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A B S T R A C T   

Solder fatigue is among the predominant failure modes observed in power electronic modules. Under service 
conditions power electronic parts are exposed to repeated temperature swings originating from resistance 
heating. In consequence of a mismatch of the coefficients of thermal expansion, thermomechanical stresses are 
generated at material interconnects. Nevertheless, lifetimes of up to 30 years are requested for high reliability 
applications. Therefore, there is a demand for accelerated testing methods. However, due to strain rate depen
dence of inelastic deformations theoretical lifetime modeling is necessary to compare the results of accelerated 
test methods with usual service conditions. The present study reports on a mechanical testing method operating 
at the ultrasonic frequency of 20 kHz. During testing samples are exposed to repeated bending deformations until 
the solder joint finally breaks. The number of cycles to crack initiation is determined for different temperatures 
ranging from room temperature to 175 ◦C. Thereafter, an FEM computer simulation of the fatigue experiment is 
performed, where the visco-plastic Anand model serves as material model of the solder. The time to crack 
initiation in the solder is evaluated with a model of damage accumulation, which combines the Coffin-Manson 
model with a multiaxial version of the Goodman relation. It is demonstrated that this model can be applied to the 
solder alloys PbSnAg, Sn3.5Ag and SnSbAg.   

Introduction 

Under service conditions power electronic devices are exposed to 
repeated temperature swings caused by resistive heating. Owing to 
different coefficients of thermal expansion of the constituent materials 
considerable thermomechanical stresses are observed at material in
terconnects. Nevertheless, lifetimes of up to 30 years are requested for 
high reliability applications as e. g. railway traction. Such a high reli
ability level can only be achieved by combination of advanced engi
neering design and comprehensive lifetime testing. 

Lifetime models designed for specific applications are often based on 
a weakest link approach. When several competing failure modes are 
observed, then the various reliability issues are taken into account with 
respect to their statistical probabilities, respectively. In the case of 
insulated gate bipolar transistor (IGBT) modules, the predominant fail
ure modes observed under operation condition are wire-bond failure 
(Sathik et al., 2015; Czerny et al., 2012; Schmidt & Scheuermann, 2012) 
and solder fatigue (Herrmann et al., 2007; Dudek et al., 2019). The 
present study is devoted to the investigation of solder fatigue caused by 

thermal and mechanical loads. 
The most common standard methods for testing the fatigue life of 

power modules are thermal cycling (Sathik et al., 2015), power cycling 
(Sathik et al., 2015; Schmidt & Scheuermann, 2012; Herrmann et al., 
2007) and vibration tests (Yu et al., 2011; Libot et al., 2016). In the 
majority of cases, reliability tests are carried out under steady state 
conditions consecutively performed at different load levels. The regime 
of low cycle solder fatigue is characterized by accumulation of plastic 
strain. The material fatigue in this regime is well described by the Coffin 
(1971)-Manson (Manson & Hirshberg, 1964) model, which is a power 
law relating the plastic strain increase per loading cycle to the number of 
loading cycles to failure. On the other hand, high cycle fatigue at load 
levels well below the yield stress is better described by the Basquin 
equation (Basquin, 1910), or by more recent reformulations of this 
approach describing the fatigue life as function of the applied stress level 
(Thambi et al., 2016). 

Furthermore, there are several lifetime models considering the in
fluence of both, elastic and plastic deformations. A quite simple, but very 
successful model for solder fatigue ranging from low to high cycles is the 

* Corresponding author. 
E-mail address: martin.lederer@tuwien.ac.at (M. Lederer).  

Contents lists available at ScienceDirect 

Power Electronic Devices and Components 

journal homepage: www.journals.elsevier.com/power-electronic-devices-and-components 

https://doi.org/10.1016/j.pedc.2023.100034 
Received 14 September 2022; Received in revised form 13 December 2022; Accepted 23 January 2023   

mailto:martin.lederer@tuwien.ac.at
www.sciencedirect.com/science/journal/27723704
https://www.journals.elsevier.com/power-electronic-devices-and-components
https://doi.org/10.1016/j.pedc.2023.100034
https://doi.org/10.1016/j.pedc.2023.100034
https://doi.org/10.1016/j.pedc.2023.100034
http://crossmark.crossref.org/dialog/?doi=10.1016/j.pedc.2023.100034&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Power Electronic Devices and Components 4 (2023) 100034

2

Engelmaier model relating the fatigue life to the total shear strain 
Engelmaier (1983). A reformulated version of this model was proposed 
by Salmela et al. (2008), who introduced a correction term to account 
for the different stress levels a solder material experiences. Another 
possibility of considering elastic and plastic deformations is the com
bined Coffin-Manson-Basquin equation (Morrow, 1964), where four 
material parameters are used to estimate the lifespan of samples exposed 
to cyclic deformations. An extended version of this approach was pro
posed by Wang et al. (2019), who brought a Taylor expansion to the 
third order to describe the temperature dependence of the material 
parameters. 

