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A B S T R A C T

In this paper, we investigate the instability behavior of thin elastic circular disks subjected to two concentrated
edge loads arranged along a diameter. Despite the determination of critical load intensities for disks, made of
conventional, linear elastic material, under some specific boundary conditions has been published in the past,
we show some new and quite interesting findings. Particularly new are the investigations of tensile buckling
of completely free disks as well as the post-buckling behavior of such disks under tension and compression,
respectively. Comparisons with already existing results are presented, too. As far as the buckling load is
concerned, all results are expressed in terms of a non-dimensional buckling factor.

It is well known that the use of auxetic materials provides some potential for improving the behavior of
lightweight structures. This fact has motivated us to consider, in which way the variation of the Poisson’s
ratio 𝜈 influences the stability behavior of the disks both under compression and under tension not just for the
so far not investigated completely free stretched disks but also for the already published configurations. The
Poisson’s ratio is varied in the full thermodynamically admissible range [−1.0, 0.5] and some quite peculiar
results are found and explained, especially for disks made of auxetic materials, i.e. for 𝜈 < 0. Although the
stress fields are independent of the value of 𝜈, the dependency of the critical load intensities is not simply
proportional to the dependency of the plate’s bending stiffness on 𝜈, and the buckling modes show significant
changes when 𝜈 is varied.

The buckling factors for disks under tensile loading are by an order of magnitude larger than those for
the compressed disks. Of course, also the buckling modes differ completely between compression and tension.
Furthermore, the post-buckling behavior is qualitatively and quantitatively significantly different, too.

The considerations and the achieved results are interesting for scientists working in the field of structural
stability and for engineers in lightweight design of structures. Furthermore, there are applications in the design
of sensors and actors as well as of flexible electronics. Since similar thin membrane structures appear in
biological tissues, the paper might be interesting also for biologists.
1. Introduction

Buckling of circular disks might seem like an old-fashioned and
long-dated subject. Indeed, there exist numerous classical papers treat-
ing buckling of circular disks made of homogeneous, isotropic material
under different loading and boundary conditions, see e.g. [1,2] and the
papers cited therein. Rotationally symmetrical buckling of disks under
uniform radial loading has been used as a typical class-room example
for the application of the Ritz method in structural stability, e.g. in [3].
The influence of residual stresses on the instability of circular plates has
been treated in [4]. The stability of circular disks made of composite
and other complex materials has been treated in more recent papers;
see, for instance, [5] and papers cited therein.

More specifically, buckling of circular disks subjected to arbitrarily
distributed radial loadings has been treated decades ago in [6], and
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investigations of instabilities of disks under two concentrated forces
acting along a diameter can be found in [7] and in [8].

Typically, buckling is related to compressive loading. However,
under certain conditions also tensile loading of thin-walled structures
may lead to buckling, see, e.g., [9–19], and [20] as well as papers cited
therein. As far as we know, it was Durban who in [6] first pointed
out the possibility of buckling of circular disks under radial tensile
forces. In [21,22] the stability of tension loaded mechanical systems
consisting of thin beams whose unloaded ends are guided in rigid rails,
is considered.

It might be amazing that, despite the fact that buckling of disks
has been considered for a long time, we take up this topic again.
Our motivation for this is diverse: (i) One of the most interesting
configurations for investigating instabilities of circular disks under
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Fig. 1. Bottle pourer; (a) undeformed pourer disks and pourer in use; (b) buckling
under compression; (c) curling; (d) buckling by stretching.

diametrical point forces, namely the completely free stretched disk,
was not yet treated in the open literature. (ii) We have been expecting
interesting effects when considering disks made of auxetic materials.
However, we could not find related published results. (iii) Based on our
experimental observations (see, e.g., Fig. 1), we intended to investigate
the post-buckling behavior of such disks, expecting some new results.

With respect to using auxetics in lightweight design (see item (ii))
we refer, for instant, to [23,24]. Methods and models for the design
and characterization of auxetic materials can be found, e.g., in [25,26]
as well as in papers cited therein.

Regarding items (i) and (iii), we invite the reader to mess around
with a wine bottle pourer in the form of a thin metallic circular disk,
see Fig. 1(a). If one uses such a bottle pourer for the purpose which it
is made for, the disk is typically brought to buckle by compressing it
between the index finger and thumb, see Fig. 1(b), followed by curling
up it (as a post-bucking action), see Fig. 1(c), so that it can be put into
the bottleneck as shown in Fig. 1(a). This is a quite easy task. However,
it is by far not an easy task to make the pourer disk buckle by stretching
it along a diameter, see Fig. 1(d).

Generally, we have been motivated by the fact, that results should
be interesting for people working in structural mechanics and in mate-
rials sciences, as well as in biomechanics. Potential applications are in
lightweight structural design, in the design of sensors and actors, and of
membranes in process plats etc. The results are also useful for studying
membranes in biological structures, as they are, for instant, considered
in [27,28].

