximate Message Passing Algorithms

(a) Messages involved with calculation of mes- (b) Messages involved with calculation of mes-
sages from variable nodes to factor nodes. sages from factor nodes to variable nodes.

Fig. 3.2 Factor graph corresponding to the BP problem.

To approximate MMSE estimate E{x|y} or mazimum likelihood (ML) estimate
arg max, p(x|y), we turn to efficient optimization algorithms based on belief propaga-
tion on factor graphs, namely the sum-product and the max-sum algorithm [62]. Here,
one starts by constructing a graphical model (i.e., factor graph) G = (V, F, &), consist-
ing of a set of variable nodes V corresponding to the entries of the unknown x (denoted
by circles), a set of factor nodes F corresponding to the observations y (denoted by a
square), and a set of edges £, where each edge indicates statistical dependency between
connected nodes. In Figure 3.1, an example of a complete bipartite graph is shown,
where every factor node is connected to all variable nodes, and vice versa, every variable
node is connected to all factor nodes. Belief propagation iteratively updates a set of
functions of the optimization variables (messages) associated to directed edges in €
[62]. In particular, for each direction of the edge e € £, a message corresponding to a
scaled distribution is sent in that direction. Those scaled distributions are updated

according to the update rules of the sum-product algorithm, namely:

(1) (Figure 3.2a) At each variable node x;, multiply prior distribution (local belief)
of x; with all incoming messages about x; except the one from destination factor

node y,, and send the resulting message to y,. Repeat the process for all y, € F.

(2) (Figure 3.2b) At each factor node y, multiply the local constraint f(y,) with all
incoming messages except from x;, marginalise over x;, and send the resulting

scaled distribution to z;. Repeat the process for all i € V. .
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3.1 Approximate Message Passing 27

3.1.2 Derivation of the algorithm

We start by drawing the associated bipartite graph G = (V, F, &) given in Figure 3.1.
Here, V is the set of the N components of x, F is the set of m measurements in y, and
the edge set € is given by £ =V x F = {(i,a) : i € [N],a € [m]}.

The belief propagation algorithm iteratively updates the 2m/N variables of the

algorithm

mD () 2 pla) [ ()

b#a
e Pl TT gt o (3:2)
b#a
mz(ltln(%) = /Hm]—m 25) p(Yal2a; i) dXi
J#i
= B, {P(yal2a; i) |
= B, {0(ya — 2017}, (3.3)

where in (3.2) we implicitly assumed an i.i.d. Laplacian prior for x, z is the vector of

linear mixtures (i.e., z = Ax), and = denotes equality up to a normalization constant.

Message passing algorithm

Keeping track of the terms in (3.2) and (3.3), i.e., functions over R, leads to prohibitive
complexity. To simplify the updates from above, the authors in [33, 34, 57] utilize the
Berry-Esseen theorem? [77] to approximate mgfa)( ;), and maln(xi) with functions
that belong to a family of functions characterized with a small set of parameters. This
way, instead of sending functions over R, one needs to send a vector of parameters to

perform the updates of the sum product algorithm.

Approximation of mffll(:z;,)

Theorem 5 [6, The Berry-Esseen theorem| Let xq,Xa, ..., X, be independent random

variables with respective means ju; and variances o?. We call

13 2 e 2
)\(Xz) _ E{|Xz‘ }/Ukv Zf O-I; 7é 07 (34)
0, if o =0,

2The Berry-Esseen theorem is a more general version of the central limit theorem.
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28 Approximate Message Passing Algorithms

the moment-ratio of x;, and set A = max{A(x1), A(x2), ..., A(x,)}. Consider the sum
x = Y, %;, which has mean p = Y"_; p;, and variance o* = Y 02, and denote
with F(z) the cumulative distribution function (cdf) of x. The least upper bound of the
modulus of the difference between F(x) and the cdf of the associated normal distribution

is upper bounded by a constant that depends only on the ratio AJo, i.e.,

A
sup | F(z) = G((x — p) /o) < 1.88 = (3.5)
zeR g
Corollary 1 Suppose j; = 0, 02 = o2, and E{|x;|*} < p for Vi € [n]. It follows that,

in the limit as n — oo,

Cp

lim sup |F(z) — ©((x))| < lim 1.88 = 0. 3.6

Jim sup (o) = @) < Jim 155 57 55)
According to the Berry-Esseen theorem (Theorem 5), distribution of the sum of

n random variables (with bounded absolute third moment) converges to a normal

distribution as the sample size increases to infinity. It follows that the distribution

of 37,4 aqjx; can be well approximated with a Gaussian distribution with mean

) . 2 (1) .
>t GagTily, and variance 3, ag, T, 1.€.,

%:aajxj &N(%:aajx§ia, %:aij;ga), (3.7)
j#i j#i j#i

where ~ is interpreted as "is approximately distributed as', and SUglia and sza denote
(t)

mean and variance of the message m;”,,(z;), i.e.,

00, = By |, (0},

(3.8)
T](t—)m = var {l‘j ‘ mgga(aj])}
Therefore,
Zo|Xi = Qai; + Y AgjX; r'v/\/'(am-xi +> aajxg-’la, > aZjT;t_))a), (3.9)

J#i JF#i J#i
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3.1 Approximate Message Passing 29

and

mgtl)z(xl) = EXM‘ {p(yayza; xz)}
~ /p(yalza;xi)N(Zm Qq;i Ty + Zaaj ]~>a7 Zaa] ]%a) dza

J#i J#
= /5 (Za, Qi g + Zaaj ;Qm? Zaaj ](20) dZa (310)
J#i I
== N(ycw Qa; T + Z aaj j%a? Z aa] ]%a)
j#i I
= N<aaixi; Ya — Zaag ]—>a’ Zaay J—m)
J#i J#i

It follows from (3.10), that 2(N — 1) scalar parameters are sufficient to approximate

the message ... (z;).

Approximation of mziral ). Since the messages mgln(xz) can be well approximated

by Gaussian distributions, going back to (3.2), we can conclude that the messages

from the variable nodes to the factor nodes mft_ill )(:B,) can be well approximated by

the product of a Gaussian distribution and the prior (Laplace distribution). It turns

(t+1
out that the mean z;_,, and the variance 7;_,, of mZ:a)(sc,-), as [ — 0o, can be

approximated as

t+1 N t+1
‘rz(:a) - n(zabizzﬁi77t>u Tz(—j;z) (Zabzzbﬁp )7 (311)

b#a b#a

where 7(x;b) is the soft thresholding function defined in (2.19), and 7 is an edge-

independent approximation of 7 To calculate 7%, it is observed in [57] that

a*)’L

N N
1
At+1) aim(i‘tf’ =— 3 z(ﬁ;l) Z At '<Zabzzb_m ) (3.12)

7 7

The above message passing algorithm iteratively computes 2m/N messages, namely

(®)

mN variances z! .., and mN means z;”,,. Even though these messages (formerly

a—1)
functions over R) simplify to real numbers, the number of the messages still introduces

prohibitive computational complexity, and further approximations are needed.

Approximation of the message passing algorithm

To further simplify the message passing algorithm, since a;; € {—1/y/m,+1/y/m},

it is assumed that uf_)m as well as 2! ., differ in terms that are of order O( \F) for
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different a and i, respectively, i.e.,

m £ 0all m D050 13
where 5x§ﬂm and 52((121 are O(TIN) These assumptions, although not strictly proven

to be correct, lead to the following approximations in the large system limit (i.e.,

m, N — 00, 0 = const) for the messages 2! ., and a:,_)m

1
zc(ﬁm ~ zc(f) Z aajx(t < (Az O 4 xt, At)>, (3.14)
JE[N]
2, ~ 2t = n( S apzy) + at %t) (3.15)
be[n]

where () denotes the average value of the entries of its input vector. Equations (3.12),
(3.14) and (3.15)) give final expressions for the tuning free AMP algorithm which can
be written in vector notation as

2(t=1)

<D — U(A(t) ) 4 xt f-t) At — 5 <n/(A(t)Z(t—1) i th(t_1))>7

(3.16)

The details of above approximations can be found in [57].

AWGN output channel (AMP for soft constraints)

Here, we assume that the CS measurements are corrupted with additive white Gaussian
noise (AWGN), i.e
y=Ax+w, (3.17)

where w is an i.i.d. zero-mean AWGN noise vector with the covariance matrix o2 1.
Now suppose that we want to recover x by solving the basis pursuit denoising (BPDN)
problem given in (2.10). As before, one needs to write down the conditional distribution

Pxly(x]y), which, respecting the measurement model in (3.17), can be written as

poytxy) = 5 Tleswl=ie) T eso( -~ G0 — (). @19

Note that, compared to the conditional distribution pyy(x|y) of the the BP prob-
lem given in (3.1), the distribution in (3.18) differs in the term that describes the

measurement process, and in the weighting term A. Just as in the case of the AMP
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3.1 Approximate Message Passing 31

algorithm for hard constraints, one proceeds with applying the Berry-Esseen theorem
to approximate messages from factor nodes to variable nodes by Gaussian distributions
with certain means and variances, and Taylor expansions to approximate means of the
messages in the opposite direction with edge-independent terms. Finally, we end up

with the following AMP algorithm for soft constraints:

u® = ABZED 4 51,

20—y — Ax® + (15z(t)<77' (u®, A+ 7)),

HED) A +57(t) <'f]/ (u(t)’ A ,y(t))>.

(3.19)

Comparing the algorithm with the one given in (3.16), we can see that the only
difference is the way the soft thresholding parameter is calculated. Additionally, in
(3.19) one needs to tune the A parameter which trades off between I; and I, penalties in
(2.10). Poor selection of this parameter can lead to a high reconstruction error as well
as slow convergence of the algorithm [57, p. 68]. In [57], Maleki gives a recipe how to
select A for certain classes of sparse signals, using the maximin approach, i.e., selecting
A which gives the lowest mean squared error (MSE) for the worst case signal. Arguing
that this approach is too pessimistic, the authors in [63] propose a parameter free
optimal AMP. This algorithm asymptotically, as N — oo, at the same time achieves
the MMSE and the highest convergence rate. Assuming that the argument w®) of the
soft thresholding function n(w®; 1) is given by?

w® = A0z L xO) = x 4 OO (3.20)
where v®) is an i.i.d. standard Gaussian noise vector at iteration ¢, the authors apply the
approximate gradient descent algorithm to find the soft thresholding parameter 7 which
minimizes Stein’s unbiased risk estimate of the risk function r(r;0) = & Ex [[n(x +
ou; 7) — x||%, where u ~ N(0, I).

Using a very simple approach, in (3.19) one can approximate A + 7+® by the mean
empirical power of the residual, i.e., b = /02 + +||z®||2, which is correct in the large
system limit and showed good empirical results for moderate-size problems [62]. If the
noise variance o2 is unknown we can simply use b = w/%”z(t) ||? as it has shown good

w

empirical performance [17, Chapter 9.5.1]. These choices of the threshold parameter

3Correctness of this assumption will be addressed in Subsection 3.1.4.
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32 Approximate Message Passing Algorithms

avoid determining the optimal A for each pair (4, p), and to my experience give a more

stable implementation of the AMP algorithm for a large set of pairs (9, p).

3.1.3 Computational complexity

The AMP algorithm, given in Algorithm 4, is a highly efficient algorithm whose
computational complexity is similar to other iterative thresholding algorithms. The
most complex operation of the algorithm is matrix vector multiplication, whose cost is
O(N?). Additionally, even tough the computation of the thresholding function n(-;-)
might be costly, it needs to be applied component-wise. Hence, the cost of this step is
O(N) per iteration of the algorithm.

The AMP algorithm, just as other iterative thresholding algorithms, terminates
when some stopping criterion is met. For example, one can run the algorithm for ¢,
iterations, where t,,., is typically in the order of N or less. Another common choice is
to run the algorithm as long as the Iy norm of the relative difference of the solutions
between two successive iterations is greater than some predefined small number egp,
(e.g., 1073), ie, [|X® — xEV||y > £40p [|[XP]]2. Having larger tp., or smaller g

increases the reconstruction accuracy at the cost of higher computational complexity.

Algorithm 4 Approximate message passing algorithm

Input: measurement matrix A, measurement vector y, noise level 0120 (optional), soft
threshold parameter A, stopping threshold egop OT timax
Initialization: ¢ =0, X© =0y,, z¥ =y, 7V = {eo?

do:

Lt=t+1 > increment iteration counter
2. ul = Azt 4 x(t-1) > decouple measurements
3: x® =n(u®, X +~0) > denoise, i.e., apply thresholding
4: 20 =y — Ax + 120D/ (0 X\ 4 D)) > calculate residual
5: ) = >\+Tv(t)<77/ (u®, 7)) > calculate soft threshold parameter

while 1 < £y or R0 — 2D 5 > ey K0,
Output: % = x

3.1.4 State evolution

The goal of the state evolution (SE) is to analyze the AMP algorithm in the large
system limit, i.e., N,m — oo while § = m/N = const, at any iteration ¢. As the name

indicates, with SE we predict the value (i.e., evolution) of some parameter (i.e., state)
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T T
MSE® /dB simulation
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-5l \\[\] ——MSE® /dB SE prediction |
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Fig. 3.3 SE prediction of MSE® and ~7® of the AMP algorithm in (3.19) against iteration
counter ¢t. Parameters: N = 1000, A = 0.3, 6 = 0.4, ¢ = 0.1, 02, = —35dB. The results of 100
MC simulations are averaged and presented with the blue curves.

of the algorithm across iterations t. For example, it would be an insightful result to
investigate the evolution of the MSE of the AMP algorithm.

Replacing the soft thresholding function n(-;-) in (3.19) with a general denoising
function 7( -; - ) that may change from iteration to iteration, the authors in [4] consider

the recursion
x(HD) = p, (A(t)z(t) + x(t)),

1 (3.21)
t+1) — v — Ax® 1 2,0/ (A L®) (t)
z =y — Ax +5z <nt(A z\"V 4+ x )>,

where 7;( - ) is applied component-wise.

For a set {{nt}i\il,p, 5,)\,px} the SE is a recursive map 02" — W(02") that
describes the evolution (change) of the state 02(t), also called effective noise variance,
of the AMP algorithm across iterations t. Starting with o2 = o2 + 3 E.{x?}, the SE
is given by

o _ (20,

\If(az(t)) =0’ + ;Ex,z { {Ut(x +0z) - X:|2}7 (3.22)

MSE(x(1) x)
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34 Approximate Message Passing Algorithms

where z ~ N(0,1).The following theorem is fundamental for characterisation of the
AMP algorithm.