Another important aspect consists in the effect of nonzero mean 
stress resulting in reduced fatigue life. For states of uniaxial stress, the 
correlated fatigue life can be evaluated with standard methods devel
oped by Goodman (1899), Gerber and Soderberg. A multiaxial treatment 
of this method was proposed by Susmel et al. (2005), who introduced 
the critical plane approach. In the present study, a modified version of 
the multiaxial mean stress approach will be proposed, where the con
tributions to fatigue arising from different components of deviatoric 
stress are evaluated by analogy to the von Mises stress equivalent. 

Under service conditions, load levels are changing during the life
span of power electronic devices. The damage originating from different 
stress amplitudes can be evaluated with use of the rainflow counting 
method (Marsh et al., 2016; Mainka et al., 2011). Finally, the contri
butions to material fatigue are usually added according to Miner’s rule 
of linear damage accumulation (Miner, 1945). 

In the present investigation, two different mechanisms of solder fa
tigue are considered. Firstly, the accumulation of damage arising from 
plastic strain is calculated by analogy to the Coffin-Manson model. 
Secondly, an effect of non-zero multiaxial mean stress is suggested, 
where the temperature dependence of this effect is to some extent 
attributed to the temperature dependence of the solders Young’s 
modulus. This effect is related to the elastic strain amplitude. The 
damage arising from either contribution is added according to Miner’s 
rule of linear damage accumulation. This model of damage accumula
tion is combined with the visco-plastic Anand model, which serves as 
material model for the solder. Thus, one obtains a lifetime model of wide 
applicability, which can be used at various temperatures and strain 
rates. According to the hypothesis proposed in this article, the results of 
fatigue experiments derived from accelerated mechanical tests per
formed at different temperatures can now be applied to lifetime pre
dictions of power electronic devices under service conditions. 

Finally, the coefficients of the lifetime model are obtained from nu
merical fits to fatigue experiments. For this purpose, accelerated me
chanical fatigue tests were performed in three and four point bending at 
temperatures between room temperature and 175 ◦C. Three different 
solder alloys were selected for this investigation: PbSnAg has extensively 
been analysed in recent years, and therefore sufficient literature data are 
available, which can now be used as benchmark for model validation. 
The second solder material of this study is the lead-free alloy Sn3.5Ag, 
which is nowadays widely used in industry. The third solder alloy, 
SnSbAg, has gained increasing interest in recent years, because of its 
excellent mechanical properties resulting in high strength and 
durability. 

The time dependent loading conditions were simulated by fully 
transient Finite Element Analyses in order to obtain time history data of 
stresses and strains at the critical sites, where crack initiation occurs. 
The FEM simulations were conducted with ANSYS 2020. 

Experimental 

Sample design, sample preparation and experimental setup 

There are two main types of large area solder joints, which are used 
in power electronic devices: The first type connects a silicon chip to a 
direct bonded copper (DBC) substrate, while the second type connects 

the DBC structure to a baseplate. The devices under test investigated 
here are model solder joints, which have the purpose to mimic the solder 
interconnects used in power electronics. In this series of experiments, 
the solder joints had a thickness of 100 µm. In order to perform high 
cycle fatigue tests within reasonable time, an accelerated mechanical 
test method operating at an ultrasonic frequency of 20 kHz was 
employed. The samples were designed to fulfill resonance conditions at 
the testing frequency. Eigenmodes of the samples related to this reso
nant frequency are depicted in Figs. 1, and 2. These eigenmodes can be 
excited by setups of three- or four-point bending, respectively. 

The bending mode used in the fatigue test is selected in accordance 
with the sample geometry. For a given mode shape, the requirement that 
a sample must be in resonance at 20 kHz dictates the ratio of sample 
length to substrate thickness. During deformation, the largest strain 
should occur in the solder material. Furthermore, a preload is needed to 
ensure that ultrasonic horn and supporting jigs are in permanent contact 
with the sample. It must be avoided that the ultrasonic horn takes off 
from the sample periodically, because hammering against the sample 
could lead to a different failure mode. Moreover, the contact points 
where jigs and ultrasonic horn touch the sample should be sufficiently 
far away from the solder joint and the silicon chip in order to avoid 
friction at the solder material or damage of the chip. 

The DBC structure of the sample depicted in Fig. 1 consisted of a 
copper - alumina - copper sandwich structure with two copper layers of 
8 mm x 8 mm x 0.3 mm and an alumina layer of 9 mm x 9 mm x 0.32 mm 
in between. The whole DBC structure was soldered onto a copper plate 
of 25.04 mm x 10 mm x 3 mm. This sample was used for the setup of 
three-point bending. 

On the other hand, the DBC substrate of the sample shown in Fig. 2 
had a length of 43.2 mm and a width of 9.7 mm. Further, the DBC 
substrate consisted of two 0.3 mm thick copper layers with a 0.63 mm 
thick alumina layer in between. A silicon chip with dimensions of 11 mm 
x 9.7 mm x 0.42 mm was soldered onto the DBC substrate. This sample 
was used in combination with the setup of four-point bending. 