For determining the buckling load for the situation as shown in
Fig. 1(b), the solution, as presented in [7], could be used. However,
to the knowledge of the authors, the most interesting situation, as
described in Fig. 1(d), has not been fully elaborated in the literature
yet.

2. Models and methods

In [7], the critical intensity for buckling of the fully free disk under
diametrical compressive forces is analyzed by iteratively solving the
eigenvalue problem resulting from the leading differential equations
after developing the displacement function in Fourier series. In [6] both
the distribution of the in-plane edge loading and the buckling modes
are developed in Fourier series in order to allow the determination of
critical intensities of arbitrarily distributed loads, including situations
as depicted in Fig. 2, under the assumption of simple support conditions
along the whole circumference of the circle. The Ritz approach, which
is described in [8] could, in principle, also be applied for estimating
critical tensile forces for clamped, simply supported, and free bound-
aries. However, in [8] only the case of a simply supported boundary has
been elaborated in full detail as far as the buckling load is concerned.
2

Table 1
Definition of the considered CASEs.

Definitions Boundary and loading condition

Completely free Simply supported

Tension CASE A Compress. CASE B Tension CASE C Compress. CASE D

Fig. 2. Configurations under consideration; CASEs A and B: completely free; CASEs C
and D: simply supported along the whole boundary edge.

In the present paper we applied the finite element method. Thereby,
not only the most interesting and not yet solved problem of the com-
pletely free disk under tensile loading – denoted as CASE A in the
following – has been considered, but also the already known solutions
for critical loads for tension and compression of disks, which are simply
supported along the whole boundary (CASEs D and C), as well as for
compression of the completely free disk (CASE B) are discussed for
comparison reasons.

Linear elastic, isotropic material with Young’s modulus 𝐸 and Pois-
son’s ratio 𝜈 was assumed. In order to demonstrate in which way the
Poisson’s ratio 𝜈 influences the critical load intensity and the buckling
mode of the CASEs defined in Table 1, the value of 𝜈 was varied within
the thermodynamically admissible range, i.e. −1.0 < 𝜈 < 0.5. Because
in all of the above mentioned existing papers, stability of circular
disks under concentrated loads has been treated for 𝜈 ≥ 0, we were
specifically interested in new results describing the behavior of disks
made of materials with 𝜈 < 0, i.e., disks made of auxetic materials.

3. Procedures for eigenvalue buckling analysis and post-buckling
simulation

We employed the finite element method in our analyses with care-
fully designed models. This means, we used a very fine mesh in order to
compute the quite inhomogeneous stress fields accurately as well as to
sufficiently resolve the buckling modes and post-buckling deformations.
By this way we were able to perform meaningful comparisons with the
already published results in terms of critical load intensities for CASEs
B, C, and D, which we extended to disks made of auxetic materials and
to the not yet considered CASE A. Furthermore, we performed cross
checks between results obtained by using our non-commercial research
FE-code CARINA (Computer Aided Research In Nonlinear Analysis;
see [29]) and the commercial FE-package ABAQUS [30] for ensuring
high quality of the results.

3.1. Buckling analysis

Eigenvalue buckling analysis, based on Euler’s buckling criterion,
was used to determine the critical load, i.e., bifurcation or buckling
load. In this way, we looked for the load intensities for which the
tangent stiffness matrix 𝐊 becomes singular, so that in the critical state
(denoted by ∗) the incremental equilibrium condition, 𝐊∗ 𝛿𝒖 = 𝛿𝑭 𝑒𝑥𝑡 =
𝟎, has nontrivial solutions 𝛿𝒖 ≠ 𝟎. We assumed proportional loading,
i.e., 𝑚𝑭 𝑒𝑥𝑡 = 𝑚𝜆𝑭 𝑟𝑒𝑓 , where 𝑚𝑭 𝑒𝑥𝑡 is the external nodal force vector at
state 𝑚, 𝑭 𝑟𝑒𝑓 is the chosen reference load vector, and 𝑚𝜆 is the load
multiplier at state 𝑚.
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When using CARINA in Total Lagrangian (TL) formulation, the
linearized eigenvalue problem resulting from Euler’s buckling criterion
reads for negligibly small pre-buckling deformations:

[𝐊0 + 𝜂(𝐊𝑙𝑖𝑛
𝑢 (𝜆 = 1) +𝐊𝑙𝑖𝑛

𝑔 (𝜆 = 1))]𝝓 = 𝟎 . (1)

With the eigenvalue 𝜂𝑖, the buckling load of order 𝑖 is given by
𝑭 ∗

𝑖 = 𝜂𝑖𝑭 𝑟𝑒𝑓 , and the eigenvector 𝝓𝑖 represents, in conjunction with
the elements’ shape functions, the corresponding buckling mode.