Definition 5 [4] For k > 1 we say a function ¢ : R™ — R is pseudo-Lipschitz of
order k and denote it by ¢ € PL(k) if there exists a constant L > 0 such that, for all
x,y € R™"

[6(x) = (y)| < L1+ x[I* + lyl*)Ix = 1 -

Theorem 6 [4, Theroem 1] Let {A(N)}n>o0 be a sequence of sensing matrices A €
R™N indexed by N, with i.i.d. entries a;; ~ N(0,1/m), and assume m/N — § €
(0,00). Consider further a sequence of signals {x(N)}n>o whose empirical distribution
converge weakly® to a probability measure p, on R with bounded (2k — 2)™ moment,
and assume Eg (n)(x*72) = E, (v (x**72) as N — oo for some k > 2. Also assume

" moment.

the noise w has i.i.d. entries with distribution p,, that has bounded (2k — 2)
Then, for any pseudo-Lipschitz function 1 : R? — R of order k and all t > 0, almost

surely
1
lim — Z w(wgtﬂ), x;) = Ey, {w(nt(x + a(t)z), x) }, (3.23)
with x ~ py and z ~ N(0,1) independent.

This theorem, which was proven in the large system limit for any choice of
(p, 0, A\, p(x)), has a few important consequences for asymptotical prediction of the
AMP algorithm. In particular, the evolution of parameters of the algorithm; prediction
of the MSE of the algorithm; phase transition; and the decoupling principle will be

explained in the following subsection.

Evolution of AMP parameters

If we choose 1 (x,y) = (x — y)?, we can estimate the true MSE of the AMP algorithm
at iteration ¢, given by MSE® (%™, x) = L[|%® — x||3, by

MSE(S?3 =E,, {()? - x)2} =E,, {(m(x +o0Wz) — x)2}, (3.24)

for any choice of 7;(-;-) (under certain technical conditions). Compared to all iterative
thresholding algorithms, this property is unique to the AMP algorithm. Additionally,
if we use the denoiser function given in (3.19), one could track the evolution of the

soft threshold parameter v(*). Figure 3.3 shows an example of both SE prediction as

4Details about weak convergence can be found in [10].


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

Mt

3.1 Approximate Message Passing 35

\\
\ 50
6F 0\ —— MSE® /dB simulation
\ - — MSE®/dB SE prediction
\ t
\ ____UZ(f)/dB 6
8 *, B X:-4.81
Y:-6.97
m |
2
10 b Y
)
= 8
X:-6.97
ol Y:-8.07
-9+ .
— — baseline
——§=0.3
-14 + s
-10 + transitions
7 X:-10.02
Y:-10.02
16 | " I | | |
0 2 4 6 8 10 12 11 10 -9 -8 -7 -6 -5 -4
t o?/dB

Fig. 3.4 MSE® and o2 against iteration ¢ of the AMP algorithm (left) and the prediction

of the effective noise transitions (right). Parameters: N = 1000, A = 2.0, 6 = 0.3, ¢ = 0.1,
2 _

oy, = —30dB.

well simulation results (averaged over 100 simulations) of MSE® and v across t for
a specific set of parameters given below. Even for not so large N we can observe an
excellent match between simulation results and SE prediction of the corresponding

terms.

MSE and fixed points

D = 520 and consequently

Fixed points of the state evolution are states for which o2
x(*1) = x® We can differentiate between two types of fixed points of the SE iteration,
namely: stable fixed points and unstable fixed points. A stable fixed point is a fixed
point to which the system converges after an arbitrary small perturbation. Otherwise,
the fixed point is unstable. Let us take a better look at Figure 3.4, where we show
MSE® and o2 against iteration ¢ of the AMP algorithm on the left, and the prediction
of the effective noise transitions on the right. The first stable fixed point that appears
from the right side (higher MSE) is the one that defines MSE*®). According to (3.22),
at t = 0 we start with 02 = 02 + + E{x*} ~ —4.78 dB, and at this point the value of
the SE prediction is o2 ~ —6.97 dB. This point is highlighted in Figure 3.4 (right),
by the far right marker. Moving horizontally from this point to the baseline and then
vertically to the SE curve we find the SE prediction of o2 Continuing this process,
we will end up in the point where function ¥ and the baseline cross. The crossing point
corresponds to the fixed point of the algorithm, and asymptotically the algorithm is
producing MSE®) = (5(02(00) — ¢2). In this specific case, MSE(®) ~ —15.3 dB and
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0.6 -

0.4

02 04 06 08 1

Fig. 3.5 PT curve of the AMP algorithm exnp(0) for hard constraints predicted by the SE.
Maximum number of iterations is tn.x = 200. Additionally, the recursion is terminated if
MSEY), < —90dB.

2> ~ ~10.02 dB, where the difference of —5.28 dB between the two is mainly due
to the 10log;, 0 ~ —5.22 dB.

Phase transition

All pairs of measurement ratio and non-zero probability (4, ¢) € [0, 1]* constitute the
so-called phase space®. For BP and BPDN problems given in (2.5) and (2.10), provided
that the elements of A are i.i.d. Gaussian random variables, asymptotically the phase
space partitions in the two regions [36]. The curved line separating those two regions
€11(0) (alternatively p;1(0)) is called PT curve (or simply phase transition), and the
regions indicate if the reconstruction is successful or not: below the PT curve with high
probability (whp) the sparsity ratio is sufficient to allow for successful reconstruction,
while above the PT curve whp the reconstruction is unsuccessful.

For the AMP algorithm on the other hand, for any pair (4, €), in the large system
limit, we can use fixed points of the SE to determine if the algorithm converges to the

™ — 0 is the only stable fixed point, then ) — x as t — oo

true solution or not. If o2
since

MSE®) = 502(t) —0 as t— o0.

5 Alternatively, one can consider phase space as all pairs of measurement ratio and normalized
sparsity (4, p) € [0,1]2. In this case the phase transition curve is denoted by p(6).


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

mt

3.1 Approximate Message Passing 37

0.8

02 04 06 08 1

Fig. 3.6 Success rate of the AMP algorithm for hard constraints predicted by the SE.
Maximum number of iterations is tax = 200. Additionally, the recursion is terminated if

MSEY), < —90dB.

—10
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—40

—50
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J

Fig. 3.7 MSE of the BAMP algorithm predicted by the SE for the problem described in
Examples 1 in 3.2.2. Maximum number of iterations is tyax = 100. Additionally, the recursion
is terminated if MSE:(S% < —60dB.
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38 Approximate Message Passing Algorithms

Figure 3.5 shows the PT curve eayp(0) and Figure 3.6 shows success rate of the
AMP algorithm for hard constraints given in (3.16). To get the results shown in
the figures, we run the SE recursion given in (3.22) for every pair (d,¢) € [0,1]* 50
times, and average the end MSES%. The recursion is stopped when the maximum
number of iterations t,,,, is reached, or if MSEé% is less than —90dB. We say that
a reconstruction X in Algorithm 4 is successful (i.e., the algorithm converges to the
true solution) if MSESE); < —60. In Figure 3.6 we can se a clear transition between the
region of the (0, €) space where the reconstruction is successful and the region where it
is not. The line separating those regions, i.e., the phase transition curve, is shown in
Figure 3.5.

Alternatively, one could find empirical PT curve [32, 36] by running the AMP
algorithm a number of times for every pair (J,€), each time with an independent
realization of x and A, and calculating the average number of successful recoveries.
However, this approach is much slower than running the SE recursion.

In Figure 3.7, one can show MSE of the AMP based algorithms as a function of
(6,€) for problem defined. Here, we use Bayesian-optimal denoiser function of the
BAMP algorithm, as will be later described in 3.2.

Decoupling principle

As a consequence of Theorem 6, any typical subsets of the entries of x(*) are asymp-
totically independent [4]. Additionally, the argument of the soft threshold function
AW®Oz® 4 x® "hehaves like" an observation of true x corrupted with zero mean Gaussian
noise with variance o2, i.e., A®z® 4 x® = x + v where v(*) ~ N(0, aQ(t)Im).
These properties of the AMP algorithm are demonstrated in Figure 3.8, where we
show the empirical distribution of the effective noise as well as zero-mean Gaussian
distribution whose variance is predicted by SE, for different levels of AWGN. We can
observe a very good match between the two distributions. Since the presence of the
Onsager term in (3.22) is the only difference between thresholding algorithms and

AMP, one can argue that this term is responsible for the decoupling principle.
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Fig. 3.8 Normalized histogram (blue) and SE prediction of the distribution (black) of the
effective noise at different iterations of the AMP algorithm: a) 02, = —codB, b) 02, = —40dB,

w

c) 02, = —20dB (bottom). Parameters: N = 1000, A = 2.0, § = 0.5, ¢ = 0.1.

3.2 Bayesian Approximate Message Passing

Going back to (3.18) we see that by choosing A, we implicitly assume a certain prior from

the family of Laplacian distributions for x. There is nothing stopping us from choosing
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40 Approximate Message Passing Algorithms

some other prior ps(x; ), parametrised by a set of parameters a, that promotes prior
knowledge about x. For example, if we want to promote sparsity, we could use i.i.d.

zero-mean Bernoulli-Gauss (BG) mixture prior given by
P, (z36,02) = (1 — €)8(x) + e N(2;0,02), (3.25)

where € is probability of nonzero value, and o2 is the power of the Gaussian component.
In this case, the corresponding conditional distribution of x given the observation

vector y is

N
Pxy(Xy; @) 1:[ ( (1 —€)d(z;) + eN (250,02 ) H exp( - é - (Ax)g) (3.26)

Repeating the steps for deriving the AMP algorithm, one can see that nothing changes,
except that now the messages from the variable nodes to the factor nodes mftjj )(xz)
can be approximated by the product of a Gaussian and here assumed prior. As a
consequence, the mean and the variance of mﬁtjj )(xi), given in (3.11), take different
form, namely the mean and the variance of the above mentioned product of distributions.
The resulting algorithm, called BAMP is given by Algorithm 5. It is the implementation

of the following iteration

u® = AW D 4 (=)
x = F(u®; ¢, ),

20—y — Ax® ¢ (152(”< F(u®; ¢, a)),

D =52 4 (1$<G(u(t); ®, a)>,

(3.27)

where functions F(-), F'(-), and G(-) are applied component-wise and are given by

F(uza C, CY) = IE:x{xlu = Uy, C,Oé},

d
dUZF(ui icQ), (3.28)

G(u;; ¢, ) = var{x|u = u;; ¢, a}.

F'(us;c,a) =

Comparing the AMP algorithm given by (3.19), and BAMP given by (3.27), we
can see that the only difference is in the denoiser function, that uses different prior
knowledge about x. In (3.28), the argument w; of the denoiser function F(-) acts as

an observation of x; corrupted with zero-mean Gaussian noise with variance c, i.e.,
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3.2 Bayesian Approximate Message Passing 41

Algorithm 5 Bayesian Approximate Message Passing Algorithm

Input: measurement matrix A, measurement vector y, noise level o2 (optional), prior
distribution p(z;|ar), stopping threshold egop OF max

Initialization: ¢ =0, X = 0yy;, 20 =y, M =02 + jeo?

do:
t=t+1 > increment iteration counter
u® = AWz 4 x-1) > decouple measurements
xO =F (u(t); b, ai) > denoise, i.e., apply thresholding
z!) =y — Ax(") + 1z(-D(F (u(t); v, ai)) > calculate residual
) =g2 + 1@ (u(t); ), 0‘%)) > estimate effective noise variance

while £ < e o K0 = K] > e RO
Output: x = x®

u; ~ N (x4, ¢). Therefore, the conditional distribution p(z;|u;; ¢, @) can be written as

p(;) p(uilz; ;) ple; ;) = 1

p(z;|u; ; c,a) = g(u; — 23;0,¢) p(zi;a),  (3.29)

K(ug; c)
where x(u;; ) is a normalizing constant, and g(+; 0, ¢) is zero-mean Gaussian distribution
with variance ¢. Depending on the specific prior p(z;), one could get closed-form
expressions for the functions in (3.19), or use numerical methods to get approximations
of those functions.

As indicated in the input part of the Algorithm 5, we need to provide the prior
distribution p(z; ; «). Therefore, one can argue that this is a disadvantage of the BAMP
algorithm, since the prior is not usually known. One way out of this problem is to
model the signal as a general Gaussian-Bernoulli mixture, and learn the parameters
of the distribution using an empirical-Bayesian technique while producing ever better
MSE estimate in each iteration of the algorithm [82]. Alternatively, if the prior can
be parametrised, one can use low complexity scheme based on Method-of-Moments to
estimate the parameters of the prior distribution during the iterations of the BAMP
algorithm [40].

Before giving some results for specific priors of interest, we show alternative formu-
lation of the denoiser functions F(-), F'(-), and G(-).
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42 Approximate Message Passing Algorithms

Alternative formulation of the denoiser functions

Using integration by parts and a few mathematical tricks, one can rewrite (3.28) as

2¢c Io(u"c CY)
Pl _ ] 2C oty 6 a)
(ijca O{) u] \/;[2(Uj;c, Oé)’
2¢ I (u;; ¢, @) 3.30
G(uj;cjao:C—FF(UJ‘;C;OC)(U]'_F(uj;c7a)) _\/;W7 ( |

1
F'(uj;e,0) = . G(uj; ¢, ),

where the integrals Io(u;;c, o), I1(uj; ¢, ), and Is(u;; ¢, @) are defined as

+oo 7(:vj—uj)2 ,
Io(uj; ¢, @) :/ e = p (v ) dry,
+o0o _(ijuj)2 ,
Li(uj;c,0) = / zje 2= p (x5 a)dey, (3.31)
T . _ e f Tj— Ui\ o “a)d
2(uj5 ¢, @) —/_oo er R Py, (@55 @) da;.

3.2.1 Mix of n non-zero mean Gaussians

I assume that the prior consists of a weighted (weighting factors ~;) average of n-
Gaussian distributions, each with possibly different mean pu; and different variance
o2. By choosing appropriate values for the means and variances, many practically
interesting priors can be modeled or approximated, even including discrete distributions
(by picking very small but still non-zero variance).

Hence, the prior considered is given as

plas; ) =Y wow(;) = > e g(2y; b, 07), (3.32)
k=1 k=1
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3.2 Bayesian Approximate Message Passing 43

where Y7 _; v = 1, and 0 < 7, < 1 Vk. Inserting the prior from (3.32) in to (3.31), we

have

.
1(uj; ¢, ) Z / zje 2= p(xy) dey, (3.33)

Tk (ugsc)
x. j— u.
I (uj; ¢, a) Z ’Yk/ erf <]\/2_cj> pilz;y) da; .

Iak (ujic)

Here, I omit a detailed calculation of the integrals Io,(u;;c), Lix(uj; c), and Lo (uj; c)
which is given in the Appendix A.2, and instead give final expressions for the integrals,

namely

/ k
I()(U],C Oé nykg uj?:u’ktao-kc) p _F )

2
k,c
k(1

2
/— g k Cc+ pp(u; — Pk
]l(u]ac Oé Z’Ykg uj?ﬂkugkc)[ O' s ) + & 0(-23 K ) ’ (334)
k k,c

,C

— / 2
IQ(UJaC Oé 277—627199 ujnukao-kc)

where 07 . = 0% + c.