The complete setup of the fatigue tests is shown in Fig. 3. An ultra
sonic generator is connected to a piezoelectric transducer, which in
duces periodic vibrations in an acoustic horn. The maximal 
displacement amplitude is observed at the end of the horn. Further, the 
tip at the end of the horn is in contact with the device under test. At the 
opposite side, the sample is supported by rigid jigs. In consequence, the 
device under test is subjected to periodic bending vibrations. Samples 
shown in Figs. 1 and 2 were oriented with the substrate at the upside so 
that the soldered part fell down at the end of life. The magnitude of the 
periodic displacements observed at the sample center during vibration 
was measured with a Laser Doppler Vibrometer (LDV). It has already 
been mentioned that static preload was applied to the specimens in 
order to keep the vibrating sample in permanent contact with the sup
porting jigs. In the case of the three-point bending setup, the preload was 
typically 70 N, while a preload of 65 N was used in combination with the 
four-point bending setup. 

In view of the enforced periodical vibrations, stresses are generated 
in the device under test. Owing to its low melting point, the solder alloy 
is the weakest material. When the periodic deformations are large 
enough, one observes crack initiation at the location, where the solder 
joint experiences the largest strain. However, crack initiation is delayed 
by the ductility of the solder material. The time until first crack initiation 
is measured by acoustic emission using an optical microphone of the 
company Xarion. Thereby, the optical microphone utilizes Fast Fourier 
Transformation (FFT) to filter out the acoustic signal of cracking from 
the surrounding noise of the ultrasonic setup. The noise of the setup 
typically occurs at the 20 kHz resonance frequency and at its correlated 
higher harmonics, while acoustic emission of cracking is found at a 
different frequency. When the signal of cracking is detected, then the 
fatigue experiment is interrupted and the existence of a crack is vali
dated by optical inspection with Scanning Electron Microscopy. In the 
frame of the present study, a sample is considered to contain a first 
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Fig. 1. FEM modal analysis of an unconstrained sample. A plot of the displacement vector sum is shown. This eigenmode can be excited by three-point bending. The positions, where boundary conditions are applied in 
the experiment, are indicated. 
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crack, when the visible crack length is at least 100 µm. 
For selected specimens, the path of crack propagation was docu

mented by intermittent tracing of the crack front observed by optical 
inspection. The number of cycles until end of life was determined for the 
moment, when the cracked part of the sample fell off from the substrate. 

Fractography 

The existence of a first crack in a sample was validated by optical 
inspection. For this purpose, fatigue experiments were interrupted and 

the visible crack length was measured with use of SEM micrographs. 
Crack initiation occurred at the periphery of the solder joints near to the 
position, where maxima of accumulated plastic strain were found in 
FEM simulations. During optical inspection, samples were rotated inside 
the Scanning Electron Microscope to see the soldered joint from every 
side. However, cutting of the sample was avoided so that the fatigue 
experiment could be continued until finally the soldered part detached 
from the substrate. In the present study, samples were considered as 
cracked, when the crack length exceeded 100 µm. Examples for speci
mens containing a first crack are depicted in Fig. 4. 

Fig. 2. FEM modal analysis of an unconstrained sample. This mode shape can be excited by four-point bending. The positions, where boundary conditions will be 
applied in the experiment are shown. 

Fig. 3. Left: The experimental setup of the ultrasonic fatigue experiment, schematically. Middle and right: Photos of the complete experimental setup.  
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Experimental results 

Experimental results for number of loading cycles to failure at 
different load levels were collected for the solder alloys PbSnAg, 
Sn3.5Ag and SnSbAg. Experiments in the three-point bending mode 
were performed at temperatures of 25 ◦C, 80 ◦C, and 125 ◦C, while four- 
point bending was applied at 175 ◦C. The displacement amplitudes 
observed at the middle of a sample were measured with a Laser Doppler 
Vibrometer. This information about periodical displacements is neces
sary for calibration of the Finite Element simulations, which are used to 
determine the stress distribution in the vibrating specimen. 

The fatigue experiments comprise measurements of time to initiation 
of a first crack and tests until end of life, when the entire chip lifts off 
from the substrate. For the solder joint geometries investigated here, the 
time to first crack initiation is approximately 25% of the entire lifetime. 

A plot of time to first crack initiation versus displacement amplitude of 
PbSnAg samples tested at 175 ◦C is shown in Fig. 5. Averaged experi
mental values for time until first crack initiation of PbSnAb, Sn3.5Ag 
and SnSbAg solders can be found in Tables 1–3. 

A comparison between fatigue lives of all three solder alloys tested 
under identical conditions can be found in Figs. 6 and 7. Obviously, the 
lead free solder alloys showed superior lifetime. Therefore, Sn3.5Ag and 
SnSbAg were also tested at larger displacement amplitudes as depicted 
in Fig. 8. 