In Eq. (1) 𝐊0 is the stiffness matrix in the unloaded situation;
𝐊𝑙𝑖𝑛

𝑢 (𝜆 = 1) and 𝐊𝑙𝑖𝑛
𝑔 (𝜆 = 1) are the linearized form of the initial

displacement matrix and of the initial stress matrix, respectively, at
load level 𝜆 = 1.

In order to avoid that for the tensile loaded disks, i.e. CASEs A
and C, negative eigenvalues 𝜂 are computed, 𝑭 𝑟𝑒𝑓 should be chosen
to be close to the expected 𝑭 ∗

1. The exclusion of negative eigenvalues
is necessary because they would correspond to critical load intensities
under compression instead of the wanted critical load intensities for
tension.

In the commercial FE-package ABAQUS, the tangent stiffness matrix
𝐊 is determined according to an Updated Lagrangian formulation (UL),
and the eigenvalue problem reads

[𝐊𝑃 + 𝜅𝐊𝛥]𝝓 = 𝟎 . (2)

𝐊𝑃 is the tangent stiffness matrix corresponding to a current base
state, which includes the effects of a prescribed preload 𝑷 , and 𝐊𝛥 is
he differential stiffness matrix due to a small incremental loading 𝑸.
he eigenvalues 𝜅𝑖 are used for determining the critical loads by

∗
𝑖 = 𝑷 + 𝜅𝑖𝑸 . (3)

Since we assumed that a linear buckling analysis suffices, we took
he unloaded state, 𝑷 = 𝟎, as the base state and defined 𝑸 = 𝑭 𝑟𝑒𝑓 .
BAQUS enables the exclusion of negative eigenvalues by using a
anczos eigenvalue solver [31], which allows the definition of the
earch interval, for calculating the eigenvalues from Eq. (3). The
ritical load vector of 𝑖th order is given by 𝑭 ∗

𝑖 = 𝜅𝑖𝑭 𝑟𝑒𝑓 , and the
igenvector 𝝓𝑖 determines the corresponding buckling mode.

According to the loading states sketched in Fig. 2, all components
f the vector 𝑭 𝑟𝑒𝑓 are zero, except those, which correspond to the two
xternal loads, denoted as 𝐹 in Fig. 2. The most relevant buckling load
s 𝐹 ∗

1 . Therefore, if in the following 𝐹 ∗ is used without a subscript, 𝐹 ∗
1

s meant.

.2. Post-buckling analysis

Incremental–iterative analyses in an Updated Lagrangian (UL)
ramework, using full Newton–Raphson iterations were performed for
imulating the post-buckling behavior. In order to ensure that the
quilibrium path after bifurcation does not follow the unstable trivial
ath, we used models, which were made slightly imperfect. Geometric
mperfections were brought into the disks by adding small values to the
oordinates of the nodal points in a way that the imperfection is affine
o the first buckling mode:

𝑖𝑚𝑝 = 𝑿 + 𝜇 𝑡𝝓𝑡𝑟𝑎𝑛𝑠 . (4)

There, 𝑿 and 𝑿𝑖𝑚𝑝 are the vectors of the perfect and imperfect, re-
pectively, nodal point coordinates, and 𝝓𝑡𝑟𝑎𝑛𝑠 contains the translational
omponents of the normalized eigenvector 𝝓1. With the imperfection
arameter 𝜇 and a characteristic length ℎ of the considered structure,
ℎ gives the amplitude of the imperfection. We used the plate thickness
as characteristic length and gave 𝜇 values in the range of a few
3

ercent.
. Results and discussions

.1. Stresses responsible for buckling

For compressed disks (CASEs B and D) it is quite obvious that
uckling is caused by compressive stresses in 𝑥-direction (coordinate
ystem according to Fig. 2). It is not that obvious, why and by which
ompressive stresses buckling happens under tensile loading (CASEs A
nd C). This becomes clearer by consideration of the distribution of the
ormal stresses in 𝑥- and 𝑦-direction.

Closed-form solutions for the distributions of the stresses for the
ASEs A and C have been derived in [8] in polar coordinates (𝜌, 𝜃),
ccording to Fig. 2. In non-dimensional form, with

𝜎𝑖𝑗 =
2𝜎𝑖𝑗𝑟𝑡
𝐹

(5)

and with notations as used here, these solutions read

𝜎𝑟𝑟 =
4𝑟
𝜋
[ (𝑟 − 𝜌 cos 𝜃)(𝜌 − 𝑟 cos 𝜃)2

(𝑟2 + 𝜌2 − 2𝑟𝜌 cos 𝜃)2
+

(𝑟 + 𝜌 cos 𝜃)(𝜌 + 𝑟 cos 𝜃)2

(𝑟2 + 𝜌2 + 2𝑟𝜌 cos 𝜃)2
]

− 2
𝜋
, (6)