3.2.2 General discrete prior mixed with a zero-mean Gaus-
sian prior

We assume that the source takes a discrete value with probability 1 —e and a continuous

value with probability e, i.e.,

DPx; (xja OZ) = (1 - E) pg] (mja O[) + €p>c<j (:Eja Oé). (335)
Moreover, the discrete values come from the set {b,, }}*_,, where the probability of the
value by, is € | i.e.,
M M
(2, Z —by) with Y €l =1, (3.36)
m=1 m=1
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44 Approximate Message Passing Algorithms

while the continuous part p§ (z;, o) of the distribution py, (z;, ) is a zero-mean Gaussian

distribution with variance o2. Hence, the prior becomes

P (T5,0) = (1 —¢€) Z_ bm) + €g(z;;0,02). (3.37)

Plugging in the mixture prior given in (3.37) to (3.28) we can obtain closed-form
expressions for the denoiser functions of the BAMP algorithm. Alternatively, since we
model occurrence of zero value with delta distribution é(x), and d(x) can be considered
as a limit lim,_,0 g(z; 0, 0%), we can use the results given in (3.34) to obtain closed-form
expressions for the denoiser functions of the BAMP algorithm. We omit this derivation,
which is given in Appendix A.1 and instead give final expressions for the integrals

Iok(ujs ¢), Iig(uj; ), and Iox(uy; ¢), namely

2
]. - M (u;—b )2 _L
IO(Uﬁ C) — € Z gm(uj - bm> o= uj — . ETC u; e 20%,c’
¢ m=1 (o
1-e & (uj—bm)? 2 v
Liujic) = ——55" e (¢ + bpuy — b%) e — Ef(ﬁ %u§)€ 2k
o o

7
m) €
c
_ (uj—bm) — 23
IQ(UJ,C) = —<1—€) —_— Z €m € 2c — € | —e Qaz,c’
2
e m—1 7TO'm7C

where 02 . = 02 + c.

(3.38)

Numerical examples

1. Ezample 1: Discrete point at +1. Here in (3.37) we choose M =2, e{ = ¢} = 3,
and by = 1 = —by, while the variance of the zero-mean Gaussian continuous
component is 02 = 0.4. The probabilities for the continuous components are
€ =0.4 and € = 0.05.

The results for the estimator functions F'(u;;c, o) and its derivative are given
in Figs. 3.9a and 3.9b. Since the results are symmetric with respect to the
y-axis, we only show results for positive u;. In Fig. 3.9c a Gaussian prior with
larger variance than in Figs. 3.9a and 3.9b is used. In all three figures we can
observe a plateau forming around the discrete points, where the plateau becomes
wider with increasing effective noise standard deviation ¢ and probability of

discrete points 1 — €. For the inputs close to the discrete points, the denoiser
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Fig. 3.9 Function plots of F(u;;c) and F'(u;;¢) = G(uj;c)/c for different Gauss-Bernoulli
mixtures and different effective noise standard-deviations o.
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46 Approximate Message Passing Algorithms

behaves similar to a quantizer, since those inputs are mapped to values almost

indistinguishable from the discrete points.

2. Example 2: Sparse case, i.e., discrete point at 0. In Fig. 3.9d a continuous
Gaussian prior with variance o = 1.2 is used, but now the discrete part is located

at zero with probability 1 —e = 0.9.

Note that as long as a reasonably large variance for the continuous Gaussian
prior is chosen, there are no numerical problems, as there are no gaps in the
support and the prior distribution has significant non-zero values in a reasonable

range of input values u to the estimator.

Also note that the curve for ¢ = 0.1 (low noise case) in Fig. 3.9d looks rather
similar to a hard thresholding function. However, as the noise increases, the
typical effect of MMSE estimators appears: the output magnitudes tend to

smaller values, due to the ambiguity caused by the noise.

3.3 Generalized Approximate Message Passing

In Section 3.2 we saw that there is nothing special about the Laplacian prior for AMP
to be derived, and later showed BAMP algorithm for a general prior distribution (also
referred to as the input channel). Similarly, one can argue that there is nothing special
about the Gaussian noise model that describes a distortion of the vector of linear
mixtures z = Ax. This approach leads to the GAMP algorithm, where one considers a
general distribution describing the component-wise distortion of the linear mixtures,
i.e., a general output channel given in terms of a conditional distribution p(y;|2;). This
includes for example, component-wise nonlinear distortions of the vector z, that appears
when we quantize CS measurements. By approximating sum-product loopy belief
propagation, the sum-product GAMP algorithm approximates the computationally
intractable high-dimensional integration involved with calculating E{x|y} with a highly
efficient iterative procedure. Similarly, the max-sum version of GAMP approximates
the computationally intractable calculation of arg max, p(x|y) when one seeks for the
MAP estimate of x [71]. In the rest of the text we will focus on the sum-product
GAMP for the MMSE estimate, and refer to it simply as the GAMP algorithm.

The generalized estimation problem with linear mixing is shown in Figure 3.10.
Here, as in BAMP, vector x is distributed according to p(x; «), where « contains the

distribution parameters. This vector is multiplied (i.e., sampled) with measurement
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z Yy
°—>M—’

Separable input channel Linear mixing Separable output channel

Fig. 3.10 General estimation problem: Vector x, distributed according to p(x;«) is multiplied
with measurement matrix A, resulting in z. Each measurement y; is generated randomly
from z; according to p(y;|z;). Find x given y.

matrix A, and the resulting vector is denoted by z. Finally, each measurement y; is
generated randomly from z; according to p(y;|2;).

The problem is to get MMSE or MAP estimate x given the measurement vector y,
where the corresponding conditional distribution can be written as

paxly: ) = Tl ot I ploel=) (3.39)

=1
3.3.1 Overview of the derivation of the GAMP algorithm

Approximation of the message passing algorithm for the conditional distribution given in
(3.39) is similar to derivation of AMP and BAMP, but somewhat more mathematically
involved. A detailed derivation of the GAMP algorithm is provided in [71], with
more insights available in [79]. Compared to the derivation of the AMP algorithm,
one difference is that now the messages of the sum-product algorithm are log-pdfs.
Following the update rules for variable nodes (1) and for factor nodes (2) on page 26,

the log-pdf messages mgja)(xi) and mffll(xl) can be written as

m () = @1%,HWWHW>
b#a
= const + log p(z;; @) + ) m,(,il(xz), (3.40)
b#a
m<> J(z) = logZ /p Yalza) Hexp( gla(%» dx..;
JF
= const + log/p YalZa) Hexp( (t) (x])> dx..;, (3.41)
J#i

where Z; and Z, are normalizing constants.
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48 Approximate Message Passing Algorithms

Approximation of m,, ﬂ(xl) To approximate the message mgtll(xl), given in (3.41),

we follow the same reasoning as in (3.10) to obtain

m“ ;(x;) = const + log/p YalZa; Ts) Hexp( ® (3:])) dx.;
J#i

= const + log Exw‘ {p(yalza; xz)}
~ const + log/p(ya|za; x;) (amasz + Z aa]fc]a, Z aa]vfa(t))dza
J#i J#i (342)

(t
H(ya, aaixi‘f‘zﬁtl aaj$§a), Z]# a?” sza(t))

= const + H(ya, QaiT; + Zaaj Tias Za'(lj Yja )
j#i JF

= const + H(ya, am i — —|— Zaaj'r]CU Zaaj ]a - amvm( )).

Let us denote the sums over j in (3.42) with

Z ;24

(3.43)
z (t)
Z a’a] ]a( )
and the posterior mean and variance of variable x; at iteration ¢ with
2 = Efas| m” ()},
(3.44)
fv(t) t)
vt = Var{55i|mi ()}
where
m{ ;) = const + log p(z;; a) + > i (). (3.45)
b
Neglecting terms that are O(1/N) in (3.46), i.e
H(-) = H(ya, toi(z; — 20) + Zaa] 2, Zaa] AR am%(n)
= H(ya, aui(wi — ) + am-(:vz(-t) o )) +p0, 00 —a20r V) (3.46)
\_\,_/ ——

O(1/N) O(1/N)
~ H(yaa aai(z; — 37) + P, Ug(t))’
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3.3 Generalized Approximate Message Passing 49

and using Taylor’s expansion of H (-, -, ), message mfjg(xl) can be approximated with

mgtl”(:vl) ~ const + H(ya, pff), vfl’(t)) + agi(x; — .’izgt))H’ (ya, ﬁff), vg(t))

1 a0y ) . p)
+ (e —27)°H (ar 5, 020).

(3.47)

Following the derivation in [79, p. 14], it can be shown that the first derivative and

negative of the second derivative of H(-,-,-) in (3.47) are equal to

39 = H' (ya, 90, 20) = U;(Q(E {za| s D, 020} = p1), .
. . 1 var { 2 | ya; P, o2 -
0; = —H" (o, Y, 2V) = @ (1_ { 2@ }>

where p(zq | va; DY, 12D o< p(ya | 2a) N(HP, vP®). Therefore, we can finally write
(3.47) as

1
mg’lz(fﬁz) ~ const + aq;(z; — i“z(‘t)) s - §a62Li (@i — @('t))zvs(t)
1 (3.49)
= const + (aq:8Y + a2,v3® M) 5@@ 0202,
Approximation of mlt:al)(xi): Inserting (3.49) into (3.40) we get
m{},) (x:) = const + log p(;; a) + > g (@
b#a
1
~ const + log p(ai ) + Y (e &7 + af vi 08 )z, — Sadif 02
b#a
 Dbta Qb §1(;t) + aj; Ug(t)fz(t) ’
= const + log p(z;; o S ad v ( -
’ ( b#a ) B Eb;ﬁa azi Uy, ®
1 4(t))2
= const + logp(‘rza Oé) - r (t) (ZL’Z — Tiq ) )
2vj,
(3.50)
where
PO =20 or O3 a8,
b#a
(3.51)
mt) _ (Za Us(t)

b#a

{0 () with p(ai; @) N (g 70, or, @),
z (t+1)

Since we have approximated the distribution of z;

A (t41) of the message mi:al )(L)

mfir;)( ;) has the same

we can now calculate the mean z,, ) and the variance v,

defined in (3.8). Furthermore, since this distribution of x;
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50 Approximate Message Passing Algorithms

structure as the one in (3.42), i.e., a local factor times a Gaussian distribution, we can

use the results of (3.48), and together with Taylors expansion to write®

2D & Y 800D, (3.52)
where (t+1) (t+1)
z; ) =Ex my ()t
il { (t+1) } (3.53)
v = yar {xz m; (xz)},
and z; mgtﬂ)(m‘i) is approximately distributed as p(x;; a) N (z; 0, v ), and
50 s 30 4O 3 gy 80
’ (3.54)

It remains to approximate pl5 ) and of;

back to (3.43), we can write

D) with edge independent quantities. Going

ﬁ(t'Jrl) _ Z“ A1) (3£2) Zam(x(tﬂ) ams(t) x(t+1))

at aiiq

. Z mm (t+1) t)Z&m v z(t+1) Z@azﬂf(tﬂ) A(t)vg(t-&-l) ﬁ(tJrl)’ (3.55)

7
Up(t+1 s Za :c(t+1)

azz

Summary of the GAMP algorithm

Here, we summarize the key equations of the GAMP algorithm. Equations (3.55),
and (3.48) constitute so-called measurement update (3.56), as they calculate posterior
mean and variance of the linear mixtures z. Similarly, with equations (3.54) and (3.53)
we calculate calculate posterior mean and variance of the unknown sparse vector x.

Hence, equation (3.57) gives the so-called estimation update.

Details can be found in [79, p. 17].
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Measurement update:

t) _
Zaaz Ui 7

PO = Zaazx(” gU=1)yp(®),

a

. 1 ~ ~ (3.56)
Sgt) = W(E {Za Ya; p((zt)7 Ug(t)} _pgt)>a
Va
5(t) )
Us(t) _ 1 1 _ var {Za Ya; a Up }
a Ug(t) Ug(t) ’

where p(zq [ ya; PO, v20) o p(ya | 2a) N(B, v20).

Estimation update:

(3.57)

where p(z; | #") o p(ai; o) N (g3 7, 08 @),
Finally, the algorithm is shown in Algorithm 6, where we used vector notation.

Here, functions Fy(+), Fo(+), Gi(+), and Gy(-) are applied component-wise and are given

E{z|y; p), bV} —p

Fl(yaﬁvvp) v ) Gl(fﬂ)m ) E{x|,r7vr(t) }7
p
3.58)
_ A0 ap®) (
Foly, o) = 2R W0 o) —varfe | #5000, o),
v
p
where
(%0 | Ya; DY, 2D o p(ya | 22) N (B, 02 D), (359)
pla | 775000, ) o plai @) N (w7, of @), '


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

Mt

52

Approximate Message Passing Algorithms

Algorithm 6 Generalized approximate message passing algorithm

Input: measurement matrix A, measurement vector y, noise level o2 (optional),

input channel distribution p(z;|«), output channel distribution p(y,|z.), stopping

threshold € or t,.x

Initialization: ¢t =0, % = E{x}, v = var{x}, 8§ =0,,

do:

Lt=t+1 > increment iteration counter
2: vP) = (A @ A)vo(t-1) > Measurement update - linear step
3 p) = A1 — yr(t) ¢ gt=1) > Measurement update - linear step
4: 8 =F 1y, pW, vp(t)) > Measurement update - nonlinear step
5: v = Fy(y, pt), vP®) > Measurement update - nonlinear step
6: v" ((A A Tys( ) - > Estimation update - linear step
7 f'( ) =D —{— v e (ATEM) > Estimation update - linear step
8: %) = Gy (¢ (t); a) > Estimation update - nonlinear step
9: = GQ(r(t), v ®: ) > Estimation update - nonlinear step

while 1 <l or K0 = KD 3 2 £ %)

Output: x = x®
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Chapter 4

Analysis-by-Synthesis with
Bayesian Approximate Message
Passing Scalar Quantization for

Compressed Sensing

In this chapter, I consider a scenario where sensors using compressed sensing (CS)
observe a sparse signal, quantize the observations, and transmit the discrete valued data
over a communication link with a low rate constraint. I start by stating the problem
of quantization of CS measurements and providing a more intuitive derivation of the
optimal quantizer than offered in literature. An approximation of the optimal quantizer
is offered by the previously proposed Analysis-by-Synthesis (AbS) quantization scheme
for CS. I present this quantization scheme in which, as a novelty, I adopt of the
Bayesian approzimate message passing (BAMP) algorithm as the recovery algorithm.
I focus on source signals that can be modeled as a linear combination of a discrete
component and a zero-mean Gaussian component; for those signals, I provide analytical
expressions for the estimation functions of the BAMP algorithm. I compare the results
of AbS when BAMP is used as the recovery algorithm with an AbS scheme known
from literature, in which orthogonal matching pursuit (OMP) is used as the recovery

algorithm. Additionally, I investigate different setups of the AbS scheme.
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4.1 Introduction

As we have seen in Subsection 2.4.2, reconstruction with the classical CS recovery
algorithms on quantized measurements results in poor accuracy [24, 45, 50]. Therefore,
suitable algorithms, which take into account the whole measurement process, need
to be developed to suppress the negative effects of quantization on the recovered
source signal. In [76] an approximation of the end-to-end mean squared error (MSE)
minimizing quantization scheme is proposed that uses the concept of AbS. In AbS,
the neighbourhood of a scalar-quantized measurement vector is investigated, with the
aim of finding a representation that will give a lower end-to-end MSE after applying
a nonlinear recovery algorithm. The proposed scheme allows for the use of any CS
reconstruction algorithm, and the authors adopt OMP for that task.