FEM simulations 

In order to obtain further insight into the mechanism of crack initi
ation, FEM computer simulations were carried out with ANSYS 2020. It 
was found that the fatigue life of solders is a result of complex material 

Fig. 4. Left: Crack at the periphery of a PbSnAg solder joint. Right: Crack at the corner of an SnSbAg solder joint.  

Fig. 5. Number of loading cycles until first crack initiation versus displacement amplitude for samples soldered with PbSnAg and tested in four point bending mode 
at 175 ◦C. 
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behavior depending on accumulated plastic strain, alternating stress and 
mean stress occurring at the critical sites of the samples. 

Analysis type 

The loading conditions at the different temperatures were simulated 
in fully transient analyses, where every period of oscillation was divided 
into 25-time steps. The simulation of the experiments started with 
heating from room temperature and mechanical preloading of the 
sample. Thereupon, periodic forces are transferred to the contact areas 
leading to increasing displacement amplitudes during the first oscilla
tions. Note that the operating frequency of the test method is very close 
to the resonant frequency, and therefore approximately 40 periods were 

needed until steady state oscillations were derived. An example for the 
time history of displacement at the sample center is shown in Fig. 9. The 
periodical loads assumed in the simulation were adjusted until the 
simulated displacement amplitudes were in accordance with experi
mental values. The displacement offset, which can be seen in Fig. 9, is 
due to the preload applied to the sample. 

Material models 

Material models for the devices were chosen in agreement with 
literature data (Wilde et al., 2000; Chen et al., 2004; Cheng et al., 2000; 
Kobayashi et al., 2018; El-Daly et al., 2011; Murty et al., 1997). The 
solder materials were simulated according to the visco-plastic Anand 
model (Anand, 1985) using the parameters summarized in Table 4. 

Copper was simulated in isotropic elastic approximation combined 
with Rayleigh material damping using the coefficients α = 4⋅103 [sec] 
and β = 4⋅10− 11 [sec− 1]. Silicon and the ceramic Al2O3 were simulated 
in elastic approximation assuming negligible material damping. The 
material parameters for the elastic properties, for thermal expansion and 
for density are summarized in Table 5. 

Geometry and mesh 

Only the essential parts of the experimental setup were modelled in 
detail. The ultrasonic horn and the supporting jigs at the bottom side 
were modelled as boundary conditions. Preload and periodical forces 
were supplied to the contact area, where the tip of the ultrasonic horn 
hits the sample as sketched in Figs. 1 and 2, respectively. Due to sym
metry conditions, it was possible to reduce the model to a quarter of the 
complete sample. Attention was paid to realistic modeling of solder 
joints. Fig. 10 shows the theoretical model of the solder geometry in 
comparison with an SEM micrograph of a test sample. The mesh was 
generated with element type Solid 186 of ANSYS classic using a constant 
element size of 100 µm in the solder material. The solder geometry was 
the same for all three solder materials, and the constant element size 
within the solder had the purpose to reduce the mesh size dependence. 
In consequence, the highest stress concentrations were always found at 
typical sites of the sample either at a corner or at the edge of the solder 
geometry. 

Simulation results 

The evolution of stresses and strains observed in the FEM simulation 
is used as input to the lifetime model. Fracture will occur at a critical 
site, where the accumulated damage reaches a maximum. Therefore, a 
damage variable shall be defined, which depends on stresses and strains. 

Fig. 11 shows a plot of accumulated plastic strain in a sample after 40 
loading cycles. The evolution of the stress component σ11 at this point 
during the first 40 loading cycles is depicted in Fig. 12. For evaluation of 
the damage variable defined in the next section, it will be necessary to 
collect the data of all stress components in addition to accumulated 
plastic strain. 

Lifetime model 

The lifetime model proposed here estimates the time to crack initi
ation in the solder joint. The idea behind this approach is to develop an 
advanced fatigue model by merging principles included in various 
standard models. In particular, we combine the Coffin-Manson-Basquin 
model with a multiaxial treatment of the Goodman relation describing 
the effect of non-zero mean stress. Thereby, the contributions to material 
fatigue arising from the different failure mechanisms are added ac
cording to Miner’s rule of linear damage accumulation. 

Table 1 
Statistical averages for number of loading cycles until first crack initiation for 
samples soldered with PbSnAg.  

Temperature Bending 
Mode 

Displacement 
Amplitude 

Number of 
tested 
samples 

Number Nf of 
cycles to first 
crack 

25 ◦C 3-point 
bending 

5.2 µm 10 1.5⋅106 

25 ◦C 3-point 
bending 

6 µm 10 7.6⋅105 

80 ◦C 3-point 
bending 

4 µm 5 1.1⋅106 

80  ◦C 3-point 
bending 

6 µm 5 7.7⋅104 

125 ◦C 3-point 
bending 

5.2 µm 5 1.2⋅104 

175 ◦C 4-point 
bending 

3.5 µm 10 2.8⋅107 

175 ◦C 4-point 
bending 

4 µm 5 1.4⋅107 

175 ◦C 4-point 
bending 

5.2 µm 10 5.7⋅106  

Table 2 
Statistical averages for number of loading cycles until first crack initiation for 
samples soldered with Sn3.5Ag.  