𝜎𝜃𝜃 = 4𝑟
𝜋
[ (𝑟 − 𝜌 cos 𝜃)(𝑟 sin 𝜃)2

(𝑟2 + 𝜌2 − 2𝑟𝜌 cos 𝜃)2
+

(𝑟 + 𝜌 cos 𝜃)(𝑟 sin 𝜃)2

(𝑟2 + 𝜌2 + 2𝑟𝜌 cos 𝜃)2
]

− 2
𝜋
, (7)

𝜎𝑟𝜃 = 4𝑟
𝜋
[ (𝑟 − 𝜌 cos 𝜃)(𝜌 − 𝑟 cos 𝜃)𝑟 sin 𝜃

(𝑟2 + 𝜌2 − 2𝑟𝜌 cos 𝜃)2
+

(𝑟 + 𝜌 cos 𝜃)(𝜌 + 𝑟 cos 𝜃)𝑟 sin 𝜃
(𝑟2 + 𝜌2 + 2𝑟𝜌 cos 𝜃)2

]

.

(8)

Expressing the stress field in terms of 𝜎𝑖𝑗 (𝑥, 𝑦), 𝑖, 𝑗 = 𝑥 or 𝑦, as
ketched in Figs. 3 to 5, enables a simpler interpretation with regard
o the buckling of the disks under different loading and boundary
onditions. These stress distributions could be obtained by rotational
ransformation of Eqs. (6) to (8), leading to quite lengthy expressions.
nstead, for the sale of simplification, the shown stress distributions
ere computed by 2d finite element models for plane stress states.

In these figures, the isolines in the immediate near of the load
pplication points – where, a stress singularity exists – were excluded
or better presentation of the stress field, in the area, where they are
elevant regarding buckling of the disks.

The stress levels related to the isolines refer to the non-dimensional
tress quantities 𝜎𝑖𝑗 according to Eq. (5), by which the mean value of
𝜎𝑥𝑥 along the diameter in 𝑦-direction is 1.0. The coordinates in the
iagrams in these figures are also normalized as 𝑥 = 𝑥

𝑟 and 𝑦 = 𝑦
𝑟 ,

espectively.
Because of the linearity in the pre-buckling states, the stress distri-

utions for CASEs A and C (disk under tensile loading) and those for
and D (disk under compressive loading), respectively, are related to

ach other simply via multiplication by −1. By this way, Figs. 3, 4, and
are representative for all CASEs.

For buckling under tension, the compressive stresses in 𝑦-direction
n the mid-area of the disk—see Fig. 4, are the reason. The values
f these compressive stresses are, however, considerably smaller than
he compressive stresses in 𝑥-direction for CASEs B and D at the same
oad intensity, compare Fig. 3. Furthermore, the area, in which these
ompressive stresses in 𝑦-direction exist, is smaller than the area with
ompressive stresses in 𝑥-direction, which are relevant for buckling in
ASEs B and D. Additionally, this area is surrounded by an area of
ensile stresses in 𝑦-direction, which have a stabilizing effect. Thus, one
hould expect much higher critical load intensities for buckling under
ension than for buckling under compression.

emarks.

• (1) Because the conditions for the Michell theorem [32] are ful-
filled, the stress distributions are independent of the Poisson’s
ratio of the material. This can also be seen in Eqs. (6)–(8).
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Fig. 3. Distribution of 𝜎𝑥𝑥 for the disk under compressive loading (CASEs B and D).

Fig. 4. Distribution of 𝜎𝑦𝑦 for the disk under tensile loading (CASEs A and C).

• (2) As a consequence of (1), it is clear that the following holds
(chose, e.g., 𝜈 = 0.0): In contrast to the situation of buckling of
stretched strips clamped at the short edges, as discussed in [18,
20], the buckling relevant compressive stresses in 𝑦-direction
of completely free or simply supported stretched disks are not
caused by a restrained Poisson effect.

4.2. Critical load intensities

In parametric studies,in which the geometrical data were varied for
all CASEs, A to D, critical load intensities were computed by solving
the eigenvalue problems Eqs. (1) and (2), respectively. (By the way,
both formulations of the eigenvalue problem have led to quite the same
results.) The buckling behavior was investigated for the whole range
of thermodynamically admissible values of the Poisson’s ratio, i.e. for
𝜈 ∈ [−1, 0.5].
4

Fig. 5. Distribution of 𝜎𝑥𝑦 for the disk under tensile loading (CASEs A and C).

Fig. 6. Dependency of the critical load intensities on the thickness 𝑡 and on the
radius 𝑟, respectively, shown in double-logarithmic scales; upper diagram: 𝑟 = 200 mm,
𝑡 ∈ [0.1, 0.5] mm; lower diagram 𝑡 = 0.5 mm, 𝑟 ∈ [50, 350] mm; material with
𝐸 = 210 000 MPa, 𝜈 = 0.33.