Recent advances in graph-based algorithms for CS recovery show promising results
[32-34, 57, 71, 72]. In particular, BAMP [33, 34] is most appealing for its simplicity
and small reconstruction errors. High reconstruction accuracy is possible since, as
opposed to most classical recovery algorithms, the BAMP algorithm uses explicitly
the information about source signal prior. Although it seems disadvantageous that the
signal prior needs to be known, recent work [42, 82] demonstrated that the prior can
be estimated during the iterations of the algorithm from the measurements alone. The
explicit knowledge of the prior is, therefore, not required.

The above presented arguments motivate us to adopt BAMP as the reconstruction
algorithm in the AbS scheme. In what follows, I start by giving an overview of the
ADbS scheme, which was presented in [76]. Subsequently, I explain some practical
details of implementation of the BAMP algorithm and give explicit solutions for
the BAMP operators for the assumed signal prior. Finally, I present performance
results of the BAMP algorithm in AbS scheme in a fixed bit budget scenario. The
results are compared with those from [76]. My results demonstrate that the BAMP
algorithm significantly outperforms the much more complex OMP algorithm in the

AbS quantization scheme.

4.2 Problem Statement

I assume that a sensor observes linear mixtures y of a sparse signal x according to
(6.6), i.e.,
y = Ax, (4.1)
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4.2 Problem Statement 55

where A is the m x N measurement matrix. The vector of linear mixtures y will be
referred to as the vector of CS measurements. Furthermore, I assume that the CS
measurements are quantized with r, integer number of bits per measurement. The

rate r, can be expressed as
Ty =T3/0, (4.2)

where r, is the given, fixed bit-rate per source component, and ¢ is the measurement
ratio, i.e., m/N. It is assumed that the code alphabet C = {cy, ¢1, ..., cory_1 }, containing
the code symbols ¢;, is designed offline by the Lloyd-Max algorithm [59].

I consider an encoder E : R™ — 7™ that operates on the entire vector y, and
outputs a vector of indices i € Z™, where Z = {0,1,...,2"v — 1}. The codeword y is
determined by i and C. The n-th entry ¢, of the codeword ¥ is equal to symbol ¢; ;
repeating this for each n € [m] produces the entire codeword y. The estimate X of the

source vector is then obtained from the codeword, according to
X =A(AY), (4.3)

where A is a chosen CS reconstruction algorithm.

Given a statistical model for x, the alphabet C, and the measurement matrix A,
our task is to find an encoder E, that performs well based on some performance metric.
As suggested in [76], to compare different solutions I use the end-to-end MSE, defined
as

MSE = E{|lx - %13}, (4.4)

as the performance criterion.

4.2.1 Optimal quantization for a given alphabet

Adopting the end-to-end MSE as the performance criterion, it is observed in [76] that
MSE = E {Hx = %[5} = E{Ix - ()13}
= [ B{lx =@ |y = y} Ay

= [ B{lx - <@E)IE]y = v} Hx)dy

Eyly

(4.5)

In (4.5), the only term left for us to choose, i.e., the only "free parameter', is the

encoder function E : R™ — Z™. Since f(y) is a distribution, and hence a nonnegative
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function, the optimal encoder E*(y) that minimizes the end-to-end MSE is the one
that minimizes [, for every observation y. In other words, the optimal encoding

E*(y) is given by
% s . ST .
E*(y)=1i"= argirgznn} E, {Hx x(1)]5 ‘ y = y}. (4.6)

The last equation can be rewritten as

ok

i = argmin E{|lx = %@)[3]y = v}
= arg min E{Ix[3 |y = v} + E{ X3 |y = v} - 2B{x"%(0) |y = v}
@ arg min E{ %@ 3]y =y} - 2E{x"%(1) [y =y} (4.7)

@ . SN2 oo (\T -
= arg min [|%()[3 - 2%(1) Ex{x |y = v

A

= arg min [&(i)|5 — 2%(1)" %(y),

where (a) follows from the fact that x is independent of i conditioned on 'y, (b) follows
from statistical independence of x and x conditioned on y, and x(y) denotes the
minimum mean squared error (MMSE) estimate of the sparse vector x given the
(unquantized) observation y.

The minimization in (4.7) requires a search over all 2™+ possible index vectors i.
This poses a practical limitation as the computational complexity grows exponentially
with the number of measurements. Therefore, an approximation of the optimal solution

must be found with complexity that is at most polynomial m (rather than exponential).

4.2.2 Scalar quantization of the measurements

The simplest way is to directly quantize each measurement y,, separately, by searching
for the nearest neighbour of y, in the given alphabet C, i.e., to use the scalar quantizer.
The effect of the quantization on the recovered source signal X is, therefore, not consid-
ered during the quantization; the advantage is simplicity. Later, treating quantization

errors as additive noise, any CS recovery algorithm can be used for the reconstruction.

4.2.3 Quantization using Analysis-by-Synthesis

The AbS quantization scheme from [76], shown in Figure 4.1, offers a way to find a
suboptimal, but computationally feasible solution of (4.7). The solution is found by

iteratively choosing the best quantizer index i,, for some n € [m], while fixing all the
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Sequentialor '\ i
non-sequential :
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Fig. 4.1 Analysis-by-Synthesis Quantization Scheme: A suboptimal solution is found by
iteratively choosing the best quantizer index i,, while fixing all other encoded indices {’Lk}ﬁén

other quantizer indices i1,i9, ..., tn_1, tni1, - tm. Lhe optimality criterion for selecting

a single quantizer index 7;, to quantize the measurement ¥, is then given by

o . SN2 oo\ Tors
i=arg, i fs)]3 -2x0)7%(0) (4.8)

The last equation motivates the term "Analysis-by-Synthesis", and in particular:

o synthesis: for any choice of the index vector i the estimate X is "synthesized" by

the recovery algorithm A

« analysis: given all other indices, the chosen index i, is the one that minimizes
the end-to-end MSE

Note that X(y) equals x only if the reconstruction from the noiseless and unquantized
measurements y = Ax is exact. This requires, however, that the number of measure-
ments m is sufficiently large. What "sufficient" exactly means depends on the chosen
recovery algorithm (all the time assuming that the signal x is indeed strictly k-sparse).
As m is a design parameter, due to too few measurements, it may be the case that the
output of the CS recovery algorithms is not perfect. Furthermore, even if m was indeed

large enough, the MMSE estimate X(y) is difficult to compute exactly in reasonable
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Algorithm 7 AbS [76, AbS quantization)]

Input: unquantized measurements y, alphabet C, measurement matrix A, update
type AbS update (options: AbS seq or AbS nonseq), stopping threshold &g
Initialization:

v = nn(y) > initialize with nearest neighbours

x(y) = f(A,y) > compute approximation of the MMSE estimate
do:

l=1+1 > increment iteration counter

[0, O x0] = AbS_update(3‘~,x(y),C, A) > choose representations

while | [ — 2x(y)"%®] [R5 - 2x(9) %] | < 2oy
Output: i), y® x®

time as it involves multidimensional integration. Therefore, in (4.8), X(y) is replaced

by the output of the specific CS recovery algorithm, i.e.,

X(y) =x(y) = AA, y). (4.9)

Since the BAMP algorithm is designed to approximate X(y), it is likely to perform better
than competing approaches (e.g., OMP), that, in fact, have a different optimization
goal.

To start the step-wise optimization of the indices i,, given by Algorithm 7, an
initialization for the vector i is required. A sensible choice is to use the result of a scalar
quantization of the components of the measurement vector y. Furthermore, there are
various ways to choose the order in which the quantizer indices ¢, are updated. Two

methods proposed in [76] are sequential and non-sequential selection.

Sequential update For the sequential selection, the indices are simply updated
in their natural numerical order n = 1,2, ...,m. To update the entire vector i,
optimization in (4.8) is performed m times. The steps of the sequential update are

presented in Algorithm 8.

Non-sequential update For the non-sequential selection on the other hand, the
optimal index is calculated (but not yet updated) according to (4.8) for all indices
that were not updated in any of the previous steps. The index ¢; whose update would

produce the smallest value ||%(i)||2 — 2%(y)" %(i), is selected and updated. This process

repeats until all quantizer indices {i,}” ; have been optimized. To update the entire
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Algorithm 8 AbS sequential update [76, AbS_ seq]

=1) approximation of the

Input: quantized measurements ‘=1 or equivalently i
MMSE estimate X(y), alphabet C, measurement matrix A
Initialization: y® = y(-1
for n=1:m do

for i=0:|C|—1 do

g = ¢; > encode n-th entry of y with ¢;
£ = f(A,3D) > compute potential recovery of the sparse vector
end for
i = arg minego.|c|—1} {||§<(’“)||§ — QX(y)T)E("’i)} > choose the best representation
[i), 90] = [i*, cis ] > update index and representation
end for

Output: i, 30 %(yW)

Algorithm 9 AbS nonsequential update [76, AbS nonseq]

Input: quantized measurements y¢=1 or equivalently i~ approximation of the
MMSE estimate X(y), alphabet C, measurement matrix A
Initialization: 3y =y(¢-=1 £ =10
while |[£| < m do
for each ne {1:m}\ L do

g = yU=1 > initialize quantized measurements
for i=0:|C|—1 do
A,(f) = ¢ > encode n-th entry of y with ¢;
£ = f(A,30) > compute potential recovery
A(n, i) =[%0D)2 — 2% (y) %) > compute cost
end for
end for
[n*,ir.] = argminy, ;) A(n, 1) > choose the best index and representation
14, 90 = [i.,civ] > update index and representation
L=LU{n"} ' > update set of updated indices
end while

Output: i),y x(y®)
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vector i, the optimization in (4.8) is performed m(m + 1)/2 times. The steps of the
nonsequential update are presented in Algorithm 9.

Independent of the selected update method, once all m elements of i have been
updated, the whole update process is repeated until convergence is reached, i.e., until
the solution %X(i) remains within a pre-chosen accuracy limit from one iteration to the
next. It has been shown in [76] that the step-wise optimization in (4.8) will converge

for any CS recovery algorithm.

4.3 BAMP as the Reconstruction Algorithm

We know from Chapter 3 that, if the source prior is known (or can be estimated
from the measurements), the BAMP algorithm can be used to recover a sparse vector
from noisy measurements. As can be seen from Algorithm 5, at each iteration, the
BAMP algorithm uses the information about the noise variance o2, to calculate the
effective noise variance. In classical noisy CS, the noise variance o2 is estimated at
the receiver before running the algorithm. In our scenario, however, the noise is, in
fact, the distortion due to the quantization. When quantizing the measurements,
the independent-noise model becomes questionable (particularly at low rate) and the
distortion is hard to find in advance and analytically.

Alternatively, the effective noise variance c**!) can be approximated. In [17,
Chapter 9.5.1], the effective noise variance is approximated with Lz"||3, where z)
is the residual defined in Algorithm 5. For the remainder of this chapter, the BAMP
algorithm that estimates the effective noise variance using - ||z()||3 will be called the
BAMP2 algorithm. On the other hand, the BAMP1 algorithm refers to the (classical)
version of the BAMP algorithm with the known noise variance. In the following
subsection, I discuss which version of the algorithm should be used within the AbS

framework.

4.3.1 Analysis-by-Synthesis with BAMP1 or with BAMP2

The BAMP2 algorithm is particularly appealing in the AbS scheme, as the noise

2
w

variance ¢ is not used explicitly. On the other hand, since BAMP2 uses less prior
knowledge (the noise variance) one would expect it to have worse performance compared
to BAMP1.

To demonstrate the difference in performance between the BAMP1 and the BAMP2

algorithm I show results of a Monte-Carlo simulations. There, I assume that the CS
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4.3 BAMP as the Reconstruction Algorithm 61

measurements are corrupted with additive noise, i.e.,
y=Ax+w, (4.10)

where the entries of w are drawn from zero-mean Gaussian distribution with known
variance. The dimension of the unknown vector NV, sparsity k£, and the measurement
rate 0 take values 512, 35, and 0.25, respectively. At each simulation instance, the
entries of the measurement matrix A are drawn independently from a standard normal
distribution, and the columns are normalized to have unit Euclidian norm. Furthermore,
at each simulation instance, the source vector is drawn from the corresponding Bernoulli-
Gauss (BG) mixture distribution. The unknown sparse source signal is reconstructed
from noisy measurements using both the BAMP1 algorithm and the BAMP2 algorithm.

To compare different algorithms, I follow [76], and adopt normalized mean squared
error (NMSE) as the performance metric. The NMSE is defined as

B { % — 13}
By { [1%/I3}

where X is the reconstruction of the source vector. In my results, I compute the NMSE

NMSE/dB = 10log,, (4.11)

by averaging results of Monte-Carlo (MC) simulations. Figure 4.2 shows the empirical
NMSE of both BAMP algorithms against signal-to-noise ratio (SNR), where the SNR
is defined as

SNR = B, {||Ax|3}/ B { W]} (1.12)

The figure shows that even with exact knowledge of the noise variance, BAMP1 does
not produce significantly better results than BAMP2. Furthermore, as previously
argued, within the AbS quantization framework the "noise variance" will not be known
exactly in advance. Therefore, the performance of the BAMP1 algorithm might even

deteriorate. In further investigations I will, hence, use only the BAMP2 algorithm.

4.3.2 BAMP operators for a sparse Gaussian signal prior

To obtain the BAMP operators F'(u;;c) and G(u;;¢), I assume that the independent

and identically distributed (i.i.d.) prior p,, can be written as

P (56,02) = (1 —€)d(x) + e N(x;0,02), (4.13)
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Fig. 4.2 NMSE in dB of BAMP1 and BAMP2 as a function of SNR. The parameters N, k,

and § are 512, 35 and 0.25, respectively.

where € is the probability of nonzero value, and ¢? is the power of the Gaussian

component. This commonly used i.i.d. zero-mean BG mixture source prior is used in

[76] as well. To obtain analytical expressions for F'(u;; ¢) and G(u;; c), I use the results

from Subsection 3.2.2. The operators can be written as

Fluj;e) = uj H(uy),
G(ujic) = ¢ H(uj) + h(u;) F*(uy;c),

where
o2 1 l—¢ [o2+c -4
H ) — T d h ) — x 2c [,925+C’
(1) o2+c 1 + h(uj)’ an (u5) € c €

4.4 Numerical Results

(4.16)

To investigate the performance of the proposed quantization techniques I present

the results of Monte-Carlo simulations, each with 1000 independent realizations of

pairs of a source vector and a measurement matrix. The authors of [76] have kindly
made available their Matlab code!, so I could integrate the BAMP algorithm in their

framework. For easier comparison of different reconstruction algorithms, I use the same

thttps://people.kth.se/~amishi/reproducible research.html
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4.4 Numerical Results 63

parameters as in [76]. In particular, the length of the source vector N = 512, and the
sparsity level k = 35. This leads to a sparsity ratio of k/N = 0.0684. Consequently,
the probability of a nonzero component € = 0.0684. The entries of the sensing matrix
A and the non-zero components of the source vector x are drawn independently from a
standard normal distribution. In order to have the same setup as in [76], the columns
of the sensing matrix are later normalized to have unit Euclidean norm. This is,
however, not a requirement of the BAMP algorithm. The alphabet C is designed
off-line according to Lloyd’s algorithm, with unquantized measurements as training
data. The stopping thresholds for both the sequential and the non-sequential AbS are
set to eaps = 107%; where as the stopping threshold for the BAMP algorithms is set to
epamp = 1074

Throughout the simulations, the total amount of available bits (i.e., the bit budget)
Nr, is kept fixed. Since r, = Nr,/m = r,/d, it follows that increasing the measurement
rate will consequently decrease the amount of available bits per measurement component.
For faster convergence, the AbS scheme is initialized with the nearest neighbour

reproducer values.