Temperature Bending 
Mode 

Displacement 
Amplitude 

Number of 
tested 
samples 

Number Nf of 
cycles to first 
crack 

125 ◦C 3-point 
bending 

5.2 µm 5 2.1⋅105 

125 ◦C 3-point 
bending 

6 µm 5 1.2⋅105 

125 ◦C 3-point 
bending 

7 µm 5 7.5⋅104 

175 ◦C 4-point 
bending 

5.2 µm 10 2.6⋅107  

Table 3 
Statistical averages for number of loading cycles until first crack initiation for 
samples soldered with SnSbAg.  

Temperature Bending 
Mode 

Displacement 
Amplitude 

Number of 
tested 
samples 

Number Nf of 
cycles to first 
crack 

80  ◦C 3-point 
bending 

6 µm 8 1.1⋅106 

125 ◦C 3-point 
bending 

5.2 µm 5 7.9⋅105 

125 ◦C 3-point 
bending 

6 µm 5 3.3⋅105 

125 ◦C 3-point 
bending 

7 µm 5 1.3⋅105 

175 ◦C 4-point 
bending 

5.2 µm 10 5.4⋅107  
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Combination of Coffin Manson model with Basquin relation using linear 
damage accumulation 

At the initial stage of the model, the case of zero mean stress is 
considered where the Goodman relation reduces to the Basquin equa
tion. The Basquin equation (Basquin, 1910) relates the stress amplitude 
ΔσA to the number of loading cycles Nf leading to failure. This relation is 
described by the power law 

ΔσA = σ′

f

(
2Nf

)b
, (1)  

where σ′

f and b are material parameters. On the other hand, the lifetime 
model of Coffin (1971) and Manson and Hirshberg (1964) relates the 
plastic strain Δεpl accumulated per loading cycle to the number of 
loading cycles Nf leading to failure according to the power law 

Δεpl = ε′

f

(
2Nf

)d
, (2)  

where ε′

f and d are material parameters. Usually, a combination of the 
Eqs. (1) and (2) is derived by addition of elastic and plastic strains 
observed per loading cycle, as first suggested by Morrow (1964). In the 
present formulation of a lifetime model, however, the damage accu
mulated per loading cycle is added instead of adding elastic and plastic 
strains. Consequently, the Basquin relation (1) is here rewritten in terms 
of a power law for damage accumulation, where the damage Del caused 
by elastic deformation during a loading cycle evaluates to 

Del = α⋅ΔσA
β. (3) 

Here, α and β are material constants. Further, the damage accumu
lated per loading cycle due to plastic deformation reads as 

Dpl = γ⋅Δεpl
δ, (4)  

where γ and δ are material constants. Fracture will occur, when the 
damage 

D⋅Nf = Del⋅Nf + Dpl⋅Nf =
(
α⋅ΔσA

β + γ⋅Δεpl
δ)⋅Nf (5)  

accumulated in Nf loading cycles reaches a value of 1. Consequently, the 
number of loading cycles, Nf, leading to failure evaluates to 

Nf =
(
α⋅ΔσA

β + γ⋅Δεpl
δ)− 1

. (6)  

Effect of non-zero mean stress 

The effect of non-zero mean stress is often calculated according to 
standard methods of Goodman, Gerber, and Soderberg. Goodman 
(1899) proposed an equation of the form 

σa

σe
+

σm

σu
= 1 (7)  

where σa is the alternating stress, σm is the mean stress, σu is the ultimate 
tensile strength and σe is the effective alternating stress, which may be 
inserted for the stress amplitude of Eq. (1). 

In the present study, the visco-plastic Anand model is used for solder 
materials. For this model, the ultimate tensile strength is strain rate 
dependent. Consequently, we here replace the ultimate tensile strength 

Fig. 6. Weibull plot of samples tested in four point bending with 5.2 µm displacement amplitude at a temperature of 175 ◦C until lift off from substrate. Lifetimes of 
the solder alloys PbSnAg (10 samples), Sn3.5Ag (10 samples) and SnSbAg (10 samples) are compared. 
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Fig. 7. Weibull plot of samples tested in three point bending with 5.2 µm displacement amplitude at a temperature of 125 ◦C until lift off from substrate. Lifetimes of 
the solder alloys PbSnAg (8 samples), Sn3.5Ag (8 samples) and SnSbAg (8 samples) are compared. 