The upper diagram in Fig. 6, shows the critical load intensities when
the radius of the disk is kept constant and the thickness is varied.
The results represent straight lines with inclination 3.0 in double-
logarithmic scales. This indicates an exponential dependence (exponent
3) of the critical load intensities on the thickness.

Variation of the radius of the disks when the thickness is kept
constant leads to critical load intensities as shown in the lower diagram
in Fig. 6. One can conclude that a hyperbolic relation exists between
critical load and radius. The exponent is −1.
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Fig. 7. Fundamental and higher order buckling modes of CASE A (free edge, tensile
load).

4.3. Buckling factor ‘‘𝑘’’

In accordance with Buckingham’s 𝑃 𝑖-Theorem the following relation
is obtained,

𝐹 ∗ ∼ 𝐸 𝑡3

𝑟
. (9)

With the proportionality factor 𝑘𝑗 , 𝑗 = A, B, C, or D, for each of the
considered CASEs the above relation reads:

𝐹 ∗
𝑗 = 𝑘𝑗𝐸

𝑡3

𝑟
. (10)

The factor 𝑘𝑗 is the so-called buckling factor, which has been
determined from the results of the parametric study as

𝑘𝑗 = 𝐹 ∗
𝑗

𝑟
𝐸𝑡3

. (11)

in dependence of the Poisson’s ratio 𝜈.

4.4. Buckling modes

Using the eigenvectors 𝝓𝑖 obtained from solving the eigenvalue
problems Eqs. (1) and (3), respectively, in conjunction with the shape
functions of the elements, the buckling modes of order 𝑖 were deter-
mined.

For CASE A, which is the most interesting case, the fundamental
buckling mode as well as the next three higher modes are depicted in
Fig. 7. Fig. 8 shows the fundamental buckling modes for the remaining
CASEs B, C, and D. Presenting only half of the disk provides a clear
characterization of the variations of the mode shapes. All shown modes
are symmetrical with respect to the 𝑦-axis. One should notice that
for CASE C, i.e., simply supported disk under tensile loading, the
fundamental buckling mode (in the mid of Fig. 8) is, in contrast to the
other cases, point-symmetrical.
5

Fig. 8. Fundamental buckling modes for CASEs B, C, and D).

Fig. 9. Deviation of the buckling factors for different Poisson’s ratios from that one
for 𝜈 = 0.33 in percent; the fine dotted line corresponds to Eq. (14).

4.5. Influence of the values of Poisson’s ratio—Considerations of auxetics

The static Föppl–v.Karman plate equation for pure in-plane loading
reads

𝐾𝛥𝛥𝑤 − (𝑁𝑥𝑥
𝜕2𝑤
𝜕𝑥2

+𝑁𝑦𝑦
𝜕2𝑤
𝜕𝑦2

+𝑁𝑥𝑦
𝜕2𝑤
𝜕𝑥𝜕𝑦

) = 0 , (12)

with the Laplace operator 𝛥 in Cartesian coordinates and 𝑁𝑖𝑗 = 𝑡 𝜎𝑖𝑗 . 𝐾
denotes the bending stiffness,

𝐾 = 𝐸𝑡3

12(1 − 𝜈2)
. (13)

With Eq. (12), in classical configurations of plate buckling, i.e., with
homogeneous field of uni-axial stresses, the dependence of the buckling
factors on the Poisson’s ratio corresponds simply with the dependence
of the plate’s bending stiffness on 𝜈, leading to

𝑘(𝜈1)
𝑘(𝜈2)

=
1 − 𝜈22
1 − 𝜈21

, (14)

for a given configuration, in which only the Poisson’s ratio is varied.
𝑘(𝜈𝑗 ) is the buckling factor if in the considered configuration the
material has a Poisson’s ratio 𝜈𝑗 . With Eq. (14), for 𝜈 > 0 the buckling
factor would increase with increasing Poisson’s ratio, and – because of
𝜈 appears as 𝜈2 in Eq. (14) – vice versa for 𝜈 < 0.

However, our parametric studies with varied 𝜈 has led to different
results. In Fig. 9, the deviation of the buckling factor due to a variation
of 𝜈 in the interval [−0.5, 0.5] from that one for 𝜈 = 0.33 is shown in
percent.

In the above Remark (1), it is stated, that 𝜈 has no influence on
the stress field. Thus, the question arises, what are the reasons for a
dependency of the buckling factors on the Poisson’s ratio in addition to
that what is caused by the dependency of the bending stiffness on 𝜈?

Although the pre-buckling stress state is not affected by the value
of the Poisson’s ratio, the strains are dependent on 𝜈, as it becomes
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Fig. 10. Dependency of the buckling factor on the Poisson’s ratio for CASEs A and C.