4.4.1 Sequential or non-sequential update with BAMP2

As we have seen in Subsection 4.2.3, the non-sequential update in the AbS scheme
produces significantly higher computational complexity than the sequential update.
More specifically, in the non-sequential update the optimization in (4.8) is performed
m(m + 1)/2 times, compared to m times in the sequential update.

In Fig. 4.3, I analyse how much there is to be gained in terms of NMSE when using
the non-sequential scheme (applied with BAMP2 for CS reconstruction). The NMSE
against the measurement rate 6 (= m/N) for both types of updates with r, = 0.5 and
r, = 0.75 bits per source component is shown in Fig. 4.3. We observe only a slight
improvement in NMSE for non-sequential updates. The sequential update is, hence,

preferable due to the much lower complexity.

4.4.2 BAMP2 or OMP in AbS

The performance of OMP as the reconstruction algorithm in the AbS quantization
scheme has already been investigated in [76]. Here I compare those results to the ones
obtained when BAMP?2 is used as the reconstruction algorithm. Figs. 4.4 and 4.5
show the NMSE as a function of the measurement rate § for different setups of the

ADbS scheme, and for given and fixed quantization bit-rate of r, = 0.5 and r, = 0.75,


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

m ibliothek,
tuwien.at/bibliothek

Analysis-by-Synthesis with Bayesian Approximate Message Passing Scalar
Quantization for Compressed Sensing

64

NMSE / dB

|
— |
o ot

|
—_
ot

I I I
BAMP?2 Nearest-neighbour
BAMP2 Sequential AbS
BAMP2 Non-sequential AbS

| |
0.15 0.2 025 0

3 035 04 045 0.5
)

Fig. 4.3 NMSE vs. measurement rate ¢ (= m/N) for sequential and non-sequential AbS with
BAMP2. The comparison is for two fixed quantization bit-rates (r, = 0.5 and r, = 0.75 bits
per component of the unknown sparse vector, equivalent to a total bit budget of R, = 256
and R, = 384 bits, respectively). Source vector dimension N = 512, sparsity k = 35.

NMSE / dB
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Fig. 4.4 NMSE vs. measurement rate 0 (= m/N) of AbS with OMP and BAMP2; fixed
quantization bit-rate of r, = 0.5 bits per component of the unknown sparse vector (equivalent
to a total bit budget of R, = 256 bits). Source vector dimension N = 512, sparsity k = 35.
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Fig. 4.5 NMSE vs. measurement rate 0 (= m/N) of AbS with OMP and BAMP2; fixed
quantization bit-rate of r, = 0.75 bits per component of the unknown sparse vector (equivalent
to a total bit budget of R, = 384 bits). Source vector dimension N = 512, sparsity k = 35.

respectively. Both figures show that BAMP2 significantly outperforms the OMP
algorithm and that the lowest NMSE is achieved for § = 0.25. Out of all considered
measurement rates in my simulation, 6 = 0.25 gives the best trade-off between the
number of measurements and the quantization bit depth, for a specific total bit budget.
Finding the optimal measurement rate for this highly nonlinear problem is a difficult
task that goes beyond the scope of this work. In Fig. 4.4, we can see that for r, = 0.5,
the gain of using sequential BAMP2 compared to non-sequential OMP in AbS is at
least 1dB. Specifically, for § = 0.25 the gain is roughly 3dB. Results for r, = 0.75 are
shown in Fig. 4.5; the gain of using sequential BAMP2 compared to non-sequential
OMP in ADbS is at least 2dB, with roughly 4dB at 6 = 0.25. It should also be noted
that nearest-neighbor coding with BAMP2 produces roughly the same performance as
OMP in the AbS scheme.

For the measurement rate 6 = 0.25, Figure 4.6 shows the NMSE of AbS-quantization

with OMP and BAMP?2 as a function of rate r,. Two conclusions can be drawn:

o« The BAMP2 curves continue to descend beyond the rate of 1 bit per source
component. The NMSE will also saturate at some point, as accuracy is then
limited by the threshold of 10~* for the BAMP2 iterations.
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Fig. 4.6 NMSE vs. rate r, for AbS quantization with OMP and BAMP2. Source vector
dimension N = 512, sparsity k = 35, measurement rate § = 0.25.

« For rates below 1 bit per sample, the gain of using sequential BAMP2 compared
to non-sequential OMP in AbS is about 4dB. This clearly demonstrates the

superior performance of BAMP2 that is due to the use of prior information.

Finally it should be noted that OMP is significantly more complex than BAMP2,
as OMP requires the computation of a pseudo-inverse during its iterations. Hence,

BAMP2 provides significantly better performance at significantly lower complexity.

4.5 Summary

In this chapter, I investigated the use of the BAMP algorithm as the recovery algorithm
in the AbS framework for quantization of CS measurements. I focused on the scenario
where the bit budget is constrained. In this case, the optimal measurement ratio, and
consequently the optimal bit-rate per source component, for specific source prior is
impossible to determine analytically. However, for a set of possible bit-rates, one can
empirically determine, and later use, the one that shows the lowest NMSE.

My numerical experiments showed that it is preferable to have fewer but finely
quantized measurements. Additionally, the results of the experiments demonstrate
that the BAMP algorithm significantly outperforms the much more complex OMP
algorithm, for both sequential and non-sequential updates in the AbS quantization

scheme.
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Chapter 5

Generalized Approximate Message
Passing for Noisy and Quantized

Compressed Sensing

In many practical applications, compressed sensing (CS) measurements are first scalar
quantized and subsequently corrupted in different ways during storage or transmission
over a noisy channel. Reconstruction by conventional CS algorithms on such highly
distorted measurements results in poor accuracy. To address this problem, I use the
well established generalized approzimate message passing (GAMP) algorithm and adapt
it to our specific problem: recovery of sparse vectors from quantized CS measurements

corrupted with noise. I consider two cases:

« 1-bit CS (R = 1), where extreme quantization is enforced that captures only the
sign of the measurements. Here, I allow for the quantized measurements to be
corrupted with additive white Gaussian noise (AWGN).

e R-bit CS (R > 1), where each measurement is represented with only a few bits.
This case, therefore, corresponds to a low-rate quantization scenario. I consider
different communication channels tampering with the quantized measurements,
namely the symmetric discrete memoryless (SDM) channel and the AWGN

channel.

I provide analytical expressions for the necessary nonlinear updates of the GAMP
algorithm for different channel models and different rates. I conduct numerical ex-
periments and present performance results of the proposed scheme. The results show
the superiority of the GAMP algorithm compared to conventional CS reconstruction
algorithms for both SDM and AWGN channels.
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68 Sensing

5.1 Introduction

In many applications, including magnetic resonance imaging (MRI) [54, 55, 84, 85],
sparse channel estimation [5, 70, 80] or photography [38], a coarse quantization of
the CS measurements is unavoidable for further digital signal processing (DSP). By
quantizating the CS measurements, as continuous input intervals are represented by
discrete values, distortion is introduced in the observations. This distortion can be
controlled by the size of the codebook; it is reduced by increasing the rate R, i.e.,
by using more bits per measurement to represent the unknown sparse vector in the
measurement domain. Fnding the rate-distortion function for a specific CS recovery
algorithm is, however, an even more difficult task compared to the classical (not CS)
setting. The reason is that we want to minimize the end-to-end distortion between x
and X = X(y) = x(Q(z)), which involves a nonlinear measurement system as well as a
nonlinear recovery method, while quantizing the measurement vector y. Much of the
existing literature, therefore, focuses on finding suboptimal CS recovery algorithms
from quantized measurements [13, 14, 23, 41, 45, 46, 48, 49, 51, 76, 78, 83, 86, 87]. This
work follows the same line of research. In particular, I use the well established GAMP
algorithm and adopt it to our problem: recovery of sparse vectors from quantized
compressed sensing (QCS) measurements corrupted with noise.

The rest of this chapter is organized as follows. In Section 5.2, I define the problem
of noisy QCS and formulate the mathematical model for the unknown sparse signal
and the measurement process. In Section 5.3, I provide analytical expressions for the
necessary nonlinear updates of the GAMP algorithm. Results of numerical experiments

are presented in Section 5.4, and conclusions are drawn in Section 5.5.

5.2 Problem Statement

Next, I formulate the mathematical model for the unknown sparse signal and the

measurement process.

5.2.1 Signal model

I assume that the components {x;}¥, of the unknown sparse vector x are independent
and identically distributed (i.i.d.) realizations of the Bernoulli-Gauss (BG) mixture
distribution, i.e.,

P (2) = (1 —€)6(z) +eN(z;0,02), (5.1)
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GAMP

| | |
| | |
| | ] I
L . /_l-_\ y 1 L p| fornoisy %
! | U : : quantized !
Sparse : : : + X X cs : Estimate of
source \ | \ | | - | the source
, CS scalar \ | w | \ Reconstruction ,
| quantization | L | | algorithm |
Transmitter Communication channel Receiver

(AWGN)

Fig. 5.1 The signal processing chain. A unknown k-sparse vector x € R is multiplied
with a measurement matrix A € R™*N to obtain a vector z € R™ of CS measurements.
Each component of y* represents the quantized version of the respective component in z.
Symbols from y* are sent through a communication channel to obtain the vector of received
measurements y.

where € represents the probability of nonzero value, and o2 is the power of the Gaussian
component. The transmitter from Fig. 5.1 forms a vector of CS measurements (i.e.,

linear mixtures) z, i.e.,

z = Ax, (5.2)

where A € R™V is a Gaussian measurement matrix. The vector of CS measurements
z is scalar quantized with R bits per measurement, using a codebook C. The resulting
vector of quantized CS measurements y*, that is subsequently transmitted over a

communication channel, can be expressed as
y* = Q(z) = Q(Ax), (5.3)

where Q(-) is the quantization function defined in (2.20).

5.2.2 Measurement model

Noisy AWGN channel

Fig. 5.1 shows the corresponding transmission chain with an AWGN channel. In this
case, the measurement vector y at the receiver, can be compactly expressed as

y=y +w=0Q(Ax) +w, (5.4)

where w is a noise vector. The entries of the noise vector are assumed to be 7.7.d. real-
izations of a zero-mean Gaussian distribution with variance ¢2. Furthermore, in the

case of 1-bit CS, the quantization function amounts to the sgn(-) function.
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E{z|y =y} E{z? |y = y} fy(y) or py(qr)
AWGN fy(y)_Iwa(y—qk)mk fy(y)_IZfW(y_Qk)Sk wa(y—qk)pk
k k k
SDM py(ae) "t [pe2Bp + (1 — pe)mu] py(ar) 7t [pe2 R (wp+5) + (1=pe)si]| | pe2  B+(1—pe)pi
P = ®(bpy1;0,vp) — P(br; P, vp);  Mi = Ppr — vpn(bry1; P, vp) — vpn(br; D vp);
sk =pk(H +vp) —vp [(bk+1 + D) n(bry1;D,vp) — (b + D) n(by; P, vp)]

Table 5.1 Scalar mean, power, and probability density function for the GAMP nonlinear
measurement updates. For the AWGN channel the observation y can take any real value.
For the SDM channel, y is constrained to the codebook 7.

Noisy SDM channel

In the case of a SDM channel, each measurement y; is equal to the transmitted symbol
y: with probability 1 — (1 — 27 %)p,. Furthermore, it is equal to any other symbol
from the codebook, i.e., Z \ y;, with probability 2= %p.. Therefore, we can write the

distribution of y; |y} as

yi — B (5.5)
qk, Wp 2 p67

where gy is any code symbol from 7 \ y;.

5.3 GAMP Algorithm for Noisy Quantized Com-

pressed Sensing

To estimate the unknown sparse vector, I use the GAMP algorithm, whose steps are
shown in Algorithm 6, Section 3.3. I use the scalar version of this algorithm, where the
entries in v’ and v’ are the same within the respective vector. As heuristic experiments
showed, this produces more stable implementation of the algorithm.

The source, described in Subsection 5.2.1, is modeled as an i.i.d. random vector,

whose components are distributed according to a BG mixture. Therefore, to get the
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expressions for nonlinear functions G (-) and Go(-) in (3.58), I can use the results from
Subsection 3.2.2. On the other hand, for nonlinear functions F;(-) and Fy(+) in (3.58), 1
derive closed-form expressions, respecting the measurement models given by (5.4) and
(5.5). The derivation is provided in Appendix B, whereas a summary of the update

functions is shown in Table 5.1.

5.4 Numerical Results

To investigate the performance of the proposed reconstruction algorithm I present the
results of Monte-Carlo (MC) simulations. In the simulations, the nonzero components
of the source vector x as well as the entries of A are drawn randomly from a standard
normal distribution. The columns of the sensing matrix are later normalized to have
unit Euclidean norm.

The stopping threshold for the GAMP algorithm is ¢ = 1072, The maximal number
of iterations of the proposed algorithm for R =1 and R > 1, is set to ¢, = 64 and

tmax = 32, respectively!.

5.4.1 1-bit CS

To compare the performances against different 1-bit CS algorithms, the mean squared

error (MSE), defined as
2
} , (5.6)
2

is used as a figure of merit. From (2.24) we know that 1-bit quantization eradicates

X

[
Ixfl2 %[l

MSE/dB = 10log; {

the information about the ly-norm of the source. Therefore, in (5.6) I normalize both
the source vector and the estimate to have unit ls-norm.

I compute the average empirical MSE over 1000 independent realizations of the
source vector, the measurement matrix, and the noise vector. In each simulation, I

acquire m = 2000 measurements of the underlying sparse vector of length N = 512.