Fig. 8. Number of loading cycles until lift off from substrate versus displacement amplitude. The samples were tested in three-point bending mode at 125 ◦C. Sn3.5Ag 
solders are compared to SnSbAg. 
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by the strain rate dependent saturation stress σsat. Further, the saturation 
stress is here evaluated according to a procedure suggested by Thoben 
(2002): 

The strain rate of the Anand model (Anand, 1985) writes as 

ε̇ = A⋅exp
{

−
Q

RT

}

⋅
[
sinh

(
ξ

σ
s

)]1
m (8)  

where A is the pre-exponential factor, Q is the activation energy, R is the 
gas constant and T is the absolute temperature in [K]. Further, ξ is called 
a multiplier of stress, σ is the von Mises stress, s is the deformation 
resistance and m is the strain rate sensitivity of stress. In this model, the 
saturation value s* of the deformation resistance s is 

s∗ = ŝ⋅
[

ε̇
A

exp
{

Q
RT

}]n

(9)  

where ̂s is the saturation value of the deformation resistance coefficient, 
while n is the strain rate sensitivity of s*. When saturation is reached, the 
strain rate ε̇ is constant and the deformation resistance s takes the 
saturation value s*. Hence, the strain rate dependent value of saturation 
stress σsat may be derived from Eq. (8). Following Thoben (2002), one 
obtains 

σsat(ε̇) =
ŝ
ξ

arsinh
({

ε̇
A

exp
{

Q
RT

}}m)

⋅
[

ε̇
A

exp
{

Q
RT

}]n

(10) 

Now, a multi-axial treatment of the Goodman relation is elaborated, 
where the effective stress amplitude depends on the evolution of 
deviatoric stress. At first it is necessary to eliminate the influence of rigid 
body rotation from the constitutive equations of the model. This is 

Fig. 9. Plot of nodal displacements versus time for the transient FEM simulation. The first 40 loading cycles of a sample tested in four point bending at 175 ◦C are 
shown. The selected node corresponds to the measurement point of the Laser Doppler Vibrometer. The displacement amplitude observed under steady state con
ditions was 4 µm. 

Table 4 
Material parameters used in combination with the Anand model.  

Parameter PbSnAg Sn3.5Ag SnSbAg 

A [sec− 1] 1.052 105 1.77016 105 1.1917 104 

Q/R [K] 11,028 10,279 7498 
s0 [MPa] 17.51 − 0.057⋅T[∘C] 18.07 − 0.077⋅T[∘C] 19.85 − 0.082⋅T[∘C]
ξ[⋅] 7 7 3.552 
m[⋅] 0.241 0.207 0.192 
h0 [MPa] 1432 27,782 30,893 
ŝ [MPa] 41.63 52.4 29.102 
n [ ] 0.002 0.0177 0.096 
a [ ] 1.3 1.6 1.203  

Table 5 
Young’s modulus E, Poisson ratio ν, coefficient of thermal expansion CTE and 
density used in the transient FEM simulation. For all materials a stress-free 
reference temperature of T = 50 ◦C was assumed in combination with simula
tion of thermal expansion.  

Material E [GPa] ν [] CTE [ppm/ ◦C] Density [g/cm3] 

PbSnAg 26.83 − 0.073⋅T[∘C] 0.35 29 11.0 
Sn3.5Ag 49.02 − 0.16⋅T[∘C] 0.35 22 7.5 
SnSbAg 56.46 − 0.18⋅T[∘C] 0.35 31 7.3 
Cu 120 0.343 17 8.92 
Al2O3 350 0.3 7.2 3.69 
Si 160 0.27 2.6 2.33  
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achieved with use of the second Piola-Kirchhoff stress tensor S. Next, the 
mean values Smean

ij of the components Sij of the second Piola-Kirchhoff 
stress tensor are defined as the time average 

Smean
ij =

1
τ

∫τ

0

Sij(t)dt (11)  

over one period τ. The tensor formed by the components Smean
ij is called 

Fig. 10. Detail of the FEM model (a) showing the mesh in the vicinity of the solder interconnect in comparison to the SEM micrograph (b) of the sample.  

Fig. 11. Plot of accumulated plastic strain in a sample after preloading and 40 consecutive loading cycles tested in four point bending. The ambient temperature was 
175 ◦C and the displacement amplitude was 4 µm. A quarter model was simulated, where the plane z = 0 serves as a symmetry plane. 
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Smean. Further, maximum values Smax
ij and minimum values Smin

ij of the 
tensor components are defined for the period τ, respectively. Thus, the 
components of the stress amplitude tensor are defined as 

Samp
ij =

1
2

(
Smax

ij − Smin
ij

)
(12) 

Next, the influence of deviatoric stress on the fatigue behavior is 
considered in further detail. It is postulated that the effect of multiaxial 
deviatoric stress on material fatigue may be evaluated by similarity to 
the flow rule of J2 plasticity, thereby following the maximum distortion 
criterion. Consequently, scalar valued equivalent stresses will be defined 
for the tensors of mean stress Smean and stress amplitude Samp by analogy 
to von Mises stress. Thus, the invariant J2 (Ottosen & Ristinmaa, 2005) 
of mean stress 

J2(Smean) =
1
2
Sdev

mean ij⋅S
dev
mean ji (13)  

is defined, where summation is carried out over repeated indices, and 
the deviatoric part of the mean stress tensor Smean reads as 

Sdev
mean = Smean −

1
3

tr(Smean)⋅I. (14) 

Here, tr denotes the trace of a tensor and I is the identity matrix. By 
analogy to the normalization of von Mises stress, an equivalent mean 
stress 

smean
eqv =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3⋅J2(Smean)