Fig. 11. Dependency of the buckling factor on the Poisson’s ratio for CASEs B and D.

visible by the linear stress–strain relations for plane stress states, 𝜀𝑥𝑥 =
1
𝐸 (𝜎𝑥𝑥 − 𝜈𝜎𝑦𝑦), 𝜀𝑦𝑦 =

1
𝐸 (𝜎𝑦𝑦 − 𝜈𝜎𝑥𝑥), 𝜀𝑥𝑦 =

1
2𝐺 𝜎𝑥𝑦.

Since 𝐺 = 𝐸
2(1+𝜈) , the Poisson’s ratio influences the shear strains

resulting from shear stresses in a noticable way. (Consider, e.g., the
situation when 𝜈 → −1.)

In consequence of this influence of 𝜈 on the strains, also the distri-
bution of the strain energy density, 1

2𝜎𝑖𝑗𝜀𝑖𝑗 , depends on 𝜈. This is, why
– despite the stress fields are not influenced by 𝜈 – the buckling factors
show a dependence on the Poisson’s ratio.

Fig. 9 shows that for CASEs A and C the influence of 𝜈 is very close
to that indicated by Eq. (14). This is, because the higher values of the
buckling relevant compressive stresses 𝜎𝑦𝑦 are quite homogeneously
distributed over an area along the 𝑥-axis and the shear stresses are
very small there, compare Figs. 4 and 5. Thus, this kind of buckling
is – in some sense – comparable with buckling of a plate with large
length to width ratio loaded transversely to its long axis, for which the
buckling mode is independent of 𝜈 and for which Eq. (14) is applicable.
However, with larger absolute values of negative Poisson’s ratios, the
inhomogeneity of the stress field and, particularly the influence of
shear come more into play, resulting in a rapid increase of the 𝑘-values.

Fig. 10 shows the dependency of the buckling factors on the Pois-
son’s ratio for CASEs A and C far into the range of auxetic materials,
and Fig. 11 shows this dependency for CASEs B and D.

Already from Fig. 9 one sees that for CASEs B and D the dependence
of the buckling factors on 𝜈 deviates significantly from that what
Eq. (13) would predict. This is caused by the strongly inhomoge-
neous distribution of the buckling relevant compressive stresses 𝜎𝑥𝑥,
see Fig. 3. The fundamental buckling modes are no longer that much
localized to the area along the 𝑥-axis but include also areas with large
shear stresses, see Fig. 5. Thus, the buckling modes are influenced by
𝜈. For instance, in Fig. 12 the fundamental buckling mode for CASE
B is shown for 𝜈 = −0.85, 𝜈 = 0.0, and 𝜈 = 0.4. The surface of
the buckled disk varies from double curved with negative Gaussian
6

Fig. 12. Fundamental buckling mode for CASE B computed for different Poisson’s
ratios.

Table 2
Buckling factors; comparisons with values derived from published results; [7] and [8],
respectively, refers to values derived from the cited literature, (∗) means that there are
no values available from the literature.
𝜈 Buckling factor for

Free disks under Simply supp. disks under

Tension CASE A Compr. CASE B Tension CASE C Compr. CASE D

−1.0 - (*) (*) (*) (*)
−0.1

0.0 (*) (*) 22.78 0.882
24.68 [8] 0.886 [8]

0.1 (*) (*) 23.10 0.965
23.27 [8] 0.968 [8]

0.2 (*) 0.296 23.91 1.069
0.298 [7] 23.27 [8] 1.071 [8]

0.3 (*) (*) 25.31 1.202
25.48 [8] 1.204 [8]

0.4 (*) (*) 27.51 1.381
27.68 [8] 1.381 [8]

0.5 (*) (*) 30.91 1.632
31.09 [8] 1.631 [8]

curvature to single curved and again to double curved, however with
positive Gaussian curvature. Such essential changes in the buckling
mode, and thus, resulting changes in the distribution of the curvature,
in combination with a fixed but inhomogeneous distribution of the pre-
buckling stresses and with strain fields, which depend on 𝜈, lead to
quite different strain energies and, consequently, to substantial changes
in the critical load intensities. This is an effect, which comes in addition
to the influence of 𝜈 caused by the variation of the bending stiffness
according to Eq. (13).

Having all these effects in mind, it is clear that one hardly can
forecast the influence of the Poisson’s ratio without performing para-
metric studies. The described tendencies for 𝑘(𝜈) are confirmed by
𝑘-values derived from former papers, where such values are available,
see comparisons in Table 2.

5. An additional consideration, CASE E

Comparing the fundamental buckling mode of the completely free
disk under tension loading with the photograph shown in Fig. 1(d),
i.e., stretched pourer disk, one does not see too much correspondence.
In order to show that this discrepancy comes from the different kind of
load application, we analyzed the stretched disk as sketched in Fig. 13.
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Fig. 13. Buckling factor and buckling modes for CASE E in dependence of 𝜑; 𝜈 = 0.33.