Each 1-bit CS measurement vector is corrupted with AWGN with power g2 = 107SNR/10]
where the SNR is defined as
SNR = Ey-{[[y*[I*}/Ew{lIwl3} . (5.7)

! This choice of the parameters gave satisfactory results heuristically.
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SNR / dB SNR / dB
(a) (b)

K=64 K=128

I I
- = = GAMP with hard information
N —— GAMP with soft information
N GAMP for noiseless 1-bit
N measurements
CS

T
¢
|

SNR / dB SNR / dB
(c) (d)

Fig. 5.2 Performance of different GAMP based algorithms for different sparsity levels k:
a) k =16, b) k = 32, ¢) k = 64, and d) k = 128. The dashed magenta line represents
the "robustified" GAMP algorithm for 1-bit CS. The solid blue line represents the GAMP
algorithm presented in this paper. The grey stars represent the limit set by the performance of
the GAMP algorithm for noiseless 1-bit CS measurements. Parameters: N = 512, m = 2000.
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Results

Since, in the case of 1-bit CS measurements in AWGN, the GAMP algorithm presented
in this chapter uses real numbers as inputs, I refer to it as the GAMP algorithm
with soft information. On the other hand, in [86] the authors present the GAMP
algorithm with the "robustified activation function'. They consider different ways
corrupting the 1-bit CS measurements by noise: e.g., adding AWGN before quantization;
flipping each bit with probability p. after quantization. In all cases, the GAMP
algorithm from [86] operates with symbols form a discrete alphabet, namely signs of
the measurements. I, therefore, refer to this algorithms as the GAMP algorithm with
hard information. Furthermore, since this algorithm operates on binary measurements,
I feed it with quantized measurements sgn(y). It assumes that each bit was flipped
with the probability of p., which I set to p, = F(—l/\/%).

In Fig. 5.2, I compare the performance of the GAMP with soft information with
the performance of the GAMP with hard information. We see that within a large SNR
range the GAMP algorithm with soft information outperforms (in the MSE sense)
the GAMP algorithm that uses hard information. The gain, in terms of MSE, for
SNR values below 2dB is about 5dB. As expected, for larger SNR values this gain
diminishes, and both algorithms approach the limit set by the GAMP algorithm for

noiseless 1-bit CS measurements.

5.4.2 R-bit CS

When quantizing with more than one bit per measurement, to validate the recovery
potential of the GAMP algorithm, I use MSE, defined as

MSE/dB = 10log,,||x — x||3, (5.8)

as the performance metric. I average the MSE over 200 independent instances of the
source X, the noise w, and the measurement matrix A. In each simulation, I acquire
m = 512 CS measurements of the underlying sparse vector of length N = 512. Every
CS measurement is then scalar quantized with R bits per measurement using a fixed
codebook. The code symbols are obtained using Loyd’s optimization algorithm [59].
Quantized measurements are corrupted during transmission over both the AWGN
channel and the SDM channel. In the case of the AWGN channel, each component of
the noise vector is an independent realization of a normal distribution with variance
02 = 1075NR/10 where the SNR is defined in (5.7). In the case of the SDM channel, I
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k=16 k=128

24
— OMP
99 —o- AMP
—-BAMP
-%- GAMP*
20 -8 GAMP

MSE / dB

0 5 10 15 20
SNR / dB SNR / dB

Fig. 5.3 MSE against SNR for different sparsity k& in an AWGN channel. GAMP* denotes
the GAMP algorithm for a noiseless channel. Parameters: R = 2, m = 512, N = 512.

flip each symbol from the vector of quantized measurements with probability p. to a

symbol from codebook Z.

Results

For k£ = 16 and k = 128, I conduct three sets of simulations, and present results of
different reconstruction algorithms. In each simulation, I compute the empirical MSE of
the orthogonal matching pursuit (OMP), approzimate message passing (AMP), Bayesian
approzimate message passing (BAMP), and two GAMP algorithms. The OMP, AMP,
and BAMP algorithms are oblivious of the quantization of the CS measurements.
Furthermore, among two GAMP algorithms, there is the GAMP and the GAMP*
algorithm. The GAMP”* algorithm refers the algorithm from [48] that does not take
the noisy channel into consideration.

In the first set, I quantize each CS measurement with 2 bits/sample and corrupt the
quantized values with AWGN. Fig. 5.3 shows empirical MSE against SNR of different
recovery algorithms. We can see that the gain of accounting for the noisy channel in
the GAMP algorithm, can be as large as 10 dB for mid-range SNR values. For high
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k=16

_30 | | |
0 0.1 0.2 0.3

Pe

Fig. 5.4 MSE against the probability of the transmission error p, for different &k in a symmetric
channel. Parameters: R =4, m =512, and N = 512.

k=16
0
10}
—~— OMP
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Fig. 5.5 MSE against R for different k£ in a symmetric channel. Parameters: p. = 0.05,
m =512, and N = 512.
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SNR values, the MSE of the GAMP* algorithm for noiseless quantized CS converges
to the MSE of the GAMP for noisy quantized CS.

The second set of simulations corresponds to the scenario of sending quantized
CS measurements through an SDM channel. I quantize each measurement with 4
bits/sample and randomly flip each symbol with probability p.. Fig. 5.3 shows empirical
MSE against p. of different recovery algorithms. We can observe that, in this channel
model, the GAMP algorithm significantly outperforms classical CS algorithms. For
a low probability of flipping the source symbol, the GAMP algorithm gives at least
10dB of gain compared to the classical CS algorithms. In a very destructive channel,
the algorithms that ignore quantization of the CS measurements fail completely, while
the GAMP algorithm still offers low-MSE recovery.

Finally, I fix the flip probability at p. = 0.05 and consider quantizing measurements
with different number of bits per measurement, ranging from 2 to 7 bits/measurement.
The MSE versus SNR of different recovery algorithms is shown in Fig. 5.5. We
observe that the MSE (in dB) of the GAMP algorithm almost linearly decreases as
the quantization rate increases. I conclude that unlike other algorithms, the GAMP

algorithm makes use of additional bits per measurement.

5.5 Summary

In this chapter, I discussed the performance of the GAMP algorithm for recovering
unknown sparse vectors from noisy quantized CS measurements. Numerical results
show a superior performance of this algorithm compared to other algorithms from
literature.

In the case of 1-bit CS, for low SNR values, the algorithm outperforms the GAMP
algorithm using hard information. Furthermore, for high SNR values, the algorithm ap-
proaches the limit set by the GAMP algorithm for the noiseless 1-bit CS measurements,
without any significant increase in computational complexity.

In the case of R-bit CS, I considered different communication channels, namely
the AWGN channel and the SDM channel. For the AWGN channel, my results show
that the GAMP algorithm outperforms other algorithms from literature. For the SDM
channel, the gain of using the GAMP algorithm is even larger. For a low probability of
flipping the source symbol, the GAMP algorithm gives at least 10dB of gain compared
to the classical CS algorithms. Moreover, in a very destructive channel, the numerical
experiments show the algorithms that ignore quantization of the CS measurements fail

completely, while the GAMP algorithm still offers low-MSE recovery. Finally, unlike
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other classical CS algorithms, the GAMP algorithm makes use of additional bits per
measurement.

Theoretical prediction of the MSE of the GAMP algorithm with the state evolution
(SE) analysis is an interesting open research problem. Furthermore, this study can be
extended with the vector version of the GAMP algorithm.
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Chapter 6

Generalized Approximate Message
Passing for Unlimited Sampling of

CS Measurements

In many practical applications (e.g., image and audio processing, bio-medical appli-
cations and analysis of physiological data), the amplitude of the input signal might
exceed the sensor’s finite dynamic range [—\, +A]. In this case, a classical converter
would saturate and clip the input, resulting in unwanted distortion. Alternatively, the
input can be converted with a self-reset analog to digital converter (SR-ADC)). In a
SR-ADC, the input samples exceeding the sensor’s threshold A are simply folded back
to the interval [—\, 4+\]. The converter is then equivalent to the modulo A operator.
As a counterpart to the previous chapters, where the focus was on quantization of
the compressed sensing (CS) measurements, I now consider the problem of clipping the
CS measurements. More specifically, I consider the generalized approzimate message
passing (GAMP) algorithm for recovering a sparse signal from modulo samples of its
randomized projections. The modulo samples are obtained by a SR-ADC. In contrast
to previous work on SR-ADC that consider sparse vectors either in time or frequency
domain, I allow for sparse signals in any basis. Furthermore, I also consider a scenario
where the randomized projections are sent through a communication channel before
being digitizing by a SR-ADC. There, the channel is modeled as an additive white
Gaussian noise (AWGN) channel. To show the effectiveness of the proposed approach,
I conduct Monte-Carlo (MC) simulations for both noiseless and noisy case. The results
show the ability of the proposed algorithm to fight the nonlinearity of the SR-ADC, as
well as the possible additional distortion introduced by the AWGN channel. To the
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best of my knowledge, this is the first work that examines the effects of SR-ADC on

phase transition curves of a CS recovery algorithm.

6.1 Introduction

Shannon’s sampling theorem is a fundamental result in signal processing. It states
that a continuous bandlimited signal can be perfectly reconstructed from a set of
samples taken at a sampling rate proportional to the maximum frequency present
in the signal (Nyquist rate) [75]. In the theorem it is assumed that the sampler has
infinite precision and infinite dynamic range. This assumption is, however, not met in
practical applications as the samples of the input signal might exceed sensor’s finite
dynamic range. In this case, a classical sampler would saturate and clip the input,
resulting in unwanted distortion.

A standard approach to this problem is to attenuate the input, so that the saturation
never occurs. Even though a rescaling of the input solves the problem of clipping,
it increases the quantization distortion due to a coarser representation of the input.
Alternatively, provided that the input is bandlimited, the authors in [7] propose
sampling the input signal with a SR-ADC. In a SR-ADC, the input samples exceeding
the sensor’s threshold are simply folded back to its dynamic range [—\,+\]. The
converter is then equivalent to the modulo A operator. More formally, the SR-ADC
with the parameter \ is defined by the mapping

My(t) = 2/\<|[2t)\ T ;ﬂ - ;) (6.1)

where [[t] £t — |t] is the remainder of the division ¢ by .

In Figure 6.1, I illustrate the effects of digitizing an input signal with a SR-ADC
with A = 0.5. We can observe that only those values of the received signal that are
outside the range [—0.5, +0.5] are affected by the converter. For each of those samples,
the converter sums its value with 2k\, where k € Z is chosen such that the sum is in
the range[—\, +A].

The authors of [7] prove that it is possible to recover any bandlimited signal from

samples taken at regular intervals if:

e the norm of the input signal is known
o the bandwidth of the signal is normalized to 7

« the sampling period satisfies T' < (27e) ™!
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I AN N A ALK
JEE T B N S

> digitalized received signal

-1 — — lambda

| | | | | |
10 20 30 40 50 60
discrete time

Fig. 6.1 An example of digitizing a signal with SR-ADC, with A = 0.5. All the values inside
interval [—A, A] are kept undistorted, while the values outside this range are folded back to
the interval [—A\, A].

Furthermore, apart from giving the sufficient conditions for perfect recovery, the authors
present a stable recovery algorithm.

The problem of recovering signals from clipped measurements appears also when
sampling certain sparse signals [2, 8, 9, 47]. In [8], two examples of a practical
application are shown where the measurements of a sparse signal are clipped, namely
ultra-wide band sensing and ultrasonic non-destructive testing. It was observed that
during the calibration phase, the peaks of the amplitude are usually larger compared to
those in the subsequent sensing phase. In those cases, a classical sampler will saturate
and clip the measurements. On the other hand, the authors in [8] consider taking
modulo measurements of the low-pass filtered k-sparse signal. The recovery of the

sparse signal is then based on a two step approach:

1. The authors capitalize on their results from [7], to recover the low-pass represen-

tation of the sparse signal from modulo measurements.

2. Using the results from [11, 52, 81], the sparse signal is perfectly recovered from

its low-pass projection.

The authors provide sufficient conditions for perfect recovery of the sparse signal,
together with a constructive recovery algorithm.

In this chapter, I follow the work of [8], but instead of sampling a low-pass filtered
version of a sparse signal, I consider taking CS measurements and digitizing them with
a SR-ADC. This way we can sample signals that are sparse not only in time domain,
but also in some other domains, e.g., wavelet domain. The class of signals I consider

is, therefore, much broader then in [8]. Furthermore, I consider the case where the
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| | | | | :
| | | L | X
| z | | y*o | X
| ! ! -
X —> A | | + ] | X X
Sparse : : : * : : | Estimate of
|
source | | | | | Reconstruction the source
! cs ! ! w ! ! SRADC algorithm :
L o _ ! L ! L
Transmitter Communication channel Receiver
(AWGN)

Fig. 6.2 The signal processing chain. The unknown k-sparse vector x € RY is multiplied with
measurement matrix A,,«xn to obtain a vector of CS measurements z € R”. The components
of z are transmitted through an AWGN channel. At the receiver, the samples of the received
signal y* are digitized with a SR-ADC to obtain the vector of measurements y. The GAMP
algorithm is applied to produce an estimate X of the unknown sparse signal x.

measurements are possibly corrupted with noise. A possible application scenario is
shown in Fig. 6.2, where a sparse signal is to be communicated to a receiver. To
reduce traffic over the channel, we begin by constructing a vector of CS measurements
of a sparse signal. That message vector is then transmitted over an AWGN channel
and digitized at the receiver with a SR-ADC. Since the GAMP algorithm [71] was
already successfully applied for recovery of sparse signals from CS measurements with
nonlinear distortions [48, 49, 65, 66, 71, 86], I employ it as the recovery algorithm in
our problem as well.

The rest of this chapter is organized as follows. In Section 6.2, I define the
problem of recovering a sparse signal from, possibly noisy, modulo samples of CS
measurements. I propose solving the problem with the GAMP algorithm. Therefore,
in Section 6.3, I provide analytical expressions for the necessary nonlinear updates of
the GAMP algorithm. Results of numerical experiments are presented in Section 6.4,

and conclusions are drawn in Section 6.5.

6.2 Problem Statement

Next, I formulate the mathematical model for the unknown sparse signal and the

measurement process.

6.2.1 Signal model

[ assume that the components {x;}¥, of the unknown sparse vector x are independent
and identically distributed (i.i.d.) realizations of the Bernoulli-Gauss (BG) mixture
distribution, i.e.,

P () = (1 =€) 8(z) + e N(2;0,02), (6.2)
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where € represents the probability of nonzero value, and o2 is the power of the Gaussian
component. | assume that the transmitter from Fig. 6.2 transmits a vector of CS

linear mixtures z, i.e.,

z = Ax, (6.3)

where A € R™ is a Gaussian measurement matrix. As before, the ratio of the
number of transmitted symbols (rows) and the ambient dimension of the source vector

N defines the sampling rate (indeterminacy) p = m/N.

6.2.2 Measurement model

I assume that the vector of CS measurements z is sent over an AWGN channel.

Therefore, the signal at the receiver y* can be written as
y'=z+w=Ax+w, (6.4)

where w is i.i.d. zero-mean AWGN noise vector with the covariance matrix o2 1, i.e.,
w ~ N(0,02 I). Subsequently, each measurement y; is a folded version of the i-th

component of the received signal y*, i.e.,

yi = Ma(y;), (6.5)

where M () represents the nonlinear mapping of the SR-ADC converter given in (6.1).