√
(15)  

is defined. Further, we define the invariant J2 of the stress amplitude 

tensor as 

J2(Samp) =
1
2
Sdev

amp ij⋅S
dev
amp ji (16)  

where summation is again carried out over repeated indices, and 

Sdev
amp = Samp −

1
3

tr(Samp)⋅I (17)  

is the deviatoric part of Samp. Thus, the equivalent stress amplitude is 
defined as 

samp
eqv =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3⋅J2(Samp)

√
. (18) 

Consequently, the constitutive equation of the lifetime model is now 
written in the form 

samp
eqv

seff
+

smean
eqv

σsat
= 1, (19)  

where seff is called the effective stress equivalent. Resolving Eq. (19) 
with respect to seff yields 

seff =
samp

eqv ⋅σsat

σsat − smean
eqv

, (20)  

where the saturation stress σsat is always larger than smean
eqv . The deviatoric 

stress equivalent seff can be inserted for ΔσA into Eq. (6). 
Consequently, one obtains a lifetime model considering two different 

failure mechanisms, where the first mechanism of damage accumulation 
is related to the plastic strain, while the second mechanism is related to 

Fig. 12. Evolution of the stress component σ11 [Pa] at the critical site of the PbSnAg solder during 40 cycles of periodic loading.  
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alternating stress and mean stress. With the help of Miner’s rule, this 
fatigue model can easily be extended to variable stress levels, where the 
damage accumulated per cycle is added until the critical value of D = 1 is 
finally reached. 

At this point it should be mentioned that damage accumulation 
during heating and preloading of the samples was also taken into ac
count, but it was found that the reduction of fatigue life due to pre
loading was only marginal in experiments of the present study. 

Influence of temperature on fatigue life 

A significant influence of temperature on the parameter α of Eq. (6) 
was found. To some extent, this temperature dependence can be 
described by 

α(T) = α0

E(T)
(21)  

where E(T) is the temperature dependent Young’s modulus of the solder 
material. Thus, the constitutive equation of the temperature dependent 
lifetime model under isothermal steady state conditions takes the form 

Nf (T) =
(

α0

E(T)
⋅seff

β + γ⋅Δεpl
δ
)− 1

(22)  

where α0, β, γ and δ are material parameters. Alternatively, the lifetime 
may be expressed by the equation 

Nf =
(
α0⋅εeff

β + γ⋅Δεpl
δ)− 1 (23)  

where 

εeff =
seff

E
(24)  

is here called the effective strain equivalent, which is per definition 
related to the effective stress seff. 

Note that the second Piola-Kirchhoff stress has been used in the afore 
mentioned equations in order to avoid a contribution to alternating 

stress arising from pure rotation of a stressed sample. Nevertheless, to a 
good approximation small deformation theory may be applied if strains 
and rotations are small enough. 

A detailed comparison with experimental data suggests that the pa
rameters α0, β, γ and δ are in fact temperature dependent. In comparison 
to room temperature, the fatigue life at elevated temperature appears to 
be reduced. In the temperature range between room temperature and 
175 ◦C, the values of material parameters may be interpolated linearly: 

α0(T) = a0 + a1(T − TR) (25 a)  

β(T) = b0 + b1(T − TR) (25 b)  

γ(T) = c0 + c1(T − TR) (25 c)  

δ(T) = d0 + d1(T − TR) (25 d)  

where TR = 25 ◦C is here used as reference temperature. 

4.4. Results of the lifetime model 

The lifetime parameters of equations (25 a-d) are now fitted to 
experimental data. In a first step, the statistical scattering of lifetime 
results was eliminated by averaging over results derived for equivalent 
load levels. The representative experimental lifetimes, which are here
after used, were summarized in Tables 1-3. In a second step, optimized 
values for the lifetime parameters were determined using the least 
square method based on relative error. This procedure involved the 
extraction of FEM simulation data for accumulated plastic strain and seff 
at the critical sample site, where fracture is expected. Thereby, the 
critical sample site is defined as the point, where the damage variable D 
defined in Eq. (5) takes a maximum. This location is usually found at a 
nodal point at the periphery of the solder joint, where the plastic 
equivalent strain takes its maximum during the last time step of the 
transient FEM simulation. The position of this maximum is indicated in 
Figs. 11 and 13 for samples tested in three - and four-point bending, 
respectively. The values for the parameters of the lifetime model, which 

Fig. 13. Plot of accumulated plastic strain after preloading and 24 cycles of periodical load. A sample soldered with Sn3.5Ag tested at 125 ◦C with 7 µm displacement 
amplitude is shown. The symbol MX indicates the location of the maximum of accumulated plastic strain. This is the critical site, where first cracking is expected. 
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gave the best fit are summarized in Table 6. A comparison between 
experimental and theoretical lifetimes in dependence of damage accu
mulated per loading cycle is shown in Figs. 14–16. 