There, the portion of the edge of the disk in the interval [−𝜑,+𝜑] was
assumed to be a rigid boundary, movable only in the 𝑥-direction. By this
way, the force 𝐹 is introduced to the disk rather as a distributed load
than a as a point load. Furthermore, these boundary conditions might
come close to the clamping effect which the pourer disk experiences
between thumb and index finger.

In Fig. 13, the buckling factor and the fundamental buckling mode
are shown in dependence of the angle 𝜑. The buckling mode computed
for 𝜑 = 30o has a certain resemblance to the post-buckling pattern as
shown in Fig. 1(d). Considering the buckling factor for this value of 𝜑,
one realizes that the difference between the load intensities required for
making the pourer disk buckle under compression and under tension,
respectively, is even larger than for that between CASEs A and B, which
is already substantial. Thus, convince yourself, whether or not you have
sufficient power for bringing a pourer disk to buckling under tension
before you demonstrate this phenomenon to others!

6. The post-buckling behavior

The post-buckling behavior was analyzed for the completely free
stretched and compressed disk, respectively, i.e., for CASEs A and B.

In Figs. 14, 15, and 16, the out-of-plane displacements of specified
points, all normalized by the thickness of the disk, i.e. �̂� = 𝑤∕𝑡, are
shown in dependence of the load intensity 𝐹 = 𝐹∕(2𝑟𝑡).

For CASE A in Fig. 14, the force vs. the out-of-plane displacement
�̂� of the upper vertex is shown, and Fig. 15 presents the post-buckling
behavior for six indicated points around the circumference of the
disk. Fig. 16 shows the post-buckling behavior for CASE B. There, �̂�
represents the force vs. out-of-plane displacement of the mid-point of
the disk.

In CASE A (Fig. 14), it is shown that after the initial bifurcation
the post-buckling behavior is stable at first. However, the deformation
pattern switches at relatively low tensile forces. For the case of 𝜈
= 0.33, at �̂� ≈ 10 the initially rather steep ascent in the function
graph decreases and the V-shaped deformation gets some waviness; see
the boxes (c) in Fig. 14, which represent the deformed disk from the
point of view along the 𝑥-axis just before and after the post-buckling
bifurcation. Furthermore, from Fig. 15 one can conclude that after the
initial bifurcation the disk does not fold up exactly symmetrically but
the upper vertex displaces more than the lower vertex. This is not
caused by a slight global rotation around the 𝑥-axis but represents
the contribution to the deformation pattern, which corresponds to
the higher-order point-symmetrical buckling modes; compare Fig. 7.
Most interesting is the observation that the secondary bifurcation is
accompanied by a short combined twisting and wiggling around the
diameter normal to the loading direction; see detail in Fig. 15.

Fig. 16 exhibits the process of deforming the disk under compressive
forces (CASE B) towards a circular cylinder by simply increasing the
loading. This figure reminds to that what was mentioned with respect to
the bottle pourer in the Introduction. Furthermore, it shows that there
7

Fig. 14. (a) Load vs. displacement diagram showing the character of the post-buckling
behavior for CASE A with 𝜈 = 0.33 (black line) and 𝜈 = −0.5 (gray line); (b) Detail
of (a) showing the region of the secondary bifurcation; (c) deformed disk from view
point along 𝑥-axis before (marked by an asterisk) and after the secondary bifurcation
(marked by a ring), respectively. A disk with 𝑟 = 200 mm, 𝑡 = 0.5 mm, 𝐸 = 210 000
MPa was examined.

exists a maximum out of plane deformation �̂�, from which on further
increase of the compression leads to a decrease of �̂�. This is quite
similar to that what can be observed for the elastica, simply supported
at both ends, when its ends meet each other and continue moving along
its original axis, see e.g. [33].

7. Conclusions

Buckling and post-buckling analyses are presented for thin circular
disks made of homogeneous, linear elastic material under compressive
and tensile loading along a diameter. In addition to comparisons with
earlier published results, in this paper the not yet examined but quite
interesting case of the completely free stretched disk is treated. The in-
vestigations into the stability behavior of disks made of auxetic material
are of particular novelty. Furthermore, interesting effects appearing in
the post-buckling range are presented and discussed.

7.1. Buckling factors

Similar to classical plate buckling and in accordance with Buck-
ingham’s 𝑃 𝑖-Theorem, the critical load can be expressed by 𝐹 ∗

𝑗 =

𝑘𝑗𝐸
𝑡3

𝑟 , with 𝑘 being the so-called buckling factor. 𝑘 depends on 𝜈 only,
i.e., it is independent of the disk’s radius and thickness as well as on
the Young’s modulus of its material. This buckling factor has been
determined for disks under different loading and boundary conditions
(denoted as CASEs A to E in the following) in dependence of the
Poisson’s ratio 𝜈 of the material in the thermodynamically admissible
range, i.e. 𝜈 ∈ [−1, 0.5]. Some quite peculiar results are presented. For
instance, despite the fact that the stress state is independent of 𝜈, the
buckling factors exhibit a dependence on 𝜈, which for some cases differs
significantly from that what one might expect if one only considers the
dependence of the bending stiffness on the Poisson’s ratio.