I can compactly write the entire measurement process as
y:/\/lA(ijLw). (6.6)

I note that the involved SR-ADC has infinite precision in the interval [—A, A]. Further-
more, for later discussions it is important to define the so-called simple function. Since

y is a distorted version of y*, one could model that distortion as additive noise, i.e.,
y=y +e€,. (6.7)

The noise vector €, in (6.7) is called the simple function and its entries belong to a set
of discrete points 2\ Z.
In the following section, I show how to estimate x from y using the GAMP algorithm.
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6.3 GAMP Algorithm for SR ADC

The general steps of the GAMP algorithm are given in Section 3.3, Algorithm 6.
Respecting the signal model in (6.2), the algorithm is initialized according to

wk’ =E{x} =0, v? =var{x} =e€0?, 8 =y. (6.8)

x —

Moreover, when implementing the algorithm for a specific problem, one needs to find

analytical expressions for the nonlinear steps in (3.58), namely

R E{z —p . .
Fl(yap>vp):{|vy}a Gl(r>vr; px):E{X““},
Up — V;r{z |y} (6.9)
Fa(y, p,vp) = pT, Ga(F, vp; pi) = var{x |7},
P

where z ~ N (p, v,), and x ~ N (7,v,). Since the source is modeled as an i.i.d. random
vector whose components are distributed according to a BG mixture, to get the
expressions for nonlinear functions Gy (-) and Go(+) in (6.9), I can use the results from
Subsection 3.2.2. On the other hand, for nonlinear functions F;(-) and Fy(-), in what
follows, I derive analytical expressions considering the noisy channel model, given
in (6.6). The derivation of those functions for the noiseless channel can be found in
Appendix B.3.

It is worth noting that, since the expressions in (6.9) involve calculating means and
variances, one could alternatively resort to numerical methods for approximating those

terms.

6.3.1 Nonlinear steps for the AWGN channel and SR ADC

Here I assume that the vector of linear mixtures z is corrupted with AWGN with power
02 during the transmission (Fig. 6.2). At the receiver, the input signal is sampled with
a SR-ADC with threshold parameter A. For y € [—\, A], the conditional distribution
fy(y] 2) is calculated as

o0 +00
Bl = [ Rty 12dy = [ fe'12) iy ly'2) dy
(@) oo * 2 * *
= [m N5 2,00) Ky ly") dy (6.10)
:/+OON(y*52703)5(?/_MA(y*))dy* = f} Ny +2kX; 2,02),

k=—o00
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where in 2 T use the fact that y*| 2z ~ N(z,02), and the fact that y and z are

statistically independent given y*. Outside of the interval [—\, \], the conditional
distribution fy(y|z) = 0. Using Bayes’ rule we can write the distribution f,(z|y) as

: - 3 2 e o2
f(z]y) = [0 Kyl z) f2(2) = 30 k:E_OO/\/'(yJr %Nz, 02 )N (2 12, 02) -
! 3 2 . 0_2 .
=7 ]g—oo/\/(z,y+2k>\,o—w)/\/(z7% 2).

The sum in (6.11) involves a product of two Gaussian distributions. In [1], it is shown
that a product of two Gaussian distributions f,(z) and g«(z), with arbitrary means
py and g, and arbitrary variances 0]% and 05, can be written as a scaled Gaussian

distribution, i.e.,

S (z — pugy)?
Fuw)gnlw) =~ exp | - LI, (612)
\/ 2705, fg
with ) ) )
o2 — 9f9% lify = og T 1e0F
19 0} 402’ T9 of 402 7

and the scaling factor Sy, having a form of a Gaussian distribution

1 (ks — g)?
S :exp[—}. 6.13
o 21(0} + 02) 2(0% + 03) (013

Therefore, the conditional distribution f(z|y) in (6.11) can be written as

1 o0
f(z|y) = Yo N5y +2kN00) N (25 pe, 02)
fy(y) k= —oo
1 o
= Yo N3y + 2N — iy 02 + 00) N(2 5 sz, 032 (6.14)
fy(y) k——oo
1 o0
= ’YkN(Z;ﬂwmo-?uz)?
) 2
where
2 9
0_2 — Jwaz ’
DR
+ 2k .
Hwz = <y2 -+ :U/2> 0'1202, (615)
O-/u) O-Z

’yk:N(O;y+2k)\—pz,a§+ai).


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

m ibliothek,
tuwien.at/bibliothek

Generalized Approximate Message Passing for Unlimited Sampling of CS
86 Measurements

In (6.14), the term p,(y) is a normalizing term that ensures that the conditional

distribution p,(z | y) integrates to 1. Therefore, it can be calculated as

+oo X +o00
fy<y>:/ Z ’YkNZ /Jsza wz Z / ’Yk Z /’L'LUZ7 wz)d

® k=—oc0 k=—o00

(6.16)
:Z’Vk/ Zluwz’ wz Z’Wt
k=—o00 k=—o00
Similarly, E{z|y} and E{z?|y} can be calculated as
E{z|y} =/ it = [ 2 3 NG inoh)
- 0 k=—o0
1 o0
Ve / N (25 pzy 03,) dz = - Vi Howz
1 o0
]E{Z2|y} / z fzz|y dZ_/ fi Z 716 Z ,uwzao-zuz)dz
Z Yk / N(Z Mz, O wz dZ = Z ’Wf wz +M%uz)
k*—oo k*—oo
(6.17)
Finally, the variance var{z |y} is obtained as
2
var{z| g} = B{2 |y} - (B{z|y})” (6.15)

6.4 Numerical Results

To investigate the performance of the proposed reconstruction algorithm I present
the results of MC simulations. In the simulations, the nonzero components of the
source vector x as well as the entries of A are drawn randomly from a standard normal
distribution. The columns of the sensing matrix are later normalized to have unit
Euclidean norm. Each MC simulation corresponds to a fixed pair of the measurement
ratio p and the probability of nonzero value €. I set the length N of the sparse vector

x to 256, and acquire n CS measurements {z;}7_, of a k-sparse vector, where
n=pN, and k=¢€eN. (6.19)

Subsequently, the vector of CS measurement z is corrupted with an independent

— 10-SNR/10,

realization of AWGN noise vector w. The power of the noise is 02, where
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the SNR is defined as
SNR = Ey-{[ly* [} /Ew{[lwl3} . (6.20)

In the noiseless case, I simply set SNR = co. The SR-ADC threshold A is fixed to 1.
To validate the recovery potential of the GAMP algorithm, I use mean squared error
(MSE), defined as

MSE/dB = 101log;,||x — %]/, (6.21)

as the performance metric. To compute the MSE for a specific pair (p, €), I average
results over 4000 independent realizations of the source vector, the measurement matrix,
and the noise vector. In the noiseless case, my simulations showed that the algorithm
either recovers the unknown vector almost perfectly (with very small MSE < - 40dB),
or fails completely. Therefore, in this case, the average number of successful recoveries
(i.e., success rate), is used as the performance metric. I consider a recovery to be
successful if the resulting MSE is < —30dB.

The stopping threshold for the algorithms is ¢ = 1073, where as the maximal
number of iterations of the proposed algorithm is set to ty.x = N/2 = 128.

6.4.1 Recovery from noiseless modulo measurements

In Fig. 6.3, I show the success rate of the GAMP algorithm (Fig. 6.3a) and the average
norm of the simple function ||€4||o (Fig. 6.3b), both as a function of the measurement
ratio p and the nonzero probability e. The norm of the simple function provides a
measure of how corrupted the measurements are, due to the signal acquisition using a
SR-ADC. In Fig. 6.3a, we see a clear phase transition between unsuccessful (black)
and successful (white) regions. While classical CS algorithms fail completely when
|l€gllo# O, I observe that GAMP is able to cope with folded measurements. Moreover,
for the considered values of p and ¢, the phase transition curve is almost a linear

function.

6.4.2 Recovery from noisy modulo measurements

In Fig. 7?7, 1 show the MSE of the GAMP algorithm (Fig. ??) and the average norm
of the simple function ||€,||o (Fig. ??), both as a function of the measurement ratio p
and the nonzero probability €. In Fig. 7?7, we observe that, compared to the noiseless
case, the phase transition curve is shifted the right lower corner. This is to be expected,
since the measurements are corrupted with AWGN (SNR = 20dB) before digitization,

and more measurements are needed for accurate reconstruction.
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(a) Average success rate of GAMP
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(b) Average norm of the simple function |€4|o

Fig. 6.3 Average success rate of GAMP reconstruction algorithm on the left, and average
norm of the simple function ||€4lo on the right as a function of the nonzero probability e and
the measurement ratio p. The CS measurements are digitized with a SR-ADC with A = 1.
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(a) Average MSE in dB of GAMP
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(b) Average norm of the simple function €4l

Fig. 6.4 Average MSE in dB of GAMP reconstruction algorithm on the left, and average
norm of the simple function ||€4|/o on the right as a function of the nonzero probability e and
the measurement ratio p. The CS measurements are corrupted with AWGN noise before
being digitized with a SR-ADC with A = 1. The SNR is set to 20dB.
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6.5 Summary

I investigated the potential of applying the GAMP algorithm for recovery of a sparse
signal from CS measurements digitized with a SR-ADC. Additionally, in contrast to
the previous work on SR-ADC, I considered a scenario where the CS measurements
(i.e., randomized projections) are sent through a communication channel, before being
quantized by a SR-ADC. The channel is modeled as an AWGN channel.

To show the effectiveness of the proposed approach, I conducted MC simulations
for both noiseless and noisy cases. The results of the numerical experiments show that
for a certain set of problems, the GAMP algorithm is able to successfully recover a
sparse signal from folded measurements, while classical CS algorithms fail completely.
Moreover, unlike the previously proposed algorithm for recovery of sparse signals from
folded measurements, the GAMP algorithm can cope with the noise introduced by a
communication channel.

Having smaller and smaller A makes measurements less and less informative. In the
limit A — 0 the measurements carry no information. However, in practical scenarios
with finite bit-budget per sample, too large A leads to a coarse quantization. Therefore,
one needs to make a good trade-off between large dynamic range and fine quantization
resolution. It is an interesting research problem to investigate the effects of folding
combined with a finite bit budget quantization of the folded measurements on the

phase transition curves of the GAMP algorithm.


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

Mt

Chapter 7
Conclusions

I this thesis, I studied practical challenges of the practical application of the digital
sensors of the future. The main aim of the thesis is to find robust and fast algorithms
for sampling, quantization, compression, dequantization and recovery of the input
signals. If the signal to be estimated is sparse and high dimensional, a novel digital
signal processing (DSP) technique, called compressed sensing (CS), allows efficient
recovery from (possibly noisy) compressed representation. In my thesis, I focus on two
most prominent challenges of the practical application of CS, namely quantization of
the CS measurements and miscalibrated sensors.

Regardless of the practical problem at consideration, i.e., quantization or miscal-
ibration, the core task is, nonetheless, the recovery of a sparse signal from a noisy
measurement. Among many CS recovery algorithms, the class of approximate mes-
sage passing (AMP) algorithms stands out as the one with most potential for solving
inverse problems involving quantized CS measurements. As my own contribution, in
Chapter 3, I assume that the source prior consists of a weighted average of n-Gaussian
distributions, each with potentially different mean and different variance, and derive
closed-form expressions for the denoiser functions of the Bayesian approrimate message
passing (BAMP) algorithm. By choosing appropriate values for the means and the
variances, one can model many practically interesting priors. Moreover, by picking a
very small but still non-zero variance, one can even approximate discrete probability
mass functions (pmfs).

In Chapter 4, I investigated the use of the BAMP algorithm as the recovery algorithm
in the Analysis-by-Synthesis (AbS) framework for quantization of CS measurements.
I focused on the scenario where the bit budget is constrained. My numerical experi-
ments showed that it is preferable to have fewer but finely quantized measurements.
Additionally, the results of the experiments demonstrate that the BAMP algorithm
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92 Conclusions

significantly outperforms the much more complex orthogonal matching pursuit (OMP)
algorithm, when used in the AbS framework.

In Chapter 5, I studied the performance of the generalized approrimate message
passing (GAMP) algorithm for recovering unknown sparse vectors from noisy quantized
CS measurements. I provide analytical expressions for the necessary nonlinear updates
of the GAMP algorithm for different channel models and different rates. Numerical
results show a superior performance of this algorithm compared to other algorithms
from literature, for both, the additive white Gaussian noise (AWGN) channel and the
symmetric discrete memoryless (SDM) channel.

Theoretical prediction of the mean squared error (MSE) of the GAMP algorithm with
the state evolution (SE) analysis is an interesting open research problem. Furthermore,
this study can be extended with the vector version of the GAMP algorithm.

Finally, in Chapter 6, I studied the problem of sampling signals using miscalibrated
sensors, within the CS framework. In particular, I investigated the potential of applying
the GAMP algorithm for recovery of a sparse signal from CS measurements digitized
with a self-reset analog to digital converter (SR-ADC). Additionally, in contrast to
the previous work on SR-ADC, I considered a scenario where the CS measurements
(i.e., randomized projections) are sent through a communication channel, before being
quantized by a SR-ADC. The channel is modeled as an AWGN channel. The results of
the numerical experiments show that for a certain set of problems, the GAMP algorithm
is able to successfully recover a sparse signal from folded measurements, while classical
CS algorithms fail completely. Moreover, unlike the previously proposed algorithm for
recovery of sparse signals from folded measurements, the GAMP algorithm can cope
with the noise introduced by a communication channel.

It is an interesting research problem to investigate the effects of folding combined
with a finite bit budget quantization of the folded measurements on the phase transition
curves of the GAMP algorithm.
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Appendix A

Estimation Updates of the GAMP
Algorithm

A.1 Estimation Update for a Bernoulli-GGauss Mix-

ture Prior

We assume that he overall prior can be written as

Py () = 2_: em0(2; — bm) +(1—7) N(z;; 0,0%) = vpp(a;)+(1—7)pelz;) , (A1)

po(zj)

pp(z;5)

where YN _ ¢, = 1, and ¢,, > 0. Form (3.31), it follows that

“+oo 7(zj—u]-)2 , —+00 7(2]-—uj)2 ,
Io(ug;c) :’Y/_OO e” 2z pplzy)dry + (1 —7) /_Oo e pelry) dxy,

“+o00 (a:'fu-)Q +o0o (I'*u‘)z
I (uj; ) 27/_00 zie = pp(z;)de;+ (1—7) /_OO zie = pu(a;) duy,
i) = [Tt (P e oy + (=) [t (P gt

(A.2)
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It can be shown that the contributions of discrete part of the prior to each of the

integrals above is

7 & (j—om)?
Iop(uj;¢) = - Z em(uj —by) e 2 ,

m=1
ol _ (w5 —bm)? b, b2,
Lip(ujic) == > ene = (1+CUj_C) , (A.3)

—1
2 N '—bm)2
Lip(uj;c) = — Z €Em €
m=1

What is left is to compute the contributions of the continuous part of the prior, namely
Ioc(uj;c), Iio(uy; ¢) and Ioe(uj; c). To compute each of these integrals we will again

use integration by parts as follows.