In double logarithmic scale, the theoretical curve of damage variable 
versus number of cycles to crack initiation reduces to a straight line, as 
can be seen in Figs. 14–16. It should be noticed that due to the use of 
averaged lifetime results, the scattering of fatigue results was very small. 

Discussion 

It has been the aim of the present study to develop a lifetime model 
which predicts solder fatigue of power electronic devices under service 
conditions on the basis of accelerated mechanical testing. Thereby, the 
strain rate and temperature dependence of inelastic deformation was 
well described by the visco-plastic Anand model. Furthermore, it was 
here assumed that damage accumulation is closely related to the amount 
of accumulated plastic strain, and hence the lifetime parameters cali
brated at very high strain rates are equally valid at slow deformation 
rates. However, there are still open questions, and the comparison be
tween accelerated testing methods and fatigue under service conditions 
will be a challenge of further investigations. 

The deformations used in the present test method are bending de
formations, while thermomechanical loads may lead to different 
multiaxial stress conditions. Nevertheless, the fatigue criterion used here 

is built on a multiaxial stress criterion, which is combined with a cri
terion related to the amount of accumulated plastic strain. The criterion 
utilizes the J2 invariant, which is widely used in plasticity theory. 
Moreover, the Goodman relation was included in the calculations to 
account for mean stress effects. Hence, one may expect that the model 
will in good approximation apply to any kind of multiaxial loading 
conditions. 

The comparison between mechanical tests and thermomechanical 
loading is provided by Finite Element Analysis. In this context, it should 
be mentioned that FEM simulation results are sometimes mesh size 
dependent, in particular when stress concentrations are investigated. 
Following the weakest link approach, the critical site, where fracture 
occurs, is usually found at a stress concentration. However, the influence 
of mesh size dependence can be reduced, when equivalent element sizes 
are used for comparison of accelerated mechanical tests with thermo
mechanical loading under service conditions. 

In this investigation, it was found that the fatigue life of solder joints 
is reduced at elevated temperature. Samples exposed to deformations at 
an ambient temperature of 175 ◦C fail at comparatively low level of 
accumulated plastic strain. The temperature dependence of the param
eters of the lifetime model could be interpolated linearly in the tem
perature range between 25 ◦C and 175 ◦C. However, linear extrapolation 
to temperatures outside this range is not suggested here, because of 
possible nonlinearity. If necessary, the lifetime model can be extended to 
a larger temperature range, when the temperature dependence of pa
rameters is described by a polynomial function, as suggested by Wang 
et al. (2019). 

Summary and conclusions 

A lifetime model for solder joints was proposed, which can be applied 
to accelerated mechanical testing. Optimized model parameters were 
determined through numerical fitting of bending experiments with 
solder joints made of the alloys PbSnAg, Sn3.5Ag and SnSbAg. The time 
to crack initiation under vibration loading could well be explained with 

Table 6 
Optimized parameters of the lifetime model for PbSnAg, Sn3.5Ag and SnSbAg.  

Parameter PbSnAg Sn3.5Ag SnSbAg 

a0 12.1 10.4 9.8 
a1 − 0.08 − 0.066 − 0.064 
b0 3.11 2.65 3.13 
b1 − 0.003467 − 0.0006 − 0.004067 
c0 5.6 8.7 8.2 
c1 − 0.03695 − 0.05733 − 0.05387 
d0 4.2 3.5 4.2 
d1 − 0.02 − 0.01533 − 0.02  

Fig. 14. The lifetimes of the model compared to averaged experimental lifetime data for PbSnAg. A double logarithmic scale plot is shown.  
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this approach. The bending experiments at various temperatures were 
simulated with the Finite Element computer software ANSYS 2020. 
Fracture initiation occurs at the node, where the damage variable of the 
lifetime model takes a maximum. The number of loading cycles leading 
to crack initiation was evaluated on the basis of stresses and strains 
observed at the critical site of the solder. 

The lifetime model is a combination of the Coffin-Manson model 
with a multiaxial treatment of the Goodman relation. Rigid body rota
tions, which obviously do not contribute to fatigue, were eliminated by 
use of the Piola-Kirchhoff stress tensor. Further, the mean stress and the 
alternating stress, which are inserted into the Goodman relation, were 
evaluated with the help of the invariant J2. In conclusion, we obtained a 

lifetime model, where the four model parameters can be interpolated 
linearly in the temperature range from 25 ◦C to 175 ◦C. 

In conclusion, a lifetime model predicting the time to first crack 
initiation was obtained. Owing to the temperature and strain rate 
dependence included in the visco-plastic Anand model, one may use the 
results of accelerated mechanical testing in order to predict thermo
mechanical fatigue under service conditions of power electronic mod
ules. Thereby, the setup of the ultrasonic fatigue experiment reaches the 
number of loading cycles, which are observed after 10 years of service 
already after a few hours of testing. 

Fig. 15. The lifetimes of the model compared to averaged experimental lifetime data for Sn3.5Ag.  

Fig. 16. The lifetimes of the model compared to averaged experimental lifetime data using parameters of Table 6 for SnSbAg.  
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