CASE A: completely free disk under tensile loading. This is the
most interesting configuration. It has not been investigated in previous
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Fig. 15. CASE A: Load vs. out-of-plane displacement diagram of six points along the circumference of the disk. The detail shows a combined twisting and wiggling in the region
of the secondary bifurcation.
Fig. 16. Load vs. displacement diagram showing the character of the post-buckling
behavior for CASE B for 𝜈 = 0.33 (black line) and 𝜈 = −0.5 (gray line). A disk with 𝑟
= 200 mm, 𝑡 = 0.5 mm, 𝐸 = 210 000 MPa was examined.

papers. The buckling factors for this case are much larger than for
compressive loading, i.e., CASE B. For instance, for 𝜈 = 0.3 there
is a factor of about 30 between them. The dependence of 𝑘 on the
Poisson’s ratio corresponds nearly to that of the bending stiffness. This
holds initially also for investigations of disks made of auxetic material.
However, in the range 𝜈 → −1, the buckling factor increases sharply.

CASE B: completely free disk under compressive loading. This con-
figuration has been considered earlier in [7], without considering
post-buckling. In [7] a semi-analytical procedure (a Ritz-method) was
applied and the critical load has been computed for a Poisson’s ratio
𝜈 = 0.2. After expressing this result by a buckling factor as defined
in the present paper (by Eq. (11)), a good agreement with our result
for this value of 𝜈 was found. For this configuration, the new results
provide the dependence of 𝑘 on 𝜈 within the whole thermodynamically
admissible range and exhibit a completely unexpected behavior: In
contrast to the other considered configurations, in CASE B the buckling
factor increases monotonically with decreasing values of 𝜈.

CASE C: disk simply supported along the whole boundary, loaded by
tensile forces. This configuration is mentioned in [6] and considered
in [8] for discrete values of 𝜈 ∈ [0.0, 0.5]. The buckling factors presented
here compare quite well with the values presented in [8]. Similar to
CASE A, the extension of the investigations to disks made of auxetic
material initially shows a dependence of 𝑘 on 𝜈 corresponding nearly
to that of the bending stiffness. As in CASE A, in the range 𝜈 → −1 the
buckling factor increases sharply.

CASE D: equivalent to CASE C; however, loaded by compressive
forces. This configuration represents a special case in [8] and the
buckling factors compare well with the here presented results. In the
8

present paper, where the range of negative Poisson’s ratios is treated,
too, also for this configuration an unexpected dependence of 𝑘 on 𝜈 was
found: The buckling factor decreases monotonically with decreasing
values of 𝜈 even in the range of negative values of 𝜈. This is in
contradiction to that what should happen when just the influence of
𝜈 on the bending stiffness would be taken into account.

CASE E: equivalent to CASE A; however, the tensile load is dis-
tributed along sections of the boundary. For this configuration the
buckling factor has been determined in dependence of the angle of the
loaded portion of the edge of the disk. Keeping the resultant of the
distributed tensile load as relevant force, the buckling factor increases
strongly with increased angle of the load application area.

7.2. The post-buckling behavior

The post-buckling behavior is presented for disks under conditions
corresponding to the above described configurations CASE A and CASE
B, i.e. for completely free disks. After buckling has appeared, such disks
deform under tension (CASE A) by developing a rather strongly curved
fold along the loaded diameter. A monotonic increase of the out-of-
plane displacement of the circle vertexes at the diameter normal to
the loading direction is observed, while the diameter, along which the
loading acts, remains nearly undeformed. Initially, the projection of
the deformed disk in the direction of the loaded diameter looks like a
wide opened letter V. Then, caused by a secondary bifurcation a mode
change happens and the flanks of the V get some waviness. At this
secondary bifurcation a slight combined twisting and wiggling of the
disk around the diameter normal to the loading direction takes place.

In contrast, the free disk under compressive loads (CASE B) behaves
quite unspectacularly in the post-buckling regime. The diameter, along
which the loading acts, is bent, and the diameter normal to the loading
direction is moved nearly without any deformation, so that the disk can
easily be curled to form a cylinder (as it is the case when it is, e.g., used
as a bottle pourer).

7.3. General remarks

The considerations and the achieved results are interesting for sci-
entists working in the field of stability and for engineers in lightweight
design of structures. There are a number of applications of the here
presented findings in mechanical engineering, in process plants, in
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medical technology and sensorics as well as for describing the behavior
of devices in flexible electronics and of biological membranes.
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