Computation of the integral /o (u;;c)
)? oo @i—up? (— J}j) =

+o0 (z;—u,)
Toc(uy; c) :/ e pi(y) du; Z/ ¢ e A

— 00 —00

+o0o
@—up® 1 _ too(wy —wy) @i 1 _o
= e e 202 — B N AP e P e 202 dzx.;
2m —o0 & oV 2T !
(0.)

(7 ‘oo (@jmup? T too  (@j—up)? —g; g
= - e 2 e 22dr; — — e 2 ——=—e 27 du
2 C 0'3\/ 2w

2 2
I Aol At
= —— e < e 27 dr; — —Ipo(uj; c).
2 c
—+00
2 u?
c u; 2c0? cx; +o°(v; — u; 1Y
_ Uy VT . i+ otz — ) P
et o2eo2m 2 Votte 2co?(0? + ¢)
—00
2
Vew; o 1%
= (& 20'2+c
2 3
(02 +c¢)2
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95

Computation of the integral [¢(u;;c)
400 (2—uj)> +00 (—z;) @

Lic(uj;c :/ zie 2 ph(x; dx-:/ T, —2= e

10(uj3 ¢) J po(;) dz; PN

—00 —00

2 2
_(ijuj) 1 _ IJ
202

_L’”Q _o uj +o0
e 22 dr; — —F=— xje

21 ¢

+o00
a\/ 27 /

1 ‘oo (@i—wp? T
4+ — zie 2c e 202 du;
2 ¢ J !

1 /7 | 2co? crj+o?(zy—uy |\ 1
- VT erf :
ov2r 2 Vo*+c 2co?(0? + ¢)

2 o2
+ 4+ Ioc(uy;¢) — ?Ilc(uj; c)

c

. c c ,%gﬁc ¢ ue? \eu

- 2 2 € * 2 2
(02+c)\ o2 +c (02+c) ¢ (02 +c)2

Ve (JQC +c+ aQu?) ]

= — e 20%+c,

(02 + C)g

UjO'

Computation of the integral Iro(u;;c)
Iye(ug;c) = /_OO erf <]\/2—C]> p/c(xj) da,
Tj — Uj oo d Tj— Uj
= erf | =2 (x;) + (erf [ =2

—o0 dﬂjj vV 2c
2 |+00
1 Tj— Uj _ IJ' +oo
erf e 202
o\ 2T vV 2c B o 27T TC
1 2 B u? o0 _((0 +c)z —o2 uJ
— — e 2(c2+c) / e V202c(c2+4c) dx]
—0o0

21

1 2 vr [20%c __4 cx; + o (z; —

—+00
_ /+°° (1 g, )
- —00 C

—u)2 22
u])

R
2c & 202 daj‘J

_ (Ij*uj)2 1
e 2c
oV 2w

)2 2
_(x] u])

1
e e 27 dx;

— 00

))pc(%) &,

Z 7u 2
_ (=5
2c 202 d:[;

“+o00

= =X [ ¢ 202%+0 erf

2n\ me 2 Vo2+c 2c0%(02 + c)

2
2 R
— _ e 2(c2+c) .

(o2 +¢)
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—
e 22 dx;

(A.6)
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It should be noted that integrals in (A.4), (A.5) and (A.6) hold when £ + 2 > 0, which

is always true since both ¢ and o2 represent variances. Finally we can erte

m=1 (02 + )2
N 2 2 2 2 2,,2 w2
(2t —brm) by, b Ve (O‘ c+c 4o uj> 1Y
Li(uj;c) = —v €m € % (1+u'—m) —(1- e 2o%+e
= M) T T

L) = -1 2 3 ene SEE oy [T
. = — _ 2c —_ — _— oc+c
2355 € T\ e m:16m€ 7 7r(02+c)€

A.2 Estimation Update for a Weighted Average of

n-Gaussian Distributions

(A7)

Here we assume that the prior (the discrete part together with the continuous part)
can be approximated by a weighted average of n-Gaussian distributions as

2
n _ (ij“k)

20’2

plaj) =Y wepe(z;) =
k=1 k=10

where >°7_, 7 = 1. Form (3.31), it follows that

bl

+oo _(fj*uJ')Q ,
Io(usic) = [ e play) day

—00
2
(24)

n +oo
= Z’Vk/ e pk(xj dr; = Z%I()k uj; c),
k=1 >

+oo _ (Tr“j)2 ,
W)= [ “aje o play) day
- ) (A.8)
” +oo (z5=45)

= Z’Yk/ ryje p?c(% drj = Z%Ilk uj; c),

k=1 —oe k=1

T . _ oo f Lj — Uj ") das
2(“]76) - . er \/% p(ij) Zj
= 7k/ erf( J\/2_0J>pk(93] dej = Z%[% uj;c).

k=1
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Now we can obtain expressions for Iy(u;;c), I;(u;; ¢) and Ir(u;; ¢) by calculating con-

tributions of a single Gaussian distribution, namely Io,(u;; c), I1x(u;; ¢) and Iog(uj; c).

Computation of the integral Iy (u;;c)

2

S ) — (g ) L)
nusic) = [ oy = [T et ) R g,
— —0o0 k.

2

_ /+OO e—((zj‘“k)—(“j—uk))Q — (zj — ) ‘(Zj;agk)

N 2 W(z koodxj.
(A.9)
Substituting x; — y, = 2 and consequently dx; = dx’; it follows that
ro0 (g(om))’ (-ap)
Iok(uj;c) = [m e_fcf%\/;—ﬁe 7k d). (A.10)
Using result from (A.4) we can write
Tfuyie) = ~YE =) VD (A1)

Computation of the integral [1;(u;;c)

2
+oo (xjiuj)z 400 (xjfu]-)z . (l‘ . //Jk) _(zj*‘;k)
Li(uj;c :/ rje "z pi(x; dm:/ rie e —2 e i dx;
1 (w5 €) L pi(x;) dz; I o /o J
2
. () (o))’ — (a; — o) L)
:/ (zj — ) € ’ : (2; — ) 27

5 e ko dry + pedog(ug;c).

00 o/ 2m

(A.12)
Using the same substitution as in case of calculating Io,(u;;c) it follows
L (e (em) -
400 - i\ -5
. . / J e 20 / . .
Dy (uy;¢) = /_OO ) g e 2 e ¥k day + pedor(uy; c). (A.13)
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Using result from (A.5) we can write

Ve (ofet 4 of (uy — ) -3 Loe)

Lig(uys¢) = — ito) e * T+ pdo(ugc)
ol +c
2 2
Ve (et o n—m)?) bl ey )
- 5 € k — ,U/k— k
(o} +¢)2 (02 +¢)?

VE (0,%0 + A+ o (uj — Mk) + e (uj — ) (of + C)) 1 (ujwk)z

= — & k

(02 +0)?

Computation of the integral Io;(u;;c)

oo Tj— U +oo ri—uj\ —(r; — —

ng<Uj;C) :/ erf( ]\/2_C]>p;c(.fj) d.rj :/ erf( J\/2_C]> (o-3j 2:k)6 2,
—00 —00 A

(A.15)

Again, making substitution x; — yy, = 2, and consequently dz; = dx’; it follows that

+oo xl. — (u, — _x/. _i’z
I2k<uj;0) = / erf( J (\/% Mk)) 03\/;_71_@ 20, dx;’ (Alﬁ)
oo 3

and together with the results from (A.6) we can write

2
2 _% (ujf‘”“)
Log(uj;c) = — T 0 C)e site (A.17)

Finally we have

U
]O(U], C, a —\27e Z 'Yk u]; s o-lg,c) 0_2 L ’
k,c
i

z e+ pg(u; —
Iugs0,) = ~VERC 3 N s, )| EE 0 4 CEIEI I 1

ak,c Uk,c

I (UJ,C O,/ —22’}% u];/ukao-l%,c)a

where 07 . = 0 + c.


https://www.tuwien.at/bibliothek

Die approbierte Originalversion dieser Dissertation ist in der TU Wien Bibliothek verflgbar.
The approved original version of this doctoral thesis is available at the TU Wien Bibliothek.

thelo

10
at/b

bl

°
J
uwi

Mt

Appendix B

Measurement Updates of the
GAMP Algorithm

B.1 Measurement Update for the SDM Channel

Since z ~ N (1, 02) we can write

Loy =a) _p@l2) ) ]2 oy g

f(zly = a) = py(qr) py(ar) py(r)

First we need to find the expression for py(gy | z) which summarizes the measurement
proces. In this case, each measurement y; has the value of Q(z) with the probability
(1 —¢€), or any value from the set of symbols with the probanility e. This means that
eventhough the symbol of Q(z) is flipped, it might be flipped to the same symbol.
Flipping of a symbol is modeled with random variable b which takes a value from the

set {0,1} (1 means that a symbol was flipped).

(el 2) = D pylae0l2) = D pylalb,2)pbl2) = > py(gk]b,2)p(b)

be{0,1} be{0,1} be{0,1}
=py(g|b=1,2)p(b=1) + py(qr |b=0,2) p(b = 0)
=27 +py(qe |0=0,2)(1 —¢)
(B.2)
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100 Measurement Updates of the GAMP Algorithm

Now we can write py(g) as

—+00

) = [ falan )z = [ plal o) dz

—00

_/ l B4 p(gi|b=0, z)(1—e)]f(z)dz

(B.3)
— 2 (1—¢) /;OO po(ge |b=0,2)f,(2) d=

—e2 Ry (1 —€)py(qr)-

Here py(qx) denotes the probability that y takes the value g, where no symbols are
being flipped (noiseless R-bit generalized approzimate message passing (GAMP)). The

mean and the power of z|y = ¢; can be calculated as

E{Z‘y:%):/_oo Zfz(2|y:%)d2=/_o:ozpy<qmfz(z)dz

py(qr)

|t a-antwlv =0 e

. (B.4)
[62 p+ (1 )%/_Oozpy(qk|b=072)fz(2)d21
sl (1= anta) B2y = 0|
B |y = ) = [ °; Shely =) de= [ AL f o)
! T 2| R —€ =0,z z)az
— s [t - antalb =02 £
- 2 % (o? 2 —EM Oozz =0,z z)az
— e+ - 08 [ (a0 =0.9) 1)
_ 2 % (o? —€ 2|y =
— e ) + (- O BE Iy = )]
(B.5)

B.2 Measurement Update for the AWGN Channel

Since z ~ N (u,,0?) we can write

) R, Bl
filzly) = fy(y) N fy(y) filz) = fy(y) N( 202 (B6)
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B.2 Measurement Update for the AWGN Channel 101

The conditional probability density function (pdf) y |z can be written as

Kyl2) = Kw]QE) = £(QR) +w=y|Q(z) = fu(y — Q). (B.7)

n (B.6), f,(y) is a normalizing term that can be calculated as

B = [ Beln2)dz = [ G = [ fuy— Q)4 dz

9R_q1 biet1 oR_q boss
=% [ R e@)ae = T [T - wheeE py

brt1
:wa _Qk/ dZ_wa _Qkpkn

where

1 bk+1—uz> (bk—ﬂzﬂ
Pk = = erf( —erf . (B.9)
2 [ \/ 2072 \/ 202
The mean and the power of z|y can be calculated as

Blelyy = [ 2l = [ fyf(y(')>fz<z> fyﬁ)/ A ] () d

= i L= Q@) d = g 5 [T e - Q@)
1 2f b1 oR_1 b
—fyy Z/ Huly =) ) o = 5 wa( - )/,,k 2f(2) dz

fy(y Z fw( C]k)mk,
(B.10)

where

2 (boy1—12)2 (b —pz)>
0% T 202 T 202
mg = WPk — G e 7z —e€ 7z

(B.11)
= pip, — 0> (N(ka; (2, 02) — N (bg; pos, a§)>.
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102 Measurement Updates of the GAMP Algorithm

B(2[y) = /_Zz2fz(z|y)d2= [ bl >fz() : /_o:oz2fy(y|2)fz(Z)dz

H() fy( )
5w / Ll = Q) = / - Q) (=) dz
- fyly : /b:k+1 2fW Qk)fz< dz B y Z fw( N ) /b:k+1 Z2fz<z) dz

fy(y Z uly = o)

(B.12)

where

= (02 4 = 0 (s + )N (B 2, 0%) = (B 02N (s 1,0%) ). (Bu13)

B.3 Measurement Update for the SR ADC

Using Bayes’ rule we can write the distribution f,(z]|y) as

f(z]y) = Ky 2) f2(2). (B.14)

L
()
In the case of the noiseless channel and self-reset analog to digital converter (SR-ADC),

the conditional distribution that models the measurement process f,(y | z) amounts to
H(yl2) = d(y = Mi(2)). (B.15)

Therefore, we can rewrite (B.14) as

f(z]y) = 0y — Ma(2)) N (25, 02), (B.16)

1
H(y)
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where f,(y) is the normalizing term that ensures that the conditional distribution

integrates to 1. Therefore, it can be calculated as

“+00

+o0 Foo
K = [ hede= [ Rl LE A= [ RN 0?)

= [T - M NG o di = Y Nz o?)

oo =M (2)=y
= > Ny+2kX;p.,00)= > %
k=—o00 k=—0o0

Tk

(B.17)

It follows that the E{z|y} and var{z |y} (= E{z?|y} — (E{z]|y})?) can be calculated

as

Blzluh = [ 2 he 10z = 4o [ 20l = MAE) Nz, of) de
- N(ipo?) = 2 % 2k\ (D15)
- fy(y) z;/vt%(:z)yz (Z7szaz) - fy(y) kg_:oo(y_’_ )7]67

and
2 _ [ 2 _ 1 2 . 2
B fuh = [ e lnde = s [ 20 = MaG) NGz o2 .
1 2 N (5 o2) — I & 20 '

a (W) z;/\/g(:z):yz Nzt 2) () kgoo(y—i_Qk)\) ks
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List of Acronyms

ADbS Analysis-by-Synthesis

AMP approximate message passing
AOP adaptive outlier pursuit

AWGN additive white Gaussian noise
BAMP Bayesian approximate message passing
BG Bernoulli-Gauss

BIHT binary iterative hard thresholding
BP basis pursuit

BPDN basis pursuit denoising

BSC binary symmetric channel

cdf cumulative distribution function

CLS constrained least squares

CoSaMP compressive sampling matching pursuit

CS compressed sensing

DCT-II 2 dimensional discrete cosine transformation

DSP digital signal processing

GAMP generalized approximate message passing

IHT iterative hard thresholding
i.i.d. independent and identically distributed

IST iterative soft thresholding

LASSO least absolute shrinkage and selection operator

LS least squares
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MAP maximum a posteriori

MC Monte-Carlo

ML maximum likelihood

MMSE minimum mean squared error
MPDQ message-passing de-quantization
MRI magnetic resonance imaging
MSE mean squared error

MSP matching sign pursuit

NMSE normalized mean squared error
OMP orthogonal matching pursuit
pdf probability density function

pmf probability mass function

QCS quantized compressed sensing
RIP restricted isometry property

RSS restricted-step shrinkage

SDM symmetric discrete memoryless
SE state evolution

SNR . signal-to-noise ratio

SP subspace pursuit

SR-ADC self-reset analog to digital converter

US unlimited sampling

whp with high probability
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